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Abstract

We investigate aspects of Fuzzy Dark Matter (FDM) in both the non-interacting and repul-

sively self-interacting regimes, critically discussing the role of interactions on virialised pro� les,

using our� ndings to� t to galactic rotation curves of a range of dark matter dominated galax-

ies, thus proposing a way to numerically reconstruct a galaxy from analysing observational

curves. Speci� cally, we� rstly analyse the ground state solution of the Gross-Pitaevskii-Poisson

equations - the soliton core. A generalised ansatz is formed along with a soliton-speci� c di-

mensionless interaction strength. The virial theorem is utilised to explain core dependencies

on boson (m) and total mass, and self-interaction (g), and a degeneracy in the pairing ofm

and g is also uncovered. Moreover, we introduce a Super-Gaussian pro� le from empirically

� tting to numerically generated self-interacting soliton ground states. This pro� le, joined with

a Navarro-Frenk-White (NFW) halo pro� le, is used to� t self-interacting FDM to observational

data of dark matter dominated galaxies,� nding the crucial result that a singlem and g pair

� ts all selected galaxies. Thirdly, we present three dimensional (3D) simulation results of self-

interacting FDM, and we demonstrate a scheme which allows us to reconstruct density pro� les

whose inferred rotation curves replicate observational data. In particular, we present a sim-

ulated self-interacting FDM halo corresponding to a galaxy for which we have observational

data, speci� cally galaxy UGCA444. We� nd an elegant form of the core-halo mass relation,

depending on the total energy of the system and qualitatively comment on the variation in

granule number and size depending on total energy. Next, we analyse the dynamical aspects of

the halo. In particular we (i) investigate the e� ects ofm and g on the oscillation frequency of

soliton cores; (ii) reveal evidence for a cooling (condensation) process, where the core density

grows on time scales longer than the age of the universe; (iii)� nally, we undertake a preliminary

investigation of the orbital dynamics of test particles in our recreated galaxy, commenting on

the velocity dispersion and the implications for the age gradient of stars in disc galaxies.

xxiii





1
Historical Background and Thesis Overview

1.1 Historical Introduction

In the early to mid 20th century, E. Hubble and M. Humason [4] discovered a large and unex-

pected dispersion in the velocities of galaxies in their observational data of the Coma cluster.

Though this is now considered a groundbreaking discovery, which has since rede� ned astron-

omy and cosmology as well as our fundamental understanding of the universe, the initial

reaction of the scienti� c community was one of measured intrigue. It was not until a subse-

quent deeper analysis by F. Zwicky [5] that the profound nature of the discovery was revealed.

By applying the virial theorem [6] to the data obtained by Hubble & Humason, Zwicky derived

an estimate for the total mass of the cluster which starkly contrasted theoretical predictions

based on observations of the visible matter. This was later followed by multiple analyses of

galactic rotation curves [7, 8, 9], which was found to be in tension with theoretical predictions

based on assumptions that all matter was visible and baryonic. In the aforementioned literature,

astronomers found that rather than demonstrating a gradual drop in velocity with increasing

radius, the rotation curves of galaxies were largely� at at larger radii, explicitly suggesting a

gap in understanding of either fundamental gravity on large scales, or of the matter from which

these galaxies are composed. It is clear to us in hindsight that these two problems are inex-

tricably linked, nevertheless they were studied largely independently at the time. It eventually

1
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became clear that both problems are clearly remedied by an introduction of a `dark' component

of matter that is only coupled to baryonic matter via the gravitational force. In search of this,

many academics turned to new solutions outside of the standard model of particle physics to

explain the missing mass, and this search continues to be a hot topic to this day.

Supersymmetry predicts a stable, weakly interacting massive particle (WIMP) which would

be a strong candidate for dark matter[10], however with the Large Hadron Collider's hitherto

failure to demonstrate the existence of supersymmetry, this speci� c avenue has su� ered reduced

interest. Neutrinos are considered possible candidates of hot dark matter (HDM)[11] due to their

interaction only via gravity and the weak force. Many further approaches and suggestions have

been put forth to describe what dark matter (DM) could consist of, however nothing has yet been

set in stone. The current leading theory is the cold dark matter (CDM) model[12, 13, 14, 15].

The essence of this theory is that DM does not have a notable random velocity dispersion

around the background velocity of the gravitationally bound construct it is found in. The time

line of the large scale structure under the CDM paradigm consists of primary collapse of small

scale structures which then further merge to form the large scale structure of the universe we

see today. This structure formation is labelled a `hierarchical' formation and di� ers from the

HDM in chronology. In fact, in HDM, large scale structures form via fragmentation from larger

gravitationally bound objects into the� laments and clusters visible in the present sky. HDM,

unfortunately, fails to explain the smaller scale structure formation in the universe - this requires

some variation of CDM or warm dark matter (WDM), a mixture of the two. Despite being the

leading theory, CDM still comes with crucial shortcomings at these smaller scales [16, 17, 18],

most notable of which are:

• the cusp-core problem, originating from the discrepancy between predicted CDM den-

sity pro� les of smaller galaxies [19], in which the density is a function of radius and

rises sharply towards the center of the core, and the implied� at density pro� le from

observational rotation curves which implies a soliton core.

• the missing satellite problem , which stems from the abundance of smaller DM haloes

that form around larger concentrations of mass within N-body CDM simulations. These

prove inconsistent with the number of dwarf galaxies orbiting larger galaxies, such as the

Milky Way.

The halo of CDM is typically modelled using the Navarro-Frenk-White (NFW) pro� le [20],

which exhibits anr � 3 drop in density at outer regions which recreates the� at portion of the

velocity curve. However, as mentioned, this pro� le has a continuous rise in density asr ! 0.

The re� ection of this in the computed velocity pro� les is seen in FIG. 1.1. Here, the NFW pro� le

is never able to achieve the necessary linear growth in velocity consequent of a� at inner core
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Figure 1.1: (Left) The density pro� le of two example NFW curves (orange, green) and an example
(blue) FDM core-halo pro� le (later discussed in chapter 3). (Right) The equivalent velocity curves of the
pro� les from the left plot. Red errorbars correspond to observational data for the galaxy UGCA444,
taken from the SPARC database [1].

within the halo. Speci� cally, the NFW pro� le is de� ned as

� NFW(r ) = � h

� rh

r

� �
1 +

r
rh

� � 2

; (1.1)

where� h is a density scaling parameter andrh is the `scale radius', both varying for di� erent

halos.

Modi� ed forms of Newtonian gravity (MOND) have also been put forth as an attempt to

explain the behaviours that are a direct consequence of the presence of DM, however these

struggle in various di� erent aspects. Instead, a new and emerging idea to regard DM as a

cosmic super� uid with coherence lengths on the scales of galaxies, resulting in the formation

of galactic sized DM haloes, has been gaining traction. Where CDM has shortcomings and

requires the addition of further in depth physics, such as baryonic feedback[21], a newer model

has made progress in remedying such issues inherently.

1.2 Fuzzy Dark Matter

Fuzzy dark matter (FDM) has lately emerged as a popular alternative to the conventional cold

dark matter (CDM) model. Following the� rst proposition of an ultralight bosonic dark matter

constituent [22], an ultralight particle within the mass range10� 22 � 10� 20 eV/c2, leads to a

description based not on incoherent particles, but on a single coherent wavefunction, with a
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de Broglie wavelength of� O (1) kpc. Numerical simulations [23, 24, 25] have shown that on

large scales, FDM replicates the cosmic web structure of cold dark matter, whilst addressing

some alleged challenges that CDM faces on galactic scales. This result is best illustrated in

FIG. 1 of [23]. Formation and growth of structures in such a dark matter background has been

thoroughly investigated recently [26, 27, 28, 29]. The favourable look upon this type of dark

matter in recent years has been motivated by the inherent properties which remedy ailments

from which the CDM model allegedly su� ers [16, 17, 18]. Among these, most notably, is the cusp-

core problem[19] which is resolved in FDM since the balance between the quantum pressure and

gravitation in FDM naturally forms a core, embedded in a NFW-like halo [30]. Furthermore,

some tentative, more direct favourable evidence for FDM may have begun to emerge, seee.g.[31].

Scrutiny of this model has become an active area of research - seee.g.[32, 33, 34] for recent

reviews and references to the literature.

The cores in FDM halos, often termed solitons, exhibit interesting dynamical behaviours.

Given non-symmetric initial conditions, the cores formed from gravitational collapse exhibit a

random walk within the base of the gravitational potential [35, 36]. Furthermore, scalar� eld

oscillations are observed in numerical simulations [37, 23, 24, 35, 38, 39, 36, 40], and signi� cant

advances have been made in understanding the parameter dependence of their frequency [2, 41].

These oscillations manifest in the form of homogeneous radial expansion and contraction of

the soliton core, and have been found to send out density waves into the surrounding halo

[37]. In such non-symmetrically initialised simulations, the constructive interference of density

waves and further stochastic density� uctuations [42, 43] also generate granules with a typical

scale of the order of the central soliton core [23, 44, 24]. These granules have been stipulated

to be the driving force behind the dynamical heating of stellar streams in the Milky Way [45],

whilst density waves have been proposed as potential sources of disk heating [42]. Although the

relation and interactions of the solitons to their host halos are very interesting and still to be

fully explored, in this thesis we will examine the FDM soliton in isolation, without the backdrop

of a complete halo initially. This will provide us with much needed insight into the behaviour

of the core under variations of fundamental parameters, to better inform further analysis and

discussion in more complex regimes.

Most FDM investigations have considered non-interacting bosons, for which the physical

state of the system is described by a Schrödinger equation, coupled to the Poisson equation, in

what is known as the Schrödinger-Poisson system of coupled equations (SPE). However, lacking

any evidence to the contrary, the addition of particle-particle interactions renders the situation

more interesting and dynamically complex – such a set-up, based on contact interactions adding

a nonlinear contribution to the Schrödinger equation, has been the subject of many recent
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works [2, 41, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55]. Such a regime is governed by the Gross-

Pitaevskii-Poisson equations,

i~
@ 
@t

= �
� ~2

2m2 r 2 + mV  + gj j2 ; (1.2)

r 2V = 4 �G j j2 ; (1.3)

where the wavefunction is normalised such thatj j2 is de� ned as the mass density of the

system. Here, the self-coupling strengthg = 4 � ~2as=m2 is considered as a short-range two-

body contact interaction, which can be e� ectively associated with thes-wave scattering length

as. For the remainder of this thesis, we will focus on repulsive self interactions whereg > 0.

We discuss these governing formulae in detail in the next chapter.

Although some works focus on the limiting case when interactions dominate (and the kinetic

energy generating the quantum pressure becomes negligible),e.g.[56, 57, 58], e� ort has also

been made to obtain general behaviours of self interacting FDM systems [2, 59]. Furthermore,

constraints upon the possible strength of self-interactions along with the boson mass have very

recently been examined [47, 48, 3, 51, 54] and, as a result, typical values for a repulsive self-

coupling ofg � (10� 32 � 10� 26) Jm3kg� 1 are usually quoted within the context of interacting

FDM literature, with the exact value depending on the chosen boson mass. Even in the lower

ranges, such a small self-interaction strength can still lead to clear and notable e� ects, which

could be observationally relevant, with [3] presenting favourable observational evidence for the

existence of a non-zero self-coupling. Attractive self interactions are most notably discussed

in [49], where their e� ects are studied in the context of cosmic structure formation and the sta-

bility of cosmic� laments. Moreover, although attractive FDM solutions are typically unstable

beyond a small range of allowed values, potentially leading to collapse and/or the formation

of a black hole [2, 60], recent work [53] highlights the potentially favourable and desired role

of attractive interactions in enhancing small-scale structure formation in large simulations of

the cosmic web, inspired largely by [49]. Such examples of self interacting FDM would leave

observational signatures like an increased number of solitons that form in areas of constructive

interference in cosmic� laments, where instabilities are present under the attractive self interac-

tion. Recently there has been a unique suggestion of a time-dependent self interaction, which

begins as repulsive in the very early universe and switches to attractive, potentially describing

the high rate of structure formation at high redshift [61].

Attempts have been made in literature to reconcile FDM with observational data from

rotation curves of galaxies [62, 3, 63, 64, 65], though on many occasions results indicate that

a singular boson mass is unable to describe the range of rotation curves obtained from data.

This points to a signi� cant issue in non-interacting FDM, that may well be remedied by the
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introduction of self interactions which result in di� erent rules for the shapes and sizes of FDM

cores [2, 3]. Core-only� tting has demonstrated that a sample of the SPARC catalog [1] is well

� t by a Gaussian ansatz for self interacting FDM [3].

With the wealth of new investigation into the possible e� ects of self interactions on FDM, a

lot is left open for further study and exploration. For this reason, inspired by the aforementioned

works, we choose to focus on the e� ects of repulsive self interaction in FDM.

1.3 Thesis Overview

This thesis aims to� rstly study the e� ects of varied boson mass and self interaction strength

on the characteristics of isolated soliton cores, both analytically and numerically via reduced

1D spherically symmetric simulations. We employ the knowledge gained here to� t a newly

presented ansatz for the soliton core, under the in� uence of self interactions, to observational

data from the SPARC [1] dataset, with the desire to demonstrate that self interactions are

critically required to match observational data to theoretical pro� les. In particular, we aim to

reconstruct inferred observational density pro� les in full 3D simulations, and to show that they

are stable on relevant timescales and agree with these observational data. Finally, we wish to

emphasise the possibility of using this 3D data, that corresponds to observationally inferred

dark matter halos, to analyse particular static and dynamic behaviours and characteristics,

such as the core-halo mass distribution, the core growth, and the velocity of test particles in

static granular halo potentials. Our ultimate aim is to stress the importance and possibility of

reconciling theoretical and numerical results for self interacting FDM with tangible, observable

e� ects and data.

Speci� cally, in chapter 3, we� rstly characterize in detail – both analytically and numerically

– the e� ect of repulsive interactions on the size and shape of the underlying virialized soli-

tonic core, building upon earlier work based on a Gaussian solitonic core of some interaction-

dependent e� ective width [2]. By making use of the virialization condition, we derive analytical

expressions characterizing the change in shape parameters as a function of interaction strength

in the context of the empirical model of solitonic cores [23, 24, 66, 43]. Further introduc-

ing a characteristic interaction strength marking the crossover between weakly-interacting and

strongly-interacting regimes – de� ned by equating the interaction energy to the quantum ki-

netic energy (see also [2, 50, 58]) – we are able to obtain analytical results for appropriately

scaled soliton parameters (radius, peak density), cast only in terms of the ratio of the interaction

strength to such characteristic value; such results smoothly interpolate between the previously

studied non-interacting and strongly-interacting (Thomas-Fermi) limits.
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To test the accuracy of our extended analytical predictions, we also perform detailed spher-

ically symmetric numerical simulations of isolated soliton cores generated through the very

e� cient imaginary time propagation method widely used in cold atom studies [67] (yet scarcely

seen in cosmological works [68]). We compare and contrast our virialized solitonic shapes both

in the absence and presence of repulsive self-interactions to the Gaussian [2], Thomas-Fermi [2]

and empirical [23] pro� les, with our� ndings providing a direct bridge between all such limiting

cases.

Moreover, our scaled analytical formulae are numerically con� rmed to be independent of

the values of the boson mass (m) and total soliton mass (M ), at least within the probed ranges

10� 22eV=c2 � m � 10� 20eV=c2 and 106M � � M � 108M � . Such an analysis facilitates a

critical test of the typically-used empirical pro� le, and provides a direct relation of the scaling

of central core density and soliton width as a function of scaled interaction strength, smoothly

interpolating between relevant previous� ndings.

Our numerical analysis of soliton peak density and width (and later in chapter 6, oscilla-

tion frequency) point to the existence of a degeneracy between boson mass and self interaction

strength in determining the resulting soliton parameters. We discuss the implications of such

� ndings for uniquely determining both interaction strength and boson mass from potential ob-

servational signatures. Through this analysis, we highlight that care is necessary when imposing

constraints on the boson mass in FDM, as the addition of a free parameter in the self-interaction

strength could signi� cantly widen the allowed parameter space for the boson mass. We thus

indicate that strong constraints such as those discussed in [38, 43] should likely be revisited

with this in mind.

In chapter 4, we introduce a new pro� le which exhibits an inherent dependence on our

dimensionless, soliton-speci� c self interaction strength,� g. We term this pro� le the Super-

Gaussian (SG), which is empirically derived from� tting to numerical data from simulated

ground state solutions for varying values ofg. We join the SG pro� le to the widely used NFW

pro� le to form a universal bimodal pro� le, used to map the entirety of a core-halo system.

By selecting dim, dark matter dominated galaxies from the SPARC database [1], utilising the

same selection criteria as in [3], we form a set of data which will be used for a 5-parameter

� t. Through utilising the bimodal pro� le and exploiting the parameter degeneracy, a grid

search is performed across a large 5D parameter space consisting of the soliton parameters (the

peak density, boson self interaction, boson mass) and two relevant halo parameters (the halo

density parameter and the scale radius). Ultimately, the result of the 5D parameter search for

each galaxy is a family of curves, all of which� t within the speci� c galaxy's errorbars, and

each corresponding to a speci� c pairing of m and g. Reformulating these data points in the

m � g parameter space into a density of points via a Gaussian kernel density approximation, we
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compute a con� dence region which points to a two-dimensional space ofm and g parameters

which can generate density pro� les that� t well to the selected observational data.

Taking the highest con� dence point from this space, equating to an optimalm and g pair,

we perform another set of best� t density pro� le generations for the density pro� les inferred

from observational data [1], and� nd that the entire chosen data set can be� t well by this pair.

In chapter 5, we introduce the method by which we formulate our initial conditions for 3D

FDM simulations. We detail the approach to generating a catalog of values for di� erent total

energies, in which the fundamental physical parameters (m; g), as well as the simulation speci� c

parameters (computational box size, total mass) are kept� xed. Additionally, a system speci� c

reference energy is introduced, which is equal to the total energy of the system if it were entirely

cooled to the ground state. This is an important reference that we will show is remarkably useful

in better understanding the form of the core-halo system. The e� ects of a variation of total

system energy is shown, demonstrating the fact that in the self-interacting regime, a core does

not behave as one would expect from analytical models [2]. By� tting the SG pro� le to the

simulation data, we show that instead of increasing only in density while the radius shrinks,

the core in fact grows in both radius and density. Making use of our newly de� ned reference

energy, we demonstrate a simple relationship between total system energy and mass distribution

between the core and halo, in contrast to the method in current literature [44, 69, 63, 64]. We

present qualitatively the variation in granule structure and characteristics as a consequence of

this energy variation, also. Finally, we demonstrate that using the machinery built in chapter 4,

and the newly developed understanding of the energy of simulated systems, it is possible to

recreate the velocity pro� les of observational halos by creating a 3D simulation whose 1D

density pro� le is approximately equal to a target density pro� le, equating to the SG best� t

to a given galaxy. The results show that it is possible to recreate an approximate SG-NFW

pro� le which corresponds to an observational galaxy, and that such a pro� le is stable across

observationally relevant timescales.

In chapter 6, we evaluate the oscillation frequency of the core, building upon the early

analysis of Chavanis [2], based here not on a Gaussian approximation to the soliton, but on the

more accurate empirical pro� les for which we explicitly derive a relationship between the peak

density,� 0, and the soliton oscillation frequency,f – thus supplementing previous related works

based solely on numerical� tting [39, 70, 71, 72, 43, 73]. Implementing a perturbative approach

on our accurately virialized numerically generated solitons, we obtain accurate numerical pre-

dictions for these oscillations which we contrast to our analytical predictions, and simpler

previous ones, building on important earlier work on such observables [39, 70, 71, 72, 43, 73].

We then extend our results to include repulsive self interactions by means of implementing a� g
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dependence on the shape parameters, as in chapter 3. We� nd that the simulated core oscilla-

tion frequency follows the analytical predictions with a variation in the self interaction strength.

Based on this, and the work in chapter 3, we propose a scheme for uniquely identifying both

the self-interaction strength and the boson mass by combining information of soliton shape de-

tails and oscillation frequency, which could potentially become available in future observational

data analysis. Indeed, oscillations perturb the rotational velocity curves signi� cantly within

the soliton and in the region immediately adjacent to it [74]. A statistical evaluation of the

gravitational heating of galaxies could therefore give a preliminary indication of a relationship

between frequency and other soliton parameters.

We then turn to the consideration of non-isolated solitons, embedded in halos which are

dynamically propagated. We show that the soliton core grows in density, as previously suggested

in [75, 69], as low energy particles from the halo condense onto it, while the halo exhibits a

radial growth. The implications this mechanism may have on system stability on time scales

relevant to the age of the universe and galactic evolutionary time frames are discussed.

Finally, we study the orbital evolution of test particles placed randomly onto a plane in a

static background FDM halo, corresponding to the galaxy UGCA444. We form a preliminary

statistical analysis of the velocity dispersion of such test particles, demonstrating that the tan-

gential velocities of test particles can vary greatly at inner galactic radii. The implication on

orbital perturbations of test particles owing to the granular structure on the age gradient of

stars across the galactic plane is mentioned. We discuss limitations of our method and� ndings,

and propose avenues of future work.

1.4 Statement Regarding Authored Work

The work appearing in this thesis is spread across one existing and multiple in-preparation

publications. Speci� cally, chapter 3 and the� rst half of chapter 6 are the focus of Indjin M,

Liu I K, Proukakis N P and Rigopoulos G, "Virialized pro� les and oscillations of self-interacting

fuzzy dark matter solitons", 2024 Phys. Rev. D109(10) 10351 [76]. This work was presented

at two conferences, Identi� cation of Dark Matter 2022 (Vienna), where it was the subject of a

talk titled "Core oscillations in fuzzy dark matter", and at the Balkan Physical Union 11 (Belgrade)

where the results were presented in a poster titled "An analysis of oscillations in fuzzy dark matter

cores". For the latter, I received the award for best poster in the conference section presented

on from the European Physical Journal.

Chapter 4 and the� nal section of chapter 5 compose a paper, Indjin M, Liu I K, Proukakis

N P and Rigopoulos G, "SPARC galaxy rotation curves: numerical halo reconstruction and identi� -

cation of a non-zero self coupling for fuzzy dark matter" in preparation [77].
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The remainder of chapter 5 constitutes a third paper, Indjin M, Liu I K, Proukakis N P and

Rigopoulos G, "The role of energy in fuzzy dark matter core-halo structures", in preparation [78].

I have also been involved in another ongoing publication in preparation, Indjin M, Liu I

K, Proukakis N P and Rigopoulos G, "FDM halos with self-interactions: Fuzzy dark matter halos

with repulsive self-interactions:� eld coherence, core and granule size and the vortex network.", in

preparation1, where I have been involved in active discussions, planning and corroborating

numerical results.

All numerical results presented in this thesis and their subsequent analyses are based on

algorithms and codes I have developed and authored in Python (simulations, analysis and

graphical presentation), Fortran95 (simulations) and MATLAB (analysis and graphical presen-

tation). Simulations were mostly conducted on the Newcastle University ROCKET (CPU) and

POWER (GPU) high-performance computing clusters, while some simpler simulations were also

ran on a personal laptop computer.

1The results of this paper are not included in this thesis.



2
The Gross-Pitaevskii-Poisson Equation

We will, for the remainder of the thesis, model FDM using the GPPE. In the non-interacting

regimes we discuss, whereg = 0 , the system reduces to the Schrödinger equation, which has

simpler dynamics and behaviours as we will show. Our methods of simulating the systems will

always involve a self-consistent computation of the gravitational potential for each timestep,

by solving the Poisson equation. An added important consideration is that, as our analysis

focuses on already gravitationally bound objects, we proceed in the context of a non-expanding

universe. Therefore, all simulations we produce and analyse are conducted in a static, non-

expanding space.

2.1 The theoretical model

To arrive at the governing equations for FDM, we� rst begin from the energy functional

E =
Z

d3x
�

~2

2m2 jr  j2 +
1
2

g
m

j j4 + V(j j2 � �� ) �
1

8�G
Vr 2V

�
(2.1)

=
Z

d3xH ; (2.2)

11
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The potential term in the energy functional should in fact beV
�
j j2 � j � j2

�
. This then leads

to us considering the over and under densities in the following potential term on the next page.

We require this for consideration of homogeneous distributions to in� nity. The integral for the

solution to the potential in the case of� being constant even at in� nity results in a diverging

potential in a homogeneous space, which should not be the case! In a homogeneous in� nite

space, we expect to feel no force in any direction. whereH is the Hamiltonian. Our Lagrangian,

in full form, is

L =
Z

d3x
�

i~
m

 � @t  �
~2

2m2 jr  j2 �
1
2

g
m

j j4 � V
�

j j2 � ��
�

+
1

8�G
Vr 2V

�
: (2.3)

We now write the following

L =
Z

d3xL (2.4)

Perturbing the wavefunction according to � !  � + � � , and keeping only� rst order terms,

yields

�L =
Z

d3x
�

i~
m

� � @t  �
~2

2m2 r � � r  �
g
m

� �  �  2 � V � �  
�

: (2.5)

Using the fact that� � is 0 at the boundaries, we can rewrite the second term inside the integral

as

�
Z

d3x
~2

2m2 r � � r  = �
~2

2m2

�
[� � r  ]1�1 �

Z
d3x� � r 2 

�
(2.6)

=
~2

2m2

Z
d3x� � r 2 ; (2.7)

which means we can now express Eq. (2.5) as

�L =
Z

d3x
�

i~
m

� � @t  +
~2

2m2 � � r 2 �
g
m

� �  �  2 � V � �  
�

: (2.8)

Writing the integrand as

@L
@ �

=
i~
m

@t  +
~2

2m2 r 2 �
g
m

j j2  � V  ; (2.9)
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which must be equal to 0, yielding the equation of motion,

i~@t  = �
~2

2m2 r 2 +
g
m

j j2  + V  : (2.10)

For the Poisson equation, we vary instead according toV ! V + �V , giving

L + �L =
Z

d3x
�

i~
m

 � @t  �
~2

2m2 jr  j2 �
1
2

g
m

j j4 � (V + �V )( j j2 � �� )

+
1

8�G
(V + �V )r 2(V + �V )

�
: (2.11)

Keeping only� rst order terms, again, we arrive at

�L =
Z

d3x
�

�V
�
� (j j2 � �� ) +

r 2V
4�G

��
: (2.12)

Making the same steps as before, and rearranging accordingly, we are left with the Poisson

equation,

r 2V = 4 �G (j j2 � �� ) : (2.13)

Here, and above, the average mass density,�� , has been subtracted to remove the 0-mode as

is necessitated in Newtonian gravity [79, 2, 80]. Such an implementation is required if we are

to include periodic boundary conditions, as we will be using for our 3D simulations. We will

also normalise our wavefunction such that

j j2 = � ; (2.14)

giving us the mass density.

By applying the Madelung transformation, =
p

� exp(iS ), and separating real and imag-

inary parts, we obtain the continuity equation,

@�
@t

+ r � (� u) = 0 ; (2.15)

in which u = ~r S=m and the equation of motion takes the form of the generalised Bernoulli

equation,
@S
@t

+
1

2m
(r S)2 + mV + mg �

~2

2m
r 2p

�
p

�
= 0 : (2.16)

The last term of Eq. (2.16) is the quantum pressure, which originates from the uncertainty
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principle. In fact, in the non-interacting case (g = 0 ), it can be shown that for a system in

equilibrium, the repulsion due to the quantum pressure balances the attraction due to gravity

[81].

2.1.1 The system energy

The energy functional of the Gross-Pitaevskii equation can be written as

E =
Z

dr
�

~2

2m2 jr  j2 +
1
2

mV j j2 +
1
2

gj j4
�

� � + W + U (2.17)

where� , W and U are the kinetic energy, the gravitational energy and the interaction energy

respectively. As conventional, we can further decompose the kinetic energy into two compo-

nents - the classical kinetic energy and the quantum kinetic energy,

� C =
1
2

Z
� juj2d3r; (2.18)

� Q =
� ~2

2m2

Z
(r � )2

�
r 2dr: (2.19)

An equilibrium solution experiences no time dependence and therefore has no classical

kinetic energy, so the system must be virialised even within a static con� guration.

2.1.2 Dimensionless GPPE

In order to numerically solve the GPPE we revert to dimensionless form by scaling all physical

variables to appropriate values. This is done in terms of a time scale

T = ( G� ref) � 1=2; (2.20)

characteristic of an object crossing a uniform density con� guration of some reference density

� ref and the corresponding energy and length scales

E = N ~
p

G� ref (2.21)

L =
�

~2

m2G� ref

� 1=4

(2.22)
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for some particle numberN = M=m. Settingt = T t0 and r = Lr 0, the resulting dimensionless

GPPE takes the form

i
@ 0
@t0

= �
r 02

2
 0+ V 0 0+ g0j 0j2 0 (2.23)

and

r 02V 0 = 4 �
�

� sys

� ref

�
(� 0� �� 0); (2.24)

where the interaction strength is written asg = g0~
p

G� ref =� sys, the gravitational potential

as V = V 0~
p

G� sys=m
p

� ref and the wavefunction has been scaled to the mean density� sys

within the computational box through the dimensionless form 0 =  = p � sys. We choose the

mean reference density of the system as� ref = 1 :5� 103M � =kpc3 which is commensurate with

the current cosmic density. We will henceforth drop all primes for the sake of simplicity.

2.1.3 Spherically Symmetric Reduction

By making the substitution ! �=r , we reduce the GPE to

i
@�
@t

=

 

�
1
2

@2

@r2
+ V + g

�
�
�
�
�
r

�
�
�
�

2
!

�; (2.25)

and the Poisson equation will become

@2V
@r2

= 4 �r�: (2.26)

Note that we no longer have need for the�� term since we do not have periodic boundary

conditions. The computational speed up acquired by translating to a spherically symmetric

system and using this method is signi� cant and allows for the study of higher mass solitons

with larger resolution, where 3D approaches may su� er from a lack of computational power or

simply from a lack of memory in being able to store large 3D arrays.

2.2 Numerical Tools

In this thesis, several numerical tools are used: Imaginary time propagation allows us to gen-

erate the ground state solution of a con� guration while keeping the mass constant through

renormalisation; fast fourier transform (FFT) algorithms from precompiled libraries are used to

propagate the GPPE numerically and are the most time-e� cient and energy-conserving algo-

rithms widely used for this use case; for simpler studies of the soliton with no halo, a spherically

symmetric reduction allows for the 3D problem to be reduced 1D, which signi� cantly speeds
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up numerical computation and allows for a much higher resolution. All these tools will be

thoroughly described and discussed in this section.

2.2.1 Imaginary Time Propagation

Finding the ground state of a set of equations can be a tricky task. For the Schrödinger equation,

one can apply a shooting method to reach the ground state solution of a given system [82, 41],

however this can be quite cumbersome. A clever and common tool used in the study of cold

atoms allows for a simple and elegant numerical method to� nd the ground state solution of a

given system of equations. By propagating an initial state in imaginary time, simply by making

the substitutiont ! � it , one � nds that all states are suppressed by exponential decay, the

magnitude of which is proportional to the energy at a given level. That is to say, higher energy

states are suppressed at an exponentially faster rate than low energy states. Let us consider a

time dependent wavefunction,	( x; t ), as superposition of eigenstates,

 (x; t ) =
X

n=0

 n (x)e� iE n t=~: (2.27)

If we transformt ! � it , then the wavefunction is now given by

	( x; � it ) =
X

n=0

 n (x)e� En t=~: (2.28)

We can factor out the ground state energy, arriving at

	( x; � it ) = e� E0 t=~ 0 +
X

n=1

 n (x)e� (En � E0 )t=~: (2.29)

It is clear here that ast evolves, the higher energy states decay faster than the ground state.

However, in such a method, the particle number and therefore the total mass in the system

will decay, also. Therefore, when applying this to numerical methods, it is crucial to perform

a renormalisation in each timestep. Every imaginary timestep, we assert that the total mass of

the system is equal to some normalised value (typically we useL 3, whereL is the length of the

computational box). This is a simple and e� ective way to guarantee that the decay of energy

manifests only as a migration of particles from higher energy states into the ground state, while

total mass remains conserved. Assuming a solution exists and all numerical stability conditions

are met, the total energy of the system will asymptote towards a ground state, and the generated

pro� le is a very good numerical estimate of the true ground state solution of the equations.
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2.2.2 The Pseudo-Spectral Method

For simulating the GPPE in 3D, we utilise a pseudo-spectral method known as the kick-drift-

kick method, used in [24, 27]. When using this pseudo-spectral method, one must take into

account the fact that the kinetic and potential energy operators do not commute. Therefore,

to minimise this issue, a split-step method is introduced, whereby a half-step is performed in

real space where the potential energy operator is applied, then a full-step in Fourier space is

performed to apply the kinetic energy operator, and then another half-step in real space for the

potential energy. In such a system, we may write the full evolution as

 (x; t + dt) � e
1
2 (V + gj j2 )dtF � 1

�
e

� ik 2

2 dtF
h
e

1
2 (V + gj j2 )dt  (x; t )

i �
: (2.30)

Here,F denotes the Fourier transform, andF � 1 is the inverse Fourier transform.

To self-consistently solve the Poisson equation, we simply perform a double integration,

which in Fourier space is equivalent to a division byk2. Therefore, we have

V = F � 1
�

1
k2 F

�
4�

� sys

� ref
(� � �� )

��
: (2.31)

There exists a pertinent stability condition one must consider when approaching this system

with a pseudo-spectral method [83, 24]

� t � max
�

1
6

(� x)2;
1

jV jmax

�
(2.32)

where we use dimensionless units and~ = m = 1 . We strictly obey this condition in all cases,

even going so far as to include a multiplicative factor in front to reduce it even further. We will

discuss the fact that this reduction aids in energy conservation of simulations in chapter 5.
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3
The FDM Soliton

A FDM halo consists of two components, a host NFW-like halo which exhibits a� / r � 3 pro� le

in the outer regions, and a central soliton core hosted at the base of the gravitational potential.

A fundamental assumption we will use throughout–and repeat in several sections for clarity–is

that a complete core-halo system is a superposition of a partially populated ground state (the

core) and the surrounding excited modes (the halo). Should a system be cooled down entirely,

all mass would� nd itself in a solitonic ground state. It thus follows that the soliton core is a

necessary and foundational part of the FDM halo, and is worth studying in detail for a clearer

understanding of the whole picture. We begin such a study by formulating a generalised ansatz

by way of several crucial assumptions.

In this chapter, we expand on the existing empirical pro� le found in [23] by endowing

`shape' parameters with a dependence on the self-interaction strength, allowing us to better

predict speci� c soliton parameters, compared to what is known in the literature. We analyse the

ranges these shape parameters take for varying self-interaction strengths, allowing us to form

an enveloping picture of the soliton's equilibrium state as one dials the interaction strength.

Finally, we uncover a new degeneracy in the soliton shape parameters under the in� uence of

self-interactions, which may have profound e� ects on the observational implications of fuzzy

dark matter.

19
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3.1 The ground state solution to the GPPE

3.1.1 A preliminary ansatz

To understand the ground state soliton, we must� rst assume a generalised form for it so that we

can probe the system. To do this, we construct a generalized ansatz, and on physical grounds

we anticipate for such a general density pro� le to depend on the radial coordinater , and the

interaction strengthg, only through the dimensionless ratiosr=r c and g=g� , whereg� is a

characteristic interaction strength to be de� ned later in terms of the self-interaction energy and

the quantum pressure. We settle on the form1

� = � 0 '
�

r
r c

; � g

�
; (3.1)

where

� g =
g
g�

: (3.2)

We have chosen� g to avoid confusion with the Gamma function,� , which we will make use of

extensively in a later section. Following Chavanis [2] we start our analytical studies by reducing

the expression for the mass and various system energies in terms of relevant physical variables

and appropriate dimensionless integrals, whose values can be calculated based on our gener-

alised ansatz. Speci� cally we obtain the following expressions:

Total Mass:

M = 4 �
Z 1

0
� 0 '

�
r
r c

; � g

�
r 2dr; (3.3)

= � (� g)
�
4�� 0r 3

c

�
: (3.4)

Moment of Inertia:

I = 4 �
Z

� 0 '
�

r
r c

; � g

�
r 4dr; (3.5)

= � (� g)
�
Mr 2

c

�
: (3.6)

1See [50] for a general density pro� le ansatz and [58, 2] for a similar scaled self-interaction strength.
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Quantum Kinetic Energy:

� Q =
2� ~2

m2

Z �
�
�
�
�

@
@r

�
� 0 '

�
r
r c

; � g

�� 1=2
�
�
�
�
�

2

r 2 dr (3.7)

= � (� g)
�

~2M
m2r 2

c

�
: (3.8)

Gravitational Energy:

W =
8�G

2

Z 1

0
rM (r )� 0 '

�
r
r c

; � g

�
dr; (3.9)

= � � (� g)
�

GM 2

r c

�
: (3.10)

Interaction Energy:

U =
2�g
m

Z
� 2

0 ' 2
�

r
r c

; � g

�
r 2dr; (3.11)

= � (� g)
�

M 2g
2mr 3

c

�
: (3.12)

In the above expressions,� (� g), � (� g), � (� g), � (� g) and � (� g) are parameters depending

on the dimensionless interaction strength, obtained from a dimensionless integral directly re-

lated to the shape of the density pro� le of the soliton in the presence of self-interactions. We

shall henceforth refer to such parameters as shape parameters2. It is crucial to our understand-

ing of the system that we make note of the fact that such shape parameters depend explicitly

on the dimensionless self-interaction,� g. This immediately informs us that in the absence of

self-interactions, a ground state soliton will have the same dimensionless shape regardless of the

boson mass or soliton mass. This is characterised by constant shape parameters in the above

formulae. That is to say that when the density and radius is scaled by some characteristic value,

solitons will sit on top of each other in a dimensionless density-dimensionless radius plot, and

such dimensionless solitons are scaleable to whichever density and radius one may wish. This

of course means that numerical simulations can be scaled accordingly with quite some freedom.

However, in the presence of self-interactions, the dimensionless soliton is not so easily scalable,

and one must take great caution when attempting to do so.

Now that we have explicit formulae for the time-independent energies of the system, we are

at a position where we can de� ne� g. As discussed previously, in the absence of self-interactions,

2Such parameters were� rst introduced in the pioneering work of Chavanis [2] who used a Gaussian approxima-
tion to the soliton density pro� le, which we will discuss in detail in a later section.
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the quantum pressure term provides the outwardly pressure which maintains soliton structural

stability and prevents gravitational collapse. Therefore, the ground state in this case is formed

by an equilibrium between the outwards quantum pressure and the inwards gravitational force.

With the addition of self-interactions, a new outwards pressure is contributed and three regimes

can be identi� ed.

• U � � Q : Here, the self-interaction energy is negligible compared to the quantum kinetic

energy and the system can be regarded as non-interacting.

• U � � Q : Here, the quantum kinetic energy is negligible compared to the repulsive self-

interaction energy, and the system is found within the Thomas-Fermi regime, in which

the pro� le is well described by Eq. (3.38).

• U � � Q : This is the most complex of the three regimes, as there are few reasonable

approximations that can be made to simplify the problem. Here, a complex balance

between the quantum pressure and the repulsive self-interaction form a stable core.

In order to de� ne � g, we turn to the complex� nal case. By equating the quantum kinetic

and self-interaction energies, we can obtain a term for the required value ofg, which we term

g� . In other words,g� is the value of the self-interaction strength for which the quantum kinetic

and self-interaction energies are equal.

U(g = g� ) = � Q(g = g� ) (3.13)

� (� g = 0)
�

M 2g�

2mr 3
c

�
= � (� g = 0)

�
~2M
m2r 2

c

�
: (3.14)

Rearranging forg� gives the� nal form,

g� �
�

� 2
0

� 0� 0

�
10~4

GM 2m3 : (3.15)

Here, we have introduced� 0; � 0 and � 0, the shape parameters in the absence of self-interactions

(� g = g = 0 ) to avoid circular logic in the de� nitions of g�
3. With this de� nition, we may now

write the form of� g,

� g =
�

� 0� 0

� 2
0

�
GM 2m3g

10~4 : (3.16)

Upon inspection it becomes clear that� g is a soliton-speci� c dimensionless interaction strength.

To better explain this, let us consider an example: Two isolated solitons of massM 1 and M 2

3In reality, shape parameters are themselves dependent ong� , therefore they must not be present in the de� nition
of g� . To bypass this, we instead use the constant values of the shape parameters in the non-interacting limit. This
is not so important, as it is merely a factor scaling of the true dimensional importance of the relation.
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exist whereM 1 > M 2, in the presence of repulsive self-interactions mediated by the same

real coupling strength,g. Since� g / M 2, soliton M 1 will be exhibiting a greater ratio of

U : � Q than solitonM 2. Therefore,M 1 is further along the scale of self-interaction from non-

interacting to Thomas-Fermi thanM 1. Depending on the discrepancy between the two masses,

one might � nd that soliton M 1 appears as a self-interacting soliton when the dimensionless

shape is analysed, while solitonM 2 is well � t by a pro� le which assumes no self-interactions.

We leave the discussion for di� erent theoretical pro� les–and their regions of validity–for a later

section of this chapter.

3.1.2 Radius and the Virial Theorem

Given the above discussed ansatz, and the henceforth computed generalised forms of the ener-

gies, we can go a few steps further and obtain generalised formulae for the radius of the core

by minimising the total energy of the system with respect to the radius. This will allow us to

� nd the stable radius of the ground state, which will be crucial for further analysis. Asserting

that the total soliton mass remains constant and that the soliton is isolated in space, we write

the total energy as

E t = � C (t) + � Q + W + U (3.17)

= � C (t) + � (� g)
�

~2M
m2r 2

c

�
� � (� g)

�
GM 2

r c

�
+ � (� g)

�
M 2g
2mr 3

c

�
: (3.18)

We assume that the ground state of the system is static and stable, which implies that the� rst

term, the classical kinetic energy, is0. Therefore, the total energy of the system in a static

con� guration is given by

E t = � (� g)
�

~2M
m2r 2

c

�
� � (� g)

�
GM 2

r c

�
+ � (� g)

�
M 2g
2mr 3

c

�
: (3.19)

Next, we must minimise the energy with respect to the core radius,r c.

dEt

drc
= � 2� (� g)

�
~2M
m2r 3

c

�
+ � (� g)

�
GM 2

r 2
c

�
� 3� (� g)

�
M 2g
2mr 4

c

�
: (3.20)

Setting this to0 and rearranging forr c gives us the� nal form of the core radius in the presence

of self-interactions,

r c(g) =
� (� g)
� (� g)

~2

GMm 2

 

1 +

s

1 +
3
2

Gm3M 2

~4

� (� g)� (� g)
� 2(� g)

g

!

: (3.21)
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The exact same relationship can also be acquired by� rst considering the virial theorem in

the presence of self-interactions, given by

2(� C + � Q) + W + 3U = 0 : (3.22)

Once again stating that the con� guration is in a steady state, we can remove the time-dependent

classical energy and be left with the time-independent components,

2� Q + W + 3U = 0 (3.23)

2� (� g)
�

~2M
m2r 2

c

�
� � (� g)

�
GM 2

r c

�
+ 3 � (� g)

�
M 2g
2mr 3

c

�
= 0 (3.24)

By dividing through by� r c, we retrieve Eq. (3.20) with the LHS set to 0.

The limiting cases

The previous expression forg� allows us to obtain useful analytical expressions for the leading

order dependence on the scaled interaction strength in the weakly and strongly interacting

limits: in each such case we simplify the expression of Eq. (3.24) by replacing the� g-dependent

shape parameters by the corresponding constant parameters obtained analytically in the limit-

ing cases of zero and strong interactions (Thomas-Fermi).

In the weakly interacting case, we thus introduce

r 0
c(g) =

� 0

� 0

~2

GMm 2

 

1 +

s

1 +
3
2

GM 2m3

~4

� 0� 0

� 2
0

g

!

; (3.25)

where subscripts 0 are used to denote corresponding shape parameter values atg = 0 . This can

now be rewritten in terms of the dimensionless interaction strength,� g, in the more compact

form

r 0
c(� g) =

r NI
c

2

�
1 +

p
1 + 15� g

�
; (3.26)

wherer NI
c describes the non-interacting value given later by Eq. (3.41).

Correspondingly, in the strongly-interacting regime we introduce the notation

r T F
c (� g) =

r T F
c

2

�
1 +

r
1 + 15

g�

gT F
�

� g

�
; (3.27)

wherer T F
c corresponds to the value ofr c in the limit g ! 1 , andgT F

� is de� ned as in Eq. (3.15),
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but based on shape parameters evaluated analytically for the Thomas-Fermi pro� le, i.e.

gT F
� �

� 2
T F

� T F � T F

10~4

GM 2m3 : (3.28)

The values of the shape parameters corresponding to the two limiting soliton pro� les are given

in Table 3.1 (columns 4 and 7 respectively for non-interacting and Thomas-Fermi limits).

Similar to the above discussion we de� ne the limiting expressions for the interaction-

strength dependence of the peak density,� 0(�) , in the non-interacting case; speci� cally we

� nd

� 0
0(�) = � NI

0

 
2

1 +
p

1 + 15� g

! 3

; (3.29)

which comes from Eq. (3.4) and is also given in Eq. (3.34), whereas in the Thomas-Fermi limit

� T F
0 (�) = � T F

0

0

@ 2

1 +
q

1 + 15 g�
gT F

�
� g

1

A

3

: (3.30)

In each above case, the shape parameters are evaluated at the corresponding limits. We also

note here that
g�

gT F
�

' 0:546: (3.31)

Crossover between Weakly- and Strongly-Interacting Regimes

The soliton size in the presence of interactions,r c(g), increases monotonically withg, always

lying between these two limiting curves, i.e.r 0
c(g) � r c(g) � r T F

c (g); this will be con� rmed

by numerical simulations below. Its exact behaviour can be directly extracted from Eq. (3.24)

along with a numerical determination of the shape parameters� (� g), � (� g) and � (� g) via the

more compact relation

r c(� g) =
� (� g)
� (� g)

~2

GMm 2

�
1 +

q
1 + 15 C(� g)

�
(3.32)

where we have introduced a generalised dimensionless interaction strength parameterC(� g)

which also accounts for interaction-induced shape e� ects via

C(� g) �

"
� (� g)
� (0)

� (� g)
� (0)

�
� 2(� g)
� 2(0)

� � 1
#

� g : (3.33)
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The corresponding dependence of the central density on interactions is then given by

� 0(� g) =
1

4�� (� g)
M

r 3
c(� g)

; (3.34)

where� (�) can again be determined from numerically obtained soliton pro� les.

In section 3.3.2 we perform a detailed numerical study which will con� rm the validity of the

above semi-analytical formulae. Indeed, we will see below that a numerical determination of

the shape parameters, along with Eqs. (3.46) and (3.34), describes the size and central density

of a soliton of massM , made up of bosons of massm, very well across all values of the

self-couplingg from the non-interacting to the strongly interacting regimes.

3.1.3 Possible Soliton Pro� les

As discussed, a characteristic feature of the Gross-Pitaevskii-Poisson system is the coherent

core-like soliton structure at the centre of the gravitational well of the halo [30, 38, 84, 35]. We

discuss below closed form pro� les frequently used in the literature to describe the spatial pro� le

of the soliton in various limits.

Firstly, in the absence of self-coupling (g = 0 ), the gravitational attraction is solely balanced

by the quantum pressure term. In this limit, the soliton density is usually approximated by the

empirical pro� le [23]

� = � 0

 

1 + �
�

r
r c

� 2
! � 8

(3.35)

where � 0 is the central (peak) core density andr c represents the core radius, de� ned as the

radius at which� (r c) = � 0=2: this yields the exact value� = 2 1=8 � 1 � 0:091. We note here

that while the above pro� le automatically satis� es the virial theorem2� Q + W = 0 , in order

to ensure this it is in fact critical to use the exact (as opposed to the approximate) value of�

quoted above (see also subsequent related comments).

We also stress here that� 0 and r c are not independent parameters, and a central density-

radius relation has been reported [23, 44, 72, 43, 73] in the form

r c =
�

� 0

1:9M� pc� 3

� � 1=4 � m
10� 23eV

� � 1=2
kpc : (3.36)

Such an expression can also be obtained from variational energetic considerations [80].

Secondly, the opposite, strongly-interacting limit, corresponds to a hydrostatic equilibrium

in which the gravitational attraction is balanced by repulsive interactions [2]. In this limit, the
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solitonic core is instead approximated by a Thomas-Fermi pro� le [85, 86, 87, 88]

� T F (r ) = � T F
0

�
RT F

�r

�
sin

�
�r

RT F

�
; (3.37)

of characteristic spatial extentRT F .

For consistency with the notation used for the empirical pro� le, we introduce here the

spatial extent,r T F
c , corresponding to the point where the density drops to half its central value,

i.e. � T F (r T F
c ) = (1 =2)� T F (r = 0) , thus yielding

� T F (r ) =
� T F

0

1:895
r T F

c

r
sin

�
1:895

r
r T F

c

�
: (3.38)

More generally, but only accounting for global shape features without attention to detailed

radial dependence, the soliton can also be approximated by a Gaussian [2]: while only approx-

imate, and a poor description for both theg = 0 and g ! 1 limits, such description has

two obvious bene� ts: (i) it facilitates an easy qualitative interpolation across these two limiting

cases in the context of an e� ective interaction-dependent width, and (ii) it is easily amenable to

analytical calculations. The form of such a Gaussian is

� (r ) = M
�

1
�r 2

c

� 3=2

exp
�

�
r 2

r 2
c

�
: (3.39)

The di� erent arising density pro� les and a comparison with our more accurate numerical

results (discussed in Sec. 3.3.1-3.3.2) are shown in Fig. 3.1 across the entire range of interactions,

with g� denoting a characteristic interaction strength, marking an approximate crossover from

the non-interacting to the strongly-interacting limits.

We note here that a super-Gaussian core [78], is the� rst pro� le suggested (with the exception

of [89]) to exhibit a variation in the dimensionless shape of the pro� le, dependent on the

dimensionless self-interaction parameter� g. However, we will leave an in-depth discussion of

this pro� le for the end of the chapter, as it will be a signi� cant focus for later parts of the

thesis. We will now focus on the empirical pro� le, and possible modi� cations which extend the

usability to repulsive self interactions, also.
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Figure 3.1: Dependence of the shape of density pro� les on interaction strength for characteristic
examples, and comparison between numerical (generated using imaginary time propagation to� nd the
ground state solution) and analytical predictions in such regimes, with interaction strength increasing
from top to bottom curves. Compared to the non-interacting limit (top green line), we also show a pro� le
with self-interactions of an adequate strength (g� ) to impact the properties of the soliton (orange line),
and the corresponding pro� le in the Thomas-Fermi regime of strong self-interactions. The empirical
pro� le is given in Eq. (3.35), the Thomas-Fermi and Gaussian and pro� les are respectively de� ned by
Eq. (3.38) and Eq. (3.39). In all cases, the pro� les are normalised toM = 1 � 107 M � , and with
m = 2 � 10� 22 eV=c2. The characteristic interaction strengthg� corresponds to the value marking
an approximate crossover from weakly-interacting to strongly-interacting, and is de� ned in Eq. (3.15) by
balancing interaction and quantum kinetic energies – see subsequent discussion in the text.

3.2 The non-interacting empirical pro � le

The empirical pro� le [23] is the most widely used and widely accepted pro� le for a non-

interacting soliton.

In the absence of interactions, the Virial theorem between the quantum kinetic and the

gravitational energies

2� Q + W = 0 (3.40)

can be used, jointly with the above energy expressions to establish a direct relationship between

peak density and core radius [2]. We thus obtain from Eqs. (3.8), (3.10) and (3.40) an expression

for the soliton radius,r c in the non-interacting limit, in the form

r c =
2� 0

� 0

~2

GMm 2 : (3.41)

This can also be simply obtained from setting� g to 0 in Eq. (3.24). Substitution of this into the
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earlier reduced expression for the soliton mass Eq. (3.3), provides a relation betweenr c and � 0,

namely

r c =
�

2� 0~2

4�� 0� 0Gm2

� 1=4

� � 1=4
0 : (3.42)

Interestingly, anr c / � � 1=4
0 relationship along with a coe� cient of proportionality were numer-

ically obtained from� tting [23, 44] without any explicit reference to virialization. Our present

analysis extends such numerically-based results by an analytical derivation of the coe� cient of

proportionality based on the empirical pro� le of Eq. (3.35), explicitly showcasing its dependence

on a range of physical parameters. A similar, albeit di� erent, relationship was also previously

given in [50].

It is now possible to rephrase the equation for soliton massM in terms of a single parameter

only, for example in terms of the peak density� 0, in the form

M = 4 �� 0

�
2� 0~2

4�� 0� 0

� 3=4

� 1=4
0 : (3.43)

Using this relation, the empirical pro� le in Eq. (3.35) for the non-interacting limit can be

reformulated as

� (r ) =
M

4� 0�r 3
c

 

1 + �
�

r
r c

� 2
! � 8

: (3.44)

As the empirical pro� le provides the best approximation to the ground state of the GPPE

in the non-interacting limit, Eqs. (3.41) and (3.44) reveal that, for any given pair of values for

the soliton and boson masses(M; m ), one canab initio generate a virialised soliton pro� le for

the non-interacting case, with shape parameters taken from the empirical pro� le. Such ag = 0

pro� le is shown in Fig. 3.1, demonstrating the good agreement with the numerical solution of

the GPPE discussed in the next section.

3.3 The self-interacting empirical pro � le

The empirical pro� le is excellent at describing the soliton in the non-interacting case, but there

are modi� cations which can be applied to extend the possibility of the empirical pro� le's � t

to the self-interacting case. Although the resulting pro� le is not self-consistent4, the resulting

calculations for the soliton core radius, peak density (and later oscillation frequency) will be

shown to agree excellently with data from numerical simulations. By noticing that an increase

4We will discuss this in detail in the later sections, though it is worth noting here that the alterred form of the
mass formula is not consistent with the true soliton mass. However, it does provide the correct relationship between
� 0 and r c .
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� � � � �
a 0.4 1.15 0.5 0.3 1.1
b 1.5 1.5 1.7 1.5 1.5

Table 3.2: The� tting constants for Eq. (3.45).

in repulsive self interaction strength results in a change in the dimensionless shape of the nu-

merically simulated soliton, we solely apply modi� cations to the empirical pro� le by bestowing

a � g dependence onto the otherwise constant shape parameters from the empirical pro� le.

3.3.1 Soliton shape parameters

Ground states were generated for a range ofg values, for several di� erent con� gurations of

m and M . Shape parameter values were extracted from these numerical ground states by

computing the various energy components, as well as the mass of the soliton and its moment of

inertia. This allowed us to isolate the numerical value of each shape parameter. Such behaviour

is shown for all 5 shape parameters (� , � , � , � and � ) in Fig. 3.2. As evident, all such parameters

follow a clear monotonic transition from the non-interacting limiting case (leftmost part, green

points) to the Thomas-Fermi case (rightmost part), with some of them decreasing (� , � ) and

others increasing (� , � , � ) with increasing (scaled) interaction strength� g.

Interestingly, we� nd that the dependence of all such shape parameters on� can be excel-

lently � t by a function of the form

u(�) =
u0 � uT F

2

�
1 � tanh

�
log10 (�) � a

b

��
; (3.45)

whereu denotes any of these shape parameters, subscripts 0 andTF denote the corresponding

analytical values in each regime, anda and b are � tting constants. The speci� c chosen values

of these� tting constants for each shape parameter are given in Table 3.2, and vary slightly for

each shape parameter. Nevertheless, in all cases, botha and b are of order unity.

An important comment needs to be made regarding the shape parameter� , which origi-

nates from the quantum pressure. Given that the Thomas-Fermi regime is de� ned by a negligi-

ble quantum pressure, the analytical value computed from the quantum kinetic energy integral

for the Thomas-Fermi pro� le loses meaning. Moreover, the deviation of the numerical values

for � from the � t in Fig. 3.2 for large values of� g > 103, can be attributed to the much steeper

decrease of the Thomas-Fermi pro� le towards a zero value (in stark contrast to the smoother

decrease of the numerically generated pro� les).

Next, we comment on the validity of the Gaussian approximation for di� erent values of

g. As is evident from Fig. 3.2, the Gaussian values taken from Ref. [2] always fall within our
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Figure 3.2: Dependence of the value of shape parameters on interaction strength, scaled to the
characteristic valueg� de� ned by Eq. (3.15). Such dependence is reproduced by a two-parameter� t
based on Eq. (3.45) which has as limiting cases the non-interacting limit at� g = 0 (left), and the
Thomas-Fermi limit at� ! 1 (right), whose exact values for each parameter are given in Table 3.1.
The corresponding predictions of Ref. [2] based on a Gaussian approximation (reported in Column 3 of
Table 3.1) are shown here by the horizontal dashed line. Filled green points at theg = 0 line represent
the averaged values of the corresponding shape parameters from numerical simulations (see Table 3.1,
� fth column).



3.3 The self-interacting empirical pro� le 33

obtained numerical range: in fact, such points typically lie close to the midpoint between our

presented analytical limiting values (except for� where the Gaussian value e� ectively corre-

sponds to the Thomas-Fermi limit), and, as such, are good approximate values in the crossover

regime. Note however that although such values are never o� by more than a factor of3, such

analytically convenient choice of values cannot capture the true variable nature of the shape

parameters.

3.3.2 Computing Soliton Parameters

Using the shape parameters as de� ned above, we obtain closer approximations to the soliton

parameters:� 0; r c (and the frequency,f , though this will be discussed later). By taking results

from our 1D simulations, mentioned in the previous section, we can compare semi-analytical

predictions of the parameters to those extracted numerically.

Superimposing numerical data points for 3 di� erent total massM and soliton massm

combinations (in the range2 � 10� 22 eV=c2 < m < 2 � 10� 21 eV=c2 and 107 M � < M <

109 M � ), shown by di� erent symbols/colours, the dependence of scaled peak density and soliton

core on� g is shown over the entire probed range of� g 2 [4 � 10� 6; 3 � 103].

Analytical expressions for these curves can also be obtained as follows: The scaled soliton

width dependence on� can be obtained through Eq. (4.2) as

r c(� g)
r c(0)

=
�

� (� g)
� 0

� �
� (� g)

� 0

� � 1
 

1 +
p

1 + 15 C(� g)
2

!

: (3.46)

The corresponding dependence of the peak density can be obtained from Eq. (3.34) via

� 0(� g)
� 0(0)

=
�

� (� g)
� 0

� � 1 �
r c(� g)
r c(0)

� � 3

: (3.47)

Inputting our numerically-evaluated universal shape parameter dependence on� g based on

Eq. (3.45) for� (� g), � (� g), � (� g), and � (� g) into the above equations yields the solid black

lines in Fig. 3.3(a)-(b): such curves are clearly found to lie directly on top of all our numerical

points for di� erent(M; m ) combinations. To clarify such observations, in each of the two cases

we also plot the corresponding fully-analytical weakly-interacting (r 0
c(� g), � 0

0(� g)) [solid grey

lines] and strongly-interacting (Thomas-Fermi) limits (r T F
c (� g), � T F

0 (� g)) [dotted orange lines],

de� ned respectively by Eqs. (3.26), (3.29) and (3.27), (3.30). These curves delimit the region

where all our data points lie and which we indicate by green shading.

In both cases we clearly see a transition from the non-interacting behaviour for small� g to

the Thomas-Fermi behaviour for large� g, with such transition indeed occurring around� g = 1 ,
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i.e. near the characteristic interaction strengthg� of Eq. (3.15); such value has been highlighted

by a vertical dashed red line for easier visualization. To make such transitions between the two

limiting cases more transparent, we further highlight the weakly- and strongly-interacting limits

in subplots (i) and (iii), respectively found to the left and right of the main plot.

We have thus fully characterized our soliton ansatz of Eq. (3.1) in terms of a universal

dependence on the (scaled) interaction strength, with such behaviour obtained semi-analytically

(by a combination of analytical expressions combined with the universal dependence of the

shape parameters on� g) and con� rmed by full numerical simulations.

3.3.3 The degeneracy of the boson mass and self coupling strength

Our preceding analysis for a soliton of� xed total massM has been conducted under an implicit

further assumption of a� xed boson massm. As anticipated, this has revealed a dependence of

static and dynamical properties on the boson interaction parameterg, which enters as a new

parameter appearing both implicitly and explicitly in the equations for the soliton radiusr c(g),

[Eq. (3.24)], the peak soliton density� 0(g) [Eq. (3.34)] and the soliton oscillation frequencyf (g)

[Eq. (6.16)]. We discuss the oscillation frequency in chapter 6 in depth, while introducing the

notion here for completeness.

To explain this, let us focus below on the soliton radiusr c in the absence or presence of

interactions, for which we remind the reader of the main functional dependence of the previous

expressions (under the assumption of a� xed M ). These take the respective forms:

For g = 0 :

r c(m) = A 0

�
1

m2

�
; (3.48)

where A 0 = 2( � 0=� 0)(~2=GM ) depends on the non-interacting shape parameters (and the

physical constants~, G and constant soliton massM ).

For g > 0:

r c(m; � g) = A(� g)

 
1 +

p
1 + 15C(� g)

2

! �
1

m2

�
(3.49)

= A(� g) �C(�)
�

1
m2

�
; (3.50)

whereA(�) = 2( � (�) =� (�))( ~2=GM ) is de� ned in terms of the� -dependent shape parame-

ters, and for convenience we have also introduced an expression�C(�) � 1, which has convenient
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Figure 3.3: Universal dependence of key static and dynamical soliton properties on scaled dimen-
sionless interaction strength. Shown are [from top to bottom] the cases for (a) peak soliton core density,
(b) core radius, and (c) is explicitly discussed in chapter 6, and has been included here for the sake of
completeness. The core oscillation frequency is shown here, with such quantities scaled to their cor-
responding non-interacting simulated values, and all self-interactions scaled to the characteristic value
g� from Eq. (3.15). All plots show numerically simulated data for 3 di� erent (M , m) combinations and
a continuous solid black line obtained from our analytical equations (3.46), (3.47), (6.22) using as in-
put the � g-dependent shape factors shown in Fig. (3.2). Panels (ii) [middle] reveal the entire crossover,
with (i) left and (iii) right panels respectively highlighting the weakly-interacting and strongly-interacting
limits. The two limiting boundaries of the green channels highlight the range of accessible predicted
values, bounded from above and below by the respective characteristic universal curves: speci� cally, the
non-interacting grey line is constructed from Eqs. (3.29), (3.26), (6.22)), withg� [Eq. (3.15)] computed
using the non-interacting shape parameters; moreover, the dashed black Thomas-Fermi line arises from
Eqs. (3.29), (3.26), (6.22) withg� [Eq. (3.15)] calculated instead using the Thomas-Fermi shape parameters.
The vertical purple line highlights the characteristic interaction strength valueg = g� (corresponding to
� g = 1 ). Note that a cross-over between the limiting non-interacting and Thomas-Fermi lines is in fact
present in the case of the oscillation frequency [(c)(ii)], despite this being largely obscured by the very
narrow accessible channel. We highlight that the excellent� t of our semi-analytical predictions (solid
back lines) through all our numerical data demonstrates the importance of the correct incorporation
of the universal variation of shape parameters on scaled interaction strength. Remarkably, such an ap-
proach accurately predicts the peak density, radius and frequency, even in the transition region between
non-interacting and Thomas-Fermi limits.
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Figure 3.4: The scaled universalm � � g curves for which one obtains solitons of constant radius,
peak density and oscillation frequency, corresponding to Eq. (3.51), Eq. (3.52) and Eq. (3.53) respectively.
Here,m0 is de� ned as the boson mass at� g = 0 for the respective soliton parameters(r c; f; � 0).

limiting cases

�C(� = 0) = 1 ;

�C(� ! 1 ) =

p
15C(�)

2
:

From Eq. (3.49), we see that the inter-dependence of parametersr c, m and � = g=g� implies

that it takes a combination of the values of two of these parameters to� x the third one. Given

that the main observationally-relevant physical quantities are likely to be the soliton massM

(already assumed as constant in above discussion) and the soliton radius, we shall henceforth

assume here a� xed value for the soliton radiusr c(m; �) = Rc, and consider the resulting

inter-relation between the boson massm and the scaled boson self-interaction� . Thus by

inverting Eq. (3.50), we obtain for each value ofRc the following dependence ofm on �

m(�) =
1

R1=2
c

�
A (�) �C(�)

� 1=2 : (3.51)
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This expression shows clearly that� xing r c to the valueRc and varying� results in a varying

m(�) curve which becomes a locus of all values of the boson mass and dimensionless self-

coupling corresponding to a soliton of� xed radiusRc. The idea of such curves corresponding

to parameter values that result in the same soliton radius was� rst put forward in [90, 50].

The same logic can be independently applied for� xed values of each of the peak density

and the frequency5. In particular, the corresponding equations de� ning these degeneracy

curves read:

For a � xed peak density,� 0,

m(�) =
�

4�
� 0

� 1=6 h
(� (�) A (�)) 1=6 ( �C(�)) 1=2

i
: (3.52)

For � xed frequency,f ,

m(�) = f 1=3 B(�)

 s
2 �C(�)

15C(�) + 2 �C(�)

� �C(�)
� 2

! 1=3

(3.53)

where we have introduced

B(�) =

p
� (�) � 3(�)
� 2(�)

4
p

2� ~3

G2M 2 : (3.54)

Equations (3.52) and (3.53) determine the loci of all values ofm and � which result in soli-

tons of the same central density and same oscillation frequency respectively. Once again, we

brie� y introduce and discuss the oscillation frequency here for completeness, but leave detailed

discussion for chapter 6. In all cases, suchdegeneracy curvesreduce to their corresponding

non-interacting limits when we take� = 0 , being consistent with a single viable boson mass

value.

Such dependences of the boson massm on � , resulting in(m; �) pairs that support solitons

of � xed radius, peak density and oscillation frequency, are shown in Fig. 3.4. Note that the boson

mass has been scaled by a reference massm0 = m(� = 0) to make the plot universal. In this

plot, we see clearly that the curves corresponding to� xed soliton radius6 and � xed peak density

overlap, whereas the scaling for� xed frequency reveals qualitative similarity but is distinctly

identi� able.

In the above discussion, the mass has been obtained as a function of the dimensionless

interaction strength� = g=g� for � xed soliton radius, peak density or oscillation frequency.

It can be instructive to reconsider the problem in terms of the relation between the boson

5We will discuss the frequency in detail in a later chapter, but for completeness we include the degeneracy
relationships and their observational relevance here.

6See similar� gures 4 and 5 in [50] for the case of solitons of� xed radius.
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Figure 3.5: Curves of constant radius, peak density and oscillation frequency (the value of which is
shown by the colourbars), revealing the allowed parameter space of repulsive self-interaction strength
and boson mass based on such chosen parameters. These graphs can be extended towards the heavier
boson mass regimes. The� gure plotted for a soliton massM = 108M � .

self-interaction strengthg, and the boson massm, for any � xed value of soliton radius, peak

density or oscillation frequency, parameterised through a particular value of� . This can be

done by writing

g(� ; m) = � g� (m)

= �
�

10~4

GM 2

� �
� 2(�)

� (�) � (�)

�
1

m3(�)
; (3.55)

wherem(�) depends onr c, � 0 or f , as given in Eqs. (3.51), (3.52) and (3.53) respectively. Tracing

over the parametric variable� , and for each� xed value of radius, peak density or frequency,

we can thus obtain a parametric relation betweeng and m. Such dependence is plotted in the

three panels of Fig. 3.5, in which the� xed value of each such parameter is represented by a

di� erent colour line.

3.3.4 Observational Relevance

For any single soliton with radiusr c and peak density� 0, we have explicitly shown that there

exists an entire contour line of boson mass and interaction strength pairings that support its
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Figure 3.6: Scheme for simultaneous identi� cation of boson self-interaction and mass through the
numerical overlap of key solitong� m degeneracy lines for two di� erent galaxies. Shown are heuristically
chosen lines of constant radius (solid) and frequency (dashed) for soliton masses ofM = 108M � (red)
and M = 109M � (blue). Their overlap points to a unique combination ofg and m values for such
systems. Here we have chosen to show a0:57 kpc radius and an oscillation frequency of2:66 Gyr� 1 for
the 108M � soliton, whereas the109M � soliton has a0:23 kpc radius, and an oscillation frequency of
39:86 Gyr� 1. A single underlying FDM model would result in the degeneracy curves from a multitude of
solitons with di� erent masses, radii and oscillation frequencies all crossing at the same point (see text).
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existence within FDM. This rules out basing any constraints on a high-resolution accurate ob-

servation of a singular galactic dark matter object as the degeneracy means that no meaningful

limits can be established; instead one can only deduce which contour the object must lie on.

However, multiple objects of di� erent total soliton mass will have di� ering contour lines, where

the g(m) gradients are dependent on their total mass. As a result, when one maps the contour

lines of several galactic objects onto the same set of appropriately scaled axes, their intersection

point will correspond to the true physical value of the boson mass and self-interaction strength

which enables the formation of such solitons in our universe.

Fig. 3.6 illustrates this point: First, we consider a speci� c pair of boson mass and self-

interaction strength,m = 2 :2 � 10� 22 eV=c2 and g = 10 � 29 Jm3=kg which, for a given soliton

mass, will yield a speci� c set of soliton parameters - the core radius, peak density and oscillation

frequency. We then note that any points along the correspondingm(g) degeneracy contour will

yield an identical soliton -i.e. the resulting solitons are observationally indistinguishable for

points chosen anywhere along a single degeneracy contour line for a� xed total mass.

We can now consider two solitons of di� erent mass, chosen as108 M � and 109 M � , and

plot their degeneracy contour lines in them � g parameter space, along which the radius

and frequency remain constant (for� xed total mass). In this speci� c case, the108 M � soliton

has a0:57 kpc radius and an oscillation frequency of2:66 Gyr� 1, whereas the109 M � soliton

has a0:23 kpc radius, and an oscillation frequency of39:86 Gyr� 1. These values were chosen

heuristically for the purpose of illustrating clearly how the information of the true boson mass

and interaction strength may be extracted from the contour lines. The location of the intersect

of these contour lines is the true boson mass and self-interaction strength which accommodates

both of these solitons to exist in space. Once again, in our case the intersect values were

arbitrarily chosen as an initialisation requirement. In a universe where the dark matter is

fuzzy and described by a single scalar� eld, all degeneracy curves corresponding to candidate

observed solitons must cross at the same point (within observational error bars) which would

represent the single universal value for the massm and self-couplingg that correspond to our

universe.

The existence of the aforementioned degeneracy could have an impact on current con-

straints on the boson mass which are likely to change if the parameter space is extended to

include g.7 Indeed, various limitations have been placed upon the allowed range of the boson

mass by probing both cosmological scalese.g.[49, 91], as well as singular astronomical objects

such as the star cluster orbiting the centre of Eridanus II [38, 43] or rotation curves and stellar

kinematics [92, 93, 94, 65]. Furthermore, [95]� nds a correlation between the core oscillation

7Although the relative ranges ofm and � exhibited in � g. 3.4 may imply that existing constraints on the boson
mass will not be shifted by orders of magnitude, it is still the case that including the self-coupling may be relevant.
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and the oscillation of gas, which would further be a� ected by self-interaction and would prove a

likely observational signature. All these works, apart form [49], do not include a self-interaction

and in some cases clear di� erences between theoretical� ts and observational data were identi-

� ed [94], while in others it was further evident that a single boson mass could not adequately� t

theoretical curves to observational data [92, 65]. On the other hand, [3] reports that a non-zero

value of the self-coupling, along with a single boson mass, can� t the rotation curves of the dark

matter dominated galaxies in the SPARC database, providing for the� rst time positive support

for FDM solitons with a non-zero value of the self-interaction from rotation curves. The degen-

eracies discussed here would be relevant for all the above studies which make inferences about

the boson mass.8 Clearly, all of the above are very preliminary observational investigations but

provide strong motivation for precise, quantitative analysis of the model [76]. Steps have been

taken to incorporate baryons into these models [72, 98], which would likely add an additional

layer of complexity.

The method of identifying intersections of degeneracy curves shown in FIG. 3.6 lends itself

well to possible constraints on self interacting FDM through study of observational data. We

will make use of this developed machinery to highlight that there exists a favourable region in

the m � g parameter space that lends itself well to generating theoretical core-halo systems that

� t well to observational data in the following chapter.

8In this work we discussed parameter degeneracies related to the compact FDM solitons. Similar degeneracies
can also exist on cosmological scales for FDM overdensity power spectra, see [96] which analyses a linearized
hydrodynamical version of the hybrid condensate particle model of [97].
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4
Observational Comparisons to Theoretical and

Numerical Rotation Curves

In literature, various attempts have been made to� t FDM velocity pro� les to inferred ob-

servational rotation curves from telescope data. For full� ts including both the core and

halo [63, 64, 65] a non-interacting bimodal pro� le is typically used; speci� cally, for non-

interacting � ts, a marriage of the soliton core pro� le [23] for the central core and the NFW

pro� le [20] for the halo. Unfortunately across various pieces of literature, the estimations of

the boson mass from observational rotation curves of galaxies are in tension with each other,

and studies across multiple galaxies� nd that a single value ofm cannot explain the variety of

curves from individual surveys [65]. Results for the boson mass which accurately recreate� ts

to observational data generally lie in the range10� 23 � 10� 20 eV/c2, though in [65] a single

boson mass is attributed only to one galaxy. Such tensions are most likely owed to the fact

that dark matter cores have radii commonly of order� kpc, while their total core mass varies

signi� cantly.

This is not possible given the non-interacting regime of FDM where the radius depends

strongly on the total core mass,r c � 1=M 2
c . Previous surveys of observational curves con-

sidering non-interacting FDM have identi� ed core masses that vary across an entire order

of magnitude [3], while their radius remains approximately the same. In the non-interacting

43
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paradigm, one would expect from theory that the core radius will vary by an order of102.

Therefore, it becomes clear that one must introduce self interactions to limit the e� ects of the

core mass on the radius. There is, unfortunately, limited literature and attention on this topic.

One work [3] has speci� cally aimed to� t a Gaussian core with self-interactions to the inferred

core region of the velocity pro� les from the SPARC [1] database, by� rst selecting the dark

matter dominated galaxies and then isolating the inner points to� t the core. This allowed

them to obtain a convergence to a single value ofm and g that � ts the observational data by

means of a� 2 � t. However, in many cases, this only involves� tting to the inner-most parts of

the velocity pro� le and leaves many data-points unused in the halo region. Furthermore, the

Gaussian pro� le's dimensionless shape is invariant to changes in the local scaled strength of self

interactions, and the computation for the peak density can give values that deviate signi� cantly

from numerical solutions of the ground state, particularly in the cases of strong self interactions.

To remedy these points, we� rst introduce a novel pro� le termed the Super-Gaussian (SG).

This pro� le exhibits dependence on� g inherently, and is therefore a natural choice for ansatz

to describe a self interacting soliton core. We consider the case of the bimodal SG-NFW

pro� le where the transfer from the inner pro� le to the outer occurs at the transition radius,r t .

The rules for this transition have been set out in the following section and are crucial for the

formation of physically stable and relevant density pro� les with no arti� cial discontinuities and

cut-o� s of the core pro� le.

This chapter, therefore, provides a novel pro� le for � tting to a fuzzy dark matter core, rang-

ing continuously from the non-interacting limit, to the strongly interacting limit. We derive the

necessary computations for the shape parameters, and provide a unique recipe for which one

may apply a bimodal� t using this novel pro� le in tandem with the NFW pro� le to observational

data. We thus utilise the degeneracy uncovered in the previous chapter to formulate our results

in the form of a heatmap, which strongly implies the necessity for repulsive self-interactions if

fuzzy dark matter is to explainall the observational data chosen from the dataset.

4.1 The SG Pro� le

It has been made clear in the previous chapter that a pro� le with a shape-dependency on� g

is needed to more accurately describe a self interacting soliton. Therefore, we now consider a

Super-Gaussian (SG) of the form

� SG(r ) = � 0(� g) exp

"

� ln 2
�

r
r c(� g)

� �(� g )
#

; (4.1)
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where� is some function of� g that de� nes the power of the SG, and therefore the dimension-

less shape. We now write the self-interacting radius relation again for convenience,

r c(�) =
� (�)
� (�)

~2

GMm 2

�
1 +

p
1 + 15 C(�)

�
(4.2)

and note that the equation for the total mass, acquired from integrating the density, rearranged

for � 0 is

� 0(� g) =
1

4�� (� g)
M

r 3
c(� g)

: (4.3)

Knowing the above formulae, we can derive the analytical forms of the SG shape parameters

by computing the relevant energy integrals, as done in Table 3.1 of chapter 3 for the Gaussian,

Empirical and Thomas-Fermi pro� les. To solve the energy integrals using the SG pro� le, the

following identity must be used:

Z 1

0
e� u`

um du =
1
`

�
�

m + 1
`

�
; (4.4)

where� is the gamma function (not to be confused with� g). The solutions to the mass, energy

and moment of inertia integrals are presented below. The mass of the pro� le is

M = 4 �� 0r 3
c � SG(� g) (4.5)

where � SG(� g) =
�

1
ln 2

� 3=�(� g ) 1
�(� g)

�
�

3
�(� g)

�
: (4.6)

The quantum kinetic energy of the SG system is

� Q = � SG(� g)
~2M
m2r 2

c
(4.7)

where � SG(� g) =
�(� g)2(ln 2)2=�(� g )

8

�
�

2�(� g )+1
�(� g )

�

�
�

3
�(� g )

� : (4.8)

The gravitational energy is

W = � � SG(� g)
GM 2

r c
(4.9)

where � SG =
1

2� 2�(� g)2(ln 2)5=�(� g )
�

�
5

�(� g)

�
B

�
1
2

;
2

�(� g)
;

3
�(� g)

�
(4.10)
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The interaction energy is

U = � SG(� g)
gM 2

2mr 3
c

(4.11)

where � SG(� g) =
1

�(� g)(ln 2) 3=�(� g )

�
1
2

� 3=�(� g )� 1

�
�

3
�(� g)

�
1

8�� 2
SG

: (4.12)

Finally, the moment of inertia is

I = � SG(� g)Mr 2
c (4.13)

where � SG(� g) =
1

�(� g)� SG(� g)(ln 2) 5=�(� g )
�

�
5

�(� g)

�
: (4.14)

With the knowledge of the above analytical forms of the shape parameters, given a chosen

boson and soliton mass, and a value of�(� g), we canab initio compute� 0 and r c.

To develop an understanding of�(� g), we rely on numerical computations of the soliton

ground state via imaginary time propagation. We consider solitons of constant total mass

(2 � 107M � ) and boson mass (2 � 10� 22eV/c2), and varying repulsive self interaction strength

(5 � 10� 28 Jm3=kg � g � 2� 10� 22 Jm3=kg). This is done by initiating a spherically symmetric

simulation with an initial Gaussian shape, with an arbitrarily chosen radius and a� xed total

mass. These initial states are propagated in imaginary time, as detailed in Sec. 2.2.1. The� nal

result is a dynamically stable solution which corresponds to the ground state solution for the

chosen total mass, boson mass and self interaction strength. These� nal states are then used as

� tting basis to engineer a relationship between�(� g) and � g.

Primarily, we must obtain a value of�(0) , for theg = 0 case, due to the fact that we de� ne

g� using the non-interacting shape parameters. Given this value, we can analytically compute

all the shape parameters for the SG (� 0;SG; � 0;SG; � 0;SG; � 0;SG; � 0;SG) in the non-interacting limit,

which in turn allows us to compute the peak density and core radius in this limit. By performing

a � 2 � t of generated SG pro� les, as detailed above, with� as the free parameter, we� nd that

a value of�(0) = 1 :62 produces the most promising� t of the SG to the numerical ground

state solution of the non-interacting soliton. Armed with the knowledge of the shape parameter

values in the non-interacting limit for the SG pro� le, which in turn tells usg� ;SG, we can

proceed to compute� g, and therefore the peak density and radii, of all further cases in the

interacting regime. We select a range of repulsive interaction strengthg, such that the probed

dimensionless interaction strength equates to a0 � � g � 4 � 104, which should comfortably

cover the entire span from the non-interacting limit to the Thomas-Fermi limit.

By performing a� 2 � t on each pro� le, we thus obtain a range of�(� g) values which are� t
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Figure 4.1: The curve of best� t, given by Eq. (4.15) (black) which� ts best to numerical values for�
(red), across a range of self interaction strengths, from non-interacting to deeply within the Thomas-
Fermi regime.

well by the equation

�(� g) =
� 0 + � T F

2
+

� T F � � 0

2
tanh

�
log10 � g � a

b

�
: (4.15)

Here, botha and b are of order unity as evident in FIG. 4.1, witha = 0 :6 and b = 1 :5.

FIG. 4.2 shows the results of overlaying the best SG� t over the ground state generated data.

Though the� t does indeed become progressively worse towards the Thomas-Fermi regime, it

is most accurate in the range0:5 � � g � 100. This is the relevant range for the SPARC [1]

observational data which we consider, as will be shown later. Even in the Thomas-Fermi regime,

the peak density as well as the pro� le within r < r c are both well� t by the SG. It is clear that the

SG pro� le provides an excellent� t in the non-interacting regime, and smoothly transitions into

self interacting. It maps the parameters of the Thomas-Fermi pro� le (� 0; r c) well, and replicates

the � at shape of the inner part of the core, while remaining self consistent throughout.

Using all the above information, we have formed the basis for the generation of any arbitrary

soliton pro� le given inputsm; M and g. This pro� le not only demonstrates an accurate varia-

tion in the relationship betweenr c and � 0 as one traverses from the non-interacting regime to

the Thomas-Fermi regime, but also critically exhibits a necessary change in the dimensionless

soliton shape which depends on the input parameters parametrically through the dimensionless
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self interaction parameter� g. Although the tail of the SG soliton is unable to recreate the steep

drop seen in numerically generated ground states found deep within the Thomas-Fermi regime,

the inner part of the core is even in these cases mapped well.
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Figure 4.2: The SG pro� le � ts (red) for each numerically generated ground state (black), obtained
through imaginary time propagation for a variety of di� erent dimensionless self interaction strengths.
The black dotted line represents the core radius,r c of our SG� t.
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4.2 The SG-NFW Pro� le

The SG pro� le introduced in the previous chapter is a reliable pro� le that accurately models

the core's transition from non-interacting to Thomas-Fermi as one increases the self-interaction

strength. The halo, on the other hand, is historically modelled accurately using the NFW

pro� le [20]. To formulate a bimodal pro� le with a smooth switch from the SG core to the

NFW halo, we must characterise a transition radius at which this transfer will occur, which we

henceforth refer to asr t . Let us� rst introduce the NFW pro� le fully as

� NFW = � h

� rh

r

� �
1 +

r
rh

� � 2

; (4.16)

where� h and rh are free parameters. The latter we will refer to as theNFW scale radius, and

the former will be expressed in terms of other parameters in the next section. The full form of

our bimodal SG-NFW pro� le is

� (r ) = �( r � r t )� SG+ �( r t � r )� NFW; (4.17)

where � is the Heaviside step function. There is nothing inherently present in the above

de� nitions which enforces that the transition between one pro� le to the other is continuous,

though this is a necessity for a physically relevant pro� le.

4.2.1 The Continuity Condition

We impose thecontinuity conditionon the pro� les by asserting that the density atr t for both

the SG and the NFW pro� les must be equal. That is to say,

� h

�
rh

r t

� �
1 +

r t

rh

� � 2

= � 0 exp

 

� ln 2
�

r t

r c

� �
!

: (4.18)

Rearranging the above for� h removes a degree of freedom in the NFW halo, and yields the

expression

� h = � 0 exp

 

� ln 2
�

r t

r c

� �
! �

r t

rh

� �
1 +

r t

rh

� 2

: (4.19)

In doing so, we leave a single free parameter in the NFW pro� le, which in physical terms would

likely be characterised by the energy of the system. Given that a largerrh value results in a

pu� er halo which decreases to a� / r � 3 trend further from the centre, one might assume

that rh must somehow scale with energy, and that a more positive energy results in a largerrh ,

though this is entirely speculative. However, if one knows the total mass of a system, and the
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approximate mass of the core, thenrh loses the status of free parameter, as it is bound by the

total mass of the system.

4.2.2 The Gradient Condition

Equally importantly as the continuity condition, one must consider another physically relevant

aspect of the transition between pro� les. In formulating the aforementioned bimodal pro� le,

we have made the assertion that the soliton core is the ground state of the system, and that it

must exist embedded inside a halo. In other words, the core is the ground state and the halo

is an atmosphere of excited modes – the system cannot be bounded if there is no core present.

By having a transition atr t using the Heaviside step function, it mathematically seems that

the transition is instantaneous and that the core `vanishes' at this radius, however this is not

acceptable in physical terms. Instead, the 1D core density pro� le will submerge below the NFW

`surface' atr t . This tells us that the density pro� le for thehalois not explicitly the NFW pro� le,

but rather

� halo(r > r t ) = � NFW(r > r t ) � � SG(r > r t ): (4.20)

This is due to the embedded core's contribution to the total density pro� le. For this to be

ful� lled, we require that� SG(r > r t ) < � NFW(r > r t ). If this condition is not met, then the

pro� le of the core will be arti� cially cut o� by the enforced transition to the NFW pro� le at

r t , resulting in a non-physical solution. Therefore, in addition to the continuity condition we

create a necessary relationship between the radial derivatives of the pro� les, enforcing

�
�
�
�
�

�
@�SG

@r

�

r = r t

�
�
�
�
�

�
�

@�NFW

@r

�

r = r t

: (4.21)

Following some rearrangement, and substituting the continuity condition in for� h , we arrive at

r �(� g )
c � �(� g) ln 2

rh + r t

rh + 3 r t
r �(� g )

t : (4.22)
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There exist three approximate limiting cases that we can consider here;rh � r t , rh � r t and

rh � r t . In this order, the resulting inequalities can be written as

rh � r t : r t �
�

1
�(� g) ln 2

� 1=�(� g )

r c; (4.23)

rh � r t : r t �
�

3
�(� g) ln 2

� 1=�(� g )

r c; (4.24)

rh � r t : r t �
�

2
�(� g) ln 2

� 1=�(� g )

r c: (4.25)

Given that in the limit� g ! 0; � 0 = 1 :62, and in the Thomas-Fermi limit we have� TF = 2 :28,

the consequences on the multiplicative factor betweenr c and r t can be found in Table 4.1.

// rh � r t rh � r t rh � r t

� 0 r t = 0 :93r c r t = 1 :83r c r t = 1 :43r c

� TF r t = 0 :82r c r t = 1 :32r c r t = 1 :11r c

Table 4.1: Results for the ranges that the ratio betweenr h =rc can take, depending on whether the
SG-NFW pro� le is in the non-interacting regime, the interacting regime or the Thomas-Fermi regime,
also dependent on the comparable size ofr h in relation to r t .

Now that we are aware of both necessary conditions to create a physically meaningful

approximate pro� le for self-interacting FDM, we may proceed with an analysis of the SPARC [1]

dataset.

4.3 SPARC Dataset

The SPARC dataset [1] consists of 175 galaxies with varying stellar masses and levels of surface

brightness. For our study, we follow the same selection of galaxies as [3], which focuses on 17

bulgeless galaxies dominated by dark matter. For the sake of simplicity, we assume that all mass

in these galaxies is dark matter, though this is something that must be carefully reconsidered

in future work.

Given the signi� cance of the errorbars within the dataset, it is important to acknowledge

that multiple possible curves may� t a single set of data corresponding to one galaxy - there

is a range of possible density pro� les which infer a velocity curve that� ts the data well, sitting

within the errorbars. Therefore we will assume that there exists a range of possible core and

total halo masses which yield rotation curves that are consistent with observation.

To generate a fair selection criteria for our� tting, we� rst consider the distance of the caps

of the error bars from the central points. The rotation curve data from the SPARC data set
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Figure 4.3: The observational data of the radial velocity curves taken from the galaxies chosen from
the SPARC catalog, plotted with observational error bars. It is clear here that some galaxies have data
points with minimal errorbars, while others have a much larger margin of error.
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Figure 4.4: As in FIG. 4.3, all the selected galaxies from the SPARC catalog are plotted here on the
same set of axes to show the variety of radii to which galaxies are sampled, as well as the range in
maximum velocities across them.

is given as data points with a symmetric error,(vmid � verr). We compute the� 2 between

the valuesvmid + verr and v for each galaxy to obtain a critical value of� 2 which we deem

acceptable for any subsequent� ts to the data. Here,vmid is the velocity of each data point, and

verr is the size of the error in the data. That is to say that for a given galaxy our maximum

tolerable value for� 2, giving us� ts which are acceptable, is de� ned by

� 2
galaxy =

X (vmid � [vmid + verr])
2

vmid
=

X (verr)
2

vmid
(4.26)

In this case, we are stating that any curve which has a lower� 2 value than the aggregate error

of the observation is an adequate� t for further analysis. We term this `Rule 1'.

However, in some cases data has negligible error bars, even if theoretical� tting curves

which � t well exist, a good example being the galaxy DDO154 (see FIG. 4.5). In this case, one

would need aperfect� t in order to be selected by Rule 1. Given the approximate nature of our

method, this is impossible. In such cases, we instead refer to a secondary rule to select our

acceptable curves:� tting curves which have a� 2 value of less than2� 2
min are selected, where

2� 2
min is the minimum� 2 value we obtain across all attempted� ts for a particular galaxy (so

for any combination of parameters within our 5D parameter space). Therefore, to maintain
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consistency and remove bias, we introduce a bimodal selection criteria where the maximum

allowed� 2 value is either:

• (Rule 1:) The computed� 2 between the true midpoints and the error bars,� 2
err

• (Rule 2:) Twice the minimum computed� 2 value across all� ts (2� 2
min).

Therefore, our selection criteria is given by

� allowed =

( � 2
err if � 2

min<� 2
err

2� 2
min if � 2

min>� 2
err

: (4.27)

Though Rule 2may seem somewhat arbitrary, it produces results which� t well, and we will

soon show thatRule 1is utilised in almost all cases, whileRule 2only takes the larger value of

� 2 in the case of speci� c galaxies with very small errorbars. The insets within Fig. 4.5 shows

this methodology for two galaxies, DDO154 and UGCA444 and is discussed further in the next

section.

Finally, in our analysis we simplistically only consider the total radial velocity of the galaxies.

Within this thesis, we do not consider the e� ect of baryonic components, as we aim to conduct

a simplistic primary investigation into the validity of self interacting FDM and how it fares

in observational comparisons. The chosen galaxies are low-luminosity galaxies dominated by

dark matter, so such an assumption is valid at this level of study. A more complete study

incorporating possible e� ects of coupling to baryonic matter falls outside the scope of this

thesis, although we would not expect the inclusion of baryonic matter to have a signi� cant

e� ect for the particular galaxies studied here.
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Figure 4.5: Two di� erent galaxies (DDO154, UGCA444) demonstrating - (Main Plot) Left Axis: The
observational velocity curve data with error bars (black points) plotted alongside the generated SG+NFW
velocity curves (green/red lines). Curves which obey the selection rules are green, while the plotted red
lines to not satisfy our selection criterion in Eq. (4.27). Right Axis: The density curves which form the
aforementioned velocity curves, plotted as dotted lines. (Inset Plot) The computed values of� 2 for the
SG+NFW curves. The dash-dotted horizontal line shows the maximum� 2 according to Rule 1, the solid
horizontal line shows the maximum� 2 value according to Rule 2, with green points corresponding to
data � ts passing our identi� ed selection criterion.
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4.4 Fitting Algorithm

4.4.1 Initial family of curves

It is important to reiterate the necessary parameters toab initio generate a SG-NFW pro� le of

a purely dark matter halo. For the de� nition of the core, in the absence of a halo, there are

three necessary input parameters - the core massM c, the boson massm and the self interaction

strengthg. With these, we can compute the core radius,r c. The halo is then de� ned by a further

two parameters,r t ; rh . Using the gradient condition, we have already expressed a strict lower

limit for r t , while still expecting it to be of the order ofr c. Using these criteria, we signi� cantly

narrow the search range for these parameters. However, forrh , one would consider that it is

limited by the core-halo mass relation [25, 99, 100, 101], but due to the existing tension [99]

in this relation we instead choose to leaverh as a completely free parameter. Additionally, we

also know thatM c can be expressed in terms of� 0; r c and � g, so we will choose� 0 as our free

parameter here, as we can obtain an approximate initial guess for� 0 from the � rst data point

of the velocity curve, as explained below in Eq. (4.28).

Summarised, the� ve necessary input parameters to generate a SG-NFW pro� le are:� 0, m,

� g, r t , rh . The method by which we� t is as follows:

• We guess an initial peak density according to

� guess
0 =

1
r 2

0

@
@r

�
r0v2

0

4�G

�
; (4.28)

wherer0 is the radius of the� rst observational velocity data point, andv0 its velocity.

This allows us to use the� rst observational point as an indicator for the approximate

peak density, around which we will perform our grid-search. For each iteration, we� x

this for our search across the remaining four parameters.

• Our range of boson masses across which we search is10� 23eV/c2 � m � 10� 20eV/c2.

For each iteration of� 0, we� x this for our search across the remaining three parameters.

• The range of� g we search across is0 � � g � 105, which allows us to sample from the

non-interacting regime into the Thomas-Fermi regime. For each iteration of� 0; m, we� x

this for our search across the remaining two parameters.

• The transition radius has a lower limit as previously discussed, while the upper limit we

place isr t � 3r c. A larger transition radius would only ever occur in isolated cores or
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very low energy halos, which is not the case in this dataset.1 These criteria de� ne our

search limits forr t . For each iteration of of� 0; m; � g, we � x this for our search across

the remaining parameter.

• We regardrh as a free parameter with a large range and a low resolution,� nding that

it has little impact on the� nal form of the velocity pro� les at the radius ranges within

which we have data. This will be discussed in more detail when we come to simulating

the � tting pro� les in chapter 5.

We begin our process for each galaxy by taking an initial guess for� 0 as detailed in the� rst

step. This parameter is� xed, while we span the 4-dimensional parameter space for anab initio

density pro� le that provides the optimal inferred velocity curve. This curve is then attributed to

the � 0 value and saved. We then multiply the� 0 value by a factor of 1.2, and repeat the process,

traversing the� 0 parameter space. If the resulting� 2 value of each iteration of this process

is lower than the current minimum value for any� 0, we proceed to search in this direction

of the � 0 parameter space. If, however, the resulting� 2 value is greater, we instead return to

the � 0 which provided the minimum current value of� 2, and go in the other direction of the

parameter space, dividing by 1.2. We do this until we have found the minimum� 2 value. At

this point, we then proceed to span the remaining� 0 space until we obtain� 2 values which

surpass whichever is larger ofRule 1or Rule 2.2

Examples are illustrated in the insets of FIG. 4.5: Our� tting algorithm obtains multiple

best� t curves, each one corresponding to a `parent'� 0 value. Let us discuss the limiting curves

for DDO154� rst. At � 0 � 6 � 107M � =kpc3, we see that the best-� t curve has a� 2 value

greater than that which is allowed by Rule 2. Similarly, this is seen at� 0 � 2 � 107M � =kpc3.

For UGCA444, at� 0 � 5 � 108M � =kpc3, the best-� t curve has a� 2 value greater than what

is allowed by Rule 1, as does the data point at� 0 = 0 :2 � 108M � =kpc3. Therefore, for both

cases with both galaxies, we no longer continue to search in either of these directions in the

� 0 parameter space, and these limiting values (and all subsequent values outside the selection

criteria) are also omitted from further analysis. On the other hand, all allowed points which

pass the selection criteria are clearly plotted in green, and are found under the larger of the

two horizontal lines.

After completely spanning the entire 5-dimensional space for each galaxy and omitting

results beyond our allowed selection criteria, we are left with multiple parameter sets which

1The impact of the energy on the core-halo relation is discussed, simulated and analysed in detail in the next
chapter.

2An initial veri� cation that the span across the� 0 space is large enough is important to assert the completeness
of the data, con� rming that the boundaries of the selection zone on both sides of the� 2 minimum are spanned by
the � tting data, as can be seen in the insets of Fig. 4.5
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correspond to density curves with di� erent soliton (and total) masses, whose inferred velocity

curves� t well to observational data. We visualise two cases in Fig. 4.5 - DDO154 and UGCA444.

4.4.2 Exploiting parameter degeneracies

We have previously shown that a soliton core of� xed total mass and some� xed pair of � 0 and

r c can exist as a result of a range ofm and g pairs, where the choice of(m; g) pair a� ects

the dimensionless shape of the soliton atr < r c and r > r c; the peak density and the half-

maximum have the same coordinates in the(�; r ) space and remain� xed. We can exploit this

to extrapolate additional results that willalso� t to the observational data, using the fact that

each generated pro� le belongs to a degeneracy curve.

For each galaxy, we consider the set of the pro� les which are allowed according to our

selection criteria, and assume the core-region is well� t by any set ofm and g parameters

along the degeneracy curve to which the initial pro� les belong. Speci� cally, we compute the

degeneracy curve according to

m(� g) =

2

4 �
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4�G� 0r 4
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where� 0 and r c are the values obtained from the� t. We can freely go betweeng and � g using

the formula forg� in Eq. (3.15). We� nd in most cases that boson masses across1 � 3 orders

of magnitude are allowed for each galaxy, with� g changing accordingly. For consistency, we

only take results where0 � � g � 105 to remain within our initial search range. However, in

some cases, a large change in the shape of the core as a result of travelling along a degeneracy

curve in them � g parameter space can signi� cantly alter the outer regions of the velocity

curve. Therefore, for each velocity pro� le generated by the parameter combination ofm and

g for each discretised point on the degeneracy curve, we compute the corresponding� 2 value

between itself and observational data, and verify it too obeys the selection rules for the galaxy

in question.

The result is a stack of curves in di� erent m � g planes, where each plane corresponds

to a di� erent core peak density, which can be parameterised through the soliton mass. This

can be described as a 3 dimensional space consisting of(� 0; m; g). An illustration of this

is visible in FIG. 4.6, in which we show that individualm � g curves can be projected onto

a single plane. This single plane hosts all the possiblem � g points which � t well to any

of the given SPARC galaxies. By projecting all� tting curves from all galaxies onto a single

plane, we are left with a 2D space in which all points correspond to a boson mass and self

interaction strength pair which can be used to construct at least one core-halo pro� le whose
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inferred velocity curve� ts well to the observational data. Importantly, we note here that the

more intersecting degeneracy curves are located at a point, the more likely the corresponding

m � g pair is able to reconstruct multiple core-halo pro� les, each of which match to a di� erent

galaxy. FIG. 4.6 shows a qualitative projection of three curves and how they may appear on the

projection plane. In reality, there are many curves per galaxy with clear favourablem � g zones

in the plane. Therefore, it is now crucial to identify the region in them � g plane which most

agrees with observational data.

Figure 4.6: A qualitative demonstration of how individual curves onm � g planes, corresponding to
di� erent soliton masses, can be projected onto a single plane to identify all the possible boson mass-self
interaction strength pairs which� t well to a given galaxy in the SPARC database. Each curve corresponds
to a di� erent peak density curve which� ts to one galaxy, for which a range ofm and g return the very
same� 0 and r c. For each galaxy, a set of such planes exist which can later be collapsed into a singular
plot.
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When allm � g degeneracy curves are compiled onto a single plane, we convert the data to

a density-of-points representation by applying a normalised Gaussian kernel density estimation

(KDE). This converts each data point to a value which re� ects the density and adjacency of

neighbouring points in them � g space. The information of the point density is re� ected in

a colour gradient, resulting in a heat map. The density value at am � g location of the heat

map can be interpreted as the likelihood of such a pair� tting well to the complete set of 17

galaxies. We may say that the maximum point in the heat map indicates the locus of the greatest

bundling of points corresponding to well-� tting SG-NFW curves, and therefore indicates the

highest probability that parameter pairs at this location will yield pro� les that are of interest

for further testing with additional data.

Figure 4.7: A qualitative demonstration of how individual curves onm � g planes, corresponding to
di� erent soliton masses, can be projected onto a single plane to identify all the possible boson mass-self
interaction strength pairs which� t well to a given galaxy in the SPARC database. A background grid of
data points has been overlaid with0 values corresponding to dark blue colour for aesthetic purposes.
There are no natural data points in this� lled region. The white point represents the peak point in this
work, while the pink point represents them � g pair obtained in [3].
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This heat map is displayed in FIG. 4.7. The white circle indicates the peak location, cor-

responding tom = 1 :94 � 10� 22 eV/c2 and g = 1 :21 � 10� 28 Jm3=kg, while the pink star

represents them � g pairing found in [3] from their Gaussian� tting to the cores of these

galaxies. Finally, the dotted black line indicates the density values which correspond to half the

value of the peak density of points (white point); this is used as an indication for the region in

the m � g space which corresponds to well-� tting SG-NFW curves. If the heatmap point-values

were well-� t by a 2D Gaussian distribution, this would equate to the1� boundary. It is inter-

esting to note the level of agreement between our results and those of [3], demonstrating the

robustness of the approach and the clear suggestion by two separate methods and� tting pro-

� les that self-interaction is necessary if we wish for FDM to� t to this particular observational

dataset.

4.4.3 Final Fit

In order to indicate our arising� t to the rotation curves for all 17 SPARC galaxies, we� x m

and g to the optimally selected(m; g) pair value given by the peak (white circle in FIG. 4.7) of

the heat map -m = 1 :94 � 10� 22 eV/c2 and g = 1 :21 � 10� 28 Jm3=kg. We then increase the

resolution of the grid search for the remaining parameters, noting that we only have to search

over the remaining three parameters,� 0; r t and rh . We obtain the optimal density pro� les and

their resultant velocity curves by� nding the minimum� 2, and plot them with their relevant

observational datasets in FIG. 4.8.

It is important now to clarify that rh is chosen to obtain the best possible� t, however

a broad range ofrh values still produce velocity curves that sit within the con� nes of the

errorbars.

We note that inall cases, the magnitudes of the velocity are correct. Some galaxies, for ex-

ample UGC05721 and F583-4, are� t almost perfect aside from minor oscillatory behaviours in

the data. However, some best� t velocity curves have notable deviations from the observational

data for some galaxies,e.g. UGC01281, NGC3109 and KK98-251. We therefore arrive at the

following conclusion: using the semi-analytical SG-NFW pro� le to � t the entire range of data

for our selected galaxies from the SPARC catalog, we obtain a unique construction ofm and g

values which� t remarkably well to almost all but a few galaxies. Even these less positive cases,

the SG-NFW pro� le still follow both the approximate shape and the magnitude of velocity of

the observational data.

A natural next step, lying beyond the scope of this thesis, would be to introduce baryonic

components to the velocity curves from the observational data, while simultaneously conducting

a deeper analysis into the validity of the observational data. For example, are all galaxies well

isolated in the sky? Are they uniformly rotating or are they passing through a denser medium
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in which case the rotational data may be skewed?3 Answering these questions and conducting

a more detailed analysis of the results, as well as expanding to further catalogs will likely yield

a more complete conclusion regarding the validity of self-interacting FDM. Importantly, we

note that previous attempts in literature to� t non-interacting FDM to observational data have

encountered similar issues. In particular, a single boson mass will not allow the formation of

core-halo pairs which� t well to multiple galaxies, particularly in the instance of the SPARC

dataset [65]. That is to say, a di� erent boson mass is required for each galaxy within the context

of the original (non-interacting) FDM. Importantly, we have shown here that the introduction of

self-interactions removes such an issue.

Furthermore, we have pointed not only towards a single set of values ofm and g which are

appropriate, but rather to an entire con� dence region which is worth considering for further

work. This should guide investigations on the topic by providing a narrower search zone in

which to probe the systems and observational data.

3According to [102], NGC3109 is a warped galaxy owing to a previous interaction with the Antlia Dwarf galaxy
in the past. Similarly, [103] states that UGC01281 is also likely warped.
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Figure 4.8: The� nal � tting results using our optimally identi� ed values of FIG. 4.7, namelym =
1:94 � 10� 22 eV/c2 and g = 1 :21 � 10� 28 for each individual galaxy from our selection within the
SPARC catalog.



5
Simulated Solitons and Halos

Thus far, only one piece of literature has targeted the reconstruction of known galaxies via the

attempted replication of observational signatures [69]. This is an avenue which could lead to a

renaissance of new FDM observational signatures to search for in our Universe.

In this chapter, we will develop a deeper understanding of the characteristics of a self

interacting FDM core-halo system. We will then make use of this, as well as tools developed

in chapters 3 and 4 to numerically reconstruct a target density pro� le whose inferred velocity

curve agrees well with observational data. To do this, we make use of our optimal(m; g) pair

from the previous chapter, as well as the extrapolation of the 1D best� t density pro� les for

the speci� c galaxy UGCA444. We choose our optimal boson mass and self interaction strength

from FIG. 4.7. Following this, one of our primary assumptions when reconstructing a target

pro� le is that the total energy of the system is the moderating factor of the distribution of mass

between the core and the halo. That is to say, the total energy of the system is what de� nes the

core-halo relation for a chosenm and g. The e� ects of the periodic box are brie� y explored in

this chapter, a concept that has been studied extensively in [104].

Therefore, for the� rst time in the literature, this chapter presents a method to dynamically

reconstruct 3D target core-halo systems which correspond directly to� ts to observational data.

The importance of the total energy of the system, with respect to the total system ground state

energy, is discussed and the implications on the� nal state are emphasised. Particularly, an

65



66 Simulated Solitons and Halos

in-depth investigation from dynamical simulations on the distribution of mass between core

and halo is presented, with an elegant and simple formula empirically stated which expresses

the e� ects of energy on this mass allocation.

5.1 Simulation Set-Up

5.1.1 Initial Conditions

To simulate target core-halo systems of a desired total energy, we must have some element

of control over the initial con� gurations of the simulation. To do this, we consider multiple

Gaussian spheres of equal radii, allocated randomly within a cube which is centred within

the large computational box. The Gaussians are placed such that the� nal centre of mass is

the approximate centre of the computational box. We choose a smaller cube such that the

Gaussian spheres are a good distance away from the computational box boundary, minimising

unwanted e� ects from the periodic boundary conditions. This cube typically takes sides of

length � 0:75L , whereL is the length of the large computational box, an example of this

computational cube is seen as the white square in FIG. 5.1. The radius of these Gaussian

spheres is predetermined in the initial condition set-up, as is the total mass of the system. A

catalog of such initial conditions is then generated and the energy of each is analysed. We

select an initial condition from the catalog corresponding to the target energies we wish to

have for our simulation, as we do not have direct control over the energy of the system without

imaginary time propagation, which itself can lead to lack of control of other aspects.

To control the total energy of the system without arti� cially inducing a velocity vector

� eld over the box, which may lead to instability and signi� cant shifting of the� nal centre of

mass from the centre of the box closer to one of the periodic boundaries, we instead control

the radius of the initial Gaussian spheres by tuning two parameters: the radius per sphere

and the size of the inner cube within which we put the Gaussians. An increase in Gaussian

radius serves to reduce the total energy of the system, as it results in less compressed cores

which exhibit less of an outwards pressure via the self-interaction and quantum pressure. On

the other hand, a smaller inner computational cube makes the mass more localised, which

results in a more negative total energy. However, given our assumption that the total energy

is the relevant parameter for the con� guration, we do not need to consider the allocations of

positive energies among the components (quantum kinetic, self interacting). Instead, we regard

all positive contributions to the energy as a single entity, expecting the energy to redistribute

among all components adequately as we propagate the system.

This gives us a� rm handle on the range of energies that will be generated by the catalog, but

smaller and more subtle di� erences must be achieved through random generation and di� ering
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initial con� gurations of the placement of Gaussian spheres. This is a quick numerical process

and a large catalog can be generated and analysed rapidly with little computational resources.

An alternative to this system is the stacking of eigenmodes to reach a target halo [75, 84].

Although this method takes signi� cantly longer to generate the� nal system, it gives better

control of the� nal parameters of the halo, despite the fact that the� nal equilibrium solutions,

once dynamically propagated, appear to be unstable and will change dynamically via growth

of the core. The approach of stacking eigenmodes (or similar) is taken by [75, 84,?].

5.1.2 Reference Ground State Energy

As mentioned previously in this thesis, our fundamental assumption when constructing FDM

core-halo systems is that the system is simply a superposition of ground and excited states.

Taking a core-halo system and cooling it completely down will yield a singular soliton, which

is the reference ground state we will discuss from here onwards, whose energy we termE0.

We compute this reference soliton using the SG pro� le, where our input mass is the total mass

of the system, and analytically calculate the energies� Q ; W; U, noting that the soliton is in

equilibrium and has no classical kinetic energy.

Turning back to the core-halo system, we know that it must have a total negative energy

ranging between the ground state energy of the reference soliton,E = E0, andE = 0 in order

to remain bounded.

To verify the validity of our simulations, we must consider both the conservation of mass

and the conservation of energy. In all our simulations, mass conservation is con� rmed within

one part in107, though at� rst glance, energy conservation proves troublesome. For low energy

simulations in which the system is close to the ground state con� guration, total energy drift is

minimal and kept below1%. However, for simulations in which the various energy components

collude in such a way that the total energy is close to 0 (high energy halos), the dimensionless

simulation energy drift can be in excess of50% across the whole simulated timeline of the

age of the universe. To examine the e� ects of this energy drift, we take an initial condition

and propagate it with four various multiplicative factors of the timestep which is otherwise

computer from Eq. (2.32). For the main simulation presented in section 5.6, the multiplicative

factor we use is0:1, such that the timestep is equal to0:1� t, with � t computed as mentioned

from Eq. (2.32). For this investigation, however, we choose the factors(0:01; 0:025; 0:05; 0:1)� t,

covering an adequate variety of timestep scaling. The results are as expected and can be found

in FIG. 5.3, with0:1� t corresponding to an approximately10%energy drift across 4 Gyr, and

the smaller timesteps corresponding to a reduction in energy drift. However, an important

question to answer here is what are the e� ects of such an energy drift? We know the drift
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comes from numerical error in the summation of very large numbers1, but we must verify the

e� ects on the density pro� le since it is the density pro� le that we study for the remainder of this

chapter, and the following one. The results are conclusive and shown in FIG. 5.3 (right), where

even an energy drift di� erence of a factor of10 still yields the exact same time averaged density

pro� le across 4 Gyr. For this reason, we maintain the usage of larger timesteps to allow for the

generation of a larger catalog of numerical results with the knowledge that the numerical side

e� ects of such a timestep are, at most, negligible for the data we wish to analyse.

We henceforth scale energies typically by the ground state reference energyE0, unless

explicitly stated otherwise. This means that all energy changes are computed by referring to

the reference ground state energy,E0, of the system. Therefore, our energy drift is computed

as

� E =
jE init � E � nj

E0
; (5.1)

whereE init is the initial energy of the system upon generation of the initial condition, andE � n

is the � nal energy of the system. We frame the energy in terms of the ground state reference

energy due to the belief thatE=E0 is the important parameter in all cases.

To consider the e� ects of the boundary condition on the� nal con� guration of the system,

we look at our energy scaling relation which we repeat here for convenience,

Eref =
N ~

p
(G� ref)

L 03 (5.2)

whereL 0 is the dimensionless length of the side of the computational box. Therefore, as we

increase the length of the computational box, we increase the magnitude ofE0=Eref. This allows

a larger zone ofE-space to be probed before our system becomes unbounded and the total

energy crosses above 0. In fact, one can say that with a larger box, we increase the resolution

of the energy range betweenEG,ref and E = 0 . If we are to consider this from a physical

standpoint rather than a purely mathematical one, we can consider the fact that for the same

distribution of mass, a larger computational box with periodic boundary conditions will allow

for the mass to spread out to a larger radius while the system continues to remains bounded.

Since the increase of energy serves to increase the pu� ness of the halo, and therefore the radius

to which non-negligible densities extend, while decreasing the mass of the core, it becomes clear

that one requires a larger computational box to probe higher energy con� gurations without the

arti� cial e� ects of the enclosure of the boundaries leading to a positive total energy.

1The absolute magnitude of the individual energy components is approximately 2 orders of magnitude larger
than the total energy of the system.
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Figure 5.1: An integrated projection plot of the whole computational box, showing the initial conditions
of a 3D simulation. A number of Gaussians are initiated in such a way that the centre of mass is in
the middle of the box, and such that the total energy of the system is approximately the energy we
desire. The smaller cube, shown in white, de� nes the domain within which we place Gaussians to avoid
interference from the periodic boundary conditions when the simulation is propagated dynamically.
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Figure 5.2: The various energy components for the propagation of the system seen in Fig. 5.1. The
peak in energy components represents the initial collapse, followed by the formation of the core-halo
structure shortly after. Energy is scaled by the reference ground state energy,E0, and the total energy is
conserved within the system.

Figure 5.3: (Left) The energy drift for simulations with the same initial conditions, but propagated
with various timesteps.� t in this case is computed from the stability condition in Eq. (2.32) in chapter 2.
(Right) The time averaged density pro� les across all 4 Gyr for the four pro� les. The inset shows a zoom
in of the core to highlight that the pro� les are identical on any relevant scale.
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5.2 Analysing Simulation Results

Our system uses several initial Gaussians with radius smaller than their desired equilibrium.

The outwards pressure from the self interaction and quantum pressure of these compressed

Gaussians provides us the positive components of energy necessary, which later convert to

classical kinetic energy. Since we are reliant on such a method to introduce positive components

of energy, rather than applying classical kinetic energy via a phase initially, we cannot consider

relevant the total simulation time. This is due to the fact that these initial conditions are

not alike to cosmological initial conditions, and times taken for soliton formation and initial

halo evolution and stabilisation will di� er greatly from what may be physically relevant in our

Universe. For this reason, we may only realistically refer to timescales once a stable halo and

core has already formed. However, there is one crucial factor that we� nd in our simulations;

the core continues to grow at timescales signi� cantly longer than the age of the universe, as

seen in other relevant pieces of work [75, 69]; this will be discussed in detail in chapter 6, and

we will present repercussions, evidence, analysis and discussion for the next chapter where we

explore dynamical evolution of FDM halos.

The 1D Pro� le

In order to convert our results to data that is comparable and relevant to observational data, we

instead wish to refer to the 1D radial density pro� le, and the resultant velocity curve. To do this,

it is � rst necessary to assert that the peak density, and therefore the centre of the symmetrical

core, is found in the middle of the computational box. Since it is unlikely that this is generally

the case, we always take advantage of the periodic boundary conditions to roll the background

grid's position to place the peak density atr = (0 ; 0; 0). This essentially means that the grid

`follows' the core as it conducts a random walk, and that our zero-point is always the peak of

the core. We then take the average density value at each spherical shell fromr = 0 to r = L ,

whereL is the size of the computational box. The resultant pro� le is a shell-averaged radial

density pro� le which `forgets' aspects of granularity within the halo.2 An example of a snapshot

of a 3D simulation, and the corresponding radial pro� le from this timestep, is given in FIG. 5.4.

The granularity is evident in the integrated projection (left), while it is clear that most e� ects are

averaged out in the radial pro� le (right). Some wave-like e� ects are still noticeable in the radial

pro� le, though they are insigni� cant in comparison to the true granularity of the 3D pro� le.

Another important fact to note is that the corners of the computational box are not taken into

account as being part of the halo. Speci� cally, to largest radial shell of our shell averaged pro� le

2We note that these are crucial aspects of the FDM paradigm, and therefore will be discussed in-depth in the
next chapter with a speci� c emphasis on their e� ects on the velocity of test particles. They will also be shown in
brief in a later section within this chapter, though no quantitative analysis has been conducted.
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Figure 5.4: (Left) A 2D projection plot, integrated along thez-axis, of a snapshot from an arbitrarily
chosen 3D simulation. Here, the total mass of the simulation is 240M ref. A clear, de� nable core is seen
in the centre, embedded within the FDM halo with its signature granularity clearly evident. (Right) The
1D radial density pro� le, taken from the shell averaged density at each radius. It is important to note
that the corners of the box, which are not included in the sphere (depicted here as a white circle in 2D),
are not captured in this 1D pro� le.

does not include the corners of the computational box. This sphere is represented by a white

circle in FIG. 5.4. Mass that arrives here is ignored for further analysis, and therefore the total

mass of the halo will always be less than or equal to the mass of the entire computational box.

In fact, in the next chapter, we will discuss how mass is ejected into this region as a form of

system cooling.

The radial pro� le always shows a distinct and ordered core which then transitions into an

NFW-like pro� le. This pro� le can be well� t by the SG-NFW pro� les discussed in the previous

chapter. To retrieve a velocity curve from a 1D density pro� le, we compute

v(r ) =

r
GM (r )

r
; (5.3)

in which M is a spherically symmetric mass distribution andM (r ) is the spherical integral of

the density up to radiusr , giving us the mass enclosed within this shell.
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5.3 Core-Halo Relationship

We continue under the hypothesis that for a� xed boson mass and self interaction strength, the

only governing parameter which de� nes the allocation of a system's mass between the core and

the halo is the total energy of the system. The distribution of this energy among corresponding

components is presumed to be unimportant, as we expect the� nal state of the system at

t = 1 to be virialised, which–given energy and mass conservation–pins the energy distribution

among the components. We choose to forego this assumption regarding virialisation due to the

dynamical evolution of the core on long time scales, as discussed in the next chapter.

We select a boson mass-self interaction pair, based on our identi� cation in chapter 4, of

m = 1 :94� 10� 22 eV/c2 and g = 1 :21� 10� 28 Jm3=kg. We choose a computational box with

sides of lengthL = 34L ref, andM = 240M ref. The aforementioned parameters remain� xed for

the duration of this section. By varying the initial Gaussian size, number and distribution, we

obtain a catalog of initial conditions with varying total energies to study the e� ects of the energy

of the system. As mentioned in section 5.1.2, our energy space is limited by computational box

size. We therefore probe the spaceE0 � E � � 10� 3 in dimensionless simulation energy,

selecting initial conditions from our catalog that span this range fully. Here,E0 is the reference

ground state energy of the system if it were cooled completely, as de� ned previously.

Each initial condition is propagated to40Tref, (which corresponds to approximately20 Gyr).

For each simulation, we record the time at which the largest spike in the energy components

occurs, and regard this as the main collision time of the Gaussians, as well as the initial

formation of the soliton. We then select 2Tref after this time as our initial `equilibrium' time3.

The density pro� les from the initial equilibrium time to the� nal snapshot are time averaged,

and the resultant time averaged velocity is computed for each simulation.

The results of this are plotted in FIG 5.5, where one can see a clear decrease in the ratio

between core and halo mass as the energy of the system is increased. At the lowest energy,

approximately all the mass is in the core, and this� nal core is approximately the ground

state solution for a core of massM core = M . Interestingly, we� nd that for the entire energy

range, a clear and de� nitive sharp peak is visible in the velocity curve, after which the velocity

continuously decreases. Naturally, for lower energy states in which the core is more pronounced,

the decrease in velocity from the peak to the outer radii is more substantial. Most importantly,

in none of these cases does the velocity continue to grow beyond the core. Therefore, within

the limits of our tested time-averaged `equilibrated' data, one can say that the velocitymust

3We bring to the readers attention once again that the system never truly reaches equilibrium, and that the core
continues to grow. Therefore, we emphasise that the equilibrium we refer to here is not a true equilibrium, but on
the timescales we consider–and those relevant to our Universe–we are able to consider it as such. That is to say, the
core has formed, as has the halo. The core will nevertheless exhibit growth, as later discussed.
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Figure 5.5: (Left) The 1D shell-averaged density plots of 3D simulations composed of particles of the
same mass and interaction strength, and the same total mass within the computational box. Total energy
is varied across simulations and is given in units ofE r ef from Eq. (5.2), showing an increase in core
mass with a decrease in energy, while the halo loses mass to compensate. (Right) The corresponding
velocity pro� les for the former. A sharper peak is visible for velocity curves that are computed from
higher mass cores, while this peak is less noticeable in higher energy systems with a lighter core and
heavier halo.

continuously decrease after the peak value. In fact, we can approximately identify this velocity

peak in the range between2:16r c � r v;max � 2:16rh , assumingrh > r c [92].

For each simulation's time averaged pro� le, we perform the same bimodal� t as in Chapter 4,

utilising the SG-NFW pro� le. From this, we obtain a good approximation of the core mass,

without the need to propagate the system for longer time periods to collect enough data to

compute the Penrose-Onsager mode [80]. These� tting results are found in FIG. 5.6.

5.3.1 Mass and Radius of the Core

It is important here to note that a simulation with lower energy creates a core of greater mass.

Therefore, for this section, our use of energy as the independent parameter in the investigation

can be interchangeably parameterised as a variation in the core mass, instead.

From our derived equation for the radius–see Eq. (4.2)–with static shape parameters rather

than ones that depend on� g, we expect the radius to decrease to accompany an increase in

total core mass up to a limiting value in the Thomas-Fermi limit, ifm and g remain � xed.

That is to say, in a universe with a speci� c m and g pairing, heavier cores are smaller than

lighter cores unless the core in question is in the Thomas-Fermi regime, in which case the

radius becomes independent of any further addition of mass. However, in the regime of non-

constant shape parameters–where they depend on� g–we � nd an interesting alternative: the

radius will in fact increase very subtly as the core mass is increased. This is of course due to
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Figure 5.6: The SG-NFW� ts (orange dash-dotted lines) for each simulation (solid blue lines) of varied
energy. All energy here is given in units ofE ref, as in Eq. (5.2). Across all simulations, the boson mass,
self interaction strength, total mass and computational box size are kept constant. The� ts are generally
excellent across the entire range of probed energies, however the SG-NFW pro� le does not� t as well at
very low energy due to the fact that in this regime,� g is much greater than in the low-core mass, higher
energy case. This is because the SG pro� le does not quite replicate the sharp drop in density at the
outer regions of a very strongly interacting core, but we still have excellent agreement with numerical
data in the inner regions, as well as the halo.
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Figure 5.7: The lines show the expected radii for cores of a given mass, assuming our chosen values
of m and g. The empirical pro� le (blue), and its rules, anticipate a drop in radius with an increase
of mass, approaching an asymptotic value at which the Thomas-Fermi regime takes hold and radius
becomes independent of mass. The SG pro� le (orange) instead demonstrates a very small dip in radius,
and then a continual increase up to another asymptotic value. Radial� ts based on the data (orange
markers) are also plotted. The change predicted by the SG analysis are, however, negligible on an
observationally relevant scale. The numerical data on the other hand demonstrate a clear growth in
radius corresponding to an increase in core mass.

the varying nature of the dimensionless shape of the system, wherein the steepness of the core's

tail rapidly grows with an increase in self interaction strength, and so the radius must increase

to accommodate the additional mass. Therefore, this growth manifests in the� g dependence

of the shape parameters. Our analysis of simulation data� nds, in fact, that the growth in core

radius with an increase in mass is signi� cantly more drastic than predicted by the SG. These

results are outlined in FIG. 5.7; the blue line indicates the expectation for the radius to decrease

as the mass grows, owing to the formula for the radius in the absence of� g-dependent shape

parameters as in Eq. (3.41) and [2]. The data points from simulation, however, increase by more

than 15%across the spanned range, demonstrating a clear trend in growth. Further results are

needed to reach meaningful conclusions, including results from solitons of wider mass ranges,

di� erent boson masses and di� erent self interaction strengths, the preliminary data hints at
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the fact that the increase in localised dimensionless interaction strength,� g, dominates the

radius relationship over the gravitational aspect from increasing the mass. That is to say, the

repulsive pressure dominates over the gravitational attraction in the inner core, and the result is

an increase in radius owing to an increase in soliton-speci� c dimensionless interaction strength

from the increasing of the soliton mass. From the formula forg� , given in Eq. (3.15), an increase

in soliton mass decreasesg� . Therefore, ifg is constant, as is the case across these simulations,

then higher mass solitons are found further along the range between non-interacting to the

Thomas-Fermi regime, as they would correspond to a higher dimensionless ratio ofg=g� = � g.

Given precise measurements of the velocity pro� les of galaxies of various mass, if a behaviour

such as this is discovered where an increase in core mass corresponds to an increase in core

size4, it would be a major point for self-interacting FDM.

5.3.2 Core-Halo Mass

For clarity, our underlying assumption for the relevance of the core is repeated here: we assume

that any FDM core-halo system is a superposition of excited states around the core. In the

event of the complete removal of energy such that the entirety of the system is in the ground

state, a solitary core would remain. Excitations to this ground state systematically build a halo

around a core which decreases in mass as the halo increases in mass. However, chronologically

in reality, one does not expect to begin with a ground state which is then excited systematically,

but rather a chaotic collision and gravitational collapse leads to an automatic formation of the

� nal state. Nevertheless, the pathway to the� nal state is not relevant for this analysis to hold,

and one may regard it as the former case for simplicity. With this in mind, it is clear that the

ground state distribution and energy of the entire system is crucial; we will make use ofE0,

which is the ground state energy of the core that would exist if the entire system in question

is at minimum energy rather than in an excited state. Concretely, for a given 3D simulation of

massM total, some distribution of the mass will be in the soliton,M sol, and some will be in the

halo, M h , whereM h = M total � M sol. A soliton of massM 0, and its energy,E0, describe the

case whenM h = 0 , andM sol = M total. As before, we ignore the mass in the corners of the box.

Taking the simulations in FIG 5.6, we compute the total energy of the each simulation and

scale it using the ground state reference scaling energyE0. We computeE0 using the SG shape

parameters for a givenm and g, and considering the total mass of the spherical integral to be

the mass of this SG. This can be expressed as

E0 = � Q;0 + W0 + U0; (5.4)

4We remind the reader here that an alternative would be for the core to shrink while the density increases.
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Figure 5.8: For our simulated systems, we show here the relationship betweenM sol=Mtotal and E=E0

for each core-halo. The blue data points are all corresponding to the data in FIG. 5.5. The orange data
point corresponds to a simulation ofM = 500M ref and is the simulation that is used in the� nal section
of the chapter to recreate the galaxy UGCA444. We include it here to show that it is consistent with our
expectations.

where there is no classical kinetic energy due to the fact that the hypothetical ground state

solution is static. As mentioned in the previous section, the core mass is taken by� tting a

SG+NFW pro� le, and taking the SG parameters from the� t only, ignoringr t and rh .5 We then

plot the fraction of mass in the core against the scaled energy, obtaining a clear relationship:

M sol

M total
=

�
E
E0

� 1=3

: (5.5)

These results can be seen plotted in FIG. 5.8. It is more useful in our case to reframe this

as a functionE(M sol=Mtotal), given that we have an approximation for the distribution of mass

between the core and the halo from our� tting of observational data. Thus in future work,

if one wishes to recreate observational halos, the ratio of the core mass to halo mass can be

computed for a best� t pro� le, and used as a guide for what the total energy of the simulation

5This is equivalent to replacing the transition radius parameter in the� t to be in� nite, such that the Heaviside
step-function returns only the Super-Gaussian.
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should be. This can be expressed as

E =
�

M sol

M total

� 3

� E0 ; (5.6)

where bothM sol and M total can be obtained from approximate� ts to data, whileE0 can be

computed easily using the parameters for the best� t. This formation of the relation will

allow us to take observational results,� t their extracted and corresponding spatial pro� les

using the SG-NFW pro� le, and then make use of these parameters to compute the energy

necessary to replicate the galaxy in simulation. Indeed the results are independent of boson

mass, self interaction strength and total mass as these parameters are scaled out, nevertheless it

would still be necessary in future work to con� rm these results for a broad range of parameter

space through direct simulations. We have also included a data point for a simulation where

M = 500M ref to show that it sits on the trend line in FIG. 5.8 (orange data point). We do

note that the minimum value of� g in these simulations is� g = 6 :5, meaning all data (with

computed range6:5 � � g � 207) correspond to self-interacting FDM, and no data point

reaches the weakly/non-interacting regime. A further, and very relevant, piece of work would

be to map this transition into non-interacting by either simulating even higher energy systems,

to obtain cores which are lighter and therefore will have a smaller value of� g, or to generally

tune down the universalg value of the simulations to map this transition.

5.4 Granules in FDM Halos

Though we do not conduct an in-depth study of the granular structure of self-interacting FDM

halos, we may perform a qualitative analysis instead. We select one snapshot from each 3D

simulation shown in FIG. 5.5, that occur approximately 2 Gyr after the spike in the energy

components, indicating the collapse. For each of these simulations, we have computed the

time-averaged, shell-averaged 1D radial pro� le. From this, we compute the equivalent 3D pro� le

simply by extending the radial density data to three dimensions, assuming perfect spherical

symmetry. We then subtract this time averaged, shell averaged 3D density pro� le from the

corresponding snapshot to show the regions of over- and under-densities. The results are

plotted in FIG. 5.9, and we stress again that these results are qualitative and simply aim to

show how the size and quantity of granules varies as one changes the structure of the core-

halo system. Indeed, for simulations where most, and almost all, of the mass is in the core,

granules are negligible as they are very low density compared to the inner core region. The

plotted results show the over and under densities, therefore granules on the outside are of

lower density than granules closer to the centre of the halo, due to the fact that the average
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background density of the halo is higher in the centre. An interesting factor to note is that

for high energy halos, where the majority of the mass is not found in the core, granules are

of larger size and smaller in number. On the other hand, the lower the density of the halo in

comparison to the core, the greater the number of granules and smaller their size.

Importantly, this implies that granules do in fact follow the same trend in core size, as a

core in the absence of self interactions. That is to say, granules obey the rule for non-interacting

cores, which is that an increase in mass results in a decrease in radius. This could likely be

attributed to the fact that granules are of signi� cantly lower density than the core, and therefore

the e� ective local� g value for each individual granule is low enough to be considered non-

interacting. This warrants further and much deeper investigation, though these preliminary

results suggest interesting behaviour and a decoupling between the size of granules and the size

of the core.
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Figure 5.9: Slice plots of the simulation of thex = 0 plane for snapshots of the 3D simulation, that
occur approximately 2 Gyr after the initial collapse. All data is plotted qualitatively to show the regions,
sizes and numbers of over and underdensities. Overdensities are orange, while underdensities are blue.
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