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Abstract

Mitochondria are energy-producing organelles in eukaryotic cells with their own genome
(mtDNA), which exists in multiple copies per cell. This allows for the coexistence of
wild-type and pathogenic variant mtDNA, known as heteroplasmy. When the proportion
of pathogenic mtDNA exceeds a critical threshold, mitochondrial function is impaired.
Clonal expansion refers to the increase in pathogenic mtDNA within a cell, potentially
leading to dysfunction, but its underlying mechanisms remain poorly understood.

Mathematical modelling has emerged as a powerful tool to investigate mtDNA dy-
namics, allowing simulation of long-term dynamics that cannot be measured experimen-
tally. However, models rely on assumptions, simplifying the biological system, and require
parameter inference from limited and often tissue-specific data, complicating their inter-
pretation.

This thesis employs advanced statistical methods to improve our understanding of
mtDNA population dynamics. First, a Bayesian model estimates the proportion of blood
cells that have reached wild-type homoplasmy, demonstrating that T cell differentiation
into memory cells selectively reduces pathogenic mtDNA. Second, a Bayesian classifica-
tion model infers the proportion of skeletal muscle fibres with oxidative phosphorylation
(OXPHOS) defects from OXPHOS protein abundance data, outperforming existing clas-
sification method. Finally, the practicalities of comparing theories of clonal expansion
using OXPHOS deficient data and mathematical models is investigated using real and
synthetic datasets.

Overall, this work underscores the potential of mathematical models in studying clonal
expansion while highlighting the challenges posed by limited and variable biological data.
It presents novel techniques for inferring mtDNA dynamics and emphasizes the need for
more comprehensive experimental data to refine model accuracy and interpretability.
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Probability distributions

Normal distribution

The probability density function of a normally distributed random variable is character-
istic of a bell curve and defined by two parameters: mean u and variance o2. However, it
is often described in terms of precision, which is the inverse of variance. Both parameter-
isations are used throughout and highlighted where appropriate. A normally distributed
random variable can take any value on the whole real line, this is known as its support.
Let X be normally distributed with mean y, variance 0 and let 7 = 1/0%. The following
defines the support, notation and probability density function for a random variable X.

Support
X eR.

Notation

The distribution is denoted such that the second parameter always describes the variance,
and, therefore, it is clear that 7 is the precision as its inverse appears in the following
notation

Definition

The definition of the density function is, for both the variance and precision parameteri-
sations

f(zlu,0®) = \/%GXP{_% (x_mz)}’

el =g {3 (-0}

Multivariate normal distribution

The univariate normal distribution can be extended to have multi-dimensional random
vectors. The multivariate normal distribution still possesses the classical bell-shaped
curve; however, it is within a multi-dimensional space. The distribution is defined by
a mean vector and a covariance matrix. Let X be a p-dimensional random vector, i.e.
X = (X1, Xy, ..., X,)T, where each element could be any real number. Notation through-
out the thesis is kept as consistent as possible. Unless specified otherwise, a bold letter
indicates a vector, such as = (1, a,...,7,)", and a non-bold letter indicates a scalar,
such as z. The superscript T of a vector (or matrix) indicates its transpose. By conven-
tion, vectors are typically written as column vectors.

Support
X e RP.
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Notation

The distribution is denoted similarly to the univariate case, and its multivariate nature
is inferred from the parameters describing it, that is

X ~N(u3).

Definition

F (], 5) = (2) et (5) 2 exp {—% (@ p)'s " (2 m} |

where det() is the determinant of the matrix. The PDF is properly defined only when %
is a positive semi-definite matrix.

Exponential distribution

Exponentially distributed random variables have a decreasing probability density function
whose mode is always located at 0.0. The function is defined with a single argument,
A. The rate definition of the density function is used throughout, not the scale (the
inverse of the rate). For a random variabel X with support over the positive real line,
R* = {2 such that z > 0.0}.

Support
X e RT.
Notation
X ~Exp(}),
Definition

f(x|A) = Nexp{—=Azx}.

Gamma distribution

A gamma random variable has support over positive real numbers, R*. The distribution
is defined by two parameters: shape and rate. Although some chose to parameterise the
distribution with the scale, the rate’s inverse, this will not be done here.

Support

X eR"

Notation

X ~ Ga(a, ),
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Definition

f(ela, B) = %xawx,

where I'(«) denotes the gamma function.

Beta distribution

The beta distribution is a continuous probability distribution constrained to be between
0.0 and 1.0, and it is therefore often used to model proportions or probabilities.

Support

X €[0.0,1.0]

Definition
7 (1 — )Pt
B(a, B)

f(zla, B) =

where B(a, 8) = %

Notation

X ~ Beta (a, f)

Binomial distribution

The binomial distribution models the number of successes for n independent events, where
each event has a probability of success p and is therefore a discrete random variable, tak-
ing whole numbers between 0 and n. The Bernoulli distribution, not mentioned here, is
a special case of the Binomial for a single trial, i.e. n = 1.

Support
X €{0,1,2,...,n}
Definition
n n—x
f(zln,p) = <x)px(1 —p)
Notation

X ~ Binom (n, p)
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Truncated distributions

A truncated distribution limits the possible range of values for a random variable to a
specific region and scales the distribution accordingly to account for this. Suppose that
fx(x|0) is a PDF over the range X and that Y is a random variable with support ) C X.
That is, the support of Y is a region within X'. The random variable Y can be modelled by
fx(z) by truncating the distribution. Let the truncated distribution be denoted fy (y|6).

Support
Ye)y

Definition

fx(y|6)
fr(ylo) = Pr(X €))

Where I(-) is the indicator function and is equal to 1 if the condition inside the brackets
is true and 0 otherwise. This ensures the density is zero outside the region ).

Iy CY)

Notation

Throughout this thesis, a truncated distribution will be indicated by subscript notation
within the distribution’s notation. For example, a normal distribution truncated on the
range [a, b] will be indicated as

Y ~ N[a,b} (/JH 02) .

Where appropriate, truncation will also be highlighted within the text.
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Chapter 1

Introduction

1.1 Mitochondrial Biology

1.1.1 Mitochondrial origins

Mitochondria are organelles in most eukaryotic cells and are most well-known for the
production of adenosine triphosphate (ATP) via oxidative phosphorylation (OXPHOS).
They also play key roles in other biochemical processes within the cell, such as iron-
sulphur cluster formation and apoptosis (Duchen, 2004).

The a-probacteria endosymbiotic origins of mitochondria are well accepted (Esser et
al., 2004; Sicheritz-Pontén et al., 1998); however, the origins of the eukaryotic cells are
contested. Two main theories have been proposed in the literature: the Archezoan and the
symbiogenesis hypotheses. The former suggests that a nucleated archezoa cell captured
the endosymbiont (Cavalier-Smith, 1987; Roger et al., 2017; Yang et al., 1985), and the
latter suggests that the endosymbiotic event occurred before the diversion of eukaryotes
from prokaryotes (Martin & Miiller, 1998).

1.1.2 Mitochondrial structure

Palade (1953) discovered the mitochondrial structure, proposing the “baffle” model in
1953. Palade et al. identified the inner mitochondrial membrane (IMM), which encloses
the mitochondrial matrix, and the outer mitochondrial membrane (OMM), which sur-
rounds the IMM, enclosing the intermembrane space (IMS) between the two membranes.
Palade et al. identified cristae protruding from the IMM into the matrix; however, later
evidence suggests that these are formed from invaginations of the membrane and are con-
nected to the IMS by tubular cristae junctions (Perkins et al., 1997). The membrane
structure is represented in Figure 1.1, which also highlights the respiratory chain com-
plexes and mitochondrial DNA. The functions and structure of which are discussed in
Chapters 1.1.4 and 1.1.6.

The OMM is relatively permeable, allowing many small and non-charged molecules
to pass through without restriction. The IMM strictly controls molecule transportation,
maintaining an electrochemical gradient between the mitochondrial matrix and IMM, as
required for ATP production (Lemasters, 2007).
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Figure 1.1: Mitochondrial structure. Example diagram of labelled components of the mi-
tochondria. The two mitochondrial membranes are shown with black dotted lines, with the
outer membrane having smaller dots. The IMS is shown in pink, and the matrix in blue/green.
MtDNA is shown as blue circular structures within the matrix. The five complexes of the respi-
ratory chain are found on the IMM, with each complex being shown in a different colour. Labels
for each component are shown with arrows as appropriate.

1.1.3 Mitochondrial dynamics

Mitochondria are highly dynamic, continuously undergoing fission and fusion (Bereiter-
Hahn & Voth, 1994). The balance of these two processes plays a vital role in mitochondrial
function and can change depending on cellular requirements (Kuznetsov et al., 2009). Fis-
sion and fusion rates vary between cell types; neurons have highly dynamic mitochondria
that move along the neuron and constantly undergo fission and fusion. On the other
hand, skeletal muscle fibres have a primarily static mitochondrial network (Kuznetsov
et al., 2009). Mitochondrial dynamics enable the exchange of mitochondrial material,
including mitochondrial DNA (mtDNA) and mitochondrial proteins, thereby reducing
mitochondrial stress and increasing mtDNA stability (Chen et al., 2010). Disruptions to
fission or fusion are associated with conditions such as Parkinson’s disease (Van Laar &
Berman, 2009) and Alzheimer’s (Santos et al., 2010).

Fission

Fission is the process by which one mitochondrion splits into two distinct organelles. The
exact mechanisms by which the IMM and OMM are spliced are unknown. However,
the proteins involved are well documented. FEarly work identified the proteins, Dnm1
and Fisl, within yeast (Bleazard et al., 1999; Mozdy et al., 2000). Mammalian versions
were later identified as dynamin-related protein 1 (DRP1) and mitochondrial fission 1
(FIS1), (James et al., 2003; Smirnova et al., 2001). DRP1 is recruited from outside the
mitochondria and oligomerises, forming a helix. The molecule restricts the mitochondrion,
which results in membrane scission and, ultimately, two distinct mitochondria (Legesse-
Miller et al., 2003). Several proteins are thought to be involved in the recruitment of
DRP1. FIS1, a protein found on the OMM, is one such protein (Mozdy et al., 2000). A
diagram of mitochondrial fission can be seen in Figure 1.2. The removal or dysfunction
of DRP1 or FIS1 results in hyper-fused and elongated mitochondria (Frank et al., 2001;
Lee et al., 2016). Another protein, Septin 2, is localised to sites of mitochondrial fission,



and its depletion decreases DRP1’s recruitment (Pagliuso et al., 2016). Fission also plays
a key role in mitophagy; see Chapter 1.1.5.

Figure 1.2: Mitochondrial fission diagram. Mammalian proteins FIS1 and DRP1 are rep-
resented as blue markers on the OMM and purple ovals, respectively. The DRP1 helix is shown
as a chain of DRP1 molecules wrapping around the mitochondrion.

Fusion

Fusion is the process by which two distinct mitochondria become one, see Figure 1.3.
The process is similarly complex to fission, requiring several proteins and complexes to
successfully merge the two mitochondrial membranes. Two proteins, mitofusin 1 and 2
(MFN1 and MFN2), are crucial for mitochondrial fusion. Despite having similar roles,
both are required for fusion. However, their significance is tissue-specific (Chen et al.,
2003, 2005). MFN2 is additionally required for other processes, such as tethering mito-
chondria to the endoplasmic reticulum (de Brito & Scorrano, 2008) and normal glucose
homeostasis (Sebastidn et al., 2012). Mitochondrial fusion is believed to be mediated by
OPA1 (Cipolat et al., 2004).

A disruption in fusion can result in a fragmented mitochondrial network, as one might
expect, but can also lead to a reduction or complete loss of mtDNA within the cell (Chen
et al., 2007; Hermann et al., 1998; Rapaport et al., 1998). A lack of mitochondrial fusion in
mouse skeletal muscle fibres increases variant mtDNA within the fibre (Chen et al., 2010).

1.1.4 Mitochondrial genetics
Mitochondrial genome

Mitochondria possess their own circular, double-stranded genome (mtDNA) (Nass, 1966).
The outer strand is rich in guanine, giving it a higher molecular mass compared to the
inner strand. Therefore, they are referred to as the heavy (H) and light (L) strands,
respectively. The human mitochondrial genome is small, relative to the nuclear genome,
containing approximately 16.5kb and has a much lower proportion of non-coding regions.
The genome contains 37 genes which code two mitochondrial ribosomal ribonucleic acid
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Figure 1.3: Mitochondrial fusion diagram. Key proteins related to mitochondrial fusion,
the joining of two mitochondria into a single mitochondrion. MFN1/2 and OPA1 are shown in
shades of blue, and the GTPase is shown in yellow.

(mt-rRNA), 22 mitochondrial transfer ribonucleic acid (mt-tRNA), and 13 OXPHOS sub-
units, the majority of which are encoded on the H-strand. MtDNA also contains the non-
coding region of mtDNA (NCR) or D-loop, which plays a key role in mtDNA replication.
Originally sequenced by Anderson et al. (1981) and later revised by Andrews et al. (1999),
known as the Cambridge reference sequence. The genome is represented in Figure 1.4,
highlighting the genes associated with each OXPHOS complex. The D-loop, depicted at
the top of the molecule, contains O, the origin of replication for the heavy strand.

A single mitochondrion contains multiple copies of the genome, a state known as poly-
ploidy. Each mtDNA molecule is packaged into a small nucleoprotein complex called a
nucleoid (Bogenhagen, 2012; Satoh & Kuroiwa, 1991). However, the size of the cellular
mtDNA population, copy number, varies depending on cell type; mature oocytes have a
copy number of approximately 100,000 (Shoubridge & Wai, 2007), while skeletal muscle
fibres have an estimated copy number of 3600 (Miller et al., 2003), and blood cells range
in the hundreds (Kelly et al., 2012; Rausser et al., 2021).

MtDNA replication

MtDNA continuously undergoes replication, independent of the cell cycle (Bogenhagen
& Clayton, 1977), requiring several proteins and complexes encoded in both the mito-
chondrial and nuclear genomes. Two key proteins are Polymerase-y (POLG), responsible
for replication of mtDNA, and Twinkle (7WNK), which unwinds the DNA double helix
(Wanrooij & Falkenberg, 2010; Young & Copeland, 2016).

There are two prevailing theories for the mtDNA replication mechanism: synchronous,
Figure 1.5, and asynchronous, Figure 1.6. Both replication models agree that replication
of the H-strand begins at the H-strand origin, Oy, and replication of the L-strand begins
at its origin, Or,. Robberson et al. (1972) suggests that replication of both strands begins
simultaneously, being initiated at their respective strand origins and moving in opposing
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Figure 1.4: Human mitochondria DNA organisation. The larger (outer) circle maps the
heavy strand, and the smaller circle maps the light strand. Genes encoding subunits of CI are
green, and genes for CIII are purple. Catalytic subunits of CIV and CV are yellow and blue,
respectively. Ribosomal RNA genes are red, and the black bars indicate transfer RNA genes
and are labelled with their single-letter abbreviations. The heavy and light strand origins are
denoted Og and Or,. Taken from Greaves et al. (2012).

directions around the molecule. Asynchronous replication suggests that replication begins
with the H-strand. After approximately two-thirds of the H-strand has been replicated,
the replication reaches the Op, site, and then L-strand replication begins. From here,
H-strand and L-strand replication continue simultaneously, in opposing directions, with
L-strand replication ‘lagging’ behind H-strand (Brown et al., 2005; Clayton, 1982).

MtDNA repair

Clayton et al. (1974) proposed that mitochondria have no repair mechanisms for damaged
mitochondrial DNA. However, later work identified multiple mechanisms. Base excision
repair (BER) has been found to repair damage caused by reactive oxygen species (ROS)
(Liu et al., 2008; Longley et al., 1998; Zheng et al., 2008) and single-stranded breaks
utilise the same machinery (Kazak et al., 2012). The mechanisms for repairing double-
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Figure 1.5: Synchronous mtDNA replication. A diagram depicting synchronous mtDNA
replication, where both strands begin replication simultaneously at their respective origins, Oy
and Oy,. The pink and green lines show new strands being formed, and the arrows indicate the
direction of movement for POLG and TWNK around the mtDNA.

oL 0\/. /.
H N\ N\
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Figure 1.6: Asynchronous mtDNA replication. Diagram showing the steps of asynchronous
mtDNA replication. The Heavy and light strand origins are denoted Oy and Orp, respectively.
The new heavy and light strands are shown in green and pink, respectively. Arrows show the
direction of movement for POLG and TWNK.

strand breaks are not clear. However, some works have proposed recombination (Bacman
et al., 2009; Damas et al., 2014; Fukui & Moraes, 2009).

1.1.5 Mitochondrial biogenesis and mitophagy

Mitochondrial turnover is independent of the cell and occurs at differing rates depending
on cell type. Kim et al. (2012) used a rat model to compare the half-life of mitochondrial
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proteins in liver and heart muscle, showing their half-life to be approximately four and
17 days, respectively.

Mitophagy is the process of degrading mitochondria and it’s contents, including mtDNA.
A reduction in membrane potential leads to the selective degradation of mitochondria
(Kanki & Klionsky, 2008). The mitochondrion is segregated from the mitochondrial net-
work by fission and is unable to re-fuse (Twig et al., 2008). Mitophagy removes the
mitochondrion and any mtDNA within.

1.1.6 ATP production and oxidative phosphorylation

ATP is the primary energy source within a cell, and mitochondria are central to its pro-
duction. The process of releasing energy from glucose comprises three sections: anaerobic
glycolysis, tricarboxylic acid (TCA) cycle and OXPHOS. Glycolysis occurs outside of the
mitochondria, in the cytosol, and produces two pyruvate molecules, two ATP molecules
and reduces two NADT to NADH molecules (Berg et al., 2015). The chemical reaction
equation for anaerobic glycolysis can be seen in Eq. 1.1. Reduction of NAD" to NADH is
key to ATP production, as NADH molecules are the utilised within the electron transport
chain (ETC), described later.

Glucose + 2NAD™' 4+ 2ADP + 2P; —

1.1
2Pyruvate + 2NADH + 2H' + 2ATP + 2H,0 (L.1)

The TCA cycle is a series of reactions in the mitochondrial matrix that begins with
one pyruvate molecule converting to an acetyl-CoA molecule (Berg et al., 2015). The
pyruvate to acetyl-CoA reaction also reduces one NAD™ molecule, as described in Eq.
1.2.

Pyruvate + CoA + NAD" — Acetyl-CoA + NADH + H + CO, (1.2)

The acetyl-CoA then undergoes a series of reactions, culminating in the formation of
an oxaloacetate molecule (CoA). The reactions also produce one molecule of ATP and
CO., two FADH; molecules, and three NADH molecules (Berg et al., 2015). Significantly,
NADH and FADH,; molecules act as electron carriers within the ETC. The net TCA
reaction is described in Eq. 1.3.

Acetyl-CoA + 3NAD" + FAD + ADP + P; + 2H20 —

1.3
CoA + 3NADH + 2H" + FADH, + ATP + 2C0O2 (13)

OXPHOS is the final stage of ATP production and comprises of two parts: the ETC
and ATP production. Respiratory chain complexes I-IV form the ETC and produce the
energy required for ATP production. Through a series of reactions, electrons are moved
to lower energy states, and the energy released is used to pump H™ molecules out of
the mitochondrial matrix into the IMS, forming an electrochemical gradient. The final
respiratory chain complex, CV, utilises this potential energy to produce ATP (Berg et al.,
2015). Each complex is briefly discussed in the next paragraph, and Figure 1.7 sum-
marises the connections between complexes and key biochemical processes.



The first respiratory chain complex (CI) is the largest, consisting of approximately
45 subunits, seven of which are encoded by the mitochondrial genome (Zhu et al., 2016).
The protein NDUFBS is one such subunit and is often targeted when assaying CI levels
via immunofluorescence or imaging mass cytometry (Griinewald A et al., 2014; Lehmann
et al., 2019; Rocha et al., 2015), as will be seen in Chapter 4. Complex I obtains electrons
by oxidation of NADH, producing two electrons to be passed through the ETC, and one
NAD™ molecule. Complex IT (CII) comprises four subunits (Sun F et al., 2005). Impor-
tantly, CII is the only complex to be entirely nuclear-encoded, and can therefore be used
to assess the mitochondrial genome’s effect on OXPHOS protein levels. Although CII does
not pump protons across the IMM, it plays key roles in OXPHOS. During the TCA cycle,
CII is responsible for converting succinate to fumarate, producing an NADH, molecule,
acting as the final entry point for electrons into the ETC. Complex III (CIII) consists of
11 subunits, of which only one, cytochrome b, is mitochondrially encoded. One role of
CIII is to catalyse the transfer of electrons to cytochrome ¢, which transfers the electrons
to complex IV, also known as cytochrome ¢ oxidase (COX). Complex IV (CIV or COX) is
the last complex in the ETC, and comprises 13 subunits, of which three are mitochondri-
ally encoded; MTCOI, MTCOII, and MTCOIII (Tsukihara T et al., 1996). Similarly to
NDUFBS8, MTCOI is often targeted when assaying COX levels via immunofluorescence or
imaging mass cytometry (Lehmann et al., 2019; Rocha et al., 2015). COX is responsible
for reducing oxygen to water, being the final destination of electrons in the ETC.

Complex V (CV), also known as ATP synthase, is responsible for producing ATP.
ATP production depends on the physical rotation of a CV subunit, which is driven by
the electrochemical gradient and the movement of HY molecules from the IMS to the
mitochondrial matrix (Noji et al., 1997). The rotation generates the energy required to
phosphorylate ADP, releasing ATP.

1.1.7 DNA mutations

MtDNA mutations occur at a much higher frequency than in the nuclear genome, with
Brown et al. (1979) reporting a 10-fold increase. The exact causes of this are unknown;
however, several factors are likely to contribute. Continuous mtDNA turnover increases
the probability of an error occurring during replication, which, if left uncorrected, con-
tinues to replicate, thereby increasing the variant mtDNA concentration. The proximity
of mtDNA to the respiratory chain may lead to damage from ROS, a respiratory chain
byproduct which can damage both proteins and DNA (Cui et al., 2012). In addition,
Kunkel and Loeb (1981) demonstrated that polymerase-y, the catalyst responsible for
mtDNA replication, has a much lower fidelity rate than its nuclear counterpart.

MtDNA single-nucleotide variants

A single-nucleotide variant (SNV) is a change of nucleotide at a single base pair; they can
be either inherited or appear throughout life and be benign or pathogenic. The majority
of inherited SNVs affect mt-tRNA genes (Schaefer et al., 2008), with the most common
SNV, m.3243A>G@G, being no exception.

M.3243A>G is located within the MT-TL1 gene which encodes tRNAY VUR) There-
fore, the variant affects the translation of proteins encoded by the mitochondrial genome.
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Figure 1.7: Oxidative phosphorylation. The five complexes involved in OXPHOS are embed-
ded in the inner mitochondrial membrane. Complexes I-IV form the electron transport chain
and pump protons across the inner membrane into the inter-membrane space. The resulting
electrochemical gradient causes the physical rotation of a CV subunit, generating the energy re-
quired for ATP production. Each OXPHOS complex is labelled and shown in a different colour,
as well as the electron carrier cytochrome ¢. The TCA cycle is highlighted, being the source of
FADH; electron carrier for CII and NADH electron carrier for CI. The movement of protons
and their direction through CI, CIII, CIV, and CV is indicated with arrows and H™ labels at
their original location.

Complex I has the largest number of mitochondrially encoded proteins, and its dysfunc-
tion, therefore, is commonly associated with m.3243A>G. However, deficiency in other
complexes has also been detected. The resulting patient symptoms are varied (Pick-
ett et al., 2018), but m.3243A>G is the leading cause of mitochondrial encephalopathy,
lactic acidosis and stroke-like episodes (MELAS), with 80% of MELAS patients having
m.3243A>G related mitochondrial disease (Urata et al., 2004). Other phenotypes include
maternally-inherited diabetes and deafness (MIDD) and chronic progressive external oph-
thalmoplegia (CPEO) (Nesbitt et al., 2013).

The m.3243A>G@G variant has not been observed in vivo to have reached homoplasmic
levels within a single cell, meaning patient cells harbour both m.3243A>G and wild-type
mtDNA. A cell possessing more than one species of mtDNA is said to be heteroplas-
mic. Other mtDNA variants, however, can exist in a homoplasmic state and be the only
mtDNA species within a cell. Leber hereditary optic neuropathy (LHON) disease is a
form of mitochondrial disease, which can cause damage to the retinal ganglion, causing
central blindness in patients. Three mtDNA variants cause over 95% of LHON cases:
m.11778G>A, m.3460G>A, and m.14484T>C, all of which encode a subunit of CI of the
respiratory chain and are found in a state of homoplasmy within most patients (Harding
et al., 1995; Macmillan et al., 1998).



Similarly to m.3243A>G@, all SNVs can have a large phenotypic variance. The cellular
impact depends on the proportion of variant mtDNA, which is dynamic due to continuous
mtDNA turnover. An inherited variant proportion can also drastically differ between
neighbouring cells, affecting their function and the resulting cellular phenotype. These
considerations are discussed further in Chapter 5.

MtDNA single large-scale deletions

A single, large-scale deletion is the loss of a continuous section of the mitochondrial
genome. Deletions may arise from errors in replication or repair during embryo develop-
ment, resulting in the same mtDNA variant being present in all cells (Krishnan et al.,
2008; Shoffner et al., 1989). Although less common than SNVs, deletions account for ap-
proximately 16% of adult mtDNA variants and are responsible for 12% of mitochondrial
diseases in adult patients (Gorman et al., 2015). Similarly to SNVs, patients present a
wide variety of phenotypes, such as CPEO and Kearns-Sayre syndrome (KSS). KSS is
a severe multi-system disease, often presenting with ptosis, Pigmentary retinopathy, and
cardiac conduction abnormalities (Goldstein & Falk, 1993). Some patients with large-
scale deletions also present non-syndromic symptoms, such as muscle weakness and ptosis
(Mancuso et al., 2015).

OXPHOS deficiency is significantly correlated to variant load, the proportion of pathogenic
variant mtDNA within a single cell, (Rocha et al., 2015), as well as deletion size and loca-
tion (Rocha et al., 2018). The relationship between deletion size and patient phenotype
is contested within the literature. Some studies have found a significant relationship be-
tween the two (Yamashita et al., 2008), whereas others have found none (Lépez-Gallardo
et al., 2009). Age of deletion formation has also been found to be significantly correlated
to patient phenotype (Yamashita et al., 2008). Grady et al. (2014) found that deletion
size and location, as well as variant load, are significantly related to disease progression
and burden. In their study, a large cohort of 87 patients was collected and their data anal-
ysed using multiple regression mixture models. This highlighted the relationship between
predictors and gave better context to conflicting previous reports, which used simpler
statistical methods and looked at fewer explanatory variables.

One specific deletion, the ‘common deletion’, is far more frequent than the rest, ac-
counting for approximately one-third of all deletions seen within single-deletion patients
(Pitceathly et al., 2012). The common deletion is 4.977Kb in length, between bases 8470
and 13447, or approximately 30% of the mitochondrial genome (Schon et al., 1989). The
deletion’s impact on mitochondrially encoded proteins is significant, removing five genes
encoding mt-tRNAs, seven genes associated with subunits of CI, one gene encoding a CIV
subunit and two genes encoding CV subunits (Shoffner et al., 1989).

Nuclear DN A variants

The mitochondrial genome encodes 13 proteins required for mitochondrial function; the
nuclear genome additionally encodes over 1,000 mitochondrial proteins, representing 99%
of the mitochondrial proteome (Rath et al., 2021). Nuclear-encoded mitochondrial pro-
teins have a wide range of functions, including OXPHOS complex subunits and assembly
factors, mtDNA replication and maintenance, and the TCA cycle, to name a few. All
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nuclear-encoded mitochondrial proteins must be targeted and imported into the mitochon-
dria. If any part of their production, translation, or transportation is disrupted OXPHOS
function can be impacted. Over 300 genes have been associated with mitochondrial dis-
ease, of which only 36 are mitochondrially encoded (Thompson et al., 2020). Therefore, a
nuclear DNA variant can profoundly impact almost any aspect of mitochondria, including
the mitochondrial genome itself.

MtDNA maintenance disorders are a group of mitochondrial diseases that affect mtDNA
replication and maintenance. They are primarily associated with nuclear-encoded vari-
ants and can result in mtDNA sequence perturbations, such as single, large-scale deletions.
The associated genes include: TWNK (Spelbrink et al., 2001), POLG (Van Goethem et
al., 2001), (Rouzier et al., 2012) and OPA1 (Amati-Bonneau et al., 2008). Each gene has
a large phenotypic variance depending on the variant present and other environmental
and genetic factors. Variants of POLG are associated with progressive external ophthal-
moplegia (PEO), male infertility, Alpers syndrome, and Parkinsonism, with PEO being
the most common. A description of known phenotypes and associated POLG variant can
be found in Longley et al. (2005).

1.1.8 Genetic bottleneck effect

Large inter-generational variation in the mitochondrial genome was first noted in Holstein
cows and led to the proposal of a genetic ‘bottleneck’ (Ashley et al., 1989; Olivo et al.,
1983); later work showed the same phenomena in many other species, including mice (Cao
et al., 2007; Cree et al., 2008; Jenuth et al., 1996) and humans (Chinnery et al., 2000;
Wilson et al., 2016). The genetic bottleneck creates a large amount of uncertainty in
the proportion of variant mtDNA inherited from a mother. Asymptomatic mothers, with
low pathogenic variant loads, are known to have offspring with variant loads exceeding
70% (Larsson et al., 1992; Pallotti et al., 2014). The bottleneck creates genetic variation
between mature oocytes, resulting in variation in the mitochondrial genomes of offspring.
Thus, the bottleneck directly impacts the inherited mtDNA level of heteroplasmic vari-
ants. Despite its significance, the genetic bottleneck and the biological mechanisms behind
it remain poorly understood, with studies finding contradictory evidence.

One theory is that the bottleneck is caused by a drastic reduction in mtDNA copy
number within primordial germ cells (PGCs), oocyte precursor cells, during the early
stages of oogenesis (Floros et al., 2018). Using a mouse model, Cree et al. (2008) showed
that mtDNA copy number fell from ~ 4,000 per cell before embryo implantation to
~ 200 within PGCs 7.5 d.p.c. (days post coitum), an estimate in agreement with Jenuth
et al. (1996). During PGC differentiation, Cree et al. found copy number to increase
to =~ 1,500 in primary oocytes 14.5 d.p.c.. The variant-load variation explained by copy
number reduction was estimated to be 70% via a mathematical model of fertilisation
to oocyte development, and the remaining variation explained by the proliferation of
mtDNA during PGC cell divisions (Cree et al., 2008). In contrast, some works find no
evidence of a reduction in copy number during oogenesis (Cao et al., 2007, 2009) and
suggest the inter-generational variation is caused by sub-populations of replicating and
non-replicating mtDNA. Adding to the ambiguity, Wai et al. find that copy number signif-
icantly reduces in the early stages of oogenesis (Wai et al., 2008). However, they found no
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significant difference in variant-load variation between any two stages of oogenesis. Wai
et al. did, however, find a significant difference in genotypic variation between high copy
number germ cells (mature ovulated oocytes, primary oocytes in secondary follicles), copy
number > 10,000, and low copy number germ cells (PGCs, oogonia, primary oocytes, in
primordial follicles), copy number < 10,000, concluding that the genotypic variation is
the result of replicating (and non-replicating) mtDNA subpopulations. Whether the cause
is a copy number depletion or replicating subpopulations, the reduction in the effective
population size has a significant impact on the inherited variant mtDNA level.

1.1.9 Threshold effect

For pathogenic mtDNA variants, heteroplasmy is measured by the percentage of mtDNA
molecules which differ from wild-type mtDNA, referred to as variant load. Continuous
mtDNA turnover causes the variant load to be dynamic, and clonal expansion is the
process by which the proportion of pathogenic variant mtDNA molecules changes over
time to become the dominant species within a cell. The effect that mtDNA population
dynamics have on cellular function is based on the ‘threshold effect’. This principle states
that a cell becomes OXPHOS deficient if the proportion of pathogenic mtDNA surpasses
a biochemical threshold (Rossignol et al., 2003), see Figure 1.8.
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Figure 1.8: Representation of the threshold effect. How the threshold effect proposes
mitochondrial function changes due to the mtDNA variant load within a single cell.

Moslemi et al. (1998) investigated the pathogenic threshold within six patients, across
two families, with diagnosed m.8344A>G mtDNA single-point variant. Skeletal muscle
fibre (myofibre) sections were taken, and COX deficient myofibres were identified through
histochemical staining and manual classification. Polymerase chain reaction (PCR) anal-
ysis revealed the proportion of wild-type and variant mtDNA at a single myofibre level.
A logistic regression model was fitted to the data, with the response variable being COX
deficient status and a single explanatory variable of variant load; the pathogenic thresh-
old was estimated by the variant load with a 50% probability of COX deficiency. For
the six patients, the threshold estimates ranged from 95.3% to 97.7%, and no significant
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difference in threshold was found between the two families.

Other work has shown the pathogenic threshold to be lower for single deletions.
Hayashi et al. (1991) combined the mtDNA of patients with large single-deletions, and
CPEOQO, with HeLa cells and isolated transmitochondrial cybrid clones. When the muta-
tion load passed 60%, the cybrid cells showed an inhibition of mt-tRNA translation and
COX deficiency. Rocha et al. (2018) compared single-cell variant loads with OXPHOS
protein abundances in six patients with characterised single large-scale deletions. The
pathogenic thresholds were estimated to be between 56% to 82% in CI and 57% to 92%
in CIV, and showed a significant relationship with deletion size and location.

Rossignol et al. (1999) used a rat model to compare the respiratory rates with inhibited
levels of OXPHOS complexes; CI, CIII, and CIV. In muscle tissue, the thresholds (and
S.E.) were estimated to be 74.5 (5.1), 85.2 (2.3), and 66.8 (4.4), respectively. Herndndez-
Ainsa et al. (2022) used a cybrid cell model to investigate the effect of mtDNA deletions
in patients with Pearson’s syndrome. CIV quantity and activity, and ATP levels were
significantly reduced when the cellular variant load passed ~60%. Mitochondrial respira-
tion decreased in cybrids when their mutation load exceeded ~70%.

1.1.10 Copy number regulation

Schultz et al. (1998) found that a decrease in mtDNA copy number leads to an increase in
mtDNA replication; however, the mechanisms which control this replicative increase are
unknown. Tang et al. (2000) suggested that copy number control is related to deoxynu-
cleotide (ANTP) pools, essentially maintaining a relatively constant mtDNA mass within
a cell. Clay Montier et al. (2009) suggest that the cell’s dynamic ATP needs control the
copy number. Increased mtDNA replication (and copy number) is signalled by increased
cellular ATP requirements. However, evidence for this has yet to be found.

1.2 Clonal expansion of mtDNA

Variant mtDNA proportions can rise and fall over time, the dynamics of which are de-
pendent on cell type and mtDNA variant. A number of studies have shown that the
m.3243A>G mutation decreases in mitotic cells with time (de Laat et al., 2012; Grady
et al., 2018; Sue et al., 1998). In contrast, the proportion of large-scale single deletions
within skeletal muscle fibres increases with age (Bua et al., 2006). MtDNA dynamics have
also been shown to be spatially dependent, with variant mtDNA spreading both cross-
sectionally and longitudinally along a muscle fibre at differing rates (Bua et al., 2006;
Vincent et al., 2018).

Clonal expansion is the term used to describe the changing population dynamics of
mtDNA within a single cell and, consequently, how variant mtDNA becomes the dominant
species. It is thought to be a factor in the progression of some forms of mitochondrial
disease. However, the mechanisms governing clonal expansion are not known. Several
theories have been proposed, but no single theory has been unilaterally agreed upon by
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experts, nor has one been able to explain the wide range of experimentally observed data.

In witro cell models of clonal expansion can be useful. For example, they allow the
use of patient-specific human cells and the ability to monitor clonal expansion during cell
development and replication. Such cell cultures have shown that SNV variants can arise,
reach 25% of the mtDNA population, and go extinct within 21 weeks (Ludwig et al.,
2019). However, they pose several problems. In vivo rates may differ from those in vivo,
and it is difficult (practically impossible) to produce time scales similar to the human life
span. In addition, many biological mechanisms act in a cell-type-specific manner (Herbers
et al., 2019), and mitotic cells used within a culture do not reflect the mtDNA dynamics
of post-mitotic cells, such as skeletal muscle fibres or neurons.

Animal models, often mice, allow the study of the tissue-specific aspects of mitochon-
drial disease by the collection of a range of tissues at varying stages of development and
life, a difficult task when using human subjects (Burr & Chinnery, 2024). Specifically,
animal models allow multiple measurements to be made within post-mitotic tissue (Dunn
et al., 2012; Tyynismaa & Suomalainen, 2009). Despite their benefits, animal models
suffer several limitations. Animal biology differs from human biology, which can impact
mitochondrial dynamics. For instance, initially, human and mouse embryos have rela-
tively similar mtDNA copy numbers, yet humans have many times the number of cells.
The increased mtDNA proliferation and cellular division required during human develop-
ment would lead to a higher inter-cellular variant-load variation in a stochastic system
(Stewart, 2021). Additionally, the lower mtDNA copy number within mouse cells can
increase the rate at which somatic mtDNA variants become dominant within a single cell
(Elson et al., 2001). Biological differences in species and other considerations may result
in less severe phenotypes in mice compared to human patients (Tyynismaa et al., 2005;
van Riesen et al., 2006).

Computer models of mitochondrial DNA dynamics are gaining popularity within the
literature (Chinnery & Samuels, 1999; Johnston & Jones, 2016; Kowald & Kirkwood, 2013;
Lakshmanan et al., 2018). Mathematical models of clonal expansion will be discussed
further in Chapter 5. These are simplified models of the biological system, focusing
on the phenomena hypothesised to be the system’s driving force. They offer additional
benefits such as producing realistic time scales, knowing the system state at any point, and
initialising the system with any state. Notably, an accurate mathematical model of clonal
expansion may highlight biological mechanisms for further investigation and make patient-
specific disease progression predictions. They do, however, have some disadvantages. In
particular, assumptions about the biological system must be made, and model parameter
values must be chosen from contested values in the literature or inferred. Slight changes
to these values may have a drastic impact on the model output.

1.2.1 Clonal expansion theories
Random genetic drift

Random genetic drift (RGD) assumes no selective, replicative or any other advantage
between mtDNA species and relies solely on the stochastic replication and degradation of
mtDNA to explain the population dynamics (Chinnery & Samuels, 1999). Several other
mathematical models and biological theories of clonal expansion incorporate no replicative
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advantage between mtDNA species but impose other assumptions. For example, Capps
et al. (2003) used a model of no replicative advantage to compare copy number control
mechanisms.

Early mathematical modelling showed how variant load can reach pathogenic levels
throughout the human life span via de novo mutation events (Chinnery & Samuels, 1999;
Elson et al., 2001). Kowald and Kirkwood (2013) demonstrated that RGD cannot produce
mutation loads seen in experimental data of short-lived species, such as rodents. Hender-
son et al. (2009) showed that the accumulation of single, large-scale deletions in neurons
can be explained by RGD and Johnston et al. (2015) compared the mechanism governing
the genetic bottleneck under the assumption of no replicative advantage. Both Henderson
et al. (2009) and Johnston et al. (2015) inferred model parameters via Bayesian inference;
however, often parameter values are fixed to values found in the literature (Capps et al.,
2003; Elson et al., 2001; Insalata et al., 2022; Kowald & Kirkwood, 2013).

Parameter values within the literature, estimated from observed data, are scarce and
come with a high degree of uncertainty. The uncertainty is significant as varying pa-
rameter values can drastically alter the resulting dynamics of a model. For example,
experimental data of COX deficiency of neurons in the Substantia Nigra show a much
higher deficiency level than predicted by Elson et al. (2001) (Itoh et al., 1996; Kraytsberg
et al., 2006). However, a lower mtDNA half-life, higher mutation probability, or lower
pathogenic threshold would result in a higher proportion of COX deficient cells within
the same time frame, and random genetic drift could be capable of explaining the data.
Parameter values within the literature are further discussed in Chapter 5.1.6.

Survival of the smallest

Survival of the smallest assumes that variant mtDNA | with large-scale deletions, replicate
at a higher rate due to their decreased size (Wallace, 1989). The increased replication
rate gives variant mtDNA a selective advantage, allowing them to clonally expand to high
levels within a cell. Diaz et al. (2002) demonstrate that under relaxed replication, single-
deletion mtDNA repopulates a cell faster than wild-type. Kowald et al. (2014) developed
a mathematical model focused on the effect of single-deletions on replication time and
showed that the replicative advantage is capable of explaining the accumulation of COX
deficient cells in both long- and short-lived species. However, many have questioned the
theory’s explanation. Significantly, it does not explain the increase in SNVs with age
(Greaves et al., 2014; Weber et al., 1997). In addition, Gitschlag et al. (2016) found that
deletions of different sizes accumulate at the same rate. Hayashi et al. (1991) provided
further evidence against the hypothesis by showing that the cell doubling time is higher
for cells with mtDNA deletions. The varying evidence in the literature is thus incon-
clusive, indicating that this theory is not the key component driving clonal expansion.
Nevertheless, the theory (or versions of it) is popular within the literature.

Perinuclear niche

Vincent et al. (2018) investigated subcellular distributions of COX deficiency in skeletal
muscle fibres (myofibres). They found that COX deficiency and increased mtDNA copy
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number localised to nuclei, which led to the proposed ‘proliferative perinuclear niche’
hypothesis. The hypothesis states that mtDNA replication rates are higher within the
perinuclear niche, due to its dependence on nuclear-encoded proteins. Therefore, mtDNA
variants which form in the niche affect OXPHOS locally before spreading throughout
the myofibre. The theory is primarily focused on OXPHOS deficiency within myofibres,
whose size allows sections of the myofibre to be OXPHOS deficient while other sections
remain OXPHOS functional (Elson et al., 2002). Similarly to RGD, the theory assumes no
replicative advantage between mtDNA species. Mathematical modelling of the perinuclear
niche (PNN) has not been completed within the literature, likely due to its relatively recent
proposal and the computational cost of a spatially dependent model.

Other theories

Insalata et al. (2022) proposed stochastic survival of the densest (SSD), a spatially de-
pendent mathematical model with no replicative advantage between mtDNA species, to
explain how variant mtDNA spreads along the length of a myofibre. Myofibres were
modelled as a series of adjacent, independent compartments, which mtDNA can migrate
between. Using parameter values from the literature, model predictions were compared to
rhesus monkey data and showed a better fit than a replicative advantage model. However,
the authors acknowledged a high amount of uncertainty in some parameter value choices.

Some theories proposed are based on the effect of free radicals. de Grey (1997) pro-
posed ‘survival of the slowest’, a model of clonal expansion in which a negative feedback
loop reduces the rate at which variant mtDNA is degraded. Their hypothesis states that
IMM dysfunction is caused by free radicals, produced during ATP synthesis, and leads to
the degradation of the mitochondrion (and its mtDNA). The reduced ATP synthesis of
mitochondria harbouring variant mtDNA leads to reduced IMM damage and prolonged
mitochondrial life. The theory, therefore, induces a selective pressure against the degra-
dation of variant mtDNA, allowing the variant load to grow within a cell.

Before moving on to the analysis of datasets and the development of mathematical
models to investigate the driving forces of clonal expansion, it is necessary to first dis-
cuss some of the statistical background required for this work. In the remainder of this
chapter and Chapter 2, some key concepts in statistics are introduced, which underpin
later work. Namely, Bayes’ theorem, the key result responsible for Bayesian statistics,
which is the method of statistical inference used throughout this thesis. Markov chains
are also introduced, being a key concept required for Bayesian inference and models of
mtDNA population dynamics. Direct applications and uses become clearer in later chap-
ters, where these methods are applied, although some examples are given here.

1.3 Probability and Bayes’ theorem

Before discussing Bayes’ theorem, some key results in probability are introduced. Let A
and B be two events, and their individual probabilities of occurring be denoted Pr(A)
and Pr(B). The probability that both events occur is denoted Pr (A N B), and the con-
ditional probability of event A occurring given that B has occurred is denoted Pr (A|B).
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1.3.1 Conditional probability

The law of conditional probability states

Pr(An B)

Pr(AIB) = —[

| (1.4
note that Pr (AN B)=Pr(B N A) implies that Pr (AN B) is, therefore, equal to both
Pr(A|B)Pr(B) and Pr(B|A) Pr(A), and so

Pr(A|B) Pr (B) = Pr(B|A) Pr (A). (1.5)

1.3.2 Total probability
Discrete

Let B={B;:i=1,...,n} be a finite, or countably infinite, set of mutually exclusive and
collectively exhaustive events i.e. Pr(B; N B;j)=0 for all 4 # j, and )" Pr(B;) = 1.0.
Then, the law of total probability states that the marginal probability of event A is equal
to the sum of all unions,

Pr(A) =) Pr(ANB;). (1.6)
Substituting the law of conditional probability, this becomes

Pr(A) = ZPr (A|B;) Pr (B;). (1.7)

Continuous

Extending the law to continuous random variables is relatively easy. Let X be a random
variable which can take any value in the set X', referred to as the support, and its density
be described by a probability density function (PDF) fx(x). The summation in the
discrete version, Eq. 1.7, becomes an integral over all possible values of X:

Pr(A) = /XPr (A|X =2) fx(z)dx. (1.8)

1.4 Bayesian statistics

Unlike frequentist statisticians, Bayesian statisticians believe that there is no “true” value
of the parameters in a statistical model. Instead, Bayesian methods summarise parameter
beliefs after observing data (a posteriori) by a probability distribution, giving more weight
to more likely values. Parameter beliefs before observing any data (a priori) are called
prior beliefs, and are similarly summarised by a probability distribution. Prior beliefs
can be as vague or informed as required to reflect the beliefs of relevant experts. The
complete lack of prior knowledge can be reflected in extremely vague prior beliefs, with
a high variance. In contrast, a large amount of prior knowledge from previous work may
result in well-informed priors with high precision. Parameter beliefs are updated by com-
bining prior beliefs and new evidence presented from a dataset. Bayesian methodology is
fully probabilistic and considers model parameters, hidden states, as well as missing and
observed data in the same vein. The coherent treatment of model parameters, data, and
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hidden states has allowed Bayesian methods to be used in a wide range of inference prob-
lems. Some of which are discussed in the next paragraph, and more generally throughout
this thesis.

Bayesian methods have gained popularity in all aspects of research. Traditionally,
the limiting factor to conducting Bayesian analysis was computational expense. How-
ever, the rise of computing power is changing this. Applications within the biological and
medical sciences are becoming increasingly common, enabling the use of complex models
to explain complex biological systems with incomplete and messy datasets. Reviews by
Wilkinson and Yau et al. demonstrate areas where Bayesian methods have been applied,
including biological sequence analysis and microarray analysis (Wilkinson, 2007; Yau &
Campbell, 2019). In other areas, Rickett et al. (2015) demonstrated that Bayesian meth-
ods can detect subtle differences in bacterial growth rates, and Russel-Buckland et al.
used Bayesian methods within systems biology, inferring parameters of a mathematical
model (Russell-Buckland et al., 2019). Mathematical models of biological systems com-
monly use Bayesian inference schemes, where uncertainty in unobserved data and hidden
states can be coherently accounted for (Fisher et al., 2022; Georgoulas et al., 2016; Go-
lightly & Wilkinson, 2011; Henderson et al., 2010).

1.4.1 Bayes’ theorem

Bayes’ theorem is the foundation of Bayesian statistics and provides the formula to find
posterior beliefs. It follows immediately from the law of conditional probability, Eq. 1.4,
by rearranging Eq. 1.5.

Pr(B|A)Pr(A)

Pr(A|B) = 1.9
For practical use, this is viewed with A and B being parameter beliefs and data. Let
x = (r1,%2,...,%,) be a set of independent observations and fx(x|0) be a statistical

model that is believed to explain the data. The model, fx(x|f), is dependent on a set of
parameters, 6, which are unknown and must be inferred. Let © denote the support of the
model parameters, §. For example, in a simple linear model, § = (m, )’ indicating the
slope and intercept of the linear equation, and its support is the 2-dimensional real-plane,
R2. The data-likelihood, f(x|@), is the probability of observing x given a set of parameter
values, 6, and is the product of the model density evaluated at each observation given 6,

f(xz|0) = HfX i6). (1.10)

The probability density summarising the prior beliefs is often denoted p(6). Substi-
tuting these elements into Eq. 1.9 and using the law of total probability, Eq. 1.8, to write
the denominator with known entities, we get Bayes’ theorem,;

p(0)f (w!9)
Jo [(]0)p(6)d6
Bayesian methods concern learning parameter values, #. We, therefore, think of func-
tions in Bayes’ theorem not dependent on #. The equation is often rewritten using the

p(flz) = (1.11)
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parameter-likelihood function; its definition is identical to the data-likelihood function,
but the data are considered known and, therefore, the given entity. Let L(f|x) be the
parameter-likelihood function and

L(flx) = f(z|0) = HfX ;10). (1.12)

Bayes’ theorem can then be rewritten using the parameter-likelihood

p(0)L (9|w)

plble) = T

(1.13)

The denominator, [, f(0|z)p(f)dd, is referred to as the marginal likelihood and is
a constant for a given dataset, x. It is a scaling constant and ensures the posterior
probability density integrates to 1.0. This can also be seen as the integrand, the function
within the integral, is equal to the numerator in Eq. 1.13. As it is a constant, Bayes’
theorem is often simplified to express the posterior up to proportionality,

p(0le) o< p(0)L (0]z) . (1.14)

The posterior distribution, up to proportionality, is therefore the prior density func-
tion multiplied by the likelihood function, the result is a function of §. How Eq. 1.14 is
used to find a posterior distribution is discussed next.

1.4.2 Conjugate analysis

In simple cases, the posterior distribution can be found analytically when the multipli-
cation, p(f) x L(0|x), evaluates to be a known probability density up to proportionality.
This is called conjugate analysis, an example is shown below. Specific models and prior
beliefs are known to be conjugate. Although restricting, a variety of models and prior
beliefs can be formed this way. Conjugacy is helpful because there is (almost) no com-
putational cost to calculating the posterior distribution, only a human cost of doing the
maths. However, conjugate models tend to be simple and so are not applicable in many
situations. In Chapters 1.4.4 and 2.1 non-conjugate methods are discussed in more detail.

1.4.3 Conjugate analysis example

Here, an example of conjugate analysis is presented, implementing the theory presented
in Chapter 1.4. Suppose x is a vector of n independent observations, and we wish to
model each observation as coming from a normal distribution. Further, assume the data’s
population mean, p, is known but the model precision, 7, must be inferred. For ¢ =
1,...,n, the model is

zilp, 7~ N (p, 771 (1.15)

The likelihood function is the product of the model densities evaluated at each observation.
The model here is a normal density, and so the likelihood is the product of n normal
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densities, with mean p and precision 7, evaluated at x; for 2+ = 1,2,... n. Continuing the
notation from before, that is

Lir|z) = li \/;exp {—%(@ - u)?} | (1.16)

After consulting the literature and experts in the field, it is agreed that prior beliefs
for the precision, 7, are summarised by a gamma distribution with shape and rate a and
b,

T~ Ga(a,b). (1.17)

The prior density function is, therefore, the gamma density function with shape and rate:

a and b,

p(T) = I‘(a)Ta_l exp (—b7). (1.18)

The posterior distribution p(7|x) can then be found up to proportionality by multi-
plying the prior density and likelihood functions.

plre) o s~ exp (<br) H Voo [5Gy

1
a+n/2—1 . - o 2
x T exp{ b+2 E (x; ,LL)]T}

i=1

(1.19)

The form of p(7|x), up to proportionality, has the same form as a gamma distribution
and, therefore, 7 must follow a gamma distribution a posteriori. Hence, the posterior
belief for 7 is summarised by a gamma distribution with shape a + n/2 — 1 and rate
[b+ 3> (z; — 1)?], and the posterior distribution can be written as

1 ¢ )
7|z ~ Ga <a+n/2—1,b+§izl(xi—u) > (1.20)

In this example, the posterior distribution can be found analytically and is a known
distribution, and, therefore, the model is conjugate.

1.4.4 Non-conjugate analysis

Although useful, there are relatively few models which are fully conjugate. However,
parameter values can still be inferred if this is not the case. For non-conjugate analysis,
the posterior cannot be found analytically, although it can be summarised by a large
number of random draws. Suppose, we are tasked with finding the mean and variance
of a normal distribution whose parameter values are unknown, however it is possible
to randomly sample from the distribution. If a large number of samples are drawn,
these can be inspected to gain an understanding of the mean and variance. Similarly, in
non-conjugate analysis, the posterior distribution is repeatedly sampled from and those
posterior draws are analysed. How the draws are generated varies depending on the
model in question; more complex models often require more complex algorithms and more
computationally expensive methods to sample from the posterior. In the next chapter,
Chapter 1.5, some of the concepts underpinning the algorithms designed to sample from
such posterior distributions are introduced. Specific sampling methods are discussed in
Chapter 2.1.
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1.5 Markov chains

A Markov chain is a sequence of random variables whose current state depends only on
the previous state and is independent of all states before that. This condition is known
as the memoryless or Markov property. Their applications span many areas of statistics,
including parameter inference and statistical modelling; both areas will be demonstrated
in Chapters 2.1 and 5 of this thesis.

The memoryless property implies that the current state is a random variable whose
possible values are described by a probability density dependent on the previous state.
Being sequential, Markov chains are usually thought to progress with time, with updates
occurring at discrete or continuous intervals. The state space of a Markov chain, the
possible values the random variables, can be either multi- or univariate and be discrete or
continuous. In the remainder of this chapter, discrete-time Markov chains are introduced
to highlight some of the mathematical theories behind Markov chains.

1.5.1 Discrete state-space Markov chain

Let {X; : t = 0,1,2,...} be a sequence of random variables which form a discrete-
time, discrete state-space, stochastic process. That is, a Markov chain which updates at
discrete and fixed time increments and whose value can be a finite number of possibil-
ities. Let & = {51,52,...,S,} denote the set of m possible values that X, can be i.e.
X, e Sforallt =0,1,2,.... Assume that the probability of moving between any two
states, S;,S; € Si # j, is known and independent of time and be denoted p;; such that
Pr(X; = S;|X;—1 = S;) = pyj, for all > 0 and for all 1 <i,5 <m.

Given that at time index t the previous state is X;_; = S;, the transition probabilities
{pi1,pi2s - - -, Pim} form a probability mass function (PMF) describing the distribution of
X;. The system can, therefore, be forward-simulated with a known starting condition
by recursively sampling from the appropriate PMF. The next section discusses a discrete
state-space example to solidify some of their key concepts.

Discrete state-space example

Suppose a system can be in four distinct states, {51, Ss, 53,54}, and the probabilities
of moving between states are known. The directed graph in Figure 1.9 summarises the
system. A directed graph is a convenient way to describe a Markov chain when the state
space is relatively small. For example, by inspection of the graph, it can be seen that
when the system is in S7, the next state can be either Sy or S3, with equal probability.
Intuitively, within the system described in Figure 1.9, the probability distribution of
the current system state depends only on the previous state and not any state before
that. It can also be seen in the directed graph that if the system reaches Sy, it will remain
in this state indefinitely. This is an example of a stationary distribution of the Markov
chain. Given an infinite amount of time, the system will reach S; with probability 1, and
once it does, it can not escape. In this example, the stationary distribution has all weight
associated with Sy and none to the other states. Although in more complex systems, this
may not be the case. For example, the system depicted in Figure 1.10, shows a stationary
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1/2

Figure 1.9: Discrete state-space Markov chain. A directed graph showing the possible
transitions and their probabilities of the Markov chain. The directed edges between nodes
indicate a possible transition over a discrete time interval. For example, moving from Sy to S3,
over one time increment, is possible, but not from S3 to S3. Each transition is associated with
probability, seen adjacent to the edge connecting to nodes.

distribution split across two states; S4 and S5. By inspection of the directed graph, it can
be seen that once the system enters Sy, it will oscillate between S, and S5 indefinitely.

1/4

1/2

Figure 1.10: Discrete state-space Markov chain with non-singular stationary distri-
bution. A directed graph showing the possible transitions and their probabilities of the Markov
chain. The connections between nodes indicate that it is possible to transition between the two
states over a discrete time interval. The arrow of these connections indicates in which direction
it is possible to move. The stationary distribution of this Markov chain has equal weight asso-
ciated with states Sy and S5 but zero weight associated with the remaining nodes.

A stationary distribution represents the time-limiting behaviour of the system and the
proportion of time the chain spends in each state as the system time tends to infinity. If
one exists, the system’s stationary distribution can be calculated analytically for discrete-
time, discrete-state-space Markov chains, see Chapter 1.5.2.

As the size of the state space increases, summarising the possible transitions and their
probabilities within a directed graph becomes inconvenient. Therefore, this information
is often summarised in a transition matrix, whose (i, j)-th element is the probability of
transitioning from state ¢ to j, p;;. For the system described in Figure 1.10, the transition
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matrix, P, is
0 1/2 1/2 0
0 1/4 3/4 0
P=14/5 0 0 1/5
0 0 0 0 1
0 0 0 1/3 2/3

o O O

The i-th row of the transition matrix is the PMF of the current state if the system was
previously in the i-th state. For example, the 3" row, (4/5,0,0,1/5,0) gives probabilities
4/5 and 1/5 of being in the 15¢ and 4" states, respectively, and all other states having a
zero probability. This is reflected in Figure 1.10 where the only directed edges leaving S3
are to S7 and Sy, with the appropriate weights.

Transition matrices

Let {X; :t =0,1,2,...} be a discrete state-space stochastic process, such that X; €
{S1,89,...,5n} for all > 0, and P be it’s transition matrix. The (i, j)-th element of P
is, therefore, the probability of transition from S;-th to the Sj-th state,

(P);; = Pr(Xy = 5;| X1 = Si) = pij.

If the previous system state, X; 1 = S;, is written as a length m, unit row-vector
71, whose i-th element is 1.0 and all other elements 0.0, i.e. a PMF with all weight
associated with a single value. Then, the distribution of the current state, 7;, can be
found by multiplying the unit vector and the transition matrix. Which returns the i-th
row of the transition matrix, as would be expected,

T = Trt—lPa
~(0,...,0,1,0,...,0) P,
= (pi17pi27 s 7p7,m)

Similarly, if uncertainty exists in the previous state’s value and is described by a non-
singular PMF, 7r;_1, then the distribution of the current system state, 7; is found through
matrix multiplication,

T = 7Tt,1P.

The distribution of the future state, 7,1, dependent on X;_ i, can also be calculated by
substitution,

Ty = 7TtP = [ﬂ't_lP] P = 7Tt_1P2.

Recursive substitution allows the distribution of system state to be calculated for any
time step into the future,

_ k+1
T, = W P77

Here, it is shown that not only is it possible to forward simulate the system by randomly
drawing the next state from the appropriate distribution, but it is also possible to calcu-
late the PMF of any future state, given an initial state.
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1.5.2 Stationary distribution

As mentioned, stationary distributions are an important aspect of Bayesian inference.
When models are not fully conjugate, posterior distributions are sampled by constructing
Markov chains whose stationary distributions are the desired posterior density, see Chap-
ter 2.1. Here, stationary distributions for discrete state-space Markov chains are discussed.

Once a Markov chain reaches its stationary distribution, 7r, it will remain in this
distribution indefinitely. Therefore, after each update of the Markov chain, the value of
the random variable, X;, follows the same distribution, and the stationary distribution
must satisfy the equation

T =mP, (1.21)

where P is the transition matrix and 7 a row vector. The stationary distribution can be
found by solving Eq. 1.21. The existence and uniqueness of such a distribution require
certain criteria of the Markov chain, which will not be discussed here; a detailed discussion
can be found in Norris (1997). Importantly, Markov chains can be constructed with such
requirements to ensure a unique stationary distribution exists.

Discrete state-space example continued

Recall the discrete time, discrete state-space Markov chain depicted in Figure 1.10, the
system has five possible states, {S1, Sa, S3, 54, S5}, and a transition matrix,

0 1/2 1/2 0 0
0 1/4 3/4 0 0

P=1|4/55 0 0 1/5 0
o 0 0 0 1
0 0 0 1/3 2/3

By inspecting the directed graph, Figure 1.10, it can intuitively be seen that once
the system reaches Sy, it remains in S; or Sy indefinitely. However, the distribution of
time spent in each state within the limit is unclear. The stationary distribution can be
found by solving the system of equations from Eq. 1.21. The system equations can be
rearranged such that,

T=mxP

where [5 is the 5 x 5 identity matrix, which has 1’s on the diagonal and 0’s everywhere
else, and 0 is a 5-dimensional row vector with all zero elements. Both sides of the equa-
tion are transposed before substituting the transition matrix and calculating the matrix
multiplication. This only makes the vectors easier to read on the page and does not affect
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the solution. The stationary distribution can then be calculated as follows

I;—P)' 7" =07,

1-0 0 —4/5 0 0 m 0

-1/2 1-1/4 0 0 0 T2 0
-1/2 —=3/4 1-0 0 0 ml=10],

0 0 0 1-0 —1/3 | |m 0

0 0 0 -1 1-2/3) \ms 0

7r1—§7r3 0

_§7T1+Z7T2 0

—%71'1—%7T2+7T3 = 0

—%7?3+’/T4—%7T5 0

—7T4+§7T5 0

Solving the system of equations, we find that m = my = 73 =0 and 74 = %m. Recall
that 7 is a PMF i.e. m; > 0.0 for all ¢ and ZZ m; = 1.0. Using these constraints values for
m4 and 75 can be found;

5
> m =10,
=1

T4+ T = ].O,
4
57'[‘5 = 10,
3
Ty = Z
This implies that 7, = % [%] = 1/4, and so the stationary distribution of system is
T = (O, 0,0, }L, %) Therefore, the Markov chain described by the directed graph in Figure

1.10 will spend 75% of its time in the state S5 and the remainder in Sy, as the time limit
tends to infinity.

Although this was a simple example, stationary distributions are essential in Markov
chains and Bayesian inference. Specific algorithms which target the posterior density are
discussed in Chapter 2.1. Stationary distributions are not discussed in further detail; a
detailed review of theory and practice in Bayesian inference can be found in Gamerman
and Lopes (2006). The following chapter introduces a real-world Markov chain example
to highlight their use in mathematical modelling.

1.5.3 Cell culture population example

Consider the population of cells within a culture. A cell can divide, resulting in two
daughter cells, or die, removing the cell from the population. Assuming that the events
are independent of the current population and occur randomly, the population after the
next event depends only on the current population and not any previous state. Thus, the
culture’s population could be modelled as a Markov chain. The state space of the chain
is the set of whole numbers greater than or equal to zero, commonly denoted N.

Let X be the current population of the system, the cell culture, and Y be the popu-
lation after the next event. Also, let p, be a known replication probability when X = x.
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The transition probabilities of moving from the current state to any other in the state
space can then be defined. Assume the current population X = x > 0, then

Pr(Y =2 —1|X =2) = (1.0 — p,),
Pr(lY —z| > 1|X =) = 0.0.

Note that if X = 0, there are no cells to divide or die, and the Markov chain cannot
escape this state. As such, the transition probabilities require two additional probabilities
to be comprehensive;

Pr(Y =0|X =0) = 1.0,
Pr(Y > 0|X = 0) = 0.0.

The example hopefully highlights how Markov chains may appear in the real world.
The probability of replication was purposefully kept vague in the example, as, in reality,
this is likely to depend on resources available within the culture. The example models
the population level of a cell culture stochastically, recreating the random fluctuations
which would be seen in a real dataset. Further examples of such models are discussed
in Chapter 2.6.5 and 2.6.6. Chapter 5 considers mtDNA populations within a single
cell as stochastically evolving processes and develops mathematical models based on the
principles of Markov chains to model their dynamics. Details of the mathematical theory
underpinning the models used are discussed in Chapter 2.6.

1.5.4 Continuous state-space Markov chain

As mentioned, Markov chains are key to sampling from posterior distributions during
Bayesian inference. However, only discrete state spaces have been discussed so far, and
many models require inference of continuous-valued parameters. Here, continuous state-
space Markov chains are briefly introduced. A detailed discussion of Markov chains,
discrete and continuous state-space, can be found in Norris (1997).

Similarly to the discrete state-space version, the continuous state-space Markov chain
possesses the memoryless property. However, due to the continuous state space, the
transition probabilities can no longer be expressed exactly and must be considered using
transition densities. Much like the difference between discrete and continuous random
variables.

Let {X; : t > 0} be discrete-time stochastic process, and X; € S be a continuous state-
space, such as R. The memoryless property implies that the distribution of the current
state, X;, depends only on the previous, X;_ i, and is independent of X; o, X;_3,..., Xj.
For a transition density f that is

X X1, Koo, o, Xo) = [ (X Xea). (1.22)

Continuous state-space Markov chains possess many of the same properties as their
discrete counterparts. However, their transition probabilities cannot be succinctly sum-
marised in a matrix. Importantly, stationary distributions of continuous state-space
Markov chains can still exist, subject to some requirements (Norris, 1997), and they
can be forward simulated. An example of a continuous state-space Markov chain is intro-
duced here.
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Continuous state-space example

Let {X;:t=0,1,2,...} be real-valued random variables that are sequentially updated
by adding normally distributed independent random noise. That is, given an initial value
Xo=xp, fort =1,2,...

Xy = X1+ &y,
g~ N ((),02) , indep.

The random variables {X; : ¢t = 0,1,2,...} form a continuous state-space, discrete-
time Markov chain, referred to as a normal random walk. Whose transition density is
a normal distribution centred around the previous state, with variance 2. Figure 1.11
shows a number of realisations from this model, with varying standard deviations of the
additive random noise.
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Figure 1.11: Example simulations of normal random walk. Twenty realisations from a
normal random walk, with initial value Xy = 0 (both) and standard deviations o = 0.25 (left)
and o = 1.0 (right).

As presented here, the normal random walk is univariate; however, this need not be
the case, and extending the Markov chain to be multivariate is relatively straightforward.
Multivariate (and univariate) normal random walks are commonly used within Bayesian
inference schemes; see Chapter 2.1.2.

1.6 Project aims

This thesis aims to use advanced statistical techniques to infer mtDNA dynamics and in-
vestigate whether biological theories of clonal expansion can be compared using Bayesian
methods. To this end, mathematical models of clonal expansion are developed that reflect
biological theories proposed in the literature. It is hoped that a comprehensive statistical
analysis would allow for the robust comparison of the mathematical models, giving weight
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to the biological theories they reflect.
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Chapter 2

Methods

In this chapter, statistical models and inference schemes used in Chapters 3, 4, and 5
are discussed. The details of the models and parameter inference schemes are specific
to each analysis and are therefore outlined in their respective chapters. However, the
statistical theory and methods which are applicable throughout the thesis are discussed
here. As mentioned, this thesis focuses on the use of Bayesian methods; therefore, this
section begins with a discussion of algorithms for sampling from posterior distributions
in non-conjugate analysis.

2.1 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a common method used to sample from a poste-
rior distribution when the analysis is not fully conjugate. The premise of the method is
to construct a Markov chain whose stationary distribution is the posterior density. Once
the Markov chain has converged to the posterior, any sample generated by the chain will
be a realisation from the posterior distribution. The period before the chain reaches the
stationary distribution is referred to as the ‘burn-in’ period, and these samples are re-
moved before analysing the posteriors. Often, multiple chains are executed to ensure they
converge to the same distribution, and checks are implemented to ensure this. Methods
to assess convergence are discussed in Chapter 2.1.4.

In this chapter a generic statistical model, f(z]@), is referred to, which depends on a set
of m parameters, @ = (01,65, ... ,Gm)T. The support of € is denoted ©. The parameters
are assumed to be unknown and inferred for an observed dataset, x.

2.1.1 Gibbs sampler

The Gibbs sampler, Algorithm 1, was introduced by Geman and Geman (1984), and has
since become one of the most common methods to construct MCMC schemes. It is gener-
ally less computationally expensive than the Metropolis-Hastings algorithm, Algorithm 2.
However, it imposes some restrictions on the models which can be used. Before describ-
ing the idea and algorithm, full-conditional distributions (FCDs) must be introduced. An
FCD is the distribution of a single parameter, 6; (the i-th element of €), conditional on
every other entity (parameters and data). Such a distribution is denoted similarly to any
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other conditional distribution by stating its dependents,
p(0z|017 Ce ,92‘_1, 0i+17 C 70m7 w)

Suppose we wish to infer a set of unknown parameters in a model, whose posterior,
p(0|x), cannot be found analytically, nor can it be sampled from. However, the FCDs for
each element of @ can be found analytically and sampled from. Then, a Markov chain
can be constructed by sequential sampling of the FCDs of each element of 8, and its
stationary distribution is the joint-posterior, p(@|x) (Gamerman & Lopes, 2006). The
Gibbs sampling algorithm is described in Algorithm 1.

Algorithm 1 Gibbs sampler

1. Initialise the state of the chain 0 = (0&0), . ,07(73))T and set j = 1.
2. Generate 8 by sequential realisations from full-conditionals
05 ~ p(6161, 657" ..., 007V, @)

09 ~ p(0]0Y, ..., 05 | @)

yYm—19

3. Increment j by 1 and return to step 2.

The Gibbs sampler produces an m-dimensional Markov chain which will eventually,
after a burn-in period, sample from the joint-posterior density. However, the time taken
to reach the stationary distribution is not known, and the quality of the posterior draw

produced is not guaranteed. How to assess both aspects of inference is discussed in
Chapter 2.1.4.

2.1.2 Metropolis-Hastings

The Metropolis-Hastings algorithm was initially proposed by Metropolis et al. (1953)
and later developed by Hastings (1970), and it can be used when sampling from full-
conditionals is not available, i.e. the FCDs can not be sampled from directly. Unlike the
Gibbs sampler, the method requires new 6 values to be actively proposed before being
accepted or rejected. The acceptance probability combines information from the proposal
distribution and posterior density. The proposal distribution, denoted ¢(-|-), often de-
pends on the previously accepted value of 8. Following this notation, the algorithm is
described in Algorithm 2.

Note that the acceptance probability contains a ratio of posterior densities, the ratio
cancels out the normalising constant, and thus is equal to a ratio of prior multiplied by
likelihood. The form of the acceptance probability in Algorithm 2 ensures that the Markov
chain’s stationary distribution is the posterior density of interest, with proposed values
in areas of higher posterior density having a higher acceptance probability (Gamerman &
Lopes, 2006).
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Algorithm 2 Metropolis-Hastings algorithm

1. Initialise the state of the chain 8® = (9%0), . ,97(2))T and set j = 1.
2. Propose a new parameter value

0" ~ q(-16"Y).
3. Calculate the acceptance probability
) * (j—1)1p*
(@YY ") =min{ 1, p(0 |1w) a(6 ’01)
p(6Y~|z) q(6*16V~")

SN (R V2l ) N (el )
' p(0T ) L0 V) o(0°(05 ) |

4. Set 8Y) = 0* with probability a(8Y~Y,68*), otherwise set 89 = U~
3. Increment j by 1 and return to step 2.

The proposal distribution, ¢(-|@), is of particular importance, as it determines the
algorithm’s efficiency. Ideally, the proposal distribution closely resembles the stationary
distribution (posterior distribution). If this is not the case, the chain may have inef-
ficient exploration of the parameter space, which can lead to long burn-in periods and
increased computational cost. Common proposal distributions are discussed in the follow-
ing sections. Similarly to the Gibbs sampler, no guarantees are made about the quality
of posterior draws or burn-in length.

Independent proposal

An independent proposal is one that does not rely on the current state of the Markov
chain. The proposal density can then be written ¢(8"), without the eU~Y dependence,
and the acceptance probability becomes

o] 1 PO12) 4(6)
o(0.07) =i {1. 5 55}
L

— uin 1, 20O 10) 10) |
" WO)LOl) (6 [

Note that the superscript of the previously accepted value of 891 has been dropped for
brevity. A special case of the independent proposal is when the prior distribution is used
to propose values. In this case, the acceptance ratio simplifies to become the ratio of the

likelihoods,
e [ pOLE2) p0)
(6.67) = {L mewm>pWﬂ}’

—min {1, S

A prior proposal distribution is efficient if the prior closely resembles the posterior.
Often, this is not the case, and the algorithm leads to a low acceptance probability and

31



slow exploration of the parameter space.

Symmetric proposal

A proposal is considered symmetric if ¢(0]0%) = ¢(68*|0) for all 8,0 € ©. When this is
true, the acceptance probability simplifies to a ratio of the stationary distributions, as
such

(6,0") = min {1, p(9*|w)}

p(0|x)
:mm{l p(e*)L(ﬁ’*l-’v)}
" p(@)L(Blz) |

Symmetric proposals are common when constructing MCMC schemes, the most com-
mon of which is the random walk proposal.

Random walk proposal

A special case of the symmetric distribution is a random walk, which adds independent
and identically distributed random noise to the previously accepted parameter values.
That is,

0" =0V ¢ (2.1)

where €; are independent and identically distributed random variables. Usually, the noise
is normally distributed and centred around 0 (m-dimensional zero vector). This is the
multivariate extension of the normal random walk example in Section 1.5.4. Let

€~ N (0, Z) ,
for all j, then the a proposed value of @ is drawn from
9*|9(j—1) ~N (9(]’—1)7 E) )

It remains to choose a covariance matrix, the choice of which is important for the
efficiency of the inference scheme. Similarly to before, a quick exploration of parame-
ter space is preferred. To achieve this, a covariance matrix is needed that shows similar
correlations to the posterior distribution and marginal variances which are not too big
nor too small. Small marginal variances lead to slow exploration of the parameter space
with many proposed values being accepted. Large marginal variances will lead to too few
proposed values being accepted and slow exploration.

In practice, Roberts and Rosenthal (2001) proposed that the covariance matrix should
depend on the posterior covariance and the number of parameters being inferred, suggest-
ing that

2

Var(e;) = Var(6|z). (2.2)

m

Here, \//a\r(0|:1:) denotes a sample variance taken from an initial run of the inference. Ini-
tial runs of inference would add additional computational cost to the inference scheme.

32



However, for complex models with complex posterior distributions, the benefits of a more
efficient sampling algorithm would generally outweigh the additional cost. The normal
random walk proposal mechanism is implemented in Chapter 5.

2.1.3 Metropolis-within-Gibbs

Hybrid MCMC schemes are capable of implementing Metropolis-Hastings updates to a
subset of parameters whose FCDs are not tractable (solvable) while allowing component-
wise Gibbs updates for those that are.

The Metropolis-within-Gibbs algorithm is a combination of Algorithms 1 and 2. Prior
to inference, a proposal distribution for the Metropolis-Hastings update must be chosen.
The chain is initialised before new values are drawn for the parameters with tractable
FCDs. The Metropolis-Hastings update follows Algorithm 2; new values are proposed,
an acceptance probability is calculated, and the chain is updated accordingly. A pro-
posal distribution is only required for parameters whose FCDs can not be sampled from.
Note that the updates can occur in any order, and the Metropolis-Hastings update can
be separated into several distinct updates, each with its own proposal distribution and
acceptance probability. Such schemes are beneficial as high dimensional parameter spaces
are often more difficult to explore, with increased difficulty in finding appropriate proposal
distributions. See Gamerman and Lopes (2006) for a detailed description.

2.1.4 Convergence and autocorrelation
Convergence

Once a suitable inference scheme is constructed, a key question remains to be answered;
has the chain reached the target distribution? Despite the guarantees that in the limit,
as the number of iterations approaches infinity, the chain will have reached its stationary
distribution, providing it exists, it is not practical, or even possible, to run an MCMC
scheme for an infinite number of iterations (Roberts & Rosenthal, 2004). Therefore, prac-
tical applications of how to answer the question must be considered. Not providing a
suitable answer may have dramatic consequences on the results of analysis, skewing pos-
terior distributions, predictions and any conclusions drawn from them.

An initial convergence check is usually done by eye. A converged chain should sample
from a steady distribution. Conversely, a chain that does not maintain some equilibrium
shows signs of non-convergence and may still be in its burn-in period. Whether or not
the chain is moving centred upon some steady state should be visible in a trace plot,
a time series line plot of the chain’s value at each iteration. Also informal, although
more convincing, is the inspection of multiple chains, initialised at a range of values. All
chains should reach the same stationary distribution, and overlayed trace plots are an
easy method to highlight when this is or is not the case. When the chains do not overlap,
this could indicate a lack of convergence. Multiple chains have the additional benefit that
the posterior draws can be combined, provided checks have been made that they come
from the same distribution, essentially parallelising inference.
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Several formal convergence diagnostics have been proposed. Geweke (1991) suggested
that the averages of sequential realisations from the Markov chain be compared. One set
of realisations from the beginning of the chain (after burn-in) and one set of the most
recent realisations. Geweke showed that as the number of realisations gets larger, the
normalised difference between the two averages tends to a standard normal distribution.
Therefore, large standardised differences show signs of non-convergence. A more popular
method is a statistic which compares the within and between chain variation of multiple
chains. The statistic, R, tends to 1.0 as the number of iterations increases and was
proposed by Gelman and Rubin (1992). Many other convergence diagnostics have been
suggested, however, they will not be discussed in detail here, see Mengersen et al. (1999)
for a review.

Autocorrelation

Autocorrelation refers to the correlation between realisations of the Markov chain at vary-
ing lags, the number of iterations between two realisations, and consequently draws from
the posterior of interest. Ideally, all posterior draws would be independent but this is
generally not possible. The autocorrelation can be reduced by only saving every k-th
realisation from the chain, and deleting the rest, referred to as thinning. However, this ig-
nores the information that could be gained from the deleted realisation. A better method
is to increase the number of iterations to gain a better understanding of the posterior
distribution and reduce the uncertainty in posterior statistics, e.g. mean and variance.
Thinning the output can be reserved for when an extremely large number of iterations
are needed and the associated storage costs become too high.

The amount of autocorrelation can observed informally by plotting the autocorrela-
tion at a range of lags. More formally, the effective sample size (ESS) can be calculated
(Plummer et al., 2006). This is the number of independent realisations which have the
same estimation power as the correlated realisations from the Markov chain. When auto-
correlation is low, ESS and the number of realisations will be very close in value. When
autocorrelation is high the ESS can be drastically smaller. The ESS gives a good in-
dication of the accuracy of moments calculated from the posterior draws. Single and
multi-variate ESS calculations exist and both can used together.

2.2 Statistical software

Constructing an appropriate inference can be complicated, and finding appropriate pro-
posal distributions may be difficult for high-dimensional problems. To overcome this
hurdle, software exists that can implement a Bayesian inference scheme (semi-)automat-
ically. The two main pieces of software are STAN (Carpenter et al., 2017) and JAGS
(Plummer, 2003). Both are available within R and Python, as well as in many other
places, and they both have advantages and disadvantages. The largest disadvantage for
both is the initial time spent needing to learn how to write a model in their respective
probabilistic programming languages.

STAN, available in R through the ‘rstan’ package (Stan Development Team, 2020), im-

plements another Bayesian inference algorithm called Hamiltonian Monte Carlo (HMC),
which generally offers better exploration of the parameter space (Hoffman & Gelman,

34



2014). STAN quickly finds the main areas of the target support, and once there, the sam-
ples generated are almost uncorrelated. However, due to the specific algorithm STAN uses,
categorical variables cannot directly be a part of the model. For many models, includ-
ing the one used in Chapter 4, this is not an issue and a ‘workaround’ can be implemented.

JAGS (Plummer, 2003) is available in R through the ‘rjags’ package (Plummer et al.,
2024). JAGS is not as efficient as STAN in its exploration of the parameter space and
its posteriors often produce more correlated samples. However, JAGS is easier to use and
allows categorical variables.

Both STAN and JAGS are likely faster than hard-coded inference schemes, both using
optimised C code. However, it is not always possible to use STAN or JAGS, as will seen
in Chapter 5, necessitating hard-coding an inference scheme.

2.3 Bayesian hypothesis testing

The t-test is one of the most common tests used in statistics. It compares the means
of two normally distributed datasets by calculating a test statistic and comparing it to
the t-distribution. Variations of the test exist, including constant and differing variance
between groups, paired and unpaired, and non-normality in the data. Here, Bayesian hy-
pothesis testing is briefly discussed, giving an indication of how a two-sample t-test would
be conducted within a Bayesian context. Extensions to other situations are available.
However, the following example illustrates the main concept.

Let {X 1, X2} be two independent and normally distributed datasets, with means p,
and ps. Assume the variance of the two groups is known and equal, although this need
not be the case. In a Bayesian context, the posterior distributions p(u1|X 1) and p(us] X2)
are inferred, in the usual manner by constructing a prior distribution and combining with
the data likelihood. Let the difference of the group means define a random variable,
Ap = py — po. The posterior distribution p(Ap|X) where X = {X, X5}, is of interest
here and can be found either analytically or by MCMC, by either method, the difference
in the group means can be inspected by analysing p(Ap|X). For example, to answer
the question; Is the mean of group 1 larger than group 27 A Bayesian statistician would
calculate the posterior probability Pr (11 > pe| X)), which is equivalent to Pr (Au > 0]X).
If p(Ap|X) is found via MCMC, the probability is approximated

Pr(Ap>0/X) ~

Z]I e (2.3)

MCMC

where Nyicmc is the number of posterior realisations and ,ugi) and ,ug) are the i-th reali-
sations from the posterion. the indicator function, I(-), equals 1 if the expression is true
and 0.0 otherwise. Although a Bayesian statistician would not use the word significant,
one may say that if the probability is low, less than 0.05, there is substantial evidence to
suggest that the mean of group 1 is larger than the mean of group 2.

Other questions regarding the two group means can be proposed, and their answer
formulated in a similar manner by inspection of the appropriate posterior distribution.
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For a review and discussion of how Bayesian statistical tests are implemented and a com-
parison to frequentist methods, see Kruschke and Liddell (2018).

An important aspect of hypothesis testing in frequentist statistics is the confidence
interval. In the Bayesian context, an analogue of the confidence interval is often used, the
high density interval (HDI). Their uses are very similar to the confidence interval, but
their theory is based on the parameter beliefs rather than asymptotic assumptions via the
central limit theorem.

2.3.1 High density intervals

For a univariate random variable, a 100(1 — a))% HDI defines a region of the support that
100(1 — )% of the distribution and the probability density at all points in that region is
higher than for any point outside. The latter condition ensures that the region is unique,
assuming that the density is not flat at any point within the interval.

For example, consider the distribution in Figure 2.1. The symmetric distribution in
Figure 2.1(a) has the same HDI as an equi-tailed confidence interval. When the distri-
bution is skewed or bimodal, such as Figures 2.1(b) and 2.1(c), this is not the case. The
equi-tailed confidence interval for a skewed distribution is shifted compared to the HDI.
The HDI of the bimodal distribution in Figure 2.1(c) contains the two modes but does
not contain the mean, zero. For bimodal and strongly skewed distributions, the use of
confidence interval (CI) does not make sense, and HDIs are preferred, but for symmetric
distributions, there is little difference.

Throughout this thesis, HDIs are used to assess whether a random variable is substan-
tially different from a particular value, usually zero. Similarly to a CI, if zero lies outside
of a random variable HDI, it can be concluded that it is substantially different from zero.
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Figure 2.1: High density intervals compared to equi-tailed confidence intervals. High-
density intervals for (a) unimodal, (b) skewed, and (c) bimodal distributions are illustrated by
the shaded blue area below the density curve. Equivalent equi-tailed confidence intervals are
shown by red bars along the z-axis.

2.4 Mixture models

In this chapter, a special type of statistical model is introduced and discussed: the mix-
ture model. Mixture models are a diverse set of statistical models which can take an
endless number of forms. Here, the discussion is focused on finite mixture models, as
these are used within this thesis. The most common form of the mixture model is likely
to be the Gaussian mixture model (GMM) (Reynolds, 2009), which is used for a variety
of applications, including clustering, an unsupervised classification method, (Shervegar &
Bhat, 2018) and traditional modelling (Costa et al., 2012). Mixture models are used in
Chapters 3 and 4. Before discussing mixture models, mixture distributions are introduced.
Although not explicitly discussed here, the chapter continues the focus on Bayesian meth-
ods. Discussions of latent variables, classification and label switching are all specific to
the Bayesian paradigm.
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2.4.1 Mixture distributions

A mixture distribution is defined as the weighted sum of multiple probability density
functions. Let fi(z), fa(x), ..., fx(z) be probability density functions, and wy, ws, . .., wy
a set of weights, such that w; > 0 for all 7 and ), w; = 1. Then the mixture distribution,
f(z), is defined as

flz) = szfz($> (2.4)

Note that if the component densities are well defined, then the mixture density integrates
to 1, and all values are non-negative, as required for a PDF. The component densities,
fi(x), fa(z), ..., fr(x), should all be appropriately discrete or continuous and have the
same dimension for the random variable. However, it is not required that they have the
same density with different parameters, and mixtures can combine distributions of various

types.

A mixture distribution can be useful when dealing with multimodal or skewed data
that is not representative of a standard distribution. In Bayesian statistics, mixture dis-
tributions provide greater flexibility in the choice of prior beliefs.

Normal mixture distribution example

To illustrate the flexibility of mixture distributions, consider a three-component normal
mixture distribution. Let X be a random variable described by the mixture distribution,
and m;, u; and o; be the component weight, mean and standard deviation of the i-th
component. The distribution can be written as

X ~ 7T1N ([1,1,0'12) + 7T2N (,1,6270'22) + 7T3N (,LL3,0'32) . (25)

Figure 2.2 shows the PDF with a range of parameter values; it is clear from this that
a wide variety of densities are possible from just the combination of normal distributions.

2.4.2 Mixture modelling

A mixture model combines appropriately weighted component models to form a single
model, representing the natural extension of mixture distributions. A mixture model is
formed by the appropriately weighted sum of multiple models, much like a mixture dis-
tribution. The weights associated with each component can be interpreted in two ways:
the proportion of the population belonging to the component or the probability that a
new observation belongs to that component.

Mixtures can be beneficial when data shows sub-populations, groups within the dataset,
exhibit inter-group variation. A major benefit of this model type is that group labels are
not needed. In fact, a physical interpretation of the groups is not required, and identi-
fication of ‘like’ groups can lead to further investigation. Consequently, mixture models
can be used to classify datasets into subpopulations, often referred to as clustering. Un-
like other clustering algorithms, the number of sub-populations must be chosen before
modelling begins. However, this does not stop the fitting of multiple models with varying
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Figure 2.2: Variety of three-component normal mixture distribution. Each row alters
only a single parameter. The top row of distributions alters the proportion of the red component
distribution, decreasing from left to right and splitting the proportion evenly between the other
components. The middle row alters the variance of the blue component, increasing from left to
right while keeping all other parameters the same. The bottom row only changes the mean of
the blue component and all other parameters are kept the same.

numbers of components and the comparison of model fit.

Let {x,y} denote a dataset of n independent observations on explanatory variable z
and response variable y, such that € = (1, 29,...,2,)T and y = (y1,92,...,9yn)", and
suppose that it is believed that the data split naturally into two groups. The first group is
modelled by fi(y|01,x) and the second by fo(y|f2, z), with respective weights and model
parameters wy, wsy, 0y and 6. The mixture model, f(y|0y, 6, x), is defined

fWl01, 02, 2) = wy f1(yl0h, ©) + wa fa(y|0a, ). (2.6)

More generally, a J-component mixture model is written as

Fl0,x) = w;f;(ylo;, @), (2.7)

Jj=1
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where @ = (01,05,...,0;), the set of component parameters. The general likelihood
function, for observations y, is

n J
L@z, y) =[] { w; [ (?Ji|9j>$z‘)} : (2.8)
i=1 \j=1
By expanding the likelihood, it can be seen that this becomes increasingly complex when
components or data are added. In particular, the likelihood is an n-degree polynomial in
the component weights.

2.4.3 Latent states

Classification by mixture model is the task of learning the unobserved, latent states, which
identify each observation as belonging to a model component or sub-population. The la-
tent states are, as such, categorical variables, taking values in the range {1,2,...,J},
where J is the number of components.

Suppose the group allocation is known, i.e. the data is labelled. The model and
likelihood function becomes

L0z, y,w, Z)= HwZifZ,-(inmei)- (2.9)
i=1

Simplifying the model density removes the n-degree polynomial in the likelihood function,
drastically decreasing its computational complexity. Evaluation of the likelihood function
is critical to many parameter inference schemes in both frequentist and Bayesian settings.
As such, including the latent variables could reduce the computational costs associated
with inference and facilitate data classification in the process.

2.4.4 Classification and latent state inference

Conditioning the likelihood function on latent states can reduce its complexity. However,
latent states are not necessarily known; when this is the case, the latent states must be
inferred. In Bayesian methodology, all unknown quantities are treated in the same man-
ner, and so we aim to find the posterior distribution of the latent states.

Let Z; be the latent state of the i-th observation, which is distributed according to
the component weights a priori,

Inference for the latent states can progress by considering their FCDs. The law
of conditional probability implies that the FCD is proportional to the joint density,

p(y,Z,0,w). The probability can be calculated up to proportionality, and so any func-
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tion not dependent on Z; can be removed

y? Z? 07 w)?

p(
p(y, Z|0,w)p(6,w),
p(YlZ,0,w)p(Z]6,w),

Pr (ZZ = j’y7w797w> X

®

(2.11)

I
—=

p(yl’ |Zl’ e)p(le’w) )
l

Il
—

(Yi,1Z:,0) p (Zi]w)
ifi (Wilt;) -

The joint density, p(y, Z|0, w), is split into the observed data likelihood, p(y|Z, 8, w)
and the latent state density p(Z|0,w), and simplified. The probability that the i-th
observation is classified as belonging to the j-th component is found to be proportional
to the weighted density of the j-th component, evaluated at y;. After calculating the
normalising constant, the posterior probability can be written exactly,

w;fi Wil0;)
S0 wi fi (vilOr)

This classification naturally arises from the Bayesian mixture model; as such, it is called
the Bayes classifier. Inference for other model parameters can proceed using an appropri-
ate inference scheme, such as Gibbs or Metropolis within Gibbs, conditioning on latent
states. At each iteration of the inference scheme, the latent states for each observation
are then randomly assigned using the above PMF.

I
S

X

g

Pr(Z; = jly, 6, w) = (2.12)

2.4.5 Label switching

Label switching is an issue seen during the inference of mixture model parameters. Con-
sider the two-component mixture model,

f(ylo1, 02,7, X) = 7 fi(y|0r, ) + (1 — 7) fa(y|0o, ),

where f; and fy are the same model family, i.e. both normal distributions. The prob-
lem arises due to the exchangeability of parameters, that is, the model, f(y|01, 02,7, x)
is indistinguishable from f(y|fs, 6,1 — m,x). The result of this exchangeability is that
the Markov chains targeting the posterior p(6;|y) and p(62]y) can jump between the two
states (Jasra et al., 2005). This can lead to errors when inspecting posterior moments of
the distributions and errors when inspecting predictions drawn from the model. If label
switching has occurred, it is often evident from inspecting trace plots and convergence
diagnostics. Autocorrelation would appear to be extremely high, and the chains will have
a large within-chain variation leading to a high R.

Theoretically, it is possible to prevent label switching through a careful selection of
prior beliefs; however, this is not guaranteed to work, and such beliefs may not accurately
represent the true beliefs. A more practical approach is to impose a constraint on the
parameters 01 and 6,. Enforcing 6; < 05 within the inference scheme can prevent the two
chains from jumping between the posterior distributions. The ordering constraint does
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impose some restrictions on posterior analysis. Suppose we wish to know the probability
that 6, > 65. In the Bayesian paradigm, the probability is approximated by the propor-
tion of posterior draws such that 6; > 65, as in Chapter 2.3. This method will fail as
the constraint is enforced. Additionally, imposing this constraint becomes more difficult
when the number of unknown parameters is high.

Another approach is to initialise the Markov chain at realistic initial values, close to
the posterior modes. This does not guarantee that the chains will not transition between
modes, and selecting appropriate initial values may prove challenging.

2.5 Hierarchical modelling

In this chapter, another type of model is introduced, one that is synonymous with Bayesian
methods, the hierarchical model (Gelman & Hill, 2006). Hierarchical models are popular
as they allow simple models to be combined to form a complex structure. Often, hier-
archical models are constructed as a form of mixture model, and therefore, the previous
discussion about latent variables and classification is also relevant here.

The ability of hierarchical models to reflect complex systems means they have been
applied to a variety of modelling situations. Heydari et al. (2016) proposed a hierarchical
model, which can reflect the experimental design, to model yeast population growth rates
and their genetic interactions. Their model was able to detect more subtle interactions
between genotypes than an existing non-hierarchical method. Berry et al. (2013) demon-
strated that a hierarchical model can reduce the number of patients required in clinical
trials by an average of 4-7 patients compared to existing methods. Within this thesis,
hierarchical models are used within Chapters 3 and 4.

2.5.1 Bayesian hierarchical model

A Bayesian hierarchical model imposes dependencies between unknown parameters. In
practice, prior parameters are considered unknown and to be inferred, reflecting un-
certainty in the prior specification itself. To this end, hyper-priors, defined by hyper-
parameters, are chosen to summarise beliefs on the prior parameters. The dependent
structure enables the construction of complex models from simple components.

Hierarchical models are often used when the dataset can be split into non-overlapping
groups, which may impact the response variable. The hierarchy allows each group to be
modelled with a different parameter while learning the population-level parameters. The
top level of the hierarchy describes beliefs about the population-level parameters, which
concern the whole dataset. After that, each level will describe a smaller subset of the data.

One benefit of using a Bayesian hierarchical model is that information is shared
between groups through the learning of top-level parameters, referred to as borrowing
strength between groups. Whole-population parameters beliefs are passed on to sub-
population parameters, minimising over-fitting risks for groups with few data points.
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Mixture models and hierarchical models are often combined, as they both concern
data sub-populations. When this is the case, inference can proceed as usual, but care
must be taken when calculating FCDs due to the model’s more complex structure. An
example of such a model is shown in Chapter 4.

2.5.2 Bayesian hierarchical model example

Suppose we wish to model the proportion of students achieving a pass in at least five
GCSEs within schools across the UK. It is reasonable to assume that the pass rate will
vary between schools. As such, aggregating the UK-wide data would not be informative
of the whole picture. Alternatively, each school could be modelled independently, but
this would ignore the information within the dataset from other schools. The hierarchical
model addresses both issues, allowing each school to have a unique pass rate while bor-
rowing strength across schools.

Suppose the dataset contains information for N uniquely identified schools across the
UK. Let n; be the number of students in the i-th school, and Y; be the number of students
achieving the five GCSEs in that school. Table 2.1 shows a snippet of what such a dataset
may look like.

School | n | Y
1 120 | 95

2 99 | 65

3 108 | 71

N 79 | 70

Table 2.1: Example dataset of UK school students achieving five GCSEs.

Assume Y; follows a binomial distribution, with probability of success 6;, and the
number of children in each school is known, then

The parameters 6y,60,,...,0y are unknown and to be inferred. The pass rates are
proportions, so it is reasonable to model them using a Beta distribution,

ila, B ~ Beta (a, ) (2.14)

The hierarchy is implemented by considering the prior parameters o and § unknown
and, therefore, also to be inferred. Both are continuous and positive; independent gamma
distributions are one choice for the hyper-priors.

a~ Ga (al,bl)

B ~ Ga (s, by) (2.15)

The hyper-parameters, {aj, by, as, by}, are known and chosen by us to summarise prior
beliefs. By inferring a and 3, the distribution of a nationwide success rate can be learnt
from the whole dataset. Which, in turn, affects the distribution of school-level success
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rates. The relationship can be seen by calculating the parameter FCDs up to proportion-
ality.

First, consider the FCD of the prior parameters «a

p(alB,0,y) < p(a,B,0,y),
o< p(y|0)p(8|c, B)p(a)p(B),
o< p(0]e, B)p(av),

n

x H (057 (1= 0)7 1) ot (2.16)

-1 - H —1
o o™ 16 bia Qia '

i=1
Unfortunately, this is not the form of a known probability distribution; as such, the
analysis is not semi-conjugate. Despite the analysis not being semi-conjugate, inference
can still go ahead with the implementation of Metropolis-Hastings or hybrid algorithms,
as previously discussed. Nevertheless, it can be seen that given a1, b, and 6, p(«|3,60,y)
is independent of # and y. Similarly, calculating the FCD of S shows that given as, by
and 0, it is independent of the observations y and a.

p(Ba, 8,y) oc a? ‘WH 1 (2.17)

The final parameters to consider are the individual school success rates

p<9i’a7ﬁ707ivy) ocp(a,ﬁ,e,y),
O<p(y|9) (0o, B),

ocn{ﬁy’ (1— 6" yz}xH{eal oy, (21

o giyﬁa 1 (1—6,)™ —yit+B— 1 _

This is the form of a Beta distribution with parameters y; + o and n; — y; + 3, and,
therefore,
ez‘aaﬁvylNBeta(yl+a>nl_yz+ﬁ) (219)

The FCD of the individual school success rates depends on the observed data of only that
school, y;, and the population-level parameters, o and f.

By learning high-level parameters, a and (3, information about the global population
is passed to lower-level parameters, #;, which are specific to a sub-population. Therefore,
information is transferred to sub-population-specific parameters from the whole dataset,
borrowing strength across groups. When there is little data in sub-populations, sharing in-
formation across groups is particularly useful; alternatively, treating each sub-population
independently may lead to over-fitting in either a Bayesian or frequentist setting.

Hierarchical models can become more complex when additional layers to the hierar-

chy are added. For example, suppose the schools are grouped into geographical regions.
Another layer could be added which learns region-specific success rates.
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2.6 Stochastic kinetic models

Stochastic kinetic models were developed to model chemical reactions within a system
(Lecca, 2013). However, they have since become popular methods to model complex bi-
ological systems (Wilkinson, 2018). Stochastic kinetic models often simplify much larger
and more complex systems, as computationally it would be impossible to account for and
describe all the possible events and molecules within a system. The models, therefore,
focus on the key reactions considered to be driving system dynamics. The stochastic
nature of the models allows the seemingly random fluctuations caused by unknown and
unaccounted-for elements within the system to be simulated in a way that a deterministic
model would not be able to do. Random fluctuations are often most significant when
populations are small and a single event can make a substantial difference in the rela-
tive populations of the system (Elowitz et al., 2002). This is why their use in biological
datasets is increasing in popularity.

Stochastic kinetic models have been used to model mtDNA population dynamics (Hen-
derson et al., 2009; Hoitzing et al., 2017; Johnston et al., 2015), as well as a wide variety
of other complex biological systems, including: how the spatial distribution of cancer
cells affects bulk and single-cell sequencing data (Chkhaidze et al., 2019), the coordina-
tion of plant growth through interacting hormones and genes (Jackson et al., 2020), and
the effects of cortisol levels on neuronal activity (McAuley et al., 2009). In this thesis,
the population dynamics of mtDNA is considered and referred to throughout. Stochastic
kinetic models of these dynamics are considered in Chapter 5. The remainder of this
chapter introduces the theory behind stochastic kinetic models, as well as their simula-
tion methods. The chapter concludes with two examples of stochastic kinetic models and
realisations from their simulation.

2.6.1 Chemical reactions

Before describing stochastic kinetics models, associated theory, and simulation methods,
let us consider a system of biochemical reactions. Suppose the system consists of n species,
denoted X1, Xs, ..., X, and set of m possible chemical reactions, denoted Ry, Rs, ..., R,,.
The set of reactions describes all possible interactions that can occur between the species
within the system. A reaction changes the number (or concentration) of one or more
species in the system. For example, the species X; may split into two molecules of type
X5 and X3. This would decrease the amount of X; by one unit and increase the amount
of X5 and X3 by one unit. The reaction would be denoted by a pseudo-equation,

X1 5 X, + X, (2.20)

The species present before the reaction are called the reactants, and the species present
after are called the products. Under a set of assumptions, discussed in Chapter 2.6.2, the
reaction will occur at a given rate, k, often noted above the reaction’s direction arrow.
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A general reaction network for a system can be written as follows,

Ryt anXi+apXe+ -+ a1,X, k# b11 X1 + b1 Xo + - + b1, X,
X, 3

Ry anXi+anXe+---+a, ba1 X1 + baaXo + - - 4 b2 X,

(2.21)

Rm : alel + CL'rn2)(2 +--+ aman k_m> blel + bm2X2 -+ bmnX'm

where k = (ki, ko, ..., kn)" are the reaction rates of the system.

The coefficients of the reactants and products are non-negative real numbers denoting
the quantity of each species required for that reaction. In Eq. 2.20, the only non-zero reac-
tant coefficient was for X7, and it was equal to 1.0; the only non-zero product coefficients
were for X5 and X3, both equal to 1.0. The coefficients are referred to as stoichiometric
coefficients. It is useful to summarise the coefficients in matrix form. Let A denote the
pre-reaction stoichiometric matrix, whose (4, j)-th element is equal to a;;, and B denote
the post-reaction stoichiometric matrix, whose (7, j)-th element is b; ;.

The net change in X; species level after the i-th reaction is therefore b;; — a;;. The
change in species due to each reaction is stored in the net effects matrix, ) = B — A,
whose (i, j)-th element is equal to b;; — a;;. The stoichiometry matrix, S, is the transpose
of the net effect matrix,

S =Q7, (2.22)

which is often used in stochastic kinetic models.

2.6.2 Markov jump process

Assuming the molecules are within a well-mixed container of fixed volume at thermal equi-
librium, it can be shown that their movement is governed by Brownian motion. Brownian
motion describes the movement of a molecule over a time step, ¢, as normal random
noise, whose variance is proportional to dt. The rate of reactions is constant over a small
time step (Gillespie, 1992), and so the reactions must have associated stochastic rate
constants, previously denoted k. The assumption of mass action kinetics states that the
reaction rate is proportional to the product of the reactant levels required for the reaction.
Under these assumptions, the hazard associated with any reaction can be defined as the
stochastic rate constant multiplied by the product of the reactant levels required.

Consider the first-order chemical reaction,
X1 5 X, (2.23)
Only one molecule of X; is required for the reaction to take place. The reaction hazard is
hx, k) = kxq, (2.24)
where x7 is the level of species X;. The second-order reaction
X1+ X B X, (2.25)
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requires two molecules to interact, one molecule of X, the one of X5. If the current levels
of the species are x; and x4, respectively, then there are x1 x x5 possible combinations of
molecules to interact, and the resulting hazard is

Consider the reaction,
2X, 5 Xo, (2.27)

which is also a second-order reaction as two X; molecules are required. If the current X;
level is x1, then the number of combinations for two of them to interact is z1(z; — 1)/2.
Therefore, the reaction hazard is

fﬂl—l)

W, k) = K2 > (2.28)

Continuing the logic and considering the combinations of interacting molecules, we find
that the hazard is proportional to the product of the binomial coefficients. Let k; be
the stochastic rate constant associated with a reaction, R;, and h;(x, k;) be the reaction
hazard. The generalised form of the hazard function is

hi(x, k;) = k:ljl (;@j) . (2.29)

The total hazard, describing the rate of any reaction occurring, is the sum of the
individual reaction hazards,

ho(z, k) = 2 {kljl (;”JJ) } . (2.30)

A reaction event changes the state of the system based upon the species involved. If
reaction ¢ occurred at time ¢,, the system state,  is updated to be

z(t,) = z(t,) + S (2.31)

Where x(t,,) is the system state after the last reaction, and S is the i-th column of the
stoichiometry matrix. The evolution of x(¢) is then described by a discrete state-space,
continuous-time Markov process.

The state of the system, x(t), at time ¢ can be written as

x(t) =z + »_S'Riy, (2.32)

where xy is the initial state of the system and R;; denotes the number of reactions of type
i in the interval (0,¢]. R;; is a counting process with intensity equivalent to the reaction
hazard, h;(x(t), k;), which can be expressed as

Riy =Y, ( /0 i), ki)du) | (2.33)

Where Y for : = 1,2,...,m, are m independent unit rate Poisson processes. A detailed
discussion on this representation of Markov jump processes can be found in Kurtz (1972)
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and more recently in Wilkinson (2018).

A Markov jump process can be forward-simulated by a variety of simulation algo-
rithms. However, the computational expense of simulation can be high, particularly when
the number of species and reactions is high, which generally increases the reactivity of the
system. A highly reactive system is often more computationally expensive to simulate as
the number of reaction simulations increases. As a result, approximation algorithms are
often used, which reduce the computational cost. Two methods to simulate a system un-
der these assumptions are described below. The first being an exact simulation algorithm
and the second a popular approximation. However, there are many other approximation
algorithms (Golightly & Gillespie, 2013). The two methods presented here are used in
Chapter 5.

2.6.3 Gillespie’s direct method

Gillespie’s direct method (Gillespie, 1977) is an exact simulation algorithm and the most
common method to exactly simulate the Markov jump process representation of the re-
action network. The method describes the inter-event time as an exponential random
variable, whose rate is the total system hazard, ho(x, k), and the probability of reaction
R; occurring is proportional to the reaction hazard, h;(x, k). Let @ be the initial system
state, and assume the stochastic rate constants, k, are known. To simulate the system
up to a maximum time, 7},,., the algorithm is described in Algorithm 3.

Algorithm 3 Gillespie’s direct simulation method

1. Set t = 0. Initialise the system state & = x.
2. Calculate reaction hazards, for i =1,2,...,m

n .
hz‘ m,k’i = kz ]) .
k) =k 1L (7

J

3. Calculate the system hazard

m

ho(w. k) =) hi(a, k).

=1

4. Simulate inter-event time, 0t ~ Exp (ho(x, k)), and put t := t + dt.
5. Simulate the reaction index, j, from a discrete distribution with probabilities. For
j=1,2....m,

Pr(reaction index = j) =

6. Update system state, &, according the reaction R;.
7. If t < T4, return to step 2.

The exact simulations of the direct method can lead to high computational expense,
particularly for complex or highly reactive systems. An exact history of the system can
also be computationally expensive to store in a computer’s memory. In practice, the
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system state is saved a set of predefined system times, as the exact history is not practical
and often not of interest.

2.6.4 Poisson and tau-leap algorithms

The Poisson leap algorithm is an approximate simulation algorithm that approximates
the number of reactions of each type over a time step, At. The approach is based on
a Poisson process, which simulates a Markov jump process with a constant hazard rate
and, consequently, assumes that the system’s hazard rate is approximately constant over
the time step, At. Intuitively, this makes sense, as a constant hazard implies no change
in the system’s reactivity, and a system whose reactivity changes significantly over a time
step cannot be accurately approximated. To reduce computational expense At should be
much larger than the typical inter-event time calculated by Gillespie’s direct method. For
a known set of stochastic rate constants, k, initial condition, xy, and time step, At, the
Poisson algorithm is described in Algorithm 4.

Algorithm 4 Poisson leap approximate simulation algorithm

1. Set t = 0, and initialise the system state x = x,.
2. Calculate reaction hazards, for i =1,2,...,m

3. Calculate the system hazard
ho(x. k) =Y hi(x, k).
i=1
4. Simulate the m-dimensional reaction vector, 7, such that

5. Update  := x + Sr and put t :=t + At.
6. If t < T4z, return to step 2.

Clearly, the choice of At is important; too small and computational savings are little
to none; too big, and the approximation accuracy falls. Additionally, the appropriate size
of At may change throughout the simulation as the system becomes more or less reactive.
The Poisson leap algorithm requires a constant choice of At. However, Gillespie proposed
a T-leap algorithm, whose time step, 7, is variable and changes depending on the system’s
current state (Gillespie, 2001). The choice of the next time step, 7, is still difficult. The
ideal option is a trade-off between maximising computational savings (making 7 as large
as possible) and maintaining the assumption of an approximately constant system hazard.
Gillespie suggested the value of 7 should result in a relatively small change in the reaction
hazards, h;(x, k;), thus maintaining a relatively constant system hazard. The algorithm
follows similar steps to the Poisson leap algorithm, with the addition of a 7 calculation
before simulating the number of reactions of each type in Step 4.
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2.6.5 Example: birth-death model

To give context to the stochastic kinetic theory discussed in this chapter, we discuss some
examples. The first, discussed here, is the birth-death model. It is a fairly simple model
of population dynamics which only considers one species and two possible reactions: birth
and death. The model is a continuous-time extension of the cell population example de-
scribed in Chapter 1.5.3.

Let X denote the species and x be its population. If a birth occurs, the species’
population increases by one; alternatively, if a death occurs, the population decreases by
one. Using the chemical reaction network introduced earlier, the system can be described
by the equations

X i o X

.34

X e g 230

The symbol ¢ indicates that no elements are present on that side of the equation. The

stochastic rate constants of the two reactions are denoted k;, and k, for birth and death,

and the resulting reaction hazards are kyx and kgx, respectively. The stoichiometry ma-
trix is a row vector with S = (1, —1).

The dynamics of the population depend on the values of the birth and death rates.
Equal birth and death rates imply that the population is expected to remain fairly stable.
However, due to the stochastic nature of the system, fluctuations in the population are
natural, as shown in Figure 2.3(a). A higher birth rate, kpitn > Kdeatn, results in an in-
creasing population size that grows without bounds. A higher death rate, kpin < Kdeatn,
means the population is destined for extinction, a state which cannot be escaped. Both
scenarios are depicted in Figures 2.3(b) and 2.3(c), respectively. The stochasticity of the
system means that no particular behaviour is guaranteed, not considering steady states.
However, the overall behaviour summarised by many simulations of the system can be
described.

2.6.6 Example: mtDNA population dynamics
General model

In this chapter, stochastic kinetic models of single-cell mtDNA population dynamics are
introduced. As is common in mathematical models of mtDNA dynamics, we consider two
species of mtDNA: wild-type, W, and variant-type, V', (Ainsworth, 2014; Elson et al.,
2001; Henderson et al., 2009). Eq. 2.35 shows the four first-order chemical reactions
describing mtDNA replication, degradation.

N N
= =

(2.35)
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Figure 2.3: Realisations from the birth-death model. Fifty realisations from the birth-
death model with a varying death rate. (a) Shows equal birth and death rates, kpirth = Kdeath =
1.0 x 1071, (b) Shows a birth-rate advantage, kpin = 2.0e — 1 and kqeatn = 1.0e — 01. (c)
Shows a death-rate advantage kpirtn = 1.0 x 107! and kgeatn = 2.0 x 1072, All simulations were
executed using Gillespie’s direct method and initialised with the same initial population of 100.

The resulting net effect matrix is

-1 0
T 0 -1
St = 1 E (2.36)
0 1
and the reaction hazard functions are
h1(33, kl) = kW,
ho(x, ke) = koV,
(@, k) 2 (2.37)
h3(33, k3) = ksW,
h4<.’13, k4) = k;4V

Theories of clonal expansion can be imparted into the model by the constraints on the
stochastic rate constants, k. For example, random genetic drift would assume k; = ko,
giving no replicative advantage between the species, and survival of the smallest would
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constrain ks > k1, imposing a variant-type replicative advantage. Homoplasmy, of either
species, is a variant load stationary distribution, which the system cannot escape. The
raw output of the simulations are the population levels of the two species. However, it is
more informative to view the mtDNA copy number and variant load. The two statistics
capture all dynamics within the system, and no information is lost by the transformation.
For the remainder of this chapter and thesis, simulation output of mtDNA populations is
presented in this form. The inclusion of mtDNA mutation events is discussed in Chapter 5.

MtDNA copy number

A key component to modelling mtDNA population dynamics is copy number control.
Copy number remains fairly constant in healthy cells, and without a mechanism control-
ling it, a mathematical model would allow mtDNA to go extinct or the population to
explode to unrealistic values. The effect of an uncontrolled population can be seen in
the birth-death example, Figure 2.3. When the birth rate is less than the death rate,
the population falls towards extinction; conversely, when the birth rate is higher than the
death rate, the population grows without bounds. The same would be seen in a model of
mtDNA populations without a copy number control mechanism. For the remainder of this
chapter, a copy number controller has been implemented to maintain a relatively stable
population size, but the specifics are not discussed here. Control mechanisms are dis-
cussed in Chapter 5. Figure 2.4 demonstrates the effect of the implemented copy number
control mechanism over a period of 10 years. The system considers the target copy num-
ber to be 200, and maintains this by dynamically altering the replication rate of mtDNA.
The result maintains a copy number centred around 200 with a range of approximately 50.
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Figure 2.4: Copy number control. Copy number from 100 independent simulations of mtDNA
dynamics described in Equation 2.35, with an implemented copy number control mechanism
targeting a copy number of 200.

Simulations

The system defined in Equation 2.35 can yield a wide variety of dynamics depending on
the reaction rates and initial conditions. Here, a number of simulations are presented
with alterations to their reaction rates or initial conditions. The copy number associated
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with each simulation is not of particular interest, as they are tightly controlled; see Fig-
ure 2.4 for an example, as such they not shown. The degradation rate was taken from
the literature (Gross et al., 1969). All simulations possessed the same copy number con-
trol mechanism and target copy number, 200. Also included within the simulations is a
pathogenic threshold; if the simulated cell’s variant load is above this, the cell is consid-
ered to be OXPHOS deficient. The pathogenic threshold is set at 60% (Hayashi et al.,
1991; Hernandez-Ainsa et al., 2022). A more detailed discussion about these parameter
values is given in Chapter 5.

Figure 2.5 demonstrates how mtDNA dynamics are affected by the initial variant load,
assuming zero probability of de novo mutations and no species advantage. Unsurprisingly,
an increase in initial variant load results in increased OXPHOS deficiency. Perhaps more
surprising is that the proportion of deficiency reaches a plateau. This is primarily caused
by simulations reaching mtDNA homoplasy, a state which they cannot escape. The defi-
ciency proportion at the plateau appears to be directly correlated with the initial variant
load, with higher initial variant load having higher variant load plateaus.

As mentioned, there is a fairly high degree of uncertainty in the rate of mtDNA
replication, Chapter 1.2. Figure 2.6 demonstrates how an increase in degradation (and
replication) rate(s) accelerates the system dynamics, increasing the rate at which simu-
lations reach stationary distributions (mtDNA homoplasmy), for a model of no species
advantage and no de novo mutations. The values of degradation rate used capture the
range of reported half-lives in the literature, 1d and 100d (Insalata et al., 2022). The
difference between the two simulations is clear. When mtDNA has a very low half-life,
mtDNA turnover is very fast, accelerating dynamics. All simulations with low mtDNA
half-life reach a homoplasmic state within 3 years. In contrast, a high half-life slows dy-
namics, drastically increasing the time taken for the system to reach a homoplasmic state.
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Figure 2.5: Initial variant load impact on OXPHOS deficiency. One hundred simulations
of single-cell mtDNA population dynamics. All simulations used the same copy number control
mechanism and mtDNA degradation rates, equivalent to a half-life of 17.7d (Gross et al., 1969).
The pathogenic threshold is assumed to be 60% (Hayashi et al., 1991; Herndndez-Ainsa et al.,
2022). The simulations were executed using Gillespie’s direct method, Algorithm 3 (Gillespie,
1977).
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Figure 2.6: Impact of mitochondrial turnover on mtDNA dynamics. One hundred
simulations of single-cell mtDNA population dynamics. All simulations used the same copy
number control mechanism, targeting 200 mtDNA molecules, and initialised with a 25% variant
load. MtDNA degradation rates were equivalent to mtDNA half-lives of 100d and 2d for plots
(a) and (b), respectively (Diaz & Moraes, 2008; Gross et al., 1968; Johnston & Jones, 2016).
The pathogenic threshold is assumed to be 60% (Hayashi et al., 1991; Herndndez-Ainsa et al.,
2022). The simulations were executed using Gillespie’s direct method, Algorithm 3 (Gillespie,
1977).
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Chapter 3

Blood Cell Analysis

3.1 Introduction

Direct measurements of mtDNA population dynamics are difficult to collect. Ethical and
financial issues often limit data collection to a relatively small number of patients, and
data are rarely gathered from multiple time points within the same patient. Some of
these problems may be eased by collecting measurements from blood cells, which is com-
paratively easy compared to other tissues, such as muscle. Hence, multiple studies have
investigated mitochondrial disease in the blood.

Investigating clonal expansion within blood cells presents a new level of biological
complexity compared to post-mitotic cells. Some blood cells are highly dynamic, with
constant cellular replication and degradation increasing variant-load stochasticity through
the random segregation of mtDNA during cell division and periods of high mtDNA prolif-
eration. Additionally, blood cells have a complex lineage of maturation and development.
Nevertheless, if these problems can be overcome, blood is a convenient tissue for collecting
data for longitudinal studies of clonal expansion, which would be much more difficult in
other tissues.

In this chapter, statistical techniques are used to analyse single-cell variant load data
from various blood cell types. The development of a mathematical model of blood cell
development is discussed in the context of an investigation into clonal expansion. Before
this, the function and development of relevant blood cells are discussed.

3.1.1 Blood cell biology

Blood cells are synonymous with the immune system, with most cells involved in the
immune response being found within the blood. Although a large variety of blood cells
exists, here, the discussion is limited to cells within the lymphoid lineage, as these are the
subject of the dataset used in this chapter. The cells within the lymphoid lineage can be
broadly categorised into two main types: B cells and T cells.
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T cells

T cells are a part of the adaptive immune response and can generally be separated by
their ability to respond to foreign antigens. Antigens are presented by the extracellular
major histocompatability complexs (MHCs), of which there are two types. MHCs of Type
I are intracellular and present proteins foreign to the cell, while MHCs of Type II are ex-
ogenous and present peptides from broken down, endocytosed bacteria (Sun et al., 2023).
CD4+ T cells, also known as helper T cells, recognise MHC Type II, while CD8+ T cells,
or cytotoxic T cells, recognise MHC Type I molecules (Sun et al., 2023). Each T cell
possesses an antigen-specific T cell receptor (TCR), which binds to an MHC. During cell
development, precursor naive T cells undergo TCR recombination and mass proliferation,
ensuring that the naive T cell population possesses a wide variety of antigen-specific cells.
Self-reactive or under-reactive precursor naive T cells are removed from the population
by apoptosis.

Once an MHC molecule is recognised, a T cell becomes active and undergoes prolif-
eration; before this, the cell is in a naive state. Activated T cells undergo asymmetric
cellular division to produce one cell primed to be a memory T cell and one primed to be
an effector T cell (Pollizzi et al., 2016; Verbist et al., 2016), which go on to differentiate
into their non-naive counterparts. CD8+ T cells proliferate and develop into effector or
memory CD8+ T cells. Effector CD8+ T cells kill infected cells and induce phagocytosis
of bacterial pathogens via the release of cytokines, while memory cells are long-lived and
remain in the body for a quick and efficient response to future reinfection. An activated
CD4+ T cell also proliferates into effector and memory cells. Effector CD4+ T cells are
involved in coordinating the adaptive and innate immune response. Like CD8+ memory
T cells, CD44 memory T cells are long-lived, remaining in the blood for a rapid response
to reinfection. It has been shown that the activation of effector cells is OXPHOS depen-
dent, and deficiencies in CI and CIV lead to activation defects and proliferation inhibition
(Tarasenko et al., 2017; Vardhana et al., 2020; Yi et al., 2006). However, the mechanisms
controlling this are unclear, and a switch to a glycolytic state facilitates mass proliferation.

Memory T cells, for both CD8+ and CD4+ cells, can be further sub-categorised based
on their function. Central memory T cell (Tcy) migrate to the secondary lymphoid or-
gans, where they remain until reinfection. Effector memory T cell (Tgy) remain in the
blood (Sallusto et al., 1999) and are the first response to reinfection. Tgy cells are short-
lived cells compared to Ty cells, with a lower proliferative ability; their role in the
immune system response is to contain the infection, allowing Ty cells to proliferate to
high numbers. It has been shown that gene methylation is lost at a higher rate in Tgy
compared to Tey and in Tey compared to naive T cells, indicating an increase in cell
maturity from naive T cells to Toy to Ty cells (Abdelsamed et al., 2017; Durek et al.,
2016). Another memory T cell sub-category is the memory T cells re-expressing naive
marker CD45Ra (Tgymra) cell, which re-expresses naive cell markers. The maturity of
TgMmra cells is debated in the literature. Some work suggests that they are the most ter-
minally differentiated of the T cell compartment, showing lower proliferative ability and
shorter telomeres, compared to Tcy and Ty cells (Geginat et al., 2003; Verma et al.,
2017). However, Rufer et al. (2003) suggest that Tgygra cells are intermediary cells be-
tween naive and effector cells, citing their similarities in cell markers to naive cells. Later
work by Verma et al. (2017) found that Tgygra cells could be divided into two popula-
tions: young and old, based on the cell marker CD57. CD57- Tgygra cells show higher

27



proliferative ability, longer telomeres, and terminal placisity, while CD57+ Tgyra cells
showed terminal differentiation. FEach sub-category of memory T cell can differentiate
into effector T cells, indicating that the maturity of these cells is non-linear.

B cells

B cells drive the humoral immune response. Their development occurs in the bone mar-
row before release into the periphery as immature B cells. Similar to T cells, B cells have
high fidelity and cells with self-reactive clones or dysfunctional B cell receptors (BCRs),
an extracellular antigen-specific protein binding sites, are removed (Kelsoe, 1996).

The activation of naive B cells is a two-signal process. The first signal begins with
an antigen binding to the BCR before the antigen is endocytosed and expressed by an
MHC type II molecule. The majority of B-cell activation is T-cell dependent. Once the
antigen is presented by the MHC, an activated effector CD4+ T cell can bind to it and
signal activation; without both signals, the B cell undergoes apoptosis (Akkaya et al.,
2018; Chesnut & Grey, 1981).

An activated B cell starts to proliferate and develop into effector and memory B cells.
Mass proliferation is accompanied by an increase in glycolysis (Jellusova et al., 2017),
somatic mutations to the BCR, and class switch recombination (Victora & Nussenzweig,
2022). These processes result in a smaller proportion of cells undergoing apoptosis com-
pared to T cells and increase BCR binding affinity. Memory B cells are similar to memory
T cells in that they remain in the blood for long periods in preparation for a second in-
fection. Effector B cells, also known as plasma cells, proliferate to high numbers and
begin to produce antigen-specific antibodies. Plasma cells can be further segregated into
two types: long- and short-lived. Short-lived plasma cells are responsible for producing
antibodies for the immediate immune response. Long-lived plasma cells move to the bone
marrow, where they continue to produce and secrete antibodies for many years (Cyster
& Allen, 2019).

Cell lineage

The origin of blood cells is the multipotent haematopoietic stem cell (HSC), found in the
bone marrow. HSCs differentiate to become progenitor cells, a range of cell types which go
on to further differentiate into specialised cells, including early T cell precursors (ETPs)
and B cell and natural killer (B/NK) cell progenitors, which differentiate into T and B
cells, respectively. Figure 3.1 shows a lineage diagram that highlights the relationships
between B and T cells and how cell differentiation progresses between types.

3.1.2 M.3243A>G and blood cells

The dataset analysed here consists of patients with a diagnosed m.3243A>G single-point
variant. Early studies of the mtDNA variant noted a significant difference between its
level in blood cells and post-mitotic muscle cells, showing a significantly lower, or unde-
tectable, variant load compared to muscle tissue (Rahman et al., 2001; Sue et al., 1998).
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Figure 3.1: Blood cell lineage diagram. Blood cells originate from HSC, the root cell in the
diagram. A number of cell types exist between HSCs and multilymphoid progenitors (MLP).
However, these are not represented in the dataset. The T cell compartment is green, originating
from early T cell precursors (ETPs). The B cell compartment is blue and originates from B and
natural killer cell progenitors (B/NKs). The diagram is not specific to either CD4+ or CD8+
cells and is applicable to both. CD34+ progenitor cells are shown in purple. The maturation
of memory T cell sub-types is shown in the terminal differentiation, although the maturation of
TeMRA is not clear.

Since then, longitudinal studies have shown that m.3243A>G variant loads decline over
time (de Laat et al., 2012; Langdahl et al., 2018; Veitia, 2018). Mean variant-load in
post-mitotic muscle tissue has been shown to remain fairly constant throughout the hu-
man lifespan. Additionally, the age-adjusted blood variant load is consistent with variant
loads measured in muscle (Grady et al., 2018).

The decline in m.3243A>G load is hypothesised to occur during HSC replication.
Rajasimha et al. (2008) proposed a mathematical model of HSCs, which randomly de-
veloped into progenitor cells during replication. The mtDNA populations of each cell
were modelled stochastically, and any cell with a variant load above a pathogenic thresh-
old (several values were considered) was removed from the population. The pathogenic
threshold mechanism removes the variant homoplasmy steady state of mtDNA dynamics.
Therefore, given enough time, all cells in the model would reach wild-type homoplasmy,
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resulting in a decline in variant load throughout the simulations. The HSC population was
simulated for approximately one lifespan, 100 years, and the decline in variant mtDNA
was consistent with those observed in patients. Rajasimha et al. also simulated symmet-
ric cellular division for short-lived cells, ~25d (days), and showed that these maintain a
steady mean variant level. The shorter lifespan of the cells is not enough time for the cells
to reach wild-type homoplasmy or for high variant-load cells to be degraded, resulting in
no detectable reduction in mean variant load. The results of the model are supported by
observations that the variant level within foetal tissues is consistent (Monnot et al., 2011),
implying that a negative selection against variant mtDNA is causing the decline rather
than inheritance. In addition, a significant reduction in mtDNA variant level has been
noted in other mitotic cells, indicating that cellular replication is driving the selection
(Frederiksen et al., 2006; Su et al., 2018).

3.1.3 General aim

The decline in m.3243A>G levels within blood cells makes them uniquely interesting in
the investigation of clonal expansion. In this chapter, the feasibility of using blood cell
data to investigate the mechanisms of clonal expansion is investigated.

3.2 Data

To investigate the enhanced decline of m.3243A>G within blood cells, investigators col-
lected aggregate and single-cell variant load data from a cohort of patients, all with
m.3243A>G characterised mitochondrial disease, and a range of cell types (Franklin
et al., 2023). Patients were recruited through the NHS Highly Specialised Service for
Rare Mitochondrial Disorders in Newcastle upon Tyne, UK, and must not have been
showing symptoms of an infection, confirmed via lymphocyte and myeloid cell counts.
Prior to participation, informed, written consent was gathered from all patients. The
Newcastle and North Tyneside Research Ethics Committee provided ethical approval
(REC:19/LO/0117).

3.2.1 Aggregate variant load findings

The variant load (aggregate) was measured for a number of cell types, including CD34+
progenitors, B cells, as well as CD4+ and CD8+ T cells, within the patient samples.
Across cell types, a significant negative correlation was found between variant load and
age. All T cell subsets showed a significant reduction in the m.3243A>G level when com-
pared to the CD34+ progenitors. Memory T cells showed a significant reduction when
compared to the naive T cells, indicating an enhanced reduction during naive T cell dif-
ferentiation into memory cells. The maturity-related decline in variant load was not seen
in the B cell compartment.

Previous work shows that the decline in m.3243A>G level with age is not found in

other point mutations (Altmann et al., 2016; Shoffner et al., 1990; Yoneda et al., 1990).
Analysis of the m.8344A >G patient samples collected here showed results consistent with
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the decline in m.3243A>G levels. Memory CD4+ T cells, memory CD8+ T cells, and
memory B cells all showed a reduction in m.8433A>G levels compared to CD34+ pro-
genitor cells.

The enhanced reduction in m.3243A>G@G level within the T cell compartment led the
investigators to query mtDNA dynamics within these cells. Therefore, it was decided to
gather single-cell variant-level data for a subset of patients.

3.2.2 Single-cell m.3243A>G level data

Six patients from the cohort were selected for single-cell analysis. This subset is the
dataset which is under consideration in the remainder of this chapter and is summarised
in Table 3.1. The chosen patients’ ages range between 18 and 46, with an NMDAS scaled
score range of 17.6 to 45.2. Single-cell m.3243A>G levels were collected on a number of
cell types within the T-cell compartment. CD34+4 progenitor cells are directly dervived
from HSC compartment and are the most naive cells investigated, and are therefore used
a reference to compare the accelerated loss of m.3243A>G within the T cell compart-
ment. Data were collected from specific memory T cell types: Towm, Tewm, and Tgeyvga-
Additionally, variant load measurements were collected for B naive/memory cells and
monocytes. Monocytes, also originally derived from HSCs, are distantly related to B and
T cells. Their lineage breaks away from the T and B cells prior to the multilymphoid
progenitors. These are another cell type which can be used to investigate whether the
enhanced reduction is specific to the T cell compartment.

Patient ID | Age | Sex | Scaled Total MDAS | Variant load (%)
Blood (age) | Urine
P10 24 | M 17.6 59 (22) 02
P15 45 | M 45.2 23 (45) 85
P17 46 | F 17.6 9 (46) 64
P18 24 | F 14.5 36 (24) 80
P19 20 | F 24.9 59 (20) 70
P22 18 | F 24.5 60 (18) 96

Table 3.1: Patient summary for single-cell analysis. The subset of patients from the cohort
which were chosen for single-cell analysis. Aggregate variant loads are given in the table.

The observed variant loads spanned (almost) the entire support, with CD344 progen-
itors and monocytes generally exhibiting the widest ranges, a trend which is particularly
highlighted in younger patients. All patients show a spike of near-zero variant loads within
the T cell compartments, which becomes more pronounced with the patient’s age, and
older patients show the same spike in CD34+ progenitors, monocytes and B cells. See
Figure 3.2 for a subset of the data.

To reveal some of the underlying mtDNA dynamics that are driving the eradication,
the proportion of cells that have completely removed the variant from their population,
and thus reached wild-type homoplasmy, must be quantified. Unfortunately, observa-
tional error is believed to be in the data, and all cells whose variant load is within the
near-zero spike are believed to have reached wild-type homoplasmy. For the remainder of
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Figure 3.2: Single-cell variant load shows a near-zero spike within T cell compart-
ment. Histograms of variant-load within specific cell types collected from patient P22, aged 18.
Approximately 100 single-cell observations were collected per cell type, per patient, leading to
a non-smooth density.

this chapter, all cells within the near-zero variant load spike are considered to have erad-
icated m.3243A>G from their mtDNA population and be wild-type homoplasmic, and,
therefore, references to the proportion of wild-type homoplasmic cells are in fact referring
to the proportion of cells belonging to the near-zero spike.

3.2.3 Data analysis aim

Robustly estimate the proportion of blood cells which have reached wild-type homoplasmy
for each cell type within the six patients with single-cell observations.

3.3 Methods

3.3.1 Mixture model

A mixture model naturally fits the modelling task, incorporating component proportions
and allowing different density functions to describe each aspect of the data. To allow
the wild-type homoplasmy to be a natural parameter in the model, one component of
the mixture model must model this aspect of the data. Proportion data is constrained
in the range [0.0, 1.0], which may suggest the use of a Beta distribution. However, Beta
distributions are somewhat restrictive in their shape and location. Instead, a truncated
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normal distribution is proposed, which allows more freedom in the location and variance of
the near-zero spike. Data outside the near-zero spike is relatively flat, with no observable
or physical interpretation of other sub-populations. Therefore, we propose the second
component of the mixture to be a uniform distribution, whose density is non-zero in
the range [0.0,1.0]. Although the second component’s parameters (range) are fixed, the
density of the component is still variable due to its associated proportion. Let Y;;; be
the variant load of the k-th observation form the j-th cell-type in the i-th patient, the
model is

Yigalmig, g, oig ~ migNogy (g, 0057) + (1= mi5)U(0,1). (3.1)

The parameters to be inferred are 7, ;, ; ;, and o; ; for all 7 and j, denoting the wild-type
homoplamsy proportions, spike centres and spike standard deviations, respectively.

The model assumes no relationship between wild-type homoplamsy proportions be-
tween cell types or patients, as the spike is believed to be a consequence of noise due
to sequencing errors. A hierarchy could be added to the model, which infers collection
errors for each batch. However, batch effects are not of interest here. In addition, if the
model were to be used again for different datasets where this experimental structure did
not exist, it would be beneficial to know if the model was still able to infer the wild-type
homoplamsy proportion. Therefore, each patient and cell-type combination is treated
as an independent dataset, and the model notation can be simplified to reflect this by
removing subscripts. Let Y, be the k-th observation of the current dataset (patient and
cell type). The model is

Yi|m, p,0 ~ N1y (1, 07) + (1 — m)U(0,1). (3.2)

3.3.2 Prior beliefs

The prior beliefs for 7, the wild-type homoplasmy proportion, vary depending on cell type
and patient. To allow the model to be applied to other datasets, a general prior belief is
proposed, which can be used for all patients and cell types. Another consideration is that
the spike is not seen in all patients and cell types. However, it is not known which cell
types and patients the spike will appear in a priori. We, therefore, wish to construct a
prior belief that reflects the uncertainty in the spike’s existence.

Let my be the unknown probability of spike existence. The probability naturally leads
to a Beta prior, whose support is [0, 1], and so

o ~ Beta(ao, bo) (33)

A priori its value is very uncertain; an uninformed, flat prior can be achieved with values
apg = bo =1.

The probability of spike existence is used as part of a two-component mixture dis-
tribution for the prior beliefs of the proportion of observations belonging to the spike.
The first component, weighted with m, is associated with no spike existing. If no spike
exists, no observations can belong to it, and so the component must have a proportion of
0.0 with probability 1.0. The second component, weighted by 1 — 7, is the prior belief
of the proportion, given the spike exists and should have non-zero weight over the support.
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Let dp be a density function, such that if X ~ &y, Pr(X = 0) = 1.0 i.e. it’s only
possible value is 0.0. The two-component mixture prior distribution of 7 is then

7|mo ~ medo + (1 — mp)Beta(a, b). (3.4)

The parameters a and b must be chosen. Experts have a high degree of uncertainty in
spike proportion given its existence, so a = b = 1 are chosen to give equal probability to
all areas of support. The resulting prior density for 7 has a point mass at 7 = 0 and is
flat on the range (0, 1], see Figure 3.3.
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Figure 3.3: Spike proportion prior beliefs. A histogram of 100,000 random draws from the
prior beliefs of the near-zero spike proportion, p(7).

Prior beliefs must be chosen for the remaining two parameters: the spike location and
variance. If a near-zero spike is present, its location must be, by definition, near zero. A
flat prior on the interval [0, 0.2] is chosen to reflect this. Outside of this range, the prior
density is zero, giving no weight to that area of the support, and the prior is p ~ U(0, 0.2).
If a spike exists, it must have a relatively small variance to be a visible spike in the data.
Therefore, prior beliefs for the spike’s standard deviation are o ~ Exp(5). The resulting
expected spike variance is E[o] = 0.2. The model structure can be seen in Figure 3.4.

3.3.3 Computational methods

The model is neither conjugate nor semi-conjugate, and therefore, the posterior cannot
be found analytically or sampled using a Gibbs sampler; it must be sampled from using
some other MCMC scheme. Constructing a Metropolis-Hastings scheme and selecting
an appropriate proposal distribution can be challenging. Instead, parameter inference is
conducted by the statistical software JAGS (Plummer, 2003). Initial runs of the MCMC
scheme showed that the posterior draws possess a high degree of autocorrelation, so the
output was thinned with a lag of 100, resulting in almost uncorrelated posterior draws.
For each cell type and patient data, three chains were executed with 1,000,000 iterations
(not including lag), of which the first half was considered to be the burn-in period and
was removed. The remaining posterior draws were thinned, resulting in 5,000 (almost)
uncorrelated draws from the posterior. No chains showed signs of non-convergence by
inspection of trace plots and R values.
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Figure 3.4: Blood cell varient level model directed acyclic graph. Bayesian mixture
model of variant loads in blood cell data. The observed data of variant load proportions is
denoted Y}, for the k-th single-cell observation of a specific patient and cell type. The mean
and standard deviation of the truncated normal fitted to the spike data are p and o. The spike
proportion is denoted by m and the probability of spike existence, my. Prior parameters are
denoted by lowercase roman letters in square nodes, and unknown parameters, to be inferred,
are Greek letters within circular nodes.

3.4 Results

3.4.1 Model output

First, we inspect the parameter posteriors to check if the parameter beliefs have been up-
dated a posteriori. Figures 3.5 show example posterior distributions resulting from fitting
the model to variant load data for CD34+ Progenitor cells and CD4+ T memory cells,
both patient P22. First, consider the CD34+ progenitor output, the posterior beliefs for
7, the wild-type homoplasmy proportion, is weighted mostly at 0.0; in fact, the posterior
probability of the proportion being equal to 0.0 is 0.966. This means that the data is
overwhelmingly modelled by the second component of the mixture, which is reflected in
the posterior beliefs about  and o, whose posterior distributions resemble their respective
priors. As the data is almost completely modelled by the second component, the model
cannot infer the parameters of the first component. The probability of spike existence,
T, is skewed toward 0.0. Although the beliefs about 7wy have been updated, there is a lot
of posterior uncertainty. This is likely due to the hierarchical aspect of the model. The
skewed posterior with high uncertainty is typical of p(mp|Y) when fitting the model to
this data.
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Figure 3.5: Posterior proportion of wild-type homoplasmy updates in spike absence.
The prior (pink) and posterior (green) beliefs for the unknown model parameters. After fitting
the proposed model to single-cell CD34+ Progenitor variant load data from patient P22.
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Next, consider the posterior beliefs after fitting the model to the variant load data for
CD4+ naive T cells from patient P22; this dataset shows a distinct population of wild-
type homoplasmic cells (see Figure 3.2). In contrast to the posterior beliefs of the CD34+
Progenitor cell data, the beliefs about x and ¢ have been updated, greatly reducing the
parameter uncertainty. The posterior beliefs about the spike proportion have also been
updated. Here, the posterior beliefs about the spike probability, my, are skewed towards
1.0 but have high uncertainty, mirroring the posterior of the CD34+ Progenitor cells.

3.4.2 Model fit

Model fit can be visually assessed by inspecting the posterior predictive distributions com-
pared to the observed data. If the model shows a poor model fit, few similarities will be
seen between the predicted and observed values. Figure 3.6 shows the posterior predictive
distributions for a subset of cell types for patient P22, after integrating out parameter
uncertainty. The posterior predictive distributions appear to match the dataset well, ac-
curately identifying the existence and proportion of spikes within the datasets.
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Figure 3.6: Posterior predictive distribution shows a good resemblance to observed
data. Posterior predictive distribution of variant load (green) compared against the appropriate
observed variant load data (not green). The data shown is a subset of cell types for patient P22.

3.4.3 Proportion of cells reaching wild-type homoplasmy

The analysis aimed to find the cell-type-specific proportion of cells which have reached
wild-type homoplasmy. For the model used here, this is described by the parameter .
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Therefore, we can inspect its posteriors directly. Figure 3.7 shows the posterior of 7 for
each cell type where data was collected for patient P22. It can be seen that almost no cells
have eradicated variant mtDNA in the CD34+ Progenitor cells or monocytes. CD4+ and
CD8+ naive T cells show similar levels of wild-type homoplasmy, with expected posterior
values of &~ 0.2. Indeed, there is no substantial difference in their values when inspecting
the 95% HDI of their posterior difference. In contrast, naive B cells show a substantially
lower wild-type homoplasmy proportion and a posterior expected value of 0.001.

The posterior beliefs show substantial differences between naive T cells and their more
mature counterparts in patient P22. The CD4+ Ty and Tgy cells have substantially
higher proportions than the CD4+ naive T cells when comparing their posterior differ-
ences using 95% HDI. This suggests a negative selection against variant mtDNA during T
cell maturation. Within the CD8+ T cells, a substantial difference is found when compar-
ing the Tgy and Tryra cells against the naive cells. No substantial posterior difference
is found between CD8+ naive cells and CD8+ T¢y cells, as indicated by the posterior
95% HDI. However, the expected proportion of cells reaching wild-type homoplasmy is
higher within CD8+ Ty cells.

The increased proportion of wild-type homoplasmy within the T cell compartment
indicates a negative selection against the m.3243A>G variant mtDNA during T cell dif-
ferentiation. The same result is observed for all patients within the dataset, as shown in
Figure 3.7. Substantial differences in the proportion of wild-type homoplasmy appear to
be less common as patients age. This is likely due to the posteriors being constrained in
the range [0.0, 1.0], as they are proportions, leading to skewed distributions with similar
expectations (close to 1.0).
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Figure 3.7: Wild-type homoplasmy is increased within the memory T cells across
patients. Posterior beliefs of the proportion of cells which have reached wild-type homoplasmy
(y-axis) across cell-types (z-axis) for all patients. Posterior beliefs are represented by 5,000 (al-
most) uncorrelated draws from the marginal posterior distribution p(7|Y"). Each cell compart-
ment is uniquely coloured and separated by dashed black lines. Posterior modes are indicated
with a solid black line. Red lines indicate a su%séantial difference between posterior proportions
for cells within the same compartment, evaluatéd using a 95% HDI.



3.5 Discussion

3.5.1 Negative selection against m.3243A>G

The developed model robustly estimates the proportion of blood cells reaching wild-type
homoplasmy, coherently accounting for parameter uncertainty and noise in the data. In-
spection of the posterior beliefs for wild-type homoplasmy proportion confirms previous
findings showing that m.3243A>G reduces over time (de Laat et al., 2012; Langdahl et al.,
2018; Rahman et al., 2001; Veitia, 2018; Walker et al., 2020). Previous work suggested
that this reduction is driven by the asymmetric cellular division of HSCs in the bone
marrow (Rajasimha et al., 2008). Importantly, this analysis shows that negative selection
against m.3243A>G is enhanced during T-cell differentiation and maturation.

The generally accepted linear model of T cell differentiation, Tcy to Teym to Tevra
(Geginat et al., 2003; Verma et al., 2017), would suggest that Tgyra would have the high-
est levels of wild-type homoplasmy. However, this is not what is found in this dataset.
Temra cells are found to have substantially lower m.3243A>G clearance than Tgyp cells
in two patients (P10 and P19) and only one patient, P15, shows a substantially higher
clearance in Tgyra compared to Tgy cells. The reduction in m.3243A>G clearance
among Tgyra cells suggests that these cells may be less mature than previously thought,
in agreement with findings from (Rufer et al., 2003). However, findings by Verma et al.
(2017) show that two sub-populations of Tgyra cells exist, meaning that the data here
is aggregated variant load from young and old Tgygra cells. The aggregation of cell-type
data could be causing the mixed results of Tgygra maturation. In addition, only one pa-
tient, P22, shows a substantial increase in m.3243A>G clearance between Ty and Trym
cells in their CD8+ T cell population. These findings also suggest that T cell differentia-
tion is non-linear. The non-linear differentiation of memory T cells is supported by Ty
and Tgy being able to differentiate into effector cells (Youngblood et al., 2017).

In this study, only patients harbouring the m.3243A >G point mutation were selected
for single-cell analysis. However, the larger study also showed that the proportions of
m.8433A>G variant decrease with time. Unfortunately, single-cell data were not col-
lected from these patients. Therefore, it can not be confirmed whether the enhanced se-
lection against m.3243A>G during memory T cell development is seen in other pathogenic
variants. To investigate whether the same enhanced negative selection is seen in other
pathogenic variant mtDNA, the model and resulting analysis can be applied to other
datasets, with single-cell observations for other pathogenic mtDNA variants.

3.5.2 Mathematical model of B and T cell development

The dataset used in this chapter provides single-cell measurements of mtDNA variant
load, providing direct observations of mtDNA population dynamics. The relative ease
at which blood can be collected could allow for longitudinal study, with multiple obser-
vations within the same patient, albeit not within the same cells. This would allow for
an incredibly rich dataset which could be used to develop and fit mathematical models
of clonal expansion and test their underlying theories. However, there are a number of
obstacles which need to be addressed to accomplish this.
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There is a large degree of uncertainty in the parameter values governing a mathemat-
ical model. As discussed, mitochondrial function is cell-specific, so any prior parameter
inference in other tissues and cell types are not directly comparable. Without extensive
prior knowledge, parameter values should be inferred to fairly compare the models (and
theories) under consideration.

Building a mathematical model of a complex biological system such as this is not easy,
and a number of model aspects must first be considered. The first of which is the biologi-
cal system. Blood cells have a complex lineage of development and differentiation, which
is not fully understood, and the development of these cells would have to be considered.
In this dataset, observations are made on a number of blood cells derived from HSCs
but mostly within the B and T cell compartments. Given the available data, building
a mathematical model of the entire HSC lineage is not practical and likely unnecessary
for an investigation into clonal expansion. A model of the B and T cell compartments is
more realistic, starting with naive cells and modelling their development into long-lived
memory cells (the primary source of data in this project). In the rest of this chapter, key
components of the mathematical model of B and T cell development are discussed.

Infection

It is important to note that an infection initiates B and T cell development, and thus,
an infection mechanism is a crucial part of the mathematical model. Infection could be
considered to occur at discrete or continuous time intervals and be fixed or stochastic.
Both mechanisms would require assumptions about the frequency with which the immune
response is triggered.

In response to an infection, the appropriate antigen-specific naive cell begins a period
of high proliferation. In the mathematical model, how this cell is selected must be de-
cided. Unless a more appropriate mechanism is proposed, randomly sampling from the
naive cell population seems reasonable. The possibility of reinfection should also be con-
sidered. Reinfection causes the long-lived memory and effector cells (not naive) to begin
proliferation in response to the infection and thus will further drive the negative selection
against m.3243A>G seen in long-lived memory cells. The long-lived memory cells should,
therefore, be labelled, allowing them to be appropriately sampled in the event of reinfec-
tion.

Naive cell population

As discussed in Chapter 3.1, variant load in blood is negatively correlated with time. A
mathematical model of cell development from naive cell to long-lived memory cells would
require special consideration of naive cell variant load. Simulating the mtDNA popu-
lation dynamics of naive cells would not be appropriate as the cells arise from a series
of cellular developments within the HSC lineage, and, as discussed, modelling the whole
lineage is not practicable. Therefore, a model of naive cell variant load must be chosen.
This could be deterministic or stochastic, but would have to reflect the decrease in time
seen in patients. Grady et al. (2018) developed a formula to estimate the age-adjusted
(inherited) variant load for m.3243A>G patients, although they did not have access to
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cell-type-specific data and used blood-cell aggregate variant load data to develop their
model. Nevertheless, the method could be used to estimate not only the inherited variant
load but also the variant load throughout a patient’s life.

Cell development

Upon activation, a naive T cell undergoes asymmetric cellular division, producing one cell
primed to be an effector T cell and one primed to be a memory T cell (Chang et al., 2007;
Pollizzi et al., 2016; Verbist et al., 2016). From here, the two primed cells undergo rapid
proliferation and become a heterogenous population of activated memory and effector
cells. As mentioned, T cell activation is dependent on OXPHOS, assuming the threshold
effect, the cellular variant loads must be considered during this proliferative period and
cells whose variant load is above a threshold must be degraded.

Rajasimha et al. (2008) developed two mathematical models, independently modelling
stem cells (HSCs) and high proliferative cells (T and B cells) and showed that division
of stem cells with a variant-load threshold, above which the cell dies, drives the removal
of m.3243A>@G. However, they did not consider the development and differentiation of B
and T cells, instead regarding them as short-lived and highly proliferative. In their model,
HSCs differentiated with a defined probability, allowing for both symmetric and asymmet-
ric division. Additionally, Moeller et al. (2024) developed a mathematical model of the
HSC population throughout periods of proliferation and population stability. Their model
allowed HSCs to differentiate both symmetrically and asymmetrically, with defined rates.
Borsa et al. (2019) later showed that memory T cells are also able to asymmetrically di-
vide, possibly explaining the enhanced negative selection seen in the T cell compartment.
Although not a confirmed mechanism, random differentiation during cell division would
appear to be an appropriate starting point for the mathematical mechanism of memory T
cell differentiation. Indeed, if the model accurately predicts the observed data, then this
would provide further evidence that random differentiation is the biological mechanism.

Assuming a model in which memory T cell differentiation occurs through asymmet-
ric cellular division, the possible daughter cells for each type must be considered. The
non-linearity of T cell maturation shown in the dataset analysed in this chapter would
suggest that a differentiation pattern of Tey-Tem-TEMRA 1S not appropriate. If no ap-
propriate mechanism is suggested, then the probability of asymmetric division between
each cell type can be inferred. The increased uncertainty in the model and additional
model parameters are likely to add to the difficulties of parameter inference. However, if
the probabilities were estimated, the results could be very interesting and have significant
implications for the biological mechanisms of T cell maturation.

MtDNA dynamics

In addition to modelling the cell-level differentiation of naive to long-lived memory cells,
the mathematical model would also have to consider the mtDNA dynamics within each
individual cell. MtDNA population dynamics can be modelled using the methods dis-
cussed in Chapter 2.6. The highly proliferative nature of B and T cells during infection
provides two problems: copy number regulation and mtDNA segregation during cell di-
vision. Both aspects can have a large impact on the cellular variant loads. However,
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their biological mechanisms are not clear, and mathematical modelling of mtDNA popu-
lation dynamics has largely ignored dividing cells, likely due to the additional complexities
associated with them. However, Johnston et al. (2015) investigated mechanisms associ-
ated with the genetic bottleneck through mathematical models of oocyte development.
They concluded that, given their available data, binomial partitioning of mtDNA between
daughter cells is the most likely segregation mechanism when compared to clustered par-
titioning and deterministic partitioning. As part of their model, cells were considered to
be in a number of phases throughout their development, each with its own replication
and degradation rates. Rajasimha et al. (2008) assumed cellular division randomly seg-
regates mtDNA between two daughter cells, approximately halving copy number relative
to a target value and allowed copy number to rise post-division. Following these works, it
would be sensible for mtDNA segregation to be binomial and a cell to be in two possible
states: recently divided and maintenance. Where recently divided cells have an increased
replication rate, allowing copy number to be replenished, although this mechanism has
not been experimentally confirmed. Indeed, it may be possible to infer the mechanism
within a mathematical model, given an appropriate dataset of cellular variant load during
this period of high cellular proliferation. Although it is unlikely to be inferred from the
current data of long-lived cells, where mtDNA dynamics during cellular division are likely
obscured by the long period of mtDNA dynamics post-division.

The mathematical model must implement a copy number control mechanism to pre-
vent unrealistic copy numbers or mtDNA extinction. Copy number also affects mtDNA
dynamics, with increased copy numbers slowing the clonal expansion of variant mtDNA
(Elson et al., 2001). As part of the larger study, copy number measurements were taken
within multiple cell types within the blood cell lineage from both patients and control
subjects (Franklin et al., 2023). Copy number was found to have a weak positive corre-
lation with aggregate m.3243A>G variant load (from multiple cell types) in patients and
have a stronger negative correlation with age. No difference was found between the copy
numbers of varying cell types in patients or control subjects. Mathematical models which
reflect the increased copy number have been proposed (Capps et al., 2003; Hoitzing et al.,
2019; Insalata et al., 2022). Capps et al. (2003) suggested a series of nuclear-controlled
mtDNA replication models, which allowed copy number to increase with the increase in
variant load. Hoitzing et al. (2019) investigated the energetic requirements of cells and
how they can most efficiently use their resources. Although, their model is likely too com-
plex for our purposes, requiring information on cellular energy and resources. Insalata
et al. (2022) focused on modelling the spread of variant mtDNA variant load in skeletal
muscle fibres. However, their model would not be appropriate for blood cells, given the
very different structure and dynamics of blood cells compared to skeletal muscle. Another
popular mechanism, although one that does not naturally give rise to a positive corre-
lation between copy number and variant load, is the linear feedback mechanism, which
decreases the mtDNA replication rate by an amount proportional to the difference be-
tween the current copy number and a target copy number (Aryaman et al., 2019; Hoitzing
et al., 2017; Insalata et al., 2022). The target copy number is often fixed, but given the
relationship between copy number and age found by Franklin et al. (2023), and the lack of
appropriate biological or mathematical mechanisms which recreate this, the target copy
number could be a function of age, following the linear model in their work.
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Model summary

Here, the ideas discussed so far are pulled together. Figure 3.8 shows the simulation of a
single infection, starting with naive cells, drawing their initial variant load and copy num-
ber from appropriate distributions, and their development into the differentiating memory
T cells. The diagram ignores the simulation of mtDNA populations within single cells, as
these are described in detail in Chapters 2.6.2 and 5, and would change depending on the
theory of clonal expansion in place. A general simulation algorithm for a single patient
for a length of time, T« is described in Algorithm 5. Similarly to Figure 3.8, and for
the same reason, the algorithm ignores the simulation of mtDNA population dynamics
within a single cell. In the algorithm, the time taken for the immune response to finish is
denoted tiyfection, and is assumed constant. The algorithm has been further simplified by
not allowing reinfections.

Algorithm 5 Model of B and T cell development (no reinfections)

1. Set the system time t = 0.
2. Simulate the time until the next infection

t' ~ [inter-infection-time distribution].

3. Update the population of long-lived memory cells. Simulate each long-lived mem-
ory cell between (t,t + t' + tinfection], including their mtDNA populations and possible
differentiations to other cell types

4. Simulate infection

i Calculate the variant load and copy number distributions for B and T naive cells
variant load, at time t + ¢

ii Sample the antigen-specific naive B and T cells, with the appropriate variant load
and copy number

iii Simulate the development of the chosen naive cells and their differentiation into
long-lived memory B cells, Toym, Tenm, and Tgyra cells over the time interval
(t + t/7 t+ t/ + tinfection]

iv. Add newly differentiated long-lived memory cells to their respective populations

5. Put t :=t + t' + tinfection
6. If t < Tay, return to Step 2.

Parameter inference

The mathematical model of blood cells, as described, could be created if given some fur-
ther consideration. However, due to the complexities of the biological system, the model
has become considerably computationally expensive. The cost of simulating the mtDNA
population dynamics of a single cell is relatively low, but with the large number of cells
which are part of the system, combined with the additional complexities of cellular di-
visions, both symmetric and asymmetric, the model is likely to be very computationally
expensive. Parameter inference would require many thousands or millions of simulations
of the system and, unfortunately, is key to comparing theories of clonal expansion. Previ-
ous work implemented Bayesian inference to infer parameters for mathematical models of
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Figure 3.8: Mathematical model of B and T cell development. A diagram showing a
mathematical model of the B and T cell compartments based on the single-cell data used in
Chapter 3. The initial variant load and mtDNA copy number of the B (BN) and T (TN) naive
cell are taken from a calculated distribution based on the age at the time of the simulated in-
fection. The naive cells divide asymmetrically into effector (EP) and memory (MP) progenitors
before proliferating and becoming active, differentiating into memory B (BMem) and T (TMem)
cells. During activation, cells which show signs of OXPHOS deficiency are removed from the
population, indicated by a red cross. Lastly, a subset of the active BMem and TMem differen-
tiates into long-lived cells. Active B memory cells differentiate into long-lived B memory cells
(LLBMem), and active memory T cells differentiate into three long-lived memory cells: Tcyy,
Tgnm, and Teyra. Assuming linear differentiation between cell types with Tcy being the least
mature and Tgypra being the most, the cells undergo random asymmetric cell division. Cells
with black outlines indicate cell types with observed data in the current dataset. Long-lived
cells of the same type are also highlighted by purple groupings.

mtDNA population dynamics and used model emulators to reduce the computational cost
of inference (Ainsworth, 2014; Henderson et al., 2009). However, emulation still requires a
large number of simulations to build the emulator (Henderson et al., 2009). Furthermore,
parallelising single-cell simulations is not possible due to the time-dependent nature of
population dynamics and cell differentiation, making it challenging to reduce the compu-
tational cost.
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3.5.3 Concluding remarks

The dataset used here provides a lot of information regarding the population dynamics
of mtDNA and could provide an excellent basis for comparing theories of clonal expan-
sion. However, as mentioned, a significant number of hurdles must be overcome. The
majority of these are the choice of mechanisms to reflect biological behaviour. However,
if experts could agree upon reasonable assumptions about these, then the development of
the mathematical model would be feasible, and the model could be used to investigate
clonal expansion. Bayesian inference schemes could be used to infer model parameters
and compare theories to the observed dataset.

Conversely, although not the aim of this thesis, mathematical models could be used to
reflect theories of the biological mechanism of memory T cell differentiation. By construct-
ing a number of mathematical mechanisms which reflect different biological mechanism
theories, and comparing their simulated output to the observed data. Again, this could
be achieved by Bayesian inference, following work by Johnston et al., who used Bayesian
inference to compare theories of the genetic bottleneck (Johnston et al., 2015). In the-
ory, this could be combined with a clonal expansion investigation into one large inference
problem. However, given the large amounts of uncertainty in all areas, this would likely
be a very difficult task.

Unfortunately, the work required to both develop the mathematical model and in-
fer parameter values, is likely too high in a reasonable time frame of this thesis given
the number of uncertainties in; the biological mechanisms, the mathematical modelling
mechanisms to reflect these, and the lack of prior knowledge in parameter values, and the
computational expense.
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Chapter 4

Classification of myofibre OXPHOS
status

The difficulties associated with developing a mathematical model of clonal expansion in
blood cells were largely associated with the complexity of the biological system. There-
fore, a simpler system is sought. Non-dividing and terminally differentiated cells would
provide a significant reduction in biological (and modelling) complexity, entirely removing
uncertainties in cellular development and replication, which are part of the blood cell sys-
tem. Skeletal muscle fibres (myofibres) are one such example. Throughout this chapter,
the term myofibre is used as the data under consideration was collected from myofibre
samples. However, the work presented here is not restricted to myofibres and can be
applied to many other cell types.

4.1 Introduction

In this chapter, Bayesian methods are used to infer measurements of mtDNA population
dynamics from OXPHOS protein abundance data in myofibres. Mitochondrial dysfunc-
tion can be identified by inspecting the level of OXPHOS proteins within a single myofi-
bre. Proteins required for ATP production are tightly regulated within a functioning cell,
maintaining an appropriate level for myofibre size and ATP needs; a discrepancy from this
indicates that the mitochondria cannot produce the required level of ATP. Mitochondrial
dysfunction usually presents within myofibres by under-representing OXPHOS proteins
(Ahmed et al., 2017; Hellebrekers et al., 2019), although over-representation can also oc-
cur (Warren et al., 2020). Assuming the biochemical threshold theory (Rossignol et al.,
2003), mitochondrial function is disrupted when the proportion of pathogenic mtDNA
passes the pathogenic threshold. The identification of myofibres which show a reduction
in OXPHOS proteins is, therefore, equivalent to cells whose variant load is greater than
the pathogenic threshold (Bua et al., 2006; Campbell et al., 2014).

Previously, two methods have been used in the literature to classify the OXPHOS
status of single myofibres using their protein abundances. Both methods inspected single-
myofibre OXPHOS abundances in relation to mitochondrial mass. OXPHOS protein
abundances were inspected by their relation to mitochondrial mass, to standardise the
protein abundances within the myofibres. However, direct measurements of mitochondrial
mass are difficult to make, and, therefore, it was assumed that mitochondrial mass is pro-
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portional to the abundance of specific proteins found on the OMM. Therefore, reference
to mitochondrial mass within this chapter refers to the abundance of one such protein,
VDACI, which is used within both observed datasets in this chapter.

4.1.1 Previous work

Frequentist linear model

Rocha et al. (2015) used immunofluorescence (IF) to measure NDUFBS8 (CI) and MTCO1
(CIV) abundances in myofibres and considered how a patient’s abundance differed from
a healthy control. They noted that protein abundances increased linearly with mito-
chondrial mass on the log-scale within control subjects, and considered patient myofibres
which show the same relationship to be healthy. A classification pipeline was constructed
by fitting a frequentist linear regression model to the logged OXPHOS protein abundance
from healthy control subjects, using a single explanatory variable, the logged measure of
mitochondrial mass. Patient myofibres were classified as having mitochondrial dysfunc-
tion if their (logged) protein abundance lies outside of the 95% predictive interval of the
linear model. The model and classification are described in Equations 4.1 and 4.2, where
logged OXPHOS protein abundance and logged mitochondrial mass of the j-th control
myofibre be denoted {X7, Y},

C _ C

4.1

Ej ~ N (0, 0'2) . ( )
Where m and ¢ denote the slope and intercept of the linear regression, and o denotes the
model error.

Rocha et al. go further, classifying patient myofibres into four levels of deficiency
based upon a patient myofibre’s Z-score, the vertical distance between the observed pro-
tein abundance and the expected protein abundance from the linear model fitted to the
control subject data. Later, Warren et al. (2020) showed that most patient protein abun-
dances are naturally divided into two groups: not-like-control and like-control. The binary
classification is also consistent with the biochemical threshold theory of clonal expansions
(Rossignol et al., 2003), where a mitochondrial dysfunction occurs only after the variant
load has passed the pathogenic threshold. In addition, Warren et al. noted that some
not-like-control patient myofibres showed an increased OXPHOS protein abundance com-
pared to the control data and, therefore, did not implement the Z-score classification of
Rocha et al.. Instead, Warren et al. used a ternary classification, by first fitting the linear
model to the control subject’s abundances and classifying patient myofibres lying outside
the 95% predictive interval as not-like-control, before sub-categorising them as under- or
over-expressed.

Following the binary classification implemented by Warren et al., and combining
under- and over-expressed myofibres into a single not-like-control group. Let {XJP,X JP }
be the logged measure of mitochondrial mass and OXPHOS protein abundance of the
j-th patient myofibre, it is classified as like-control if it lies within the 95% predictive
interval of the frequentist linear mode fitted to the aggregated control data. Otherwise,
it is classified as not-like-control. Let Z; be the classification variable, then
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Zj = J ¢['J’ j]’. (4.2)
0 otherwise

The bounds of the 95% predictive interval at le'D are denoted L; and Uj;, and the j-th

myofibre is considered not-like-control if Z; = 1.

The classification pipeline proposed by Rocha et al. has become widespread in the
literature, (Baty et al., 2021; Hellebrekers et al., 2019; Ng et al., 2020; Sithamparanathan
et al., 2018). However, the model’s rigidity may misclassify a large number of myofibres
within a patient sample. To be classified as like-control, a patient’s protein abundance
and mitochondrial mass must resemble the relationship seen in the control data. The
natural variation between subjects means this is often not the case.

Gaussian mixture model

Another classification method was proposed by Vincent et al. (2024), who classified pa-
tient myofibres as being OXPHOS deficient using a two-component GMM, independent
of the control subject’s data, inferring model parameters in a frequentist setting. The
resulting clusters were then compared to the control data to decide which cluster was
like-control and which was not. The model was able to correctly identify deficiency in two
of the three OXPHOS proteins within the dataset: NDUFB8 and MTCO1. However, it
failed to correctly classify the CYB (a subunit of CIII) status of all myofibres due to some
myofibres over-expressing the protein and, thus, distorting the not-like-control group. To
the author’s knowledge, this method has only been used within this work and has not been
replicated elsewhere. Due to its limited use and varied results, it will not be replicated for
comparison within this chapter and, instead, the focus is given to the more widely used
frequentist linear model described previously.

4.1.2 General aim

The identification of not-like-control patient myofibres is critical to establishing disease
severity and estimating disease progression. In this chapter, we show that the frequentist
linear model, proposed by Rocha et al. (2015), is not able to accurately classify OXPHOS
status of patients whose OXPHOS abundance differs from controls. The aim of this
chapter is, therefore, to develop a model which can better cope with the natural inter-
subject variability.

4.2 Data

Within this chapter, two observed datasets are used to test the proposed model’s clas-
sification. Another synthetic dataset is also used, which is discussed in Chapter 4.3.4.
In this chapter, two observed datasets are introduced and analysed using the frequentist
linear model.
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4.2.1 Vincent dataset
Data collection

Vincent et al. (2024) collected skeletal muscle samples from 12 patients, each having
nuclear-encoded mitochondrial disease affecting mtDNA replication and maintenance.
The disease causes mtDNA mutation events to occur at a much higher frequency, and
consequently, variant mtDNA clonally expands at a faster rate compared to healthy sub-
jects. Skeletal muscle samples were taken from the hamstrings of four (healthy) control
subjects while undergoing anterior cruciate ligament surgery. The tissue was cut into 6pm
thick cross-sections and assessed by imaging mass cytometry (imaging mass cytometry
(IMC)), generating a pseudo-image of myofibres where colour intensities indicate protein
abundances of specific proteins. The image is segmented to find single-myofibre protein
abundances, using the cell membrane marker DMD and the Mitocyto segmentation tool
(Warren et al., 2020). Single-myofibre protein abundances were calculated as the aver-
age protein abundance within a segmented single-myofibre of the pseudo image. In this
dataset, VDAC, a protein found on the OMM, is assumed to be proportional to mito-
chondrial mass.

Tissue collection and data analysis were conducted in accordance with protocols ap-
proved by the Ethical Committee of Martin Luther University Halle-Wittenberg. Subjects
in the study provided written informed consent prior to their participation. Two subjects,
P07 and P08, were investigated with informed consent by the Newcastle Tyneside Local
Research Ethics committees (REC ref. 2002/205). Control tissue samples were also
collected with informed consent from patients undergoing cruciate ligament surgery, ap-
proved by Newcastle and North Tyneside Local Research Ethics Committees (RED ref.
12/NE/0395).

Protein abundance data was collected on various proteins in the experiment. However,
this work’s analysis is restricted to the three OXPHOS proteins: CYB, NDUFBS8, and
MTCO1. The latter two proteins, NDUFB8 and MTCO1, are the most commonly used
OXPHOS subunits used to assess mitochondrial function within the literature (Ahmed
et al., 2017; Lehmann et al., 2019; Rocha et al., 2015; Rocha et al., 2018). A detailed
description of the data collection process and methods can be found in Vincent et al.
(2024). The IMC process failed for P08 in the dataset, so the patient was removed from
all analyses, leaving a total of 11 patients within the dataset to be analysed.

For this dataset, manual classification of the OXPHOS status of patient myofibres were
made to use a benchmark, against which model performance can be evaluated. Three ex-
perts inspected 2Dmito plots, visualisations of patient and control protein abundances
defined below, see Figures 4.2 and 4.3, and selected myofibres believed to be OXPHOS
deficient. Unfortunately, there can be disagreement between experts on the overlap be-
tween myofibre populations. Here, only myofibres which had total agreement from the
panel were considered OXPHOS deficient and classified as not-like-control.

Data exploration

Rocha et al. (2015) log-transformed their data so that the control subjects’ protein abun-
dances followed the assumptions of a linear model. The untransformed protein abundances

80



by Vincent et al. already show these assumptions, and they are not significantly improved
or worsened after log transformation. Nevertheless, the Box-Cox power transformation is
used on the protein abundances from each control subject independently. No transforma-
tion is suggested for C02 or CO3 for NDUFB8 and CYB abundances and a transformation
of approximately z :— x! is suggested for MTCO1. In contrast, no transformation is
suggested for MTCO1 in control subject C04, whereas a transformation of z :— 2% is
suggested for NDUFB8 and CYB. Given the little difference made to this dataset and the
reduction in non-normality in other datasets (Rocha et al., 2015; Warren et al., 2020),

the protein abundances (including VDAC) are logged prior to analysis.

OXPHOS protein abundance data is commonly presented in the form of a 2Dmito
plot. This is a scatter plot of protein abundances, with mitochondrial mass on the z-
axis and OXPHOS protein abundance on the y-axis. Within this thesis, a 2Dmito plot is
largely constrained to contain data from a single patient and a number of control subjects.
However, 2Dmito plots containing only control subject abundances are used during initial
data exploration, see Figure 4.1. By inspection of Figure 4.1, a strong linear relationship
is seen in the control subjects.
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Figure 4.1: Control subject protein abundances, Vincent et al.. Single-myofibre OX-
PHOS protein abundances collected by IMC from four healthy control subjects: CO1 (green),
C02 (blue), C03 (yellow) and C04 (red), with 300, 363, 338, and 154 single-myofibre observa-
tions, respectively.

Figure 4.2 shows example 2Dmito plots for the three OXPHOS proteins in patient
P09, chosen due to the variety of abundance profiles seen across the proteins. P09 shows
a population of myofibres whose OXPHOS protein abundances and mitochondrial mass
have a similar relationship to those seen in the control subjects. Experts believe that the
population of patient myofibres showing a linear relationship, lying close to the control
data, is healthy. The remaining myofibres, which lie below the control data and show
little to no relationship, are assumed to be OXPHOS deficient. Following Warren et al.,
the two populations are referred to as like-control and not-like-control, respectively. The
protein abundances in P09 highlight that patients do not need the same relationship be-
tween proteins to have distinct populations of like-control and not-like-control myofibres.

A clear linear relationship exists between (log) OXPHOS protein abundance and (log)
VDAC abundance in control subjects and like-control patient myofibres. Therefore, it
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Figure 4.2: Patients single-myofibre OXPHOS protein abundances split into two
populations, Vincent dataset. Single-fibre protein abundances were collected by Imaging
Mass Cytometry (IMC) from skeletal muscle myofibres from four healthy control subjects (grey,
1,155 myofibres) and one patient, P09, (blue, 571 myofibres).

is sensible first to fit the frequentist linear model classification pipeline (Rocha et al.,
2015; Warren et al., 2020). Figure 4.3 shows the 2Dmito plots, with classifications by
the frequentist model, for all OXPHOS proteins in patient P09. Using the expert man-
ual classifications as a benchmark, also seen in Figure 4.3, the classifications are varied
in quality. The classified CYB status of most myofibres is consistent with the manual
classification, but a few patient myofibres, lying adjacent to the controls, have been mis-
classified. Classification of myofibres in both MTCO1 and NDUFBS status has failed.
For MTCO1, the population of like-control patient myofibres has been split in two, re-
sulting in 281 misclassified myofibres. The NDUFBS status of the majority of like-control
patient myofibres has been incorrectly classified. The like-control patient myofibres have
shifted from the controls. As a result, they have been almost entirely missed by the linear
model’s predictive interval. Compared to the manual classification, 14% - 79% of patient
myofibres were misclassified across the three OXPHOS proteins, as highlighted in the
confusion matrices, also in Figure 4.3. All misclassifications were false positives, resulting
in an overestimation of the proportion of deficient myofibres.
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Figure 4.3: Frequentist classification arbitrarily splits healthy myofibre populations.
Frequentist model’s 95% predictive interval and classifications for all three OXPHOS proteins in
P09 with 571 myofibres (coloured points). Control myofibres are shown in grey (1,155 from four
healthy subjects). Patient myofibres are blue or red, depending on whether the model classified
them as like-control or not-like-control, respectively. The 95% predictive interval and fitted
values for the model are shown in green. The manually classified not-like-control myofibres are
shown with a small yellow dot within the myofibre’s data point. The confusion matrices for the
classification compare the frequentist linear model and manual classifications, following Eq. 4.1
and 4.2 where a myofibre classification of 1 indicates not-like-control.

4.2.2 Gomes dataset

Data collection

Gomes et al. (2025) also collected OXPHOS abundance data in skeletal muscle, their
study aimed to investigate the within-patient variability of OXPHOS protein abundance
and OXPHOS deficiency. Multiple post-mortem tissue samples were collected from three
patients, with m.3243A>G related mitochondrial disease, within two tissue types: quadri-
cep (QD) and Tibialis Anterior (TA). The tissue samples were collected under Newcastle
Brain Tissue Resource ethics (IRAS 255808) by application 2021031. Three control tis-
sues were collected for each patient, provided by the Newcastle Mitochondrial Research
Biobank, and used under their ethics approval (REC Ref: 16/NA/0267) by application
MRBOC 1D043.

Tissue samples were analysed by quardruple immunofluorescence (QIF) (Rocha et
al., 2015), and, similarly to the Vincent et al. dataset, single-myofibre abundances are
considered to be the mean of the protein abundance within a single segmented myofibre.
Myofibre segmentation was conducted by Quadruple Immuno Analyser and manually cor-
rected (Rocha et al., 2015). Protein abundance data was collected for NDUFB8, MTCO1,
VDAC and cell membrane marker LAMAT1, used to myofibre segmentation in the pseudo
image. Tissue samples (blocks) were cut into three adjacent sections, assumed to contain
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the same myofibres and, therefore, the same proportion of OXPHOS deficiency. A single
myofibre cross-section is labelled as follows: PX-XX-BX-SX, indicating the patient, tissue
type, block identifier and slice, respectively.

Data exploration

Similarly to the Vincent et al. dataset, the protein abundances of healthy myofibres in
control subjects show a fairly strong linear relationship on the log scale, Figure 4.4. The
Box-Cox power transformation test suggests that the control data be log-transformed or
remain at their raw values. For the reasons described previously, the protein abundances
are log-transformed.
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Figure 4.4: Control subject protein abundances show linear relationship, Gomes
dataset. Single-myofibre protein abundances were collected by QIF from three healthy con-
trol subjects: CO1 (yellow), C02 (red), and C03 (blue), the samples have 2537, 719, and 1031

single-myofibre observations, respectively.

Figure 4.5(a) shows the 2Dmito plots of three serial sections of TA tissue from patient
P01 in the Gomes dataset. Similarly to the patient abundances shown in Figure 4.2, a
population of myofibres with protein abundances resembling the controls can be seen, as
well as a population of myofibres below these. Interestingly, here, the like-control patient
NDUFBS8 abundances of section S3 are split into two disjoint sub-populations, both show-
ing a similar relationship to the control data. The same phenomenon is also observed in
protein abundances in section S1, albeit to a lesser degree.

Patient P03 in the Gomes dataset possesses OXPHOS abundances which appear dif-
ferent from those seen in P01, P02, or the Vincent dataset, where the distinction between
patient and control abundances is less pronounced, Figure 4.5(b). This could be due
to a higher proportion of not-like-control myofibers, which increases the presence of this
population and diminishes the separation between myofibre populations. In contrast to
Figures 4.2 and 4.5(a), the like-control myofibre population is considerably less clear, and
it is not obvious, from visual inspection, which myofibres are like-control and which are
not. Interestingly, patient P03 had the longest time from death until tissue collection,
which may have affected tissue quality.
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Figure 4.5: OXPHOS protein abundance profiles show high variance in the Gomes
dataset. NDUFBS8 abundance data collected from serial sections of TA muscle from patients
P01 and P03 in the Gomes dataset. Protein abundances from three control subjects (black),
totalling 4,287 single myofibre observations (a) and 9,118 observations (b). Protein abundances
in patient myofibres (blue) total 1930 (P1-TA-B3-S1), 1895 (P1-TA-B3-S2), and 1736 (P1-TA-
B3-S3) single-myofibre observations, and 2553 (P3-TA-B1-S1), 2048 (P3-TA-B1-S2), and 2437
(P3-TA-B1-S3).

Manual classifications are not available for the Gomes dataset; however, there is an
alternative method for comparing model performance. As mentioned, multiple tissue
samples were collected from within each patient, and it is expected that the proportion of
OXPHOS deficiency be approximately consistent between adjacent sections, tissue blocks
and between tissues. Therefore, the consistency of the estimated proportion of deficiency
can be inspected to compare model performances. The frequentist classification pipeline
for three serial sections of tissue within patient POl can be seen in Figure 4.6(a). The
model splits the like-control myofibre population for all three sections and yields very
different estimates for the proportion of NDUFBS8-deficient myofibres. It is not believable
that the proportion of deficiency varies so drastically in adjacent sections of tissue, which
are assumed to contain the same myofibres. A large variation in the proportion of defi-
ciency estimates is seen throughout the tissue samples in P01, Figure 4.6. However, the
variation between estimates is less pronounced in P02 and P03, seen in Figures 4.15 and
4.16.
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Figure 4.6: Frequentist pipeline shows high variation within patient P01, Gomes data.
(a) OXPHOS protein abundance data from three adjacent sections of TA from patient P01 in
the Gomes data. Patients’ single-myofibre abundances are classified according to the frequentist
pipeline, coloured blue if classified as like-control and red otherwise. The expectation and 95%
predictive interval of a linear model fitted to the control data (black data-points) are shown in
green. The proportion of NDUFB8-deficient myofibres, 7, is noted above each 2Dmito plot. (b)
The estimated proportion of OXPHOS-deficient myofibres for each tissue sample collected from
patient P01 in the Gomes dataset, estimates were calculated as the proportion of not-like-control
myofibres in the sample. Tissue sections within the same block are grouped by alternating grey
and white bands. The thick dashed line separates tissues collected from different muscle types,
left QD and right TA.

4.2.3 Data analysis aim
The assumptions of the frequentist linear model classifier are likely too strong. Problems

arising from its rigidity are highlighted here when fitting to datasets which contain more
variability in OXPHOS protein abundances. Variability is a natural phenomenon caused
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by both genetic and environmental factors. Further, ethical and financial considerations
often only allow for a small number of control subjects, typically three or four. As we will
demonstrate, this is insufficient to capture the variability in the population.

This project aims to improve the existing method of classifying the OXPHOS status of
single myofibres within a tissue sample. Accurate and robust classifications, in turn, allow
more accurate and robust beliefs about the proportion of not-like-control myofibres and,
consequently, the proportion of myofibres whose variant load has passed the pathogenic
threshold. A Bayesian hierarchical model is proposed to infer the proportion of deficiency
in a patient tissue sample. A hierarchical model naturally lends itself to account for
inter-subject variability, seen within the data, and Bayesian methods allow for coherent
propagation of parameter uncertainty throughout the hierarchical structure.

4.3 Methods

4.3.1 Bayesian hierarchical model

The linear relationship between log protein abundance and mitochondrial mass is well
documented in healthy control myofibres (Rocha et al., 2015; Vincent et al., 2024; War-
ren et al., 2020). The same relationship exists in healthy myofibres in patients within
both observed datasets, and thus a linear model is likely a good fit for the population of
healthy myofibres in both control subjects and patients. Given the variety in size, struc-
ture and proteins of interest in OXPHOS protein datasets, a general model is sought, one
that does not depend on the specifics of these datasets. Therefore, a model is proposed
that fits to the data represented in a single 2Dmito plot, the protein abundance of one
OXPHOS protein for one patient and a number of controls. The independence between
patients allows the model to not rely on a large number of patient samples or OXPHOS
proteins, and it is hoped this makes the model more robust for use on other datasets. The
model could include additional layers, e.g. patient-level hierarchies. However, there is
likely not enough patient-level data to include this, and it makes the model less generalis-
able. A Bayesian hierarchical model can naturally account for the inter- and intra-subject
variability while borrowing strength between subjects and a mixture model gives rise to
the myofibre classification. Incorporation of prior knowledge through Bayesian methods
gives weight to areas of the parameter space which are known to be more likely, reducing
the risk of misclassification.

The model described below is fitted to the data represented in a single 2Dmito plot,
and, therefore, all parameters described in the model are specific to that particular patient
and OXPHOS protein. Consequently, for the Vincent et al. dataset, the model will be
fitted independently 33 times, 11 patients each with three OXPHOS proteins. Similarly
to the frequentist linear model, the single-myofibre protein abundances from k —1 control
subjects are utilised in the model to identify like-control protein abundances. However,
in the hierarchical approach, each control subject and the patient are considered separate
experimental units in the hierarchy, totalling k groups. All experimental units have many
single-myofibre OXPHOS protein abundance observations and corresponding measures of
mitochondrial mass.

The proposed model is a two-component mixture model, allowing for the classification
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of patient myofibres. The first component is intended to model the like-control myofibre
populations in both control subjects and the patient. All control subject myofibres are
assumed healthy and belong to the first component with probability 1.0. Not-like-control
patient myofibres are intended to be modelled by the second component of the mixture
model.

Like-control myofibres show a linear relationship. However, not-like-control myofi-
bres can show a range of abundance profiles, which a single model cannot characterise.
Consequently, choosing a specific model for the second component would likely lead to
over-fitting and may result in misclassification. The second component is chosen to be
a linear model with the same slope and intercept as the first, but with a constant and
arbitrarily large variance. The component is intended to be dispersed enough to model
all myofibres whose protein abundances are inconsistent with the first component. The
model is not symmetric in the component parameters, and the model parameters are
identifiable. This removes the risk of label switching commonly associated with mixture
models.

The model hierarchy is placed on the slope and intercept, and so each experimen-
tal unit (subject) is modelled with a different slope and intercept, accounting for the
inter-subject variability. Many previous studies have demonstrated a correlation between
OXPHOS protein abundance and VDAC abundance in healthy control subjects (Rocha
et al., 2015; Vincent et al., 2024; Warren et al., 2020). Furthermore, the works have
elucidated a similar relationship in the sub-population of patient myofibres and separate
sub-populations without this relationship, meaning that a single patient sample consists
of myofibres that are a mix of like-control and not-like-control. Accordingly, the model
error is assumed to be equal across all experimental units in the hierarchy.

The model, written below, describes the distribution of the j-th myofibre in the i-th
subject for the data represented in a 2Dmito plot. Let {X;;,Y;;} be the log-transformed
OXPHOS protein and mitochondrial mass marker abundances. Discussion of the prior
specification is left to the next section. The constant precision of the second component
is denoted ~; all other parameters described in this section are considered unknown and
to be inferred. The choice of « is discussed in Chapter 4.4.4.

Let M; be the number of observations for the i-th subject, and 1 = 1,...,k —1 be the
control subject indexes. Then, fori=1,....k—1and j=1,2,..., M;

Y;j|mi, ¢, 7T~ N (leU + Ci,Til) , (43)

where m; and ¢; are subject-specific slopes and intercepts, and the model precision, de-
noted 7, is for all subjects. Myofibre protein abundance for the patient, ¢ = k, is modelled
using a two-component mixture model,

ij]mk, Cly Ty 7Y ™~ (1 — 7T) N(kak] + Cg, 7'71) —+ WN(kakj -+ Ck,")/il). (44)

Let the latent variable, Z;;, be the classification of the j-th myofibre from the i-th subject.
If 7 is a control subject its value is fixed, fori =1,...;)k—1land j=1,..., M,,

Zij = 1. (4.5)
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For i = k, it is a random variable, and for j =1,..., M}
Zyj|m ~ Bern(). (4.6)

The hierarchy appears in the prior distribution for the slope and intercept. For the
priors aret=1,...,k

m; ’/’L'mn Tm ™ N[O.l,oo) (Nm7 Tn_ql)a

4.7
Ci‘,uc’Tc ~ N(MCaT;1>' ( )

Where i, tte, T, and 7. are to be inferred, again, their prior distributions are discussed in
the coming section. Note the distribution of m;’s is a truncated normal distribution. The
truncation prevents the slope from becoming negative or being too close to 0.0, imparting
an assumption of a positive correlation between mitochondrial mass and OXPHOS protein
abundance (Rocha et al., 2015; Vincent et al., 2024; Warren et al., 2020).

4.3.2 Prior specification

Protein abundance data differs in shape and scale between OXPHOS proteins and collec-
tion methods. For example, compared to IMC, datasets collected by IF have larger scales
due to the higher resolution and bit depth of IF. To keep the model generalisable and
prevent the elicitation of a new prior for each dataset, we propose informing prior beliefs
from control data collected with the same experimental conditions. An understanding
of the relationship between (log) OXPHOS protein abundance and mitochondrial mass
marker abundances can be gained by fitting a linear model to each control subject inde-
pendently, which yields a set of estimates for the slopes, intercepts, and precision. The
initial parameter estimates can be used to inform the expected parameters a priori, by
setting the prior expectation to the mean of the appropriate estimates.

The aim of the analysis is to classify individual myofibres as not-like-control and to
infer the proportion of not-like-control myofibres in a patient sample. The use of control
subject data for the construction of prior beliefs allows more information to be imparted
from the control subjects before formal inference is made. If there were more control sub-
ject samples collected in the experiment this may not be necessary, as the model should
be able to learn more about global parameter values through the borrowing of strength in
the hierarchy. The analysis still allows parameter values to move away from these values,
and account for natural inter-subject variability. Prior uncertainty in model parameter
values is not informed by the control data and was chosen to reflect our beliefs; the effect
of prior uncertainty on the model outcome is discussed in Chapter 4.4.4.

Normal distributions are used to summarise prior beliefs about expected slope and
intercept, fi,, and fie, ftim ~ N (am,bn) and pe. ~ N (ae, b.). Their prior expected values,
a,, and a., are informed from the control data and are the means of the appropriate
parameter estimates after fitting linear models to the control subject data. Consequently,
the uncertainty in their values is fairly low, and b,, = b. = 0.25% is chosen to reflect this.

A gamma distribution is used to summarise the model precision prior beliefs, 7 ~

Ga(g,h). The shape and rate are chosen such that the mode a priori is equal to the
mean of the model precision estimates from the linear models independently fitted to the
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Figure 4.7: DAG of Bayesian hierarchical linear mixture model to classify myofibre’s
OXPHOS status. Parameters to be inferred are shown in a circular node, and known (hyper-)
parameters are in a square node. Prior parameters informed through initial inspection of the
control data are highlighted in blue, and prior parameters we chose to reflect uncertainty are in
yellow. Let k be the number of subjects in the 2Dmito plot and M; be the number of myofibres
in the i-th subject sample. The subject-specific slope and intercept are labelled m; and ¢;, with
expectations and precisions: i, and 7,,,, and u. and 7., respectively. The hyper-prior parameters
are labelled with appropriate subscripts. The prior parameters of the inferred model precision,
7, are informed by previous estimates, where m(-) and v(-) define the mean and variance of a
set of estimates.

control subjects’” data. The variance of 7 is chosen to equal 10.0, reflecting a relatively
high amount of uncertainty.

The slope and interceptes prior uncertainties, 7,,, and 7., are believed to be independent
a priori and summarised by gamma distributions, 7,,, ~ Ga (gm, hm) and 7. ~ Ga (ge, he).
There is a fair degree of uncertainty in the variation between subjects and, consequently,
the variation between models fitted to the data from those subjects. Therefore, it is
reasonable to expect the precisions 7, and 7. to be in the range [1.0, 100}, and prior pa-
rameters are chosen to reflect this. We chose a prior mode and variance of 50.0, which is
equivalent to the shape and rate parameters being ¢g,, = g. = 1.020 and h,,, = h. = 51.981.

It is possible to elicit a prior for the proportion of not-like-control myofibres in a pa-
tient sample, however the beliefs are specific to a single patient given their age, mutation
type, and OXPHOS protein in question. For the Vincent et al. dataset, no patient is
believed to have a not-like-control proportion greater than 50% in any OXPHOS protein
(Lehmann et al., 2019). Maintaining some generality, we choose to model each dataset
represented in a 2Dmito plot with the same prior beliefs. After consultation with experts,
the amount of uncertainty for a general prior was deemed so high that a flat prior on the
range [0.0.5] was appropriate; therefore, 7 ~ U(0, 0.5).
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Lastly, the constant precision of the second component, -, is chosen to be four or five
orders of magnitude smaller than the precision of the first component, 7, and fixed at
~ = 0.0001. The impact of this choice is assessed in Section 4.4.4.

Figure 4.7 shows a DAG of the Bayesian hierarchical model described in this sec-
tion. Parameter dependencies and prior parameters informed by control subjects are
highlighted. An additional parameter is introduced in the DAG for convenience. Let

, (4.8)

Tij = .
v otherwise

. {T, if 7 is a control subject or Z;; =0
then 7;; is the linear model precision, conditioned on the latent state classification of the
(i, 7)-th myofibre.

4.3.3 Computational methods

The Bayesian model is not analytically tractable, however, its posterior can be sampled
via MCMC methods. The model is, in fact, semi-conjugate, meaning the posterior can
be sampled via a Gibbs sampler.

Gibbs sampler

The calculation of the FCDs can be found in Appendix A.1. Continuing the notation
introduced in for DAG, 7;; = 7 if j-th myofibre from subject ¢ is classified as like-control,
for control subjects (i = 1,...,k — 1), this is always true. The Gibbs sampler targeting
the joint posterior distribution of the parameters in the Bayesian model is described in
Algorithm 6.

The complex nature of the joint posterior led to the Gibbs sampler suffering from very
high autocorrelation and slow exploration of the parameter space. The MCMC chains
were also prone to becoming stuck in local maxima and could not escape to reach global
maxima within a practical timescale. Executing many chains helped the local maxima
issue, but running the same inference scheme a large number of times is impractical.
Instead, model inference was moved to STAN (Stan Development Team, 2020). STAN
was chosen as it generally offers an efficient exploration of the parameter space and little
autocorrelation compared to JAGS (Plummer, 2003).

STAN

The parameters were inferred using STAN (Carpenter et al., 2017), via the R package
rstan (Stan Development Team, 2020). Three chains were executed and checked for
convergence by multi- and univariate effective sample size, R values, and inspection of
trace plots (Vats et al., 2019; Vehtari et al., 2021). Any chain showing signs of non-
convergence was ignored. The chain with the highest minimum univariate ESS was used as
the basis for further analysis to maintain a consistent number of posterior draws between
different models.
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Computation cost

The computational cost of the model is greater than the frequentist model. However, for
a single dataset, the computational expense is relatively low. To indicate the time and
computing power required to fit the model. The Vincent et al. dataset contains 1,155
control subject myofibres and between 152 - 1,199 patient myofibres, resulting in 1,307
to 2,354 data points per 2Dmito plot and per inference scheme. The wall clock time for
a single execution of the inference scheme (one chain for the data represented in a single
2Dmito plot) ranged between 44 and 155 seconds. The Gomes et al. dataset contained
larger tissue samples, with more myofibres. For patient P04, the total number of myofibres
per inference scheme ranged from 10,880 to 12,609, including both control and patient
myofibres. The wall clock execution time for one chain of the inference scheme ranged
from 4,174 to 35,114 seconds, a significant increase in inference time. Each scheme was
executed for 22,000 iterations, of which the first 20,000 were considered part of the burn-
in period, an amount found satisfactory for convergence for the majority of the dataset.
Inference was executed on a 2023 MacBook Pro with an M2 Pro chip and 16GB of RAM.
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Algorithm 6 Hierarchical linear mixture model Gibbs sampler

1. Initialise the state of the chain

0)

00 — (1, 7,0 1 O 0 1y ©) 1y O (0 0 ©) O @) ONT

*

and set t = 1.
2. Sample the latent states Z®. Fori=1,...,k—1, Zij ® =0 for all j, and for i = k
and j =1,2,..., M,

2416%"" ~ Bem (p;)
Py — val eXp [ (Vi — ﬂkj)i] ]
VT exp [F (Yiy — fug)?] + A exp [ (Yay — firy)?]
fg = M X + ¢

3. Generate 8Y) by sequential random draws from the parameters’ FCDs. Let ji;; =
mZXw + C; and %Z(Jt) = T(til)]I(ZZ‘j(t) == 0)) + ’}/I[(Z = ].)

T O1Y, 2,61, ~ Ga (g + N/2, i+ 3 X0 (@ = D))

i 0y, 2" 6" ~ Ga (g6+%, he + 2528 (p 0 c-<t—1>)2>
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(oot V)
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Oy, z® ")
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t
~N ,um( )Tm( ) —+ ,ume (Tm(t) + 7~.m)—1
T ®) + T,

M;
J=1

1

m_t

M;
~ t 1) Ci(t_l)Xij>

Z
Jj=1

vi Fori=1,2,... k,

®r.® i A=) (o (DX M,
(t)|Y,Z(t)70(_t)Ci ~N (:u Te +Zg 1 7ij (Yzj m; Xz]) - (t—l))_1>

i A(t 1)
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1 k. M; 1 k. M;
Gr=g+5> > 2" =0), he=h+23 > (i —Yy)'LZ;" =0)
i=1 j=1 i=1 j=1

4. Increment ¢ by 1 and return to step 2.
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R package

The STAN files and inference functions were stored in an R package, allowing the Bayesian
hierarchical model to be implemented by others. The package is available for down-
load through GitHub, (https://github.com/jordanbchilds/analysis2Dmito). In addition
to functions for performing inference, the package includes several plotting functions to
help visualise output, as well as function documentation and a detailed README file on
the GitHub page. Which describes data format requirements and an example inference.

4.3.4 Generating synthetic data

The model assumptions are investigated through two synthetic datasets. One dataset has
OXPHOS protein abundances, which resemble IMC data in scale, and the other dataset
has larger protein abundances reflecting the higher resolution data collected by IF, re-
ferred to as DO1 and DO2, respectively. A larger inter-subject variability is imposed in
D02 to demonstrate the model’s flexibility.

Do01

To generate the synthetic dataset D01, ground truth parameter values are set by randomly
sampling from the marginal posterior distributions after fitting the Bayesian hierarchical
model to the Vincent et al. dataset. Therefore, the synthetic data contains four control
subjects, 11 patients and protein abundances for CYB, MTCO1, and NDUFBS. Control
data is repeated between 2Dmito plots, and so the Bayesian model is independently fit
to the control data for each patient and OXPHOS protein. The resulting control subject
posterior beliefs are, therefore, not consistent across posteriors. Consequently, a different
set of control subject ground-truth parameters and synthetic protein abundances are gen-
erated for each patient and OXPHOS protein.

To generate ground-truth parameter values low-level parameters (i, fie, Tm, Te) are set
at their posterior expectations and high-level parameters are randomly sampled condi-
tioning on their value. Let an asterisk, *, indicate a ground-truth parameter. For a given
patient and OXPHOS protein, the ground-truth slope and intercept for each experimental
unit is sampled

m |, ~ N ()

&Lz, 72 ~ N (g, 72 71) - -
The ground-truth proportion of deficiency is randomly sampled from the appropriate
posterior distribution, 7 ~ p(7|Y’). The ground-truth OXPHOS status of each patients’
myofibres are independently sampled, dependent on the ground-truth proportion of defi-
ciency, from a Bernoulli distribution. Ground truth OXPHOS status for control subject
myofibres was set to like-control, i.e. Z;; =0 for ¢ =1,...,k — 1 and Vj, patient ground-
truth OXPHOS status is randomly sampled. For j =1,2,..., M}

Zy; ~ Bern(m"). (4.10)

Synthetic OXPHOS protein abundances for control and like-control patient myofibres
were sampled from a linear model, with slopes and intercepts being the ground-truth
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parameters as appropriate, dependent on the observed (log) VDAC abundances. For
1=1,2,...;kand j=1,2,..., M,,

YilZ =0~ N (mi Xy + ¢, 771 (4.11)

Synthetic OXPHOS protein abundances for not-like-control myofibres were sampled from
a linear model with a decreased expectation and higher variance than the linear model
that sampled the patient’s like-control protein abundances. For j =1,2,..., M

. . .11 10
ij|ij =1~N (kakj + Cp — ﬁ’ ;) . (412)

D02

The synthetic dataset D02 is created with a larger scale and has increased inter-subject
variability. The generation of the D02 closely follows D01; however, two extra steps are
implemented. Firstly, after the sampling from the posterior, the model precisions, 7,,, 7.
and 7, are decreased by a factor of 4, increasing between-subject variability. Secondly,
the observed (log) VDAC abundances are linearly transformed, increasing the scale of the
data. Fori=1,2,...;kand j =1,2,..., M;

Yl Z5 = 0~ N (m(3X,; +8) + ¢, 7 7Y)

Y;|Z;=1~N (mf(SXm' R v

<+ D01 D02
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Figure 4.8: Example 2Dmito plots from synthetic datasets D01 and DO02. Synthetic
control subject abundances are shown in black and synthetic patient data is blue. Single-
myofibre abundances whose ground-truth OXPHOS status is deficient are highlighted with a
single yellow dot. The data were generated using the methods described in Chapter 4.3.4. Using
the logged VDAC abundances and posterior distributions associated with fitting the model to
logged NDUFBS8 abundances for P09 in the Vincent et al. dataset.

4.4 Results

4.4.1 Vincent dataset

The Bayesian model fit is shown for an example patient, P09, in Figure 4.9. The 95% pos-
terior predictive intervals match the like-control patient myofibres well and have moved
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away from the control myofibres where needed. Initial visual inspection suggests that
the Bayesian model provided a better classification than the frequentist linear model, see
Figure 4.3. Unlike the frequentist model, the Bayesian linear model has not bisected the
like-control patient myofibre population. The confusion matrices, Figure 4.9, confirm that
the Bayesian model has classifications much more in line with the manual classifications,
with misclassification rate ranging from 0.5% to 1.8% in patient P09.

E[z|X]=6.39% E[z|X]=555% E[z|X]=7.63%
o _| o o
™ ) )
5 o =
T m o 0O o
O o > o O «i
o @] =
2 5 =3
g2 -2 g2
o o o
o o o I
0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0
log(VDAC) log(VDAC) log(VDAC)
NDUFBS CYB MTCO1
Manual Manual Manual
0 1 0 1 0 1

525 | 10 01525 3 0539 2

Bayes —=—3-1361 17 2 (41| 1] 1 [29

Figure 4.9: Bayesian model correctly identifies the majority of like-control patient
myofibres. Model posterior and classifications for three OXPHOS proteins for P09 with 571
myofibres (coloured points). Control myofibres are shown in grey (1,155 myofibres from four
healthy subjects). Patient myofibres are shown on a scale of blue to red, depending on their
probability of being not-like-control. The 95% posterior predictive interval and fitted values for
the healthy patient (log) OXPHOS abundance are shown in green. The tables show confusion
matrices when classifying P09 patient myofibres, comparing the Bayesian classification method
to the manual classifications. A single myofibre was characterised as like-control if the expected
marginal posterior probability of the myofibre being not-like-control was less than 50%.

Marginal posterior parameter beliefs for an example model fit are shown in Figure 4.10.
Prior and posterior beliefs are very similar for 7, and 7., indicating little has been learnt
about their value after observing the data. This is not unique to the data represented
in this 2Dmito plot and can be seen across the Vincent et al. dataset. However, the
beliefs about the expected slope and intercept, ., and pu., have been consistently updated
across the dataset. Their posterior expectation has not changed drastically, but this is
to be expected given the high degree of certainty in their values a priori. A reduction
in uncertainty can be seen in the population slope and intercept, primarily due to the
reduction in uncertainty in their expectations, pu,, and p.. A large decrease in parameter
uncertainty can also be seen in the not-like-control proportion and the model precision.
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Figure 4.10: Marginal prior and posterior densities for all parameters after classifying
myofibres from P09 by NDUFBS. Kernel density estimates of 20,000 draws from prior
(pink) and posterior (green) distributions. Posterior densities of patient slope and intercept are
thick, solid green. The control posteriors are shown as transparent green. Dotted lines indicate
the population marginal densities of the population-level distributions of the slope and intercept,

N (. 7!) amd N (e, 7).

The inter-subject variability is highlighted in the marginal posterior distributions for
the subject-specific slope and intercepts, Figure 4.10. For this patient, the linear model’s
slope, m;, shows a substantial difference from the control subject parameters, with no
overlap in the bulk of the posterior densities. Similar differences in the subject-specific
posterior beliefs can be seen throughout the dataset.

The differences in the output from the two models are highlighted in the inferred/es-
timated not-like-control proportions. The difference between the frequentist model’s es-
timates and the manual classification estimate ranges from 7% to 85%, with a mean
difference of 32%. The expected difference in the Bayesian approach ranges from -3% to
6%, with a mean expected difference of -0.1%. The posterior expectation was calculated
by the mean of the posterior draws. The not-like-control proportions from the two mod-
els are also substantially different, the probability of observing the frequentist model’s
estimates, given the appropriate Bayesian posterior, range is (< 2.0 x 1074,6.0 x 1074].
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Figure 4.11: The difference between the frequentist and manual estimates of the pro-
portion of not-like-control is larger than that of the Bayesian and manual estimates.
The differences between the manual and frequentist classifications are represented by point es-
timates, shown as triangles. The difference between the Bayesian and manual classifications
is distributions summarised by 5,000 posterior draws. Each posterior sample of the difference
distribution is shown as a small transparent circle. The dashed line is zero. Therefore, the
distance between the dashed line and the points is the difference in the estimated proportion of
not-like control myofibres from the two methods models and the manual classification.

4.4.2 Synthetic data

The synthetic datasets were classified by both the Bayesian and frequentist classification
pipelines. The performance of the two models is evaluated by comparing the inferred/es-
timated not-like-control proportion and the inferred/estimated OXPHOS status of indi-
vidual myofibres compared to the ground-truth values.

For convenience, a single myofibre is characterised as not-like-control by the Bayesian
model if the expectation of its marginal posterior probability of belonging to the second
component is above 0.5. After fitting the Bayesian classifier to the synthetic dataset D01,
six patient myofibres, of a possible 19,553, were characterised in opposition to their ground
truths. Five of the misclassifications are false-negatives, incorrectly classifying a single
myofibre as like-control. By chance, the myofibres misclassified as like-control showed ab-
normally high protein abundances, which closely resembled those of like-control myofibres.
The single false-positive misclassification showed a particularly high protein abundance
compared to the rest of the data. A small number of synthetic myofibres with (log) OX-
PHOS protein abundances outside of the like-control range is expected when generating
a synthetic dataset due to the random nature of its generation. Therefore, some misclas-
sifications are to be expected.
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Figure 4.12: Bayesian model accurately estimates ground-truth not-like-control pro-
portion, D01 and DO02. The differences between the ground-truth and frequentist classifi-
cations are point estimates and are shown as triangles. The difference between the inferred
proportion of deficiency and ground-truth distributions is summarised by 5,000 posterior draws.
Each posterior sample of the difference distribution is shown as a small transparent circle. The
dashed line is zero. Therefore, the distance between the dashed line and the points is the dif-
ference in the estimated proportion of not-like-control myofibres from the two models and the
ground-truth value used to generate the synthetic data.

Upon inspection of the 99% posterior HDIs, the posterior proportion of not-like-control
myofibres shows no difference to the ground-truth values. The expected posterior differ-
ence between the inferred proportion and ground-truth is [—0.07,0.03]. When fitting
the frequentist model, the difference in the ground-truth and estimated proportion of
deficiency range is [—0.006,0.868]. Further, a substantial difference is found in the not-
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like-control proportion estimates of the two models for the majority of synthetic datasets.
The posterior probability of observing the frequentist estimate, or more extreme, was
less than 1% for 24 out of 33 samples. The differences in the not-like-control proportion
between the two models and the ground-truth can be seen in Figure 4.12.

The Bayesian model also shows more accurate estimates of the not-like-control pro-
portion in D02 than the frequentist model. The expected posterior difference between the
Bayesian model and the ground-truth is [—0.058,0.066], while the frequentist difference
range is [—0.029, 0.928]. Similar to D01, the ground-truth values lie within the appropri-
ate 99% HDIs, indicating no substantial difference.

The Bayesian model’s susceptibility to over-fitting was assessed by randomly splitting
DO1 into training and validation subsets. Approximately 80% of each subject’s myofi-
bres were used for inferring the parameters of the Bayesian model, and the remaining
20% of patient myofibres were used for validating model classifications at a single myofi-
bre level. The marginal posterior probabilities of unseen myofibres being not-like-control
were compared to the marginal posterior probabilities when the whole dataset was seen
during inference. No evidence of a difference between the probabilities was found for any
myofibre by checking that 0.0 lay within the 99% HDIs of the posterior differences.

4.4.3 Gomes dataset
Po1

Within patient PO1 the model successfully identified all like-control myofibre populations
in both OXPHOS proteins, even when the population was split. The inferred proportion
of OXPHOS deficiency shows a higher degree of consistency between adjacent serial sec-
tions and tissue blocks than the frequentist method for all samples in patient P01; see
Figure 4.13. In all but one case the frequentist model estimated the deficient proportion
to be substantially higher than the Bayesian analysis when examining the 99% HDI of
the posterior proportions, consistent with results from the Vincent et al. and synthetic
datasets. It is clear from Figure 4.13 that the within-block frequentist estimates have a
much higher variance than the Bayesian model, indicating a much higher degree of con-
sistency.
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Figure 4.13: Bayesian model consistently infers OXPHOS deficiency proportion, P01
Gomes dataset. Posterior beliefs of the proportion of OXPHOS deficiency for all tissue samples
in patient P01, from the Gomes dataset. Tissue serial sections are grouped by grey vertical bands
and samples from different tissues (QD and TA) are separated by the dashed black line, and
labelled appropriately. Bayesian posterior distribution is summarised by 2,000 draws from the
posterior distribution inferred via STAN. Single-point frequentist estimates of the proportion
are shown as triangles outlined in black.

P02

The Bayesian model successfully identified the MTCO1 status of all samples and 19 (out
of 21) samples for NDUFBS, identifying the population of like-control myofibres and in-
ferring a reasonable value of the proportion of deficiency. Unfortunately, the inference
chains for the remaining two schemes failed to converge to one posterior distribution;
in both cases, three chains were executed, and one of them was considered a successful
classification. The number of chains was then increased to 20, and they were similarly
divided between two distributions: one with successful classification and one classifying
all patient myofibres as like-control. Unlike other examples, the chains could not be dis-
tinguished by signs of non-convergence. Therefore, the inference scheme was rerun with
a larger burn-in, 100,000 iterations, compared to the 20,000 iterations previously used.
The increased burn-in period aided inference, and two of the three executed chains cor-
rectly identified the like-control population of myofibres. However, the chains were still
indistinguishable in their univariate and multivariate effeective sample sizes (ESSs).

A further increase to the burn-in period would, in theory, allow all chains to converge
to the same posterior distribution. However, increasing the number of burn-in iterations
to 200,000 was computationally prohibitive and exhausted the memory (RAM) of a 16GB
machine. Inference was then attempted using a Gibbs sampler, Algorithm 6, which was
able to better deal with the memory requirements of the inference scheme but its slow ex-
ploration of the parameter space and high autocorrelation meant it was also impractical,
and after a 2,000,000 iteration burn-in period the chains had not converged.

101



The chains of the inference scheme, executed in STAN, were re-inspected and drastic
differences were seen in their posterior likelihoods. Inference schemes which correctly clas-
sified like-control myofibres showed substantially higher posterior likelihoods than those
that didn’t, see Figure 4.14. The higher posterior likelihood indicates that this distribu-
tion is in a region of higher posterior density, and given sufficient time, all chains would
converge to this distribution, assuming this is the posterior maximum. The chains with
a lower posterior likelihood are likely stuck in a local maximum, which is difficult to escape.
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Figure 4.14: Inference chains with high posterior likelihood correctly classify patient
myofibres. The two posterior distributions found when fitting the Bayesian classifier to a
patient sample, P2-TA-B1-S2, from the Gomes dataset, as well as the posterior likelihoods.
Control data are coloured black, and patient data are blue or red depending on their posterior
classification. Single myofibres classified as being like-control are blue, and not-like-control
myofibres are red. The 95% posterior predictive for the linear model fitted to the like-control
patient data is shown in green. The expected proportion of deficient myofibres, E[r|X], is shown
for both inference schemes.

Other than these two samples, the Bayesian model performed well, inferring the pro-
portion of deficiency more consistently than the frequentist method, which, similarly to
before, produced substantially higher proportion estimates, as shown in Figure 4.15.
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Figure 4.15: Bayesian model consistently infers deficiency proportion in P02, Gomes
data. Posterior beliefs of the proportion of OXPHOS deficiency for all tissue samples in patient
P02, from the Gomes dataset. Grey vertical bands group tissue serial sections, and samples from
different tissues (QD and TA) are separated by the dashed black line, and labelled appropriately.
Bayesian posterior distribution is summarised by 2,000 draws from the posterior distribution
inferred via STAN. Single-point frequentist estimates of the proportion are shown as black
triangles. For the two schemes which did not converge, TA-B1-S1 and TA-B1-S2, the inferred
proportion from both posterior modes are shown.

P03

Recall that P03 of this dataset showed different OXPHOS protein abundances compared
to patients P01 and P02 and the patients within the Vincent et al. dataset, lacking a
clear distinction between like-control and not-like-control myofibres, shown in Figure 4.5.
Unfortunately, the Bayesian model largely failed to classify the myofibres within this pa-
tient. Nine tissue samples were analysed by QIF, the estimated proportion of NDUFB8
deficiency for six of the samples was approximately zero, in contradiction to expert prior
beliefs. All samples showed very low levels of MTCO1 deficiencies, by inspection of their
2Dmito plots, and this was reflected in Bayesian posteriors, Figure 4.16. Apart from one
chain, which was removed, the inference chains of the misclassified output converged to
the same posteriors and showed no signs of non-convergence. Therefore, there is no ev-
idence to suggest that this misclassification is a convergence issue, such as that seen for
P02, and the posteriors should be taken as they are.

The misclassifications, although disappointing, are not surprising. The model as-
sumes that the like-control myofibres show a clear linear relationship between OXPHOS
and VDAC abundances on the log-scale. However, there is almost no separation between
like-control and not-like-control patient protein abundances for the samples in this pa-
tient, see Figure 4.5.
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Figure 4.16: Bayesian model fails to consistently classify myofibres within non-distinct
healthy OXPHOS abundances. Posterior beliefs of the proportion of OXPHOS deficiency
for all tissue samples in patient P02, from the Gomes dataset. Tissue serial sections are grouped
by grey vertical bands and samples from different tissues (QD and TA) are separated by the
dashed black line, and labelled appropriately. Bayesian posterior distribution is summarised by
2,000 draws from the posterior distribution inferred via STAN. Single-point frequentist estimates
of the proportion are shown as triangles outlined in black.

4.4.4 Sensitivity to prior specification

The Bayesian model requires the prior specification of several parameters, the value of
some has been informed by the control subject’s data, while some have not. Here, we
assess the impact of prior parameters, which were chosen to reflect our prior beliefs. To
this end, the inference for Vincent et al. was rerun with a varying set of prior parameters.
First, we consider the parameter 7, the fixed precision of the second component of the
mixture model. Since the parameter is not inferred, it is reasonable to assume that its
choice can significantly impact the model output.

The Bayesian model is fit to Vincent et al. dataset with v fixed at varying values
between [0.0000001, 1.0]. The resulting model fits are compared by inspecting the mean
absolute difference (MAD) between the inferred not-like-control proportion and the esti-
mate from manual classification. Figure 4.17 shows that the value which minimises this
criterion is v = 0.0001. Values of v in the range [0.00001,0.01] show similarly low MAD
values, indicating that these could also be appropriate.

To assess the impact of prior uncertainty on the model output, the model parameters
were inferred using two prior parameter sets: one with increased prior uncertainty and
one with decreased prior uncertainty. An assessment of the prior uncertainty in m was
not considered, as its prior is flat, and its choice was discussed in Section 4.3.2. Prior
uncertainty for the rest of the parameters; p,,, 7, e, 7. and 7, was considered. The
prior variance for each parameter was increased and decreased by a factor of five. The
resulting models were inspected through the not-like-control proportion. There was no
evidence of a substantial difference between the proportions throughout the dataset when
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Figure 4.17: Difference between Bayesian model and manual classification is min-
imised at v = 0.0001. The mean absolute difference (MAD) between the Bayesian proportion
of difference and the manual classification calculated across all samples and proteins within the
dataset was calculated for varying values of ~.

checking 0.0 lay within the 95% HDI of their posterior difference.

4.5 Discussion

The proportion of patient myofibres which are not-like-control (assumed to have some
OXPHOS defect) is an important tool for measuring the pathological progression of mi-
tochondrial disease or assessing the effect of treatments over time. In addition, robustly
classifying individual myofibres as like-control allows their direct comparison for further
investigation to learn other differences associated with OXPHOS dysfunction.

The Bayesian model, proposed here, can be fitted by the R package, analysis2Dmito,
available on GitHub (https://github.com/jordanbchilds/analysis2Dmito). The package
contains functions to infer model parameters and visually asses model output. Prior
construction is automated using control subject data provided by the user and the pipeline
described in Section 4.3.2. However, all (hyper-)prior parameters can be selected manually

if desired.

4.5.1 Key findings

A new model was proposed to identify single myofibres with OXPHOS deficiency using
protein abundances was proposed. A hierarchical mixture model is used to account for
the natural inter-subject variability seen within patients and to infer the latent state of
myofibre classification. The Bayesian paradigm is well suited to classification tasks and
complex hierarchical modelling, inferring uncertainty in the posterior classification prob-
abilities.

The Bayesian and frequentist models have been tested on the same dataset and com-
pared against expert manual classification of the myofibres, and the Bayesian model was
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shown to identify manually classified like-control myofibre populations, which the frequen-
tist model missed. Additionally, the frequentist model was shown to produce many false-
positive classifications, resulting in overestimation of the proportion of not-like-control
myofibres within a patient sample. The Bayesian model’s posterior beliefs for the propor-
tion of not-like-control myofibres show substantially higher agreement with the manual
classifications, achieving a 2% error rate across the Vincent et al. dataset.

The models’ performances were further assessed on two synthetic datasets, where the
Bayesian model showed a higher agreement with the ground-truth OXPHOS status of
single-myofibres, as well as the ground-truth not-like-control proportions. The model’s
susceptibility to over-fitting was tested by splitting a synthetic dataset into training and
validation subsets. The posterior myofibre classifications showed no substantial difference
when the model parameters were inferred using the whole dataset, underscoring the pre-
dictive power of the model.

Prior beliefs are often difficult to elicit from experts when model parameters are ab-
stract. Here, a prior construction pipeline which allows prior beliefs to be informed
from previous experiments or control subject data was proposed and implemented on all
datasets. The model’s sensitivity to the chosen prior parameters was investigated by in-
flating and deflating prior uncertainty and the model proved to be fairly insensitive to the
prior specification. The prior construction pipeline was applied to the synthetic datasets,
where the model successfully retrieved the ground-truth parameter values.

Although mtDNA dynamics are not directly observed in OXPHOS abundance data,
information can be gained about their dynamics indirectly. Robust and accurate esti-
mation of the proportion of myofibres with an OXPHOS defect also yields robust and
accurate estimates for the proportion of myofibres whose variant load has passed the
pathogenic threshold, assuming the biochemical threshold theory. Hence, it would be
possible to use such datasets in the investigation of clonal expansion.

4.5.2 Limitations

The Bayesian model requires healthy patient myofibres to show a strong linear relation-
ship in (log) OXPHOS protein and VDAC abundances, similar to control subject data,
and be distinct from the OXPHOS deficient patient myofibres. When this is not the case,
the model classifications are not reliable, as seen in patient P03 of the Gomes dataset.
Additionally, the Gomes dataset highlighted the complex nature of the posterior distri-
bution and the resulting difficulties in sampling from it. Some inference chains become
stuck at local maxima, which are difficult to escape from. In theory, longer runs of the
inference scheme would solve this issue. However, in practice, this could incur a large
computational cost and require the analysis of the chain output. Both of which may be
challenging to overcome when non-statistical or computational researchers implement the
model.

The Vincent et al. dataset contained no patient whose proportion of not-like-control
myofibres was greater than 50%. A majority of not-like-control patient myofibres would

likely result in the linear model fitting to the not-like-control population. Therefore, the
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classification is not reliable for patients with a majority of OXPHOS deficient myofibres.
In a diagnostic context, the proportion of not-like-control myofibres would not be known
a priori but would be visible during exploratory data analysis. Nevertheless, for patients
with a majority like-control myofibre population, the approach seems to closely match
the expert manual classifications.

Using OXPHOS abundance data to investigate clonal expansion poses some significant
challenges. Clonal expansion is a temporal process whose starting conditions drastically
affect the resulting dynamics. Estimating the inherited variant load from a patient is chal-
lenging due to the bottleneck effect, and ethical considerations make it difficult to collect
tissue samples from a single patient at multiple time points. If this were to be done, sam-
ples would likely be collected from different tissues, which have tissue-specific effects on
mtDNA dynamics. In addition, uncertainty in model parameters such as mtDNA repli-
cation and mutation rates, and the biochemical threshold, means that parameter fixing
is unsatisfactory, and parameter inference is difficult.

4.5.3 Future work

To address the issue of convergence, seen in samples P2-TA-B2-S1 and P2-TA-B2-S2 of
the Gomes dataset, different inference schemes should be proposed and tested to ensure
a fast exploration of the parameter space and an ability to escape local maxima of the
posterior within a reasonable time. Another significant issue persists: patients must show
a specific type of OXPHOS abundance. Namely, like-control myofibres show a linear re-
lationship distinct from the not-like-control myofibre abundances, and the proportion of
OXPHOS deficient myofibres be less than 50%. Although this data type is common, seen
in all patients of the Vincent et al. dataset, POl and P02 of the Gomes dataset, and
the dataset presented in Warren et al. (2020), other OXPHOS abundances prolifes exist,
such as that in P03 of the Gomes data. When this is the case, the Bayesian model’s
results are unreliable. To robustly classify such data, it is likely that a new model will
be needed, one that views the data in a different manner, i.e. not a 2Dmito plot. The
problem is exacerbated by the small number of control subjects within each experiment;
however, ethical and financial constraints make it unlikely that this will improve. What
may help the classification of OXPHOS deficient myofibres is aggregating datasets to-
gether. However, this brings its own problems; collection methods alter the scale, and
the formatting of data is inconsistent. Not to mention problems such as data privacy, an
unwillingness to share, or data being lost. Nevertheless, if a large aggregate dataset were
to be constructed, a Bayesian hierarchical model, not necessarily the one presented here,
is well-suited to account for inter-experimental variation.

The inferred proportion of OXPHOS deficiency could be used in an investigation into
clonal expansion, where the proportion serves as a data point used to fit a mathematical
model. The model would have to simulate the mtDNA population dynamics of individual
myofibres and estimate the deficiency proportion by a number of simulations, comparing
variant loads to a pathogenic threshold. Parameter inference for both the mathematical
model and the Bayesian hierarchical model could be inferred via a single, large inference
scheme. However, this would require considerable work and significant computational ex-
pense. A more pragmatic approach would be to use the posterior expectations or manual
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classifications, if available.
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Chapter 5

Modelling Clonal Expansion

Following Chapter 4, here OXPHOS deficiency data is used to compare models of clonal
expansion. The steps required to develop a new agent-based, spatially dependent model
and the practicalities of inferring model parameters with real and synthetic datasets are
considered.

5.1 Introduction

As discussed in Chapter 1, the mechanisms governing many of the cellular processes
controlling mtDNA dynamics are unknown, adding uncertainty to the driving factors of
clonal expansion. Therefore, developing therapies and treatments to prevent its progres-
sion is extremely difficult. Several studies have proposed and investigated different clonal
expansion theories using experimental results and mathematical models. However, the
high degree of uncertainty within all aspects of the biological mechanisms leads to high
uncertainty in the mathematical models and the parameters which govern them. Some
studies have gone further to compare predictions from different models, but, to the au-
thor’s knowledge, none have inferred model parameter values as well; instead, they favour
the use of experimentally-derived estimates found in the literature. As will be shown
here, a range of parameter values are capable of replicating the dynamics within a single
dataset, and, therefore, parameter fixing is undesirable. To overcome this, a compre-
hensive investigation that accounts for the parameter uncertainty and formally compares
clonal expansion theories is needed. Bayesian inference is well-suited to such tasks due
to its ability to handle complex model structures, intractable likelihoods, and the propa-
gation of parameter uncertainty. Bayesian methods also work well with model selection
methods, such as Bayesian information criterion (BIC), which can account for parameter
uncertainty and provide quantitative justifications for specific models.

Unfortunately, such an investigation could not be done due to this project’s time and
resource limitations. Instead, the practicalities of using OXPHOS deficiency proportion
data, like that seen in Chapter 4, are investigated to compare mathematical models of
clonal expansion. Chapter 5.3 discusses the mathematical and statistical details of the
models and comparison techniques. The remainder of this section discusses existing work
using mathematical modelling and related parameter estimates found in the literature.
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5.1.1 Random genetic drift

RGD assumes no replicative or degradative advantage between wild-type and variant
mtDNA and, therefore, it assumes equal reaction rates or probabilities between the species
(Chinnery & Samuels, 1999). Since its introduction, the model has become very popular
within the literature, often being used as a neutral model to compare against or as a ba-
sis for investigating other mechanisms, such as copy number control (Capps et al., 2003;
Hoitzing, 2017) or the genetic bottleneck (Johnston et al., 2015).

The earliest mathematical models of clonal expansion reflected the assumptions of
RGD. Chinnery and Samuels (1999) investigated the probability of reaching variant and
wild-type homoplasmy within post-mitotic cells for patients with inherited variant loads
and mtDNA maintenance disorders. They developed a discrete-time stochastic model to
simulate mtDNA dynamics and estimate the proportion of cells reaching homoplasmy for
various starting conditions and model parameters. Their model’s replication rate was
deterministic, with the number of mtDNA replications within a single time-step calcu-
lated depending on the system’s current state. However, the degradation of molecules
was stochastic, following a Poisson process (Chinnery & Samuels, 1999). Elson et al.
(2001) also executed discrete-time stochastic simulations to show that post-mitotic cells
in healthy patients could reach COX deficient status throughout the human life-span. In
their work, Elson et al. showed that the rate of clonal expansion is dependent on copy
number, with high copy numbers slowing mtDNA dynamics. Coller et al. (2001) mod-
elled mtDNA dynamics in mitotic cells, while investigating the mtDNA mutations in the
colonic crypt. Their model differed slightly, focusing on replenishing mtDNA between
cellular divisions and simulating the number of variant mtDNA that arise before the next
division from a Poisson distribution, rather than randomly simulating each mtDNA repli-
cation.

Few works have focused on inferring the mathematical model parameters, and instead
have used values from the literature. Henderson et al. (2009) developed a continuous-time
stochastic model reflecting RGD for mtDNA within neurons and implemented Bayesian
inference to infer model parameters (Henderson et al., 2009). However, they found the
computational cost of simulating from the model via the Gillespie algorithm (or approxi-
mation algorithms) too great for inference, and therefore implemented an emulator that
inferred the mathematical model output based on parameter value inputs. The emulator is
far less computationally expensive to sample from and so, once built, can massively reduce
inference time. Later work by Henderson et al. (2010) combined stochastic simulation and
a statistical model, which can use multiple data sources, again inferring parameter values
by Bayesian inference and an emulator. In both cases, the inferred parameters showed
decreased uncertainty a posteriori and the predictive distributions showed a strong re-
semblance to the data.

Some works show contradictory evidence, suggesting that RGD is not an appropri-
ate model for mtDNA dynamics. Kowald and Kirkwood (2013) developed a discrete-time
mathematical model of mtDNA dynamics reflecting RGD to simulate the proportion COX
deficient cells. They showed that to obtain the observed proportion of COX deficiency
for short-lived species, the mutation probability must be increased by a factor of 200,
compared to the probability when recreating data for long-lived species. However, in
their investigation, all other parameters (mtDNA half-life and copy number) remained
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unchanged, which may not be appropriate given the species-specific nature of their work.

Aryaman et al. (2019) used a neutral model of mtDNA dynamics to assess the impact
of mitochondrial network fragmentation on variant load mean and heteroplasmy. They
developed a continuous-time, discrete state-space model, simulated by the Gillespie al-
gorithm (Gillespie, 1977), with parameter values found in the literature. Johnston et al.
(2015) used a neutral model of mtDNA population dynamics as part of a larger model
to investigate the mechanisms of the genetic bottleneck. Varying mechanisms of mtDNA
segregation during cellular division were considered, although none distinguished between
mtDNA species. Single-cell mtDNA population dynamics were simulated by the Gille-
spie algorithm (Gillespie, 1977). Using a dataset collected from mouse tissue, parameter
values were inferred using approximate Bayesian computation (Sunnaker et al., 2013).
Hoitzing et al. (2019) investigated the impact of mtDNA populations on the cell’s energy
requirements, using the Gillespie algorithm to simulate from model of random drift.

5.1.2 Survival of the smallest

As discussed in Chapter 1.2, the survival of the smallest hypothesis assumes that the
smaller size of mtDNA with single, large-scale deletions yields a shorter replication time
and thus, a replicative advantage. However, this does not explain the increase in single-
point variants observed (Greaves et al., 2014; Weber et al., 1997). Nevertheless, a variant
mtDNA replicative advantage theory persists in the literature to explain clonal expansion,
although its biological reasoning remains unclear (Insalata et al., 2022; Johnston et al.,
2015).

Kowald et al. (2014) developed an agent-based, discrete-time mathematical model
to investigate the impact of a reduced replication time in variant mtDNA. Their work
considered mtDNA to be in two states: free, non-replicating, or busy, replicating. Repli-
cation times were fixed, but not equal, for the two species, with variant mtDNA molecules
replicating at a specified fraction of wild-type’s. Mutation events occurred during repli-
cation of wild-type molecules with a defined probability, producing one variant and one
wild-type mtDNA molecule. Using parameters from the literature, Kowald et al. showed
that mtDNA half-life (and turnover) is a key factor in mitochondrial dynamics, where
increased mitochondrial turnover increases the rate of clonal expansion. From their sim-
ulations, Kowald et al. concluded that a reduction in replication time is unlikely to be
the biological phenomenon driving clonal expansion, due to the much longer time re-
quired to reach observed levels of COX deficiency (Kowald et al., 2014). However, the
acknowledged uncertainty in their modelling parameters does not conclusively rule out the
model. Later work by Kowald and Kirkwood (2014) combined a variant mtDNA replica-
tive advantage and replication feedback mechanism based on ATP levels. The model
is further discussed in Chapter 5.1.4. Other studies have included a model of replicative
advantage as a comparison, such as (Insalata et al., 2022), also discussed in Chapter 5.1.4.
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5.1.3 Perinuclear niche hypothesis

Vincent et al. (2018) investigated subcellular areas of OXPHOS deficiency within myofi-
bres, finding that localised OXPHOS deficiency was limited to the perinuclear niche and
hypothesised that mtDNA replication is increased within the region due to its resource
abundance. The increased replication increases the rate of variant accumulation due to
mtDNA replication error (Kowald et al., 2014), resulting in localised OXPHOS deficiency.
Vincent et al. also showed that partial OXPHOS deficiency in the cross-sectional direc-
tion is less common than partial OXPHOS deficiency in the longitudinal direction, and
therefore, summised that mtDNA spread is slower in the longitudinal direction. Later
work showed that the mitochondrial network is more highly connected in the myofibre
cross section (Vincent et al., 2019), allowing for the faster spread of mtDNA. The mito-
chondrial network of myofibres is critical to the proposed theory. Other cell types do not
have the same network structure, and smaller sizes do not allow for significant spread of
variant mtDNA and OXPHOS deficiency. Therefore, the perinuclear niche hypothesis is
primarily considered within myofibres.

To the author’s knowledge, a mathematical model of the perinuclear niche theory has
yet to be developed. This is likely because the theory was proposed much more recently
than the other theories discussed in this chapter, published in 2018 (Vincent et al., 2018).
Another reason which may have prevented its development is the spatially dependent na-
ture of the hypothesis. Spatial dependence brings added complexity and computational
cost, which may hinder its practical application. An agent-based mathematical model
reflecting the assumptions of the perinuclear niche theory is developed in Chapter 5.1.3.

5.1.4 Other notable models

Free radical models

Mao et al. proposed a model of mitochondrial dynamics (not mtDNA), which included
the effect of free radicals (ROS) on mtDNA mutation rate, mitochondrial membrane po-
tential, and mtDNA replication rates (Mao et al., 2006). The model was expressed as a
series of ordered differential equations (ODEs). ODEs are fully deterministic and ignore
random fluctuations, which are significant for small populations such as those seen when
a variant mtDNA population first arises. Nevertheless, the model was compared to data
observed in mice and showed a good fit for variant mtDNA accumulation. Where appro-
priate, parameters for the model were taken from the literature, and an estimate of the
mutation rate was found by optimisation.

ATP models

Kowald et al. proposed a mathematical model which included ATP production and use,
and a replicative advantage for variant mtDNA (Kowald & Kirkwood, 2014). Discrete-
time stochastic simulations of the model were compared to those from Kowald’s models
of RGD (Kowald & Kirkwood, 2013) and survival of the smallest (SoS) (Kowald et al.,
2014). Model parameters were taken from the literature or derived as appropriate. Al-
though it appears that the replication rate within this model was taken from the mtDNA
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replication time and did not consider the time between replications. The increased mi-
tochondrial turnover would increase the model’s clonal expansion rate. However, a fair
comparison would be achieved if the other models were executed with the same param-
eters. Their model was able to predict realistic levels of COX deficiency for short- and
long-lived species, whereas their models of RGD and SoS could not. Parameters were kept
consistent between simulations. However, similarly to before, the investigation did not
consider the differences in parameter values between species. The probability of muta-
tion for each model was chosen so that the model simulations resembled realistic output,
10% COX deficiency at various ages. The parameters relating to ATP generation and
use were given no justification from the literature, and only those values were considered.
Nevertheless, the ATP dependent model showed a better fit to observed results, such as
the number of distinct variant mtDNA species and lower mutation probabilities.

Spatially dependent models

Insalata et al. (2022) proposed the stochastic-survival-of-the-densest model of clonal ex-
pansion. The model focuses on the spatial dynamics of mtDNA and how mitochondrial
dysfunction can spread throughout a myofibre (Elson et al., 2002; Vincent et al., 2018).
Much like the perinuclear niche hypothesis, the model is primarily concerned with myofi-
bres, where the spread of mitochondrial dysfunction can be seen due to their large size
and post-mitotic nature. The authors employ a spatial Gillespie model, which models the
myofibre as a series of compartments, each controlled by a single nucleus, which mtDNA
can migrate between. No species-specific replicative advantage was assumed; therefore,
the model was essentially a spatial extension of RGD. Parameter inference was not done,
and parameter values were taken from the literature. Their proposed model more closely
estimated the rate of variant mtDNA spread than a model of variant mtDNA replicative
advantage.

5.1.5 Copy number control

Healthy cells without pathogenic variant mtDNA, whose energy requirements are approx-
imately constant, should have a stable copy number as the cell maintains an equilibrium
state (Clayton, 1996). The biological mechanisms governing copy number control remain
largely unknown. As such, various mathematical models of copy number control have been
used throughout the literature. Implementing such controls in a mathematical model is
important to prevent the system copy number from reaching unrealistic values, and, in
some cases, reflect observed change in copy number seen in OXPHOS deficient myofibres
(Grady et al., 2018).

Strict control

The simplest copy number control mechanism strictly controls the population to remain
exactly at a target value. The copy number is maintained by ensuring that an mtDNA
degradation event is immediately followed by replication (Elson et al., 2001; Kowald &
Kirkwood, 2013). Although not biologically realistic, the method is convenient in the
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absence of other information.

Feedback control

Mechanisms which allow copy number to vary are more common and have been used
since the earliest mathematical models of mtDNA dynamics. Maintaining an approxi-
mately constant copy number can be achieved by altering mtDNA replication or degra-
dation rates based on the current state of the myofibre. By decreasing the replication
rate relative to the degradation rate, the copy number naturally decreases over time and
vice versa. It is usually assumed that when the copy number equals its target value,
the replication and degradation rates are equal; otherwise, the copy number would tend
to increase or decrease. This will be the case for all mechanisms discussed here unless
otherwise indicated.

The most commonly used mechanism considers the degradation rate constant and
alters the replication rate as needed. A base replication rate, equal to degradation, is
linearly altered by an amount proportional to the difference between the current and
target copy numbers. Let l;:(VV, V) be the mtDNA replication rate and W and V' be the
current wild-type and variant population sizes. The mechanism can be written as

E(W, V) = ko + ki [Co — (W + V)], (5.1)

where kg is the base replication rate, equal to the degradation rate, k; is a parameter
determining the strength of the controller, and Cj is the target copy number. A slight
variation on this mechanism includes a variant-mtDNA detection parameter, 0 < ¢ < 1.
In this case, the replication rate /~£(VV, V') can be written as

F(W,V) = ko + ky [Co — (W +6V)] . (5.2)

The variant detection parameter allows the copy number to increase with the rise of vari-
ant mtDNA. At variant homoplasy, the equilibrium copy number becomes Cy/d, recall
0 < 1.0. Although it is referred to by different names throughout the literature, it is
commonly used (Aryaman et al., 2017; Capps et al., 2003; Hoitzing et al., 2019; Insalata,
et al., 2022).

Chinnery and Samuels (1999) set the mtDNA replication rate to be a function of
wild-type population size, assuming that variant mtDNA did not affect the control mech-
anism. Unlike the linear feedback mechanism in Equation 5.2, their method altered a base
replication rate multiplicatively. The Chinnery et al. mechanism allowed the replication
rate to reach a maximum value when wild-type mtDNA became extinct and depended on
the target copy number, mtDNA half-life and a control parameter. Capps et al. (2003)
extended this control mechanism to include the variant mtDNA detection parameter and
stop mtDNA replication when the copy number reached a defined maximum capacity. The
Capps replication rate function is described in Equation 5.3, where C,., is the maximum
copy number in the system. The wild-type dependent control mechanism of Chinnery et
al. can be achieved by setting 6 = 0 in Equation 5.3 (Chinnery & Samuels, 1999). Thus,

W, V) = E

(5.3)
0, W+ 6V > Crax

¥ {ko [kl_(kl_l)w;jv] 9 W+5V§Cmax
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Kowald and Kirkwood (2014) assumed that mtDNA copy number is dependent on the
cellular ATP level, a concept previously introduced by Clay Montier et al. (2009). By
altering the copy number in response to the ATP levels, the copy number dynamically
reacts to the cellular requirements. Unfortunately, the model was not compared to ATP-
related data. Kowald et al. induced copy number control by making the stochastic
replication rate inversely proportional to copy number, giving

. ke
k S L

wiVoV) =37 ATP/ky’ (5.4)
. kv :
k(W V) = 17 ATP/k,

Where ky, and ky are the maximum replication rates of each mtDNA species, achieved
when no ATP is present within the myofibre, the parameter k; controls the ATP’s effect
on replication rate. In their model, ATP was produced at a constant rate proportional to
the wild-type copy number. Within the system, ATP was degraded proportional to the
weighted sum of the cellular copy number and ATP population, where the weights are
model parameters.

5.1.6 Parameter values
MtDNA half-life

Although most mathematical models are not parameterised to include half-life, favouring
reaction rates or probabilities for a given time-step, half-life is the most common mea-
surement in biological experiments for mtDNA turnover. Fortunately, the transformation
between the two is trivial, and works often quote half-life estimates to justify reaction
rates. Therefore, discussion of mtDNA degradation rate and half-life is interchangeable
and will be considered as such throughout this thesis. Early works simulating mathemat-
ical models of clonal expansion largely informed parameter values used in models decades
later. Chinnery and Samuels (1999) used a variety of mtDNA half-lives, ranging from
1 — 10d, which was followed by Elson et al. (2001) who used an mtDNA half-life of 10d.
This value has since become ubiquitous within the literature with many studies using it
(Capps et al., 2003; Hoitzing et al., 2019; Insalata et al., 2022; Johnston & Jones, 2016;
Kowald & Kirkwood, 2013; Kowald et al., 2014). This half-life estimate originates from
tissue-specific, cell-type aggregate measurements made using a rat model (Gross et al.,
1968), see Table 5.1. It is clear from the work of Gross et al. that mtDNA half-life is tissue-
specific and should, therefore, be considered as such. Significantly for this chapter, none
of these estimates are made within skeletal muscle. To the author’s knowledge, only two
estimates of mtDNA half-life in skeletal muscle exist. Both estimates were made using an
animal model and produced starkly different half-life values. Korr et al. (1998) estimated
half-life in mouse skeletal muscle to be 17.7d, and later Collins et al. (2003) produced
an estimate of 700d using a rat model. Both studies include estimates in other tissues,
and Korr et al. (1998) produced several cell-type-specific estimates, as shown in Table 5.1.
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Half-life (days)
Tissue Gross et al. | Korr et al. | Collins et al.
Kidney 104+£1.2 | [13.1,17.7] _
Liver 94+0.7 8.4 -
Brain 31.0£16.0 | [11.6,23.2] -
Heart 6.7+ 1.0 - 350
Skeletal muscle - 17.7 700

Table 5.1: MtDNA half-life estimates. MtDNA half-life estimates in a number of tissues
from three different studies. Gross et al. and Collins et al. used a rat model and made estimates
from aggregated tissue samples (Collins et al., 2003; Gross et al., 1969). Korr et al. used a mouse
model and made tissue and cell-type-specific estimates in a number of tissues (Korr et al., 1998).
The range of estimates is given where half-life was estimated in multiple cell types per tissue.

Henderson et al. (2009) inferred the model parameters of a mathematical model of
random drift, variant load data collected within brain tissue of patients with Parkinson’s
disease. Their posterior expected value for the rate of mtDNA degradation and base repli-
cation was 1.27 x 1077 s71, with the 95% credible interval being (7.13 x 1078, 5.83 x 107%).
Unfortunately, the full posteriors are not given in the paper; as such, the posterior half-
life distribution cannot be found. Instead, the posterior expectation and interval are
transformed, which are 63.17d and (0.0138,112.518). The posterior expectation is much
higher than experimental estimates found by Gross et al. (1969) and Korr et al. (1998),
but the posterior uncertainty is fairly large, and all experimental values are within the
approximate 95% posterior probability.

Copy number

Elson et al. (2001) employed a range of copy numbers, 100 — 10,000, to observe their
effect on the rate of clonal expansion, and used a copy number of 1,000 when inspecting
the effect of other parameters. A wild-type equilibrium copy number of 1,000 is now com-
mon in the literature, for both strict and feedback control mechanisms when simulating
post-mitotic cells (Capps et al., 2003; Chinnery & Samuels, 1999; Henderson et al., 2009;
Kowald & Kirkwood, 2013, 2014; Kowald et al., 2014; Mao et al., 2006).

Miller et al. (2003) estimated mtDNA copy number within myofibres of healthy sub-
jects to be 3650 £ 620 per diploid nuclear genome, and showed that this is significantly
lower than the copy number per diploid nuclear genome in the myocardium. This value
was later used to inform the copy number used by Insalata et al. (2022). Bruusgaard
et al. (2003) investigated the number and distribution of nuclei within myofibres, the
inter-nuclei-distance in the extensor digitorum longus muscle was found to be ~ 31pm.
Using these values, the equilibrium wild-type copy number for a section or whole myofibre
can be estimated.

Pathogenic threshold

As discussed in Chapter 1.1.9, several studies have investigated and estimated the value
of the pathogenic threshold, and it is clear from their work that its value is cell-type and
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variant-specific. Within mathematical modelling, work which directly incorporates the
pathogenic threshold to simulate OXPHOS deficiency has generally used a single value,
60% (Hayashi et al., 1991), (Elson et al., 2001; Kowald & Kirkwood, 2013, 2014; Kowald
et al., 2014; Lakshmanan et al., 2018).

Mutation probability

Elson et al. (2001) tested a range of mutation probabilities in their work, 1.0 x 107°
to 1.0 x 10~* per wild-type mtDNA replication event, and showed that a probability of
1.0 x 10~ allows variant mtDNA to clonally expand to pathogenic levels throughout a hu-
man life-span. Similar probabilities were used by Kowald and Kirkwood (2013), and later
work by Kowald et al. varied the mutation probability to reflect observed data in short-
and long-lived animals (Kowald & Kirkwood, 2014). Mathematical models of random
drift and replicative advantage required mutation probabilities of 1 x 1072 to 1 x 107° to
produce realistic levels of OXPHOS deficiency. The mathematical model including ATP
production, proposed in Kowald and Kirkwood (2014), required mutation probabilities of
approximately 1 x 107® to 1 x 1077,

Henderson et al. (2009) fitted a mathematical model, with the assumptions of RGD,
to variant load data from neurons of Parkinson’s disease patients. Unfortunately, muta-
tion probability was not a parameter in their study. However, their model included the
mutation event rate and a parameter which resembles the base replication rate. A crude
posterior estimate of the mutation probability can be calculated as the expected posterior
mutation rate divided by the sum of the expected posterior mutation and replication rates.
This finds the approximate expected posterior mutation probability to be 0.00344. Mao
et al. (2006) combined experimental data from healthy mice and a mathematical model
to estimate the mutation rate of mtDNA. Tissue samples were collected in the brain and
liver; their approximate mutation probabilities were 8.18 x 107 and 3.88 x 1078, respec-
tively. Shenkar et al. (1996) developed a statistical technique to estimate the mutation
probability of a genome and applied this to a mtDNA deletion mutation. Data collected
from fibroblast cybrid cells was enucleated with cytochalasin B and fused to the mtDNA-
less celline p°143B.206 (King & Attardi, 1989). Their method estimates the probability of
mutation as 5.95x 1078 with a conservative confidence interval of (4.60x107?,1.07x1077).

Variant mtDINA replicative advantage

Kowald et al. (2014) assumed that the time reduction of the variant replication was pro-
portional to the size of the single deletion, and simulated deletion sizes from 50% to 70%
of the molecule, and wild-type mtDNA replication was assumed to take 2 hours (Berk
& Calyton, 1974). Holt and Davies (2022) also chose to reduce variant mtDNA repli-
cation time proportionally to the deletion size. In the context of stochastic models, the
increased replication rates for wild-type and variant mtDNA can be estimated. Assuming
an mtDNA half-life of 10d and that mtDNA replication and degradation are in equilib-
rium, maintaining a stable copy number, the expected time between replications of a
single molecule is approximately 14d. A 50% reduction in variant mtDNA size increases
the replication rate by approximately 0.3%. Increasing half-life to 17.7d, the estimate for
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skeletal muscle, the variant mtDNA replication rate is increased approximately 0.1%.

Insalata et al. (2022) compared their proposed model to a mathematical model of
replicative advantage. An increased replication rate for variant mtDNA was achieved by
an additive factor of 2.4d~!. This value was calculated to ensure a desired increase in
mtDNA copy number within the cell. However, the factor is 34 times larger than the base
wild-type replication rate, when the system is in equilibrium, 0.07d 1.

5.1.7 Aims of investigation

This thesis investigates whether meaningful inference can be made about the parame-
ters governing a mathematical model of clonal expansion using single observations of the
proportion of deficient myofibres within patients with mtDNA maintenance disorders.
Secondly, whether a mathematical model can be distinguished from similar data using
model comparison techniques and Bayesian inference is considered.

To this end, three mathematical models of mtDNA dynamics are proposed: RGD,
SoS, and PNN, and a Bayesian inference scheme is constructed to infer parameter values
given a dataset of OXPHOS deficiency proportions. Due to time and resource restric-
tions, only the parameters of the RGD model are inferred. However, they are inferred
given several datasets. Firstly, the parameters are inferred given an observed dataset, to
ascertain posterior uncertainty for small (realistically sized) single datasets. Secondly, the
parameters are independently inferred given three synthetic datasets, generated from the
three mathematical models. This is to test whether a model of random genetic drift can
suitably fit OXPHOS deficient data whose true underlying mtDNA dynamics are known.

5.2 Data

The dataset under consideration in this chapter is the OXPHOS deficiency data collected
by Vincent et al. (2024), and previously introduced in Chapter 4. Recall that the dataset
contains skeletal muscle fibre samples from 11 patients with mtDNA maintenance-related
mitochondrial disease. Unfortunately, the age at which the tissue sample was taken was
not available for patients P11 and P12, and so these patients were removed from the
dataset. The proportion of OXPHOS deficient myofibres for each patient was taken to
be the estimate from the manual classification of the samples’ 2Dmito plot, discussed in
Chapter 4.2.1, each patient, therefore, has one observation per OXPHOS protein.

This dataset was chosen over the Gomes dataset, also introduced in Chapter 4, or
other datasets, as the patient phenotype (mtDNA maintenance disorders) allows the as-
sumption that at birth each patient’s myofibres have a zero variant load. Although it is
possible that variant mtDNA arises during fetal development, it is assumed that there is
not sufficient time for variant mtDNA to clonally expand before birth. The assumption
is key to being able to infer parameter values because it assumes an initial state of wild-
type homoplasmy for the mathematical models. Without this assumption, it is likely that
longitudinal data would be required due to the variety in population dynamics, which are
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possible with varying parameter rates, within a single mathematical model.

In developing the mathematical model of the perinuclear niche theory, a dataset was
used to inform the modelling space. The data used is a single myofibre, segmented by
Mitocyto (Warren et al., 2020). The sample was collected from a healthy male control
subject, aged 20, following ethical approval through the Newcastle biobank under the
application number 042 (17/NE/0361).

5.3 Methods

In this section, the details of mathematical models and their simulation methods for each
theory of clonal expansion are described, as well as the statistical model connecting the
mathematical models to the data. Three synthetic datasets are generated as part of the
investigation; their generation and ground-truth parameters are also discussed. Lastly, the
section comments on the computational cost and practical implications of the Bayesian
inference for model inference with this data type, OXPHOS deficiency proportions.

The discussion of the perinuclear niche model is separate to the discussion of the RGD
and SoS models, as these are relatively simple to simulate. Having no spatial dependence,
both models can be implemented using stochastic kinetic models and simulated via the
Gillespie algorithm, introduced in Chapter 2.6. The spatial dependence of the perinuclear
nuche theory means its model development is more involved, and each aspect of model
development is discussed in a later section.

5.3.1 Stochastic kinetic models

Stochastic kinetic models can simulate both RGD and SoS theories of clonal expansion,
as neither theory assumes spatial dependence on mtDNA behaviour. The mitochondrial
network is assumed to be well-connected enough that freely moving mtDNA molecules
are an appropriate approximation. Therefore, the two theories can be simulated using
Gillespie’s direct method or one of its approximations, discussed in Chapter 2.6.

Random genetic drift

A mathematical model of random genetic drift was introduced in Chapter 2.6.6, although
the model did not include the possibility of de novo mutations. Allowing de novo muta-
tions here is crucial because the dataset consists of patients with mtDNA maintenance
disorders. Therefore, an additional reaction is added to the system, which allows de novo
mutations to arise. Variant mtDNA is assumed to arise from a slippage event during
wild-type mtDNA replication (Guo et al., 2010; Shoffner et al., 1989). To reduce model
complexity, all mtDNA variants are considered to be the same species within the model.
The model considers two species: wild-type, W, and pathogenic variant, V', with a total
of five reactions. Both species can replicate and degrade, and a mutation event during
wild-type replication is assumed to lead to one molecule of each species. The pseudo
chemical reaction equations describing the system are
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RGD assumes no replicative advantage between species, so replication and degrada-
tion rates must be equal when the system is in equilibrium. Due to the assumption that
a mutation occurs during wild-type replication, the reaction rates of the wild-type repli-
cation and mutation must be considered together, and their sum must equal the rate
of variant replication. Otherwise, an implicit replicative advantage would be present in
the model. It may be more natural to parameterise the reaction rates using a general
replication rate for both species, kp, and a mutation probability, p. Not including a
copy number control mechanism, the stochastic rate constant for a successful wild-type
replication is then k; = (1 — p)kyep, and the rate constant for a mutation is ks = pkyep.
Under the assumptions discussed in Chapter 2.6.1, this parameterisation implies that a
wild-type and variant replication occurs with equal rates and that a wild-type molecule
is successfully replicated with probability (1 — p), otherwise a mutation event occurs.

Copy number control and OXPHOS deficiency are discussed in the coming sections, as
the methods are relevant to both RGD and SoS models. Let the copy number controller
additively alter the general mtDNA replication rate, kep, of both species based on the
system’s current state. The controller is defined by a function, l%(VV, V). The reactions
and their rates become:

W oW (1-p) Jkrep + E(W, V)},

Vo2V ke + KW, V),
W — ¢ kdcgu
V — qb kdeg

W W4V p[krep+/~€(WV)].

Not including parameters of the copy number control mechanism, the mathematical
model of random genetic drift, therefore, contains three parameters: general mtDNA
replication rate, kyp, mtDNA degradation rate, kgey, and mutation probability, p. It
is assumed that the cell is in a state of equilibrium, such that when the current copy
number is equal to the target copy number, the general replication and degradation rates
are equal. Therefore, it can also be assumed that k., = kqeg = ko. The parameter
is referred to as the base reaction rate throughout the rest of the thesis. The parameter
controls mtDNA turnover and overall reactiveness of the system. A high base reaction
rate increases the number of reactions within the system, and the reaction rates can be
rewritten, such that
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Survival of the smallest

SoS assumes a variant mtDNA replicative advantage, due to the physically smaller size
of a single, large-scale deletion mtDNA molecule. Previous work modelled replication
directly, considering mtDNA to be in replicative or free state (Kowald et al., 2014), here,
however, a simpler model is used that is akin to the model of RGD previously described. A
replicative advantage is achieved through an increased replication rate of variant mtDNA
by a specified factor, v. The model is defined by five equations, with the same parame-
terisation of a base reaction rate and probability of mutation as previously discussed. To
impose a variant replicative advantage, - is constrained to be greater than 1.0, otherwise a
wild-type advantage would be imposed. The reaction network is described by the same set
of equations as the RGD model, Equations 5.5, but the rate for variant mtDNA is altered,

W — 2W (1—@[%+%wuvﬂ,
V=2V yke+ E(W,V).
W= ko,
Voo ok
W%W+Vp%ﬁMWW]

Copy number control

As discussed, a number of copy number control mechanisms have been proposed, and no
controller has a consensus of agreement. As the data under consideration does not contain
copy number information and copy number mechanisms are not investigated within this
chapter, a linear feedback controller is chosen, Equation 5.6, follwing previous work in the
literature (Aryaman et al., 2017; Capps et al., 2003; Hoitzing et al., 2019; Insalata et al.,
2022). The controller alters the mtDNA replication rates proportional to the difference
between the current copy number and a target copy number denoted Cj,

E(Co, W, V) =c1 [Co — (W + V). (5.6)

The control mechanism adds two new parameters to the model: Cj, the target copy

number, and ¢y, which determines how tightly the copy number is controlled. Due to the

lack of copy number data within the dataset, a constant, fixed Cj is assumed, and a value

of Cp = 1,000 is chosen, following the literature (Capps et al., 2003; Chinnery & Samuels,

1999; Henderson et al., 2009; Kowald & Kirkwood, 2013, 2014; Kowald et al., 2014; Mao
et al., 2006).
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The controller parameter is assumed to depend on the replication rate, kg, and is set
to k1 = ko/100. This allows the copy number to be controlled relatively to the base
reaction rate. Assuming independence between kg and k; could lead to negative reaction
rates during inference, if an unusually low reaction rate and an unusually high controller
parameter are sampled.

Simulation methods

The stochastic models of RGD and SoS are continuous-time, discrete state-space models
and follow the assumptions of mass action kinetics, allowing them to be simulated by
the Gillespie algorithm, Chapter 2.6. The computational expense of a single simulation
is low, but the massive number of simulations required for inference means that runtime
should be reduced as much as possible. Therefore, the T-leap simulation method is used,
Chapter 2.6.4. As discussed, the size of the time step is critical to the accuracy of
the approximation. For a tightly controlled copy number, the overall reactivity of the
system is relatively consistent, meaning a large step size should closely approximate an
exact simulation method and considerably reduce computational cost. An adaptive step
size is chosen, which leaps forward by approximately the expected time for one hundred
reactions to occur within the system. Recall that the inter-reaction time is exponentially
distributed, with rate equal to the total system hazard, ho(x, k). Therefore the time step,
At, is defined as

100

At = ———.
hO(wak)

(5.7)

Figure 5.1(a) compares the mtDNA dynamics of system exactly and approximately
simulated. The 7-leap approximation shows a close approximation of the model’s variant
load. However, the use of the Poisson leap results in higher variance in the system’s
copy number. As copy number is not under consideration here, the approximation seems
appropriate for our uses.

The 7-leap algorithm with the adaptive time-step reduces the computation time more
than 10 fold, when compared to simulation via Gillespie’s direct method, as seen in Figure
5.1(b), giving a considerable reduction in the computational expense.

OXPHOS deficiency

Following the biochemical threshold theory, a myofibre is considered to be OXPHOS
deficient if the variant load passes a pathogenic threshold. Previous work has shown
that the threshold depends on the complex in question, Chapter 1.1.9, and, therefore, a
different threshold is used for each OXPHOS protein in the dataset, 7, 7o, 73. To simulate
the three OXPHOS deficiency measurements for one patient within the observed dataset,
the mtDNA dynamics of a single myofibre is simulated once, and the myofibre’s variant
load is compared to the three pathogenic thresholds, giving three values of OXPHOS
status. This process is independently repeated a number of times, Ny, storing the
OXPHOS status of each repetition, from which the proportion of OXPHOS deficiency,
P1, P2, D3, is calculated. Let f(0,x) denote the simulator of the mtDNA dynamics for a
single myofibre, given a set of model parameters 8 and time points x, and let ¢, be the
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Figure 5.1: Exact vs. approximate simulation of mtDNA dynamics.(a) The 1%, 25%,
50%, 75%, and 99% quantiles from 1,000 simulations of a system using the exact Gillespie
algorithm in red (Gillespie, 1977) and the 7-leap algorithm in blue (Gillespie, 2001), with an
adaptive step-size which leaps forward by the expected time for 100 reactions given the system
current reactivty. (b) Wall clock simulation times (left panel) and time ratios of tau-leap-
simulation-time:Gillespie-simulation-time (right panel), from 1,000 independent simulations. All
simuatlions were executed using the model of RGD described in this chapter with parameters:
ko =4.53 x 1077, p =1 x 1073, k1 = ko/100, Cy = 1,000, and an initial variant load of 0%, on
a 2023 Macbook Pro with an M2 Pro chip and 16GB of RAM.

simulated variant load for the /-th repeat. The proportion estimates are then calculated
by
fori=1,2,..., Ngm
¢e~ f(0,x), indep.

for j =1,2,..., Nox

1 Nsim

Where Nox is the number of OXPHOS proteins, here Nox = 3, and I(-) is the indicator
function, returning 1 if the statement within it is true and 0 otherwise.
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5.3.2 Agent-based model

An agent-based model (ABM), sometimes called an individual-based model, simulates
each agent within a system individually, tracking their movements and reactions. They
more naturally allow for spatial dependencies compared to a stochastic kinetic model,
whose spatial extensions model independent well-mixed systems between which molecules
can migrate at a specified rate (Wilkinson, 2009). A spatial model is required for the final
theory of clonal expansion under consideration, the perinuclear niche theory, as mtDNA
replication is spatially dependent.

In this section, the development of a mathematical model of the perinuclear niche
theory is discussed. The aim is to develop a model which reflects the spatial elements of
a myofibre and the behaviour of mtDNA. The model proposed follows the assumptions of
mass action kinetics, where possible, but models the system at a molecular level rather
than a population level. To construct an ABM of the perinuclear niche theory several
things must be considered, first, the model space is discussed.

System space

The system space must reflect the mitochondrial network within a myofibre. The mi-
tochondrial network is mostly static (Huang et al., 2013) and forms planes of well-
connected mitochondria which are perpendicular to the longitudinal direction of the my-
ofibre (Dubowitz & Sewry, 2006). The well-connected mitochondrial bands, z-bands, run
the length of the myofibre and are separated by mitochondrially sparse areas with fewer
connections (Vincent et al., 2018, 2019), see Figure 5.2. In the mathematical model, the
z-bands are simplified to be 2-dimensional planes that are assumed well connected enough
that mtDNA are able to move freely within them. The myofibre space is constructed by a
series of parallel z-bands between which mtDNA can migrate. Migrations are considered
on an individual mtDNA basis and are independent of the molecules’ position within the
z-band. MtDNA movement within and between bands is discussed in detail in the coming
section.

Figure 5.2: Theoretical diagram of the z-band structure of the mitochondrial network
in myofibres. Mitochondrial z-bands are depicted as flat, 2-dimensional planes with highly
connected mitochondria (light brown), between which lie sparsely connected spaces. Nuclei are
depicted on the periphery of the myofibre, along the cell membrane, in gold. The within z-
band mitochondrial network is shown spreading throughout the z-band and as clusters along
the membrane. Figure adapted from Vincent et al. (2018).
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Figure 5.3: A schematic diagram of the myofibre space within the mathematical
model. A diagram to show the construction of the myofibre modelling space for the perinuclear
niche theory. The process begins with an IMC image of tissue cross-section, collecting data
for a set of OXPHOS protein abundances. The tissue cross-section is segmented using the
mitocyto tool (Warren et al., 2020), which segments and isolates individual myofibers. From the
segmented myofibres, bitmaps are created that outline and locate the nuclei, forming a single
2-dimensional plane. The perinuclear region(s) are then added, defined to be a specified radius
centre on the middle of each nuclei within the image. The IMC image (left) shows the protein
abundances of dystrophin (green), a protein found on the cell membrane, and VDACI (red).
The segmented image (middle) shows the segmented outline of a single myofibre from the whole
tissue image, which is isolated to form the bitmap. The cross-sectional space of the myofibre is
shown in green, and the myofibre membrane is now shown in white; the VDAC1 level is shown
in red. The bitmaps (right) combine the myofibre cross-section space and the nuclei location to
form the z-band space. The perinuclear region is defined to be within a specified radius of the
nucleus centre (blue dot). Multiple z-bands are used to make a 3-dimensional modelling space
within which mtDNA can move.

The z-band space must be decided upon, as well as the location of the nuclei and
the perinuclear region. Both the outline of a myofibre and nuclei location can be inferred
from observed datasets. Protein abundance data collected by IMC or QIF, which has been
segmented to collect single-myofibre observations, are used to create the z-band space.
Segmented myofibres can be isolated and converted into a bitmap, a matrix with binary
elements indicating whether each pixel is part of the myofibre or not. The bitmap defines
the 2-dimensional plane that reflects the z-band, as shown in Figure 5.3. Nuclei locations
for a specific myofibre can be found by the complete absence of mitochondrial protein
markers. A single nucleus is defined as a cluster of pixels, absent of mitochondrial protein
abundances, which are connected in any direction, and the perinuclear niche is defined
as the region within a specified radius of the nuclei centres. It is assumed that mtDNA
molecules can not pass through a nucleus and, therefore, the nuclei identified in each my-
ofibre are removed from the z-band bitmap. The pixel size of the pseudo-image is known,
and so the map and perinuclear niche can be drawn to scale. Unfortunately, the dataset
does not contain serial images of the same tissue section, and even if it did, it would be
difficult and time-consuming to match myofibres between serial sections. Therefore, the
3-dimensional model is created by repeating a single z-band map a desired number of
times. For this project, a single myofibre space was created, using a single, segmented
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myofibre from a pseudo-image collected by IMC. Assuming a 2pm gap between z-bands
(Dubowitz & Sewry, 2006; Vincent et al., 2018), the model space had five z-bands, re-
flecting a tissue sample thickness of 10pm.

Molecule movement

Following the assumptions of a Gillespie-type model, mtDNA movement within a z-band
is assumed to be driven by Brownian motion. Therefore, over a time-step, At, the within-
band x and y coordinates of an mtDNA molecule, M;, are updated according to a bivariate
normal distribution with mean zero and marginal variances proportional to At. Let
x;(t),yi(t) be the z and y within-z-band coordinates of M; at time ¢, the distribution of
its position after a time-step, At, is

z;(t + At) z;(t) 0.2 0
~ N At 5.8
(yi(t + At)) ((yl(t) ’ 0 o,° ’ (5-8)
where o, and o, are the diffusion rates in the x and y direction, within the z-band. It
is assumed that o, = o,, as the mitochondrial network is equally connected within all

directions of the z-band (Vincent et al., 2019), the within z-band diffusion rate is denoted
0, = 0, = 04, and the movement update is simplified,

13)-~(() o)
~ N yoq- At I ) . 5.9
(yi(t + At) yit)) ¢ ? (5:9)
For an individual mtDNA molecule, the probability of migrating to an adjacent band
over a time-step At is assumed to be

Pr (M; migration) = 1 — exp (—kpmigAt) . (5.10)

Given that a migration event occurs, equal weight is given to both adjacent bands. The
migration rate is assumed to be small enough that the probability of moving more than
one z-band within a time-step is zero. The parameter ki controls the migration rate
and the spread of mtDNA in the longitudinal direction. A small value of Ky, will result
in few migrations and slow longitudinal spread of mtDNA. Conversely, a large value will
result in many migration events and a quick spread of mtDNA.
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Figure 5.4: Diagram of mtDNA movement over a time step. Movement within the
z-band is described by Brownian motion whose marginal variances in the x and y directions
are proportional to the size of the time-step. Movement between z-bands is described by a
probability of migration, described in Equation 5.10.

Simulating reactions

Each molecule can undergo a pre-defined set of reactions (replication, degradation, etc.)
with associated reaction rates, which depend on the molecule’s location. Given that a
molecule experiences an event (any reaction), the specific reaction which occurs must be
simulated, and the probability of each reaction is proportional to the specific reaction’s
hazard. The perinuclear niche theory assumes no advantage between species. However,
a spatial dependence must be imposed, constraining which molecules can replicate based
on their location within the myofibre. A strict constraint is assumed, which allows only
the mtDNA within the perinuclear niche to replicate. As mutation events are assumed to
be failed replications, these can also only occur within the niche. It is assumed that any
mtDNA molecule can degrade, as this mechanism is related to mitochondrial degradation
and independent of mtDNA replication.

The possible reactions are the same as the previous models. The reaction rates indicate

that outside of the perinuclear niche region, R, the replication and mutation reactions
have a zero probability of occurring. We have that
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The reaction rates are left generic, allowing results to arise naturally when discussing
copy number control mechanisms in the next section. This allows for the simulation of
specific reactions of molecules; however, the decision on how molecules are chosen to react
must be made.

The sum of a molecule’s reaction rates is referred to as the molecular hazard and
is proportional to the probability that that molecule undergoes a reaction, given that a
reaction occurs. For a given molecule, M;, the molecular hazard is, therefore,

h (M; | wild-type) = (k1 + k3)I(M; € Q) + ks,
h (M; | mutant) = kl(M; € Q) + ky,

where €2 denotes the set of molecules within the perinuclear niche. The system hazard is
the sum of all molecular hazards and indicates the overall reactivity of the system,

ho =) h(M,),

and, similarly to Gillespie’s exact method, the system hazard is used to simulate the
inter-event time of the system,

Therefore, for each system update, the inter-event, reacting molecule, and specific reac-
tion event can be simulated, depending only on the reaction hazards of each molecule. A
full description of the simulating algorithm is given at the end of this section, Algorithm 7.

Copy number control

Previously discussed copy number control mechanisms alter the replication rates given the
system’s current state. Assuming a system in equilibrium, the probability of a population
increase or decrease is equal when the current and target copy numbers are equal. To
achieve this, the base replication and degradation rates are equal. Unfortunately, this
method is not appropriate here, as the number of molecules able to replicate is dynamic.
A constant replication rate will result in replicative (or degradative) advantage, leading
to an unstable copy number. Therefore, the base replication rate must also be dynamic
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to reflect a changing system.

A new copy number controller is proposed, one that alters the replication rate to
produce a pre-defined probability of copy number increase. This way, it can be assured
that the probability of population increase is 50% when the current and target copy
numbers are equal, regardless of the number of mtDNA within the niche. Following the
linear controller previously implemented, we propose to alter the probability linearly,
proportional to Cy — (W 4+ V') where W and V are the current wild-type and variant
populations. The maximum deviation from the target copy number is chosen to be 200
molecules; outside of this range, the function imposes a probability of a population increase
to be 0.0 or 1.0, as appropriate. Let ¢ = Cy — (W + V) and a(e) be the function of
population increase, then

0.0, € < —200
ale) =< 55 +0.5, ¢ <200 . (5.11)
1.0, ¢ > 200

The replication rate can now be calculated, depending on «a(€) and the degradation
rates, to ensure a stable copy number. Let YW and V denote the set of wild-type and vari-
ant mtDNA molecules, respectively, and €2 denote the set of mtDNA molecules currently
within the perinuclear niche. Continuing the notation of W and V' being wild-type and
variant population sizes, and introduce Wg and Vi, to be the population sizes within the
perinuclear niche.

The added complexity of modelling individual mtDNA necessitates the use of notation
defining a set of mtDNA molecules, let WW and V denote the set of wild-type and variant
mtDNA molecules within a system. Given that a reaction occurs at a specific time, the
probability that a specific mtDNA molecule, M;, reacts is proportional to its molecular
hazard. That is

ks + (k1 + ks)L(M,; € Q)
h() ’
ko + k4]1(./\/l@ < Q)
ho ’

Pr (M, reacts |M; € W) =

Pr (M, reacts |M; € V) =
where hy denotes the total hazard of the system,

ho= Y [ll(M; € Q) + ks + ksI(M; € Q) + Y [kl (M; € Q) + k],
MieW MeV (5.12)
= ksW + (ky + ks)Wq + ko Vo + k4V.

Given that molecule M; reacts and its species, the probabilities of reactions which result
in an increased copy number are

Pr (M, replicates |[M; € W) = k‘1+:—j+k‘5l (M; € Q),
ks
Pr (M, mutates [M; € W) = ——> (M, € Q),
r (M, mutates |M; € W) S (M; € Q)
Pr (M, replicates |[M; € V) = i I(M; €Q).
ko + Ky
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Next, the probability of a population increase, as a function of the reaction rates, must
be found. The probability can be split by conditioning on the type of molecule to react,
Pr(population increase) = Pr(population increase | wild-type reaction)
+ Pr(population increase | variant reaction).

The conditional probabilities are considered in turn, the probability of a population in-
crease given that a wild-type molecule reacts is
Pr(pop. incr.|Wild-type) = Pr(rep. |Wild-type) + Pr(mut.|Wild-type),

= Z Pr(rep. | M; reacts) x Pr(M; reacts)

M;eW

+ Z Pr(mut. |M; reacts) x Pr(M; reacts),
M, eWw

= Z [Pr(rep. | M, reacts) + Pr(mut. |M; reacts)] x Pr(M; reacts),

M;eW
kI (Ml c Q) /{35]1(MZ S Q) ki1 + (]fg + k5)H<MZ < Q)
:Z[k+k+k+k+k+k 8 D ’
MiEW 1 3 5 1 3 5 0
(kA ks)Wo
- el

Similarly, the probability of a population increase given a variant mtDNA reaction is
Pr(pop. incr. |Variant) = Pr(rep. |Variant),

= Z Pr(rep. | M, reacts) x Pr(M; reacts),
M€V

kg

=

Combining these, the marginal probability of a population increase can be expressed as

(k1 4+ ks)Wa + ko Vo
ho ’
(k1 + ks)Wa + k2 Vo
(]{31 + k5)WQ + koV + ksW + k4V°

Pr(population increase) =
(5.13)

This is the general form of the probability and can be simplified for the perinuclear
niche model by imposing assumptions about model parameters, namely no replicative
advantage and mtDNA mutations ocurring during wild-type replication. These imply
that k1 + ks = ko = kyep and k3 = k4 = kqeg. The above probability equals a(e), a
pre-defined function, and setting the expression equal to a(€) and re-arranging the form
krep is found

o krepWQ + krepvﬂ
krepVQ + krepvﬂ + kdeg(W + V) ’
ale)[W + V]

b = = a0 + vl

a(e)
(5.14)

Therefore, the general replication rate of mtDNA, for both wild-type and variant mtDNA|
can be defined to achieve a desired probability of population increase, thus controlling
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mtDNA copy number.

The dynamic replication rate alters depending on the number of mtDNA molecules
within the perinuclear niche, Wq + Vg, and the overall copy number. How its definition
causes the system hazard to change with time should be inspected. One of the modelling
assumptions is that the system hazard does not change in-between reactions; otherwise,
the simulation method would not be exact. Therefore, the hazard function for this form
of kyep is calculated as

ho(t) = D [(1 = plkeepl(M; € Q) + kigeg + plirepl(M; € Q)] + > [hrepl(M; € Q) + kuey) |

M;eW M; eV
= Z [krepH(Mi € Q) + kdeg] + Z [krepH(Mi € Q) + kdeg] )
M, eWw M, eV
= k‘rep(WQ + VQ) + kdeg(W + V),
a(€)kgeg(W + V)
— W, \%Z kgee(W +V
1= ale) (Wa 5 Ve Vo T Vo) & Fae(W + V)
B kaeg(W 4+ V)
 1—ale)

This shows that the total system hazard, hg, is dependent on the copy number, W + V|
the degradation rate, kqeg, and the defined probability of population increase, a(€). Under
the assumption of a constant degradation rate and «(e), the hazard is constant between
reactions and, therefore, the system can be exactly simulated.

OXPHOS deficiency

A synthetic, simulated myofibre is considered OXPHOS deficient if its variant load passes
the protein-specific pathogenic threshold, similarly to models of RGD and SoS previously
described. Variant load is calculated by all the mtDNA within the system, not by specific
z-bands. The proportion of OXPHOS deficiency is simulated following the same steps as
before, see Chapter 5.3.1.

Simulating perinuclear niche model

Algorithm 7 outlines the general method for simulating from the continuous-time, agent-
based mathematical model of the perinuclear niche hypothesis.

Computational cost

The requirement of simulating the movement of each molecule adds considerable compu-
tational expense to the simulations, and the linearity of the simulation algorithm means
it is difficult to reduce this. Therefore, the mathematical model was written in C++,
a high-performance programming language, and steps to reduce the computational cost
were taken, including compilation optimisation and memory allocation considerations.
However, the model is still very expensive to simulate compared to the RGD or SoS mod-
els. The expected simulation time of the perinuclear niche model is approximately 1400
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Algorithm 7 Mathematical model of the perinuclear niche theory

1. Make the simulation space.

i Select a single myofibre cross-section to be the z-band space and create a bit-map
of its cross-section from a segmented pseudo-image

ii Decide the size of the simulation space and the number of z-bands required for
this.

2. Initialise the model. Define the initial mtDNA populations of wild-type, W, and
variant, )V, and their location within the modelling space. Set the system time ¢ = 0.
3. Update the system

i Calculate the system hazard, ho = >\ h(M;)
ii Sample the time to the next event, At ~ Exp (hy)

iii Simulate mtDNA movement. Let (z;,y;, 2;) be the x and y coordinates within the
z-band and the z-band identifier for the molecule M;. For M; € WUV, simulate
the within z-band movement

zi(t + At) z(t) o> 0
~ At
(yz-(t + At)) N ((yz(t) "\ 0 a4? ’
and the between z band movement, let p = 1 — exp (—kmigAt)
zi(t+ At) = (1), l—p
z(t) -1, p/2
and update the Wq and Vg accordingly

iv Calculate replication rate

()W + V]
(1 —afe))[Wa + Vo

krep = kdeg

and update the reaction rates of each molecule

v Randomly sample the molecule to react
Pr (M, reacts) = h;/ho
vi Randomly sample mtDNA reaction
Pr (M, reaction j) = k;/h;

and update mtDNA molecule sets accordingly W and V
4. If t < Thay, put t :=t + At and return to Step 3.
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times larger than that of the RGD, simulated by the Gillespie algorithm.

5.3.3 Statistical model

It is assumed that there is inherent noise in the observations from the collected data;
therefore, we must model this observational error. As the data are proportions, the error
is assumed to be on the logit scale. The logit is a function maps [0, 1] to the whole real

line,
x

=1
g(x) = log —

for z € [0,1]. The logit-transformation does not handle raw values of z = 0,1 well,
resulting in non-finite values. Deficiency proportions of 100% are not expected to be
observed within the data. However, deficiency proportions of 0% could be seen in some
OXPHOS proteins within younger patients, and both can appear during inference of
simulated output. Therefore, an alteration is made to the transformation. Let x be a
proportion and y its transformed value, so that

z+0

1——1’—|—(5 = eloglt (.1') s

y = log
where 0 is a small number. This transformation maps a proportion to a finite range,
dependent on the choice of 4.

Assuming normal random noise on an approximately logit scale, the transformed ob-
served data Y; would be normally distributed and centred around the ‘true’ deficiency
proportion, with a precision ). However, the ‘true’ proportion of deficiency is unknown
and is therefore a latent variable. The value of the proportion is estimated via a mathe-
matical model. Let p; be the estimated deficiency proportion, then the statistical model
is

}/;|]317 1/] ~ N (eloglt ﬁh Q/)_l) .
The dataset in question possesses a single OXPHOS deficiency proportion observa-

tion per patient, per OXPHOS protein. Let Y} and p} be the transformed observed and
estimated proportion of deficiency for the ¢-th patient and j-th OXPHOS protein. In-

cluding the number of proteins per patient, the model becomes: for i = 1,2,..., Ny, and
j = 17 27 NOX
Yi[ps, b ~ N (elogit ﬁ;,wfl) , (5.15)

where Ny, is the number of patients in the dataset and Nox is the number of OXPHOS
proteins.

The proportion of deficiency for one patient is estimated using Ny, independent simu-
lations of the mathematical model. For data from a 2Dmito plot, the number of myofibres
is known and can be used as the number of independent simulations; here, the number
ranges from 153 to 1,199. However, the computational cost of simulation is significant, so
Ngim = 100 is chosen to reduce computational expense and is found to be an appropriate
approximation. The estimate, ﬁ; is then found by the proportion of simulations whose
variant load is greater than the pathogenic threshold.
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Let 7 be the set of pathogenic thresholds for each OXPHOS protein and ¢} be the
(-th simulated variant load of the i-th patient, the estimated proportion of deficiency for
that patient is

Py=— > L(¢p>m7). (5.16)

5.3.4 Prior beliefs
Base reaction rate

Estimates of mtDNA half-life range between a few days to a few hundred days (Burgstaller
et al., 2014; Collins et al., 2003; Gross et al., 1968; Menzies & Gold, 1971). Within this
range, experts do not believe some values are less or more likely than others, due to a
lack of consensus in studies. Investigations which have inferred replication/degradation
rates impart vague or uniform prior beliefs to reflect this uncertainty (Henderson et al.,
2009; Insalata et al., 2022; Johnston et al., 2015). The prior belief is constructed on the
log scale, where it is easier to reflect uncertainties about the order of the reaction rate. A
vague prior is appropriate given the variety and limited number of existing estimates. A
normal distribution is chosen to summarise prior beliefs of the base reaction rate on the
log-scale, 6; ~ N (—14.036,2.0) for 6, = log ky.

Mutation probability

No estimates were found for the mtDNA mutation probability for a patient with an
mtDNA maintenance disorder, and after consulting experts, they agreed that the level of
uncertainty a priori is high. However, some estimates of the mutation probability exist
within healthy controls and other patient phenotypes. These estimates, within other
patient phenotypes, range from approximately 107 to 10~ (Henderson et al., 2009; Mao
et al., 2006; Shenkar et al., 1996). Experts agreed that the mutation probability for
patients with mtDNA maintenance disorders is higher than those. The prior is placed on
the log-scale, which can better handle small numbers and removes possible complications
when proposing values close to the limit of the support. It is not expected that the
probability of mutation reaches 1.0, and so the upper limit is not of concern. Given the
limited prior beliefs, a vague prior is used, let 5 ~ N(_q o (—4.605,5.0), where 6, = log p.

Pathogenic threshold

Several estimates of the pathogenic threshold exist, but their tissue- and mutation-specific
nature means that many estimates are not appropriate, and the ones that are available
come with caveats, Chapter 1.1.9. However, no estimate places the pathogenic threshold
below 40%, so the prior support is truncated to [0.4,1.0]. Again, the prior is placed
on the log-scale, due to difficulties of sampling close to the support limits. The three
pathogenic thresholds on the log-scale, 03 = log 71, 0, = log 11, 05 = log 71, are all assumed
to have the same prior and be independent a priori, maintaining the generalisability of
the method. The prior beliefs are also summarised by a normal distribution, for ¢ = 3,4,5
‘91' ~ N[10g0.470.0} (—0511, 02) .
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Model error

Inter-patient variability is inherent within mitochondrial disease; as such, there is expected
to be a relatively high degree of noise in this dataset. Recall that the noise is on the logit
scale and the range of transformed deficiency proportions is approximately [—6,6]. Due
to the high variability in the data, it is believed that the model precision, 1, should not
be too large, with the bulk of the prior being below 2.0. This prior belief is summarised
by a gamma distribution, with shape a = 1 and rate 5 = 0.1, that is ¢ ~ Ga (a, ).

5.3.5 Inference

A hybrid algorithm can achieve Bayesian inference for the stochastic kinetic model and the
model precision. Due to the choice of a gamma prior, the model precision can be updated
using a Gibbs update. In contrast, the mathematical model parameters must be updated
via a Metropolis-Hastings step. Let {y,x} be the set of observed transformed deficiency
proportions and age of patients at each observation, and z be the set of the transformed
latent variables of the ‘true’ proportion of deficiency. The model error is described by
precision ¥ and is assumed constant in time and for all OXPHOS proteins. Lastly, the
mathematical model parameters are denoted 8 = (log ko, log p, log 71, log 7o, 1og 73)7, then
the joint posterior density is given by

p(0,¢, zly,x) o< p(v)p(8)p(2]6, x)p(y|2, 7). (5.17)

The two-step update Metropolis-within-Gibbs, Algorithm 8, directly samples from the
joint posterior density. The details of sampling the mathematical model of variant load
dynamics is omitted, and denoted ¢ ~ f(6,z), corresponding to a simulation from a
mathematical model, f(+), given model parameters 8, between birth and = years.

The acceptance probability in Step 3.iv. of Algorithm 8 has already been simplified.
The full form includes terms involving the density of the latent variables’ density. How-
ever, these cancel as they are on both the numerator and denominator of the acceptance
ratio. Therefore, it is possible to directly sample from the joint posterior density without
evaluating the latent data density.

The proprosal density, q(0*]0(t71)), corresponds to a normal random walk i.e.
0*10“") ~ N (9“—1), 2@> , (5.18)

where Yg is an appropriately defined covariance matrix. For the inference schemes exe-
cuted in this chapter, the proposal covariance matrix was estimated using an initial run
of 10,000 iterations of the scheme, and the covariance was calculated by the methods
proposed in Roberts and Rosenthal (2001). The acceptance probability in Step 3.iv. of
Algorithm 8 has been simplified, using the symmetry of the proposal distribution.

5.3.6 Synthetic datasets

This section describes the methods used to generate the synthetic datasets. Three syn-
thetic datasets are created, one for each of the mathematical models described in the
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Algorithm 8 Hybrid MCMC scheme to infer parameters of a mathematical model of
clonal expansion

1. Initialise the system
i Sett=1.
ii Set
00 — (60 g g0 g0 GO\
to be appropriate values from the support.

iii Independently sample the initial variant loads from the mathematical model, for
t=1,2,...,Npagy and £ = 1,2, ..., Ngin

' ~ F(09, 1),

iv Let 6, = (63,04,05)" and calculate the initial latent state. Fori = 1,2,..., Nyt
andjzl,...,Nox

~i 1 ;(0
7Y =+ I (10g 6" > 9#”) :

20 = elogit ]5;(0).

2. Update model error
016 ~ Ga (4, 3)
2
a = %oz + Npas Nox, B = ZN‘M ZNOX < J(t_1)> )

3. Update mathematical model parameters

i Propose new parameters
0 ~ q(0*|0(t—1))

ii Generate OXPHOS deficiency proprtion latent variables. For i = 1,2,..., Ny
and £ =1,2,..., Ngn
2 ~ f(e*a xi)7

iii Calculate the proportions of deficiency for each OXPHOS protein. For ¢ =

1,2,...,Npay and £ = 1,2, ..., Ny

N .
i 1 sim ; .
p] — NSlm ; I (log Qbé > 07]) ,

i* sL ATk
z; = elogit pi™.

iv Calculate the probability of acceptance

Oé(g(tfl) 0*) _ p(e*)p(y|z )
p(6")p(y| =1, p®)
v With probability a(O(tfl), 0%), set 89 = 0" and 2 = z*. Otherwise set 8 =
04V and 20 = z(=1),

4. Put t :=t+ 1 and return to Step 2.
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previous sections; these are denoted: X grap, Xsos, and Xpnn, generated via the mathe-
matical models of RGD, SoS and PNN, respectively. First, the ground-truth parameter
values used for their generation and their justification are discussed.

Fixing ground-truth parameters

The mtDNA half-life estimated by Korr et al. (1998), 17.7d, was chosen as the ground-
truth value. This estimate was preffered to that found by Collins et al. (2003) as it is
more consistent to other half-life estimates. Therefore, the base replication rate is set to
its equivalent value, kg = mxé%% =4.33 x 1077571,

Little information about the mutation probability for patients with an mtDNA main-
tenance disorder is available. Some studies estimate the mutation rate in healthy subjects
and patients with other phenotypes, as discussed previously in Chapter 5.1.6. These can
be used as a guide, noting that the probability of mutation for mtDNA maintenance dis-
order patients will be higher. A mutation probability an order of magnitude larger than
previous estimates is chosen, and p = 0.001.

Following the work of Rossignol et al. (1999), the pathogenic thresholds are set to be
70% for CI deficiency, 85% for CIII, and 66.8% for CIV deficiency. Although these are
not the exact estimates for complexes CI and CIII, they are within the estimates stan-
dard errors. A smaller threshold for CI was chosen, 70% compared to 74.5%, to vary the
increments between the thresholds, allowing the simulation study to better investigate
whether substantial differences between thresholds can be found when their ‘true’ values
are closer together. As the synthetic data is not concerned with specific OXPHOS pro-
teins, the synthetic proteins are referred to by OX1, OX2, and OX3, and their associated
ground-truth threshold are 7, = 0.668, 7, = 0.700, and 73 = 0.850.

Iborra et al. (2004) estimated the diffusion rate of mtDNA along the length of a my-
ofibre to be 1.1 x 107 3pm~ts~!. This value was then used by Insalata et al. (2022) o
estimate the migration rate of mtDNA between adjacent sections of a myofibre to be
~0.1d7!, or 1.116 x 107%s~!. Assuming that the mtDNA movement along a myofibre is
random, using this estimate as the basis of the probability of moving between z-bands in
the mathematical model of PNN is reasonable. Mitochondrial connectivity within z-bands
is approximately four times greater than connectivity between z-bands (Vincent et al.,
2019). Therefore, an appropriate estimate for within-band diffusion would be four times
greater than the longitudinal diffusion rate, 4.4 x 103pm~'s™. However, implement-
ing these values of mtDNA diffusion results in mtDNA clustered around the perinuclear
niche and not evenly spread throughout the z-band. Therefore, the within z-band dif-
fusion rate is increased to give a more realistic spatial distribution of mtDNA, and set
o4 = 2.31 x 107°, and the same factor similarly inflates the migration rate to maintain a
four fold increase, kg = 5.79 x 107°.

The shape of the perinuclear niche is simplified to be a circle around the centre of the
nuclei. The radius of the niche is set to be 4.0pm, upon consultation with experts and in
conjunction with observations by Vincent et al. (2018).
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The variant advantage parameter is thought to arise from the physically smaller
mtDNA molecule. Assuming an mtDNA half-life of 17.7d and that copy number in equi-
librium (Korr et al., 1998), the expected time between replications of a single molecule is
approximately 25h. The replication time for an mtDNA molecule is between one and two
hours (Clayton, 1982). Using these values, the replicative advantage of the replication
rate can be calculated. The common deletion removes approximately 30% of the mtDNA
molecule and, assuming the replication time is proportional to the length of the molecule,
the variant mtDNA replication rate is approximately 0.1% larger than wild-type and,
therefore, it is chosen that v = 1.001.

Parameter Value Model
ko 4.53 x 107 "s1 RGD, SoS, PNN
p 0.001 RGD, SoS, PNN
51 0.668 RGD, SoS, PNN
Ty 0.70 RGD, SoS, PNN
T3 0.850 RGD, SoS, PNN
vy 1.001 SoS
o) 2.31 x 10" pms—! PNN
Fmig 5.79 x 1076571 PNN
P 1.0 RGD, SoS, PNN

Table 5.2: Ground-truth parameter values mathematical models of clonal expansion.
Ground-truth values are used to generate synthetic datasets.

Generating synthetic data

The synthetic datasets are constructed to resemble the structure of the observed dataset.
Each patient has three measurements of OXPHOS deficiency from a single tissue sam-
ple, and each measurement is from a different OXPHOS protein: OX1, OX2, and OX3.
However, for the synthetic dataset, the number of patients, N, is increased from nine
to twenty. Patient age, «, at the time of observation, was sampled independently from a
uniform distribution between 40 and 90 years old, and then rounded to the nearest whole
number. The same set of patient ages was used for all synthetic datasets.

For all three datasets, synthetic proportions of deficiency were generated for each patient
by independently sampling from the appropriate model Ny, = 100 times and calculating
the proportion of simulated variant loads above the ground-truth pathogenic thresholds,
7. This yielded a dataset with 60 observations, 20 patients having one observed propor-
tion of deficiency for each OXPHOS protein.

The ground-truth proportion data, z, were then transformed to the elogit-scale to add
random noise and generate the synthetic observations, y. After adding random noise, the
synthetic data was transformed back to the proportion scale. Figure 5.5 shows the result-
ing synthetic dataset X rgp, the remaining synthetic datasets can be seen in Figures 5.9,
5.10 and B.1.
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Figure 5.5: Synthetic RGD OXPHOS deficiency proporiton dataset. Synthetic datasets
generated by the mathematical model of the random genetic drift. The top row depicts the
latent, ground-truth deficiency proportions (y-axis) for the three OXPHOS proteins (diamonds)
and the synthetic observed data, after the addition of random noise on the transformed scale
(solid circle) against time in years (z-axis). The error bars show the 95% interval of the observed
value, given its ground-truth value. The bottom row shows the synthetic observed data, after
adding random noise, on the natural scale (y-axis) against time in years.

5.3.7 Computational cost of inference and implementation

As mentioned, the computational cost of inference is significant due to the many simu-
lations required to generate the latent variable, ]3;'-, and is highly correlated to the base
reaction rate for all mathematical models. Although not inferred here, mtDNA copy num-
ber is also correlated to the computational expense, again, because a high copy number
leads to a more reactive system. The cost is further increased for larger datasets, with
each new patient an additional Ny, simulations must be executed per iteration of the
inference scheme.

The inference scheme was implemented in C++ to reduce the computational cost.
However, it is still significant and highly variable. The time required to produce a single
simulated deficiency proportion can range between 130ms and 94,000ms. The times were
calculated by taking the mean simulation time required from 100 repetitions, using the
smallest and largest posterior values of the base reaction rate after fitting the mathemat-
ical model, min p(6;| X rep) and max p(61| X rep ), and simulating 100 years. The timings
were executed on a 2023 MacBook Pro with an M2 Pro chip and 16GB of RAM. For
each iteration of the inference, simulations must be executed for each patient, resulting
in a total of nine repetitions for the observed dataset and 20 repetitions for the synthetic
datasets. As a result, it was only possible to execute one chain per dataset. Each chain
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was executed with 100,000 iterations (including burn-in), and the first 20,000 iterations
were removed as burn-in. All chains suffered from extremely high autocorrelation and low

ESSs.

5.4 Results

5.4.1 Observed data

Posterior inference for the observed dataset was relatively successful. Although, due to
computational restraints, only a single chain was executed, which showed no signs of non-
convergence. However, the posterior draws have high autocorrelation, and the resulting
ESS is small. For 80,000 posterior draws, the single-variate ESS range was [178,462] for
the parameters of the mathematical model and a multivariate ESS of 230. The ESS for
the model precision was comparatively much higher, being over 2, 000.

Posterior beliefs

Marginal posterior densities after fitting the model to the observed dataset, X opns, can
be seen in Figure 5.6. There is a fair degree of posterior uncertainty in model param-
eters, although this is not surprising given the relatively small amount of data. The
marginal posteriors, however, do not show the relationships between model parameters.
The parameters #; and 65, the base reaction rate and mutation probability on the log-
scale, are strongly correlated and cor(fy, 05| X ops) = —0.9982. This is to be expected, as
the rate OXPHOS deficiency increases depends heavily on both parameters. Increased
mitochondrial turnover increases the rate of the variant load increase, as it allows more
opportunities for de novo mutation events. Similarly, an increased mutation probability
increases the rate at which variant mtDNA clonally expands. Posterior beliefs about the
pathogenic thresholds strongly resemble their prior beliefs, indicating insufficient informa-
tion in the data to infer their value, and no evidence of a substantial difference between
them is found a posteriori. The posterior beliefs for ¢, the model precision, have been
updated, although its value has a fair degree of uncertainty. Posterior expectations and
95% HDIs are given in Table 5.3.

Posterior beliefs about the base replication rate, kg, can be converted to the more
interpretable half-life, and the resulting 95% posterior HDI is (0.107,10.530) days. This
is a reduction in uncertainty from prior beliefs and contains the commonly used value in
mathematical modelling of 10d, however, does not contain the experimental values 17.7d
or 700d (Collins et al., 2003; Korr et al., 1998). The expected probability of mutation
is within the range of previous estimates, although not for the same patient phenotype.
The posterior beliefs of the pathogenic threshold are slightly lower than those found ex-
perimentally. Rocha et al. (2018) estimated the threshold for single, large-scale deletion
patients to be between 56% to 82% in CI and 57% to 92% in CIV, corresponding to 63
and 05 respectively, which have 95% posterior HDIs of [0.404,0.759] and [0.400,0.773].
Posterior beliefs on the biologically interpretable scales are shown for all parameters in
Figure 5.6(b).
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E[-| X obs] SD(-[ X one) E[e?| X ops) Parameter
(95% HDI) Obs (95% HDI) description
9 —12.642 45 0.999 3.232 x 107 Base reaction
' | (—14.3373,-10.6555) ' (1.773 x 1077,2.0483 x 107°) | (degradation) rate
—10.6244 2.432 x 1075 Mutation
%2 | (Z12.866, —8.674) LIS 7 607 x 1077, 1.342 x 10) | probability
0 —0.570 0.170 0.565 Pathogenic thresh-
3 (—0.881, —0.260) ’ (0.404,0.759) old (NDUFBS)
0, —0.510 0.173 0.600 Pathogenci thresh-
(—0.848, —0.192) ’ (0.428,0.825) -old (CYB)
0 —0.574 0.165 0.563 Pathogenic thresh-
b (—0.825,—0.170) ' (0.400,0.773) -old (MTCO1)
(0 1.160365 0.268 i Model precision

(0.680,1.712)

Table 5.3: Posterior expectations and 95% HDIs when fitting the mathematical model
to the observed Vincent et al. dataset. Inference for the model precision, ¢, is done on
its natural scale, so values for its exponential transformation are not of interest. The posterior
expectations, calculated by the median of the posterior draws, and 95% posterior HDI, calculated
by the R package HDIneterval, are given on both scales (where appropriate) and indicated as
such, after inferring model parameters, using the observed Vincent et al. dataset.
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(b) Prior and posterior beliefs on natural/interpretable scales

Figure 5.6: Base reaction rate and mutation probability showed reduced uncertainty
a posteriori. (a) Prior (pink) and posterior (green) parameter beliefs on their inference scales
for mathematical model parameters, 61, ..., 05, and model error, ¢. (b) Transformed parameter
beliefs on biological interpretable scales. The base reaction rate has been converted to mtDNA
half-life, and the remaining mathematical model parameters are shown on their natural scales.
Model error is omitted here as it is shown on its natural scale in (a). Posterior beliefs are
summarised by 100,000 draws from the posterior distribution. Prior beliefs are shown as kernel
density estimates of the 100,000 samples from the prior distribution.

Despite the posterior uncertainty in the pathogenic threshold values, the posterior
predictive distributions for NDUFBS8 and MTCO01 deficiency strongly resemble the data,
matching the inter-patient variation well, Figure 5.7. However, the posterior predictive
distribution for CYB does not resemble the data as strongly, with the 95% predictive
interval being much wider than the observed proportions of deficiency. The modelling
assumption that the variation in transformed OXPHOS deficiency proportions is constant

142



across proteins appears too strong. On the natural data-scale, the variation in OXPHOS
deficiency proportion is notably different in CYB compared to the others.
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Figure 5.7: Posterior predictive distributions match observed data well for NDUFBS8
and MTCO1 proteins. Posterior predictive intervals for all OXPHOS proteins (y-axis)
throughout time in years (z-axis) in the observed dataset. Equitailed 95% posterior predic-
tive probability intervals of the observed are represented as a light grey band, the posterior
expected value is shown as a solid black line. The darker grey band shows the 95% posterior
probability interval of the unobserved proportion of deficiency. Data for each protein is shown
as coloured points. Predictive quantiles were made from 500 independent realisations of the
mathematical model, each with a different set of parameter values, chosen to be equidistant
intervals from the posterior draws.

5.4.2 Synthetic data

It is hoped that the increased dataset size of the synthetic datasets decreases the posterior
uncertainty in parameter values compared to the observed dataset. Unfortunately, due
to the computational expense of inference, it was not possible to investigate the dataset
size and its effect on parameter uncertainty robustly. Nevertheless, it can be informally
gleaned here.

In general, inference for the synthetic datasets produced less correlated output than
the observed dataset, with multivariate ESSs ranging from 611 to 1,168 for the three
datasets in question. The computational cost of inference was somewhat varied. When
fitting the model to Xgrgp and Xg.g inference time was approximately equivalent to
when fitting the model to the observed dataset. However, the inference time was much
shorter when fitting the model to Xpxy. The reduction was largely due to the area of
the parameter space the schemes were exploring. When fitting the model to X pnn, the
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posterior beliefs for base reaction rate, kg, were lower than the others, resulting in faster
simulations and quicker inference. Inference for this dataset was still restricted to a single
chain for consistency. No chains showed signs of non-convergence and were executed for
100,000 iterations, including a 20,000 iteration burn-in period.

RGD

The inference successfully retrieves ground-truth parameter values used to generate the
synthetic dataset, as all 95% posterior HDIs contained their ground-truth value, see Table
5.4. The posterior uncertainty in the pathogenic threshold values is slightly reduced com-
pared to the inference based on the observed dataset. However, the posterior uncertainty
in the other parameter values remains approximately the same. Despite the reduction in
uncertainty, no substantial difference is found between the pathogenic threshold values a
posteriori. However, the probability of #5 being larger than 03 and 6, is 0.892 and 0.814, re-
spectively, mirroring its larger ground-truth value. Similarly, Pr (6, > 03| Xgrgp) = 0.694.
A large negative correlation is also found between 6; and 6, a posteriori, akin to that
found in the posterior for X ons. The posterior predictive distributions on the elogit scale
closely resemble the data for proteins OX1 and OX2, but the resemblance is less profound
in OX3, as shown in Figure 5.8. As noted, the synthetic data shows similar progressions
for OX1 and OX2, due to their close ground-truths of the pathogenic threshold. The
synthetic protein OX3 possesses a higher ground-truth pathogenic threshold, as reflected
in the data, which shows lower OXPHOS deficiency proportions and with less variance.

e | G |soxe [ (st o)
6, | —14.61 (_15;3184"0_8111' 196) 1.080 4.53 x 1077 (7.633 X7'16O7_18,X8_14%_67 x 1075
—4
| 091 Ciggetsang) | | 107 |6 10 Lt « 1000
b5 | —0.40 (—0.9_18;6—4(1).380) 0141 0068 (0-4(())'2?%-7684)
61| —0.36 (_0.8_38;5_73268) 0.147 0.70 (0.4?4?%%739)
05 | —0.16 (_0‘7;8;4981 15) 0.151 085 (0.4%(,5?).7857)
¥ | 100 (0.7;6%?404) 0176 ) :

Table 5.4: Posterior expectations and 95% HDIs, RGD dataset. The ground-truth
parameter values on the log- and natural scales, 8* and e’ , are given for 61,65, 653,64, and 65,
representing the base reaction rate, mutation probability and pathogenic thresholds, respectively.
Inference for the model precision, %, is done on its natural scale, so values for its exponential
transformation are not required. The posterior expectations, calculated by the median of the
posterior draws, and 95% posterior HDI, calculated by the R package HDIneterval, are given on
both scales (where appropriate) and indicated as such, after inferring model parameters, using
the synthetic RGD dataset.
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(b) Posterior predictive distributions

Figure 5.8: Bayesian inference recovers ground-truth parameter values and posterior
predictives show close resemblance to data. (a) Prior densities (pink) and posterior
beliefs (green) for all parameters in the model. Ground-truth parameter values are indicated
with a dashed purple line. (b) Equitailed 95% posterior predictive probability intervals for the
proportion of OXPHOS deficient myofibres (y-axis) throughout time in years (x-axis), on the
elogit (top) and natural (bottom) scales, are represented as a light grey band. The posterior
expected value is shown as a solid black line. The darker grey band shows the 95% posterior
probability interval of the latent proportion of deficiency. Posterior predictions were calculated
using independent simulations for 500 sets of parameter values, chosen to be equally spaced
throughout the posterior draws. The synthetic proportion of deficiency data is shown as coloured
points.
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SoS

It is not appropriate to compare the posterior beliefs to ground-truth parameter values
here because a different model was used to generate the data; therefore, they are not
comparable. However, the posteriors can still be inspected for uncertainty and model
fit. Posterior beliefs show a similar degree of uncertainty to the posteriors when fitting
the model to the synthetic RGD dataset, X rgp, yet beliefs on all paramters have been
updated, see Table 5.5 and Figure 5.9. The posterior beliefs follow the same story as
p(0| X rep); a strong negative corrlation between 6; and 65, and no substantial differences
between 03,6, and 65. The pathogenic thresholds similarly showed relatively large pos-
terior probabilities of the 05 being larger than #5 and 64, 0.791 and 0.833, respectively.
The predictive distributions also mirror the results of the previous inference, showing a
better fit to OX1 and OX2 when compared to OX3. This is perhaps expected given the
similarities in the two synthetic datasets.
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vy [Pxea | Eoh
O (—15.&9113,.87121.663) 1075 (1.059 x8i5(§)—17,>< 7.11%04>< 1079)
b2 (—10.6375,5315.864) L1300 004 x5i1()5_25j< 2.11%_0 X 10°9)
s (—0.8_88;(%8.287) 0154 (0.486??).8736)
01 (—0:98‘76;45)5?346) 01496 (0.4(())53??)?706)
s (—0.7_5;4—23.142) 0-156 (0.4((3)6(,3?)?861)
¢| oesirmey | OV :

Table 5.5: Posterior expectations and 95% HDIs, SoS dataset. The ground-truth pa-
rameter values on the log- and natural scales, 8* and e’ , are given for 01,6y, 653, 0,4, and 65, rep-
resenting the base reaction rate, mutation probability and pathogenic thresholds, respectively.
Inference for the model precision, %, is done on its natural scale, so values for its exponential
transformation are not required. The posterior expectations, calculated by the median of the
posterior draws, and 95% posterior HDI, calculated by the R package HDIneterval are given on
both scales (where appropriate) and indicated as such, after inferring model parameters, using
the synthetic RGD dataset.
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Figure 5.9: Posterior parameter beliefs and predictive distribution when fitting model
of RGD to synthetic SoS dataset. (a) Prior densities (pink) and posterior beliefs (green)
for all parameters in the model. (b) Equitailed 95% posterior predictive probability intervals for
the proportion of OXPHOS deficient myofibres (y-axis) throughout time in years (z-axis), on
the elogit (top) and natural (bottom) scales, are represented as a light grey band. The posterior
expected value is shown as a solid black line. The darker grey band shows the 95% posterior
probability interval of the latent proportion of deficiency. Posterior predictions were calculated
using independent simulations for 500 sets of parameter values, chosen to be equally spaced
throughout the posterior draws.
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PNN

When fitting the model to the synthetic perinuclear niche data, X pyn, the posteriors ap-
pear markedly different when compared to other synthetic datasets. Notably, there is dis-
tinctly less uncertainty a posteriori, Table 5.6. Additionally, posterior beliefs of the base
reaction rate and mutation probability differ substantially from the ground-truth parame-
ters used to generate the data. The model was able to distinguish between the pathogenic
thresholds, finding a substantial difference between 63 and 65, and between 6, and 5, when
examining the 99% posterior HDIs of their difference distributions. No substantial differ-
ence was found 3 and 6, although it was found that Pr (6, > 65| X pny) = 0.638. The
decrease in posterior uncertainty has also led to noticeable differences in the predictive
distributions between proteins, Figure 5.10. The predictive distributions for all three
proteins match the data well, and, significantly, the predictive distribution for OX3 is no-
ticeably distinct from the others, predicting a slower accumulation of deficient myofibres
as would be expected with a higher pathogenic threshold.
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O (—16:1411?;7—6?;037) 0.352 (6.291 xlf()z—QS,x 2.17%:13>< 1077)
02 (—62)??,6—5411%897) 0298 (2.061 ><4'1203—23,X 6.1901_4 x 1073)
s (—0.8_82;63(1).513) 0-106 (0.4002‘,5815856)
01 (—0.8_32;633.428) 0.102 (0.4%)?%)?620)
5 (—0.4_48;2%8.102) 0.0913 (0.64(1);?)?903)
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Table 5.6: Posterior expectations and 95% HDIs, PNN dataset. The ground-truth
parameter values on the log- and natural scales, 0* and e?", are given for 01,6, 63,0y, and 65,
representing the base reaction rate, mutation probability and pathogenic thresholds, respectively.
Inference for the model precision, v, is done on its natural scale, and so values for its exponential
transformation are not required. The posterior expectations, calculated by the median of the
posterior draws, and 95% posterior HDI, calculated by the R package HDIneterval, are given on
both scales (where appropriate) and indicated as such, after inferring model parameters, using
the synthetic RGD dataset.
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(b) Posterior predictive distributions

Figure 5.10: Posterior parameter beliefs and predictive distribution when fitting
model of RGD to synthetic PNN dataset. (a) Prior densities (pink) and posterior be-
liefs (green) for all parameters in the model. (b) Equitailed 95% posterior predictive probability
intervals for the proportion of OXPHOS deficient myofibres (y-axis) throughout time (x-axis),
on the elogit (top) and natural (bottom) scales, are represented as a light grey band. The
posterior expected value is shown as a solid black line. The darker grey band shows the 95%
posterior probability interval of the latent proportion of deficiency. Posterior predictions were
calculated using independent simulations for 500 sets of parameter values, chosen to be equally
spaced throughout the posterior draws.
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Predictions of mtDNA dynamics

Synthetic data allows the model predictions to be compared to the unobserved mtDNA
dynamics driving the OXPHOS deficiency. Figure 5.11 shows the posterior predictive
quantiles of mtDNA variant load, for each synthetic dataset: Xgrap, Xsos, and Xpnn,
compared to the true underlying dynamics used to generate the data. The posterior pre-
dictive quantiles show a fairly close match for X ggp and X g, but with a slightly higher
variance. The posterior expected variant load lies within the true 50% quantile for both
datasets, although interestingly, both have consistently lower posterior expected values.
The posterior predictions compared to the perinuclear niche hypothesis show the least
agreement among the datasets. This is likely due to the difference between the underly-
ing and fitted models. The true dynamics exhibit a stepped pattern as individual z-bands
reach variant homoplasmy, before spreading or expanding into other bands, which is not
reflected in the predictions made by the mathematical model. The differences in the
predicted and true mtDNA dynamics of the perinuclear niche data, X pny, highlight the
versatility of a model random genetic drift. Despite a clear difference in the predicted
mtDNA dynamics, the model shows a good fit to the OXPHOS deficiency data.

Variant load
0.4

© | rrm "v.’ ....... o _]
© TT1T 717 T T T1°
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
Time (years) Time (years) Time (years)

Figure 5.11: Posterior predictions of mtDINA dynamcis. The posterior predictive quantiles
of the variant load given the three synthetic datasets: Xgrap, Xsos, and Xpnn. The posterior
predictions are summarised by their 2.5% (dotted), 25% (dashed), 50% (solid), 75% (dashed),
97.5% (dotted) quantiles, giving the 95%, interquartile range and posterior expected values,
shown in green. The true underlying mtDNA dynamics used to generate the synthetic datasets
are summarised by the same quantiles, represented as grey bands and the expected value as a
solid black line. Quantiles of the true system dynamics were calculated from 1,000 independent
simulations of the system with the ground-truth parameters described in Table 5.2. Posterior
quantiles were calculated from 500 independent simulations using equidistant parameter values
from the posterior.
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5.4.3 Model comparison

The mathematical model of RGD used in this chapter showed a good fit to the propor-
tion of deficiencies in the synthetic datasets; however, clear differences are seen when
comparing the unobserved mtDNA dynamics, indicating that the RGD theory of clonal
expansion can describe OXPHOS deficiency data derived from other theories and biolog-
ical mechanisms. An inference scheme that infers the most likely mathematical model of
clonal expansion based upon some criteria could be constructed, although it was compu-
tationally infeasible to do so here. Instead, the posterior probabilities of observing the
data given the model are calculated. This is the basis of the model comparison criteria
BIC (Schwarz, 1978), which gives weight to models with higher likelihoods and penalises
complex models with more parameters.

Figure 5.12 shows the posterior probabilities of observing the datasets given the math-
ematical model, p(X|M). This is equivalent to the posterior data likelihood after inte-
grating out parameter uncertainty. Although similar, the probability of observing X rap
is larger than observing Xgs,s or Xpny, with probabilities 0.876 and 0.686 respectively.
The larger posterior likelihood indicates that the mathematical model provides the best
fit for X rgp. This may not be surprising, given that the mathematical model is a model
of RGD, however, posterior beliefs and predictive distributions showed less posterior un-
certainty when fitting the model to Xpnxy and the posterior predictives of deficiency
proportion showed a slightly better fit for OX3 within this dataset as well. Additionally,
Xsos and X grap exhibit a strong resemblance, yet a noticeable difference is seen within
the data likelihoods.
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Figure 5.12: Posterior probabilty of observing Xgrgp is highest amongst synthetic
datasets. The posterior log-probability density when fitting the mathematical model of RGD
to the synthetic datasets: Xgrap, Xsos, and X pnN-

5.4.4 Fixing parameters

It may be possible to fix some of the parameters of a mathematical model using appro-
priate estimates from experimental datasets. Estimates of the pathogenic threshold are
more prevalent within the literature, so they were chosen to be fixed at their ground-
truth values. The remaining parameters were inferred using the RGD dataset, Xgrap.
Due to constraints, only a single chain of the model inference was executed with 60,000
iterations, including a 10,000 burn-in period. The resulting posterior showed improved
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sampling compared to previous chains, with a much higher multivariate ESS of 1,485.
However, the posterior uncertainty is (approximately) unchanged in parameter values
and model predictive, Table 5.7 and Figure 5.13. The posterior likelihood is also approxi-
mately unchanged, and, unfortunately, fixing the pathogenic thresholds has not improved
model fit. However, it did aid inference by drastically increasing multi- and single-variate

ESSs.

E[0| X rep] E[GQIXRGD]
(95% HDI) SD(0] X rap) (95% HDI)
6, —14.1834 _— 6.922 x 1077
(—15.418, —11.946) ' (1.6025 x 10~7,6.104 x 1076)
0, —7.551 1142 5.257 x 1074
(—10.140, —6.033) ' (3.760 x 1076,16.837 x 1073)
1.051575 -
v (0.731, 1.420) 0.177 -

Table 5.7: Posterior expections and 95% HDIs. The ground-truth parameter values on
the log- and natural scales, #* and ", for 6; and 65, representing the base reaction rate and
the mutation load, respectively. Inference for the model precision, v, is done on its natural
scale, so values for its exponential transformation are not required. The posterior expectations,
calculated by the median of the posterior draws, and 95% posterior HDI, calculated by the R
package HDIneterval are given on both scales (where appropriate) and indicated as such, after
inferring model parameters, using the synthetic RGD dataset.
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(b) Posterior predictive distributions

Figure 5.13: Fixing pathogenic thresholds maintains model. (a) Posterior and prior beliefs
for remaining parameters, when fixing pathogenic thresholds to their ground-truth values, and
fitting the mathematical model to RGD dataset, Xgrap. (b) Equitailed 95% posterior predictive
probability intervals for the proportion of OXPHOS deficient myofibres (y-axis) throughout time
in years w(x-axis), on the elogit (top) and natural (bottom) scales, are represented as a light grey
band. The posterior expected value is shown as a solid black line. The darker grey band shows
the 95% posterior probability interval of the latent proportion of deficiency. Posterior predictions
were calculated using independent simulations for 500 sets of parameter values, chosen to be
equally spaced throughout the posterior draws.

5.5 Discussion

5.5.1 Key findings

In this chapter, it was shown that a mathematical model of RGD can well describe
synthetic OXPHOS deficiency data generated from a range of models. The unobserved
mtDNA dynamics of each dataset were also compared to the posterior predictions of the
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mathematical model. The model showed a fairly strong resemblance to two of the three
synthetic datasets, X rgp and Xg,5. Despite the close fit of the OXPHOS deficiency data
generated by the perinuclear niche model, X pyy, the predicted mtDNA dynamics showed
substantial differences from the ground-truth. However, it was found that the synthetic
dataset with the highest posterior likelihood was generated by a mathematical model of
RGD. This might seem unsurprising; however, p(8| X pnxxn) showed lower posterior uncer-
tainty in parameter values, and the predictive distributions showed a closer resemblance
to the data. The higher likelihood of the X rgp indicates that it may be possible to dis-
tinguish between models of clonal expansion using OXPHOS deficiency data and a model
selection criterion during Bayesian inference.

For the first time, a mathematical model of perinuclear niche theory was developed.
Although the model described is specific to the PNN assumptions, it lays the foundation
of other spatially dependent models and could be adapted to suit a variety of modelling
assumptions.

The investigation highlights the difficulties when inferring the pathogenic threshold,
compared to mtDNA half-life and mutation probability. The threshold posterior beliefs
were scarcely updated from their priors in both the observed and synthetic datasets. A
noticeable reduction in the posterior uncertainty of the pathogenic thresholds was seen
between the observed dataset and all synthetic datasets, and it is hypothesised that the
increased amount of data in the synthetic datasets could be driving this reduction.

5.5.2 Limitations
Computational expense

The investigation was hindered by the computational expense of inference, which is pri-
marily driven by the cost of simulating the mathematical models. This is particularly
true for the mathematical model of the perinuclear niche theory. The spatial dependence
of the model requires agent-based modelling, which drastically increases the number of
computations per simulation update. Even so, the computational cost of simulating the
non-spatial models is still considerable when implementing Bayesian inference. Therefore,
it was not possible, within an appropriate time frame, to construct and implement a large
Bayesian inference scheme which included model selection and comparison. The expense
was so great that it was not possible to execute multiple inference chains to ensure MCMC
convergence to a single posterior distribution. The simulation cost during inference could
be greatly reduced by using an emulator model (Henderson et al., 2009). Unfortunately,
the project’s time limitations did not allow for this. The cost of inference further impacted
the simulation study. The reduction in posterior uncertainty of the pathogenic thresholds
is attributed to the larger size of the synthetic data compared to the smaller observed
dataset. However, this should be confirmed by a simulation study of how dataset size
impacts posterior uncertainty and model fit.
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Available data

Finding appropriate data for an investigation into clonal expansion is difficult. Here, the
choice was made to use patients with mtDNA maintenance disorders, and it was assumed
that the mtDNA mutation events did not occur during cell development. This assumption
gave the simulations a known initial condition of zero variant load. Without this assump-
tion, or prior information about the patients’ inherited variant load, it would be almost
impossible to distinguish between a system with deficiency proportion caused by inherited
variant load or by mtDNA dynamics, based on a single time point. However, it is pos-
sible variant mtDNA arose post-conception, during cell development. Including cellular
development in the model is possible, but would significantly increase model complexity
and computational cost. Without knowledge of the inherited variant load, meaningful in-
ference could be achieved by a longitudinal study. However, ethical considerations often
prevent longitudinal studies that collect multiple tissue samples throughout a patient’s
life. Furthermore, it is not known how many tissue samples or time points are needed,
nor what the optimal inter-collection time would be for inference. Another implication
of using patients with an mtDNA maintenance disorder is that they are likely to have
different pathogenic mtDNA variants, which could lead to greater inter-patient variabil-
ity in their OXPHOS deficient levels due to the variant-specific nature of the pathogenic
threshold and resulting OXPHOS deficiency.

Additionally, the observed dataset used here contained no information regarding mtDNA
copy number and the decision was made to use values found in the literature. However,
these may not be biologically realistic, and inappropriate copy number values could affect
the inferred parameter values, as they impact the rate of clonal expansion (Elson et al.,
2001).

Observed dataset

The observed dataset used in this chapter was relatively small, containing nine patients,
each with three OXPHOS deficiency measurements collected from a single tissue sample.
A larger dataset, with more patients, would likely be able to reduce some of the poste-
rior uncertainty seen here. Although not a perfect comparison, the synthetic datasets
contained 20 patients, and a noticeable reduction in posterior variance of the pathogenic
thresholds was observed, although the same effect was not seen in other parameters. The
computational cost of inference prevented conducting a further simulation study with a
range of dataset sizes to properly investigate its impact on posterior uncertainty.

Model fit

The mathematical models proposed here assumed that the variation in deficiency pro-
portions was due to natural variation between patients and consistency across proteins.
However, this may not be the case. After fitting the model to the observed dataset, the
posterior predictive intervals highlight that the variation in CYB deficiency proportion is
much lower than that of NDUFB8 and MTCO1. This indicates that the previous assump-
tion may not be appropriate. The statistical model fitted to the transformed proportion
data, Equation 5.15, could be updated to allow the model precision to vary between
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OXPHOS proteins. Unfortunately, due to computational expense, it was not possible to
update the model and re-run the inference.

5.5.3 Future work
Dataset

The observed dataset used in this chapter was relatively small. A larger dataset is likely
required to investigate the mechanisms of clonal expansion fully. An increase in data
points can occur in several ways. Continuing to work with mtDNA maintenance disor-
der patients, multiple observations can be made at a single time point from a patient
using post-mortem tissue. Ideally, all samples would be collected from the same tissue;
otherwise, inter-tissue variability must be taken into account. Post-mortem tissue would
increase the number of observations without additional computational expense, as more
observations from a single patient would not increase the number of simulations required
during inference. Another option would be to conduct a longitudinal study, collecting
multiple tissue samples throughout a patient’s life. Ethical considerations would likely
limit this to one sample per time point and tissue. The benefits of a longitudinal study
are that it does not necessarily require patients with mtDNA maintenance disorders, and
other patient genotypes can be considered. However, if two or more patient phenotypes
are to be considered in a single dataset, the probability of a mutation event and the
pathogenic threshold for each phenotype must be considered. A longitudinal study may
allow for the inherited variant load to be inferred for patients where this is unknown and
cannot be assumed. A robust simulation study would elucidate whether this is possible.

OXPHOS deficiency data from separate sources can be combined to form a single large
dataset. It is likely that when combining datasets, not all patients have measurements on
the same OXPHOS proteins. However, the pool of proteins in which data is collected is
relatively small, so a large amount of overlap is expected. Indeed, unobserved OXPHOS
deficiency proportions could be considered latent variables and be inferred during infer-
ence. When combining datasets, it must be decided whether it is reasonable to expect
the same model precision for all datasets, and if not, this consideration must be taken
into account.

Single-myofibre copy number and control mechanisms were not considered in this in-
vestigation, as they were assumed to be known, using literature standard values. Copy
number affects the rate of clonal expansion (Elson et al., 2001), and so its value is impor-
tant when investigating clonal expansion. Incorporating copy number data would enable
the inference of control mechanism parameters and potentially facilitate the selection of
specific mechanisms. Ideally, single-myofibre copy numbers would be collected from the
same patients as the OXPHOS deficiency measurements. This may be achieved by tak-
ing a tissue block, which can be split into separate samples and analysed by different
means. One tissue slice would be used for OXPHOS protein abundances and another to
find single-myofibre mtDNA copy number. Using the same patients for copy number and
OXPHOS deficiency would reduce complexities regarding phenotype and inter-patient
variability, which would otherwise have to be considered.
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Improving statistical model

The statistical model could be updated to allow varying model precision between OX-
PHOS proteins, which would hopefully provide a better fit to the data a posteriori.
Depending on the size of the available dataset, it may be appropriate to implement a
hierarchical aspect to the model, which infers both population-level and protein-specific
model precision. With the addition of the precision hierarchy, the statistical model would
be of the form: for i =1,..., Ny and j = 1,..., Nox

Y;z‘ﬁ;?% ~ N (elogit f)éa%’il) )
il By ~ Ga (o, By) ,

Qyy ~ Ga (gon ha) ’

By ~ Ga(gs, hg) .

(5.19)

Decreasing computational cost

As discussed, a major obstacle to this investigation is the cost of inference, primarily
driven by the need to simulate the mathematical model. It is, however, possible to reduce
this by implementing a model emulator (Henderson et al., 2009). Emulation is a statistical
method which infers the output of a mathematical model given a set of input parameters.
This reduces the computational cost of inference by removing the need for simulation
and instead drawing from the model’s emulator. The reduction in computational cost of
inference may allow for the formal comparison of varying mathematical models of clonal
expansion, by criteria such as BIC. This would allow the model that provides the best
fit to the data, based on the criterion, to be robustly identified, and consequently give
weight to that theory of clonal expansion.

Simulation study

Reducing the computational cost would enable an in-depth simulation study, which could
inform the data required to make meaningful inferences with a real dataset. A simulation
study could also demonstrate the potential gains in posterior certainty and predictive
power that an increase in the number of patients or patient samples could yield. Addi-
tionally, a simulation study can inform the optimal time between sample collections in
longitudinal studies.

5.5.4 Final remarks

Many questions remain unanswered regarding the mechanisms behind clonal expansion,
and mathematical models are likely to play a crucial role in elucidating these mecha-
nisms. Unfortunately, several hurdles are currently hindering their use. Mainly, the
computational cost of simulating such models for inference and the lack of appropriate
and agreed-upon biological estimates of model parameters. Here, we showed that OX-
PHOS deficiency data can be used to infer model parameters, and, significantly, showed
that the underlying system generating the data can be distinguished when using Bayesian
inference to infer model parameters. Consequently, it was also demonstrated that a math-
ematical model of RGD can explain data generated from different underlying systems by
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varying model parameters, indicating that conclusions based on standard literature val-
ues regarding model fit should be taken with caution. A reduction in simulation costs,
achieved through model emulation, would enable the formal comparison of models and
the development of more complex models to investigate copy number control mechanisms.
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Chapter 6

Discussion

Mitochondrial disease is a rare genetic disorder which is caused by variants in both the nu-
clear and mitochondrial genomes. The wide variety of possible pathogenic DNA variants
and the varied roles mitochondria play in cellular processes result in a diverse phenotypic
spectrum both between and within pathogenic DNA variants. The stochastic and contin-
uous turnover of mtDNA also gives rise to high cellular phenotypic variance, adding to
the overall complexity of the disease. Despite their significance, the biological processes
which govern mtDNA dynamics and mitochondrial dysfunction are poorly understood,
making the development of therapies and treatments difficult. Several theories linking
mtDNA dynamics and mitochondrial function have been proposed, although none have
been conclusively agreed upon to date. Mathematical models of mtDNA dynamics have
become a popular method for the proposal and comparison of biological theories. Unfor-
tunately, the uncertainty in biological mechanisms mirrors uncertainty in the parameters
governing mathematical models. Parameter inference is challenging due to the limited
direct observations of mtDNA dynamics and the complexity of the mathematical models,
rendering the likelihood intractable and making standard statistical techniques inapplica-
ble. Investigations, therefore, use parameter estimates found in the literature. However,
the species- and tissue-specific nature of mitochondrial function, as well as the variant-
specific nature of the disease, makes this undesirable.

Robust investigations comparing mathematical models of clonal expansion could shed
light on the governing processes of mitochondrial dynamics, making it easier to predict
disease progression and develop therapies. Within the literature, relatively few investi-
gations have directly compared theories of clonal expansion and those that have used
parameter values found in the literature.

6.1 Key findings

Due to the combined difficulties of data availability and model comparison, Chapters 3
and 4 of this thesis examine two data types for their use in comparing mathematical
models of clonal expansion. The practicalities of inferring parameter values and compar-
ing models of clonal expansion using Bayesian inference and non-direct measurements of
mtDNA dynamics are considered in Chapter 5.

159



6.1.1 Blood cell analysis

In Chapter 3, a Bayesian mixture model was used to infer the proportion of cells which
had reached wild-type homoplasmy across several cell types within six patients harbour-
ing the pathogenic m.3243A>G mtDNA variant. The data, believed to contain noise
due to sequencing errors, consisted of single-cell variant loads. The analysis confirmed
previous findings that m.3243A>G is negatively selected against over time within blood
cells (Walker et al., 2020). Additionally, it was found that negative selection is enhanced
during T cell development, with more mature cells having substantially higher levels of
wild-type homoplamsy. The increased levels of homoplasmy, however, are not consistent
with the linear differentiation model of T cell development (Geginat et al., 2003; Verma
et al., 2017), with Tgygra cells showing reduced homoplasmy levels compared to Ty cells
across patients. Instead, suggesting a fluid differentiation model.

6.1.2 OXPHOS status classification

In Chapter 4, the OXPHOS deficiency status of single myofibres was inferred using a
Bayesian hierarchical model. The model showed improved classifications compared to
the existing standard classification method (Rocha et al., 2015) when evaluated against
expert manual classifications for an observed dataset, collected by Vincent et al. (2024).
When comparing the two models to synthetic datasets, the Bayesian model showed higher
agreement with the ground-truth values, exhibited high predictive power, and robustness
to prior specification. However, when comparing the classifications to a second observed
dataset, collected by Gomes et al. (2025), a problem was highlighted. The Bayesian model
assumes that healthy myofibres” OXPHOS abundance shows a linear relationship to mito-
chondrial mass, which is distinct from unhealthy myofibres” abundances. One patient, out
of three, in the Gomes dataset did not satisfy this assumption, resulting in misclassifica-
tions. This dataset also highlighted issues related to computational cost and convergence.
The increased computational cost due to larger datasets may become prohibitive due to
a complex joint-posterior distribution. Inference chains were shown to become stuck in
local maxima, and an increased burn-in period exceeded the capabilities of a standard
machine with 16GB RAM. This issue arose twice out of a combined of 219 independent
executions of the model on data represented in a 2Dmito plot across the datasets.

6.1.3 Modelling clonal expansion

In Chapter 5, the practicalities of inferring the parameter values for a mathematical model
of mtDNA dynamics were considered when using the proportion of OXPHOS deficient
myofibre data. In total, four datasets were considered: one observed (Vincent et al., 2024)
and three synthetically generated based on assumptions of RGD, SoS, and PNN theories
of clonal expansion. For each dataset, a mathematical model of RGD was fitted, inferring
model error and the mathematical model parameters. For the observed dataset, although
the posterior distributions showed a fair degree of uncertainty, the posterior predictive
distributions showed a good fit to the data for two of the three OXPHOS proteins. The re-
maining OXPHOS protein showed lower levels of inter-patient variation in the proportion
of OXPHOS deficient myofibres, which was not reflected in the posterior predictive dis-
tributions. Unfortunately, time constraints and computational expense prohibited model
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development and re-fitting. When fitting the model to the synthetic datasets, it was found
that a model of random genetic drift could successfully replicate the data, proportions
of OXPHOS protein abundance, generated by different underlying mechanisms. How-
ever, when comparing posterior marginal data likelihoods, the dataset generated under
the assumptions of RGD showed the highest likelihood, implying the ‘true’ model could
be inferred using model comparison techniques such as BIC. Model parameters showed
reduced posterior uncertainty when being inferred using the synthetic datasets, compared
to the observed; it is believed this is due to the increase in the number of data points
within the synthetic datasets.

6.2 Future work

Recent advances in biological techniques could form part of a larger study into clonal
expansion, collecting data which is used to infer the parameters of a mathematical model.
For example, Lareau et al. (2023) recently developed a large-scale single-cell DNA se-
quencing technique that is capable of reading thousands of single cells’ DNA sequences
at once. They investigated mtDNA sequences of blood cells within six patients, simi-
larly to the single-cell dataset seen in Chapter 3. However, Lareau et al. (2023) collected
single-cell measurements on over 200,000 cells compared to approximately 6,000 cells in
the dataset collected by Franklin et al. (2023). The large number of cells analysed also en-
abled Lareau et al. to collect data on rare cell types, allowing a more complete picture of
cellular differentiation. Their method was applied to blood cells, raising questions about
its applicability to skeletal muscle due to the latter’s much larger size. More recently,
Bury et al. (2024) developed a method to collect subcellular tissue samples and measure
mtDNA variant load within the subcellular region of myofibres. Subcellular data, such
as this, has not been available before and could provide interesting data of how variant
mtDNA spreads throughout the myofibre.

Additionally, a number of statistical methodologies could be utilised to aid the de-
velopment of statistical/mathematical models relating to clonal expansion. Henderson
et al. (2010) used a mixed effects statistical model to combine two independent datasets
measuring different aspects of mtDNA clonal expansion. The first dataset consisted of
multiple variant load measurements made from aggregated neurons within a cohort of 15
patients with Parkinson’s disease. The second dataset contained neuronal survival count
data from a cohort of healthy controls. Bayesian inference was conducted to infer the pa-
rameters governing a mathematical model of mtDNA dynamics and showed considerable
less uncertainty than when using a single dataset of just the variant load measurements
(Henderson et al., 2010). Their work highlights the potential of combining independent
datasets to provide a more comprehensive picture of the underlying dynamics of mtDNA.
This is significant given the scarcity of data availability in rare diseases, and shows the
potential for combining variant load measurements and OXPHOS deficiency. Indepen-
dent datasets concerning different measurements of mtDNA dynamics, possibly collected
from different patient phenotypes, could be combined within a single statistical model,
allowing for a richer, fuller dataset to compare models of clonal expansion.

As mentioned in Chapter 5.5, emulation is a powerful tool for reducing the computa-
tional expense of simulating a stochastic mathematical model, see Baker et al. (2022) for a
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review of emulator methods. In particular, Gaussian process emulators (GPEs) are widely
used and have been applied to a range of mathematical models (Conti et al., 2009; Fisher
et al., 2022; Vernon et al., 2014), including both Gillespie-type (Fisher et al., 2022; Hen-
derson et al., 2010) and agent-based models (Oyebamiji et al., 2017). Building a model
emulator, however, requires a large number of simulations from the mathematical model,
which can still be expensive. One method to reduce the computation burden is improved
hardware. Graphcore have developed a high-performance computer processor that can
massively parallelise computation. A significant reduction in computing time and cost per
simulation could be made by employing this hardware, as shown in Appendix C. Another
method, commonly used in making an emulator, is referred to as history matching. An
emulator is built by simulating model behaviour given a set of inputs which spans the
parameter support, history matching removes unlikely areas of the parameter space, and
focuses on regions of non-negligible posterior density (Andrianakis et al., 2017; Vernon
et al., 2014; Williamson et al., 2013).

Combining recent advances in biological technology with advanced statistical method-
ology would enable an in-depth investigation into the mechanisms governing clonal ex-
pansion. If focus continues to be with clonal expansion within myofibres, single-myofibre
variant load data could be used as a second independent dataset to OXPHOS deficiency
proportion. The spatial dynamics of mtDNA could be inferred by incorporating subcel-
lular data, by comparing model predictions to subcellular regions of the variant load and
copy number. Otherwise, large-scale single-cell sequencing could be used to generate a
comprehensive dataset of blood cells within the T and B cell compartments. As discussed
in Chapter 3.5, a mathematical model of blood cell development is associated with several
challenges but a large and rich dataset of single-cell variant loads and copy numbers, col-
lected following the methods of Lareau et al. (2023), could be enough to overcome these.
The ease of data collection in blood tissue would more easily allow for longitudinal stud-
ies, where multiple data points are collected for each patient. The use of model emulators
and the advanced processing units could alleviate many of the computational problems
that have been discussed in Chapter 5.5 and within this chapter.

6.3 Closing remarks

In conclusion, the work detailed in this thesis has implemented Bayesian analysis to infer
the aspects of mtDNA dynamics and assess the use of OXPHOS deficiency data to infer
the parameters of a mathematical model. The work also highlights the possibilities for
future research comparing theories of clonal expansion using model emulators and varied
data sources. This will hopefully contribute to ongoing research aimed at understanding
the mechanisms governing mtDNA dynamics and clonal expansion, improving predictive
capabilities of disease progression and severity.
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Appendix A

Classification of myofibre OXPHOS
status - Appendix

A.1 Full-conditional distribution calculations of Bayesian
hierarchical linear mixture model

For k subjects (k — 1 controls and one patient) represented in a 2Dmito plot, each subject
possesses M; ¢+ = 1,2,..., k single myofibre protein abundance measurements. The full-
conditional distribution is proportional to the full-joint distribution of all parameters and
data, p(Y,Z,0,7). Let f(y|u,7) represent the PDF of normal distribution with mean
4 and variance 7. The joint density is,

p(Y,Z,0,7)= (Y Z|60,m)p0, ),

p(Y,Z]0, ) = HH{Wf VijlmiX; + ci,7) + (1 —7) f (Yiglmi X5 + ¢i,7) }, (A1)

=1 j=1

p(0,7) = p(m)p(7)p(Tim)D(om ) P(Te) (1) Hp(mi\um, To)P(Cil fhes Te).

The FCD for each parameter can then be calculated by simplifying the full-joint
distribution up to proportionality. We start with the expected values of the slope and
intercept parameters. The FCD of the expected slope is

k
p(ﬂm|Y7 Z7 o ) X p(,um) Hp(mi|ﬂm77m) 9

i=1

 exp [—%(am _ um)Q] ﬁexp [—%”(um - mi)z] | (A.2)

ambm + Tm Zz m;
by + Tk

1mlY,Z.0_,, ~N ( (b + ka)—l) .

Similarly, the FCD of the expected intercept is

k
p(1el Y, Z,..) o< plpse) [ [ o (milpse, 72)
i1 (A.3)

cbc c i C1 -
%’ (be + k) 1) )

\Y.Z.6_,
pie pe ( be + 7.k
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The FCDs of the precision of the slope population level is

k
p(Tm|Y7Z’ o ) O(p(Tm) Hp<mi|ﬂma7-m>v

=1
k
gm—1 _ _T_m _ )2 A4
X T eXp( hme) H\/ Tm €XP |: 9 (:um mz) :| ) ( . )

=1

k

1
Y.Z.0_ . ~ 2 - —m;)?
Tw|Y,Z,0_., Ga<gm+k/,hm+2;(um mJ),

Similarly, the FCD of the precision of the intercept population level is

k
p (7—0|Y7 Z,...)x p(Tc) Hp (mi’,ucv e)
=1 (A.5)
k 1 ,
TC|Y7 Z70—7'c ~ Ga <gc + 57 hc + 5 ;(:U’C - Ci) ) :

For the i-th subject, the FCD of the slope is

p(mi|Y, Z,...) o< p(m|fm, Tm)

M;
X H {f (YijlmiXij + ¢, 7) W(Zi; = 0) + f (Yij|mi Xij + ci,v) W Ziy = 1)}>
j=1

S - T

X H { exp [—%(Y;j —m; Xi; — ci)Q] I(Z;; = 0)

HmTm + Iam%m A y—1
mi|Y, Z,0_,,, ~N|—————— (T, + Tn) ,
Tm + Tm
’7A'Z'j = TH(ZZ‘]' = O) + ’YH(ZZ] = ].),
M;
7A—m - 7A_ij)(m27
7=1
M;
fom = An_’bl { (Xi;Yi — aiXyy) Tza}
7=1
(A.6)
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For the i-th subject, the FCD of the intercept is

p(alY,Z,...) < p(ci|pe, Te)
M;

< JTAf YVijlmaXi; + ¢, 1) U Ziy = 0) + f (YiglmiXyj + i, v) W(Zyy = 1)},

—_

<

o exp [— (e — 61)2]

ol

X {exp [—g(}/;‘j - m X5 — Cz‘)Q] I(Z;; = 0)
1

<.
Il

+exp [_%(YU — miXij — Ci)Q] [(Zi; = 1)},

-1

Te+ 2, Tig (Yij — miXi; L

v, 2,6, ~N|L 27 ])7 Tty )
Tc+2j7_ij =1

(A7)

The FCD of the model’s inferred precision, 7, is
M;
T {7 (YilmiXi; + e, 1) 1(Zi; = 0)},

Jj=1

p(T|Y,Z,...)o<p(T)H

i

koM
m74*emﬂ—h7)IIIIVFGW[—ga%‘—mﬁ&j—cﬁﬂﬂ(&'zoﬁ

i=1 j=1
_ A 2 _
T|Y,Z,0,T ~ Ga (g + 5 ZZH(Z” = O),h"‘ 5 Z : (,U/ij - Y;J) ]I(Z” = 0)) s
7j=1 =1 7j=1 =1
fuij = mXsj + ¢
(A.8)
Lastly, the FCD for the proportion of not-like-control patient myofibres is
p(rlY,Z,...) xp(m)p(Z|n),
My,
o 7 (1= m)P T [ I(Zey = 0) + (1 = m)1(Zy; = 1)},
j=1 (A.9)
M, My,
7|Z ~ Beta <a +Y N(Ziy =0),8+ Y 1(Zy; = 1)) .
j=1 j=1

A.2 Bayesian model output

The Bayesian model was independently fitted to the data represented in 219 2Dmito plots,
and, therefore, reporting the MCMC output and model fit for each 2Dmito plot would
not be feasible. Instead, a representative sample of output is shown across the datasets.
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A.2.1 Vincent et al. dataset

The MCMC output for a single scheme is shown in Figures A.1-A.3, the output is rep-
resentative of all other schemes unless otherwise stated, and for the sake of brevity, no
other output will be shown.
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Figure A.1: MCMC output for subject-specific slope parameters after fitting the
Bayesian model to NDUFB8 abundance for patient P09 in the Vincent et al.
dataset. The posterior distribution is summarised by 5,000 almost independent draws from
the posterior, generated by STAN, after removing a burn-in of 20,000 iterations. Histograms
show the posterior densities (green) and the prior beliefs are indicated by their density (pink).
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Trace plot ACF Density
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Figure A.2: MCMC output for subject-specific intercept parameters after fitting
the Bayesian model to NDUFB8 abundance for patient P09 in the Vincent et al.
dataset. The posterior distribution is summarised by 5,000 almost independent draws from the
posterior, generated by STAN, after removing a burn-in of 20,000 iterations. Histograms show
the posterior densities (green) and the prior beliefs are indicated by their density (pink).
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Trace plot ACF Density
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Figure A.3: MCMC output for remaining parameters after fitting the Bayesian model
to NDUFBS8 abundance for patient P09 in the Vincent et al. dataset. The posterior
distribution is summarised by 5,000 almost independent draws from the posterior, generated by
STAN, after removing a burn-in of 20,000 iterations. Histograms show the posterior densities
(green) and the prior beliefs are indicated by their density (pink).

Example posterior classifications are shown in Figure A.4. The patients shown here
were chosen due to their range in myofibre counts and abundance profiles in addition to
those shown in Figure 5.7.
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Figure A.4: Example 2Dmito plots from the Vincent et al. dataset with Bayesian
classification. 2Dmito plots for three patient: P04, P07, and P12. Control subject data
is shown (black) is aggregated and the model fit for them is not shown. The 95% posterior
predictive distribution for like-control patient myofibres is shown (green dashed line) as well
as the posterior expected value (solid green line). Posterior patient myofibre classifications are
shown by colour; blue showing a like-control classification and red not-like-control. Manually
classified not-like-control myofibres are indicated with a small yellow dot inside the data point.
The posterior expected proportion of not-like-control myofibres is indicated above each 2Dmito
plot.
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A.2.2 Synthetic datasets

Example posterior classifications are from synthetically generated 2Dmito plots are shown
in Figure A.5.

Elz|X]=11.8%

E[z|X]=3.50%

E[z|X]=7.00%

<
<
g0 -
L Om
2 o 2
pd g Q
8- S _
o
o
T T T T T T 1
0.0 1.0 2.0 0.0 1.0 2.0 0.0 1.0 2.0 3.0
log(VDAC) log(VDAC) log(VDAC)
(a) DO1
E[z|X]=8.60% E[z|X]=4.10% E[z|X]=7.50%
o P12 © . ©
s <
M ~ 7, T
m © = P 04 )
5 S R < oy
0 o ‘ o S =
< Pyt 2w 27 = o
g, 1A iy & g
<5 1 ¢ < e ©
't’
(4p]
©
o [ — T 1 S B N E—
4 5 6 7 4 5 6 7 4 5 6 7 8 9
log(VDAC) log(VDAC) log(VDAC)
(b) D02

Figure A.5: Example 2Dmito plots from the synthetic datasets with Bayesian classi-
fication. 2Dmito plots for one patient, P12. Control subject data (black) is aggregated, and
the model fit for them is not shown. The 95% posterior predictive distribution for like-control
patient myofibres is shown (green dashed line) as well as the posterior expected value (solid
green line). Posterior patient myofibre classifications are shown by colour; blue showing a like-
control classification and red not-like-control. Ground-truth OXPHOS status of not-like-control
myofibres are indicated with a small yellow dot inside the data point. The posterior expected
proportion of not-like-control myofibres is indicated above each 2Dmito plot.

A.2.3 Gomes et al. dataset
The output for all samples in patient P03 of the Gomes et al. dataset are shown in

Figures A.6-A.8. These 2Dmito were selected to be shown due to their varied success,
and abundance profiles which are distinct from other patients and datasets.
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Figure A.6: 2Dmito plots for QD tissue from patient P03 in the Gomes et al. dataset
with Bayesian classification. 2Dmito plots for all QD samples in patient P03 of the Gomes
dataset. Control subject data is shown (black) is aggregated and the model fit for them is not
shown. The 95% posterior predictive distribution for like-control patient myofibres is shown
(green dashed line) as well as the posterior expected value (solid green line). Posterior patient
myofibre classifications are shown by colour; blue showing a like-control classification and red
not-like-control. The posterior expected proportion of not-like-control myofibres is indicated

above each 2Dmito plot.
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Figure A.7: 2Dmito plots for TA tissue (block 1) from patient P03 in the Gomes et
al. dataset with Bayesian classification. 2Dmito plots for TA-B1 samples in patient P03
of the Gomes dataset. Control subject data is shown (black) is aggregated and the model fit for
them is not shown. The 95% posterior predictive distribution for like-control patient myofibres
is shown (green dashed line) as well as the posterior expected value (solid green line). Posterior
patient myofibre classifications are shown by colour; blue showing a like-control classification and
red not-like-control. The posterior expected proportion of not-like-control myofibres is indicated
above each 2Dmito plot.
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Figure A.8: 2Dmito plots for TA tissue (block 2) from patient P03 in the Gomes et
al. dataset with Bayesian classification. 2Dmito plots for TA-B2 samples in patient P03
of the Gomes dataset. Control subject data is shown (black) is aggregated and the model fit for
them is not shown. The 95% posterior predictive distribution for like-control patient myofibres
is shown (green dashed line) as well as the posterior expected value (solid green line). Posterior
patient myofibre classifications are shown by colour; blue showing a like-control classification and
red not-like-control. The posterior expected proportion of not-like-control myofibres is indicated
above each 2Dmito plot.
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Appendix B

Modelling clonal expansion -
Appendix

The generated synthetic datasets created from mathematical models of the SoS and PNN
theories of clonal expansion are shown in Figure B.1.

B.1 Synthetic data
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Figure B.1: Synthetic OXPHOS deficiency proporiton dataset. Synthetic datasets gen-
erated by the mathematical model of (a) survival of the smallest and (b) the perinuclear theory
of clonal expansion. For each dataset, the top depicts the latent, ground-truth deficiency pro-
portions for the three proteins (diamonds) and the synthetic observed data, after the addition
of random noise on the transformed scale (solid circle). The error bars show the 95% interval of
the observed value, given its ground-truth. Tk@fgottom row shows the synthetic observed data,
after adding random noise, on the natural scale. The x axes for all plots depict time in years,
i.e. the age of the tissue collection for the synthetic patients.



B.2 Inference output

The MCMC output for all executions of the inference scheme for the various datasets is
shown in Figures B.2 - B.6.
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Figure B.3: Results of parameter inference when fitting the mathematical model
of clonal expansion to the synthetic RGD dataset. The posterior distributions (green)
are summarised by a histogram created with 100,000, not including burning draws from the
joint posterior distribution. Kernel density estimates of the prior beliefs are shown in pink, as
generated by 100,000 draws from the prior. Ground-truth parameter values, used to generate
the synthetic data is shown as dashed blue line.
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Figure B.4: Results of parameter inference when fitting the mathematical model
of clonal expansion to the synthetic SoS dataset. The posterior distributions (green)
are summarised by a histogram created with 100,000, not including burning draws from the
joint posterior distribution. Kernel density estimates of the prior beliefs are shown in pink, as
generated by 100,000 draws from the prior.
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Figure B.5: Results of parameter inference when fitting the mathematical model
of clonal expansion to the synthetic PNN dataset. The posterior distributions (green)
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generated by 100,000 draws from the prior.
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Appendix C

Hardware Accelerated Simulation

C.1 Introduction

Graphcore, a company based in Bristol, UK, has developed a new kind of processor with
the aim of massively parallelising computation. The chip is called an Intelligence Process-
ing Unit (IPU) and is now on its second generation, the Colossus™ MK2 IPU processor -
the GC200. One GC200 contains 1,472 IPU-Tiles, one IPU-Tile contains one IPU-Core,
which is capable of executing six independent threads in parallel; that is, one GC200 can
execute 8,832 tasks in parallel. For example, if we were to run a single simulation, which
is known to take 30 seconds on an IPU-Core, it would also take 30 seconds to run 8,832
simulations by utilising every thread on the GC200.

Originally designed to increase performance in machine learning applications dramati-
cally, the IPUs architecture can also be used to provide big performance increases in many
other areas. Here, we will show that the IPU’s ability for massive parallelisation can be
used to decrease the computational time for repeated simulation of stochastic models.

C.2 Method

The individual IPU-Cores are not very powerful when compared to most CPUs, but by
using all available IPU-Tiles the full power of the processor can be utilised. Therefore, it
would not be appropriate to only consider the execution time for a single simulation, as
this effectively utilises 1/8,832 of the processor’s power. Instead, we will consider ‘batches’
of simulations and compare the wall clock times for the GC200 processor and a CPU to
execute 8,832 simulations (one batch). The CPU used as a comparison is the Intel® Xeon®
Gold 6246R Processor, with an all-core turbo frequency of 4.0GHz and eight cores. It
is of the same family, but a newer model, of the CPU used as a baseline comparison by
Kulkarni et al. (2022). A single GC200 cannot be purchased; instead, they can only be
purchased within an IPU-POD, which have a range of four to 256 processors. For the
timings presented here, an IPU-POD4 was used, which contains four GC200 processors
and can therefore execute 35,328 tasks in parallel. To show the scalability of the IPU, we
will also show the time taken for the IPU-POD4 to execute 35,328 simulations, utilising
every thread available within the IPU-PODA.
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Lastly, we will compare the processor’s computing power relative to the cost associ-
ated with them. There are several companies which rent time on an IPU-POD, much like
any other cloud computing service. The IPUs used here were rented using Gceore’s cloud
infrastructure, and their cost will be used as a comparison. We have also used Gcore to
rent time on the Intel Xeon, as Gceore allows the rental of bare metal processors, giving a
more stable performance compared to virtual machines.

To compare the performance of the two chips, a model of mtDNA dynamics is used.
Assuming random genetic drift and a zero probability of de novo mutations, the model
considers the dynamics within patients with an inherited variant load. Similarly to Chap-
ter 5, a linear copy number control is implemented.

C.3 Results

As this is a stochastic process, the simulation time is not deterministic. Therefore, the
simulations are executed a large number of times to gain an understanding of the runtime
distribution. The results of running a single simulation are omitted; however, to demon-
strate the relative power of a single IPU-Core compared to the Intel® Xeon® Processor,
the mean time from 1,000 simulations is shown in Table C.1.

‘Intel Xeon GC200
Time (ms) | 32149  2822.955

Table C.1: CPU is significantly faster when simulating a single realisation. Mean
wallclock execution time to simulate a single realisation from Gillespie algorithm, using a model
of mtDNA dynamics with no de novo mutation events. The mean was calculated from 1,000
independent simulations.

It is clear that a one IPU-Core is much less powerful than a one core of the Intel
Xeon. However, the massive number of [IPU-Cores within a single processor, 1,472, com-
bined with their ability to run up to six independent tasks without loss of performance,
results in a powerful processor. Figure C.1(a) shows the distribution of 1,000 execu-
tions of simulation batches of size 8,832. These simulations were done in parallel. Each
[PU-Core executed six simulations independently, resulting in 8,832 simulations being
executed in parallel. The time to complete these simulations is essentially the time taken
for the longest of the 8,832 simulations to finish, as the GC200 thread allocation and
data streaming add little time. The parallelisation for the Intel® Xeon® processor was
achieved by a Bash script executing N (the number of available cores) C++ scripts,
each sequentially executing M Gillespie simulations, such that M x N.,.. = 8,832. This
approach was taken because the C++ standard library std: :thread and the parallelisa-
tion software OpenMP added considerable computational overhead due to thread creation
and task allocation, resulting in the parallel simulations taking significantly longer than
if they were executed on a single thread. Although not ideal, the static scheduling used
was not a massive disadvantage. The system maintains a relatively constant hazard due
to copy number control and the assumption of no species advantage, resulting in the ex-
ecution time of a single simulation having low variance. This is confirmed by trials with
std: :thread and OpenMP, where both static and dynamic scheduling schemes were used
and the difference between them was negligible (results not shown).
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Figure C.1: IPUs massively reduce batch simulation time. (a) Distribution of simulation
times for a model of mtDNA dynamics, when executing the simulations on (left) a CPU, Intel®
Xeon® , and (right) a GC200. (b) The ratio distribution of simulation times (CPU:IPU). The
distributions were found by 1,000 timed simulations of batches of 8,832 simulations on each
Processor.

Figure C.1(a) shows that, compared to a single simulation, the time taken for the
Intel® Xeon® to execute the batches has increased considerably (see Table C.1). However,
the GC200 has only increased slightly, from ~ 2800ms to =~ 2930ms. Therefore, when
comparing batch simulations, the GC200 processor was approximately 14 times faster
than the Intel® Xeon® | see Figure C.1(b).

The batch simulations were conducted on a single GC200 processor. However, the
IPU-POD4 contains four GC200 processors, and their scalability allows all cores and
threads to be utilised while incurring little additional computational cost. The mean
time to execute 35,328 simulations, one for each thread on IPU-POD4, was 2937.766m:s,
which is approximately equal to the time to execute 8,832 simulations on a single GC200.
Figure C.2 shows how the simulation time distribution changes depending on the number
of simulations executed in parallel on an IPU-POD4 machine.
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Figure C.2: IPU-PODs allow seamless scalability. The distribution of execution times for
a single simulation (blue), 8,832 simulations (red), and 35,328 simulations (yellow) executed on
an [PU-POD4. Each simulation was an independent Gillespie simulation given the same initial
conditions, simulating the mtDNA dynamics of a single cell.

C.4 Discussion

As shown, when executing a large number of independent simulations, the GC200 can
offer a considerable reduction in execution time compared to the Intel® Xeon® . This,
however, does not take into account the cost of the processors. To compare the relative
computing power per cost, seamless parallelisation between one CPU and four is assumed,
such that four CPUs could execute four times the simulations of a single CPU without
incurring any additional computational cost. For easy comparison, the median of the dis-
tributions is compared and divided by the cost of renting each machine from Gecore, giving
the approximate cost of a single simulation on each machine. The results are presented
in Table C.2.

| Intel Xeon IPU-POD4

cost per hour €2.5032 * €6.12
median sim. time | 42.5455s ** 2.9428s
expected sim. cost €0.024 €0.005

Table C.2: IPU-POD4 provides a lower cost per simulation than CPU. The expected
cost to run one batch or 35,328 simulations using an Intel Xeon Processor and an IPU-PODA.

(*) The cost per hour for a single Intel® Xeon® Gold 6246R Processor is €0.5133.
(**) This is the expected simulation time assuming seamless scalability of CPUs.

Despite the assumptions made about the seamless scalability of the CPUs, the IPUs
still offer a significant reduction in cost per simulation by a factor of almost five. Reducing
the computational cost of simulation can decrease the cost of inference for mathematical
models of biological systems, such as those presented in Chapter 5. Whether inference
is being done by MCMC methods, ABC methods (Sunnéker et al., 2013), or by model
emulation, each requires many thousands or millions of simulations to be made. However,
it is usually not necessary to perform batch simulations of such large numbers during
inference; the IPU enables each simulation to be executed with different parameters with
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minimal effort. This can also be done on a CPU; however, it may require some thought
and consideration due to the bash script method of parallelisation.

Despite the clear time advantage of the IPUs, there is a steep learning curve to master
their use, even for users already familiar with C++. From personal experience, taking
over a week to go from nothing to executing a Gillespie simulation. The CPU paralleli-
sation method used here, however, is not without its faults. The Bash script method
of parallelisation would require any desired output to be saved to a text file and then
aggregated when all simulations are done. This would also add development time and a
small amount of computational time.

The agent-based model of clonal expansion, described in Chapter 5, was not tested
on the IPUs, as the model was developed after this investigation and time and resource
limitations did not allow for this to be revisited. Due to the limited power of a single
GC200 tile, it is unclear whether significant computational savings could be made when
simulating such a computationally expensive model. However, demonstrating a reduction
in the simulation time of the Gillespie algorithm is significant, given its widespread use.

Another problem that may arise when using the agent-based model to simulate clonal
expansion on the IPUs, although it can be overcome, is retrieving model output. At-
tached to each IPU-POD is a CPU which sends commands to each GC200 processor;
however, what can be sent and retrieved is somewhat limited. Only numerical vectors of
a known length can currently be passed to and from a GC200 processor. This may seem
restrictive, but with some consideration, the problem could be overcome by implementing
a post-simulation pipeline that converts numerical vectors into the desired output.
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