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Abstract

Gases of ultracold atoms have proved to be a highly versatile platform for studying

quantum physics due in part to their high controllability. One example of this control is

the manipulation of interactions. A single-component Bose gas in free space is unstable to

collapse under attractive contact interactions, whereas, in an attractive two-component

Bose gas the collapse is arrested by the repulsion from quantum fluctuations, forming

self-bound liquid droplets: quantum droplets. Quantum droplets are therefore a quantum

fluid in which quantum fluctuations are not only present but integral. During formation

quantum droplets preserve a constant density ratio such that the droplet can be approxi-

mately described by its total density rather than in terms of two independent component

densities. This approximation, known as density locking, is powerful but limiting. Droplet

experiments typically begin with a population imbalance during formation, meaning that

imbalanced droplets may be the most prevalent. Motivated by a link with an experi-

mental 174YbCs mixture, which deviates from many of the assumptions built into the

density-locked model, the primary focus of this thesis is: how are droplets modified by

imbalances that break the assumptions of density locking?

This thesis begins by showing that, up to a saturation limit, free-space droplets can

lower their energy through population imbalancing but correspondingly become less stably

bound. By perturbing these imbalanced droplets, breathing modes are observed to have a

complex parameter space of multiple, superimposed, decaying modes with time-dependent

frequencies and decay rates.

All droplets are experimentally formed in harmonic traps, and so the free-space imbal-

anced results are extended to study how harmonic traps affect the structure and breathing

modes of imbalanced droplets. Beyond the droplet formation, there is a crucial question

around the stability of the imbalance during a release into free space. A key result of this

thesis is that imbalances can be retained during either an instantaneous or linearly-ramped

trap release.

Finally, the imbalanced droplet results above are applied to explore the 174YbCs pa-

rameter space, by measuring droplet size, peak densities and lifetimes. A variety of

dynamics are studied from droplet formation and excitations, to proposing potential ex-

periments serving as a platform to study the non-equilibrium dynamics of droplets.
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Chapter 1

Introduction

1.1 Quantum gases and many-body physics

Advances in the precise manipulation of ultracold atoms [1–3] led to a boom in both

the experimental and theoretical study of quantum gases in the late 1990s–early 2000s.

Quantum gases are highly controllable gases of ultracold atoms. Their controllability is

in part due to refined techniques from atomic and optical physics that allow for control

of, e.g., interatomic interactions and applied potentials. The cleanliness and precision

of quantum gases has lead to them becoming a highly versatile platform for studying

quantum many-body physics [4], and realising quantum simulators [5].

Advances in cooling techniques made it possible for experimentalists to achieve nanokelvin

temperatures. Laser cooling is a primary cooling technique used in ultracold atoms in

which irradiating an atomic cloud with laser light reduces the average motion, and hence

temperature, of the atoms [6, 7]. The ‘slowing’ of atomic motion can be conceptualised

by the schematic of laser cooling or slowing an atomic beam. Atoms absorb photons from

a counter-propagating laser resulting in transitions and emissions that change the atomic

momenta along an arbitrary axis. For an atomic cloud, laser cooling is typically achieved

via an ‘optical molasses’ [8] which is produced in three-dimensions (3D) by six counter-

propagating lasers, i.e., two opposing lasers along the x, y and z axes. The laser light has

a small frequency detuning towards lower frequencies such that atoms absorbing photons

opposing their direction see photons with frequency Doppler shifted on-resonance, and co-

moving photons are Doppler shifted off-resonance. Thus, averaged out across the cloud,

atoms dominantly absorb photons that counteract their motion, reducing the root-mean-

square velocities of the atoms, i.e., reducing the overall temperature [8–10]. However,

the temperatures achievable by laser cooling are limited to of order 100µK [11] and so,

nanokelvin temperatures are predominantly achieved via evaporative cooling. Following

laser cooling, the confinement of the cloud — typically a magnetic or optical trap — is

reduced causing the most energetic atoms to be lost [12, 13]. This is analogous to the

evaporative cooling of steam from a cup of tea, i.e., the most energetic molecules on the

surface of the tea evaporate corresponding to a decrease in the average kinetic energy per
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Chapter 1. Introduction

atom, or temperature.

Another useful property of quantum gases is the precise control of externally imposed

potentials. In almost all quantum gas experiments, trapping potentials are placed on

the atomic cloud to contain the gas [14]. There is some freedom in producing different

trap structures from harmonic and box traps [15] to periodic traps. Optical lattices

are created via counter-propagating lasers imposed on the cloud to generate periodic

sinusoidal potentials [16]. As the atoms occupy the minima of these potentials, the system

is analogous to the periodic lattice structures of solid states. The benefit of quantum

gases in this field is again because of their controllability and cleanliness which cannot be

achieved in typical condensed matter physics experiments due to issues such as defects

[17]. Thus, the study of quantum gases in optical lattices led to breakthroughs such

as the observation of the superfluid-Mott insulator transition [18] and individual atomic

imaging via quantum gas microscopes [19]. Trapping potentials can also be used to vary

dimensionality to study low-dimensional systems [20]. Quantum gases confined to one-

dimension (1D) are unique as they possess exact analytic solutions such as the Lieb-Liniger

model [21] in a single-component gas and the Tonks-Girardeau gas [22, 23] in the limit

of infinitely repulsive interactions, which have also been experimentally realised [24, 25]

(for a review of 1D bosonic gases see Ref. [26]). Beyond confinement, potentials have also

been used to stir the atomic cloud via a ‘laser spoon’ [27–29], or in generating general

potentials in 2D [30] using Digital Micromirror Devices (DMDs) [31].

In recent years, the role of ultracold atoms as quantum simulators has grown sig-

nificantly [5, 32], with applications from the study of neutron stars [33, 34] through to

acting as a ‘universe in the lab’ for studying cosmological phenomena [35–37]. However,

the major revolution that originally propelled the field forward, was the observation of

Bose-Einstein condensation in an ultracold cloud of bosons, for which Cornell, Weimann

[38] and Ketterle [39] were awarded the 2001 Nobel Prize in physics [40, 41].

1.1.1 Bose-Einstein condensation

The observation of a Bose-Einstein Condensate (BEC) in 1995 confirmed the predictions of

Bose [42] and Einstein [43, 44] from 1924. Bose-Einstein condensation is the macroscopic

occupation of the lowest quantum state in a system of indistinguishable bosons [11, 45]

resulting in a macroscopic matter wave. Below the critical temperature for Bose-Einstein

condensation first-order correlations of the gas asymptote to a constant, in the limit of

large distances, rather than decaying to zero; this property is typically referred to as

off-diagonal long-ranged order [46–48]. Figure 1.1 shows velocity distributions in 2D of

an ultracold cloud of bosons, with temperature decreasing left to right. In the left panel

the gas is imaged above the BEC critical temperature and hence has a broad, thermal

velocity distribution. With decreasing temperature a narrow velocity distribution can be

seen with a near pure condensate shown in the right panel.

The coherent matter wave can be conceptualised by considering a dilute gas of bosons

2



Chapter 1. Introduction

Figure 1.1: Early observation of a BEC observed via absorption imaging, with tempera-
ture decreasing left to right and an almost pure condensate given in the right-most panel.
Reprinted figure with permission from Ref. [40]. Copyright (2002) by the American Phys-
ical Society.

at sufficiently high temperatures such that they can be modelled as highly-localised,

‘billiard-ball’-like particles. As the gas is cooled, the wave-like nature of the bosons

becomes more pronounced as the de Broglie matter wavelength is inversely proportional

to the square root of the temperature, λdB ∝ 1/
√
T . At lower temperatures, the in-

creasing wavelength becomes comparable to the average inter-particle distance, such that

the individual particle wavefunctions overlap one another and the microscopic quantum

effects become macroscopic. All atoms reside in the condensate for a zero-temperature,

non-interacting gas, whereas, for weak interactions some non-zero fraction of the atoms

occupy low lying modes above the condensate, even at zero temperature.

BECs were first formed in clouds of 87Rb [38], by the group of Cornell and Wieman,

and 23Na [39] by the group Ketterle. From this pioneering work came a plethora of

experimental and theoretical works to study, e.g., superfluidity and non-linear physics.

Bose-Einstein condensation and superfluidity were originally linked by Fritz London [49]

and Laszlo Tisza [50] in low temperature Helium. The strong correlations and high

densities of superfluid Helium make it difficult to model accurately, whereas dilute, weakly-

interacting Bose gases can be explained by mean-field theories. Some key properties of

superfluidity include: the absence of viscosity and dissipation, so long as the superfluid

flow lies below the Landau critical velocity for the production of excitations [51]; and

discretisation of circulation to individual singularities: quantum vortices. BECs have

therefore allowed for the controllable creation and imaging of the vortices [52] and vortex

lattices [53], a clear signature of superfluidity that has been widely studied in liquid

Helium [54].

Vortex dynamics are crucial to understanding fluid flows. In classical fluids vortices

can have arbitrary size and circulation, however, in superfluids the circulation of a vortex

3



Chapter 1. Introduction

is quantised, i.e., quantum vortices are uniform in size and circulation 1. In 2D, quantum

vortices are akin to point charges, whereas in 3D they are filamentary tubes. Owing

to the cleanliness of ultracold atom experiments, quantum gases have become a versatile

platform for studying fluid dynamics such as vortex dynamics [28, 53, 55–58] and quantum

turbulence (for recent reviews see Refs. [59, 60]).

Vortices are not the only non-linear excitations that BECs can support; solitons are

particle-like solitary waves that are present in many different fields [61], whose stability

depends on the competition between interactions and dispersion from kinetic contribu-

tions. In quantum gases both bright [62] and dark [63] solitons have been observed. BECs

can also exhibit collective excitations which are vital in understanding many-body sys-

tems. Collective excitations were observed in early BEC experiments [64, 65], along with

other large-scale excitations of the cloud including sound propagation [66] and collapse

dynamics [67, 68].

From the creation of the first BEC came a huge body of work studying different atomic

species [69]. There are now a variety of elements that have been Bose condensed giving rise

to, e.g., dipolar Bose gases which consist of atoms that have a relatively strong magnetic

moment [70–73]. A close relative of bosonic quantum gases are ultracold Fermi gases.

Advancements in cooling techniques led to the creation of degenerate Fermi gases [74–

86], allowing for observation of the BCS-BEC (Bardeen-Cooper-Schrieffer-Bose-Einstein-

Condensate) crossover [87–89] from superconductivity [90]. The BCS-BEC transition

could only be observed due to advancements in controllability: namely, the control of

interactions.

1.1.2 Interactions

The scattering theory of quantum mechanical particles is a large and complex field. Yet,

many of the major complexities within scattering theory are reduced for bosonic quantum

gases as they are typically dilute and weakly-interacting, thus collisions can be accurately

described by s-wave scattering in terms of two-body only [11, 45]. By reducing the problem

to s-wave scattering, the problem of describing collisions in many-body problems reduces

to only zero angular momentum contributions. The utility of this is that collisions can

be described by the characteristic length scale of s-wave scattering events: the scattering

length, a. The ability to describe interactions by this single parameter has a major benefit

to experiments in that a can be manipulated. Feshbach resonances allow for accurate

tuning of a [91–93] from attractive (a < 0) to repulsive (a > 0) collisions (see Ref. [94] for

a review of Feshbach resonances).

A schematic of a Feshbach resonance is given in Figure 1.2, showing two potentials that

vary with atomic separation: the background potential known as the ‘open’ channel; and

the closed channel, which can support bound states. In the case of two atoms interacting

with an incident energy in the open channel (given by the green dashed line), a resonance

1Quantum vortices with higher circulation are unstable, limiting the so-called ‘charge’ to be ±1.

4



Chapter 1. Introduction

Figure 1.2: Schematic of a Feshbach resonance showing two potentials corresponding to
an open and closed channel, with atoms interacting at the incident energy. Reprinted
figure with permission from Ref. [4]. Copyright (2010) by the American Physical Society.

can be engineered in which this collision resonantly couples to a bound state in the closed

channel. Feshbach resonances are a useful tool for experimentalists because this resonance

can be tuned via an applied magnetic field allowing for the scattering length, a, to be

varied significantly.

A simplified model of the Feshbach resonance is given by [95]

a(B) = abg

(
1− ∆

B −B0

)
(1.1)

where B is the applied magnetic field, abg is the scattering length associated with the

background potential or open channel, ∆ describes the width of the resonance and B0 is

the position of the resonance ‘pole’ at which the scattering length diverges. Either side

of the pole, the scattering length varies significantly and Equation (1.1) indicates that

non-interacting gases can be engineered at B = B0 +∆.

Experimentally, Feshbach resonances can often be identified as corresponding to a

sudden increase in population loss [96]. The main mechanism for these losses are inelastic,

three-body recombination events. Losses occur due to the metastability of atoms in

the cloud and are typically caused by the formation of a lower energy configuration or

molecular state during a collision, leading to a release of energy. For example, in the

case of three-body losses the mechanism is the interaction of three atoms forming a two-

atom molecular state and a free atom. The binding energy from the molecule is released

causing heating of the condensate and, for typical energy scales, loss of atoms from the trap

[4, 94]. Around the pole of a Feshbach resonance, these events are increased corresponding

to pronounced dips in the population number that are indicative of a Feshbach resonance

[96, 97]. Though quantum gases are many-body systems, Feshbach resonances are an
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Chapter 1. Introduction

example of how quantum gases have been used to study few-body physics [98, 99]. For

example, losses can be a useful fingerprint of few-body physics such as evidence of Efimov

states [100], and higher-body bound states [101].

1.2 Quantum mixtures

Mixtures of distinguishable quantum gases exhibit further degrees of freedom and a richer

parameter space than a single component gas. Spin or homonuclear mixtures — i.e., gases

of the same atomic species and isotope, that are prepared in different hyperfine states of

the ground state manifold — were the first two-component BECs to be experimentally

produced [102]. The diversity of mixtures increased to include mixtures of different iso-

topes [103] and atomic species (heteronuclear mixtures) [104]. Heteronuclear mixtures

extend the explorable systems further to Bose-Fermi mixtures [80, 105–107], and mass

imbalances. Tunability of interactions through Feshbach resonances in mixtures was first

observed in Bose-Fermi mixtures [108–110], and was later achieved in bosonic mixtures

[111, 112].

Whilst early quantum gas experiments were composed of atoms with negligible mag-

netic dipole moment, gases with significant magnetic dipoles moments have gained a lot

of interest due to their anisotropic, long-ranged interactions (see Ref. [113] for an earlier

review of dipolar quantum gases, and Ref. [114] for a more recent review of dipolar ex-

periments). Recently, dipolar bosonic mixtures have also been experimentally produced

[115–117] leading to a very rich parameter space of both inter and intraspecies short-

ranged and long-ranged interactions. Dipolar mixtures have been predicted to support

novel ground states, which are discussed further in Section 1.3.

Mixtures with three or more components can be created in spinor BECs in which the

atoms possess a spin degree of freedom [118]. A magnetic trap only retains atoms in a

single spin state, whereas optical traps can confine atoms with arbitrary spin [118, 119].

A spin-n BEC has 2n + 1 components — spin-1 (3 components) [120, 121], spin-2 (5

components) [121–123] and spin-3 (7 components) [124] have all been experimentally

observed — leading to a variety of exotic ground states, excitations and dynamics (for

reviews see Refs. [125, 126]). Though the variety of quantum mixtures continues to grow,

this work is restricted to non-dipolar, two-component bosonic mixtures.

Both inter and intraspecies interactions can be tuned within bosonic mixtures, e.g., a

significant repulsion between the two components can cause a transition from miscible to

immiscible fluids [127, 128]. Figure 1.3 shows a mixture of two Rubidium isotopes (85Rb

and 87Rb) with an immiscible mixture given in (a) and (b) and a miscible mixture give

in (c) and (d). Miscible mixtures have led to studies of relative motion of the compo-

nents as the fluids can be engineered to flow through one another [129–131]. The phase

separation of fluids in the immiscible regime causes modifications of the fluid structures

found in single-component Bose gases, e.g., infilling of one component changes the profile

6



Chapter 1. Introduction

Figure 1.3: Absorption images of two mixtures of 85Rb and 87Rb isotopes where (a) and
(b) are an immiscible mixture, whilst (c) and (d) are a miscible mixture. Reprinted figure
with permission from Ref. [103]. Copyright (2008) by the American Physical Society.

of individual quantum vortices [132–135]. Furthermore the boundary formed between

the fluids has lead to immiscible mixtures being used as a platform for studying multi-

phase flows and fluid boundary instabilities such as the Rayleigh-Taylor [136–139] and

Kelvin-Helmholtz instability [139–142].

Beyond varying interactions, there is also freedom in population numbers of the two

components. This gives a spectrum from balanced mixtures to strongly imbalanced mix-

tures at the limit of few body impurities, i.e., the polaron regime, The study of both Bose

[143, 144] and Fermi polarons [145–148] are clean and controllable systems with broader

applications to the study of impurities coupled to a quantum bath. Quantum mixtures

are therefore a natural extension of single-component Bose-condensed gases allowing for

physics that go beyond that of single-component systems.

1.3 Quantum droplets

The stabilisation of a self-bound droplet in dilute gases was originally proposed for single-

component Bose and Fermi gases with the addition of three-body effects [149, 150].

Ref. [149] proposed a mechanism in which attractive two-body interactions could be sta-

bilised by repulsive three-body interactions, with the three-body interactions even domi-

nating the two-body contributions. However, these droplets are yet to be experimentally

observed, since one of the proposed systems is a tritium BEC [150, 151] which is suspected

to have significant experimental challenges [152]. Thus without this three-body stabilisa-

tion mechanism, the stability of a single-component homogeneous Bose gas is governed

by the two-body atomic interactions. A mean-field theory — which captures much of

the physics of low-temperature, weakly-interacting, dilute gases [11, 45] — predicts that

the gas is unstable to collapse for attractive interactions. Collapse dynamics have been

demonstrated experimentally by using a Feshbach resonance to tune the interactions from

repulsive to attractive [67, 68].

7
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For a two-component system, the stability depends on both the inter and intraspecies

contact interactions, which can all be tuned via Feshbach resonances [94]. For repulsive

intraspecies interactions — to ensure stability of each individual component — and at-

tractive interspecies interactions, mean-field theory once more predicts an unstable gas.

However, this attractive collapse can be stabilised at high densities by quantum fluctua-

tions [153] forming a self-bound quantum droplet. The inclusion of quantum fluctuations

has inspired related work in so called Lee-Huang-Yang (LHY) fluids [154, 155], named for

the correction describing quantum fluctuations to first-order. By tuning mean-field inter-

actions between the components to vanish, the interactions of LHY fluids are described

by quantum fluctuations alone [154, 155].

In free space quantum droplets exist in equilibrium with the vacuum and form a

seemingly counter-intuitive dilute liquid-like state [153, 156]. This adds to the variety

of properties that quantum gases can be used to investigate, as the majority of experi-

ments are inherently within the gas phase, a property widely exploited in time-of-flight

imaging [157]. Whereas quantum droplets open up the field to explore the properties of

quantum liquids, such as surface tension [153, 158, 159] and incompressibility [160, 161],

within controllable experimental conditions. For recent reviews of quantum droplets see

Refs. [162, 163].

1.3.1 Dipolar quantum droplets

Quantum droplets have been experimentally observed in two systems: (i) dipolar gases

of Dy [164–166] and Er [167]; (ii) homonuclear 39K [161, 168–170] and heteronuclear,
41K-87Rb [171, 172] and 23Na-87Rb [173], two-component mixtures. Though the under-

lying mechanism for droplet formation is the stabilisation between attractive interac-

tions and repulsive quantum fluctuations [153], the mean-field interactions of a dipolar

Bose gas include both the two-body, short-ranged interactions of a non-dipolar gas, and

anisotropic, long-ranged interactions resulting from strong atomic magnetic dipoles [113].

This anisotropy results in elongated droplet profiles [174–178], that differentiate dipolar

droplets from non-dipolar, two-component droplets.

Beyond just single dipolar droplets, lattices of multiple droplets can be produced by

confining the gas, e.g., the multiple droplets shown in Figure 1.4 that are confined along

a waveguide. The density modulations which seed the multi-droplet state are caused by

the production of rotons which are elementary excitations resulting from the long-ranged

interactions [179, 180]. First predicted in superfluid Helium, rotons are associated with a

minimum in the excitation spectrum [181]. The roton minimum can be manipulated by

tuning the strength of dipolar interactions, and for strong dipole interactions the roton

mode softens causing an unstable production of rotons, i.e., the roton instability [182–

184]. However, the roton minimum occurs at an associated momentum [179] which defines

the length scale of the droplet lattice. The softening of the roton mode is unstable to

collapse in the mean-field theory but is stabilised via the effects of quantum fluctuations.

8
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Figure 1.4: Experimental images of dipolar quantum droplets confined in a waveguide
where red and blue correspond to high and low optical density. Multiple quantum droplets
are formed in a waveguide, with tight confinement in y and z. Reprinted figure with
permission from Ref. [165]. Copyright (2016) by the American Physical Society.

Figure 1.5: An in-situ image of a 2D supersolid. The high density, yellow areas are
droplets, though the droplets have a non-zero gas density linking them, creating a hexag-
onal lattice of seven coherent droplets. Reprinted figure with permission from Ref. [185].
Copyright (2022) by the American Physical Society.

Though quantum droplets were predicted in non-dipolar mixtures, they were first

observed in dipolar quantum gases [164–167], being followed up by the realisation of a

related state, the supersolid. Quantum droplets in free space are independent objects. Su-

persolids bridge the gap between the unmodulated condensate and independent droplets

because they exhibit high density droplets surrounded by a low density gas with a coher-

ence between the droplets. This results in a superfluid-like phase, with a periodic lattice

of droplets. The supersolid phase had been predicted many years earlier in the 1960s–70s

9



Chapter 1. Introduction

[186–188], for which Helium seemed the natural choice, however supersolidity in Helium

has not yet been observed.

Supersolids and isolated-droplet arrays were initially observed in a quasi-1D geometry

[189–191], though recently quasi-2D supersolids, with a hexagonal lattice of droplets have

been reported [192]. A transition between quasi-1D and 2D was produced by varying the

aspect ratio of the trap, leading from 1D linear arrays of droplets, to a middle regime

of ‘zig-zag’ droplets, through to a hexagonal array [192–194] as shown by the in-situ

image of a seven droplet hexagonal supersolid in Figure 1.5. Theoretical studies have also

predicted that droplet arrays, both coherent and incoherent, may support exotic phases

including: rotationally asymmetric lattices [195], ‘honeycomb’ [196, 197], ‘labyrinth’ and

‘stripe-phase’ supersolids [198, 199] that break spatial symmetries.

Noting the differences between dipolar and two-component quantum droplets is vital,

as these droplets have very different structures and thus different physics. However,

it is useful for the study of droplets to have these two platforms for comparing and

contrasting the two related systems. Throughout this work, unless stated otherwise, the

term ‘quantum droplets’ refers to non-dipolar, two-component quantum droplets.

1.3.2 Two-component quantum droplets

Two-component droplets were first experimentally observed using mixtures of 39K hy-

perfine states in a quasi-2D geometry [168], confined along the z-axis, to compensate

somewhat for gravity. Figure 1.6 shows the dynamical behaviour of the atomic cloud,

following a release of the 2D radial traps. The top row of Figure 1.6 demonstrates that

a mixture with dominantly repulsive interactions expands like a gas, whereas the attrac-

tive, single-component gas in the bottom row, collapses. It is only the combination of a

mixture with attractive interactions that forms an object that is self-bound.

The first fully free-space mixture was likewise observed in a mass-balanced, 39K spin

mixture [169]. To observe the droplet in free space, Ref. [169] used a levitating potential

by shining a red-detuned elliptical laser onto the cloud. Droplet lifetimes in 39K mixtures

are limited to only a few milliseconds due to high three-body losses. Evidence of this

effect can be seen in the middle row of Figure 1.6 in which the droplet shrinks over time,

and one way to overcome this is via heteronuclear droplets.

The first heteronuclear droplet was reported in a quasi-1D 41K87Rb mixture with life-

times exceeding 28 milliseconds [171]. The most recent experimental mixture seeding

droplets was 23Na87Rb which has lifetimes exceeding 15 milliseconds. For comparison

lifetimes in the spin mixtures were limited to less than 10 milliseconds [168, 169]. Het-

eronuclear mixtures are one example of how inter-component asymmetries can be engi-

neered within droplets. However, it is not just mass-imbalances that add asymmetries

between components, intraspecies scattering lengths vary the internal interactions of each

component leading to even richer systems.

Beyond experimental verification of droplet ground states, droplet dynamics have been
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Figure 1.6: Tuning interactions and releasing a spin mixture of 39K into free space. Top
row: a repulsive mixture which expands in free space showing it is a gas. Middle row:
an attractive mixture retaining a fixed volume in free space, i.e., a self-bound quan-
tum droplet. Bottom row: an attractive single-component gas which collapses. From
Ref. [168]. Reprinted with permission from AAAS.

studied with Ref. [161] reporting on droplet collisions in spin mixtures of 39K. Within a

harmonic trap the droplets are initially separated by a potential barrier. The potential

barrier excludes each droplet from sitting in the trap centre, giving the droplets an initial

potential energy. Removing this potential barrier causes the droplets to move towards one

another, and the harmonic trap is linearly ramped off. Different ramp times correspond to

different droplet velocities. Ref. [161] found a critical velocity, below which the droplets

merge, and above which the droplets separate. The collisional behaviour is proposed

as a method for contrasting between compressible and incompressible droplets. Other

recent dynamics were reported by Ref. [172] in the 41K87Rb mixture, which ramped the

intraspecies scattering length into the droplet regime and observed that certain droplets

could form capillary instabilities, and fragment into multiple droplets acting as a quantum

analogue to the Plateau-Rayleigh instability [200].

Droplets are not the only self-bound matter waves in attractive gases. Self-bound

matter waves can be found in attractive gases confined by an optical waveguide in which

the attraction is stabilised by dispersion. Ref. [170] studied the droplet-soliton transition

by confining an attractive, two-component mixture to a waveguide. By mapping out

the parameter space of this experimental setup Ref. [170] indicates that both solitons and

quantum droplets can be formed and are either smoothly connected or bistable, depending

on the parameter regime. By using a mass-balanced spin mixture, the populations of

the two components can be varied by applying a radio-frequency pulse to the cloud,

transitioning atoms from one spin state to the other, creating droplets in both population-

balanced and imbalanced mixtures.

Though droplet experiments have made significant advances in recent years, there

are still many theoretically predicted behaviours yet to be observed. For example, a

defining property of three-dimensional (3D) two-component quantum droplets is self-

evaporation [153]. In certain regimes of the droplet’s phase diagram, excitations will
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cause the droplet to shed atoms in order to relax to a lower energy state. This occurs

when the energies of these excitations exceed −µ, the particle emission threshold, where

µ is the chemical potential of the droplet. Furthermore, one of the most significant

evaporative regimes is of the lowest monopole mode — the breathing mode — which

decays for a large proportion of the droplet’s phase diagram [153, 201]. There is one

regime in which all collective excitations are self-evaporated and thus these droplets are

predicted to evaporate any excitation, even excitations from a thermal component [153].

Self-evaporation is a fascinating property which could lead to droplets that can lower

their own temperature, and is not exhibited by dipolar quantum droplets [160], or for the

breathing mode of a 1D two-component droplet [202]. Self-evaporation has not yet been

experimentally observed, but it is crucial in understanding the dynamics of these objects.

Two-component quantum droplets can also be distinguished from single component

dipolar droplets, in that they can be used to study spin properties. As previously dis-

cussed, collective modes have been a key physical property for studying excitations in

quantum gases, but with mixtures an even richer landscape is recovered. For single

component quantum gases, collective oscillations can only be excited within the density

channel, whereas with two components, excitations can be initiated in both the density

and spin channel, resulting in spin collective modes in which the two components oscillate

out-of-phase [203, 204].

1.3.3 Dipolar mixtures

The recent experimental production of two-component dipolar BECs [115–117] has lead

to various theoretical works studying how combining the properties of two-component

gases with dipolar interactions manifests, from dipole-dependent miscibility [205] to spin

roton modes [206]. As both single-component, dipolar and two-component, non-dipolar

gases can support droplets, two-component dipolar gases can support droplets with several

novel properties. Droplets can formed in dipolar mixtures through the interplay between

interactions — both short and long-ranged — and quantum fluctuations, with Refs. [207,

208] reporting the first theoretical predictions of droplet states in dipolar mixtures. As

single-component dipolar gases can form into droplets, two-component dipolar gases can

form elongated, immiscible droplets which are distinct from two-component, non-dipolar

droplets in which the gases must be miscible. This leads to both miscible and immiscible

droplets that can support arbitrary population imbalance between the two components

[207–209].

Dipolar mixtures can also form into supersolids, with Ref. [210] predicting that a

one-component supersolid, stabilised with quantum fluctuations, can ‘catalyse’ density

modulations in the other component. However, in the absence of quantum fluctuations,

dipolar mixtures can still support supersolids with so-called ‘alternating-domain super-

solids’ that are comprised of a lattice of droplets in quasi-1D that alternate between the

two components [194, 211]. For certain parameter values, these droplets can be coherent
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due to a low density background gas connecting them. Furthermore, as the alternating-

domain supersolids are formed from a mechanism more akin to a miscible-immiscible

transition, the densities are predicted to be much lower than single-component dipolar

supersolids. Lower densities are more favourable to extended experimental lifetimes as

three-body losses are suppressed [194, 211].

Whilst in one-component dipolar gases the roton mode plays a key role in stability,

the two-component dipolar gas also exhibits a spin roton mode [206] leading to a spin

Higgs mode in the alternating domain supersolid which are also predicted to have a rich

excitation spectrum of three Goldstone modes in 1D along with optical and acoustic

phonon modes [212]. Quasi-2D supersolids have been recently studied by Ref. [213] with

a focus on the immiscible spin-stripe states which, as in the quasi-1D geometry, has

a variety of density and spin excitations offering a further platform for studying spin

systems, miscibility, supersolidity, and hydrodynamic properties.

Quantum droplets are therefore an active area of research that has experimental chal-

lenges but can open up quantum gases to the study of quantum liquids to explore, e.g.,

surface tension and incompressibility. This work benefits from an experimental link to an

attractive, non-dipolar mixture that could add to the preexisting three, two-component

droplet mixtures of 39K [161, 168–170], 41K87Rb [171, 172] and 23Na87Rb [173].

1.4 CsYb mixture

This work has a link with an experimental mixture of Caesium (Cs) and Ytterbrium-174

(174Yb), referred to here as the CsYb mixture, first cooled to dual Bose-Einstein conden-

sation in Ref. [214]. The mixture of an alkali metal, Cs, and an alkaline-earth-like metal,

Yb, poses experimental challenges, e.g., Cs is paramagnetic and Yb is diamagnetic, result-

ing from their different electronic structures, thus magnetic traps for both components

cannot be used [215] and a single optical trap is challenging [214, 216]. However, due

to the difference in atomic structure, species-specific traps can be engineered enabling

greater control over the individual components than can be achieved in alkali mixtures

[215, 217]. A further benefit of the CsYb mixture is the variety of Yb isotopes, allow-

ing for the study of different mixtures such as repulsive and attractive bosonic mixtures,

Bose-Fermi mixtures [214], and potentially ultracold molecules [218].

This work focuses on the 174Yb isotope as the 174Yb-Cs interspecies interactions are

attractive, making it a candidate for droplet physics. The overall two-body interactions of

the mixture are tuned by varying the Cs scattering length, aCs, which can be accurately

controlled [220] with no effect on the scattering properties of Yb [214]. Ref. [219] reported

the first dynamical results within the attractive CsYb mixture by studying centre-of-mass

oscillations and collapse dynamics. The coupled centre-of-mass dynamics were studied

with aCs large enough such that the two-body interactions were dominantly repulsive,

i.e., in the gas phase. Further to these oscillations, Ref. [219] also probed the attractive
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Figure 1.7: The CsYb, two-component BEC showing optical density cross sections through
the condensate centre with the 174Yb and Cs components given in the left and right panels,
respectively. Experimental data is given by the individual points whilst the solid curves
show a bimodal fitting corresponding to the condensate, and the dashed curves show
a Gaussian fitting to the thermal component. Reprinted figure with permission from
Ref. [219]. Copyright (2021) by the American Physical Society.

collapse regime by ramping aCs into the droplet regime and then out again over a finite

time, and subsequently observing the final Cs population number. Entering this regime

shows significant losses, indicative of attractive collapse dynamics [67, 68], though with

no definitive evidence of droplet formation.

Caesium suffers from relatively large three-body losses [97] that can be exacerbated by

the high densities of quantum droplets. Three-body losses are a limiting factor of droplet

lifetimes [153] and so reduction of droplet densities will inevitably be a key consideration

for the CsYb mixture. Condensate population numbers for each component are measured

via bimodal fits to the optical density slices, observed through absorption imaging, given

by the solid curves in Figure 1.7, whilst the thermal fraction is extracted via a Gaussian

fit given by the dashed curves, demonstrating relatively large thermal fractions found in

both components [214]. Due to the sympathetic cooling of Cs with Yb [214, 219], there

is typically an Yb population imbalance with the fits in Figure 1.7 showing population

numbers of NYb = 6 × 104 and NCs = 1.6 × 104, however, imbalances of up to NYb =

[5, 7]× 104 and NCs = [4, 5]× 103 have been created [214]. Thus, the combination of high

losses and small population numbers of the Cs component could be an issue for droplet

formation, and thus one of the focuses of this work is to understand the constraints on

this mixture and how these could be alleviated.

1.5 List of publications

The results presented in this thesis have yielded two publications:

[221] T. A. Flynn, L. Parisi, T. P. Billam, and N. G. Parker, “Quantum droplets in

imbalanced atomic mixtures”, Phys. Rev. Res. 5, 033167 (2023) - This forms the
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majority of the results presented in Chapter 3

[222] T. A. Flynn, N. A. Keepfer, N. G. Parker, and T. P. Billam, “Harmonically trapped

imbalanced quantum droplets”, Phys. Rev. Res. 6, 013209 (2024) - This forms the

majority of the results presented in Chapter 4

Other works via collaboration not presented within this thesis are:

[223] J. McMillan, T. A. Flynn, and R. Doran, “Predicting Bubble Fragmentation in

Superfluids”, Phys. Rev. Lett. 133, 093403 (2024)

[224] N. Keepfer, T. Flynn, N. Parker, and T. Billam, “Supervortexnet: Reconstructing

superfluid vortex filaments using deep learning” (2023), arXiv:2312.14815

1.6 Document outline

The overarching theme of this thesis is: how do imbalances modify two-component

droplets? The main imbalances which can be considered are: population numbers, in-

traspecies scattering lengths, atomic masses and trapping potentials, and the motivation

behind this is the CsYb mixture which possesses all of these imbalances. From an idealis-

tic theory perspective, the simplest droplet to consider would have all of these properties

balanced. This thesis principally explores the impact of population imbalances on droplet

ground states and breathing modes, both in free space and within harmonic traps. Other

imbalances such as scattering lengths and traps are likewise studied, predominantly in

the context of the CsYb mixture.

The rest of this thesis is set out as:

Chapter 2 - presents the theoretical background of the models used to describe weakly-

interacting mixtures, including the contributions of quantum fluctuations. The com-

putational methods to solve these models are introduced and applied to review the

physics of droplets presented in the seminal droplet work of Ref. [153].

Chapter 3 - studies the effect of population imbalances on the ground states and breath-

ing of free-space droplets which display a rich parameter space of superimposed

decaying modes. This chapter concludes by looking at population imbalances with

the addition of intraspecies scattering length imbalances, which are more relevant

to typical experimental mixtures.

Chapter 4 - builds from Chapter 3 to study population imbalances within traps, in which

any unbound excess atoms are retained around the droplet. In the context of ground

states and breathing modes, both trap frequencies and imbalance size are explored.

The final results of this chapter focus on the stability of the imbalance under a trap

release, both instantaneous and linearly-ramped, to answer the question of whether

population imbalances can be retained in the transition from trapped to free space

droplets.
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Chapter 5 - focuses on the CsYb mixture to predict characteristics of CsYb droplets,

including the application of results from Chapters 3 and 4. The principle observ-

ables are droplet sizes, densities and lifetimes. Following on from a discussion of the

viability of droplets in the current CsYb experiment, this chapter proposes poten-

tial future experiments to study excitations and non-equilibrium of two-component

droplets.

Chapter 6 - concludes the main results of this thesis and briefly discusses natural follow

up questions that arise from this thesis leading to potential future work. This

includes extending some of the results presented here and exploring potential future

avenues for the experimental CsYb mixture.
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Chapter 2

Theoretical Background

A mainstay of modelling Bose-condensed gases is mean-field Gross-Pitaevskii (GP) the-

ory, in which the condensate is described by a classical field and quantum correlations

are neglected. In addition to the typical repulsive interactions, this theory also accommo-

dates attractive interactions, but for these it predicts collapse in free space, as observed

experimentally by tuning from repulsive to attractive interactions [67, 68]. In the first

work predicting the existence of quantum droplets, Ref. [153] proposes that attractive

two-body interactions, paired with quantum fluctuations stabilises the collapse of a two-

component bosonic mixture. This chapter presents the theoretical background necessary

for modelling droplets, starting with microscopic derivations of the ground state energy

of uniform, single and two-component Bose gases, including quantum corrections to the

mean-field. Building from these uniform energy calculations non-uniform Bose gases can

be described by the famed GP equation. To study ground states and dynamics, the GP

equation must, in general, be solved numerically and so the computational techniques

used throughout this thesis are presented here. Finally, these methods are put into prac-

tice to review well known results of quantum droplets, that were first introduced in the

seminal paper of Petrov [153].

2.1 Bose gas ground state energy

The ground state energy of a homogeneous, weakly-interacting, dilute Bose gas at zero

temperature is given by [225–227]

E0

V
=
gn2

2

[
1 +

128

15
√
π

√
na3 + . . .

]
, (2.1)

where V is the system volume, n is the number density of the Bose gas and g is the

effective interaction strength which relates to the scattering length a by

g =
4π~2a
m

,
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where m is the atomic mass. The scattering length, a, characterises scattering events at

low energy which is the dominant regime of two-body scattering events in ultracold, dilute

gases. The first term of Equation (2.1) is described as the Mean-Field (MF) contribution

whilst the second term is the Lee-Huang-Yang (LHY) correction. It should be noted

that further corrections have been computed such as the beyond LHY correction, the so-

called Wu-Hugenholtz-Pines-Sawada (WHPS) correction [228–230]. However, the WHPS

correction is defined in terms of a coefficient that depends on the form of the interatomic

interactions, whereas the LHY correction depends only on an expansion in terms of the gas

parameter, na3, i.e., no further information is required to compute the LHY correction.

Equation (2.1) shows the higher-order density dependence of the LHY correction, ∼
n5/2, relative to the MF contribution, ∼ n2. As ultracold experiments are within the dilute

limit in which the gas parameter is assumed to be small, na3 � 1, the LHY correction

typically contributes very little to the system energy, though it has been measured in

strongly-interacting Bose gases [231]. The derivation of the Bose gas ground state energy

is a key result in the study of quantum many-body systems, especially given the simplicity

of the expression which depends on only three parameters: the density, scattering length

and atomic mass. This section works through the microscopic derivation of the single-

component Bose gas ground state energy indicating the assumptions and approximations

that are built into Equation (2.1).

2.1.1 Second quantisation

The system Hamiltonian in second-quantisation notation can be written as [45]

Ĥ =

∫
dr

[
~2

2m
∇Ψ̂ †(r)∇Ψ̂(r)

]
+

1

2

∫
drdr′

[
Ψ̂ †(r)Ψ̂ †(r′)V(r− r′)Ψ̂(r′)Ψ̂(r)

]
, (2.2)

in which the Hamiltonian is expressed as Ĥ = Ĥke+Ĥint with kinetic, Ĥke, and interaction,

Ĥint, contributions, where Ψ̂ †(r) and Ψ̂(r) are the bosonic field operators and V is the two-

body interaction potential. For a uniform gas it is convenient to express the bosonic field

operators in a basis of single-particle states [11, 45],

Ψ̂(r) =
1√
V

∑

p

âpe
ip·r/~,

and

Ψ̂ †(r) =
1√
V

∑

p

â†pe
−ip·r/~,

where âp and â†p are the bosonic annihilation and creation operators, respectively, of a par-

ticle with momentum p. Substituting these plane-wave-like solutions into Equation (2.2)
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gives

Ĥ =

∫
dr

{
~2

2m

[(
− i
~

p

)
1√
V

∑

p

â†pe
−ip·r/~

][(
i

~
p

)
1√
V
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âpe
ip·r/~

]}

+
1

2

∫
drdr′

[(
1√
V

∑

p

â†pe
−ip·r/~

)(
1√
V

∑

p

â†pe
−ip·r′/~

)
V(r− r′)

(
1√
V

∑

p

âpe
ip·r′/~

)(
1√
V

∑

p

âpe
ip·r/~

)]
.

Kinetic energy

Considering the kinetic contributions first, the expression of Ĥke simplifies substantially

to,

Ĥke =
1

V

∫
dr
∑

p

p2

2m
â†pâp

=
∑

p

p2

2m
â†pâp,

in which p2 = p · p and where, due to the lack of r dependence the identity,
∫

dr = V , is

used.

Interaction energy

Next are the interaction contributions, Ĥint. A labelling is introduced for convenience:

let r1 and r2 denote the positions of two interacting particles, with initial momenta p1

and p2 and final momenta p3 and p4, whose interaction is described by the potential

V(r1 − r2). With this labelling the interaction Hamiltonian becomes

Ĥint =
1

2

∫
dr1 dr2

[(
1√
V

∑

p3

â†p3
e−ip3·r1/~

)(
1√
V

∑

p4

â†p4
e−ip4·r2/~

)
V(r1 − r2)

(
1√
V

∑

p2

âp2e
ip2·r2/~

)(
1√
V

∑

p1

âp1e
ip1·r1/~

)]

=
1

2V 2

∫
dr1 dr2

[∑

{pi}
V(r1 − r2)â†p3

â†p4
âp2 âp1e

−i(p3−p1)·r1/~e−i(p4−p2)·r2/~

]
,

where {pi} = {p1,p2,p3,p4}. Using conservation of linear momentum, p1+p2 = p3+p4,

the final momenta can be relabelled as p3 = p1 +q and p4 = p2−q, thus the interaction

Hamiltonian becomes

Ĥint =
1

2V 2

∑

p1,p2,q

∫
dr1 dr2

[
V(r1 − r2)e−iq·(r1−r2)/~

]
â†p1+qâ

†
p2−qâp2 âp1 .

Particle positions can instead be rewritten as r′ = r1 − r2, thus the integral is expressed
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as

Ĥint =
1

2V 2

∑

p1,p2,q

∫
dr dr′

[
V(r′)e−iq·r

′/~
]
â†p1+qâ

†
p2−qâp2 âp1 .

Note that the interaction Hamiltonian has been written in terms of the Fourier transform

of the interaction potential,

V(q) =

∫
dr′ V(r′)e−iq·r

′/~,

thus, the interaction Hamiltonian is independent of r and so a factor of V =
∫

dr is

gained, giving,

Ĥint =
1

2V

∑

p1,p2,q

V(q)â†p1+qâ
†
p2−qâp2 âp1 .

2.1.2 Bogoliubov approximation

Having now written the total system Hamiltonian in terms of momentum states as,

Ĥ =
∑

p

p2

2m
â†pâp +

1

2V

∑

p1,p2,q

V(q)â†p1+qâ
†
p2−qâp2 âp1 ,

the system can be easily split up into different momentum contributions. The zero mo-

mentum state corresponds to the condensate, though even at zero-temperature there will

still be some occupation of p 6= 0 modes due to interactions.

Mean-Field

In the limit of large condensate occupation — i.e., in the regime of N0 � 1, where

N0 is the population number of the zero momentum state — the zero momentum creation

and annihilation operators can be replaced by the condensate number, â†0 = â0 =
√
N0,

an approximation first introduced by Bogoliubov [232]. In the case of a ground-state, non-

interacting Bose gas at zero temperature, all bosons are condensed, however, the addition

of weak interactions corresponds to a relatively small occupation of non-zero momentum

modes, even at zero temperature [45]. Therefore a ground-state, weakly-interacting Bose

gas at zero temperature can be roughly approximated by neglecting the small contribu-

tions from non-zero modes, i.e., total occupation of the zero momentum state, N = N0.

Hence, the MF ground state energy is given by

E0 =
gN2

0

2V
.

The true interaction potential between atoms is complicated and varies significantly with

the interatomic distance, e.g., typically at small interatomic distances interactions are

dominantly repulsive, but at larger distances interactions are weakly attractive [11, 45]. In

the dilute, low-temperature limit, interactions between three or more atoms are extremely
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rare, and so two-body interactions dominate. These interactions only contribute signifi-

cantly in the small interatomic limit. Hence, rather than computing the interatomic po-

tential explicitly, an effective interaction potential is introduced, in the form of a ‘contact-

interaction’, V(r) = V0δ(r), with Fourier transform, V(q) = V0. Via the first-order Born

approximation the interactive strength, V0, can be expressed as V0 = g = 4π~2a/m. The

MF energy density is therefore
EMF

V
=
gn2

2
,

where the number density is defined as n = N0/V .

The number density can be related to the so-called macroscopic wavefunction or order

parameter of the gas, n = |Ψ |2. Thus under a Local-Density Approximation (LDA) the

non-uniform, MF energy can be written as [233]

E =

∫
dr

[
~2

2m
|∇Ψ |2 + Vext|Ψ |2 +

g

2
|Ψ |4

]
,

where the first term is the kinetic energy, the second term describes an externally imposed

potential Vext, and the final term describes the two-body interactions. The First Green

identity allows for the kinetic energy term to be rewritten as |∇Ψ |2 = −Ψ ∗∇2Ψ , and

hence under the variational relationship [45]

i~
∂Ψ

∂t
=

δE

δΨ ∗
,

the energy functional can be minimised resulting in the famed Gross-Pitaevskii (GP)

equation [234, 235]

i~
∂Ψ

∂t
=

[
− ~2

2m
∇2 + Vext + g|Ψ |2

]
Ψ. (2.3)

There are inevitable questions about the LDA approach used here, i.e., how valid in

general is this approach for non-uniform gases. This method results in the same GP

equation as writing the field operator in the Heisenberg representation [45, 236]

i~
∂Ψ̂(r, t)

∂t
=
[
Ψ̂(r, t), Ĥ

]
,

and then using similar arguments of replacing the field operator with a classical field,

and the interaction potential with an effective interaction. The Heisenberg representation

method is the more common and self-consistent approach for describing non-uniform, MF

Bose gases [45, 236].

Beyond-Mean-Field

Beyond the MF approximation, non-zero momentum terms can be retained. However,

one key assumption of the Bogoliubov approach used here is that the condensate mode
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dominates, i.e., non-zero momentum interaction events are unlikely hence terms only

up to quadratic order in non-zero momentum operators are retained in the interaction

Hamiltonian,

Ĥint =
1

2V

[
V(0)N2

0 +N0

∑

p6=0

(
2 [V(0) + V(p)] â†pâp + V(p)

[
â†pâ

†
−p + âpâ−p

])]
. (2.4)

Details for this simplification can be found in Appendix A.1, but in brief: terms are

neglected if they correspond to interactions between two non-zero momentum particles as

these events are very rare in the dilute, weakly-interacting, zero-temperature regime.

Unlike in the MF approximation where the total number of atoms equals the conden-

sate occupation, the total number of atoms including non-zero momentum particles can

be expressed by the expectation value of the number operator [11]

N = N0 +
∑

p 6=0

â†pâp.

Recall that any terms beyond quadratic order in creation and annihilation operators

are neglected, hence for the terms of Equation (2.4) that are linear in N0, there is a

simple replacement of N0 ≈ N . This is because otherwise these terms will be quartic

in the creation and annihilation operators. However, for terms with N2
0 dependence, the

approximation N2
0 =

(
N −∑p6=0 â

†
pâp

)2
≈ N2 − 2N

∑
p 6=0 â

†
pâp is used, which gives

Ĥint =
1

2V

[
V(0)N2 − 2V(0)N

∑

p 6=0

â†pâp +N
∑

p6=0

(
2 [V(0) + V(p)] â†pâp

+ V(p)
[
â†pâ

†
−p + âpâ−p

] )]

=
1

2V

[
V(0)N2 +N

∑

p6=0

V(p)
(

2â†pâp + â†pâ
†
−p + âpâ−p

)]
.

Combining both the interaction and kinetic Hamiltonians yields

Ĥ =
V(0)N2

2V
+
∑

p6=0

[(
εp +

V(p)N

V

)
â†pâp +

V(p)N

2V

(
â†pâ

†
−p + âpâ−p

)]
, (2.5)

where εp = p2/2m, is the dispersion relation of a free particle.

2.1.3 Bogoliubov transformation

The Bogoliubov transformation can be used to diagonalise Equation (2.5) [232], in which

a new set of operators are introduced known as the Bogoliubov quasiparticle operators,
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given by

α̂p = upâp + vpâ
†
−p,

α̂†p = upâ
†
p + vpâ−p.

The Bogoliubov quasiparticle operators likewise obey the bosonic commutation relations

[
α̂p, α̂

†
p′

]
= δp,p′ , [α̂p, α̂p′ ] = 0, and,

[
α̂†p, α̂

†
p′

]
= 0, (2.6)

which result in the relationship,

u2p − v2p = 1,∀p. (2.7)

The Bogoliubov operators can be equivalently written as

âp = upα̂p − vpα̂†−p,
â†p = upα̂

†
p − vpα̂−p.

Substituting these expressions into Equation (2.5) gives

Ĥ =
V(0)N2

2V
+
∑

p6=0

[
ε̃pv

2
p −
V(p)N

V
upvp

]

+
∑

p6=0

[
ε̃p
(
u2p + v2p

)
− 2
V(p)N

V
upvp

]
α̂†pα̂p

+
∑

p6=0

[
− ε̃pupvp +

V(p)N

2V

(
u2p + v2p

)
](

α̂†pα̂
†
−p + α̂−pα̂p

)
,

where ε̃p = εp + V(p)n. Hence, the Hamiltonian can be written in the form

Ĥ = E0 +
∑

p6=0

[
ε̃p
(
u2p + v2p

)
− 2
V(p)N

V
upvp

]
α̂†pα̂p,

if

−ε̃pupvp +
V(p)n

2

(
u2p + v2p

)
= 0.
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With this condition and Equation (2.7), the Bogoliubov quasiparticle amplitudes are

found to be

u2p =
1

2


 ε̃p√

ε̃2p − {V(0)n}2
+ 1


 ,

v2p =
1

2


 ε̃p√

ε̃2p − {V(0)n}2
− 1


 .

For details of finding the quasiparticle amplitudes see Appendix A.2. Substituting the

definitions of up and vp means the Hamiltonian can be written as

Ĥ = E0 +
∑

p6=0

Epα̂
†
pα̂p,

where Ep is

Ep =
√
ε̃2p − [V(p)n]2

=

√(
p2

2m

)2

+
V(p)np2

m
,

(2.8)

which is the dispersion relation of the Bogoliubov quasiparticles or elementary excitations

of the Bose gas [232]. The Bogoliubov dispersion relation or excitation spectrum, given in

Figure 2.1, has two regimes: a linear phonon regime at small momentum, where Ep ∼ p

(solid curve, inset); and a free-particle regime at large momentum, where Ep ∼ p2 (dashed

curve). The transition between small and large momentum behaviour occurs at approx-

imately the momentum associated with the healing length — indicated in Figure 2.1 as

ξ−1 — which is defined as [11, 45]

ξ =
~√
mng

.

The healing length can be considered the length scale at which the gas ‘heals’ to a bound-

ary, i.e., the gas density at a hard-wall boundary must be zero and so the healing length

defines the length scale at which the gas density decreases from the bulk or equilibrium

density to zero. Below this ‘healing momentum’ the gas has a phonon or sound-like

spectrum with speed of sound [11, 45]

c =

√
ng

m
,

whilst above, the spectrum is free-particle-like. Therefore, at lower momentum the system

behaves collectively, rather than a system of free particles as at higher momentum. Equiv-
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Figure 2.1: Excitation spectrum of a weakly-interaction, dilute gas of 87Rb atoms. The
black circles are experimental data with error bars (though these error bars are difficult
to see in the main figure). The black curve is the Bogoliubov excitation spectrum given
by Equation (2.8), whilst the dashed curve is the free-particle spectrum Ep = ~2p2/(2m).
The inset shows the same data but focused onto the small momentum, phonon regime.
Reprinted figure with permission from Ref. [237]. Copyright (2002) by the American
Physical Society.

alently, by inverting from momentum space, the system behaves collectively at length

scales larger than the healing length, in keeping with the notion of global coherence in

Bose-Einstein condensates discussed in Chapter 1.

Having decomposed the Hamiltonian in terms of the ground state and the spectrum

of quasiparticles, the ground state energy, E0, takes the form

E0 =
V(0)N2

2V
+

1

2

∑

p6=0

(Ep − ε̃p) . (2.9)

The lowest order Born approximation defines the zero momentum interaction potential

as the effective interaction strength, V(0) ≈ g = 4π~2/m. As shown above, this substi-

tution is used to derive the MF ground state energy of a weakly-interacting Bose gas.

Naively both V(p) and V(0) could be approximated by the effective interaction strength,

g. However, unlike in the MF case the BMF ground state energy depends on a sum over

momenta. Hence, simply replacing V(0) and V(p) by the lower order Born approxima-

tion causes Equation (2.9) to become UV divergent, demonstrating the significance of the

interaction potential’s momentum dependence.

25



Chapter 2. Theoretical Background

2.1.4 Renormalisation

To eliminate the UV divergence in Equation (2.9) it is useful to return back to Equa-

tion (2.5),

Ĥ =
V(0)N2

2V
+
∑

p6=0

[
ε̃pâ
†
pâp +

V(p)N

2V

(
â†pâ

†
−p + âpâ−p

)]
.

Beyond the lowest-order Born approximation, V(0) = g, the momentum interaction po-

tential can be written as [45]

V(0) ≈ g

(
1 +

g

V

∑

p6=0

m

p2

)
.

The 1/p2 correction renormalises the UV divergence of Equation (2.9), and hence substi-

tuting this expression into Equation (2.5) gives

Ĥ =
N2

2V

[
g

(
1 +

g

V

∑

p6=0

m

p2

)]
+
∑

p6=0

[
ε̃pâ
†
pâp +

V(p)N

2V

(
â†pâ

†
−p + âpâ−p

)]

=
gN2

2V
+
∑

p6=0

[
ε̃pâ
†
pâp +

V(p)N

2V

(
â†pâ

†
−p + âpâ−p

)
+
mg2nN

2V p2

]
.

This renormalised sum is convergent and so the interaction potential at arbitrary momen-

tum can now be approximated by, V(p) ≈ g, giving

Ĥ =
gN2

2V
+
∑

p 6=0

[
ε̃pâ
†
pâp +

gN

2V

(
â†pâ

†
−p + âpâ−p +

mgn

p2

)]
.

Proceeding through the Bogoliubov quasiparticle operator steps once more extends Equa-

tion (2.9) to

E0 =
gN2

2V
+

1

2

∑

p 6=0

[
Ep − ε̃p +

(gn)2m

p2

]
,

or more explicitly, the LHY correction takes the form

ELHY =
1

2

∑

p6=0



√(

p2

2m

)2

+
(gn
m

)
p2 − p2

2m
− gn+

(gn)2m

p2


 .

In the thermodynamic limit, the summation can be converted to an integral,
∑

p6=0 →
V
∫

dp /(2π~)3, i.e.,

ELHY =
V

2(2π~)3

∫
dp



√(

p2

2m

)2

+
(gn
m

)
p2 − p2

2m
− gn+

(gn)2m

p2


 .

26



Chapter 2. Theoretical Background

Due the spherical symmetry of the system, the measure can be expressed in terms of the

momentum magnitude only,
∫

dp = 4π
∫∞
0
p2 dp, resulting in

ELHY =
(gn)2mV

2π2~3

∫
dp

(
εp
gn

)

√(

εp
gn

)2

+ 2

(
εp
gn

)
−
(
εp
gn

)
− 1 +

gn

2εp


 .

Let x2 = εp/gn which reduces the integral to

ELHY = 4gn2V

√
2na3

π

∫ ∞

0

dx x2
[√

x4 + 2x2 + x2 − 1 +
1

2x2

]
.

This integral can be computed analytically as 27/2/15 — for details on the asymptotic

method used here, see Appendix A.4 — therefore the ground state energy of a dilute,

weakly-interacting Bose gas at zero-temperature, takes the form

E0

V
=
gn2

2

[
1 +

128

15
√
π

√
na3
]
, (2.10)

to first order. This calculation has considered a uniform Bose gas to derive the ground

state energy and, as shown in Section 2.1.2, a LDA approximation can be used to build the

uniform energy density into a non-uniform energy functional. However, other methods,

such as the Heisenberg representation of the bosonic field operator, avoid the use of the

LDA [45, 236], though the present author is not aware of these methods being used to

include the LHY correction.

The mechanism for droplet formation is a balance between attractive interactions and

repulsion from quantum fluctuations, here described to first order by the LHY correction.

A natural question is to ask whether this stabilised attractive collapse can be realised in a

single-component Bose gas. Equation (2.10) indicates that if interactions are tuned to be

attractive, a < 0, the LHY correction becomes complex valued. In free-space the single-

component Bose gas is therefore unstable to attractive collapse, however, stable attractive

states can exist in the trapped Bose gas. Bright solitary waves are stabilised through

the competition of attractive interactions and dispersion from kinetic contributions, with

singular [62] and multiple (forming so-called ‘soliton trains’) [238] bright solitary waves

observed in quasi-1D, and in more general 3D harmonic traps [239]. Therefore, The

LHY correction of the single-component, non-dipolar Bose gas cannot stabilise attractive

interactions in free space.

2.2 Two-component Bose gas ground state energy

As the LHY correction cannot stabilise an attractive non-dipolar gas, this work turns to

two-component bosonic mixtures which, as shown by Petrov in the seminal work predict-

ing droplets, offer one such platform in which attractive interactions can be stabilised in
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free-space by quantum fluctuations [153]. Building from the single-component calculation

of the Bose gas ground state energy, this section presents the equivalent calculation of the

two-component MF and LHY contributions.

2.2.1 Second quantisation

Beginning with the system Hamiltonian expressed in second-quantisation notation,

Ĥ =

∫
dr
∑

σ

[
~2

2m
∇Ψ̂ †σ(r)∇Ψ̂σ(r)− µσΨ̂ †σ(r)Ψ̂σ(r)

]

+
1

2

∫
dr dr′

∑

σ,σ′

Ψ̂ †σ(r)Ψ̂ †σ′(r
′)Vσσ′(r− r′)Ψ̂σ(r′)Ψ̂σ′(r),

where Ψ̂ †σ(r) and Ψ̂σ(r), are the bosonic field operators for the σ component and Vσσ′(·) is

the two-body interaction potential between the σ and σ′ components, where σ can equal

σ′. It should be noted that contrary to the single-component case, the two-component

Hamiltonian follows the convention of Ref. [240] and includes the chemical potentials of

the σth component, µσ, to fix conditions on the component densities. As in the single-

component case, it is convenient for a uniform system to express the field operators as

plane waves

Ψ̂σ(r) =
1√
V

∑

p

âσ,pe
ir·p/~,

and

Ψ̂ †σ(r) =
1√
V

∑

p

â†σ,pe
−ir·p/~.

The Hamiltonian is again built of kinetic and interaction contributions, Ĥ = Ĥke + Ĥint,

where

Ĥke =
∑

σ,p

(
p2

2mσ

− µσ
)
â†σ,pâσ,p,

and

Ĥint =
1

2V 2

∫
dr1 dr2

∑

σ,σ′,
{pi}

[
Vσσ′ (r1 − r2) â†σ,p3

â†σ′,p4
âσ,p2 âσ′,p1

]
,

in which {pi} = {p1,p2,p3,p4}. Under momentum conservation, the initial and final

momenta of the collisional term can be expressed in terms of p3 = p2−q and p4 = p1+q.

This relabelling along with re-expressing the interaction potential by its Fourier transform,

as in the single-component case, gives

Ĥint =
1

2V

∑

σ,σ′,
p1,p2,q

Vσσ′(q)â†σ,p2−qâ
†
σ′,p1+qâσ,p2 âσ′,p1 . (2.11)

Following the conventions of Ref. [240], the aim of diagonalising the two-component Bose

Hamiltonian is to recover the ground state energy density which can be though of as
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dividing Equation (2.11) by the volume, V , as Ĥ → Ĥ/V . Furthermore, the meth-

ods for diagonalising the two-component Hamiltonian are largely the same as the single-

component Hamiltonian except when splitting the system into zero and non-zero momen-

tum states. In the single-component system the zero momentum operators are replaced

by the condensate population number, â†p = âp =
√
N0. However, from the conventions

of Ref. [240], the two-component zero momentum operators are replaced by condensate

densities, â†σ,0 = âσ,0 =
√
nσ where nσ = Nσ/V , thus factors of the volume, V , can be

absorbed into a relabelling of operators â†σ,p →
√
V â†σ,p and âσ,p →

√
V âσ,p giving

Ĥ =
∑

σ,p

(
p2

2mσ

− µσ
)
â†σ,pâσ,p +

1

2

∑

σ,σ′,
p1,p2,q

Vσσ′(q)â†σ,p2−qâσ′,p1+qâσ,p2 âσ′,p1 . (2.12)

2.2.2 Bogoliubov approximation

Having again expressed the system Hamiltonian as a sum over momentum states, Equa-

tion (2.12) can be split into zero and non-zero momentum contributions, by approximating

the zero momentum operators as condensate number densities, â†σ,0 = âσ,0 =
√
nσ, for

each component. With this substitution — and by making similar collisional arguments as

in the single-component case (for two-component collisional arguments see Appendix B.1)

— the Hamiltonian can be written as

Ĥ = H0 +
∑

σ,p6=0

[(
p2

2mσ

− µσ
)

+
∑

σ′

Vσσ′(0)nσ′

]
â†σ,pâσ,p

+
1

2

∑

σ,σ′

p6=0

Vσσ′(p)
[
2â†σ,pâσ′,+â

†
σ,pâ

†
σ′,−p + âσ,pâσ′,−p

]
,

(2.13)

where the zero momentum contributions are given by

H0 = −
∑

σ

µσnσ +
1

2

∑

σ,σ′

nσnσ′Vσσ′(0).

Using the commutation relation, â†σ,pâσ′,p = (â†σ,pâ
†
σ′,p + âσ,pâσ′,p − δσσ′)/2, allows for the

Hamiltonian to be written as

Ĥ = H0−
1

2

∑

σ,p6=0

[(
p2

2mσ

− µσnσ
)

+ Vσσ(p)nσ

]
+

1

2

∑

p6=0

(
â†1,pâ

†
2,pâ1,−pâ2,−p

)
W




â1,p

â2,p

â†1,−p
â†2,−p



,

(2.14)
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where

W =




p2

2m1
+ V11(p)n1 V12(p)

√
n2n1 V11(p)n1 V12(p)

√
n1n2

V12
√
n1n2

p2

2m2
+ V22(p)n2 V12(p)

√
n2n1 V22(p)n2

V11(p)n1 V12(p)
√
n1n2

p2

2m1
+ V11(p)n1 V12(p)

√
n2n1

V12(p)
√
n1n2 V22(p)n2 V12(p)

√
n2n1

p2

2m2
+ V22(p)n2



, (2.15)

and for more details of this calculation see Appendix B.2. Note that Equation (2.15) has

a similar form to the two-component Bogoliubov matrix [240],

B =




p2

2m1
+ V11(p)n1 V12(p)

√
n2n1 V11(p)n1 V12(p)

√
n1n2

V12
√
n1n2

p2

2m2
+ V22(p)n2 V12(p)

√
n2n1 V22(p)n2

−V11(p)n1 −V12(p)
√
n1n2 −

[
p2

2m1
+ V11(p)n1

]
−V12(p)

√
n2n1

−V12(p)
√
n1n2 −V22(p)n2 −V12(p)

√
n2n1 −

[
p2

2m2
+ V22(p)n2

]



,

(2.16)

which informs the Bogoliubov transformation to diagonalise this Hamiltonian.

2.2.3 Bogoliubov transformation

For this system, Ref. [240] defines the Bogoliubov transformation as




â1,p

â2,p

â†1,−p
â†2,−p




= Ŝ




α̂+,p

α̂−,p

α̂†+,−p
α̂†−,−p.



,

where Ŝ is a matrix defined such that [240]

Ŝ†WŜ =




E+,p 0 0 0

0 E−,p 0 0

0 0 E+,p 0

0 0 0 E−,p



,

with Hermitian conjugate

(
â†1,pâ

†
2,pâ1,−pâ2,−p

)
=
(
α̂†+,pα̂

†
−,pα̂+,−pα̂−,−p

)
Ŝ†,

and where

E±,p =

√√√√ω2
1(p) + ω2

2(p)

2
±

√
[ω2

1(p)− ω2
2(p)]

2

4
+
V2
12(p)n1n2p4

m1m2

,
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along with

ωσ(p) =

√
Vσσ(p)nσp2

mσ

+

(
p2

2mσ

)2

,

are the two-component quasiparticle dispersion relations. In the single-component gas the

dispersion relation has one channel, whereas the two-component dispersion relations have

two channels since E±,p and−E±,p, are the eigenvalues of the Bogoliubov matrix given by

Equation (2.16). Hence, under this transformation, Equation (2.14) becomes

Ĥ = H0 −
1

2

∑

σp6=0

[(
p2

2mσ

− µσnσ
)

+ Vσσ(p)nσ

]

+
1

2

∑

p6=0

(
α̂†+,pα̂

†
−,pα̂+,−pα̂−,−p

)




E+,p 0 0 0

0 E−,p 0 0

0 0 E+,p 0

0 0 0 E−,p







α̂+,p

α̂−,p

α̂†+,−p
α̂†−,−p




= H0 −
1

2

∑

σp6=0

[(
p2

2mσ

− µσnσ
)

+ Vσσ(p)nσ

]

+
1

2

[
E+,pα̂

†
+,pα̂+,p + E−,pα̂

†
−,pα̂−,p + E+,pα̂+,−pα̂

†
+,−p + E−,pα̂−,−pα̂

†
−,−p

]
,

then via normal ordering α̂+,−pα̂
†
+,−p = α̂†+,−pα̂

†
+,−pα̂+,−p+1 and α̂−,pα̂

†
−,−p = α̂†−,−pα̂−,−p+

1, and the symmetry relabelling, −p→ p, the Hamiltonian becomes

Ĥ = H0 +
1

2

∑

p6=0

[∑

s=±
Es,p −

1

2

∑

σ

{
p2

2mσ

+ Vσσ(p)nσ

}]
+

∑

s=±,p6=0

Es,pα̂
†
s,pα̂s,p,

finally resulting in the ground state energy

E0

V
=

1

2

∑

σ,σ′

Vσσ′(0)nσnσ′ +
1

2

∑

p6=0

[∑

s=±
Es,p −

1

2

∑

σ

{
p2

2mσ

+ Vσσ(p)nσ

}]
.

As with the single-component ground state energy, the final issue is to investigate how to

express the interaction potentials in terms of effective interaction strengths, gσσ′ .

2.2.4 Renormalisation via Born approximation

Simply replacing both zero and non-zero momentum interaction potentials with the

lowest-order Born approximation

Vσσ(0) ≈ Vσσ(p) ≈ gσσ =
4πaσσ~2

mσ

, (2.17)

and

Vσσ′(0) ≈ Vσσ′(p) ≈ gσσ′ =
2πaσσ~2

mσσ′
, (2.18)
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where mσσ′ = (mσ +mσ′) /mσmσ′ is the reduced mass, leads once more to a UV diver-

gence. The energy can once again be renormalised by using the first-order Born approxi-

mation for the two-component effective interaction strength [240],

gσσ′ ≈ Vσσ′(0)−
∑

p6=0

2mσσ′V2
σσ′(p)

p2
,

allowing for the ground state energy to be written in the convergent form

E0

V
=
EMF

V
+

1

2

∑

p6=0

[∑

s=±
Es,p −

1

2

∑

σ

{
p2

2mσ

+ Vσσ(p)nσ

}
+
∑

σ,σ′

2mσσ′V2
σσ′(p)nσnσ′

p2

]
,

where the MF energy density is given by

EMF

V
=

1

2

∑

σ,σ′

gσσ′nσnσ′ . (2.19)

Having rewritten the ground state energy to be convergent, the final assumption is to

again approximate the non-zero momentum interaction potential by the lowest-order Born

approximation, Vσσ′(p) ≈ gσσ′ , which gives

E0

V
=
EMF

V
+

1

2

∑

p6=0

[∑

s=±
Es,p −

1

2

∑

σ

{
p2

2mσ

+ gσσnσ

}
+
∑

σ,σ′

2mσσ′g
2
σσ′nσnσ′

p2

]
.

The sum over momenta can again be replaced by a spherically symmetric integral, of the

form,
∑

p6=0 →
∫

dp /(2π~)3 =
∫

dp p2/(2π~)3, giving

ELHY

V
=

1

2

∫
dp p2

(2π~)3

[
E+,p + E−,p −

p2

2mr

− g11n1 − g22n2

+
m1g

2
11n

2
1 +m2g

2
22n

2
2 + 4mrg

2
12n1n2

p2

]
,

then via the substitution p→ (g11n1m1)
1/2k, the integral can be expressed as

ELHY

V
=

8

15π2

(m1

~2
)3/2

(g11n1)
5/2 f

(
m2

m1

,
g212
g11g22

,
g22n2

g11n1

)
, (2.20)

where f(. . . ) is a function defined as [153, 241]

f(z, u, x) =
15

32

∫ ∞

0

k2F(k, z, u, x)dk, (2.21)
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with

F(k, z, u, x) =

{
1

2

[
k2
(

1 +
x

z

)
+

1

4
k4
(

1 +
1

z2

)]

+

[
1

4

[(
k2 +

1

4
k4
)
−
(
x

z
k2 +

1

4z2

)]2
+ u

x

z
k4

]1/2}1/2

+

{
1

2

[
k2
(

1 +
x

z

)
+

1

4
k4
(

1 +
1

z2

)]

−
[

1

4

[(
k2 +

1

4
k4
)
−
(
x

z
k2 +

1

4z2

)]2
+ u

x

z
k4

]1/2}1/2

− 1 + z

2z
k2 − (1 + x) +

1

k2

[
1 + x2z + 4ux

z

1 + z

]
.

(2.22)

defining z = m2/m1, u = g212/g11g22 and x = g22n2/g11n1. For more details on the final

rewriting of the momentum integral, see Appendix B.3.

In the case of a homonuclear mixture with z = 1, the momentum integral in Equa-

tion (2.21) can be computed analytically as [153]

f(1, u, x) =
1

4
√

2

∑

±

[
1 + x±

√
(1− x)2 + 4ux

]5/2
, (2.23)

hence the ground state energy density can be expressed as

E0

V
=
g11n

2
1

2
+
g22n

2
2

2
+ g12n1n2 +

8

15π2

(
c5+ + c5−

)
,

where c+ and c− are the density and spin sound velocities, respectively, given by [45]

c± =

√√√√g11n1 + g22n2 ±
√

(g11n1 − g22n2)
2 + 4g212n1n2

2
.

Density and spin sound velocities correspond to in-phase and out-of-phase excitations,

respectively, and this added excitation channel has led to recent experimental interest in

spin dynamics [203, 242, 243] and speed of spin sound [244].

In the attractive case, the spin phonon mode has an imaginary contribution, as can

be seen more clearly by considering the fully symmetric mixture with equal interactions,

g11 = g22 = g, and densities, n1 = n2 = n/2. Thus the density and spin sound velocities

can be written as [245]

c± =

√
(g ± g12)n

2m
,

i.e., with g12 < 0 the density phonon mode is imaginary. This work follows the method

of Ref. [153] by neglecting the imaginary contribution as small, which Quantum Monte-

Carlo (QMC) calculations have demonstrated is a relatively good approximation for small
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Figure 2.2: Schematic of the energy landscape in (n1, n2) space, with the (n1, n2) = (0, 0)
point labelled. Left - MF only contributions; (b) MF and LHY contributions.

attractive interactions [246]. Some theoretical works have managed to derive models for

droplets that avoid the complex phonon mode. For example using a bosonic pairing theory

[247, 248], which proposes a bosonic BEC-BCS (Bardeen-Cooper-Schrieffer) crossover

[249] as found in fermionic systems [90, 250]. Other methods include adding higher-order

quantum fluctuations [251, 252] to counter the imaginary contributions at the LHY level.

2.2.5 Two-component energy landscape

To explore the energy landscape of the attractive mixture, this section focuses on the

homonuclear mixture due to the analytic form of its ground state energy. Even with

the addition of the LHY correction, each component is still susceptible to MF attractive

collapse internally, i.e., repulsive intraspecies interactions, aii > 0, are required for the

stability of each component. With repulsive intraspecies interactions, the overall attrac-

tion is engineered via an interspecies interaction. MF interactions can be characterised by

the parameter, δg = g12 +
√
g11g22, and in the regime δg < 0, the mixture is dominantly

attractive.

The left panel of Figure 2.2 shows the energy landscape of the dominantly attractive

MF mixture, given by

HMF =
g11n

2
1

2
+
g22n

2
2

2
,

which is monotonically decreasing and possesses a global minimum at infinite n1 and n2

corresponding to the MF collapse. On the other hand, the right panel of Figure 2.2 shows

the energy landscape including both MF and LHY contributions given by

HMF+LHY = HMF +
8

15π2

(
c5+ + c5−

)
.

With the addition of the LHY correction two minima appear: a global minimum at
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(n1, n2) = (0, 0), corresponding to the vacuum state; and a local minimum at finite

(n1, n2). The existence of a minimum at finite (n1, n2) is the evidence of the liquid

droplet as it indicates that the mixture stabilises, through no external influence, to a

fixed density and hence a fixed volume. With repulsive MF interactions the mixture is

gaseous and hence fills any confining volume. In free space a gas diffuses to zero density,

whereas a liquid remains at a fixed volume for a given total atom number. Therefore

a fixed volume and density in free space is a defining property of the formation of two-

component quantum droplets.

Finally, the existence of this minimum can be probed further as it indicates an en-

ergetically favourable value of (n1, n2). Ref. [153] demonstrates that by minimising this

energy landscape the fixed density ratio,

n2

n1

=

√
g11
g22

,

is preserved. Under the stabilised attractive collapse, there is therefore an energetic

favourability to maintain a constant ratio between the two-component densities, referred

to here as ‘density-balancing’.

Having established the two-component ground state energy, and the energy landscape

under attractive interspecies interactions for the uniform mixture, the following sections

will incorporate these results to model non-uniform mixtures.

2.3 Density-locked extended Gross-Pitaevskii equa-

tion

To construct a model of non-uniform mixtures, with the addition of the LHY correction,

this section begins by building the two-component, non-uniform energy functional. Using

the previously discussed density balancing, this section uses techniques established in

Ref. [153] to express the mixture as an effective single component. Minimising this energy

functional results in a single GP equation which, through dimensional arguments, reduces

to the extended GP equation first derived in Ref. [153].

Section 2.1 explains how a LDA can be used to add the MF energy of a uniform gas,

into the energy functional for a non-uniform gas by both including kinetic contributions,

and expressing the gas density as related to the macroscopic wavefunction, n = |ψ|2.
This technique can likewise be used for defining the energy functional for a non-uniform

mixture

E =

∫
d3r

[
EKE

V
+
EMF

V
+
ELHY

V

]
, (2.24)

in which the kinetic energy density takes the form

EKE

V
=

~2

2m1

|∇Ψ1|2 +
~2

2m2

|∇Ψ2|2, (2.25)
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where Ψ1 and Ψ2 are the macroscopic wavefunctions describing the two components of the

mixture, related to the number densities by ni = |Ψi|2. The |∇Ψi|2 terms constitute the

kinetic energy, whilst the MF and LHY contributions are defined by Equation (2.19) and

Equation (2.20), respectively.

Density-balancing can be used to simplify the two-component energy functional, by

assuming so-called ‘density-locking’ in which both wavefunctions are replaced by a rescaled

single-component wavefunction, Ψi =

√
n
(0)
i φ, i.e., neglecting any out-of-phase motion

between the components [153, 203, 204]. This rescaling uses the dimensional equilibrium

densities defined as [153]

n
(0)
1 =

25π

1024

1

f 2(m2/m1, 1,
√
g22/g11)

1

a311

δg2

g11g22
, (2.26)

which are likewise density balanced, n
(0)
2 /n

(0)
1 =

√
g11/g22, and are found by assuming

the mixture is in equilibrium with the vacuum. There are two main assumptions for the

equilibrium densities: (1) density-balancing, hence x = (g22n2)/(g11n1) =
√
g22/g11; (2)

the MF interactions are critically attractive, g212 = g11g22 =⇒ u = 1, so as to remove

any imaginary contribution resulting from complex phonon modes [153].

To begin density-locking the mixture, first let Ψ denote the wavefunction associ-

ated with the total density, |Ψ |2 = |Ψ1|2 + |Ψ2|2. With density-balancing, |Ψ2|2/|Ψ1|2 =√
g11/g22, each component wavefunction can be expressed in terms of the total-density

wavefunction,

Ψ1 =

[ √
g22√

g11 +
√
g22

]1/2
Ψ,

and

Ψ2 =

[ √
g11√

g11 +
√
g22

]1/2
Ψ.

Starting with the two-component kinetic energy density, shown in Equation (2.25),

EKE

V
=

~2

2m1

|∇Ψ1|2 +
~2

2m2

|∇Ψ1|2

=
~2

2

[√
g11/m2 +

√
g22/m1√

g11 +
√
g22

]
|∇Ψ |2.

Next, the MF energy contribution of the two-component system, takes the form

EMF

V
=
g11
2
|Ψ1|4 +

g22
2
|Ψ2|4g12|Ψ1|2|Ψ2|2,

which again reduces to a single density,

EMF

V
=

δg
√
g11g22

(
√
g11 +

√
g22)2

|Ψ |4.
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The LHY correction can be simplified by first rearranging Equation (2.26)

f(m2/m1, 1,
√
g22/g11) =

(
25π

1024

δg

a311g11g22n
(0)
1

)1/2

,

then substituting this into Equation (2.20) giving

ELHY

V
=

2

3

√
g11
g22

(
δg2

n
(0)
1

)1/2

n
5/2
1 . (2.27)

allowing for Equation (2.27) to be rewritten as

ELHY

V
=

2

3

√
g11
g22

(
δg2

n
(0)
1

)1/2( √
g22√

g11 +
√
g22

)5/2

|Ψ |5.

Thus, with all of the energy contributions expressed in terms of the ‘total-density’ wave-

function the energy functional takes the form

E =

∫
d3r

~2

2

[√
g11/m2 +

√
g22/m1√

g11 +
√
g22

]
|∇Ψ |2 +

δg
√
g11g22

(
√
g11 +

√
g22)2

|Ψ |4

+
2

3

√
g11
g22

(
δg2

n
(0)
1

)1/2( √
g22√

g11 +
√
g22

)5/2

|Ψ |5.

The First Green identity again allows for the expression of the kinetic energy term to be

rewritten as |Ψ |2 = −Ψ ∗∇2Ψ , hence using the variational approach [45]

i~
∂φ

∂t
=
δE

δφ∗
,

the energy functional can be minimised giving the dimensional, time-dependent, density-

locked extended GP equation

i~
∂φ

∂t
= −~2

2

[√
g11/m2 +

√
g22/m1√

g11 +
√
g22

]
∇2Ψ +

2δg
√
g11g22

(
√
g11 +

√
g22)2

|Ψ |2Ψ

+
5

3

√
g11
g22

(
δg2

n
(0)
1

)1/2(
g22√

g11 +
√
g22

)5/2

|Ψ |3Ψ.
(2.28)

From here this equation can be non-dimensionalised. By following from Ref. [153], time

and length scales are defined as

τ =
3

2
~
√
g11 +

√
g22

|δg|√g11n(0)
1

, ξ = ~
√

3

2

√
g22/m1 +

√
g11/m2

|δg|√g11n(0)
1

,
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which when substituted into Equation (2.28) give

i
∂Ψ

∂t
=

[
− ∇

2

2
− 3

( √
g22

n
(0)
1 (
√
g11 +

√
g22)

)
|Ψ |2

+
5

2

( √
g22

n
(0)
1 (
√
g11 +

√
g22)

)3/2

|Ψ |3
]
Ψ.

(2.29)

Finally, the ‘total’ wavefunction, Ψ , can be expressed in terms of the density-locked di-

mensionless wavefunction by using Ψi =

√
n
(0)
i φ [153]

|Ψ |2 = |Ψ1|1 + |Ψ2|2

=
(
n
(0)
1 + n

(0)
2

)
|φ|2

= n
(0)
1

(√
g11 +

√
g22√

g22

)
|φ|2,

with normalisation

Ñ =

∫
|φ|2 d3r̃ , (2.30)

where Ñ is an effective atom number and is the only parameter describing the density-

locked mixture. Choosing the normalisation constant to be of the form

Ñ =

( √
g22

n
(0)
1 (
√
g11 +

√
g22)

)
N

ξ3
,

reduces Equation (2.29) to

i
∂φ

∂t
=

[
−1

2
∇2 − 3|φ|2 +

5

2
|φ|3
]
φ. (2.31)

For typical experimental parameters used in Refs. [169, 171, 173], the length scale is of

order ∼ [0.2, 2]µm, whilst the time scale is of order ∼ [0.05, 3]ms.

Though much of this work focuses on free-space droplets, all experiments form droplets

within traps, and so there has been increasing interest in trapped quantum droplets [253],

and droplets in reduced dimensions [254]. The energy density resulting from the addition

of traps,
Etrap

V
= V1|Ψ1|2 + V2|Ψ2|2,

can be included in the non-uniform energy functional given by Equation (2.24). Rewrit-

ing the trap energy density in terms of the ‘total-density’ wavefunction, Ψ , means the

dimensional, density-locked energy is

Etrap

V
=

(
V1
√
g22 + V2

√
g11
)

√
g11 +

√
g22

|Ψ |2,
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hence by defining V1 = V2 = Vext,

Etrap

V
= Vext|Ψ |2.

In dimensionless units the trapping potentials are Vext = (mξ2/τ 2)Ṽ , i.e., the trapped,

dimensionless, density-locked GP equation is given by

i
∂φ

∂t
=

[
−1

2
∇2 + V − 3|φ|2 +

5

2
|φ|3
]
φ,

where throughout this work, harmonic traps are the only potentials considered.

Two main benefits of the density-locked model are: 1. the two-component problem of

modelling a mixture is simplified to a one-component problem by modelling the droplet’s

total density; 2. the parameter space is reduced to a single parameter, Ñ , denoting

droplet size. However, this model is quite restrictive. Firstly, typically in experimental

mixtures there will not be population balance, N2/N1 =
√
g11/g22, during droplet forma-

tion particularly in heteronuclear mixtures [171, 173]. Hence, there are clear questions

around the validity of population balancing in the density-locked approximation since

droplets are known to support population imbalances [153] though studies into the effects

of imbalances on ground states and dynamics are rarer. This is a crucial question in the

context of the CsYb mixture which has an approximate order of magnitude difference in

Yb population relative to Cs. Secondly, in general experimental mixtures may have large

differences in the traps applied to each component (such as the CsYb mixture) and there-

fore by combining the trapping potential into a single potential acting on the total droplet

density, any symmetry breaking between the components is neglected. Finally, there are

subtleties that appear to be lost in the density-locked model such as mass and intraspecies

scattering lengths imbalances, which are removed by assuming that both components are

simply rescalings of one another. Nevertheless the density-locked model is robust and

offers a simple and effective starting point for understanding droplet physics. To system-

atically study the effects of the various inter-component imbalances, GP equations are

required in which each component is modelled explicitly.

2.4 Density-unlocked Gross-Pitaevkii equations

The previous section highlights the utility of the density-locked theory, in that the single

component GP equation can be used to describe both homonuclear and heteronuclear

mixtures, with only a single theoretical parameter. However, the heavy restrictions placed

on the mixture make the model inflexible for mixtures with, e.g., population imbalances.

Thus, this section derives density-unlocked GP equations to probe mixtures beyond the

density lock.

Deviating from the density-locked system results in two distinct avenues: the equal

mass coupled GP equations, and the unequal mass coupled GP equations. The unequal
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mass GP equations are far more complex in their structure than the equivalent equal mass

equations.

2.4.1 Heteronuclear mixture

To derive the coupled GP equations, the energy functional in Equation (2.24) can be

minimised with respect to each wavefunction, Ψi, using the variational approach [45],

i~
∂Ψ1

∂t
=

δE

δΨ ∗1
, and, i~

∂Ψ2

∂t
=

δE

δΨ ∗2
.

which gives the dimensional, coupled extended GP equations,

i~
∂Ψ1

∂t
=

[
− ~2

2m1

∇2 + g11|Ψ1|2 + g12|Ψ2|2 +
8

15π2

(m1

~2
)3/2

g
5/2
11

{
5

2
f(x)|Ψ1|3

− g22
g11

f ′(x)|Ψ1||Ψ2|2
}]

Ψ1,

i~
∂Ψ2

∂t
=

[
− ~2

2m2

∇2 + g22|Ψ2|2 + g12|Ψ1|2 +
8

15π2

(m1

~2
)3/2

g
3/2
11 g22f

′(x)|Ψ1|3
]
Ψ2,

where the LHY function, f(z, x), has been written in terms of x = (g22n2)/(g11n1) only —

though it still depends on z = m2/m1, this does not vary in time — simply for convenience.

These equations can be non-dimensionalised giving

i
∂Ψ1

∂t
=

[
−γ

2
∇2 + |Ψ1|2 + η|Ψ2|2 + α

(
5

2
f(x)|Ψ1|3 − βf ′(x)|Ψ1||Ψ2|2

)]
Ψ1, (2.32)

i
∂Ψ2

∂t
=
[
− γ

2z
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αβ2f ′(x)|Ψ1|3

]
Ψ2, (2.33)

where

η =
g12√
g11g22

,

γ =

√
g11 +

√
g22

m1(
√
g11/m2 +

√
g22/m1)

, z =
m2

m1

,

α =
8

15π2

[
2

3

(m1

~2
)3 g

5/2
11 |δg|n(0)

1

(
√
g11 +

√
g22)

]1/2
, β =

(
g22
g11

)1/2

,

with dimensional parameters

ξ = ~
√

3

2

√
g22/m1 +

√
g11/m2

|δg|√g11n(0)
1

, τ =
3

2
~
√
g11 +

√
g22

|δg|√g11n(0)
1

,

ρ1 =
2

3

|δg|n(0)
1√

g11(
√
g11 +

√
g22)

, ρ2 =
2

3

|δg|n(0)
1√

g22(
√
g11 +

√
g22)

,
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along with x = βn2/n1. These dimensional scalings include: length (r = ξr̃), time (t = τ t̃)

and the two component wavefunctions (Ψi = ρ
1/2
i Ψ̃i). Note that the parameters are defined

in terms of the equilibrium density of the density-locked system, n
(0)
1 .

2.4.2 Homonuclear mixture

Working through the coupled GP equations in the more general heteronuclear mixture

does highlight the complexity of the LHY correction due to the LHY function given by

Equation (2.21). Instead, for the homonuclear case, the LHY function takes the simpler

form of Equation (2.23).

Variational energy minimisation relies on the derivatives,

∂f

∂Ψ ∗1
=

∂x

∂Ψ ∗1

∂f

∂x
,
∂f

∂Ψ ∗2
=

∂x

∂Ψ ∗2

∂f

∂x
, (2.34)

where ∂f/∂x is given by

∂f

∂x
=

5

8
√

2

∑

±

{(
1 + x±

√
(1− x)2 + 4ux

)3/2
(

1± 2(x− 1) + 4u

2
√

(1− x)2 + 4ux

)}
. (2.35)

Further simplifications include again assuming that the interactions are at the critical

point between attraction and repulsion (i.e. g212 = g11g22) to avoid any complex contribu-

tion to the LHY term [153]. Thus, setting u = 1 gives

∂f

∂x
=

5

2
(1 + x)3/2. (2.36)

With Equation (2.36), this gives the two coupled, dimensional GP equations,

i~
∂Ψ1

∂t
=

[
− ~2

2m
∇2 + g11|Ψ1|2 + g12|Ψ2|2 +

4

3π2

(m
~2
)3/2

g
5/2
11 (1 + x)3/2|Ψ1|3

]
Ψ1,

i~
∂Ψ2

∂t
=

[
− ~2

2m
∇2 + g22|Ψ2|2 + g12|Ψ1|2 +

4

3π2

(m
~2
)3/2

g
3/2
11 g22(1 + x)3/2|Ψ1|3

]
Ψ2,

which, by substituting x = g22n2/g11n1, yields

i~
∂Ψ1

∂t
=

[
− ~2

2m
∇2 + g11|Ψ1|2 + g12|Ψ2|2 +

4

3π2

(m
~2
)3/2

g11
(
g11|Ψ1|2 + g22|Ψ2|2

)3/2
]
Ψ1,

i~
∂Ψ2

∂t
=

[
− ~2

2m
∇2 + g22|Ψ2|2 + g12|Ψ1|2 +

4

3π2

(m
~2
)3/2

g22
(
g11|Ψ1|2 + g22|Ψ2|2

)3/2
]
Ψ2.

Finally, by use of dimensional arguments, it is possible to write the above coupled GP
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equations in dimensionless form as

i
∂Ψ1

∂t
=

[
−1

2
∇2 + |Ψ1|2 + η|Ψ2|2 + α

(
|Ψ1|2 + β|Ψ2|2

)3/2
]
Ψ1, (2.37)

i
∂Ψ2

∂t
=

[
−1

2
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αβ2

(
|Ψ1|2 + β|Ψ2|2

)3/2
]
Ψ2. (2.38)

where

η =
a12√
a11a22

,

α =
32

3

[
2

3π

|δa|a5/211 n
(0)
1√

a11 +
√
a22

]1/2
, β =

(
a22
a11

)1/2

,

with dimensional parameters

ξ =

√
3

8π

(
√
a11 +

√
a22)

|δa|√a11n(0)
1

, τ =
3m

8π~
(
√
a11 +

√
a22)

|δa|√a11n(0)
1

,

ρ1 =
2

3

|δa|n(0)
1√

a11(
√
a11 +

√
a22)

, ρ2 =
2

3

|δa|n(0)
1√

a22(
√
a11 +

√
a22)

,

where δa = a12 +
√
a11a22 and by again scaling length (r = ξr̃), time (t = τ t̃) and the two

component wavefunctions (Ψi = ρ
1/2
i Ψ̃i).

The two most significant differences between the heteronuclear and homonuclear density-

unlocked GP equations are: (1) the heteronuclear equations have unequal kinetic energy

contributions; (2) the heteronuclear LHY correction does not simplify, as in homonuclear

mixtures.

2.4.3 The Lee-Huang-Yang integral function

The integral form of the LHY function given in Equations (2.21) and (2.22) must be com-

puted explicitly for heteronuclear mixtures. The integral can be difficult to numerically

compute reliably as it is additively convergent; hence it can be susceptible to naive use

of numerical techniques. Some of these difficulties can be somewhat mitigated by trans-

forming the integral variable, k = tan(t), as introduced by Ref. [158] to aid numerical

convergence.

The computational difficulties of evaluating the LHY integral are exacerbated fur-

ther for density-unlocked mixtures. Consider the density-locked model in which the LHY

integral only appears in defining the units, ξ and τ , and dimensionless parameter, Ñ ;

for an individual simulation, the LHY integral need only be computed once to trans-

late between the experimental parameters — i.e., (a11, a22, a12,m1,m2, N1, N2) — and the

theoretical parameter, Ñ . On the other hand in density-unlocked mixtures, density de-

pendence is retained within the GP Hamiltonians as shown in Equation (2.33). Solving
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Equation (2.33) in time is therefore very challenging because Equation (2.22) must be

evaluated throughout the time-stepping procedure. Not only is this computationally ex-

pensive, but numerical evaluation of this integral can be volatile, and a robust solver of

the GP equations should not have to rely on tuning the tolerance of numerical integral

solvers.

It is therefore advisable to avoid the LHY integral and one proposed method to avoid

this is presented in the supplementary material of Ref. [255], in which the momentum

integrals of Equation (2.21) are rewritten, under the condition z > 1, as a combination of

elliptic integrals

f(z, 1, x) =
(
−2− 7xz + 2z2 + x2z2

) √
x+ z

2
√
z (z2 − 1)

+
(
−2− 7xz + 3z2 + 3x2z2 − 7xz3 − 2x2z4

) E [arcsin(1/z)| − xz]− E(−xz)

2(z2 − 1)3/2

+
(
2 + 8xz − 3z2 + 6x2z2 − 2xz3 + x2z4

) F [arcsin(1/z)| − xz]−K(−xz)

2(z2 − 1)3/2
,

(2.39)

where E(φ|v) and E(v) are the incomplete and complete elliptic integrals of the sec-

ond kind, respectively, whilst F (φ|v) and K(v) are the incomplete and complete elliptic

integrals of the first kind, respectively. Writing the function in this way means that com-

putation is far simpler as there are standard algorithms for the numerical evaluation of

elliptic integrals.

By writing the LHY function in the form of Equation (2.39) it can be shown that,

f(z, u, x) = z3/2x5/2f(1/z, u, 1/x), is an identity for the LHY function of inverse mass and

density ratios — likewise shown in the supplementary materials of Ref. [255] — which

means the dimensionless, unequal mass GP equations can be rewritten as [255]

i
∂Ψ1

∂t
=
[
−γ

2
∇2 + |Ψ1|2 + η|Ψ2|2 + αβ3/2z3/5f ′(x̃)|Ψ2|3

]
Ψ1,

i
∂Ψ2

∂t
=

[
− γ

2z
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αβ5/2z3/5

(
5

2
βf(x̃)|Ψ2|3 − f ′(x̃)|Ψ1|2|Ψ2|

)]
Ψ2,

(2.40)

where x̃ = 1/x for brevity. Writing the GP equations in this form aids solving for the

mixture in the limit of n1 → 0 as otherwise the LHY function diverges for small n1.

This work therefore proposes the idea that the computational box could be divided into

regions where: Equation (2.40) is evaluated for n1 → 0; Equation (2.33) is evaluated for

n2 → 0; and finally, in the limit of n1, n2 → 0, no LHY contribution needs to be calculated

as it is negligible. However, though Equations (2.39) and (2.40) appear to avoid some

complexities of modelling heteronuclear mixtures, a further issue arises.

Equation (2.40) is defined in terms of f(1/z, u, 1/x), and Equation (2.39) imposes the

condition, z > 1. Thus, inverting the mass ratio implies that Equation (2.39) depends
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on arcsin(z) which is undefined for z > 1, i.e., the inverted mass and density ratio GP

equations in Equation (2.40) cannot be naively computed. There have been methods

suggested to avoid this by swapping the component definitions in the limits of either n1 →
0 or n2 → 0 [255]. However, an effective expression for the heteronuclear LHY function has

been proposed [241], and there are outstanding questions on the benefits of implementing

either the more exact LHY definition, or simply relying on an approximation. The effective

heteronuclear LHY corrections are discussed further in Section 5.3.

2.5 Density-locked Bogoliubov-de Gennes

Collective excitations have proven to be a useful tool in both the theoretical and ex-

perimental study of quantum gases (many early experimental studies are reviewed in

Ref. [256]). The theory introduced by Bogoliubov offers a method for investigating small-

amplitude excitations to weakly-interacting Bose gases [232]. The results of this theory

[257] have shown excellent agreement with early experiments [64, 65, 258], including the

experimental observation of the Bogoliubov dispersion relation [237] given in Figure 2.1.

To study the collective excitations of density-locked droplets described by Equa-

tion (2.31), a perturbation, δφ(r, t), about the ground state wavefunction, φ0(r, t), is

made. Substituting the perturbed ground state solution into Equation (2.31) and lin-

earising the GP equation — i.e., rejecting terms of quadratic order in δφ and δφ∗ —

gives,

i
∂δφ

∂t
= −∇

2δφ

2
− 3

[
2|φ0|2δφ+ φ2

0δφ
∗]+

5

2

[
5

2
|φ0|3δφ+

3

2
φ2
0|φ0|δφ∗

]
,

−i∂δφ
∗

∂t
= −∇

2δφ∗

2
− 3

[
2|φ0|2δφ∗ + φ∗0

2δφ
]

+
5

2

[
5

2
|φ0|3δφ∗ +

3

2
φ∗0

2|φ0|δφ
]
,

(2.41)

with further details of this calculation given in Appendix C. By writing the ground state

wavefunction as φ0(r, t) =
√
n(r)e−iµt, the wavefunction perturbations can be written in

the Bogoliubov form [232]

δφ(r, t) = e−iµt
(
u(r)e−iωt − v∗(r)eiωt

)
,

δφ∗(r, t) = eiµt
(
u∗(r)eiωt − v(r)e−iωt

)
,
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which substituted into Equation (2.41) gives

e−iωt [(µ+ ω)u] + eiωt [(−µ+ ω) v∗] = e−iωt
(
−∇

2u

2

)
− eiωt

(
−∇

2v∗

2

)

− 3
[
e−iωt

(
2|φ0|2u− φ2

0v
)

+ eiωt
(
−2|φ0|2v∗ + φ2

0u
∗)]

+
5

2

[
e−iωt

(
5

2
|φ0|3u−

3

2
φ2
0|φ0|v

)

+ eiωt
(
−5

2
|φ0|3v∗ +

3

2
φ2
0|φ0|u∗

)]
,

and,

e−iωt [(−µ+ ω) v] + eiωt [(µ+ ω)u∗] = eiωt
(
−∇

2u∗

2

)
− e−iωt

(
−∇

2v

2

)

− 3
[
e−iωt

(
−2|φ0|2v + φ2

0u
)

+ eiωt
(
2|φ0|2u∗ − φ2

0v
∗)]

+
5

2

[
e−iωt

(
−5

2
|φ0|3v +

3

2
φ2
0|φ0|u

)

+ eiωt
(

5

2
|φ0|3u∗ −

3

2
φ2
0|φ0|v∗

)]
.

Equating terms in powers of e−iωt gives the Bogoliubov-de Gennes (BdG) equations which

in matrix form are

(
−∇2

2
− 6φ2

0 + 25
4
φ3
0 − µ −

[
−3φ2

0 + 15
4
φ3
0

]

−3φ2
0 + 15

4
φ3
0 −

[
−∇2

2
− 6φ2

0 + 25
4
φ3
0 − µ

]
)(

u

v

)
= ω

(
u

v

)
, (2.42)

i.e., the BdG equations can be written as an eigenvalue problem in which the excitation

frequencies, ω, and the associated quasiparticle wavefunctions, (u, v), are given by the

eigenvalues and eigenvectors of the BdG matrix.

Much of this thesis studies spherically-symmetric droplets, i.e., solutions that vary

with radius only, Ψi(r, t) → Ψi(r, t). Spherically symmetric ground state wavefunctions

can be used to probe collective modes with general angular momenta, l, by rewriting the

quasiparticle wavefunctions as [45],

u(r) = u(r)Ylm(θ, φ),

v(r) = v(r)Ylm(θ, φ).

where Ylm(θ, φ) are the spherical harmonics. This spherical form of the quasiparticle

wavefunctions allows for the rewriting of the Laplacian via the identity

∇2Ylm(θ, φ) =
l(l + 1)Ylm(θ, φ)

r2
,
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giving

∇2u(r) = u(r)

[
l(l + 1)Ylm(θ, φ)

r2

]
+ Ylm(θ, φ)

[
2

r

∂u(r)

∂r
+
∂2u(r)

∂r2

]
.

Hence, under this substitution there is a global factor of Ylm(θ, φ) in all elements of

Equation (2.42) which can be cancelled through. Thus, the Hamiltonian on the diagonal

of Equation (2.42) becomes

− 1

2

[
2

r

∂

∂r
+

∂2

∂r2
+
l(l + 1)

r2

]
− 6φ2

0 +
25

4
φ3
0 − µ. (2.43)

It is important here to make a distinction between the BdG analysis presented in this

section, and the Bogoliubov approach discussed in Sections 2.1 and 2.2, as the similar

naming conventions can be confused. The Bogoliubov methods in Sections 2.1 and 2.2

describe quantum mechanical Bogoliubov quasiparticle excitations to the Bose gas by

examining the full system Hamiltonian. Then, calculating the zero point energy of these

excitations allows for the construction of the extended GP equations via a LDA. On the

other hand, the BdG analysis presented in this section uses linearised perturbations of

the extended GP equations to study collective excitations of the droplet. However, in

the case of a uniform Bose gas with contributions from contact interactions only, the

BdG methods coincide with the same dispersion relation, Equation (2.8), as found via

the quantum mechanical quasiparticle approach. Conversely, linearised perturbations of

the extended GP equation will never directly correspond to the quantum quasiparticle

calculations as it the sum of these quasiparticles that constitute the LHY term.

Having introduced the models, equations and methods for describing two-component

quantum droplets, the next section of this chapter will introduce the numerical methods

for solving these equations.

2.6 Computational techniques

The primary method of this work is to isolate ground state solutions of the GP equations,

and study the dynamics of these solutions either through direct numerical simulation or

via the BdG analysis discussed above.

2.6.1 Imaginary time

Stationary states of the GP equation can be found via a solution of the form φ(r, t) =

φ0(r)e−iµt/~ where µ is the chemical potential given by µ = ∂E/∂N . With this solution,

the density-locked, extended GP equation takes the form of a time-independent non-linear

Schrödinger equation,

µφ0 =

[
−1

2
∇2 − 3|φ0|2 +

5

2
|φ0|3

]
φ0.
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Solving this equation results in the ground state, φ0, of the system which is found here

via imaginary-time propagation [259].

A time-dependent wavefunction, Ψ(r, t), can be written as a superposition of time-

independent wavefunctions, ψi(r), of the form,

Ψ(r, t) = e−iE0t/~ψ0(r) + e−iE1t/~ψ1(r) + e−iE2t/~ψ2(r) + . . . , (2.44)

in which Ei is the energy of the ith state. The energies are ordered as E0 < E1 < E2 < . . .

such that the ground state energy, E0, is smallest. Substituting t→ −iτ , Equation (2.44)

becomes a sum of negative exponentials which decay to zero for increasing τ . Due to the

ordering of the energies, the ‘least decayed’ state is Ψ ≈ e−E0τ/~ψ0(r), therefore imaginary

time propagation converges to an approximate ground state of the system. Thus, under

the imaginary time transformation Equation (2.31) becomes

∂φ

∂t
= −

[
−1

2
∇2 − 3|φ|2 +

5

2
|φ|3 − µ

]
φ, (2.45)

i.e., the approximate form of a diffusion equation with constant diffusivity (equivalent to

the heat equation), ∂φ/∂t = ν∇2φ, for the field, φ.

Imaginary time propagation does not preserve the normalisation of the wavefunction

[259]. Hence, at each time-step the wavefunction must be renormalised under the condi-

tion

ψ → ψ

√
N∫
|Ψ |2 d3r

,

where N is the total number of atoms. Alongside the wavefunction renormalisation at

each time step, the chemical potential is computed by the formula [45]

µ =

∫
d3rφ∗Hφ =

∫
d3rφ∗

[
−1

2
∇2 − 3|φ|2 +

5

2
|φ|3
]
φ, (2.46)

which is included in the imaginary-time Hamiltonian as, −µφ.

Imaginary time ends once ‘adequate convergence’ of some observable is reached. To

isolate ground states, this work monitors: central density, total energy, and chemical

potential convergence throughout imaginary time propagation, e.g., µ(n+1)− µ(n) < 10−9.

Following this convergence condition the approximate ground state wavefunction can then

be propagated through real time, i.e., the original GP equations prior to the imaginary

time transformation.

2.6.2 Spatial discretisation

Having introduced the basic algorithm for isolating ground states of the system, the

following two sections introduce the spatial and temporal discretisations that define the

numerical approximations used to solve the GP equations. Beginning with the spherically
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symmetric geometry, the spatial discretisation defines a ‘radial grid’

r = ∆r

[
−1

2
,
1

2
,
3

2
, . . . ,

(
Nr −

1

2

)
,

(
Nr +

1

2

)]
,

in which ∆r is the spatial discretisation step, and Nr is the number of points within the

spatial grid. The wavefunction, e.g., in the density-locked GP equation, φ, is therefore

discretised across this grid, φ(ri). The kinetic energy contribution to the GP Hamiltonian

is defined on the grid using central finite difference methods

∇2φ =
1

r2
∂

∂r

(
r2
∂φ

∂r

)
=

2

r

∂φ

∂r
+
∂2φ

∂r2

≈ 2

r

[
φ(r +∆r)− φ(r −∆r)

2∆r

]
+

[
φ(r +∆r)− 2φ(r) + φ(r −∆r)

∆r2

]
.

(2.47)

The kinetic contribution shows why the radial grid is defined with a ∆r/2 offset about

the origin, because there is a discontinuity at r = 0 within the first-order derivative.

The centred finite difference approximations require the use of ‘ghost points’ at r =

−∆r/2 and r = Nr+∆r/2 which are used to compute derivatives at the boundaries of the

computational grid. These ghost points are subject to boundary conditions: Neumann

boundary conditions (∂φ/∂r = 0) are imposed at r = 0; and either Neumann or Dirichlet

(φ = 0) boundary conditions are imposed at r = ∆rNr = Lr. Neumann boundary

conditions are approximated using a forward difference approximation

∂φ

∂r
≈ φ(r +∆r)− φ(r)

∆r
,

which at the origin sets φ(r = −∆r/2) = φ(r = ∆r/2).

The 3D grid is similarly defined as

x = ∆x

[(
−Nx −

1

2

)
,

(
−Nx +

1

2

)
, . . . ,−1

2
,
1

2
, . . . ,

(
Nx −

1

2

)
,

(
Nx +

1

2

)]
,

y = ∆y

[(
−Ny −

1

2

)
,

(
−Ny +

1

2

)
, . . . ,−1

2
,
1

2
, . . . ,

(
Ny −

1

2

)
,

(
Ny +

1

2

)]
,

z = ∆z

[(
−Nz −

1

2

)
,

(
−Nz +

1

2

)
, . . . ,−1

2
,
1

2
, . . . ,

(
Nz −

1

2

)
,

(
Nz +

1

2

)]
,

in which Na and ∆a are the number of grid points and the spatial grid discretisation,

respectively, in the a-coordinate direction. The density-locked wavefunction is hence

defined on this 3D grid, φ(x, y, z) i.e., as a 3D numerical array.
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The kinetic contributions are therefore computed as

∇2φ =
∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2

≈
[
φ(x+∆x, y, z)− 2φ(x, y, z) + φ(x−∆x, y, z)

∆x2

]

+

[
φ(x, y +∆y, z)− 2φ(x, y, z) + φ(x, y −∆y, z)

∆y2

]

+

[
φ(x, y, z +∆z)− 2φ(x, y, z) + φ(x, y, z −∆z)

∆z2

]
.

Again boundary conditions are applied as either Neumann — using the same forward

difference approximation as in the spherically symmetric case — or Dirichlet conditions.

2.6.3 Time discretisation

For both real and imaginary time propagation, time discretisation is implemented via the

Runge-Kutta 4th-order (RK4) method.

For the density-locked GP equation the imaginary-time propagation takes the form

φ(n+1) = φ(n) +
1

6
(k1 + 2k2 + 2k3 + k4) ,

where

k1 = −∆tH[φ] = −∆t
[
−∇

2

2
− 3|φ|2 +

5

2
|φ|3
]
φ,

k2 = −∆tH
[
φ+

k1
2

]
= −∆t

[
−∇

2

2
− 3

∣∣∣∣φ+
k1
2

∣∣∣∣
2

+
5

2

∣∣∣∣φ+
k1
2

∣∣∣∣
3
](

φ+
k1
2

)
,

k3 = −∆tH
[
φ+

k2
2

]
= −∆t

[
−∇

2

2
− 3

∣∣∣∣φ+
k2
2

∣∣∣∣
2

+
5

2

∣∣∣∣φ+
k2
2

∣∣∣∣
3
](

φ+
k2
2

)
,

k4 = −∆tH [φ+ k3] = −∆t
[
−∇

2

2
− 3 |φ+ k3|2 +

5

2
|φ+ k3|3

]
(φ+ k3) .

(2.48)

Following imaginary-time propagation, the substitution ∆t → i∆t can be made in the

expressions of Equation (2.48) to give the real-time RK4 method.

For coupled GP equations, such as Equation (2.38), each ki,j — corresponding to the

ith-step of the RK4 algorithm for the jth-component — of each equation need to be

computed sequentially. Thus, defining

H1[Ψ1, Ψ2] =

[
−1

2
∇2 + |Ψ1|2 + η|Ψ2|2 + α

(
|Ψ1|2 + β|Ψ2|2

)3/2
]
Ψ1,

H2[Ψ1, Ψ2] =

[
−1

2
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αβ2

(
|Ψ1|2 + β|Ψ2|2

)3/2
]
Ψ2,
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the implementation order of the algorithm is as follows:

k1,1 = H1 [Ψ1, Ψ2] ,

k1,2 = H2 [Ψ1, Ψ2] ,

k2,1 = H1

[
Ψ1 +

k1,1
2
, Ψ2 +

k1,2
2

]
,

k2,2 = H2

[
Ψ1 +

k1,1
2
, Ψ2 +

k1,2
2

]
,

k3,1 = H1

[
Ψ1 +

k2,1
2
, Ψ2 +

k2,2
2

]
,

k3,2 = H2

[
Ψ1 +

k2,1
2
, Ψ2 +

k2,2
2

]
,

k4,1 = H1 [Ψ1 + k3,1, Ψ2 + k3,2] ,

k4,2 = H2 [Ψ1 + k3,1, Ψ2 + k3,2] ,

(2.49)

with the final time step of each GP equation taking the form

Ψ
(n+1)
1 = Ψ

(n)
1 +

1

6
(k1,1 + 2k2,1 + 2k3,1 + k4,1) ,

Ψ
(n+1)
2 = Ψ

(n)
2 +

1

6
(k1,2 + 2k2,2 + 2k3,2 + k4,2) ,

and real-time propagation can be carried out via the substitution, ∆t→ i∆t.

Finally, explicit time integration methods are stable if the discrete time step follows

the Courant-Friedrich-Lewys (CFL) condition [260]. The imaginary time GP equation

given in Equation (2.45) takes the approximate form of a diffusion equation, and so the

CFL condition for the diffusion equation [259],

∆t

∆r2
<

1

4ν
, (2.50)

where ν = 1/2 here, sets the time-step upper bound. Note that this work sets ∆t =

0.1∆r2, though in the 3D code there are three spatial coordinate discretisation, thus, the

time step for the 3D code is defined as ∆t = 0.1 [min (∆x,∆y,∆z)]2.

2.6.4 Solving the Bogoliubov-de Gennes equations

The density-locked BdG equations given in Equation (2.42) are an eigenvalue problem,

for which there are many numerical libraries 1. In order to find the eigenvalues and

eigenvectors of Equation (2.42) the 2 × 2 matrix must first be built and this is done by

creating a submatrix for each of the four elements of the BdG matrix.

In a spherically symmetric geometry, the wavefunction is stored numerically as a 1D

array. Hence, the off-diagonal elements of Equation (2.42) can be built as a diagonal

1The eigenvalue problem is solved here by the sparse.linalg.eigs function [261] from the SciPy library
for Python [262]
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matrix whose elements are the 1D array,

−3φ2
0 +

15

4
φ3
0 =




−φ2
0

(
∆r
2

)
+ 15

3
φ3
0

(
∆r
2

)

−φ2
0

(
3∆r
2

)
+ 15

3
φ3
0

(
3∆r
2

)

. . .


 .

Likewise the non-derivative elements of the Hamiltonian given in the diagonal elements

of Equation (2.42) are built this way. However, more care must be taken when building

the Laplacian.

As discussed above, the Laplacian in the spherically symmetric geometry takes the

form

∇2 =
2

r

∂

∂r
+

∂2

∂r2
.

The finite-difference approximations of the first and second order derivatives are defined

by the stencil formula given in Equation (2.47). These finite difference stencils can instead

by written in matrix form, and are here defined as,

D1 :=
1

2∆r




−1 1

−1 0 1

−1 0 1
. . . . . . . . .

−1 0 1

−1 0 1

−1 1




≡ ∂

∂r
,

and,

D2 :=
1

∆r2




−1 1

1 −2 1

1 −2 1
. . . . . . . . .

1 −2 1

1 −2 1

1 −1




≡ ∂2

∂r2
. (2.51)

These matrices assume Neumann boundary conditions, ∂φ/∂r = 0. For example the

central, finite-difference, first-order derivative at the r = ∆r/2 boundary takes the form

∂φ

∂r
≈ φ

(
3∆r
2

)
− φ

(−∆r
2

)

2∆r
.

As in Section 2.6.2, the forward difference approximation of the Neumann boundary

condition is
∂φ

∂r
≈ φ

(
∆r
2

)
− φ

(−∆r
2

)

∆r
= 0→ φ

(
∆r

2

)
≈ φ

(
−∆r

2

)
,
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meaning that the first-order derivative at the r = ∆r/2 boundary can be approximated

as
∂φ

∂r
≈ φ

(
3∆r
2

)
− φ

(
∆r
2

)

2∆r
.

The same method is used for the boundary in the central finite-difference, second-order

derivative which at the r = ∆r/2 boundary can be approximated as

∂2φ

∂r2
≈ φ

(
3∆r
2

)
− φ

(
∆r
2

)

∆r2
.

These approximations can also be inverted to apply at the r = Lr − ∆r/2 boundary,

which therefore means that the so-called ‘ghost points’ at r = −∆r/2 and r = Lr +∆r/2

can be neglected.

For full 3D geometry, the 3D wavefunction array can be flattened into a 1D array

and built along the diagonals of the submatrices of Equation (2.42) as in the spherically

symmetric case. However, once again more care needs to be taken with the Laplacian,

which is built by taking the second-order derivative operator, D2, in Equation (2.51), and

computing

∇2 = Inz ⊗ Iny ⊗D2,nx + Inz ⊗D2,ny ⊗ Inx +D2,nz ⊗ Iny ⊗ Inx ,

where ⊗ denotes the Kronecker product, and Ini
is the identity matrix with size given

by the number of grid points in the i-axis. BdG analysis can be a computationally

expensive technique for two main reasons. Firstly, to find accurate eigenvalues often highly

resolved and converged ground states are required. Secondly, because of this reliance on

accurate ground state solutions, large matrices are constructed which particularly in 3D

are computationally expensive to solve. Hence, the BdG analysis presented in this work

is limited to spherical symmetry.

Having built up the theoretical and numerical methods for modelling droplets, this

chapter finishes by introducing some fundamental results of density-locked droplets first

presented in Ref. [153]. These results include both the ground states and collective exci-

tations of density-locked droplets.

2.7 Ground state density-locked droplets

The simplifications in reducing the seven-dimensional space of the two-component Bose

mixture, (a11, a22, a12,m1,m2, N1, N2), to the effective one dimensional parameter space,

Ñ , of the density-locked GP equation given in Equation (2.31), is a remarkable reduction

in complexity. A further reduction in complexity arises from the isotropic structure of

two-component droplets.

As discussed in Chapter 1, dipolar droplets have an anisotropic density profile due

to their anisotropic interactions, whereas two-component droplets have isotropic interac-
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Figure 2.3: Ground state wavefunction profiles of quantum droplets, for Ñ =
{30, 500, 3000} — given in light orange, dark purple and light purple, respectively —
and of the unbound cloud for Ñ = 15 — given in dark orange.

tions and therefore have a spherically symmetric density distribution in free space. This

symmetry allows for free-space droplets to be described by a one-dimensional, spherically-

symmetric wavefunction. Figure 2.3 shows spherically symmetric ground state wavefunc-

tions of Equation (2.31), in which the wavefunctions vary with radius, r, only. Note

that Figure 2.3 shows ground state wavefunctions rather than densities, to highlight the

Ñ = 15 case, since the ground state wavefunction is real-valued and thus φ(r) =
√
n(r).

At low atom numbers the droplet density is approximately Gaussian, as shown by

the light orange curve. This profile is similar to that of a trapped, interacting Bose gas

though the Gaussian-like droplet is self-bound in free space indicating the existence of a

surface tension. Increasing the atom number leads to a central density saturation. This

saturated central density corresponds to the ‘top hat’ or ‘flat-top’ density seen in both

purple curves of Figure 2.3. Adding more atoms to the centrally saturated droplet in dark

purple simply corresponds to an increasing droplet width. In the limit of Ñ → ∞, the

bulk density saturated to φ0 → 1 with µ→ −1/2.

These density profiles are indicative of a liquid droplet; for example Figure 2.4 shows

the density profile of a water droplet in free space — calculated numerically using smoothed

particle hydrodynamics — in which there is a large constant bulk density and a rapid drop

in density at the surface. A saturated bulk density corresponds to incompressibility, which

in an extremely dilute system can initially seem counter intuitive. The incompressible, or

flat-top density profile, regime is yet to be experimentally observed because, as discussed

in Section 1.3, current droplet experiments are limited to the Gaussian-like regimes due

to small atom numbers and high losses [168, 169, 173].

Below a critical atom number (Ñc ≈ 18.65) the kinetic energy of the gas overcomes any

binding energy of the droplet leading to an unbound gas ground state [153] which can be

seen by the dark orange line in Figure 2.3 for Ñ = 15. The characteristic droplet profile

and uniform condensate ground states force the use of Neumann boundary conditions, as
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Figure 2.4: Density profile of a water droplet (with only a quarter of the droplet shown),
calculated numerically using smoothed particle hydrodynamics. The highest and lowest
density regions are shaded red and blue, respectively. Reprinted figure from Ref. [263]
with permission from Springer Nature and Copyright Clearance Center.

the density is approximately constant at each boundary in both the droplet and uniform

cases.

Having solved Equation (2.31) in a spherically symmetric geometry, these ground state

solutions can be used to study the collective excitations of density-locked droplets via the

BdG analysis presented in Section 2.5 as first introduced by Ref. [153]

2.8 Collective excitations of density-locked droplets

The collective excitations of quantum droplets have been extensively investigated, includ-

ing: the BdG analysis of density-locked quantum droplets in the original work of Petrov

[153], collective modes with and without trapping potentials [253], and deeper investi-

gations of individual collective excitations, e.g., the breathing mode [201, 264] and spin

dipole mode [204].

Figure 2.5(a) shows the lowest modes at angular momenta, l = {0, 2, 3, 4, 5, 6, 7},
obtained by solving Equation (2.42) using the numerical techniques presented in Sec-

tion 2.6.4. Figure 2.5(a) excludes the dipole mode (l = 1), which is a centre-of-mass

motion, hence ω1 = 0 in free space [153]. The bold orange curve spanning the whole

domain is the particle-emission threshold, −µ, computed from Equation (2.46); dark and

light purple curves correspond to the l = 0 mode; and the l = {2, 3, 4, 5, 6, 7} modes are

shown by the thinner orange curves with increasing darkness corresponding to increasing l.

By conceptualising the chemical potential, µ, as the energy cost of adding a particle to the

system, the negative chemical potential of a droplet indicates that a droplet’s total energy

is lowered by having a higher population number. Hence, the particle-emission threshold,

−µ, gives an energy cut-off such that if an excitation exceeds this threshold, the droplet

will ‘self-evaporate’, i.e., the excitation will be decayed by particle shedding such that the

droplet settles to a lower energy state [153]. The decay of these modes highlights some of
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the key differences between two-component droplets and the behaviour of trapped, single

and two-component Bose gases. Typically the only decay mechanism for collective modes

in a Bose-condensed gas is through interaction with a thermal component, i.e., higher

temperatures correspond to higher damping rates [258].

All modes have decreasing frequency with increasing droplet size; a similar decrease in

the lowest collective mode frequencies, with increasing atom number, has been found for

Bose gases confined in axially symmetric traps [65, 265–267]. Furthermore, as the droplet

size increases the higher l modes stabilise, except for the breathing mode which is stable

for Ñ & 933.7. Note that Ref. [153] presents that the l = 0 mode is also stable in the range,

18.65 . Ñ . 20.1, not presented here. This therefore means that in the regime, 20.1 .

Ñ . 94.2, all excitations exceed the particle-emission threshold, hence any excitation

to the droplet leads to atom shedding. This is often referred to as self-evaporation and

has been theorised as a regime which could lead to even lower temperatures because any

finite-temperature component will excite the droplet corresponding to further evaporation

such that the droplet cools further [153].

Simulating the collective modes dynamically can be achieved via the time-dependent,

density-locked GP equation, in Equation (2.31). After finding the ground state solution

via imaginary time a small perturbation can be made and the wavefunction is then evolved

in real time. This is a technique used throughout Chapters 3 and 4, for previously unstud-

ied systems, and so it is useful to first test the implementations of the time-dependent

GP equations and BdG analysis to ensure that they match. Due to the restriction to

spherical symmetry, the only mode which can be excited is the breathing mode.

To trigger a breathing mode in the droplet, a harmonic phase is imprinted on the

ground state wavefunction, i.e., eiεr
2

where ε takes a small value (here ε = 10−6) [45, 257].

To observe the oscillatory motion from the real time data, a measure of the droplet central

density, n̄(t) = n(r = 0, t) − 〈n(r = 0)〉t, is used [shown in the insets of Figure 2.5(b)

and (c)]. Thus to extract the breathing mode frequency, ω and decay rate, γ, the central

density, n̄(t), is fitted to a damped sine wave

n̄ = Ae−γt sin(ωt+ ϕ). (2.52)

The breathing mode phase diagram is hence a function of Ñ only and thus the fitted

breathing mode frequency, ω, is given by the dark purple dashed curve in Figure 2.5(a),

which agrees with the BdG results.

Excitations above the particle-emission threshold result in unstable dynamics and

the droplet responds by emitting atoms allowing the droplet to relax to a lower energy

configuration. The excitation branches shown in Figure 2.5(a) are only shown in the stable

region. Focusing on the breathing mode (given in purple), the dynamics are split into

two regimes: self-evaporative and non-self-evaporative. Examples of these two regimes

are given in Figure 2.5(b) and (c), respectively.

The points shown in Figure 2.5(b) and (c) are extracted by fitting the central density,
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Figure 2.5: Collective excitations for spherically symmetric, density-locked quantum
droplets as a function of droplet size, Ñ . (a) The particle emission threshold, −µ, (given
by the bold orange curve) and mode frequencies of the l = {0, 2, 3, 4, 5, 6, 7} modes of
quantum droplets are given across a large range of a rescaled effective atom number
(Ñ − Nc)

1/4 (as presented in [153]). The l = 0 mode is given in purple where the dark,
dashed purple curve is from fitting to dynamical simulations, and the light purple curve
is from the BdG analysis. The l = {2, 3, 4, 5, 6, 7} modes are given in orange with increas-
ing l corresponding to increasingly darker shades. (b) Shows the fitted breathing mode
frequency, ω, (orange points) and decay rate, γ, (purple points) dynamically in time for
a droplet in the self-evaporative regime. The ñi data is split into small ranges (an ex-
ample time range is given by the bars around the first ω and γ points) and a damped
sine curve is fitted. (c) Shows the equivalent analysis to (b) but for a droplet in the
non-self-evaporative regime. In both (b) and (c) the orange and purple horizontal lines
correspond to the particle emission threshold and zero decay rate, respectively.
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n̄(t), to the damped sine wave in Equation (2.52), within small time intervals [given by

the horizontal bars shown on the first points in Figure 2.5(b) and (c)]. The orange and

purple points corresponding to the frequency, ω, and decay γ, respectively, whilst the

horizontal orange and purple lines corresponds to the particle-emission threshold, µ, and

zero decay rate, γ = 0, respectively. The central density oscillations in time are inset.

In Figure 2.5(b) the breathing mode frequency initially exceeds the particle emis-

sion threshold, with a corresponding high decay rate. The frequency then asymptoti-

cally decreases, converging to the particle emission threshold line, whilst the decay rate

asymptotes towards zero. The idea behind this convergence to −µ was first presented in

Ref. [264]. In the long-time limit, the particle emission is very slow, with particles emitted

only at the energy of −µ which is negligible relative to the droplet energy. Contrast this

with the non-self-evaporative regime, in which the breathing mode frequency is below the

particle emission threshold, and hence the oscillations are stable as can be seen by the

zero decay rate and constant frequency in Figure 2.5(c).

2.9 Discussion and conclusions

The ground state energy calculations of both the single and two-component Bose gases

presented in this chapter show that quantum fluctuations can be described to first-order

by the zero-point energy of the Bogoliubov quasiparticles. With the addition of quantum

fluctuations attractive mixtures stabilise to form quantum droplets. A powerful model

of two-component droplets is ‘density-locking’, in which the two component densities are

simply rescalings of one another and the fundamental characteristic of a density-locked

droplet is its size. The ability to describe the complexity of a two-component Bose by

a single parameter is incredibly useful to understand the ground states and collective

excitations of droplets, which offer a rich platform for studying stable and decaying ex-

citations. However, alongside the simplicity of the density-locked model there are also

restrictions. These restrictions are of particular concern for the CsYb mixture [214], such

as population imbalances both in free space and within traps. To date there has been

little work exploring the effects of population imbalanced droplets. Thus, building from

the foundations of this chapter, Chapter 3 explores droplets with population imbalances

in free space which is then extended to include trapped, imbalanced droplets in Chapter 4.

Finally, Chapter 5 explores how the CsYb mixture is affected by these inter-component

imbalances, and the resulting parameter space of interest experimentally.
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Chapter 3

Quantum droplets in imbalanced

atomic mixtures

A key result from the pioneering work of Petrov is the energetic favourability for the two

component densities to maintain a fixed ratio n2/n1 = const. [153] where ni is the number

density of the ith component. By pairing this assumption with negligible spin modes

[153] — i.e., assuming only in-phase density oscillations — the mixture can be modelled

via a single macroscopic wavefunction. The majority of the literature has focused on

such balanced droplets, with theoretical studies of imbalanced systems limited to dipolar

mixtures [207, 208] and 1D [268], confined to both a ring [269] and an optical lattice

[270]. This chapter is a systematic study of the ground states and breathing modes of 3D

spherical imbalanced quantum droplets in homonuclear mixtures. Adding atoms to one

component of the mixture yields a lower energy configuration than the previous balanced

droplet. This forms a droplet with a density imbalance in the core, and this imbalance

can be increased up to a saturation limit at which any further atoms cannot bind to the

droplet. By investigating imbalanced droplets in the free space limit, this chapter explores

how the density profiles, chemical potentials and breathing mode dynamics of the droplet

are modified by the presence of a population imbalance. This chapter begins by discussing

imbalanced droplet ground states in Section 3.1 and then Section 3.2 explores propagating

these states in time, subject to an initial perturbation, to analyse the droplet breathing

modes. Beyond population imbalances, scattering length imbalances are discussed in

Section 3.3. Finally the main results and potential future research avenues are discussed

in Section 3.4.

3.1 Ground state density-unlocked droplets

To study imbalanced droplets, this chapter uses the density-unlocked GP equations de-

rived in Section 2.4. Though the assumption of density-locking is neglected here, there

are several assumptions made such as spherical symmetry and mass balance (m1 = m2).

A density-unlocked, homonuclear mixture can be modelled by Equation (2.38), which
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throughout this section and Section 3.2, reduces even further due to the assumption of

balanced scattering lengths (a11 = a22 =⇒ β = 1). Thus, with this final assumption,

the only differences between the components can arise from an imposed atom number

imbalance of N1 = N2 + δN1.

3.1.1 Flat-top droplet limit

A simplified ansatz for the density of large droplets, as used in Ref. [153], is a flat-top, step

function in which kinetic energy contributions are neglected. The two-components of the

imbalanced droplet are modelled as majority and minority components with N + δN and

N atoms, respectively. Substituting this ansatz into the two-component energy functional

gives the equilibrium energy of the flat-top droplet,

Eeqbm = (2N + δN)

[
4A3

27B2

]
,

as a function of imbalance, δN , where

A =

(
1 +

δN

2N

)
+ (η − 1) +

1− η
2

(
1

1 + δN
2N

)
,

and

B =
4
√

2α

5

(
1 +

δN

2N

)3/2

,

and for further details see Appendix D, including a schematic of the ansatz. The results

of this energy calculation are given in Figure 3.1 with the total equilibrium energy given

in the main plot, and the inset showing the equilibrium energy per particle.

Firstly, the main plot of Figure 3.1 shows that there is a minimum at δN 6= 0 in the

total energy, indicating the droplet can lower its energy by absorbing particles into one

component. However, the equilibrium energy per particle given in the inset of Figure 3.1

exhibits a minimum at δN = 0 demonstrating that whilst the total energy of the droplet

can be lowered by single-component absorption, there is a corresponding increase in the

energy per particle resulting in a less stably bound droplet. Secondly, the Appendix D

shows that the minimum in the equilibrium energy occurs at δN/N = 2(η − 2) + [(η −
1)(4η − 14)]1/2. That is, the energy of the droplet decreases with imbalance up to this

limit. The dependence of this quantity on the scattering lengths is consistent with the

prediction of Ref. [153] at linear order 1. For the parameters of Figure 3.1, δn ≈ 0.458,

as highlighted by the orange vertical line.

At this limit the droplet becomes saturated with the majority component. Hence

if further majority component atoms are available, they cannot be absorbed into the

droplet and in free space will be lost (as described in Ref. [153]). There are thus three

1Ref. [153] finds δN/N ∼ |δg|/g = −(1 + η)/2 for |δg|/g � 1; expanding our result in the same limit
yields δN/N ≈ (1/3)|δg|/g.
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Figure 3.1: Energy of a flat-top density ansatz as a function of imbalance, δN , with
parameters N ≈ 22524, α ≈ 0.0152, β = 1.0 and η = −1.2. The equilibrium energy,
Eeqbm, is shown in the main plot with the orange, vertical line indicating the location
of the minimum at δN ≈ 703. The inset shows the equilibrium energy per particle,
[E/(2N + δN)]eqbm, with the only minimum appearing at the origin.

droplet states: (1) balanced droplets; (2) bound, imbalanced droplets; and (3) saturated,

imbalanced droplets (which can be immersed in a halo of unbound atoms if the mixture

is trapped).

The decrease in energy of an imbalanced droplet is consistent with the predictions of

Ref. [153] and stems from the basic argument that droplets always seek to lower their

energy by absorbing atoms. For example, in the density-locked model, atoms can only be

added to both components to ensure that N2/N1 =
√
g11/g22 is preserved, and by adding

atoms to both components, a lower energy state is recovered. One way to conceptualise

this is due to droplets having negative chemical potentials, meaning that it is always

energetically favourable to absorb more particles into both components. However, the

subtlety in the energy calculation given in Appendix D is that the energy of a droplet

can also be lowered by absorbing particles into one component if there is an excess of this

component available, up to the saturation limit discussed above.

By using the simple flat-top density ansatz, key insights are gained into effects of a

population imbalance on the density structure and energy of a two-component droplet.

However, for smaller droplet sizes kinetic energy cannot be neglected; thus, to extend this

analysis to general, spherical droplets, the coupled GP equations are solved numerically.

3.1.2 Numerical solutions

To find ground state solutions, the coupled GP equations in Equation (2.38) are propa-

gated numerically in imaginary time until the energy of the mixture is deemed adequately

converged, via the 4th-order Runge-Kutta method, with centred finite-difference methods

for the spatial derivatives as discussed in Section 2.6. Neumann boundary conditions

(∂Ψi/∂r = 0) are applied at the centre of the computational box as the density in the

droplet core is approximately constant. The boundary at r = Lr, where Lr is the ra-

dial computational box size, has either Neumann or Dirichlet [Ψi(r = Lr) = 0] boundary
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conditions, which are discussed further below with reference to Figure 3.2.

By enforcing the Dirichlet boundary condition at r = Lr, Figure 3.2(a), (b) and (c)

show the three different ground state solutions (discussed above) by varying imbalance,

δN1. Figure 3.2(a) presents an example of a balanced droplet (N1 = N2 =⇒ δN1 = 0)

with an inset of the density difference δn(r) = n1(r) − n2(r), showing that the two

component densities are identical. By increasing the population imbalance to δN1 ≈ 450,

as shown in Figure 3.2(b), the two component densities start to split within the droplet

core, with both an increase and decrease in the majority and minority components’ central

densities, respectively. Hence, the two components are no longer identical but notably the

density differences in the inset show that this imbalanced droplet has no unbound atoms

around the droplet. This implies that this state is a bound, imbalanced droplet. Driving

the imbalance higher to δN1 ≈ 5631, Figure 3.2(c) demonstrates a more pronounced

density splitting within the droplet core, but crucially also exhibits a non-zero gas density

outside of the droplet [highlighted in the inset of (c)]. This ground state hence corresponds

to a saturated, imbalanced droplet at the centre of the box with an unbound gas cloud

outside of the droplet core.

For a set droplet size — i.e., fixed α, η and N2 — the only free parameter is δN1 and

Figure 3.2 (following page): Balanced and imbalanced ground state droplets, with fixed
parameters: N2 ≈ 22524, α ≈ 0.0152, β = 1.0 and η = −1.2. (a), (b) and (c) Ground
state density profiles of: a balanced droplet (δN1 = 0); a bound, imbalanced droplet
(δN1 ≈ 450); and a saturated, imbalanced droplet with an unbound halo of majority
component atoms (δN1 ≈ 5631), respectively. The inset shows the difference in compo-
nent densities, δn(r). (d) The difference in central densities as a function of imbalanced
majority component atoms, δN1, with box size of Lr = 128. At δN1 = 0 the system is
balanced, with the leftmost vertical grey line corresponding to (a). Increasing δN1 leads
to an approximately linear increase in δn(r = 0), there are however no atoms outside of
the droplet as n1(r = 0.75Lr), a measure of density outside of the droplet, is zero. This
regime corresponds to a bound, imbalanced droplet with the central vertical grey line
corresponding to (b). The linear increase in δn(r = 0) eventually plateaus to a regime
in which the central densities in the droplet cannot be imbalanced further and the im-
balanced droplet saturates with the density outside of the droplet increasing, resulting
in a non-zero density of unbound atoms. The inset shows a measure of the difference
in central densities in the limit of a saturated imbalanced droplet, δnsat(r = 0), as a
function of droplet size given by the effective atom number Ñ in Equation (2.30), using
the parameters for the δN1 = 0 case. The orange, dashed, horizontal line corresponds to
δn ≈ 0.458 (from Figure 3.1), with the droplet size used in the main figure highlighted by
the grey, vertical line. (e) Neumann boundary conditions are applied at both boundaries
of the computational box, with Lr = 1024. The main plot shows the difference in central
densities, recreating the results from (d), showing that the behaviour is not a function
of the boundary conditions. It likewise demonstrates that the saturated droplet reaches
a lower energy, E[Ψ1, Ψ2], state than the balanced droplet. The inset shows an example
imbalance of δN1 ≈ 22524, with varying box size Lr. In the limit of a large computational
box any background gas will be effectively zero density, thus converging to a saturated
droplet in free space.
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thus Figure 3.2(d) shows two measures of the droplet ground states for varying δN1. The

two measures are the central density difference, δn(r = 0) = n1(r = 0) − n2(r = 0), and

the majority component density, n1, at a fixed radius outside of the droplet. The fixed

radius is r = 0.75Lr, and is chosen to be relatively far from the droplet surface but not too

close to r = Lr, to avoid the density drop resulting from the Dirichlet boundary condition.

These measures are used to illustrate the transition between bound, imbalanced droplets,

and saturated, imbalanced droplets. Figure 3.2(d) shows that for increasing δN1 from

zero, there is an immediate density splitting within the droplet corresponding to the

approximately linear increase in δn(r = 0). It should be noted that in this regime, n1(r =

0.75Lr) stays fixed at zero, meaning that this relatively small δN1 regime corresponds

to bound, imbalanced droplets. However, increasing δN1 further eventually leads to the

formation of a shoulder in δn(r = 0) which is the saturation of the imbalanced droplet,

i.e., the droplet is becoming saturated with majority component atoms. Beyond this

shoulder δn(r = 0) then approaches a constant value [labelled here as δnsat(r = 0)]. Once

in the saturated droplet regime, there is a corresponding increase in n1(r = 0.75Lr),

indicating that the excess atoms reside outside of the droplet. The phase diagram in

Figure 3.2(d) corresponds to the three ground state densities in (a), (b) and (c) given

by the vertical grey lines. Furthermore, the inset of Figure 3.2(d) illustrates how the

central density splitting of the saturated droplet varies with droplet size, given by Ñ , the

effective atom number of the balanced droplet in Equation (2.30) (from Ref. [153]). To

vary droplet size, the fixed parameters are α and η, thus N2 (and hence N1) is varied

for the different droplet sizes, with Ñ calculated for the balanced droplet (δN1 = 0)

parameters. The central density difference of the saturated droplet increases with droplet

size and asymptotically approaches a constant value of δn ≈ 0.458 [given by the orange,

dashed, horizontal line in the inset of (d)] in the limit of a large, flat-top droplet as

discussed in Section 3.1.1. Figure 3.2(c) and (d) show that in the limit of the saturated

droplet, there exists the unbound gas. This chapter seeks to explore imbalanced droplets,

in the absence of this unbound gas, to probe the physics of imbalancing the droplet in

free space. Thus, rather than imposing a Dirichlet boundary condition at r = Lr, instead

the same Neumann boundary condition used at r = 0, is used at r = Lr, also. This

gives a numerical approximation to a free space system. Figure 3.2(e) uses equivalent

parameters as in (d), with a slightly increased δN1 range, and exhibits the same central

density difference behaviour as with the Dirichlet boundary conditions at r = Lr. From

this point on, Neumann boundary conditions are applied at both boundaries.

Figure 3.2(e) also shows the energy of the mixture which uses the dimensionless,

homonuclear form of Equation (2.24), by defining Ẽ = E/ε where ε = [4/(3π2α)][~2/(mξ2)],
in which tildes are subsequently neglected. The energy decreases with imbalance — as

predicted by the analytic calculation presented in Appendix D— until again reaching the

saturation limit. Note again that a saturated, imbalanced droplet cannot absorb further

majority component atoms and thus the energy of the droplet does not vary with δN1.
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However, this is an effect of the large computational boxes used, in that the density of the

unbound atoms is negligibly small such that once in this saturation limit the system is es-

sentially identical with changing δN1. In smaller computational boxes — or equivalently,

exploring much larger imbalances — the density of the background gas becomes signifi-

cant [e.g. Figure 3.2(c)], which is explored in the inset of (e). By fixing δN1 ≈ 22524, i.e.,

an imbalanced droplet in the saturation limit, the size of the computational box is varied.

In small boxes, the density of the unbound gas is non-zero and thus has a significant,

positive energy contribution. The existence of the background gas likewise modifies the

internal structure of the droplet as can be seen by the increased value of δn(r = 0). In the

limit of large Lr (or equivalently small 1/Lr) the energy contribution of the background

approaches zero as the density of the gas approaches zero. Thus in the limit of a large

box, all of the ground states converge to the saturated droplet in free space, as can be

seen from the convergence of both the energy and δn(r = 0) in the inset of Figure 3.2(e).

Further evidence of the energy saturation is given by the two component chemical po-

tentials in Figure 3.3(a). For increasing δN1 the majority component chemical potential

(the dark orange curve) converges towards zero, implying there is no energetic favoura-

bility for the droplet to absorb more majority component atoms. Additionally, if more

atoms of the minority component were made available to the droplet, then these atoms

will likewise be absorbed into the droplet, reducing the energy of the droplet even further.

In summary, droplets will always seek to absorb atoms to reduce the system energy. If

there is an imbalance of atoms away from N2/N1 =
√
g11/g22, the droplet will absorb more

of the majority component but this reaches a limit in which the droplet is saturated with

the majority component atoms. It should be noted that in the case of a non-zero density

unbound gas, this limiting behaviour will be modified by the positive energy contribution

of the majority component density tails, similar to submerged droplets observed in 1D

imbalanced droplets [268, 269]. These results have been presented both from an analytic

energy calculation, and from numerical simulations, the latter of which is to be used next

to explore the dynamical stability of these imbalanced droplets across their parameter

space.

3.2 Breathing modes of imbalanced droplets

Self-evaporation is a key property of 3D two-component quantum droplets [153]. Recalling

that the density-locked droplet can be described by a single parameter, Ñ , there are

three main regimes of interest for the droplet collective modes: 1) all modes exceed the

particle emission threshold and hence are evaporated (Ñ . 94.2); 2) the monopole mode

evaporates but other non-zero angular momentum modes are stable (94.2 . Ñ . 933.7);

3) the monopole is stabilised (Ñ & 933.7) [153, 201]. This first phase is the principal

argument behind the self-evaporative property of a two-component droplet, since a finite-

temperature droplet is inherently excited by contributions from, for example, the non-
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condensate components. Thus, these excitations are evaporated and the droplet relaxes

to a lower energy configuration, akin to self-cooling [153].

Here the system is restricted to spherically symmetric droplets, meaning that the only

observable mode is the breathing mode. The restriction of spherical symmetry is applied

to reduce computational cost. This is due to particle shedding of self-evaporative droplets

resulting in reflections from the computational box boundaries which become a substantial

issue for long-time dynamics. To avoid this issue, very large box sizes — Lr = 8192,

approximately 500 times the droplet sizes considered here — are used to observe the

dynamics of the droplets without interference from reflected particles. If simulating a

general 3D droplet, these box sizes would quickly become infeasible. Furthermore, as

discussed in Section 3.1.2 large computational boxes are crucial to study imbalanced

droplets in free space, i.e., to neglect the effects of unbound atoms. By excluding any non-

zero angular momentum modes, the spherical symmetry yields two regimes: a decaying

and a stable breathing mode, thus this section analyses the stability of breathing modes

in the presence of an imbalance.

The breathing mode frequencies of the balanced, density-locked droplet are a function

of the single parameter, Ñ [153]. However, for an imbalanced system, a further degree of

freedom is introduced: the size of the imbalance. As shown in the previous section, the

central density differences, chemical potentials and energies, as functions of imbalance,

reach the saturation limit and any further imbalance has no significant effect on the

internal structure of the droplet. In order to observe these collective modes, the ground

state solutions found via imaginary time propagation, shown in Section 3.1, are then

evolved in real time via Equation (2.38)). To trigger a breathing mode in the droplet, a

harmonic phase is imprinted on the ground state wavefunction, i.e., eiεr
2

where ε is small

(here ε = 10−5) [45, 257]. This phase is always imprinted onto the minority component,

though breathing modes are an in-phase oscillation so the subsequent dynamics are not

dependent on this choice of component.

3.2.1 Self-evaporative regime

The first modes considered here are within the self-evaporative regime (Ñ . 933.7).

Breathing modes of spherical, balanced droplets have been extensively investigated [153,

201, 264]. Dynamically, within this regime, the droplet begins to oscillate at a frequency

exceeding the particle emission threshold, −µ, and rapidly decays with the decay rate

asymptotically tending to zero and the oscillation frequency tending to the particle emis-

sion threshold [264]. The initial rapid decay is due to a high dissipation of energy through

particle emission, though in the long-time limit this corresponds to limited particle emis-

sions at the energy of the chemical potential. This asymptotically decaying behaviour is

likewise recovered in the imbalanced case though with three modes instead of one due to

the imbalance yielding two chemical potentials. Figure 3.3(a) describes the three distinct

modes: the early-time, rapidly decaying mode, and two superimposed late-times modes.
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Figure 3.3: Chemical potentials and breathing modes as a function of majority component
imbalance, δN1, in the self-evaporative regime (equivalent to a balanced droplet, N1 = N2,
with Ñ ≈ 649). (a) The chemical potentials (light orange — minority component, dark
orange — majority component) and early-time breathing mode frequencies (light and
dark purple dashed lines) as a function of imbalance. These results correspond to the
range 0 ≤ δN1 . 4257, N2 ≈ 17027, α ≈ 0.00657 and η ≈ −1.11. At δN1 = 0,
the chemical potentials are equal but diverge as the imbalance is increased eventually
reaching a saturation point where the chemical potential of the majority component is
approximately zero. The minority component chemical potential likewise saturates, to
an increased value. (b) A highlighted simulation of δN1 ≈ 1447 [corresponding to the
bold vertical line in (a)] at early times, with an inset of the associated power spectrum.
This indicates that at early times, there is a single rapidly decaying mode. (c) The same
δN1 ≈ 1447 simulation at late times in which there is there is a superposition of two
modes corresponding to the two chemical potentials, given by the vertical dashed lines in
the inset power spectrum of (c).
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The early-time mode — given by the purple dashed lines in Figure 3.3(a) representing

the fitted equal frequencies of both components — varies marginally with imbalance, and

can be considered the intrinsic droplet breathing mode. On the other hand, the late-time

modes arise from the splitting of the chemical potentials which diverge with increasing

imbalance before again reaching the saturated droplet [see orange lines in Figure 3.3(a)].

To visualise the single early mode and two late modes, Figure 3.3(b) and (c) represent

a measure of the droplet central density, n̄i(t) = ni(r = 0, t) − 〈ni(r = 0)〉t, with insets

showing the associated power spectra |F ′[n̄i]|2 in which F ′[·] denotes that the power

spectrum is rescaled by the mean, and all negative frequencies are set to zero purely for

data visualisation. The early-time mode is a high-amplitude, rapidly decaying mode that

is given in Figure 3.3(b), with an inset of the associated power spectrum highlighting the

frequency (vertical dashed line) corresponding to the purple dashed lines in Figure 3.3(a).

As this mode decays, it is then replaced by the two late-time modes corresponding to

the split chemical potentials. The late-time dynamics is thus a superposition of a higher

and lower frequency mode, as can be seen in Figure 3.3(c), once more with the associated

power spectra showing peaks at the two chemical potentials (given by the vertical dashed

lines). It should be noted that evidence of these late-time modes can even be seen at early

times, such as the shorter peak in the inset of Figure 3.3(b), which roughly corresponds

to the chemical potential of the majority component.

In summary, at early times the droplet oscillates with an unstable, high-amplitude

mode that decays rapidly due to energy dissipation from particle emission. In the long-

time limit however, the particle emission is considerably reduced, with particles only

emitted at energies of the two chemical potentials. Hence, these late-time modes decay at

much slower rates than the initial mode. This is analogous to the density-locked mixture

[264], in which the mode frequency asymptotically converges to the particle emission

threshold, with a vanishing decay rate. Physically this vanishing decay rate is the result

of late-time emitted particles of energy ≈ −µ, which thus have a negligible effect on the

kinetic energy of the droplet. Equivalently, for an imbalanced droplet, there are now two

chemical potentials which each have associated particle emission and hence associated

residual long-lived breathing modes [264].

3.2.2 Non-self-evaporative regime

The second set of breathing modes are within the non-self-evaporative regime (Ñ &

933.7). For a balanced droplet in this regime the breathing mode frequency is lower

than the particle emission threshold resulting in a stable oscillation [153, 264]. In the

self-evaporative regime, the dynamics of the imbalanced droplet is highly reminiscent of

the balanced case but with further modes corresponding to the split chemical potentials,

whereas the non-self-evaporative region of the droplet phase has some greater subtleties.

Figure 3.4(a) shows that, as in the self-evaporative case, the chemical potentials diverge

with increasing imbalance until reaching the saturated, imbalanced droplet. The dynamics
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Figure 3.4: Chemical potentials and breathing modes as a function of majority component
imbalance, δN1, in the non-self-evaporative regime (equivalent to a balanced droplet,
N1 = N2, with Ñ ≈ 1502), using the same parameters as in Figure 3.2 with 0 ≤ δN1 .
5631. (a) The chemical potentials (light orange — minority component, dark orange —
majority component) and early-time breathing mode frequencies (light and dark purple
dashed lines) as a function of the imbalance. The top inset shows the majority component
chemical potential crossing the breathing mode frequencies. This is shown in the lower
insets in which the mode is either stable (left) or is decayed (right). (b) A highlighted
simulation with δN1 ≈ 1014 [corresponding to the bold vertical line in (a)] at early times,
with the associated power spectrum (inset). The early time dynamics are dominated by
a single damped breathing mode. (c) The same δN1 ≈ 1014 simulation as in (b), at late
times showing a superposition of three modes, with the lowest and highest energy modes
corresponding to the majority and minority component chemical potentials, respectively.
The third mode [the central peak in the inset of (c)] is the early-time mode, still decaying.
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are again dominated by a high-amplitude mode in both components — given by the central

purple dashed lines of Figure 3.4(a) — that is relatively constant with the changing

imbalance. This mode can again be considered the intrinsic droplet breathing mode, as

described in [253]. In the balanced case, the stability of the breathing mode for droplets

of this size is due to the particle emission threshold exceeding the mode frequency. With

increasing imbalance however, as the chemical potentials split, the majority component

chemical potential [i.e., the lower chemical potential branch in Figure 3.4(a)] eventually

crosses over the frequency of the stable high-amplitude mode, at which point this mode

will begin to decay. This mode crossing implies that the imbalanced non-self-evaporative

regime can instead be split into two regions: 1) a stable breathing mode; 2) a decaying

breathing mode. This behaviour is highlighted in the upper inset of Figure 3.4(a), focusing

on smaller imbalances. Decay of the high-amplitude, intrinsic mode occurs when the

frequency exceeds the negative of the majority component chemical potential, validating

the idea that stability of the mode is entirely dependent on the mode frequency exceeding

the droplet’s particle emission threshold. The lower left inset of Figure 3.4(a) shows

that the mode is stable for an imbalance of δN1 ≈ 45 as the frequency lies beneath

both chemical potentials. However, the lower right inset shows that this mode becomes

unstable, for an imbalance of δN1 ≈ 180, and decays as the frequency exceeds one of the

chemical potential branches. The critical imbalance between stability and instability of

this mode is δN1 ≈ 124, for this specific droplet. Thus for a sufficiently small imbalance,

it is possible to have an imbalanced droplet with a stable breathing mode.

Figure 3.4(b) and (c) focus on the early and late times of an unstable breathing mode

in this regime. At early times, the initial high-amplitude mode dominates the system

and oscillates at approximately the frequency of the balanced case. This is highlighted in

the power spectrum shown in the inset of Figure 3.4(b) with the frequency given by the

vertical dashed line. As found in the self-evaporative regime, the energy of the droplet is

dissipated through atom shedding which then leads to the evaporation of the initial mode.

The oscillations at late times — shown in Figure 3.4(c) — are instead dominated by two

other modes, with frequencies corresponding to the chemical potentials of each component

given by the two outer vertical dashed lines. There are still residual oscillations from the

decaying initial mode which hence explains the interference seen in the oscillations of

Figure 3.4(c) and the central peak shown in the power spectrum.

Thus, in both the self-evaporative and non-self-evaporative regimes, providing there

is decay of the initial high-amplitude mode, there are two main regions of the dynamics:

early times — where the dynamics is dominated principally by a high-amplitude, intrinsic

mode that is related to the balanced droplet; and late times — where there is a super-

position of two modes corresponding to each chemical potential. All of these modes are

decaying but over different timescales due to the rate of atom shedding. The initial mode

decays relatively rapidly due to a high dissipation of energy from the particle emission.

However, at late times the particle emission is considerably reduced, with slower emission
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of particles. This slower emission of particles, at energies of the two chemical poten-

tials, is negligible relative to the droplet kinetic energy and hence the dynamics decay

asymptotically [264].

Finally, it should be noted that the breathing modes of imbalanced droplets have

a larger range of instability than balanced droplets, which have an unstable breathing

mode in the self-evaporative regime only. This is consistent with the discussions in both

Section 3.1 and the Appendix D, of how the energy, and energy per particle, varies with

imbalance. The key point from these discussions is that increasing imbalance corresponds

to an increasing energy per particle and thus a less stably bound droplet. Hence, it would

be expected that a less stably bound object would be more susceptible to particle shedding

when perturbed, as is shown in the main results of this section.

3.3 Imbalanced scattering lengths

Balanced scattering lengths, β =
√
a22/a11 = 1, is an idealised assumption that is useful

for theoretically studying droplets, but is not physically realistic for droplet experiments

[168, 169]. Figure 3.5(a) shows a droplet with population balance, but an imbalance

of intraspecies scattering lengths. In physical units this means imposing the condition

of population balance, N2/N1 = 1/β → N2 = N1/β, however when translated into

the dimensionless units of Equation (2.38), the rescaled population balance condition

reduces to, N2 = N1. Hence, as in the previous sections of this chapter, population

imbalances of component-1 can be probed by N1 = N2 + δN1. However, with the broken

symmetry, β 6= 1, this is no longer trivially equivalent to imbalancing component-2.

Instead, imbalances of each component are distinct.

Across the subfigures of Figure 3.5, the intraspecies scattering length imbalance is set

at, β = 2 6= 1, i.e., a22 = 4a11, meaning that the internal interactions of component-2 can

be considered ‘more repulsive’ than component-1. This difference in internal component

interactions can be rationalised by the density profiles given in Figure 3.5(a). Component-

1, given by the light purple curve has a higher internal density, i.e., the density profile is

slightly squeezed relative to component-2, given by the dark purple curve. Equivalently,

component-2 has a slightly broader density profile as a result of having more repulsive

internal interactions.

A natural question is to ask how legitimate the density-locked approach is at modelling

the β 6= 1 droplet. Rescaling the units of the density-locked wavefunction, φ, by

Ψ =


3

2

√√
a11
(√

a11 +
√
a22
)

|δa|


φ,

maps the density-locked and unlocked models onto the same density units and is given

by the light orange curve in Figure 3.5(a). Information is lost in describing the β 6= 1

mixture via the density-locked model as the two component surfaces are different. The
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two components are therefore not simply constant rescalings of one another, hence they

cannot be mapped onto one density-locked density profile. This can be shown more

concretely by mapping the density-locked approximation onto the coupled GP equations.

Beginning with the dimensional, time-independent, coupled GP equations,

µ1Ψ1 =

[
− ~2

2m
∇2 +

4π~2a11
m

|Ψ1|2 +
4π~2a12
m

|Ψ2|2 +
128
√
π~2a11

3m

(
a11|Ψ1|2 + a22|Ψ2|2

)3/2
]
Ψ1,

µ2Ψ2 =

[
− ~2

2m
∇2 +

4π~2a22
m

|Ψ2|2 +
4π~2a12
m

|Ψ1|2 +
128
√
π~2a22

3m

(
a11|Ψ1|2 + a22|Ψ2|2

)3/2
]
Ψ2,

(3.1)

it is possible to rewrite these through the density-locking approach of Ref. [153], i.e.,

introduce a new macroscopic wavefunction, φ, such that φ =

√
n
(0)
i Ψi, in which n

(0)
i is

the equilibrium density of the ith component given in Equation (2.26). The wavefunction

rescaling yields a relationship between the two component wavefunctions, given by Ψ2 =

Ψ1

√
n
(0)
2 /n

(0)
1 = Ψ1(a11/a22)

1/4. Thus, Equation (3.1) can be written in terms of one

wavefunction only (chosen to be Ψ1, without loss of generality) which gives,

µ1Ψ1 =

[
− ~2

2m
∇2 +

4π~2

m
δa|Ψ1|2 +

128
√
π~2a11

3m
(a11 +

√
a11a22)

3/2 |Ψ1|3
]
Ψ1,

µ2Ψ1 =

[
− ~2

2m
∇2 +

4π~2

m

√
a11
a22

δa|Ψ1|2 +
128
√
π~2a22

3m
(a11 +

√
a11a22)

3/2 |Ψ1|3
]
Ψ1.

The two GP equations cannot be written as constant scalings of one another giving clear

evidence of the symmetry breaking.

With this broken symmetry, the population imbalances of each component are no

longer symmetric and thus can be probed independently. For example, Figure 3.5(b)

shows a saturated imbalanced droplet in which δN1 ≈ 3196, i.e., the less internally repul-

sive component-1, has been made the majority component. This imbalance leads to an

exaggerated central density splitting relative to Figure 3.2(c), as shown by the inset which

also shows a small amount of majority component at the droplet surface. Contrasting

Figure 3.5(b) with (c), in which an imbalance of δN2 ≈ 3196 has been added to the more

internally repulsive component-2, there is a smaller change in δn(r = 0) than for imbal-

ancing component-1. A simple argument for this asymmetric imbalancing is that if one

component is more internally repulsive, then the amount of atoms which can absorbed by

this component will be fewer than the less repulsive component.

Figure 3.5(d) shows the central density differences for varying imbalance with the

purple and orange curves corresponding to imbalancing component-1 and component-

2, respectively. This highlights the disparity of the internal density imbalancing with

component-1 supporting a considerably larger imbalance than component-2. The rea-

son for this is given in the inset, i.e., imbalancing stops when the majority-component

chemical potential saturates to approximately zero. Droplets possess negative chemical

potentials indicating their ability to absorb more atoms. However, as discussed through-
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Figure 3.5: Balanced and imbalanced ground state droplets, with parameters: N1 = N2 ≈
14269, α ≈ 0.00275, β = 2.0 and η = −1.114. (a), (b) and (c): Ground state densities
with δNi = 0, δN1 ≈ 3196 and δN2 ≈ 3196, respectively. The 1st and 2nd components
are represented by the light and dark purple curves, respectively, with the difference in
component densities given by the inset. (d) Central density difference as a function of
imbalance in the range 0 ≤ δNi . 3567, in which purple and orange correspond to varying
δN1 and δN2, respectively. The grey vertical lines highlight the regions of the parameter
space that correspond to the density profiles in (a), (b) and (c), in which (b) lies on the
purple curve and (c) lies on the orange curve. The inset shows the chemical potential
splitting for changing imbalance. The light and dark orange curves correspond to the
majority and minority components, respectively, for varying δN2, whereas the light and
dark purple correspond to the majority and minority components, respectively, for varying
δN1.
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out the previous sections, this has a limit which is reached when the chemical potential

saturates to zero indicating that there is no further decrease in energy by absorbing atoms.

The dark and light orange curves of Figure 3.5(d)’s inset correspond to the minority and

majority components, respectively, in the imbalancing component-2 case, whereas as the

dark and light purple curves correspond to the minority and majority components, respec-

tively, in the imbalancing component-1 case. At zero imbalance, the chemical potential

of component-2 is larger and is hence closer to zero, hence if imbalancing this component,

there is by definition a smaller δN2 necessary to saturate the chemical potential to zero

than if imbalancing component-1. Thus, the imbalance saturation is likewise asymmetric.

In previous sections imbalanced droplets were studied by imbalancing only one com-

ponent without loss of generality as the components are entirely symmetric, whereas for

β 6= 1 a population imbalance is not symmetric due to the bulk density imbalance, even

at equal population numbers. However, the intraspecies scattering ratio, β, can in theory

take any value creating a large parameter space, including the other parameters studied

here of droplet and imbalance size (along with further parameters of trapping potentials

and mass ratios). Hence, a broad study of β-values is not presented here, though mix-

tures of β 6= 1 will be revisited for the specific values pertaining to the CsYb mixture in

Chapter 5.

In summary, the density-locking condition comes from the assumption of a homo-

geneous mixture used in Ref. [153], or equivalently, the flat-top droplet limit used in

Section 3.1.1. In these cases, kinetic contributions can be neglected. However, as dis-

cussed in Section 2.2, a local density approximation is used to add the LHY contributions

into the GP Hamiltonian. By adding in the kinetic contributions of the GP Hamiltonian,

the symmetry breaking of the β 6= 1 mixture allows for different component surfaces. The

difference in component surfaces is hence why the density-locked model cannot describe

the β 6= 1 mixture, because with the addition of kinetic contributions the two components

are not simple rescalings of one another.

3.4 Discussion and conclusions

This chapter has systematically investigated the spherical, free-space ground states and

breathing modes of imbalanced droplets for varying droplet size and imbalance. Droplets

can lower their energy by absorption of a symmetric number of atoms into each component,

under the condition N2/N1 =
√
g11/g22. However, as has been investigated here, if

there exists an asymmetric population of atoms available, the droplet will absorb the

available atoms creating a majority and minority component. This modifies the core

structure of the droplet by splitting the two central component densities, yielding a bound,

imbalanced droplet. If further majority component atoms become available then the

imbalanced droplet eventually saturates and any excess majority components will not

bind to the droplet. To investigate the density profiles, chemical potentials and breathing
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dynamics of these imbalanced droplets, without the external effects of the unbound gas,

large computational boxes were used such that the background gas density is effectively

zero.

In keeping with droplet experiments — and the CsYb mixture — this chapter has also

studied the ground states of droplets with imbalanced intraspecies scattering lengths.

All droplet experiments to date have an intraspecies scattering length imbalance, and

this breaks a symmetry between the two components which cannot be explained by the

density-locked model of Ref. [153]. In Sections 3.1 and 3.2, balanced droplets have identical

components and so population imbalances in either component is equivalent; imbalanced

intraspecies scattering lengths break this symmetry. The two components therefore can

support different sizes of imbalance. For a mixture with a highly imbalanced scattering

length ratio, it is possible that one of the components could support near zero imbal-

ance whilst the other could be significantly imbalanced, hence emphasising the effects of

imbalanced droplet cores shown throughout Sections 3.1 and 3.2.

One of the main experimental probes to justify the observation of a quantum droplet

is measuring a constant width of the atomic cloud, after switching off all traps, to ensure

the cloud is self-bound in free space [169, 171, 173]. Switching off the traps will cause

any unbound gas to be lost, thus a key question of the next chapter is whether the

imbalancing within the droplet could be retained. The observation of the three breathing

mode frequencies could be experimentally achieved in homonuclear mixtures, for which the

number of atoms in each component can be tuned by radio-frequency pulses on the cloud

[170], and there have been recent experimental observations of imbalanced heteronuclear

mixtures [243]. However these system will likewise be affected by three- and higher-body

losses.

An immediate question raised by the results of this chapter is how does the application

of trapping potentials effect imbalanced droplets. Isotropic harmonic traps could be ap-

plied to the spherically symmetric system considered here, to investigate the modification

of both the ground states and breathing mode dynamics. The breathing mode dynamics

of trapped, spherically symmetric droplets has been investigated in Ref. [253] and so there

are natural extensions of these results for imbalanced droplets.

In the context of the highly imbalanced CsYb mixture it is increasingly important to

understand how these mixtures can minimise their energy, from self-evaporating excita-

tions to modifying their internal structure.
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Chapter 4

Harmonically trapped imbalanced

quantum droplets

Chapter 3 studied the ground states and breathing modes of imbalanced quantum droplets

in free space, and showed that a droplet can lower its total energy by absorbing atoms

into one of its components. The decrease in total energy corresponds to an increase

in the energy per particle, indicating that imbalanced droplets are less stably bound,

which is demonstrated further by the larger parameter space of unstable breathing modes.

The primary focus of this chapter is to investigate how these imbalanced ground states

and breathing modes are modified with the application of an isotropic harmonic trap.

These investigations are motivated by the experimental feasibility of creating and probing

harmonically trapped imbalanced quantum droplets. Additionally, this work explores the

stability of these droplets when released into free space across a variety of timescales.

4.1 Imbalanced harmonic traps

Trapping potentials in cold atom experiments can be engineered into many different con-

figurations such as the well-established harmonic potential [38, 39, 271] and the more

recent box potentials to create near-homogeneous gases [15, 272]. Dimensionality can

be varied from strongly 1D to symmetric 3D [20], and the control over dimensions has

allowed cold atoms to become a versatile platform for studying low-dimensional physics

[4, 26]. In mixtures the traps applied to each component are not typically the same

[104, 214, 219, 273, 274], leading to asymmetric component densities.

This section probes the question: if the two components of a quantum droplet are

typically tightly locked together, does trapping each component differently affect the

droplet? This is of particular interest for this work as it is within the context of the CsYb

experiment, which has highly anisotropic traps for each component, e.g., the Yb traps are

prolate forming a quasi-1D gas, whilst the Cs traps are oblate giving an approximately

quasi-2D gas [214]. However, beyond just the CsYb mixture, applying different traps to

the two components of a quantum droplet has also been used in the other heteronuclear
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droplet experiments in the 41K-87Rb mixture of Ref. [171] and the 23Na-87Rb mixture of

Ref. [173].
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Figure 4.1: Imbalanced harmonic trap frequencies. (a) Example density profile in which a
trap is applied to the light purple component whilst no trap is applied to the dark purple
component, with the difference in densities inset. The orange, dashed curve shows the
applied harmonic trap in units of energy. (b) A measure of droplet width varying across
trap frequencies with the equally trapped components given in dark and light orange.
The imbalanced trap cases are given in purple where the light purple is trapped and the
dark purple is untrapped. The difference in central densities for the imbalanced trap case
is given in the inset.

Figure 4.1(a) shows the ground state density of a balanced droplet in which the dark

purple component is not trapped but the light purple component is trapped by the orange,

dashed harmonic trap with frequency ω1 ≈ 0.261. The inset shows the difference in

component densities highlighting that there is a slight density splitting within the droplet

core, with the confined component showing a higher central density and a corresponding

density depletion at the surface.

How the density of a spherically-symmetric balanced droplet varies with harmonic trap

frequency has been studied in Ref. [253]. The trap frequency can be considered low if there

is no significant change from the free-space droplet density, whereas a higher frequency

trap eventually leads to the flat-top density of large droplets being lost. Furthermore,

in free space the negative chemical potential, −µ, is described as the particle emission

threshold of the droplet, however this description breaks down in a trap [253]. It can

therefore be argued that in the trap-dominated regime the idea of a droplet begins to be

less defined, as the notion of a droplet being ‘self bound’ whilst being strongly confined

78



Chapter 4. Harmonically trapped imbalanced quantum droplets

is unclear. Note however that the high density of the droplet indicates that it can be

considered a ‘confined liquid’ rather than a ‘confined gas’. Ref. [253] approximates the

transition to the trap-dominated regime as the point in which the potential energy at

the droplet surface becomes comparable to the binding energy of the droplet, resulting in

ω
(c)
r ∼ (4π/3Ñ)1/3 where Ñ is the effective atom number of the density-locked model in

Equation (2.30) [153]. Note that for all simulations presented in this chapter, ω
(c)
r ≈ 0.186.

Hence, the trap frequency applied in Figure 4.1(a) can be considered in the trap-dominated

regime and still the effect of the density splitting between the two components is small.

Exploring the parameter space of harmonic traps applied to component-1, Figure 4.1(b)

shows a measure of the droplet width given by

〈r2〉 =

∫
d3rΨ ∗i r

2Ψi∫
d3r |Ψi|2

.

The equally trapped components have equal width (orange curves) as there is no symmetry

breaking between the components. Contrast this to the imbalanced trapped components

(purple curves) — where the trap is again applied to the light purple component —

in which there is a marginal difference between the two-component widths. Applying

a trap to only one component appears to correspond to slightly wider droplets, than if

both components are trapped. However, the symmetry breaking of the imbalanced traps

appears to be a small effect which is highlighted further by the central density splitting

given in the inset of Figure 4.1(b). As discussed above, up to the order of harmonic trap

frequencies considered here, the central density splitting in the case of imbalanced traps

is small. The squeezing effect of the trapped component on to the untrapped component

gives credence to the density-locked approach since the components are tightly bound

together even with highly disparate traps.

In summary, applying different traps to the two components of a quantum droplet

does modify the internal structure of the droplet. However, because the two components

are bound together, the component experiencing a higher frequency trap tends to drag

along the other component, up to a small difference between the two component densities.

For the trap frequencies considered here, this density difference is deemed small enough

such that only equal trap frequencies are considered throughout the rest of this chapter.

Imbalanced trap frequencies will be revisited in Chapter 5 for the CsYb mixture.

4.2 Ground state trapped, imbalanced droplets

Having established that imbalanced traps do not significantly impact the density structure

of droplets since the two components are tightly bound, the rest of this chapter studies

population imbalances within trapped droplets and contrasts these findings both with

balanced, trapped droplets [253] and free-space, imbalanced droplets from Chapter 3.

The effects of harmonic traps on density-locked, spherically-symmetric droplets has been
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extensively studied in Ref. [253]. The trap frequency can be considered low if there is no

significant change from the free-space droplet density, whereas a higher frequency trap

eventually leads to the flat-top density of large droplets being lost as shown by the purple

curves in Figure 4.2(b).

To probe population imbalances, this chapter makes the same restrictions as Sec-

tions 3.1 and 3.2 by assuming equal masses and balanced intraspecies scattering lengths

(a11 = a22 =⇒ β = 1). Therefore, the only possible difference between components is

from an imposed population number imbalance of N1 = N2 + δN1.

Figure 4.2(a) shows balanced (purple) and imbalanced (orange) droplet density pro-

files in a trap with frequency ωr ≈ 0.0442. Figure 4.2(b) presents an example of the

imbalanced atoms forming a significant gas density around the surface of the droplet

in a trap with higher frequency ωr ≈ 0.353. Figure 4.2(a) shows that the imbalanced

and balanced droplets have comparable density profiles, whereas Figure 4.2(b) shows a

more considerable deviation between the balanced and imbalanced droplets, in a higher

frequency trap. The central density splitting becomes more pronounced in the higher

frequency trap, showing a more suppressed minority-component central density.

The divergence of the two chemical potentials with increasing imbalance is a key

observation of Chapter 3 [221]. For increasing trap frequency the chemical potential of

a balanced droplet increases, eventually becoming positive as the density of the mixture

significantly deviates from the free-space droplet density [253]. Figure 4.2(c) presents

chemical potential data, defined by a 2D parameter space of imbalance and trap frequency

(δN1, ωr), where ωr ≈ {0.00441, 0.0662, 0.128, 0.190}, i.e., showing trap frequencies up to

approximately ω
(c)
r .

Figure 4.2(c) shows that the two-component chemical potentials of balanced droplets

are equal and increase with trap frequency, in agreement with Ref. [253]. Beyond the

balanced case, the lowest frequency trap (ωr ≈ 0.00441) shows similar behaviour to the

free-space chemical potentials presented in Chapter 3, in that the chemical potentials

appear to reach a saturation limit, though there are effects from the unbound gas, such

that these curves clearly deviate from the well defined saturation limit in free space. For

the higher trap frequencies of ωr ≈ {0.0663, 0.128, 0.190}, the two chemical potentials di-

verge with the majority component chemical potential becoming large and positive, whilst

the minority component chemical potential becomes large and negative. The diverging

chemical potentials represent a clear distinction between balanced and imbalanced trapped

droplets, and an excerpt of the 2D parameter space is included in the inset of Figure 4.2(c),

with the majority and minority chemical potentials plotted as orange and purple surfaces,

respectively, demonstrating the chemical potentials diverging for increased trap strength

and imbalance.

Adding harmonic traps to both balanced and imbalanced droplets causes the flat-

topped density profile to eventually be lost with increasing trap frequency. One key

difference between balanced and imbalanced droplets is that the trap causes any unbound
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Figure 4.2: Balanced and imbalanced quantum droplets in isotropic harmonic traps (with,
N2 ≈ 17027, α ≈ 0.00657 and η ≈ −1.11). (a) Droplet ground state density profiles, of size
Ñ ≈ 649 with balanced components, δN1 = 0, (the light and dark purple dashed lines) and
an imbalance of δN1 ≈ 8513 (majority component — dark orange, minority component —
light orange), in a trap of frequency ωr ≈ 0.0442. (b) Equivalent balanced and imbalanced
droplet to (a), but with a trapping frequency of ωr ≈ 0.353. (c) Majority (orange) and
minority (purple) chemical potentials across the 2D parameter space of imbalance and
trap frequency — i.e., (δN1, ωr) — for the fixed droplet size considered in (a) and (b), at
trap frequencies of ωr ≈ {0.00441, 0.0662, 0.128, 0.190}, with 0 ≤ δN1 . 4257. The inset
shows the surfaces for the majority (orange) and minority (purple) component chemical
potentials across the 2D parameter space for which the curves in (c) are 1D slices of set
ωr values. Note that the two surfaces are equal at δN1 = 0 imbalance, but diverge for
increasing imbalance.
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atoms to form a trapped gas at the droplet surface. For balanced droplets the chemical

potential increases with trap frequency until eventually becoming positive. Whereas, for

imbalanced droplets it is always possible for the minority component chemical potential

to be made negative in isotropic harmonic traps by tuning the imbalance. One way

to understand the effect that this squeezed external gas cloud has on the droplet is to

analyse the breathing modes of imbalanced droplets, after reviewing the collective modes

of density-locked, balanced droplets.

4.3 Breathing modes of trapped, imbalanced droplets

As explained in Chapter 3, the breathing modes of balanced droplets in free space have

two regimes, self-evaporative and non-self-evaporative [153, 201]. In the self-evaporative

regime the breathing mode is unstable because the mode frequency exceeds the particle

emission threshold, −µ. Hence, the droplet will emit atoms to lower its energy, corre-

sponding to a decaying sinusoidal oscillation with a frequency that asymptotes to the

particle emission threshold, −µ. In the non-self-evaporative regime, the breathing mode

frequency does not exceed the particle emission threshold therefore the mode is stable

and non-decaying. Additionally, the frequency of the balanced droplet breathing mode

varies with droplet size only [153].

Breathing modes in imbalanced droplets are instead dominated by unstable regions.

For both self-evaporative and non-self-evaporative droplets, an imbalance implies an un-

stable, decaying breathing mode except for small imbalances in the non-self-evaporative

regime [221]. The focus of this section is to investigate breathing modes in trapped, im-

balanced droplets; i.e., what is the effect of the trap? Before this analysis though, it is

important to understand how breathing modes and collective excitations of density-locked

droplets are impacted by the addition of a trap.

4.3.1 Collective excitations of trapped, balanced droplets

The collective excitations of trapped, balanced droplets, using the density-locked ap-

proach, have been extensively studied in Ref. [253]. With the aim of studying the breath-

ing mode of trapped, imbalanced droplets, this section reviews the collective excitations

of trapped, balanced droplets by performing BdG analysis as in Section 2.8 with the

addition of a harmonic trap.

A trapping potential can be added very simply to the BdG equations given in Equa-

tion (2.42),

(
−∇2

2
+ V − 6φ2

0 + 25
4
φ3
0 − µ −

[
−3φ2

0 + 15
4
φ3
0

]

−3φ2
0 + 15

4
φ3
0 −

[
−∇2

2
+ V − 6φ2

0 + 25
4
φ3
0 − µ

]
)(

u

v

)
= ω

(
u

v

)
, (4.1)
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where V is here assumed to be a spherically symmetric harmonic trap, V = 1
2
ω2
rr

2.

Solutions of Equation (4.1) are given in Figure 4.3 with (a) and (b) corresponding to

a lower, ωr ≈ 0.0309, and higher, ωr ≈ 0.181, frequency trap, respectively. The bold

orange curve corresponds to −µ which in free space is referred to as the particle-emission

threshold, however, as noted in Ref. [253] the notion of this threshold is not well defined

within a trap. The l = {2, 3, 4, 5, 6, 7} modes are given in orange with darker shades

corresponding to higher l, and the monopole mode, l = 0, is given in purple.

2 3 4 5 6 7
0

0.2

0.4

0.6

(a)

(
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Figure 4.3: Collective excitation frequencies for varying droplet size. The bold, orange
curve denotes −µ; the l = 0 and l = 2 modes given by the light and dark purple curves,
respectively; and, l = {2, 3, 4, 5, 6, 7} modes given by orange curves with increasing dark-
ness corresponding to increasing l. (a) The lower trap frequency, ωr ≈ 0.0309, does not
deviate significantly from the free-space mode landscape. (b) The higher trap frequency,
ωr ≈ 0.181, which shows much more significant deviations from the free-space excitations.

Contrasting Figure 4.3(a) with the free-space BdG analysis in Figure 2.5(a) shows

qualitatively similar behaviour. For example, with increasing droplet size the mode fre-

quencies all decrease however the excitation branches are all shifted up by the trap. Note

that in Figure 2.5(a) the excitation branches are shown only below the particle-emission

threshold, but since this threshold is not well defined in the trap, the excitation branches

in Figure 4.3(a) are shown in their entirety. Figure 4.3(b) shows that the higher trap

frequency leads to a larger deviation from the free-space system. For example, the mode

frequencies are more significantly shifted up relative to the lower trap frequency, and
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the chemical potential becomes positive at larger Ñ . Likewise the large Ñ behaviour is

modified by the trap. Ref. [253], shows that the mode frequencies in the trapped system

asymptote to non-zero frequencies in the limit of large Ñ such as the l = 2 mode which

approaches
√

2ωr. This agrees with the asymptotic limit of large Ñ for an interacting

Bose gas, in which the mode frequency, ωl, approaches the limit ωl =
√
lωr [257].

In the following sections, the focus will be on decaying breathing modes (i.e., ex-

cluding non-self-evaporative droplets that are either balanced or have sufficiently small

imbalances). Therefore, to examine the decaying breathing modes of trapped, imbal-

anced droplets, the following sections will take one example droplet size, Ñ ≈ 649 (as in

Figure 4.2). Different droplet sizes yield qualitatively the same behaviour, with only a

difference in mode frequency. By fixing droplet size, the system is again reduced to a 2D

parameter space in imbalance and trap frequency, (δN1, ωr). Therefore Figure 4.4 shows

the l = {0, 1, 2, 3, 4, 5, 6, 7} modes of the Ñ ≈ 649 droplet for varying trap frequency.

Ref. [253] describes the l = 0 and l = 2 modes as having a ‘superlinear’ dependence

on ωr, indicating that these modes are relatively insensitive to the trap frequency. For

higher momenta, e.g., l = {5, 6, 7}, the excitation branches have an approximately linear

dependence in ωr at higher frequencies, but at low frequencies have a nonlinear ωr de-

pendence. Increasing angular momentum, l, can be intuited as the excitations becoming

increasingly localised at the droplet surface. At weak trap frequencies the surface of the

droplet density appears to be largely unchanged, though the bulk density changes from

approximately uniform to non-uniform. Hence, it is consistent that if the density profile

at the surface is relatively unchanged at low ωr, then modes local to the surface will be

relatively unchanged.

The only mode discussed here which is not presented in the free-space BdG analysis

of Section 2.8 is the l = 1 or dipole mode. In free space this mode is zero valued [153].

However, by applying a trap the system will then obey the Kohn theorem which states

that the dipole mode is equal to the trapping frequency [275].

0 0.05 0.1 0.15
0

0.5

1

ωr

ω
,−
µ

Figure 4.4: Collective of density-locked with, Ñ ≈ 649, for varying trap frequency. The
l = 0 and l = 1 modes are given in light and dark purple, respectively, whilst the
l = {2, 3, 4, 5, 6, 7} modes are given in orange with increasing l corresponding to darker
shades.
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In summary, the mode frequencies are shifted up by the presence of the trap though all

modes investigated here do not increase significantly in the range of frequencies considered

here. The domain of frequencies used here are all within the regime at which the droplet

is deemed ‘weakly-trapped’. There have been investigations of droplets in tight confining

traps [276], however, the notion of a self-bound droplet becomes ill-defined in this regime.

The remainder of this section is split into two subsections to probe the 2D parameter

space, (δN1, ωr): firstly, breathing modes are observed for varying trap strengths with

small imbalances, of a similar magnitude to those in Figure 4.2(c); secondly, trap frequency

is fixed allowing for breathing modes to be observed with imbalances much larger than

those in Figure 4.2(c).

4.3.2 Varying trap frequency

Following from the BdG analysis above, the rest of this chapter will present dynamical

results of the GP equation. The process is very much the same as in Sections 2.8 and 3.2,

i.e., to initiate the breathing mode dynamics of trapped droplets, a perturbation is made

by imprinting a harmonic potential of the form eiεr
2
, where ε is small (here ε = 10−5) onto

the minority component ground state wavefunction [45, 257]. This perturbed ground state

is then propagated in real time.

The upper panel of Figure 4.5(a) shows an example of a self-evaporative, balanced

droplet in a trap of frequency ωr ≈ 0.00883. The data shown is a measure of the droplet

central density, n̄i(t) = ni(r = 0, t)−〈ni(r = 0)〉t, where 〈· · · 〉t represents time averaging.

The droplet exhibits a decaying oscillation due to the emission of particles, causing the

droplet to asymptotically relax to a lower energy state. However, the emitted particles

are refocused by the trap back toward the droplet resulting in the short-lived, high-

amplitude oscillations, which are the result of a recombination event between the droplet

and the reabsorbed wavepacket. This then leads to the self-evaporation reoccurring at set

intervals of approximately half the associated trap period of T = 2π/ωr ≈ 712 = 2× 356

with t = 356 being the approximate time for the reinitialised decay in Figure 4.5(a).

The balanced droplet recombination can be thought of as ‘clean’, as there is little

noise produced and the reinitialised oscillation is approximately equivalent to the initial

oscillations. In the presence of an imbalance (δN1 ≈ 4257), given in the lower panel

of Figure 4.5(a), the recombination events are not ‘clean’ as each separate repetition of

decaying oscillation is not equivalent to the previous. The trapped, unbound atoms alter

the recombination of the emitted particles. Eventually these recombination events will

lead to significant noise and thus the remainder of the analysis presented here will focus

on the dynamics prior to the first recombination event.

Figure 4.5(b), (c) and (d) show the same self-evaporative droplet given in Figure 4.5(a)

with an imbalance of δN1 ≈ 4257, for three trap frequencies ωr ≈ {0.00662, 0.0106, 0.0309},
with times shown only before the first recombination event. The data presented is the

same measure of central density as in Figure 4.5(a), with insets of the associated power
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Figure 4.5: Breathing modes of trapped imbalanced droplets. (a) Droplet central densities
in time for both a self-evaporative, balanced (upper) and imbalanced (lower) droplet
(with imbalance δN1 ≈ 4257) in a trap with frequency ωr ≈ 0.00883. The droplet
is defined with the same parameters as in Figure 4.2. Note the recombination events
that cause the self-evaporative dynamics to be reinitiated. (b) Droplet central density
for the δN1 ≈ 4257 imbalanced droplet in the lower panel of (a), in a trap with ωr ≈
0.00662. The trap frequency is sufficiently low such that all three modes — i.e., the
intrinsic mode, and the two modes corresponding to the two chemical potentials — can be
observed before the first recombination event. (c) A higher trap frequency of ωr ≈ 0.0106
showing that the shorter period between recombination events no longer allows for the
long wavelength oscillation of the majority component. (d) An increased trap frequency
of ωr ≈ 0.0309. The recombination events occur within such short intervals that the
dynamics are dominated by the intrinsic droplet breathing mode as there is not sufficient
time for this mode to decay.
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spectra |F ′[n̄i]|2 in which F ′[·] denotes the power spectrum rescaled by the mean, and

all negative frequencies are set to zero. The time periods are chosen to highlight the

behaviour of the modes, largely after the decay of the initial mode, except for in Fig-

ure 4.5(d), discussed further below.

The breathing mode dynamics of an imbalanced droplet in a trap of frequency ωr ≈
0.00662 are given in Figure 4.5(b). These dynamics exhibit the three distinct modes of

the equivalent free-space droplet (with the associated three peaks given in the inset power

spectrum) [221]. The near-zero frequency peak in the power spectrum of the majority

component corresponds to the free-space majority component chemical potential, and is

the highest amplitude mode. The effect of this mode can be seen by the relative difference

in oscillation between the two components in Figure 4.5(b). There is also the superposition

of two other modes which are of comparable amplitude in both the majority and minority

component, corresponding to the intrinsic droplet breathing mode (the central peak of the

inset) — i.e., the initial, high amplitude mode — and the minority component chemical

potential (the highest frequency mode in the inset).

Increasing the trap frequency applied to a balanced droplet corresponds to a relatively

small increase in breathing mode frequency [253], and this effect appears to carry over to

the trapped, imbalanced droplet. The inset power spectrum of Figure 4.5(b) includes the

three free-space modes given by the vertical, dashed lines. All three of these modes have

a frequency that is shifted up due to the trap, though this increase is small due to the

relatively low trap frequency.

Figure 4.5(c) shows that if the trap frequency is increased, eventually the highest am-

plitude mode is lost. By increasing the trap frequency to ω ≈ 0.0106, the two component

central densities oscillate in phase with one another, i.e., there is no long-wavelength os-

cillation between the two components as given in (b). The low frequency mode cannot

oscillate within the reduced period between recombination events from the increased trap

frequency.

Figure 4.5(d) shows the highest trap frequency, ωr ≈ 0.0309, considered in this section.

At this trap frequency, the period between recombination events is considerably shortened.

Hence the time window in focus is dominated by the initial, high-amplitude mode of the

droplet, shown by the single peak in the inset power spectrum. There are some interactions

with other modes at the later times shown in Figure 4.5(d), but there is not sufficient

time for the initial mode to decay.

No higher trap frequencies are studied here because the high recombination rate implies

only the intrinsic mode is observable. Note too that this highest trapping frequency is

still an order of magnitude smaller than ω
(c)
r ≈ 0.188.

In summary, there is a close relationship in the dynamics between imbalanced droplets

in free-space and in harmonic traps. For low trap frequencies the three modes of the free-

space, imbalanced droplet are visible. However, increasing the trap frequency leads to

the loss of the majority component mode. Eventually for higher trap frequencies, the
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oscillations are dominated by the intrinsic droplet mode, as there is not sufficient time

between recombination events for the initial mode to decay, resulting in the loss of the

minority component mode. The recombination events in higher frequency traps lead to

dynamics rapidly dominated by excitations. Therefore, if the multiple breathing modes

of trapped imbalanced droplets were to be experimentally observed, it is advised to use

low trap frequencies, such that the initial intrinsic mode can sufficiently decay.

4.3.3 Varying imbalance

Having established how the breathing modes of imbalanced droplets vary with trap fre-

quency, this section focuses on how these modes vary with increasing imbalance. To

analyse the breathing modes as a function of imbalance, the weakest trap strength stud-

ied in Figure 4.5 is used, because all three imbalanced droplet modes are observable.

Figure 4.6(a) shows an example ground state density profile of a weakly-trapped,

highly imbalanced droplet with the majority and minority components, shown in dark and

light orange, respectively. The inset shows the density difference, δn(r) = n1(r)− n2(r),

between the majority and minority component. The density structure within the droplet

core is comparable to the small imbalances shown in Figure 4.2(a). However, the key

difference with highly imbalanced mixture is the large radius gas surrounding the droplet.

Figure 4.6(b) highlights two examples of breathing mode oscillations for droplets with

high population imbalances. The upper panel shows a mixture with δN1 ≈ 170267, whilst

the lower panel shows a mixture with δN1 ≈ 16856418. These population imbalances are

so large due to the weak trap geometry used, i.e., to achieve significant gas densities

in these low frequency traps, substantial imbalances are needed. The same measure of

central density as used in Figure 4.5 is shown, prior to the first recombination event.

In both panels of Figure 4.6(b) there does not appear to be any out-of-phase oscillations

between the two components from the majority-component chemical potential mode, as

shown in Figure 4.5(b). The surrounding gas therefore seems to have frozen out this

long-wavelength mode, similar to the higher frequency trap in Figure 4.5(c). The main

difference between the upper and lower panels of Figure 4.6(b) is the lower decay rate of the

initial, high-amplitude mode in the more imbalanced mixture. As shown in Figure 4.5(b),

at later times the initial mode in the upper panel has decayed sufficiently such that the

minority-component chemical potential mode is visible. By driving the imbalance even

higher the decay rate of the initial rate is greatly reduced, such that minority-component

chemical mode cannot be observed.

In Figure 4.6(c), the droplet central density is fitted to a decaying sinusoidal curve, of

the form given in Equation (2.52) 1. With increasing imbalance there is a corresponding

decrease in the fitted decay rate, γ. This implies that a higher surrounding gas density

resists the particle emission from the droplet. This could be of potential benefit to exper-

1Curve fitting is implemented by the optimize.curve fit function [277] from the SciPy library for Python
[262]
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Figure 4.6: Ground states and breathing modes for high imbalances in a low frequency
trap. (a) Example ground state density profile in a trap of frequency ωr ≈ 0.00662, and
an imbalance of δN1 ≈ 16856418. (b) Two examples of breathing modes with a smaller
imbalance of δN1 ≈ 170267 in the upper panel, and a considerably larger imbalance of
δN1 ≈ 16856418 in the lower panel. These example imbalances are highlighted in (c) by
the vertical dashed lines. (c) Fitted decay rate to the initial droplet breathing mode, with
varying size of imbalance.

iments as it implies that larger imbalances would give more time to observe the decaying

breathing mode oscillations.

Beyond the observation of trapped imbalanced droplets, there are also questions to be

asked of the experimental realisability of a free-space imbalanced droplet. For example,

how stable is the imbalance under the transition from the trap — used to prepare the

mixture — to the free-space droplet.
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4.4 Release into free space

This section studies the dynamics of trapped, imbalanced droplets when released into free

space. This is similar to a Time-Of-Flight (TOF) expansion, a method used in experiments

in which trap potentials are switched off and the atomic cloud expands, often used for

imaging. Imbalanced droplets are less stably bound than balanced droplets [221], thus the

motivating question is whether it is possible to preserve the imbalance when released from

a trap. This is a crucial question in the feasibility of experimentally creating a free-space,

imbalanced droplet.

TOF expansion has been a widely used technique in quantum gas experiments [157]

from the very first experimental observation of Bose-Einstein condensation [38, 39]. Typ-

ically, by removing the trap the resulting expansion increases the scale of defects, such

as vortices, accounting for the low resolution of imaging apparatus [28, 53, 56]. Measure-

ments of condensate density from TOF images can also be used to compute approximate

temperatures and population numbers of the cloud [278, 279].

Whilst most quantum gas experiments are inherently in the gas phase, droplets are by

definition self-bound, liquid states [153], and hence must retain an approximately fixed

size when released into free space. This property is useful for experiments as evidence for

the production of quantum droplets [168–171, 173, 243], though relatively high-resolution

imaging is necessary.

The two observables used here to measure the dynamics resulting from the release

into free-space, are: the population numbers contained within the droplet, and the central

droplet density difference, δn(r = 0) = n1(r = 0) − n2(r = 0). The population numbers

are used to measure the particle loss from each component, while the central density

difference is used as a measure of how the droplet core evolves after being released from

the trap. The population numbers of the droplet are computed by

Ndrop
i (t) = 4π

∫ Rdrop(t)

0

r2|Ψi(r, t)|2dr,

in which Rdrop(t) is defined as the radius at which the component density equals 0.1% of

the maximum component density, giving an approximate droplet radius. The population

numbers are extracted in time, and Rdrop(t) is allowed to vary dynamically.

4.4.1 Instantaneous trap release

To simulate the release into free space, ground states are computed as in Section 4.2. The

traps are then instantaneously turned off and the mixture is evolved in real time. The

instant trap turn off can be quite a violent excitation of the droplet particularly with

higher trap frequencies.

Figure 4.7(a) shows the population numbers of each component for two different initial

trap frequencies: a lower frequency of ωr ≈ 0.0132, given by the orange curves, and a
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Figure 4.7: Dynamics of imbalanced droplets due to an instantaneous release into free
space, with the same parameters as in Figures 4.2, 4.5 and 4.6. (a) Population numbers
varying in time following the release into free space at t = 0. The bound, imbalanced
droplet has an initial imbalance of δN1 ≈ 596. The orange curves correspond to an initial
low frequency trap with ωr ≈ 0.0132 (dark and light orange corresponding to majority
and minority components, respectively), while the purple curves correspond to an initial
high frequency trap, with ωr ≈ 0.261 (light and dark purple corresponding to majority
and minority components, respectively). The insets show the central density differences
in time, with the left and right panels corresponding to the low and high frequency traps,
respectively. These two example simulations are highlighted in the upper panel of (b) by
the vertical, dashed lines. (b) The equilibrated population numbers and central density
differences (inset) for varying initial trap frequencies, in the range 0.00442 . ωr . 0.269.
The upper panel corresponds to a bound, imbalanced droplet (δN1 ≈ 596) whilst the
lower panel corresponds to a saturated, imbalanced droplet with an external unbound gas
(δN1 ≈ 4257).

91



Chapter 4. Harmonically trapped imbalanced quantum droplets

higher frequency of ωr ≈ 0.261, given by the purple curves. The droplet size is the same

as in Sections 4.2 and 4.3, and is within the bound, imbalanced regime (δN1 ≈ 596), i.e.,

there is no surrounding gas. The population numbers of both the minority (light orange)

and majority (dark orange) components in the lower frequency trap remain relatively

constant, as does the central density difference given in the left inset. Due to the arbitrary

cut-off used, there are some small oscillations in the population numbers. In the higher

frequency trap, both the majority (light purple) and minority (dark purple) components

exhibit heavy initial losses before equilibrating to a population balance. Further evidence

of this density balancing is given by the zero central density difference given in the right

inset.

Figure 4.7(a) indicates that the equilibrated population numbers following the release

into free space depend on the initial trap frequency. Figure 4.7(b) shows the trap frequency

dependency of the late-time equilibrated population numbers, Ni,f . Presented are the

majority (dark orange) and minority components (light orange) of a bound, imbalanced

droplet (upper panel) and a saturated, imbalanced droplet surrounded by an unbound

gas (lower panel), with the equilibrated central density difference, δn(r = 0)f , inset.

The upper panel of Figure 4.7(b) shows that the imbalance can be approximately

conserved following the release from an initial low frequency trap, though the imbalance

is lost at higher trap frequencies as demonstrated by the zero central density difference

inset. Increasing the trap frequency further results in losses from both components. A

larger imbalance of δN1 ≈ 4257 is given in the lower panel, showing that the transition

to balanced droplets is suppressed to higher trap frequencies. For example the central

density difference drops to zero for ωr ≈ 0.125 in the upper panel but is shifted to ωr ≈ 0.2

in the lower panel.

4.4.2 Ramping down trap

Having shown a population imbalance is lost when droplets are released instantaneously

from a high frequency trap, it is natural to investigate whether the imbalance can be

retained when gradually released from a high frequency trap. To do this the trap frequency

is ramped down to zero in real time over a set time, tramp.

Figure 4.8(a) shows the population numbers in time of a droplet in a ramped-down trap

of initial frequency ωr ≈ 0.261. The trap frequency is ramped down by the relationship,

Vi = (1−t/tramp)V init
i , in which V init

i is the initial trap profile. To compute the population

numbers, the same method and radial cut-off as in Figure 4.7 are used. The dark and

light orange curves correspond to the majority and minority components, respectively,

under a ramp-down time of tramp ≈ 0.781, which is fast relative to the trap period,

ttrap ≈ 24.1. Both components undergo heavy losses before equilibrating to balanced

population numbers, and zero central density difference, comparable to the high frequency

instantaneous trap release given by the purple curves in Figure 4.7(a). The dark and light

purple curves correspond to the minority and majority components, respectively, under
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a ramp-down time of tramp ≈ 38.3, which is slow relative to the trap period, ttrap. There

are some small losses primarily from the majority component; however, the imbalance

is largely retained during these ramp-down dynamics. Furthermore, the central density

difference of a trapped droplet is larger than that of a free space imbalanced droplet

as highlighted in Figures 4.2(a) and (b). The left inset of Figure 4.8(a) shows that the

central density difference initially decreases but stabilises at a non-zero value. Thus, the

imbalance can be retained under the release from a high frequency trap, though the trap

must be ramped down sufficiently slowly.

Figure 4.8(b) shows the ramp-down time, tramp, dependency of the final equilibrated

population numbers and central density difference (inset). The upper panel considers

a bound, imbalanced droplet showing that fast ramps result in balanced droplets that

undergo losses from both components though slower ramps can retain some atoms in

both components. Increasing the ramp-down time above tramp ≈ 8 indicates that the

original imbalance can be approximately retained. A saturated, imbalanced droplet with

an unbound cloud is given in the lower panel of Figure 4.8(b) and likewise shows that

fast ramps result in balanced droplets, whilst slower ramps yield a preservation of some

imbalance. Note that the initial imbalance is not retained in the lower panel, because the

unbound cloud will always be lost in free space, i.e., the resulting droplet is approximately

a saturated, imbalanced droplet in free space.

To summarise, an imbalanced droplet prepared in a relatively low frequency trap can

retain the majority of the initial imbalance after an instantaneous release into free space.

With increasing trap frequency, the majority component will lose atoms until no imbalance

is retained. The loss of imbalance can, in general, be suppressed by increasing the initial

imbalance, lowering the initial trap frequency, or lengthening the ramp-down time. These

results show that imbalanced droplets can be robust to a release into free space suggesting

that free-space, imbalanced droplets are feasible using modern experimental techniques.

4.5 Discussion and conclusions

This chapter has investigated ground states, breathing modes and the release into free

space of imbalanced droplets confined in isotropic harmonic traps. First, Section 4.1

studied how droplets are modified by unequal trapping of each component, by apply-

ing a harmonic trap to one component but leaving the other untrapped. Since the two

components are bound together, increasing the trap frequency to one component leads

to a squeezing effect on the untrapped component, i.e., up to a small deviation the two

component densities behave according to the highest frequency trap. Hence, the system

can be simplified by applying equal traps to both components.

Having reduced the problem to consider only equal component traps, Section 4.2

demonstrates that the trapping potential squeezes any unbound gas up to the droplet,

forming a significant gas density at the droplet surface. The imbalance dependent diver-
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Figure 4.8: Dynamics of imbalanced droplets due to a ramped down trap potential, with
the same parameters as in Figures 4.2, 4.5, 4.6 and 4.7. (a) Population numbers varying
in time with the orange curves correspond to a relatively slow ramp-down of tramp ≈ 38.3
(dark and light orange corresponding to majority and minority components, respectively),
and purple colours corresponding to a relatively fast ramp-down of tramp ≈ 0.781 (light and
dark purple corresponding to majority and minority components, respectively). The insets
show the central density differences in time, with the left and right panels corresponding
to the slow and fast ramps, respectively. These two example simulations are highlighted
in the upper panel of (b), by the vertical, dashed lines. (b) The equilibrated population
numbers and central density differences (inset) for varying ramp-down times, tramp, in the
range 0.0 ≤ tramp . 39.1. The upper panel corresponds to a bound, imbalanced droplet
(δN1 ≈ 596) whilst the lower panel corresponds to a saturated, imbalanced droplet with
an external unbound gas (δN1 ≈ 4257).
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gence in the majority and minority component chemical potentials, increases further with

higher trap frequencies.

Section 4.3 focused on the breathing modes of imbalanced droplets, and contrasted

the trapped geometry with the free-space results of Ref. [221]. This section highlighted

that the presence of a trap causes recombination events from reflected particles. For

a free-space imbalanced droplet there are three mode frequencies [221]. These three

modes can be observed in the trapped, imbalanced droplet though Section 4.3 shows

that with increasing trap frequency these modes are lost. Similarly the decay rate of

the imbalanced droplet breathing mode can be reduced by the presence of a significant

majority-component gas.

The final results presented are the dynamics of releasing imbalanced droplets into free

space given in Section 4.4. The results show primarily that with a low frequency initial

trap, the droplet imbalance can be preserved under an instantaneous release, though

higher trap frequencies lead to a loss of the imbalance. However, a droplet released from

a higher frequency trap can preserve its imbalance if the trap is ramped down sufficiently

slowly. This gives promise for the experimental realisation of free-space, imbalanced

quantum droplets.

The stability of the imbalance under release from a trap may be significant in the

experimental results of Refs. [161, 169], in which the mixture is prepared with N2/N1 =

1 6=
√
a11/a22. These works assume that the droplet will dynamically balance, after the

release into free space, to N2/N1 =
√
a11/a22. This could explain why the data points of

N1/N2 in Fig.4(c) of Ref. [169] are shifted up from the balanced line of N2/N1 =
√
a11/a22,

as component-1 is setup to be the majority component. Likewise, some of the results in

Ref. [170] are speculated to be sensitive to imbalance. This chapter suggests that balanced

droplets could be a special case, and that imbalanced droplets are more common.

The analysis of spherically symmetric ground states and breathing mode dynamics

presented could be extended to explore heteronuclear mixtures. The different kinetic

energy contributions of the two components may lead to novel physics, as adding an

imbalance to either component is no longer symmetric. This is however a non-trivial

extension due to the form of the two-component LHY correction of a heteronuclear mixture

[153, 158].

The recombination events from the trap limit the time for observing collective modes.

This restriction implies that smaller computational boxes could be used to probe collec-

tive modes in more general 3D simulations, allowing for observation of non-zero angular

momentum modes such as dipole [204, 243] and quadrupole modes in both balanced and

imbalanced droplets.

The potential of the CsYb mixture for probing droplet physics is exciting but the

experiment uses highly anisotropic trap potentials with significant population number

imbalances [214]. The next chapter begins to explore the parameter space of the CsYb

mixture, to explore ground state CsYb droplets and contrast these results with the density-

95



Chapter 4. Harmonically trapped imbalanced quantum droplets

locked results in Sections 2.7 and 2.8 and the imbalanced results of both this chapter and

Chapter 3.
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Chapter 5

A theoretical guide to CsYb droplet

experiments

Ultracold atoms is a field in which there is significant communication between theorists

and experimentalists and quantum droplets are yet another example of this collaboration.

[161, 168, 169, 171, 264]. However, the previous chapters of this thesis have focused on

idealised scenarios by ignoring, e.g., three-body losses and anisotropic harmonic traps, but

also the reality that experiments do not begin with a clean ground state. Droplets are

not immune to these restrictions, e.g., three-body losses have been shown to significantly

limit the lifetimes of homonuclear droplets in 39K spin mixtures to the order of several

milliseconds, though heteronuclear mixtures have been shown to enhance lifetimes to tens

of milliseconds [171, 173]. Likewise anisotropic traps have been used to form droplets in

both quasi-2D [168] and quasi-1D geometries [170, 171]. Losses, anisotropies and excited

initial states are all true of gaseous, ultracold atomic systems, although droplets also suffer

from specific issues principally due to their small size. The combination of the small size

and self-bound property of droplets means that imaging and manipulation pose challenges

experimentally. In the context of previous droplet experiments, this work focuses on an

experiment composed of an attractive mixture of Cs and 174Yb, referred to here as the

CsYb mixture [214, 219] which could support droplet formation.

This chapter begins by mapping out the CsYb parameter space, i.e., which parameters

can be controlled and how does this relate to entering the droplet regime. Having mapped

out the parameter space, ground state solutions of the density-unlocked GP equations

are evaluated by measuring the approximate sizes and densities of CsYb droplets, in

both free-space and within harmonic traps. Building from the results of Chapter 3,

this chapter explores the effect of the large Yb imbalance on the droplet’s structure. The

sizes, densities and lifetimes of CsYb droplets are compared with other previously realised

droplet mixtures, to understand the constraints on the current experiment and to propose

potential changes which are more amenable to droplet production. Droplet formation is

explored by quenching into the droplet regime to see if CsYb droplets can be created in

the current experimental setup. Finally, two experimental procedures are proposed to
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study excitations and non-equilibrium dynamics of droplets.

5.1 CsYb parameter space

Two-component mixtures have in general seven free parameters: three scattering lengths

(a11, a22 and a12), two atomic masses (m1 and m2) and two species population numbers

(N1 and N2). However, experimentally the atomic masses are fixed and there is some

control over the population sizes (or population ratio). To enter the droplet regime, typ-

ically either the interspecies [171, 173] or intraspecies scattering lengths [168, 169] are

significantly varied by tuning the applied magnetic field through a Feshbach resonance.

Therefore, typically only one scattering length is varied though in principle multiple Fesh-

bach resonances could be close together such that several scattering lengths vary notably

with magnetic field.

For the CsYb mixture considered here, the fixed scattering lengths are a22 = aYb =

105a0 and a12 = aCsYb = −75a0 [214], where a0 is the Bohr radius. Furthermore,

within this experimental apparatus previous CsYb experiments have had a high pop-

ulation imbalance of NYb = [5, 7] × 104 and NCs = [4, 5] × 103 [214], and hence as typ-

ical values of aCs correspond to the population balance condition being of order one

(NCs/NYb =
√
gYb/gCs ∼ 1), the mixture can be considered as having a ‘surplus’ of Yb

atoms for droplet production. The Cs population number is therefore the limiting factor

of droplet size and so to begin, the mixture can be considered balanced as a minimal case,

reducing the system to a 2D parameter space of (aCs, NCs).

5.1.1 Density-locked CsYb phase diagram

By assuming the system to be density-balanced, the (aCs, NCs) parameter space can be

explored via the density-locked model from Section 2.3. Firstly, Figure 5.1 shows the

length, ξ, and time, τ , scales varying with the one free parameter, aCs, as these parameters

are independent of NCs. As both the length and times scales vary with ∼ δg−1, they

diverge for δg = 0 which here corresponds to aCs ≈ 54.3a0. At lower aCs the length and

time scales decrease rapidly, for example at aCs = 10a0 the healing length becomes ξ ≈
0.0187µm which has serious implications on the CsYb mixture since most experimental

droplets have a width of only a few healing lengths. As discussed in Section 4.4, one

key probe of droplets is to release them from any traps and observe that their size stays

approximately fixed. This self-bound property means that the widely used ‘Time-of-

Flight’ technique — which in the gaseous phase leads to an increase in relevant scales of

the system — cannot be used and so droplet experiments rely on high resolution cameras.

Such a small healing length could be of concern because to date the highest resolution

imaging for a two-component droplet experiment has been on the order of ∼ 0.6µm [173].

As shown in Section 2.3, the density-locked model maps all physical parameters to

an effective atom number, Ñ , corresponding to the droplet size. Ref. [153] indicates that
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within this unit system, there are different droplet regimes:

• Ñc = Ñ ≈ 18.65 - critical atom number for droplet formation, below which the

droplet cannot form and the ground state is an unbound gas

• Ñm = Ñ ≈ 22.55 - atom number for metastability, below which the droplet is

metastable as it has positive energy

• ÑSE = Ñ ≈ 94.2 - self-evaporation transition, below which all collective excitations

are unstable to decay

These three transition values are included in Figure 5.1(c), having been converted into

the equivalent Cs population number, NCs = n
(0)
Cs ξ

3Ñ , where n
(0)
Cs is the Cs equilibrium

density. The critical transition, Ñc, is given by the light purple curve which is close to the

metastable transition, Ñm, in dark purple. Likewise, the self-evaporative transition, ÑSE

is given in dark orange and can be thought of as defining the transition to ‘small’ droplets.

As with the length and time scales, the transition values of NCs, decrease quickly with aCs,

and therefore to assess which droplet regimes are achievable in the current experimental

CsYb mixture, the dashed, light-orange line corresponds to the approximate maximum

Cs population number, NCs = 5 × 103 [214]. Restrictions on the population of each

component are not the result of physical limitations, but are the result of the experimental

apparatus, and one aim of future generations of the CsYb experiment will be to increase

the Cs population.

At aCs = 40a0 the droplet lies on approximately the critical formation curve, hence

lower aCs is needed, however, as shown in Figure 5.1(a) there are drawbacks to probing

values of aCs that are ‘too small’ as the droplet size becomes difficult to image. The range

of aCs = [20, 30]a0 appears to be a balance between sufficiently many Cs atoms — as

aCs = 30a0 lies on the self-evaporative curve — and healing lengths that are not far below

current optical imaging resolution.

Having used the density-locked model to gain an understanding of the CsYb parameter

space, a more accurate understanding of the ground states, densities and droplet sizes is

required. As discussed throughout Chapters 2 and 3, the density-locked model is useful

for reducing the parameter space of the system, however it is restrictive. For example, the

density-locked GP equation assumes that the same traps are applied to each component,

which for the CsYb mixture is not true and so the density-unlocked, heteronuclear GP

equations are required, though as presented in Section 2.4.1 there are computational

challenges with this approach.

5.1.2 Effective heteronuclear Gross-Pitaevskii equations

One major challenge of heteronuclear GP simulations is the complexity of the full LHY

term, given in Section 2.4.3. The full heteronuclear LHY term has a number of compu-

tational challenges arising from the function f(z, x). However, there is an approximate
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Figure 5.1: Density-locked dimensional parameters and critical atom numbers for varying
aCs. (a) and (b) The healing length and time scale across aCs within the dominantly attrac-
tive regime. (c) Critical atom numbers for various density-locked droplet regimes, where
light and dark purple corresponding to the critical and metastable droplet transitions, re-
spectively, and the dark orange curve corresponds to the self-evaporative transition, i.e.,
below this curve all modes are self-evaporated. The dashed, light-orange line indicates the
approximate highest population number of Cs, NCs = 5× 103, from previous experiments
with this apparatus.

expression for the function, f(z, x), given by [241],

f(z, x) = (1 + z3/5x)5/2,

which is found by considering the asymptotic behaviour of the LHY function, whilst

also being invariant under permutation of the two components. This effective expression

significantly reduces the computational complexity of simulating a heteronuclear BMF

mixture. It is necessary to check how much the approximation differs from the full het-

eronuclear LHY correction in order to have confidence in the validity and accuracy of the

simulations.

Figure 5.2 compares the effective (purple) and full (orange) [from Equation (2.39)]

forms of the function, f(z, x), for the CsYb (m2/m1 = 174/133) and NaRb (m2/m1 =

87/23) mass ratios given by (a) and (b), respectively. The absolute percentage error be-

tween the effective and full function forms is inset. The maximum percentage difference for
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Figure 5.2: Comparison of effective (purple) and full (orange) heteronuclear LHY func-
tions for varying x = g22n2/g11n1, with mass ratios: (a) CsYb (m2/m1 = 174/133); (b)
NaRb (m2/m1 = 87/23). Absolute percentage error is given in the insets.

the CsYb mixture is ∼ 0.6%, which is relatively small compared to the ∼ 12% of the NaRb

mixture. The effective LHY correction appears to be a relatively good approximation for

the CsYb mixture, especially since the BMF-GP model contains other assumptions, e.g.,

the removal of the complex contributions to the LHY correction. Substituting the effec-

tive LHY expression into the GP energy functional results in the effective, heteronuclear

GP equations,

i~
∂Ψ1

∂t
=

[
− ~2

2m1

∇2 + g11|Ψ1|2 + g12|Ψ2|2

+
4

3π2

(m1

~

)3/2
g11

(
g11|Ψ1|2 +

(
m2

m1

)3/5

g22|Ψ2|2
)3/2 ]

Ψ1,

i~
∂Ψ2

∂t
=

[
− ~2

2m2

∇2 + g22|Ψ2|2 + g12|Ψ1|2

+
4

3π2

(m1

~

)3/2(m2

m1

)3/5

g22

(
g11|Ψ1|2 +

(
m2

m1

)3/5

g22|Ψ2|2
)3/2 ]

Ψ2.

(5.1)

Using the same non-dimensionalisation of Equation (2.38) reduces Equation (5.1) to

i
∂Ψ1

∂t
=
[
−γ

2
∇2 + |Ψ1|2 + η|Ψ2|2 + α

(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]
Ψ1,

i
∂Ψ2

∂t
=
[
− γ

2z
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αz3/5β2

(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]
Ψ2,

(5.2)

i.e., the effective heteronuclear GP equations have a similar structure to the homonuclear

GP equations in Equation (2.38). These GP equations are next solved via the computa-

tional techniques introduced in Section 2.6, to study ground state CsYb droplets.
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5.2 CsYb droplets

Having established the relevant parameter space for the CsYb droplets by focusing on

the balanced, density-locked GP model, this section studies ground state CsYb droplets.

Using previous experimental works as a guide, this section begins by studying two main

observables of spherical, free-space droplets: width and peak density.

Firstly, widths and densities of free-space, balanced CsYb droplets are calculated and

compared with other droplet experiments. Due to the high Yb imbalance, a similar

analysis as from Section 3.1 is used to observe the level of imbalance the CsYb droplet

core can support. Secondly, the CsYb experiment applies highly anisotropic traps to each

component and so more general 3D, trapped ground states are studied to measure how

the anisotropy modifies the droplet density structure. Finally, ground state CsYb droplets

are propagated in real time, with the addition of losses enabling the calculation of droplet

lifetimes.

5.2.1 Free-space CsYb droplets

This section uses the density-unlocked GP equations in Equation (5.2). The aim is to

explore the (NCs, aCs) parameter space by varying NCs, whilst also enforcing density-

balancing, NYb = NCs

√
gCs/gYb, meaning that both NCs and NYb are varied.

By varying across the (NCs, aCs) parameter space, Figure 5.3 shows the width and

peak density of the CsYb droplet. The droplet width or diameter is extracted by dou-

bling the radius at which the droplet density is approximately 0.1% of the peak density.

Figure 5.3(a) and (b) show the extracted widths of the Cs and Yb components, respec-

tively, indicating a pronounced dependence on aCs whilst the NCs dependence appears

much weaker. Reducing aCs means decreasing δg further, i.e., driving the overall MF

interactions to be more attractive, and hence the droplet width decreases substantially

with both the Cs and Yb widths on the order of 0.5µm, which would be very challenging

to directly image.

Beyond just the problem of imaging submicron droplets, there is also the corresponding

issue of high peak densities. Figure 5.3(c) and (d) show the peak densities of the Cs and

Yb components, respectively, in units of atoms per cm3. The first notable difference

between (c) and (d) is that Cs has a significantly higher density than Yb, with some areas

of the parameter space showing approximately four to five times higher Cs densities. This

is a potentially concerning result as Cs suffers from high three-body losses [97]. At low

aCs the droplet width decreases significantly which corresponds to higher peak densities,

hence more evidence for why aCs = [10, 15]a0 should probably be avoided.

Contrasting the CsYb mixture with successful quantum droplet experiments, CsYb

droplet widths at aCs = 30a0 are approximately ∼ 2µm and these sizes are in keeping

with 39K spin mixtures [169] and heteronuclear 23Na87Rb mixtures [173]. However, the

main issue is concerning the CsYb peak densities which are ∼ 103× higher than the
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Figure 5.3: The (NCs, aCs) phase diagrams across aCs = [10, 30]a0 and NCs = [2.5, 5.5] ×
103. (a) and (b) The width of the Cs and Yb component, respectively. (c) and (d) The
peak density of the Cs and Yb, component, respectively.

n ∼ 1× 1014at/cm6 densities of the 39K spin mixture presented in Ref. [168].

Having studied experimentally relevant observables of balanced CsYb droplets, there

is still a crucial property of the CsYb mixture to be explored, namely, the large Yb

imbalance. The rest of this section measures how spherical, free-space droplets are affected

by varying the population imbalance, and contrasts these effects with discussions from

Chapter 3. This analysis is similar to that presented in Section 3.1, therefore instead of

using experimentally relevant units (µm, etc.), the following results are presented in the

dimensionless units used throughout Chapters 3 and 4.

Figure 5.4(a) shows a population balanced, NYb/NCs =
√
gCs/gYb, ground state den-

sity profile corresponding to NCs = 5 × 103 in experimental units, in which aCs = 20a0

is set here as an example scattering length. Measurements at different aCs would be

quantitatively different, but qualitatively similar. As in Figure 3.5(a), the population

balancing in physical units corresponds to just NYb = NCs in the dimensionless units

introduced in Equation (2.33). Relative to the β 6= 1 results in Figure 3.5(a), there

is a more pronounced density splitting. The scattering length imbalance is more pro-

nounced here,
√
a22/a11 =

√
aYb/aCs ≈ 2.291, than in the homonuclear case presented

in Figure 3.5. However Figure 5.4 also exhibits a mass imbalance, i.e., the central

density splitting now depends on the intraspecies scattering length and mass ratios,

β =
√
g22/g11 =

√
gYb/gCs =

√
aYbmCs/aCsmYb ≈ 2.003. Section 3.3 demonstrates that
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Figure 5.4: Free-space CsYb droplets, with light and dark purple corresponding to Cs
and Yb, respectively, where α ≈ 0.0285, z ≈ 1.308, γ ≈ 1.085, β ≈ 2.003, η ≈ −1.651
and N1 ≈ 1193 correspond to NCs = 5 × 103 at aCs = 20a0 in experimental units, with
population balance NYb = 2496. (a) Balanced CsYb droplet with density difference
inset, compared with density-locked prediction given by the orange, dashed curve. (b)
CsYb saturated with Yb atoms, i.e., δN1 ≈ 291 (or δN1 = 608 in experimental units)
with density difference again inset. (c) Chemical potentials and central density difference
(inset) for varying number of Yb atoms.

an imbalance of the intraspecies scattering lengths corresponds to a symmetry breaking

such that even with balanced populations, the two-component densities are not equiva-

lent. However, for the droplets shown in Figure 5.4, intraspecies scattering lengths and

masses are imbalanced, i.e., there is both an imbalancing of the interaction strengths,

β =
√
g22/g11 6= 1, and the kinetic contributions to the GP Hamiltonians in Equa-

tion (5.1).

Refs. [214, 219] indicate that the CsYb mixture is heavily Yb imbalanced, and so Fig-

ure 5.4(b) shows a droplet saturated with the Yb component. The saturated, imbalanced

droplets shown in Chapter 3 can exhibit a much larger central density splitting than the

CsYb droplet in Figure 5.4(b) which has a density profile almost unchanged from the

balanced case. The density difference inset shows a slight decrease in central density

splitting and a greater Yb density at the droplet surface.

By varying across the Yb imbalance, Figure 5.4(c) shows that the chemical potentials
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at zero imbalance are substantially split relative to Figure 3.5(d). The Yb chemical po-

tential is close to zero, µYb ≈ −0.123, and so the Yb component cannot absorb many

atoms before the chemical potential approaches zero, the necessary criterion for imbal-

ance saturation. The inset shows how small the central density splitting varies with Yb

imbalance, compared to saturation limits shown in Chapter 3. In experimental units the

maximum imbalance considered in Figure 5.4(c) is, δNYb = 10000 =⇒ NYb = 12496,

which is significantly into the saturated regime but is also small relative to the exper-

imental value of NYb ≈ [50000, 75000] used in the CsYb mixture [214, 219]. However,

as stated in Ref. [214] the quantity of Yb atoms can be controlled via the control of the

loading of the Cs Magneto-Optical-Trap (MOT).

In summary, in the current experimental setup free-space droplets can only be formed

for values of aCs that correspond to extremely dense droplets. This high density is in

part a result of their small size, but these sizes are comparable to previous droplet exper-

iments. Beyond balanced populations, the CsYb mixture cannot support a substantial

imbalance in the droplet core, hence with the addition of traps the droplet can be almost

approximated as a balanced droplet surrounded by a large Yb unbound gas.

5.2.2 Trapped CsYb droplets

The CsYb mixture is trapped by a set of anisotropic harmonic traps with frequencies,

(ωx, ωy, ωz)Yb = 2π (10, 120, 80) Hz and (ωx, ωy, ωz)Cs = 2π (40, 70, 260) Hz, i.e., the Yb

trap is more 1D with less confinement along x, whilst the Cs trap is more 2D as it is

tightly trapped in z [214, 219]. Whilst the numerical schemes used throughout this thesis

are introduced in Section 2.6, throughout the remainder of this section and Section 5.3, a

different numerical method is used to solve Equation (5.1). This chapter uses an adaptive

Runge-Kutta-4(5) method using XMDS2 [280], which retains physical dimensions and

works with rescaled units: length scale - microns (µm); time scale - milliseconds (ms);

and, energy scale - nanoKelvin multiplied by Boltzmann’s constant, kB, (kBnK).

Figure 5.5 shows the ground state density of an anisotropically-trapped CsYb droplet,

with (a) and (b) showing the Cs (purple) and Yb (orange) components, respectively. Note

that even with the application of anisotropic traps, the density profile of the droplet is

almost entirely isotropic. This is further highlighted by the x, y and z-slices given in

Figure 5.5(c), which likewise show the largely isotropic density structure. The reason for

the isotropic density distribution is because the droplet is very small relative to the trap

confinement.

Though the effect of the trap appears small Figure 5.6 demonstrates how both the

droplet width (in x, y, and z) and peak density varies with aCs within the anisotropic

traps. Figure 5.6(a), (b) and (c) show the widths in x, y and z, extracted again by

doubling the radius at which the density reaches 0.1% of the peak density. The dark

orange and purple data corresponds to the trapped Yb and Cs components, respectively,

with the light orange and purple corresponding to the free-space components. Across
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Figure 5.5: Ground state densities of trapped, balanced CsYb droplet, with aCs = 25a0,
NCs = 5×103, and NYb ≈ 2791. (a) and (b) The Cs (purple) and Yb (orange) components,
respectively, with isosurfaces given at {0.5, 5, 25}% of each component’s peak density. (c)
1D slices — where, again, purple and orange correspond to Cs and Yb, respectively —
along, x, y and z, i.e., the x-slice is taken at (y, z) = (0, 0).
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Figure 5.6: Droplet width, σi, along (x, y, z), and peak density, where dark purple and
orange correspond to the 3D, trapped Cs and Yb components, respectively, whilst light
purple and orange correspond to the spherical, free-space Cs and Yb components, respec-
tively. Populations are balanced to NCs = 5 × 103 via NYb = NCs

√
gCs/gYb. (a), (b)

and (c) Droplet widths in x, y and z, respectively, for varying aCs. (d) Peak density for
varying aCs.

the three axes there is a ‘squeezing’ effect from the traps, however, these differences are

relatively small. There is evidence that for larger aCs the droplet is larger and hence

‘sees’ more of the trap leading to slightly more pronounced deviations from the free-space

droplet, particularly in the tighter trapped y and z directions, however these affects are

still relatively minor. Alongside the differences in droplet width, the peak density is also

increased by the squeezing of the trap, though the density is still within the same order

of magnitude.

Figure 5.4 demonstrated that the CsYb mixture cannot support a large Yb imbalance

in the droplet core, in part due to the large intraspecies scattering length imbalance

necessary to enter the droplet regime. The implication of this property is that imbalancing

the CsYb droplet in a trap approximately corresponds to the density-balanced CsYb

droplet surrounded by a large unbound gas. Figure 5.7(a) and (b) show the Cs (purple)

and Yb (orange) components, respectively, with a large, experimentally relevant, Yb

imbalance [214, 219]. The small scale of the droplet is highlighted in Figure 5.7(b) in

which the Yb component bound to the droplet is of order ∼ 1µm whilst the gas has a

size of ∼ 20µm, in the x direction. However, as discussed throughout Chapters 3 and 4,
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Figure 5.7: Ground state densities of imbalanced CsYb at aCs = 20a0, where (a) and (b)
correspond to the Cs (purple) and Yb (orange) components, respectively. With NCs =
5× 103 and NYb = 5× 104, there is an imbalance of δNYb ≈ 47504. Isosurfaces are given
at {0.5, 5, 25}% of each component’s peak density.

the imbalance only significantly modifies the droplet behaviour, if the droplet core is

imbalanced. Therefore, whilst the unbound Yb gas may influence some of the dynamics,

such as the atom shedding and mode dissipation shown in Section 4.3, the droplet is

relatively population balanced.

Droplet sizes, both free-space and harmonically trapped, are comparable to some

previous droplet experiments though probing deep into the attractive regime, aCs ∼ 10a0

corresponds to very small, dense droplets that would be both difficult to image and

would be rapidly destroyed by three-body losses. The CsYb droplets do appear to be

approximately three orders of magnitude more dense than other droplet experiments in
39K spin mixtures, and so the next section predicts how losses will affect CsYb lifetimes

and how these compare with known droplet experiments.
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Table 5.1: Three-body loss rates, K3, and approximate lifetimes, tlife, of all experimental
droplet mixtures to date. For some experiments the loss rates of both components are
listed (e.g., 23Na87Rb), however in experiments that have one dominant loss channel, only
this loss rate is listed.

Experiment Component K3 (cm6/s) tlife(ms)

Ref. [168] 39K |F = 1,mF = 0〉 7.5× 10−28 25
Ref. [169] 39K |F = 1,mF = 0〉 9.0× 10−28 8
Ref. [169] 39K |F = 1,mF = −1〉 1.0× 10−29 8
Ref. [171] 41K (K-Rb-Rb channel) 7.0× 10−29 28
Ref. [173] 87Rb 7.2× 10−30 7
Ref. [173] 23Na 1.1× 10−30 7

5.2.3 CsYb droplet lifetimes

Three-body losses are common to all quantum gases [96, 97, 281–284], not just droplets,

and are the result of inelastic three-body collisions. The high density of a quantum droplet

relative to a gaseous atomic cloud leads to considerably higher three-body losses, i.e., the

population of one or both components is depleted in time until the critical population

number for droplet formation is crossed and the droplet transitions to a gas. This is also

of concern within the CsYb mixture particularly due to the relatively high peak densities

shown in Figure 5.6(d) as this issue is most critical at low values of aCs, whilst more

favourable peak densities are found closer to the droplet-gas transition aCs ≈ 54.3a0.

This section looks briefly at the loss rates and lifetimes of CsYb droplets, to compare

with other experimental droplets.

Three-body losses can be added as a ‘sink’ term to the dimensional Cs Hamilto-

nian, −
(
i~K(C)

3,Cs/2
)
|ΨCs|4, where K

(C)
3,Cs is the three-body loss coefficient for the Cs con-

densate. The three-body loss coefficient used here matches that of Ref. [219], K3,Cs =

1.8× 10−27cm6/s, in keeping with Refs. [100, 216], where K3,Cs is the Cs loss rate in the

thermal gas, and is a factor of 3! higher than the condensate loss rate, K
(C)
3,Cs [285, 286].

Comparing the Cs three-body loss rates with the loss rates of other droplet mixtures in

Table 5.1 shows that the Cs loss rate is at least one order of magnitude higher than other

experiments. However, Ref. [100] demonstrates that the three-body loss rate of Cs can

lie within the range 8.2 × 10−29cm6/s . K3,Cs . 1.3 × 10−27cm6/s, indicating that the

lower bound of the Cs loss rate is closer to the loss rates in Table 5.1. Hence, with the

combination of the relatively high Cs three-body losses and the peak densities found in

Figures 5.3 and 5.6, the CsYb droplet lifetimes in the current experimental setup are

predicted to be very short.

Table 5.2 shows lifetimes, tlife, in ms for aCs ∈ {10, 15, 20, 25, 30}a0. These lifetimes are

calculated by propagating a ground state droplet in real time, with the addition of three-

body losses, until the Cs population number drops below the minimum atom number

set by Ñ ≈ 18.65 as given in Figure 5.3(c). Shorter lifetimes are found for decreasing

aCs since, as shown in Figures 5.3 and 5.6, a lower aCs corresponds to a less internally
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Table 5.2: CsYb droplet lifetimes for varying aCs, with initial NCs = 5×103 in a balanced
mixture, NYb = NCs

√
gCs/gYb.

aCs (a0) tlife (ms)

10 0.00472
15 0.0177
20 0.0365
25 0.0811
30 0.1950

repulsive Cs component and hence a higher peak density. Comparing the predicted CsYb

lifetimes with the experimental lifetimes shown in Table 5.1 shows a stark difference as

the CsYb lifetimes are almost two to three orders of magnitude shorter. Hence, Table 5.2

seems to indicate that, in the current setup, the CsYb mixture cannot viably produce

droplets, because even if the system could be initialised in the droplet regime, the losses

are so significant that the droplet will transition to a gas very rapidly.

One future aim of the experimental CsYb mixture is therefore to reduce peak den-

sities for which there are two methods discussed here. Firstly, reducing the system to

1D by tuning the applied traps has been theoretically shown to reduce the equilibrium

density, somewhat suppressing the effects of three-body losses [287]. The region of the

two-component parameter space corresponding droplets is also increased by reducing to

1D [254, 288, 289]. The issue here with 1D droplets is that the stabilisation mechanism is

reversed, i.e., weakly-repulsive MF interactions, δg > 0, stabilise weakly-attractive quan-

tum fluctuations [254]. Secondly, the peak densities can also be reduced by preparing the

mixture with higher aCs, close to the δg = 0 transition. The equilibrium densities given

in Equation (2.26) scale as n(0) ∼ |δg|2 and hence lifetimes scale as tlife ∼ |δg|−4 [153].

However, as noted in Figure 5.1 the critical atom number diverges towards δg < 0, i.e.,

small, negative δg gives favourable peak densities, but the population number needed for

the droplet to form is very large, well beyond the current upper bound, NCs = 5 × 103.

One way to remedy this is by reducing dimensionality to 2D in which the droplet tran-

sition occurs for the range g12 < 0 rather than δg < 0 [254] implying that larger aCs can

be used to form droplets, mitigating the three-body losses. Ref. [289] demonstrates that

droplets can therefore be formed with dominantly attractive, repulsive and no MF inter-

action at all, akin to the argument of Ref. [254] that a gas in 3D may become a droplet

in 2D. Alternatively, if the population number of the Cs component could be increased

then again higher aCs could be used to form droplets.

Having briefly discussed the dramatic effect three-body losses have on CsYb droplet

lifetimes the next sections investigate dynamical processes of entering the droplet regime

by ramping or ‘quenching’ the Cs scattering length into the droplet regime. This is to

study how the losses impact the droplet formation, e.g., can enough Cs atoms be retained

during the quench to even produce a droplet. These results build on some of the results

from Ref. [219], and ask the question of whether the experimental results of Ref. [219]
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already suggest signatures of CsYb droplets and BMF effects more generally.

5.3 Beyond-mean-field quench dynamics

The first dynamical results from the attractive CsYb mixture are reported in Ref. [219]

in which one of the experimental procedures is a dynamical collapse induced by ramping

the Cs scattering length, aCs, to different values, a
(jump)
Cs , probing the MF collapse regime.

The dynamical collapse analysis carried out in Ref. [219] quenches aCs and allows the

system to evolve. The Cs cloud suffers from high three-body losses which deplete the Cs

condensate. The final condensate number of the Cs cloud, NCs, is extracted following

the quench procedure. The results from this experiment are given by the purple points

in Figure 5.9 and are compared to MF-GP simulations given by the dark orange points.

The MF-GP simulations are carried out up to aCs ≈ 54.3a0 which is the approximate

MF-mixture collapse (given by the rightmost vertical dashed line in Figure 5.9). For

values of aCs . 54.3a0, the MF theory predicts collapse, and hence MF-GP simulations

are not stable. This section extends these results by comparing the experimental data in

Figure 5.9 to BMF-GP simulations.

5.3.1 Scattering length quench

Beginning with the ground state gas given in Figure 5.8, the experimental protocol of the

dynamical collapse from Ref. [219] is: (1) hold aCs = 147a0 for 5ms; (2) linearly ramp for

10ms to aCs = a
(jump)
Cs ; (3) hold at aCs = a

(jump)
Cs for 30ms; (4) linearly ramp for 10ms back

to aCs = 147a0; (5) Final hold at aCs = 147a0 for 1ms. Once again, a three-body loss term

is added to the Cs Hamiltonian, −
(
i~K(C)

3,Cs/2
)
|ΨCs|4, where K

(C)
3,Cs is the three-body loss

coefficient for the Cs condensate. By including this loss term, the Cs population number is

dynamically depleted throughout the simulation. The final Cs population numbers using

MF-GP (dark orange) and BMF-GP (light orange) simulations are given in Figure 5.9.

The BMF-GP simulations show greater agreement with the experimental data given

by the purple points, demonstrating that there are significant BMF contributions to the

mixture. However, as a result of this experimental protocol, there are significant excita-

tions to the cloud. Furthermore, the final Cs population number, NCs, is relatively low for

the production of droplets. This implies that either very small droplets could be produced,

or droplets may not be formed due to a combination of small condensate numbers and

high excitations to the cloud. Hence, the excitations and low population numbers imply

that, though BMF corrections impact the dynamics, Figure 5.9 is not sufficient evidence

for droplet formation. For example, Figure 5.10(c) shows the Cs and Yb components in

dark and light purple, respectively, following the 10ms ramp to aCs = 20a0 only, in which

no distinctive droplet profile can be seen but significant density fluctuations buffet both

components. Hence, ramping to scattering lengths in the attractive regime leads to a high

reduction of the Cs condensate, and therefore raises questions about the ability to form
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Figure 5.8: Ground state of the CsYb gas, where aCs = 147a0, with smaller purple compo-
nent corresponding to Cs (NCs = 4×103), and the larger orange component corresponding
to Yb (NYb = 5× 104). The isosurfaces are plotted at 10% of the peak, central density.

−50 0 50 100 150
0

1

2

3

4

aCs(a0)

N
C
s
(1
0
3
)

Figure 5.9: The final extracted Cs condensate number, NCs, for varying quenched aCs.
Experimental data are given with error bars by the purple points, with MF-GP and BMF-
GP simulations given by the dark and light orange points, respectively. The MF-mixture
collapse is given by the rightmost vertical dashed line, whilst the single-component Cs
MF-collapse is given by the leftmost vertical dashed line.

droplets.

5.3.2 Varying ramp protocols

Though Figure 5.9 shows signs of BMF physics but no overall evidence of droplet for-

mation, a question emerges: could this experimental protocol be modified to give more

favourable conditions for droplet formation? The experimental protocol is relatively fixed

without an enormous degree of flexibility in population numbers. However, one variable

of interest is the scattering length ramp time, which this section explores to see whether
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there are ways of ramping into the droplet regime whilst retaining more Cs atoms.

From the quench simulations given in Figure 5.9 it is apparent that due to the low

number of Cs atoms, the focus for droplet formation should be on relatively low values

of aCs. However, at values of aCs that are ‘too close’ to aCs = 0 the simulations become

very prone to a collapse instability, e.g., numerical instabilities have been observed here at

around aCs = 10a0. This highly attractive regime also leads to dense, short-lived droplets

as shown throughout Section 5.2. Thus, the two values in focus here are aCs = 20a0 and

25a0, in keeping with values studied throughout Section 5.2.

The previous protocol of ramping from aCs = 147a0 to the desired a
(jump)
Cs in 10ms is

understood to be one of the shortest ramp times possible within the current experimental

setup. The density profiles following the 10ms ramps, such as Figure 5.10(c), indicate

that both components become highly excited as there is no source of dissipation, hence

this explores whether longer ramp times can mitigate the production of these significant

density fluctuations. Ramp times of {10, 15, 20, 25}ms for both aCs = 20a0 and 25a0, are

studied here.
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Figure 5.10: Ramping down aCs into the droplet regime. (a) and (b) Final Cs condensate
number for different ramp times down to aCs = 20a0 and aCs = 25a0. The three horizon-
tal, light orange lines show transition to non-self-evaporative droplets (top), metastable
droplets (middle), and critical droplet formation (bottom). (c) and (d) 1D density slices
along the long axis [here the x-axis at (y, z) = (0, 0)] for ramping down to aCs = 20a0 for
10ms and 25ms, respectively. The Cs and Yb densities given by the dark and light purple
curves, respectively.
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As discussed in Chapter 2, the single-component model of droplets proposed in Ref. [153]

reduces the key experimental parameters (a11, a22, a12, m1, m2, N1, N2) to a single effec-

tive atom number, Ñ . This single parameter can be used to characterise the approximate

droplet size for a given number of Cs atoms, though it is less accurate than the more

general density-unlocked model [as shown in Figure 5.4(a)]. This section uses the three

transition values of Ñ used in Section 5.1.1: Ñ = Ñcrit ≈ 18.65 - the minimum droplet

size; Ñ = Ñmeta ≈ 22.55 - metastability transition; and ÑSE ≈ 94.2 - self-evaporative

transition.

Figure 5.10(a) and (b) show the remaining Cs condensate atoms following a ramp

of length tramp to aCs = 20a0 and aCs = 25a0, respectively. In the aCs = 20a0 case all

ramps result in population numbers within the self-evaporative regime. Whereas, for

aCs = 25a0, only tramp = 10ms and 15ms yield droplets that are above the metastable

transition. Across Figure 5.10(a) and (b) no droplets are formed above the self-evaporative

regime, raising questions about the effect of the high density fluctuations and excitations.

When a droplet is self-evaporative, all excitations are dissipated, i.e., atoms are shed from

the droplet into the surrounding system which could be a further cause of noise. In the

droplet regime, three-body losses in the Cs component will increase causing a release of

Yb atoms to preserve an approximate population balance. Thus, pairing losses with the

self-evaporation property could lead to significant excitations and atom shedding, focused

around the trap centre.

Figure 5.10(c) and (d) show two example aCs = 20a0 simulations for the 10ms and

25ms ramp, indicating that the system suffers from excitations and large density fluctu-

ations without a very distinguishable ‘droplet’ profile in the Cs component. Both ramps

lead to these large significant excitations and potentially very small droplets, far from the

flat-top density profiles that are characteristic of droplets but are yet to be experimentally

observed. Recall too that the Cs condensate number in Figure 5.10 is extracted instanta-

neously when the linear ramp reaches the target value of aCs, and thus any further time

evolution would lead to further reduction of the Cs population number.

To conclude, fast ramps are better for retaining atoms but the starting atom numbers

are already very small and thus lead to very small droplets which could be hard to detect

and short-lived. These results compound evidence for the Cs population number being

the limiting parameter, thus even though quick ramp times may generate large density

fluctuations, it seems as though the priority should be to retain as large a proportion ofNCs

as is possible. With the next generation of experiments there is a hope more Yb atoms will

be available in the science chamber which, via sympathetic cooling [80, 102, 106, 107, 290–

294], could result in a larger initial Cs population number.
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5.4 Future experiments

Dynamics are of crucial interest in droplet physics and have garnered much attention in

theory from collective modes [202, 204, 253, 295–297] to vortices [276, 298–307], but ex-

perimentally significant challenges remain. Droplet experiments are limited by three-body

losses as droplets have significantly higher densities than ultracold gases. In most droplet

experiments, the only time-dependent behaviour reported is the dynamical population

loss and droplet size [168, 169, 171, 173]. The only experiment to have studied dynamics

beyond this is the droplet collisions experiment of Ref. [161]. With results in heteronuclear

droplets demonstrating longer lifetimes [171, 173], this section proposes some dynamics

that future experiments may be able to study.

Owing to their isotropic interactions, spherically symmetric droplets are a natural

starting point for two-component droplets in free space. The reduction in computational

cost of simplifying the 3D system to an effective 1D system has allowed for investigation

of long-time dynamics of systems that rely on large computational boxes as shown in

Chapters 3 and 4. However, the following sections study 3D, non-equilbirium dynamics

where the assumption of spherical symmetry breaks down.

5.4.1 Ramping trap centres

Droplets are typically formed in experiments by preparing the mixture in a trap and

varying the applied magnetic field to alter the inter or intraspecies scattering length via

a Feshbach resonance. As shown in Section 5.3, linearly ramping the scattering length

creates significant density fluctuations and hence high losses. This section introduces

the idea of gradually overlapping two attractive gases such that the gases eventually

equilibrate to form a droplet. Beyond just being a proposed method for droplet formation,

this potential experiment is also of interest as it highlights the transition from gas to

liquid in a unique way. When separate the two components are gases; the liquid droplet

only exists when the two components overlap, and as shown by the assumptions of the

density-locked model, the two components are tightly bound together. Hence, trapping

each component offers a method for studying how the two-components interact and allows

for some control over the individual component dynamics, since as shown by Ref. [204]

out-of-phase droplet dynamics are typically high energy.

To initialise the system as two separate gases, the mixture is configured with potentials

V± =
1

2

[
ωx (x± x0(t))2 + ωyy

2 + ωzz
2
]
,

where x0(t = 0) = 16, with component-1 and component-2 trapped by V+ and V−, re-

spectively. The initial configuration of the system is given in the top panel of Figure 5.11,

in which density isosurfaces are shown at 10% of the peak density. The trap positions

are changed by linearly ramping to x0 = 0; once the traps fully overlap both are instan-

taneously switched off. After a small change in the trap separation, the two components
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make contact and due to the interspecies attraction rush together as shown by the second

frame of Figure 5.11. This rushing together is highlighted in Figure 5.12 which shows the

average x position of each component computed as

〈x〉 =

∫
d3rΨ ∗i xΨi∫
d3r|Ψi|2

,

with 〈x〉 for component 1 and 2 given by the dark orange and purple curves of Figure 5.12,

respectively. The light orange and purple lines show the linearly ramped trap centres,

and the vertical dashed, grey line shows the time at which the trap centres are switched

off. At early times the components move at a slower rate than the trap centres, until

the components make contact and they rush together moving at a much higher rate than

the linear ramp. At approximately t = 30, the coming together of the components is

slowed as the component traps are still relatively far apart, i.e., the fluids are rushing

together towards x = 0 but this is counteracted by the potential energy of the trap in

which each component should sit in the trap minimum. This can be seen by the third

panel of Figure 5.11 in which a large proportion of each components has condensed to

form a droplet but there is still a significant unbound gas either side of the droplet core.

At small trap separations, the majority of the two gases are condensed into the droplet;

however, as there is no dissipation in the zero-temperature GP equations, high momentum

excitations surround the droplet and are focused by the trap, shown by the fourth panel of

Figure 5.11. Following the trap release the droplet in the final frame of Figure 5.11 appears

to shed these high momentum excitations, though lower momentum surface modes remain.

Due to the finite size of the computational box, there will always be residual excitations

reflected from the boundaries. After the trap release the average x-position in Figure 5.12

continues to vary, and this effect is because the significant excitations during the droplet

formation have averaged out to give an overall trajectory to the droplet. Though this

process suggests a different way of producing droplets than the typical way of tuning the

scattering length of overlapping gases, the dynamics of this trap ramping procedure is

similar to a counterflow between the two fluids.

Counterflows have long been studied in superfluids, beginning with thermal counter-

flows in liquid Helium experiments generated by a heated wire [308–311]. More recently,

superfluid counterflows have been studied theoretically within quantum gases, in par-

ticular two-component Bose-Bose [312, 313] and Bose-Fermi [314] mixtures, and multi-

component spinor gases [315]. For experiments, these controllable systems allow for the

study of counterflow instabilities in various dimensions. For example, in a quasi-1D ge-

ometry, the counterflow leads to a large production of solitons [130, 131, 312], likewise

2D solitons eventually decay due to the snake instability [55, 316–318] producing vortex

pairs [312], whereas in 3D, theoretical studies have shown the instability produces vortex

rings [313], resulting in a turbulent quantum fluid.

An example of some of the non-equilibrium dynamics are given in Figure 5.13 which

116



Chapter 5. A theoretical guide to CsYb droplet experiments

Figure 5.11: Density isosurfaces for both components, at 10% of the maximum density,
ramping together trap centres at times t = {0.246, 32.387, 67.379, 126.995, 160.691} from
the top panel to the bottom.
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Figure 5.12: Average x-position, 〈x〉, for component 1 and 2 given by the dark orange
and purple curves, respectively. The linear ramp of the trap centres is given by light
orange and purple lines, whilst the vertical, grey line corresponds to the instantaneous
trap switch off.

shows a slice in the xy-plane (z = 0). The top two panels of Figure 5.13 show the

density deviations from the ground state of components 1 (top) and 2 (bottom), whilst

the bottom two panels show the phases of each component. Close to x = 0, the top

panels of Figure 5.13 show two small density depletions which in the phase correspond to

two singularities surrounded by a 2π phase winding indicative of a vortex dipole in 2D,

however, as this is just within the xy-plane, this dipole corresponds to a vortex ring in

3D.

The droplet counterflow problem therefore appears to be a platform for studying a

variety of interesting dynamics. For example, the problem could be studied in lower

dimensions creating solitons and vortex dipoles. Similarly, the creation and decay of

non-linear waves and vortex rings could be studied by extracting the energy spectra and

vortex line-length decay, as the formation of the high-density droplet core appears to

dissipate these excitations. Dissipation is always a point of interest in two-component

droplet physics, and likewise these attractive counterflows may be influenced by the size

of the final droplet state, i.e., what is the effect on the creation and dissipation of these

excitations of being in either the self-evaporative or non-self-evaporative regime

In summary, initialising the scattering lengths within the droplet regime and gradually

bringing together the two isolated gases is another potential method for droplet formation.

The dynamics of this process is also of interest as it is akin to a counterflow problem,

and results in a large production of non-linear waves and vortex rings. This method is

suggested here as a potential future study for the CsYb experiment, since in Ref. [219] it

is shown that dynamics have been explored within the gaseous CsYb mixture by shifting

the Cs component in z, out of the Yb plane to generate oscillations. Hence, by initialising

the Cs component vertically above the Yb component and linearly ramping these traps

together, a similar process as discussed here may be observed. Further theoretical analysis

of this experiment would be needed such as adding the effects of three-body losses to see
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Figure 5.13: Slices in the xy-plane of density (top, two panels) and phase (bottom, two
panels), at time t ≈ 32.387. The densities shown are the deviations from the ground

state, i.e., δni = ni−n(gs)
i , where n

(gs)
i is the ground state density. The density deviations

are shown on a square root scale, to emphasise low and high density regions. The phase
has a bounded domain θi ∈ [0, 2π).
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whether this method is a more efficient way of producing droplets, or how the anisotropic

traps affect the dynamics.

5.4.2 Driving surface modes

Collective modes have been a mainstay in the study of quantum gases, but are yet to

be experimentally observed in quantum droplets. Thus experimental measurements of

collective modes and the droplet dispersion relation are crucial for the study of droplet

physics. This section discusses the idea of driving surface modes by oscillating the applied

trap.

To drive the surface mode resonance, the trap frequency oscillates in the x-direction

by

Vi =
1

2

[
{1 + ε sin(ωdt)}2 ω2

xx
2 + ωyy

2 + ωzz
2
]
,

in which ε = 0.01 here. For an example of surface mode resonances, this section again fixes

the droplet size to be Ñ ≈ 649, as used throughout Chapter 4; similarly only isotropic

traps are considered here with ωx,y,z ≈ 0.181, so that the BdG analysis presented in

Figure 4.3(b) is relevant and hence the mode frequencies are known.

The left-hand column of Figure 5.14 shows density isosurfaces at 10% of the maximum

density for driving the quadrupole mode, ωd ≈ 0.3, on resonance. The right-hand column

of Figure 5.14 shows a 2D slice in the z = 0 plane of deviations from the ground state

density, δn1 = n1 − n
(gs)
1 , for component-1 only though both components oscillate in-

phase and so this is identical to component-2. At early times, given in the upper two

rows, the droplet oscillates between an oblate density in the yz-plane and an prolate

density distribution along the x-axis. For example in the top row, the oscillations along

x and y are out-of-phase in the 2D plane, but as the droplet expands in y (given by

the purple regime) there is also an expansion along the z-axis shown by the isosurface.

Therefore, oscillations along the y and z axes are in-phase but have a phase offset of π

with the oscillations along the x-axis, indicative of a quadrupole mode. However, driving

this resonance further leads to the excitation of further non-linear modes shown at later

times in the bottom two roles of Figure 5.14, in which more exotic surface oscillations can

be seen. In particular the xy-slices two a variety of surface and bulk excitations.

By oscillating the trap frequency in x at distinct frequencies, two surface modes can

be excited: the breathing mode, l = 0, and quadrupole mode, l = 2, whose associated

energies in time are given by the dark orange and purple curves in Figure 5.15. The l = 0

and l = 2 modes are driven by ωd = 0.76 and ωd = 0.3, respectively, whilst a reference ‘off-

resonance’ simulation is given by the light purple curve in Figure 5.15 driving at ωd = 0.5.

Before propagating the ground state in real time, 1% of Gaussian noise is added to both

wavefunctions to break the symmetry of the two components. This noise will by definition

contain contributions which are shorter wavelength than the computational grid resolution

and is the cause of the initial drop in energy seen in all three energy curves in Figure 5.15.
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Figure 5.14: Density isosurfaces at 10% of peak density in the light column and xy-slices
of the density deviations δn1 = n1−n(gs)

1 , for component-1, whilst driving the quadrupole
mode, ωd = 0.36, at t ≈ {180.131, 191.147, 602.627, 609.107}.
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Figure 5.15: Energy in time for driving the quadrupole (ωd ≈ 0.3) and breathing mode
(ωd ≈ 0.76), on resonance in dark purple and orange respectively, compared to an off-
resonance driving (ωd ≈ 0.5) in light purple.

For l /∈ {0, 2} this work finds that these modes cannot be excited by simply oscillating

the trap frequency, but could be exciting by oscillating an applied potential of the form of

the associated spherical harmonic, Ylm(θ, φ), which are degenerate in m. Experimentally

driving a potential in the form of a spherical harmonic is not realistic, but the l = {0, 2}
dynamics could be triggered either by oscillating the trap, as shown here, or by oscillating

the scattering length [319–321].

Finally, whilst this section has explored driving individual surface modes, future work

could include measuring the full dispersion relation of the droplet. One method for this

would be Bragg spectroscopy [322] which has been used in cold atom physics for a num-

ber of years [323], both theoretically [324–326] and experimentally to explore excitations

of Bose-condensed gases [237, 327–329], with a review of these early experiments given

in Ref. [330]. Two-photon Bragg spectroscopy works by shining two beams onto the

cloud giving an overall momentum of ~k, in which the momentum can be tuned via the

angle between the beams. Having worked through the BdG analysis in Chapter 2, the

quasiparticle frequencies and wavefunctions can be used to build the dynamic structure

factor, resulting in the full droplet dispersion relation as shown for a dipolar Bose gas in

Ref. [331]. Bragg spectroscopy could be used as indirect evidence for a droplet, e.g., the

CsYb droplets appear to be very small which could prove difficult for current imaging ap-

paratus. Therefore by instead measuring the droplet excitation spectrum, and validating

against theoretical predictions, existence of the droplet can be evidenced without a direct

image.

5.5 Discussion and conclusions

By exploring the CsYb parameter space, this chapter has shown that there are complica-

tions in creating droplets with the current experimental setup. Pairing high three-body

losses with small and hence dense droplets, leads to droplets that are small and diffi-

cult to observe, with extremely small lifetimes (less than 1ms). The high peak densities
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could be somewhat mitigated by reducing to 2D in which the droplet can be formed for

parameters more amenable to lower densities. Beyond just the size and lifetimes of the

droplets, this chapter also explored whether droplets can even be formed in the first place

by simulating linear ramps into the droplet regime. However, due to the three-body losses

and large density fluctuations produced by the quench, no current evidence for droplets

can be found from previous CsYb experiments. Looking to the future, this chapter has

proposed some experimental procedures to explore the excitations and non-equilibrium

dynamics of droplets with a view to measure the droplet excitation spectrum, potentially

offering a method to indirectly evidence the CsYb droplet.

This work suggests that the successful production of CsYb droplets may be aided

by: increasing the initial Cs population number via sympathetic cooling; reducing the

dimensionality down to 2D in order to increase the parameter space that supports droplets;

and, finally, finer control over aCs near the droplet transition to reduce the peak densities

as much as possible to create larger, less dense and hence longer-lived droplets.
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Chapter 6

Conclusion and future work

6.1 Conclusion

The focus of this thesis has been imbalances within two-component, quantum droplets.

Studying imbalances is motivated by a link to an attractive experimental CsYb mix-

ture that exhibits imbalances of: populations, trapping potentials, intraspecies scattering

lengths and atomic masses.

To model quantum droplets this thesis has worked in the zero-temperature limit, using

the Beyond-Mean-Field (BMF) Gross-Pitaevskii (GP) theory which includes contributions

from two-body interactions and quantum fluctuations, described to first order by the

zero-point energy of Bogoliubov quasiparticles. As droplets tend to preserve a constant

density ratio during formation, a common approximation is to model the mixture by a

single component. A natural question is how robust is this single-component model under

inter-component imbalances or broken symmetries.

Firstly, population imbalances can be supported within the droplet core leading to a

decrease in total energy but a gain in the energy per particle, i.e., imbalanced droplets are

less stably bound. The imbalance can be supported up to a saturation limit associated

with the majority component chemical potential reaching zero. Beyond this limit any

further atoms are unbound and are either lost in free space, or are retained as a sur-

rounding gas within a trap. The dynamics studied here are principally breathing modes

and, as imbalanced droplets are less stably bound, there is an increased parameter space

of unstable decaying modes. The time dependent behaviour of these modes is split into

early and late time dynamics with early times dominated by an initial breathing mode fre-

quency, followed by a superposition of two late time modes corresponding to the chemical

potentials of each component.

Within a harmonic trap, the breathing mode dynamics are limited in time since any

decaying mode sheds atoms which are then refocused by the trap back toward the droplet.

The subsequent absorption of these refocused atoms reinitialises the decaying mode; how-

ever, with an imbalance this reabsorption causes significant density fluctuations making it

difficult to observe longer time dynamics. Thus, for increasing trap frequencies the time
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between recombination events decreases and so observing each of the three modes of an

imbalanced droplet becomes impossible. At fixed trap frequency but varying imbalance,

the higher the unbound gas density, the lower the decay rate, i.e., the unbound atoms

appear to resist the atom shedding from the droplet.

As droplets are formed in traps, and predominantly are initialised with a population

imbalance, this thesis studied whether the imbalance can be retained under a release into

free space. In brief, imbalances can be retained so long as the release does not cause

significant excitation of the droplet. This can be achieved by an instantaneous release

from a relatively low frequency trap; higher frequency traps can also be used so as long as

they are slowly ramped off. Therefore, if imbalances can be retained, and most droplets

are formed from imbalanced gases, then imbalanced droplets may be most common in

realistic experiments.

Secondly, imbalanced harmonic traps were studied by taking the limiting case of trap-

ping one component in an isotropic, harmonic trap whilst the other component remains

untrapped. Due to the strong binding between the components, the trapped component

tends to ‘drag’ the other component with it, i.e., squeezing the untrapped component

such that, up to a small correction, both components behave as if they are trapped.

Thirdly, imbalanced intraspecies scattering lengths were found to not be accurately

described by the single-component model as this approach loses information on the density

profile of each component. In this case, even with balanced populations, the density

profile of each component is distinct; they are hence not simply constant rescalings of

one another and therefore cannot be described by a single-component model. In the case

of significant imbalanced scattering lengths, as in the CsYb mixture, the more internally

repulsive component cannot support a large imbalance. In the CsYb droplet, there is a

large Yb imbalance; however, because Yb is the more repulsive component the droplets

can be roughly approximated as a balanced droplet surrounded by an unbound Yb gas.

Fourthly, mass imbalances were considered in the context of the CsYb mixture, though

as the mass ratio of CsYb is close to one, the heteronuclear LHY correction can be ap-

proximated quite accurately by a functional form similar to that of homonuclear mixtures.

The production of droplets in the CsYb mixture appears to be significantly limited by

the current Cs population number. The low Cs population number implies that droplets

can only be produced for low aCs which corresponds to the droplets being small, relative

to other droplet experiments, and hence approximately three orders of magnitude denser.

The traps have little effect on the CsYb droplets as the droplets are so small, although

there is a slight increase in peak densities. Lifetimes are predicted, via the addition of

Cs three-body losses, to be considerably shorter than comparable experiments with other

alkalis due to the high peak densities combined with the considerable Cs loss rate.

In spite of the limited lifetimes, this thesis also explored current methods of droplet

production by comparing to a previous experimental protocol of ramping aCs into the

droplet regime, and out again, then observing the final Cs population number. This
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thesis found that the BMF-GP approach showed better agreement than the typical MF-

GP theory, though with no evidence of droplet formation. Droplet formation appears

to be suppressed due to losses and excitations. Hence, this thesis concludes that the

focus of the CsYb experiment should be to suppress densities. To do this, this thesis

suggests reducing the dimensionality to 2D, expanding the parameter space that can

support droplets allowing for higher aCs to form droplets and hence reducing the densities.

Finally, with an aim of increasing the viability of CsYb droplets, this thesis finishes

by proposing experimental procedures to probe non-equilibrium dynamics and excitations

of droplets. Rather than ramping scattering lengths into the droplet regime, this thesis

proposes a system that is initialised as two separate but attractive gases that are gradually

overlapped. This results in a production of non-linear waves and vortices, but also appears

to be a viable way to produce droplets. Furthermore, surface excitations can be excited

by resonantly driving the external trapping potential, though this could also be achieved

by driving aCs.

6.2 Future work

This section discusses some potential future avenues of work, which are largely split into

two main categories: further general theoretical studies of imbalances, and studies specific

to modelling the CsYb mixture.

6.2.1 Two-component Bogoliubov-de Gennes

Chapter 3 demonstrated that population imbalances modify collective modes, such as

increasing the regime of mode decay but also shifting the breathing mode frequency

as shown in Figure 3.3(a). The imbalance dependence of collective mode frequencies

could be significantly extended by solving the two-component BdG equations, given in

Appendix E. Thus, the mode landscape can be mapped out across the 2D parameter space

of droplet size and imbalance. This could explain why the breathing mode frequency for

the non-self-evaporative droplet in Section 3.2 does not vary with imbalance, whilst the

self-evaporative breathing mode frequency increases slightly with imbalance.

Two-component BdG could allow for a greater understanding of spin modes, which

are high energy within balanced droplets, though are yet to be studied in imbalanced

droplets. By including also intraspecies scattering length imbalances, even larger popu-

lation imbalances can be engineered. Hence, it is possible that by driving the population

imbalances higher, spin modes may be accessible at lower energies. This would also link to

the droplet resonances discussed in Section 5.4.2, potentially allowing for resonant driving

of spin modes.

In keeping with the context of systematic studies of imbalances, a related future body

of work would be to focus on mass imbalances. As shown in Section 5.1.2, the effective

heteronuclear LHY correction is a relatively good approximation for the CsYb mixture
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since the mass ratio, m2/m1 = 174/133, is closer to one than the 41K87Rb and 23Na87Rb

mixture. For example, Figure 5.2 finds that the maximum difference between the ap-

proximate and exact heteronuclear corrections for the 23Na87Rb mixture is approximately

12%. It would therefore be useful to solve for the full LHY correction in the heteronuclear

GP equations to compare to the effective LHY correction particularly for ground states

and collective excitations via BdG analysis. However, as noted Section 2.4.3 the full LHY

correction is difficult to solve for as it depends on the density ratio, n2(r)/n1(r), and so

care needs to be taken for divergent limits such as, n1(r)→ 0.

These works would build on the results of Chapters 3 and 4 to explore how collective

excitation frequencies are changed by imbalancing populations, intraspecies scattering

lengths and masses.

6.2.2 Quasi-two-dimensional CsYb droplets

Chapter 5 demonstrated that droplets formed in the current CsYb would be small, dense

and therefore short lived, relative to all current droplet experiments. Chapter 5 also

proposed that one way to remedy some of these issues is by reducing to 2D, or quasi-

2D, to suppress the droplet peak densities. Hence, a natural body of work following this

prediction is to map out the droplet sizes and densities across the (NCs, aCs) parameter

space, as produced in Section 5.2, but confined in the quasi-2D geometry. Once the

parameter space of ground state quasi-2D CsYb droplets is mapped out, it is vital to

measure the predicted lifetimes by again performing real-time dynamical simulations with

the addition of three-body losses. These simulations will verify whether a reduction

in dimensionality can decrease the densities and hence increase the lifetimes of CsYb

droplets.

If there is evidence of longer lived droplets, then it would be beneficial to perform

simulations of the aCs ramping protocols shown in Section 5.3. The results of Figure 5.10

appear to suggest that faster ramp times are more ideal but this is because the limiting

behaviour of 3D droplet formation is the Cs population number. However, if this is less

of a concern in quasi-2D then it is possible that slower ramps may mitigate some of the

density fluctuations given in Figure 5.10.

Finally, after the analysis of the quasi-2D CsYb parameter space and formation dy-

namics, a further study would involve computing the CsYb droplet excitation spectrum.

Building from the two-component BdG analysis discussed above, one avenue of work

would be to solve the two-component BdG equations for the quasi-2D CsYb droplets.

The eigenfunctions and eigenvalues of the BdG equations can be used to build the dy-

namic structure factor. These theoretical calculations of excitation spectrum can then

be compared with experimental observations from two-photon Bragg spectroscopy as has

been carried out in elongated dipolar gases [331] and in single dipolar droplets [332].
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Lee-Huang-Yang derivation details

A.1 Interactions between zero and nonzero momen-

tum particles

To simplify the interaction Hamiltonian several interaction cases need to be considered,

listed here.

1. All particles in zero momentum state, p1 = p2 = p3 = p4 = 0, contribute N2
0 g/2V

to the Hamiltonian. Momentum is also conserved by interaction of creation-creation

and annihilation-annihilation of p and −p particles.

2. Contributions from two condensate operators have four different combinations:

• {1,3}: 1
2V

∑
p6=0 V(q)

√
N0â

†
p4
âp2

√
N0 = N0

2V

∑
p6=0 V(0)â†p2−qâp2

• {1,4}: 1
2V

∑
p6=0 V(q)â†p3

√
N0âp2

√
N0 = N0

2V

∑
p6=0 V(q)â†p1+qâp2

• {2,3}: 1
2V

∑
p6=0 V(q)

√
N0â

†
p4

√
N0âp1 = N0

2V

∑
p6=0 V(q)â†p2−qâp1

• {2,4}: 1
2V

∑
p6=0 V(q)â†p3

√
N0

√
N0âp1 = N0

2V

∑
p6=0 V(0)â†p1−qâp1

This therefore results in two contributions of the form N0

2V

∑
p6=0 V(0)â†pâp and two

contributions of the form N0

2V

∑
p 6=0 V(p)â†pâp.

3. It is possible to have terms with 1 or 3 non-condensate operators but these will

result in unpaired creation and annihilation operators which have zero expectation.

4. Then, likewise, reject terms with 4 non-condensate operators due to the assumption

that N0 � 1 and so will have negligible contributions.

A.2 Finding up and vp

With the condition u2p − v2p = 1, define up = coshφp and vp = sinhφp. Thus,

−ε̃p [coshφp sinhφp] +
gn

2

[
cosh2 φp + sinh2 φp

]
= 0,
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which via the double-angle formulae cosh 2β = cosh2 β+sinh2 β and sinh 2β = 2 cosh β sinh β

yields

− ε̃p
2

sinh 2φp +
gn

2
cosh 2φp = 0,

resulting in

coth 2φp =
ε̃p
gn
,

Next, using cosh2 2φp − sinh2 2φp = 1 and dividing by a factor of sinh2 2φp gives

coth2 2φp − 1 = csch2 2φp

=
1

sinh2 2φp

=
1

4 cosh2 φp sinh2 φp

=
1

4u2pv
2
p

,

thus

1

coth2 2φp − 1
= 4u2pv

2
p

= 4
(
1 + v2p

)
v2p

= 4
(
v4p + v2p

)

= 4

[(
v2p +

1

2

)2

− 1

4

]
.

This allows vp to be isolated

v2p =
1

2

[
coth2 2φp

coth2 2φp − 1
+ 1

]1/2
− 1

2

=
1

2

[
coth2 2φp

coth2 2φp − 1

]1/2
− 1

2

=
1

2

coth 2φp√
coth2 2φp − 1

− 1

2

=
1

2

[
ε̃p/V(p)n√

(ε̃p/V(p)n)2 − 1
− 1

]

=
1

2


 ε̃p√

ε̃2p − (V(p)n)2
− 1


 ,
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and therefore by u2p − v2p = 1 results in

u2p =
1

2


 ε̃p√

ε̃2p − (V(p)n)2
+ 1


 .

A.3 Bogoliubov transformation details

Substituting these expressions into Equation (2.5) gives

Ĥ =
V(0)N2

2V
+
∑

p6=0

{(
εp +

V(p)N

V

)[
upα̂

†
p − vpα̂−p

] [
upα̂p − vpα̂†−p

]

+
V(p)N

2V

(
[
upα̂

†
p − vpα̂−p

] [
u−pα̂

†
−p − v−pα̂p

]

+
[
upα̂p − vpα̂†−p

] [
u−pα̂

†
−p − v−pα̂†p

])}
,

which using up = u−p and vp = v−p results in

Ĥ =
V(0)N2

2V
+
∑

p6=0

{(
εp +

V(p)N

V

)[
u2pα̂

†
pα̂p + v2pα̂−pα̂

†
−p − upvp

(
α̂†pα̂

†
−p + α̂−pα̂p

)]

+
V(p)N

2V

[
u2pα̂

†
pα̂
†
−p + v2pα̂−pα̂p − upvp

(
α̂†pα̂p + α̂−pα̂p

)

+ u2pα̂pα̂−p + v2pα̂
†
pα̂
†
p − upvp

(
α̂pα̂

†
p + α̂†−pα̂−p

)]}
.

The bosonic commutation relations in Equation (2.6) define normal ordering as α̂pα̂
†
p =

1 + α̂†pα̂p, thus the Hamiltonian becomes

Ĥ =
V(0)N2

2V
+
∑

p 6=0

{
ε̃pu

2
pα̂
†
pα̂p + ε̃pv

2
p + ε̃pv

2
pα̂
†
−pα̂−p − ε̃pupvpα̂†pα̂†−p − ε̃pα̂−pα̂p

+
V(p)N

2V

[
u2pα̂

†
pα̂
†
−p + v2pα̂−pα̂p − upvpα̂†pα̂p − upvp − upvpα̂†−pα̂−p

+u2pα̂pα̂−p + v2pα̂
†
−pα̂

†
p − upvp − upvpα̂†pα̂p − upvp − upvpα̂†−pα̂−p

]}
,
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where ε̃p = εp + V(p)N/V . By symmetry, α̂†−pα̂−p = α̂†pα̂p, and collecting together like

terms, the Hamiltonian simplifies to,

Ĥ =
V(0)N2

2V
+
∑

p 6=0

[
ε̃pv

2
p −
V(p)N

V
upvp

]

+
∑

p 6=0

[
ε̃p
(
u2p + v2p

)
− 2
V(p)N

V
upvp

]
α̂†pα̂p

+
∑

p 6=0

[
− ε̃pupvp +

V(p)N

2V

(
u2p + v2p

)
](

α̂†pα̂
†
−p + α̂−pα̂p

)
.

A.4 Final integral

Beginning with the integral

I =

∫ ∞

0

dx x2
(√

x4 + 2x2 − x2 − 1 +
1

2x2

)
,

which can be written as

I =

∫ ∞

0

dx x2
√
x4 + 2x2 +

∫ ∞

0

dx

(
−x4 − x2 +

1

2

)

= I1 +
1

30

[
−6x5 − 10x3 + 15x

]∞
0
,

where I1 =
∫∞
0

dx
(
x2
√
x4 + 2x2

)
. The integral I1 can likewise be computed via the

substitution u = x2 + 2, which results in

I1 =
1

2

∫ ∞

0

du
√
u(u− 2)

=
1

3

(
3u

5
− 2

)
u3/2

=
1

15
(3x2 − 4)(x2 + 2)3/2.

Thus, the total integral, I, is given by

I =
1

30

[
2(x2 + 2)3/2(3x2 − 4)− 6x5 − 10x3 + 15x

]∞
0
.
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It is not clear how the upper limit of this function converges, however in the limit of large

x an expansion of the form,

(x2 + 2)3/2 = (x2 + 2)(x2 + 2)1/2

= x(x2 + 2)

(
1 +

2

x2

)1/2

= (x3 + 2x)

[
1 +

1

x2
− 1

2x4
+

1

2x6
+O

(
1

x8

)]

= x3 + 3x+
3

2x
− 1

2x3
+

1

x5
+O

(
1

x7

)
,

can be used. With some foresight this approximation can be cut to lower powers of 1/x,

i.e.,

2(x2 + 2)3/2(3x2 − 4) = 2

[
x3 + 3x+

3

2x
+O

(
1

x3

)]
(3x2 − 4)

= 6x5 + 10x3 − 15x+O
(

1

x

)
.

Thus, in the limit of large x, there are no contributions to the integral, I, giving contri-

butions only for x = 0,

I =
27/2

15
.
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Two-component Lee-Huang-Yang

derivation details

B.1 Interactions between zero and nonzero momen-

tum particles

To simplify the interaction Hamiltonian several interaction cases need to be considered,

listed here.

1. All particles in zero momentum state, p1 = p2 = p3 = p4 = 0, contribute
1
2

∑
σσ′ Vσσ′(0)nσnσ′ to the Hamiltonian. Momentum is also conserved by inter-

action of creation-creation and annihilation-annihilation of p and −p particles.

2. Contributions from two condensate operators have four different combinations:

• {1,3}: 1
2

∑
{pi}6=0 Vσσ′(q)

√
nσâ

†
p4
âp2

√
nσ′ = 1

2

∑
{pi}6=0 Vσσ′(q)

√
nσnσ′ â

†
p1+qâp2

• {1,4}: 1
2

∑
{pi}6=0 Vσσ′(q)â†σ,p3

√
nσ′ âσ,p2

√
nσ′ = 1

2

∑
{pi}6=0 Vσσ′(0)nσ′ â

†
σ,p2−qâσ,p2

• {2,3}: 1
2

∑
{p}6=0 Vσσ′(q)

√
nσâ

†
σ′,p4

√
nσâσ′,p1 = 1

2

∑
{pi}6=0 Vσσ′(0)nσâ

†
σ′,p1+qâσ′,p1

• {2,4}: 1
2

∑
{pi}6=0 Vσσ′(q)â†σ,p3

√
nσ′
√
nσâσ′,p1 = 1

2

∑
{pi}6=0 Vσσ′(q)

√
nσnσ′ â

†
σ,p2−qâσ′,p1

This therefore results in two contributions of the form 1
2

∑
p6=0 Vσσ′(0)nσâ

†
σ,pâσ,p and

two contributions of the form 1
2

∑
p6=0 Vσσ′(p)

√
nσnσ′ â

†
σ,pâσ′,p.

3. Consistent with the single-component derivation, terms with 1 or 3 non-condensate

operators have zero expectation.

4. As with the single-component derivation, the Bogoliubov approximation allows for

neglecting higher-order corrections, i.e., the assumption that condensate occupation

is large means that corrections beyond quadratic order in operators are negligible.

For more information see Ref. [153].
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B.2 Matrix form of the Hamiltonian

Substituting â†σ,pâσ′,p = (â†σ,pâ
†
σ′,p + âσ,pâσ′,p − δσσ′)/2 into Equation (2.13) gives

Ĥ = H0 +
∑

p6=0

[
p2

2m1

− µ1 + V11(0)n1 + V12(0)n2

]
â†1,pâ1,p

+
∑

p6=0

[
p2

2m2

− µ2 + V22(0)n2 + V12(0)n1

]
â†2,pâ2,p

+
1

2

∑

p6=0

[
V11(p)

{
â†1,pâ1,p + â1,pâ

†
1,p − δ11 + â†1,pâ

†
1,−p + â1,pâ1,−p

}
n1

+ V12(p)
{
â†1,pâ2,p + â1,pâ

†
2,p − δ12 + â†1,pâ

†
2,−p + â1,pâ2,−p

}√
n1n2

+ V21(p)
{
â†2,pâ1,p + â2,pâ

†
1,p − δ21 + â†2,pâ

†
1,−p + â2,pâ1,−p

}√
n2n2

+ V22(p)
{
â†2,pâ2,p + â2,pâ

†
2,p − δ22 + â†2,pâ

†
2,−p + â2,pâ2,−p

}
n2

]
,

Recalling that the Kronecker delta has the property of δ11 = δ22 = 1 and δ12 = δ21 = 0

and using the conditions

µ1 = V11(0)n1 + V12(0)n2,

µ2 = V22(0)n2 + V12(0)n1,

gives

Ĥ = H0 +
∑

p6=0

[
p2

2m1

â†1,pâ1,p +
p2

2m2

â†2,pâ2,p −
V11(p)n1 + V22(p)n2

2

]

+
1

2

∑

p6=0

[
V11(p)

{
â†1,pâ1,p + â1,pâ

†
1,p + â†1,pâ

†
1,−p + â1,pâ1,−p

}
n1

+ V12(p)
{
â†1,pâ2,p + â1,pâ

†
2,p + â†1,pâ

†
2,−p + â1,pâ2,−p

}√
n1n2

+ V21(p)
{
â†2,pâ1,p + â2,pâ

†
1,p + â†2,pâ

†
1,−p + â2,pâ1,−p

}√
n2n2

+ V22(p)
{
â†2,pâ2,p + â2,pâ

†
2,p + â†2,pâ

†
2,−p + â2,pâ2,−p

}
n2

]
.
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Next, consider the matrix form of the Hamiltonian

1

2

∑

p6=0

(
â†1,pâ

†
2,pâ1,−pâ2,−p

)
W




â1,p

â2,p

â†1,−p
â†2,−p




=
1

2

∑

p6=0

[
p2

m1

â†1,pâ1,p +
p2

m2

â†2,pâ2,p +
p2

2m1

+
p2

2m2

+ V11(p)
{
â†1,pâ1,p + â1,pâ

†
1,p + â†1,pâ

†
1,−p + â1,pâ1,−p

}
n1

+ V12(p)
{
â†1,pâ2,p + â1,pâ

†
2,p + â†1,pâ

†
2,−p + â1,pâ2,−p

}√
n1n2

+ V21(p)
{
â†2,pâ1,p + â2,pâ

†
1,p + â†2,pâ

†
1,−p + â2,pâ1,−p

}√
n2n2

+ V22(p)
{
â†2,pâ2,p + â2,pâ

†
2,p + â†2,pâ

†
2,−p + â2,pâ2,−p

}
n2

]
,

in which the symmetries V12(p) = V21(p) and â†σ,−pâσ,−p = â†σ,pâσ,p, and normal ordering

have been used. Thus, by comparison Equation (2.13) can be written as

Ĥ = H0 −
1

2

∑

σ,p6=0

[
p2

2mσ

+ Vσσ(p)nσ

]
+

1

2

∑

p 6=0

(
â†1,pâ

†
2,pâ1,−pâ2,−p

)
W




â1,p

â2,p

â†1,−p
â†2,−p



.

B.3 Final integral

Beginning with integral

ELHY

V
=

1

2

∫
d3p

(2π~)3

[
E+,p + E−,p −

p2

2mr

− g11n1 − g22n2 +
m1g

2
11n

2
1 +m2g

2
22n

2
2 + 4mrg

2
12n1n2

p2

]
,

the measure can therefore be rewritten d3p→ 4πp2 dp giving

ELHY

V
=

8

15π2

1

~3
15

32

∫
dp p2

[
E+,p + E−,p −

p2

2mr

− g11n1 − g22n2 +
m1g

2
11n

2
1 +m2g

2
22n

2
2 + 4mrg

2
12n1n2

p2

]
,

then with the substitution p → (g11n1m1)
1/2k and taking out a factor of (g11n1)

5/2m
3/2
1

gives

ELHY

V
=

8

15π2

(m1

~2
)3/2

(g11n1)
5/2 15

32

∫
dp p2

[
E+,p + E−,p

g11n1

− m1k
2

2mr

− 1− g22n2

g11n1

+
m1g

2
11n

2
1 +m2g

2
22n

2
2 + 4mrg

2
12n1n2

(g211n
2
1m1) k2

]
.
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Finally, by tidying up it is found that the integral can be written in terms of z = m2/m1,

x = g22n2/g11n1 and u = g212/g11g22 as shown in Equation (2.22).
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Appendix C

Density-locked Gross Pitaevskii

equation linearisation

Beginning with the density-locked GP equation

i
∂φ

∂t
=

[
−∇

2

2
− 3|φ|2 +

5

2
|φ|3
]
φ,

the wavefunction, φ(r, t), can be expressed as a perturbed ground state, φ(r, t) = φ0(r, t)+

δφ(r, t), giving

i
∂φ0

∂t
+ i

∂δφ

∂t
= −∇

2φ0

2
− ∇

2δφ

2
− 3

[
|φ0|2 + φ0δφ

∗ + φ∗0δφ+ |δφ|2
]

(φ0 + δφ)

+
5

2

[
|φ0|2 + φ0δφ

∗ + φ∗0δφ+ |δφ|2
]3/2

(φ0 + δφ) .

Terms of quadratic order in δφ must be neglected, thus

i
∂φ0

∂t
+ i

∂δφ

∂t
= −∇

2φ0

2
− ∇

2δφ

2
− 3

[
|φ0|2φ0 + 2|φ0|2δφ+ φ2

0δφ
∗]

+
5

2

[
|φ0|2 + φ0δφ

∗ + φ∗0δφ
]3/2

(φ0 + δφ) .

Focusing on the LHY contribution

HLHY =
5

2
|φ0|3

[
1 +

(
δφ

φ0

)∗
+

(
δφ

φ0

)]3/2
(φ0 + δφ)

≈ 5

2
|φ0|3

[
1 +

3

2

(
δφ

φ0

)∗
+

3

2

(
δφ

φ0

)]
(φ0 + δφ)

≈ 5

2
|φ0|3φ0 +

5

2
|φ0|3δφ+

15

4
φ
5/2
0 (φ∗0)

1/2 δφ∗ +
15

4
φ
3/2
0 (φ∗0)

1/2 |δφ|2

+
15

4
φ
3/2
0 (φ∗0)

3/2 δφ+
15

4
φ
1/2
0 (φ∗0)

3/2 δφ2,
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and again neglecting terms of quadratic order in δφ gives

HLHY ≈
5

2
|φ0|3φ0 +

25

4
|φ0|3δφ+

15

4
φ2
0|φ0|δφ∗.

The ground state wavefunction, φ0(r, t), is a solution of the density-locked GP equation

i
∂φ0

∂t
=

[
−∇

2

2
− 3|φ0|2 +

5

2
|φ0|3

]
φ0,

thus the linearised density-locked GP equation is

i
∂δφ

∂t
= −∇

2δφ

2
− 3

[
2|φ0|2δφ+ φ2

0δφ
∗]+

5

2

[
5

2
|φ0|3δφ+

3

2
φ2
0|φ0|δφ∗

]
,

and, equivalently,

i
∂δφ∗

∂t
= −∇

2δφ∗

2
− 3

[
2|φ0|2δφ∗ + (φ∗0)

2 δφ
]

+
5

2

[
5

2
|φ0|3δφ∗ +

3

2
(φ∗0)

2 |φ0|δφ
]
.
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Density difference of imbalanced,

infinite droplets

The density profile of a droplet in the limit of large Ñ approaches a flat-top, step function,

i.e., a constant density in the droplet core and a steep drop to zero density at the surface

[153]. This approximate form is a useful model for infinite sized droplets as it allows

for kinetic energy contributions to be neglected. Figure D.1 shows a schematic of the

step function model of a large imbalanced droplet, used in this derivation. The minority

component is modelled as having volume V = 4
3
πR3, whilst the majority component has

volume V + δV = 4
3
π(R + δR)3. The step functions hence correspond to the central

densities n and n + δn for the minority and majority components, respectively, with the

two components normalised to N and N + δN in which δN ≥ 0, imposing the population

imbalance.

R + δR

n+ δn

R

n

r

n
i(
r)

Figure D.1: Flat-top density profiles as an ansatz for each component of an imbalanced
droplet. The orange component is the higher-density, majority component and the purple
component is the lower-density, minority component.

The dimensionless form of the energy functional given in Equation (2.24), with β ≡√
a22/a11 = 1, can be written in terms of these constant imbalanced densities giving,

E =

∫
d3r

[
(n+ δn)2

2
+
n2

2
+ η(n+ δn)n+

2

5
α (2n+ δn)5/2

]
. (D.1)

The schematic in Figure D.1 states nothing about the sign of δR, i.e., the volume of

the majority component, V + δV , can be larger or smaller than the minority component

volume, V . However, it can be shown that the only physical system is that where δV = 0,
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Appendix D. Density difference of imbalanced, infinite droplets

which is demonstrated in the following calculation.

Beginning with the δV > 0 case, Equation (D.1) can be written in terms of the

component volumes and population numbers as,

E =
(N + δN)2

2(V + δV )
+
N2

2V
+ η

N(N + δN)

V + δV

+
2

5
α

{
V

[
N + δN

V + δV
+
N

V

]5/2
+ δV

[
N + δN

V + δV

]5/2}
.

To analyse how the energy of this model varies with δV , the energy above can be minimised

with respect to the difference in component volumes, giving,

∂E

∂(δV )
= − (N + δN)2

2(V + δV )2
− ηN(N + δN)

(V + δV )2

+
2

5
α

{
− 5

2

V (N + δN)

(V + δV )2

[
N + δN

V + δV
+
N

V

]3/2

+

[
N + δN

V + δV

]5/2
− 5

2
δV

(N + δN)5/2

(V + δV )7/2

}
.

Taking the limit of δV → 0+ reduces to,

∂E

∂(δV )

∣∣∣∣
δV→0+

= −(N + δN)2

2V 2
− ηN(N + δN)

V 2

+ α

{
− (N + δN)

V

[
2N + δN

V

]3/2

+
2

5

[
N + δN

V

]5/2}
,

which can be written in the form,

∂E

∂(δV )

∣∣∣∣
δV→0+

= −N + δN

2V 2
[(1 + 2η)N + δN ] +O(α).

Recall from Chapter 2 that δa = a12 +
√
a11a22, and that defining δa < 0 implies dom-

inantly attractive interactions, which can be written as η < −1 in the dimensionless

parameters used here. Thus, with δN small, the mean-field terms becomes dominantly

positive whilst the LHY contributions are small due to α � 1. Hence, the limit of

δV → 0+ yields, ∂E/∂(δV ) ≥ 0.

The next case to check is δV < 0, for which Equation (D.1) takes the form,

E =
(N + δN)2

2(V + δV )
+
N2

2V
+ η

N(N + δN)

V

+
2

5
α

{
(V + δV )

[
N + δN

V + δV
+
N

V

]5/2
− δV

[
N

V

]5/2}
.
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This expression is again minimised with respect to the difference in component volumes,

∂E

∂(δV )
= − (N + δN)2

2(V + δV )2
+

2

5
α

{[
N + δN

V + δV
+
N

V

]5/2

− 5

2

(N + δN)

V + δV

[
N + δN

V + δV
+
N

V

]3/2
−
(
N

V

)5/2
}
.

Taking the limit of δV → 0− yields,

∂E

∂(δV )

∣∣∣∣
δV→0−

= −(N + δN)2

2V 2
+ α

{
2

5

[
2N + δN

V

]5/2

− N + δN

V

[
2N + δN

V

]3/2
− 2

5

(
N

V

)5/2
}
,

which can be written in the form,

∂E

∂(δV )

∣∣∣∣
δV→0−

= −(N + δN)2

2V
+O(α).

Hence, the limit of δV → 0− results in, ∂E/∂(δV ) ≤ 0. Thus, the conditions

∂E

∂(δV )

∣∣∣∣
δV→0+

≥ 0, and,
∂E

∂(δV )

∣∣∣∣
δV→0−

≤ 0,

imply that δV = 0 is either a smooth minimum or a cusp. This is physically realistic in

the limit of large droplets, as this implies that the radii of the two components are equal,

i.e., no single-component atoms reside outside of the droplet core. However, in the finite

droplet limit this is not the case as kinetic energy contributions cannot be neglected, as is

highlighted in the ground state profiles in Figure 3.2 (b) and (c). The imbalanced droplet

hence appears to slowly approach the flat-top density profile, relative to the rate at which

the large, balanced droplet approaches the flat-top density limit.

Taking the case of δV = 0, the energy can be written as,

E

2N
=

(N + δN)2

4NV
+

N

4V
+ η

N + δN

2V
+

2

5
α

[
V

2N

(
2N + δN

V

)5/2
]
.

A factor of (1 + δN/2N) can be factored out of this expression, allowing for the above

equation to be written in powers of (N/V ),

E

2N
=

(
1 +

δN

2N

)[
A
(
N

V

)
+ B

(
N

V

)3/2
]
,

where

A =

(
1 +

δN

2N

)
+ (η − 1) +

1− η
2

(
1

1 + δN
2N

)
,
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and

B =
4
√

2α

5

(
1 +

δN

2N

)3/2

.

Chapter 2 discusses the key property that droplets exist in equilibrium with the vacuum,

i.e., they have zero pressure, ∂E/∂V = 0. With N constant, this expression for the zero

pressure droplet can be rewritten as ∂(E/2N)/∂(N/V ) = 0, yielding,

(
N

V

)1/2

= −2A
3B =⇒ n =

(
N

V

)
=

4A2

9B2
,

giving an expression for the equilibrium density. This results in the equilibrium energy,

given by,

Eeqbm = (2N + δN)

[
4A3

27B2

]
, (D.2)

or equivalently as the equilibrium energy per particle,

(
E

2N + δN

)

eqbm

=
4A3

27B2
. (D.3)

For fixed α, η and N , Equations D.2 and D.3 are plotted as functions of δN in Figure 3.1.

The main plot in Figure 3.1 shows Equation (D.2) varying with δN . By differentiating

Equation (D.2), the minimum is located at

δN

N
= 2(η − 2) + [(η − 1)(4η − 14)]1/2.

For the parameters of Figure 3.1 the minimum is at δN ≈ 703, which using the expression,

δn =
δN

N

(
4A2

9B2

)
,

corresponds to δn ≈ 0.458, i.e., the orange, dashed, horizontal line in the inset of Fig-

ure 3.2(d).
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Two-component, beyond-mean-field

Bogoliubov-de Gennes equations

E.1 Density-unlocked Gross Pitaevskii equation lin-

earisation

The dimensionless, effective, heteronuclear GP equations are

i
∂Ψ1

∂t
=
[
−γ

2
∇2 + |Ψ1|2 + η|Ψ2|2 + α

(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]
Ψ1,

i
∂Ψ2

∂t
=
[
− γ

2z
∇2 + β|Ψ2|2 + ηβ|Ψ1|2 + αz3/5β2

(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]
Ψ2,

reducing to the homonuclear GP equations under γ, z → 1. The wavefunctions, Ψi(r, t),

can be expressed as a perturbed ground state, Ψi(r, t) = Ψi,0(r, t) + δΨi(r, t), giving

i
∂Ψ1,0

∂t
+ i

∂δΨ1

∂t
= −γ∇

2Ψ1,0

2
− γ∇2δΨ1

2

+
(
|Ψ1,0|2 + Ψ1,0δΨ

∗
1 + δΨ1Ψ

∗
1,0 + |δΨ1|2

)
(Ψ1,0 + δΨ1)

+ η
(
|Ψ2,0|2 + Ψ2,0δΨ

∗
2 + δΨ2Ψ

∗
2,0 + |δΨ2|2

)
(Ψ1,0 + δΨ1)

+ α
[(
|Ψ1,0|2 + Ψ1,0δΨ

∗
1 + δΨ1Ψ

∗
1,0 + |δΨ1|2

)

+ z3/5β
(
|Ψ2,0|2 + Ψ2,0δΨ

∗
2 + δΨ2Ψ

∗
2,0 + |δΨ2|2

)]3/2
(Ψ1,0 + δΨ1),

i
∂Ψ2,0

∂t
+ i

∂δΨ2

∂t
= −γ∇

2Ψ2,0

22
− γ∇2δΨ2

2z

+ β
(
|Ψ2,0|2 + Ψ2,0δΨ

∗
2 + δΨ2Ψ

∗
2,0 + |δΨ2|2

)
(Ψ2,0 + δΨ2)

+ ηβ
(
|Ψ1,0|2 + Ψ1,0δΨ

∗
1 + δΨ1Ψ

∗
1,0 + |δΨ1|2

)
(Ψ2,0 + δΨ2)

+ αz3/5β2
[(
|Ψ1,0|2 + Ψ1,0δΨ

∗
1 + δΨ1Ψ

∗
1,0 + |δΨ1|2

)

+ z3/5β
(
|Ψ2,0|2 + Ψ2,0δΨ

∗
2 + δΨ2Ψ

∗
2,0 + |δΨ2|2

)]3/2
(Ψ2,0 + δΨ2).
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The perturbation, δΨi, is assumed to be small hence terms of quadratic order in δΨi are

neglected

i
∂Ψ1,0

∂t
+ i

∂δΨ1

∂t
= −γ∇

2Ψ1,0

2
− γ∇2δΨ1

2

+
(
|Ψ1,0|2Ψ1,0 + 2|Ψ1,0|2δΨ1 + Ψ 2

1,0δΨ
∗
1

)

+ η
(
|Ψ2,0|2Ψ1,0 + |Ψ2,0|2δΨ1 + Ψ1,0Ψ

∗
2,0δΨ2 + Ψ1,0Ψ2,0δΨ

∗
2

)

+H1,LHY(Ψ1,0 + δΨ1),

i
∂Ψ2,0

∂t
+ i

∂δΨ2

∂t
= −γ∇

2Ψ2,0

22
− γ∇2δΨ2

2z

+ β
(
|Ψ2,0|2Ψ2,0 + 2|Ψ2,0|2δΨ2 + Ψ 2

2,0δΨ
∗
2

)

+ ηβ
(
|Ψ1,0|2Ψ2,0 + |Ψ1,0|2δΨ2 + Ψ2,0Ψ

∗
1,0δΨ1 + Ψ1,0Ψ2,0δΨ

∗
1

)

+H2,LHY(Ψ2,0 + δΨ2).

Focusing on the BMF contributions

H1,LHY = α

{
|Ψ1,0|2

[
1 +

(
δΨ1

Ψ1,0

)∗
+

(
δΨ1

Ψ1,0

)]
+ z3/5β|Ψ2,0|2

[
1 +

(
δΨ2

Ψ2,0

)∗
+

(
δΨ2

Ψ2,0

)]}3/2

= α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)3/2
{

|Ψ1,0|2
|Ψ1,0|2 + z3/5β|Ψ2,0|2

[
1 +

(
δΨ1

Ψ1,0

)∗
+

(
δΨ1

Ψ1,0

)]

+
z3/5β|Ψ2,0|2

|Ψ1,0|2 + z3/5β|Ψ2,0|2
[
1 +

(
δΨ2

Ψ2,0

)∗
+

(
δΨ2

Ψ2,0

)]}3/2

= α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)3/2{
1 +

Λ

|Ψ1,0|2 + z3/5β|Ψ2,0|2
}3/2

,

where

Λ = |Ψ1,0|2
[(

δΨ1

Ψ1,0

)∗
+

(
δΨ1

Ψ1,0

)]
+ z3/5β|Ψ2,0|2

[(
δΨ2

Ψ2,0

)∗
+

(
δΨ2

Ψ2,0

)]
.

As Λ/
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
is small, and terms of quadratic order in δΨi are neglected,

the LHY contributions become

H1,LHY(Ψ1,0 + δΨ1) ≈ α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)3/2{
1 +

3

2

Λ

|Ψ1,0|2 + z3/5β|Ψ2,0|2
}

(Ψ1,0 + δΨ1)

= α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{(|Ψ1,0|2 + z3/5β|Ψ2,0|2
)
Ψ1,0

+
3

2

(
Ψ 2
1,0δΨ

∗
1 + |Ψ1,0|2δΨ1

+ z3/5β
[
Ψ1,0Ψ2,0δΨ

∗
2 + Ψ1,0Ψ

∗
2,0δΨ2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ1

}
.
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By symmetry, the same linearisation can be performed for component-2 giving

H2,LHY(Ψ2,0 + δΨ2) = αz3/5β2
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{(|Ψ1,0|2 + z3/5β|Ψ2,0|2
)
Ψ2,0

+
3

2

(
Ψ ∗1,0Ψ2,0δΨ1 + Ψ1,0Ψ2,0δΨ

∗
1

+ z3/5β
[
|Ψ2,0|2δΨ2 + Ψ 2

2,0δΨ
∗
2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ2

}
.

Note that both ground state wavefunctions are solutions of

i
∂Ψ1,0

∂t
=
[
−γ

2
∇2 + |Ψ1,0|2 + η|Ψ2,0|2 + α

(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)3/2]
Ψ1,0,

i
∂Ψ2,0

∂t
=
[
− γ

2z
∇2 + β|Ψ2,0|2 + ηβ|Ψ1,0|2 + αz3/5β2

(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)3/2]
Ψ2,0,

which, along with recalling that by symmetry this analysis also has a complex conjugate

of the linearised GP equation [as used in Appendix C], results in the four linearised GP

equations

i
∂δΨ1

∂t
= −γ∇

2δΨ1

2
+ 2|Ψ1,0|2δΨ1 + Ψ 2

1,0δΨ
∗
1 + η

[
|Ψ2,0|2δΨ1 + Ψ1,0Ψ

∗
2,0δΨ2 + Ψ1,0Ψ2,0δΨ

∗
2

]

+ α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{3

2

( [
Ψ 2
1,0δΨ

∗
1 + |Ψ1,0|2δΨ1

]

+ z3/5β
[
Ψ1,0Ψ2,0δΨ

∗
2 + Ψ1,0Ψ

∗
2,0δΨ2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ1

}
,

−i∂δΨ
∗
1

∂t
= −γ∇

2δΨ ∗1
2

+ 2|Ψ1,0|2δΨ ∗1 +
(
Ψ ∗1,0
)2
δΨ1 + η

[
|Ψ2,0|2δΨ ∗1 + Ψ ∗1,0Ψ2,0δΨ

∗
2 + Ψ ∗1,0Ψ

∗
2,0δΨ2

]

+ α
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{3

2

( [(
Ψ ∗1,0
)2
δΨ1 + |Ψ1,0|2δΨ ∗1

]

+ z3/5β
[
Ψ ∗1,0Ψ

∗
2,0δΨ2 + Ψ ∗1,0Ψ2,0δΨ

∗
2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ ∗1

}
,

i
∂δΨ2

∂t
= −γ∇

2δΨ2

2z
+ β

[
2|Ψ2,0|2δΨ2 + Ψ 2

2,0δΨ
∗
2

]
+ ηβ

[
|Ψ1,0|2δΨ2 + Ψ2,0Ψ

∗
1,0δΨ1 + Ψ1,0Ψ2,0δΨ

∗
1

]

+ αz3/5β2
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{3

2

( [
Ψ ∗1,0Ψ2,0δΨ1 + Ψ1,0Ψ2,0δΨ

∗
1

]

+ z3/5β
[
|Ψ2,0|2δΨ2 + Ψ 2

2,0δΨ
∗
2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ2

}
,

146



Appendix E. Two-component, beyond-mean-field Bogoliubov-de Gennes equations

−i∂δΨ
∗
2

∂t
= −γ∇

2δΨ ∗2
2z

+ β
[
2|Ψ2,0|2δΨ ∗2 +

(
Ψ ∗2,0
)2
δΨ2

]

+ ηβ
[
|Ψ1,0|2δΨ ∗2 + Ψ ∗2,0Ψ1,0δΨ

∗
1 + Ψ ∗1,0Ψ

∗
2,0δΨ1

]

+ αz3/5β2
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)1/2{3

2

( [
Ψ1,0Ψ

∗
2,0δΨ

∗
1 + Ψ ∗1,0Ψ

∗
2,0δΨ1

]

+ z3/5β
[
|Ψ2,0|2δΨ ∗2 +

(
Ψ ∗2,0
)2
δΨ2

] )

+
(
|Ψ1,0|2 + z3/5β|Ψ2,0|2

)
δΨ ∗2

}
.

E.2 Matrix form of Bogoliubov-de Gennes

Writing the ground state wavefunctions as Ψi,0(r, t) = Ψie
−iuit, and the perturbed wave-

functions in the Bogoliubov form

δΨi(r, t) = e−iµit
(
ui(r)e−iωt − v∗i (r)eiωt

)
,

δΨ ∗i (r, t) = eiµit
(
u∗i (r)eiωt − vi(r)e−iωt

)
,

and substituting these and equating terms in powers of e−iωt gives the Bogoliubov-de

Gennes equations in matrix form,




h1 −Ω11 Ω12 −Ω12

Ω11 −h1 Ω12 −Ω12

Ω21 −Ω21 h2 −Ω22

Ω21 −Ω21 Ω22 −h2







u1

v1

u2

v2




= ω




u1

v1

u2

v2



,

where

h1 = −γ
2
∇2 + 2|Ψ1|2 + η|Ψ2|2

+ α

[
3

2

(
|Ψ1 + z3/5β|Ψ2|2

)1/2 |Ψ1|2 +
(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]− µ1,

h2 = − γ

2z
∇2 + 2β|Ψ2|2 + βη|Ψ1|2

+ αz3/5β2

[
3

2
z3/5β

(
|Ψ1 + z3/5β|Ψ2|2

)1/2 |Ψ2|2 +
(
|Ψ1|2 + z3/5β|Ψ2|2

)3/2]− µ2,

Ω11 = |Ψ1|2 +
3

2
α
(
|Ψ1|2 + z3/5β|Ψ2|2

)1/2 |Ψ1|2,

Ω12 = η|Ψ1||Ψ2|+
3

2
αz3/5β

(
|Ψ1|2 + z3/5β|Ψ2|2

)1/2 |Ψ1||Ψ2|,

Ω21 = βη|Ψ1||Ψ2|+
3

2
αz3/5β2

(
|Ψ1|2 + z3/5β|Ψ2|2

)1/2 |Ψ1||Ψ2|,

Ω22 = β|Ψ2|2 +
3

2
αz6/5β3

(
|Ψ1|2 + z3/5β|Ψ2|2

)1/2 |Ψ2|2,

which can be solved using the numerical methods presented in Section 2.6.4.
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[115] A. Trautmann, P. Ilzhöfer, G. Durastante, C. Politi, M. Sohmen, M. J. Mark, and

F. Ferlaino, Phys. Rev. Lett. 121, 213601 (2018).

[116] G. Durastante, C. Politi, M. Sohmen, P. Ilzhöfer, M. J. Mark, M. A. Norcia, and
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