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Abstract

A prevalent trend in the theory of operator algebras is the study of geometric/topological
structures via bounded linear operators on a Hilbert space. The goal is to establish a rigid
correspondence between such a structure and a C*-algebra, and use the rich theory of the
latter to study the former. This approach has been met with much success in recent years,
revealing surprising links with quantum mechanics, graphs, groups, dynamics, subshifts
and more. Initially these applications were studied individually; however, the introduction
of C*-correspondences and product systems within the past thirty years has presented a
unifying framework. Broadly speaking, C*-correspondences and their C*-algebras account
for low-rank examples (e.g., directed graphs) and are by now well explored. The more
general product systems and their C*-algebras account for higher-rank examples (e.g.,
higher-rank graphs) and less is known in this context. In turn, there is motivation to
analyse the structure of C*-algebras of product systems and interpret the results with
respect to the applications that these objects encompass.

The current work falls within the remit of this programme, and focuses on the gauge-
invariant ideal structure of C*-algebras associated with the subclass of strong compactly
aligned product systems. We parametrise the gauge-invariant ideals of every equivariant
quotient of the Toeplitz-Nica-Pimsner algebra (most importantly the Cuntz-Nica-Pimsner
algebra) via tuples of ideals of the coefficient algebra. We describe the conditions defining
these families via product system operations alone. In the process, we prove a Gauge-
Invariant Uniqueness Theorem. We characterise the lattice operations on the parametris-
ing families such that the bijection is a lattice isomorphism. We then interpret the main re-
sult in the settings of regular product systems, C*-dynamical systems, higher-rank graphs
and product systems on finite frames. We close by examining the case of proper product

systems in further detail.
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Chapter 1

Introduction

1.1 Background

A prominent feature of the theory of operator algebras is the quantisation procedure by
which a geometric/topological object can be studied via bounded linear operators on a
Hilbert space. The goal is to associate such an object with a C*-algebra in a rigid way,
such that properties of the original structure are reflected by properties of the C*-algebra
(and vice versa). In this way, the powerful and well-developed theory of C*-algebras
can be brought to bear on the study of other mathematical structures. In recent years,
there has been interest in encoding this procedure in a uniform way, i.e., accounting for
a multitude of examples via a single framework.

A contemporary tool in this endeavour is that of product systems, whose associated
C*-algebras account for a vast array of C*-constructions associated with a unital sub-
semigroup P of a discrete group G. Structures encompassed by this language include
(but are not limited to) C*-dynamical systems, higher-rank graphs and subshifts. A per-
tinent feature of product systems is their ability to encode transformations that may not
be reversible, and as such the associated C*-algebras provide an ample source of exam-
ples and counterexamples. In turn, there is motivation to analyse the structure of these
C*-algebras, and interpret the results with respect to the applications that the product
system construction affords. Much progress has been made in this direction in the case
of P = Z,; however, the situation changes when we consider more general semigroups.
There are many open questions even in the case of P = Zi.

The case of P = Z, is the case of a single C*-correspondence X, the study of whose
C*-algebras was initiated by Pimsner [48]. The quantisation is implemented via a Fock
space construction, in which the elements of X are treated as left creation operators.
These operators, together with the coefficient algebra of X (suitably viewed as a family
of operators itself), give rise to the Toeplitz-Pimsner algebra Tx. Of particular interest is
a specific equivariant quotient: the Cuntz-Pimsner algebra Ox. The latter is the minimal
C*-algebra that contains an isometric copy of X, and it is this boundary behaviour that

allows for the recovery of a wealth of (low-rank) C*-constructions. For example, the
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C*-crossed product induced by a single *-automorphism and the Cuntz-Krieger algebra
associated with a row-finite directed graph are both incarnations of Ox.

In light of the array of applications, C*-algebras associated with C*-correspondences
have been explored in detail. Important developments in this direction include the study
of ideal structure and simplicity [10], K-theory computation [35] and classification [9],
necessary and sufficient conditions for nuclearity and exactness [35], the parametrisation
of the KMS-simplex [39] and, central to the current work, the parametrisation of gauge-
invariant ideals [36]. Focusing on the latter, the parametrisation is implemented by pairs
of ideals of the coefficient algebra satisfying conditions related to the underlying C*-
correspondence. If the C*-correspondence is induced by a geometric/topological object,
then this description can be translated directly in terms of properties of the inducing
object. For example, the gauge-invariant ideals of the Cuntz-Krieger algebra of a row-
finite directed graph are in bijection with the hereditary saturated vertex sets of the graph,
in accordance with [3].

Moving beyond Z., many of the aforementioned results do not have clear extensions
to the general case. However, by imposing additional structure on the product system X,
progress can be made. One such addition is compact alignment for product systems over
quasi-lattices, as pioneered by Fowler [23]. We can also ask that the representations of
X preserve compact alignment, leading to the notion of Nica-covariant representations.
In this case the associated C*-algebras admit a Wick ordering due to the Nica-covariant
relations of the Fock representation, allowing for a tractable analysis via cores. The KMS-
simplex of the Fock C*-algebra and particularly KMS-states of finite type have been stud-
ied by Afsar, Larsen and Neshveyev [I], unifying multiple works. We can still make sense
of compact alignment when extending to product systems over right LCM semigroups,
and a thorough study of the associated C*-algebras was provided by Kwagniewski and
Larsen [37, B8]. A key difference compared to the low-rank case is that the Fock C*-
algebra is not universal for all representations, in general. However, we do have that the
Fock C*-algebra is universal for all Nica-covariant representations when X is compactly
aligned over a unital right LCM subsemigroup of an amenable discrete group (in partic-
ular P = Z% resides in this framework). In their recent work, Brix, Carlsen and Sims [7]
explore the ideal structure of C*-algebras related to commuting local homeomorphisms,
pushing the theory beyond simplicity.

Until recently, the problem of ascertaining the appropriate Cuntz-type object for prod-
uct systems has been open. Work in this direction commenced with the results of Fowler
[23]; however, the proposed object could be trivial if the inducing product system is
not injective. Sims and Yeend [50] provided an answer in the case of compactly aligned
product systems over quasi-lattices, and showed that this C*-algebra (referred to as the
Cuntz-Nica-Pimsner algebra) accounts for numerous examples. Co-universality of the
Cuntz-Nica-Pimsner algebra (under an appropriate amenability assumption) was clari-

fied by Carlsen, Larsen, Sims and Vittadello [TI1]. The appropriate Cuntz-type object for
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compactly aligned product systems over right LCM semigroups was identified as the C*-
envelope of the (nonselfadjoint) tensor algebra (equipped with the natural coaction) by
Dor-On, Kakariadis, Katsoulis, Laca and Li [I8]. Nuclearity and exactness was addressed
by Kakariadis, Katsoulis, Laca and Li [33]. The complete picture was provided in the
general case by Sehnem [53, 54] via strong covariance relations, linking the Cuntz-type
object with the C*-envelope of the tensor algebra.

The preceding results fall into the broader programme of bringing C*-algebras of
product systems into the remit of Elliott’s Classification Programme. A key result in this
direction for P = Z, has been provided by Brown, Tikuisis and Zelenberg [9], wherein a
sufficient condition for classifiability of the Cuntz-Pimsner algebra in terms of properties of
the C*-correspondence and its coefficient algebra is provided. A corresponding result for
the Cuntz-Nica-Pimsner algebra in higher-rank cases has not yet been achieved. Indeed,
one of the key advantages of the low-rank case is that the strong covariance relations
defining the Cuntz-Pimsner algebra are simple and algebraic in nature, induced by a
single ideal of the coefficient algebra introduced by Katsura [34]. In the general case
the picture is significantly more complicated, since the strong covariance relations may
not adopt the simple algebraic format of the low-rank case. For example, the relations
defining the Cuntz-Nica-Pimsner algebra of Sims and Yeend [56] are based on families of

compact operators induced by all possible finite subsets of the underlying semigroup.

1.2 Motivation

Henceforth, we restrict to considering a compactly aligned product system X over the
semigroup P = Zi that additionally satisfies the strong compact alignment condition
of [I7, Definition 2.2]. This condition, introduced by Dor-On and Kakariadis [17], is
advantageous because it ensures that the strong covariance relations defining the Cuntz-
Nica-Pimsner algebra are simple and algebraic in format and are induced by a family of
29 — 1 ideals of the coefficient algebra. This picture is in analogy with the low-rank case,
opening a direction for lifting results from this setting. This leads to our principal point
of motivation. Katsura’s parametrisation of gauge-invariant ideals [36] makes extensive
use of the fact that the Cuntz-Pimsner algebra is defined in terms of simple algebraic
relations induced by a single ideal of the coefficient algebra. Indeed, the parametrising
families can be broken down into a kernel and a covariance ideal related to Katsura’s
ideal [34]. Appealing to the previously mentioned analogy, it is natural to ask if a similar
parametrisation can be established in the case of P = Zi. In the current work we answer
this question for the Toeplitz-Nica-Pimsner algebra (i.e., the universal C*-algebra for
Nica-covariant representations), thereby resolving [I7, Question 9.2].

Next, it should be noted that strong compactly aligned product systems still account
for a variety of important examples, e.g., regular product systems, C*-dynamical systems,

row-finite higher-rank graphs and product systems on finite frames. In particular, all
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proper product systems over Zi (i.e., product systems in which all left actions are by
compact operators) are strong compactly aligned. This leads to our second point of
motivation. Specifically, we wish to interpret our parametrisation in the context of each of
the aforementioned examples, recovering pre-existing results in the process. We highlight
three such results here. Firstly, given an automorphic C*-dynamical system (A, a,Zi),
there is a lattice isomorphism between the set of gauge-invariant ideals of the crossed
product C*-algebra A %, Z? and the set of a-invariant ideals of A. Next, given a locally
convex row-finite k-graph (A, d), there is a lattice isomorphism between the set of gauge-
invariant ideals of the graph C*-algebra C*(A) and the set of hereditary saturated vertex
sets, as proved by Raeburn, Sims and Yeend [50]. Passing to the more general case of
finitely aligned k-graphs, Sims provided a parametrisation implemented by hereditary
saturated vertex sets together with satiated path sets [55]. In the current work we will
encompass these results uniformly and provide an alternative to [55] in the row-finite
case using only vertex sets. Observe also that these results are presented on the level of
lattices. To accommodate for this, we will explicitly describe the lattice operations on the
parametrising families of our main result that render the bijection a lattice isomorphism.
Such a description is new even for P = 7Z, .

We also wish to characterise the gauge-invariant ideal structure of every equivariant
quotient of the Toeplitz-Nica-Pimsner algebra (i.e., the quotients by gauge-invariant ide-
als). Our motivation is two-fold. As a base case, consider 7 ® T (where T is the Toeplitz
algebra) and associate the vertices of the square (taking d = 2) to ideals of T ® T so that

(071)—(171) T@’C—’C@K
—
(0,0) —— (1,0) {0}

for the compact operators K C T. Then the gauge-invariant ideals of 7 ®7 can be read off

K&T

an inclusion-preserving association by considering vertex sets of the square. Specifically,

we have that

(01,01} ——— {(,1) Tek Kok
| =] |

{(1,0),(0,1), (1,1)} —— {(1,0),(1,1)} ToK+KeT — K& T.

A similar decomposition for the boundary ideal ker{NTx — NOx}, where N'Tx (resp.
NOy) is the Toeplitz-Nica-Pimsner algebra (resp. Cuntz-Nica-Pimsner algebra) of X is
provided in [I7] and resembles that of Deaconu [13], further exploited by Fletcher [22].
Such a decomposition has been used successfully for the computation of the K-theory of
NOx in terms of the coefficient algebra in low-rank cases, e.g., for 2-rank graphs by Evans
[20] and for two commuting *-automorphisms by Barlak [2]. The general case remains
unresolved, and in the current work we aim to shed more light on this construction.

A further motivation comes from the theory of KMS-states, wherein the equivariant

quotients of N'Tx (particularly those that may not be injective on X) arise naturally.

4
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Following the seminal work of Exel and Laca [2I] and of Laca and Neshveyev [39], there
have been many results on KMS-states for C*-algebras induced by finite graphs and
dynamics. Finite higher-rank graphs have also undergone study in this direction, with
Christensen [12] supplying the complete picture. A parametrisation of the gauge-invariant
KMS-states has been obtained by Kakariadis in the presence of finite frames [32]. A
key aspect of [12] [32] is the Wold decomposition of a KMS-state into F-finite and F'*°-
infinite parts, for I C {1, ..., d}. This corresponds to KMS-states annihilating the gauge-
invariant ideal generated by the projections along F°. The construction in [32] uses F' to
induce a product system whose coefficient algebra arises from the F'-core. In the current
work we are motivated to close the circle with [32]. More specifically, we will provide a
full characterisation of each F-quotient of N'Ty as the Cuntz-Nica-Pimsner algebra of an
F-induced product system.

The proof of Katsura’s parametrisation result [36] also makes use of a Gauge-Invariant
Uniqueness Theorem for the Cuntz-Pimsner algebra. This type of result was pioneered
by an Huef and Raeburn for Cuntz-Krieger algebras [28], and various generalisations were
provided by Doplicher, Pinzari and Zuccante [16], Fowler, Muhly and Raeburn [24], and
Fowler and Raeburn [25]. Katsura [36] completed the picture for P = Z,, providing a
Gauge-Invariant Uniqueness Theorem for relative Cuntz-Pimsner algebras. As such, we
are motivated to establish an analogous result for P = Zi, both for its independent utility
and in order to make progress in generalising Katsura’s parametrisation [36]. We note that
a Gauge-Invariant Uniqueness Theorem for the Cuntz-Nica-Pimsner algebra of a strong
compactly aligned product system is provided in [17], and the proof relies on analysing
polynomial equations induced by cores. Due to Nica-covariance and the structure of the
cores, the solutions must adhere to invariance and partial ordering. However, simple
examples show that different subsets of solutions may induce the same gauge-invariant
ideal, raising the question of ascertaining the appropriate compatibility conditions that
characterise the maximal solution set. Due to this subtlety, a Gauge-Invariant Uniqueness
Theorem for relative Cuntz-Nica-Pimsner algebras has been elusive. In the current work

we fill this gap.

1.3 Summary of main results

We parametrise the gauge-invariant ideals of the Toeplitz-Nica-Pimsner algebra NTx of
an arbitrary strong compactly aligned product system X over Zi, thereby answering
[17, Question 9.2]. Our parametrisation is implemented by 2%tuples of ideals of the
coefficient algebra which satisfy conditions related to X. We characterise these conditions
using product system operations alone. As a corollary, we obtain a parametrisation of
the gauge-invariant ideals of each relative Cuntz-Nica-Pimsner algebra of X, including the
Cuntz-Nica-Pimsner algebra N'Ox. In turn, we are able to completely describe the gauge-

invariant ideal structure of every equivariant quotient of N'Tx. These results are in direct
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analogy with (and recover) the one-dimensional case [36]. Additionally, we clarify the
lattice structure on the parametrising families such that the bijection is rendered a lattice
isomorphism (this is new even for d = 1). In the process of obtaining the main result,
we prove a Gauge-Invariant Uniqueness Theorem for the relative Cuntz-Nica-Pimsner
algebras in-between N'Tx and N Oy, recovering the corresponding results of [17, [36].
We apply our results to regular product systems, which is instructive for subsequent
examples. In particular, when X is regular and the coefficient algebra is non-zero and
simple, we show that the set of gauge-invariant ideals of N'Tx is in bijection with the
set of pairwise incomparable subsets of {1,...,d}. In this case we also show that N Ox
does not admit non-trivial proper gauge-invariant ideals. We also apply our results to C*-
dynamical systems over Zi. In particular, for injective systems we show that the gauge-
invariant ideals of the Cuntz-Nica-Pimsner algebra correspond to ideals of the coefficient
algebra that are positively and negatively invariant. In this way we recover the classical
C*-crossed product result for automorphic systems. We move on to apply our results to
row-finite higher-rank graphs. We show that the parametrisation result of Sims [55] is
implemented by vertex sets alone in this context. By requiring the underlying graph to
be in addition locally convex, we demonstrate how the parametrisation result of Raeburn,
Sims and Yeend [50] is recovered from our own. In the presence of finite frames, we
address the decomposition of [32] and show that the F-quotient of N'Tx can be realised
as the Cuntz-Nica-Pimsner algebra of an F-induced product system with coefficients in
the F“-core, for all F' C {1,...,d}. We achieve this in two ways, and show that these
approaches are equivalent in the sense that they produce the same Cuntz-Nica-Pimsner
algebra (up to #-isomorphism). Finally, we explore the connection between our work
and the recent work of Bilich [4] in the setting of proper product systems over Z%. In

particular, we show that the main result of [4] aligns with our own.

1.4 Description of main results

First we remind of the key concepts and results from the low-rank case. Let X be a

C*-correspondence over a C*-algebra A. Given an ideal I C A, we define
X(I):=[{(X,IX)] and X 'I):={ac A|(X,aX)CI},
both of which are ideals of A. Additionally, we define
J(I.X) = {a € Al [¢x(a)]; € K([X]1),aX (1) S T},

which is also an ideal of A. Here we make use of the quotient construction for Hilbert C*-
modules, e.g., [24,136]. We say that [ is positively invariant (for X ) if X (I) C I. Following
[36, Definition 5.6, Definition 5.12], we define a T-pair (of X ) to be a pair £ = {Ly, L1} }
of ideals of A such that Ly is positively invariant for X and Ly € Ly € J(Lp, X); a
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T-pair £ that satisfies Jx C L1y (where Jx is Katsura’s ideal [34, Definition 2.3]) is called

an O-pair (of X ). We remind of Katsura’s parametrisation of gauge-invariant ideals [36].

Theorem. ([30, Theorem 8.6, Proposition 8.8]) Let X be a C*-correspondence over a C*-
algebra A. Then there is a bijection between the set of T-pairs (resp. O-pairs) of X and
the set of gauge-invariant ideals of Tx (resp. Ox ). This bijection preserves inclusions

and intersections.

By modifying the definition of T-pairs, we obtain a parametrisation of the gauge-
invariant ideals of any relative Cuntz-Pimsner algebra [36, Proposition 11.9]. The parametri-
sation of the gauge-invariant ideals of Ty admits the following implementation. Let
J C Tx be a gauge-invariant ideal and let Qy: Tx — Tx/J denote the quotient map.
We consider the representation (Qy o Ty, Q5 o tx) of X, where (Tx,tx) is the universal
representation of X. We set

Ly TR = ker Quomx and  L{HTN = (Qq 0 ) TH(Qs 0 V) (K(X))).

An application of [36, Proposition 5.11] yields that the pair

J . 1 p(Qio7x,Q0tx) p(QoTx,Qy0tx)

L= {Ly7 X,E{lf KRR
is a T-pair of X. Next, let £ = {£y, L;1;} be a T-pair of X. Then [L{1]z, is an ideal of
[A].,, where [-]., denotes the quotient map. Note that [Lg1y]z, C J[X]c@ by [30, Lemma

5.2]. Taking (7,t) to be the universal [£{1}]z,-covariant representation of [X].,, we may

form a representation (7%, %) of X that generates O([L{1y]z,, [X]z,) via
m(a) = 7([alg,) and t5(&) = t([¢]e,) for alla € A, € € X.
Universality of Tx then gives a (unique) canonical x-epimorphism
T x5 Tx — O([Lyleys [ X]zy)-

We set

J° = ker n° x t£,

which is a gauge-invariant ideal of Tx. By [36 Proposition 8.8], the maps

3 — L7 for all gauge-invariant ideals J of Ty,
L — J* for all T-pairs £ of X,

are mutually inverse. Using the preceding proof as a trajectory, our main goal is to
extend Katsura’s parametrisation result to the setting of strong compactly aligned product
systems over Z<%, which we now move on to consider.

We fix the following notation when working over Z%. We write [d] := {1,...,d} for
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d€Nand n = (ny,...,ng) for the elements of Z%. We denote the usual generators of Z%
by ¢ for i € [d]. We set [n|:=>{n;|i€[d]} and 1 :=>{i|i € F} forall ) # F C [d].
We define the support of n to be the set

suppn := {i € [d] | n; # 0}.

We write n L F for F C [d] if suppn N F = ).
A strong compactly aligned product system X = {Xﬁ}ﬂezi with coefficients in a C*-
algebra A is a compactly aligned product system that additionally satisfies

K(X,) ®idx, € K(X, ®4 X;) whenever n L {i}, wherei € [d],n € Z‘i \ {0}.

Henceforth we fix a strong compactly aligned product system X with coefficients in a
C*-algebra A. If (,t) is a Nica-covariant representation of X (acting on a Hilbert space
H) and ¢ € [d], we use an approximate unit (k;)aea of K(X;) to define the projection
pi = w*-limy ¢;(k;») € B(H), and we set

=1,q,:=1—p;, and qp := H(I—pl) for ) # F C [d].
JEF

In Remark we show that the projections p; commute. This fact is not used in [17],
and serves to simplify several of the proofs therein. We reserve (Tx,tx) for the universal
Nica-covariant representation of X, which generates the Toeplitz-Nica-Pimsner algebra
NTx. By exploiting a Fock space construction to define a concrete Fock representation,
we may view N Tx as the C*-algebra generated by this representation. Universality follows
due to amenability of Z.

A 2¢-tuple L := {Lp}rcpa (of X) is a family of 2¢ non-empty subsets of A. We define
a partial order on such families via £ C L' if and only if Lr C L% for all F C [d].
Abstracting the construction of relative Cuntz-Pimsner algebras from the d = 1 case, we

say that a 2%-tuple £ of X is relative if it satisfies
Lp C (e (K(Xy) | i€ F} forall § # F C [d].
The key property of a relative 2%-tuple £ is that
m(a)qr = m(a) + Y {(—=1)"u(dn(a)) |0 # n < 1} € C*(m,t) for all a € Ly, F C [d],
though we may not have that gp € C*(m,t). Thus we may form the gauge-invariant ideal
(Tx(Lr)ixp | F Cld) CNTx.

We write NO(L, X) for the corresponding equivariant quotient of ATy, which is a relative

Cuntz-Nica-Pimsner algebra (justifying our choice of nomenclature).
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The main result of [I7] is that the Cuntz-Nica-Pimsner algebra N Oy is nothing but
NO(Z, X) for the family Z := {Zp}pc|q, where

Tp o= (X, (Tr) | n L F} for T := ((keré) 0 ([ ¢ (K

iEF i€[d]

for all ) # F C [d] and Iy = Jp := {0}. Each Zp is the largest F*-invariant ideal of Jr,
and the family Z is partially ordered in the sense that Zp C Zp whenever F C D C [d]. In
order to understand general equivariant quotients of AT, we abstract the aforementioned
properties to obtain the notions of invariance and partial ordering (respectively) for 29-
tuples of X.

First we consider the case where £ is a 2-tuple of X satisfying £ C Z; we refer to such
tuples as (E)-2¢-tuples. The “E” stands for “Embedding”, since by definition NO(L, X)
lies in-between N Tx and 'Oy and thus contains an isometric copy of X. In Propositions
13.2.4] and [3.2.6, we show that we may induce (E)-2¢-tuples Inv(£) and PO(L) of X via

Inv(L)p :=Span{X,(Lr) |n L F} and PO(L)p:=>» {{Lp)|D CF}
for all £ C [d], such that £ is contained in both Inv(£) and PO(L) and
NOL, X)=NO(Inv(L), X) = NO(PO(L), X).

In particular, we have that Inv(£) is invariant and PO(L) is partially ordered, and in fact
PO(L) is invariant if the same is true of £. Hence we may restrict to the case where £
is an invariant, partially ordered (E)-2¢-tuple of ideals by replacing £ with PO(Inv(L)).
However, it follows from Example that these properties are not sufficient to provide
injectivity of the association £ — NO(L, X). To remedy this, we instead look at the
maximal (E)-29-tuple M that induces NO(L, X). This family contains £ and all other
(E)-2¢-tuples that induce NO(L, X) by construction. Existence and uniqueness of M are

provided by Propositions [3.1.9] and [3.2.10, The prototypical example of maximal (E)-24-

tuples is obtained from injective Nica-covariant representations (m,t) of X that admit a
gauge action, by defining

Eéﬂ’t) :=kerm and E(E’” =T (B(Trt ) for all § # F C [d].

(0,14]

Here B((gf | denotes the (0, 1p]-core of C*(m,¢) and Eéﬂ’t) = {0} by injectivity. In fact,
all maximal (E)-2¢-tuples are of this form. This can be seen via the following theorem,
which constitutes a key step towards a Gauge-Invariant Uniqueness Theorem for relative

Cuntz-Nica-Pimsner algebras.

Theorem A.(Theorem Let X be a strong compactly aligned product system with
coefficients in a C*-algebra A. Let L be a mazimal (E)-2%-tuple of X and suppose that
(m,t) is a Nica-covariant representation of X. Then NO(L, X) = C*(w,t) via a (unique)
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canonical *-isomorphism if and only if (7,t) admits a gauge action and L™ = L.

The maximal (E)-2¢-tuples of X parametrise the gauge-invariant ideals J € N'Tx
such that 7' (J) = {0} (see Remark [3.2.11). In order to obtain a genuinely useful
parametrisation, we turn our attention to characterising maximality using product system
operations alone (without reference to any Nica-covariant representations). To this end,

for every () #£ F C [d] we define

Liny,F = ﬂ Xél(ﬂFgDﬁD) and Ly p:={ac A Jﬁf}: |pm(a) + K(XpnLr)|| = 0F.

mlF

We observe that the definitions of Ly, r and Ly, r do not require £ to be an (E)-2¢-tuple,
though they do require £ to consist of ideals. When £ is an (E)-2%-tuple, we define the
2¢_tuple LM by

{0} if =10,
ES) =9 Zr N Linyr N Lyimp if 0 #F CId],
Ly if = 1d].

In Proposition we show that £1) is an (E)-2%tuple of ideals that is invariant and
partially ordered when L is so, satisfying £ C £ and

(Fx(Lrlaxr | F S ld)) = (7x(C)axr | F S ().

Maximality is then described in terms of the first iteration.

Theorem B. (Theorem Let X be a strong compactly aligned product system with
coefficients in a C*-algebra A and suppose that L is a 2%-tuple of X. Then L is a maximal
(E)-2%-tuple of X if and only if L satisfies the following four conditions:

(i) L consists of ideals and L C T,
(ii) L is invariant,
(i11) L is partially ordered,

(iv) LY C L.

For k € Z, we write L&D := (LF))D where £ := £. When L is an (E)-2-tuple

that is invariant, partially ordered and consists of ideals, we obtain that
LE C L) and NOL, X) = NOLW, X) for all k € Z,

inductively. Thus it is natural to ask if these iterations stabilise, eventually yielding the
maximal (E)-2%-tuple that induces NO(L, X). In Theorem we show that

L£97D = £®) for all k > d — 1,

10
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and thus £(97Y is the maximal (E)-2%tuple inducing NO(L, X). In turn, we obtain an
algorithm for computing maximal (E)-2%-tuples, where the input is an (E)-2¢-tuple L.
More precisely, we pass to PO(Inv(£)) and then take the (d — 1)-iteration. Combining

Theorems A and B then yields the full form of the Gauge-Invariant Uniqueness Theorem.

Theorem C. (Theorem Let X be a strong compactly aligned product system with
coefficients in a C*-algebra A. Let L be an (E)-2%-tuple of X and (,t) be a Nica-covariant
representation of X. Then NO(L, X) = C*(m,t) via a (unique) canonical x-isomorphism

if and only if (m,t) admits a gauge action and

LD = (PO (Inv (£) )) (d_l).

Next we pass to the parametrisation of all gauge-invariant ideals J of N'Tx, accounting
for the case where 7' (J) # {0}. We circumvent this by “deleting the kernel”, i.e., by
utilising the quotient product system construction to return to the setting of maximal
(E)-2%-tuples. Given an ideal I C A, we say that I is positively invariant (for X) if
X,(I) C I for all n € Z%. This condition ensures that [X]; := {[X,,] I}nezd carries a
natural structure as a strong compactly aligned product system with coefficients in [A],
and as in the low-rank case we use [-|; to denote the associated quotient maps.

Let £ be a 2%tuple of X that consists of ideals and is such that Ly is positively
invariant for X and satisfies Ly C Lp for all F C [d]. We say that £ is an NT-2%-
tuple (of X) if [L]z, = {[LF)c,}rciq is a maximal (E)-2%tuple of [X],,. In Section
41| we provide a detailed description of the structural properties that render a 2%tuple
L an NT-2%tuple. In particular, in Proposition we provide a characterisation of
NT-2¢-tuples with no reference to the quotient product system construction when X is
proper. Returning to the case of a general strong compactly aligned product system,
in Proposition we show that the NT-2¢tuples of X are exactly of the form £
for some Nica-covariant representation of X that admits a gauge action. In Proposition
we show (in particular) that every equivariant quotient of N7y can be realised as
a relative Cuntz-Nica-Pimsner algebra of a quotient product system. By passing to the
quotient and combining with the results for (E)-2¢-tuples, we obtain the parametrisation

in its full generality.

Theorem D. (Proposition Theorem Let X be a strong compactly aligned
product system with coefficients in a C*-algebra A. Then there is a bijection between the

set of NT-2%-tuples of X and the set of gauge-invariant ideals of N'Tx given by

L 35 =kernt x t*, for i° x t“: NTx — NO([Lz,, [ X]z,),
I L3 = L@@t for Qi NTx — NTx /3,

where ™° x t* and Q3 are canonical x-epimorphisms. Moreover, if L is an NT-2%-tuple

11
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of X, then we have that

= Tx(@)+ Y (), (k) [F C[da € L ky € K(Xy),

0#n<lp

[0n(a)]ey = [kule, for all 0 # n < 1p).

We note here that the description of J* is new even in the d = 1 case. Moreover, the
Nica-covariant representation (7%, t*) is well-defined since the association X — [X]., lifts
to a canonical *-epimorphism N'Tx — N7[x] ¢, (a proof of which is provided in Remark
. It is known that the corresponding claim for the Cuntz-Nica-Pimsner algebras is
not true in general (even for d = 1, see Example . Nevertheless, by using the N'T-
2¢_tuple machinery, we determine precisely when this holds as part of our applications in
Section [5.1] The key requirement is that Z C £, which implies that £y is both positively
and negatively invariant for X (see Definition [5.1.1]).

The bijection of Theorem D induces a lattice structure on the NT-2%-tuples that ren-
ders it a lattice isomorphism, where we equip the gauge-invariant ideals of N'Tx with
the usual lattice operations. It is then natural to inquire about the join and meet opera-
tions in this setting. It is straightforward to check that the bijection preserves inclusions
and intersections (by Theorem and Proposition , respectively). For the join

operation we use the iteration process that describes maximality.

Theorem E. (Proposition Pmposz'tz’on Let X be a strong compactly aligned
product system with coefficients in a C*-algebra A. We equip the set of NT-2%-tuples of

X with the lattice structure determined by the operations
LV Ly= L3 and Ly ALy = L3709,

Then we have that
<£1 VAN £2)F = £1,F M EQ,F fOT’ all F Q [d]

Additionally, we have that
(L1V L)y =75 (35 +3%)
and that
(L1 £2)r = [T veny [(Crr+ Lo+ (1 £2)g) /(L1 V £2)0) ")

for all ) # F C [d].

The parametrisation of gauge-invariant ideals of N'Tx descends naturally to N O(K, X)
for any relative 2¢-tuple K. The only difference is that the parametrising objects are the
NT-2¢tuples that contain . The lattice structure on NT-2%-tuples restricts to this setting
and so we obtain another lattice isomorphism (see Proposition[4.2.10jand Theorem[4.2.11)).

12
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Combining with Proposition [£.2.1] this elucidates the gauge-invariant ideal structure of
every equivariant quotient of N7Tx. By choosing K = Z, we obtain the parametrisation
of gauge-invariant ideals of NOx by what we call NO-2¢-tuples (of X ).

Next we pass to applying our results to specific classes of product systems. We begin
by studying NO-2%-tuples in greater depth, which is instructive for subsequent examples.
We then deal with regular product systems (i.e., proper product systems such that each
left action is injective). In Corollary we show that the parametrisation of the gauge-
invariant ideals of N'Ox is implemented by single ideals of A that are positively and
negatively invariant. This relies on the fact that a fixed positively and negatively invariant
ideal of A is Ly for a specific NO-2%-tuple £ of X (see Proposition , while by
regularity we have that L = A for all ) # F C [d]. Tt follows that NOx does not admit
non-trivial proper gauge-invariant ideals when A is simple (see Corollary . Passing
to N'Tx, in Corollary we show that the gauge-invariant ideals of N'Tx are in bijection
with the families of pairwise incomparable subsets of [d], when A is non-zero and simple.
A direct application for the Toeplitz algebra T®¢ of Z< produces the parametrisation of
its gauge-invariant ideals by vertex sets on the d-hypercube.

The second class of examples that we consider arises from triples (A, «, Zi), where
A is a C*-algebra and a: Z% — End(A) is a semigroup action. We refer to such triples
as C*-dynamical systems. We write X, for the associated product system, which will
always be proper and so in particular strong compactly aligned. The NT-2%-tuples are

characterised as follows.

Corollary F. (Corollary Let (A, a,Z%) be a C*-dynamical system. Let K and L
be 2%-tuples of X,. Then L is a K-relative NO-2%-tuple of X, if and only if K C L and
the following hold:

(i) L consists of ideals and Lr N ((N;ep oy ' (Ly)) C Ly for all O # F C [d],
(i1) Lr C Ny (Lr) for all F C[d],
(1i1) L is partially ordered,

(ZU) ACLF N EQ’F N ES,F Q EF fOT’ all @ 7é F g_ [d], where

o Lipi=Norr ' ({a€ Al a(Nepa; (L)) € Lo}),
® Lor = Npir % (NrcpLp),

o Lopi={ac A|limy rllan(a) + [an(A)Lran(A) = 0},

If (A, a,Z%) is injective, then X, is regular. In turn, we derive a bijection between
the set of gauge-invariant ideals of N'Ox, and the set of single ideals I of A such that
an(I) € I and o' (I) € I for all n € Z¢ (see Corollary [5.3.14). When (4, a,Z%) is

automorphic, we recover the well-known parametrisation of the gauge-invariant ideals of

13
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the crossed product A x, Z¢ by ideals I C A satisfying o, (1) = I for all n € Z¢ (see

Corollary |5.3.15]).

The third class of examples that we consider relates to finitely aligned higher-rank
graphs (A,d). We write X(A) for the associated product system. In keeping with the
literature, we write k for the rank and reserve d for the degree map. We use r and s to
denote the range and source maps, respectively. We start by considering the class of strong
finitely aligned higher-rank graphs, as coined in [I7, Definition 7.2]. This class contains
row-finite k-graphs as a subclass. The key property is that the strong covariance ideals
are characterised in terms of F-tracing vertices [17), Definition 7.5] for all §) #£ F C [k]. A
family H = {Hp}pcpy of vertex sets is called absorbent (in A) if the following holds for
every ) # F C [k]: a vertex v € A2 belongs to Hr whenever it satisfies

(i) v is F-tracing,
(ii) s(vA™) C NpcpHp for all m L F, and

(iii) there exists m L F such that whenever n L F' and n > m, we have that

s(vA™) C Hp and |vA"| < co.

By translating our characterisation of NT-2*-tuples into properties on vertex sets, we

obtain the following corollary.

Corollary G. (Proposition Let (A,d) be a strong finitely aligned k-graph. Let L
be a 2%-tuple of X (A) that consists of ideals and let H. be the corresponding family of
sets of vertices of A. Then L is an NT-2*-tuple of X (\) if and only if the following four

conditions hold:

(1) for each O # F C [k], the set He g is contained in the union of Hpg and the set

{ve Hiy | |vI(A\ Hep)Y < oo Vi € [k] and v is not an F-source in T'(A\ Hg )},

(ii) Hp is hereditary in A,
(1i) Hp is partially ordered,
(iv) He\ Hep:={Hep \ Hep}rcp is absorbent in I'(A\ Heyg).

We obtain the following translation for row-finite k-graphs due to Proposition

Corollary H.(Proposition Let (A, d) be a row-finite k-graph. Let L be a 2F-tuple
of X(A) that consists of ideals and let Hy be the corresponding family of sets of vertices
of A. Then L is an NT-2%-tuple of X (\) if and only if the following four conditions hold:

(i) for each O # F C [k], the set Hp g is contained in the union of Hrg and the set

Hp:={v € Hfy | vis not an F-source in I' := T'(A\ Hyp)},

14
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(ii) H is hereditary in A,
(111) Hy is partially ordered,

(w) Hp N Hyp N Hsp C Hep for all ) # F C [k], where

L] Hl,F = mﬂJ_F{U € AQ | S(’UAH) g HQ@ U HF},
] H2’F = mmJ_F{U e A | S(UAm) - ﬂFgDHLD};

o H;p is the set of allv € A2 for which there exists m L F such that whenever
n L F and n > m, we have that s(vA%) C Hy p.

If (A, d) is locally convex and row-finite, then positive (and negative) invariance of an
ideal is equivalent to the related set of vertices being hereditary (and saturated). This
follows by Proposition . In this case the NO-2F-tuples £ are determined solely by
Ly, from which it follows that our results recover the parametrisation of Raeburn, Sims
and Yeend [50, Theorem 5.2] (see Corollary [5.4.27).

As a final case study, we restrict our attention to product systems X over Zi wherein
each fibre admits a finite frame (except perhaps for the coefficient algebra A). In connec-
tion with the parametrisation of the KMS-states, we exploit a decomposition of X with
respect to a fixed ) # F C [d]. One direction of this construction was implicit in [32],

and here we close the circle. We define
BY = C*(mx(A), Exi(X,) | i € F) C N'Tx,
a collection ZE := {X,},.r and a collection Y := {Y¥, bncsupp-1(7) DY
Yigi= BY" and Y, = [Exn(X,)BY ] C NTx for all 0 # n € supp™ ! (F).

The collections Z )I?L and Y¥ become product systems under the structure inherited from

X and N Tx, respectively, and satisfy
N7-Z§J_ ~ B and NTyr = NTx.

The final two assertions follow from Proposition [5.5.15 and Theorem [5.5.20} respectively.
We are interested in describing the quotient of N'Tx by (Tx(A)gy, | i € F) as a Cuntz-
Nica-Pimsner algebra. We provide two equivalent approaches, differing only at which

point we wish to delete the kernel.

Corollary 1. (Corollary Let X be a product system over Zi with coefficients in
a C*-algebra A, wherein X; admits a finite frame for all i € [d], and fix ) # F C [d]. On

the one hand, define the positively invariant ideal

Iyr = ker{YE, = NTyr/ <7Y§(Y§Q)qyﬁ lie F>}

15
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for the product system Y related to X and F. On the other hand, define the positively
wnvariant ideal
I{ :==ker{A = NTx/(7Tx(A)gx, | i € F)}

for X, and consider the product system Y[fq . related to [X]])p; and F. Then there are
Ix
canonical x-isomorphisms

NO[Y)’?}Iy)? = NTx/ (Tx(A)gx, | i € F) = NOY&]I ,

P
X

If in addition X; is injective for all i € F, then Y is reqular, Iyr = {0} and £ = {0}.

In turn, we arrive at another avenue for obtaining the results of [32]. The F*-
equivariant KMS-states of N'Tx that annihilate (Tx(A)qy, | ¢ € F') can be obtained from
tracial states of A annihilating I¥ by first inducing a KMS-state of finite type on the
Toeplitz-Nica-Pimsner algebra of Z&l},F (by using the Fock space construction) and then
extending it to a KMS-state on the éuntz—Nica—Pimsner algebra of Y[f"hgg (by using a
direct limit argument on the fixed point algebra).

Finally, we explore the connection between our main result and that of [4] in the case
of a proper product system X. Adopting the nomenclature of [4], we say that a 2¢-tuple

L of X is a T-family if it consists of ideals and satisfies
Lr=X"(Lpr)N Lpuy for all F C [d],i € [d]\ F.

We say that a T-family £ is an O-family if Z C £. The main result of [4] asserts that
the gauge-invariant ideals of N'Tx (resp. N'Ox) are in order-preserving bijection with the
T-families (resp. O-families) of X. We show that this aligns with our parametrisation by
demonstrating that the T-families (resp. O-families) of X are exactly the NT-2%-tuples
(resp. NO-29-tuples) of X. We show that the passage from NT-2%-tuples to T-families can
be achieved directly (i.e., using the definitions alone). A direct passage from T-families to
NT-2%tuples is less clear, so instead we take a detour via Nica-covariant representations
and exploit results of both the current work and [4]. The corresponding result for O-
families and NO-29-tuples follows as an immediate consequence.

We close this section by noting that the problem of parametrising the gauge-invariant
ideals in the case of a general product system necessitates a different approach, as there
is no direct connection to ideals of the coefficient algebra alone. Indeed, this is the case

even for the reduced strong covariant algebra [I8], 53], [54].

1.5 Contents of chapters

In Chapter [2| we provide a detailed exposition on the aspects of C*-correspondence and
product system theory that we will need. Upon collecting the requisite results concerning

C*-correspondences, we present Katsura’s parametrisation of gauge-invariant ideals [36].
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We then move on to consider product systems, commencing at full generality before
moving on to compactly aligned product systems over right LCM semigroups and finally
strong compactly aligned product systems over Zi. We pay particular attention to the
quotient product system construction and unitary equivalence of product systems, both
of which are used frequently in the sequel. We also present the main results of [I7] and
elucidate some of the key points that are used in subsequent chapters. Most importantly,
we show that injectivity on the fixed point algebra reduces to checking just on the |0, l[d]]—
core, a trick that was used implicitly in [I7]. We also study the I X I construction and show
an association between NTrxr (resp. NOrxr) and NTx (resp. NOx) that is exploited
in Section [5.4] Full proofs are provided throughout.

In Chapter [3| we focus on 2%-tuples of a fixed strong compactly aligned product sys-
tem X and the gauge-invariant ideals that they induce. We give a step-by-step analysis
of relativity, invariance and partial ordering, and we illustrate the maximality condition
required for our parametrisation. We then proceed to consider the “injective” case, cen-
tring on (E)-2¢-tuples and maximal (E)-2¢-tuples. Upon clarifying the role of the latter in
the parametrisation of gauge-invariant ideals of N'Tx, we turn our attention to capturing
maximality using product system operations alone, without reference to Nica-covariant
representations. We end the chapter by providing an algorithm for computing maximal
(E)-2%-tuples and a Gauge-Invariant Uniqueness Theorem for the equivariant quotients of
NTx in-between N'Tx and N Ox.

In Chapter 4| we address the “non-injective” case. We demonstrate the interaction
between the quotient product system construction and Nica-covariant representations of
X. We exploit this interaction to pass back to the “injective” case, thereby providing
a full parametrisation of the gauge-invariant ideals of N'Tx by NT-2%-tuples. We also
demonstrate how the parametrisation descends to the relative Cuntz-Nica-Pimsner alge-
bras. Moreover, we study the induced lattice structure on the parametrising families and
give an explicit description of the join and meet operations.

In Chapter [5| we give applications of our results and connections with the literature.
First we study positive and negative invariance of ideals and how it relates to the machin-
ery developed in prior chapters. We then move on to consider regular product systems,
accounting for the case where the coefficient algebra is simple. We proceed to interpret
our parametrisation in the settings of C*-dynamical systems and higher-rank graphs, via
the structural data that characterises these objects. In turn, we show that our parametri-
sation recovers various results from the literature. We close this chapter by examining
product systems on finite frames, in connection with [32].

In Chapter [6] we focus on proper product systems, clarifying the connection between
our main result and that of [4]. More precisely, we show that the NT-2¢-tuples of a proper
product system X are exactly the T-families of X in the sense of [4]. The passage from
NT-2%-tuples to T-families is accomplished directly (i.e., using the definitions alone).

The passage from T-families to NT-2%-tuples is achieved by considering Nica-covariant
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representations and utilising results of both the current work and [4]. We provide an
avenue via which a T-family could be proven to be an NT-2%-tuple directly. We show
that this approach is successful in the particular context of row-finite higher-rank graphs.

In Appendix [A] we provide a proof of the Hewitt-Cohen Factorisation Theorem, which
is used regularly in the main chapters. We also give a proof that NOx satisfies a well-
known co-universal property in the specific case of a strong compactly aligned product
system X. We proceed via the theory of nonselfadjoint operator algebras, and clarify the

connection between NOx and the C*-envelope of the tensor algebra of X in the process.
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C*-correspondences and product

systems

2.1 Notation

By a lattice we will always mean a distributive lattice with operations V and A. We write
Z. for the nonnegative integers {0,1,...} and N for the positive integers {1,2,...}. We
denote the unit circle in the complex plane by T. If A, B and C aresetsand f: AxB — C
is a map, then we set

f(A,B) :={f(a,b) | a € A,b € B};

for example, if H is a Hilbert space, then (H, H) := {(,,n) | £&,n € H}. If V is a normed
vector space and S C V' is a subset, then [S] denotes the norm-closed linear span of S
inside V. If we only wish to take the linear span then this will always be clearly stated.

We recall the Hewitt-Cohen Factorisation Theorem, e.g., [52, Proposition 2.33].

Theorem 2.1.1 (Hewitt-Cohen Factorisation Theorem). Let A be a C*-algebra, X be a
Banach space and m: A — B(X) be a bounded homomorphism. Then [1(A)X]| =m(A)X.

Proof. See Appendix [A.1] ]

All ideals of C*-algebras are taken to be two-sided and norm-closed. If A is a C*-
algebra and S C A is a subset, then (S) denotes the ideal of A generated by S. If I C A
is an ideal, then we set [+ :={a € A | al = {0}}.

If A=C*(a; | i €1) and B = C*(b; | ¢ € ) are C*-algebras, then a map ®: A — B is

called canonical if it preserves generators of the same index, i.e., ®(a;) = b; for all i € L.

2.2 C*-correspondences

We assume familiarity with the elementary theory of right Hilbert C*-modules. The

reader is addressed to [40}, [43] for an excellent introduction to the subject. We will briefly
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outline the fundamentals of the theory of C*-correspondences. We also recount Katsura’s
parametrisation of gauge-invariant ideals [36].

Let A be a C*-algebra and X be a right Hilbert A-module. We write £(X) for
the C*-algebra of adjointable operators on X, and K(X) for the ideal of (generalised)
compact operators on X. Recall that IC(X) is densely spanned by the rank-one operators
@gn: ¢ &, (), for &, m,¢ € X. When the right Hilbert C*-module X is clear from the

context, we will write O, instead of @gn‘ We remind of the following useful fact.

Lemma 2.2.1. Let X be a right Hilbert module over a C*-algebra A and let (ky)xen be
an approximate unit of K(X). Then we have that

IRl -li{nl{:xf =¢ forall € € X.

Proof. First recall that X [(X, X)] is dense in X, e.g., [40, p. 5]. Thus it suffices to prove
the claim for £ € X[(X, X)], as an £/3 argument]]] then yields the result in full generality.
By analogous reasoning, it suffices to prove the claim for £ € X (X, X).

Accordingly, fix £,17,( € X and A € A. We obtain that

1BA(€ (1, €)) = € Q) | = [[(-aBen = Oe ) (O < 1kaOey = Ol - [IC]],

from which it follows that ||-|| - limy k(€ (,¢)) = & (n, () since ||-||-limy k\O¢,, = Og,y.
This finishes the proof. O

A C*-correspondence X over a C*-algebra A is a right Hilbert A-module equipped
with a left action implemented by a s-homomorphism ¢x: A — L£(X). When the left
action is clear from the context, we will abbreviate ¢x(a)é as a&, for a € A and £ € X.
We say that X is non-degenerate if [¢px(A)X]| = X. If ¢y is injective, then we say that
X is injective. If X is injective and ¢x(A) C K(X), then we say that X is regular.

Any C*-algebra A can be viewed as a non-degenerate C*-correspondence over itself,
with right (resp. left) action given by right (resp. left) multiplication in A, and A-valued
inner product given by (a,b) = a*b for all a,b € A. Then A = K(A) by the left action
¢4, and thus A is non-degenerate by an application of an approximate unit.

Let X and Y be C*-correspondences over a C*-algebra A. We call an A-bimodule
linear map u: X — Y a unitary if it is a surjection that preserves the A-valued inner
product. If such a unitary exists, then it is adjointable, and we say that X and Y are
unitarily equivalent (symb. X =2Y).

We write X ®4 Y for the A-balanced tensor product. Given S € L(X), there exists
an operator S ® idy € L(X ®,Y) defined on simple tensors by z ® y — (Sz) ® y for all
r € Xandy €Y, eg., [0 p. 42]. The assignment S — S ® idy constitutes a unital
s-homomorphism from £(X) to L(X ®4Y"). In this way we can define a left action ¢xg ,v
on X ®4Y by ¢xg,v(a) = ¢x(a)®idy for all a € A, thereby endowing X ®4 Y with the

1See the proof of Lemma for full details on arguments of this type.
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Chapter 2. C*-correspondences and product systems

structure of a C*-correspondence over A. The A-balanced tensor product is associative.
Moreover, the right action of X yields a unitary X ® 4 A — X determined by ¢ ® a — £a
for all £ € X and a € A. The left action of X yields a unitary A ®4 X — [¢x(A)X]
determined by a ® £ — ¢x(a)f for all a € A and £ € X.

A (Toeplitz) representation (m,t) of the C*-correspondence X on B(H) is a pair of a
s-homomorphism 7: A — B(H) and a linear map t: X — B(H) that preserves the left
action and inner product of X. Then (m,t) automatically preserves the right action of X.

Every representation (7,t) on B(H) induces a *-homomorphism v¢: K(X) — B(H).

Proposition 2.2.2. [§, Proposition 4.6.3] Let X be a C*-correspondence over a C*-
algebra A and let (w,t) be a representation of X on B(H) for some Hilbert space H. Then
there exists a unique *-homomorphism ¢ : K(X) — B(H) such that

W(O¢,) = t(E)t(n)" for all €, € X.

Proof. We begin by defining a map
i span{Oc, | &,n € X} — B(H); Y Og = Y HE) )",
i=1 j=1

for all &;,n; € X,5 € {1,...,n} and n € N. Note that ¢ is linear by construction. Fix
&,m; € Xforall j € {l,...,n}, where n € N. To see that v is well-defined and bounded,

it suffices to show that

n

I Z (&)t ()" sy < |l Z Oc,mn; lc(x)-

j=1 j=1

To this end, first we prove that

1" 06 ey = (& EDE 1)) 3 s, (2.1)
j=1

noting that ((&, ;)i (0, 15))i; € Mn(A)+ by [40, Lemma 4.2].
It will be useful to associate each £ € X with an operator 74(¢) defined by

70(§): A — X;a— a for all a € A.
Observe that 79(§) € L(A, X), with adjoint 79(§)* defined by
70(§)": X = A;n— (&, n) for all n € X.

It is routine to check that

70(8)"0(n) = ¢a((§,m) and  79(§)7o(n)" = O, for all ,;n € X.
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Next we define the operator 79(§) := [10(&1) - - - 70(6n)] € L(A", X), where A™ is the usual
0,

Hilbert A-module direct sum, e.g., [40, p. 5]. More precisely, we have that

(é)(a,...,a Z’]‘O &)a ijaj for all (ay,...,a,) € A".
j=1

The adjoint 75(£)* is defined by

70(§)"6 = (10(§1)"E, - -, T0(6n)"E) = ((§1,6) 5 -+, (60, §)) for all § € X

Observe that 79(£)*70(£) € L(A™) by [40, Lemma 4.1]. Note also that 79(&)*79(§) is asso-
ciated with the matrix (¢4((&,§;)))s; under the usual identification £(A™) = M, (L(A)).
This matrix is nothing but qbgl)(((fi,{j))ij), where qu : M, (A) — M, (L(A)) is the n-th
ampliation of ¢4 (see Appendix .

We also define the operator 7o(n) := [10(m) - .. 7o(17.)] € L(A™, X). We obtain that

Z@EJ nj — é ( >*

Id

Next, given any C*-algebra B and elements a,b € B, repeated applications of the C*-
identity yield that

* * 7k %\ Lg% * V114 x 1 x \Lgxgnd
lab* || = llba”ab®||5 = [[(a*a)20" |5 = ||(a*a)2b"b(a"a)2 |5 = |(a*a)2 (°D)2 |5 (2.2)
Therefore, identifying £(A™) and £(X) isometrically within the matrix C*-algebra

L(A™Y)  L(X,A")
LA™, X) LX) ]’

we deduce that
13- 06, llcco) = Im0©mm) Mo = (&) 7o(€))7 (7o) 70(1) l an-

Here we also use that x-homomorphisms preserve square roots. By the preceding remarks,

we have that

1(70(&)* 70(€))% (o m)* 1o ()l eamy = 165 (&, &2 (i )2 sy
— 4 &2 (i) B s

using that gbff) is injective and thus isometric in the final equality. We conclude that 1)

holds, as claimed.
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Returning to the proof, we define an operator o(§) € B(H", H) by

n

(&) (h,. .. ha) = _t(&)h; for all (hy, ... h,) € H",

j=1
where H" is the usual Hilbert space direct sum. Analogously, we define an operator
o(n) € B(H", H). The operator o(£)* € B(H, H") is determined by

() h = (H&) R, ... t(£,)"R) for all h € H.

We obtain that

n

> H&)tmy)T = o(&a(n)”.

J=1

Arguing as in the proof of (2.1)), we have that

lo©a () llscn = (&) 0(©)* (o) () sy
= [1(£(&) 006D 55 (E )"t (1)) 5 vt 2
= (1 (&> €035 (e (i 1)) 35 )
using the canonical identification B(H") = M,(B(H)) in the second equality. Consider

the ampliation 7(™: M, (A) — M,(B(H)), which is a *homomorphism and therefore

contractive. We obtain that

(& B ()2 anuscny = 7 (&, €02 (i m) ) L asacsany

< (& &5 (s ) E atuiay = 1Y Oy, ey,
j=1

using in the final equality. Thus || 27, #(§;)t(n;) sy < 12271 Og;m; llxc(x) and
we deduce that 1 is a well-defined bounded linear map. In turn, the map v extends to a
bounded linear map 1: K(X) — B(H). It is routine to verify that 1 is a *-homomorphism
by first checking on rank-one compacts and then invoking linearity and continuity. Since
1 is determined by its action on rank-one compacts, uniqueness immediately follows. This

completes the proof. O

We say that (m,t) is injective if 7 is injective; then both ¢ and 1 are isometric. We

provide a short proof to this effect.

Corollary 2.2.3. Let X be a C*-correspondence over a C*-algebra A and let (w,t) be an

injective representation of X. Then the maps t and i) are isometric.

Proof. Fixing £ € X, we obtain that

IEON* = 1) ] = lIw({&, NIl = (€. ) 1| = €I,
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using the C*-identity in the first equality and the fact that 7 is isometric in the third
equality. Hence ¢ is isometric, as required.

The fact that v is isometric can be seen by tweaking the proof of Proposition to
account for the additional information that (7,¢) is injective. Using the nomenclature of
the latter, the ampliation 7(™ is injective since 7 is injective. Being a *-homomorphism

between C*-algebras, the map 7™ is therefore isometric. Thus we obtain that

17 (€ €D e D) E sy = 1€ EDE (i) E

and therefore

10>~ 0wl =11 Oc,m,llicix).
=1 =1

It follows that [|1)(k)||s) = ||k||k(x) for all k € I(X), completing the proof. O

We write C*(m, t) for the C*-algebra generated by m(A) and ¢(X). We say that (m,t)
admits a gauge action ~y if there exists a family {7, }.er of x-endomorphisms of C*(7,t)
such that

v.(m(a)) = m(a) for all @ € A and 7, (t(£)) = zt(§) for all £ € X,

for each z € T. When such a gauge action v exists, it is necessarily unique. We also have
that each =, is a *-automorphism, the family {7, }.cr is point-norm continuous, and we

obtain a group homomorphism
v: T — Aut(C*(m,t)); 2 — 7, for all z € T.

These claims are recovered in the d = 1 case of Proposition to come, and so we defer
their proofs until this point. An ideal J C C*(m,t) is called gauge-invariant or equivariant
if v,(J) CJ forall z € T (and thus 7.(J) = J for all z € T).

The Toeplitz-Pimsner algebra Tx is the universal C*-algebra with respect to the rep-
resentations of X. Let J be a subset of A satisfying J C ¢ (K(X)). The J-relative
Cuntz-Pimsner algebra O(J, X) is the universal C*-algebra with respect to the J-covariant
representations of X; that is, the representations (m,t) of X satisfying 7(a) = ¥ (¢x(a))
for all @ € J. When J = {0}, we have that O(J, X)) = Tx. For the ideal

Jx = (ker ox )" N o5 (K(X)) C A,

we obtain that O(Jx, X) is the Cuntz-Pimsner algebra Ox [34].

Remark 2.2.4. Traditionally the relative Cuntz-Pimsner algebras are defined with re-

spect to ideals of A rather than just subsets. The two versions are equivalent since

O(J,X) =0{J),X) for all J C ¢y (K(X)). (2.3)
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Indeed, suppose that J C ¢ (K(X)) and that (7,t) is a J-covariant representation of X.
For a € J and b,c € A, we have that

m(bac) = w(b)m(a)m(c) = w(b)Y(px(a))m(c) = ¢ (¢x (bac)), (2.4)

using that

m(0)(Ogq)m(c) = m(b)E(E)t(n) 7 (c) = t(dx (b)E)t(dx (c) )"

=7
= V(Opy m)e.ox(c)n) = L(Ox(0)Ocndx(c))

for all &,n € X, using [40, p. 9, (1.6)] in the final equality. It then follows that
(b)Y (k)m(c) = Y(px(b)kox(c)) for all k € K(X). Applying for k = ¢x(a) yields (2.4).
Since 7,1 and ¢x are continuous and (in particular) linear, it follows that (m,t) is (J)-

covariant. We then obtain (2.3)), since any (J)-covariant representation is J-covariant.

The significance of Katsura’s ideal Jx is encapsulated by the following proposition,

which follows from [34, Lemma 2.2]. We include a direct proof for convenience.

Proposition 2.2.5. [3]] Let X be a C*-correspondence over a C*-algebra A. Then the
ideal Jx is the largest ideal of A to which the restriction of ¢x is injective with image

contained in KC(X).

Proof. First we check that ¢x|s, is injective and that ¢x(Jx) C KC(X). The latter is
immediate by definition of Jx. For the former, it suffices to show that ker ¢ x|;, = {0}.
Indeed, we have that

ker ¢x|s, = ker gx N Jx = ker ¢x N (ker px)* N o5 (K(X)) = {0},

using that ker ¢x N (ker ¢x )+ = {0} in the final equality.

Thus we have that Jx is an ideal of A to which the restriction of ¢y is injective with
image contained in C(X). To see that Jy is the largest such ideal, fix another ideal I with
this property. It suffices to show that I C Jx. Fixing a € I, we have that ¢x(a) € K(X)
by assumption, and hence a € ¢5' (K(X)). It remains to verify that a € (ker ¢x)*. To
this end, fix b € ker ¢x. Since I is an ideal, we have that ab € I. Likewise, since ker ¢x
is an ideal, we have that ab € ker ¢x. Hence ab € ker px NI = ker ¢x|; = {0}, where the
final equality holds since ¢x|; is injective. This shows that a € (ker ¢x)* and so in total
a € Jx. Hence I C Jy, finishing the proof. O

One of the main tools in the theory is the Gauge-Invariant Uniqueness Theorem,
obtained in its full generality by Katsura [36]. An alternative proof can be found in [30],
and Frei [26] extended this method to include all relative Cuntz-Pimsner algebras, in

connection with [36].

Theorem 2.2.6 (Z-GIUT). [36, Corollary 11.8] Let X be a C*-correspondence over a
C*-algebra A, let J C A be an ideal satisfying J C Jx and let (w,t) be a representation of
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X. Then O(J, X) = C*(m,t) via a (unique) canonical x-isomorphism if and only if (7,t)
is injective, admits a gauge action and satisfies 7 ((K(X))) = J.

Let X be a right Hilbert module over a C*-algebra A and let I C A be an ideal. Then
the set X1 is a closed linear subspace of X that is invariant under the right action of A.
In particular, we have that [X ] = X 1. Thus X1 is itself a right Hilbert A-module under

the structure inherited from X. We include a full proof for completeness.

Proposition 2.2.7. [2], p. 576], [36, Corollary 1.4] Let X be a right Hilbert module over
a C*-algebra A and let I C A be an ideal. Then X1 is a closed linear subspace of X that
18 also a right A-submodule of X. Thus X1 is itself a Hilbert A-module.

Proof. First note that for any £ € X, we have that £ € X1 if and only if (n,&) € I for
all n € X. To see this, first assume that £ € X1 and fix n € X. By assumption we may
write & = Ca for some ¢ € X and a € I. Hence we obtain that

(n,§) =, Ca) =, ¢Q)acl,

as required. Now assume that (n,£) € I for all n € X. In particular, we have that
(€,€) € I. Consequently, we deduce that (£ ,§>% € I. An application of [40, Lemma 4.4]
then gives that £ = ( (€,¢ >i for some ( € X. Hence £ € X1, establishing the equivalence.

In turn, we have that
XI={eX|(n&elforalne X}

The fact that X1 is a linear subspace of X that is also a right A-submodule now follows
from the A-valued inner product axioms. Likewise, the fact that X1 is closed in X follows
by using that the A-valued inner product satisfies a Cauchy-Schwarz inequality, together
with the fact that [ is closed in A. This finishes the proof. O

We may also view X1 as a right Hilbert /-module. We will identify /C(X 1) as an ideal
of K(X) in the following natural way:

K(XI)=span{©, | {&,n € X1} C K(X).

The veracity of this identification follows from [24) Lemma 2.6], or by tweaking the proof
of Lemma to come. When X is in addition a C*-correspondence over A, we may

equip X1 with a C*-correspondence structure via the left action
ng[i A— E(XI),¢X[(CL) = QZ5X<CL)|X[ for all a € A.

By restricting ¢xr to I, we may also view X1 as a C*-correspondence over I.
Following [36], and in order to ease notation, we will use the symbol [-]; to denote

the quotient maps associated with a right Hilbert A-module X and an ideal I C A. For
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example, we use it for both the quotient map A — A/I = [A]; and the quotient map
X — X/XI = [X];. Next we proceed in steps to endow [X|; with the structure of a right
Hilbert [A];-module.

Lemma 2.2.8. Let X be a right Hilbert module over a C*-algebra A and let I C A be
an ideal. Then [X|; carries the structure of a linear space and a right [A];-module, where

the module multiplication is implemented by
&1[a]r = [§alr for all € € X,a € A.
The scalar multiplication is compatible with the module multiplication in the sense that

M€)rlalr) = (€l [alr = [Elr(A\aly) for ali A € C,€ € X,a € A.

Proof. We equip [X]; with the usual quotient vector space structure, recalling that X7
is in particular a linear subspace of X by Proposition 2.2.7 To see that the module
multiplication is well-defined, take £,7 € X and a,b € A and assume that [¢]; = [n]; and
[a]; = [b];. Then & =n+ ¢ for some ( € XI and a = b+ ¢ for some ¢ € I. We have that

(€]slalr = [€alr = [(n + Q) (b + ¢)]r = nb + ne + Cb + ¢clr = [nbr + [nc]r + [Cblr + [Cclr-

Note that nc, (b and (c belong to X1 by definition. Hence we obtain that

[€lslalr = [nblr = [n]:[b]s,

as required. It is routine to check that this operation obeys the module axioms using the
corresponding axioms for the module multiplication of X. It is similarly straightforward to
verify that the compatibility condition for [ X|; holds by using the compatibility condition
for X. This finishes the proof. O

Lemma 2.2.9. Let X be a right Hilbert module over a C*-algebra A and let I C A be
an ideal. Then [X|; carries a canonical structure as an inner-product [A]j-module, where

the [A];-valued inner product is defined by

([€lr; [n]r) = [(§;m)]r for all §,m € X.

Proof. By Lemma [2.2.§] it suffices to show that the stated map constitutes a well-defined
[A];-valued inner product on [X];. Accordingly, take &,&',n, 7" € X and suppose that
€] = [¢']; and [n]; = [7]r. Then there exist (,{’ € XI such that £ = ¢ + ¢ and
n =mn"+¢’. We have that

([€]r, ) = (€ mr = (€ + G + ) = L€ )]+ [(€, O + G )] + (G )i
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Write ( = pa and ¢’ = p'b for some u, i’ € X and a,b € I. Notice that
(€, ¢) = (& pwb)y =, w)bel

A similar computation shows that (¢, (') € I. Analogously, we have that
(€)= (pa, ') = o™ (u, ') € 1.

In total, we obtain that

(€lr, ) = [, = €], [0']n)

showing that the map of the statement is well-defined.

It is routine to check that the inner product axioms are satisfied using the correspond-
ing axioms for X. For positive-definiteness, suppose that ([¢];, [¢];) = 0 for some & € X.
Then by definition we have that [(£,£)]; = 0, and hence (£,&) € I. An application of [36],
Proposition 1.3] gives that £ € XTI and hence [£]; = 0, finishing the proof. ]

Proposition 2.2.10. Let X be a right Hilbert module over a C*-algebra A and let I C A
be an ideal. Then the quotient norm on [X]; coincides with the inner product norm

guaranteed by Lemma . In particular, the space [X]; carries a canonical structure as
a right Hilbert [A]r-module.

Proof. Let || - ||quot and || - |linn denote the quotient and inner product norms on [X];,

respectively. Fixing ¢ € X, we have that

€11 o = LN + €% | ¢ € XT}
=nf{[[{{+CE+ O llalCe XTI}
= inf{[| (£, &) + (€, ) +(C.&) + (¢, Q) [la | ¢ € XT}.

Similarly, we have that

el lEun = <€D (€120 Mlgar, = IS, )]allay, = inf{]I (€,6) +alla | a € T}

Take ¢ € X1, so that ( = na for some n € X and a € I. We obtain that

(6,6 + (50 + (¢ + (GO =8+ {Emata™(ng) +a (n.n)a

Notice that the final three summands belong to I, so that

1€ l1Em < 1{€E) + (&) + (¢, + (¢, ¢) ||

by definition. It follows that ||[&]7|limn < ||[€]1]]quot-

To see that [|[€]7]|lquot < |[[€]1]/inn, fix an approximate unit (uy)xea of I. An application

28



Chapter 2. C*-correspondences and product systems

of [44, Theorem 3.1.3] yields that
Ilalrllia, = li/r\n (1 —uy)a|la = liin |la(1 — uy)||a for all a € A.
In turn, we obtain that

1 Eilleay, = I €) 2112,
= lim || (€, €)* (1 — w3

(
= lm [(1 —wua) (€, €) (1 = un)lla;

using the C*-identity in the first and third equalities. Next, observe that

11 =ux) (€, 6) (L= un)[la = [[{€,6) = (€ &) ur —ur (€ ) +ur (€, §) unlla
= [[{€:€) + (&, &(—ua)) + (€(—ua), &) + (€(—un), §(=ua)) [[a

for all A € A. Since (£(—uy))rea € X1, we have that

€1l Guor < 114€: €) + (€, 8 (=un)) + (§(=un), &) + (6(—un), &(—un)) |4 for all A € A

by definition, from which it follows that ||[¢]7l[quot < [/[€]r[limn- Hence the quotient and

inner product norms on [X]; coincide, as required.

For the final claim, note that [X]; is complete with respect to || - ||quot by Proposition
2.2.7, Thus [X]; is complete with respect to || - ||iun by the first claim. In total, we have
that [X]; is a right Hilbert [A];-module, completing the proof. O

We may define a x-homomorphism [-|;: £(X) — L([X];) by
[S]1[€]r = [S¢]s for all S € L(X), ¢ € X.

We include [36, Lemma 1.6] in its entirety, as we will be making frequent reference to it.

Lemma 2.2.11. [36, Lemma 1.6] Let X be a right Hilbert module over a C*-algebra A
and let I C A be an ideal. Then for all £,m € X, we have that [@gn]l = 6%11[77}1' The

restriction of the map [-]r: L(X) — L([X]r) to K(X) is a surjection onto K([X];) with
kernel IC(X1).

Proof. Fix £,n,( € X. We have that

O, 1[¢lr = [0, = 1€ (0. Ol = (€110, Or = €] {nlr. [C)r) = O3 1, (1)),

from which it follows that [@gn] 1= @Eﬁfwl, as required. Consequently, we obtain that
[KC(X)]r € K([X];) since [-]; is in particular linear and continuous. Next, because [-|7|i(x)

is a s-homomorphism between C*-algebras, its image is a C*-subalgebra of K([X];).
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Combining this with the fact that the generators of IC([X];) are contained in the image
of [-]1]x(x), we deduce that [-]7]i(x) is a surjection onto K([X];).

Finally, we show that ker[-];|xx) = K(XI). To this end, take £,n € X and a,b € I.
By the first claim, we obtain that

(O wlr = Oals s, = Ot 0,

[ealr,lnblr — l€lrlalrmlilblr —

using that [a]; = [b]; = 0 in the last equality. Thus ker|[-|;[x(x) contains the generators
of IK(X1I). Since ker[-];|x(x) is in particular a closed linear subspace of K(X), it follows
that IC(XT) C ker[-]r|x(x)-

Finally, take k € K(X) and suppose that [k]; = 0. Fix £ € X and note that

[k]1[€]r = [kE]r = 0,

so k& € X1. In turn, we have that (k&, k§) € I. Tt follows that a := (k&, k:g)% is a positive
element of I and thus v/a € I. An application of [40, Lemma 4.4] yields an element ¢’ € X
such that k¢ = ¢a. Fixing n € X, we obtain that

kOF, = O, =08, = @gf vanva € K(XT),

using [40, p. 9, (1.6)] in the first equality. Since £, € X were arbitrarily chosen, it follows
that k- K(X) C K(XI), as K(XI) is in particular a closed linear subspace of K(X). By
using an approximate unit of K(X), we therefore deduce that k € IC(X1). We conclude
that ker[-]|x(x) = K(XI), finishing the proof. O

In total, given an ideal I C A, we obtain the surjective maps

A — A/I with kernel I,
X — X/XI with kernel X1,
K(X) — K(X/XI) with kernel K(X1),

as well as the map £(X) — L£(X/XI) (which may not be surjective), all of which will be
denoted by the same symbol [-];. Lemma [2.2.11] implies that if £ € IC(X), then

ke K(XI) «— (X,kX)CI. (2.5)
Consequently, we may write
K(XI) =span{©g,, | &,n € X,a e I} CK(X).

The forward inclusion follows from the observation that ©F, ,, = ©Z,. , for all £,n € X
and a,b € I, and the reverse inclusion follows by applying (2.5)). Lemma [2.2.11] provides

a straightforward way of seeing K(X1) as an ideal in (X)), and in turn as an ideal in
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L(X). Hence we may consider the quotient C*-algebra £(X)/K(X1I).
We recall [40, Lemma 4.6], slightly rewritten to match our setting.

Lemma 2.2.12. [0, Lemma 4.6] Let X and Y be C*-correspondences over a C*-algebra
A. Forx € X, the equation O,(y) = x®y (y € Y) defines an element ©, € L(Y, X ®4Y)

which satisfies
1€.]1 = llév (@, 2) )| < |lz]]  and (2’ @ y) = dy ((z,2)y (+' € X,y € Y).

Proof. To see that O, is adjointable, we begin by defining (in an abuse of notation) a

map O} by
O X XY =Y (2, y)— dy({z,2))y forall 2’ € X,y €Y.
Observe that ©F is bilinear and A-balanced in the sense that
O (x'a,y) — OL(z, ¢y (a)y) =0 forall 2’ € X,y € Y,a € A.
Thus © induces a unique linear map
O XOaY =Y @y dy({x,2))y forall 2’ € X,y eY.

Recall that X ©®4 Y is an inner-product A-module (e.g., [40, Proposition 4.5]), and the
completion with respect to the induced norm is X ® 4 Y. Accordingly, in order to extend
O to X ®4 Y, it suffices to show that ©} is bounded. To this end, fix zq,...,2, € X
and y1,...,y, € Y, where n € N. We have that

||@Z(Z z; @y = ||<Z oy ({z, z;5))y;, Z oy ({z, 25))y;) ||

=D s by (g, ) (0, 2) ) |

= |l il (Wi by ({25, O2a (1)) |

oy il<yj,¢y<<<@§x>%<xj>, CEREEANIAY

— @)t e i@)(é% 0 1), ((0,)F & id”&i%‘ @)l
— )} ®idy>(jZ:xj &I,

using that ©F_ is positive (e.g., [40, Lemma 4.1]) in the fourth equality. It follows that

T,x

|9x] < ||(@fx)% ® idy || and hence ©F is bounded. Consequently, we obtain a bounded
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linear map
O XY =Y @y dy((x,2))y forall 2/ € X,y €Y,

and it is routine to check that ©F is the adjoint of ©,. Thus ©, € L(Y, X ®4Y).
Finally, we check that ||0,]] = [|¢y ((z, )"/?)|| < ||z||. Fixing y € Y, we have that

10 1% = [| (v, v (&) | = [(dy ((z, )2y, by (2, 2) D)) || = [l by ((z, )2yl

=

from which it follows that ||©,| = ||¢y ({(x,x)?)]||. For the last inequality, note that

1
[z, 2)2 |* = || (z,2) || = [|l=]]*
by the C*-identity. Thus we obtain that

oy (. 2) )| < || @, 2)? || = [Jall,

finishing the proof. [l
We apply Lemma [2.2.12| to obtain the following lemma and corollary.

Lemma 2.2.13. Let X and Y be C*-correspondences over a C*-algebra A. Let I C A be
an ideal and suppose that a € A satisfies ¢y (a) € K(YI). Then

®£an®idY eEK(X ®@aY)I) forallé,ne X.

Proof. Let ©¢,0, € L(Y,X ®4Y) be defined as in Lemma [2.2.12| For each z € X and
y € Y, we directly verify that

(O, ®@idy)(z ®y) = (Ca(n,z)) @y = (¢y(a)dy((n, z))y)
= O¢(¢y (a)py ((n,7))y) = (Ocoy(a)O;)(z @ y).

Since the maps involved are adjointable and therefore linear and bounded, we deduce that
656”7 ®idy = @ggﬁy(a)@; € IC(X XA Y),

using that ¢y (a) € K(YI) C K(Y) together with [40, p. 9, (1.6)] to establish the
membership to (X ®4 Y'). Hence, for (,(’ € X ®4 Y, we have that

(¢, (08, ®idy)(()) = (O¢¢, ¢v(a)O;¢) € 1,

using ([2.5)) applied to Y and & = ¢y(a) to establish the membership to /. Another
application of (2.5) to X ®4 Y and k = ©%  ®idy finishes the proof. O

ga,n
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Corollary 2.2.14. Let X andY be C*-correspondences over a C*-algebra A. Let I C A
be an ideal and suppose that ¢y (I) C IC(YI). Then

k®idy € K(X ®@4Y)I) for all k € K(XI).

Proof. First observe that ©F,, ® idy € K((X ®4 Y)I) for all {,n € X and a € I by
Lemma [2.2.13] Recall that the assignment S +— S ® idy constitutes a *-homomorphism
from £(X) to L(X ®4Y). In particular, this mapping is linear and continuous. Also note
that C((X ®4 Y)I) is an ideal in £(X ®4 Y) and is hence in particular a closed linear
subspace. These facts, together with the observation that (X 1) is densely spanned by
clements of the form ©F,, for £,n7 € X and a € I, imply that k ® idy € K((X ®4 Y)I)
for all k € IC(XI), as required. O

If X is a C*-correspondence over A, then we need to make an additional imposition
on [ in order for [X]; to carry a canonical structure as a C*-correspondence over [A];.

More specifically, we say that [ is positively invariant (for X ) if it satisfies
X(I):=[X,IX)] CI.

Notice that the space X (/) is an ideal of A (in fact, this is true even when [ is replaced
by any subset of A).
Proposition 2.2.15. Let X be a C*-correspondence over a C*-algebra A and let I C A

be an ideal that is positively invariant for X. Then the map

drx), : [Alr = L((X]1); [a]r = [¢x(a)]r for alla € A

is a x-homomorphism and so [X]; carries the structure of a C*-correspondence over [A];.

Proof. First we check that ¢(x, is well-defined. To this end, take a,b € A and suppose
that [a]; = [b];. Then a = b+ ¢ for some ¢ € I. In turn, we obtain that

oix);(lalr) = [¢x(a)]r = [¢x (b + c)|r = [¢x (D) + dx ()1 = [¢x(b)]r + [@x ()]s

Positive invariance of I gives that (X, cX) C I and therefore cX C X1 by [36, Proposition
1.3]. Fixing £ € X, we therefore deduce that

[Ox(c)]1[€]r = [¢x(c)&]r =0

and hence [¢x(c)]; = 0. In turn, we obtain that ¢x,([a];) = ¢x),([b]1), showing that
¢1x), is well-defined. It is routine to check that ¢[xj, is a *-homomorphism, using that
¢x and [-];: L(X) — L([X];) are x-homomorphisms. Combining this with Proposition
2.2.10| completes the proof. O

To ease notation, we will denote ¢x], by [¢x]r.
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Lemma 2.2.16. Let X be a C*-correspondence over a C*-algebra A and let I C A be an

ideal. Then the following are equivalent:
(i) 1 is positively invariant for X ;
(i) I1IX C XI;

(i) IXI=1X.

Proof. [(i) = (ii)]: Fix a € I and £ € X. An application of [40, Lemma 4.4] yields an
element 17 € X such that

=

ox(a)§ =n(dx(a), px(a))*.

Notice that (px(a)f, px(a)f) = (€, ¢x(a*a)§) € I using positive invariance of I, and
hence ¢x(a)é € X 1. This shows that /X C X1, as required.

[(ii) = (iii)]: Trivially IXT C IX. Next, note that I = [II] = II. Indeed, the first
equality follows from the existence of approximate units in I and the second follows by
applying the Hewitt-Cohen Factorisation Theorem (see Theorem . From this we
deduce that

IX=1IX CIXI,

using the assumption in the final inclusion. Thus we obtain the required equality.
[(iii) = (i)]: A direct computation yields that [(X,/X)] = (X, IXI)] = [(X,IX)I] C I

and thus [ is positively invariant, finishing the proof. O]

Corollary 2.2.17. Let X be a C*-correspondence over a C*-algebra A and let I C A be

an ideal that is positively invariant for X. Then we have that
ox(DK(X)ox (1) C spam{©%, | &, € IXT}.

Proof. Fix a,b € I and &,n € X. Since span{@gm, | ¢, € IXI} is a closed linear
subspace of IC(X), it suffices to show that

Ox(0)0%,0x(b) € SpA{OF, | €'.of € IXT}.

To this end, first note that
ox(a)0,0x(b) = Og¢ ey

by [40], p.9, (1.6)]. We have that a& and b*n belong to IX = I X1 by Lemma|2.2.16, which

applies due to positive invariance of I. Hence we obtain that
ox(a)0F, ¢x(b) € span{Of , | ¢',1f € IXT},

as required. O
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The following lemma will be useful in Chapter [4]

Lemma 2.2.18. Let X be a C*-correspondence over a C*-algebra A such that ¢x acts
by compact operators, and let I,J C A be ideals. If I is positively invariant for X and
1 C J, then

Ilox]i([alr) + K(XL: ]I = llx (@) + K(X )| for all a € A.
Proof. Fix a € A. For notational convenience, we set
M = |lox(a) + K(XJ)|| = inf{[l¢x (a) + K[| | k € K(XJ)}.
Likewise, we set
N = |loxli(alr) + KUXT 0N = inf{ll[¢x]r([alr) + k]| | & € KX]:[J]1)}-
First we show that M > N. To this end, it suffices to show that
N < |éx(a) + k| for all k € K(X.J).
Accordingly, fix k € K(X.J). Note that
K([X]: 1) = K(X J]r) = [K(X )1, (2.6)
using Lemma in the final equality. Thus [k]; € K([X];[J];) and so we have that
N < |[[ox]i([alr) + [kl = [[[ox(a) + Kli]| < ll¢x(a) + &,

as required.
To prove that M < N, it suffices to show that

M < |[[¢x]i(lalr) + k|| for all k € K([X]:[J];).

Accordingly, fix k € K([X];[J];) and note that k = [k]; for some k € K(X.J) by . By

Lemma [2.2.11], we obtain a *-isomorphism
O K(X)/K(XT) = K([X]1); K + K(XI) — [K]; for all £ € K(X).
In turn, we deduce that

loxlr(lalr) + kIl = lllex]i(lalr) + [kl = [ex(a) + kil = [@((éx(a) + k) + K(XI))],

using the assumption that ¢x(A) C K(X) in the final equality. Simplifying further, we
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have that

[2((¢x(a) + k) + (X)) = [[(9x(a) + k) + K(XT)|
= inf{|l¢x(a) + k+ K| | ¥ € K(XI)}.

Thus it suffices to show that
M < ||¢x(a) +k+ K| for all &' € K(XI).

However, this is immediate since I C J and so K(X1) C K(XJ). In total, we have that
M = N, finishing the proof. [

Moreover, we define two ideals of A that are related to I and X, namely
X :={acA| (X,aX) C I},

and
J(I,X) :={a € Al[px(a)]; € K([X]r),aX (1) C I}.

Note that A='(I) = I. The use of the ideal J(I, X) is pivotal in the work of Katsura
[36] for accounting for -representations of Tx that may not be injective on X. When
I is positively invariant and J C A is an ideal satisfying I C J, the following lemma
illustrates the relationship between X ~1(J) and [X];*([J];).

Lemma 2.2.19. Let X be a C*-correspondence over a C*-algebra A and let I,J C A be
ideals. If 1 is positively invariant for X and I C J, then

Proof. The forward inclusion is immediate by definition of the C*-correspondence opera-
tions of [X];. For the reverse inclusion, fix a € A such that [a]; € [X];'([J]7). Then we
have that

(X, aX)]r = ([X]1, [aX]r) = ([X]1, [al:[X]1) € []1-

In turn, we deduce that (X,aX) C J + I, and the fact that I C J then yields that
(X,aX) C J. Hence a € X~!(J), completing the proof. O

Following [306], Definition 5.6, Definition 5.12], we define a T-pair of X to be a pair
L ={Ly, L1y} of ideals of A such that Ly is positively invariant for X and

Ly C Ly € J(Lo, X).

A T-pair L that satisfies Jx C Ly, is called an O-pair. Our choice of notation will be

clarified in the sequel. Proposition 8.8 of [30] is fundamental to the current work.
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Theorem 2.2.20. [36, Theorem 8.6, Proposition 8.8] Let X be a C*-correspondence over
a C*-algebra A. Then there is a bijection between the set of T-pairs (resp. O-pairs) of X
and the set of gauge-invariant ideals of Tx (resp. Ox ). This bijection preserves inclusions

and intersections.

The bijection of Theorem [2.2.20] restricts appropriately to a parametrisation of the
gauge-invariant ideals of any relative Cuntz-Pimsner algebra [36, Proposition 11.9]. The
parametrisation of the gauge-invariant ideals of Ty can be implemented as follows.

Firstly, if § C 7Tx is a gauge-invariant ideal, then we consider the representation
(Q3 o Tx,Qy o tx), where Q;3: Tx — Tx/J is the quotient map and (Tx,ty) is the

universal representation of X. We define

LA~ kerQqomx and  L{TTNH) = (QqoFx) T (Qq 0 Uk )(K(X))).

It follows that the pair

£3 — {ﬁéngfx,Qsozx)7LF{?}:\]O?){,QJOE){)}

is a T-pair of X [306, Proposition 5.11].
Next, let £ = {Ly, L{13} be a T-pair of X. Then [L1;],, is an ideal of [A],. Since Ly
is positively invariant and L1y C J(Lg, X), an application of [36, Lemma 5.2] gives that

[Liyley € Jixie,-

Let (7,t) be the universal [L{}]z,-covariant representation of [X].,. Then we may form

a representation (7%, %) of X which generates O([L1}]z,, [X]c,) via
7 (a) = 7([a]c,) and t7(&) = '{([g]ﬁm) foralla € A, ¢ € X.
The universal property of Tx then guarantees a (unique) canonical *-epimorphism
Tt Xttt Tx — O([Ly1y]cys [ X]ep)-

We define
3% .= ker t° x t*

and observe that J* is a gauge-invariant ideal of Tx.

By [36], Proposition 8.8], the maps

3 — L7 for all gauge-invariant ideals J of Ty,
L — J* for all T-pairs £ of X,

are mutually inverse. The notation that we have used here will be revisited in the sequel.
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2.3 Product systems

Let P be a subsemigroup of a discrete group G that contains the identity e of G (i.e., P is
unital). A product system X over P with coefficients in a C*-algebra A is a family {X,},cp
of C*-correspondences over A together with multiplication maps w,,: X, ®4 X; = X,

for all p,q € P, such that:
(i) X, = A, viewing A as a C*-correspondence over itself in the usual way;

(ii) if p =, then ucq: A®4X, = [pq(A)X,] is the unitary implementing the left action
of Aon X;

(iii) if ¢ = e, then u,.: X, ®4 A — X, is the unitary implementing the right action of
A on X,;

(iv) if p,q € P\ {e}, then u,,: X, ®4 X, = X, is a unitary;

(v) the multiplication maps are associative in the sense that

Upg,r (Up,g @ idx,) = Upgr(idx, ® ug,) for all p,q,r € P.

Note that we use ¢, to denote the left action ¢x, of X, for each p € P. We refer to
the C*-correspondences X, as the fibres of X. We do not assume that the fibres are non-
degenerate. If X, is injective (resp. regular) for all p € P, then we say that X is injective
(resp. regular). For brevity, we will write w,,(£, ® &,) as §¢, for all §, € X,,.§, € X,
and p,q € P, with the understanding that ¢, and ¢, are allowed to differ when p = q.
Axioms (i) and (ii) imply that the unitary w..: A ®4 A — A is simply multiplication in
A. Axioms (ii) and (v) imply that

Dpq(a)(€p6q) = (Pp(a)p)E, for all §, € X, §, € Xy, p,q € P.

Note that the maps involved in axiom (v) are linear and bounded, and are therefore
determined by their respective actions on simple tensors.

For p € P\ {e} and ¢ € P, we use the product system structure of X to define a
*-homomorphism b7: L(X,) — L(X},) by

PU(S) = up (S ®@idx, )u, , for all S € L(X,).
In turn, we obtain that

(S) (,6,) = (SE)E, for all &, € X, and &, € X,

This formula completely describes qu(S ), since any bounded linear operator on X, is
determined by its action on the subset {u, (&, ®&,) | & € X, &, € X, }. Indeed, we have
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that X, ®4 X, = X, via the multiplication map u, ,, and therefore

Xpg = spanq{uyq(§, ® &) | & € Xp, & € Xy}

We will make use of this observation frequently. We also define a *-homomorphism
11 K(A) = L(X,) by td(¢e(a)) = ¢4(a) for all a € A. Moreover, we have that

1 =idx,) forallp € P\ {e} and i = idk(a).

The theory of product systems includes that of C*-correspondences in the sense that
every C*-correspondence X over a C*-algebra A can be viewed as the product system
{X, }nez, with

Xo:=A and X, := X" forallnecN,

and multiplication maps u, ., for n,m # 0 given by the natural inclusions.

The notion of isomorphism for product systems is given by unitary equivalence.

Definition 2.3.1. Let P be a unital subsemigroup of a discrete group G and let A and
B be C*-algebras. Let X and Y be product systems over P with coefficients in A and B,
respectively. Denote the multiplication maps of X by {U,);fq}p,qe p and the multiplication
maps of Y by {u) },.ep. We say that X and Y are unitarily equivalent (symb. X =Y') if
there exist surjective linear maps W,: X, = Y}, for all p € P with the following properties:

(i) We: A — B is a #-isomorphism;
(i) (W (&), W(€))) = W.((6,€,)) for all &,,€) € X, and p € P\ {e};
(i) by, (Wo(a))W, (&) = W,y (6x,(@)&y) for all a € A,&, € X, and p € P\ {e};
(iv) W,(&)Wela) = W,(&pa) for all a € A, €, € X, and p € P\ {e};
(v) uy, 0 (W, @ Wy) = Wpg ou, for all p,q € P.
In this case, we say that {W),},cp implements a unitary equivalence between X and Y.

Remark 2.3.2. Many structural properties of product systems are preserved under uni-
tary equivalence. Let {W,},cp implement a unitary equivalence between product systems
X and Y. Item (i) guarantees that items (ii)-(iv) hold when p = e. Items (i) and (ii)
ensure that W), is an isometry and therefore injective for all p € P. Hence W), is bijec-
tive for all p € P. Consequently, the collection {Wpfl}pe p defines a unitary equivalence
between Y and X. In turn, we deduce that unitary equivalence is an equivalence relation
and therefore items (i)-(v) have duals obtained by reversing the arrows.

For all p,q € P, the map W, ® W, € B(X, ®4 X,,Y, ®pY,) is defined on simple

tensors via

(W @ W) (& ® &) = Wp(&p) @ Wy(&,) for all §, € X, &, € X,,
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from which it follows that (W, @ W,)™' =W, '@ W, .
We also have that
WK (X)W, = K(Y,). (2.7)

To see this, take z,,z, € X,. Then we have that z, = W, (y,) and z;, = W (y,) for
some ¥, y, € Y. Fixing y; € Y}, we obtain that

(W03 Wy () = Wil O s (W (8))
= W, (W, " (4) <W‘1<y;> W, ()
= W (W, (Y)W ((p v )))
= W,(W,  (yp <yp,yp>)) 0,7 (U));

using the dual of item (ii) in the third line and the dual of item (iv) in the fourth. Hence
Wp@i‘j%Wp_l = @Z” y, and we conclude that W, @ e K(Y)) for all x,,x, € X,
Using linearity and continuity of W, and Wp , together with the fact that K(Y}) is
in particular a closed linear subspace of B(Y}), it follows that W,KC(X,)W, ! C K(Y},).

Consequently, the mapping
O: K(X,) = K(Y,); ky — kapr_l for all k, € K(X,)
is well-defined. It is routine to check that ® is linear, and the calculation
D(kpky,) = Wypkpk W, =Wk, W, W, kW, = (W,k, W, )(ka;Wpfl) = O(k,)®(k,),

where ky, k, € K(X,,), demonstrates that ® is an algebra homomorphism. Fixing y,,y, €
Y, and k, € K(X,), we obtain that

((Woko Wy, ) (), ) = (Wi (R (W,

using item (ii) in the second line and its dual in the fifth line. Hence ®(kj) = ®(k,)*
for all k, € K£(X,), and thus ® is a *-homomorphism. In turn, we have that Im(®) =
WoK(X,)W,t is a C*-subalgebra of K(Y,). Thus, to show that K(Y,) C W,K(X,)W, ",
it suffices to show that each rank-one operator in K(Y,) belongs to W,K(X,)W, ™. To
this end, take y,, 3, € Y,. By the preceding arguments, we obtain that

er . =w, @Xp W, € W,K(X,)W, ™, (2.8)

YpYp ) Wy ()
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as required. In total, we have that W,KC(X,)W,; ! = K(Y}), showing that (2.7) holds.
Fixing p € P and an ideal I C A, we have that

WK (D)W, = K(Y,W.(1). (2.9)

The proof follows the same trajectory as that of (2.7)), and so is omitted.
Fixing a € A, we have that

Wobx, (@)W, ' = ¢y, (We(a)). (2.10)

To see this, fix y, € ¥,. We deduce that

(Wi, ()W, ) (yp) = Wy, (W (We(a))) W, (yp))

using the dual of item (iii) in the second line. Hence Wypox,(a)W, " = ¢y, (We(a)), as
required.
Finally, let {¢7}, scp denote the connecting *-homomorphisms of X and let {27}, ;cp

denote the connecting *-homomorphisms of Y. For p € P\ {e} and ¢ € P, we have that

qu(@fppz,) W (@Y” )W for all z,, z, € Xp. (2.11)

Wp(ap),Wp(z],
To see this, take x,, ), z; € X, and r, € X;. We define

Yp = Wp@p)ay;/; = Wp(%),y,'g' = Wp(xg) €Y, and y,:=Wy(z,) €Y,
We obtain that

BUOLT ) @pg) = (W () (W, (), Wy () Wy ()
=W, vyl Y ) )W ()
= (w0 (W, @ WO, () @ )

= Wy, 0wy, )(0,7 , (47) © 1)
= W,,\ir(e,” u) Wy ¥a)

= Wl gm(©)7 ) (uy o (W, © W) (a) @ x,))
= W, 00,7 Wog(yy),

using the duals of items (ii) and (iv) in the second line, the dual of item (v) in the fourth
line and item (v) in the last line. By linearity and continuity of the maps involved, we
deduce that (2.11]) holds.
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A (Toeplitz) representation (m,t) of X on B(H) consists of a family {(r,t,)},cp, where
(m,t,) is a representation of X, on B(H) for all p € P, t, = 7 and

tp(&p)ta (&) = tpg(6E,) for all &, € X, &, € X, p,q € P.

We write v, for the induced *-homomorphism K(X,) — B(H) for all p € P. We say that
(m,t) is injective if 7 is injective; in this case t, and 1, are isometric for all p € P. We
denote the C*-algebra generated by 7(A) and every ¢,(X,) by C*(r,t). We write Tx for
the universal C*-algebra with respect to the Toeplitz representations of X, and refer to

it as the Toeplitz algebra (of X ). The following proposition is well known.

Proposition 2.3.3. Let P be a unital subsemigroup of a discrete group G. Let X be a
product system over P with coefficients in a C*-algebra A. Then there exists a C*-algebra

Tx and a representation (wx,tx) of X on Tx such that:
(1) Tx = C*(7x,tx);

(ii) if (w,t) is a representation of X, then there exists a (unique) canonical *-epimorphism

T xt: Tx = CH(m,t), e, (mxt)(txp(&)) = tp(&p) for all §, € X, and p € P.
The pair (Tx, (mx,tx)) is unique up to canonical x-isomorphism.
Unitary equivalence induces a bijection between representations in the following sense.

Proposition 2.3.4. Let P be a unital subsemigroup of a discrete group G and let A and
B be C*-algebras. Let X andY be product systems over P with coefficients in A and B,
respectively. Suppose that X and Y are unitarily equivalent by a collection {W,: X, —
Y, }pep. Then there is a bijection between the set Sx of Toeplitz representations of X and

the set Sy of Toeplitz representations of Y given by

{(thp)}peP = {(mo We_lvtp © Wp_l)}peP for all {(71'7tp)}peP € Sx.

Proof. We denote the map of the statement by ® and the multiplication maps of X
(resp. V) by {u,,}pgep (vesp. {u) }pqep). First we check that @ is well-defined. Fix a
representation (7,¢) of X on some B(H). Then 7 o W, ': B — B(H) is a composition
of *-homomorphisms and is hence itself a *-homomorphism. Analogously, the map ¢, o
W, 'Y, = B(H) is linear for all p € P\ {e}.

Fix pe P,b € B and y, € Y,,. We have that

T(We 0Dt (W,  (1p)) = tp(, (W (0)W, () = (W, (8, (D))

using the dual of item (iii) of Definition in the final equality. This shows that the
pair (mo W1 t,0 Wp_l) preserves the left action of V). Fixing y, € Y}, we also have that

to (W (o))"t (W (1)) = (W, (), W () = (W (o)),
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using the dual of item (ii) of Definition in the final equality. This shows that the pair
(moW 1, t,oW, 1) preserves the B-valued inner product of Y, and hence (moW ™, t,0W, ")
is a representation of Y}, for all p € P.

Finally, fix p,q € P,y, € Y, and y, € Y,. We obtain that

tP(Wp_l (yp))tq(Wq_l (yq))

(g 0 (Wt @ W) (yp @ 4y))
(Wye! 0 up ) (W @ 44))
tpq(ijyl (ypyq))a

tpq
tpq

using the dual of item (v) of Definition in the second equality. In total, we have
that the family {(m o W', ¢, 0 W)} ,ep constitutes a representation of ¥ and thus & is
a well-defined map.

To see that ® is a bijection, we construct an inverse map. Specifically, we define the

map
U: Sy — Sx;{(0,5p) }pep — {(0 0 We, 5,0 W,) }pep for all {(o,s,)}pep € Sy.

This map is well-defined by duality. We have that & and ¥ are mutually inverse by
definition, finishing the proof. O

It follows from Proposition that Tx = Ty canonically for unitarily equivalent
product systems X and Y, since Tx and 7Ty are universal with respect to the “same”

representations.

Remark 2.3.5. Under the assumptions of Proposition , let (,t) be a representation
of X. Recall that (7,t) := {(m o W, t,0 W, ) }pep is a representation of Y. We have
that

Gp (W ky W) = (k) for all k, € K(Y,),p € P.

To see this, fix p € P. We can take k, to be a rank-one operator without loss of generality,
so fix y,, 1, € Y,. We obtain that

1AY, X, _ _ « T /AYs
2/}P(I/Vp l@yp,yé,wp) = ¢p<®Wp_l(yp),Wp_l(y;,)> = tP(Wp 1(yp))tp(wp l(y;)) = Q/JP(@yp,y;))a
using the dual of (2.8) in the first equality. This finishes the proof of the claim.

The quintessential example of a representation that we will be using throughout is the

Fock representation. Here we define this representation and collect its basic properties.

FX =) X,

peEP

Firstly, we set

as the direct sum of right Hilbert A-modules, e.g., [40, p. 6]. For each p € P, we identify
X, with the p-th direct summand of FX. The algebraic direct sum of the fibres of X is
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Chapter 2. C*-correspondences and product systems

dense in FX; thus any bounded linear operator on FX is determined by its action on
the fibres of X. For each p,q € P, we define a map ¢, ,: £(X,, X,) = L(FX) by

S¢, ifr=np,
Lpq(S)&r = .

0 otherwise,

for all S € L(X,, X,),& € X, and r € P, and note that ¢,,(5)* = 14,(5*). It follows
that ¢, , is an isometric linear map, and hence we may identify £(X,, X,) as a subspace of
L(FX). When p = g, we have that ¢, , is a *-homomorphism, and thus we may identify
L(X,) as a C*-subalgebra of L(FX).

Next, recall that if A is an arbitrary indexing set and (A, )xex is a family of C*-algebras,

then the direct sum of this family is defined to be

@AA = {(a))xer € HA/\ | SUPH‘U“ < oo}
AEA AEA

It is routine to check that @, Ay is a C*-algebra under the pointwise-defined operations

and supremum norm. We define an injective x-homomorphism ¢ by

@ﬁ ) = LIFX); e((Sp)per) (&p)per) = (Sp€p)pep for all (Sp)pep € @E(Xp)

peEP peEP

Hence we may identify P, p £(X,) as a C*-subalgebra of L(FX). We may also replace
P by any @ C P using the canonical embedding P, L£(Xp) — D,cp L£(X,) determined

by (Splpeq = (Tp)pep, where

S, iftpeq,

0  otherwise,

p=

for all p € P and (S)peq € D, eq L(Xp)-
The Fock representation (7, t) is the representation of X on L(FX) determined by

T(a)ly = dgla)éy and  1,(§)E, = &péy,

foralla € A,¢, € X,,,&, € X, and p,q € P. For §, € X, with p # e, we have that ¢,(¢,)*
maps X, to 0 whenever r ¢ pP. Conversely, if r = pq for some ¢ € P, then

Zp@p)*(np’?q) = ¢q((§ps 1p) )1q for all g, € X, m, € X

The Fock representation is injective, for if 7(a) = 0 for some a € A then in particular

and thus a = 0 by the C*-identity.
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Chapter 2. C*-correspondences and product systems

Next we illustrate how the quotient construction for C*-correspondences extends to
the setting of product systems. The following definition is motivated by the notion of

positive invariance for C*-correspondences.

Definition 2.3.6. Let P be a unital subsemigroup of a discrete group G. Let X be a
product system over P with coefficients in a C*-algebra A and let I C A be an ideal. We
say that I is positively invariant (for X ) if it satisfies

X(I) :=span{(X,,IX,) | pe P} C I.

Notice that the space X ([I) is an ideal of A (and in fact, this is true even when I is
replaced by any subset of A), and that an ideal [ is positively invariant for X if and only
if it is positively invariant for every fibre of X. This observation lies at the heart of the

following proposition.

Proposition 2.3.7. Let P be a unital subsemigroup of a discrete group G. Let X be a
product system over P with coefficients in a C*-algebra A and let I C A be an ideal that

18 positively invariant for X. Set
(X7 == {[Xp]1 }pep, where [X,]|r = X,/ X,I for allp € P.

Then [X]|; carries a canonical structure as a product system over P with coefficients in

[A]r, given by the multiplication maps

(Xl ®[a]; [(Xalr = [Xpgl13 [€p]1 @ [E]1 = [§pE4lr for all €, € X, 6, € Xy, p,q € P.

Proof. We will denote the multiplication maps of X by {u,,}p4ep. The quotient con-
struction for C*-correspondences covered in Section renders a canonical structure on
[X,]r as a C*-correspondence over [A]; for all p € P\ {e}. Thus [X]; constitutes a family
of C*-correspondences over [A];. It remains to show that [X];, together with the maps
of the statement, satisfies axioms (i)-(v) of a product system.

Axiom (i) is satisfied by definition. Next we prove that the maps of the statement are

well-defined. This is immediate for p = e or ¢ = e, from which it follows that axioms (ii)
and (iii) hold. So fix p,q € P\ {e} and define the map

Upg s [Xplr X [Xolr = [Xpgl1; ([l [al1) = [§p€al1 = [upg(§,2E0)]1 for all §, € X, &, € X,

To see that v, , is well-defined, fix £, € X,,,¢, € X, and suppose that [£,]; = [1,]; and
(€41 = [ng]1 for some 7, € X, and n, € X,. Then &, = n, + (ya and &, = n, + (,b for some
G € Xy, (g € Xyand a,b € I. A direct computation yields that

[gpgq]l = [(np + Cpa)(nq + Cqb>]1 = [npnq + np(gqb) + (Cpa)nq + (Cpa) (Cqb)]l'
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Observe that

Mp(Ceb) = (MpCe)b € Xyl  and  (Gpa)((eb) = ((Gpa)Cy)b € Xpgl.

Moreover, by Lemma [2.2.16] we have that
(Cpa)ng = Gplang) € upq(Xp ®a 1Xy) C upo(Xp ®a Xgl) = Xpgl
using positive invariance of I, viewing X, ®4 I X, X, ®4 X I C X, ®4 X,. Hence

[1p(CeD)] 1 = [(Gpa)nglr = [(Gpa)((gD)]r =0

and thus [£,&,]r = [np1,]1, as required.
It is routine to check that v, , is bilinear. Additionally, fixing §, € X,,¢, € X, and
a € A, we have that

Upg([Eplrlalr, [E]1) — vpa([§pl1, [alr[€e]r) = vpq([§palrs [E]r) — vpq([&p]1 [a€y]r)
= [(&a)&]r — [&(a&y)ls
= [(§a)&; — &p(aéy)]r
= [upq((&pa) @ & — & @ (a&y))]r = 0,

using that {,a® ¢, = £, ®a, in X, ®4 X, in the last line. Thus v, , is also [A];-balanced,

and therefore induces a unique linear map

Upgt [Xplr Oray, [Xolr = [Xpglr; [§p)r @ [§g]r = [§p€q]1 for all §, € X, €, € X,

For &,,n, € X, and &;,n, € X,, we have that

(Vpg([§p]r @ [§4] 1) Vpg([Mp)1 @ [Mg]1)) = ([§pal 1, (Mgl 1) = [(§p ® &gy o @ M) |1
= [<§q:¢q(<fpa77p>)77q>]l = <[§p]1 & [5(1]17 [7719]1 ® [7711]1>a

and thus (v,4(C),vpq(¢")) = (¢, ) for all ¢,¢" € [Xp]r @y, [Xglr. In particular, v, 4 is
bounded with respect to the norm on [X,|; ®a}, [X4]; induced by the [A];-valued inner

product. Hence it extends to a bounded linear map

Upgt [Xplr 4] [(Xolr = [Xpgl1; €1 @ [§4]r = [§84)r for all §, € X, €, € X,

It follows from the preceding calculations that v, , is isometric. To see that v, , preserves
the left action, fix §, € X,,{, € X, and a € A. We have that

Upq([al1([Ep]r @ [§4]1)) = vpe([a&plr ® [E4l1) = [(a&p)&glr = [up,e((a&p) @ &)l
= [upq(a(€p @ &)1 = [auy o (& @ &)]r = la]rvpq([€]1 @ [€4]1),
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from which it follows that v, , is a left [A];-module map by linearity and continuity of the
maps involved. By similar reasoning, we have that v, , is a right [A];-module map. Next,

notice that
[qu]l = Span{[fpgq]l | 5}2 S Xp7§q S Xq}a

using that u,, is surjective. Observe that the generators [£,&,]1 = vpq([§plr @ [€4]1) are
contained in the range of v, , for all £, € X, and ¢, € X,. This observation, together with
the fact that v, , is an isometric linear map and therefore has closed range, implies that
Up,q 1s surjective. In total, we have that v, , is a unitary and hence axiom (iv) holds.
Finally, we check that the multiplication maps are associative. To ease notation, we

will write

(€] 1[E)1 = v ([Ep]r @ [§glr) = [§p€q]s for all §, € X, &, € Xy, p,q € P.

Fixing p,q,r € P,§, € X,,§, € X, and §, € X,, we have that

(p)r&al D& 1 = [§p€al (&)1 = [(§p60)6r]r = [§p(E46r)]r = [§p)1[€a6r] 1 = (€)1 ([l 1 (60 1),

using associativity of the multiplication maps of X in the third equality. Thus axiom (v)
holds and we conclude that [X]; constitutes a product system over P with coefficients in
[A];, finishing the proof. O

We will use the notation [-];: X — [X]; as shorthand for the family of quotient maps
[-]r: X, = [X,]; for all p € P.

2.4 Product systems over right LCM semigroups

A unital semigroup P is said to be a right LCM semigroup if it is left cancellative and

satisfies Clifford’s condition, that is:
for every p,q € P with pP N qP # 0, there exists w € P such that pP NqP = wP.

The element w is referred to as a right least common multiple or right LCM of p and q.

Right LCM semigroups include as a special case the quasi-lattice ordered semigroups
considered in [45]. Indeed, quasi-lattice ordered semigroups are right LCM semigroups
with the property that the only invertible element in P is the unit. Further examples
include the Artin monoids [6], the Baumslag-Solitar monoids B(m,n)" [29 42} 57], and
the semigroup R x R* of affine transformations of an integral domain R that satisfies the
GCD condition [41], 46].

Product systems over right LCM semigroups were introduced and studied by Kwasni-
ewski and Larsen [37, 38|, extending the construction of Fowler [23]. They have been
investigated further in [I8,[33]. The interest lies in that they retain several of the structural

properties from the single C*-correspondence case.
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Chapter 2. C*-correspondences and product systems

Let A be a C*-algebra and let P be a unital right LCM subsemigroup of a discrete
group GG. Let X be a product system over P with coefficients in A. We say that X is
compactly aligned if, for all p,q € P\ {e} with the property that pP N¢gP = wP for some
w € P, we have that
R (C(X,)) € K(X,).

p q

This condition is independent of the choice of right LCM w € P of p,q € P, e.g., [18, p.
11]. Notice that we disregard the case where p or ¢ equals e, as the compact alignment
condition holds automatically in this case.

When (G, P) is totally ordered, X is automatically compactly aligned, e.g., when
P = 7Z.. Moreover, it is a standard fact that if ¢,(A4) C K(X,) for all p € P, then X is

automatically compactly aligned. We provide a short proof.

Proposition 2.4.1. Let P be a unital right LCM subsemigroup of a discrete group G. Let
X be a product system over P with coefficients in a C*-algebra A. If ¢,(A) C K(X,) for
all p € P, then 2Y(K(X,)) € K(X,,) for all p,q € P, and thus X is compactly aligned.

Proof. First note that (2(¢e(a)) = ¢4(a) € K(X,) for all ¢ € P and a € A. Now fix
p € P\{e},q € Pandk, € K(X,). Since ¢,(A) C K£(X,) and k, € £(X,), an application
of [40, Proposition 4.7] gives that k, ® idx, € K(X, ®4 X,). Hence an application of [40,
p. 9, (1.6)] yields that 27(k,) = upq(k, @ idx, )uy , € K(X,y), as required. O

Compact alignment is preserved under unitary equivalence.

Proposition 2.4.2. Let P be a unital right LCM subsemigroup of a discrete group G and
let A and B be C*-algebras. Let X and Y be unitarily equivalent product systems over P
with coefficients in A and B, respectively. Then X is compactly aligned if and only if Y

15 compactly aligned.

Proof. We let {157}, jep (resp. {jb?},4ep) denote the family of connecting *-homomor-
phisms of X (resp. Y). Let {W,: X, = Y,},ep be a family of maps that implements
a unitary equivalence between X and Y. Assume that X is compactly aligned. Fix
p,q € P\ {e} with the property that pP NgP = wP for some w € P. We must show that

Iy (K(Yp))ig (K(Yq)) € K(Ya).

It suffices to prove that this holds for rank-one operators.
Fix y,,y, € Y, and y,,y, € Y,. We obtain that

TGN

Yp:Yp

)jv(e

Yq:Yq

— w Xp —1 w Xaq -
) = Wty Oy 1)) W Warta (O3 1) W

_ w(Xp w (O Xq —1
- Wwbp (@Wfl(yp)va_l(y{o))éq (@Wrz_l(yq)’Wq_l(y&))Ww € K(Yu),

using the dual of (2.11)) in the first line and the compact alignment of X together with
(2.7) in the last line. Hence Y is compactly aligned. The other implication is obtained
via duality, completing the proof. O]
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We say that a representation (7,t) of a compactly aligned product system X is Nica-
covariant if for all p,q € P\ {e}, k, € K(X,) and k, € K(X,) we have that

b (Vo) = V(1) (kp)y (kg)) i pP N gP = wP for some w € P, (2.12)

0 otherwise.

This condition is independent of the choice of right LCM w € P of p,q € P, e.g., [I8,
Proposition 2.4]. We disregard the case where p or g equals e, as holds automatically
in this case. It is straightforward to see that the Fock representation is Nica-covariant.

The Nica-covariance condition induces a Wick ordering on C*(, t), e.g, [18, 23] 37, 38].
Let p,q € P and suppose firstly that pP N ¢P = wP for some w € P. Then

tp(Xp)*tq(Xq> - [tp’(Xp’)tq’(Xq’)*]a where p/ = p_lwa q, = q_lw-
On the other hand, if pP N ¢P =0, then t,(X,)*t,(X,) = {0}. From this it follows that
C*(m,t) = span{t,(X,)t,(X,)" | p,q € P}.

We write N'Tx for the universal C*-algebra with respect to the Nica-covariant repre-
sentations of X, and refer to it as the Toeplitz-Nica-Pimsner algebra (of X ). Since the
Nica-covariance relations are graded, the existence of N7y and its universal property
follow from Proposition . We write (Tx,tx) for the universal Nica-covariant repre-
sentation (of X ). If (m,t) is a Nica-covariant representation of X, we will write (in a slight
abuse of notation) 7 x ¢ for the canonical *-epimorphism NTx — C*(m,t). Injectivity
of the Fock representation (7,¢) implies that (Tx,tx) is injective. In fact, when P is
contained in an amenable discrete group, the *-representation 7 x ¢ is faithful, e.g., [33].

If X and Y are unitarily equivalent product systems, then Ty = 7y by Proposition
. When X or Y is compactly aligned (and hence both are by Proposition , we
moreover have that N'Tx = N Ty canonically.

Proposition 2.4.3. Let P be a unital right LCM subsemigroup of a discrete group G
and let A and B be C*-algebras. Let X and Y be unitarily equivalent compactly aligned
product systems over P with coefficients in A and B, respectively. Then the bijection of
Proposition preserves the Nica-covariant representations.

Proof. We adopt the notation of Propositionand also let {07}, sep (resp. {jh}pqep)
denote the family of connecting *-homomorphisms of X (resp. Y'). Let (m,¢) be a Nica-
covariant representation of X on some B(H). For notational convenience, we set (7, 1) 1=
{(mo Wt t, o W) }pep. By duality, it suffices to show that (7,t) is Nica-covariant. Fix

p,q € P\{e}, k, € K(Y,) and k, € K(Y,). We must show that

Jp(kp)@’/;q(k?q) _ Jw(j;f(kpﬁéu(kq)) if pPNqP = wP for some w € P,

0 otherwise.
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To this end, it suffices to show that the claim holds for rank-one operators.
Fix y,,y, € Y, and y,, y, € Y;. We obtain that

Up(07  0a(8,7 1) = bW, () )p (W, () (W () Vg (W, (0))*

) ;; ’
— Xp Xq
= V(O ) Y O i

It follows that Jp(@;;y, )@Zq(@z,y,) =0 if pP N gP = ) by Nica-covariance of (m,t). Now
suppose that pP N ¢P = wP for some w € P. Then we have that

- Yy 7 Yy o w Xp w Xq
wp(@ypﬂ%)%(@yq’y&) = Yulty (@Wil(yp),Wle(y;))Lq (Gqul(yq),WEI(yg)))
1w AYe 1w AYy
= ¢W(Ww ljp (Gyp,y;)WwWw qu (@ymy(’])ww)
0w Y (o Ya
= @Dw(]p (@yp,y;)]q (@yq,y(’l))7

using Nica-covariance of (m,t) in the first line, (2.11)) in the second line, and Remark

in the last line. In total, we have that (7,¢) is Nica-covariant, as required. O

Proposition 2.4.4. Let P be a unital right LCM subsemigroup of a discrete group G. Let
X be a compactly aligned product system over P with coefficients in a C*-algebra A and let
I C A be an ideal that is positively invariant for X. Let {15}, ;cp denote the connecting
*-homomorphisms of X and {j}}, ,cp denote the connecting *-homomorphisms of [X];.
Then we have that

Jé([¢e(a)]r) = [d(de(a)]r for alla € A and jP([Splr) = [13"(Sp)]1 for all Sp € LX),

for allp € P\ {e} and q € P, and thus [X]; is compactly aligned.

Proof. Fix ¢ € P and a € A, and observe that

gé([0e(a)]r) = [@gli(lalr) = [#4(a)]r = [d(de(a))]r-

Next, fix p € P\ {e} and S, € L(X,,). For §, € X, and ¢, € X, we have that

It (1Sp) D) ([&)r[€]r) = [(Sp€p)&alr = [557(Sp) (€p80)]1 = 1157 (Sp)]1([€p)1[E0] 1)

from which it follows that j2?([S,];) = [:57(S,)]r. This proves the first claim.

Finally, take p,q € P\ {e} such that pP N ¢P = wP for some w € P, and fix
k, € K([X,);) and k, € K([X,];). By Lemma[2.2.11} we have that

kp = [ky]r and k, = [k,]; for some k, € K(X,) and k, € K(X,),

and therefore we obtain that

Iy (kp)dq (kq) = 3y ((kpl 1) g ([kql1)

~
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Since X is compactly aligned, we have that (K, )y’ (k;) € K(X,,). Another application of
Lemma [2.2.11{ then gives that j;“(/%p)j;”(kq) € K([Xw]r). Hence [X]; is compactly aligned
and the proof is complete. O

Remark 2.4.5. Let P be a unital right LCM subsemigroup of a discrete group G. Let
X be a compactly aligned product system over P with coefficients in a C*-algebra A and
let I C A be an ideal that is positively invariant for X. Then the maps

m: A= NTx),;7(a) = Tix), ([a]r) for all a € A,
tp: Xp = NTix1,365(&p) =t p([§]r) for all §, € X, p € P\ {e}

form a Nica-covariant representation of X. Indeed, it is routine to check that (m,t) is a

representation. For Nica-covariance, first note that

P, = E[X}I’p o [-]I|,C(Xp) forall pe P

by Lemma[2.2.11] Combining this observation with Proposition [2.4.4]and Nica-covariance

of (Tx),, x),), we conclude that (m,¢) is Nica-covariant. Additionally, note that
C*(m, 1) = C*(Tx1, fxyy) = N1,
and therefore universality of N'Tx yields a (unique) canonical *-epimorphism
T xt: NTx = NTxy,.

In practice we will denote this map by [-];, with context distinguishing it from the other

maps sharing this symbol.

We close this section by laying the groundwork for the study of C*(m, t) for an arbitrary

Nica-covariant representation (m,t). For each subset F' C P, we define
B! = span{u;,(K(X,)) | p € F}.

Note that Béﬂ’t) = {0}. We refer to the spaces Bg’t) as the cores of (m,t). By imposing
further structure on F', we can say more about the associated core.

A finite subset F' C P is said to be V-closed if for every p,q € F with pP NgP # ()
there exists a unique w € F such that pP N¢P = wP. When () # F C P is finite and

V-closed, we obtain a canonical partial order on F'

Lemma 2.4.6. Let P be a unital right LCM subsemigroup of a discrete group G and let
() £ F C P be finite and \V/-closed. Then the relation < determined by

p<q < plqgeP

where p,q € F, defines a partial order on F.
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Proof. Reflexivity follows from the assumption that P is unital. Now take p,q € F' and
suppose that p < g and ¢ < p. Then p~'q € P and ¢ 'p € P. This implies that ¢ = pr

and p = ¢r’ for some r,7’ € P. Fixing w € P, we therefore obtain that
pw = qr'w € gP and qw = prw € pP,

showing that pP N qP = pP = ¢qP. Since F' is V-closed, we deduce that p = ¢ and hence
< is antisymmetric. Finally, take p,q,r € F and assume that p < ¢ and ¢ < r. Then
p~tq, ¢ 'r € P and we obtain that

plr=pleg'r=(0p"q)(¢'r) € P,

showing that p < r. Hence < is transitive and the proof is complete. O

Each finite non-empty V-closed set F' contains a minimal and maximal element under
the partial order of Lemma . We also have that Bf;“” is a C*-subalgebra of C*(7, ),

and we can drop the closure in the definition.

Proposition 2.4.7. [18, Proposition 2.10] Let P be a unital right LCM subsemigroup of
a discrete group G. Let X be a compactly aligned product system over P with coefficients
in a C*-algebra A and let (w,t) be a Nica-covariant representation of X. Then for each
finite V-closed subset F' C P, the space B}f’t) is a C*-subalgebra of C*(m,t) and

By = span{u,(K(X,)) | p € F}.

Proof. The result holds trivially when F = (), so fix ) # F C P finite and V-closed. We
begin by showing that Bgr’t) is a C*-subalgebra of C*(w,t). It is clear that Bg’t) is a
closed linear subspace of C*(m,t) that is selfadjoint. It remains to check that Bl(f’t) is
closed under multiplication. To this end, it suffices to show that the product of arbitrary
generators in Bgf’t) belongs to Bgr’t). So fix p,q € F,k, € K(X,) and k, € K(X,). If
pP NgP =, then

(k)b (kg) = 0 € BT

by Nica-covariance of (m,t). If pP N gqP # (), then V-closure of F guarantees a unique
element w € F' such that pP N ¢P = wP. Another application of Nica-covariance gives
that

Ul g (q) = (1 ()1 (Ry)) € BT,

In all cases we have that ¢, (k,)¢,(k,) € Bgf’t), as required. Hence Bg’t) is a C*-subalgebra
of C*(m,t), as claimed.

Next we show that Bf;“t) = span{¢,(K(X,)) | p € F}. By universality of N'Tx, there
exists a (unique) canonical *-epimorphism 7 x t: N'Tx — C*(w, t). In particular, we have
that

(m x t)(BF*™)) = BT,
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Chapter 2. C*-correspondences and product systems

Therefore it suffices to show that

BT — span{iy (K(X,)) | p € F}.

The reverse inclusion is immediate, so take f € ng ) By definition there exists a net

(fi)ren C span{ty ,(K(X,)) | p € F}

such that f = ||-||-lim, f\. For each A\ € A, we write

fA—Z@ZJXp ky), where k, \ € K(X,,) for all p € F.

peEF

Let (7,t) denote the Fock representation of X. We obtain that

(@ x D) = [Fll-Tim Y, (Kpa)-
peEF
By Lemma [2.4.6, we may choose a minimal element py € F. Let @,, € L(FX) denote
the projection onto X, and fix p € F'\ {po}. We claim that

onw (kp)Qpo = 0 for all k, € K(X,).

To see this, we may assume that k, = @;(:np for some &, n, € X, without loss of generality.

Fix ({;)qep € FX. We have that

QPOEp( &, np)on(Cq)qEP—on (&)t (1) " Cpo-

Note that p # e, since otherwise minimality of p, would force p = pg, contradicting that

p € F\ {po}. Suppose that py € pP, so that p < py by definition. By minimality of py,

we obtain that p = po, a contradiction. Thus py & pP and hence ,(n,)*(,, = 0. It follows
— ¥ _

that Qp,t, (0, )Qp = O,Es required.

Next we claim that Q.1 (kpy)@p, = tp(kp,) for all ky, € K(X,,), where ¢, denotes
the canonical embeddlng K(X,,) = L(FX). Without loss of generality, we may assume
that k,, = @E:O' (jnpo for some &, m,, € X,,. It suffices to show that the desired equality
holds on X,,,. Indeed, if p € P\ {po} and ¢, € X,,, then we obtain that

Xpo
6170 771170

X PO
IS

onapo(@ )QpoCp = 0= 1,,(O )Cps

as required. Fix ¢, € X, and note that we may write (,, = ¢}, a for some ¢, € X, and
a € A by [40, Lemma 4.4]. We have that

_ Xpg ~ ~ ) ~
@po ¢p0 (@gpo Mo )on Cpo = Qpolpo (§p0 )tpo (npo ) Cpo = Cpolpo <§po )( <77po ) Cpo > = &po <77po ) Cpo > a
XP ! Xpo Xp
- Gﬁpo(jnpo (CPO )(1, £p Mo Cpo pg ( §p0017p0 )Cpo )
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Chapter 2. C*-correspondences and product systems

thereby proving the claim.

Combining the preceding deductions, we obtain that

on(ﬁ X B(f)@po = | _hinz onwp(kp,A)Q’Po = | —1i§ﬂ Lpo(kpo,A>'

peF

Since ¢y, is an isometric *-homomorphism, we deduce that there exists k,, € IC(X,,) such
that

[T Ry = By

In turn, we have that ||-[| - limy ¥y, (kpor) = ©x o (Kpo)-

Now we iterate the preceding argument, replacing f by f—vx , (kp,), the net (fi)xea
by (fx —EXM (kpo.x))aen, and the finite V-closed set F' by F'\ {po}. Notice that minimality
of po ensures that F'\ {po} is itself V-closed. We argue in this way until all elements of the
finite set " have been exhausted, and deduce that for all p € F' there exists k, € (X))
such that ||| - limy &k, » = k,. It then follows that

f =Y Wxplky) € span{ihy ,(K(X,)) | p € F}.

peEF

In total, we obtain that
B = span{iix,(K(X,)) | p € F},

finishing the proof. [

Notice that

Bg’t) = U{Bg’t) | F C P finite}

by definition. In fact, by [18, Proposition 2.11] we can write

Bgr’t) = U{Bg’t) | F C P finite and V-closed}.

The significance of this core will be highlighted in the next section.

2.5 Product systems over Zi

For d € N, we write [d] := {1,2,...,d}. We denote the usual free generators of Z% by
1,...,d, and we set 0 = (0,...,0). For n = (nq,...,nq) € Z%, we define the length of n
by

nl == {n:|i€d}.

For () # F C [d], we write
1p=) {i|i€F}and1y:=0.
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Chapter 2. C*-correspondences and product systems

We consider the lattice structure on Zi given by
nVm := (max{n;, mi})le and nAm:= (min{ni,mi})le.

The semigroup Zi imposes a partial order on Z? that is compatible with the lattice
structure. Specifically, we say that n < m (resp. n < m) if and only if n; < m; for all

i € [d] (resp. n < m and n # m). We denote the support of n by

suppn := {i € [d] [ n; # 0},

and we write

nLm <= suppn( |suppm = .

We write n L F if suppn()F = (0. Notice that the set {n € Z% | n L F} is directed;
indeed, if n,m L F then n,m <nVm L F. Therefore we can make sense of limits with
respect ton 1L F.

Many desirable properties of the fibres of a product system X = {X@}neZi are inher-
ited from the corresponding properties of the fibres X;, where ¢ € [d].

Proposition 2.5.1. Let X be a product system over Zi with coefficients in a C*-algebra
A. Fiz ) # F C [d]. Then the following hold:

(i) X, is injective for all i € F if and only if X, is injective for all n € Z% satisfying
suppn C F.

(ii) ¢:i(A) C K(X;) for all i € F if and only if ¢,(A) C K(X,,) for all n € Z2 satisfying
suppn C F.

In particular, X; is reqular for all i € [d] if and only if X is reqular.

Proof. (i) The reverse implication is immediate, so assume that X; is injective for all
i € F. We will prove the claim by induction on |n|. First note that injectivity of Xy
is automatic, since ¢y is nothing but left multiplication in A. Next, if suppn C F' and
In| = 1, then we must have that n = ¢ for some i € F' and so X, is injective by assumption.

Now suppose that X, is injective whenever suppm C F' and |m| = N, where N € N.
Fix n € Z% satisfying suppn C F and |n| = N +1. Then we can write n = m+ for some
m € Z% satisfying suppm C F and |m| = N, and some i € F. Fix a € A and suppose
that ¢,(a) = 0. Then we have that

¢ﬂ(a) = ¢m+z’(a) = Lﬁﬂ(dﬁ(@)) = um,z’(¢m(a) ® idXi)U*m,g = 0.

Since wyy, ; is a unitary, it follows that ¢, (a)®idx, = 0. Since ¢; is injective by assumption,
we have that the assignment S — S ® idy, (where S € £(X,,)) is injective, e.g., [40, p.
42]. Consequently, we deduce that ¢,,(a) = 0. By the inductive hypothesis, we have that
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Chapter 2. C*-correspondences and product systems

®m, 1s injective and hence a = 0. Thus X,, is injective and by induction this proves the
claim.

(ii) The reverse implication is immediate, so assume that ¢;(A) C K(X;) for all i € F.
We will prove the claim by induction on |n|. The fact that ¢g(A) C K(A) is immediate.
Next, if suppn C F and |n| = 1, then we must have that n = i for some ¢ € F and
therefore ¢,(A) C K(X,,) by assumption.

Now suppose that ¢,,(A) C K(X,,) whenever suppm C F and |m| = N, where N € N.
Fixn € Zi satisfying suppn C F and |n| = N+ 1. Then we can write n = m+i for some
m € Z% satisfying suppm C F and |m| = N, and some i € F. Fixing a € A, note that
Pn(a) = Upmi(dm(a) ®idx, )uy, ; by arguing as in (i). Since ¢;(A) € K(X;) by assumption
and ¢,,(a) € K(X,,) by the inductive hypothesis, an application of [40], Proposition 4.7
gives that ¢p,(a) ®@idy, € K(Xy ®4 X;). Finally, we apply [40, p. 9, (1.6)] to obtain that
dn(a) € K(X,). Thus ¢,(A) C K(X,,) and by induction this proves the claim.

The final claim follows by applying items (i) and (ii) in tandem in the case where F' = [d].
This finishes the proof. O

The following proposition will be used frequently in the sequel.

Proposition 2.5.2. Let X be a product system over Z‘i with coefficients in a C*-algebra
A. Fiz F C[d] and let I C A be an ideal such that

IC( [ "(K(Xy) | i€ F} and (X, IX,)CI foralln L F.

Then
on(I) C K(X,I) for alln L F.

Proof. We will proceed by induction on |n|. The cases where |n| = 0 and F' = [d] follow
trivially. The statement holds when |n| = 1 by (2.5). Now assume that the claim holds
foralln L F with |[n| = N, where N > 1. Fix m L F with |m| = N+1, so that m = n+1i
for some n L F' and i € F° such that [n| = N. We must show that ¢,,(a) € K(X,,I) for
all @ € I. By definition we have that

(bm(a) = %ﬂ‘(a) = bﬁﬂ(%(a)) = uﬁ,i((bﬂ(a) ® idXi)uZ,;'-

Consider the element k, ® idy, for some k, € K(X,I). From the length 1 case, we
have that ¢;(/) € K(X;/) and an application of Corollary [2.2.14] yields that k, ® idx, €
K((X, ®a X;)I). Fixing &, 9m € X, it follows from (2.5)) that

<u;,g‘fm> (b ® ing)u;,gnm> = <§m7 Uy, i (kp @ idXi)U;,gnm> €l

Another application of (2.5 then gives that u,;(k, ® idx,)u;, ; € K(Xul).
Returning to the proof, by the inductive hypothesis we have that ¢, (a) € K(X,I) and
hence, applying the preceding comment for k, = ¢,(a), we deduce that ¢, (a) € (X 1).
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Chapter 2. C*-correspondences and product systems

By induction, the proof is complete. O

Let X be a compactly aligned product system over Zi with coefficients in a C*-algebra
A and let (7, t) be a Nica-covariant representation of X. We say that (m,t) admits a gauge

action vy if there exists a family {7, },ca of x-endomorphisms of C*(r,t) satisfying
v.(m(a)) = m(a) for all a € A and 7, (t,(&,)) = 2%,(&,) for all &, € X,,,n € Z2 \ {0},

for each z € T If z = (21,...,24) € T and n = (nq,...,ng) € Z%, then we write
2=t 2% We set Z := (Z1,...,24) € T% When such a gauge action v exists, it is
necessarily unique. We say that an ideal J C C*(7,t) is gauge-invariant or equivariant if
7.(3) € J for all z € T (and so 7, (J) = J for all z € T?).

Proposition 2.5.3. Let X be a compactly aligned product system over Zi with coefficients
in a C*-algebra A and let (w,t) be a Nica-covariant representation of X that admits a
gauge action . Then 7y, is a x-automorphism for all z € T?, the family {v;}.cra is

point-norm continuous and we obtain a group homomorphism
v: T — Aut(C*(m,t)); 2 — 7, for all z € T

Proof. Fixing z € T¢, it is routine to check that +z is the inverse of 7,. This proves the
first claim, and the third claim is similarly straightforward to check. Indeed, to prove that
Yow = V2w for all z,w € T4, it suffices to check that the equality holds on the generators
of C*(m,t). This is immediate by definition.

It remains to show that {v,},cre is point-norm continuous. To this end, let (2,,)nen €
T be a sequence which converges to z € T¢ in the product topology. It suffices to show
that (7., (f))nen converges to v,(f) in the norm topology for all f € C*(m,t). To prove
this, it will be helpful to recall that

C*(m,t) = span{t, (Xn)tm(Xm)" | n,m € Z—di-}

by Nica-covariance of (,t). We start by verifying that the convergence holds when f is a
monomial in C*(, 1), i.e., f = t,,(&)tm(Em)* for some n,m € Z2,¢, € X, and &, € Xy

In this case, we have that
172, (f) = 2=(OIl = llzizn [ — 2"22f|| = |znzn — 2722 - || 1.

Note that since 2z, — z in the product topology on T? we have entrywise convergence in
T. It follows that 2z — 2™ in T, using that the sequences involved are bounded. In turn,
continuity of the complex conjugate implies that g_nm — 22 in T, and thus g%g_nm — Zpm
in T. Hence (7;, (f))nen converges to v,(f) in the case where f is a monomial in C*(7,1).
This extends to finite sums of monomials by continuity of addition in C*(7,t). Finally,

assume that f is the norm-limit of a sequence (f,)nen of finite sums of monomials in
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Chapter 2. C*-correspondences and product systems

C*(m,t) and fix ¢ > 0. Then there exists N € N such that ||f — fy] < ¢/3. By the
preceding arguments, there exists M € N such that ||v, (fv) — 1:(f~)]| < /3 for all
n > M. We obtain that

17z, (f) = =D < M1z, (F) = 72, U3l 4+ 17z, (F) = 2P0+ 11z(Fv) = =)l
< |f = fnll+ 1z, (Fn) = vl + [ v = Sl
<e/3+¢/3+¢/3=¢

for all n > M, using that each . and 7, is contractive. Thus (7., (f))nen converges to
v:(f) for all f € C*(m,t), completing the proof. O

We will utilise the gauge action properties of Proposition frequently and without
citation. The following proposition summarises the two main examples of Nica-covariant

representations that admit gauge actions.

Proposition 2.5.4. Let X be a compactly aligned product system over Zi with coefficients
in a C*-algebra A. Then the following hold:

(1) the universal Nica-covariant representation (Tx,tx) of X admits a gauge action;
(i1) the Fock representation (7,t) of X admits a gauge action.
Proof. (i) Fix z € T%. We define maps 7, and ¢, for each n € Z% \ {0} via

i A= NTx;a— Tx(a) for all a € A,
tont Xn = NTx; & 2%x (&) for all &, € X,,,n € Z% \ {0}

It is routine to check that (7, t,) constitutes a representation of X, using that 2222 = 1
for all n € Zi when verifying preservation of the inner product. The latter also implies
that 1., = ¥y, for all n € Z4, from which it follows that (,t.) is Nica-covariant. Next
we claim that C*(m,,t,) = N'Tx. To see this, it suffices to show that C*(,,t,) contains
the generators of N'Tx = C*(Tx,tx). Accordingly, for each a € A we have that Tx(a) =
m,(a). Next, for each n € Z1 \ {0} and &, € X,,, we have that {x,(&) = ton(Z2,)-
Consequently, we have that C*(r,,t,) = N'Tx, as claimed.

By universality of N'Tx, we obtain a (unique) canonical *-epimorphism
T, Xt NTx = NTx = C*(m,, t,).
We define v, := 7, x t,. By definition we have that

72(Tx(a)) =Tx(a) and 1 (fxn(€n)) = 2% xn(8n) for all a € A, &, € Xy m € 29\ {0}

Hence ~ constitutes a gauge action of (Tx,tx), finishing the proof of item (i).
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Chapter 2. C*-correspondences and product systems

(ii) Fix z € T?. We define a map u, via

Uy - @ Xy = FX; (€ﬂ>@ezi = (iﬂgn)@ezi for all (gn)@ezi € @ Xo,

d d
nezy nezy

where eanezi X, is the algebraic direct sum of the fibres of X. It is routine to check that
u, is well-defined, linear and isometric, using that 2222 =1 for all n € Z‘i for the latter.

Since @ﬂezi X, is dense in FX, we deduce that u, extends to an isometric linear map
u: FX — FX.

Notice also that u, is an A-bimodule map, which can be seen by checking on the algebraic
direct sum and then extending to FX using continuity of w,. Next, fix (gﬂ)neli €

GBEGZi X,,. Note that B

ui((gﬂgﬂ)QEZi) = <fn)gezi'
This proves that wu, is surjective, since it is an isometric linear map and therefore has
closed range. In total, we have that u, € L(FX) is a unitary. A direct computation
shows that u} = uz.

Next we define a map vy, by
V. C*(7,t) = C*(7,1); f = ufu} for all f € C*(7,1).

To see that v, is well-defined, it suffices to show that u, fu} € C*(7, t) whenever f is a

monomial in C*(7, t), recalling that
C*(7, 1) = span{tn(X,)tm(Xm)* | n,m € 224},

Accordingly, fix [ = #,(£)tm(&m)* for some n,m € Z4,¢, € X, and &, € Xp. A direct
computation yields that

Uzt (§n)bm (§m) "0l = 2 (§n)m (Em) "™ € C7 (T, 0).

Indeed, this follows by checking that the equality holds on the fibres of X, since all of
the maps involved are adjointable and thus in particular linear and bounded. Note also
that n —m may not belong to Z‘i in general, but we can nevertheless make sense of the
quantity 2% ™ € T in the natural way. Thus ~, is well-defined and it is routine to check

that it is a x-homomorphism. We also have that
v.(7(a)) = 7(a) for all a € A and 7,(,(&,)) = 2%,(&) for all &, € X,,,n € Z2 \ {0},

which can be seen by checking on fibres and then using linearity and continuity of the

maps involved. In total, we have shown that v constitutes a gauge action of (7, t), finishing
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the proof of item (ii). O

Given m,m’eZi with m < m/, we write
m,m={nez | m<n<m} and (mm]:={neZ’|m<n<m}

Notice that both sets are finite and V-closed, so we have that

IS
IN

=R
——

Bt = span{ty(K(X,)) | m < n < m'} and B{) ; = span{vu(K(X,)) | m <
are C*-subalgebras of C*(r,t) by Proposition [2.4.7 We also define
m,oc] :={n€Z:|m<n} and (m,o00]:={neZs|m<n}

Observe that the C*-algebras B™" . and By ()

[m,00] (m,00]

cores. When (7,t) admits a gauge action v, we define the fized point algebra to be

can be realised as inductive limits of

C*(m, 1) := {f € C*(m,t) | 7.(f) = f for all z € T9}.

Note that C*(m,t)7 is a C*-subalgebra of C*(m,t). The following proposition clarifies the

relationship between C*(r,t)” and the cores of (7,1).

Proposition 2.5.5. Let X be a compactly aligned product system over Zi with coefficients
in a C*-algebra A and let (m,t) be a Nica-covariant representation of X that admits a

gauge action . Then we have that

C*(m, 1) = B,

Proof. Fix n € Z% and &,,7n, € X,. Then for each z € T, we obtain that

(%(@gn nn)) = Y2 (tn(§)tn(Mn)”) = 2"0(€n) 20 (M) = ta(En)tn(mn)” = ¢n(@§gﬂm)7

using that 222" = 1 in the third equality. It follows that
Vo (Un(kn)) = Y (k) for all k, € K(X,,),n € 2%,z € T

We deduce that the reverse inclusion of the statement holds, since C*(m,t)7 is a C*-
subalgebra of C*(7,t).

For the forward inclusion, note that + induces a conditional expectation

E,: C(mt) = C(m,t)"; f = [ 7.(f) dz for all f e C*(m,1).

’I[‘d

Thus we have that C*(m,t)Y = E,(C*(7,t)), so it suffices to show that

E,(C*(,t)) C By,
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This in turn amounts to showing that
Ey (tn (&)t (1)) € Bl for all &, € Xy, my € Xpym,m € Z2,

since C*(m,t) = span{t,(X,)tm(Xm)* | n,m € Z%} and B[(Q”Q} is a C*-subalgebra of
C*(m,t) by Nica-covariance of (m,t). Accordingly, fix &, € X, and 7, € X,, for some

n,m € Zi. By definition we have that

n\Sn/n\'/n * ifn:m,
B (ta(n)tm(im)) — 4 2 inlm)” 0= m

0 otherwise.

In either case we have that E, (¢,,(§,)tm(1m)*) € Bg :2], and the proof is complete. O

In the current work we will consider a subclass of compactly aligned product systems
over Z% introduced by Dor-On and Kakariadis [I7]. Let X be a product system over Z2
with coefficients in a C*-algebra A. We say that X is strong compactly aligned if it is

compactly aligned and satisfies:

2TKC(X,)) € K(X,4:) whenever n L i, where i € [d],n € Z% \ {0} (2.13)

We disallow n = 0, as then (2.13) would imply that the left action of each fibre of X
is by compact operators. Note that does not imply compact alignment (rather, a
strong compactly aligned product system is a priori assumed to be compactly aligned).
Any C*-correspondence, when viewed as a product system over Z,, is vacuously strong
compactly aligned. Moreover, strong compactly aligned product systems include those

product systems over Z% whose left actions are by compacts.

Corollary 2.5.6. Let X be a product system over Zi with coefficients in a C*-algebra A.
If $u(A) C K(X,,) for alln € Z2, then X is strong compactly aligned.

Proof. This is immediate by Proposition [2.4.1}] ]
Strong compact alignment is preserved under unitary equivalence.

Proposition 2.5.7. Let X and Y be unitarily equivalent product systems over Zi with
coefficients in C*-algebras A and B, respectively. Then X is strong compactly aligned if
and only iof Y is strong compactly aligned.

Proof. Suppose that X and Y are unitarily equivalent by a collection {W,,: X,, — Yﬂ}@eZ‘i .
We use {Lﬁm}@,mezi to denote the connecting *-homomorphisms of X and { jﬁ+m}g,mezi
to denote the connecting *-homomorphisms of Y. Suppose that X is strong compactly
aligned. Then Y is compactly aligned by Proposition [2.4.2] so it remains to check strong
compact alignment. Accordingly, fix n € Z2 \ {0} and ¢ € [d] such that n L 7. We must
show that

g MK (Ye)) € K(Yo).
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It suffices to show this for rank-one operators. For all y,,y, € Yy, we have that

FEO) ) = Wyt (O™ YWty € Wi (Xt Wiy = K(Yora),

Yn Y W Hyn), W (1) Bti T

using the dual of (2.11]) in the first equality, strong compact alignment of X in the mem-
bership, and (2.7 in the final equality. This proves that Y is strong compactly aligned.
The converse follows by duality, completing the proof. O

Strong compact alignment is also preserved under the quotient construction of Propo-

sition 2.3.7.

Proposition 2.5.8. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal that is positively invariant for X. Then [X];

18 strong compactly aligned.

Proof. We use {Lﬁm}@,mezi (resp. { jﬁ+m}ﬁ7mezd+ ) to denote the connecting *-homomor-
phisms of X (resp. [X];). Proposition m guarantees that [X|; is compactly aligned, so
it remains to check strong compact alignment. To this end, fix n € Z% \ {0},7 € [d] and
ke, € K([X,];), and suppose that n L i. By Lemma , we have that k, = [k,]; for
some k, € K(X,). Thus, by Proposition , we have that

I (k) = gt (kalr) = [ (k)] € K([Xpiil1),

using the strong compact alignment of X together with Lemma [2.2.11] to establish the
membership. Hence j2™(K([Xy];)) € K([Xpqg)r), completing the proof. O

We will require some notation and results from [17]. Henceforth we assume that X is

strong compactly aligned.

Proposition 2.5.9. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Then we have that

el

Proof. Fix () # F C [d]. The reverse inclusion is immediate, so take a € ;e &; ' (K(X;)).
|n|. When |n| = 0, there is nothing to show. Likewise, when |n| = 1 we must have that

n =i for some i € F, and therefore ¢,(a) € K(X,) by assumption.

for some 0 # m < 1, and i € F satisfying [m| = N and m L i. We obtain that

On(a) = Omri(a) = i (Sm(a)) € i (K (X)) € K(Xpsi) = K(Xp),
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using the inductive hypothesis to establish the membership and strong compact alignment

in the inclusion. By induction, the proof is complete. O]

For each () # F' C [d], we define

Tr = ((Vker )" N ([) ¢, (K(X))) and  Jy = {0},

i€l i€[d]

which are ideals of A. In turn, for each F' C [d], we define
Ir :={a€ A| (X,,aX,) CJrforalnl F} = ﬂ{Xgl(Jp) |ln L F}.

In particular, we have that Zy = {0} and Zp C Jp for all F' C [d]. The ideal Z is the
largest ideal in Jp that is F*-invariant [17, Proposition 2.7]. We include a full proof to
this effect, since this fact will be used throughout.

Proposition 2.5.10. [17, Proposition 2.7] Let X be a strong compactly aligned product

system with coefficients in a C*-algebra A. Then we have that
(X0, ZrX,) CZp for alln L F,F C [d].

Proof. The case where F' = () holds trivially, so fix ) # F C [d] and n L F. Take
&nyin € X, and a € Zp. It suffices to show that b := (&,,an,) € Zp. To this end, fix
m L F and &, nm € X, We obtain that

(Em OMm) = (s (s @) M) = (En @ &y (A1) @ )
= (€ums (a12)1m) = (§nbms> A(Mun)) »

using that the multiplication maps of X are isometric and associative. Since n,m 1 F,

we have that n +m 1 F. Hence we have that

<SM7 b77m> € <Xﬂ+m> aXﬂ+m> C Jr,

since a € Zp. Hence b € Z, finishing the proof. n

To avoid ambiguity, given two strong compactly aligned product systems X and Y,
we will denote the ideals Jr for X and Y by Jr(X) and Jr(Y), respectively. We will use
the same convention for the ideals Zp. The ideals Jr and Zp are preserved under unitary

equivalence.

Proposition 2.5.11. Let X and Y be strong compactly aligned product systems over Z%
with coefficients in C*-algebras A and B, respectively. If X andY are unitarily equivalent
by a collection {Wy: Xy, = Yn},cza, then
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Proof. Both claims hold trivially when F' = (), so fix ) # F C [d]. Take a € Jr(X), so

that
ﬂ ker ¢X ﬂ CbX

el

by definition. Fixing i € [d], we have that

by, (Wo(a)) = Widx, ()W, € WiK(X)W, ! = K(Y)),

using ([2.10)) in the first equality and (2.7)) in the final equality. It follows that
€ [ oy (K(Y;
icld

Now take b € (), ker ¢y,. We must show that Wy(a)b = 0. To this end, fix a’ € A such
that b = Wy(a'). Fixing i € F', we have that

ox,(a') = W oy, (D)W =0,

using (2.10) in the first equality and the fact that ¢y,(b) = 0 in the second. Hence
a’ € ;e ker ¢x,. Consequently, we obtain that

Wo(a)b = Wy(a)Wy(a') = Wy(aa") = 0,

using that a € ((;.p ker ¢x,)* in the final equality. In total, we have that

€ ([ ker éy,) " ﬂ¢y = TJr(Y).

ieEF

Hence Wy(Jr(X)) € Jr(Y). The reverse inclusion holds by duality. Hence we conclude
that

Wo(Tr(X)) = Tr(Y) for all F C [d],

as required.
For the second claim, fix () # F C [d]. Take a € Zp(X), so that

ac{d € Al (Xn ¢x,(d)X,) C Ip(X) foralln L F}
by definition. Fixing n L I, we obtain that

<YQ7 ¢YQ(WQ(Q>>YQ> - <YQ7 Waox, (@)W, W, 'Y, > <W W Y, Wadx, (@)W, 1Y >
= Wo({ X, x, (a) Xﬂ> C Wo(Ir(X)) = Tr(Y),

using ([2.10)) in the first equality, item (ii) of Definition together with surjectivity of
ng in the third equality, and the first assertion of the proposition in the final equality.
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Hence Wy(a) € Zp(Y) and thus Wy(Zr(X)) € Zp(Y). The reverse inclusion is obtained
by duality. Hence we conclude that

finishing the proof. [

The ideals Zr emerge naturally when solving polynomial equations, originating in [15]
in the case of C*-dynamical systems. In order to make this precise, we require the following
notation. Following the conventions of [I7, Section 3|, we introduce an approximate unit
(kix)aea of K(X;) for each generator i of Z%. Without loss of generality, we may assume
that these approximate units are indexed by the same directed set A, by replacing with

their product.

Lemma 2.5.12. Let X be a product system over Zi with coefficients in a C*-algebra A.
Let (kix)rea be an approzimate unit of K(X;) for all i € [d]. Then, fixing O # F C [d]

and i € F, we have that the net (L%F(k@,\)),\@\ converges strictly to idx, .

Proof. Since L%F (kix) and idy, = are selfadjoint for all A € A, it suffices to show that
11 -timn 6 (kya) €y, = €1, for all &, € X0, (2.14)

Without loss of generality, we may assume that & = ;£ —; for some §; € X; and some
§1,-i € Xi,-i, recalling that X; ®4 X;, ; = X, via the multiplication map wu;y, ;.
Indeed, once has been shown for elements of this form, it is routine to check that
the equality extends to finite linear combinations and their norm-limits, using an £/3

argument for the latter. We have that

67 (kin)er, — €, = Nl (ki) (€i€pmi) — &€apmill = Il (hiné)€a,—i — Eibapill
= || (kin&i — E)€a—ill = 1(kinéi — &) @ &1l
< ki — &l - 1€, —ll-

It follows that |-]| - lim, L%F (kix)é1, = &1, by Lemma[2.2.1] finishing the proof. O

Proposition 2.5.13. [17, Proposition 2.4] Let X be a strong compactly aligned product
system with coefficients in a C*-algebra A. Let (k;x)aea be an approzimate unit of K(X;)
for alli € [d. Fix0) # F C [d and 0 # n € Z%, and set m = nV 1p. Then the net
(era)aen defined by

epy = H{L%F(k:“) | i€ F} forall € A
is contained in K(X1,), and we have that
|1l —li{ﬂ Li(ep’,\)@m(k:ﬂ) = tp-(kn) for all ky, € K(X,). (2.15)
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Moreover, it follows that t3H(ky) € K(Xp,) for all k, € K(X,,).

Proof. We begin with some preliminary remarks before proceeding to the proof. Firstly,
we fix the usual order for the product defining each ep , though the ensuing arguments
can be tweaked to account for any order. Fixing ¢ € F' and A € A, note that L%F (kix) €
K(X1, ). This follows by an inductive argument using strong compact alignment and the
fact that

L EA = BT for ]l p € Z% \ {0} and m, v € Z1.

It then follows that (ep)aen € K(X1,). An application of Lemma together with
the fact that multiplication in £(X;,) is jointly strongly continuous on norm-bounded
sets, gives that (epa)ien converges strictly to idy, .

Now fix n € Zi such that suppn O F. We claim that

||| —li/{n i, (era)kn = ky for all &, € K(X,). (2.16)
To see this, we may assume that k, = @gf% for some &,,n, € X, without loss of

generality. Indeed, once (2.16) has been shown for elements of this form, it is routine to
check that the equality extends to finite linear combinations and their norm-limits, using
an ¢/3 argument for the latter. Since suppn O F, we have that n = 1, + m for some
m € Z‘i. Consequently, we may also assume that §, = &, for some &, € X;, and
Em € Xy, recalling that X, ®a X, = X, via the multiplication map uy,. ,,. We have
that

Xn Xn - Xn
” - H@ (eFA)(Elpfm) M ®§lpgm7n£” ” (EF,)\le)gﬂfglFfm,ﬁg”

< eraéy = &1, )&mll - 1mall < llemaén, = &apll - I€mll - l7all-

X
165, (ern)Og.,, — gn,nn

It follows that ||-||-limy ¢} (erx)kn = ky since (epa)rea converges strictly to idy, , com-
pleting the proof of the claim.

We now proceed to the proof of the proposition, and use the nomenclature of the
statement. We have already argued that (epx)aea © K(X1,), so we move on to prove
([2-15). By relabeling if necessary, we may assume that F' = [g| for some ¢ € [d]. For each
A € A, we have that

A (ern) = 1 (107 (kua) - g () = 7 (kan) - (kg ).
Fix k, € K(X,) and assume that ¢ € suppn. An application of ({2.16} - gives that
- 2y = o
Applying ¢}, we obtain that
- i 2 ) 2 ) = 22
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n+q

Now assume that ¢ ¢ suppn. Strong compact alignment then gives that ¢, ~(k,) €
K(Xn+q). Another application of (2.16)) yields that

-1 -Yim e (kg e (k) = e (k).

m

Applying ¢,,,, we obtain that
- - hin Lgm(kg,A)Lgm(k@) = Lgm(kn)
Noting that we may replace ¢ by any element of F', we deduce that
1= Tim ey, (ermn) g (k) = 15 (Rn)

via an inductive argument, as required.

For the final claim, note that if suppn O F' then there is nothing to show (as then
m = n). Assume that suppn 2 F, so that there is at least one entry of n which is 0
and labelled by F. Observe that m coincides with n everywhere except at those entries
of n which are 0 and indexed by F. Without loss of generality, assume that these indices
are 1,...,7, where 1 < r < |F| (by relabeling if necessary). Setting m = (my, ..., my),
we then have that m; = 1 for all j € [r]. By strong compact alignment, we have that

2L(k,) € K(X,41). Another application of strong compact alignment then gives that

n

B (k) = 22 (Ky) € K(Xagive)-

By iterating this argument until every element of [r| has been exhausted, we obtain that

() = by (ky) € K(Xmm),

n

finishing the proof. [l

We emphasise that (2.15]) holds independently of the order of the product defining e ».
Let (m,t) be a Nica-covariant representation of X. Fixing ¢ € [d] and an approximate
unit (k;x)aea of K(X;), we define

pix = Yi(k; ) for all A € A, and p; == w*- li/{an)\; (2.17)

i.e., p; is the projection on the space [1;(K(X;))H] for the Hilbert space H on which (, t)

acts. In turn, we set

q:=1,q;:=1—p; and qp := H(I —p;) for all ) # F C [d]. (2.18)

el

Remark 2.5.14. Note that the projections p; can be defined for a (just) compactly aligned
product system X. When X is in addition strong compactly aligned, the projections p;
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commute, so there is no ambiguity regarding the order of the product defining each gp. In
particular, we claim that p;p; is the projection on the space [¢;1;(K(X,+;))H]| whenever
i # 7; due to symmetry, we deduce that the same holds for PiDis and thus piPj = PiDi-

Indeed, for i, j € [d] with ¢ # j, consider the approx1mate units (k; x)rea and (k:; A)AeA
of K(X;) and K(Xj), respectively. We see that the nets (¢; (kz,\))/\e/\ and ( (k N
are contained in IC( H—]) due to strong compact ahgnment In particular, we claim that
they provide approximate units for (Xj;). Indeed, we have that ||LZ+]( i)l < [lkiall <
1 for all A € A, and for &;,n; € X; and §;,n; € X, we have that

i+j Xivj Xivj 1 Xi®aX;
le; =(kin)© -0 | = ||@(@A@—@)&lm@@@"

i &&5oming &&5oming
A
< |[kin& = &ll - W&l mall - lm; ]l = 0.

Taking finite linear combinations of rank-one operators and their norm-limits establishes
the claim for i, and the case of j is dealt with by symmetry. Therefore, due to Nica-

covariance, we have that

ity

11 - o s (Ri\ )i (R ) = (11T oy (e = (Rin)Kig) = Pi (Kig)

for all k;y; € K(Xiy;), and likewise for j. Thus, for every h € H and k;y; € K(Xiy;), we
deduce that

piwﬂi( 2+J)h (w*- hmwl( z)\))wHJ( HJ)h
= [H'H'him/fz( Kia )i (ki) b= higj(Kiyj)h.

Likewise for j, we have that pji;y;(kiyj)h = ¥iy;(kiy;)h, and therefore
pipjh = hfor all h € [ ;(K(Xi;)) H].
On the other hand, for h L [1;1;(K(X,))H] and b/ € H, we have that
<pzp1h7 h/> = <h7p1pgh’> = h{ﬂli{,ﬂ< s 5 (kg )i zA’)h/> =0,

where we have used that

Dy (kg )i (kan )W = iy (15 (kg )y (ki )R € iy (IC(Xipy)) H for all A, N € A,

due to Nica-covariance. Hence we have that
pipjih =0 for all h L [ths;(K(Xi45)) H].

Consequently, the operator p;p; coincides with the projection on the space [ ;(K(Xiy;)) H],

as required.
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We gather some useful algebraic relations proved in [17].

Proposition 2.5.15. [17, Proposition 4.4] Let X be a strong compactly aligned product
system with coefficients in a C*-algebra A. Let (m,t) be a Nica-covariant representation
of X and fix F C [d]. Then for allm € Z% and &y, € X, we have that

tm(gm)QF ifm L F,
0 if m L F,

qth(5m> =

so that in particular qp € T(A)'.

Proof. There is nothing to show when F' = (), so fix ) # F C [d]. We begin by proving
the result when F' is a singleton, i.e., F' = {i} for some i € [d]. First suppose that m L F.
By definition we have that

qFtm(Em) = (I = pi)tm(Em) = tm(Em) — Pitm(Em)-

Proving that qpt,,(&mn) = tm(&m)gr therefore amounts to showing that p; commutes with
tm(&m). In turn, it suffices to show that [¢;(K(X;))H] is reducing for t,,(&,,), where H is
the Hilbert space on which (7, t) acts. Thus we must show that

b (En) [Yi(K(X0)) H] C [¢s(R(X0))H] - and £, (E) " [ (K( X)) H] € [:(K(Xo)) H].

To this end, it will be useful to collect some auxiliary facts. Firstly, it is routine to check
that

Vi(K(X3)) = [t:(Xe)ta(Xa)™].

Secondly, recall that X;[(X;, X;)] is dense in X;, e.g., [40, p. 5]. It follows that

ti(Xy) € [ta(Xo)ta(Xa) (X))

Finally, we have that
ti—l—m(XHm) - [ti(Xi)tm(Xm)]v

since X; ®4 X, = Xty via the multiplication map w; ,,,. Combining these observations,

we obtain that

b (X )i (K(X)) C [t (Xin ) 1:(X3)1:(X0)"
X,

It follows that

tin (En) [s (IC( X)) H C [0 (K(X0)) i (Xi)tm (X )1 (Xa) " H] C [00:(K(X3)) H].
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Note that the corresponding statement involving t,,(&,,)* holds trivially when m = 0, so

assume that m # 0. Then X,, ®4 X; = X,,,4; via the multiplication map u,,;, and so

tin+i(Xmri) C [t (X )t:(X3)].

We also have that m V¢ = m + ¢ since m L ¢. Coupling these observations with Nica-

covariance gives that

It follows that

tm (§m) " [10s (X)) H] C [[90i(K( X)) tm (X)) 1H] € [10:(K(Xy)) H].

Hence [¢;(K(X;))H] is reducing for t,,(&,), as required.

Now suppose that m £ F. Recalling the definition of grt,, (&), it suffices to show
that pit,(&m) = tm(&§n). To this end, by assumption we have that i € suppm and so
X ®a Xy = X, via the multiplication map u; ,,—;. Without loss of generality, assume
that &, = {&n—i for some §; € X, and &,,—; € X,,,—;. We obtain that

from which it follows that p;t;(&;) = t:(&). Thus pity,(&n) = tm(&m), as required. In total,
we have proved the result in the case where F' is a singleton.
Finally, fix an arbitrary () # F C [d] and suppose that m L F. Then m L i for all

1 € F, and iterative applications of the singleton case yield that
artm(&m) = tm(§m)qr-
Now suppose that m £ F. Then m [ 1 for some ¢ € F. Thus we have that
Grtm(Em) = ar\ (i Gitm(§m) = 0

by the singleton case, paired with the fact that the projections p; commute for all j € d].
This finishes the proof. O

Proposition 2.5.16. [17, Section 3] Let X be a strong compactly aligned product system
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with coefficients in a C*-algebra A and let (7,t) be a Nica-covariant representation of X.
Let p; » and p; be the associated operators of , and fix ) # F C [d]. Then

I -Yim oy (k) [ ] pin = akn) [ [ o1 for alln € 25\ {0}, by € K(X).

ieF i€F
Ifa e N{¢; (K(Xy) | i € F}, then

a) sz = || ‘h/{nﬂ(a) Hpg,,\ =11, (¢1,(a)) for all O # D C F,

€D €D

and so

w(@)ar = nla) + 3 (=)0, (6n()) | 0 £ 0 < 15} € C(m, 1),

Proof. We fix the usual order for the product of the p; , though the ensuing arguments
can be tweaked to account for any order. Fixing ) # D C F, it will be useful to note that
the w*-limit of the net ([ ], Pix)aea is the projection on the space [, (K(X:,))H] and
coincides with [[, ., p;, where H is the Hilbert space on which (,t) acts. This can be
seen by arguing as in Remark [2.5.14]

Fix n € Z¢ \ {0} and k, € K(X,). Recalling the definition of the net (eg)res of

Proposition [2.5.13] we use Nica-covariance to obtain that

ko) [ [ Pia = €n(ka)tbr, (e50) = tm (12(kn )i (er0)) for all A € A,

i€F

V 1. Applying Proposition 2.5.13 and taking adjoints in (2.15]), we deduce

where m
that

I
S

[l 2 k£ () = 2 ()

In turn, we obtain that

(1= Tim o (65 (R )75 (€20)) = o (133 (Rn)) -

Consequently, the net (v, (ky) [ [;cr Pix)rea converges to ¢y, (¢3+(ky)) in norm. Since the
norm topology is stronger than the w*-topology, the w*-limit of (vn(kn) [ Licr Pin)rea
coincides with the norm-limit. By separate continuity of multiplication in the w*-topology,

we have that

wk- hmwn szA —wn n wh- hmez)\ _Q/Jn sz

i€eF i€F i€l

In total, we deduce that

” H hmwn sz)\ wn sza

i€EF i€l

as required.

71



Chapter 2. C*-correspondences and product systems

For the second claim, fix a € ({¢;'(K(X;)) | i € F} and @ # D C F. Then in
particular a € (\{¢; '(K(X;)) | i € D} and so we have that

a) [[ pin = m(@)tn, (epn) = ¥, (61, (a)ep,n) for all A € A,

€D

using Nica-covariance in the first equality. We deduce that

I -lim by, (D1, (@)epn) = ¥, (-] -lim @u, (a)epn) = v, (61, (a))

by (2.16)), using that ¢, (a) € K(X;,) by Proposition m Hence we obtain that

a) [[ pi = w*- limm(a) [ pir=w* lim ey, (¢1,(a)ep )

€D €D

= Il g, (61, (@)en) = |-l (a) [T pia = 1, (1, (a),

€D

proving the second claim.

Finally, we use the second claim to deduce that

(a)qr = m(a) [ (I = p2) )+ {(=D)"Plxa) [[p:i10#DC F}

el €D

=m(a) + Y {(=1)"l1,(¢1,(a) |0 # D C F}
= CL+Z{ 1|n|¢n¢n( ))|Q7£Q§1F}J

finishing the proof. [

Let (m,t) be a Nica-covariant representation of X. In the process of studying the

kernel of 7 x t, one needs to solve equations of the form
m(a) € B((g’;?] fora € A,m € Z%. (2.19)

Due to the structure of the cores, an element 7(a) satisfies (2.19) if and only if there are
k, € K(X,,) for all 0 # n < m such that

)+ > {tn(kn) [0#n<m}=0. (2.20)
This observation leads to the following useful results.

Proposition 2.5.17. [17, Proposition 3.3] Let X be a strong compactly aligned prod-
uct system with coefficients in a C*-algebra A. Suppose that (w,t) is a Nica-covariant

representation of X and fix a € A. If w(a) satisfies

(@) + Y {vulky) |0 #£n <m} =0
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for some m € Z%, then it satisfies
m(a)qr = 0 for F' := supp m.

Proof. There is nothing to show when m = 0, so fix m € Z% \ {0} and 0 # n < m. Then
there exists ¢ € suppn N F. Using the nomenclature of Propositions[2.5.13] and [2.5.16], we
have that

Un(kn)pi = (|| - T n (ka)pix = ||| - i gon (k) i(egiy 2) = |- - i gon (Rt (egiy ),

using Proposition [2.5.16[in the first equality and the fact that n V¢ = n since ¢ € suppn
in the final equality. Applying Proposition [2.5.13|and taking adjoints in (2.16)), we deduce
that

(1= Tim Bne (eqiy2) = K,

from which it follows that ¢, (k,)p; = ¥n(ky). In turn, we have that 1, (k,)(I — p;) = 0.
Recalling that ¢ € F', we obtain that

wﬂ(kﬂ)QF = %(/f@)([ _pi) H ([ _pj) =0,

e\

using that the projections p; commute for all j € [d]. Hence we obtain that

r(@)ar = m(@)ar+> {n(k)ar | 0 # n < m} = ((a)+> {vu(kn) | 0 #n < m})gr =0,

finishing the proof. O]

Proposition 2.5.18. [17, Proposition 3.2] Let X be a strong compactly aligned prod-
uct system with coefficients in a C*-algebra A. Suppose that (m,t) is an injective Nica-

covariant representation of X and fixr a € A. If w(a) satisfies
m(a) + Z{¢ﬂ(kﬂ) |10#n<m} =0
for some m € Zi, then it satisfies

Proof. There is nothing to show when m = 0, so fix m € Z%\{0}. Note that ¢y(a) € K(A)

automatically. Thus it suffices to show that
¢i(a) € K(X;) for all i € [d],

as then strong compact alignment together with the fact that (2" (¢n(a)) = dpi,(a) for
all n,r € Z<% yields the result. Accordingly, fix ¢ € [d]. Using the nomenclature of (2.17)),

73



Chapter 2. C*-correspondences and product systems

we have that

a)pin =— > {Un(kn)pin | 07 n < m} for all XA € A,

Note that the right hand side converges in norm to — > {u,(k,)p; | 0 # n < m} by
Proposition In turn, we deduce that the w*-limit 7(a)p; of the net (7(a)pia)ren
coincides with the norm-limit. Observe that (m(a)p;x)rea C ¥i(K(X;)) by definition.
Since 1; has closed range, we deduce that 7(a)p; € ¥:(K(X;)).

Fix k; € K(X;) such that w(a)p; = ¢i(k;) and §; € X;. We claim that p;t;(§;) = t:(&)-
To see this, first recall that (p;x)xea = (¥i(kix))aea for an approximate unit (k; y)xea 0
K(X;). Observe that

f

piati(§) = Yilkin)ti(§) = ti(kin&;) for all A € A.

Note that the right hand side converges in norm to ¢;(§;) by Lemma and continuity
of ¢;. Thus the w*-limit p;t;(&) of the net (p;ti(&))rea coincides with the norm-limit

ti(&), as claimed. In turn, we obtain that

ti(gi(a);) = m(a)ti (&) = m(a)pits (&) = Yilki)ti(&) = ti(ki&s).-

Injectivity of (7, ¢) implies that ¢; is isometric by Corollary [2.2.3] and so we deduce that
¢i(a)é = ki&; for all § € X

Thus ¢;(a) = k; € K(X,), as required. O

Conversely, if 7(a )QF = 0 and qﬁn( ) € K(X,) for some a € A/ F C [d] and all

)+ > (=12, (¢a(a) [0 # n < 1p} = w(a)gr =0, (2.21)

(m,t)
and so m(a) € By},

family {Zr}rcq-

for any m > 1. The following proposition justifies the usage of the

Proposition 2.5.19. [17, Proposition 3.4] Let X be a strong compactly aligned prod-
uct system with coefficients in a C*-algebra A. Suppose that (7, t) is an injective Nica-
covariant representation of X and fix a € A and m € Z%. If w(a) € B((gﬁ}, then a € Ip
for F' := supp m.

Proof. There is nothing to show when m = 0, so fix m € Z% \ {0}. We begin by showing
that a € Jp. By Propositions [2.5.17 and [2.5.18] respectively, we have that 7(a)gr = 0
and that ¢,(a) € K(X,) for all 0 <n < 1;,. By the latter, proving that a € Jr amounts

to showing that a € ((;.p ker ¢;)*. To this end, fix i € [d] and b € ker¢;. Using the
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nomenclature of (2.17)), observe that

m(b)pi = wr-lmm(b)y(kiz) = wh-lim (@i (b)kix) = 0,

from which it follows that 7(b)(/ — p;) = 7(b). Thus if we now take b € [, ker ¢;, then

we obtain that
7(ba) = w(ba)qr = m(b)m(a)qr = 0,

using that (1), p ker ¢; is an ideal and hence ba € (), ker ¢;. Injectivity of 7 then yields
that ba = 0 and so a € ((;.r ker ¢;)*. In total, we have that a € Jr, as claimed.

It remains to show that (X,,aX,) C Jp for all r L F. Accordingly, fix r L F.
Without loss of generality, we may assume that r # 0. Using , we have that

m(a)gr = m(a) + > _{(—=1)"n(¢n(a)) |0 £n < 1p} = 0.

Fixing &, 7, € X,, we therefore obtain that

57"7 Cmr + Z{ lnlt ﬂ(¢ﬂ(a))tr(nﬂ) | 0#n< 1p

—

=1,(&) 7 (a)grt,(n:) = 0.

Now fix 0 # n < 1, and note that r 1 n, so that r Vn = r+n. Coupling this observation

with Nica-covariance gives that

£ (X)) " (( X)) (X)) €

It follows that 7((&,,an,)) € B((g lt)] - B(g t)] Replacing a by (&, an,) in the first part of

the proof, we obtain that (¢, an,) € Jr. Hence we have that
(X;,aX,) CJpforallr L F

and thus a € Zp, finishing the proof. [

We define the ideal of the CNP-relations with respect to (m,t) as follows:
3(1 = (7(Zp)qr | F C [d]) € C*(m,1).
We will say that (7,t) is a CNP-representation (of X ) if it satisfies
m(a)gr = m(a) + > {(—1)™u(¢n(a)) [0#n < 1p} =0for all a € Ip, F C [d].

It follows that 3¢ = {0} if and only if (,¢) is a CNP-representation. We write N'Oy
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for the universal C*-algebra with respect to the CNP-representations, and refer to it as

the Cuntz-Nica-Pimsner algebra of X, i.e.,
NOx = NTy /35,

We write (7%,t%) for the universal CNP-representation (of X), i.e., (7%, t%) = (Q o
Tx,Qoty), where Q: NTx — NOx is the canonical quotient map. Since NOx is an
equivariant quotient of /T, the representation (7%,t%) admits a gauge action.

In [I7] it is shown that NOx coincides with the Cuntz-Nica-Pimsner algebra of Sims
and Yeend [56], and thus with the strong covariance algebra of Sehnem [53]. In particular,
(7%, t%) is injective by [56, Theorem 4.1], since (Z%,Z%) satisfies [56, (3.5)]. Moreover,
N Oy is co-universal with respect to the injective Nica-covariant representations of X that
admit a gauge action [56] (see Theorem [A.2.2)). The co-universal property of NOx has
been verified in several works [I1], 17, 18, 54] in more general contexts. Moreover, unitarily
equivalent strong compactly aligned product systems X and Y satisfy NOx = NOy

canonically.

Proposition 2.5.20. Let X and Y be unitarily equivalent strong compactly aligned prod-
uct systems with coefficients in C*-algebras A and B, respectively. Then the bijection of

Proposition preserves the CNP-representations.

Proof. We use the same notation as in Proposition . Let (m,t) be a CNP-represen-
tation of X on some B(H). For notational convenience, we set (7,t) := {(7 o Wy ta o
Wﬁ_l)}ﬁezi . By duality, it suffices to show that (7, 1) is a CNP-representation of Y. By
Proposition , we have that (7?,5 is a Nica-covariant representation of Y. It remains
to check that (7, 1) satisfies the CNP-covariance condition. Accordingly, fix F C [d] and
b € Zr(Y). There is nothing to show when F' = (), so we may assume that F' # () without

loss of generality. We must show that

SlF} = 0.

IS

(b) + Y (=), (b, (b)) | 0 #

To this end, fix 0 # n < 1,. We have that

Un (v, (9)) = Yu (W, by, (0) W) = vu(, (W ' (0))),

using Remark in the first equality and the dual of (2.10)) in the final equality. Recall
that Wy ' (b) € Zp(X) by Proposition [2.5.11] Hence we obtain that

(0) + D> (=12 by, (1) [0 £ n < 1} =
= m(Wo ' (0) + D (=) (6, (W5 ' (0)) | 0 # n < 1} =0,

using that (m,t) is a CNP-representation of X in the final equality. In total, we have that
(%,?) is a CNP-representation of Y, as required. n
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We finish the section with a proposition concerning canonical x-epimorphisms arising

from injective Nica-covariant representations. This trick was used implicitly in [17, [33].

Proposition 2.5.21. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let (7,t) and (m,t) be Nica-covariant representations of X such that
(m,t) is injective, and suppose there erxists a canonical *-epimorphism ®: C*(%,%V) —

C*(m,t). Then the following are equivalent:

(i) ker ® N B\ D = {0};

[0,00]
(i1) ker & N B(7T t) = {0} for allm € Z4,
(111) kerq)ﬁB[O1 ={0};
(iv) ker & N B[01 = {0} for all F C [d].

Proof. First note that (7,1) is injective. Indeed, if a € ker ¥ then 7(a) = ®(7(a)) = 0
and injectivity of 7 gives that a = 0. Note that B[(g (’Q} is an inductive limit of cores. More

specifically, we have that

Fh _ = (7,b)
B[Q700] - U B[Q,m'l[dﬂ'
m=0

Let K denote the kernel of the restriction of ® to B[(0 )] By [14, Lemma I11.4.1], we have
that

o0

K=|JxnB{D .

[0,m-114]
m=0

Therefore ® is injective on B( 0,00] 1f and only if KN B[(ST ;)1 J= = {0} for all m € Z,, which

is in turn equivalent to having that ker ® N B ] = {0} for all m € Z%. This follows
from the observation that for each m = (my, ... ,md) € Z+, we have that m <m- 1, for
m := max{m; | i € [d]}. This shows that item (i) is equivalent to item (ii).

If item (ii) holds then it 1mphes item (iii) by applying for m = 1;,. If item (iii) holds
then it implies item (iv) since B[0 i € B(Sr lt 4l for all F C [d].

It now suffices to show that item (iv) 1mphes item (ii), so fix m € Z%4. Without loss
of generality, assume that m has at least one entry greater than 1 (the assumption deals
with the case where m has no entries greater than 1). To reach contradiction, assume

that ker ® N Byj ﬂ) w7 10} Take 0 # f € ker @ N B[(ST t)], so that we may write

+Z{1/’n )1 0#n<m},

for some a € A and k, € K(X,) for all 0 # n < m. Note that we can write 7(a) = (ko)
for kg := ¢p(a). Without loss of generality, we may assume that f is written irreducibly,
so that we may choose a minimal 0 < r < m such that k, # 0, and %( ) & Bg%. The
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minimality of r means that if we have 0 < n < m such that k, # O andn <r, thenn =r.

If r = m, then f = Y (kp) and ®(f) = Y (kw) = 0. Injectivity of (,¢) then 1mplies
that k,, = 0 and hence f = 0, a contradiction. So without loss of generality assume that

r < m. Fixing &.,n, € X,, we have that

(fr) ft 777" = 7( +Z{¢nk/ #ﬂém_f}v

where k;, is a suitably defined element of (X)) for all 0 # n < m —r and b := (&, k7)),

due to the minimality of r. Applying ®, we obtain that
() + > {en(k) |0£n<m—1}=0,

which in turn implies that b € W_l(B((g Q_T]). Let F':= supp(m — r), which is non-empty

since m # r. An application of Proposition 2.5.17| then yields that w(b)gr = 0. Note also
that ¢, (b) € K(X,) for all 0 < n < 11, using Proposition [2.5.18} which applies since (7, 1)

is injective. Therefore we obtain that

F0)dr = 70) + S ) 0u(6a() |0 £ n < 1) € BED,

It then follows that

O(F(b)gr) = C(F(D) + > _{(=1)"n(6n(b) [0 £ 1 < 15})
= +Z{ D)4, (6n(0) [0 # 1 < 1p

—
Il
3
—~
o
N~—
)
B!
|
o

Hence 7(b)qr € ker & N Bgﬁ] and so 7(b)gr = 0 by assumption. So we have that

E (&) (k)T () = 7(b) € BGY,
for all &,n, € X,. Consequently, we have that
(X)) 0 ()0, (KC(X) € [ (X B (X)) € (X0 B (X)) € B,

By using an approximate unit of @Zr( K(X,)) and the fact that B(( )] is closed in C*(7, 1), w

deduce that {Er( k) € B (™D which contradicts the irreducibility assumption. Therefore

(r,m]’

we obtain that ker ® N B[(g;] = {0} for all m € Z%, as required. O

2.6 The product system /X[

In this section we present a product system construction that will be useful in Chapter
Bl and which extends the results of [36, Section 9).
Let X be a C*-correspondence over a C*-algebra A and let I C A be an ideal. Consider
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IX1I C XTI and recall that X1 is closed. We claim that I X is a closed linear subspace
of X1, ie., IXI = [IXI]. To see this, consider the map ¢xr|r: I — B(XI). Note that
¢xr1|r is a bounded algebra homomorphism. The Hewitt-Cohen Factorisation Theorem
then gives that ¢x|/(I)(X1I) = [¢xs|;(1)(XT)]. In turn, we obtain that

Oxili(D)(X1T) = oxr(I)(XT) = ox (1)(XT).

It follows that IX1 = [IX]I], as claimed. It is clear that IXT is also closed under the
right action of A and hence carries the structure of a right Hilbert A-module. Next, we
define a left action ¢;x; of A on IXI by

¢[X]I A — ,C(IXI), ¢]X[<a> = ¢X(a)|[X] for all a € A.

Hence I X1 inherits the structure of a C*-correspondence over A from X. By restricting
¢rx1 to I, we may view I X T as a C*-correspondence over I. When [ is positively invariant
for X, an application of Lemma [2.2.16| gives that the [ X construction recovers the Y7

construction of [36], Section 9.
As was the case with (X 1), we have a natural embedding of (/X /) in (X).

Lemma 2.6.1. Let X be a C*-correspondence over a C*-algebra A and let I C A be an
ideal. Then there exists an embedding v: K(IXI) — K(X) such that

L(@gél) = @gn forall&,ne IXI.
Thus KC(IX) is x-isomorphic to span{©f, | &,n € IXI} via the map ¢, with
v k) = klrxr for allk € span{@g77 | &,ne XTI}

Proof. Tt will be helpful to recall the following elementary Hilbert C*-module results.
Firstly, fixing £ € X, we have that

€1 = sup{l (¢, &} [ [ &" € X, [[€']] < 1} (2.22)

Secondly, fixing 7' € L(X), we have that

1] = sup{[| {T€,m) [| | &n € X, €]l MInll < 1} (2.23)

Now fix n € N and &;,n; € IXI for all j € [n]. We will show that

n n
1> _O8,I=1D_ el
j=1 j=1

Recall that the A-valued inner product of I.X [ is nothing but the restriction of that of

X. Thus we denote both by (-, -}, and adopt an analogous convention for the norms. We
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obtain that
|| Z@@ = supd] Z@@ H O €€ X, el lInl < 1)

by 1’ Notice that > 7, 95,% (&) € IXI for all £ € X. From this we deduce that

n

Ny = sup{[[(Y_ OF (&), mll | &m € X, €]l Inll < 1} =

j=1

= sup{][{ Z & )l &€ Xone IXL ] [Inll < 1} = N,

The fact that Ny > N is clear by definition. To see that N; < N, fix £, € X such that
1€]l, ||| < 1. Then we have that

295] 0 (€)M < IIZ% ny ()1 = sup{|( Z@gj n &Il [ € IXT, '] < 1}

<SUP{||Z@5M M€ e X,n e IXL|E, 0| <1} = N,

using 1} together with the fact that » 7 @ém (&) € IXI in the first equality. It
follows that N7 < N, and hence N; = N, as claimed. Next, we obtain that

Ny = sup{]| (€, Z% SN & eX e IXT gl Il <1}
—sup{llz@% I e IXT||E]] < 1) = Ns.

The first equality follows by taking adjoints in the definition of N;. For the second
equality, first observe that the inequality Ny < Nj is clear. Fixing & € X1 such that
I€]l < 1, we have that

n

| Z@m O =sup{lln, S O% (@)l [ n € X, |Inll <1} < N,

j=1

using ([2.22)) and taking adjoints. It follows that N3 < N, and hence Ny = N3, as claimed.
Finally, we deduce that

Na—sup{llz@éxé ) 1€ e IXT ]l <1}—HZ9£§% HZ@ZZIJ

where the first two equalities hold by definition and the last holds by ([2.23 . This shows
that [| 327, 02 |l = || 225, O£, |l foralln € N, &, n; € IXTand j € [n ] Consequently,
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we may define a linear map ¢ via

L: span{@ggf | &nelXT} — K(X);Z@éfn[j — Z@gm
=1 =1

for all n € N,&;,m; € IXI and j € [n]. The preceding argument demonstrates that ¢

is a well-defined isometry. Hence ¢ extends to a linear isometry ¢: K(IXI) — K(X). It

is routine to check that ¢ is a s-homomorphism. Thus ¢ implements an embedding of
K(IX1I) within K(X), as claimed.

The fact that (/X 1) and span{©f, | £, € IXI} are *-isomorphic via the map ¢

follows immediately. It is routine to check that +~'(k) = k|;x; for all k € span{©f, |

&,n € IX1}, finishing the proof. O

Now let X be a product system over P. Recall that if I is positively invariant for X,
then I.X,I = IX, for all p € P by Lemma|2.2.16] In this case we obtain a product system

I X1, with a construction that is compatible with the product system structure of X.

Proposition 2.6.2. Let P be a unital subsemigroup of a discrete group G. Let X be
a product system over P with coefficients in a C*-algebra A and let I C A be an ideal
that is positively invariant for X. Then IXI = {IX,I},cp inherits from X a canonical
structure as a product system over P with coefficients in I, identifying each IX,I as a

sub-C*-correspondence of X,,.

Proof. We will denote the multiplication maps of X by {u;fq }pqep- The discussion preced-
ing Lemma gives that I X, is a C*-correspondence over [ for all p € P. It remains

to construct multiplication maps {u) 7'}, 4ep of IXT and check that together with these

maps [ X satisfies axioms (i)-(v) of a product system.
Note that IX.[ = TAl = INANI =1, so IXI satisfies axiom (i). The maps u/}’
[2! for all p,q € P are determined by axioms (i) and (iii), so fix p,q € P\ {e}. We

must construct a unitary

and wu

W IX, I @p IXI — IX 1.

To this end, first recall that IX,I and IX,I can be viewed as C*-correspondences over
A. As such, we can take the A-balanced tensor product I.X,] ®4 IX,I. Since IX,I is a
sub-C*-correspondence of X, and 1.X,/ is a sub-C*-correspondence of X, it is routine to
check that I.X,I ®4 IX,I embeds isometrically in X, ®4 X, via the “inclusion” map ¢,
determined by

bpg(&p@&) =& @&, forall §, € IX,1,§, € IX,I.

Moreover, we have that

Im(tp,) =span{{, @&, | & € 1X,1,&§, € IX, I}
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Next observe that I.X,I ®;IX,] embeds isometrically in Im(¢,,) via the I-bimodule map

vp.q determined by
Vp (& @ &) =&, @&, forall §, € IX,1,&, € 1X,1.
We define uffé I by

IXT X
Upqg = up7q|1m(L,,,q) oUp g IXpI @1 IX T — X,

Notice that uIXI is an isometric linear /-bimodule map, which can be seen by applying

X1

the corresponding properties of u\, and v,,. Thus it remains to show that uI is a

pPq

surjection onto /.X,,I. We begin by showing that the range of uIXI s c Ontalne 4 in
IX,,I. By linearity and continuity of uzlv 7)5 I

IX,I ®rIX,I are mapped into 1.X,,I. To this end, fix a,b,c,d € I,§, € X, and §, € X,.
We have that

it suffices to show that the simple tensors in

IXI(W@? ) ® (c€,d)) = u ((agp ) ® (cd)) = &uﬁq((fpb) ® (c€g))d € 1Xpg1,

+q 18 an A-bimodule map in the final equality. This shows that Im(u ggl ) C

IX,eI. For the reverse inclusion, note that since u/” is in particular linear and isometric

and thus has closed range, it suffices to show that Im(uf)fgl
form auiq(gp ® &,)b, where a,b € I,§, € X, and £, € X,. To this end, recall that I = ]

and thus we can write a = cd for some ¢, d € I. Consequently, we obtain that

using that uX

) contains all elements of the

(gp ® &b = u (((pr) (&0) = u;fq((Cdgp) ® (&),

using that up , 18 an A-bimodule map in the first equality. Note that d§, € 1X,, C X, I
by Lemma [2.2.16] which is applicable since [ is positively invariant for X. Thus we can
write d§, = £ f for some §, € X, and f € I. We may also write f = gh for some g, h € I.

In total, we obtain that

Uy ((€d8y) @ (§4D)) = 1, (e 9h) @ (£4D)) =ty ((c9) ® (REGD)),

as required. This shows that u/'

is a surjection onto /.X,,/. Combining the preceding
deductions, we conclude that u{,fél c IX,I ®; IX,I — IX,,[ is a unitary, which is in
accordance with axiom (iv). Finally, associativity of the multiplication maps of X7
follows from that of the multiplication maps of X, thereby showing that I X[ satisfies
axiom (v). Hence I X constitutes a product system over P with coefficients in I, as

required. O]

Proposition 2.6.3. Let P be a unital subsemigroup of a discrete group G. Let X be a
product system over P with coefficients in a C*-algebra A and let I C A be an ideal that

18 positively invariant for X. Let {qu}pﬂEp denote the connecting x-homomorphisms of
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X and let {jb?}, 4cp denote the connecting *-homomorphisms of IX1. Then
Pq — ,Pa Al QP
30 (kplrx,1) = ¥ (kp)|1x,,1 for all p,q € P and k), € span{G)gpmp | &, mp € IX, 1}

Proof. Without loss of generality we may assume that p # e and ¢ # e, as the claim is
straightforward otherwise. By Lemma we have that ky|;x,;r € K(IX,I). Recalling

that 1.X,,I is a closed linear subspace of qu, it suffices to show that

fo)q(kpth ) (5}9 ® &) = qu( p)U IXI(fp ® &), forall §, € IX,1,¢&, € IX,I.

Indeed, fixing &, € I.X,I and §, € 1X,I, we have that

gq(kPth ) (ép ® &) = UIXI(( kpép) ® &) = Up, q(( kpép) ® &g)
= qu( p)up,q(fp ® fq) = quuf Ju IXI(gp ® £q>

as required. N

Next we show that the properties of compact alignment and strong compact alignment
of IX1I are inherited from X.

Proposition 2.6.4. Let P be a unital right LCM subsemigroup of a discrete group G.
Let X be a compactly aligned product system over P with coefficients in a C*-algebra A
and let I C A be an ideal that is positively invariant for X. Then the product system I X1

18 compactly aligned.

Proof. Let {07}, 4ep (vesp. {j7%},4ep) denote the connecting *-homomorphisms of X
(resp. 1X1). It suffices to show that the compact alignment condition holds for rank-one
operators. To this end, let p,q € P\ {e} be such that pPNgP = wP for some w € P, and
fix &,,m, € IX,I and &, n, € IX,I. We must show that j*(0 »')j(Oq 1) € K(IX,I).
Recall that

IXpI _ Xp IXq Xy
@gpvnp - @£P777P|IXPI and @ ®§q nq|IXqI7

by Lemma [2.6.1] An application of Proposition then gives that
IX,I IX,I wiaXe \,w(0Xq
Jp (O, g (O, 1) = [1 (O, e (O % lixr (2.24)
By Lemma [2.6.1} it suffices to show that
w (3 Xp w(QXq =S OXw
Ly (O, )i (©¢ %, ) € span{Og", | {uw,nw € 1XyuI}.

Compact alignment of X gives that

WO, (05, ) € K(X.).

gp 77717
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Next, let (uy)aea denote an approximate unit of I. For each A € A, we have that

w(Xp w Xp wXp
¢w (UA)LP (@épﬂlp) - Lp (¢p(u)‘)®£p’77p) - Lp (@qﬁp(ux)&pmp)'
Using this and the fact that [|-]| - limy ¢, (u))€, =&, (as &, € 1X,I), we obtain that
] P w XP
{1 Timn @, (2 )e W (Og7,) = 1y (07,):
By analogous reasoning, we have that

. w Xq w Xq
I 1-lim o (O3, )0 (ua) = ¢ (O,

Therefore, we obtain that
w0 Xp w () Xaq Xp w/AXq
(O (O, ) = |- 6, ()i (O, )i (O, )b (u).

Consequently, we have that L;”(Ggi’?%)%”(@g‘fnq) is expressible as the norm-limit of a net
that is contained in ¢, (1)K(X.)dw(I). An application of Corollary [2.2.17|then gives that

L;’(@X” )U“”(@§ ') € span{@ o | Ews o € IX T, (2.25)

EpyTp

as required. 0

Proposition 2.6.5. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal that is positively invariant for X. Then the
product system [ X1 is strong compactly aligned.

Proof. Let {upt™}, mezd (resp. { jn+m}n,mezi ) denote the connecting #-homomorphisms
of X (resp. IXI). Proposition asserts that X1 is compactly aligned, so it remains
to check that X[ satisfies

J(K(IX, 1)) € K(IX,4:1) whenever n L i, where i € [d],n € Z4\ {0}.

It suffices to show that this holds for rank-one operators. To this end, fix &,,n, € X, ].
An application of Proposition then yields that

‘n+1 IXnl n+i n+i Xn

Jﬁt(@gﬂ,ﬁn) = ]EJF’( n, nn|IXn )= @t(@gﬂf%)hxﬁﬂ-l-

By strong compact alignment of X, we have that L%+1<@§L%nn) € K(X,+i). By using an
approximate unit (uy)ea of I and Corollary [2.2.17, we then obtain that

X

(O ,) = (1l -m dn s (un) o™ (O, )i (un)

S [¢ﬂ+i< ) ( n+i>¢ﬂ+z(])]
C span{© P ntis Mnti € I Xpyil }.

£n+z Mn+i
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An application of Lemma [2.6.1] finishes the proof. O

Next we study the representations of IXI. Given a representation (m,t) of X, we
write (|7, t|;x7) for the family {(7|r,,|rx,1) }pep- It is routine to check that (7|7, t|7x71)
is a representation of IX/I. For each p € P, let sz: K(IX,I) — C*(m,t) be the *-
homomorphism induced by (7|7, ,|rx,7). Then for all §,,n, € 1X,I, we have that

Jp(ggfnp‘IXp ) wp( éfﬁ ) tp|IXpI(§p)tp‘IXpI(77p)* = tp(gp)tp( ) = wp< &p, np)

from which it follows that
Jp(kp‘IXpI) = (k) for all k, € Span{@gf,'np | &pomp € IXp1 ) (2.26)

When P is a right LCM semigroup and X is compactly aligned (and thus I X I is compactly
aligned by Proposition [2.6.4]), Nica~covariance of (m,t) is inherited by (7|7, ¢|7x1)-

Proposition 2.6.6. Let P be a unital right LCM subsemigroup of a discrete group G.
Let X be a compactly aligned product system over P with coefficients in a C*-algebra A
and let I C A be an ideal that is positively invariant for X. Let (m,t) be a Nica-covariant

representation of X. Then (7|;,t|1x1) is a Nica-covariant representation of IXI, and

C*(lr, tlixr) = span{m (1)L, (Xp)m(1)ty(X,) w (1) | p,q € P} (2.27)

Proof. Let {57}, 4ep (vesp. {j77},4ep) denote the connecting *-homomorphisms of X
(resp. IXI). For each p € P, let ¢,: K(IX,I) — C*(r,t) be the *-homomorphism
induced by (7|r,tp|rx,1). Now fix p,q € P\ {e},k, € K(UIX,I) and k, € K(IX,I). We

must show that

Dy () Uy (k) = Vuy (k)i (kg)) i pP N gP = wP for some w € P,

0 otherwise.

It suffices to show this for &k, = @éfgj and k;, = @IXq for some &,,n, € IX,I and
&, Mq € 1X,1. By (2.26) and Nica-covariance of (,t), we have that

Up(Op 1)y (O i) = (O np)%( X
Yol HCH oty )L;U(@gq[fnq)) if pP N qP = wP for some w € P,

0 otherwise.

Suppose pP N gP = wP for some w € P. Since the assumptions of Proposition [2.6.4] are
satisfied, by ([2.24])) we have that

150, )0 (O Mixor = 35 (O35 (O )
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and by (12.25)) we have that

L;f’(@Xp )L;U(@g ') € Span{@ o | G T € I X1}

EpsTp

Another application of (2.26) then yields that

Y (G2 (O 2)j2 (O o)) if pP N qP = wP for some w € P,

QX% ! ol X
77/) ( ¢ " )wq( I3 . ) =
o o 0 otherwise,
as required.

Finally, we have that

C*(W|],t|]X]) = Spﬁ{tp([Xp[)tq([XqI)* | p,q € P}
= span{m(I)t,(Xp)m(1)t,(Xy)*m(I) | p,q € P},

using that I = I* = I[ in the second equality. This finishes the proof. O]

The structure of C*(7|y, t|rxr) is linked with that of (w(I)) C C*(m,t). To clarify this
link, we remind of the following notions from the theory of C*-algebras. Let A be a C*-
algebra and B be a C*-subalgebra of A. We say that B is hereditary (in A) if whenever
a€ A;,be By and a < b, we have that a € B. We say that B is full (in A) if whenever
I C A is an ideal such that I D B, we have that I = A.

Proposition 2.6.7. Let P be a unital right LCM subsemigroup of a discrete group G.
Let X be a compactly aligned product system over P with coefficients in a C*-algebra A
and let I C A be an ideal that is positively invariant for X. Let (m,t) be a Nica-covariant

representation of X. Then the following hold:

(1) (w(I)) = span{t,(X,)w(I)te(Xy)" | p,q € P};

(i) C*(m|r,tlixr) = [7(I)(w(I)) 7(I)], and thus C*(x|,t|1x1) is a hereditary, full C*-

subalgebra of (mw(I)).

Proof. For notational convenience, we will denote the right hand side of the equality
asserted in item (i) by B. The fact that B C (r([)) is immediate. To see that (7 (I)) C B,
it suffices to show that B is an ideal of C*(m,t) that contains 7(I). The fact that B is
a closed linear subspace is evident, and it is similarly straightforward to check that B

is selfadjoint. Using the latter, showing that B is an ideal amounts to showing that
BC*(m,t) C B. In turn, it suffices to show that

Bt.(X,) CB and Bt.(X,)"CBforallreP.

To this end, fix p,q,r € P. We have that
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from which it follows that Bt,(X,)* C B. Next, suppose that ¢P NrP = (). Then
tp(Xp)m ()t (X)L (X)) = {0} C B,

using Nica-covariance in the equality. Otherwise, assume that ¢P N rP = wP for some

w € P. Then another application of Nica-covariance yields that

tp(Xp)W(I)tq(Xq)*tr(Xr) - tp(Xp)ﬂ(])[tq’(Xq’)tr’(Xr’)*] C [tp(Xp)W(])tq’(Xq’)tr’(Xr’)*}
c [tp(Xp>tq’(Xq’)ﬂ(j)tr’(Xr’)*] C [tpq’(qu’)ﬂ'(l)tr’(Xr’)*] C B,

where ¢ = ¢ 'w and 7’ = r~!w, using Lemma in the third inclusion. It follows
that Bt,.(X,) C B. In total, we have that B is an ideal of C*(m,1).

It remains to check that B contains 7(/). To this end, fix a € I and an approximate
unit (uy)aea of A. For each A € A, we have that 7(uy)7(a)m(uy) = m(ur)m(a)m(ur)* € B
by definition. Notice also that

[t (@) () = [ -Tn w(unan) = ()

Thus 7(a) is expressible as the norm-limit of a net that is contained in B. Since B is
closed in C*(m,t), this shows that m(a) € B. We conclude that m(/) € B and hence
(r(I)) C B. In total we have that (w(I)) = B, as required.

The fact that C*(w|;, t|;1x7) = [7(I) (w(I)) 7(I)] now follows by applying item (i) and
Proposition in tandem. In particular, notice that C*(r|;, t|;xs) is a C*-subalgebra
of (w(I)). To see that C*(m|;, t|;xr) is hereditary in (m(1)), it suffices to show that

C* (7|1, trxr) (7 (1)) C* (7|1, tl1xr) S C* (w1, tlrx1)

by [44, Theorem 3.2.2]. Accordingly, we have that

C*(@lrs tlixr) (w (1)) C(wlr, trxr) = [ (1) (x (D)) w(D)] {x (1)) [w (1) (m (1)) 7(1)]
(1) (w (D)) w (1) {x (1)) w(1)]
C [n(l) {x(1)) m(D)] = C*(x |1, t|ix1),

1N
=X
=
£
=
3

as required.

To see that C*(7|r, t|rxr) is full, let J be an ideal of (7 (I)) such that J 2 C*(7|r, t|rx1)-
Note that since J is an ideal in (7(I)), and (7 (I)) is an ideal in C*(m,t), we have that J
is an ideal in C*(m,t). We also deduce that 7(I) C C*(7|;, t|;x7) € J. In total, we have
that J is an ideal of C*(7,t) that contains 7(/) and hence (7 (I)) C J. Consequently, we
conclude that J = (w(I)) and thus C*(7|;, t|;x) is full in (7w(1)), finishing the proof. [

Suppose now that P = Zi and X is strong compactly aligned. An application of the

Gauge-Invariant Uniqueness Theorem permits the identification of N'7;x; and NOrx;
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with C*-subalgebras of N Tx and N Oy, respectively. We note that the Toeplitz-Nica-
Pimsner case extends to right LCM semigroups using [33, Theorem 6.4] (but we will not

require it here).

Proposition 2.6.8. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal that is positively invariant for X. Then the

inclusion I X1 — X induces a canonical embedding
NTixr = C(7x|r, txlixr) S NTx,

and thus N'Trxr is a hereditary, full C*-subalgebra of (Tx(I)).

Proof. Note that I X1 is strong compactly aligned by Proposition , and (Tx|r, tx|rxr)
is a Nica-covariant representation of I X I by Proposition . Injectivity of (Tx|r, tx|rxr1)
is inherited from (Tx,tx), and (Tx|r, tx|rxs) admits a gauge action by restriction. Hence
it suffices to show that Tx|r X tx|rxr: NTixr — C*(Tx|r, tx|rxz) is injective on the fixed
point algebra; equivalently on the [0, 1;,]-core by Proposition .

To this end, first note that we may take (Tx,fx) to be the Fock representation with-
out loss of generality. Let v,: K(IX,I) — NTx be the *-homomorphism induced by
(Tx |1, txnlrx,1) for all n € Z4. Take f € ker Tx|; X tx|rxr HB@X”EI’”), so that we may

[0.14]
write

f=T7ixr(a) + Z{EIXI,Q(]{;Q) |0#n <1y4},

for some a € I and k, € K(IX,I) for all 0 # n < 1. Recall that we write Trxs(a) =

Urxro(ko) for ko := ¢rxyi(a), and in turn Ty|;(a) = vo(ko). Towards contradiction,

where ¢ K(IX,I) = K(X,) is the embedding guaranteed by Lemma[2.6.1] Hence k, =0,
which is a contradiction. We conclude that Tx|; X tx|;xs is injective on the [0, l[d]]—core,
as required. Proposition then completes the proof. ]

To establish the corresponding result for NO;x;, we first generalise [36, Proposition
9.2].

Proposition 2.6.9. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal that is positively invariant for X. Then, for
all F C [d], we have that:

(i) Jr(IXI) =10 Tp(X),

(ii) Tp(IXT) = I N Tp(X).
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Proof. (i) The claim holds trivially for F' = (), so assume that F' # (). Let a € Jp(IX1I) C
I. Tt suffices to show that a € Jr(X). To this end, fix i € [d]. By definition, we have
that a € (¢rx,r) " (K(IX,I)). Since I is positively invariant for X;, we may apply Lemma
to deduce that /X;I = I.X;, and an application of [30, Lemma 9.1] then yields that

(Grx,r) " (KUIXT)) = TN (K(Xy)).

Hence a € ¢;'(K(X;)) for all i € [d], as required. Moreover, since ker ¢; N I C ker ¢yx,;
for every i € [d], we have that ((;,cpkerdrx, 1) C (Nicpker¢y)™ N 1. Hence a €
(Njer ker ¢;)* and thus a € Jp(X), as required.

For the reverse inclusion, let a € I N Jr(X). For each ¢ € [d], we have that

a€ln ¢£._1(IC(X1)) = <¢1X11)71<,C(IX£I))

by Lemma|2.2.16/and [36, Lemma 9.1]. Thus it suffices to show that a € ([, ker gbIXiI)l.
To this end, fix b € [),cp ker ¢7x,7. Another application of [36, Lemma 9.1] gives that

beIn([)kers).

el

Since a € ([, ker ¢;)*, we therefore have that ab = 0, as required.

(ii) Once again, we may assume without loss of generality that F # (. Take a €
Zr(IXI) C I and fix n L F. We have that

(Xn,aX,) C [(Xp, Tal X,,)] C [(IX,, al X,,)]
C [(IXoI, drx,1(a)IXu]))] € Tr(IXT) C Tr(X),

by using Lemma [2.2.16| and item (i). Thus a € I NZp(X), as required.
For the reverse inclusion, fix a € I NZp(X) and n L F. We have that

<IXQI,¢[XQI(CL)(IXQI)> C(X,,aX,) CINJIr(X)=Tr(IXI),

using positive invariance of I, the fact that a € Zp(X) and item (i). Thus a € Zp(1X1),
completing the proof. O

Proposition 2.6.10. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal that is positively invariant for X. Then the

inclusion I X1 — X induces a canonical embedding
NOrx; = CH(mxlr txlix1) € NOx,

and thus NO;x; is a hereditary, full C*-subalgebra of (7% (I)).

Proof. Being the restriction of an injective Nica-covariant representation of X that admits
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a gauge action, (7% |;,t%|7x7) is an injective Nica-covariant representation of X1 that
admits a gauge action. Thus it suffices to show that (7% |r, t%|7x1) is a CNP-representation
of IXI by [17, Theorem 4.2].

To this end, fix () # F C [d] and a € Zp(IX1). For each n € Z%, let ¢h,: K(IX, 1) —
NOx be the x-homomorphism induced by (7% |7, % ,|1x,r). We must show that

mxlr(a +Z{ ‘n‘l/} (prx,1(a)) |0 #n <1p} =0.

Fix 0 #n < 1. We claim that

onla )Gspan{@ |§n,77n€]X I}.

To see this, first note that a € I N Zp(X) by item (ii) of Proposition 2.6.9, and so
on(a) € K(X,). Let (ux)aea be an approximate unit of /. Then an application of
Corollary yields that

() dn(a)d(un) € SPAR{OL", | &y € IX, T} for all A € A

Since a € I, we also have that

I {[-1im ¢n (ur) Pn(@)Pn(ur) = dula),
and consequently
dn(a) € span{@?j,m | &t € 1X 1Y

as claimed. Note also that ¢,(a)|rx,r = ¢1x,1(a) by definition. An application of ([2.26)
then gives that

Uu(b1x,1(a)) = V%, (u(a)) for all 0 # n < 1.

From this we obtain that

mxli(@) + > {( 1>'”'wn¢fxn<>>|gms1F}=
= 1%(a) + Y _{(=D)"¢%,(6u(a) [0#n < 15} =0,

where the final equality follows from the fact that a € Zp(X), together with the fact that
(7%, t%) is a CNP-representation of X. Thus (7%|7,t%|1xr) is a CNP-representation of
IX1I, as required. Proposition then completes the proof. O

90



Chapter 3

Relative 2d—tuples and relative

Cuntz-Nica-Pimsner algebras

Parametrising the gauge-invariant ideals of the Toeplitz-Pimsner algebra of a C*-correspon-
dence is facilitated using relative Cuntz-Pimsner algebras. Hence our first goal is to suit-
ably adapt the relative Cuntz-Pimsner algebra construction for a strong compactly aligned
product system X. We do this by mimicking the construction of N'Oy, and exploiting
strong compact alignment in order to define our relative Cuntz-Nica-Pimsner algebras
in terms of simple algebraic relations induced by finitely many subsets of the coefficient
algebra. As an intermediate step towards the parametrisation, we study further quotients
in-between N'7Tx and NOx.

3.1 Relative 2¢-tuples and induced ideals

We start by paring down the properties of the family Z := {Zr} pc[q and the CNP-relations
of [I7] covered in Section [2.5]

Definition 3.1.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. A 2-tuple (of X) is a family £ := {Lp}pciq such that Lp is a
non-empty subset of A for all F' C [d]. A 2¢-tuple £ of X is called relative if

Ly C (Ve (K(X,)) | i€ F} forall 0 £ F C [d].

Remark 3.1.2. We stipulate that the sets Lr are non-empty for convenience. More
specifically, the sets L are designed to generate certain “relative CNP-relations”, and so
Lr = {0} plays the same role as Lr = (). In the former case the relative CNP-relations
are satisfied trivially, and in the latter case they are satisfied vacuously. Functionally
there is no difference, and it is more convenient to take Lr = {0} as in this case L is an

ideal.

We write £ C £ for 2%-tuples £ and L' if and only if Lr C L} for all F' C [d]. This
defines a partial order on the set of 2%-tuples of X. We say that £ = £’ if and only if
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LCL and L CL.
Let (m,t) be a Nica-covariant representation of X. The crucial property of a relative
2¢-tuple £ is that

m(a)gr = m(a) + > _{(=1)"y(¢n(a)) [0 #n < 1} € C¥(m,t) for all a € Ly, F C [d],

using Proposition [2.5.16] This allows us to extend the ideas of [I7] in a natural way.

Definition 3.1.3. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let £ be a relative 2¢-tuple of X and let (7,t) be a Nica-covariant
representation of X. We define the ideal of the L-relative CNP-relations with respect to
(m,t) to be

Z{J | F C [d]} € C*(m,t), where fj(g}? = (n(Lp)gr) for all F C [d].

We say that £ induces 3(5”).

Being an algebraic sum of ideals in C*(w, ), the space 3?’” is itself an ideal in C*(m, t).
It follows that
3 = (n(Lelar | F € [d).

By setting £ = Z, we recover 3(I7r’t) as defined in [I7].

Proposition 3.1.4. Let X be a strong compactly aligned product system with coefficients

in a C*algebra A. Let L be a relative 2¢-tuple of X and let (m,t) be a Nica-covariant

representation of X that admits a gauge action. Then 3%? 18 a gauge-invariant ideal of

C*(m,t) for all F C [d] and hence G(EM) is also a gauge-invariant ideal of C*(m,t).
Proof. Fixing F' C [d], it is immediate that 3(2}?) is an ideal of C*(mr,t) by definition. Let
~ denote the gauge action of (7). We must show that
Yz (32 ;)) c3J for all z € T¢.
Since vy, € Aut(C*(m,t)) for all z € T? and 3(2}? is an ideal, it suffices to show that

Yo (m(Lr)qr) € 3(2}? for all z € T

Accordingly, fix z € T¢ and a € L. By the comments preceding Definition we have
that

m(a)gr = m(a) + > _{(—=1)"u(¢n(a)) |0 #n < 1.},
In turn, we deduce that
1:(m(a)gr) = m(a)ar € IR,
as required. Hence 3(2}) is gauge-invariant, proving the first claim. The second claim

follows by definition of 3}”’” together with the first claim, finishing the proof. m
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In many cases, we may assume that £ is a family of ideals without loss of generality.

Proposition 3.1.5. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be a relative 2%-tuple of X and let (,t) be a Nica-covariant
representation of X. Then (L) := {(Lr)}rcp is a relative 2%-tuple of X such that
L C (L) and 32’;) = JEZ;)F for all F C [d]. In particular, we have that 32”) = 352’;).

Proof. Tt is immediate that (£) is a relative 2¢-tuple of X, and that £ C (£). It remains
to see that 3(2’}) = JEZ;)F for all F' C [d], as the final claim follows as an immediate
consequence. To this end, fix F' C [d]. Since Lr C (Lr), we have that 32?’” C JEZ;)F For

the reverse inclusion, it suffices to show that

T((Lr))gr C 3T,

Recall that (Lr) = [ALpA]. Thus it suffices to show that

T(ALpA)qr C 32}?7

. .. . . . ~(Tt) .. . .
since 7 is in particular linear and continuous, and JSTF) is in particular a closed linear

subspace of C*(m,t). For b,c € A and a € L, we have that

m(bac)gr = w(b)m(a)m(c)qr = 7(b)(m(a)gr)m(c) € IEF,

using Proposition [2.5.15]in the second equality, as required. O

Let £; and £, be relative 2¢-tuples of X. It is straightforward to see that their sum
Ly + Ly, defined by (L; + Lo)p := L1 5 + Lop for all F C [d], is also a relative 2¢-tuple.

When £; and £, consist of ideals, summing respects the induced ideals.

Proposition 3.1.6. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L1 and Lo be relative 2%-tuples of X that consist of ideals and let

(m,t) be a Nica-covariant representation of X. Then

30D, =300 £ 38N, for all F C [d], (3.1)

and thus 30, = 35" + 35,

Proof. It suffices to prove the first claim, as the second then follows by definition. Accord-
ingly, fix F' C [d]. For the forward inclusion, it suffices to show that 3(51% +3(£;t)p contains
the generators of 32252’% as both are ideals of C*(m,¢). To this end, fix a € L1 p + Lo .
Then a = b+ c for some b € £, r and ¢ € L, p. We obtain that

m(a)gr = (b + ¢)gr = 7(b)qr + 7w(c)qr € Jgt}m + 3,(57;?:,

as required.
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For the reverse inclusion, fix a € £; p. We have that

m(a)gr = m(a + 0)gr € 32’252,%

using that 0 € Lo r since Ly consists of ideals. It follows that J i tl)m C 32’2527 - By
symmetry we also have that ‘52 mt) C 3(; i)c F Hence we obtain the reverse inclusion of
, finishing the proof. O

A first approach towards the parametrisation of the gauge-invariant ideals of N Ty
would be to establish a correspondence between the relative 2%-tuples of X and the gauge-
invariant ideals of A"Tx that they induce. However, this is insufficient as different relative
29_tuples may induce the same gauge-invariant ideal of N'Tx. We provide an example to
this effect.

Remark 3.1.7. Let £ be a relative 2%-tuple of X that consists of ideals and (7,t) be a

Nica-covariant representation. Then the relative 2¢-tuple £’ defined by

. Ly if =10,
F =
Lr+ Ly (o, '(K(Xy) i€ F}) it #F Cld],
satisfies 3(5, ™t _ J(Eﬂ’t). Indeed, on one hand we have that 3(2’0 - 3(5 Y since £ Cc L. On

the other hand, fix ) # F C [d] and a € Ly satisfying ¢;(a) € K(X;) for all i € F. We

claim that

Vn(@n(a)) € (7(Lo)) = Iy forall 0# n < 1p.

We will prove this by induction on |n|. When ]n| = 1, we must have that n = i for some

i € F. In turn, for an approximate unit (k; x)rea € KC(X;), we have that

bi(¢i(a)) = [|-limu(@i(a)kin) = ||| -lim 7(a)ys(kin) € (m(Lo)) .

as required. Now suppose that the claim holds for all n such that 0 # n < 1, and |n| =
for some 1 < N < |F|. Fix m such that 0 # m < 1 and |m| = N + 1. We may express
m in the form m = n 4 i for some 0 # n < 1, and @« € F such that n L i and |n| =
We have that

V(O (@) = ||| - i o (13 (Pn (@)1 (Kix)) = (]| - lim ¢n(n(@))¢i(Kix) € (m(Lo)) ,

by the inductive hypothesis, Proposition [2.5.13| and Nica-covariance (noting that n Vi =

n+i=m since n L 7). This finishes the proof of the claim. Therefore, we have that

m(a)gr = 7(a) + Y _{(—1)n(0n(a)) | 0 # n < 1} € (7(Ly)) € IT.

Hence

w (Lo (o (X)L € FY)) ar €37



Chapter 3. Relative 2%-tuples and relative Cuntz-Nica-Pimsner algebras

from which it follows that 3 I mt) C J(E D as required.

However, notice that £ and £’ may differ in general. For example, assume that the
left actions of the fibres of X are by compact operators. Then any 2%tuple of X is
automatically relative. Let £y be a non-zero ideal and set Lr = {0} for all ) # F' C [d].
Then £ # L', as claimed.

To remedy this issue, we will instead look for the largest relative 2-tuple inducing a

fixed gauge-invariant ideal of N'Tx.

Definition 3.1.8. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let M be a relative 2%-tuple of X and let (7,¢) be a Nica-covariant
representation of X. We say that M is a mazimal 2%- tuple ( of X ) with respect to (m,t) if
whenever £ is a relative 2¢-tuple of X such that 35\7:[ ) — J L Y and M C L, we have that
M = L. When we replace (m,t) by (Tx,tx), we will refer to M simply as a mazimal
24-tuple (of X).

The following proposition establishes existence and uniqueness of maximal 2%-tuples.

Proposition 3.1.9. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a relative 2¢-tuple of X and let (w,t) be a Nica-covariant

representation of X. Then there exists a unique relative 2%-tuple M of X such that:

(z),j —JM), and

(ii) L' C M for every relative 2¢-tuple L' of X satisfying Jg’ ) = 3(2 ),

In particular, M is a mazimal 2¢-tuple of X with respect to (m,t) which consists of ideals.

Proof. For each F' C [d], define
Mp = U{ﬁ’F | £ is a relative 2%-tuple of X such that 3% = 37}

The union is well-defined, since it includes £z by assumption, and the index takes values
in the set P(A)?". Bach Mp is a non-empty subset of A by construction, so M is a
2%-tuple of X. Fix ) # F C [d] and take a € Mp. Then a € L}, for some relative 2¢-tuple
L', and hence ¢;(a) € K(X;) for all i € F'. Therefore, setting M := {Mp}pclg, we have
that M is a relative 2%-tuple of X.

Because £ C M, we have that J(C”) C 35\/1 ) trivially. For the other inclusion, fix
F C[d] and a € Mp. It suffices to show that m(a)qr € fjgr’t). To this end, we have that

B _

a € L. for some relative 2¢-tuple £’ with the property that 3(3’ J(Z’t). By definition,

we have that 7(a)qr € Jgt) = d(g )
~(mt)

We have that £ C M for every relative 2¢-tuple £’ satisfying 3" = 3t r ™t) by con-

as required.

struction. It follows that M is maximal with respect to (,t). For uniqueness, suppose

that we have another relative 2¢-tuple M’ satisfying (i) and (ii). Then in particular we
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have that M C M’ and that M’ C M using the corresponding properties of M. Hence
M = M’ showing that M is unique.

Finally, by Proposition we have that (M) := {{(Mp)}rcpq is a relative 2?-tuple
such that M C (M) and JS\T) = JEWM? . Applying maximality of M, we have that
M = (M). This shows that M consists of ideals, finishing the proof. O

Remark 3.1.10. The motivating example of a maximal relative 2¢-tuple is the family Z.
To see this, first note that Z is a relative 2¢-tuple by definition. Let M be the maximal
2¢_tuple inducing J(I?X’t’(), so that Z C M. If a € Mg for F C [d], then

Tx(a)ixr € JeR) = et

Thus, letting Q: NTx — N Ox denote the quotient map, we obtain that

() + Y {(=1)"=L (6u(a >>rg n<1,) =
0

= Q(x(a) + > _{(=1)"x ,(6u(a) [0 #n < 1p}) = Q(Fx(a)qy r) =0,

using Proposition[2.5.16|in the second equality. Hence 7% (a) € B (% ) and an application

0.1 1 ]
of Proposition [2.5.19] gives that a € Zp. Note that the latter applies since (7%,t%) is

injective. Therefore M C Z, and in total M = T.

We wish to ascertain the conditions under which a relative 2%-tuple is promoted to a

maximal one. Using Z as a prototype, we abstract two of its properties.

Definition 3.1.11. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let £ be a 2¢tuple of X.

(i) We say that £ is X-invariant if [(X,, LrX,)] C Lp, for alln L F, F C [d].
(ii) We say that L is partially ordered if Lr, C L, whenever F} C Fy C [d].

When the underlying product system X is clear from the context, we will abbreviate
“X-invariant” as simply “invariant”. Notice that when we take F' = (), condition (i)
implies that Ly is positively invariant for X (provided that Ly is an ideal). If L is an
ideal, then we may drop the closed linear span in condition (i). If £ is a partially ordered

relative 29-tuple, then
Lr C Lo € (e (K(X) | i € [d)} for all F C [d).

In particular, fixing a Nica-covariant representation (7, t), we have that 7(a)qr € C*(m,t)
for all a € Lp and D, F C [d] by Proposition [2.5.16]

The 2¢-tuple Z is invariant, partially ordered and consists of ideals. Since Z is maximal
by Remark [3.1.10, one may be tempted to assert that invariance and partial ordering
suffice to capture maximality. However, this is not true in general, as the following

counterexample shows.
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Example 3.1.12. Let B be a non-zero C*-algebra and let A = B @ C be its unitisation.
Consider the semigroup action a: Z2 — End(A) given by

(0,\) ifn>1,

A (m,n) (ba )\) = )
(b, A) otherwise,

for all (b, \) € A. Applying the construction of Section to the C*-dynamical system
(A, «a, Zi), we obtain a strong compactly aligned product system X, over Zi with coeffi-
cients in A. In particular, the left action of every fibre is by compacts, and so any 22-tuple
of X, is automatically a relative 22-tuple.

Next we define the relative 22-tuples £ and £’ of X,, by

Loy ={0} — Lany=Be{0} Ly ={0} —— Ly = B {0}
‘ ‘ and ‘ ‘

Lo = {0} ——— Ly = {0} £y=1{0} —— Ly = Ba {0}

Notice that £ and £’ are invariant, partially ordered and consist of ideals. Let (,t) be a
Nica-covariant representation. Since £ C £/, it is clear that 3(5“” - 3(5’”. It is immediate

that 7(L%)qr C J(g’t) for all F' € {0,{2},{1,2}}. Fix (b,0) € £}, and observe that

35 5 (0, 0)gq,21 = (b, 0) — D10 (D1,0) (8, 0)) — Y01y (D01 (B, 0)) + D) (D2, (5, 0))
= 7(b,0) = ¥1,0)(¢(1,0) (b, 0)) = 7(b, 0)gqay,

using the fact that ¢ 1)(b,0) = ¢(1,1)(b,0) = 0 by definition. Therefore we deduce that
W(E’{l})Q{l} C Ggr’t), and thus Jg’t) C 3?’”. However, the relative 22-tuple £ is not

maximal with respect to (,t) since £L C L.

To better understand maximality, we need to explore 2%-tuples induced by Nica-

covariant representations, demonstrating the conditions of Definition [3.1.11|in action.

Definition 3.1.13. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let (7,t) be a Nica-covariant representation of X. We define £
to be the 29-tuple of X given by

Eéﬂ’t) :=kerm and Eg’t) = fl(B((S,ﬁ]) for all 0 F C [d].

Proposition 3.1.14. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let (7,t) be a Nica-covariant representation of X. Then L™ is
mvariant, partially ordered and consists of ideals.

If (m,t) is in addition injective, then L™ C I, and thus L™ is relative.

Proof. 1t is clear that Egr’t) is an ideal, so fix ) # F' C [d]. The fact that E;f’t) is a
C*-subalgebra of A follows from continuity of 7 and Proposition m Let a € E;Zr’t) and
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be A. Then
Z{% ’ O 7& n < 1F}

for some k,, € K(X,,) for all 0 # n < 1,. We have that

Hence ab € £§“t), and a similar argument shows that ba € L}Z“t). Hence L™ consists of
ideals.
Next fix F C [d],a € ng’t),m L F and &, Nm € X, By definition we may write

= {Uulka) [0#£n <15}

for some k,, € K(X,,) for all 0 # n < 1, with the convention that the right hand side is
0 when F' = (). We obtain that

7((Ems ) = T (€)@ (71n)
= {tm(n) k)t () | 0 # 0 < 11},

Now fix 0 # n < 1,. We have that

b (X )"V (X)) (Xim) € [t (X))t (X ) (X) " (X))
t

using Nica-covariance and the fact that m Vn = m + n (since m L n) in the second

inclusion. Consequently, we deduce that
i (§m) U ()t (1) € Yn(K(X,)) € By for all 0# n < 1.
In turn, it follows that
(s @) = > _{tm (&) U k)t () | 0 # 1 < 1} € BEY

and hence (&, ang) € L7, This proves that £ is invariant. The fact that £ is

partially ordered follows from the observation that

By € By forall F C D C [d)
The final claim follows by Proposition |2 | finishing the proof. O

In order to make further progress with maximality, we use relative 2¢-tuples to define

relative Cuntz-Nica-Pimsner algebras.

Definition 3.1.15. Let X be a strong compactly aligned product system with coefficients
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in a C*-algebra A. Let £ be a relative 2%-tuple of X and let (7,¢) be a Nica-covariant
representation of X. We say that (,t) is an L-relative CNP-representation (of X ) if it
satisfies

7(Lr)qr = {0} for all F C [d].

The universal C*-algebra with respect to the L-relative CNP-representations of X is
denoted by NO(L, X), and we refer to it as the L-relative Cuntz-Nica-Pimsner algebra

(of X).
We have that (r,t) is an L-relative CNP-representation if and only if 32”) = {0}
equivalently if 7 x ¢ factors through NO(L, X) so that the diagram

NTx C* (7, 1)

~,

NO(L, X)

of canonical *-epimorphisms is commutative. The following proposition is the analogue
of Proposition for relative Cuntz-Nica-Pimsner algebras, and shows that NO(L, X)

exists and admits a universal property.

Proposition 3.1.16. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let L be a relative 2%-tuple of X. Then there exists a C*-algebra
NO(L, X) and an L-relative CNP-representation (7%, t5) of X on NO(L, X) such that:

(Z) NO(‘C7X) = C*(ﬂ-g(?tg();

(i) if (m,t) is an L-relative CNP-representation of X, then there exists a (unique)
canonical x-epimorphism ®: NO(L, X) — C*(m, t).

The pair (NO(L, X), (7%, t%)) is unique up to canonical x-isomorphism.

Proof. We define
NOL, X) = NTy J3T),

Let Q: NTx — NO(L, X) be the quotient map and set
8 =Qo7my and t§,:=Qolx, foralneZi\{0}.
It is routine to check that (7%,t%) is a representation. Next, we have that

V% n(Ocuns) = 15 (6% 0 (1) = Qlxn(60))Qxn (1)) = Q¥ x (Ot )

for all n € Z4 and &, n, € X,. It follows that Y5, = Qo ¢y, for all n € Z¢. Hence,
fixing n,m € Z% \ {0}, k, € K(X,,) and k,,, € K(X,), we obtain that
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using Nica-covariance of (Tx,fx) in the third equality. Hence (7%,t%) is Nica-covariant.
Next, fix F' C [d] and a € Lp. We have that

m5(a)gk p =75 (@) + Y _{(=D)"v% . (¢u(a)) [0#n < 1}
= Q(@x(a)+ Y A=)y, (dn(a)) [0#n < 1:})
QﬁX(a)ax r) =0,

using Proposition [2.5.16| in the first and third equalities and the definition of J, ot gy

the final equality. This shows that (7%,t%) is an L-relative CNP-representation of X.
Observe that

NO(L, X) = QINTx) = Q(C(7x, x)) = C*(n%, t5),

showing that property (i) holds. Now let (7,¢) be an L-relative CNP-representation of X.
Universality of N'Tx yields a (unique) canonical #-epimorphism 7 x t: N'Tx — C*(r,t).
We have that

(m X ) (WU x (kn)) = tn(ky) for all k, € K(X,),n € Z1..

Hence, fixing F' C [d] and a € L, we obtain that

(m x 8)(Tx(a)gx r) = 7(a)gr = 0,

using Proposition [2.5.16|in the first equality and the fact that (7, ¢) is an L-relative CNP-
representation in the second. It follows that J, (Tx.tx) C ker7 x t. Hence m x t descends to

a canonical x-epimorphism

O: NO(L, X) — C*(m, ).

Canonicity ensures that ® is unique, proving that property (ii) holds.

Finally, suppose that C' is a C*-algebra and (m,t) is an L-relative CNP-representation
of X such that (C, (,t)) satisfies properties (i) and (ii). An application of property (ii) for
(NO(L, X), (%, t%)) and property (i) for (C, (m,t)) provides a canonical x-epimorphism

o: NO(L, X) — C.

An application of property (i) for (NO(L, X), (7%,t%)) and property (ii) for (C, (7,t))

provides a canonical *-epimorphism
U:C = NOL,X).

It follows that ® and ¥ are mutually inverse *-homomorphisms and hence NO(L, X) = C
canonically, finishing the proof. O]
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We will refer to the representation (7%,t%) as the universal L-relative CNP-represen-
tation (of X ). Since NO(L, X) is an equivariant quotient of N'Tx, the representation
(7%, t%) admits a gauge action. Notice that {{0}}rcg and Z both constitute relative

2¢-tuples of X and in particular
O({{0}}rciq, X) =NTx and NO(Z,X)=NOx.

Likewise, when X is a C*-correspondence we recover the relative Cuntz-Pimsner algebras.
As per the comments of Remark there is a question of whether or not we should
define the relative Cuntz-Nica-Pimsner algebras with respect to ideals of A rather than
just subsets. The two versions are equivalent, since NO(L, X) = NO((L), X) whenever
L is a relative 2¢-tuple of X by Proposition [3.1.5

If (7, t) is an injective Nica-covariant representation, then L™ s a relative 2¢-tuple

by Proposition|3.1.14] and thus we can make sense of J ZEX b . The next proposition shows
that J Z(ff ;t)X ) arises as a kernel when (7, t) admits a gauge action.

Proposition 3.1.17. Let X be a strong compactly aligned product system with coeffi-
cients in a C*-algebra A and let (m,t) be an injective Nica-covariant representation of X.
Then (m,t) is an L™ -relative CNP-representation of X, and consequently there exists a

(unique) canonical *-epimorphism
d: NO(L™) X)) — C*(m,1).

Moreover, ® is injective if and only if (m,t) admits a gauge action, in which case

kerm x t = 32:5’:’()

Proof. Fix F C [d] and a € C}’“t) *1(B((gf)]) Then 7(a)gr = 0 by Proposition
2.5.17| This shows that (7,t) is an £™"-relative CNP-representation. Thus universality
of NO(L™) X)) guarantees the existence of ®.

For the second claim, we write (7,%) for (75" #£™"), for notational convenience.

Assume that @ is injective. Let § denote the gauge action of (%,%v). We define
v, :=®o B, 0d 7 € Aut(C*(m, 1)) for all z € T

It is routine to check that - defines a gauge action of (r,t), as required.
Conversely, suppose that (7,t) admits a gauge action . Note that ® intertwines the

gauge actions in the sense that
doB,=~,0® forall z € T

Thus ¢ is an equivariant *-homomorphism and so we may apply [8, Proposition 4.5.1]
to deduce that @ is injective if and only if it is injective on NO(LM), X)8 = B[((;Totg]
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using Proposition [2.5.5] in the equality. In turn, it suffices to show that @ is injective on
the [0, l[d}]—core by Proposition [2.5.21] To reach contradiction, suppose that there exists
0# f cker®dnN B[(glt) J» 50 that we may write

+Z{¢n ) | Q# ﬂﬁl[d]},

for some a € A and k, € K(X,) for all 0 # n < 1j;. Recall that we write 7(a) = 159(/@9)

for ko := ¢g(a). Without loss of generahty, we may assume that f is ertten 1rreducibly,

7rt)
————— (rlg

r =1y, then f = ¢1[d](kl[d]) and ©(f) = v, (k1) = 0. In3ect1v1ty of (7?,75) then 1mp11es
that lﬁ = 0 and hence f = 0, a contradiction. So without loss of generality assume that

r<ly Then for every &,,n, € X,, we have that

= 1,(&) ®(F)te () = 7((&s ko)) + D> (k) [0 #n < Ly =1},

where each £}, is a suitably-defined element of K(X,) for all 0 # n < 1;; — r. Hence we

have that (X,, k. X,) C [,I;rt for F':= supp(ly, a = r) (which is non-empty since 1y # 1),
and thus we obtain that 7((X,, k. X,)) C B((gi ] since (7,1) is an £(™)-relative CNP-

representation. In particular, we have that

and by taking an approximate unit of ¢, (K(X,)) we derive that ¢, (k,) € B which

(v,

(7.1)
Lig]
is a contradiction. Thus @ is injective on the [0, 1j4]-core, as required.
For the last assertion, we have that 7 x t = ® o () and thus in particular

Tx,tx)
kerm xt=ker®o () =ker@Q = dﬁ(fox

for the quotient map Q: N'Tx — NO(L™Y, X), and the proof is complete. O

Injective Nica-covariant representations admitting a gauge action provide an ample

supply of maximal relative 2¢-tuples.

Proposition 3.1.18. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let (m,t) be an injective Nica-covariant representation of X that admits

a gauge action. Then L™V is a mazimal 2%-tuple of X that is contained in T.

Proof. By Proposition [3.1.14] we have that £ C Z. For maximality, let £ be a relative
2¢-tuple of X such that J ”(WX ) ‘j(gfftix and £ C £. Tt suffices to show that
L C L™, Fix F C [d] andaEEF. Then

Tx(a)qx r EJSTX ) = 3(72(5)()
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~Txtx)
ﬁ(ﬂ' t)

m(a)qr = m(a +Z{ D2l (du(a)) |0 #n < 15}
= (r x t)(@x(a) + > _{(-1)"),, ())|Q%ﬂ§lp})
= (7 x ) (ﬁX<a)aX,F) =0,

by definition. Since J = ker m x t by Proposition |3.1.17, we obtain that

using Proposition [2.5.16|in the first and third equalities. Thus a € 7T_1<B((gi;}) = LE;““

and hence £ C L™ as required. n

3.2 (E)-2!-tuples and (M)-2¢-tuples

We are interested in a special class of 2-tuples that describes the relative Cuntz-Nica-

Pimsner algebras NO(L, X) in-between N'Tx and NOyx.

Proposition 3.2.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a relative 2%-tuple of X and let (7,t) be an L-relative CNP-
representation of X. If (w,t) is injective, then L C Z. Conversely, if L C I then the

universal L-relative CNP-representation (1% ,t%) is injective.

Proof. First assume that (m,t) is injective. Fix F' C [d| and a € Lp. Since (7,t) is an
L-relative CNP-representation, we have that 7(a)gr = 0 and hence 7(a) € B((gﬁ}. Since
(m,t) is assumed to be injective, an application of Proposition gives that a € Zp
and hence £ C 7.

Conversely, assume that £ C Z. For all F' C [d] and a € Zr, we have that

by definition. In particular, this holds for all a € L by assumption, and therefore (7%, %)

is an L-relative CNP-representation. Thus we obtain a (unique) canonical *-epimorphism
O: NO(L, X) - NOx
by universality of NO(L, X). Fixing a € ker 7%, we deduce that

Ty (a) = ®(m%(a)) = 0.
Injectivity of (7%, %) then implies that a = 0, finishing the proof. O

We see that the 2¢-tuples £ C T are special, and we give them their own name to
reflect this.

Definition 3.2.2. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. We say that a 2%-tuple £ of X is an (E)-2¢-tuple (of X ) if L C Z.
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Every (E)-2¢-tuple is automatically a relative 2¢-tuple with £y = {0} = Zy. The
“E” of “(E)-2¢-tuple” stands for “Embedding”, since X — NO(L, X) isometrically for
a relative 29-tuple £ if and only if £ C Z, by Proposition m By Proposition ,
injective Nica-covariant representations provide the quintessential supply of (E)-2%-tuples.
It is straightforward to check that the sum of two (E)-2%-tuples is an (E)-2%-tuple. We

also make the following observation.

Proposition 3.2.3. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a 2¢-tuple of X. If L is invariant and satisfies L C J, then
L is an (E)-2¢-tuple of X.

Proof. Fix F C [d]. By assumption we have that
<XQ, ﬁFXQ> g [(Xﬂ, ‘CFXQ>] g ,CF g jF fOI' all n J_ F

By definition this means that Lz C Zr and hence £ C Z, as required. ]

Let (m,t) be a Nica-covariant representation and 3(2,75) be the ideal induced by an
(E)-2¢-tuple £. Our goal in the next propositions is to show that we can choose £ to be

in addition invariant and partially ordered, and to consist of ideals.

Proposition 3.2.4. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be an (E)-2%-tuple of X and let (m,t) be a Nica-covariant
representation of X. Then the 2¢-tuple Inv(L) of X defined by

Inv(L)p :=span{ X, (Lr) | n L F'} for all F C [d]
is an invariant (E)-2%-tuple consisting of ideals, and is such that

LCInv(L) and 32}) JIZ t()ﬁ » for all F C [d].

(mt) _

In particular, we have that J, § )

= (o)
Proof. Recall that X,,(Lr) = [(Xn, LrX,)] for all n € Z% and F C [d]. In particular, we
have that Xy(Lr) = (Lr) for all F' C [d], from which it follows that £ C Inv(L).

Fix F' C [d]. Then X, (Lr) is an ideal of A for all n L F', and hence Inv(L)F is itself
an ideal of A. Since £ is an (E)-2%-tuple, we have that Lr C Zp and thus X, (Lr) C Zp
for all n L F because Z is invariant by Proposition Thus Inv(£)r C Zg, and so
Inv(L) is an (E)-2¢-tuple that consists of ideals.

To see that Inv(L) is invariant, fix F' C [d],m L F and a € Inv(L)p. Since Inv(L)p
is an ideal, it suffices to show that (X,,,aX,,) C Inv(L)p. Assume that a = (&,,bn,) for

some n L F,&,,n, € X, and b € Lp. Then we have that

<Xm> aXm> = <Xma <$ﬂ7 b77@> Xm> - <X@+mv bXn+m> - Xﬂ+m(£F) C InV(£)Fa
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using that n +m L F' in the final inclusion. It follows that (X,,, X,,(Lr)X,,) C Inv(L)p
for all n L F. We obtain that (X,,,Inv(£)rX,,) C Inv(L)r by linearity and continuity
of the inner product, as required.

Since £ C Inv(L), we have that J Z;) C Jiw (c).r for all ' C [d]. For the reverse
inclusion, fix F' C [d] and a € Inv(L)p. Assume that a = (§,, bn,) for somen L F,&,,n, €
X, and b € L. We have that

m(a)gr = £, (&) T(0)tn(Nu)ar = tu(§n)™ (T (0)gr)tn(nn) € 3(2}?)7

where we have used Proposition [2.5.15]in the second equality. Therefore 7(X,(Lr))qr C

35 for allm L F from which it follows that m(Inv(£)r)gr € J0 4. In total we have

~a(Tt)  A(mt) t

that fjg’F) ,jlnv (0).F for all F' C [d], and thus in particular J, = Tt ﬁnlshmg the

proof. ]

In order to choose L to be partially ordered, we need the following auxiliary proposi-

tion.

Proposition 3.2.5. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be a relative 2%-tuple of X and let (,t) be a Nica-covariant
representation of X. Fix D C F C [d]. Ifa € ({¢;(K(X;)) | i € F} and w(a)qp € J(gt),

then 7(a)qr € 3TV,

Proof. Without loss of generality, we may assume that D = [k] (with the convention that
if k=0 then D =0) and F' = [{] for some 0 < k < ¢ < d. Note that we have that

m(a)gp = m(a) + > _{(=1)py(¢n(a)) |0 #n < 1p}

because a € N{¢; ' (K(X;)) | i € F}, and hence in particular a € ({¢; ' (K(X;)) | i € D}
since D C F. If kK =/, then there is nothing to show. If k£ < ¢, then we have that

m(a)gppea = T(@)peas + 3 _{(—1)"n(¢n(@))prer | 0 # 0 < 15}
= [~ lim @ (a)prran + > A= limyn(dn(a))prrin) | 0# n < 1p}

= |l -lim(m(a) + Y _{(=1)"¢u(én(a) | 0 # 1 < Lp})prsra

=uw4ym<ymmHAeayi

where in the second line we use Proposition [2.5.16/and in the last line we use that w(a)gp €

3(2 " by assumption. To express 7(a)pg+1 as a norm-limit, we use that a € ¢y} (K(Xj11))

and so Proposition [2.5.16| applies. Hence we have that
m(a)apureny = 7(a)p — T(@)gppiss € I,

Since a € N{¢; '(K(X;)) | i € DU{k+1}}, we can express m(a)gpu(r+1} as an alternating

sum by Proposition [2.5.16| Consequently, we may apply the preceding argument for
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k -+ 2. The assumption that a € {¢; ' (K(X;)) | i € F} ensures that we may argue in
this way until {k + 1,..., ¢} has been exhausted, and we deduce that 7(a)gr € 3? t),

required. O

Proposition 3.2.6. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be an (E)-2¢-tuple of X and let (m,t) be a Nica-covariant
representation of X. Then the 2%-tuple PO(L) of X defined by

PO(L)p =Y {{Lp) | D C F} for all F C [d]
is a partially ordered (E)-2%-tuple consisting of ideals, and is such that

LCPOL) and JTV =305

If L is in addition invariant, then so is PO(L).

Proof. Every PO(L)F is an ideal, being a finite sum of ideals in a C*-algebra. Fix F' C [d].
For each D C F, we have that
(Lp) €Ip CIp,

using that £ is an (E)-2%-tuple (and that Zp is an ideal) in the first inclusion, and the fact
that Z is partially ordered in the second. Hence PO(L)r C Zr for all F' C [d], and thus
PO(L) is an (E)-2¢-tuple. It is clear that PO(L) is partially ordered, and £ C PO(L) by
construction.

Next we check that 3(;’ ) = Jgrotﬁ) Since £ C PO(L), we have that J \jﬁ ™) 3;"ot()£) For
the reverse inclusion, fix F' C [d] and a € PO(L)p. It suffices to show that 7(a )qF E fjg 28
Let a =) {ap | D C F}, where each ap € (Lp), so that m(ap)qp € 32”9 dc ) for all
D C F by Proposition [3.1.5] For each D C F', an application of Proposition [3.2.5] gives

( (mt)

that w(ap)gr € I, ") and hence m(a)gr € I, as required.

Now suppose that £ is in addition invariant. To establish invariance of the family
PO(L), fix FF C [d],n L F and a € PO(L)p. By definition, we can write a = > {ap |
D C F} for some ap € (Lp), for each D C F. Note that n L D whenever D C F. Since
L is invariant, it follows that (X,,, (Lp) X,,) C (Lp) and hence in particular (X,,,apX,) C
(Lp) for each D C F. Consequently, we have that

(Xn aXy) €Y {{XuapXy) | DC F}YC Y {{Lp) | D C F} = PO(L)r,

and therefore PO(L) is invariant, finishing the proof. O

Remark 3.2.7. Note that for an (E)-2¢-tuple £ and a Nica-covariant representation
(m,t), it is not true in general that S(E}i) = Jpwot()ﬁ for all F C [d]. Here we provide a
counterexample to this effect.

Consider the strong compactly aligned product system X, over Z2 with coefficients in

the unitisation A of a non-zero C*-algebra B considered in Example [3.1.12| Let us take
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B = C, so that A = C @ C. We define a 22-tuple £ of X, by

,C{g} = ((C ©® {0})J' —_— »C{1,2} = {0}

={0} ——— Ly = {0}

Recalling that A carries the C*-structure of the unitisation, we have that

(Ca {0t ={(\p) € A|(\p(v0) =(0,0) for all v € C}
{\p)eA|w+puv =0 for all v € C}
{

(A, =A) [ A e C} # {0}

In turn, we have that £ is not partially ordered since {2} C {1,2} but Ly & L9
Note also that £ consists of ideals. By [15, p. 52] or (5.7)) to come, we have that

Ty = (Co{0})t — Iy =A

={0} ——— Iy, = A
Thus £ C Z and hence L is an (E)-22-tuple. By definition we have that

PO(L){2y = (C® {0})" —— PO(L)n2y = (Ca {0})*

O(L)p = {0} PO(L)(1y = {0}

Let (7, ) denote the Fock representation. Observe that

3?{2 =10} and Jgrot()ﬁ) ey = (F(C&{0H) )T -

We claim that J g {tl) 2) #* 3P7rot (£).{12}" Towards contradiction, suppose that d(g{tl) 9 =

,jg(’)t()ﬁ)ﬁ{m} and take a € (C® {0})* \ {0}. Then 7(a)g;; 5y = 0 by assumption. Hence we
obtain that

ab =T7(a)qgnb =0 for all b € A.
By taking b = a*, we arrive at the contradiction that a = 0. Consequently, we have that

(ﬁf

1,2} #3J ~PO(c ),{1,2}
as claimed.

Letting £ be an (E)-2¢-tuple and (7, t) be a Nica-covariant representation, Propositions

13.2.4 and [3.2.6] combine to give that PO(Inv(£)) is an (E)-2%-tuple that is invariant,

partially ordered, consists of ideals and satisfies £ C PO(Inv(L£)) and 3?’ 3;”0'5()111‘/( )

Next we focus on the maximal (E)-2%-tuples.
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Definition 3.2.8. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let (,t) be a Nica-covariant representation of X. An (M)-2¢-tuple
M (of X ) with respect to (m,t) is a maximal 2%-tuple of X with respect to (m,t) that is
also an (E)-2¢-tuple of X. When we replace (m,t) by (7x,tx), we will refer to M simply
as an (M)-2¢-tuple (of X ).

The “M” of “(M)-2¢-tuple” stands for “Maximal”. Note that (M)-2-tuples (with
respect to (,t)) maximalise collections of (E)-2¢-tuples, instead of just relative 2¢-tuples.
Indeed, if M is an (M)-2%tuple with respect to (7, ), then it contains every relative
2¢-tuple £ of X satisfying J(Z’t) = JE\T) by Proposition . Each such L satisfies
L C M C T and is therefore an (E)-2%-tuple, as claimed.

Remark 3.2.9. Both £ := {{0}}rcq and Z are (M)-2%-tuples. For Z this is shown in
Remark On the other hand, L is clearly an (E)-2%-tuple. To see that £ is maximal,
let £’ be a relative 2%-tuple such that 35?,)(’&) = fj(fx’ix) = {0} and £ C £'. We may
replace (Tx,tx) by the Fock representation (7,t). For the projection Py: FX — X, we
have that
do(L) = Po(7(Lp)an) Po € Po(3”) Po = {0},

for all £ C [d], and thus £ = L' as required.

Moreover, in Proposition we have shown that £ is an (M)-2¢-tuple whenever

(m,t) is injective and admits a gauge action.

The (M)-2¢-tuples of X parametrise the gauge-invariant ideals J of N'Tx for which
NTx /3 lies between N'Tx and NOx. To prove this, we will require the following propo-

sition.

Proposition 3.2.10. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A and let J C NTx be a gauge-invariant ideal. Then the following are

equivalent:

(i) T3 = {0},

(ii) there exists a unique (M)-2%-tuple of X inducing J;
(iii) there exists an (E)-2%-tuple of X inducing J.

Proof. First assume that 75 (J) = {0}. Let Q3: NTx — N7Tx/J denote the quotient
map. Then the Nica-covariant representation (Q; o Tx, @3 otx) is injective and admits a

gauge action. By Proposition [3.1.17, we have that

~ _ n ~(T Xt
J=kerQ; =ker(Qy07x) x (Qyo0tx) = ‘j(dgao)%,%ofxﬂ

since (Q; 0 Tx) X (Qy0tx) = Q;. Thus L£Q3°™xQ3°x) induces J, and by Proposition

3.1.18)it is an (M)-2%-tuple of X. By Proposition it is also unique, proving that (i)
implies (ii).
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Item (ii) implies item (iii) trivially. So assume that there exists an (E)-2¢-tuple £ such

that J(fX O particular (7%, t%) is injective by Proposition [3.2.1l Hence, letting

Qy: NTx - NO(L,X) =NTx/3J
denote the quotient map, we have that
{0} =ker7k =kerQyo7x = {a € A|7x(a) € I} =7 (J),

showing that item (iii) implies item (i), finishing the proof. O

Remark 3.2.11. Proposition [3.2.10| implies that the mapping

{M | Mis an (M)-2%tuple} — {J C N'Tx | J is a gauge-invariant ideal, 73 (J) = {0}}

M 3T
is a bijection. More specifically, the mappings

M 355 for all (M)-2%-tuples M of X,
J = L£@9TxQ5°) for al] gauge-invariant ideals J C N T satisfying 75 (J) = {0},

are mutually inverse, where Q5: N'Tx — NTx/J is the quotient map.

The following Gauge-Invariant Uniqueness Theorem recovers [36, Corollary 11.8] when
d =1, and [17, Theorem 4.2] when £ =Z.

Theorem 3.2.12 (Z4-GIUT for (M)-2%-tuples). Let X be a strong compactly aligned
product system with coefficients in a C*-algebra A. Let L be an (M)-2%-tuple of X and
(7, t) be a Nica-covariant representation of X. Then NO(L, X) = C*(r, t) via a (unique)

canonical x-isomorphism if and only if (7,t) admits a gauge action and L™ = L.

Proof. We start with the following remark. If NO(L, X) = C*(r,t) canonically, then
(,t) is injective as X embeds isometrically in NO(L, X). On the other hand, if L) = £
then kerm = Eé)ﬂ’t) = Ly = {0}, as £ is in particular an (E)-2%-tuple. Hence in both
implications we may use that (, %) is injective.

Assume that NO(L, X) = C*(w, t) via a canonical *-isomorphism ®: NO(L, X) —
C*(m,t). For notational convenience, we will abbreviate (7%,t%) as (7,t). Let 3 denote
the gauge action of (%’,AV). By defining 7, := ® o 3, 0 ®~! for each z € T?, we obtain a
gauge action vy of (m,1).

Next we show that £(™) = £. To this end, it suffices to show that S(Eég)() = J(EX’ZX).
Then we can apply maximality of £™ (which holds by Proposition and of L
(which holds by assumption), together with uniqueness from item (ii) of Proposition

3.2.10, to obtain the result. To this end, fix F' C [d] and a € Lp. Then 7(a)qgr = 0

since (,t) is an L-relative CNP-representation. Applying ®, we obtain that 7(a)gr = 0,
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and therefore a € E by definition. Hence J(WX 4x) C ‘j(ﬁﬂ(f SX). Next, fix F C [d] and
a € /Jgf’t). An application of Proposition m yields that 7(a)gr = 0. Recall that
T=Qo7x and {, = Qoly, for all n € Z1 \ {0}, where Q: N'Tx — NO(L, X) is the

quotient map. Hence we obtain that

Q(7x(a)qx p) = (@) + > {1y, (dn(a)
+Z{ 1) (¢n(a)) | 0 # n <
=& (m(a) + > _{(=1)"n(dn(a) [0 £n <15}
= @71@(@)%) =0,

and thus we have that
Tx(a)gy p € ker Q = JTH),

Hence we conclude that 3(572’( ;X ) C 3(§X *x) and so in total 3(&55 tﬁx ) = J(ZX )

, as required.

The converse is an immediate application of Proposition m 3.1.17| Indeed, since (m,t) is
injective and admits a gauge action, we obtain that NO(L™" X) = C*(r, ) canonically,
and the fact that £™ = L then gives that NO(L™) X) = NO(L, X), finishing the

proof. O

3.3 Properties of ideals induced by relative 2?-tuples

The definition of (M)-2¢-tuples itself depends extensively on the associated gauge-invariant
ideals of N'Tx. Hence, to obtain a genuinely useful parametrisation, we must characterise
(M)-2%-tuples in a way that does not (explicitly) depend on any gauge-invariant ideal of
NTx. To this end, we need to study the properties of the gauge-invariant ideals arising
from relative 2¢-tuples.

When a relative 2%-tuple £ consists of ideals and is invariant, the ideals 3(2}?) take on

a particularly simple form akin to the one obtained in [I7, Proposition 4.6].

Proposition 3.3.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a relative 2%-tuple of X and let (m,t) be a Nica-covariant
representation of X. If L is invariant and consists of ideals, then
37 = span{ty (X)) 7 (Lr)qrtm(Xm)* | n,m € Z2Y} for all F C [d). (3.2)
Proof. The proof follows the arguments of [I7, Proposition 4.6]. In short, fix F C [d]
and denote the right hand side of by Jr. The fact that Jp C 3(L7TF) is immediate by
definition. To prove that 32”’;) C 3 F, it suffices to show that Jr is an ideal of C*(m,t)
that contains the generators of J J z: F We begin by proving that Jz is an ideal. Since Jg
is a selfadjoint closed linear subspace, it suffices to show that JpC*(m,t) C Jp.
It is clear that Jpt,(X,)* C Jp for all r € Z‘i. Hence it remains to show that
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Jrte(X,) C Jp for all r € ZL. For n,m,r € Z%, we have that

tn(X)T(LR)qrtm(Xm) tr(Xr) C [t(Xn)T(Lr)qrtm (X )t (X))

where m' = —m +m V r and ' = —r +m V r, due to Nica-covariance. If m’ / F, then

tn(Xn) T (LP)qrtm (Xoy )t (Xp)" = {0} C JF

by Proposition 2.5.15 If m' L F then positive invariance of L for X,, and Lemma
2.2.16[ together yield that

T(Lp)tm (X)) =t (Lr X)) C toy (Xoy L£7) = to (X )7 (LE).

Then we have that

[t (X)W (LF)qrtm (X )t (Xe)'] C [tn(Xn)T(LE )t (X ) grt (Xpr)]
C [tprm (X )7 (LF)qrt (Xp)] € Jr,

using Proposition [2.5.15|in the first inclusion. Hence in all cases we have that

b (Xn)T(LF)qrtm(Xm) 4 (Xr) C Jr,

and thus
JIrte(X,) CJp forall v € Z4,

as required.

Finally, fix a € Lr and an approximate unit (uy)xea of A. Note that
Jr 3 m(un)m(a)grm(uy)® = m(urauy)gr for all A € A.

Taking the norm-limit, we deduce that m(a)qr € Jr. Thus Jp is an ideal of C*(7,t) that

contains the generators of 3?}?, as required. O

By requiring that £ is partially ordered, we can say more.

Proposition 3.3.2. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be a relative 2%-tuple of X that is invariant, partially ordered,

and consists of ideals. Let (m,t) be a Nica-covariant representation of X. Then
4rYED 1 © SPA{ tn(Xo)7(Lrup)arunt(Xm)" | n.m L F} C ¥l for all F.D C [d)
Moreover, we have that

w3 qr €S 13T | F € D Cld)} for all F C [d).
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Proof. For the first part, fix £, D C [d]. Then we have that

(7

0r 30D ar C SPan{qrty( X)) (L) aptn (Xn) ar | n,m € Z4}
= Span{tﬂ(Xﬂ)W(ED)QFUDtm(Xm)* ’ n,m 1 F}
C span{t,(Xu)m(Lrup)qroptn(Xm)* | n,m L FY C 350 1,

where we have used Propositions [2.5.15| and [3.3.1] that ¢z and ¢p are commuting projec-

tions, and that £ is partially ordered (so Lp C Lrup).
For the second part, fix F' C [d]. Then applying the first part for all D C [d] yields
that

03T qr = Z{QF:}E}?QF | D C [d]}
CY BT I DS} =Y (35 | FCDCd),

and the proof is complete. O]

Let I be an ideal of A and fix F' C [d]. For a € A, we write
Jim {[gp(a) + K(XnT)|| =0
if for any € > 0 there exists m L F' such that
|pn(a) + K(X,I)|| < e for all n > m satisfyingn L F.

This property is preserved under unitary equivalence in the following sense.

Proposition 3.3.3. Let X andY be strong compactly aligned product systems with coeffi-
cients in C*-algebras A and B, respectively. Suppose that X andY are unitarily equivalent
via a family {W,: X,, — Yﬂ}@eZi- Let I C A be an ideal and fir a € A and F C [d].
Then we have that

lim |6, (a) + K(XmI)|| = 0 if and only if lim |[¢y,,(Wa(a)) + K(YuWo(D))]| = 0.

Proof. Assume that lim,,, r [|¢x,,(a) + K(Xp,I)|| = 0 and fix € > 0. We must show that
there exists m L F such that

| Py, (Wo(a)) + K(YaWo(I))|| < € for all n > m satisfying n L F.
To this end, fix n € Zi. We have that

[éy, (Wola)) + KV Wo(D)]l = nf{llgy, (Wo(a)) + kull | kn € K(YaWo(1))}
= inf{[|Waox,(a WQ—I + Wﬂk@WQ_IH | kn € K(Xul)}
= inf{[|W(¢x, () + k) W, || | K € K(Xo1)},

— &
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using (2.9) and (2.10)) in the second equality. Notice that
W (¢, (@) + k) Wi | = llox, (@) + k| for all ky € K(X,1),

using that W, and W, ! are isometric and surjective. Hence ||py, (Wy(a)) + K(Y,Wo(1))]|
is a lower bound for {||¢x, (@) + k|| | kn € K(X,1)} and thus by definition we obtain that

oy, (Wo(a)) + K(YaWo(D)| < ll¢x, (a) + K(XnD)] for all n € ZS.
By assumption we may choose m 1 F' such that
| dx,(a) + K(X,I)|| < e for all n > m satisfying n L F.
In turn, for all n > m satisfying n L F', we deduce that
|6y, Wa(a)) + KYaWo(D) < [lox, (a) + K(XuI)|| <e.
We conclude that limg, | 7 ||¢y,, (Wo(a)) + K(YaWo(1))|| = 0, as required. The converse is

obtained by duality, finishing the proof. O

When working with a 2¢-tuple £ satisfying certain compatibility relations, the limit

condition can be recast in a simpler form.

Proposition 3.3.4. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be an invariant 2%-tuple of X which consists of ideals and
satisfies

Lr C (e (K(Xy) | i €[d]} for all F C [d).

Then, for each F C [d] and a € A, we have that lim,,  ||pm(a) + K(XwLr)|| = 0 if and
only if for any € > 0, there exists m L F and k,, € K(X,,LF) such that ||pm(a)+kn| < €.

Proof. The forward implication is immediate by definition. So assume that for any € > 0
there exists m L F' and k,,, € K(X,,Lr) such that ||¢p(a) + ku| < e. Fixe > 0 and a
corresponding m L F and k,, € K(X,,Lr). If F' = [d], then m L F implies that m = 0
and so

I60(a) + K(ALR)| < lgo(a) + koll < .

Note that if n > 0 and n L [d], then necessarily n = 0 and so lim,, (g ||¢m(a) +
K(XmLig)|| = 0 by the preceding observation, as required.

Now assume that F' C [d]. Without loss of generality, we may assume that m # 0.
Indeed, if m = 0 then ky € K(ALr) and hence kg = ¢o(b) for some b € Lp. Note that

la 0]l = [I¢o(a) + da(b)]| = l[do(a) + kol <.
Fix i € F*. Since b € Lp, we have that ¢;(b) € K(X;) by assumption, and (X;, bX;) C Lp
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by invariance of £. Thus an application of (2.5)) gives that ¢;(b) € K(X;LF), and
[¢:(a) + ¢:(b)|| = lldi(a + b)|| < [la+ 0] <e.

So we may assume that m # 0.
Next, take n > m with n L F. We will show that ||¢,(a) + K(X,Lr)|| < . We write

n=m+r for some r 1 F, and without loss of generality we may assume that r # 0. By

Proposition [2.5.2] we have that ¢,(Lr) C K(X,Lr). An application of Corollary [2.2.14]
then yields that k,, ® idx, € K((Xm ®4 X,)LF), and so o (k) € K(X,Lr). We then
obtain that

[¢n(a) + K(XnLp)|| < ln(a) + tn (k)] = 6a(Pm(a) + k)l < [om(a) + Enl <,

from which it follows that lim,, | r ||¢m(a) + K(XnLr)| = 0, as required. O

The limit condition appears naturally in the study of ideals of A"Tx that are induced

by invariant, partially ordered relative 2%-tuples that consist of ideals.

Proposition 3.3.5. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a relative 2%-tuple of X that is invariant, partially ordered and
consists of ideals. Fiz F C [d] and let a € ({¢; ' (K(X;)) | i € [d]}. Then the following
are equivalent:

(i) Tx(@)xp € I

(ii) Tx(a)gx,r € LS | F S D C[d]).

Furthermore, if one (and hence both) of (i) and (ii) holds, then

Jlim {[gpn(a) + K(XnLr)ll = 0.

Proof. Without loss of generality, we may replace (Tx,tx) by the Fock representation

(7,t) and write
~(T,t) .

30 forall FCld] and 3. =3

Jc.F

Indeed, this follows from the fact that
@x DRIy =Jerforall FC[d] and (7 x D)ETN) =3,
The implication [(ii)=-(i)] is immediate. Conversely, if 7(a)gy € Jr, then we have that
7(a)7r = Tp(7(a)Tp)Tp € Tdclr € Y {Jep | F D C[d},

using Proposition [2.5.15| (and the fact that g, is a projection) in the first equality, and
Proposition in the final inclusion. This establishes the equivalence of (i) and (ii).
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Now suppose that one (and hence both) of (i) and (ii) holds. Condition (ii) then yields
that

T(a)gp € Y {@pdcndr | F S D C [d)}
C span{t, (X)) 7 (Lp)Tptm(Xwn)* | n,m L F,F C D C [d]},

using Proposition for the containment. Let v be the gauge action of (7, %) and let
E.,: C*(7,t) — C*(7,t)" be the associated faithful conditional expectation. Therefore,
since T(a)gp € C*(T,t)7, applying E, yields that

7(a)qp € span{t,(X,)7(Lp)gpta(X,)" |n L F,F C D C[d]}. (3.3)

Fix ¢ > 0. By Proposition [3.3.4] it is sufficient to find m L F and ky, € K(X,Lp) such
that ||¢m(a) + knll < e. By (3.3), for each F' C D C [d] there exists

cp € span{ty(Xn)T(Lp)Tpin(Xn)" | n L F}

such that

I(a)gp — Y fep | F S DCd}| <e.

Moreover, we may assume that
e = Z{Zt 7t p)anta (i p)" |0 <0 < m Ly},

for some m, N € N, {iD,niD € X,, and bin € Lp,forall j e [NJand 0 <n <m- 1g..
We may use the same m and N for every cp by padding with zeros, if necessary. Fix the
projection

P: FX = X1,

1pc-

First we claim that ¢p P = 0 whenever F' C D C [d], so that

I7(a)gpP — cr P = ||(F(a)gp — Y {cp | F € D C[d})P]
< |7(a)gr — Y {ep | FCDC[d}] <e.

Indeed, for each 0 < n <m - 1, and each j € [N], we have that fﬂ(niD)*P has image in
X, for some r # 0 with suppr = F*¢, since m < m + 1. Note also that D N F*° # () since
F C D, and thus

Iptu(m,p) P(FX) Cap Y {X, |suppr = F°} = {0}.

Hence

tn i,D)ﬁa)i,D)quﬁ(ni,D)*P =0, forall0 <n <m-1p,j € [N],
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and so cpP = 0.
Next we examine the terms of cpP. To this end, fix 0 # n < m - 1p and j € [N].
Take (mi1)1,. € X(m+1)1,. such that

1pe
Comt1)1pe = Culmt1)1pe—n for some G € Xy, Cmi1)1pe—n € Xmt1)1pe—n-

Note that supp((m + 1) - 1pc —n) = F€, and so we have that

ta( i,F)f(bi,F>6F¥ﬁ(n£,F)*PC(m-H)'lpc = z@( n,F ) (b]ﬂ )

= &ur (Gomin) 1Fc

in
=0y 4y i (G) )
_ L(ﬂm-}—l)ch (@

(i )¢
< i >)C(m+1) dpe— n)

n,F
Cm—‘rl )lpe—n

m+1) lpc

gn ann )C(m—i—l)ipc-

We deduce that

Eﬂ( é,F)ﬁ(biF)qFfﬂ(ni,F)*P = ngmﬂ)ch (O

J J
- Q,Fbﬂ,F M, P

),

where we view the right hand side as an element of £(FX) in the way described in Section

. Arguing in a similar (and simpler) way when n = 0, we deduce that

N
crP = Gminya,. (0) + D D Oy i i V[ 0Fn<m-1pd,
:1 - - -
for some b € Lr. By Proposition [2.5.2] we have that

¢(m+1)'lFC (b) € IC(X(m+1 1FC£F)
and
Pm+1)1pe—n(bpp) € K(Xm1)1pe—Lr) forall 0 #n <m-1p.,j € [N].

Lemma [2.2.13| gives that all of the summands of cp P belong to K(X41).1,.Lr). There-
fore we have that cpP € K(X(n41)1,.Lr) — L(FX), which satisfies

[Pen+1)1,c(a) — crP| = [[T(a)gpP — crP|| <e,
where we use that
P(mr1)1,. (@) = T(a)P =T(a)qpP

in the identification £(X(41)1,.) = L(FX). Hence we have found m := (m+1)-1p. L F
and k,, := —cpP € K(X,Lr) such that ||¢.,(a) + kn| < e, as required. O

Remark 3.3.6. Proposition also holds for F' = [d], though the second claim requires
a different argument. Specifically, we compress f(a)q[d] € Jr,[q at the O-th entry to deduce
that a € Lig. Then ¢y(a) € K(ALjg) and the claim immediately follows.
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3.4 Constructing (M)-2¢-tuples

In this section we show how the maximal 2%-tuple inducing J/ 3Fxtx) , for £ an (E)-2¢-tuple,

is constructed. The following definition is motivated in part by Proposition [3.3.5

Definition 3.4.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let £ be a 2¢-tuple of X that consists of ideals. Fixing () # F C [d],

we define

va = ﬂ X r\lFCDﬁD) and ﬁlim,F = {CL € A ‘ J%JI_I}: Hqﬁm(a) + K(Xmﬁp)u = O}

mlF

If £ is in addition an (E)-2%tuple of X, then we define the 2¢-tuple £V of X by

{0} if /=10,
LY = Tpn Linv,r N Liim,p i 0 # F C [d],
Ly it = 1d].

Observe that each E%l) is non-empty, as 0 € Eg). Note also that £ is an (E)-2¢-tuple

by construction. We will show that £(!) consists of ideals, and so we can write
LO:=£ and L%V .= (LD for all k € Z,.

To this end, first we note that L,y r is an intersection of ideals and is thus an ideal itself.

To address Ly, r, we have the following proposition.

Proposition 3.4.2. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be a 2¢-tuple of X that consists of ideals and fix ) # F C [d].

Then we have that Lyim,r ts an ideal.

Proof. Firstly, we define

BF—@E m)/K(XmLr) and c¢o(Br) = {( m)mLFEBF|11m||S | =0},

mlF

and observe that ¢o(Bp) is an ideal in Br. Consider the *-homomorphism ¢ defined by

mlF

Yp:a— (Cbm(a))mlF = (¢m(a) + ’C(XMEF))MJ-F = (¢m(a) + K(XmﬁF))mJ_F + CO(BF)'

It is now a standard C*-result that

kerp = {a € A lim [|¢m(a) + K(XuLr)|| = 0},
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and thus Ly, p = ker¢p is an ideal, as required. O

Proposition 3.4.3. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let L be an (E)-2%-tuple of X that consists of ideals. Then L) is an
(E)-24-tuple of X that consists of ideals. If L is invariant, then so is L.

Proof. We have already remarked that £ is an (E)-2%tuple. The fact that £ consists
of ideals follows from Proposition |3.4.2f and the discussion preceding it.

Now assume that £ is invariant. The invariance condition for £() clearly holds when
F=0or F =[d], so assume that § # F C [d]. Fixn L F, &1, € X,, and a € £ Tt

suffices to show that

(€as 0u(@)a) € LY = Tp O Line,r O Liim, -

If n = 0 there is nothing to show, so assume that n # 0. First we have that

(€n, Pn(a)n,) € Ir by Proposition [2.5.10} since a € Zp. Now fix m L F and &, ) € Xin-
Then

<§m7 Qbm((fﬂa %(a)%))ﬁ@ = <§Q§m7 (¢Q<a)nﬁ)nm> = <§ﬁ§ma ¢@+m<a) (77@77@» € NrcpLp,

since a € .c;}) and thus in particular a € L,y r, noting that n +m L F'. This proves that
<§nv gb@(@”ﬂ) € Linv,F-

It remains to check that limy, | p||@¢m((En, dn(a)n,)) + K(XmLr)|| = 0. To this end, fix
e > 0. Since a € .c}” C Liim F, there exist m L F' and k,, € K(X,,Lr) such that

I¢m(@) + bl < T

Without loss of generality, we may assume that m # 0 (if m = 0, then argue as in the
proof of Proposition to replace m by i for some ¢ € F°). We have that

Lerﬂ(km) = um’ﬂ(/ﬂm X idXﬂ)u*m,ﬂ7

E

and ky, ®idx, € K((Xm ®4 Xn)Lr) by Corollary [2.2.14] noting that ¢,(Lr) € K(X,LF)
by Proposition [2.5.2l It follows that

L%—m(km) € K (Xm+ﬂ£F) :

Next, define 7(&,) € L(Xpm, Xmin) and 7(n,) € L( Xy, Xin) by

T(6n)ém = &ném  and  7(M)ém = Nném

for all &, € X,,, and observe that ||7(&,)| < |&all and |[7(n.)|| < [|7all- We then have
that

T(gﬂ)*éﬁ—m(l{m)T(nﬂ) € K(XnLr). (3.4)
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Indeed, taking (,, ¢, € Xpn, (m, ¢, € Xm and b € Lr, we compute

m+n _ Xm
7(6n) 0, by, TM) = O i (na) b (e, € (XmLr).

By taking finite linear combinations and their norm-limits, we deduce that

T(6n) " K(Xmin Lr)T (1) S K(XnLr),

which implies (3.4)). Fixing ¢, € X,,, we also have that

from which it follows that

We then obtain that

1P ((§s Pn(@)m)) + 7(&n) " v ™ (Bn) T () | = 117 (€0)" (Smsn(@) + ™ (Ki))7 (1)
< &all - o™ (m(@)) + o™ k)] - 170
< [1&nll - l¢m(@) + Fmll - I

)+
e
< lieall- (nsnu - ||nn||) imall <=

This shows that (£, ¢n(a)nn) € Lim,r by (3.4) and Proposition m (since L is assumed

to be invariant), and the proof is complete. O

Next we explore the interaction of the £(M) construction with the partial ordering

property. To this end, we have the following auxiliary proposition.

Proposition 3.4.4. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let £ be an (E)-2%-tuple of X that is invariant and consists of ideals.
Then for each F C [d], we have that

(L Vax e € D (EE™ | F S D C )} € 3™,

Proof. 1t suffices to show the first inclusion of the statement, as the second holds by
definition. Without loss of generality, we may replace (T, tx) by the Fock representation
(7,t) and write

Jer=30F forall FC[d and Jp =307

The claim holds trivially when F' = 0 or F = [d], so fix ) # F C [d] and a € E%l). We
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must show that T(a)gp € > {Jep | ¥ € D C [d]}. Fixing ¢ > 0, it suffices to show
that 7(a)qp is e-close to an element of > {J.p | £ C D C [d]}, as the latter is closed in
C*(T, ).

Since a € £§$) C Liim r, there exists m L F such that

|pn(a) + K(X,LF)|| < € for every n > m with n L F.
Counsider a suitable m € N such that
n=m+1) lp. >m,

and take k, € K(X,Lr) such that ||¢,(a) + k,|| < e. Next, for each i € F we define the
projection
Wit FX =Y {X, |r=(r,...,ra) € Z%,r; <m},

and consider the operator

) [[-W) =7(a)ge+ > (—D)"F(a)g- [[ W

ieke 0#£DCFe i€D

The products can be taken in any order, since the projections W; commute. Indeed, to see
this fix distinct elements i, 7 € F°. Since W;, W; € L(FX), it suffices to show that W; W
and W;W; coincide on every direct summand. Accordingly, fix r = (r1,...,ry) € Z% and
¢r € X,. By definition, we have that

G if g,y <m, G ifry,r <m,
WiWi(, =< and W;W;¢, = ¢

0 otherwise, 0 otherwise.

Due to symmetry with respect to ¢ and j, we deduce that W;W; = W;W;, as claimed.
For each element r = (ry,...,74) € Zi and ¢, € X,, we have that

—(\a ¢r(a)C, ifr;>m+1foralli€ FCandr L F,
w(a)gp [T - WG =

ke 0 if r; < m for somei € FCorr )} F.

It follows that

g [JU-W)= Y é.a),

i€F¢ r>n,rlF

where we view the latter as an element of L(FX) in the usual way. Then we have that

1Y e@+ D mm)l=1 D w(dala) + k)l

r>n,rl F r>n,orl F r>nrl F

= sup{[|eg(dnla) + k)|l |2 200 L F}
< [l¢n(a) + kall <,
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using that each «f; is contractive. Therefore we deduce that

I7(a)ge [TU-wo+ 3 k)l <. (3.5)

ieFe r>n,rl F

We will prove two claims before proceeding to the completion of the proof.

Claim 1. The element xp =3 _ -, .\ (ko) belongs to Iz r.

Proof of Claim 1. First suppose k,, = ||-|| - lim,, k,, ,,, where each k,,,, is a finite sum of rank-
one operators in K(X,Lr). Then zr is the norm-limit of the elements »_ ., | -tz (kpn)-
Indeed, we have that

r>n,r LF r>n,r LF r>n,r LF
r>nrlF

= sup{[|tz(kn — knn)ll [ 2> 0,0 L F}
< ||kp — kpnl| for all n € N,

using that each ¢ is contractive in the final equality. Thus it suffices to show that each

N EO5,,) = &) TO Tt ()" (3.6)

where &,,m, € X,, and b € Lp. First note that if s 2 n or s £ F, then
%ﬂ<§ﬁ)ﬁ(b)aF%Q(nﬁ)*<§ =0 for all (; € X;.
Indeed, if s # n, then t,(n,)*(; = 0 by definition. If s > n but s £ F, then
supp(s —n) N F # 0,

and hence Gpty(n,)*¢s = 0. Thus both sides of (3.6) map X, to 0 when s # n or
s L F. Next suppose that s > n and s L F, and let {; = (,(s—, for some ¢, € X,, and
Cs—n € Xs_n. Then we have that

E (&) T(0)Trtn (12)"Ce = Ea(Ban(b (s Gu))Can) = (O35 1, (Ga)) G
= 150005, )(Gln) = Y (0%, ) s

r>n,rlF

noting that s —n L F. It follows that (3.6]) holds, finishing the proof of Claim 1. U

Claim 2. The element xpyup = T(a)qp [[;,cp Wi belongs to 3. rup for each 0 # D C Fe.
Proof of Claim 2. Let us first consider the case where D = F°. For r = (r1,...,rq) € Z‘fr
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and ¢, € X,, we have that

wlayar [T Wi, - iQ e

icke 0 ifr;, >m+1for somei € FCorr L F,

from which it follows that

g [[Wi= Y. éa),

ieFe 0<r<m-lpe

noting that the sum is finite.

Fix 0 <r < m- 1z and note that r L F. Since a € L}” and £ is an (E)-2%-tuple
that is invariant and consists of ideals by Proposition [3.4.3] an application of Proposition
2.5.2| gives that ¢,(a) € /C(Xﬂﬁg)). Additionally, we have that

LY C Lir C A (NpeaLe) = Nrcale C Ly

and so ¢.(a) € K(X,Liq).
We claim that ¢,(a) € Jz ) when viewed as an operator in £(FX). First note that

$o(a) = 7(a)qiq € Jea
as a € ﬁﬁi) C Lg, so we may assume that r # 0. We see that
K(X: L) € Iz ja; (3.7)

when identifying K(X,Lg) within £(FX). Indeed, it suffices to show this for rank-one
operators. To this end, take k, = @éﬁmr for some &, n, € X, and b € Lig. We claim that

O = L&) T(O)T e ()", (3.8)

when we view @gﬁm as an operator in £(FX). Notice that both sides of 1' map every
summand X, for which s # r to 0. On the other hand, arguing as we did with xp, we
deduce that the right hand side of coincides with @gim on the X, summand. Hence
and in turn hold, and applying for ¢,(a) € K(X,Ljq) gives that ¢,(a) € Jz -
We conclude that

Tiq) = T(a)qp H Wi € 3z

i€Fe
being a finite sum of elements of J. 4.
Now take ) # D C F¢. For r = (r1,...,rq) € Z% and ¢, € X,, we have that

o ¢r(a)¢ ifr; <m forallie Dandr L F,
T(a)qp H WiG, =

ieD 0 ifr; >m+1for somei € Dorr [ F.
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It follows that

gy [[Wi= Y (Z ¢e+s(a)>,

ieD 0<<m-1, \slLFUD
noting that the sum over £ is finite.

Fix 0 < £ < m-1p and consider Y| o, dess(a). Since a € L% and LD is an
(E)-2%-tuple that is invariant and consistsiof ideals by Proposition , an application
of Proposition m gives that ¢g(a) € /C(Xﬁﬁg)), noting that £ L F. Additionally, by
definition we have that

ﬁ%) C Linv,r € NrcaLla.

In particular, notice that D N F° # () and hence FF C F U D. Thus Lg) C Lrup, and
consequently ¢y(a) € K(XyLrup). Notice that

Y densla)= Y " (dula)).

s1FuUD s1FuUD

We claim that > | ppt Hs(qﬁg( )) € Jz.rup- First note that if £ = 0, then

Z to(¢ola Z ¢s(a) = 7(a)qrup € Jz,FuD,

s1FUD sl FUD

using that a € E%l) C Lpyp in the final membership. For £ # 0, we see that

> (k) € Jepup for all ky € K(XoLrup). (3.9)

sLFUD

It suffices to show this for ky = @gﬁm for some &, my € Xy and b € Lpyp. We claim that

ST (04,) = WE)TO)aruptn)* € Izrup- (3.10)
sLFUD -

To see this, fix r € Z4 and ¢, € X,. If r # £ then r € £+ Z%, and so both sides of (3.10)
map (- to 0. If r > £ but r — ¢ L FUD, then Gp_pte(ne)*¢, = 0 by definition. Thus both
sides of (3.10) map ¢, to 0 in this case. Finally, suppose that r — ¢ L F'U D and without
loss of generality write ¢, = (;(,—, for some (; € X, and (,_y € X,_y. Then we have that

t(€)TO)Trupte ()" = Ee(Dr—e(b (M2, C0))r—t) = (O, (CO)) Crt
1(©

from which it follows that (3.10) holds. In turn we deduce that (3.9) holds, and applying
for ky = ¢u(a) € K(XoeLryup) yields that

3 (ge(a) € Iemun-

sl FUD
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Therefore, we conclude that

Trup = T(a)qp H Wi € Jc.rup,
€D

being a finite sum of elements of J. rup. This finishes the proof of Claim 2. O

We now conclude the proof of the proposition. By Claim 2, we have that

vi= Y ()R [[wi= D (DPappe D Jep

P£DCFe ieD §£DCFe FCDC[d]

In total, we have that

[T (@)ap + (@ +zp)| = [T(@)ge [[-W)+ Y @kl <e,

eFe r>n,rlF

using (3.5) in the final inequality. So, employing Claims 1 and 2 in tandem, we have
shown that for every € > 0 the element 7(a)gp is e-close to an element of } . iy Jz,0,

as required. O

We are now ready to prove that when £ is in addition partially ordered, the (E)-29-
tuple £ is partially ordered, contains £ and induces the same gauge-invariant ideal of

NTx.

Proposition 3.4.5. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be an (E)-2%-tuple of X that is invariant, partially ordered and
consists of ideals. Then L) is an (E)-2%-tuple of X that is invariant, partially ordered,

consists of ideals, and is such that £ C LY and 3(§X’¥X) = 3?%’&).

Proof. By Proposition m, the family £ is an (E)-2%-tuple that is invariant and con-
sists of ideals. For the partial ordering property, it is immediate that {0} = Lé)l) C Lg)
for all F' C [d]. Likewise, we have that

ﬁg) - XQ_I(ﬂFgDﬁp) = NpcpLlp € Lyg = q;])

for all ) £ F C [d]. Next fix ) # F C F' C [d], and let a € £, Notice that
a € E(Fl) C Ir C I because 7 is partially ordered. Next fix m L F’. Since FF C F’, we
have that m 1 F' and thus

(X, aXm) € NpcpLlp € Npcplp,

using that a € Ly, p. It follows that a € Li,, pr. In order to prove that a € Ly rr, we
resort to Proposition More specifically, it suffices to show that

Tx(a)qx p € 3(LFX7tX)~
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To this end, note that a € N{¢; '(K(X,)) | i € F'}, since LY is an (E)-2?-tuple, and

(Tx,tx)

Tx(a)ixr €3, by Proposition [3.4.4, An application of Proposition [3.2.5|then gives

that Tx(a)qx p € J(EX’EX), as required. Hence a € ﬁg,) and we conclude that £M) is

partially ordered.
Next we prove that £ C LD Notice that Ly C Eél) and Ly C E&) trivially, so fix
0+ F C[d and a € L. Since £ is an (E)-2%-tuple, we have that a € Zr. Since L is

invariant and partially ordered, we have that
(Xm,aXm) € Lp CNpcpLlp

for all m L F, and thus a € Ly r. Note that ¢p(a) € K(X,,Lr) for all m L F by
Proposition [2.5.2] Therefore, by choosing any m L F and ky, = —¢n(a) € K(XpLr), we
obtain that ||¢,,(a) + ky|| = 0 and thus a € Ly, ¢ by Proposition . Hence Lr C c}”,

as required.

Finally, we show that 3?" ix) — 3(;3’2" ). The forward inclusion is immediate since

£ C LD, On the other hand, we have that ﬁX([,g))GXf C fij’EX) for all F* C [d] by
Proposition giving the reverse inclusion and completing the proof. O

We are now ready to provide a full characterisation of (M)-29-tuples.

Theorem 3.4.6. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A and suppose that L is a 2¢-tuple of X. Then L is an (M)-2%-tuple of X if
and only if L satisfies the following four conditions:

(i) L consists of ideals and L C T,
(ii) L is invariant,
(111) L is partially ordered,

(iv) LY C L.

Proof. Assume that £ is an (M)-2%-tuple. First we use Propositions [3.2.4 and [3.2.6|
together with maximality of £ to deduce that L consists of ideals, that £L C7Z C J, and
that £ is invariant and partially ordered. Proposition together with maximality of
L gives that £ C £, proving the forward implication.

Now suppose that £ is a 2%-tuple that satisfies conditions (i)-(iv). Conditions (i) and
(i) imply that £ is an (E)-2%-tuple by Proposition , and so we can consider £V,
It remains to check that £ is maximal. To this end, let M be the (M)-2¢-tuple such
that 32@@() = 35\7"%‘), as guaranteed by Proposition [3.2.10, Note also that £ C M by
Proposition It suffices to show that M C L.

On one hand, we have that My = Ly = {0}, since both M and L are (E)-2%-tuples. In
order to show that Mg C L for all ) # F C [d], we apply strong (downward) induction
on |F|.
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(Txitx) _ ~(@xtx)

For the base case, take a € Mg. Then Tx(a)qy g € I Jr . Using the
fact that N7y = C*(7,t) canonically for the Fock representation (7,t), we have that

(=

T(a)qy € Iz D Conditions (i)-(iii) together with Propositions [3.3.1] and [3.3.2| give that

$o(a) =T (T()Tq) T € T (3(?)) Tty S T (3(5{2) Qg = Qa7 (Lia) g = do(Liay),

and thus a € Lig. This shows that My C Lig.

Next, suppose that Mp C Lr for all ) # F C [d] with |F| > n+1, where 1 <n < d-—1.
Fix 0 # F C [d] with |F| = n. Since M is an (E)-2%-tuple, we have that My C Zr. Note
that M, being an (M)-2¢-tuple, satisfies conditions (i)-(iv) by the forward implication. In

particular, we have that M is invariant, so
(X, MpX,,) € Mp forallm L F.

Likewise, we have that M is partially ordered, so (X,,, MpX,,) € NpcpMp for all
m L F. By the inductive hypothesis, we have that Mp = Lp whenever F C D, as
|D| > n+ 1. Hence

(X, MpX,,) € NpcpLp for all m L F.

Thus Mp C L;,, r. Moreover, by definition we have that

~(ﬁx,gx) ~(ﬁx,fx)

fX(MF)QX,F QJM :JL .
By applying Proposition [3.3.5, we deduce that Mp C Ly . In total, we have that
Mp C I N Liny,r N Liim,p = £§$)

and thus Mg C Lp by condition (iv), as required. Induction then completes the proof. [

Iteration of the £() construction constitutes the final ingredient for attaining max-
imality. For if we start with an (E)-2¢-tuple £ that is invariant, partially ordered and
consists of ideals, then iterative applications of Proposition |3.4.5| produce a sequence of
(E)-2¢-tuples that are invariant, partially ordered, consist of ideals and satisfy

ccLWc...ce®c... and T =305 forall k € N,

Since each £*) induces the same gauge-invariant ideal of N'Tx, if the sequence eventually
stabilises then it must stabilise to an (M)-2%-tuple by Theorem [3.4.6|

Theorem 3.4.7. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A. Let L be an (E)-2%-tuple of X that is invariant, partially ordered, and
consists of ideals. Fix 0 < k < d. Then whenever F C [d] satisfies |F| = d — k, we have
that £%m) = Eﬁf) for all m > k. Consequently, L9 is the (M)-2%-tuple that induces

~(fx,zx)

Jr
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Proof. We proceed by applying strong induction on k. For the base case, if F' = [d] then
L’E;f) =Lgg = Efg]) for all m > 0 by construction. Next, fix 0 < N < d — 1 and suppose
that whenever 0 < n < N and D C [d] satisfies |D| = d — n, we have that E%n) = E(g) for
all m > n.

Now we fix F' C [d] such that |F| =d — (N +1). We must show that E%m) = L'EUNH)
for all m > N + 1. First note that this is clear if F = ) (i.e., if N = d — 1), as each
Lé)m) = {0}. So, without loss of generality, we may exclude the case where N = d — 1 and
consider ) # F C [d].

Fix m > N + 1. We have already argued that E (V1) C E%m), so it remains to verify
the reverse inclusion. Take a € E% . In particular, we have that a € Zp. Fix m L F
and note that (X,,,aX,,) € Npc Dﬁgn_l) by definition. Notice that whenever F' C D, we
must have that |D| = d — k for some 0 < k < N. By the inductive hypothesis, we have
that E ") — E(DN) = E([;n_l) and hence (X,,,aX,,) C ﬂpgpﬁg\[). In turn, we have that
aec®

Notice also that Tx(a)qy r € ‘j(g(i) x) = 3272;16)15;( and hence an application of Proposi-
tion [3.3.5| yields that a € ﬁl(lm)F In total, we have that a € Zp N ﬁmv N Chm F= £ V+D
This proves that EFm) = EFN+1 for all m > N + 1. By induction we obtain that
£ = £ for all m > d — |F|, as required.

Finally, we have that £~ = £ = (£@d=1)(1) by the first claim. Hence we conclude
that £@=Y is the (M)-2¢-tuple inducing J(WX ) by Proposition [3.4.5/and Theorem [3.4.6)
finishing the proof. [l

inv F

Remark 3.4.8. Given any (E)-2%-tuple £, we now have an algorithm for computing the
(M)-2¢-tuple that induces ng’t}(). Specifically, we apply Propositions [3.2.4] and |3.2.6| to

pass from £ to the (E)-2¢-tuple PO(Inv (L)), which is invariant, partially ordered, consists

of ideals and satisfies
£ CPO(Inv(L)) and JF¥H) =303

We then apply the (PO(Inv(£)))® construction iteratively, and use Theorem m to
deduce that (PO(Inv(£)))@V is the (M)-2%tuple that induces ”(EX ),

Theorem 3.4.9 (Z%-GIUT for (E)-2%-tuples). Let X be a strong compactly aligned prod-
uct system with coefficients in a C*-algebra A. Let L be an (E)-2%-tuple of X and (7,t)
be a Nica-covariant representation of X. Then NO(L,X) = C*(r,t) via a (unique)

canonical *-isomorphism if and only if (7,t) admits a gauge action and

(a-1)
Lt = (PO (InV(L’))) .

Proof. We have that (PO(Inv(£)))“) is the (M)-2%tuple that induces ‘jﬁ Txotx) by Re-

mark In particular, we have that NO((PO(Inv(£)))“4Y X) = NO(L, X), and

Theorem finishes the proof. O
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NT-Qd-tuples and gauge-invariant
ideals of N Ty

The (M)-2¢-tuples of X parametrise the equivariant quotients that lie in-between N Tx
and N'Ox. We now pass to the parametrisation of the quotients that may not be injective
on X. We will circumvent this by “deleting the kernel”, i.e., by utilising the quotient

product system construction explored in Section [2.3]

4.1 NT-2%tuples

We begin by defining some auxiliary objects.

Definition 4.1.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Fix ) # F C [d] and let I C A be an ideal. We define the following
subsets of A:

(i) Xp' (D) =X, (D) [0#n <1} ={a€ A (Xy,aX,) C [ forall 0#n <1},
(ii) Jp(L,X):={a€ A|[pa)]; € K([XJ];) for all i € [d],aX;"(I) C I}.

Notice that both X'(I) and Jp(I, X) are ideals of A, and I C Jp(I, X) whenever
I is positively invariant. These objects will play similar roles to the ideals X ~!(I) and
J(I,X) for a C*-correspondence X over A (see the discussion succeeding Lemma [2.2.18)).
Let us collect some properties of X'(I) and Jp(I, X).

Proposition 4.1.2. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let I C A be an ideal that is positively invariant for X. Fiz () # F C [d]
and a € A. Then the following are equivalent:

(1) la]r € N{ker[o]; | i € F};
(i) (X;,aX;) €1 forallie F;
(i11) (X,,aX,) C I for alln # 0 satisfying suppn C F.
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Consequently, we have that X;'(I) = {X; (1) | i € F}.

Proof. We will prove [(i)=-(ii)=-(iii)=(ii)=-(i)]. First assume that [a]; € ({ker[¢;]; | i €
F}. Fixing i € F, we have that

[pi(a)éi]r = [pilr([a]r)[&i]r = 0 for all & € X,

which in turn yields that aX; C X;I. An application of [36, Proposition 1.3] then gives
that (X;,aX;) C I, as required.

Next, assume that (X;, aX;) C I for all i € F. We must prove that (X,,,aX,) C I for
all n # 0 satisfying suppn C F. We proceed by induction on |n|. If |n| =1, then n =i
for some i € F', in which case (X, aX;) C I by assumption. Now suppose the claim holds
for all n # 0 satisfying suppn C F and |n| = N for some N € N. Fix m # 0 satisfying
suppm C F and |m| = N + 1. We may write m in the form m = n + ¢ for some i € F

and some n # 0 satisfying suppn C F' and |n| = N. We then have that
(Xms aXm) = (Xp @4 Xi, Xy ®4 Xi) C [(Xi; 0i((Xn, a X)) Xi)] € [(Xi, [X)] C 1,

using the inductive hypothesis for n and positive invariance of I. Hence (X,,,aX,,) C I
and by induction we are done.

Finally, assume that (X,,,aX,) C I for all n # 0 satisfying suppn C F. In particular,
we have that (X;,aX;) C I for all i € F. Fixing i € F, we have that aX; C X;I by
[36, Proposition 1.3], and therefore [¢;]1([a]r)[&]r = [¢i(a)&]r = 0 for all & € X;. Hence
[a]; € ker[¢;]r, from which it follows that [a]; € ({ker[¢;]; | i € F'}, finishing the proof of
the equivalences.

The last claim follows from the equivalence of items (ii) and (iii). O

The next proposition relates the ideals X'(I) and Jr(I, X) to ideals of [A];, when I

is positively invariant. This result is the higher-rank analogue of [36, Lemma 5.2].

Proposition 4.1.3. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let I C A be an ideal that is positively invariant for X. Then the
following hold for all ) # F C [d]:

(i) Xp'(I) = [J7 (N{ker[; [ i € F}).
(it) Jp(1,X) = [-]7'(Tr([X]1)).
(iii) Xz (1) N Jp(1,X) = 1.
Proof. Fix ) # F C [d] and a € A. Note that
a €[ ({kerlpds |i € F}) <= [alr €[ \{ker[ps |i € F} <= a € Xz'(1),
where the final equivalence follows by Proposition [l.1.2] This proves item (i).
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Next, assume that a € Jp(I, X). We must show that

[alr € Tr((XTr) = ([ kerléd ) N ()67 (K(XD))-

iEF i€(d]

By definition, we have that [¢;];[a]; = [¢i(a)]; € K([Xi];) for all i € [d] and a X' (I) C I.
In particular, we have that [a]; € ;cqled; (K([Xi]1)). Now take [b]; € M);cpker[gyr.
By item (i), we have that b € [-];'(N,cpker[¢dr) = Xz'(I), and so ab € I by def-
inition. In particular, we have that [a];[b]; = [ab]; = 0, which in turn implies that
lalr € (N;er ker[@s]r)*, as required.

Now assume that a € [-];'(Jr([X]7)). Then [¢];[a]; = [¢:(a)]; € K([X;];) for all
i € [d] by definition. Take b € X;'(I). By item (i), we have that [b]; € (), ker[¢:];. By
definition, we have that [a]; € (),cp ker[¢ilr)*, so [ab]; = [a];[b]; = 0 and hence ab € I.
Thus aX (1) C I and hence in total a € Jp(I, X), proving item (ii).

Using items (i) and (ii), and that Jp([X];) C ((;cp ker[¢ilr)*, we obtain that

Xp' (DN Jp(I.X) = H?l((ﬂ ker[¢i]r) ﬂjp(Pﬂz)) =[;'({oh) =1.

el
proving item (iii). O

We are now ready to introduce the objects that will implement the parametrisation

of the gauge-invariant ideals of N Tx.

Definition 4.1.4. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let £ be a 2¢-tuple of X. We say that £ is an NT-2¢-tuple (of X )

if the following four conditions hold:
(i) L consists of ideals and Lr C Jp(Ly, X) for all ) # F C [d],
(i) £ is X-invariant,
(iii) £ is partially ordered,
(iv) [z (ICF]L)) € Lp for all F C [d], where [Lrz, = Lr/Lo C [Al,.

To make sense of condition (iv), first note that conditions (i) and (ii) imply that Ly
is an ideal of A that is positively invariant for X. Hence we can make sense of [X]., as a
strong compactly aligned product system with coefficients in [A]., by Proposition .
Condition (iii) implies in particular that £y C Lp for all F' C [d], and so by condition
(i) we have that [L]z, := {[Lr]z, }rcia) 18 a 2%-tuple of [X],, that consists of ideals. An
application of Proposition [4.1.3) gives that [£], € J([X]z,), while item (ii) implies that
L]z, is [X]c,-invariant. Hence we have that [£]., is an (E)-2%-tuple by Proposition m,
and so we can consider the family [£] (51@) Note also that condition (iv) holds automatically
for F =0 and F = [d].
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When the left action of each fibre of X is by compacts, condition (iv) simplifies as

follows.

Proposition 4.1.5. Let X be a product system over Zd with coefficients in a C*-algebra
A and suppose that ¢,(A) C K(X,) for all n € Z%. Then a 2%-tuple £ of X is an

NT-2%-tuple of X if and only if it satisfies conditions (i)-(iii) of Definition and

( ﬂ X JF E@, ))) r\lﬁin\,’F ﬂﬁhmf Q ,CF fOT all @ 7é F g [d]

nlF

Proof. Without loss of generality, we may assume that £ satisfies conditions (i)-(iii) of
Definition [£.1.4] Since condition (iv) of Definition holds automatically for F' = ()
and F' = [d], and intersections are preserved under pre-images, it suffices to show that
the following items hold for fixed § # F C [d]:

() [z, @r([X]zy)) = Nyrr Xi ' (TF(Lo, X)),
(11> [']Z;([‘C]ﬁ@,inv,F) = ‘Cinv,Fa

(iii) [']Z;([ﬁ]ﬁm,lirmF) = Liim,F-
Firstly, recall that

Tr([X]ey) = () [Xulzy (Tr([X]z,)) and  Te([X]z,) = [Jr(Lo, X)le,,

nlF

where the latter holds by Proposition 4.1.3, Item (i) now follows as a consequence of
Lemma [2.2.19] taking I := Ly and J := Jr(Ly, X).

For the second item, recall that

L) cyinv.r = [ ) Xmlzl (NrcplLole,)-

mlF

It is routine to check that Npcp[Lplz, = [NrcpLpr,- By the partial ordering property
of £, we have that Ly C NpcpLp. Thus item (ii) follows as a consequence of Lemma
taking [ := Ly and J := NpcpLp.

Finally, item (iii) follows by a direct application of Lemma [2.2.18] using that ¢,(A) C
K(X,) for all n € Z%. This completes the proof. O

Remark 4.1.6. Let X be as in Proposition 4.1.5, and let £ be a 2%-tuple of X that satisfies
conditions (i)-(iii) of Definition [.1.4] Note that the assumption that ¢, (A4) C K(X,) for

all n € Zi is only used to obtain that [-]|, ([E] Lo dim,7) = Liim,p. In other words, it is true
that
2 (Te((Xe,) = () X2 (Jr(Lo. X)) and  []z2)([£]cpin.r) = Linvs
nlF

even when X is (just) strong compactly aligned.
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NT-2%tuples represent the higher-rank analogue of Katsura’s T-pairs.

Proposition 4.1.7. Let X = {X,},cz, be a product system with coefficients in a C*-
algebra A. Then the NT-2-tuples of X are exactly the T-pairs of X;.

Proof. First let £ = {Ly, L{13} be an NT-2-tuple of X. Then £ consists of ideals. Since
L is partially ordered, we have that Ly C Ly,. Invariance of £ for X gives in particular
that [(X7, £y X;1)] C Ly and hence Ly is positively invariant for X;. Lastly, we have that

Loy € Juy(Ly, X) = J(Ly, Xv),

using that X{_ll}(ﬁg) = X, '(Lp) in the equivalence. We conclude that £ is a T-pair of X},
as required.

Now suppose that £ = {Ly, L1} is a T-pair of X;. By definition, this means that £
consists of ideals, Ly is positively invariant for X, and Ly C L1y € J(Ly, X;). From this
it is clear that £ is partially ordered, so condition (iii) of Definition holds. Likewise,
we have that

E{l} Q J(ﬁ@,Xl) = J{”(L@,X),

so condition (i) of Definition holds. To see that £ is X-invariant, it suffices to show
that (X, LX) C Ly for all n € Z,. We prove this by induction on n. Firstly, note that
the claim holds for n = 0 trivially and for n = 1 because Ly is positively invariant for Xj.
Now suppose that (X, Lo Xn) C Ly for some N € N. Recalling that Xy ®4 X1 = Xy

via the multiplication map uy 1, we obtain that

(Xng1, Lo Xng1) = (Xnv @4 X1, Lo( Xy ®4 X1))
C (X1, (XN, LoXn) X1)] C [(X31, Ly X1)] C Ly,

using the inductive hypothesis in the penultimate inclusion and the n = 1 case in the
final inclusion. Thus condition (ii) of Definition holds by induction. Lastly, note
that condition (iv) of Definition holds trivially, since there are no proper, non-empty
subsets of {1}. Thus £ is an NT-2-tuple, completing the proof. O

The following proposition links Definition and Theorem [3.4.6 Moreover, it shows
that (M)-2%-tuples form a subclass of NT-2¢-tuples.

Proposition 4.1.8. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. Let L be a 2%-tuple of X consisting of ideals satisfying Ly C Lp for
all F C [d], and assume that Ly is positively invariant for X. Then L is an NT-2%-tuple
of X if and only if (L], is an (M)-2%-tuple of [X],,.

Proof. Since Ly is an ideal that is positively invariant for X, we can make sense of the
strong compactly aligned product system [X].,. Moreover, the fact that £ consists of
ideals satisfying £y C Lp for all F C [d] gives that [L]., is a 2%tuple of [X]., that

consists of ideals.
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Assume that £ is an NT-2%tuple of X. It suffices to show that [L], satisfies the
four conditions of Theorem m By the preceding remarks, showing that condition (i)
of Theorem holds amounts to proving that [Lp]z, C Jr([X]z,) for all @ # F C [d],
noting that the inclusion holds trivially for F = (). To this end, fix ) # F C [d]. Since
Ly is assumed to be positively invariant for X, an application of item (ii) of Proposition
gives that

Tr(Lo, X) =[], (Tr([X]z,)).

Combining this with the assumption that £ is an NT-2¢-tuple of X and thus in particular
Lr C Jrp(Ly, X), we deduce that

[Lrle, € Tr([X]e,)-

Thus condition (i) of Theorem holds. To see that [£],, is [X],,-invariant, fix F' C [d]
and n L. F'. We have that

<[Xﬂ]ﬁw’ [‘C’F]ﬁm [Xﬂ£@> = [<Xﬂ7 ‘CFXQ”C@ C [»CF]LW

using that £ is X-invariant by condition (ii) of Definition in the inclusion. Hence
condition (ii) of Theorem holds. Conditions (iii) and (iv) of Theorem follow
immediately from conditions (iii) and (iv) (respectively) of Definition [4.1.4] In total, we
have that [£]., satisfies the four conditions of Theorem , as required.

Conversely, assume that [£]z, is an (M)-2%tuple of [X].,. It suffices to show that £
satisfies the four conditions of Definition m By assumption we have that [£] L@ satisfies
the four conditions of Theorem [3.4.6] Therefore condition (i) of Definition 4 follows
by employing condition (i) of Theorem and item (ii) of Proposition in tandem,
together with the assumption that £ consists of ideals. To see that £ is X-invariant, fix
F C[d] and n L F. We have that [£]., is [X].,-invariant by condition (ii) of Theorem
3.4.6, and therefore

[(XnﬂﬁFX < E@? £F ,C@ XJL‘,@> C £F

Hence (X,,, LrX,,) C Lr+Ly. Recall that L is an ideal that contains Ly, so Lrp+Ly = Lg
and therefore (X,,, LrX,,) C Lp. Thus condition (ii) of Definition holds. Next we
check that £ is partially ordered. To this end, fix FF C D C [d]. By condition (iii) of
Theorem [3.4.6] we have that [£]., is partially ordered and therefore

(Lrle, € LDz,

Since £y C Lp, we obtain that Ly C Lp, showing that condition (iii) of Definition [4.1.4]
holds. Finally, condition (iv) of Definition follows from condition (iv) of Theorem
3.4.6| applied to [£]z,, and the proof is complete. ]
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It follows from Proposition that the (M)-2%-tuples of X are exactly the NT-24-
tuples £ of X satisfying Ly = {0} The interplay between NT-2-tuples and (M)-2%-tuples
allows the transferal of properties of (M)-2¢-tuples to the general setting, towards the
complete parametrisation of the gauge-invariant ideals of N'Tx. To explore this further,
we examine the interaction between NT-2¢tuples and Nica-covariant representations. The

following proposition extends [36, Lemma 5.10].

Proposition 4.1.9. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let (m,t) be a Nica-covariant representation of X and let L™ be the
associated 2%-tuple of X (see Definition . Then the following hold:

(i) Lgr’t) is positively invariant for X.
(ii) kert, = Xﬂﬁéﬂ’t) for alln € Z2.

(iii) There exists an injective Nica-covariant representation (7, 1) of [X] s on C*(m,t)
_ 0
such that m = 7o [-]£<ﬂ,t>,tn =t,0 [-]L@T,t) and 1, = 1, 0 [-]E(ﬁ,t)\;c(xn) for alln € Zi,
Co 0 -E 0 = '
and therefore C*(m,t) = C*(m,t). If (m,t) admits a gauge action, then so does (7,t).

(iv) For each O # F C [d], if a € EE;“” then [¢;(a )]12(7r n € K([X ]d“ v) for all i € [d],

and

ce0) + D A=) 0 ([¢n(a)) jr) [ 0# 0 < 1} =0.

(v) For each () # F C [d], we have that a € ,C(Tr if and only if for every 0 #n < 1p
there exists ky, € K(X,) such that [¢n(a)] pn = [kp] .m0 satisfying
- - - 0 0

(@) + > A1) (kn) [0 £ n < 1} =0,

(vi) For each F C [d], we have that [L5] o0 = L5V,
0

Proof. (i) We have that £™ is X-invariant by Proposition [3.1.14} and thus in particular

Eéﬂ’t) is positively invariant for X.

(ii) Fix n € Z% and &, € X,,. Then &, € kert, if and only if

tn(&n) tn(8n) = m((€n, En)) = 0

using the C*-identity and the fact that (m,¢,) is a representation of X,,. In turn, we have
that m((€,,&,)) = 0 if and only if (§,,&,) € £é)7r’t) by definition. An application of [36],
Proposition 1.3] then gives that

(nrn) € LT = €, € XL,

Thus we conclude that kert,, = Xﬂﬁéﬂ’t), as required.
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(iii) First note that we may make sense of the quotient product system [X] .c-r in the
0

usual way by item (i). We define

T [A]ﬁ(ﬁ,t) — C*(m, t); ﬁ([a}ﬁ(w,t)) = m(a) for all a € A;

0 Xl e = € ()i ([6] i) = (&) for all &, € Xpm € 24\ {0},

The maps 7 and £, are well-defined for all n € Z4 \ {0} by item (ii). It is routine to check
that (7, %) is an injective representation of [X] £ that satisfies the stated equalities. To
see that (,¢) is Nica-covariant, fix n,m € Z% \ {0}. By Lemma [2.2.11} it suffices to
check (2.12) for [kjﬁ(ﬂ » and [kjdﬂ v, where k, € K(X,) and k,, € K(X,,). Letting

{my,, mezd denote the connectmg *-homomorphisms of X and letting {jp™™},, mezd

denote those of [X] .c-v, by Proposition [2.4.4 and Nica-covariance of (7,t) we have that
0

lbﬁ([kﬂ]ﬁgﬂt))zbm([kﬂﬁé’“t)) = Yn(kn)Ym (k)

as required.
If (7, t) admits a gauge action, then this is inherited by (7, ) since C*(7, ) = C*(r, ),
finishing the proof of item (iii).

iv) Fix 0 # F C [d and a € LY. Then w(a) € B™" by definition, and thus
F (0,1,]

#([a]ﬁéﬁ,n) € B(o 1) by item (iii). In turn, we have that
([a] gro)gr =0
by Proposition An application of Proposition gives that
[%(a)]ﬁ((bw,z) = [%]ﬁéw,t)([a]ﬁém)) € K([X ]E(W v ) for all i € [d],

using the fact that (7, %) is injective and Nica-covariant by item (iii). Applying (2.21)) for
(7,1), we obtain that

alpen) + ) A1) u((dn(@)] ge0) [0# 0 < 15} =0,

showing that item (iv) holds.

(v) Fix 0 # F C [d]. The reverse implication is immediate, so assume that a € ﬁ}”’t). By

item (iv), we have that

E(Tr t) + Z{ |n|¢n ¢n( )]ﬁé]”’t)) | Q 7é n S lF} = O
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An application of Lemma [2.2.11| gives that [gzﬁn(a)]dﬂ,t) = [k, D) for some k, € K(X,),
n ¢ ¢ n n
for all 0 # n < 1. By item (iii), we have that

0= (a] gmo) + D _{(=1)"™n((6n(@)] yim0) [ 0 # 1 < Lp}
a] ge) + Y (=)= kj[;w))\Q#ﬂSlF}
=7(a +Z{ 1)y (k) [0 # 0 < 10},

showing that item (v ) holds.

(vi) First recall that E ) is an ideal satisfying ﬁ(w ) C [, ™ for all F C [d] by Proposition
3.1.14] Thus we can make sense of the 2d—tuple (L0 t)]ﬁé,r,t) of [X]Cé,r,t). The claim holds
trivially when F' = ) (because (7, 1) is injective) so fix ) # F C [d] and take a € ES;“”.
Then item (iv) yields that [a ]ﬂ(ﬁ e Ly D This shows that % )]L(ﬁ n C C(”

Now take [a ]E(ﬁ € ﬁ(fr’i Then by definition and Lemma|2.2.11], for every 0 # n < 1,
there exists k, € IC( ) such that

w(lal yr0) = D _{nlhul je) | 0# 1 < L}

Using item (iii), we obtain that
m(a) = i (lal o) = D {vn(lhul o) | 0F# 0 < 1p}t =D {Walka) [0# 0 < 15}

This shows that a € ,c;f’t), and hence [a] .(x0) € [ﬁﬁ,i“”] 0. Consequently, we have that
: 0 0
£§;“t> - [55;“”] (= and hence [LE;““] prt) = Egr’t) for all F' C [d], finishing the proof. [
0 0

Remark 4.1.10. Let £(™ be the 2¢-tuple of X associated with a Nica-covariant represen-

tation (m,t) of X, and let () be the injective Nica-covariant representation of [X] (s
e

defined in item (iii) of Proposition m By Proposition |3.1.17, we have that (7,t) is an

L) _relative CNP-representation of [X] (=), giving the following commutative diagram
0

N C* (1)

. . . . e . it . .
of canonical x-epimorphisms. Using positive invariance of Eé{r ) , we also obtain a canonical
s-epimorphism

NTX — N,EX]C(M)
0

that lifts the quotient map X — [X] .xy. We have that [L™D] s = LD by item (vi)
0 ) ]
of Proposition 4.1.9, and that C*(r,t) = C*(x, ) by item (iii) of Proposition m Hence
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we obtain the following commutative diagram

NTx mt C*(m, 1)

]

NWX}Céw,z) NO([ ]g(” ) [X]Lé)”»t))

of canonical *-epimorphisms.

By Proposition 3.1.18{and Theorem [3.2.12 (M)-2%tuples are exactly of the form £(™?
for some injective Nica-covariant representation (m,¢) that admits a gauge action. This

is extended to NT-2%-tuples by allowing (7,t) to be non-injective. To substantiate this,

we introduce the following notation.

Definition 4.1.11. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. For an NT-2%tuple £ of X, we define the maps

™ A= NO([Lzy, [ X]e,); 75 (a) = [[f(]f@ ([alg,) for all a € A,

tE: X, = NO(L]ey, [X]e) )i #(6) =ty ([Eae,) for all € € X,,n € ZL\ {0},

Lley L,

where (7 LN ) denotes the universal [£].,-relative CNP-representation of [X],,.

Checking that (7%, ¢¢) is a Nica-covariant representation is routine, as it is obtained

from the canonical *-epimorphism
NTX — NﬁX]Lw - NO([£]£@7 [X]ﬁq)>7

where we use that Ly is positively invariant for the existence of the first map, and that
(L], is an (M)-2%-tuple (and thus in particular relative) of [X]., by Proposition for
the existence of the second map. Additionally, notice that (7%, %) admits a gauge action
since

* w £ [£]
O (7% 1) = O (riyy 950 ) = NO((L] . (X1,
Finally, we have that ¢5 = w[[g]i”@ 20 leglkxy foralln € Z4.

Proposition 4.1.12. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A. If L is an NT-2%-tuple of X, then L) = .
Consequently, a 2%-tuple £ of X is an NT-2%-tuple if and only if £ = L™ for some

Nica-covariant representation (mw,t) of X that admits a gauge action.

Proof. For the first claim, we denote the universal [£]. -relative CNP-representation of
[X]z, by (7,1). First we show that Léﬂﬁ’tﬁ) = Ly. We have that

7rt£

ac L = %) =0 <= 7([alg,) =0 < [alg, =0 < a € Ly,
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using that (7,¢) is injective by Proposition [3.2.1} since [£].
by Proposition [4.1.8] Hence Eéﬂﬁ’tﬁ) = Ly.

Recall that C*(7, %) = NO([L]z,, [X]z,) by definition, and thus by applying Theorem
for the (M)-22-tuple [£]z, of [X],, and the Nica-covariant representation (7,) of

[X]z,, we obtain that LFED = [£]z,. Hence, for ) # F C [d], we have that

is an (M)-2%-tuple of [X],,

0

a € Lﬁfﬁ’tﬁ) — Wﬁ(a) = Z{wé(kﬂ) |0 #n <1} for some k, € £(X,,)
= 7(lalz,) = > {Un(lkalc,) | 0 #n < 1} for some k, € K(X,)

— [alg, € LT = L7,
< a€Lr+Ly=Lp,

E,t[’

and so £§;r ) = L, completing the proof of the first part.

For the second part, if £ is an NT-2%-tuple of X then £ = £ for (7,t) := (7%, t5).
Conversely, if £ = £ for some Nica-covariant representation (7,¢) of X that admits
a gauge action, then let (,f) be the injective Nica-covariant representation of [X].,
guaranteed by item (iii) of Proposition m The latter also gives that (7,) admits a
gauge action. Then

[Lley = [£79) oy = £

by item (vi) of Proposition [4.1.9, We have that £ is an (M)-2%-tuple of [X] £, by
Proposition [3.1.18, and thus £ is an NT-2%tuple of X by Proposition m, finishing the
proof. O

Consequently, we have an extension of Proposition for describing the kernels of

induced *-representations that may not be injective on X.

Proposition 4.1.13. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let (7, t) be a Nica-covariant representation of X that admits a gauge
action, and let LY be the associated NT-2%-tuple of X. Then

kerm x t = (Fx(a)+ > (—=1)y (k) |F C[d],a € LT Ky € K(X,),

0#n<1y

[qﬁﬂ(a)]ﬁéﬂ,w = [k‘dﬁéﬂ,t) forall0 #n <1p).

Proof. We denote the ideal on the right hand side by J. For notational convenience, we
drop the superscript (7,¢) and write £ := L.

We begin by proving that J C ker 7w x t. To this end, it suffices to show that ker 7w x ¢
contains the generators of J. The generators of J that are indexed by F = () have the
form Tx (a) for some a € Ly = ker 7. In this case we have that (7 x t)(Tx(a)) = w(a) =0
trivially, so Tx(a) € ker m x t, as required.

Next, fix ) # F C [d],a € Lp and k,, € K(X,) such that [¢,(a)]z, = [knlz, for all

0 # n < 1,. Let (7,1) be the injective Nica-covariant representation of [X]., admitting

0
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a gauge action that is guaranteed by item (iii) of Proposition [4.1.9, We then have that

(mx )(@x(a) + > {0y, (k) [0#n < 1)) =

=m(a) + Y _{(=1)"n(ky) [0# n < 1}

= #([aley) + > (=1 ([knle,) | 0 # 0 < 15}
#(laley) + Y _{(=1)"™n([¢n(a)lz,) |0 #n < 15} =0,

using item (iv) of Proposition to obtain the final equality. This shows that J C

ker m x t.
We have that [L];, = L) by item (vi) of Proposition , and thus by applying
Proposition [3.1.17| for (7, %) we obtain a canonical *-isomorphism

®: NO([Llz,, [X]z,) = C*(7r,8) = C*(,t).
By considering the representation (7%, %) of Definition [4.1.11} and the canonical quotient

map Qy: NTx — NTx/J, we obtain the following commutative diagram

NTx — 2L C*(m,t)

lWT

NTX/\S ___._-> NO E@: [X][,@)

of x-epimorphisms. Note that ¥ exists because
JCkerm x t =ker® o (7° x t*) = ker 7° x t-.
Suppose we have shown that W is injective. Then whenever f € ker 7w x t, we have that

(o Woy)(f)=(mxt)(f) =0

and hence Q5(f) = 0 by injectivity of ® and W. It follows that ker 7w x ¢t C J, as required.
Thus, to finish the proof, it suffices to show that ¥ is injective.
To this end, we define maps 7 and ZQ by

7 [Algy = NTx /37 ([a]z,) = Q3(Tx(a)),
bt [Xule, = NTx /i ta([€alzy) = Qa(Txn(&n)),

foralla € A,&, € X, and n € Z% \ {0}. These maps are well-defined because Tx(Lp) C J
and Ty ,(X,Lg) € J. It is routine to check that (7, 1) is a Nica-covariant representation of
X2y, since 9,012, licx,) = @300y, for all n € Z2 by definition of (7,7). Additionally,
we have that C*(7, 1) = N'Tx /3.

We claim that (7,%) is an [£] r,-relative CNP-representation. To see this, fix ) # F' C
[d] and a € Lp. For each 0 # n < 1p, there exists k,, € K(X,,) such that [¢,(a)]z, = [knlz,
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by item (iv) of Proposition and Lemma [2.2.11] Hence we obtain that

([ale,)qr = 7( +Z{ Dl (($n(@)lz,) [0 #n < 15}
= Q3(Tx(a) + D> _{(=1)"Q;(¥x (k) | 0
= Q3(7x(a +Z{ ‘nh/’xn n) [0#n < 1p}) =0,

using that Tx (a)+ Y {(=1)"x ,(ka) | 0 # n < 15} € J in the final equality. This shows
that (7,%) is an [£],,-relative CNP-representation, and so universality of NO([£].,, [X]z,)

guarantees a (unique) canonical s-epimorphism
&: NO([L)zy, [X]e,) = NTx /3 = C*(7, 7).

It is routine to check that ® o U = idar7y /3 and thus W is injective, as required. O

4.2 Gauge-invariant ideal structure of N7y

We can now pass to the parametrisation of gauge-invariant ideals by NT-2%-tuples. For
an NT-2%-tuple £ of X, we write

~

3% :=ker 7 x t*, for the canonical *-epimorphism 7 x t“: N'Tx — NO([L]z,, [X]z,)-

Observe that J* is a gauge-invariant ideal of N'Tx. Indeed, let 3 denote the gauge action
of (Tx,tx) and let v denote the gauge action of (7%, ¢*). Then we have that

v, 0 (7 x t5) = (7% x t5) o 3, for all z € T

Fix f € 3% and z € T?. Then we obtain that

(7% x ) (B(f)) = 7=((7° x ) (f)) = 0

by definition of J*. Hence S3,(f) € J*, proving that J* is gauge-invariant. On the other

hand, for a gauge-invariant ideal J of N Ty, we write
L3 := £@™x:Q3°x)  for the canonical *-epimorphism Q3: NTx = NTx/3.

The 2¢-tuple £3 is an NT-2%-tuple of X by Proposition 4.1.12, The following proposition

shows that these correspondences are mutually inverse.

Proposition 4.2.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Then the following hold:

(i) If £ is an NT-2%-tuple of X, then

NTx /35 = NO([L)z,, [X]z,) and L =L.
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(1) If 3 C N'Tx is a gauge-invariant ideal, then

NTX/‘?%NO([N][;%,[X]%) and 3% =73.

Proof. (i) Since J* = ker ° x t*, we have that N'Tx /3 = NO([L]z,, [X]z,) by a canon-

ical *-isomorphism ®. We then have that

L3 = £@Qye0o7x,Queotx) _ p(@ lont, 07 otl) _ p(nftE) _ o

The first equality follows from the fact that ®~! o (7% x t£) = Qsc, the second equality
follows from the fact that By ™" = @B ") for all § # F C [d], and the
final equality follows via an application of Proposition [£.1.12] This completes the proof
of item (i).

(ii) Note that (Q5 o Tx, Q5 o tx) is a Nica-covariant representation of X that admits a
gauge action and satisfies C*(Q507x, Qy0tx) = NTx/J. Hence, applying Remark
for the representation (7,t) := (Q5 o Tx, Q5 o tx), we obtain the following commutative
diagram

NTx % NTx/3

7r£3 ><t£3
)

NWX}Ea Q NO([ﬁj]Lgv [X]L3)
0

0

of canonical x-epimorphisms. We have that @ x { = W o @), where (7,1) is defined as
in item (iii) of Proposition |4.1.9] Since £7 is an NT-2¢-tuple of X, we have that [£7] 3
is an (M)-2¢-tuple of [X]ﬁg by Proposition |4.1.8, We have that [53]53 = L) by item
(vi) of Proposition and hence an application of Theorem yields that W is a

x-isomorphism.

By definition we have that 353 = ker 757 x t£°. Therefore we obtain that
J=kerQ; =kerUo (" x t*") = ker*" x t*' = J*,

and the proof is complete. n

Using Propositions 4.1.12| and |4.1.13], we arrive at a concrete description of J*.

Proposition 4.2.2. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. If L is an NT-2%-tuple of X, then we have that

Y=@x(a)+ Y ()P, (ky) IF Cldla€ Lrky € K(Xy),

0#n<lp

[n(a)]y = [kule, for all 0 # n < 1p).

If in addition L is a relative 2%-tuple of X, then J* = 3(§X’EX).

141



Chapter 4. NT-2¢-tuples and gauge-invariant ideals of N'Tx

Proof. For the first part we apply Proposition [4.1.13| for (7,t) := (7%, ), noting that

L) = £ by Proposition [4.1.12]

Now assume that £ is in addition a relative 29-tuple of X, and recall that

I = (Fx(@)+ Y (~1) Py, (6u(a) | a € Le, F C [d).

0#n<lp
It is clear that 3(5)( ) C J* by the first part. For the reverse inclusion, first note that
— ""(fX iX)
Tx(Ly) C I

by definition. Next fix § # F C [d],a € Lp and k, € K(X,,) satistying [¢n(a)lz, = [knlcz,
for all 0 # n < 1,. By the first part, it suffices to show that

Txla)+ > (1) (k) € 3T,

0#n<1p

Fixing 0 # n < 1, we have that [¢,(a) — kn]z, = 0 by assumption. Since £ is a relative
29-tuple of X, we also have that ¢,(a) € K(X,) and hence ¢,(a) — k, € K(X,). By
Lemma 2.2.11] we have that

ker{[-]z, - K(Xn) = K([Xnlz,)} = K(XnLo),
and therefore ¢,(a) — k,, = k;, for some k, € K(X,Ly). Notice that
UxalK(Xuly)) € (Tx(Ly)) € IE)

for all 0 # n < 1. In total, we have that

0#n<l1p 0#n<1p
— (Fx(@+ X 0] - X 1))
0#n<lp 0#n<1p
c ngx,fx) _i_sglfx,fx) _ ng,fx)’
as required. O

We now present the main theorem.

Theorem 4.2.3. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A. Then the set of NT-2%-tuples of X corresponds bijectively to the set of
gauge-invariant ideals of N'Tx by the mutually inverse maps L +— I~ and J — L3, for
all NT-2%-tuples L of X and all gauge-invariant ideals J of N'Tx. Moreover, these maps

respect inclusions.
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Proof. The fact that the maps are well-defined follows from the discussion preceding
Propositionl4.2.1] The fact that the maps are mutual inverses is guaranteed by Proposition
[4.2.1] It remains to see that the maps preserve inclusions.

To this end, first take NT-2%tuples £; and £, of X and suppose that £; C L£y. We
must show that J* C J*2. It suffices to show that J*2 contains the generators of J*!,
recalling their form from Proposition Firstly, we have that

7Tx(L19) C Tx(Log) C I&

by definition. Next, fix ) # F' C [d],a € Ly and k, € K(X,) such that [ky]., , =
[pn(a)]c,, for all 0 # n < 1p. For each 0 # n < 15, we make the identification

I

L([[Xnleyo)eopre10) = L[ Xnleyp),

so that [-]z,, =[], /000 © ]2, s €8 [36, p. 112]. Under this identification, we obtain
that [kplc,, = [#u(a)]c,, for all 0 # n < 1x. Since a € L1 p C Ly, it then follows that

Tx(a)+ Y (D), (k) € 37,

0#n<1p

as required.
Finally, fix gauge-invariant ideals J; and J5 of N'Tx such that J; C J,. Then we have
that

N

31 p(Q3,0Tx,Q3, 0tx)
Ly =Ly !

: LG0T Q0a00) — p3a g a1 P C ],

This follows because

B((gi;T?XaQMO%X) — le (B((giflf]X)) and B((QQ’EE‘C]JFX,QTJQOEX) — Q32 (B((gi(lf]X)) f()r au F g [d],

and @3, factors through Q3. O

Remark 4.2.4. To summarise, we have that the mappings

L — ker 7° x t* for all NT-2%tuples £ of X,
3+ L£@Q0TxQ3°%) for gl gauge-invariant ideals J € N Tx,

are mutual inverses and respect inclusions, where Q5: NTx — NTx/J is the quotient

map. The gauge-invariant ideal ker 7% x t* of N'Tx is given by

ker 7% x t£ = (Fx(a) + > (=1)"py ,(ky) |F C [d],a € L, ky € K(X,),

0#n<l1p

[¢ﬂ(a)]£® = [kﬂ]ﬁw forall 0 #n < 1p),

by Proposition where £ is an NT-2%-tuple of X. The NT-2%tuple £(@3°7x:Q3°x) of
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X is given by

kerQ;j OﬁX lfF:@,
(QS OﬁX)—l(B(QSOWXQsOfX)) it £FC [d]a

(0.15]

ﬁ(FQJ o x,Qz0tx) _

where J is a gauge-invariant ideal of N'Tx.

Note that the set of gauge-invariant ideals of N'Tx carries a canonical lattice structure,

determined by the operations
J1VI2:=J1+J2 and J1 AJ2 = J1 NJa,

for all gauge-invariant ideals J;,J> € N 7Tx. This, in tandem with Theorem [4.2.3] allows
us to impose a canonical lattice structure on the set of NT-2%-tuples of X, promoting the

bijection to a lattice isomorphism.

Definition 4.2.5. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. We equip the set of NT-2%tuples of X with the lattice structure

determined by the operations
LV Lyi= L3 and Ly ALy = L3777

for all NT-2%tuples £, and £y of X.

Next we describe the operations A and V on the set of NT-2%-tuples of X. The

operation A is intersection, in accordance with [36, Proposition 5.8].

Proposition 4.2.6. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let £, and Ly be NT-2%-tuples of X. Then

(ﬁl VAN £2)F = El,F N £2,F fOT‘ all F g [d]

Proof. For notational convenience we set J := J*' NJ*2, so that £3 = L, ALy. For F =0
and a € A, we have that

a€ L) = Tx(a) eJ=FNI® = ac L) NL)7 =Ly Loy,
using item (i) of Proposition in the final equality. Hence (L1 A L2)g = L19 N Lay.
Next, fix ) # F C [d]. Since the parametrisation of Theorem [£.2.3] preserves inclusions,
we have that (£ A L3)r € L1 p N Lo p. For the reverse inclusion, take a € L1 p N Lo p.
Since (L£1ALy)r is an ideal, it suffices to show that aa* € (L1ALs)p. Since a € L4 pNLy F,

there exist f, g € B((g ’I‘FE]X ) such that

7x(a)+ f €I and Tx(a)+ g€ I
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Consider the element
h:=7x(a)g" + frx(a)" + fg*.

Note that

_ (Tx,tx) (Tx,tx) (Tx tx)=— (Tx,tx)
Tx(A)Ba, € B, and By mx(A) € By s

and recall that B((gi’jx Jisa C*-algebra by Proposition [2.4.7, Hence h € Bgif]x ), and we

obtain that

7x(aa*) +h = (Tx(a) + f)(Tx(a) + g)* € F** NJ*

J.
By definition this means that aa* € L'ﬁF = (L1 A Ly)F, as required. O

We have the following characterisation of the operation V.

Proposition 4.2.7. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A and let £, and Ly be NT-2%-tuples of X. Then we have that

(L1V La)p =Tx (35 +37)
and that
(£ £2)r = [dueny [ ((Crr+ Lop+ (L0V L2)0) /(L1 v £2)0) ]
for all ) # F C [d].
Proof. For notational convenience, we set
L:=LiVLy and J:=J7+3%
so that £ = £3. For F =0 and a € A, we have that
€Ly < Q;(Tx(a) =0 < Tx(a) €J < a7y () =7 T +3%).

Consequently, we obtain that £y = 73" (J* + J2), as required.
Next, in a slight abuse of notation, we denote by £;+ Ly + Ly the 2¢-tuple of X defined
by
(L1+4+ Lo+ Ly)r = L1+ Log + Ly for all F C [d].

Note that £ + L5 + Ly consists of ideals and that
Ly C (L1+4 Lo+ Ly)p for all F C [d],

so we can make sense of the 2%-tuple [£1 + L5 + Lyz, of [X]z,. First we check that the
family of ideals [£y + L2 + Ly|z, is an (E)-2%-tuple of [X],, that is invariant and partially
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ordered.

The fact that [£; + Lo + Ly]r, is invariant and partially ordered follows from the
corresponding properties of the NT-2%-tuples £; and L,, as well as the fact that L
is positively invariant for X. Next recall that [£]z, is an (M)-2%tuple, and thus it is
contained in Z([X],,). Hence, in order to show that [£; 4+ L + Ly]z, is an (E)-2-tuple,
it suffices to show that

0

(L1 + Lo+ Loz, € [L]e,-

In turn, it suffices to show that
Lirp+Lop~+ Ly C Lp for all FF C [d]. (4.1)

This is immediate, since J*', 3?2 C J and the parametrisation of Theorem respects
inclusions. Thus £y, Lo C £, and by definition Ly C L, showing that holds.

Hence we may consider the (d — 1)-iteration [£y + Lo + E@]fmfl). For notational con-
venience, let £’ be the 2%-tuple of X defined by

Ly if F =0,

L=
[zt ([Lvr + Lop + Lol V) i 0 £ F C [d),

as per the statement of the proposition. Note that £’ consists of ideals and satisfies
Ly € L% for all ' C [d]. Moreover, we have that [L'];, = [£1+ Ls + E@]gfl) is the

M)-2tuple of [X]¢, that induces 3. %0 &0 b 3.4.7 In particular, £’ |
(M)-2%-tuple of [X]., that induces Jierseaiey)e, PV Theorem 3.4.7 In particular, £’ is
an NT-2%-tuple of X by an application of Proposition [4.1.8]

It now suffices to show that J = J£, as the parametrisation of Theorem then

yields that

L=0=0"—p,

as required. To this end, we construct the following commutative diagram

NTx/3
Q3
@5
NTx C s N,
<I>~L/
x
NTx /3%

of x-epimorphisms, where @ is the lift of X — [X]., guaranteed by Remark [2.4.5 The

maps

Qﬁ (Q3 oﬁX) X (QS O%X) and Q:‘L’ = (Q:‘L’ Oﬁx) X (QJU OE)()

are the canonical quotient maps. The map ®; is induced by the injective Nica-covariant
representation of [X]., obtained by applying item (iii) of Proposition for (m,t) :=
(Qy0Tx,Qyotx). The map @, is obtained analogously, using (Qcr © Tx, Qe 0 tx) in
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place of (Q5 o Tx, Q5 o tx) and the fact that L = Ly. Since each map is canonical, it
suffices to show that the kernel ker @3 = Q(J) coincides with the kernel ker @ = Q(J).
Then N'Tx /3 = N'Tx/J* by the map f+J +— f+J* forall f € NTx and so J = J*'.

To this end, we have the following three claims.

Claim 1. With the aforementioned notation, we have that

~£/) _ ~(*[X]£® ﬁxm@)
[L/}[a@ ’

Proof of Claim 1. By an application of item (i) of Proposition we have a canonical

x-isomorphism

7¥[X]£’ )

~L A~y ! "(ﬁ[x]
NTx /3 =2 NO(L gy, X)) = N T, [y,

using that £’ is an NT-2%tuple and that Ly = Ly. This *-isomorphism is induced by @

(7 t )
| f € NTx. It follows that

in the sense that it maps f + 3% to Q(f) +3[D]£
0

, (7 t )
Q) =73 [L,[]XL];” ey , as required. 0

Claim 2. Let L) and L} be the 2*-tuples of X defined by L} p := L1p + Ly and L} p =
Lop + Ly for all F C [d]. Then [L]z, and [L})z, are (E)-2%-tuples of Xz, that consist

of ideals, and

0

N(f[x]% f[x]% ) ~(W[X]£® f[x]ﬂw)

L], = Iy, ey,
Proof of Claim 2. Both [£}]z, and [£}]., consist of ideals of [A]., and are (E)-2%-tuples
of [X],,, since both are contained in the (E)-2%tuple [£1+ L2+ Ly, of [X]z,. Moreover,
it is routine to check that [L}]z, + [£5]z, = [£1 + L2 + Ly]r,. Hence we obtain that

(f[x]% i[x]% )

~

~(f[x]% ,f[x]%) B N(W[X]Em i[x]ﬁm) B N(ﬁ[x]% ,f[x]ﬂw) B ~(f[x]£@ ,f[x]%) N(ﬁ[x]% ,f[x]ﬂw)
£, T earsgle, = Ve, ik, T VL, Jizhle, )
using Proposition [3.1.6]in the final equality. U

Claim 3. With the aforementioned notation, we have that

STy X)) (g, dxg,)

Y o) |~ 0
QQ) = Iz, T, :
Proof of Claim 3. For notational convenience, we will denote the right hand side by J'.

For the forward inclusion, we show that Q(f) € J' for all generators f of J*'. The same

holds for J*2 by symmetry, giving that Q(J) C J'. To this end, we resort to Proposition
[4.2.20 Note that

Q(Tx(L10)) = 7ix1,, {0}) € F

since £19 C Ly. Now fix ) # I C [d],a € L1 and k, € K(X,) such that [p,(a)lz, , =
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[kule, , for all 0 # n < 1. Making the usual identification
L([Xnle,pleosery) = L([Xalg,) for all 0 # n < 1y,
we may write [-]z, = [-]zy/c,, © [*]2,, and deduce that
[0n(@)]cy = [Fale, for all 0 #n < 1p.
Consequently, we obtain that

Qx(a)+ Y (~)y, (k) =Tixig, (laley) + Y (~1)= W, n([kale,)

0#n<lp 0#n<lp
- ﬁ[X]ﬁw ([a]ﬁm) + Z (—1)‘2‘5[)@%@([(bﬂ(a)]gm)
0#n<1p
— _ ST bixg)
= T[Xlg, ([a]E@)Q[X]%,F S \5[5/1]% CJ,

using that a € L1 p C L] p.
For the reverse inclusion, it suffices to show that Q(J) contains the generators of

(7 i ) (T it )
J| E’E)](c]% ¥%” The same holds for J; 55}2% e by symmetry, concluding the proof of the
0 0

claim. Fix § # ' C [d] and a € L] = L1,r + Lp. Then in particular a € Lr by (4.1)).
By item (v) of Proposition for each 0 # n < 1 there exists k, € K(X,,) such that
[Pn(a)]zy = [kn]z, and

Thus we have that

Txley (20T, 7 = T, (aley) + Y (FDWy, 4 ([00(a)le,)

0#n<1p

=Q(Fx(a)+ Y (—=D"Wy, (k) € QM)

0#n<lp

as required. O

Using Claims 1, 2 and 3 (and adopting the nomenclature therein), we conclude that

' (Tix1z, tixle,) Tix1g, o tixie,) (Tixig, txie,)

~L ~ c c ~ c c ~ c c ~

ker @y = Q%) =3I, " =z, t, 0 = QQ) =kerdy,
and the proof is complete. O

By making minor changes to Theorem [£.2.3] we can parametrise the gauge-invariant
ideals of NO(K, X) for any relative 2%-tuple K of X. In particular, we can parametrise
the gauge-invariant ideals of N Ox. We begin with a definition.
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Definition 4.2.8. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let K be a relative 2%-tuple of X and let £ be a 2%-tuple of X. We
say that £ is a K-relative NO-23-tuple (of X ) if £ is an NT-2%tuple of X and K C L.
We refer to the Z-relative NO-2%-tuples of X simply as NO-2¢-tuples (of X ).

It will follow from Theorem [4.2.11| that the set of K-relative NO-2%-tuples of X is
non-empty. As we have seen in Proposition , NT-2%-tuples constitute the higher-rank
analogue of Katsura’s T-pairs, and an analogous relationship exists between NO-2%-tuples

and Katsura’s O-pairs.

Proposition 4.2.9. Let X = {X,},cz,. be a product system with coefficients in a C*-
algebra A. Then the NO-2-tuples of X are exactly the O-pairs of Xi.

Proof. This is immediate by Proposition f.1.7} since Zg1y = Jpy = Jx, - O

The lattice operations of Definition restrict to the set of K-relative NO-2%-tuples
of X.

Proposition 4.2.10. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Let K be a relative 2¢-tuple of X and let L1 and Ly be K-relative NO-
24 tuples of X. Then L1V Ly and L1 A Ly are K-relative NO-2%-tuples of X.

Proof. For F' C [d], we have that Kr C £y p and Kr C Lo r by definition. Hence
Kr CLipNLor = (L1 NLs)p,

using Proposition in the equality. Hence £; A Ly is a K-relative NO-2¢-tuple of X.
Next, note that
Ko C Lig ST +3%) = (L1 V L)
by Proposition [4.2.70 Now fix ) # F C [d]. Since Kp C L5 + Lop + (L1 V L2)y, we
obtain that

Krlcives)e € [Lrr + Lor + (L1 V La)olcives)y € [L1r + Lop + (L1 V 52)0]?2&2)@7

and by Proposition we conclude that Kp C (L1 V Ly)p, completing the proof. [

For a relative 2-tuple K of X, we write Qx: N'Tx — NO(K, X) for the canonical
quotient map. Equivariance of Qx gives that J is a gauge-invariant ideal of NO(K, X) if
and only if J = Qx(J’) for the gauge-invariant ideal J' := Q' (J) of N'Tx. With this we
can adapt the parametrisation of Theorem to account for NO(K, X).

Theorem 4.2.11. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let K be a relative 2%-tuple of X. Equip the set of K-relative NO-
24 _tuples of X with the lattice structure of Deﬁm’tion (suitably restricted) and equip
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the set of gauge-invariant ideals of NO(K, X) with the usual lattice structure. Then these

sets are isomorphic as lattices via the map
L Qi (IF), for the canonical quotient map Qx: N'Tx — NO(K, X), (4.2)

for all K-relative NO-2%-tuples L of X. Moreover, this map preserves inclusions.

Proof. First note that the proposed lattice structure on the set of K-relative NO-2¢-tuples
of X is well-defined by Proposition [£.2.10, The comments preceding the statement of the
theorem show that constitutes a well-defined map.

Next we check that the mapping is injective and surjective. To this end, first we show
that ng £x) C J* whenever L is a K-relative NO-2¢-tuple of X. Fix F' C [d] and a € Kp.
It suffices to show that Tx (a)qx r € J£. Since L is a K-relative NO-2¢-tuple of X, we have
that a« € Kp C Lp. Likewise, because ¢,(a) € K(X,,) for all 0 # n < 1, an application
of Proposition 4.2.2] gives that

Tx(a)gyp =7x(a) + > {(=1)")x,(n(a)) |0 £ n < 1} € F°,

as required. Consequently, we have the following commutative diagram

Q5
NTy —2 5 NTx /3¢
-1
Q’Cl e

NOK, X)

of canonical x-epimorphisms, so that ker ® = Qx(J*). Thus we obtain a *-isomorphism
©: NOK, X)/Qrc(3°) = NTx /35 D(f+Qx(35)) = O(f) for all f € NO(K, X). (4.3)

For injectivity of the map (4.2)), suppose we have K-relative NO-2%-tuples £ and L' of
X such that Qxc(J%) = Qi (J*). Applying (4.3) for £ and £, we obtain a *-isomorphism

NTx /35 = NTx /355 Qse(f) = Quer (f) for all f € NTx.

In turn, it follows that J* = 35/ and hence £ = £’ by Theorem m

For surjectivity of the map , let J be a gauge-invariant ideal of NO(K, X). Then
Qr'(J) is a gauge-invariant ideal of /\/ Tx and thus Q' (J) = J* for a unique NT-2-tuple
L of X by Theorem [4.2.3| It suffices to show that IC C L. To this end, let £ := ﬁﬁgx’t){).
Then we have that

3[1’ — \/KI(C?X tx)

by Theorem {.2.3l We claim that I C £’. Indeed, we have that Tx(Ky) C Jy (Tx.tx) by
definition and therefore Ky C Ljj. Likewise, fixing () # F C [d] and a € Kp, we have that

~(Tx,tx)

7x(a)xr € I

and thus Qx(7Tx(a)gx r) = 0. Using Proposition [2.5.16| to expand
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7x(a)qx r as an alternating sum, we therefore obtain that a € L% and so Kr C L. In
total, we have that I C L', as claimed.

Moreover, we have that
35’ — Jl(?x»tx) C le(g) — 357

and so £ C L since the parametrisation of Theorem respects inclusions. Thus
K C L' C L, as required.

The map respects inclusions and the lattice structure since it is a restriction of
the first parametrisation map of Theorem m (followed by the *-homomorphism Qy),

which satisfies these properties. O

A direct consequence of Theorem is that, if J is a gauge-invariant ideal of N7y,
then L9 is a K-relative NO-2¢-tuple if and only if the quotient map Q5: N'Tx — NTx/J
factors through the quotient map Qx: NTx — NO(K, X).

Applying Theorem for £ = Z provides the parametrisation of the gauge-

invariant ideals of NOx.

Corollary 4.2.12. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A. Equip the set of NO-2%-tuples of X with the lattice structure of Definition
(suitably restricted) and equip the set of gauge-invariant ideals of NOx with the

usual lattice structure. Then these sets are isomorphic as lattices via the map
L Qz(I5), for the canonical quotient map Qz: N'Tx — NOx, (4.4)

for all NO-2%-tuples L of X. Moreover, this map respects inclusions.

Theorem recaptures the parametrisation of Katsura [36], as presented in Theorem
2.2.20 More generally, Theorem [4.2.11| recaptures [36, Proposition 11.9].
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Applications

The applications that we consider in this section pertain to product systems over Zi that
are regular, or arise from C*-dynamical systems, or from strong finitely aligned higher-
rank graphs, or whose fibres (apart from the coefficient algebra) admit finite frames. We
begin by exploring the situation where an ideal can be placed as the Lg-member of an
NO-2%-tuple £, which will be helpful for further examples.

5.1 Participation in an NO-2%-tuple

If I C A is an ideal that is positively invariant for X, then the quotient map X — [X];

induces a canonical *-epimorphism
[']1: NTX — N,]TX]I

by Remark [2.4.5] It is well known that this map does not in general descend to a canonical
s-epimorphism NOx — NO\x),, even for d = 1 (see Example for a counterexam-
ple). However, using the NO-2¢-tuple machinery, we can determine precisely when this
occurs. To this end, we introduce the following definition, modelled after [36, Definition

48]

Definition 5.1.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. We say that an ideal I C A is negatively invariant (for X ) if

IrN X (1) C I for all ) # F C [d).

Remark 5.1.2. Note that A is negatively invariant trivally. In fact, we also have that
{0} is negatively invariant. To see this, fix @ # F C [d] and a € Zr N X' ({0}). It suffices
to show that a = 0. Since a € X'({0}), we have that

(Xp,aX,) ={0} forall0 #n <1,

by definition. In turn, we deduce (in particular) that a € (1), pker¢;. However, we
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also have that a € Zp C Jr C (,p ker ¢;)*. Combining the preceding deductions, we

conclude that a = 0, as required.
Definition leads to the following natural extension of [36, Proposition 5.3].

Proposition 5.1.3. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let I C A be an ideal. Then I is negatively invariant for X if and
only if Ir C Jp(I,X) for all ) # F C [d].

Proof. Assume that I is negatively invariant for X. Fix ) # F C [d] and take a € Zp.
Then ¢;(a) € K(X;) for all i € [d] and so [¢;(a)]; € K([X;]r) for all i € [d] by Lemma
2.2.11] Moreover, we have that

aX; () CIp N XN (1) C 1.

Hence a € Jr(I, X) and we conclude that Zr C Jp(I, X) for all ) # F C [d], as required.

Now assume that Zr C Jr(I,X) for all ) # F C [d]. Fix § # F' C [d] and take an
element a € Zr N X' (I). We have that a € Jp(I, X) by assumption, so aX,'(I) C I.
Since a € X7'(I), we obtain that a € I by using an approximate unit of X;*(I). It

follows that I is negatively invariant, completing the proof. O]

In order to motivate further the importance of the £y-member of an NO-2%-tuple L,

we give the following proposition.

Proposition 5.1.4. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A and let £ be an NO-2%-tuple of X. If L satisfies

Zr([X]ey) € (Zr(X) + Lo)/ Ly for all F C [d],

then [L]e, = I([X]z,) and thus NO([L]z,, [X]z,) = NOixy,., -

Proof. By assumption, for all F' C [d] we have that
Zr([X]ey) © (Tr(X) + Lo) /Lo € (Lr + Lo)/ Lo = [LFle, € Tr([X]e,),

using that £ is an NO-2%-tuple in the second inclusion and that [£]., is an (M)-2%-tuple
of [X]., by Proposition in the final inclusion. Hence [£];, = Z([X],,) and thus by
definition NO([L]z,, [X]z,) = J\/’(’)[X}%, as required. O

Definition 5.1.5. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A, let I C A be an ideal and let £ be an NO-2%-tuple of X. We say that
I participates in L if Ly = 1.

If I is an ideal that is positively invariant for X, then negative invariance of I is nec-
essary and sufficient for the quotient map X — [X]; to induce a canonical x-epimorphism

between the corresponding Cuntz-Nica-Pimsner algebras.
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Proposition 5.1.6. Let X be a strong compactly aligned product system with coefficients
in a C*algebra A and let I C A be an ideal. Then the following are equivalent:

(i) I participates in an NO-2%-tuple of X ;
(i) I is positively and negatively invariant for X ;
(#ii) I is positively invariant for X and the quotient map X — [X|; lifts to a (unique)
canonical *-epimorphism NOx — N Oy, .

Proof. [(i)=-(ii)]: Assume that I participates in an NO-2%tuple £ of X. Then in partic-
ular I = Ly is positively invariant for X. On the other hand, since Z(X) C L we have
that

Tp(X) C Lp C Jp(Lo, X) = Jp(I,X) for all 0 # F C [d].

Proposition then gives that [ is negatively invariant for X.

[(ii)=-(ili)]: Assume that [ is positively and negatively invariant for X and let £ be the
24-tuple of X (consisting of ideals) defined by

Lp:=Tp(X)+ 1 for all F C[d].

Since Z(X) is invariant and I is positively invariant for X, we have that £ is invariant.
Since Z(X) is partially ordered, we also have that £ is partially ordered. Moreover, by
Proposition [5.1.3| we have that

ICLr=Tp(X)+1C Jp(I,X) forall ) # F C [d],

where we also use that I is positively invariant and so I C Jp(I,X). Therefore, the
family [£]; is an invariant and partially ordered 2¢-tuple of [X]; that consists of ideals
and satisfies [£]; € J([X];) by item (ii) of Proposition [4.1.3] Hence [£]; is an (E)-2¢-tuple
of [X]; by Proposition . Consequently, we have the canonical *-epimorphisms

NTx =5 NTixg, =5 NO(L [X]1) — N Oy,

where the final *-epimorphism follows from the co-universal property of NOx, .

In order to deduce the required *-epimorphism, it suffices to close the following diagram

QI(X)l lQ
NOx-—---- - NO([£];, [X]1) NOx),

by a canonical *-epimorphism. Hence it suffices to show that the kernel ker Qz(x) =

3(;&’)@‘ ) is contained in the kernel ker Q o [-];.
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To this end, recall that the generators of ker Q7(x) = S(If(;((’)zx ) are of the form Ty (a)Tx.F

where a € Zp(X) and F C [d]. Fix F C [d] and a € Zp(X) C Lp, so that [a]; € [LF].
Then by definition we have that

_ _ _ _ ~Tx1tx),)
[7TX<G)QX,F]I = W[X]I([G]I)Q[X]I,F € d[g][jq[ P = ker Q,

and thus Tx(a)qx p € ker @ o [-];. It follows that ker Qz(x) C ker Q o [-];, as required.

[(iii))=(1)]: Assume that I is positively invariant for X and that the quotient map X —
[X]; lifts to a (unique) canonical *-epimorphism ®: NOx — NOxj,. Thenker ® C NOx

is a gauge-invariant ideal and so we can consider the gauge-invariant ideal
3= QE(IX) (ker ®) C N Tx.

In particular we have that JZX )y , and so £ is an NO-2%-tuple of X since the parametri-
sation of Theorem respects inclusions. Using that Qz(x)(J) = ker @, we obtain a

sequence of canonical *-isomorphisms
NO(IL 3. [X]3) = NTx /3 = NOx/Qrx)(3) = NOx/ ker @ = N Oy,

where the first s-isomorphism is given by item (ii) of Proposition and the second is
determined by

f+3 = Qux)(f) + Qzx)(J) for all f e NTx.

By restricting to the coefficient algebras, we have that [A] c = [A]; by the map a + £g >
a+ I for all a € A. Thus Eg = I, as required. ]

We now collect in one place the main results of this section and their consequences.

Corollary 5.1.7. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A. Let I C A be an ideal that is positively invariant for X and satisfies

Ir([X]r) = (Zp(X) + I)/I for all F C [d].

Let the 2%-tuple L of X be defined by L := Tp(X)+1 for all F C [d]. Then the following
hold:

(i) The 2%-tuple L is an NO-2¢-tuple of X .
(ii) NOx/Qz(JF) = NOx, canonically, where Qz: N'Tx — N Ox is the quotient map.
(i) If I € N{o; (K(X3)) | i € [d]}, then

Qz(3%) = (Qz(7x (1)) = span{ty ,(Xu)7x (D% (Xm)" | n,m € ZL},

where (1%, t%) denotes the universal CNP-representation of X. Thus NOrxr is a
hereditary, full C*-subalgebra of Qz(J*).
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Proof. (i) Note that £ is a family of ideals such that £y C Lp for all F C [d], and
Ly = I is positively invariant for X by assumption. We also have that [£]; = Z([X];) by
construction. Thus [£]; is an (M)-2¢- tuple of [X]; by Remark [3.2.9 and in turn £ is an
NT-2¢-tuple of X by Proposition . Moreover Z(X) C L by definition and thus £ is
an NO-2¢-tuple, proving item (i )

(ii) We have the canonical *-isomorphisms
NOx/Qz(I*) = NTx/I* = NO(IL]1, [X]1) = NOx,,
where the first is determined by

Qr(f) + Qz(I°) — f+ I for all f e NTx

and the second is guaranteed by item (i) of Proposition[4.2.1] Note that the former is well-
defined since Z(X) C £ and therefore JZ(X )tX ) = 32X C F% by combining Proposition
with the fact that the parametrisation of Theorem respects inclusions. This
finishes the proof of item (ii).

(iii) Assume that I € N{¢; (K(X;)) | i € [d]}. This ensures that £ is both an NT-
2%-tuple and a relative 2%-tuple of X. Hence J* = J; (T tx) by Proposition |4.2.2L Since
% (Zr(X))qx p = {0} for all F C [d], we have that

Qz(ﬁﬁ) - (< (EF)GXF | FC [d]>)
< f{ qXF | F C [d]>
= (mx(I)

QXF|@7£FC[]>

To see that

(mx (D), 7x(Dax p |0 # F € [d]) = (Qz(Fx (1)) = (7x (1)) .

it suffices to show that the right hand side contains the generators of the left hand side.
To this end, fix @ € [ and () # F C [d]. An application of Proposition [2.5.16| gives that

mx(a)gx p = mx(a) + Z{ D)™y% u(0u(@) [0 # n < 1}

Fixing 0 # n < 1, we have that n = 1, for some () # D C F. Hence we obtain that

Uk n(On(a)) = ||'||-1i§n¢§<,@(¢g( a)epy) = ||]| - hmﬁx( Wk nlepn) € (Qz(Tx(1))),

where we use the nomenclature of Proposition [2.5.13|in conjunction with (2.16)). Hence
we have that V% (¢n(a)) € (Qz(Tx(I))) for all 0 # n < 15, and therefore

% (a)qx p € (Qr(Tx(1))),
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as required. In total, we conclude that Qz(J*) = (Qz(7x(I))).
For the final equality, we have that

(Q(mx(1))) = (& (1)) = SpAn{rk,(X) 7k (1)K (X) | mm € 2},

using item (i) of Proposition in the second equality. The last assertion of item (iii)
follows from Proposition [2.6.10, finishing the proof. O]

5.2 Regular product systems

Let X be a regular product system over Z% with coefficients in a C*-algebra A. Recall
that X is automatically strong compactly aligned by Corollary[2.5.6] Also, an ideal I C A
is negatively invariant for X if and only if X5'(I) C I for all @ # F C [d], since Zp = A
for all ) # F C [d]. The gauge-invariant ideals of NOx can be parametrised particularly

succinctly. We start with some auxiliary results.

Proposition 5.2.1. Let X be a reqular product system over Zi with coefficients in a
C*-algebra A and let I C A be an ideal. Then the following hold:

(i) If I is negatively invariant for X, then Jp(I,X) = A for all ) # F C [d].
(i) If I is positively and negatively invariant for X, then [X]; is regular.

Proof. For item (i), fix ) # F C [d]. We have that Zp(X) = A by regularity. Since [ is
negatively invariant, Proposition yields that A = Zp(X) C Jr(I, X), as required.
For item (ii), Lemma yields that [¢,]([A];) C K([X,]r) for all n € Z%, using
that ¢,(A4) C K(X,) for all n € Z%. For injectivity, it suffices to show that [¢;]; is
injective for all i € [d] by Proposition 2.5.1] Accordingly, fix i € [d] and [a]; € ker[¢;];.
Then we have that (X;, aX;) C I by Proposition , and so a € X{;;(I) C [ since [ is
negatively invariant and X is regular. Hence [a]; = 0, showing that [¢;]; is injective. In

total, we have that [X]; is regular, as required. O

Corollary 5.2.2. Let X be a regqular product system over Zi with coefficients in a C*-
algebra A and let £ be a 2%-tuple of X. Then L is an NO-2%-tuple of X if and only if Ly is
an ideal that is positively and negatively invariant for X and Lr = A for all() # F C [d].

Proof. Assume that £ is an NO-2%-tuple of X, so that Z(X) C L. We have that Ly is a
positively and negatively invariant ideal for X by Proposition Next fix ) # F C [d].
By regularity of X, we have that A = Zp(X) C Lp. Thus Lr = A for all ) # F C [d],
proving the forward implication.

Conversely, assume that Ly is an ideal that is positively and negatively invariant for X
and that L = A for all ) # F C [d]. We start by showing that £ is an NT-2%-tuple of X.
Note that £ consists of ideals satisfying Ly C Lp for all F' C [d], and Ly is in particular
positively invariant for X. Hence it suffices to show that [£]., is an (M)-2%-tuple of [X],,
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by Proposition 4.1.8| By item (ii) of Proposition we have that [X]
thus

, 1s regular and

To((Xe,) = {0} = [Lale, and Tp((X]e,) = [Alz, = [Lrlz, for all 0 # F C [d].

Thus Z([X]z,) = [£]z, and we conclude that [£]., is an (M)-2%-tuple of [X]., by Remark
B.2.9 Note also that

Ty(X)={0} C Ly and Zp(X)=AC Lp forall ) # F C [d]

by regularity of X. Thus £ is an NO-2%tuple, finishing the proof. O

Corollary 5.2.3. Let X be a regular product system over Z% with coefficients in a C*-

algebra A. Then the association
I'— Ly, where Lrg:=1 and L;p:= A for all ) # F C [d], (5.1)

defines a bijection between the set of ideals of A that are positively and negatively invariant
for X and the set of NO-2%-tuples of X. Hence the set of gauge-invariant ideals of N Ox

corresponds bijectively to the set of ideals of A that are positively and negatively invariant

for X.

Proof. By Corollary the map (5.1)) is well-defined and a bijection. The last assertion
follows from Corollary [4.2.12] O

We obtain the following consequence of Corollary when A is simple.

Corollary 5.2.4. Let X be a reqular product system over Zi with coefficients in a non-
zero simple C*-algebra A. Then N'Ox contains no non-trivial proper gauge-invariant

ideals.

Proof. By simplicity, the only ideals of A are {0} and A, both of which are positively
and negatively invariant by Remark [5.1.2l An application of Corollary finishes the
proof. O

Accounting for the gauge-invariant ideals of N'Tx when X is regular and A is simple
reduces to a combinatorial argument. We begin by providing a simpler characterisation
of NT-2%tuples in this setting.

Proposition 5.2.5. Let X be a reqular product system over Z‘i with coefficients in a

non-zero simple C*-algebra A. The following are equivalent for a 2%-tuple L of X :
(i) L is an NT-2%-tuple of X ;

(ii) L is an (M)-2%-tuple of X or Lr = A for all F C [d);

(iii) L is partially ordered and consists of ideals.
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If any (and thus all) of items (i)-(iii) hold, then NO(L,X) either factors through the
quotient map N'Tx — NOx or NO(L, X) = {0}.

Proof. To see that items (i)-(iii) are equivalent, first suppose that £ is an NT-2¢-tuple of
X. If Ly = {0}, then L is an (M)-2%-tuple of X by Proposition If Ly # {0}, then
by simplicity of A we have that Ly = A. Tt follows that L = A for all F C [d] by the
partial ordering property of £. This shows that item (i) implies item (ii).

Conversely, if £ is an (M)-2%-tuple of X then it is an NT-2¢-tuple of X by Proposition
1.8 On the other hand, if Lr = A for all F' C [d], then [Lp]., = {0} for all F C [d].
Thus [£]z, is an (M)-2%-tuple of [X]., by Remark , and an application of Proposition
then yields that £ is an NT-2¢-tuple of X. This shows that item (ii) implies item
(i).

Clearly item (ii) implies item (iii) by Theorem[3.4.6] Finally, suppose that £ is partially
ordered and consists of ideals. By simplicity of A, we have that £Lp € {{0}, A} for all
F Cld. If Ly = A, then Lp = A for all F' C [d] by the partial ordering property of L.
On the other hand, if £y = {0} then £ C J(X) since Jr(X) = A for all ) # F C [d]
by regularity of X, and thus £ satisfies condition (i) of Theorem [3.4.6] Condition (ii) of
the latter is satisfied trivially, and condition (iii) is satisfied by assumption. Moreover, by
definition we have that E%) = Lr when F'=0 or F = [d]. For ) # F C [d], first suppose
that Lr = A. In this case we have that [,%1) C L trivially. Otherwise, if Lz = {0} then
K(XmLr) = {0} for all m € Z% and thus we have that

Lim,p = {a € A| lim [lgn(a)]| = 0} = {a € A| lim la]] =0} = {0},

using that X is regular and thus in particular injective in the second equality. Hence we
deduce that Eg) = {0} = Lp. Therefore L satisfies conditions (i)-(iv) of Theorem
and so is an (M)-2%-tuple of X by the latter, finishing the proof of the equivalences.

For the second claim, suppose that £ satisfies item (ii). If £ is an (M)-2¢-tuple of X,
then £ C 7 and thus (7%,t%) is an L-relative CNP-representation. In turn, we have that
NO(L, X) factors through the quotient map N'Tx — N Oy by the comments succeeding
Definition [3.1.15] On the other hand, if £p = A for all F' C [d] then in particular we have
that

x(A) = Tx(Ly) € ITH.

We then deduce that

Ex (X)) Exm (Xim)™ C [Txn(Xa)Tx (A)xm(Xpn)] € T for all n,m € 22

3(;)(,5)() is an ideal. Employlng

this deduction in conjunction with Nica-covariance of (Tx,tx) and the fact that 3(§X £x)

using an approximate unit of A together with the fact that

is in particular a closed linear subspace of N'Tx, we obtain that S(fX B = A Tx. Hence
we have that NO(L, X) = {0} by definition, finishing the proof. O
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Next, we consider P([d]) with the usual partial order of inclusion. For elements D, F' €
P([d]), we say that D and F are incomparable if D € F and F ¢ D. Fixing notation, for
a family S C P([d]) we write

min(S) := {F € S| F is minimal in S},

and
(S) :=={F Cd] | there exists I’ € S such that I’ C F'}.

It follows that S C (S) and that min(S) consists of pairwise incomparable elements of
S. In fact, a family S C P([d]) consists of pairwise incomparable elements if and only
if S = min(S). Note that if S C P([d]) is empty or a singleton, then it is a family of

pairwise incomparable elements vacuously.

Lemma 5.2.6. Let S C P([d]) be a family of subsets of [d]. Then we have that
(min(S)) = (S) .

Proof. The forward inclusion is immediate since min(S) C S. For the reverse inclusion,
fix ' € (S). Then by definition there exists F’ € S such that F/ C F. If F’ is minimal
in S, then F’ € min(S) and hence F' € (min(S)), as required. If F” is not minimal in S,
then there exists F” € S such that F” C F' C F. By iterating the preceding reasoning
and using that S is finite, we eventually obtain an element D € min(S) such that D C F.
Thus F' € (min(S)) in all cases, finishing the proof. O

Corollary 5.2.7. Let X be a reqular product system over Zi with coefficients in a non-

zero simple C*-algebra A. Then the association

A if Fel(S),
S — Ls, where Ls p = for all F C [d], (5.2)
{0} otherwise,

defines a bijection between the set of families of pairwise incomparable subsets of [d] and
the set of NT-2%-tuples of X. Hence the set of gauge-invariant ideals of N'Tx corresponds

bijectively to the set of families of pairwise incomparable subsets of [d].

Proof. Item (iii) of Proposition implies that the map is well-defined. Indeed,
to see that Lg is partially ordered, fix ¥ C D C [d]. When Ls r = {0} there is nothing to
show, so assume that Lsr = A. Then by definition F' € (S) and so there exists F' € S
such that

F'CFCD.

Since F' C D, we have that D € (S) and so Ls p = A. Hence in all cases we obtain that
Lsr C Ls p, as required.

For bijectivity of the map (5.2), it suffices to construct an inverse map. To this end,

160



Chapter 5. Applications

fixing an NT-2%tuple £ of X, we set
Se = {F C[d| Lr = A}.
Note that Sy = (S;) by the partial ordering property of L. It follows that the assignment
L+ min(S;), where £ is an NT-2%tuple of X, (5.3)

constitutes a well-defined map that takes values in the set of families of pairwise incom-
parable subsets of [d] by the comments preceding Lemma Next we check that this
map is the inverse of the map .
Firstly, fix an NT-2%-tuple £ of X. We must show that Lmines,) = £. To this end, we
have that
(min(S¢)) = (Sc) = S,

using Lemma in the first equality. Hence we obtain that Lys,) = £ as an imme-
diate consequence of the definition of S;.
Next fix a family S of pairwise incomparable subsets of [d]. We must show that

min(Sg,) = S. Accordingly, note that

by definition and take F' € min((S)). Then F € (S) and F' is minimal in (S). Thus there
exists F' € S such that F C F. Since F, F' € (S), minimality of F' yields that F' = F’
and so we deduce that min((S)) € S. For the reverse inclusion, fix F' € S C (S). We
must show that F' is minimal in (S). To this end, take D € (S) such that D C F. Then
there exists D’ € S such that D' € D C F. Since S is a family of pairwise incomparable
subsets of [d], we must have that D’ = F" and hence F' = D. Consequently, we have that
F'is minimal in (S) and thus & C min((S)). We conclude that min(S;;) = S and thus
in total the map is the inverse of the map , as required.

The last assertion follows from Theorem [£.2.3 and the proof is complete. O

5.3 C*-dynamical systems

In this section we interpret the parametrisation of Theorem in the case of C*-
dynamical systems. As a corollary we recover the well-known parametrisation for crossed
products. We use this class of product systems to produce an example for which the
quotient map X — [X]; does not lift to a canonical *-epimorphism NOx — N O\, for
a positively invariant ideal I C A.

The structure of the Nica-Pimsner and Cuntz-Nica-Pimsner algebras of a dynamical
system were studied in [I5, [31]. In particular, the form of the CNP-relations that arose in

this setting was one point of motivation for looking further into strong compactly aligned
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product systems in [I7]. We start by establishing notation and terminology from [15].

Definition 5.3.1. A C*-dynamical system (A,«,Z%) consists of a C*-algebra A and a
semigroup homomorphism a: Z% — End(A) satisfying g = ids. The system will be
called injective (resp. automorphic) if «,, is injective (resp. a x-automorphism) for all
n € Z%. The system will be called unital if A is unital and a,(14) = 14 for all n € Z1.
The system will be called non-degenerate if [a,(A)A] = A for all n € Z1.

Every C*-dynamical system can be canonically associated with a product system. We

present this construction in detail.

Proposition 5.3.2. Let (A, «, Z%) be a C*-dynamical system. Fizingn € 22, define the
space
Xan = [an(A)A].

Then X, carries the structure of a C*-correspondence over A, where the right Hilbert

A-module structure is inherited from A and the left action is given by
On: A= L(Xan); On(a)é, = an(a)é, for alla € AL, € Xan.

Moreover, we have that a,,(A) C X, and that ¢,(A) C K(Xan)-

Proof. 1t is clear that X, , inherits the usual right Hilbert A-module structure from A by
definition. Next we check that ¢,, is well-defined. Accordingly, observe that

an(A)[an(A)A] C o (A)an(A)A] = [an(AA)A] C o (A)A]

It follows that ¢, (a) is well-defined for all a € A. We also have that

(n(@)én, ) = (an(@)én) nn = 5205@(@*)77@ = (§n, @n(a”)ny) for all a € A, &, nn € X,

and so ¢,(a)* = ¢,(a*) for all a € A. Hence ¢, is a well-defined *-preserving map. It is
routine to check that ¢, is an algebra homomorphism by using that «,, € End(A). Thus
¢n 1s a x-homomorphism and so X, , constitutes a C*-correspondence over A, as required.

Next fix a € A and an approximate unit (uy)xea of A. Notice that oy, (a)uy € X, , for
all A € A by definition. Thus we obtain that

a(0) = |1 -lim an(a)us € X

using that X, , is closed in A to establish the membership. This shows that a,,(A) C X, .
Fixing A € A and &, € X, ,,, we therefore have that

1O (ayim).am(vim) = n(@)Enll = llan(aun)én — an(a)éull < flan(aus — )l - ([l
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It follows that

1O an(ayim).an(viz) = Pul@)|| < llan(aus = a)[| < flauy — af| for all A € A.

The fact that (uy)xea is an approximate unit of A then implies that

Qbﬂ(a) = HH 'h/{n @ag(a\/ﬁ)yag(\/ﬁ) € IC(X&,@)-
Thus we have that ¢, (A) C K(X,,), finishing the proof. O

Proposition 5.3.3. Let (A, o, Z%) be a C*-dynamical system. Set
X, = {Xa,@}geZi7 where X, = [an(A)A] for alln € Z1.

Then X, carries a canonical structure as a product system over Zi with coefficients in

A, given by the multiplication maps
Xon @4 Xam = Xantm: &n @ &n — am(&n)ém for all &, € X, &m € Xam,n,m € Zi.

Additionally, we have that ¢,(A) C K(Xan) for alln € Z4 and hence X, is in particular

strong compactly aligned.

Proof. 1t suffices to show that X, constitutes a product system over Zi with coefficients
in A, as then the final claim follows immediately from Proposition [5.3.2] and Corollary
2.5.6, To this end, first note that X, ,, is a C*-correspondence over A for all n € Z< by
Proposition [5.3.2] It remains to show that X,, together with the maps of the statement,
satisfies axioms (i)-(v) of a product system.

Since ap = id4 and A = [AA], we have that X,y = A. Thus X, satisfies axiom (i).
Next we prove that the maps of the statement are well-defined. This is immediate for
n =0 orm = 0, from which it follows that axioms (ii) and (iii) hold. So fix n,m € Z%\{0}
and define the map

Unm': Xan X Xam = Xantm; (ns&m) = am(8p)ém for all , € KXamr §m € Xam-

Note that w,, ,, is well-defined since

am ([an(A)A])[am(A)A] € [am(an(A) A)am(A)A] C [anim(A)A] = Xonim,

using that « is a semigroup homomorphism and that addition in Zi is commutative
in the final inclusion. It is routine to check that w,,, is bilinear. Additionally, fixing
én € Xam,&m € Xam and a € A, we have that

Un,n (600, Em) — Unm (Ens Pm(@)ém) = A (§na)Em — am(En) (am(@)ém)
= am(ﬁﬂ)amm)fm — ap(§ )O‘m a)gm =0.
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Thus u,, ,, is also A-balanced, and therefore induces a unique linear map
Unm: Xan Oa Xam = Xoptmi&n © Em — 0 (§n)Em for all & € Xop, &m € Xam-

For &,,mn € Xan and Em, N € X m, We obtain that

(Un,m(En @ Em)s Unm(Mn @ M) = (m(€n)éms Wm (M) Nm) = f*mam(@?@)nm
= (€m> Pm((Ens M) m) = (60 @ &y M @ M) -

It follows that w,,,, extends to an isometric linear map
Unm: Xan @4 Xam = Xoprmi&n @ Em > 0 (§n)Em for all & € Xop, &m € Xam-

To see that u,,,, preserves the left action, fix &, € Xon,&n € Xam and a € A. Then we
have that

Up,m(A(€n @ Em)) = Unm((Pn(a)8n) @ &Em) = am(an(a)én)ém
U (@) 0 () Em = AU (§n ® Em),

from which it follows that u,,,, is a left A-module map by linearity and continuity of the

maps involved. Analogously, we obtain that

Un,m((§n ® Em)a) = Upm(&n @ (§ma)) = W (6n) (Ena) = tnm(§n @ Em)a.

Thus w,,,, also preserves the right action and is thus an A-bimodule map. Since u, , is
an isometric linear map and therefore has closed range, establishing surjectivity amounts
to showing that a,4m(A)A C Im(u,,,). Accordingly, fix a,b € A and an approximate
unit (uy)rea of A. We deduce that

Upm (n (@) @ (A (ur)b)) = (@) au, (ux)b = ap(an(a)uy)b for all A € A,

recalling that o, (A) € X, , by Proposition [5.3.2] Thus we obtain that
Antm(@)b = ||| - lim aum(@n(@)un)b = ||| - im iy m(@n (@) @ (@m(ur)b)) € Im(unm),

as required. In total, we have that u, , is a unitary and hence axiom (iv) holds.

It remains to check that the multiplication maps are associative. For notational clarity,
we will use the symbol “” to denote multiplication in X,. Fixing n,m,r € Z%,¢, €
Xon:Em € Xam and &, € X, ,, we obtain that

(6o &m) & = (m(§n)ém) - & = (i (8n)ém)ér
= A ym(€n) 0 (§m)ér = &n - (e (Em)ér) = &n - (Em - &),
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as required. Thus axiom (v) holds and we conclude that X, constitutes a product system

over Z‘i with coefficients in A, finishing the proof. O]

We will make liberal use of the notation in Proposition throughout the section.
The following two results further explore the relationship between a C*-dynamical system

and its associated product system.
Proposition 5.3.4. Let (A, a,Z%) be a C*-dynamical system. Then the following hold:

(i) ker o, = ker ¢y, for all n € Z2%, and thus (A, a, Z%) is injective if and only if X, is
injective.
(i) For an ideal I C A, we have that o' (I) = X L (I) for all n € Z4.
Proof. (i) It suffices to prove the first claim, as the second follows as an immediate conse-

quence. Accordingly, fix n € Zi and note that the forward inclusion holds by definition
of ¢,,. Next take a € ker ¢,,, so that

an(a)é, = ¢n(a)é, =0 for all &, € X, .
Hence, fixing an approximate unit (uy)xep of A, we obtain that
an(a) = an(||-|-limauy) = |- -lim an(a)an(ur) = 0,

using that a,(A) € X,, by Proposition in the final equality. This shows that

ker ¢,, C ker ay,, as required.

(ii) Fix n € Z% and a € A. Then we have that

(Xams aXan) = [an(A)A]"ay(a)[a,(A)A]

by definition. Thus it is clear that oy, *(I) € X} (1) since I is an ideal. Finally, suppose
that a € X (I). In particular, we have that

an(AaA) = ay(A) ay(a)an(A) C (Xap, aXan) C 1,

using that «,(A) C X, , by Proposition [5.3.2} Since I C A is closed, an application of an
approximate unit of A yields that ay,(a) € I and hence X} (1) € a,'(I), finishing the
proof. O

Proposition 5.3.5. Let (A, o, Z%) be a C*-dynamical system and fixn € Z%. Then there

exists a x-isomorphism ® determined by

D K(Xam) = [an(A)Aan(A)]; O, i, + Eamy, for all §u,m € Xan-

Additionally, if I C A is an ideal then K(Xonl) = [an(A) I, (A)] via restriction of .
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Proof. Firstly, it is routine to check that [a,,(A)Ia,(A)] is a C*-subalgebra of A whenever
I C Ais an ideal. We begin by defining a map

®: span{O¢, 5, | &ns M € Xan} — [an(A)Aay (A Z @£<]) 9 = Zf(j

for all {n ,nn € Xan,J € [n] and n € N. Note that ® is linear by construction. To see
that ® is well-defined, first note that

[ (A)Allan(A)A]" C [a

n(A)AJ[Acn (A)] € o (A)AAay (A)] C [an(A) Ay (A)]

and so
Im(®) C [an(A)Aan(A)],

as claimed. Next, fixing n € N and 5&”, ng) € X, for all j € [n], we claim that

| Z9£g>mg>||mxa,ﬂ> = > €99 .
j=1 j=1

To see this, first note that
n P S |
| Z@ggmgﬁlm(xa,ﬂ) = |7 Z (" ) 2 a4
j=1

by [8, Lemma 4.6.1] or by arguing as in the proof of Proposition 2.2.2] Next we define
matrices M = (M;;);;, N := (Nyj)ij € My, (A) such that
D pg =1, 0 ifi=1,

My =4 and N;j =
0 otherwise, 0 otherwise.

Observe that M*M = (£ O, and N*N = ()" pY) )ij- An application of then
gives that
| (M M2 (NN g,y = I N g

A direct computation yields that M N* is the matrix with (1, 1)-entry equal to > " i1 fn n] o
and all other entries equal to 0. Hence, since A embeds in M, (A) as the (1, 1)-entry, we

have that ) n
H Z@g(ﬂ”,n(ﬂj)H’C(Xa,ﬂ) — H ng () HA
j=1 p

as claimed. It follows that ® is a well-defined isometric linear map. In turn, the map
extends to an isometric linear map ®: K(X,,) — [an(A)Aa,(A)]. It is routine to show
that ® is a x-homomorphism by checking on rank-one operators and then extending to

the general case using linearity and continuity of ®.
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Being a x-homomorphism between C*-algebras, we have that Im(®) is a C*-subalgebra
of [a,(A)Aa,(A)]. Consequently, proving that ® is surjective amounts to showing that
an(A)Aa,(A) C Im(P).

To this end, fix a,b,c € A. Recalling that «,(A) C X, by Proposition [5.3.2) we obtain
that

ozn(a)ban(c) = (I)(@O@(a)buﬂ(c*)) (54)

and thus & is surjective. Hence ® is a x-isomorphism, proving the first claim.
For the final claim, fix an ideal I C A. By the first claim, it suffices to show that

P(K(Xanl)) = [an(A)ay(A)].

The forward inclusion follows by noting that

o (A) AT e (A)AJ" C [an(A) Al [Acn (A)] € o (A) AT Ay (A)] € [ (A) T (A)].

For the reverse inclusion, it suffices to show that a,(A)la,(A) C P(K(X, 1)) since
O(K(Xanl)) is a C*-subalgebra of [a,(A)la,(A)]. This follows from (5.4)), now taking
be I. Hence ®(K(X, 1)) = [an(A)Ia,(A)] and the proof is complete. O

Next we consider the Nica-covariant representations of a C*-dynamical system and

how they relate to the Nica-covariant representations of the associated product system.

Definition 5.3.6. Let (A4, o, Z% ) be a C*-dynamical system. A covariant pair for (A, o, Z%)
is a pair (7, V) acting on a Hilbert space H such that 7: A — B(H) is a *-homomorphism,
V: 7% — B(H) is a semigroup homomorphism, and

m(a)V, = Vor(an(a)) for alln € Z2,a € A. (5.5)

We say that V' is contractive/isometric if V,, is contractive/isometric for all n € Z4. We
say that V' is Nica-covariant if it is contractive and V'V, = V,V; for all n,m € Zi
satisfying n A m = 0.

We say that (m, V') is contractive/isometric/Nica-covariant if V is contractive/isome-
tric/Nica-covariant. An isometric Nica-covariant pair (7, V) for (A, a, Z% ) is called Cuntz-

Nica-Pimsner covariant (abbrev. CNP-covariant) if

7(a) H(I —ViV") =0 for all a € ﬂ a;((m ker a;)") and ) # F C [d]. (5.6)

i€F nlF i€F
We write C*(m, V') for the C*-subalgebra of B(H) generated by the images of 7 and V.
If V' is isometric, then we have that V) = I automatically. Indeed, this follows from the

observation that
VQ = ‘/Q-i‘Q = ‘/Q27
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since V' is a semigroup homomorphism. Multiplying by V" on the left then finishes
the proof of the claim. Commutativity of addition in Z‘i employed in tandem with the
fact that V' is a semigroup homomorphism ensures that the operators V,, commute for
all n € Z4. We write N'T(A,«) for the C*-algebra that is universal with respect to
the isometric Nica-covariant pairs for (A, a, Z%), and NO(A, a) for the C*-algebra that
is universal with respect to the CNP-covariant pairs for (A,a,Zﬁlr), both of which are

generated by a copy of A and Z2.

The connection of (5.6) with the CNP-representations of X, was established in [15],

where it is shown that

Tr = (ﬂ keroy)t and Ip = ﬂ a;l((ﬂ ker o)) (5.7)

1€EF nlF i€EF
forall ) # F C [d]. The isometric Nica-covariant (resp. CNP-covariant) pairs of (4, o, Z4 )
induce Nica-covariant representations (resp. CNP-representations) of X, by the associa-

tion (m,V) — (m,t), where t,(a,(a)b) = V,ym(an(a)b) for all a,b € A and n € Z% \ {0}.

In general, we have that
NTx, - NT(A,a) and NOx, — NO(A,a).

The embeddings are surjective when (A, a, Zi) is non-degenerate. We provide an argu-

ment to this effect in the unital case.

Proposition 5.3.7. [15] Let (A, o, Z%) be a unital C*-dynamical system. Let S denote
the set of isometric Nica-covariant pairs (w,V) for (A, a,Z%) with 7 unital and let T
denote the set of Nica-covariant representations (m,t) of X, with m unital. Then S and

T correspond bijectively via the mutually inverse maps
G: (m,V) = (m,t), where t,(&,) = Vur (&) for all &, € Xon,n € Z4, (1, V) € S,

and
H: (m,t) = (7, V), where V,, = t,(1,) for alln € Z%, (7, t) € T,

where 1,, denotes the unit of A for alln € Z%. Moreover, the maps G and H restrict to give
a bijective correspondence between the set of CNP-covariant pairs (m,V) for (A, a,Z%)
with m unital and the set of CNP-representations (m,t) of X, with m unital. Consequently,
we have that

NTx, ZNT(A,a) and NOx, ZNO(A «)
by canonical *-isomorphisms.

Proof. For notational clarity, we will use the symbol “” to denote multiplication in X,.
Note that X,, = A for all n € Z% by unitality of (A, a,Z%). We start by showing that
G and H are well-defined. Fixing (7, V) € S, we must show that G((mw,V)) = (7,t) is a
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Nica-covariant representation of X, noting that 7 is unital by assumption. First observe
that
to(a) = Vom(a) = 7(a) for all a € A,

using that V, = I by the remarks succeeding Definition in the second equality.
Hence we have that ¢ty = 7. It is clear that t, is a linear map for all n € Z? \ {0}. Fixing

a€AnmeZl &,y € Xy and &, € X, we obtain the following three items:
(i) m(a)tn(én) = m(@)Var(§n) = Vam(an(a))m(€n) = Varr(an(a)én) = tu(dn(@)8n),
(1) 20(8n)tn(n) = 7(E) Vi Varr () = 7(E371m) = 7((&ns M)
(i) £ (&)t (Em) = Var (€n) VinT (€m) = VirmT (am(En)Em) = bntm (En - Em)-

For the second equality of (i) we use (5.5)); for the second equality of (ii) we use that V
is isometric; and for the second equality of (iii) we use together with the fact that
V' is a semigroup homomorphism. Hence (7,t) constitutes a representation of X,. To see
that (m,¢) is Nica-covariant, fix n,m € Z% \ {0}, k, € K(X,,) and ky € K(Xam). We

must show that

where the second equality follows from Proposition [2.4.1, By linearity and continuity
of the maps involved, we may assume that k, = @g";ﬁ and k,, = @g:in for some

&ns M € Xapn and &, N € X m Without loss of generality. We claim that

noting that uym—n(§n); Anvm—n (M) € A = Xonvm- To see this, it suffices to show that the
equality holds on the vectors of the form ¢, - Cyym—n for ¢, € Xon and Govm—n € Xanvm—n,
using that X, ,, ®4 Xonvm-n = Xanvm via the multiplication map 4y, pym-—rn together with

linearity and continuity of the maps involved. We obtain that

Lg\/ (© gi(jnZ)(Cn Covm—n) = (§n (s Ca)) * Cavimn = (ﬁgﬂg@) “Cnvm—n
= %Vm—n(ﬁgﬁ;(@)@v@—@ = aﬂ\/m—ﬂ(gﬂn;)aﬂ\/m—ﬂ<cﬁ)<ﬂ\/m—ﬂ

Onvm— ﬂ(gn)aﬂ\/mfn(n@)*@n * Cavm-—n)
@

For notational convenience, we set :=nVm—m. Thus we obtain

IS
i
I3
<
3
|
I3
®
=
o
K
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using that V,y,, is an isometry in the third equality. On the other hand, we have that

V() Vm (Fn) = (60t (00) tm (En) b ()™ = V@W(ﬁn)ﬂ(?@V@*me(ﬁm)ﬂ(n*m)VJL-

We claim that V'V, = V,y V%, To see this, write n = (n1,...,ng) and m = (my, ..., mq).
Then we obtain that
VoV = (V)" (V)™ vV,

using that V' is a semigroup homomorphism and the convention that raising an operator
to the power of 0 yields /. Coupling the former with Nica-covariance of V', we deduce
that

ViV = (V)" V™ (V) eV

For each j € [d], consider the term (V;*)"V;™. We have that

gy _ [0 it v =
z J

m;—n; . ) o _
% it n; Vvm; =m;,

using that Vj is an isometry. In turn, we deduce that

(‘/Z)njvvlm] _ V'nj\/mjfnj (Vz)nj\/mj—mj"

1

Rearranging terms as before, we obtain that
ViV = V'V,
as claimed. Hence we have that

U (kp) U (k) = Vﬂ(f@%) Vi Vm*’ﬁ (5@77*@) Vm*

= Vo Vwm(ay (5@77;))7(@@’ (fmn*m))v,,’i/vm*
= VavmT (0w (§a1) s (Emm)) Vv = wﬂ\/m(bi\/mafﬂ))¢@Vm(5%nvm<km>)v

using (5.5)) in the second equality and the fact that V' is a semigroup homomorphism in
the third equality. Thus (7,¢) is Nica-covariant and so G((w,V)) € T. It follows that G
is well-defined.
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To see that H is well-defined, fix (7,t) € 7. We must show that H((m,t)) = (7, V)
is an isometric Nica-covariant pair for (A, a, Zi), noting that 7 is unital by assumption.

Fixing n,m € Zi, we obtain that

Vatm = tntm (Insm) = togm (0m(1n)1m) = tnim(1n - In) = ta(Ln)tm(lm) = VaVin

using unitality of (A, a,Z%) in the second equality. Hence V is a semigroup homomor-

phism. Fixing a € A, we deduce that

In total, we have shown that (7, V') constitutes a covariant pair of (A, «, Z%). It remains

to check that (m, V') is isometric and Nica-covariant. For the former, we have that

=~
*
o
I
~
3
—
—
3

) ta(1n) = m((1p; 1n)) = W(lglﬂ) =n(l,) =1,

[ Xavﬂ 3 P Xa,m 3
kﬂ . @lﬂ,yl’n — lan,Q and km o @lm,l — lan,m.

using Nica-covariance of (7, ) in the final equality. The fact that n A m = 0 implies that

n L m and hence nVm =n + m. In turn, it is routine to check that

Xa,nt+m .
n-‘rm(k:ﬂ) — Lﬂm'i‘m(k;m) — @1Q+m+71ﬂ+m = 1dX e

using unitality of 7 in the fifth equality. Thus (7, V') is Nica-covariant and so H((w,t)) €
S. It follows that H is well-defined.

To see that G and H are mutually inverse, fix (7, V) € S. Set G((7,V)) = (7,t) and
H((m,t)) = (m,W). We have that

W, = ta(1,) = Vur(1,) =V, for all n € Z4,
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using unitality of 7 in the final equality. Hence (7, W) = (7,V') and so H oG = ids. Now
fix (m,t) € T. Set H((m,t)) = (m, V) and G((w,V)) = (7, s). We obtain that

5n(€n) = Var(§n) = ta(1n)7(&n) = ta(&y) for all &, € Xop,n € Zi'

Hence (7, s) = (m,t) and so GoH = idy. Thus G and H are mutually inverse, as required.

For the second claim, fix a CNP-covariant pair (7, V) for (A, a, Z%) with 7 unital. We
must show that G((m,V)) = (m,t) is a CNP-representation of X,, noting that 7 is unital
by assumption. Accordingly, first observe that

pi = Pilidx, ) = ¥i(O11) = Li(1)(1)" = V;V;" for all i € [d

by unitality of A and 7. Fixing § # F C [d] and a € Zp = (), p @ ' (Mjer ker ay)t), we
have that :
m(a)gr = w(a) [J( = ps) = (@) [[(T - ViV;") =0,
ieF i€F

using CNP-covariance of (7, V') in the final equality. Hence G((m, V')) is a CNP-representation
of X,, as required.

Now fix a CNP-representation (7, t) of X,, with 7 unital. We must show that H((7,t)) =
(m,V) is a CNP-covariant pair for (A, «,Z%), noting that 7 is unital by assumption. To
this end, fix § # F C [d] and a € (N, y @, " ((M;ep ker a;)7) = Zp. We obtain that

m(a) [ [(1 = ViVi") = w(a) [ [(1 = t:(1)t:(10)") = (@) [ [(Z = ps) = 7(a)ar = 0,
i€F i€F i€F

using that (,t) is a CNP-representation in the final equality. Hence H((7,t)) is a CNP-
covariant pair for (A4, o, Z%). Combining this with the corresponding fact for G, we deduce
that G and H restrict to give the bijective correspondence asserted in the statement.

For the final claim, notice that given any isometric Nica-covariant pair (m, V') of
(A,a,Z%) or any Nica-covariant representation (r,t) of X,, we have that m(14) is a
unit for C*(m, V') and C*(m,t). Hence, by suitably restricting the codomains of 7, V' and

each t,,, we deduce the canonical *-isomorphisms. O

Using the nomenclature of Proposition [5.3.7] it is routine to check that
C*(m,V)=C"(G((m,V))) and C*(m,t)=C"(H((m,t))) for all (m,V) €S, (mt)eT.

In turn, we can view N'Ox_ as being generated by a CNP-covariant pair (7, V') such that
7 is unital and injective.
Injectivity of a unital system has an equivalent reformulation in terms of the semigroup

representation in the Cuntz-Nica-Pimsner algebra.

Proposition 5.3.8. Let (A,a,Z%) be a unital C*-dynamical system. Let NOx, =
C*(m, V), where (7, V) is a CNP-covariant pair for (A, a,ZL) such that 7 is unital and
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injective. Then o is injective for all i € [d] if and only if V; is a unitary for all i € [d].

Proof. First assume that «; is injective for all i € [d], and so X, is regular by Proposition
2.5.1 Hence we have that Zp = A for all § # F C [d], and the CNP-covariance of (w, V)
gives that

m(a)(I = ViV]) =0forall a € Ipy; = A, i € [d].

Applying for a = 14, we obtain that

and so Vj is a unitary for all ¢ € [d].

Now assume that V; is a unitary for all ¢ € [d]. Fixing a € A and i € [d], we have that

n(a) = m(@)ViV;' = Vim(og(@))V;

using (5.5)). Thus it follows that if a € kercy, then a € kerm = {0} and hence «; is
injective, finishing the proof. O]

Next we translate the key concepts of Chapters |3 and [4] into the language of C*-
dynamical systems. Fixing a C*-dynamical system (A, a, Z%), note that all 2¢-tuples of
X, are relative since all left actions are by compacts. Let £ be a 2%-tuple of X, consisting

of ideals. By construction of X, we see that L is X,-invariant if and only if

Lr C () o' (Lr) for all F C [d].

nlF

In particular, an ideal I C A is positively invariant for X, if and only if

1< () en'(D).

nezd
Also, we have that [ is negatively invariant for X, if and only if
Tp N ((Yog (1) [0#n < 1p}) ST for all 0 # F C [d].

For each () # F C [d], we have that

Jp(I. Xo) ={a € Ala(( o, '(I) [0#n < 1.}) C T}

Proposition 5.3.9. Let (A, o, Z%) be a C*dynamical system and let I C A be an ideal.
Then, fixing m € Zi and a € A, we have that

[fm(a) + K(Xam DIl = llam(a) + [am(A) am(A)].

Proof. Let ®: K(Xom) — [m(A)Aa,(A)] denote the x-isomorphism guaranteed by

173



Chapter 5. Applications

Proposition [5.3.5] Recall that the latter also gives that K(Xaml) = [am(A)Iam(A)]
via restriction of ®. Fixing an approximate unit (uy)xea of A, we obtain that

Om(a) = ||| - it Oa, (i) cnn ()

by Proposition [5.3.2] and its proof. In turn, we have that

(dm(a)) = [||- 1 (O, (ay/),00m(vin)) = [I-]] - lim am (a1y) = am(a).

Hence, fixing k,, € K(Xam!), we obtain that

[Pm(a) + k|| = |P(dm(a) + kn)|l = lam(a) + P(kn)ll > lam(a) + [am(A) Tam(A)]],

using that ®(k,,) € [am(A)la,,(A)] in the final inequality. It follows that

[¢m(a) + K(XamD| > [lam(a) + [m(A) Lo, (A)]]].

Analogously, fixing b € [ay,(A)la,,(A)], note that b = ®(k,,) for some k,, € K(Xom!) by

the initial remarks. Thus we obtain that

leem (@) + 0l = [@(dm(a) + k)l = |om(a) + kml = l[om(a) + K(XamD)|-

It follows that
lam(a) + [am(A) Lam(A)]]| = [[¢m(a) + K(Xamd)],

and the proof is complete. ]

Corollary 5.3.10. Let (A, o, Z%) be a C*-dynamical system. Let K and L be 2%-tuples
of Xo. Then L is a K-relative NO-2%-tuple of X, if and only if K C L and the following
hold:

(i) L consists of ideals and Lp O ((N;ep oy '(Ly)) C Ly for all O # F C [d],
(1) Lr C(Nyip o@l(ﬁp) for all F C [d],
(i11) L is partially ordered,
() LyrNLopNLsp C Lp for all ) # F C [d], where
o L= HQLF Of;({a €Al a(ﬂieF %'_1(50)) C Ly}),
o Lor = \pir O (NrcnLlp),

o Lypi={acAllimy, rlan(a) + [om(A) Lram(A)]]| = 0}.

Proof. The result follows immediately by the remarks preceding the statement and Propo-

sition [5.3.9} applied in conjunction with Definitions [4.1.4]and |[4.2.8] as well as Proposition
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4.1.5] Note that the latter applies since the left action of each fibre of X, is by compacts
by Proposition [5.3.3} For item (i) and the definition of £, p, we also use that

(M (Lo) [0 #n < 1y} = (g (L) for all B # F C [d],
icF
which follows from Proposition since Ly is positively invariant. O

When I C A is an ideal that is positively invariant for X, we define the C*-dynamical
system ([A]b [a]D Zglr) by

[an)rlalr = [an(a)]r for alla € A,n € Z4.

Unitality and non-degeneracy of (A, a,Z%) are inherited by ([A];, [a];,Z%). Indeed, the

former is straightforward to check and the latter follows by noting that

[a,(A)A] = a,(A)A for all p € Z2

by the Hewitt-Cohen Factorisation Theorem. The structure of X|,), is closely related to

that of [X,]7, as the following two propositions show.

Proposition 5.3.11. Let (A, «,ZL) be a C*-dynamical system and let I C A be an ideal
that is positively invariant for X,. Then the following equalities hold:

ker[gy]r = ker ¢, , = kerlay]r = [a, " (I)]; for alln € Z¢.

Proof. Fixn € Zi. Note that the second equality holds by item (i) of Proposition m
For the remaining equalities, fix a € A. We have that

[a]r € ker[p,]r == [dn(a)]1[Xanlr = {0} = (Xam, ¢n(a)Xan) 1
= §ap(a)n, € I forall §,,m, € Xoy = ay(a) €1

< [a]; € ker[a,]; < [a]; € [Oz;(I)][,

where the second equivalence follows from [36, Proposition 1.3] and the fourth equivalence
follows by using an approximate unit of A together with the fact that a,(A) C X,,
by Proposition [5.3.2 The reverse implication of the final equivalence follows from the
observation that

an(a,'(I)+ 1) C 1,

noting that «, (/) C I by positive invariance of I. This completes the proof. O

Proposition 5.3.12. Let (A,a,Zi) be a non-degenerate C*-dynamical system and let
I C A be an ideal that is positively invariant for X,. Then X, and [X.|; are unitarily
equivalent via the family of maps {id: [A]; — [A]I}gezi-
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Proof. Recall that ([A];, [o]r,Z%) is non-degenerate by the comments preceding Propo-
sition [5.3.11} and so X[y, , = [A]; for all n € Z4. We also have that [X,,]; = [A]; for
all n € Z% by non-degeneracy of (A, «,Z%). It is then routine to check that {id: [A]; —

[A] I}QGZi satisfies the unitary equivalence axioms, completing the proof. ]

Next we turn our attention to showing that, in general, we do not have a canonical
s-epimorphism NOx — NOxj, for a positively invariant ideal 7 C A. In particular,
injectivity of (A, o, Z%) need not imply injectivity of ([A], [a]7, Z%).

Example 5.3.13. Let (A4, «, Z, ) be a unital and injective C*-dynamical system. Suppose
that I C A is an ideal that is positively invariant for X, (i.e., I C o (I)), and so
[Xo]r = X, by Proposition [5.3.12]

We claim that we do not have a canonical *-epimorphism ®: NOx, — N Ox.,),»
in general. To reach contradiction, assume that such a map ® exists. Write NOx, =
C*(m,V) and NOx,, = C*(o, W), where (7,V) and (o,W) are CNP-covariant pairs
for (A,a,Zy) and ([A];, [a]r,Z, ), respectively. We may take m and o to be unital and
injective. Since « is injective, we have that V; is a unitary by Proposition [5.3.8 and thus
Wi = ®(V;) is also a unitary. Another application of Proposition [5.3.§8 gives that [a]; is
injective. However, this leads to contradiction when we choose A, a and I so that [«]; is
not injective.

For such an example, let B be a unital C*-algebra and f € End(B) be unital and
nen B and define o € End(A) by a((bn)nen) = (8(b1), b1, b2, ...)

for all (b,)nen € A, noting that « is unital and injective. Set

non-injective. Set A = P

I := {(bn)neN €A | by = 0},
which is an ideal that is positively invariant for X,. Define the map
\P: [A]I — B; [(bn)nEN]I — bl fOI" all (bn)neN S A

It is routine to check that W is a x-isomorphism. Moreover, the diagram

Al 222 4),

commutes. Hence [a]; is injective if and only if § is injective and thus [«]; is not injective
by the choice of f.

Notice that this does not contradict Proposition because I does not participate
in any NO-2-tuple of X,. Indeed, suppose that I participates in an NO-2-tuple £ of X,
ie., {I,Lpy} is an O-pair of X, ; by Proposition . Since « is injective, we have that
Jx,, = A C Lpy and thus Ly = A, Hence a (1) = Ana () C I by item (i) of
Corollary [5.3.10, However, the map [ is not injective and so we can choose 0 # b € ker 3.
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Then «(b,0,0,...) = (0,0,0,...) € I but (b,0,0,...) ¢ I, giving the contradiction that
a M) Z 1.

Next we turn to injective C*-dynamical systems (A, a,Z%), so that X, is regular.

Hence the gauge-invariant ideal structure of NOx, falls under the purview of Corollary

B.2.3

Corollary 5.3.14. Let (A, a, Z%) be an injective C*-dynamical system. Then the associ-
ation

I'— Lr, where Lrg:=1 and L1 p:= A for all() # F C [d] (5.8)

defines a bijection between the set of ideals I C A satisfying an(I) € I and o' (I) C I
for alln € Z% and the set of NO-2%-tuples of X, which in turn induces a bijection with
the set of gauge-invariant ideals of N Ox,,.

Proof. Note that an ideal I C A is positively and negatively invariant for X, if and only
if
IC () a,'() and |Jo'(I)C1I. (5.9)
i€[d]

d
nezd

Indeed, the reverse implication follows by observing that

U a;'(I)C 1 < a,'(I)C I forallneZl.

To see the forward implication of the latter, assume that Uie[d] ozi_l(]) C I and fix n =
(n1,...,nq) € Z4¢ and a € ' (I). Then we have that

ap(a) = (o] ay® .. .agd)(a) = al[(afl_la? . Ozzd)(a)] el,
using that « is a semigroup homomorphism in the first equality. Thus we have that
(azl_laQQ .. .agd)(a) € af([) clI,

using the assumption in the inclusion. Now we repeat the preceding argument with
the element (of* 'a}?... ay)(a) in place of a,(a). We eliminate each occurrence of ay
iteratively and then argue in the same way for the occurrences of oy, now using that
oy Y(I) C I. Extending this argument in the natural way, we eventually obtain that
a € I, as required.

Consequently, an ideal I satisfies if and only if a,, (1) € I and o' (1) C I for all

n € Z%. Since X, is regular, the claim now follows from Corollary [5.2.3| [

Now let (A, a, Z%) be an automorphic C*-dynamical system. Then we can canonically

extend a to a group homomorphism
o 7% — Aut(A);s —t > agy = aéoagl for all s, € Zi.
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The fact that a is well-defined follows from the fact that Zi C Z% is a spanning cone
[15, p. 15]. In turn, we can consider the crossed product C*-algebra A x, Z%. We
have that N Oy, = A x, Z% by an equivariant *-isomorphism, which thus preserves the
lattice structure of the gauge-invariant ideals. Accordingly, Corollary recovers the

following well-known result from the theory of crossed products.

Corollary 5.3.15. Let (A, a,Z%) be an automorphic C*-dynamical system. Then the
bijection of Corollary induces a lattice isomorphism between the set of a-invariant
ideals of A and the set of gauge-invariant ideals of A X, 7.

Proof. Notice that in the automorphic case, the ideals I C A satistying o, (/) C I and
o, '(I) C I foralln € Z% are exactly the ideals I C A satisfying o, (I) = I for alln € Z4.

n

Tile set of all such ideals carries the usual lattice structure. Consider the mapping
I'— L;, where Lrg:=1and L;p:= A for all ) # F C [d],

from Corollary [5.3.14] In view of the latter, Corollary [4.2.12] and the comments preceding

the statement, it suffices to show that if I, J C A are a-invariant ideals, then
Ling=LrANLy and Lr;=L;V L.
For the operation A, we have that
Lingg=1NJ=LrgNLyyg=(Lr ALy
and that
Lingrp=A=ANA=LrrNLyr=(LrNLypforald#F Cld],

using Proposition [4.2.6| in the final equality in both cases. Hence L;n; = L5 A Ly, as
required.
For the operation V, first fix ) # F C [d]. Since £; V L, is an NO-2%tuple of the

regular product system X, we have that
Ir=AC(L;VLyr CA.

By definition of £, 7, we obtain that
Liygr=A=(LrVLy)p,

as required. It remains to check that L, ;9 = (£;V L;)y. By Proposition this
amounts to showing that
I+ J =7 (7 +3).

The forward inclusion is immediate. For the reverse inclusion, we write NOx, = C*(m, U)
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for a CNP-covariant pair (m, U) where 7 is injective and U is a unitary representation,
and let Q: N'Tx, — NOyx, denote the quotient map. Since [X,]; is regular by item (ii)
of Proposition [5.2.1} an application of item (iii) of Corollary gives that

Q1) = span{Uym(1Uy, | n.m € Z},
and likewise for Q(J*”). In turn, we have that
QI +3°) = span{Unr(I + J)U;, | n,m € Z%}.

Let 3 denote the gauge action of (% ,¢% ) and let Eg: NOx, — N Of(a denote the

associated faithful conditional expectation. We obtain that

E5(Q(3% +3%)) = span{Uym(I + J)U; | n € 24}
—span{(w o a,")(I +J) [n € 28} = (I +J),

using a-invariance of I and J together with 1’ Therefore, if a € ﬁ)_(i (351 +J*7) then
m(a) = Q(7x,(a)) € Bs(QR™ +3%) = n(I +J).

Injectivity of 7 then gives that a € I + J, as required. Thus we have that £;,.; = L;V L,

and the proof is complete. n

In the automorphic case, we also have that
(Axa ZY /(I 34, Z%) =2 AT Xy, Z°

whenever I C A is an ideal satisfying a,(I) = I for all n € Z%. This is in accordance
with Corollary ie.,

NOx, [ (Qz(7x,(I))) = NOx,

alr”

5.4 Higher-rank graphs

In this section we interpret the parametrisation in the case of strong finitely aligned higher-
rank graphs, which also accounts for row-finite higher-rank graphs. The parametrisation
we offer is in terms of vertex sets. As a corollary, we recover the parametrisation of
Raeburn, Sims and Yeend [50, Theorem 5.2] for locally convex row-finite higher-rank
graphs. The concepts from the theory of higher-rank graphs that we utilise are taken
from [49, B0, 51, 55]. For this section, we will reserve d for the degree map of a graph
(A, d) of rank k.

Fix k € N. A k-graph (A, d) consists of a small category A = (Obj(A), Mor(A),r, s)
which is countable, together with a functor d: A — Z’i (called the degree map) which
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satisfies the factorisation property:

For all A € Mor(A) and m, n € Z% such that d(\) = m + n, there exist unique
p, v € Mor(A) such that d(u) = m,d(v) =n and A = pv.

Here we view Z’j as a category consisting of a single object, and whose morphisms are
exactly the elements of Z¥ (when viewed as a set). Composition in this category is given
by entrywise addition, and the identity morphism is 0. Therefore d being a functor means
that d(Au) = d(\) +d(p) and d(id,) = 0 for all A\, u € Mor(A) satisfying r(u) = s(\) and
v € Obj(A). We view k-graphs as generalised graphs, and therefore refer to the elements
of Obj(A) as vertices and the elements of Mor(A) as paths. Fixing A € Mor(A), the
factorisation property guarantees that d(A) = 0 if and only if A\ = idy). Hence we may
identify Obj(A) with {A € Mor(A) | d(\) = 0}, and consequently we may write A € A
instead of A € Mor(A) without any ambiguity.
Fix a k-graph (A, d). Given A € A and E C A, we define

AE ={dpeA|peEr(n)=sAN)} and EX:={prAeA|pec E,r(\)=s(p)}.
In particular, we may replace A by a vertex v € A and write
vE:={A€ E|r(A\)=v} and FEv:={X€ E|s(\) =v}.
Analogously, given E, F C A, we define
EF:={MpeA|XeE pne Fr(p)=sN}.
Fixing n € Zﬁ, we set
At :={N e A|d\) =n}and AS2:={\ € A|d(\) <nand s(A\)AL= 0 if d(\) +1i < n}.

We will refer to the elements of Al as edges for all i € [k]. The following proposition

collects some useful properties of the sets vASZ.
Proposition 5.4.1. Let (A,d) be a k-graph. Then the following hold:
(i) Fizing v € A° and n € Z%, we have that vAS™ 2 ().

(ii) Fizing v € A2 and i € [k], we have that

e vAL ifuAE £,
VIN— =
{v} otherwise.

Proof. (i) We construct an element of vAS2 inductively. Start by considering v € AL

If vA* = () whenever i € [k] and i < n, then v € vAS? and we are done. Otherwise,
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suppose that there exists i € [k] such that vAL # () and i < n. Take A € vAf and note
that r(\) = v and d(\) = i < n by construction. If s(\)AZ = () whenever j € [k] and
d(A\)+j=1i+j <n, then A € vA=2 and we are done. Otherwise, suppose that there
exists j € [k] such that s(\)AL # 0 and i+ j < n. Take p € s(A\)AZ and consider the path
A € A Note that

rOw) =r(\) = v and d(\n) = d(N) +d(u) =i+ j <n

Now argue by cases as before with respect to Au. Proceeding inductively, at each step
we append an edge to the path from the previous step. The resulting path has range
v, degree at most n, and the length of the degree is one greater than that of the path
from the previous step. Since |n| < oo, eventually we obtain a path v € vA such that
d(v) < n and |d(v)| = |n|. We then necessarily have that v € vA® C vAS2. By induction
we conclude that vAS2 £ (), as required.

(ii) First suppose that vA¢ # (. Tt is clear that vAt C vASt so fix A € vASt. Then in
particular 7(A) = v and d(\) < i. The latter ensures that either d(A) = 0 or d(\) = i.
Towards contradiction, suppose that d(A) = 0. Since A has range v, we must have that
A = v. Thus s(A)AL = vA?f # () by assumption, contradicting the membership of \ to
vA=t, Hence d()\) =i and so A € vAL This shows that vAS! = vAL as required.

Finally, suppose that vAf = (). Then v € vA=! by definition, and so it remains to
check that vASt C {v}. Accordingly, take A € vASt. Then in particular r(\) = v and
d(\) < i. As before, we have that either d(\) = 0 or d(\) = i. The latter is impossible
since vA! = ) by assumption, so we must have that d(\) = 0. The fact that r(\) = v

then ensures that A = v, as required. O]

n. By the factorisation property, there exist unique paths A(0,£), A({,m), A\(m,n) € A
such that

d(M0,0)) = Ld(A(l,m)) =m — £, d(A(m, n)) = n — m, and A = A(Q, OA(L, m)A(m, n).
Fixing pu,v € A, we define the set of minimal common extensions of p and v by
MCE(p, v) :={X € A[d(A) = d(p) V d(v), N0, d(p)) = p, MO, d(v)) = v}.

Notice that MCE(u, ) may be empty, e.g., when r(u) # r(v). Intrinsically related to
MCE(p, v) is the set

A" () = {(a, B) € A x A | pa = v € MCE(p, v)}
={(,8) € Ax A | pa =vp, d(per) = d(p) v d(v) = d(v5)}.

Note that if p, v € A satisfy d(u) = d(v), then A™"(u, v) being non-empty implies that
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p = v. Given a vertex v € A%, a subset E C vA is called ezhaustive if for every X € vA
there exists u € E such that A™™(\, 1) # 0.

A k-graph (A, d) is said to be finitely aligned if |MCE(u,v)| < oo for all u,v € A;
equivalently, if [A™"(y,v)| < oo for all u,v € A. We say that (A,d) is strong finitely
aligned if (A, d) is finitely aligned and for every A € A and i € [k] satisfying d(\) L 4,
there are at most finitely many edges e € A? such that A™®(\, e) # 0, see [17, Definition
7.2]. A k-graph (A, d) is said to be row-finite if [vA% < oo for all v € A% and n € ZE.
Row-finite k-graphs are in particular strong finitely aligned.

We say that (A, d) is locally convez if, for all v € A% 4,5 € [k] satisfying i # j, A € vAL
and p € vAZ, we have that s(A\)AZ and s(u)A¢ are non-empty. Finally, we say that (A, d) is
sourceless if vA™ # ) for all v € A% and n € Z%. Any sourceless k-graph is automatically
locally convex.

Let (A,d) be a finitely aligned k-graph. A set of partial isometries {Th}rea € B(H)
is called a Toeplitz- Cuntz-Krieger A-family if the following hold:

(TCK1) {T,}venc is a collection of pairwise orthogonal projections;
(TCK?) T)\TM = 53()\)7,,(#)7}“ for all )\,;JJ € A,

(TCK3) T;T, = 3. T, T} for all A, € A.

(a,B)EA™ (A1)

A Toeplitz-Cuntz-Krieger A-family {T)}rea is called a Cuntz-Krieger A-family if it satis-
fies:

(CK) [Liep(Ty — ThTx) = 0 for every v € AY and all non-empty finite exhaustive sets
E C vA.

Note that 737, = 0 whenever \, € A satisfy A™*(\,u) = 0 by (TCK3). Likewise,
(TCK3) implies that TYT)\ = Ty for all A € A. The C*-algebra C*(A) is the universal one
with respect to the Cuntz-Krieger A-families, and satisfies a Gauge-Invariant Uniqueness
Theorem [51, Theorem 4.2].

Every k-graph (A, d) can be canonically associated with a product system X (A) over
Z% with coefficients in co(A%), where we view A% as a discrete space. We present the

fundamentals of this construction.

Proposition 5.4.2. Let (A,d) be a k-graph and fix n € Z%. Then the linear space
coo(AZ) of finitely supported complex functions on A™ carries a canonical structure as an

inner-product co(A%)-module, implemented by the operations

(Ga ) ( Z ENm(V)  and  (£.0)(N) = &(N)a(s(N)),

for all &y, mn € coo(A%),a € co(A),v € AY and A\ € A% Additionally, denoting the right

Hilbert C*-module completion of coo(A2) by X,,(A), there exists a unique x-homomorphism
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bn: co(A2) — L(X,(N)) satisfying

(n(a)6n)(A) = a(r(A)&n(N),

for all a € co(A2), &, € coo(A%) and X € A% Hence X, (A) carries the structure of a

C*-correspondence over co(A2).

Proof. The first claim is well known, e.g., [25, Example 1.2]. For the second claim, take
a € ¢p(A?) and define the map ¢,(a) by

Pn(a): coo(A*) = Xn(A); (¢n(a)6n)(A) = a(r(A))€n(A) for all &, € coo(A*), A € A™.

It is routine to check that ¢, (a) is well-defined and linear. To see that ¢, (a) is bounded
with respect to the inner product norm, fix &, € copo(A%). We have that

||¢ﬁ(a)€ﬂ”2 = || {(Pnla)n; Pn(a)én) | = sup [(pn(a)én, dn(a)én) (v)]

veEAL

= sup | Z Ja(r( MNP =sup Y Jalr(V)éaMP

veEANL s( veEAL s(\)=v

Fix v € A and observe that
> lalr(N)éa Z la(r( WP < llall* D7 161 < llall” - &l
s(A)=v s(A)=v

It follows that
[6n(a)énll® < llall® - (|l

and thus ¢,(a) is bounded. Hence ¢,(a) extends to a unique bounded linear operator
(which we also denote by ¢,(a)) on X, (A). To see that ¢,(a) is adjointable, fix &,,n, €
coo(A%) and v € A2. We obtain that

(Pn(a)6n, ) (v) = a(r(A)En(M)mn(A)

and so (n(a)én, n) = (n, Pu(a®)n,). Since coo(A%) is dense in X, (A), we deduce that
On(a)* = ¢n(a*). Thus the map ¢, of the statement is well-defined and *-preserving. It
is routine to check that ¢, is an algebra homomorphism, and uniqueness follows from the
fact that ¢,(a) is continuous and therefore determined by its action on coo(A%) for all
a € co(A2). This completes the proof. O

We will make liberal use of the notation in Proposition throughout the section.

Notice that Xo(A) = ¢o(AY) carries the usual structure as a C*-correspondence over itself.
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For each n € Z% and A € A, we write §, for the element of coo(A”) determined by

52 (1) 1 ifpu=A,
MH) =
0 otherwise.

Note that {d, | © € A} constitutes a basis of cyo(A%), and when n = 0 the element
O € co(AY) is a projection. Density of coo(AZ) in X,(A) ensures that many arguments
involving elements of X,,(A) reduce to arguments in terms of point masses. Accordingly,
fixing A\, € A” and v € AY, we record three point mass properties that will be used

throughout the section:

ox if s(A\) =w, on ifr(A\) =w, O if A = pu,
T e N A L s
0  otherwise, 0  otherwise, 0 otherwise.

For n € Z’i and A, i, v € A% we also have that

\Os(n) ifv = p,

O3 (8,) = 03 (8,,0,) = (5.10)

0 otherwise.

In turn, the map @gﬂ,g}) is non-zero if and only if s(A) = s(u), and we obtain that
Xn(A) n
K(Xu(A)) =span{®©;755," [ Ay € A% s(A) = s(p)}- (5.11)

We utilise this characterisation in the proof of the following proposition.

Proposition 5.4.3. Let (A, d) be a k-graph. Fizn € ZX and v € AY. Then the following
hold:

(1) ¢n(0,) =0 if and only if vA™ = ().
(11) ¢n(6y) € K(X,n(A)) if and only if |[vAZ| < oo.
Proof. (i) First assume that ¢,(0,) = 0. Suppose that vA™ # () and take A\ € vA™. Then

we obtain that

¢Q(5v)5>\ - 5>\ 7é 07

a contradiction. Hence we must have that vAZ = (), as required.

Now assume that vAZ = ). To show that ¢,,(d,) = 0, it suffices to show that ¢,,(d,)d\ =
0 for all A € A2, since ¢,,(d,) is in particular linear and bounded. Accordingly, fix A € AZ.
Then we have that

b (6,165 = oy ifr(A\) =w,

0 otherwise.

By assumption we have that vA% = () and therefore ¢,(0,)0, = 0 for all A € A% as

required. This completes the proof of item (i).
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(ii) First assume that [vAZ]| < co. If vAZ = (), then ¢,(d,) = 0 € K(X,(A)) by item (i),

as required. So assume that vAZ # (). Then we have that

Z ®5A,5A S IC(XQ(A))7

AEVA

noting that the sum is finite by assumption. We claim that

Pn(0y) = Z SOWN

AEVAT

Since ¢ (d,) and ). an Os, 5, are in particular linear and bounded, it suffices to show

that the equality holds on J,, for arbitrary € A™. We obtain that

8y (80 0,) = 00y = 0, if () = v,
Z Os, .6, (0) = Z I (0, 6,) = i (0> Op) 19s(p) "

AEvAR AEvAL 0 otherwise,

by . Thus we have that ¢,(6,)0, = D coan Osy.6,(6,) for all p € A, as required.
In turn, we deduce that ¢,(d,) € K(X,(A)), as required.

Finally, we prove the forward implication by contraposition. Assume that |[vA%| = oo,
and suppose towards contradiction that ¢,(d,) € K(X,(A)). By (5-11), we can find

kn € span{©s, 5, | A, pp € A", 5(\) = s(u)}

such that ||¢,(6,) — ka|| < 1/2. We may write

N
ko =) €05, 4,
j=1

for some N € N,¢; € C and \j, u; € A™ satistying s(\;) = s(p;) for all j € [N]. Since
|[vAZ| = oo, we may choose a path v € vA™ that does not coincide with A; or p; for any
j € [N]. Hence we have that ¢,(9,)d, = ¢, and that k,0, = 0. Note also that

[0u]] = 1| (0w, ) 12 = [[0s( |2 = 1.
In total, we obtain that

1/2 > [|¢n(6s) — knll = sup{|¢n(00)6n — knéall | §n € Xu(A), [[&all < 1}
2 |0n(00)0y — kndu|| = [16,]| = 1,

a contradiction. Hence ¢,,(0,) ¢ K(X,(A)), and by contraposition this finishes the proof.
[

We impose a product system structure on X (A) := {Xﬂ(/\)}ﬂezz1 as follows.
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Proposition 5.4.4. Let (A,d) be a k-graph. Set X (A) := {XQ(A>}QGZ§7 where X, (A) is
defined as in Proposition for all n € Z’_j. Then X (A) carries a canonical structure

as a product system over Z’i with coefficients in co(A2), given by the multiplication maps

5)\,u Zfr(ﬂ) = S()‘)7

Un,m - XQ(A) o (A2) Xm(A) - Xﬂ-lrm(A)? uﬂ,m((SA ® 5#) =
0 otherwise,

forall X € A% pp € A™ and n,m € Z .
Proof. See [49, Proposition 3.2]. ]

A E-graph (A, d) is finitely aligned if and only if X (A) is compactly aligned [49, The-
orem 5.4]. In this case, if A\j, Ay € A and puy, ua € A™ are non-trivial paths that satisfy
s(A) = s(A2) and s(p1) = s(u2), then we may extract the following fact from the proof
of [49, Theorem 5.4]:

nvm XQ(A) nvm Xm(A) Xﬂvm(A)
L£V7(@5/\1,6)\2)L7V7(® ) = Z @6>\10¢76M25. (512)
(e, B)EA™IN (A2,p1)

Similarly, (A, d) is strong finitely aligned if and only if X (A) is strong compactly aligned

[17, Proposition 7.1]. We record the following well-known result for future reference.
Proposition 5.4.5. Let (A,d) be a k-graph. Then the following hold:

(i) (A, d) is row-finite if and only if ¢, (co(A%)) C K(Xn(A)) for all n € ZE.

(i1) (A, d) is sourceless if and only if X(A) is injective.
(iii) (A, d) is row-finite and sourceless if and only if X (A) is reqular.

Proof. (i) Assume that (A,d) is row-finite. Fixing n € Z%, recall that ¢o(A%) is densely
spanned by point masses and that (X, (A)) is in particular a closed linear subspace of
L(X,(A)). Hence it suffices to show that ¢,(d,) € K(X,(A)) for all v € AL This follows
immediately from item (ii) of Proposition , noting that |[vAZ| < oo for all v € A2 by
row-finiteness of (A, d). This proves the forward implication.

Now assume that ¢,(co(A%)) C K(X,(A)) for all n € ZE. To see that (A,d) is row-
finite, fix v € A® and n € Z%. By assumption we have that ¢,(5,) € K(X,(A)). An
application of item (ii) of Proposition then gives that [vA%| < co. Hence (A,d) is
row-finite, as required.

(i) Assume that (A, d) is sourceless and fix n € Z%. Since A is a countable small category,

we may enumerate the elements of A% as {v; | j € N}. For each n € N, set
A, = span{d,, | j € [n]} C co(A?).

Notice that A, is a finite-dimensional C*-subalgebra of cy(AY) satisfying A, C A1

In fact, we also have that ¢o(A%) = (27, A, and therefore ¢y(A%) is the inductive limit

186



Chapter 5. Applications

of the C*-subalgebras A,,. Thus proving that ¢, is injective amounts to showing that
the restriction of ¢, to each A, is injective. To this end, fix n € N and suppose that
Gn(D 25— ¢j0y;) = 0 for some ¢; € C for all j € [n]. In particular, we have that

Z CiPn(0u,;) = ¢Q(Z ¢j0u,)
j=1 j=1

Fixing i € [n] and multiplying by ¢,(d,,), we obtain that

Cz¢n v; Z Cj(bn 51)] 51)1 Z Cj¢ﬂ(5v]~)¢ﬂ(5v¢> =0,
j=1

using that the projections {0,, | j € [n]} are pairwise orthogonal in the first equality.
Suppose that ¢; # 0 and so ¢,,(d,,) = 0. By item (i) of Proposition [5.4.3 - this implies that
v; A% = (). However, this contradicts the assumption that (A, d) is sourceless and so we
must have that ¢; = 0. We conclude that ¢; = 0 for all ¢ € [n] and hence Z 160y, = 0.
Thus X, (A) is injective for all n € Z* and so X(A) is injective, as required.

Now assume that X (A) is injective. Fix v € A2 and n € Zi. Towards contradiction,
suppose that vA% = (). By item (i) of Proposition , this implies that ¢,(d,) = 0.
Injectivity of X,,(A) then gives the contradiction that §, = 0. Thus vAZ # () and so (A, d)
is sourceless, as required.

Item (iii) now follows by applying items (i) and (ii) in tandem, finishing the proof. [J

The following proposition implies (in particular) that C*(A) = N Ox,) canonically,
for finitely aligned A. Here N'Ox(,) denotes the universal C*-algebra with respect to
the Nica-covariant representations of X (A) that are Cuntz-Pimsner covariant in the sense
of [50, Definition 3.9]. Note that the *-homomorphisms 5(1 therein are injective by [56,
Lemma 3.15], which applies since (Z*, Z% ) satisfies [56, (3.5)].

Proposition 5.4.6. Let (A, d) be a finitely aligned k-graph. Let S denote the set of
Toeplitz-Cuntz-Krieger A-families and let T denote the set of Nica-covariant representa-

tions of X(A). Then & and T correspond bijectively via the mutually inverse maps
G: {Th}rer = (m,t), wheret,(6)) =Ty for all A € A% n € ZE {T\}ren € S,

and
H: (m,t) = {Th}ren, where T\ = tq)(x) for all X € A, (m,t) € T.

Moreover, the maps G and H restrict to give a bijective correspondence between the set
of Cuntz-Krieger A-families and the set of C’NP-representatz’onﬂ of X(A).

Proof. We start by showing that G and H are well-defined. Fixing {T)} ea € S, we must

show that G({T\}rea) = (m,t) is a Nica-covariant representation of X (A). It is routine

Tn the sense of [56, Definition 3.11].
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to check using the Toeplitz-Cuntz-Krieger A-family properties that each ¢, (as defined
in the statement) extends uniquely to a well-defined bounded linear map with domain
X, (A); alternatively, see [25, Example 1.2]. It is similarly straightforward to verify that
T := g is a *-homomorphism. Since ¢, is linear and continuous for all n € Z%, it is
sufficient to check that the representation conditions hold on point masses. To this end,
fix n € Z% X € A and v € A%. Firstly, we have that

7T((5U>tﬁ(5)\) = TUT)\ = (SUJ()\)TU)\ = tﬂ(qbﬁ(év)é)\),

using (TCK2) in the second equality. Next, fixing p € A™ we obtain that

tn(02)"tu(0,) = 3T, = Z 1,713,
(a,B)EA™In (A1)

using (TCK3) in the final equality. If A™*(\ ) = @, then in particular we have that

A # 1 since
AN ) = {s(V)}-

Thus in this case we have that

4(02)"tal6,) = 7({62,8,)) = 0.

Otherwise, assume that A™"(\ 1) # (. Since A and p have the same degree, we have
that A = p by the comments succeeding Proposition |5.4.1, Consequently, we deduce that

tn(02)"tn(00) = TsonToin) = Tsr) = T(ds(n)) = m({0x, 0r)),

using (TCK1) in the second equality. Hence (7, t,) preserves the inner product of X,,(A)

in all cases. Fixing m € Z’i and v € A™ we also have that

tn(0\)tm(00) = TAT, = 6500,r0) Trw = tutm(000),

using (TCK2) in the second equality and the definition of the multiplication maps of X (A)
in the final equality. In total, we have that (7, t) is a representation of X (A). It remains
to check that (m,t) is Nica-covariant. To this end, it suffices to check that holds
on rank-one operators by linearity and continuity of the maps involved. Reducing further
using , we fix n,m € Z% \ {0}, A1, Ao € A% and pq, o € A™ satisfying s(A) = s(As)
and s(p1) = s(u2). We obtain that

Xn(A)

1@(@5;& )¥m (@Xm(A)

2 - 6#1 ’6“2

) - tﬂ(5>\1)tﬂ(ékz)*tm(ém)tm(duz)*
= T)\IT;QT T

K1 o

=T, ( > T.T;)T%,,
(@,B)€A™MIN(Ag,p1)
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using (T'CK3) in the third equality. We then deduce that

nvm Xn A nvm Xm Xn\/m A
N e (S T (i ) MU (R S = P e
(e,B)EA™IN (A9 1)

- Z tﬂvm((sha)tﬂvm((suzﬁ)*

(o, B)EA™IN (Ao, pu7)

- Z tﬂ<5/\1 )tﬂ\/mfﬂ(éa)tﬂvmfm@ﬁ)*tm(‘suz)*

(o, B)EA™IN(Xg 117)

=T( Y T.T;)T;,
<a B)EAmIn (X 1)

= 4055 JUm(0575)),

HQ

using in the first equality. Thus (7, ¢) is Nica-covariant and so G({Th}xea) € T. It
follows that G is well-defined.

To see that H is well-defined, fix (7,t) € 7. We must show that H((7,t)) = {T)}rea
is a Toeplitz-Cuntz-Krieger A-family. Firstly, fixing A € A we have that

and hence T) is a partial isometry. Fixing v € AY, we obtain that

TF =7(0,) =7n(0X) =7(6,) =T, and T?=7(5,)7(5,) = 7(0,0,) = 7(6,)

v

I
§ﬂ

and so T, is a projection. Additionally, if w € A%\ {v} then
T, Ty = 7(8,)7(0y) = m(0,0,) = 0,

using that §,0,, = 0 in the final equality. Hence {T)},ca satisfies (TCK1). Next, fixing
A, it € A we have that

TaT, = taoy (0a)taw (0,)
= ta(n)+d(u) (020,)

- 5 )r(w)td(aw) (5>\#>
- 5 M)T)\.L“

where the penultimate equality follows by definition of the multiplication maps of X (A)
together with functoriality of d. Thus {T)}ea satisfies (TCK2). Finally, notice that
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(TCK3) is satisfied trivially when d(\) = 0 or d(u) = 0, so fix \,u € A\ A% and set
n :=d(\) and m := d(u). We obtain that

TN Ty = b (03t (03) T (0, )t (8,)" = 1 (O350 )10 (05 57)

nvVm Xn(A)\ nvm Xm(A Xnvm(A)
—anm(@L(@agak )Lfmv*(@éﬂs ) = anm( E : @5;5@/3 )
(e,B)eA™in (A, p)

(a,B)EA™N (A1)

= Y a0 v n(0a)tuvim-m(05) (5"

(a,B)eA™ (A1)

=T Y  TI)T,
(c,B)EAmIR (1)

using (5.12) in the fourth equality. Notice that
T (TAT;TMT:)TM = I\T,,
using that T\ and 7}, are partial isometries. Hence we have that

LT, =T Y., T.T)TT,
(c,B)EAmIR (1)

It follows that (TCK3) holds when A™™(\, 1) = @, so assume that A™"(\, u) # 0. Fixing
(o, B) € A™™(\, 1), we obtain that

and that

TET, Ty = taym-m(08) T (0s(u)) = (T (0s(u) ) tuvm-—m(08))" = tuvm-m(d5)" = Tj.

In total, we deduce that

T, = ). T.T;
(@ B)EAm (A1)

Thus {7} e satisfies (TCK3) and so H((m,t)) € S. It follows that H is well-defined.
It is immediate that G and H are mutually inverse by definition, proving the first

claim. The second claim follows from [50, Proposition 5.4], finishing the proof. O

We will use the duality between ideals of co(A2) and subsets of A2 given by the mutually

inverse mappings

I Hp:={ve A6, eI}, for all ideals I C co(A2);
H + Iy :=3span{d, | v € H}, for all H C A%
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Note that this duality implements an inclusion-preserving lattice isomorphism, and that
Iy = {0} and Iyo = co(AY). Tt follows that for any H C A2 and v € A2, we have that
0, € Iy if and only if v € H.

If (A, d) is strong finitely aligned, then we can simplify (CK) using the machinery of
F-tracing vertices. Fix ) # F' C [k]. We say that v € A2 is an F-source if vAL = () for all
i € F. We say that v € A% is F-tracing if:

for every A € A with d(A) L F and r(\) = v, we have that s()\) is not an
F-source, and that |s(A\)A% < oo for all ¢ € [k].

By [17, p. 589], we have that
Hy, = {v e A’ | vis not an F-source and |[vAY| < oo for all i € [k]},
and that
Hz, = {v e A’| vis F-tracing}.

Hence Proposition implies that whenever A € A satisfies d(A\) L F and r()) is
F-tracing, we have that s(\) is also F-tracing.

In [I7, Theorem 7.6], it is shown that a Toeplitz-Cuntz-Krieger A-family {T)},ea is a
Cuntz-Krieger A-family if and only if it satisfies

(CK') [T, — T\T | A € vALi € F} = 0, for every F-tracing vertex v and every
0+ F C [kl

Proposition 5.4.7. Let (A,d) be a strong finitely aligned k-graph and let I C cy(A2) be

an ideal. Then we have that
HXH(A)—l(I) = {U e A ’ S(UAQ) - H]} fOT all n € Zli
Proof. Fixing n € Zi and v € A%, we deduce that

v € Hy,my-11) <= 0, € Xu(A)7(I) <= (Xu(A), 0 (0,)Xu(A)) C 1
<= (0x, Pn(0,)d,) € I for all A, p € A" <= (65,0)) € I for all A € vA™
> O €1 for all A € vA" <= s()\) € Hy for all X € vA™

— s(vA™) C Hy,

using that I is in particular a closed linear subspace of c¢y(A2) in the third equivalence.

This completes the proof. n

Proposition [5.4.7, together with the fact that the duality between ideals of co(AY) and

subsets of A? respects intersections, implies that

Hy iy ={ve A% s(vA%) C Hyforall 0 #n <1z} forall @ # F C[d].  (5.13)
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Next, let £ be a 2F-tuple of X(A) that consists of ideals. For notational convenience, we
set Hpp = Hp, for all F C [k] and Hy := {H; r}rcp. As with (5.13)), we obtain that

He

inv,F

= [ {veA®| s(wA™) C NpcpHep} for all § # F C [K]. (5.14)
mlF

To address each Ly, r, we have the following proposition.

Proposition 5.4.8. Let (A,d) be a strong finitely aligned k-graph. Let L be a 2*-tuple
of X(A) that consists of ideals and let Hp be the corresponding family of sets of vertices
of A. Then, firing O # F C [k], a vertex v € A2 belongs to Hy, . if and only if there
exists m L F such that whenever n L F' and n > m, we have that s(vA®) C H. p and
[vAZ| < 0.

Proof. For the forward implication, take v € Hy, .. Then we have that
lim [[6(5,) + K(Xon(A) L) =
By definition there exists m 1 F' such that whenever n | F' and n > m, we have that

160 (00) + K(Xp(A)Lp)[| < 1/2.

Fixing n L F such that n > m, the fact that ¢,(6,) + K(X,(A)Lr) is a projection then
implies that ¢,(6,) € K(X,(A)Lp). By (2.5), we have that ¢,(0,) € K(X,(A)) and
that (X, (A), (bn( 0y)Xn(A)) € Lp. The former implies that |[vA%| < oo by item (ii) of
Proposition , and the latter implies that s(vA™) C H, p by Proposition m Hence
the forward implication holds.

Now assume that there exists m | F' such that whenever n L F' and n > m, we
have that s(vA®) C Hpp and [vA%| < co. Fix € > 0 and n L F satisfying n > m. By
assumption we have that |[vA%| < oo, and so an application of item (ii) of Proposition
5.4.3| gives that ¢,(0,) € K(X,(A)). Likewise, the assumption that s(vA%) C H, r and
Proposition imply that (X, (A), ¢,(6,)Xp(A)) € Lp. An application of (2.5) then
gives that (bﬂ( U) € K(X,(A)LF), and hence

6 (00) + K(Xp (M) LE)|| =0 < &.

It follows that limy, r ||¢p(0s) + K(Xn(A)Lr)|| = 0 and thus v € Hg,,, ., finishing the
proof. n

Next we present a construction of [50] for an arbitrary k-graph (A, d). A subset H of
A% is called hereditary (in A) if whenever v € H and vAw # ) (where w € A), we have
that w € H. Due to duality, hereditarity is captured by positive invariance.

Proposition 5.4.9. Let (A,d) be a k-graph and let H be a subset of A°. Then H is
hereditary if and only if Iy is positively invariant for X (A).
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Proof. Assume that H is hereditary. Fixing n € Z%,&,,n, € X, (A) and a € Iy, we must
show that (£,,an,) € Ig. Since Iy is in particular a closed linear subspace of cy(A2), we
may assume that &, = dy,n, = J, and a = J, for some A, x € A and v € H without loss
of generality. If r(u) # v or u # A, then we have that

(0x,040,) =0 € Iy
trivially. Otherwise, suppose that r(x) = v and g = A. Then we obtain that
<5A>6v5u> = <(5,\,(5)\> = 53()\) < IH

where the final membership follows by noting that A € vAs(\) and thus s(\) € H by
hereditarity of H. Hence (dy,0,6,) € Iy in all cases and so Iy is positively invariant.

Now assume that I is positively invariant. Fix v € H and w € A% such that vAw # 0.
Taking A € vAw, we have that

bw = (Ox,0x) = (0x, 0u0r) € (Xan)(A), I Xay(A)) C I,

using that r(\) = v in the second equality and that Iy is positively invariant in the final
inclusion. Thus é,, € Iy and so w € H by the comments succeeding Proposition [5.4.6|
Hence H is hereditary, finishing the proof. O]

Proposition 5.4.10. Let (A,d) be a k-graph and let H C A% be hereditary. Define the

sets

Obj(D(A\ H)) :=A°\ H and Mor(I'(A\ H)):={ € A|s(\) & H}.
Then the quadruple

D(A\ H) := (Obj(I'(A\ H)), Mor(I'(A\ H)), 7‘|Mor(r(A\H)), S|Mor(F(A\H)))

is a sub-k-graph of (A,d). Additionally, if (A,d) is row-finite then so is I'(A\ H).

Proof. For notational convenience, we set I' :== I'(A \ H). First we check that I" is a
subcategory of A. Note that Obj(I') € A% = Obj(A) and Mor(I') € Mor(A) by con-
struction. For each v € Obj(I"), we have that id, € Mor(I") because s(id,) = v € H by
definition of Obj(I"). For each A € Mor(I"), we have that s(A) € Obj(I') by definition and
r(A) € Obj(I') by hereditarity of H. Taking A, u € Mor(I') such that r(u) = s(\), we
have that Ay € Mor(I') because s(Au) = s(u) ¢ H. Hence I' is a subcategory of A, and
countability and smallness are inherited from the latter.

It is routine to check that d restricts to give a functor I' — Zi. It remains to verify
that this functor satisfies the factorisation property. To this end, take A € Mor(I") and
m,n € Z’j such that d(\) = m + n. Applying the factorisation property for d, we obtain
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unique paths u, v € A such that d(u) = m,d(v) = n and X\ = pv. It suffices to show that
w, v € Mor(I'). Firstly, we have that

s(A) = s(uv) = s(v) € H,

using that A € Mor(I") in the final assertion. Thus v € Mor(I'). Next, towards contradic-
tion suppose that s(u) € H. Then s(u) = r(v) € H and so s(v) € H by hereditarity of
H, contradicting the fact that v € Mor(I'). Hence s(u) ¢ H and therefore u € Mor(T"),
as required. Thus the restriction of d to I' satisfies the factorisation property and in total
we have that I' is a sub-k-graph of (A, d), proving the first claim. The final claim follows

from the observation that
o™ C wA” for all v € Obj(T),n € Z%,

thereby finishing the proof. O]

The nomenclature of Proposition [5.4.10| will be used throughout the remainder of
the section. To avoid confusion, we will denote the corresponding generators by dy x for
A€ A, and by 0, for 4 € T'(A\ H). We can form the product systems X (I'(A\ H)) and
[X(A)]1,,, using Proposition for the former and Propositions [2.3.7] and [5.4.9| for the
latter. We will use ¢n ") to denote the left action of X,(C(A\ H)) for all n € Z% .

Proposition 5.4.11. Let (A, d) be a k-graph and let H C AY be hereditary. Then X (T'(A\
H)) and [X(A)]1, are unitarily equivalent via the family of maps {W@}gezﬁ determined
by

Wy Xao(D(AN H)) = [Xn(M)]1y5 001 = [Oaaln, for all X € T(A\ H)% n € Z%.

Proof. For notational convenience, we set I' := I'(A \ H). We must prove that the family
{Wn}@ezi consists of well-defined surjective linear maps that satisfy properties (i)-(v) of
Definition [2.3.1] Henceforth we will refer to these properties without explicitly mentioning
the latter definition.
To this end, first we consider n = 0. To see that W, is well-defined, first we define the
map
Wo: coo(T%) = [co(AD)]1,,; 0 = [0ua]r, for all v e TY

extending linearly from the usual basis of coo(I'?). Fixing n € N,¢; € C and pairwise
distinct v; € I'? for all j € [n], we obtain that

n n

IWo(D_ i)l = I eidualn | = nf | > cifua+al
j=1

J=1 Jj=1

veEAL J€Mn]

n n
<D b all = sup [ ¢idy,a(0)] = max ey
j=1 j=1
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We also have that

n
||ch5vj,F|| sup |ZCJ v;,0 V)| —mE[LnX|Cj|
j=1

vell

by definition. Hence we deduce that
IIWo(Z ¢ju,r)| < IIZCJ Ov,,r |-
7=1
Next we claim that
1Y i, rll <11 ¢jdy,a+all for all a € Iy,
j=1 j=1
To see this, first take a € span{d, » | v € H}. Thena = 3", d;dy,  for some m € N, d; €

C and pairwise distinct w; € H for all i € [m]. Also, we have that

{v1, ..., v} NHwy, ... w, =0,
since v; ¢ H for all j € [n] while w; € H for all ¢ € [m]. Hence we obtain that
1D i+ Y diduall = sup |3 cs00,(v) + Z idu, 4 (0)] = max{les], |dil},
j=1 i=1 VEAS Ze[m]

using that the vertices vy,...,v,,wq,...,w,, are pairwise distinct in the final equality.
Observe that

max{|e;], |dil} = maxe;| = | ZCJ% rll

ze[m] Jj=1

and thus

[ ch&,j’pH < ch(SWA + al| for all a € span{d,, | v € H}.

J=1 J=1

Now suppose that a € Iy is the norm-limit of a sequence contained in span{d, » | v € H}.
Then for fixed € > 0, we can find b € span{d, » | v € H} such that |ja—b|| < e. Combining

this with the preceding argument, we obtain that

1D~ bl S Y e + 01 < 1Y esbun +all + b —all < Y ¢6u,a +al| +e.
j=1 j=1 j=1 j=1

Allowing ¢ to tend to 0, we deduce that

n n
1D bl S 1Y es6u, +all,
j=1 j=1
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proving the claim. By definition of the quotient norm, we have that

1 eidurll < IWo(>_ ¢6u,0)]l-
j=1

=1

Employing this in tandem with the preceding deductions, we ascertain that W is a linear

isometry and therefore extends to a unique linear isometry
Wo: co(T%) — [co(AD)]1,,; 0o = [0ualr, for all v e T

Thus the map W, of the statement is well-defined. It is routine to check that W, is
a *-homomorphism by first checking on the *-subalgebra coo(I'?) and then appealing to
linearity and continuity. To see that Wj is surjective, it suffices to show that [0,4]7, €
Im(WW,) for all v € A2, since

[co(A%)] 1, = span{[du.alz, | v € A%}

and Im(p) is a C*-subalgebra of [¢o(AY)];,,. To thisend, if v € H then Wy(0) = [0,.a]1, =
0. If v & H, and so v € T2, then Wy(d,r) = [dy.a]r,. Having accounted for all cases for
v € A2, we deduce that W} is surjective and hence a *-isomorphism. In turn, property (i)
is satisfied.

Next we consider n # 0. To see that W, is well-defined, first we define the map
Wﬂi Coo(Fﬂ) — [XQ<A)][H; (5)\71" — [6)\7A]1H for all A € FQ,
extending linearly from the usual basis of co(I™). Fixing A, u € I'®, we have that

dsoyalry A= p,
(W0 WalBu)) = (i Bnlie) = (o)l = 4 O A=

0 otherwise.

In either case, we deduce that

(Wa(dxr), Wa(d,r)) = Wo({dxr, 6,ur))-

It is routine to check that ¢, and J,r can be replaced by finite linear combinations of

point masses. In turn, for each &, € coo(I'™®) we obtain that

Wal€I® = I1{Wa(€a), Wi () I = Wo({&ns €Dl = I1 (€ &) | = [1€11%,

using that Wy is in particular an isometry in the third equality. Hence W, is a linear

isometry and therefore extends to a unique linear isometry

Wﬂi XQ(F) — [XQ(A)][H; 6)\,I‘ — [5)\7A]IH for all A € I™.
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Thus the map W, of the statement is well-defined. Moreover, it follows from the preceding
calculations that W, satisfies property (ii). To see that W, is surjective, first note that
Im(7,) is a closed linear subspace of [X,,(A)]r,, because W, is a linear isometry. In turn,

since

[(Xu(M)]1y, = span{[oaal, | A € A%},

it suffices to show that [dy4];, € Im(W,) for all A € A% To this end, if s(\) € H
then (0xa,0xa) = 50,4 € Im. An application of [36] Proposition 1.3] then gives that
a € Xu(A)Iy and hence W,(0) = [0xalr, = 0. If s(\) € H, and so A € I'%, then
W, (dar) = [0aa]r,- Having accounted for all cases for A € A%, we conclude that W, is
surjective.

To see that W, satisfies property (iii), we must show that

(bnl1, (Wo(a))Wa(6n) = Wa(dp(a)éy) for all a € co(T%), &, € Xn(T).

It suffices to show that the equality holds on point masses by linearity and continuity of
the maps involved. To this end, fix v € I'Y and A\ € I'®. We have that

[Pl 1 (Wo(00,0) )W (0a1) = [Bulry ([00,4]1:) 0541 = [9n(G0,8)] 15 [00,a] 14
[5)\7/\]]}[ lf ’I“()\) =,

0 otherwise.

= [¢n(dv,0)0rAl1, =

= Wa (), (0ur)drr),

as required. Hence W, satisfies property (iii).

To see that W, satisfies property (iv), we must show that
Wa(€)Wo(a) = Wy (€ua) for all §, € X,,(I'),a € CO(FQ)-

It suffices to show that the equality holds on point masses by linearity and continuity of
the maps involved. To this end, fix A € I'® and v € I'%. We have that

Wi (0,0)Wo(du,r) = [0xal1y [0va] 1y = [OrA00A] 1
[5)\71\]]1{ If S()\) =,

0 otherwise.
= Wﬂ(dA,Fév,F)a
as required. Hence W), satisfies property (iv).
Finally, let {tupnm }nmezr (resP. {Vnm}nmezr ) denote the multiplication maps of X(T')

(resp. [X(A)]1,) and fix n,m € Z%. We must show that

Vpm © (Wn @ W) = Whym 0 Upm-
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By linearity and continuity of the maps involved, it suffices to show that the equality holds
on the simple tensors &, ® &, where &, € X,(I') and &,, € X,,(I'). Reducing further, we
may assume that §, = dyr and &, = 0, for some A € I'* and pu € I'™. We obtain that

(Vnm © (Wi @ W) (0ar @ 0pr) = Unm(Wa(dar) @ Win(0ur)) = vnm([0xa]1, @ [04a]1,)

Oxwalry i r(p) = s(A),

0 otherwise.

= [0l =

= (Watm © Upm)(0ar ® 5u,1“)=

as required. Hence {Wﬂ}ﬂezi satisfies property (v). Combining this with the preceding
deductions, we conclude that {VVE}EGZIi implements a unitary equivalence between X (I)

and [X(A)]s,,, finishing the proof. O

Corollary 5.4.12. Let (A,d) be a k-graph and let H C AY be hereditary. If (A, d) is
(strong) finitely aligned, then so is T'(A\ H).

Proof. Since X (T'(A\ H)) = [X(A)]1, by Proposition [5.4.11} the result follows by combin-
ing Proposition [2.4.4] (resp. Proposition [2.5.8) with Proposition [2.4.2] (resp. Proposition
2.5.7). O

We now turn our attention to relative NO-2F-tuples in the case of a strong finitely
aligned k-graph (A, d). Our first aim is to describe the NT-2*-tuples of X (A) from a graph
theoretic perspective, by translating items (i)-(iv) of Definition into properties on

vertices. We obtain the following proposition towards the characterisation of item (i) of
Definition [4.1.4]

Proposition 5.4.13. Let (A, d) be a strong finitely aligned k-graph and let H C A% be
hereditary in A. Then, fiving O # F C [k|, the vertex set associated with Jg(Iy, X (A)) is
the union of H and the set

{ve H| wI'(A\ H)Y < oo Vi € [k] and v is not an F-source in ['(A\ H)}.

Proof. Fix v € AY and recall that v € Hy, 1, x(n) if and only if §,x € Jr(lg, X(A)).
Combining Propositions [4.1.3| and [5.4.9, we have that

Tr(Ta, X(A) = [-17, (Te([X(N)]1y))-
Thus we obtain that
ova € Jp(lm, X(A)) <= [0ual1y € Tr([X(AN)]ry)-

Consider the unitary equivalence {W,: X,,(I'(A\ H)) — [Xn(A)]1, }ﬂezi of Proposition
B£.411l Then we have that
vl € Tr([X (M)
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if and only if
Wy ([00.]1,) € Wo '(Tr(IX (M)]1y)) = Te(X(T(A\ H))),

using Proposition in the final equality. Notice that if v & H, then Wy ' ([0ya]1,) =
dpr by definition. In this case, we have that d,r € Jp(X(I'(A\ H))) if and only if
|[oL'(A\ H)} < oo for all ¢ € [k] and v is not an F-source in I'(A \ H), by applying the
comments succeeding Proposition to I'(A\ H). Thus v € Hy, (1, x(n) if and only if
either v € H or v & H but [v['(A\ H)Y < oo for all i € [k] and v is not an F-source in
I'(A\ H), proving the result. O

Next we translate items (i) and (iii) of Definition [4.1.4]
Definition 5.4.14. Let (A, d) be a k-graph.

(i) Given F C [k], we say that H C AYis Ft-hereditary (in A) if s(HAZ) C H for all
nl F.

(ii) We say that a family H := {Hp}pcpy of subsets of A% is hereditary (in A) if Hp is
F*-hereditary (in A) for all F C [k].

Notice that H C A2 is @+-hereditary if and only if it is hereditary in the usual sense.

Proposition 5.4.15. Let (A, d) be a strong finitely aligned k-graph. Let L be a 2*-tuple
of X(A) that consists of ideals and let Hy be the corresponding family of sets of vertices
of A. Then L is X (A)-invariant if and only if Hy is hereditary in A.

Proof. Assume that £ is invariant. Fix F' C [k],n L F and A € H; pA” We have that
r(\) € Hy p and hence 6,4 € Lp. By assumption we have that (X, (A), LrX,(A)) C Lp
and thus

(Oa,0, 0r(0), 0000 ) = (Ox, Oan) = Osyn € L.

It follows that s(\) € H,p and so s(HppA") C Hpp for all n L F. Hence H p is
F+-hereditary for all F' C [k] and thus H is hereditary, as required.

Now assume that H is hereditary. Fix F' C [k] and n 1 F. Tt suffices to show that
the invariance condition holds on point masses, since Lp is in particular a closed linear
subspace of ¢o(AY). Accordingly, fix A\, € A™ and v € H p. Note that (0y 4,0, 40,0) €
Lp trivially if r(u) # v or A # p, so assume that r(u) = v and A = p. In particular,
notice that A € Hy pA™. We obtain that

(Oa05 0u,000) = (Oan, OxAa) = 50 € L,

using F*-hereditarity of H. r in the final membership. Hence £ is invariant, finishing
the proof. n
Definition 5.4.16. Let (A, d) be a k-graph and let H := {Hp}pcpy) be a family of subsets
of AY. We say that H is partially ordered if Hp, C Hp, whenever Fy C Fy C [k].
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Proposition 5.4.17. Let (A, d) be a strong finitely aligned k-graph. Let L be a 2F-tuple
of X(A) that consists of ideals and let Hy be the corresponding family of sets of vertices
of A. Then L is partially ordered if and only if Hy is partially ordered.

Proof. The result follows immediately from the comments succeeding Proposition [5.4.6

pertaining to the duality between ideals of ¢y(AY) and subsets of AZ. ]
Finally, to translate item (iv) of Definition we will need the following definition.

Definition 5.4.18. Let (A, d) be a strong finitely aligned k-graph. Let H := {Hp}pc
be a family of subsets of AL, We say that H is absorbent (in A) if the following holds for
every ) # F C [k]: a vertex v € A2 belongs to Hr whenever it satisfies

(i) v is F-tracing,
(ii) s(vA™) C NpcpHp for all m L F, and

(iii) there exists m L F' such that whenever n 1 F' and n > m, we have that s(vA%) C

Hp and |vAZ%| < oo.

Proposition 5.4.19. Let (A, d) be a strong finitely aligned k-graph. Let L be a 2*-tuple
of X(A) that consists of ideals and let Hp be the corresponding family of sets of vertices
of A. Then L is an NT-2%-tuple of X (\) if and only if the following four conditions hold:

(i) for each O # F C [k], the set Hp g is contained in the union of Hrg and the set

{ve Hiy | [vl(A\ Hep)'| < oo Vi € [k] and v is not an F-source in T'(A\ Hg )},

(ii) Hp is hereditary in A,
(1ii) Hp is partially ordered,
(iv) He \ Hep:={Hep \ Heplrcp is absorbent in T'(A\ Heyp).

Proof. We have already commented on the equivalence of invariance of £ with item (ii),
and of the partial ordering of £ with item (iii). By Proposition , we have that Ly
is positively invariant for X (A) if and only if H. g is hereditary. In turn, we obtain the
equivalence of item (i) with item (i) of Definition [4.1.4] by Proposition[5.4.13] To complete
the proof, let £ be a 2F-tuple of X (A) that satisfies items (i)-(iii) of Definition We
will show that item (iv) of Definition is equivalent to item (iv) of the statement.

Since Hpy is hereditary, we can form the product system [X(A)]z, and the k-graph
I' == I'(A\ Hgp). We identify X (I') with [X(A)]z, via the family {W,: X,(I') —
[ X0 (A)] 1, }ﬂezi as in Proposition , and for F' C [k] we write

E? =58pan{d,r |ve€ Hep\ Heg} C cO(FQ).
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Note that L} corresponds to [Lp]z, under the identification X (I') = [X(A)]z,. In par-
ticular, we have that £ := {L£}L} pcpy is a 2F-tuple of X (T) that consists of ideals. Now

notice that

[12H(LF)E) € Lp for all F Clk] <= [Lp]Y) C [Lrle, for all 0 # F C [K]
= Wi ([Lrl) S Wyt ((Lle,) for all B # F ¢ [K]

Fixing 0 # F C [k], we claim that
-1 Wy — 1171 _ pr()
Wo ([Lrlzy) = Wy (Zr([X(AN)]ey) N [L] g inv,r N Lz timr) = L
To see this, first note that
W ([£6]6)) = Wo ' (Ze([X (M]ey)) VW (L] 2o im.r) N WG ([£] 2y tim, ),
since Wy Uis in particular injective. An application of Proposition gives that
W ' (Zr([X(A)]g,)) = Zr(X(T)).

Additionally, we have that
Wo H([£] 2y tim,7) = Ly,

by Proposition [3.3.3] Next, fixing m € Z% , we claim that

Wo ([ Xm(M)]z, (MPeplLpley)) = X (D)™ (NpepL)-

To see this, take v € T'? and observe that d,r € WQ_1([Xm(A)]Z;(mFQD[ﬁD]EQ)) if and only
if [Oualz, € [Xm(A)]Z;(ﬂFgD[ED]%). In turn, by arguing as in the proof of Proposition
5.4.7, we deduce that the latter holds if and only if

[0s0),alzy € NEcp[Lp]e, for all A € vA™ <= [d50),a)z, € NFcp[Lp)e, for all A € vI™
= Wo(dsn),r) € NreplLple, for all X € vI™
<= 50\ FEHFCDL’F for all A € vI'™

= (Xu(T), ¢, (000) Xim(D)) € Npeplly
< 1 € XD (NpepLlh),

using that [65x),a]z, = 0 whenever A € vA™ satisfies s(\) € H g in the second equivalence.
By exploiting the duality between ideals of ¢y(T'?) and subsets of T'Y, it follows that
Wil([Xm(A)]Z;(ﬂFgD [Lp]z,)) = X (D) H(NrcpLh), as claimed. Hence we have that

Wg_l([ﬁ]ﬁm,inwF) *ng F-
Combining the preceding deductions, we obtain that Wy ' ([£ F](ﬁlq,)) = /jg(l), as claimed.
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Thus we deduce that
FZALD) € Lp for all F C k] <= £5Y C £ for all 0 £ F C [A]
E@ F [,@ — F — F — F — )
which is in turn equivalent to having that

Ze(X(D) N Liyy p N Ll p € L for all § # F C [K] (5.15)

inv,

by definition. We will show that holds exactly when H, \ Hgy is absorbent in T',
thereby completing the proof.

To this end, fix § # F' C [k] and v € T2 We have that 6, € Zp(X(T')) if and only if
v is F-tracing in I'. Likewise, by we have that 0, € Eﬂlv’ r if and only if

s(uI"™) C Npcp(Hep \ Heyp) for all m L F.

Finally, we have that d,r € L[, p if and only if there exists m L F such that whenever
n L Fand n > m, we have that s(vI'"®) C Hy g\ Hg and [vT™| < co by Proposition[5.4.8|
It follows that (5.15) holds if and only if H; \ H. g is absorbent in I', as required. O

In the row-finite case, the characterisation of Proposition [5.4.19 simplifies as follows.

Proposition 5.4.20. Let (A, d) be a row-finite k-graph. Let L be a 28-tuple of X (A) that
consists of ideals and let H; be the corresponding family of sets of vertices of A. Then L
is an NT-2%-tuple of X (A) if and only if the following four conditions hold:

(1) for each O # F C [k], the set Hy g is contained in the union of Hpg and the set

Hp:={v € H}y|visnot an F-source in I' := T'(A\ Hrp)},

(ii) Hp is hereditary in A,
(i4i) Hp is partially ordered,

(iv) Hip N Hyp N Hyp C Hep for all ) # F C [k|, where

L] Hl,F = mQJ_F{U € AQ | S(UAQ) - Hﬁ’@ U HF},
o Hyp:= ﬂmLF{v € A2 | s(vA™) C NpcpHep},
o Hjp is the set of all v € A2 for which there exists m L F such that whenever

n L F and n > m, we have that s(vA%) C Hy p.

Proof. Firstly, note that A is in particular strong finitely aligned, so we are free to use
Proposition [5.4.19] Next, assuming that H. g is hereditary, we have that I' inherits row-
finiteness from A and therefore [vI| < oo for all v € T? and i € [k] automatically.

Consequently, items (i)-(iii) of the statement coincide with items (i)-(iii) of Proposition
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5.4.19| which are in turn equivalent to items (i)-(iii) of Definition 4.1.4f Thus, without
loss of generality, we may assume that £ satisfies items (i)-(iii) of Definition 4.1.4] Since
Pn(co(A2)) C K(Xn(A)) for all n € Z% by item (i) of Proposition [5.4.5, by Proposition
4.1.5| it suffices to show that item (iv) of the statement is equivalent to the following

condition:

( ﬂ XE(A)_I(‘]F<‘C@7 X(A)))) N 'CinV,F N £lim,F - ACF for all @ 7é F Q [k’]

nlF

To this end, fix ) # F C [k]. The vertex set associated with (), | » Xn(A) ™ (Jp(Ly, X(A)))
is nothing but H; g, which can be seen by combining Proposigions [(.4.7 and [5.4.13] Like-
wise, we have that Hp, . = Hyp by . Finally, we have that Hp, , = Hzr by
Proposition [5.4.8 noting that the stipulation that [vA™| < oo can be dropped by row-

finiteness of A. The result now follows from the fact that the duality between ideals of

co(A%) and subsets of AY preserves inclusions and intersections. O

The characterisation of relative NO-2¥-tuples in the case of strong finite alignment

(resp. row-finiteness) follows directly from Proposition [5.4.19| (resp. Proposition |5.4.20)),
as inclusion of ideals corresponds to inclusion of their associated vertex sets.

Corollary 5.4.21. Let (A,d) be a strong finitely aligned (resp. row-finite) k-graph. Let
K be a relative 2-tuple of X(A) that consists of ideals and let Hy be the corresponding
family of sets of vertices of A. Let L be a 28-tuple of X (A) that consists of ideals and let

H/ be the corresponding family of sets of vertices of A. Then the following are equivalent:
(i) L is a K-relative NO-2*-tuple of X (A);

(ii) Hp satisfies (1)-(iv) of Proposition (resp. Proposition and Hix p C
Hep for all F C [k].

In particular, the following are equivalent:
(i) L is an NO-2F-tuple of X (A);

(ii) Hp satisfies (i)-(iv) of Proposition (resp. Proposition and every F'-
tracing vertex of A belongs to Hp g for all 0 # F C [k].

Notice that we restrict to the set of relative 2"-tuples of X (A) that consist of ideals in
the statement of Corollary . This is sufficient, since for a general relative 2¢-tuple
K of X(A) we have that NO(K, X(A)) = NO(K),X(A)) by the remarks succeeding
Proposition [3.1.16]

Finally, we turn our attention to the case of a locally convex row-finite k-graph (A, d).
In accordance with [50], a subset H of AY is called saturated if whenever a vertex v € A2
satisfies s(vASt) C H for some i € [k], we have that v € H. Note that () is vacuously sat-
urated. When H C A% is both hereditary and saturated, the row-finite k-graph T'(A\ H)
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is also locally convex [50, Theorem 5.2]. The saturation H of H C A% is the smallest sat-
urated subset of A2 that contains H. The saturation of a hereditary set is also hereditary
[50, Lemma 5.1].

Proposition 5.4.22. [3, [50] Let (A,d) be a locally convex row-finite k-graph. Then the

operations
H,V Hy,:=H,UH, and H, A H,:= H,N H,

for hereditary saturated subsets Hy, Hy C A2 define a lattice structure on the set of hered-

itary saturated subsets of AC.

Proof. We order the set of hereditary saturated subsets of A2 by inclusion. Fix hereditary
saturated subsets Hy, H, C A% Note that H; V H, is saturated by definition. We also
have that H, V Hs is hereditary by [50, Lemma 5.1], where hereditarity of H; U H; follows
from that of H; and H,. It is clear that H; V Hy is an upper bound for { Hy, H,}, and in
fact it is a least upper bound by the minimal property of the saturation.

The fact that H; A Hy is hereditary and saturated follows from the corresponding
properties of Hy and H,. Additionally, it is immediate that H; A Hs is a greatest lower
bound for {Hy, Hs}. In total, we conclude that the operations of the statement impose a

lattice structure on the set of hereditary saturated subsets of A, as required. O]

Distributivity of the lattice structure of Proposition [5.4.22|will follow when we establish
a lattice isomorphism between the set of hereditary saturated subsets of AY and the set

of gauge-invariant ideals of C*(A). Next, local convexity implies that Jp(X(A)) and
Zr(X(A)) coincide for all F' C [k].

Proposition 5.4.23. Let (A, d) be a locally convex row-finite k-graph. Then Jr(X(A)) =
Zr(X(A)) for all F C [K].

Proof. The claim holds trivially when F' = 0, so fix ) # F C [k]. It suffices to show that
Jr(X(A)) € Zp(X(A)). To this end, since A is row-finite this amounts to showing that
if v € A% is not an F-source, then it is F-tracing. Recalling the definition of F-tracing
vertices, we proceed by induction on the length of the degree of the paths A € vA with
d(A\) L F.

For |d(\)| = 0, there is nothing to show (this accounts for F' = [k]). For |d(\)| = 1, we
have that d()\) = i for some i € F°. Since v is not an F-source, we can find pu € vAL for
some j € F. Since i # j, A € vA® and p € vAZ, local convexity of (A, d) gives in particular
that s(\)AZ # 0, and thus s()\) is not an F-source, as required.

Now assume that s(\) is not an F-source for all A € vA satisfying d(A) L F and
|d(\)| = N for some N € N. Fix A € vA such that d(\) L F and |d(\)] = N + 1. Then
d(A) = n+i for some n | F satisfying |n| = N and some ¢ € F°. The factorisation
property gives unique paths u, v € A such that d(p) = n,d(v) =i and A = pv. Note that
v =r(\) = r(ur) = r(n), so the inductive hypothesis implies that s(u)AL # ) for some
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j € F. We also have that v € s(u)A! and i # j, so local convexity of (A, d) gives that
s(v)AL # . In other words, s(v) = s(\) is not an F-source, as required. By induction,

the proof is complete. O

Proposition 5.4.24. Let (A, d) be a locally convex row-finite k-graph and let H C AY be
hereditary and saturated. Then

Ze([X (M) = @Zr(X(A) + 1g)/ I for all F C [k],
and consequently
Jr(Ig, X(N)) =Zp(X(A)) + Iy for all ) # F C [k].

Proof. The first claim holds trivially when F' = (), so fix ) # F C [k]. Recall that
I' :==T(A\ H) is a locally convex row-finite k-graph, and that X(I') and [X(A)]y,
unitarily equivalent via the family {W,: X,(I'(A\ H)) — [Xn(A)]1, }ﬂezi of Proposition
B.4.11] We have that

are

Wo(Zr(X () = Ze([X (A)]1y)

by Proposition [2.5.11l Moreover, since A and I' are locally convex and row-finite, Propo-
sition [5.4.23| gives that

Zr(X(A) = Tr(X(A))  and  Zp(X(T)) = Tr(X(T)).
Hence it suffices to show that
(Tr(X(A) + Iu)/Tu = Wo(Tr(X (). (5.16)
Note that
(Tr(X(A)) + In)/In = span{[d,a]r, | v & H,v is not an F-source in A}. (5.17)

Therefore, to prove the forward inclusion of , it suffices to show that [d,a]r, €
Wo(Jr(X(T'))) whenever v ¢ H and v is not an F-source in A.

Fix such a v € A? and note that Wy ' ([0u,a]z,) = dur. We claim that v is not an
F-source in I'. Towards contradiction, suppose that vI'* = ) for all i € F. Since v is not
an F-source in A, there exists i € I such that vA% # (). For each A\ € vAf, we must have
that s(\) € H, as otherwise we would obtain that vT'* # (). Thus s(vAS!) = s(vA%) C H.
Since H is saturated, we obtain the contradiction that v € H, establishing the forward
inclusion of .

For the reverse inclusion of , take v € TY, ie., v € H, such that v is not an

F-source in I'. In particular, v € A% is not an F-source in A. Hence

Wo(dur) = [0val1y € (Tr(X(A)) + In)/In

205



Chapter 5. Applications

by (5.17), giving (5.16).
The last claim follows by item (ii) of Proposition and the fact that Iy C

Jr(Ig, X(A)) for all ) # F C [k], as Iy is positively invariant. This finishes the proof. [J

Proposition 5.4.25. Let (A,d) be a locally convex row-finite k-graph and let H be a
subset of A2. Then H s hereditary and saturated if and only if Iy is positively and
negatively invariant for X (A).

Proof. Assume that H is hereditary and saturated. Then [y is positively invariant for
X (A) by Proposition Fix ) # F C [k]. By Proposition [5.4.24] we obtain that

Tr(X(A)) S Zp(X(A)) + In = Jr(Iu, X (A)).

Hence Iy is negatively invariant for X (A) by Proposition [5.1.3] as required.

Now assume that Iy is positively and negatively invariant for X (A). We have that H
is hereditary by Proposition [5.4.9] so it remains to check that H is saturated. Accordingly,
fix v € A2 and suppose that s(vASt) C H for some i € [k]. We must show that v € H.
This is clear when vAL = (), as in this case vAS! = {v} by item (ii) of Proposition [5.4.1}
so assume that vA¢ # (). Another application of item (ii) of Proposition m gives that
s(vASt) = s(vAf) C H, and thus 0,5 € X(A){_Zi(IH) by (5.13). Since vA! # @), we have
that v is not an {i}-source, and thus v is {i}-tracing by Proposition [5.4.23] Hence

dua € Ly (X (M) N X (A) gy (Twr) € I,

using negative invariance of Iy in the final inclusion. Consequently, we obtain that v € H

and hence H is saturated, finishing the proof. O

Proposition 5.4.26. Let (A, d) be a locally convex row-finite k-graph. Then the associ-

ation

I— Ly, where L1 p:=Tp(X(N))+1I for all F C [k],

defines a bijection between the set of ideals of co(A2) that are positively and negatively
invariant for X (A) and the set of NO-2F-tuples of X (A), which in turn induces a bijection
with the set of gauge-invariant ideals of NOx ).

Proof. By Proposition and Corollary [5.1.7, the map is well-defined and clearly
injective. For surjectivity, fix an NO-2F-tuple £ of X(A) and note that Ly is positively
and negatively invariant for X (A) by Proposition . It suffices to show that Lp =
Lryr=Tp(X(N))+ Ly for every ) # F C [k] (as the equality clearly holds when F' = 0)).
To this end, we obtain that

(Zr(X(A) + Lo) /Ly € Lr/Ly C Jr(Ly, X(A))/ Ly = (Zr(X(A)) + Ly)/ Lo

for all ) # F C [k], using Propositions [5.4.24| and [5.4.25| in the final equality. Thus
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Lp = L, p for all ) # F C [k], as required. Hence the map of the statement is a
bijection. The last claim follows from Corollary [4.2.12] completing the proof. O]

To recover [50, Theorem 5.2], we need the following identification. Let H C A2 be a

hereditary vertex set. Then
AH):=H,{\eA|r(\) € H}rs)

is a locally convex row-finite sub-k-graph of A, and X (A(H)) and Iy X (A)Iy are unitarily
equivalent via the family of maps {Wy,},czx defined by

W Xu(A(H)) = I X, (A)Ir; 6y acr) — Oaa for all X € A(H)%, n € ZE.

The proofs of these assertions follow similar trajectories to those of Propositions [5.4.10
and respectively, and so have been omitted. By Propositions [2.5.20[ and [2.6.10, we
obtain that

C*(A(H)) = NOxuny) ENOrxwyy = IuC* (Mg,
where we identify Iy with its faithful image inside C*(A) in the final *-isomorphism.

Corollary 5.4.27. [50, Theorem 5.2] Let (A,d) be a locally convex row-finite k-graph.
Equip the set of hereditary saturated subsets of A2 with the lattice structure of Proposition
and equip the set of NO-2%-tuples of X (A) with the lattice structure of Definition
(suitably restricted). Let {Th\}rea be the universal Cuntz-Krieger A-family. Then
the following hold:

(i) The set of hereditary saturated subsets of A® and the set of NO-2F-tuples of X (A)

are wsomorphic as lattices via the map
H — Ly, where L1, p:=Zp(X(A)) + Iy for all F C [k]. (5.18)

Consequently, the set of hereditary saturated subsets of AL and the set of gauge-

invariant ideals of C*(A) are isomorphic as lattices.

(i) Let H be a hereditary and saturated subset of A2 and let Q: N'Txn) — C*(A) be
the canonical quotient map. Then the quotient C*(A)/Q(JF*'r) is canonically *-
isomorphic to the graph C*-algebra C*(I'(A\ H)).

(iii) Let H be a hereditary subset of A°. Then C*(A(H)) is canonically *-isomorphic
to the C*-subalgebra C*(Ty | r(\) € H) of C*(A), and this C*-subalgebra is a full
corner of the ideal generated by {T, | v € H} in C*(A). If H is in addition saturated,
then the ideal generated by {T, | v € H} in C*(A) coincides with Q(J*u), for the
canonical quotient map Q: N'Txy — C*(A).

Proof. (i) Firstly, note that (5.18)) is the composition of the duality map H +— Iy and
the map I — L; of Proposition [5.4.26] where H C A% is hereditary and saturated, and I
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is an ideal of co(A2) that is positively and negatively invariant for X (A). These maps are
bijections by Propositions[5.4.25 and |5.4.26|, respectively, and hence the map is also
a bijection. Therefore, to prove the first claim, it suffices to show that preserves
the lattice structure. To this end, fix hereditary saturated subsets H; and H, of A2. We

must show that

‘CIHl /\ﬁ]H2 = ,C]HIAHQ and ,C]Hl \/,C]H2 = ‘CIHlvHQ'

For the operation A, recall that H; A Hy = Hy; N Hy and that Iy, Iy, = Iy,~g,. Hence
for each I’ C [k] we obtain that

(Lry, ALy, )r = Ly, pLry, = (Zr(X(A)) + In,)(Zr(X(A)) + In,)
= IF(X<A)) + In, In, = ZF(X<A)) + Thinm, = EIHl/\H21F7

by Proposition 4.2.6] For the operation V, we must show that

('C]H1 V‘CIHQ)F =L s for all F g [k’]

Irom,

For F = (), we must show that
_ 1 L ~L
('CIH1 v ﬁIHQ)(Z) = 7TX1(A) (371 4 37 ) = Iomy

using Proposition in the first identity. We have that H; C H, U H, and hence we
. ~L AL s .

obtain that Iy, C o Thus £1H1 - £1H1UH25, and so J~'m C J 'mum using that

the parametrisation of Theorem [4.2.3| respects inclusions. Likewise for Hs. In turn, we

obtain that

Ly <
——1 (3£1H1 +3£1H2) g ﬁ}l (E‘CIWHZS) — Eg HyUHy

TX(A) (A) = Iiom,

Conversely, note that (Lr, V Lr,, )e is positively and negatively invariant for X(A) by
Proposition , since it participates in the NO-2*-tuple £ 1, V Ly, - An application of
Proposition then gives that H, (Lrgg, VLrg, Do is hereditary and saturated. Additionally,
we have that Iy,un, C (,CIH1 V EIH2)@ by definition. From this we deduce that H; U Hy C
H, L VeI o Minimality of the saturation then implies that

1 2

H,UH, C H

Lrg, Vg, o

Consequently, we have that Iz gz C (L1, V L1y, ), as required.
Now fix ) # F C [k]. Recall from the preceding argument that o 4 FFm C

Lr
3 HUHE® and hence
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since the parametrisation of Theorem [4.2.3 respects inclusions. In particular, we have

that (L1, V Lry,)r C L1y, y,F- For the reverse inclusion, first recall that

(LIHl \/,CIHQ)F = [](_1 [((EIHPF +£IH27F + (‘CIHl VLIHQ)Q))/([’IHI \/EIHQ)@)(k—l)]7

Lrg, Vg, )o

by Proposition [4.2.7] Observe that

Zr(X(A) + (Lo, V L))o € Ly r + (L, V Loy, o
= IF(X(A)) + Iy, + (‘CIHl \% ‘CIH2)0
CZr(X(A) + (Lry, V L1y, o,

using that Iy, C (EIHI Vv EIHZ)@ in the final inclusion. Likewise for H,. Therefore, we
have that

(EIHI \Y% EIHQ)F = [-](—1 [(Zr(X(A)) + (Lry, V £1H2)@)/(£1H1 V ﬁIHQ)@)(k‘l)],

[:]Hl V,C[H2 )@

We then obtain that

[EIH1VH27F](LIH1 VL, )o — [IF(X(A)) + ]HlLJHgs](ﬁIH1 VLI, o

= [Zr(X(A)) + (L1, V £1H2)0](51H1 VL1 o

(k—1)
€ (e (X(A) + (L, V Laelicsy veig )

using that Izome = (L1, V L1y, )o in the second equality. Thus Ly, ., ¢ € (L, V
L IHZ) r, as required. The second claim now follows by an application of Corollary |4.2.12|

(ii) Let H C A% be hereditary and saturated. Then Zr([X (A)|r,,) = (Zr(X(A)) + Ig)/Ix
for all F C [k] by Proposition [5.4.24, Hence, applying items (ii) and (iii) of Corollary
5.1.7 and adopting the notation therein, we obtain that

NOxw)/ (Qz(Tx)(In))) = NOxwy,, = NOxrmm),

using Propositions [2.5.20[ and [5.4.11] in the final *-isomorphism. Note that item (iii) of
Corollary applies due to row-finiteness of (A, d). Item (ii) of the statement follows.

(iii) The first statement follows by the comments preceding the corollary, using Proposition
2.6.10 for fullness. Note also that

(Qr(TxnyUn))) = (T, |v e H)

canonically. For the corner property, we use that the generators of cy(A?) form a countable

approximate unit of projections. The second statement is an immediate consequence of

item (iii) of Corollary [5.1.7] O
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5.5 Finite frames

In this section we apply the NT-2%-tuple machinery to the case of a product system X over
Z% in which X; admits a finite frame for all i € [d]. Kakariadis [32] used the quotients of
NTx by the ideals (Tx(A)gx, | i € F) for § # F C [d] in order to examine the structure
of subinvariant KMS-states. A note was made in [32] that such quotients can be realised
as the Cuntz-Nica-Pimsner algebra of an induced product system. We will see here how

this is achieved from the parametrisation that we have established.

Definition 5.5.1. Let X be a right Hilbert module over a C*-algebra A. A finite non-
empty subset {§(j)}j€[N] of X is said to be a finite frame of X if Zjvzl Ot ¢y = idx.

When such a subset exists, we say that X admits a finite frame.

We record the following well-known result for Hilbert C*-modules admitting a finite
frame. For the proof, recall that a C*-algebra is said to be o-unital if it admits a countable

approximate unit.

Proposition 5.5.2. Let X be a right Hilbert module over a C*-algebra A. Then X admits
a finite frame if and only if idx € K(X).

Proof. The forward inclusion is immediate. For the reverse inclusion, assume that idx €
K(X), so that IC(X) is a unital C*-algebra. In particular, we have that IC(X) is o-unital.
Next, for each £ € X we define an element £* € L(X, A) by

£ () = (€ n) forallp € X.

We equip the set
X" ={{ e X}

with the usual linear space structure inherited from £(X, A). We also implement a right

K(X)-module structure and a (X )-valued inner product on X* by
k= (k") forall { € X,k € K(X) and (£",n") =0, foral {,ne X,

respectively. It is routine to check that X* constitutes a right Hilbert X (X )-module when

equipped with these operations. Moreover, we have that X™ is full in the sense that
(X7, X7)] = K(X).

Hence we may apply [40, Lemma 7.3] to X* to obtain a sequence {£)};cy C X such that
{22721 ©¢t) ¢ Inen is an approximate unit of (X). Since idx € K(X) by assumption,

o0
Z Octi ¢0h = 1dx,

j=1

we have that
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where the convergence occurs in the norm topology. Thus there exists N € N such that
N
lidx — Z Oy e < 1.
j=1

Hence £ = Zjvzl O ¢(i) 1s invertible by a standard unital Banach algebra result. In
turn, we have that k3 is invertible by using the continuous functional calculus. We then
set

n? = k2¢Y for all j € [N].

We obtain that
N N
D 0,600 =k 20D O ek =k 2kk T2 = idy.
— —

In total, we conclude that {n")};c;n constitutes a finite frame of X, finishing the proof.
[

Proposition implies that X admits a finite frame if and only if £(X) = L£(X).
In total, we have that X is projective and finitely generated (see [43 Definition 1.4.4]).

Lemma 5.5.3. Let X and Y be C*-correspondences over a C*-algebra A. Suppose that
Y admits a finite frame {y¥};cn. Then

X®aY
ml o @1dy = E ®x1®y<j>,zz®y<”’ for all xy,x5 € X.

If in addition X admits a finite frame {x(i)}ie[M], then X ®4Y admits the finite frame
{zV @y ie[M],je N}

Proof. For the first claim, it suffices to show that the equality holds on simple tensors by
linearity and continuity of the maps involved. Accordingly, fix x € X and y € Y. We
have that

(07 ., ®idy)(zQy) = (21 (22, 2)) @y = 1 @ Py ({2, 7))y

N N
=21® (D 0%, 0 (v ((@2,2)y) = 21 @ Yy (Y, dy ((22,7))y))
=1 =1
N N
=Y 512N w ey z0y) =) (10y) (e y? roy)
J J=1

X®4Y
1‘1®2(]')’m2®y(j) )(l‘ ® y)’

= (

1 1
@
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as required. For the second claim, we must show that

M N
X®AY .
Z Z @x(i>®y(j),m(i)®y(j) - 1dX®AY-

i=1 j=1

As before, it suffices to show that the equality holds on simple tensors. Fixing x € X and
y € Y, we have that

(29 @y (2® @y 2@ 1)

X®AY _
E , E :@x(w@y(ﬁ@(i)@y(j)(fp ®y) =

i=1 j=1

M=
WE

@
Il
i
.
Il
—

2@ @ (y Dy, gy (2D, z))y))

.
WE

@
I
—
.
I
—

.
M) =

@
Il
—_

AR (@z,/(j),ym((ﬁY(@(i)a x))y))

Il
—

J

M . .
=52 @ gy (20, 2y

1

-.
Il

e

M
=1

=1

using that {y},c(n) is a finite frame of Y in the fourth equality and that {2}, is
a finite frame of X in the final equality. Thus {#® ® y\¥) | i € [M],j € [N]} is a finite
frame of X ®4 Y, finishing the proof. O]

Admission of a finite frame is preserved when we pass to quotients.

Proposition 5.5.4. Let X be a right Hilbert module over a C*-algebra A and let I C A
be an ideal. If X admits a finite frame {f(j)}jem, then [X]; admits the finite frame
{[f(j)]l}je[N}'

Proof. We have that
N N

N
X . .
Z@{g(%]bg(a‘)], - Z[@gﬁf(a‘)]l = [Z @gﬂ,g(j)]l = [1dX]I = 1d[X][7

j=1 j=1 j=1

using Lemma [2.2.11|in the first equality. Hence the family {[¢\7)];},¢(n] constitutes a finite

frame of [X];, as required. O
Passing to product systems, we have the following proposition.

Proposition 5.5.5. Let X be a product system over Z‘i with coefficients in a C*-algebra
A and fir ) # F C [d]. Then X; admits a finite frame for all i € F if and only if X,
admits a finite frame for all n € Z4 \ {0} satisfying suppn C F. Thus X; admits a finite
frame for all i € [d] if and only if X,, admits a finite frame for alln € Z% \ {0}.
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Proof. Tt suffices to prove the first claim, as the second then follows by taking F' = [d].
The reverse implication is immediate, so assume that X, admits a finite frame for all
i € F. We will prove the claim by induction on |n|. If |n| = 1 and suppn C F, thenn =1
for some ¢ € F. In this case X,, admits a finite frame by assumption and so the base case
holds.

Now suppose that X, admits a finite frame for all m € Z4% \ {0} satisfying suppm C F
and |m| = N for fixed N € N. Take n € Z% \ {0} satisfying suppn C F and |n| = N + 1.
Then we may write n = m+i for some m € Z% \ {0} satisfying suppm C F and |m| =
and some ¢ € F. Note that X,, admits a finite frame by the inductive hypothesis and
X, admits a finite frame by assumption. Accordingly, fix finite frames {gg)}jewm] and
{fi( k)}ke[zvi] of X,,, and X, respectively. We claim that the family

{fg)gi(k) |7 €[Nl k€ [N]}C Xpps = X

constitutes a finite frame of X,,. To this end, we must show that

| sz

Xn
@g<ﬂg<k) 50)5%) ng-

g5

1 k=1

.
Il

Since X,, ®4 X; = X,, via the multiplication map u,, ;, it suffices to show that the equality
holds on the vectors of the form &,,§;, where &, € X,,, and & € X,;. We obtain that

| sz

DM (eDe® ¢8.)

1

M
M‘g

<
Il
i
B
Il

Xn
@g@g(“ ORG) (Em&i)
k=1 i mm

<
Il
-

M#

|-

Ui (69 ® €Y (Ui (6D @ €M), i (€ ® &))

I
.M\S

<
Il
-
Eond
Il
-

(€D @MY @ €M, tm ® &)

)

l

I
S
E

1

<
I
—

=M=

Xm®aX;
& 0el) 62 e

(gm ® f@)) = fmgz

I
i~y
E
\gE

<

Il
—
e

=1

as required, using Lemma in the final equality. Hence X,, admits a finite frame and
by induction the proof is complete. O

Corollary 5.5.6. Let X be a product system over Z‘i with coefficients in a C*-algebra A,
wherein X; admits a finite frame for alli € [d). Then K(X,) = L(X,,) for alln € Z4\{0}

and thus in particular X s strong compactly aligned.

Proof. An application of Proposition [5.5.5 gives that X, admits a finite frame for all
n € 74\ {0}. It follows that K(X,) = £(X,) for all n € ZZ \ {0} by Proposition [5.5.2]
The final claim follows by applying Corollary [2.5.6, finishing the proof. m
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We do not assume that X, = A admits a finite frame, as this would force A to be
unital, and the results of this section hold even when A is non-unital. Notice that X is
automatically strong compactly aligned when every X; admits a finite frame by Corollary
2.0.0l

Corollary 5.5.7. Let X be a product system over Z‘fr with coefficients in a C*-algebra A,
wherein X; admits a finite frame for all i € [d]. Fiz n,m € Z% \ {0} and let {gg’}je[w
be a finite frame of X,,. Then we have that

Nm

+ Xﬂ X'IL m
G(0,) = D6, S ey Jor all &, € X
=1

In particular, if (7w, t) is a representation of X then

Nm
¢@+m(’£+m(®?jnﬂ)) = Z tn(éﬁ)tm@g))tm(fg))*tn(nﬂ)*v for all gﬂa M, € Xﬂ'
j=1

Proof. First note that the finite frame of X, exists by Proposition [5.5.5, We have that

N,

n+m (o Xn _ Xn : x 2 : Xn®aXm *

n <@£@,n@) o uﬂ’m(@ﬁgﬂm ® lde>uﬂ7m - u&m( — @f ®£(]) 77n®f(])) n,m’
]:

using Lemma in the second equality. It then follows from [40, p. 9, (1.6)] that

N
+ Xn — Xntm
T Og) = 2 O enct e’
Jj=1r
as required. By applying 1,1,, we obtain the final claim, finishing the proof. O]

Remark 5.5.8. Let X be a product system over Z? with coefficients in a C*-algebra
A. Suppose that every X; admits a finite frame {@-(j)}jewﬂ. If (m,t) is a Nica-covariant

representation of X, then we have that

N; N;
= ¢y(idx,) = ¥ Z@ﬁﬁ ) = D) € € (m 1), for all i € [d].
7=1

Since the left action of each fibre of X is by compacts, we have that w(A)qr C C*(m,t)
for all F' C [d] by Proposition [2.5.16, However, it may still be the case that ¢p & C*(m, )

(unless C*(m,t) is unital).

Proposition 5.5.9. Let X be a product system over Zd with coefficients in a C*-algebra
A and suppose that ¢,(A) C K(X,) for all n € Z%. Let (m,t) be a Nica-covariant
representation of X and fix ) # F C [d]. Then for each O # D C F, we have that

7(A)gp C (m(A)g | i € F) C C*(x,1).
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Proof. Without loss of generality, assume that D = [m] and F = [n]| for m < n. By
the Hewitt-Cohen Factorisation Theorem, for a € A there exist by, ..., b, € A such that

a="by---b,. In turn, we obtain that

m(a)gp = (w(br) -+ m(bm))(qr - Gm) = (7(b1)qr) - - (W (b)) € (w(A)g; | i € F),
using that ¢; € w(A)’ for all i € D by Proposition [2.5.15 This finishes the proof. O

We now pass to the study of the quotient N'Tx/ (Tx(A)qy, | i € F) for 0 # F C [d].
We first turn our attention to the case of F' = [d], where the quotient corresponds to the
finite part of the Wold decomposition of a KMS-state in the context of [32].

Proposition 5.5.10. Let X be a product system over Zi with coefficients in a C*-algebra

A, wherein X; admits a finite frame for all i € [d]. Consider the gauge-invariant ideal
J = <7X(A)6X,g | (NS [d]> - NTX-

Then
={a€ Al lim |pn(a)]| =0} and L= A forall ) # F C [d].
neLy

Moreover, the product system [X]Eg 1s reqular, and thus there is a canonical x-isomorphism
NTx/I=NOK

If X is in addition injective, then L) = {0} and N'Tx /3 = NOx.

Proof. Let Q3: NTx — NTx/J be the canonical quotient map. The fact that

Eg =kerQyomx ={ac A lég}i [¢n(a)l| = 0}
nesy

follows from [32], Proposition 4.3]. Note that the latter is presented in the unital setting,
however this assumption can be dropped. Next fix ) # F C [d] and a € A. By Proposition
5.5.9, we have that Tx(a)gy r € J. Thus we obtain that

a)) + > A=) Qs (0x(6u(@)) | 0 # 0 < 14} = Q3(Fx(a)Ty ) = 0

by Proposition [2.5.16, It follows that a € £}, = (Qy 0 Tx)~ (B(QTOTX QTOtX)) and hence

L"} = A, as required.

Next we show that [X] c is regular. Applying Lemma [2.2.11| and Corollary 5.5.6| in

tandem, we deduce that the left actions of the fibres of [X] c3 are by compacts. Thus it
suffices to show that [¢;] c is injective for all i € [d] by Proposition m To this end, fix

i € [d], a finite frame {@-U)}je[Ni] of X; and [a]cg € ker[qbdﬁg. We have that [@'(a)@(j)]c\g =0
for every j € [N;], and hence gbi(a){i(j ) e X; L3 for all j € [N;]. For notational convenience,
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we write

Thus we have that
my(@)ty (&) = t3a(0(0)E”)) € tai(Xil]) = tya(Xo)my(L]) = {0}, for all j € [N;).
In turn, we obtain that
my ()t (67 )34(&”)" = 0 for all j € [N}
and therefore N,
my(a)pyi =7 Z (&7 )t3.4(6 4))*:0

by Remark 5.5.8] - We also have that Tx(a)gx, € J by definition, and hence

Hence a € Eg and thus [a] = 0, proving that [¢;] c is injective, as required.
Combining regularity of [X] c with the first claim gives that Z([X] Lg) = L] i There-

fore we conclude that
NTx/3 = NO(L 1, [X] ) = N O

using item (ii) of Proposition to establish the canonical *-isomorphism.
If X is injective, then every ¢, is isometric and hence 58 = {0}. For the final equality,
note that

J= <7X(A)§X,F ’ 0 #F C [d]> = <7X(IF(X))5X,F | FC [d]> - 3(I7EX)tX)’

using Proposition [5.5.9]in the first equality and regularity of X in the second. Therefore
NTx /3 = NOy, finishing the proof. ]

Next we move to the characterisation of the quotient of N'Tx by (7Tx(A)gy, | i € F),
for some fixed ) # F C [d], as the Cuntz-Nica-Pimsner algebra of an appropriate quotient
of a new product system Y over Z‘fl. The key is that every non-trivial fibre of Y*
inherits a finite frame, and that N'7Tx = N7y in a canonical way.

For ease of notation, we will assume that F' = [r] for some r < d. This is sufficient, as

the ensuing arguments can be adapted to account for general () # F C [d] by relabelling

216



Chapter 5. Applications

the elements. For each n = (ny,...,ny) € Zi, we define
d—
np:=(ni,...,n,) €Z, and np. = (Nyg1,...,nq) € ZL "

Therefore we can canonically express every n € Z% as n = (np,np.). Conversely, given
keZ and [ € Zi‘r, we can form n := (k, () € Zi so that ny =k and np. = £.

For the remainder of the section, we will take X to be compactly aligned and will
restrict to the finite frame setting where appropriate. We identify N7y with C*(7, ) for
the Fock representation (7,¢). We use F' to split the gauge action § of (7,) into two

parts. More specifically, we define families fr and Bp. via

ﬁF = {5(£,l[d,r])}§€']1’" and ﬁFJ- = {ﬁ(l[r],g)}geﬂ‘d*r-

Note that Sr and Bp. are point-norm continuous families of *-automorphisms of N7y,
being restrictions of 3. For n € Z% and &, € X,,, we have that

Bra(tu(én)) = 6(z,l[d,7,])(zﬂ(§ﬂ)) = 2"y (&) for all z € T7,

and that
BFL,Q<ZQ<€Q)> = BQ[T]@ (tu(&n)) = QQFLZQ@Q) for all y € T

In particular, we have that
Bra(T(a)) =7(a) = Bps 4 (7(a)) for all z € T,y € T " a € A.

By combining the preceding observations and using the remarks of [8 p. 133], we obtain

faithful conditional expectations

Eg: NTx = NTE" f = | Bra(f)dz for all fe NTx,

'[r'l’

and

Es  NTx = NT fes [ Beey(f)dy for all f e NTx.

Td—r
Definition 5.5.11. Let X be a compactly aligned product system over Z? with coeffi-
cients in a C*-algebra A and let F' = [r] for some r < d. We define the C*-algebra B""
by

B = C*(7(A),L(X,) | i € FY) C N'Tx,

and the collection of linear spaces Y := {VF bnezr, by

Vi =B and YV = [fno(Xme)B" ] C NTx for all n € 27, \ {0}.

Since 7(A) € B, by using an approximate unit of A we obtain that ¥, 0)(X(m.0) C
YQF for all n € Z7,.
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Proposition 5.5.12. Let X be a compactly aligned product system over Zi with coeffi-
cients in a C*-algebra A and let F' = [r] for some r < d. Then we have that
B = C*(7(A),Tu(Xa) | n L F) = span{f,(X,.)?

(Xm>* |n,m L F}.

Proof. First we show that BF" = C*(7(A),1,(X,) | n L F). The forward inclusion is
immediate. For the reverse inclusion, it suffices to show that

Tu(X,) C BT forall0#n L F.

We proceed by induction on |n|. When |n| = 1, we have that n = i for some i € [d]
satisfying i L F. Thus i € F and so 1,(X,) C BF" by definition.

Now suppose that £, (X,) € BF" whenever m L F and |m| = N for fixed N € N.
Take n L F such that |[n| = N + 1, so that we may write n = m + i for some m L F
satisfying |m| = N and some ¢ € F°. We obtain that

tﬂ(Xﬁ) = mﬂ‘(Xmﬂ') C ﬁm(Xm)

T.(X,)] C [BF BT c B,
using that X,,, ®4 X; & X,, via the multiplication map u,,; in the first inclusion, and the
inductive hypothesis and base case in the second inclusion. By induction we are done,

and we ascertain that the first equality of the statement holds.

For notational convenience, let
C :=span{t,(X,)tm(Xm)" | n,m L F}.

It remains to show that C*(7(A),{,(X,) | n L F) = C. The reverse inclusion is imme-
diate. For the forward inclusion, it suffices to show that C' is a C*-subalgebra of N'Tx
that contains the generators of C*(7(A),1,(X,) | n L F'). To this end, it is clear that C'
is a selfadjoint closed linear subspace of N'Tx. It remains to see that C' is closed under

multiplication. It follows from the preceding observations that it suffices to show that

tQ(Xn)Zm(Xm)*EE(XE)&(XD* C Cforall n,m,k,¢ 1L F.

We have that

tQ(XQ>tm(Xm)*ZE<XE) ( ) C [_n( t7m+ka<Xfm+ka>t k+m\/k(X k+m\/k) £< ﬁ)*]

g [zgferm\/E(Xn m+m\/k)t€ k+ka:(XZ k+mvk> ] C

using Nica-covariance in the first inclusion and that

n—-m+mVkLF and {—k+mVEkLF

in the final inclusion. Hence C is a C*-subalgebra of N'Tx, as claimed.
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To see that C' contains the generators of C*(7(A),1,(X,) |n L F), fixn L F,§, € X,

and an approximate unit (uy)xea of A. We deduce that
Fal6) = IF-imEa(€unn) = 1] - i u(Ea)7(u)" € C.

as required. Thus C*(7(A),t,(X,) | n L F) = C, finishing the proof. O

Note that Sp| ;-1 = id. We can restrict Sp. to BF* to obtain a point-norm continuous
family

BFL |BFJ_ = {/BFJ_7§|BFJ_ }ge’]rdf’r
of *-automorphisms of B “.In turn, the remarks of [8, p. 133] give a faithful conditional
expectation

BT (BT rtlert f s [ Bpa(f) dzfor all f e BT

Brilgpt e

Notice that Eg_, e is nothing but the restriction of Eg | to BF". We may characterise

1

BT* as the Toeplitz-Nica-Pimsner algebra of a compactly aligned product system over
d—r

VA

Definition 5.5.13. Let X be a product system over Z?% with coefficients in a C*-algebra

A and let F = [r] for some r < d. We define the collection of linear spaces ZF" :=
1
{Zi }nezi—r by

ZE = A and ZI" = X(o, for all n € 227\ {0}.

We can endow ZF~ with a canonical product system structure, inherited from X.

Proposition 5.5.14. Let X be a product system over Z% with coefficients in a C*-algebra
A and let F = [r]| for some r < d. Then ZF" inherits a product system structure from
X. Moreover, if every non-trivial fibre of X admits a finite frame (resp. X is compactly
aligned, strong compactly aligned), then every non-trivial fibre of ZF admits a finite

frame (resp. Z¥ s compactly aligned, strong compactly aligned).

Proof. For notational convenience, we set Z := ZF . Foreachn € Zfl[’”, we equip Z,, with
the C*-correspondence structure of X ), as guaranteed by the product system structure
of X. Next, let {uﬂvm}&mezi denote the multiplication maps of X. Fixing n,m € Z4™",

we set

Un,m = U(0,n),(0,m)-

It follows that Z, together with the multiplication maps {v,} 24" constitutes a

n,me
product system over Z‘i‘r with coefficients in A. Indeed, the product system axioms hold
for Z because they hold for X by assumption. This proves the first claim.

Since Z is a subfamily of X, it is clear that every non-trivial fibre of Z admits a finite

frame whenever the same is true of X. To see that (strong) compact alignment descends
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to Z, let {177}, mezd (resp. {jptm n@ezfr) denote the connecting *-homomorphisms
of X (resp. Z). By definition we have that

Ja = LEO n;HO ™ for all n,m € A

Assume that X is compactly aligned and fix n,m € ZZ "\ {0}. We have that
-n\Vm -n\Vm _ (0,pvm 0,nvVm
I (K(Za)) ™ (K (Zm)) = t(gm™ (K(Xom)t(gmy™ (K (X (0.))
0,n)V(0,m (0,n)V(0,m)
= 1w KX 0m)gm ™ (K (Xom))

C K(Xonvm) = ’C(Z@vm)v

using compact alignment of X in the inclusion. Hence Z is compactly aligned, as required.

Finally, assume that X is strong compactly aligned. In particular X is compactly
aligned and therefore Z is compactly aligned by the preceding argument. It remains to
check that Z satisfies , so fixi € [d—r] and n € ZT" \ {0} such that n L i. We
have that

JEHK(Zy) = 55 (K (X (gw)) € K(X(guii) = K(Zuss):

0,n)

using strong compact alignment of X in the inclusion, noting that (0,n) L (0,7). Thus Z
is strong compactly aligned, finishing the proof. m

Proposition 5.5.15. Let X be a compactly aligned product system over Zi with coeffi-
cients in a C*-algebra A and let F' = [r] for some r < d. Then the maps

7TZA—>BFJ_' (a):_()forallaEA
zfﬂ:ZéTL ﬂ() ZOn(zn)forallzneZF nEZi"”\{Q}

form an injective Nica-covariant representation (m,t) of Z¥~ which induces a canonical

. . 1
s-isomorphism N'T .. = BF.

Proof. For notational convenience, we set B := BF" and Z := ZF" . Note that Z is
compactly aligned by Proposition [5.5.14] The maps of the statement are well-defined by
Proposition . It is routine to check that (m,t) constitutes an injective representation
of Z. Additionally, we have that

VY, = E@@) for all p € Z%".

Let {ty ™}, mezd (resp. {jn™}, mezi”) denote the family of connecting x-homomorphisms
of X (resp. Z). Recall from the proof of Proposition [5.5.14] that

j§+m = LE%’%HQ@ for all n,m € Z‘fr_r.
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Therefore, fixing n,m € Z4< "\ {0}, k, € K(Z,) and k,, € K(Z,,), we obtain that

using Nica-covariance of (7, %) in the second equality. Hence (m,t) is Nica-covariant.
Moreover, we have that C*(m,t) = B. Indeed, to see this it suffices to show that C*(7,t)

contains the generators of B. To this end, first note that
7m(a) = m(a) € C*(m,t) for all a € A.
Fixing ¢+ € F¢, we also have that

o) (&) = ti(&0) € C'(m,t) for all {4 € X(0,0)-

Thus C*(7,t) contains the generators of B, as required.

Applying the universal property of N'Tz, we obtain a (unique) canonical *-epimorphism
7xt: NT; — B.

In an abuse of notation, we will use (7z,tz) to denote the Fock representation of Z, and
will identify N7z with C*(7z,¢z). It suffices to prove that 7 x ¢ is injective.
To this end, fix z € T4 and a € A. We have that

B :(m(a)) = Bpr o((a)) = 7(a) = 7(a).

Additionally, fixing n € Z47"\ {0} and &) € X(on), We obtain that

Bri 2 (ta(om)) = Bre 2 (tom Eom)) = 2% 0m) (Eom) = 2% (Eom)-

Combining these facts with the remarks succeeding Proposition [5.5.12 we deduce that
fri|p constitutes a gauge action of (m,t). Let v denote the gauge action of (7z,tz).
Observe that m x ¢ intertwines the gauge actions, i.e., m X t is equivariant. An application
of [8, Proposition 4.5.1] then gives that 7 x ¢ is injective if and only if (7w X t)|y7; is

injective. Thus it suffices to show that
(m x t>|N7'2 NT) — BPrils

is injective.
To see this, first recall that

FZ:= Y Zn= Y Xow

d—r d—r
QGZ+ QGZJr
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Consequently, we have that FZ embeds isometrically within FX via the map ¢: FZ —
FX defined by L((Zm)mezi—r) = (fﬂ)ﬂezi, where

f o ZHFL
n —

a 0 otherwise,

lf ﬂF = Qa

for all (zm)meZi” € FZ. Note that ((FZ) =} X, and so ¢ implements a unitary

equivalence between 77 and ) | » X,. In turn, we obtain a *-isomorphism ® given by

o E(Z X,) = L(FZ); S+ 1 oSoforall Se E(Z X,).

nlF nlF

Next, observe that
BPrtlr = By | (B) = span{(.mn) (Xom)omw (Xow)" | € Z7},

using Proposition [5.5.12|in the final equality. Hence ZE | X, is a reducing subspace for

BPr1ls and in turn the map

U: Brels — L) X,)b e by, |, x, for all b e BPrels
nlF

constitutes a well-defined *-homomorphism.
We now have the following sequence of *-homomorphisms:
(x| pry

NT) ——=2 Brsle 5 £ X,)

nlF

L(FZ).

I ie

We claim that ® o Vo (7 X t)|x7y = idprry. To this end, recall that
NT; =spa{tzn(Zu)tzn(Z0)" | n € Zflf—_r}-

Since ® o Wo (7 X t)[yry and idyrry are in particular linear and continuous, it suffices to
show that the equality holds on the generators of N'T,]. Accordingly, fix n € Zflfr and
Zn, 2y, € Zyn. We obtain that

(P oWo (mxt)yry)(tzn(zn)lizal(z)) = (P o V) (Eom (2n)tom (20)")

It remains to show that

tzn(zn)tzn(2)) = o (f(o,n)(Zn)f(g,n)(zlﬂ)*)’zjmm Xy O L- (5.19)
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Since the maps involved are adjointable and thus in particular linear and bounded, it
suffices to show that the equality holds on every direct summand of FZ. For notational
convenience, we denote the right hand side of (5.19) by S. First assume that n = 0.

Fixing m € Z%" and 2, € Z,,, we have that

tz0(20)t20(20) 2m = P0.m) (2020 ) 2m = Szm-

Hence (j5.19)) holds when n = 0. Now suppose that n # 0. If n £ m, then we obtain that

thn<ZQ>ZZ7ﬂ(ZIﬂ)*Zm =0= Sz,

using that (0,n) £ (0,m) in the final equality. Otherwise, fixing 2, € Z, and 2y, €

Zm—n, We have that

Using that Z, ®4 Zn—n = Z, via the multiplication map (g,n),(0,m—n), the preceding
calculation implies that

EZ,”('Zn)EZ,n(Z;L)*zm = SZm

Hence (5.19) holds in all cases for n, as required. In total, we have that ® o U is a left
inverse for (m x t)|x-7;. Hence (m x t)|x7; is injective, finishing the proof. O

We isolate the following corollary from the proof of Proposition [5.5.15|

Corollary 5.5.16. Let X be a compactly aligned product system over Zi with coefficients
in a C*-algebra A and let F' = [r] for some r < d. Then the map

W (B rtlers o £ Xy)ib e b, x, for all b e (B rslse

nlF

18 an injective x-homomorphism. In particular, we have that
1Bl . Il = ]l for all b€ (B) e+ lue-.

Next we focus on Y and explore the connection with X.

Lemma 5.5.17. Let X be a compactly aligned product system over Z‘i with coefficients
in a C*algebra A and let F' = [r] for some r < d. Then Y\ is a sub-C*-correspondence
of N'Tx over BE™ for alln € Zr.

Proof. For notational convenience, we set B := BF Tand Y = YF. We view Yy as a
C*-correspondence over itself in the usual way. For n € Z7, \ {0}, the space Y, inherits

the usual inner product from N Tx, now taking values in B. This follows by noting that

[t (.0) (X (2.0)) B [t (0,0) (X (2.0)) B] € [B(n,0) (X (0.0)) [ 0) (X (n0)) B] € [B7(A)B] € B.
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The space Y, also inherits the usual right multiplication from N 7x, now by elements of
B. This follows from the observation that

£0.0)(X(0.0) BI B C [t(.0)(X(0.0) BB] € [t(n.0)(X(n.0) Bl-

Letting || - ||y, denote the inner product norm on Y;, and || - || s/75, denote the usual C*-norm
on N Tx, we have that

1 1
Hyn”Yg = || (Yn> Yn) HXM’X = “ygyﬂHJQ\/TX = |ynllny for all y, € Y,,.

Since Y}, is closed in N'Tx with respect to || - ||a7 by definition, the preceding computation
shows that Y, is complete with respect to || - ||y,. In total, we have that Y}, is a right
Hilbert B-module.

It remains to equip Y, with a left action ¢y, : B — L(Y},). To this end, fix b € B and
define

By, (0): Yo = Yo oy, (b)yn = by, for all y, € Vi,
where the multiplication is performed in N 7Tx. To see that this map is well-defined, fix

k,0 € Z¢ satistying k,¢ L F. Thus we may write k = (0,kp.) and £ = (0,£p.). Since
(0,£p1) L (n,0), Nica-covariance yields that

0.k, ) (X0t ) E0,8,0) (X (08,0 )) T n0) (X (m0)) B €
C [k, )Xok, ) w0 (Xwmo)tor, ) (X)) Bl
C 0 (Xw0) ok, ) (Xok, )0, (Xoe,1) B
C [0 (Xw0)BB] € [Ewn0)(Xwo)B] = Yy,

using that X,0) ®4 Xok,,) = Xwmk,,) via the multiplication map w0, 0k,,) o the
third line and Proposition [5.5.12|in the last line. It then follows by another application of
Proposition [5.5.12| that BY,, C Y}, and hence ¢y, (b) is well-defined. Fixing y,,y, € Y,

we have that

(Dy,, (0) Y ) = (byn, Y ) = Yub* Yo = (Y, U Y ) = (Y by, (0 0s,)

and so ¢y, (b)* = ¢y, (b*). Thus ¢y, is a well-defined *-preserving map. It is routine to

check that ¢y, is an algebra homomorphism, and the proof is complete. O

Proposition 5.5.18. Let X be a compactly aligned product system over Zi with coeffi-
cients in a C*-algebra A and let F = [r] for some r < d. Then Y¥ carries a canonical
structure as a product system over Z' with coefficients in BT with the multiplication
maps giwen by multiplication in N'Tx.

Moreover, if {5(%),9)}3‘6[1\/(@,9)] is a finite frame of X(n0) for n € Z7 \ {0}, then we have
that {t(n,0) (5((29))}3'6[N@,g>] is a finite frame of Y,
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Proof. For notational convenience, we set B := BY “and Y := YF. Lemma [5.5.17
gives that the fibres of Y are C*-correspondences over B, so it remains to construct

multiplication maps
Vpm Yy @B Y — Yoym for all n,m € Z7,

that are compatible with axioms (i)-(v) for product systems.

Axiom (i) is satisfied by construction, and axioms (ii) and (iii) determine the maps
Vo, and vy, o, respectively, for all n € Z . Note also that these maps act via multiplication
in N'7x by definition. For n,m € Z, \ {0}, we start by defining a map

Unm® Yo X Yoo = Yoim) (Yns Ym) = Yn¥m for all g, € Yo, 4 € Vi,

where the multiplication is performed in N'7x. To see that v, ,, is well-defined, observe
that

£(2,0) (X (2,0)) BE1,0) (X (m.0)) B € [(1,0) (X (1,0)) E1m,0) (X (m.0)) B
- [z(ner,Q) (X(ﬂ+m,9))8] = Yoim,

using that BY,, C Y, by Lemma [5.5.17| It follows that Y,,Y,,, C Y, 1., as required. It is
routine to check that v, ,, is bilinear. Additionally, fixing y,, € Yy, ym € Y., and b € B,

we have that

Uﬂ,m(yﬂba Ym) — Uﬂm(y@a Cme(b)ym) = (Ynb)Ym — Yn(bym) = 0,

using associativity of multiplication in ATy in the final equality. Thus v, ,, is B-balanced
and hence linearises to a map on Y,,®pYy,, denoted by the same symbol. For all y,,y, € Y,

and Y, Yy, € Y, we have that
(Vnm (Y ® Ym)s Vi (Y ® Yin)) = Y = (Yo Yos Y1) Yon) = (Y @ Yoy Yy @ Yo »
from which it follows that
(Unm(C), vam(C)) = (¢, (') forall (,¢" € Y, ©p Y.
In particular, we deduce that v, ,, extends to an isometric linear map
Unom ' Yo OB Y = Yoimi Yn @ Ym — YnYm for all y, € Y, ¥ € V.

To see that v, ,, preserves the left action, fix y,, € Yy, ym € Y, and b € B. Then we
obtain that

Vnm (0(Yn @ Ym)) = Vnm ((09n) @ Um) = (0Yn)Ym = 0(YnYm) = 0Vnm(Yn @ Ym),
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from which it follows that v, ,, is a left B-module map by linearity and continuity of the
maps involved. Analogously, we have that

Unm((Yn @ Ym)b) = Vnm(Yn @ (Ymb)) = Yn(Ymb) = (Yn¥m)b = Vnm(Yn ® Y ).

Thus vy, ,, also preserves the right action and is thus a B-bimodule map. Since v, ,, is an
isometric linear map and therefore has closed range, establishing surjectivity amounts to
showing that

(n+m,0) (X (ﬁ+m79))B C Im(vp,m)

Accordingly, fix {n4m,0) € Xn+m0),b € B and an approximate unit (uy)xea of A. Since

Xn,0) @4 X(m,0) = X(ntm,0) via the multiplication map ,,0),(m,0), We may assume that
Swtm0) = En0)S(mo) for some §m o) € Xn0),§m0) € Xmo)

without loss of generality. We obtain that

tntm.0) (§nrm0)0 = Enrm0) (§m0)Em0)b

= (0,0 (§(0.0))F(m.0) (§m.0))

= [l - 1m0, 0) (€0 )T (0, 0) (€m0

= ({1 1im v n (. 0) (§0.0)) T (142) © Em,0) (Em.0))P) € T (V)

as required. In total, we have that v, ,, is a unitary and hence axiom (iv) holds

To see that the multiplication maps are associative, fix n,m,k € Z' ,y, € Y, ym € Y,
and y; € Yj. Using “” to denote multiplication in Y, we obtain that

Un Ym) * Y& = Un¥m) Yk = YnYmYk) = Yn * (Ym - Y),

using associativity of multiplication in ATy in the second equality. Thus axiom (v) holds

: i v
and we ascertain that Y constitutes a product system over Z’_ with coefficients in B whose
multiplication maps are given by multiplication in N7y, as required
Finally, fix n € Z7 \ {0} and suppose that {{ '

0 }je[N(&g)] is a finite frame of X, )
For yn = t(,0)({(n,0))b, Where {(n0) € X(n0) and b € B, we have that

Nn,0)

Nn,0)
Ya
(__)7,
t(n,0

L,
(<no))t(n0)(5(no) Z = 0

Jj=1

D w0 (€2 ) Fmo) (Emny)b

- n b
fm 75520) (5@9)))

using that {f(n 0) }ielN o) 18 @ finite frame of X,

0) in the third equality. Since (,,0)(X(n,0))B
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densely spans Y, it follows that

0) (€ (n0)) tn,0)

g Yn 5 o =idy,
— Hw0) (€00 “(2,9)) B

by linearity and continuity of the maps involved, showing that {¢(,0 (5((2 )0))}346[]\/@79)] is a
finite frame of Y,,. This completes the proof. n

Next we show that N'Tx = NTyr when each X; admits a finite frame. Note that each
Yf admits a finite frame by Proposition [5.5.18] We start by representing Y in N'Tx.

Proposition 5.5.19. Let X be a product system over Zi with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d]. Let F' = [r] for some r < d. Define

the maps

7 B = NTx;x(b) = b for allb e BT,
% YQF = NTx:ta(Yn) = Yo for all y, € YQFaQ €z, \ {0}

Then (m,t) is an injective Nica-covariant representation of Y'Y satisfying C*(m,t) = N'Tx.

Proof. For notational convenience, we set B := B “and Y := Y. For s € Zi, let Py
denote the projection of FX onto ) ,. Xj;. Then we obtain that

Pézé(C§> = zﬁ(Cﬁ) for all ¢, € X.

It is routine to check that (m,¢) defines an injective representation of the product system
Y. To see that C*(m,t) = N7y, it suffices to show that C*(,¢) contains the generators
of NTx. By Proposition [5.5.12] we have that

tn(X,) C C*(m,t) foralln L F.

It remains to see that

o) (Xee) € C*(m,t) for all k € Z7 \ {0}, L € ZT .
Fixing &,0) € Xk,0) and o € X(o,0), We have that

L0 Er0é0.0) = L0 (Ew0) 00 Ew0n) = te(ro (rn))TE 0 (0y)) € C (7, 1).

Noting that X 0) ®4 X0 = Xk via the multiplication map u,0),0,), we deduce that

tro) (X ko) € o) (Xko)ton(X0n)] € C(m,1),

as required.
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Next we show that (m,t) is Nica-covariant. Let {43}, ,ez; denote the connecting
x-homomorphisms of Y. Fix n,m € Z', \ {0}, k, € K(Y,) and &y, € K(Ys). We have that

¢va<bivm(kn) anvm (k) = ¢ﬂ\/m(Livm(kﬂ) ) ¢ﬁvm(bﬁmvm(km) )

by Proposition [2.4.1} Therefore, we must show that

¢ﬂVm(Livm(kﬂ)>¢ﬂvm(L$nvm( m)) = Un(kn)Vm (km)- (5.20)

This holds trivially when n
m#nVm.
Assume that n # nVm. We proceed by showing that (5.20) holds for &, = 0" and

YnVn
ko o—Q'™ where
m Ym Y

=nV m = m, so we consider the cases where n # n V m or

Yn = L0.0) (00 Yo = Hw.0) (Nw.0)s Ym = Fan0) (Em0))€ Y = Em0) (N0m0))+

for some &(n,0), N(n.0) € X(n,0)) §(m.0)> Nim,0) € X(m,0) and b, c € B. To this end, we compute

wn\/m(bgvm(@;iy'@)) and @ZjﬂVm(Lﬂmvm(@:iylm))'

For ’g/}ﬂ\/m(LﬂVm(@ )) let {{ Vm—n.0) }iemn) be a finite frame of X (vm-—n0). By Propo-

sition [5.5.18| we have that {¢(nvm-—n0) (5((2)\/m_n 0))Fielv is a finite frame of Y;ym—n. Note
that

N
Z%E Vm— EQ ﬂ m— no))t(n\/m n,0 (é(an n0> ENT)(.

Observe that Plyym—n,0) belongs to the commutant of (g ¢ (X(0,0) (and of £ (X,0)* by
taking adjoints) for all £ € Zi"‘, since for s € Z% we have that

(nVm—n,0)<s < (nVm—n,0)<s+ (0,0 forall £ € ZL".
In particular, we have that Puym—n0) belongs to B’. Additionally, we have that
(0.0 (C(n.0)) Ponvin—n0) = Pravm0)lm0) (o), for all (o) € X(no),
and by taking adjoints we obtain that
Pavm—n0t00)((00)" = o ((ny) Pavmo, for all {uo) € Xmo)-
This follows from the observation that for s € Z_‘{ we have that

(nvVm—n,0)<s < (nVm,0) <(n0)+s
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An application of Corollary gives that

N
nvm Yn i i n ) * *
@Z}nvm(@v*(@y;y;l)) = Z Ynt(nvm-—n0) (5((2)\/@771 0))t(n\/m7&9) (f&)vm,ﬂ,g)) (y/@)

For gbﬂvﬂ(ﬂmvm(@ym )), we consider two cases. If m = n V m, then we have that

Ym Y

nvm Ym Ym 7 *
Yuvm (i ™ (O 1)) = U (O, 1 ) = tm0) (§m0) Em0) (Mm0))”

and if m # n V m then we have that

by swapping n and m, as well as b and ¢, in the preceding arguments.

Since Pyvm,0) = Pn,0)Pm,0), we conclude that

using that P(QEVMQ) = Pvm,0) when m # nVm in the first equality. By taking finite linear

combinations and their norm-limits, we conclude that holds when n # n VvV m.
Since is symmetric with respect to n and m, taking adjoints (and relabelling)

deals with the case where m # nVm, showing that (m, t) is Nica-covariant. This completes

the proof. n

We now arrive at the next main result of this section, namely that the decomposition
of X along ) # F C [d] induces a similar decomposition of the Toeplitz-Nica-Pimsner
algebras. The following is noted in [32, Proof of Theorem 4.4 (i)].

Theorem 5.5.20. Let X be a product system over Zi with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d]. Let F' = [r] for some r < d. Consider
the product system Y over BF* related to X and F, and define the maps

7 B = NTx;x(b) = b for allb e BT,
b YQF = NTx;tw(Yn) = yn for all y, € YQF,Q e 7"\ {0}.
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Then the induced map © X t: NTyr — NTx is a *-isomorphism.

Proof. For notational convenience, we set B := B and Y := Y¥. By Proposition
we have that (m,t) is Nica-covariant and thus 7 x ¢ is well-defined. Let v be the gauge
action of (Ty, ty). It is routine to check that Sr defines a gauge action of (,t). Then 7 x ¢
is an equivariant *-epimorphism, and it suffices to show that 7 x ¢ is injective on N'T5/.
By Proposition [2.5.21} this amounts to showing that 7 X ¢ is injective on the [0, 1;,]-core.

Towards contradiction, suppose that ker 7 x ¢ N B[(;r f tT # {0}. We claim that we can

find 0 #£ f € kerm x tN ng{’zﬁ’) of the form

D) + > {Pynkn) |0#n <1y}, where 0#£b € B, and k, € K(Y,).  (5.21)

Indeed, start by taking 0 # g € kerm x t N B[((?‘l“[’?), so that

=7y (V) + Z{Eyﬂ(k"ﬂ) |0 #n < 1,}, wheret € B and each k;, € K(Y,).

If o' # 0, then choose f = g*g. If V' = 0, then choose 0 # m < 1, minimal such that
ky, # 0. We may assume that m # 1,5, as otherwise we would have that g = wyjlm <k/lm)
and injectivity of wl[ . would give that g = 0, a contradiction. Since k;, # 0, we may find
0 # Ym € Y such that k3, # 0. We set

f = tym(KnYm) " gly,m(ym) € ker xmB[gf 7 :

and we note that

[ =Ty (<k/ Ym K ym>) + Z{EY@U{ﬁ) | 0#n < 1y — m}

for suitably defined &, € K(Y,), for all 0 # n < 1) — m. Notice that

0 # <k Yms kmym> € By

by construction, and so by padding with zeroes we deduce that f has the required form.
Hence, without loss of generality, we may assume that f is of the form (5.21)). We
have that

() + > {tn(kn) | 0# 0 < Ly} = (x x 1)(f) =0,

and hence m(b)gr = 0 by Proposition [2.5.17} Fixing ¢ € F, let {f((z)g)}je ~] be a finite
frame of X(;0). Then {Z;) (f((i)g)>}j€[ ~] is a finite frame of ¥; by Proposition [5.5.18, Hence

we have that

0 (€ t(z o)(f(( )))* = P(,0)-

pi= Y tiltuo (Ey tiEan (E0)"

||Mz
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In turn, we obtain that

iEF 1EF

bgp = bH(I _1_9(;‘,0)) = bH(I —pi) = bgr = 7m(b)qr = 0.

Since P, ) € NT)?FL for all ¢ € I, we have that

Es,. (0)@p = Es,, () + ) {(=D"'Es, (0) [[Pug 10# D C F}

€D

— B, (b S )P [ B |0 £ D € F}) _ B, (i) =0,

€D

where in the second equality we use that £, is an N T)fF *-bimodule map. In particular,

for every n € Zi satisfying n 1 F', we have that

EﬁFJ_ (b)§Q = EﬁpJ_ (b>qF£Q =0, for all f@ € Xﬁu

and thus Es_ (b) = 0 by Corollary |5.5.16, Since b € By, faithfulness of Ejg | gives the

contradiction that b = 0, and the proof is complete. O

We are now ready to capture the quotient of N'Tx by the ideal <ﬁ(A)§z lie F > induced

by F' as a Cuntz-Nica-Pimsner algebra.

Theorem 5.5.21. Let X be a product system over Z‘i with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d]. Let F' = [r] for some r < d. Consider
the product system Y over B related to X and F, and define the ideal

Iyr = ker{BF" — NTyr/ <fyF(BFl)qu&. lie F>}.
Then the canonical x-isomorphism N Tyr = N'Tx descends to a *-isomorphism
NOyr, , =NTx/({7(A)g; i€ F).
Proof. For notational convenience, we set B := B¥ L, Y :=Y¥ and I := I,r. We define
Iy =(Fy(B)gy,; | i € F) CNTy and Jx:=(7(A)g |ic F)C NTx.
By applying Proposition to Y, we have that
NOy, ENT /Iy

Let m x t: NTy — NTx be the canonical *-isomorphism of Theorem [5.5.20, We will
show that (7 X t)(Jy) = Jx. This ensures that m x ¢ descends to a *-isomorphism on the

quotients, and thus

NO[Y]I g./\/”ﬁ//ﬁy gNTX/3X>
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as required. To this end, fix i € . We have that (7 x t)(py;) = P; by use of a finite

frame expansion, and thus

(m x t)(Ty (b)Gy,;) = bg;, for all b€ B.
Next fix n € Zi such that n 1 F', and observe that
4itn(Xn) = 0a(Xn)T; C [En(Xn)T(A)T] € Jx,

using Proposition [2.5.15| in the first equality. By taking adjoints, we also deduce that

tﬂ(Xﬂ)*ql = _i Q(XQ)* g \NjX-

Hence we have that

tn (X)) tm (Xm)q; € Jx, for all n,m € Z‘i satisfying n,m L F.

Thus, by taking finite linear combinations and their norm-limits and using Proposition
5.5.12) we derive that Bg; C Jx and thus in particular

(m x t)(Ty (b)qy,;) = bq; € Jx, for all b € B.

Therefore m x t maps the generators of Jy into Jx, and it follows that (7 x ¢)(Jy) C Jx-.

For the reverse inclusion, fix ¢ € F'. Then we have that

7(a)g; = (7 x t)(7y(7(a))qy,), for all a € A.

Note that Ty (7T(A))gy,; € Jy, and so the generators of Jx are contained in (7 x t)(Jy).
Thus Jx C (7 x t)(Jy), completing the proof. O

Having generalised the first part of Proposition [5.5.10] next we account for the injec-
tivity clause. We will need the following proposition. Recall that the projections p; can
be defined for a (just) compactly aligned product system by Remark [2.5.14]

Proposition 5.5.22. Let X be a compactly aligned product system over Zi with coeffi-
cients in a C*-algebra A. Let F' = [r] for some r < d and firi € F. If X; is injective,
then the map

O: (BF)rlort —y £(FX)ib e b, for all b€ (BF)Prtlprs

18 an injective x-homomorphism.

Proof. For notational convenience, we set B := BT . Fixing m € Z¢ and n L F, observe
that
i € supp(n +m) <= i € suppm,
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using that n | F and therefore ¢ ¢ suppn in the forward implication. It follows that
P; € 1,(X,) for all n L F. Thus p; commutes with B°+|% since

Birile = span{t,(Xn)tn(Xn)" [0 L F}.

Using this observation, it is routine to check that ® is a well-defined *-homomorphism.

It remains to verify that ® is injective. Accordingly, for each m € N we define the
finite \/—close set Sy, = {n € Z¢ | n < m- 1.}, noting that BAr+!2 is the direct limit
of the C*-subalgebras

plrile span{t, (K(X,)) | n € S,,} for all m € N.

Hence, to show that ® is injective, it suffices to show that ® is injective on every Bff tls
To this end, fix m € N and let

=Y 0, (ky) € ker ®.

nGSm

Then, in particular, we have that

b|2£21X£ - (I)(b>|zzzzxé =0.

Notice that m + i > ¢ whenever m L F', and therefore

sup{[[blx,, .|l | m L F} <[lbls,., x| = 0

For each n € S,,, we have that ¢, (k,) = > o U (kn). Hence for each m L F we obtain

that
neSm £>n neSm
n<m+i

We then compute

0 = sup{[|b]x,,.|| [ m L F} =sup{|| Y (k)| [m L F}
nESm
n<m-+i
= sup{|| Y (k)| [ m L F} = sup{[lim* (> ez(kn))ll | m L F}
neSm nESm
n<m n<m
=sup{|| Y k)l [m LF}y=[> >
ﬂeSnL mJ-F neS‘"L
nm nm
=D > k)l = bls,, - xull = 10l
neSm mLF
m>n

2See the comments preceding Lemma m
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In the second line we use that n < m + ¢ if and only if n < m, whenever n € §,, and
m L F. In the third line we use injectivity of X, to deduce that L%ﬂ is isometric for all

m 1 F. In the final line we apply Corollary [5.5.16] In total, we have that b = 0 and the

proof is complete. n

Proposition 5.5.23. Let X be a compactly aligned product system over Zi with coeffi-
cients in a C*-algebra A. Let F = [r] for some r < d and leti € F. If X; admits a finite

frame and is injective, then YiF admits a finite frame and is injective.

Proof. For notational convenience, we set B := BF* and Y := YF. Let {fi-(j) }ielvy be a
finite frame of X;. Then {fi(féj))}je[]\@ defines a finite frame of Y; by Proposition |5.5.18|
Next let b € ker ¢y;, so that

N; Ny
btp, = Y 0b(E)EED) = 00 (on 0EED) ) Ty = 0.
j=1 i=1

Noting that p; € /\/"T)fFl , we obtain that Eps_, (b*b)p; = 0 by using that Ej_, is a bimodule
map over N T)?F *. An application of Proposition |5.5.22| gives that Es. L (b*b) = 0, and
since B, is faithful we obtain that b*b = 0. We conclude that b = 0, and the proof is
complete. O

Corollary 5.5.24. Let X be a product system over Zi with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d]. Let F = [r] for some r < d. If X; is
injective for alli € F, then YT is reqular, and the canonical x-isomorphism N Tyr = N Tx

descends to a *-isomorphism

NOyr gNTx/<7(A)§£|ZEF>

Proof. By Propositions [2.5.1| and [5.5.23] we have that Y is regular. Next, recall the
definition of the ideal Iy r of Theorem[5.5.21] An application of the last part of Proposition
to YT gives that Iy» = {0}. Thus the final claim follows by a direct application of
Theorem [(.5.211 O

The description in Theorem first applies the Y* construction to X and then
passes to a quotient. We can have an alternative route by first considering a quotient of
X and then applying the Y construction. To avoid confusion, we will denote by Y the
product system induced by F' = [r] and X, as in Definition [5.5.11|

Theorem 5.5.25. Let X be a product system over Zi with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d]. Let F' = [r]| for some r < d, and let

Ji=(Tx(A)qy,; | i€ F) CNTx and I := /jg C A
Then the following hold:
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(i) Ix = {a € A|limyez; [|$mo) ()]l = 0}.
(it) [Xilje is injective for alli € F.

i) The product system Y 18 reqular.
p Y q

(X1,e

(iv) The association X — [X|e — Y[fqu induces a *-isomorphism N'Tx |J = ./\/'(’)ygq L
X Ix

Proof. To ease notation, we write [ := I¥. Ttem (i) follows by [32, Proposition 4.3]. By
following the same arguments as in the proof of Proposition [5.5.10] but for ¢ € F' instead
of i € [d], we obtain that [X;]; is injective for all i € F'. An application of Corollary [5.5.24

yields that Y[f(]l is regular, and that there is a canonical *-isomorphism
N,/ (T, (AT | i € F) = NOyr
It suffices to show that the canonical map [-];: N'Tx — N Tjx], descends to a *-isomorphism
®: NTx /3 = NTix), / (T, (Al x4 |1 € F)

To this end, we have that [ﬁX(a)qx,z]l = ﬁ[X]I([a]I)q[X]M for alla € A and i € F.
Therefore
B = Fix, (A1), |1 € F),

and thus @ is a well-defined #-epimorphism. On the other hand, by applying item (ii) of
Proposition m to J and noting that [ = £g, we obtain a canonical x-epimorphism

U: NTx), = NO(L)1, [X]1) 2 NTx /3,
such that
U(7ix), (la]r) =7x(a) + 3 and W (Ex), n([€alr) = Txn(éa) +3

for all a € A,§, € X,, and n € Z%. In particular, we have that V(Pixy,) = Px,; +J for

It

all + € F using a finite frame expansion, and thus
V(7ixy, ([a]1)gx), ) = Tx(a)dx, + I =0, foralla € A,i € F,
by definition of JJ. Hence ¥ descends to a canonical *-epimorphism
U N,/ (Fix, (AT, i€ F) = NTx /3.

By definition U is a left inverse of ® and thus ® is a x-isomorphism, as required. O]

Theorems [5.5.21] and [5.5.25 show that there is no difference as when to consider the

quotient product system.
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Corollary 5.5.26. Let X be a product system over Zi with coefficients in a C*-algebra
A, wherein X; admits a finite frame for all i € [d|. Let F' = [r] for some r < d. On the

one hand, define the positively invariant ideal
Iyr = ker{Y, = NTyr/ <ﬁy§(y§9)qyﬁ i€ F>}

for the product system Y related to X and F. On the other hand, define the positively

invariant ideal

I{ :==ker{A = NTx/(7Tx(A)gx, | i € F)}

for X, and consider the product system Y[fq related to [X]I§ and F'. Then there are

F
IX

canonical x-isomorphisms
No[y}?hY; = NTx/(Tx(A)gx,; | i€ F) = NOY[I)Z]I?

If, in addition, X; is injective for alli € F, then Y¥ is reqular, Iyr = {0} and I = {0}.

Proof. Tt suffices to comment on the last part. If X; is injective for all i € F, then Y{ is

regular by Corollary [5.5.24] and
N,EG?/ <7Y§(Y)€Q)5Y)§,Z |i€ F> = /\/'OY}?

by Proposition [5.5.10, Thus Iy)l(’ = {0} by injectivity of the universal CNP-representation
of Y¥. Finally, every ¢, 0 with n € Z7, is isometric, and thus I¥ = {0} by item (i) of
Theorem [(.5.25] O
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Proper product systems

We close by studying further the product systems X over Z¢ satisfying ¢,(A4) C K(X,,)

for all n € Zi. More specifically, we show that the parametrisation result of Bilich [4]
Theorem 4.15] aligns with Theorem and Corollary {4.2.12]

6.1 T-families and O-families

We begin by presenting the definitions/results of [4] that we will need going forward.

Definition 6.1.1. Let X be a product system over Zi with coefficients in a C*-algebra
A. We say that X is proper if ¢,(A) C K(X,) for all n € Z<.

For the remainder of the section, we will take X to be a proper product system with
coefficients in a C*-algebra A. Note that X is strong compactly aligned by Corollary [2.5.6]
and that all 2%-tuples of X are automatically relative. Given a Nica-covariant representa-
tion (m,t) of X, we have that 7(a)gqr can be written as an alternating sum for all a € A

and F' C [d] by Proposition [2.5.16/ In turn, we have that
m(a)gr =0 <= a € L;Z“t), (6.1)

where the reverse implication follows by Proposition [2.5.17] Lastly, given an ideal I C A,

we have that

jpz(mker@)L and Jp(I,X)={a€ A|aXz'(I)C I} forall§#F C [d].

<

Definition 6.1.2. [4, Definition 4.2] Let X be a proper product system with coefficients
in a C*-algebra A. A 2%-tuple £ of X is said to be a T-family (of X ) if it consists of

ideals and satisfies
Lr =X (Lr)N Lpuy for all F C [d],i € [d]\ F. (6.2)
A T-family £ of X is said to be an O-family (of X)if Z C L.
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According to [4], T-families admit the following Gauge-Invariant Uniqueness Theorem.

Theorem 6.1.3 (Z%-GIUT for T-families [4, Corollary 4.14]). Let X be a proper product
system with coefficients in a C*-algebra A. Let L be a T-family of X and (7, t) be an
L-relative CNP-representation of X. Then NO(L, X) = C*(w, t) via a (unique) canonical
x-isomorphism if and only if w(a)qr = 0 implies that a € Lp (for any a € A and F C [d])

and (m,t) admits a gauge action.
It will be useful to rephrase Theorem via the following lemma.

Lemma 6.1.4. Let X be a proper product system with coefficients in a C*-algebra A.
Let L be a T-family of X and (mw,t) be an L-relative CNP-representation of X. Then
m(a)gr = 0 implies that a € Ly (for any a € A and F C [d]) if and only if L = LY.

Proof. Immediate by (6.1)) and the fact that (w, t) is an L-relative CNP-representation. [
We present the main result of [4] in the following slightly modified form.

Theorem 6.1.5. [/, Theorem 4.15] Let X be a proper product system with coefficients in
a C*-algebra A. Then the following hold:

(i) There exists an order-preserving bijection between the set of T-families of X and

the set of gauge-invariant ideals of N'Tx.

(ii) There exists an order-preserving bijection between the set of O-families of X and

the set of gauge-invariant ideals of N Ox.

We will show that Theorem [£.2.3] (resp. Corollary [£.2.12)) aligns with item (i) (resp.
item (ii)) of Theorem by proving that the NT-2¢-tuples (resp. NO-2%-tuples) of X
are exactly the T-families (resp. O-families) of X.

6.2 Connection with NT-2tuples and NO-2%tuples

To pass from NT-2%-tuples to T-families, we will require the following proposition for

general strong compactly aligned product systems.

Proposition 6.2.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A. Then we have that

X, (Tp) N Trugy € Tp for all F S [d),i € [d]\ F.

Proof. First we prove the claim for F' = (). To this end, take i € [d] and a € X; ' (Jp)NTys)-
In particular, we have that
(Xi,aX;) € Jy = {0}

and thus a € ker ¢;. Since a € Jy;; C (ker ¢;)*, it follows that a = 0, as required.
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Now fix 0 # F C [d],i € [d]\ F and a € X; '(Jr) N Tpugy- Then by definition we
have that

(Xi,aXi) € ([ kergy) n([) ;" Janda € ([ kerg))n([)¢;"

JEF j€ld] jeEFU{i} J€[d]

Showing that a € Jr amounts to proving that a € (ﬂjeF ker gzﬁi)L. To this end, fix
b € (cr ker ¢;. We claim that

(X3, bX;) C () ker ;.

jeF

To see this, fix &, n;, € X; and j € F. Recall from the proof of Proposition that

0 ((&s, P (D)mi)) = 7(&) 514 (b)7 (M),

where now 7(&;), 7(1:) € L(X}, Xj14). In turn, we obtain that

T(&) by (D) (ms) = (&) 15 (6;(0)) () = 0,

using that b € ﬂjeF ker ¢; in the final equality. Thus (X;, bX;) C ﬂjeF ker ¢;, as claimed.
Hence we have that
(Xi, aXy) (X, 0X;) = {0}

Fixing &;,n:, G, v; € X, we compute that

(&, (01(a)Oy, ¢, 05(b) 1) = (&1 Oy, (011))) = (&3 aln (G, b)) = (&iy amg) (G, bri) = 0.

Since §;,v; € X; are arbitrary, we deduce that

(bz(a)@%@@(b) =0 for all n;,(; € X,.

In turn, because 7;, (; € X, are arbitrary, it follows that

¢i(a)K(Xi)di(b) = {0}

Since ¢;(a) € K(X;), an application of an approximate unit of IC(X;) gives that ¢;(ab) =0
and hence ab € ;. p ;) ker ¢;. However, we also have that ab € ((;c gy, ker ¢;)" since
a € Jrugiy- Thus ab =0 and so a € ([, ker ¢;)*, completing the proof. O

Observe that Proposition m generalises [I5, Lemma 4.3.4]. Using the nomenclature
therein, the latter is recovered by using Proposition and taking F' = [d] \ {1} and
1= 1.

Remark 6.2.2. Note that J is not a T-family in general. This is because the reverse

inclusion in the statement of Proposition [6.2.1|may not hold, since 7 may not be invariant
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and so Jr € X; '(Jr). To see this, let B be a non-zero C*-algebra and set A = B & B.

We define a *-endomorphism
a: A— A; (b)) — (0,b) for all (b,V') € A.

Note that ker oo = {0} @ B. By setting o1y := a and o) := a, we obtain a canonical
unital semigroup homomorphism Z% — End(A) which we also denote by a. Applying
Proposition [5.3.3, we obtain a proper product system X,. We have that

Juy = (keraqe)” = Be {0},
using item (i) of Proposition in the first equality. Fixing b € B\ {0}, we obtain that

a,1)(0,0) = (0,b) & Ty

It then follows that Jpy € X;%O 1y(J(1y) by item (ii) of Proposition [5.3.4

We are now ready to prove that all NT-2%-tuples are T-families. We proceed directly,

using the definitions alone.

Proposition 6.2.3. Let X be a proper product system with coefficients in a C*-algebra
A. Then every NT-2%-tuple of X is a T-family of X.

Proof. Let £ be an NT-2%-tuple of X. Then £ consists of ideals by item (i) of Definition
[£.1.4] Tt remains to check that £ satisfies (6.2)).

We begin by addressing the case where F' = (). Fixing i € [d], note that £y C X~ Y(Ly)
since L is invariant by item (ii) of Definition We also have that £y C L3 because £
is partially ordered by item (iii) of Definition . This shows that £y C X; ' (Ly) N L.
For the reverse inclusion, take a € X; ' (L) N L. An application of item (i) of Definition
4.1.4) gives that a € Jy3(Ly, X) and hence aX;'(Ly) € Ly. Since a € X;'(Ly) by
assumption, using an approximate unit of X 1(Ly) yields that a € L£y. Hence we have
that

Ly=X;(Ly) N Ly for all i € [d].

To account for F' # (), we proceed by strong (downward) induction on |F|. For
the base case, fix ) # F C [d] such that |F| = d —1 and ¢ € [d] \ F. Note that
LrC X, YLp)N Lg since L is invariant and partially ordered. For the reverse inclusion,
take a € X{l(ﬁp) N Liq. By Proposition m, it suffices to show that

a € < ﬂ XTZI(JF(/J@,X))> N Liny,r N Liim, F-

nlF

To this end, fix n = (ny,...,nq) L F. First suppose that n; > 0. Then we may write

n =1+ m for some m L F. Since X; ®4 X, = X,, via the multiplication map u;,, we
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obtain that

(X, aXp) = (Xi ®a Xy, a(X; @4 X)) (6.3)
[ (

using that a € X; '(Lr) and £ is invariant in the second inclusion and item (i) of Definition
in the final inclusion. Thus a € X' (Jp(Ly, X)). Now suppose that n; = 0, so that
n = 0 because |F| = d — 1. We must show that a € Jp(Ly, X ). This is equivalent to
showing that [a]z, € Jr([X]z,) by item (ii) of Proposition [£.1.3| which applies since £ is

invariant. To this end, note that
(Xi,aXy) © Lp C Jp(Ly, X) = [, (Tr([X]z,))

and that
a € Ly C Jag(Ly, X) =[]z, (T ([X]e,))

by assumption. In other words, we have that
laly € [Xilz, (Tr([X]ey)) N Tia([X]e,)

and so [a|z, € Jp([X]z,) by Proposition [6.2.1, which applies since [X]., is proper by
Lemma 2.2.11f (and so [X],, is strong compactly aligned by Corollary [2.5.6)). In total, we
deduce that

ae ()X, (Jr(Ly, X)).
nlF

To see that a € Liny,r =, p X, (Lpg), fix n = (n1,...,nq) L F. If n; > 0 then we
may argue as in , replaciné Jp(Ly, X) by Lig and invoking the partial ordering of £,
to obtain that a € X, '(Lg). If n; = 0 and so n = 0, then there is nothing to show since
a € Lig by assumption. Hence a € Liyy F.

Next, since a € X[l(ﬁp) and X is proper, we may apply to obtain that ¢;(a) €
K(X;Lr). By Proposition m it follows that a € Ly, . Combining the preceding
deductions, we ascertain that a € L, establishing the base case.

Now fix 1 < N < d — 2 and suppose we have proved that L satisfies for all
0 # F C [d] satisfying |F| = d —n, forall 1 <n < N. Fix ) # F C [d] such that
|F|=d—(N+1)and i€ [d\ F. We must show that

Lr= X{l([,p) N »CFu{i}-

The forward inclusion is immediate since £ is invariant and partially ordered. For the

reverse inclusion, take a € X[l(ﬁp) N Lpugy- As in the base case, an application of
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Proposition [4.1.5 ensures that it suffices to show that

a € ( ﬂ an(JF(Em,X))> N Liny,r N Liim, F-

nlF

Accordingly, fix n = (ny,...,ng) L F. If n; > 0, then we argue as in (6.3)) to obtain that
a€ X, (Jr(Ly, X)). Now suppose that n; = 0, so that n L F'U{i}. Applying invariance
of £ in tandem with the fact that a € Lpyy, we obtain that

(Xn,aXp) € Lrogy € Jrogy (Lo, X). (6.4)
Note also that

(X, (X, aXn) Xy) € (X, ®a Xiy a( Xy @4 Xy)) © (X aXongg) (6.5)
= (Xitn, aXiyn) = (X ®a Xp, a(X; ®4 Xy))
C [(Xn, (Xi,aX;) Xp)] € Lp C Jp(Ly, X),

arguing as in (6.3]). In other words, we have that
(X, aXy) C Xg_l(JF(ﬁﬁa X)).

At this point we argue as in the base case, working over [X]|., and applying Proposition
to obtain that a € X, '(Jp(Ly, X)). In total, we deduce that

To see that a € Liyy p = ﬂﬁLFXﬂ_:l(ﬂFgDED), fix n = (ny,...,ng) L F. If n; >0,
then an application of (6.3]) gives that

(Xn,aXy,) € Lr € NpcpLlp,

where the final inclusion follows from the partial ordering of £. If n; = 0, then n L. FU{i}
and so (X,,aX,) C Lpuy by (64). Fix D 2 F and suppose that i € D. Then
FU{i} € D and so (X,,aX,) C Lp by the partial ordering of £. Now suppose that
i ¢ D. Observe that |F| < |D| and so |D| = d —n for some 1 < n < N. By the inductive
hypothesis, we have that

Lp=X;(Lp) N Lpugy-

Note that (X, aX,) C Lpugy by the partial ordering of £. We also obtain that (X, aX,) C
X; Y(Lp) by arguing as in 1} until the final inclusion, at which point we use that
Lr C Lp by the partial ordering of £. Hence (X,,, aX,) C Lp. Since our choice of D D F
was arbitrary, we ascertain that (X,,aX,) C NpcpLp in all cases. Thus a € Liny, p.
Finally, since a € X Y(Lr) and X is proper, we may apply to obtain that
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¢i(a) € K(X;Lr). By Proposition [3.3.4] it follows that a € Ly r. Combining the

preceding deductions, we ascertain that a € L and in total we obtain that
Lr= X[1<£F) M LFu{i}-

By strong induction, the proof is complete. O

Next we turn to the passage from T-families to NT-2%tuples, which is encompassed

by the following proposition.

Proposition 6.2.4. Let X be a proper product system with coefficients in a C*-algebra
A and suppose that L is a 2%-tuple of X. Then the following are equivalent:

(i) L is a maximal 2¢-tuple of X ;

(ii) L = L™ for some Nica-covariant representation (m,t) of X that admits a gauge

action;
(iii) L is an NT-2%-tuple of X;
(iv) L is a T-family of X.

Proof. First we comment on our strategy for the proof. We will begin by showing [(i) <=
(ii) <= (iii)]. To account for (iv), we will then show [(iii) = (iv) = (ii)].

[(i) <= (ii)]: Assume that £ is a maximal 2%-tuple of X and set J := ‘j(gx’tX). Let
Q;: NTx — NTx/3J denote the quotient map. Recall that (Q3 o Tx,Q; o tx) is a
Nica-covariant representation of X that admits a gauge action. We claim that £ =
L(Q°7x,@301x) - First note that £ C L£@°7x:Q3°x) by definition of J. Maximality of £
then implies that it suffices to show that

~ ~(fx,zx)
\j — \JE(anWX,an?X) .

To this end, observe that the forward inclusion is immediate by the preceding reasoning.
For the reverse inclusion, fix F' C [d] and a € E%QGO%X @a°x) 1t guffices to show that

7x(a)gx r € J. Accordingly, an application of Proposition|2.5.17| (and Proposition [2.5.16])
yields that

Qs(Tx(a)dx.p) = Qa(Tx(a)) + D {(=1D)"Qs(x ,(¢u(a))) [0 #n < 1} =0.

Thus Tx(a)gx r € J, as required.

For the converse, assume that £ = £™ for some Nica-covariant representation (7, t)
of X that admits a gauge action. Let £ be a 2%-tuple of X such that £ C £’ and
~(Tx,tx)

Jr = ‘jngtX We must show that £ C £. To this end, fix ' C [d] and a € L. By

definition we have that Tx(a)gx € J(ZX £x) 3(” ) " Observe that

(X @) =3,
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In turn, we have that

(a)gr = (1 x t)(@x(a)gyp) € IS

However, since (7, ) is an £™!-relative CNP-representation (this can be seen by arguing
as in the proof of Proposition [3.1.17) and £ = £(™" by assumption, we obtain that

35 =300, = {0}

Thus 7(a)gr = 0 and so a € ﬁg’t) = Lr by Proposition [2.5.16, Hence £ C £ and we

conclude that £ is maximal, as required.

[(ii) <= (iii)]: This is provided by Proposition [1.1.12]

[(iii) = (iv)]: This is provided by Proposition [6.2.3]

[(iv) = (ii)]: Assume that £ is a T-family of X. Consider the universal L-relative
CNP-representation (7%,t%). Since NO(L, X) is canonically *-isomorphic to itself via
the identity map, combining Theorem and Lemmayields that £ = £%%) and
(7%, t%) admits a gauge action. Thus, taking (7,t) := (7%, %), the proof is complete. [

Notice that the (ii) = (i) implication of Proposition did not use that (m,t)
admits a gauge action. This is also the case for the (ii) = (iv) implication. We provide

an independent proof to this effect.

Proposition 6.2.5. Let X be a proper product system with coefficients in a C*-algebra
A and let (7,t) be a Nica-covariant representation of X. Then L™ is a T-family of X.

Proof. Recall that £™! consists of ideals by Proposition [3.1.14] Thus, fixing F' C [d] and
€ [d]\ F, it suffices to show that

L = X7 eE) n L,

Z Fu{i}-

The forward inclusion is immediate since £(™? is invariant and partially ordered by Propo-

sition 3.1.14, For the reverse inclusion, fix a € X (ﬁ(“ )N E;Ut{} Applying 1’ we
obtain that

ti(Xi) ' m(a)qrt(Xi) = t:(Xi)*m(a)t(X;)qr = 7({Xy, aXy))qr = {0} and 7(a)qrugy = 0,

where we also use Proposition [2.5.15in the first equality. In particular, it follows that

Vi(K(Xy))m(a)grpi(K(X;)) = {0}

Fixing k;, k; € K(X;) and writing 7(a)gr as an alternating sum using Proposition [2.5.16)

we obtain that

(k) (@) (k) + Y (=D (k)vn(dn(a))tu(k) | 0 # n < 15} = 0.
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For 0 # n < 15, we have that

Vilks)u(Sn(@)s(K) = Ypas (1 (k)i H(d(@)) i (K)))

by Nica-covariance of (7,t), noting that n Vi = n +i since n L i. Since k;, kj € K(X;)
are arbitrary, we may replace them by an approximate unit of (X;) and use Proposition
2.5.13] to obtain that

+ Z{ |n|wn+2 ¢n+1( )) | Q 7é n < lF} = 0. (6.6)

Recalling that m(a)gqpugy = 0, we also have that
() + > _{(=D"0u(du(@) | 0#n < Lpyy} =0. (6.7)
By summing and , we deduce that
(@) + Y (=1 (6u(a)) | 0# n < 1} = 0.

In other words, we have that a € Eg’t), completing the proof. n
In total, we obtain the desired result.

Corollary 6.2.6. Let X be a proper product system with coefficients in a C*-algebra
A. Then the NT-2%-tuples (resp. NO-2%-tuples) of X are exactly the T-families (resp.
O-families) of X.

Proof. Immediate by Proposition and Definition [1.2.8] H

Remark 6.2.7. Let £ be a T-family of X. We have not yet been able to prove that L is
an NT-2¢-tuple directly (i.e., using the definition alone). However, it is straightforward
to check that £ satisfies conditions (i)-(iii) of Definition [4.1.4]

We start by showing that £ is invariant. To this end, fix F' C [d] and n L F. Since £

consists of ideals, it suffices to show that
(Xn, LrXn) C Lp.

Without loss of generality, we may assume that F' # [d] and n # 0. We proceed by
induction on |n|. First suppose that |n| = 1, so that n = i for some i € [d] \ F. Since
L is a T-family, we have that Lp C X;'(Lp) and hence (X;, LpX;) C Lp, as required.
Now suppose that we have proved the claim for all n L F satisfying |n| = N for some
N € N. Fixn L F such that |n| = N+ 1. Then we may write n = m+1i for some m 1L F
satisfying |m| = N and some ¢ € [d] \ F'. We obtain that

<Xﬂ7 LrX, > <X ®a XMEF(X ®a X )> C [<Xy <va EFXm) X1>] C Lr,
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where we appeal to the inductive hypothesis in tandem with the base case in the final
inclusion. Thus, by induction, we have that £ is invariant.

Next we show that £ is partially ordered. Accordingly, fix F¥ C D C [d]. Without
loss of generality, we may assume that F' = [k] (with the convention that if k¥ = 0 then
F =0)and D = [{] for some 0 < k < ¢ < d. Since k+ 1 ¢ F and L is a T-family,
we have that Lp C Lpygr+1y- Analogously, since k 4+ 2 ¢ F'U {k 4 1} we have that
Lrugk+1y € Lrogrs1,k+2)- Arguing iteratively until D \ F' has been exhausted, we obtain

a sequence of inclusions

Lr C Lruk+1y © Lrokrier2y € - € Lroovr) = L.

Thus Lr C Lp and hence L is partially ordered.

To see that £ satisfies condition (i) of Definition [1.1.4] fix § # F C [d] and a € Lp.
We must show that a € Jp(Ly, X), which amounts to showing that aX,'(Ls) C Lg.
Note that invariance of £ implies that X;'(£g) = (N;cp X; '(Ly) by Proposition .
Fix b € X;'(Ly). Without loss of generality, we may assume that F = [k] for some
0 < k < d. We start by setting

Fy .= F\ {k}.

Since a € Ly, we have that ab € Ly = Lp gy Additionally, we have that b € X1 (Ly) C
X, '(Ly) and hence
ab € Xgl(ﬁm) g X£1(£F1)7

where the inclusion follows by [36, p. 117] together with the fact that £ is partially
ordered. Hence ab € Xgl(ﬁpl) N Lpugky and so ab € Lp, since £ is a T-family. Next we
set

Fyo=F\{k—1} = F\ {k -1 k}.

We have that ab € L, = Lp,up-1y and b € X' (Ly) € X, (Ly), so that
abe X!\ (Ly) € X, (LRy),

arguing as with Lr,. Hence ab € X, (Lr,) N Lrupr-13 and so ab € Lp, since L is a
T-family. We iterate the preceding argument until all elements of F' have been exhausted,
eventually yielding that ab € Ly. This shows that a € Jp(Ly, X) and so Lr C Jp(Ly, X),

as required.

Remark 6.2.8. Let £ be a T-family of X. To complete the proof that £ is an NT-2¢-
tuple, it suffices to show that

e ( N anuF(c@,X))) A Liner N Lo € L for all 0 £ F € [d

nlF

by Proposition Accordingly, take a € L7%. We claim that it is sufficient to show
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that ¢,(a) € K(X,Lr) for some n L F. Indeed, suppose we have shown this. If n = 0,
then we have that AaA C Lp by (2.5) and hence a € Lr by using an approximate unit
of A. Now suppose that n = (nq,...,ngq) # 0. Then we may write

n=> {nilield\F},

sincen L F. Asn # 0, we have that n; € N for some i € [d]\ F. It follows that n = i+m,

where
m =" {n;j|j€ld\(FU{i}}+ (n—1)i

We claim that (X,,,aX,,) C Lp. To see this, first observe that
(Xi, (X, aXim) Xi) © (X ®4 Xy, (X @4 X;)) € (Xp,aXn) C Lp,

where the final inclusion follows by (2.5). This shows that (X,,,aX,,) € X; '(Lp). Since
m L F and a € L, r, we have that a € X@l(ﬂpgDL’D) by definition. In particular, we
obtain that (X,,,aXm) € Lpugy since FF C F'U {i}. In total, we deduce that

(Xm,aXm) € X, (Lp) N Loy = Lo,

using that £ is a T-family in the final equality. An application of then yields that
dm(a) € K(XnLr). Now we iterate the preceding argument, replacing n by m in the next
iteration. In this way we progressively decrease each non-zero entry of n by 1 until we
eventually obtain that ¢g(a) € K(ALg). It then follows that a € L by the n = 0 case,
as required.

The veracity of the claim that ¢, (a) € K(X,,Lr) for some n L F is unclear in general.
Nevertheless, we can make progress when restricting to product systems induced by row-
finite k-graphs. Accordingly, henceforth we assume that X = X(A) for some row-finite
k-graph (A,d) (see Section [5.4). Note that X (A) is proper by item (i) of Proposition
. Let H be the family of sets of vertices of A corresponding to £ and let Hy p be
the vertex set associated with L. It is enough to show that Hp p C Hp p, since the
duality between ideals of co(A2) and subsets of A2 respects inclusions.

Accordingly, take v € Hy p. We must show that 6, € Lr. By the preceding reasoning,
it is sufficient to show that ¢, (d,) € K(X,(A)LF) for some n L F. To this end, note that
0y € Liimr by construction and so lim, g ||¢n(6,) + K(Xu(A)Lr)|| = 0. In particular,
there exists n L F' such that

16 (00) + K(Xn (M) Lp)]| < 1/2.

Since ¢ (0y) + K(Xn(A)LF) is a projection, it follows that ¢,(d,) € K(X,(A)LF), as
required. We conclude that £ is an NT-2*-tuple.

In total, in the setting of row-finite k-graphs we can show that every T-family is an
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NT-2k-tuple (and vice versa) directly. The general case is less clear since ¢, (a)+K(X,Lr)
may not be a projection (for a € £ and n L F).
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Appendix

A.1 The Hewitt-Cohen Factorisation Theorem

In this section we provide a proof of Theorem [2.1.1, We begin with a definition. Let X
be a linear space and A be a C*-algebra. Suppose also that X is a left A-module with

compatible scalar multiplication, i.e., we have that
Aa&) = (Ma)é = a(X) forall A € C,a € A€ € X.

We say that X is a Banach A-module if X is a Banach space and there exists M > 0 such
that
lagll < M - |[a]] - [|¢]] for all a € A, § € X. (A.1)

Henceforth assume that X is a Banach A-module. For simplicity we assume that M = 1,
with the understanding that the ensuing arguments require only minor tweaks to hold in

the general case. We say that X is non-degenerate if [AX] = X.

Lemma A.1.1. Let X be a non-degenerate Banach A-module, where A is a C*-algebra.

Let (uy)xen be an approzimate unit of A. Then we have that
1|l —liinu,\f =¢ forall £ € X.
Proof. First suppose that & = an for some a € A and n € X. Then we have that
[ur§ = &Il = lluaan — an| = |[(uxa — a)n|| < llura —al| - [In]| for all A € A,

using in the inequality. It follows that ||-|| - lim, ux§ = &£ since (uy)aea is an approx-
imate unit of A. In turn, an application of the triangle inequality yields that the claim
holds for all £ € span AX. Finally, suppose that £ € [AX], so that £ is the norm-limit of
a sequence (&,)nen € span AX. Hence, fixing € > 0, there exists N € N so that

1€ = &nll <&/3.
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By the preceding reasoning, there exists A\g € A such that for all A € A satisfying A > A,

we have that
|urén — En|l < €/3.

Thus, for all A € A satisfying A > g, we obtain that

[uré — €Il < [[ua€ — unénll + lluaény — Enll + [IEx — &l
= [lux(€ = &Il + lluaéy — Enll + [1Ex = €|
<€ =&l + [luxén = Enll + [[En =€l <e/3+¢e/3+¢/3 =¢,

using (A.1)) in the second inequality. Hence the claim holds for all £ € [AX] and non-
degeneracy of X completes the proof. O

Lemma A.1.2. Let X be a right Hilbert module over a C*-algebra A. Then for each
€ € X there exists a unique n € X such that & =n(n,n).

Proof. See [52], Proposition 2.31]. ]

For a C*-algebra A, viewed as a right Hilbert module over itself, we set Hq := >
as the direct sum of right Hilbert A-modules, e.g., [40, p. 6].

neZy

Proposition A.1.3. [52, Proposition 2.33] Let X be a non-degenerate Banach A-module,
where A is a C*-algebra. Then we have that X = AX.

Proof. The reverse inclusion is immediate, so fix £ € X. Setting & := &, iterative ap-

plications of Lemma yield sequences (&,)nez, € X and (un)nez, € Asq such that

|u,]] <1 and &y i= &, — u,E, has norm at most 272772 for all n € Z,. Next we set

Uy 1= 27"u, for all n € Zy. We claim that v := (v,)nez, € Ha. This amounts to showing

that ), viv, € A. Since A is in particular a Banach space, it suffices to show that
nel

> nez, [[Upvnl| < oo. To this end, fix n € Z,. We have that

lonvnll = 127" u) (27 un) || = 27" upun|| = 27" un||* < 277" = (1/4)".

Since }, 5, (1/4)" < oo, an application of the comparison test for series convergence
gives that 3° ;. [[v;val| < oo, as required.

Next set n,, := 2", for all n € Z,. We claim that Zn€Z+ (&n—&ns1) = &o. To see this,
fix ¢ € Z,. We obtain that

L

1Y (6 = nr1) = &ll = | = &eall = ll€ein ]l < 2772

n=0

Since the right hand side converges to 0, we have that

Z UnTn = Z unfn = Z <£n - £n+1) = 507

n€ly nely ne€ly
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as claimed. Applying Lemma to the Hilbert A-module Hy4, we obtain a unique

w = (Wn)nez, € Ha such that v = w (w,w). For each n € Z,, observe that

0 <w w, < g W Wiy,
m€Z+

Taking norms, we deduce that ||w,|| < ||w]||. Next we claim that n := )" wyn, € X.

neZly

Since X is in particular a Banach space, it suffices to show that > |lwkn,|| < oco. To

this end, fix n € N. We deduce that

neEZy

lwrmnll < flwall - 12760l < 2%[Jw]| - 27" = JJw]| - 27" = [Jw]|(1/2)",

using (A.1) in the first inequality. Since }_ ., [[w[|(1/2)" < oo, an application of the

comparison test for series convergence gives that |win,|| < oo, as required. Finally,

’I’ZGZ+
setting a := (w, w), we obtain that

an = (w,w) Y win =Y (ww)wi)ge =Y (wn (w,w) e =Y vatly = .

n€Z+ TLEZ+ nEZ+ nEZ+
This shows that X C AX, finishing the proof. O

Proof of Theorem |2.1.1: Observe that X is a Banach A-module under the left A-

module multiplication determined by
(a,€) — m(a)€ for alla € A, € € X.

In turn, we have that [r(A)X] is a closed left A-submodule of X and is therefore a

Banach A-module in its own right. Since [r(A)X] is non-degenerate, the result follows
immediately by Proposition [A.1.3] O

A.2 Co-universality of NOy

In this section we provide a proof of the well-known co-universality result for NOy [11]
17, (18], [54], in the particular case where X is a strong compactly aligned product system.
Definitions, nomenclature and results from the preceding sections will be used liberally
and oftentimes without citation. We proceed via the C*-envelope, which will require a
sojourn into the theory of nonselfadjoint operator algebras. We present only the aspects
of the theory that we will need, and the reader is addressed to [5, 47] for the full details.

We refer to a norm-closed subalgebra 2 C B(H) as an operator algebra. Notice that
M, () C M,(B(H)) = B(H") is also an operator algebra for each n € N, where H" is
the usual Hilbert space direct sum. Given an operator algebra B, let ¢: L — B be a

linear map. We say that ¢ is completely contractive (resp. completely isometric) if the
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ampliation map
O My () = My (B); ()i = ($(aiy))is for all (aiy)i; € M, (2A)

is contractive (resp. isometric) for all n € N. We use the abbreviation “c.c.” for “com-
pletely contractive” and “c.is.” for “completely isometric”. When 24 and B are C*-
algebras, we say that ¢ is completely positiv (abbrev. c.p.) if ¢ is positive for all
n € N. If ¢ is a *-homomorphism then it is in particular c.p., as each ¢ is also a
x-homomorphism and therefore preserves positivity. Analogous reasoning gives that all
x-homomorphisms are c.c. maps and all injective x-homomorphisms are c.is. maps.

A pair (¢,C) where C'is a C*-algebra and ¢: 2 — C'is a c.is. algebra homomorphism
satisfying C' = C*(¢«(21)) is called a C*-cover (of A). There exists a co-universal C*-
cover (¢, C: () of 2A such that for any C*-cover (j,C) of 2, there exists a (unique)

x-epimorphism ®: C' — C! () satisfying ® o j = +. We refer to the C*-algebra C? (21)
as the C*-envelope (of A). The existence of the C*-envelope was established by Hamana
[27] through the existence of the injective envelope. An independent proof was established
by Dritschel and McCullough [19] through the existence of maximal dilations.

Let P be a unital subsemigroup of a discrete group G and let X be a product system
over P with coefficients in a C*-algebra A. Given a representation (m,t) of X acting on a
Hilbert space H, we write alg(r, t) for the norm-closed subalgebra of B(H) generated by
m(A) and every t,(X,). When P = Z% and X is compactly aligned, we define the tensor
algebra (of X ) to be

NT = alg(Tx, Ix).

Reverting to the case of general P and X, consider the family #(X) := {t,(X,)}pep. If
(7, ) is injective, then ¢(X) carries a canonical structure as a product system over P with
coefficients in 7(A), where the C*-correspondence operations are inherited from B(H)
and the multiplication maps are induced by the usual multiplication in B(H). Moreover,
we have that X = ¢(X). Both claims follow quickly from the representation properties of
(m,t), and injectivity is required in order for each ¢,(X,) to be complete with respect to
the corresponding inner product norm.

Finally, given C*-algebras A and B, we write A ® B to denote the spatial tensor
product. We will require some basic properties of the spatial tensor product going forward,
all of which can be found in [8, Chapter 3].

Proposition A.2.1. Let X be a strong compactly aligned product system with coefficients
in a C*-algebra A, and let (m,t) be an injective Nica-covariant representation of X that

admits a gauge action. Then (7 X t)|NT; is completely isometric.

Proof. Let H denote the Hilbert space on which (7,17) acts and let (ey),cze denote the

usual orthonormal basis of *(Z%). For each n € Z%, we write V,, for the shift operator in

'More generally, we can make sense of complete positivity for linear maps between operator systems
[ p. 9].

252



Appendix A. Appendix

B(¢*(Z4)) determined by
Viem = €entm for all m € Zi.

Observe that

emn Un<m
View=14 = 77 forallmeZl,
- 0 otherwise,

from which it follows that V;V,, = I (but V,,V; # I). Hence we obtain a unital isometric

semigroup homomorphism V' as follows:
V74 — B(A(ZL));n— V, for all n € Z4.

We write C}(Z%) for the C*-subalgebra of B((*(Z%)) generated by each V,,. We define

the maps

t A — C*(m,t) ® CH(ZL);a > m(a) ® I for all a € A,
X, = CY(m,t) ® C’;\(Zi); En = ta(&n) @V, forall €, € X,,,n € Zi \ {0}.

T
tn

It is routine to check that (/7?,%\) is a representation of X. Note that preservation of inner
products follows because V' is isometric and preservation of the multiplicative structure
follows because V' is a semigroup homomorphism. Next, take a € A and suppose that
7(a) = 0. Then we have that 7(a) = 0 and hence a = 0 by injectivity of 7. Thus (7, 1) is
injective.

For each n € Z% and &,,n, € Z%, we obtain that

~

wﬂ<@£@@) = Aﬂ(f@ﬁﬂ(ﬁ@)* = (tﬁ<£ﬂ> ® Va) (f@(n@)* ® Vg*) = wﬁ(@igmﬂ) ® vﬂ‘@'

It follows that

~

Un(kn) = u(kn) ® V, V) for all k, € K(X,,),n € Z1.
Next, fixing n,m,r € Zi, we have that

% « €(m+4r)—n if n<m-+r,
Vo Vmer = Vi lmir = -
B N 0 otherwise.

On the other hand, we obtain that

Vavim—n€r—(nvm-m) dnVm—m <r,

0 otherwise.

ifnvm<m-+r,

0 otherwise.
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nvm-—m:

€ 24\ {0}, k, € K(X,) and ky, € K(X,,). Combining the preceding

observations, we have that

Since n < m +r if and only if n V. m < m +r, we deduce that V; Vi, = Vivm-nV,;
m

Now take n,

wﬂ(k@)wm(km) = w@(k@)wm(km) ® VQVQ* vam*
= ¢nvm(bgvm<kﬁ) Lﬂmvm(km)) ® Vﬂvﬁvm—nvgvm—mvm*
= ,vm(%vm(kf)bﬁmvm(km)) ® Vﬂ\/mvg*\/m = Aﬂ\/m(bﬁvm%ﬂ) ﬂmvm(km))a

using Nica-covariance of (m,t) in the second equality and that V is a semigroup homo-
morphism in the third equality. Hence (/7?,?) is Nica-covariant.

Let v denote the gauge action of (7,¢) and fix z € T Since 7, and idg; (g1 are
s-homomorphisms and thus in particular c.p., an application of [8, Theorem 3.5.3] gives

a *-homomorphism
V2 ®idgy(zey: CH(m, 1) ® CH(Z7) = C*(m,t) @ CX(Z1); f @ g = 1:(f) ® g,

for all f € C*(m,t) and g € C}(Z%). Setting

/Bé = (’}/3 ® ldc;(Zi)) C*(%,i\) fOl" all é E Td,
it is routine to check that we obtain a gauge action 3 of (7).

We claim that Eg’t) = {0} for all F' C [d]. Injectivity of (7,
fix() £ F C[d] and a € 5;?’“. Then we have that

~

) accounts for F' = (), so

Rla)= Y Uulka) =(m@ @) = > (ulkn) @ VoV;) =0 (A.2)

0#n<lp 0#n<lp

for some k,, € K(X,,) for all 0 # n < 1. Note that we may view
C*(m,t) ® C{(Z4) € B(H) @ B(*(21)) C B(H @ (*(Z4)),

using [8, Proposition 3.6.1] in the first inclusion and [§, Lemma 3.3.9, Proposition 3.3.11]
in the second inclusion. Let Py, € B((*(Z1)) be the projection onto the 0-th entry,
ie., PQ(()‘n)geZi) = Aoeg for all ()\ﬂ)ﬂezi € (*(Z%). Consider the operator Iy ® Py €
B(H ® (*(Z1)), e.g., [8, Proposition 3.2.3]. Taking and composing on the right by
Iy ® Fy, we obtain that

(m(a) @ Py) = > (thn(kn) ® VoV, Ry) = 0.

Q#ﬂSlF

Fixing 0 # n < 1, notice that V,V; Py = 0 since n £ 0. It follows that 7(a) ® Py=0 and

thus m(a) = 0. Injectivity of (m,t) then yields that a = 0, as required.

In total, we have shown that (7,7) is an injective Nica-covariant representation of X
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that admits a gauge action and satisfies L&) = {{0}} rcq- An application of Theorem
3.2.12| (with {{0}}rciq in place of £ and (7, %) in place of (r,t)) gives that

7x 1 NTx — C*(7,1)

is a x-isomorphism and hence in particular a c.is. map by the comments preceding the

statement. By restricting, we obtain that

b1 = (7 x Dlyre: Nt - g7,
is a c.is. algebra homomorphism. We also define

¢9 = (m X t)’NT)}r  NTY — alg(m, t),

which is a c.c. algebra homomorphism.

Next we repeat the preceding argument, this time working over Z?. Let () neza
denote the usual orthonormal basis of ¢*(Z¢). For each n € Z4, we write U, for the shift
operator in B((*(Z%)) determined by

Un€ly, = €y for all m € Z°.
Observe that
Usre,, = en,_, for all m € Z¢,

from which it follows that U, is a unitary. Letting U(¢*(Z%)) denote the group of unitary

operators in B(¢%(Z%)), we obtain a group homomorphism U as follows:
U: 7% = U(*(ZY);n— U, for all n € Z°.

We write C}(Z?) for the C*-subalgebra of B(¢*(Z%)) generated by each U,. We define the

maps

7 A= C(m,t) @ C3(Z%;a > m(a) @ I for all a € A,
’{ﬂ: Xp = C(m, 1) ® Ci(Zd% En > tn(&n) ® Uy for all §, € Xy n € Zfil- \ {0}.

Arguing as before, we deduce that (7, ) is an injective Nica-covariant representation of X
that admits a gauge action. Checking Nica-covariance is made simpler via the observation
that

i d

Uy (kp) = Yn(ky) ® I for all k, € K(X,),n € Z¢.

We claim that
£S5 = £ for all F C [d].

Injectivity of (7,¢) and (m,t) accounts for F' = (), so fix ) # F C [d] and a € A. We have
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that

a € £g’t~) < 7(a) — Z Uy (ky) = 0 for some k, € K(X,)

0#n<lp
— (m(la)®1) — Z (Y (kn) ® I) = 0 for some k, € K(X,,)
0#n<ly
— (m(a) — Z Yn(ky)) ® I =0 for some k,, € K(X,,)
0#n<lp
<~ 7(a) — Z U (ky) = 0 for some k, € K(X,) < a € L}Z“t),
0#n<ly

using that the spatial C*-norm is a cross norm in the fourth equivalence.

In total, we have shown that (7,¢) is an injective Nica-covariant representation of X
that admits a gauge action and satisfies L&) = £ Recalling that £ is an (M)-2%-

tuple by Proposition [3.1.18, we apply Theorem 3.2.12| (with £ in place of £ and (7, ) in
place of (7,t)) to deduce that NO(L™), X) = C*(7,t) canonically. Another application
of Theorem [3.2.12| (this time only replacing £ by L£™) gives that NO(L™) X) =

C*(m,t) canonically. Hence we have a canonical *-isomorphism C*(rw, t) — C*(7,t) and

by restricting we obtain a c.is. algebra homomorphism
b5 Alg(m, 1) — AT (7, D).
Next we illustrate the connection between (7,%) and (7, ). We identify ¢2(Z%) inside

¢*(Z%) in the obvious way. Let Py € B(¢*(Z%)) denote the projection onto ¢*(Z%). We

define the compression map
®: B(A(ZY) — B(*(ZL)); S Ppz4)S|p ey for all S € B(3(Z%)).

Notice that
®(U,) =V, for all n € Z.

It is routine to check that ® is a c.p. linear map satisfying ||®|| < 1. In turn, we may

apply [8, Theorem 3.5.3] to obtain a c.p. linear map
idgm @ ®: B(H) @ B(*(Z)) — B(H) ® B(*(Z1)); S® T — S @ ®(T),
for all S € B(H) and T € B((?(Z%)). We also have that
|Gy @ )| < [lidsn|| - [|9]] < 1 for all n € N,

where the first inequality is justified by [8, Theorem 3.5.3] and its proof. Hence idp(z)® ®

is a c.c. map. Recall that we may view
C*(m,t) ® CX(Z%) € B(H) ® B(*(Z})) and  C(m,t) ® C}(Z7) € B(H) ® B(*(Z*)).
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In turn, we can consider the restriction

¢4 = (idpm) © @)z : als(7. 1) — B(H) © B(*(Z%),

which is also a c.c. linear map. We claim that ¢, is in fact an algebra homomorphism.
Since ¢, is in particular linear and continuous, it suffices to show that the homomorphism
condition holds on the generators of alg(7,t). Accordingly, fix n,m € Z%,¢, € X, and
&m € X First note that

¢4<’tvﬂ<£ﬂ)) = ¢4(tﬂ<5@) ® Uﬂ) = t@(f@) ® (I)(Un) = tn(fn) RV, = ?ﬂ(f )

We then obtain that

G4 ( (fn) (fm)) = ¢4(~ﬂ+m(£@£m)) = %\m—m(f 3 ) = ¢4(Zn(§n))¢4(’{m(€m))a

as required. It follows that ¢4(alg(7, 1)) C alg(7,t).

In total, we have the following commutative diagram
NTY — %, Alg(7, D)

@l Tm

aTg(ﬂ-7t) T aTg(%ﬂ;)

of algebra homomorphisms. The horizontal arrows are c.is., the vertical arrows are c.c.,

and commutativity follows from canonicity of the maps involved. It follows that
oM = 6 0 ¢ 0 ¢{™ for all n € N.
Fixing n € N and = € M,(NTY), we deduce that

]| > 1|65 ()] > [[(65" 0 65 0 ¢5") ()| = (61" (2)]| = |||,

using that ¢s is c.c. in the first inequality, that ¢, and ¢3 are c.c. in the second inequality
and that ¢, is c.is. in the final equality. Thus ¢ = (7 X t)] NTE IS Cs., completing the
proof. O

Theorem A.2.2. Let X be a strong compactly aligned product system with coefficients in
a C*-algebra A. Then the following hold:

(i) NOx = C: (NTY) canonically.

(ii) For each injective Nica-covariant representation (mw,t) of X that admits a gauge

action, there exists a (unique) canonical *-epimorphism C*(m,t) — NOx.

Proof. Let (m,t) be an injective Nica-covariant representation of X that admits a gauge
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action. An application of Proposition gives that
(m X &) | gy NTY — C(m, )
is a c.is. algebra homomorphism. Additionally, we have that
C*((m x )N'TY)) = C*(alg(m, 1)) = C*(r,1).

In other words, the pair (( x t)|y7s, C*(7,t)) is a C*-cover of N'T{". Let (¢, C,, (N'TY))
denote the co-universal C*-cover of N'Ty. An application of the co-universal property of

Cr (NTY) yields a (unique) *-epimorphism
OV C*(m 1) = Clpy (NTY)

such that &™) o (7 x t)] ~7¢ = - Hence item (i) follows as a consequence of item (i).
To see that item (i) holds, we set

& = X NOx — O (NTH).
It suffices to show that & is injective. To this end, we set

POl a0l fral e 24\ 0

Recall that X = ¢¥(X) by the comments preceding Proposition and so t7(X) is
strong compactly aligned by Proposition [2.5.7. It is routine to check that (7, %v) constitutes
an injective representation of t(X). We also obtain that (7,t) is Nica-covariant by
combining Remarks 2.3.2] and [2.3.5] Notice that

C(7,1) = C*(¢(W§<(A)) ( Xn(Xn)) [ n € Z%) = C*(u(@x (A)), (txn(Xn)) | n € Z%)
C (NTY)) = Cou(NTY).

We claim that (77,?) admits a gauge action. To see this, let v denote the gauge action of
(Tx,tx). Since each 7, is a *-automorphism, the restriction 7. |yrs: NTy — NTy is a
c.is. algebra epimorphism. We set Bé =104 NTH for each z € T?. Observe that each @

is a c.is. algebra homomorphism and
C'(BNTY)) = C(=WNTY))) = C(UNTY)) = Con(NTH).

In other words, the pair (8., Ct,(NT)) is a C¥-cover of N3 for all z € T Ap-
plying the co-universal property of C%  (NTy), for each z € T? we obtain a (unique)
s-epimorphism

52 env( T ) — CZHV(NT)-(‘F)
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such that 3, o B; = . Observe that

for all &, € X,, and n € Z4 \ {0}. It follows that we obtain a gauge action f of (7, 7).
Next we claim that (7,t) is a CNP-representation of #2(X). To see this, for each
n € Z$ let Wy: X, — t%,(X,) be the map determined by &, — % (&) for all &, € X,,.
It is straightforward to check that {W@}@ezi implements a unitary equivalence between X
and t7(X). Recall that (7,1) := {(Fo Wy, t,0 W,,) }HEZi is a Nica-covariant representation
of X by Proposition m By Proposition it suffices to show that (7,17) is a
CNP-representation. To this end, fix ) # F C [d] and a € Zr(X). We must show that

(@) + Y {(~ 1)y (dn(a) | 0 # n < 1p} = 0.

To this end, first fix n € Zi and &,,7n, € X,,. On the one hand, we have that

~ % (Xn)

aO3” e ) = Tl Tl ()" = B(0E,(OF,)).

On the other hand, we have that

o t%(,ﬂ(Xﬂ) pn(Xn) Xn -1
wﬂ(@tfgﬂ(fﬁ)vtfgﬂ(ﬁg)) ¢n( Wn (én), Wn("]n)) wn(W @£n nnwf )

It follows that
¢(¢§,n(/~ﬁ@)) = JE(WEkQW£1> for all k, € K(X,).

Applying for 0 # n < 1, and k, = ¢,(a), we obtain that

RS

o (9n(a)) = Dp(Wadn (@)W, ') = (4%, (6u(a))),

using Remark [2.3.5]in the first equality. Thus we have that

Fa) + > {(=1)=y(dn(a)) |0 #n < 1} =
)+ {(=D)"e% ,(¢n(a) |0 £ n < 1.}
)+ Y {(=D)=0% , (da(a) [0 £n <

= O(mx(a)
= O(mx(a)

as required, using that (7%, t%) is a CNP-representation in the final equality.
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In total, we have shown that (7, 1) is an injective CNP-representation of t*(X) that ad-
mits a gauge action. An application of [I7, Theorem 4.2] gives that N'O,z(x) = C*(7~r,~) =
CiwWNTY) canonically. Since NOx = NOyz(x) canonically via Proposition we
deduce that NOx = Cz, (NTy) canonically. Canonicity ensures that this *-isomorphism

is nothing but ®, finishing the proof. O
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