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Abstract

Colour centres in hexagonal boron nitride (hBN) have gained signi�cant interest as they

are active at room temperature and embedded in a two-dimensional material. The latter

leads to minimal total internal re
ection and coupling to photonic devices with nanometre

proximity. Colour centres in hBN are particularly interesting as they have applications in

quantum information, communications, metrology and LED technology. Current research

has largely focused on photoluminescence from these defects. However, the integration of

solid-state emitters into electronics necessitates the defects to be electrically driven. It is

therefore essential to understand charge control of these defects.

Recently, it was discovered that the charge state of defects in hBN can be controlled

by interfacing it with graphene. It was observed that charge transfer between optically

active defects in hBN and graphene led to the quenching of photoluminescence from these

emitters. Therefore, interfacing hBN with graphene o�ers a pathway to inject carriers

into hBN for the electrical control of defects. This is especially useful as graphene, also

being a two-dimensional material, is a suitable gate to apply vertical electric �elds across

emitters in hBN.

In this thesis, the study of charge transfer between hBN and graphene has been ex-

plored both from a theoretical and experimental standpoint. The theoretical approach

involves using density functional theory to perform electronic structure calculations of de-

fects in hBN and subsequently deriving defect properties, such as band structure, defect

geometry, and formation energies. The results of these calculations allowed the determina-

tion of the degree of charge transfer between defects in hBN and graphene. Furthermore,

periodic boundary conditions and the choice of methodology for the assignment of charge

to di�erent layers had a signi�cant impact on the derived value of charge transfer. A

methodology to determine charge transfer that was robust against these e�ects was de-

veloped.

The impact of the thickness of encapsulating hBN and graphene layers on charge

transfer and the thermodynamics of the defect was also explored. The energy path for the
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reorientation of the defect between two equilibrium structures was studied to determine

metastable intermediate states. It was found that the energy ordering of di�erent phases

of a defect was sensitive to the encapsulation of the host layer by graphene and hBN. As

such, encapsulating layers can impact the spectroscopic properties of the defect.

Experimentally, site control of emitters in hBN was studied. This involved the growth

of an aluminium oxide (Al2O3) spacer between graphene and hBN to mitigate the quench-

ing of emitters. The Al2O3 was then patterned using electron beam lithography and etched

to create an array of pillars. hBN was then deposited on top hosting emitters, with the

aim of emitters being quenched in regions where there was direct contact with graphene

and active in regions where an intermediate Al2O3 layer was present. Emitters were found

predominantly on the edges of the pillars and quenching occurred in the regions where

the pillars were absent. Hence spatial contol over colour centres in hBN was achieved.
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Chapter 1

Background and Motivation

In this chapter the background and motivation for the study of charge control of colour

centres, also known as F-centres, in hexagonal boron nitride (hBN) are presented. Brie
y,

a general introduction to colour centres and its applications are provided, followed by an

introduction to defects in hBN that are sources of light emission, and existing progress in

the control of these F-centres.

1.1 Colour centres and their applications

Colour centres are formed by the introduction of a defect in a crystal [25]. A subset of

these defects are point defects, which occur at a single atomic site. Point defects occur

due to missing atoms (vacancies), atoms occuring at positions that it does not normally

occupy, termed antisites or interstitials depending on whether they occur at a site occupied

by an atom of a di�erent species or between crystallographic planes, respectively. A third

method by which point defects are created are by impurity atoms, which are of species not

intrinsic to the crystal, replacing atoms at lattice points or existing as intersititials. Each

of these defect types disrupt the periodicity of the crystal and therefore a�ect the electronic

band structure of the crystal [26]. The defect leads to a local change in charge, and the

localised charge behaves like an arti�cial atom [26]. Electronic transitions between states

originating from the defect leads to the emission of light, with the energy of the emitted

light depending on the energy di�erence between the states involved in the transition.
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In crystals that possess a band gap, these defects can lead to defect states within the

band gap. Optical transitions between states in the band gap have well-de�ned energies

[27] and can be engineered for di�erent applications in optoelectronics. These applications

include LEDs [28, 29], quantum photonics [2] and metrology [30]. When F-centres that

lead to a two-level system within the band gap occur in isolation, they can act as single-

photon emitters (SPEs) [27, 31]. This is because an electronic transition between the two

states leads to the emission of a single-photon and the controlled driving of this transition

allows individual photons to be emitted on demand.

1.2 Existing sources of solid-state colour centres

Some of the �rst colour centres that were explored for these applications were large band

gap bulk materials such as defects in SiC and Diamond NV centres [31, 32]. However,

when coupling colour centres to other photonic devices, it is desirable to have the sources

responsible for the emission as close as possible to the devices and to have a high extraction

e�ciency of photons (e.g low probability of total internal re
ection of the photons within

the material) [33, 34, 35].

Therefore, optically active defects in two-dimensional (2D) materials are of great inter-

est due to the proximity of the emitters to the surface. Until recently, only 2D materials

that exhibited photoluminescence at cryogenic temperatures were known, such as in emit-

ters in Transition Metal Dihalcogenides (TMDs) [36, 37, 38]. A recent breakthrough oc-

curred with the large band gap 2D material hBN, which demonstrated hosting of emitters

active at room temperature [2].

Properties of emitters in crystals are usually described by the zero phonon line (ZPL)

wavelengths, linewidths of ZPLs, and degree of phonon coupling. In a PL experiment,

photons with energy greater than or equal to the energy di�erence between the ground and

excited electronic states are used to drive the electron to an excited state. The electron

is excited to a vibrational state in the excited electronic state with the largest overlap

with ground vibrational state, according to Franck-Condon principles. The electron then

relaxes to the ground vibrational state of the electronic excited state by releasing energy

2
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Figure 1.1: Con�guration coordination diagram showing the photoluminescence process. The

black arrows represent photoabsorption and relaxation. The dashed arrow shows the zero phonon

line transition. The green curly arrows show phonon emission processes during electron relax-

ation within an electronic state.

to the crystal via phonon coupling, a process known as thermalisation. The electron

then relaxes to the ground electronic state by the emission of a photon. If a transition

occurs between the ground vibrational state of both the excited and ground electronic

states, no phonons are emitted and the transition is known as a zero phonon transition.

A transition between the ground vibrational state of the electronic excited state and any

excited vibrational state of the ground electronic state is followed by the emission of

phonons as the electron relaxes to the ground vibrational state of the electronic ground

state. The photons emitted will have an energy less than the zero phonon line (ZPL)

and will appear as a side band, known as a phonon side band (PSB). The con�guration

coordinate diagram, Fig. 1.1, explains this process. The ZPL transition corresponds to

the optical transition between ground vibrational states of electronic excited state and

ground state.

The linewidth corresponding to this transition has an inverse relationship to the bright-

ness of the transition. As bright sources are desirable, emitters with narrow linewidths
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are preferred. The degree of phonon coupling is evaluated by the percentage of the total

emission intensity that is due to the ZPL transition. This is known as the Debye-Waller

factor (W) and is related to the Huang-Rhys factor,SHR , by the relation W = e� SHR .

1.3 Hexagonal boron nitride and its colour centres

hBN has a similar lattice structure to graphene and can be found in a layerered structure

like graphite [39, 40, 41]. Monolayer hBN is 2D and has a hexagonal structure with

sp2 orbitals forming bonds between the boron and nitrogen atoms, as shown in Fig. 1.2a

[39, 40, 41].

Multilayer hBN is formed by stacking layers of monolayer hBN on top of each other,

held together by van der Waals forces. Due to weak interlayer forces, hBN is often

used as a lubricant [42]. The lattice constant of hBN is 2.50�A and the equilibrium

interlayer spacing is 3.35�A [39]. The preferred stacking order was con�rmed to be AA0

experimentally by transmission electron microscopy, TEM, (Fig. 1.2b) [1, 43, 44]. This

comprises of switching the position of boron and nitrogen atoms in each layer, resulting in

a stack where each boron (nitrogen) atom is located in-between a nitrogen (boron) atom

in the adjacent layers.

It is a large band gap material, with a band gap of� 6 eV [45], and can host defect

states deep in the band gap, some of which have been found to be quantum emitters [2].

Chemical Vapour Deposition (CVD) has proven to be an inexpensive way of manufactur-

ing large area hBN [46] and has been known to naturally host a large density of defects

[47, 48]. This is advantageous as it can result in large number of emitters, and the large

�lm area allows wafer scale production of devices. However, with CVD hBN, the transfer

process can lead to polymer residue contaminating the sample [49]. Colour centres in

multilayer hBN also show a ZPL with signi�cantly smaller linewidth, Fig. 1.3a, possibly

due to shielding from environmental e�ects that leading to broadening [2]. Furthemore,

majority of the emission intensity is in the ZPL transition, leading to a highW factor of

80%.

hBN obtained from mechanical exfoliation methods is cleaner and has greater crys-
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(a) (b)

Figure 1.2: (a) Schematic of hBN with pink spheres representing boron atoms and blue spheres

nitrogen atoms. (c) High-resolution TEM (HRTEM) image of hBN of di�erent thicknesses. By

measuring the intensity pro�le across linear path in the image, it is possible to determine the

stacking. Fig. 1.2b has been reproduced from Ref. 1.

tallinity [50, 51]. However, this leads to a low density of naturally occuring colour centres.

Therefore techniques that increase emitter density, such as annealing in Ar at high temper-

ature need to be performed [2, 3]. Colour centres have been observed in hBN grown using

CVD, Molecular Beam Epitaxy (MBE) , and mechanical exfoliation methods [52, 53, 54].

Each of these methods allow the production of hBN layers with di�erent defect densi-

ties and emitters with di�erent emission wavelengths, Fig. 1.3b, thus the source of hBN

samples will depend on the application. From the spectra, it can also be seen that there

is a side band due to electronic transitions to excited vibrational states in the ground

electronic state of the defect. This is known as the phonon side band (PSB) and is known

to commonly occur at� 160 meV from the ZPL [3].

As hBN can be made to be atomically thin, it can be easily incorporated into integrated

circuits and coupled to photonic devices with nanometer separations. Defects in hBN can

be thought of as arti�cial atoms that have energy levels deep within the band gap of the

host material [55]. The defect states lying deep in the large band gap of hBN are less

vulnerable to carrier recombination due to thermal excitations than in small band gap

semicondutors such as TMDs and so are active at room temperature. It was found that

emitters in hBN are one of the brightest in the visible range with intensities on the order
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(a)

(b)

Figure 1.3: (a) (Left ) Confocal PL map of colour centres in hBN. (Right ) Representative

spectra of a visible light colour centre in multilayer and monolayer hBN. Emitters have a signi�-

cantly narrower linewidth when embedded in multilayer hBN. (b) (Left ) Wide range of spectra

obtained from di�erent emitters. Due to their similar lineshapes, it is common to divide these

spectra into two groups. (Centre ) shows that both categories of emitters have PSBs a similar

distance away from the ZPL. Fig. 1.3 has been reproduced from Ref. 2. Fig.(b) has been re-

produced from Ref. 3.

of 106 counts per second being observed at saturation[2, 56]. Furthermore, defects in hBN

have a wide spectral range of emission, with optical transitions occurring at visible and

UV wavelengths [2, 3, 57, 58, 59]. These features make defects in hBN exciting prospects

for use as scalable single-photon sources and defect based LEDs.
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1.4 Controlling hBN colour centres

As a wide range of defects, each with its own unique photophysical property, are ran-

domly distributed throughout the material during growth, it is challenging to perform

high throughput fabrication of devices. Particularly for applications in scalable quan-

tum technologies, it is important to exercise precise control over the spatial location and

spectral properties of the defects.

Existing explorations in literature aiming to achieve site-controlled creation of emit-

ters have exploited strain and irradiation techniques[4, 6, 60, 61]. These techniques have

yielded SPEs on demand with varying degrees of success. Irradiation techniques resulted

in low probabilities of single emitters, with most irradiated regions hosting clusters of

emitters, [62], Fig. 1.4. Strain activated emission has shown greater promise for localisa-

tion [6]. In this study, SiO2 nanopillars of various diameters were etched and hBN was

grown directly on these nanopillars using CVD (Figure 1.5), and it was found that when

the pillars were 250 nm and 650 nm high, there was an 80% yield of SPEs at the pillar

site [6]. Therefore, research into the deterministic creation of desired defects is still in its

infancy.

1.5 Theoretical identi�cation of defects

It is useful to be able to theoretically model the photophysical properties of defects respon-

sible for emission as this can allow a deeper understanding of the defect properties, which

eventually allows us to manipulate the optoelectronic properties for various applications.

A method to model the electronic properties of these defects, from which other experi-

mentally observable properties can be derived, is by density functional theory (DFT) .

Using DFT, researchers have been able to shed light on the defect geometries, allowed

optical transitions, ZPL energies and phonon coupling of di�erent defects making it a

very useful tool [63, 64, 65]. DFT calculations revealed that defects such as the antisite

nitrogen-vacancy complex NBVN has an allowed transition with a theoretical ZPL energy

similar to the experimentally observed energy, making it a candidate defect [2]. Other

studies focusing on the PSB of the emission spectra suggest that CBVN has a predicted
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(a)

(b)

Figure 1.4: (a) (Left ) Negatively charged boron vacancies observed in a confocal scan, created

using a focused ion beam of Xe+ ions, with the 
uence of ions increasing with each row and

constant across each row. Scale bar 20µm. (Right ) Variation of PL intensity with Xe +


uence. The inset shows a representative PL spectrum for each 
uence. (b) (Top-left ) Image

taken using a scanning electron microscope (SEM) of a hBN 
ake, with the blue rectangle

indicating the region irradiated with an electron beam. (Top-right ) Confocal map of rectangle

zone. (Bottom-left ) and (bottom-right ) are PL spectra at each exposed site taken at low

temperature (5 K) at two di�erent spectral resolutions, showing a reproducible 0.7 nm spectral

linewidth. Fig. 1.4a has been reproduced from Ref. 4. Fig. 1.4b has been reproduced from Ref. 5.

8



Charge control of defect colour centres in hexagonal boron nitride

Figure 1.5: (Left ) Confocal PL intensity maps of strain induced colour centres in hBN. The

hBN was directly grown using CVD onto the nanopillars. The pillar diameters are 250, 450, 650,

and 950 nm and the scale bar is 10µm. The unit for the intensity is photon counts/s. ( Right )

Wide-�eld images of each pillar array with hBN deposited on it. White circles indicate pillars

with multiple emitters. The scale bar is 2 µm. The �gure has been reproduced from Ref. 6.

photoluminescence spectrum that is consistent with experimental observations [65, 66].

The impact of the charged state of the defect on its spectral properties has also gained

signi�cant interest [56, 67].

1.6 Charge transfer and electrical control of emitters

in hBN

The fabrication of electrically driven emitters is key in the scaling up of hBN based

optoelectronic technologies. On demand charge control is necessary for the operation of

these devices. Recently, it was found that when hBN was deposited on graphene, majority

of F-centres did not emit light, possibly due to a combination of charge and energy

transfer, known as quenching [67]. However, when the graphene layer was functionalised

with N-Methyl-2-pyrrolidone (NMP), to increase its Fermi level, these emitters remained

active. This provided strong evidence for charge and energy transfer processes between

the two layers.

Quenching of emitters due to graphene was also used to spatially localise emitters in
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Figure 1.6: hBN with a nitrogen vacancy adjacent to a carbon impurity, C BVN . CBVN could

act as a colour centre. The carbon atom is represented by the gray sphere. The colour scheme

for boron and nitrogen atoms follow Fig. 1.2a.

hBN [7]. A host hBN layer with emitters activated by Ar annealing was embedded in a

trilayer hBN stack, with the encapsulating hBN layers being oxidised to remove emitters

and serving the role of protecting the host layer from the environment. By activating

only the emitters in a host layer in the stack, vertical localisation was achieved. The

trilayer stack was then placed on top of a Gr layer with windows patterned using electron

beam lithography, EBL, (Fig. 1.7a). Quenching occurred only in areas where the Gr was

in contact with hBN, leaving windows with emitters remaining active.

Therefore, interfacing hBN with graphene is a possible scheme to exploit charge control

of emitters. This was exploited in a study that showed that changing the Fermi level of

the graphene layer adjacent to hBN can lead to charging and discharging of the defect

(Fig. 1.7b) leading to the defect turning on/o� [8, 68]. Although the defects in these

studies were optically excited and not electrically pumped, they represent initial steps

towards achieving electrical pumping of hBN colour centres.

Early-stage studies on the tunability of these emitters show that the saturation in-

tensity of the emitters can be greatly increased by strain control [69]. Tuning of the
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(a)

(b)

Figure 1.7: (a) Using a Gr mask and trilayer stack of hBN (with the layer hosting emitters

embedded in the middle), lateral and vertical localisation of emitters can be achieved by ex-

ploiting quenching due to graphene.(b) Charge transfer between defects in hBN and graphene

can be controlled by manipulating the Fermi level of graphene. This can then be used to turn

emitters on/o�. Fig 1.7a was reproduced from Ref. 7. Fig. 1.7b has been reproduced from Ref. 8

single-photon energies with electric �elds has also been demonstrated both at cryogenic

and room temperature [16, 70]. In these devices, graphene was used as a gate layer to ap-

ply an electric �eld across the device. This has the additional advantage that graphene,

being a 2D and transparent material allows the heterostructure to still be only a few

nanometers thick, allowing high photon extraction e�ciency, and coupling to other pho-

tonic devices with nanometre proximity. The application of graphene both as a gate and
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mask to localise emitters has earned it a lot of interest in the engineering of scalable SPE

devices using hBN.

In this thesis, charge and site control of emitters has been studied in great detail us-

ing both theoretical and experimental methods. Theoretically, charge transfer processes

between defects in hBN and graphene were studied using DFT. Experimentally, an al-

ternative approach to the design in Ref. 7 was explored, where windows were replaced by

Al 2O3 pillars, which act as barriers to quenching to control regions of active emitters.

Such a device can then be optimised to allow controlled charge injection into defects in

hBN and apply electric �elds while simultaneously allowing site control.
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1.7 Thesis aims and objectives

In this section, the aims of the PhD project have been outlined, along with a summary

of the chapters.

The aim of the thesis was to develop on existing methods of charge control of emit-

ters in hBN to address issues regarding site control of emitters. The problem has been

approached both theoretically and experimentally.

The theoretical approach involves computational modelling of defects in isolated mono-

layer and multilayer hBN, hBN/Gr and Gr/hBN/Gr heterostructures. These structures

were studied sequentially to gain an understanding of how properties of defects in hBN

are a�ected by the introduction of an increasing number encapsulating graphene layers.

The goal was to identify defects that participated in charge transfer with graphene, to

quantify the degree of charge transfer and understand the impact of encapsulating layers

on the thermodynamics of structural reorganisation of the defect.

The experimental work develops on the study performed in Ref. 7, where windows

of etched graphene hosted emitters in hBN. A drawback of this approach was the lack

of graphene, which crucially plays the role of a voltage gate to apply electric �elds and

inject carriers into hBN, below the emitters. In this thesis, the problem is approached by

growing a spacer layer of alumina (Al2O3) to act as a barrier to quenching. This layer was

then patterned to form grids before hBN was transferred, with the intention of allowing

quenching of emission where hBN made direct contact with graphene and emission where

the Al2O3 barrier was present. A signi�cant advantage of this design is that in a single

step, the Al2O3 barrier thicknesses can be controlled based on the requirements of the

device. For example, charge injection would require thinner spacers than compared to

�eld control of emitters.

The following is a summary of the chapters in this thesis starting from Chapter 2:

ˆ Chapter 2: The theoretical methodology is explained, such as the principles of DFT

and its approximations. A brief summary of derived properties from DFT, such as

the band structure and activation energies, are also provided.

ˆ Chapter 3: Following an overview of the computationally derived properties of pris-
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tine structure, outcomes from the theoretical work exploring charge transfer between

defects in hBN and graphene and activation energies for defect reorientation are

discussed. Emphasis is given to quanti�cation of charge transfer, band structures

re
ecting changes to the occupancy of electronic levels and geometric changes to

the defect.

ˆ Chapter 4: Experimental methodologies used for nanofabrication and device char-

acterisation are discussed. Some of these techniques include deposition techniques

for the thin Al 2O3 �lm, the transfer process of hBN, microscopy and spectroscopy

processes to identify emitters.

ˆ Chapter 5: Results from the experimental exploration on site control via quenching

is presented. Images of the device showing the degree of localisation of the emitters

to patterned Al2O3 regions is shown, supported by spectra to con�rm the nature of

the source of emission.

ˆ Chapter 6: Future prospects and outlook of the research conducted in this thesis is

discussed.
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Chapter 2

Theoretical Methods

Theoretical modelling of hBN and defects allows the derivation of its electronic and struc-

tural properties. These properties can then be compared with experiment to understand

the nature of the defects responsible for luminescence. Calculation of the electronic prop-

erties involves solving the full Schr•odinger equation describing the electronic and ionic

kinetic energies, inter-electronic interactions, electron-ion interactions and ion-ion inter-

actions. This is a problem with a high computational complexity as the system being

studied has a large number of atoms. DFT is a quantum mechanical theory that allows

the calculation of the electronic structure of a many-electron system. It is implemented

computationally to investigate the electronic structure of the system in its ground state.

The bene�t of this methodology compared to traditonal methods such as Hartree-Fock

theory is that the computational cost of doing these calculations scales orders of mag-

nitude more slowly with system size. In this section, the core principles of DFT are

outlined.
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2.1 The Core Principles of DFT

2.1.1 The Many-Body Schr•odinger Equation

The general time-independent Schr•odinger equation for a system with a total number of

N electrons andK nuclei with chargesZn can be written as [71],

H = �
1
2

NX

n=1

r 2
n �

1
2

KX

i =1

r 2
i

M i
+

1
2

NX

n;n 0=1; n6= n0

e2

jr n � r n0j
�

NX

n=1

KX

i =1

Z i e2

jr n � R i j
+

1
2

KX

i;j =1; i 6= j

Z i Z j e2

jR i � R j j
:

(2.1)

The equation is given in atomic units, where the physical constants are set to equal one

to ease calculation. The �rst two terms correspond to the kinetic energies of the electrons

and nuclei respectively, whereM i is the mass of nucleusi . The third to �fth terms

correspond to Coulomb interactions, namely the electron-electron repulsion, electron-

nuclear attraction and internuclear repulsion terms in that order. The position of thenth

electron is given byr n and that of the i th nucleus isR i .

As the computational cost of solving the exact Schr•odinger equation for the many-body

system in Eqn. 2.1 makes it unsolvable with the largest and fastest computers available for

any system with more than a few atoms, approximations are made to make the calculations

feasible.

2.1.2 The Born-Oppenheimer (BO) approximation

The BO approximation results in the separation of the terms connected to the motion of

the nuclei (the kinetic energy of the nuclei and the internuclear repulsion terms) from those

of the electron. This is justi�ed by the signi�cantly heavier nuclei (protons and neutrons

are approximately 1835 times heavier than electrons) moving much more slowly than the

electrons, allowing the electrons to adapt to each nuclear con�guration. The separated

electronic Schr•odinger equation describes the motion of the electrons in the �eld generated

by a static con�guration of the nuclei. The nuclear motion is then dictated by the potential

due to the electronic energies and is described by a separate Schr•odinger equation. The

decoupling of the electronic and nuclear contributions to the Hamiltonian reduces the

degrees of freedom that need to be solved for each equation, reducing computational cost.
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After the BO approximation, the Hamiltonian for the electrons takes the form,

H = �
1
2

NX

n=1

r 2
n +

1
2

NX

n;n 0=1; n6= n0

e2

jr n � r n0j
�

NX

n=1

KX

i =1

Z i e2

jr n � R i j
: (2.2)

This could be further reduced in complexity by approximating that the motion of the

nuclei is neglected and only the energy due to the Coulomb interactions of the nuclei with

each other is added to the electron energy to obtain the total energy. Thus, the ground

state con�guration of the nuclei is determined by the minimum in their potential.

However, the complexity of the Eqn. 2.2 with static nuclear con�gurations is still in-

tractable by computers for large systems due to the large number of electronic degrees of

freedom. The next step to reduce this complexity is to employ an independent particle

Hamiltonian where each electron only `feels' the averaged potential of the other elec-

trons and is uncoupled from the other electronic wavefunctions. The independent particle

Hamiltonian takes the form,

H =
NX

n

�
�

1
2

r 2
n + V(r n )

�
: (2.3)

In Eqn. 2.3, V(r ) stems from the positionsR n of the nuclei and its form depends

on the electronic wavefunction, , the independent particle Hamiltonian is acting on.

Furthermore, the value ofV  at position r is determined by the value of at positions

r 0 6= r , which is why it is known as a nonlocal operator.

2.1.3 Hohenberg-Kohn Theorems

In traditional methods, such as Hartree-Fock, the averaged potential in Eqn. 2.3 depends

explicitly on the wavefunctions and the process of solving for a set ofN antisymmetrised

eigenfunctions for the Hamiltonian does not scale favourably with system size. DFT

addresses this issue by making the potential dependent on the charge density,n = j j2dr ,

instead. This is a signi�cantly more computationally accessible means to compute the

potential and allows energies of systems of thousands of electrons to be calculated in

reasonable times. In DFT, the many-body Schr•odinger equation that is solved to calculate

the total energy is given by [71],
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�
�

1
2

r 2 �
X

n
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jr � R n j
+

Z
d3r 0n(r 0)

1
jr � r 0j

+ Vxc[n](r )
�
 k(r ) = " k  k(r ): (2.4)

On the left hand side of Eqn. 2.4, the �rst term refers to the kinetic energy, the second

is the electrostatic interaction between the electrons and the nuclei, and the �nal two

terms refer to the many-body e�ects. The �rst of these two is the Coulomb interaction

term and the second is referred to as the `exchange-correlation potential',Vxc. The other

terms in Eqn. 2.4 are,n(r ), which represents the charge density at positionr , R n , the

position of nucleus,Zn , the atomic number of the atomic species, and" k , are the energy

eigenvalues. Finally, k(r ) corresponds to electron wavefunction with wavevectork at r .

This takes the form of a functional and depends on the charge density alone and hence,

this form of the independent particle Hamiltonian has a potential term determined solely

by the charge density and not the explicit form of the wavefunctions. A functional takes

a function as an input, in this casen(r ), and returns a scalar, which isVxc.

The �rst Hohenberg-Kohn theorem states that [72]:

\The ground-state energy and all other ground-state electronic properties are uniquely

determined by the electron density."

The general idea is that there exists an exchange-correlation potential that depends

only on n(r ) that yields the exact ground state energy and density. The computational

problem is that the form of the exchange-correlation contribution is not known. However,

there are several approximations for it.

The second Hohenberg-Kohn theorem states that [72]:

\For a trial density function n(r 0), the energy functionalE0[n0] cannot be less than the

true ground-state energy of the molecule."

This allows the usage of variational methods, starting with a trial density,n(r 0), which

is positive in all space and integrates to the total number of electrons in the system,Nc,

and corresponds to an external potentialV [n](r 0) and Hamiltonian H 0, which is then
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self consistently varied withn(r 0) to arrive at the �nal ground state energy and electron

density. This constrained minimisation procedure corresponds to solving the following,

�
�

E [n] � �
Z

n(r )dr
�

= 0; (2.5)

where the Lagrange multiplier,� , constrains the integral of the charge density to equal

the total number of electrons. The ground state energy then satis�es,

� = Vext (r ) +
�E HK [n]

�n (r )
EHK [n] = T[n] + Vee[n]: (2.6)

Vext (r ) is the external potential, T[n] is the total kinetic energy functional, andVee in

Eqn. 2.6 refers to all the di�erent electron-electron interactions.

2.1.4 Kohn-Sham Equations

The search for the ground state energy of a system is done through the variational process

in two steps. The �rst step is to minimise the energy with respect to the wavefunctions

for a �xed electron density, the second step is to minimise the energy with respect to the

density.

The set of wavefunctions consistent with a �xed density that minimises the energy

is found by developing a hypothetical reference system withNc non-interacting electrons

moving in an e�ective potential, Ve� (r ), such that the reference electron density,nref(r ), is

the same as the true electron density,n(r ). The set of equations that allows the calculation

of these wavefunctions are known as the Kohn-Sham (KS) equations. This can be written

as Ref. 72,

href =
N cX

i =1

hKS
i hKS

i  KS
m (r i ) = "KS

m  KS
m (r i ); (2.7)

where the Kohn-Sham orbitals, KS
k , are solutions to the one-electron Kohn-Sham Hamil-

tonians, hKS . The one-electron Kohn-Sham Hamiltonian is given by,
�

� r 2
i + Ve�

�
 KS

k (r ) = "KS
k  KS

k (r ); (2.8)

where the �rst term is the kinetic energy term of the i th electron of the one-electron

Hamiltonian, "KS
m is the energy eigenvalue, andVe� is given by,

Ve� = Vext (r ) +
�J [n]
�n (r )

+
�E xc[n]
�n (r )

: (2.9)
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J [n] in Eqn. 2.9, is the Hartree energy of the reference system, which is the same of the real

system, andExc is the exchange-correlation energy. The last term, which is the functional

derivative of Exc is aforementionedVxc,

Vxc(r ) =
�E xc[n]
�n (r )

: (2.10)

J [n] and Exc are de�ned as:

�J [n]
�n (r )

= j 0

Z
n(r )

jr � r 0j
dr 0 j 0 =

e2

4�� 0
(2.11)

Exc = ( T[n] + Vee[n] � Tref[nref] � Jref[nref]): (2.12)

Exc accounts for many-body electron-electron interactions that have not been captured by

the reduction of the many-body system to an e�ective one-electron system. The e�ective

potential is therefore:

Ve� = Vext (r ) + j 0

Z
n(r )

jr � r 0j
dr 0+ Vxc(r ): (2.13)

2.1.5 The Exchange-Correlation Potential

DFT allows the calculation of the exact ground state energy, if the correct exchange-

correlation functional is known. The main challenge of DFT is to �ndExc and there are

numerous approximations for it. Mathematically, the exchange correlation potential,Vxc

is the functional derivative of the exchange correlation energy with respect to the local

charge density, Eqn. 2.10. The simplest approximation is that the local density, the

charge density at an in�nitesimal volume located atr , is homogeneous. This is called the

local density approximation (LDA) , and the Vxc is dependent only on the local charge

density [71]. The expression for the exchange-correlation potential in the LDA scheme is

[71, 73],

Exc =
Z

d3r " xc[n(r )]n(r ); (2.14)

where" xc[n] is the exchange-correlation energy for one particle in a homogeneous electron

gas. The exchange-correlation energy is usually broken down to an exchange and corre-

lation term, Exc = Ex + Ec. The exchange e�ects,Ex, are obtained based on quantum

Monte Carlo simulations to be [71],

Ex = �
3
4

�
3
�

� 1
3

n
1
3 (r ): (2.15)
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In open-shell systems, distinct densities for the spin-up and spin-down electrons are taken

to be independent in the exchange-correlation energy. The exchange energy in the local

density approximation (now the local spin density approximation - LSDA ) takes the form

of,

Ex[n+ ; n� ] = �
3
2

�
3

4�

� 1
3

Z
d3r [n

4
3
+ (r ) + n

4
3
� (r )]: (2.16)

The LDA functional can be extended so that it not only depends on the electron density

at that point but also its gradient at that position. This is the basis of the Generalized-

Gradient Approximation (GGA) . The exchange-correlation energy then takes the form:

Exc[n] =
Z

f (n(r ); r n(r ))dr : (2.17)

It is important to highlight the impact of the choice of exchange-correlation functional

on the calculated values. The LDA functional is known to lead to an over-binding of

electrons and an underestimation of lattice constants, whereas the GGA functional slightly

overestimates the lattice constant and under-binds the atoms [71]. Therefore, the choice

of functional can be made based on the computational cost and the accuracy gains in

the calculated properties of the system. Although GGA and LDA calculations have

comparable computational costs, GGA functionals account for the variation in the electron

density around the vicinity of r and it provides a more accurate description of the many-

body electron system than the LDA.

2.2 Implementing DFT

2.2.1 Periodic Boundary Conditions (PBCs) and Basis Sets

When calculating the electronic properties of crystals, as is the case in this thesis, it is

useful to exploit the periodicity of crystals. A crystal can be thought of as being made from

an in�nite repetition of the unit cell in the direction of each lattice vector [26]. Solutions

to the Schr•odinger equation, or its reformulation in DFT, Eqn. 2.4, then only need to be

calculated for the unit cell. This reduces the computational load when compared to the

same calculation on a cluster of atoms of su�cient size to represent the crystallinity of
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the solid [71]. It must be noted that PBCs are only employed when terminations, such as

edges, are not of interest.

From Bloch's theorem it is known that electronic wavefunctions in systems with pe-

riodic boundary conditions can be expanded using a discrete set of plane-waves, and

these plane-waves can now be used as a basis set to represent the Kohn-Sham orbitals in

Eqn. 2.7. The main advantages of using a plane-wave basis set is that it naturally re
ects

the periodicity of crystals, forms an orthogonal basis set and are independent of atomic

positions (unbiased basis set) [26, 71]. Furthermore, the possibility of solving the problem

in Fourier space, allows the computational time to be reduced signi�cantly [9].

However, there are some signi�cant disadvantages. Atoms have a cusp in the charge

density at core regions near the nuclei and the charge density decreases rapidly into the

vacuum regions. These regions also have a rapid variation in the electronic wavefunction.

To capture these e�ects accurately, a large plane-wave basis set is required, increasing the

computational load [71]. These de�ciencies can be addressed by the use of pseudopoten-

tials.

Alternatively, Gaussian basis sets localised at the positions of the nuclei can be used

[74]. These localised orbitals better represent the properties of the charge density close to

the core, thereby reducing the size of the basis sets needed for the calculations, although

pseudopotentials may still be required. Solving eqn. 2.4 and 2.8 also involves calculating

complicated integrals, but with the use of Gaussian orbitals, the integrals have known

analytical solutions, simplifying the calculations. However, Gaussian basis sets possess

some disadvantages of their own. A basis set that is too small can lead to an inaccurate

description of electronic states (Basis Set Incompleteness Error - BSIE) or atoms in close

proximity to each other \borrow" wavefunctions localised at a di�erent sites, leading to

an arti�cial reduction in energy and bond lengths (Basis Set Superposition Error - BSSE)

[74]. For plane-waves, the size of the basis set can be controlled easily by changing the

'cut-o�' energy corresponding to the highest energy wavevector in the plane-wave basis set

[9]. For Gaussian basis sets, this is a more complicated procedure that requires optimising

a set of orbitals for a given system [75].
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2.2.2 Pseudopotentials

To overcome the computational challenge of a large plane-wave set needed to capture

the rapid oscillations near the core regions of the valence electron wavefunctions [9],

pseudopotentials are used. This process works by replacing core electrons and the strong

ionic potential by a weaker pseudopotential that acts on a set of pseudo-wavefunctions and

the valence electron states rather than the true valence wavefunctions [9, 76]. Since core

electron wavefunctions are highly localized and weakly participate in chemical bonding,

it justi�es the use of pseudopotentials [76].

The set of pseudopotentials and pseudo-wavefunctions should be constructed to re-

produce the valence charge density, which is outside a cut-o� radiusr c from the nucleus

(called the core radius), associated with chemical bonds obtained from all-electron cal-

culations. For such pseudopotentials the integrals of the squared amplitudes of the all-

electron and pseudo-wavefunctions beyondr c are identical, Fig. 2.1, which amounts to

one electron per pseudo-wavefunction [77]. These pseuodpotentials are therefore known

as norm-conserving [9, 77].

A pseudopotential can be further classi�ed as either being `hard', [78], or `soft', [79],

if the number of Fourier components of the wavefunction that are needed to represent

the core electron-ion Coulomb interaction are large or small respectively. The softer the

pseudopotential, the larger ther c and the lower the computational cost as a smaller basis

set is needed to represent the variation of the charge density near the core [79].

A major bene�t of the pseudopotential technique is the transferrability across several

systems [9]. The construction of pseudopotentials is performed on isolated atoms or ions

of �xed electronic con�gurations. Therefore, they possess the correct scattering properties

over a wide energy range and can be used in various solid-state environments, such as in

crystals of various phases.

2.2.3 k-point sampling scheme

The boundary conditions of a system impose restrictions on the allowedk-points at which

electronic states can exist [26]. Using Bloch's theorem due to the PBCs in the crystal

system, the problem of computing the electronic levels is reduced to thek-points within
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Figure 2.1: The real, also known as the all-electron, wavefunctions and potentials (solid lines)

and the pseudo-wavefunctions and pseudopotentials (dashed). Beyond the core radius,r c, the

real wavefunctions and potentials cannot be distinguished from the pseudowavefunctions and

pseudopotentials. The �gure has been reproduced from Ref. 9

the primitive unit cell in the reciprocal space, which is known as the Brillouin zone [26].

In the case of an in�nitely repeating unit cell in the crystal system, there are in�nitely

many k-points in the Brillouin zone and each occupied state contributes to the potential in

Eqn. 2.9, leading to a computational challenge. However, as the electronic wavefunctions

at k-points close together have nearly identical wavefunctions, only a �nite subset of

the in�nite number of k-points need to be sampled to accurately calculate the potential

in system [9]. The scheme implemented in this study follows, Ref. [80], wherek-points

along each reciprocal lattice vector is generated by uniformly dividing the basis vector

by a user de�ned number of points. The number ofk-points used will depend on the

sensitivity of the derived properties of interest of the system to the sampling density.

For example, metallic systems, such as the graphene layer studied in this thesis, have a

complex Fermi surface that requires a high density of k-points to accurately describe the

electronic potential [9, 81]. As such, the sampling density used should correspond to the

degree to which the relevant property, such as interatomic distances or electron chemical

potentials, need to be converged.
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2.2.4 The Self-Consistency Process

Having determined the approximations and general theory for the determination of elec-

tronic energies, the algorithm for determining the ground state energy of a system is now

discussed.

The process of starting with anansatzcharge density and a basis set of wavefunctions

corresponding to the charge density, minimising the energy with respect to the wavefunc-

tions with a �xed charge density, then minimising with respect to the charge density and

the repeating then process until the change in charge density and total energy is below a

tolerance is known as a self-consistent �eld method.

Computationally, the following method is implemented to achieve self-consistency:

1. Generate a starting input density:

n(r ) =
X

atoms;a

na(r ) (2.18)

2. Calculate the e�ective Kohn-Sham potential, Eqn. 2.13

3. Solve the non-interacting problem, Eqn. 2.8, to generate a set of wavefunctions that

minimise the energy corresponding to the starting density.

4. The charge density corresponding to the new set of wavefunctions is computed

n(r ) =
X

i

j KS
m (r )j2 (2.19)

5. A new charge density is constructed using a weighted combination of the output

and the input charge density.

The above procedure is repeated until the change in the total energy and electron

densities between successive calculations are less than a threshold. This threshold to the

change in these values is determined by the precision to which the desired properties

of a system, such as the lattice constant, need to be known. As will be discussed in

Sec. 2.3.1, the nuclei \move" in a potential determined by the electron density, and hence

the accuracy of the electronic energies obtained from the self-consistency process will
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impact other properties of the system. Once the changes in charge density and total

energies satisfy the threshold criteria, the values are considered to be \converged" within

the self-consistency cycle and process is completed.

The algorithm used in this project for generating the new input charge density at

each self-consistency cycle is a variation of the `direct inversion in the iterative subspace'

or DIIS method [82, 83]. Brie
y, the algorithm is as follows. A historical record of

input charge densities are maintained as the self-consistency process is followed, and the

new input charge density is calculated from a weighted contribution of each historical

charge density. The weights are determined so as to minimise the di�erence between the

output charge density of the previous self-consistency cycle and the next input charge

density. Hence, the input charge density is always a mixture of contributions from charge

densities in previous iterations. The size of the historical record of charge densities and

pre-conditioning to determine the extent to which mixing occurs with previous guesses

can be controlled to obtain rapid convergence to the ground state charge density [83].

2.3 Structural Optimisation

Using DFT, one can obtain the electronic properties of the system under the Born-

Oppenheimer (BO) approximation. In the BO approximation, the electronic and nuclear

contributions to the total Hamiltonian is separated and the nuclei move in the electrostatic

potential of the electrons [72, 26]. Therefore, an additional step needs to be included in

the computational procedure to relax the interatomic distances so that the system is in

its electronic and structural ground state. This is necessary as it is of interest to calculate

structural properties such as lattice constants and interatomic distances. In this section,

the methods used to determine these properties are brie
y overviewed.

2.3.1 Optmising atomic positions

The process of structural optimisation involves minimising the forces acting on the atoms

in the solid. The nuclei of the atoms can be thought of as moving in the electrostatic

potential due to the electronic wavefunction in the BO approximation. Therefore the
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force acting on a nucleus is the derivative of the electronic energy obtained from the SCF

procedure for a �xed nuclear position. From the Hellman-Feynman theorem, Eqn. 2.20,

it is known that the variation of the total energy with respect to a parameter,P, in this

case the internuclear distances, is equal to the expectation value of the derivative of the

Hamiltonian of the system with respect to that parameter [72]. This allows the forces to

be calculated analytically and the search direction for the minimisation of the forces is

computed using the conjugate gradient method [76]. The structural relaxation process is

necessary to perform, as according to the second law of thermodynamics, the system will

be found in its lowest energy con�guration at equilibrium.

dE
dP

=
�

@H
@P

�
(2.20)

2.3.2 Interlayer interactions: van der Waals forces

In many systems, such as large non-polar molecules and, as in the case of this thesis, 2D

materials, have long-range interactions due to induced dipoles. At short electron-electron

distances, the correlation is modelled well by standard density functionals, as they have

a deep relation to the corresponding electron density change, however, such correlation is

absent in several local or semi-local exchange-correlation functionals [10]. For example,

in Fig. 2.2 , while the PBE (a GGA type functional) functional at least qualitatively

mimics the attractive force between atoms/molecules, the Becke 3-parameter Lee-Yang-

Parr (B3LYP) hybrid functional predicts a repulsive force [10]. Therefore, there is a need

to explicitly incorporate dispersion forces, especially in layered materials as van der Waals

(vdW) forces are the primary attractive force leading to binding between di�erent layers.

As will be discussed in Sec. 3.3, the accurate modelling of interlayer separation is necessary

for the determination of the degree of charge transfer.

The dispersion correction to the total energy used in this thesis is the Grimme DFT-D3

correction [84]. This correction is added separately to the Kohn-Sham DFT total energy,

EKS-DFT in Eqn. 2.22, and therefore only directly a�ects the optimisation of the nuclear

positions. All DFT-D approaches have the same general form of the dispersion correction
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i.e [10],

E DFT-D
disp =

X

AB

X

n=6 ;8;10

sn
cAB

n

Rn
AB

f damp (RAB ); (2.21)

EDFT-D3 = EKS-DFT � E DFT-D
disp (2.22)

where the sum is over all atom pairs,AB , in the system and the corrected energies take

the form of Eqn. 2.22. In Eqn. 2.21, thecAB
n term denotes the averagednth order dispersion

coe�cient (orders n = 6; 8; 10; :::) for the atom pair AB, and the internuclear distance of

this pair is given by RAB . The global parameters,sn , are used to modify the correction

to suit the behaviour of the chosen density functional.f damp is a damping function and

is included to avoid singularities at smallRAB and double-counting at intermediate inter-

nuclear separations. Hence,f damp determines the range of the dispersion correction. The

DFT-D3 scheme can be easily incorporated into standard density functionals, allows the

e�cient calculation of energy gradients during structural relaxation and �nally, interpre-

tation of the dispersion energy is straightforward as it can be assigned to contributions

from individual atom pairs, parts of a molecule, or for a particular internuclear separation.

2.4 Computational approach for systems of interest

2.4.1 DFT Parameters

Now that the general DFT theory and its approximations have been discussed, the pa-

rameters used in the computation of properties of the defects studied in this thesis are

ellaborated.

The DFT calculations were performed using the Ab Initio Modelling PROgram[76]

(AIMPRO) with PBC and the PBE-GGA exchange-correlation functional [85]. Atoms

are modelled using norm-conserving separable pseudopotentials [86], with 1s-states of B,

C and N part of the core. Kohn-Sham eigenfunctions are represented with a basis of

sets of independents- and p-Gaussian orbitals with four di�erent exponents centred on

atomic sites [87], with the addition of one (two) sets ofd-Gaussian functions for C (B

and N) atoms to account for polarization. This amounts to 18 independent Gaussian

functions per C atom in the basis, and 28 per B and N atom. Additional sets of functions
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Figure 2.2: The potential energy curves for Kr-Kr (Kr 2) (left) and benzene (right) molecules

calculated using B3LYP, PBE-GGA and coupled cluster singles doubles with peturbative triples

CCSD(T), which is considered the most reliable for obtaining electronic properties of molecules

as a reference. The curve obtained using PBE-GGA shows some binding, although signi�cantly

weaker than the CCSD(T) reference, and the B3LYP derived curve shows repulsive force between

the molecules. This shows the necessity for accounting for dispersive forces in DFT calculations

of vdW materials. The �gure has been reproduced with permission from Ref. 10.

are located in the vacuum regions to ensure accurate representation of the evanescence of

the electron wavefunctions into the vacuum. The charge density is Fourier transformed

using plane-waves with an energy cuto� of 300 Ha, leading to energies converged to better

than 1 meV with respect to this parameter. The Brillouin zone of the primitive structures

were sampled using a 16� 16 � 1 k-point grid and the Monkhorst-Pack scheme [80].

Non-primitive cells are modeled using grids with a comparable or denser reciprocal space

density. Structures were optimized by the conjugate-gradient method until the total

energy changed by less than 10� 5 Ha, and which corresponded to forces less than 10� 4 a.u.

From these parameters, the error in the total energies is within the \chemical accuracy"

of 50 meV [88].

Although screened-exchange functionals, such as the Heyd-Scuseria-Ernzerhof (HSE)

functional, produce electronic properties, such as band gaps, signi�cantly closer to exper-

imental results when compared to GGA functionals, they come with signi�cantly greater
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computational cost and is also not available as an option in AIMPRO. However, GGA

functionals accurately reproduce bond lengths and the band structures qualitatively re-

semble those derived using HSE, while being computationally e�cient. As many modern

DFT analyses of hBN use GGA functionals, GGA functionals were used in the calcula-

tions as well [12, 89, 90, 91, 65]. Using a scheme proposed by Ref. 92, the calculated PBE

values are translated into HSE values to validate the conclusions derived using PBE.

When exploring multilayer hBN and hBN/Gr heterostructures, dispersion forces be-

tween adjacent layers were explicitly included to reproduce experimental interlayer spac-

ings. The interlayer vdW interactions were represented using the Grimme-D3 scheme [10].

The impact of the inclusion of vdW interactions is discussed in Sec. 3.3.7.

2.5 Derived properties from DFT

2.5.1 Vibrational modes

After relaxing the nuclear positions of the supercell, the vibrational modes can be calcu-

lated. This is done by �rst displacing atom,a, along the axis directionl (with x; y and z

spatial components) by an in�nitesimal value� , usually around 0:025 a.u and calculating

the new self-consistent charge density [76]. This new charge density will be di�erent from

that of the relaxed structure and will be arranged in such a way as to oppose the change,

and a second atom,b, will experience a force,f +
mb(l; a), along direction m opposing such

a change. This is now repeated by displacing atoma in the opposite direction. The new

forces, f �
mb(l; a), are calculated and the second derivatives to the energy, up to second

order in � are calculated as,

r 2
la;mb =

(f +
mb(l; a) � f �

mb(l; a))
2�

: (2.23)

The above only forms part of the dynamical matrix and needs to be repeated for all the

atoms in the supercell. The matrix is then diagonalised to �nd the eigenmodes and values,

they are then normalised by the square of the atomic masses of the species involved to

determine the vibrational/phonon modes of the system.
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2.5.2 Band structure and density of states (DOS)

The band structure shows the variation of the electronic energy levels withk [26]. This

calculation is necessary to determine the energies of the occupied and unoccupied states,

which subsequently allow the estimation of the energies of the photons involved in the

absorption and emission due to an electronic transition in hBN. In DFT, there is no strict

physical interpretation of the Kohn-Sham eigenstates and eigenvalues, KS
k and "KS

k , apart

from the highest eigenvalue, which can be shown to be the negative of the exact many-body

ionisation potential [93, 94]. However, the variation of"KS with k provides a reasonable

estimate of the variation of the electron energy withk and is interpreted as the band

structure of a solid.

The DOS per unit energy,g("KS) is the number of electronic states within an in-

�nitesimal energy range, � � KS . In the implementation of DFT in this thesis, the electron

density is represented by plane-waves of the formei k �r , and the plane-waves have the

energyE = ~2k2

2me
. Therefore, the integration of the charge density within a spec�c energy

range gives the number of electrons, and hence states, within an energy range �� KS [81].

2.5.3 Partial atomic charges

Partial atomic charges show the degree of localisation of a charge around a particular

atom.

2.5.3.1 Mulliken populations analysis

The Mulliken populations analysis is a scheme used to calculate partial atomic charges of

di�erent electronic states in a system [95]. This can reveal the contribution of di�erent

atomic species to states of speci�c energies in the DOS. Such a projection of the DOS onto

di�erent species is known as the partial density of states, pDOS . This is implemented in

AIMPRO by expanding the Kohn-Sham orbital of a bandn at wavevector � ,  n� (rrr; s),
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by a set of localised atomic orbitals,� ni (rrr � RRR), and spin-functions,� � (s) [76],

 n� (rrr; s) = � � (s)
X

i

c�
ni � i (rrr � RRR) (2.24)

M (i; n; � ) =
X

s

Z
 2

� (rrr; s)drrr =
X

ij

c�
ni c

�
nj Sij� =

X

i

m�
ni ; (2.25)

where,

Sij� =
Z

� i (rrr � RiRiRi )� j (rrr � RjRjRj )drrr (2.26)

where, Snij� is the overlap integral between atomic orbitals,i represents thei th atomic

species,n is the band index,� is the wavevector. By collecting orbitals of speci�c angular

momenta, l , the contribution of atomic orbitals with these angular momenta can be

projected.

The pDOS is calculated as,

p(l; i; E ) =
X

n�

w� M (l; i; n; � )� (E � En� ): (2.27)

The weighting factor, w� , is associated with thek-point sampling scheme used after

symmetry reduction. The delta function is replaced by a Gaussian broadening function

to allow for a smoother pDOS.

2.5.4 Other methods

For the sake of completeness, other methods of calculating atomic charges are discussed

brie
y. Hirshfeld charge analysis works by proportionately distributing the charge densi-

ties among the constituent atoms according to their density at corresponding distances in

the free-atom case. The di�erences in the local charge density in the free-atom and the

molecular environments de�ne the partial charges and allow the calculation of multipole

moments [96]. Bader charge analysis is a di�erent method that separates two species

based on the location of the minimum in the charge density. The points in the volume

corresponding to minima in charge density form a surface that separates the two regions

[97]. The drawbacks of methods that allocate charge based on their spatial distributions,

particularly for the case of hBN/graphene heterostructures discussed in this thesis, are

described in detail in Sec. 3.3.7.
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2.5.5 Calculation of Formation Energies

The formation energy of a defect in a speci�c charged state is de�ned as the following,

E f (q) = E tot (q) � Ehost �
X

i

� ni � i + q("VBM + � e): (2.28)

HereE tot (q) is the total energy of the defective layer of hBN in a speci�c charged state,q.

Ehost is the total energy of pristine monolayer hBN. �ni is the change in the number of

atoms of speci�c species and� i is the chemical potential of the speciesi . The formation

energies were calculated in the N-rich condition speci�ed by,

� N + � B = � hBN ; (2.29)

where � N was half the total energy of an N2 molecule. � VBM and � e are the energy

of the valence band maximum (VBM) of the host and the electron chemical potential

respectively. E(q; q0) will be used to refer to the (q; q0) charge transition level (CTL) with

respect to the valence band maximum. When calculating formation energies of charged

defects in PBC, a �ctitious interaction between the charged defects and their images in

the repeated unit cells occur. This interaction has a contribution to the total energy and

leads to incorrect formation energies and CTLs. The scheme used to overcome errors due

to this interaction are discussed in Sec. 3.3.1.1.

2.5.6 Activation Energies

Some of the defects studied in this paper have multiple stable geometries, some of which

are related by symmetry. For example, in monolayer hBN, a defect with an out-of-plane

perturbation can be displaced above or below the basal plane. The defect can transition

between these two sites, and this requires the defect to traverse across a potential energy

surface (PES) . The path followed during the traversal is de�ned by an energy path. A

tool used to determine this energy is the nudged elastic band (NEB) method [98]. The

methodology established by Ref. [98], is brie
y outlined below.

In the NEB methodology, the energy path is found by optimising a number of images

between the initial and �nal con�gurations. The energy barrier for the transition between

the initial and �nal points is known as the saddle point. The lowest energy con�guration

33



Charge control of defect colour centres in hexagonal boron nitride

of each image is found while maintaining an equal spacing along the reaction coordinate

with neighbouring images. Naturally during the energy minimisation of each image, the

images will tend to `slide down' the potential curve towards the minimum. Therefore a

spring force is added between the images to prevent sliding down.

A chain of N + 1 images [R 0; R 1; :::;R N ] is created, withR i representing the position

of the i th image. Throughout the optimisation, the endpointsR0 and RN are �xed and

only the N � 1 intermediate images are adjusted by the algorithm. There are two forces

used in the optimisation process, the true force due to the potential surface and the

spring force arti�cially added to prevent the images from sliding down. The tangential

component of the force due to the energy surface being traversed and the spring force

is calculated and subsequently, the component of the spring force that is parallel to the

path and the perpendicular component of the true force due to the potential is projected

out. Only the parallel component of the spring force is used to maintain an equal spacing

between images and the perpendicular components of the true force is minimised, leading

to the trajectory converging to the energy path with the lowest barrier to transition. This

is known as the minimum energy path (MEP) . Thus, the spring forces do not in
uence

the convergence of the trajectory.

The tangent at imagei is determined as,

� i =

8
><

>:

� +
i if Vi +1 > V i > V i � 1

� �
i if Vi +1 < V i < V i � 1;

(2.30)

where,

� +
i = Ri +1 � Ri and � �

i = Ri � Ri � 1: (2.31)

HereVi is the energy of imagei . If both neighbouring images possess a greater energy or

lower energy thani , a weighted average of the vectors to the adjacent images is used as

the tangent, and hence is an extrema along the MEP. Energy of the neighbouring images

is used to determine the weight.

If the image is at a minimum or maximum, i.eVi � 1 > V i < V i + 1 or Vi � 1 < V i > V i +1 ,
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the tangent is calculated as,

� i =

8
><

>:

� +
i � V max

i + � �
i � V min

i if Vi +1 > V i � 1

� +
i � V min

i + � �
i � V max

i if Vi +1 < V i � 1;
(2.32)

where,

� V max
i = max( jVi +1 � Vi j; jVi � 1 � Vi j) (2.33)

� V min
i = min( jVi +1 � Vi j; jVi � 1 � Vi j): (2.34)

The tangent vector is then normalised. The spring force is calculated as,

F s
i jk = k(jRi +1 � Ri j � j Ri +1 � Ri j) � �̂ i : (2.35)

The true force is given by,

r V(R i )j? = r V(R i ) � r V(R i ) � �̂ i ; (2.36)

The position of each image is optimised at every iteration. At each iteration, the energy

of each image is minimised and moved in the direction of the force towards the minimum

of the PES, and the spring force acts to prevent the coalescing of the images. After the

changes in the positions of the images is below a threshold, the optimisation is stopped

and the positions of the images outline the trajectory of the MEP. In traditional NEB,

the saddle point is found by interpolating between the highest energy images (the number

of images used will depend on the order of the polynomial used for interpolation).

While interpolation works well for wide saddle points, it does not provide an accurate

depiction of narrow energy barriers unless a large number of images are used, leading to

an increase in computational cost. This is because few images land in the neighbourhood

of the saddle point, a�ecting the accuracy of the inpterpolation, Fig. 2.3. Climbing image

nudged elastic band (CI-NEB) is a small modi�cation to the NEB algorithm allows a

rigorous convergence to the true saddle point energy and has no additional computational

cost to standard NEB [11].

In CI-NEB, the highest energy image,imax is identi�ed after a user-de�ned number of

iterations. The force only on this image is de�ned as [11],

Fi max = �r V(R imax ) + 2 r V(R imax )jk (2.37)

= �r V(R imax ) + 2 r V(R imax ) � �̂ i max �̂ i max (2.38)
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Figure 2.3: A comparison of CI-NEB and standard NEB. The MEP obtained from both calcu-

lations are for the adsorption of CH4 on an iridium surface Ir (111). The reaction coordination,

0.0, represents the dissociated end products CH3+H fragments and 1.0 corresponds to a CH4

molecular 4.0�A away. It is clear here that standard NEB leads to poor resolution of the barrier

and interpolation leads to its underestimate. This is solved by CI-NEB which leads to an image

being located accurately on the saddle point. This image is reproduced from Ref. 11.

From this modi�cation, the full true force component along the elastic band due to the

potential is inverted, and so the maximum energy image moves up the slope of the po-

tential energy surface along the elastic band and also towards the MEP in the direction

perpendicular to the band. Therefore the maximum energy image is una�ected by the

spring force, and the remaining images de�ne the only degree of freedom for which the

maximisation of the energy is carried out.

In CI-NEB, the spacing of the images will be di�erent on either side of the climbing

image. This is because as the image moves up to the saddle point, images one side of

the climbing will be squeezed together and on the other side will stretched out. However,

the spacing between images within each section divided by the climbing will be constant.

In this thesis, 11 images were found to be su�cient for convergence to the MEP and the

climbing image was identi�ed after 3 iterations.
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2.6 Summary

In this chapter the general principles of DFT and its approximations have been discussed.

The speci�c implementation of DFT and parameter choice were then discussed. These

choices for implementation were made to allow the calculation of derived properties, such

as the band structure, atomic positions, vibrational modes and activation energies. These

properties will allow the determination of estimates of the ZPL energy of emitters in hBN,

the defect geometry of emitters, and �nally the degree of charge transfer with graphene

encapsulation layers. In the next section, the results of the calculations of pristine and

defective hBN and hBN/Gr heterostructures are discussed.
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Chapter 3

Theoretical Results

In this chapter the results from the exploration of the pristine structures of hBN, graphene

and their heterostructures are discussed. This is followed by the results of the study on

charge transfer between hBN and graphene in hBN/graphene heterostructures, and �nally

the impact of the dielectric environment on the barrier for defect reorientation is discussed.

3.1 Pristine Structures

3.1.1 Isolated hBN

3.1.1.1 Structural Optimisation

As mentioned in Sec. 2.4, the �rst step that needs to be performed is structural relaxation

of the system to represent an unstrained system. The experimentally obtained lattice

constants are good initial guesses but may not be representative of the true equilibrium

lattice constants as the system might not have been in its ground state when the measure-

ments were made. Furthermore, the atomic positions need to be relaxed to be consistent

with the particular exchange-correlation functional used in the calculations, as this can

sign�cantly a�ect the bond strength, as discussed in Sec. 2.1.5.

The optimised in-plane lattice constant of hBN was calculated to be 2.514�A, which is

consistent with existing theoretical values calculated using GGA functionals [12, 89, 90, 91]

and is in agreement with the experimental value of 2.504�A at room temperature [99]. The
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interlayer spacing was set to 15.89�A (30 a.u.), which is nearly �ve times the experimental

interlayer spacing of 3.33�A of bulk hBN in order to e�ectively simulate monolayer hBN

[39]. The optimised hBN structure is shown in Fig. 3.1, with the lattice constants labelled.

Figure 3.1: Optimised structure of a single layer of hBN. The computationally derived in-plane

lattice constant is 2.51�A. The colour schemes for the boron and nitrogen atoms follow Fig. 1.2a

3.1.1.2 Vibrational Modes

After structural relaxation, the vibrational modes were calculated according to Sec. 2.5.1.

The energies of the vibrational modes have been listed in Table 3.1. hBN exibits a de-

generate pair of Raman activeE2g modes and a non-degenerate infrared (IR) activeA2u

mode [100, 101]. The IR mode for hBN occurs at 783 cm� 1 and the Raman mode for bulk

hBN has been experimentally observed at 1366 cm� 1 (1370 cm� 1 for monolayer) [20]. The

intensity of the Raman peak increases in discrete jumps with the number of layers and

the peak position is usually red shifted by� 4 cm� 1 (as shown in Fig. 4.5) [20]. This can

be used to estimate the thickness of a hBN �lm.

The displacement vectors for each of these modes can give us information about the

nature of the vibrational mode, i.e. in-plane or out-of-plane.

From the theoretical calculations, it was found that the IR mode at 793 cm-1 corre-

sponds to the out-of-planeA2u motion of the atoms, Fig. 3.2c, and the last 2 modes are

Raman active degenerate bending modes, Fig. 3.2a and 3.2b, which haveE2g symme-

try. The IR mode is experimentally observed at 783 cm-1 and the degenerate modes are

usually observed at 1366 cm-1 [100, 101]. The Raman modes obtained using PBE-GGA
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No. Energy (cm -1 ) Mode

1 793 A2u

2 1337
E2g

3 1337

Table 3.1: The table shows the 3 vibrational modes of the primitive unit cell calculated using

AIMPRO. The 1 st mode is IR active, the 2nd and 3rd modes are Raman active.

(a) (b) (c)

Figure 3.2: The �gures show the displacements of the atoms in di�erent vibrational modes.

(a) and (b) show the degenerateE2g modes, which are in-plane and Raman active. (c) is the

out-of plane A2u mode which is IR active. The arrows indicate the direction of displacement.

functionals have a 20{30 cm-1 error, [102, 103], and so the experimentally obtained values

are within the uncertainty of the computed values.

3.1.1.3 Band Structure

The band structure of pristine hBN is shown in Fig. 3.4a. It has been plotted along the

k-points in paths of high symmetry. hBN, graphene and its heterostructures studied in

this thesis have the same type of Brillouin zone (hexagonal) and points of high symmetry,

� ; K and M . The Brillouin zone and the points of high-symmetry have been indicated in

Fig. 3.3. For monolayer hBN, the conduction band minimum (CBM) lies directly above

the VBM at the K point [45, 104]. The calculated band gap of 4.70 eV is signi�cantly

lower than the experimental value of� 5.9 eV [51], but agrees within 50 meV of other

theoretical calculations of the band gap using GGA functionals [12, 39, 41].

In the primitive unit cell, there are a total of 4 �lled valence bands, as the total

number of valence electrons is 8 and each band can host 2 electrons. The accuracy of
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Figure 3.3: The points of high symmetry in the Brillouin zone of a hexagonal lattice. This is

shared by hBN, graphene and their heterostructures.

the band structure calculation is con�rmed by qualitative agreement with angle resolved

photoemission spectroscopy (ARPES) measurements of the valence band structure [105].

In addition to the band structure calculations, the ionisation energy of hBN is deter-

mined to be 5.95 eV, which agrees with other work using PBE-GGA functionals [92] but

is an underestimate from the HSE ionisation energy by� 1 eV [104].

3.1.1.4 Density of States (DOS)

The DOS complements the band structure and is useful in identifying defect states, which

presents as small peaks in the band distribution. It is especially useful when distinguishing

states contributed by di�erent layers in a heterostructure, as will be discussed in a later

section on the calculation of charge transfer, Sec. 3.3.1.2, between hBN and graphene. A

k-point sampling density of 50� 50� 1 and a broadening of 0.2 eV was used to obtain the

DOS in Fig. 3.4b. The zero in the DOS has been aligned to the VBM. The sampling

density and broadening determine the oscillatory pattern seen. A larger sampling density

and an appropriate broadening can eliminate peaks arising due to oscillations.

Up to the valence band (the blue regime in Fig. 3.4b), the shape of the DOS calculated

using AIMPRO agrees well with literature, Fig. 3.4c, [12, 106, 107]. The key features

of the DOS, such as the� 10 eV bandwidth of the upper valence bands, and� 5 eV
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(a) (b)

(c)

Figure 3.4: (a) Calculated band structure of hBN in the vicinity of the Fermi energy along

high-symmetry branches of the Brillouin zone. Blue and red lines represent nominally occupied

and empty bands, respectively, with the underlying shading highlighting the envelopes of the

valence and conduction bands. The zero on the energy scale is set at the midpoint of the band

gap in pristine hBN to allow a more direct comparison with the band structure in Ref. 12. (b)

The total DOS of hBN, with the �lling of occupied and empty states following that of the band

structure. (c) The total DOS of hBN as well as the partial density of states for each atomic

species in hBN calculated by Ref. 12.
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bandwidth of the lower valence bands, agree with the literature [12, 107, 108]. The sharp

and narrow valence bands in hBN are characteristic of two dimensional materials with

strong intralayer bonding [108].

The oscillatory pattern seen in the DOS calculation by Ref. [12], Fig. 3.4c, is attributed

to a di�erences in the sampling density. The di�erence in DOS at energies high in the

conduction band DOS calculated using AIMPRO and the literature is due to the aug-

mentation of the basis in vacuum in the AIMPRO to model the evanescent decay of the

charge density present into the vacuum above the hBN sheet to be modelled with greater

accuracy, which is not required in the calculations of Ref. 107 and [108] where plane-wave

basis sets were used.

3.1.1.5 Partial Density of States (pDOS) using Mulliken Populations Analy-

sis

The covalently bonded hBN crystal has electronic states that show di�erent degrees of

localisaton around B and N atoms. While there is no principled method of allocating

charge to an atomic species in a crystal system, it is useful to understand the spatial dis-

tribution of electronic states around speci�c species. This allows the determination of the

contribution of each atomic species to an electronic state of interest. This is highlighted

in the results chapter in Sec. 3.3, where the contribution of hBN and graphene to defect

states in the heterostructure is evaluated. Another application is in the understanding of

the nature of the band edges of the pristine material.
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Figure 3.5: The partial density of states for each atomic species is shown, along with the total

density of states for the hBN monolayer (grey line). The N (green hatched �lling) and B (red

red hatched �lling) contributions have been indicated. The zero in the energy scale is set to the

mid point of the band gap and the position of the valence edge has been indicated by a dotted

grid line labelled `VBM'.

The calculated partial density of states, with a k-point sampling grid of 50� 50� 1,

and broadening of 0:1 eV is shown in Fig. 3.5.

Based on Fig. 3.6, it can be seen that the electronic states in the VBM have a greater

contribution by N than B and the states in the CBM have a greater localisation at the

B atom than the N atom, in agreement with existing literature [12, 104]. It is important

to note this interpretation is basis set dependent. For example, Mulliken analysis on a

DFT calculation performed with an entirely N centered basis set leads to all the states

appearing to be localised at the N atom, which would not be the case. The localisation

of the electron can also be interpreted in terms of the lifetime of the electron in a speci�c

state. If the majority of states in an energy range is localised around a particular atomic

species, it can be interpreted as the electron spending a greater amount of time at the

location of these species compared to the vicinity of the other species.
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(a)

(b)

Figure 3.6: (a) Shows the pDOS calculated using the Mulliken populations analysis for B

atoms. The contribution of the s (red) and p (green) orbitals are shown. (b) Corresponding

pDOS for N atoms. The zero in the energy scale is set to the mid point of the band gap.

Comparing Fig. 3.6a and 3.6b with Fig. 3.4c shows that the angular momentum pro-

jections agree well with literature. The strongly bound orbitals deep in the valence band
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