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Abstract

Some twenty- ve years after the rst introduction of joint modelling, clinical trials across
multiple disease areas routinely collect information on many longitudinal biomarkers. This
represents opportunities and challenges: Multivariate data likely provides better discrimi-
nation capabilities from a prediction standpoint, furthermore disregarding the multivariate
nature of the data is tantamount to ignoring potentially informative correlations between
these longitudinal trajectories; on the other hand, the multidimensional integrals which
arise as part of parameter estimation under traditional approaches present signi cant
computational and statistical di culties.

We investigate alternative approaches which enable faster tting of joint models of survival

and multivariate longitudinal data. An approximate expectation maximisation algorithm

relatively dormant in the literature is repurposed to lessen the computational burden felt

by traditional joint models, leading to faster tting. Furthermore, we extend beyond

the typically-used restrictive longitudinal speci cations in such models in favour of more
exible, potentially complex, speci cations.

Extensive simulation studies are carried out, which establish good parameter estimation
capabilities of the proposed algorithm under many scenarios. Additionally, a thorough
application in the disease area of cirrhosis is carried out, with the algorithm used through-
out in building a complex joint model. In both the simulation studies and application, we
noted high levels of agreement with established methodology, with the algorithm demon-
strating faster computation times.
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Chapter 1

Introduction

1.1 Background to the joint modelling of survival and lon-
gitudinal data

In many areas of health research, collection of (potentially many) repeated measurements
which are censored by a terminal event are commonplace. Interest then falls on the
longitudinal trajectories, risk of event occurrence, and the relationship between the two.
The longitudinal process is endogenous and time-dependent if thought to be related to the
risk of event occurrence, but simply including the process in de facto modelling approaches
is inappropriate (Prentice, 1982; Kalb eisch and Prentice, 2002; Sweeting and Thompson,
2011).

When the longitudinal outcome and the time-to-event of interest are related, the modelling
process must consider dropouts as non-random. Incorporation of the survival information
into the longitudinal process has an equivalence to taking into account the e ect of an
informative missing data process (Sweeting and Thompson, 2011). Conversely, incorpora-
tion of the longitudinal information into the survival process improves the t of regression
(i.e. reducing biases arising from separate model ts) and importantly provides inference
on the relation between the event time and the longitudinal process (Wulfsohn and Tsiatis,
1997; Sweeting and Thompson, 2011).

Joint modelling arose as a solution to problems arising from HIV/AIDS research in the
rst instance. Namely, it allowed researchers tosimultaneously answer three questions of
scienti ¢ interest:

1. How do the biomarker(s) of interest evolve through time and di er in terms of the
other covariates collected at baseline (e.g. drug allocation, sex)?
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2. How does the hazard for the event of interest evolve through time and di er in terms
of the other covariates collected at baseline?

3. How is this hazard a ected by underlying values of the biomarker(s) of interest?

At heart then, a joint model consists of at least two sub-models with some shared random
e ects that are combined into one larger meta-model by linking these random e ects.

Commonly adopted sub-models are a linear mixed e ects model (LMM, Laird and Ware

(1982)), and a Cox proportional hazards (PH) model (Cox, 1972) for the longitudinal and

survival components respectively.

Early e orts however were nase in their implementation, simply including the biomarker

as a time-dependent covariate in the PH model. One such example of this approach being
Andersen and Gill (1982), producing estimates for association which were underestimated
(Prentice, 1982; Sweeting and Thompson, 2011). Additionally, such an approach does not
model the longitudinal pro le itself, which was one research question we sought to answer.

Next saw so-called "two-stage' models which provided improvement over the preceding
nawve approach. Essentially a “two-stage' model extracts the random e ects from the
LMM and models these as time-varying covariates in the PH model. Both Tsiatis et al.
(1995) and Gruttola and Tu (1994) used this approach along with an application to afore-
mentioned HIV/AIDS data, albeit with slight reparameterisation of the survival process in
the latter example. This modelling approach is relatively easy to implement, and reduced
the bias obtained in parameter estimates in comparison with nawe methods (Dafni and
Tsiatis, 1998).

Joint models, as they appear in this thesis, then arose in Wulfsohn and Tsiatis (1997).
Often seen as the " rst' joint modelling paper, it was in fact predated by e orts conducted
under Bayesian hierarchical frameworks, for instance Berzuini and Larizza (1996) and
Faucett and Thomas (1996). Given these Bayesian e orts predated standard software
such asWinBUG&Spiegelhalter et al., 1999), or because clinicians typically operate under
the frequentist paradigm, these are perhaps secondary to the seminal Wulfsohn and Tsiatis
(1997) in retrospect.

Wulfsohn and Tsiatis (1997) introduced the joint modelling of longitudinal and time-to-
event data using maximum likelihood estimation via the Expectation Maximisation (EM)
algorithm (Dempster et al., 1977). Their approach accounted for the informative dropout
process and incorporated the observed survival information in modelling the longitudinal
process; essentially the available information is most e ciently used (Tsiatis and Davidian,
2004). Justi cations for joint models over the nawve and “two-stage' models abound in
literature, two examples showcasing the reduced bias obtained from the joint model are
Ibrahim et al. (2010) and Sweeting and Thompson (2011), the latter also highlighting that
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joint models perform well despite model misspeci cation.

1.2 Evolution of joint models

1.2.1 Random e ects speci cation

Wulfsohn and Tsiatis (1997) demonstrated their approach using a simpli ed model con-
taining only the random e ects in both the longitudinal and survival sub-models in an
application to the HIV/AIDS data which spurred its initial materialisation. Perhaps act-

ing as something of a "proof of concept, it neatly set the stage for extensions to the basic
model presented therein. Tsiatis et al. (1995), Faucett and Thomas (1996), Bycott and
Taylor (1998), Dafni and Tsiatis (1998), and Wulfsohn and Tsiatis (1997) all assumed
bivariate Gaussian random e ects in the form of a random intercept and slope structure
when approaching the joint model. In later literature especially, the random e ects have
become increasingly complex, with use of e.g. spline terms (Martins, 2022; Rustand et al.,
2023). Elsewhere, Henderson et al. (2000) added complexity to the random e ects speci -
cation by introducing a stationary Gaussian process, similarly carried out in Xu and Zeger
(2001) using Bayesian methods. Finally, Wang and Taylor (2001) provide an example of
using a non-stationary Gaussian process.

The shared random e ects parameterisation was popular earlier in the literature, relating
subject-speci ¢ characteristics a ecting both the longitudinal and survival outcomes, al-
lowing for the estimation of the correlation between them. The interpretation here is that
deviations from the estimated population-level longitudinal trajectory drive these associa-
tions. The so-called “current value' parameterisation, however, is a popular alternative. In
this approach, the observed value of the longitudinal outcome over time is used as a time-
varying covariate in the survival model, linking the hazard to the instantaneous (current)
value of the longitudinal measurement. This re ects how the most recent measurement is
associated with the hazard. Examples include Chi and Ibrahim (2005), Lin et al. (2002),
and Andrinopoulou et al. (2021), with the interested reader referred to Table 1 in Hickey
et al. (2016).

1.2.2 Alternative sub-models

Joint models do not solely rely on the previously mentioned linear mixed and Cox pro-
portional hazards models. Two (not necessarily exclusive) ways have emerged in the
literature.

The rst replaces the PH model with a generalised linear model (GLM). For example,
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if occurrence of an event of interest is more important than thetiming of it, then the
PH model is replaced by a binary (i.e. logistic) sub-model. Examples include primary
endpoints of successful pregnancy (Horrocks and van Den Heuvel, 2009); survival past a
certain period of follow-up (Bernhardt et al., 2015); diagnosis of orthostatic hypertension
(Hwang et al., 2011, 2015); and diagnosis of late-life major depressive disorder (Li et al.,
2015).

In circumstances where it would be inappropriate to employ a LMM for a longitudi-
nal response, it is instead replaced by a suitable member of the exponential family and
modelled by a generalised linear mixed model (GLMM). For instance, if the longitudinal
response is scored against a Likert-type scale, (partial) proportional odds models could be
used (Li et al., 2010; Alam et al., 2021). A biomarker of interest could simply be the pres-
ence/absence of some clinically relevant condition, taking the form of a binary longitudinal
response. Examples of this include Choi et al. (2015) who include repeated quality of life
measures and Rustand et al. (2023) who monitor presence of malformed blood vessels.
Finally, the longitudinal response may be best represented by a count regression model,
for example Sunethra and Sooriyarachchi (2018) present a joint model with the number
of seizures experienced by epilepsy patients is captured by a Poisson GLMM. Zhu et al.
(2018) utilise a zero-in ated Poisson (and generalised Poisson) GLMM in modelling daily
cigarette count along with time to study dropout. Both Hickey et al. (2016) and Alsefri

et al. (2020) provide good overviews of the usage of GLMM sub-models in joint modelling.

1.2.3 Multivariate joint models

When more than one longitudinal response is believed to be associated with the hazard
of the event of interest occurring, harnessing all available information in a single joint
model would be advantageous: Simply undertaking severaunivariate joint models is
tantamount to ignoring potentially important correlations betweenresponses, which could
lead to in ated coe cient estimates. Instead, joint models with more than one longitudinal
response constructing the longitudinal sub-models rhultivariate joint models) allow us to
simultaneously modelall information.

In literature, multivariate joint models were originally restricted to methodological devel-
opments (Lin et al., 2002): Only recently has software development allowed for routine
tting of joint models with potentially many longitudinal responses. Hickey et al. (2018a),
Long and Mills (2018), Andrinopoulou et al. (2020), and Philipson et al. (2020) all em-
ploy multivariate joint models (t under a variety of paradigms), wherein the longitudinal
sub-models are exclusively constructed by LMMs. Andrinopoulou and Rizopoulos (2016)
utilise a Bayesian approach with shrinkage priors to t a multivariate joint model, whose
longitudinal speci cation includes GLMMs; Rustand et al. (2023) t a similarly speci ed

4
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model using Integrated Nested Laplace Approximations (INLA, Rue et al. (2009)). A
recent literature review conducted by Alsefri et al. (2020) found that the vast majority of
joint models t under the Bayesian paradigm are done so by Markov Chain Monte Carlo
methods.

Despite opportunities to t multivariate joint models, a common approach is to use di-
mension reduction techniques, such as functional principal components regression (Li and
Luo, 2017; Li et al., 2021) or partial least squares (Wang et al., 2020). These approaches
largely arise wherevery many longitudinal responses exist, such that their implementa-
tion is precluded by existing approaches. Indeed, Hickey et al. (2018a) hypothesised that
approximate methods may be necessary to tackle issues which arise when rich sub-models
are considered.

1.2.4 Software available to t joint models

Initially, uptake of joint models in e.g. clinical application was slow (Gould et al., 2015).
One could argue that this was due to familiarity with long-standing methods (e.g. PH
models), despite the proven superiority of joint models, which also shared the same in-
terpretation. Of course, a facet which would prohibit uptake of any methodology would
be access to (or indeed lack thereof) readily available packages/libraries implemented in
popular statistical software.

We brie y note implementation of joint modelling in Statistical software Stata through
packagestim (Crowther et al., 2013), as well as usage 05ASto t joint models through
macro %JMGarcia-Hernandez and Rizopoulos, 2018), and continue instead with a focus on
R(R Core Team, 2020) packages available on the comprehensive R archive network (CRAN,
https://cran.r-project.org/ ). Furgal et al. (2019) o er a comprehensive review and
comparison via simulation studies of R packagesIM(Rizopoulos, 2010);joineR (Philipson
et al., 2018) and JMbayes(Rizopoulos, 2016), all of which t univariate Gaussian joint
models.

Only recently has software become available for the multivariate case. Operating un-
der maximum likelihood, joineRML (Hickey et al., 2018a) and under Bayesian methods
JMbayes2(Rizopoulos et al., 2021), the practitioner is able to readily t multivariate joint
models. Most recently, INLAjoint (Rustand et al., 2023) has provided an approximate
Bayesian approach to joint modelling via INLA
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1.3 Motivating study: Primary biliary cirrhosis

We brie y present publicly available data which which motivates (multivariate) joint mod-
elling. We focus here on data arising from a clinical trial on human subjects. This isn't
to say the relationships between longitudinal responses and an event-time of interest are
only of interest in a clinical setting; they will be of interest in other disciplines too.

Primary biliary cirrhosis (PBC) is a chronic liver disease in which the bile ducts become
injured, leading to a build-up of bile in the liver, which can damage it and lead to cirrhosis.

If left untreated or otherwise reaches an advanced stage, PBC can lead to severe compli-
cations such as liver failure, hypertension and ultimately mortality. The progression of
PBC was studied in 312 patients between 1974 and 1984 at the Mayo clinic (Murtaugh
et al., 1994). In this study, the patients were randomised and received either placebo or
active treatment D-penicillamine. Several biomarkers associated with liver function were
repeatedly measured during follow-up, as well as information regarding the time until the
rst occurrence of either death, receiving a liver transplantation, or the end of study.

The existence of multiple longitudinal biomarkers as well as information regarding a time
to event of interest has led to the PBC data becoming a popular example in existing
literature (Hickey et al., 2018a; Dai and Pan, 2018; Andrinopoulou and Rizopoulos, 2016;
Dil and Karasoy, 2020). The longitudinal trajectories of three biomarkers, (log) serum
bilirubin, albumin, and platelet count (i.e. the number of red blood cells) are presented
in Figure 1.1 where we distinguish between those who died and those who did not. At
a precursory glance, these trajectories could lead one to hypothesise that lower values of
albumin and platelet count increase the risk of mortality, with the same true for higher
values of serum bilirubin. Here, a joint model would allow us to investigate this relation
along with sub-model speci ¢ inference as enumerated in Section 1.1

1.4 Thesis outline

With an overview of joint modelling and its development in literature provided in Sections
1.1 and 1.2, we proceed by presenting the structure of the thesis on a chapter-by-chapter
basis.

In Chapter 2, we lay the foundations for the thesis by rst establishing the notation to
be used throughout. We then introduce the multivariate extension of the “classic' joint
models, which are our speci ¢ models of interest, elucidating parameters of interest as well
as the estimation routine. Couched in a semiparametric maximum likelihood approach
we provide an overview of the EM algorithm, aligning our methodology with “classic'
literature. Stemming from this approach, we introduce numerical integration methods.
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Figure 1.1: Longitudinal trajectories for three chosen biomarkers from PBC data. Grey lines show
individual trajectories and overlaid smoothed (LOESS) curves the average trajectories for those
who experienced mortality during follow-up and those who did not.

We further outline how one can ‘complete' inference and obtain standard errors for a
tted joint model. Finally, we o er a comprehensive overview of simulating data within
the joint modeling framework; a crucial technique for the forthcoming chapters.

In Chapter 3, we draw attention to the computational burden which precludes, or makes
overtly cumbersome, estimation for multivariate joint models by maximum likelihood.
We introduce a normal approximation rst pro ered by Bernhardt et al. (2015), with
details of this approximate EM algorithm provided; the approximation is used exhaustively
throughout the thesis. Extensive simulation results are given, which serve to showcase the
performance of the algorithm. Additionally, we o er comparison in terms of computation
time as well as parameter estimates with existing software which is similar in its estimation
approach.

In Chapter 4 we continue utilising the approximate EM algorithm but extend the longitu-
dinal sub-model to the non-Gaussian case; the idea being that many clinical data will not
be continuous, or the Gaussian assumption not otherwise appropriate. We consider ve
di erent exponential families and provide an overview of the estimation procedure required
for these so-called “generalised' multivariate joint models in a similar spirit to Chapter 3.
Once more we provide multitudes of simulation study results to exhibit performance of
the approximate EM algorithm.

Owing to its large-scale use in the thesis it is of considerable importance to thoroughly
investigate, understand, and justify the normal approximation. In Chapter 5, beginning
with its foundations before delineating strategies to justify said approximation, we seek
to achieve this; swathes of results are provided along with interpretation.

We then shift focus to avenues for analysis of a tted joint model. That is, with the
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methodology outlined in Chapters 2{4, what can onedo with the tted joint model. Does

it t the data well? How can it be used for predictions? Such questions are answered in
Chapter 6 where we collate post-hoc analyses, from de ning residuals for the two processes,
to outlining how one can bridge from a joint model to a predictive one.

Chapter 7 can be viewed as something of an amalgamation of Chapters 2, 3, 4, and 6.
We seek to provide an extensive application to the motivating set of clinical data from
Section 1.3: The aim of the chapter is to identify, and perform post-hoc analyses on, the
“best- tting' (multivariate) joint model for the data.

Finally, the thesis is brought to a close by our conclusions along with discussions of possible
future research avenues in Chapter 8. The thesis is supplemented by Appendices A{C
which house an assortment of extra derivations and results (both tabulated and graphical).
Furthermore Appendix D provides a brief overview of the R package built alongside the
work in Chapter 4, gmvjoint (Murray and Philipson, 2023), which is used to obtain all
results presented in the thesis.



Chapter 2

The Classic Joint Modelling
Framework

In this chapter, the multivariate joint modelling framework under which we operate is

de ned, along with requisite notation. Following this we detail parameter estimation via
maximum likelihood and data simulation techniques for the constituent sub-models as well
as the joint model itself. We note that we present the classic joint model in the rst
instance, named as such since early literature exclusively considered responses which were
assumed Gaussian. In Chapter 4 we relax this assumption and introduce a breadth of other
response types and in Chapter 6 explore avenues for post-hoc analyses and prediction.

2.1 Joint modelling

2.1.1 Models, likelihood and notation

the K responses are measureth, times, which can di er between subjects and responses.
We observe a (possibly right-censored) event timd; = min( T; ; C;) where T, denotes the

true event time and C; the independent potential censoring time, subsequently introducing

failure indicator ; which is unity if T, <C; and zero otherwise.

We adopt the following linear mixed e ects model for the k™ longitudinal response

Yik = Xik(t) k+Zi(t)bix + "
bik Ng(0;Dy); "k N O ? ; bik ? "ik;

k

2.1)
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Here, X denotes the (possibly time-dependent) design matrix for the xed e ects of

interest to the k™ longitudinal response for subjecti with corresponding py-vector of coef-

cients . Likewise, Zy is a (possibly time-dependent) random e ects design matrix and

bjx the subject-speci c gc-vector of random e ects. These random e ects are assumed to
follow a zero-mean multivariate normal distribution with covariance matrix D . Across the

K longitudinal responses, we establish collections of the xed eects = 7;:::; ; g
as well as the random e ectsh; = bj1”;:::; bk~ ” for subject .

We form the joint model by inducing an association between theK longitudinal trajectories
and the hazard ; through inclusion of the random e ects bjx. The sub-model for the
event-time process is the usual Cox proportional hazards (PH) model
( « )
()= o(t)exp S + KW () bix (2.2)
k=1

Here S; is the vector of baseline covariates of interest to the event-time process and the
correspondingps{vector of coe cients. The baseline hazard () is treated as a nuisance
parameter and left unspeci ed. Parameter  represents the strength of association be-
tween the random e ects for the k™ longitudinal response in (2.1) and the hazard, with
W (t) denoting the appropriate vector function of time corresponding to the random ef-
fects structure on the k™ longitudinal response. This could take the form of an intercept
and slope, natural cubic splines and so on. As an example, considé& = 2 responses,
the rst modelled under an intercept and slope speci cation and the other by rangom in-
tercept only, the exponent in (2.2) becomes expS> + 1(1;t)” (boh11)+ 2020 . One
interprets  as any parameter in a Cox model: Larger values increase the (log) hazard
whereas smaller values decrease it. Ifi is not signi cantly di erent from the null, then a
separate analysis would su ce.

It is equally { if not more { popular in literature to de ne the nature of the association in
(2.2) by the current value of the k™ linear predictor, rather than only its random e ects (see
e.g. Table 1 in Hickey et al. (2016)), as was discussed in Section 1.2.1. We elect the shared
random e ects association structure out of preference alone; deviations away from some
population mean trajectory being the driving force behind an observed association. More
complex association structures could include stationary Gaussian processes (Henderson
et al., 2000; Martins, 2022), or current-value-and-slope parameterisations (Rizopoulos and
Ghosh, 2011; Rustand et al., 2023).

10
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2.1.2 Likelihood

As we exclusively consider estimation via (semiparametric) maximum likelihood, we rst
de ne the log-likelihood of the joint distribution of the set of observed outcomes for sub-
jecti,fYi1;:::;Yik; Ti; 9. In doing so, we assume that each longitudinal process and
the survival process are conditional on the random e ectsb;: The correlation between
measurements in thek™ longitudinal process as well as the association between this lon-
gitudinal process and the event-time process are accounted for by the random e ects. We
de ne the joint density as

f(Ti; i Yijbi; )= £(Ti; ijbi; ) f(Yijbi; ) (2.3)

wheref (Yijbj; )= szl f (Yikjbik; ) can be thought of as i.e. the product of the indi-
vidual probability density functions (pdf) for the K longitudinal processes and (T;; ijbi; )
denotes the pdf for the event-time process. The vector of parameters is denoted by.
We then de ne the observed data likelihood for subjecti as

Z,
f(Ti; &;Yi; )= f(Ti; i;Yisbi; ) db
Low #
Z, K
= f (Yikibik; «; &) f(Ti; ijbi; ; )f(bijD) db;: (2.4)
1 k=1

where we have integrated out the unobserved random e ects. We have additionally intro-
duced =( 1;:::; k)  as the vector of association parameters across th€ responses.
>

We now explicitly de ne the parameter vector = vech(D)”; >; >:; > , where
vech() denotes the half-vectorisation of its matrix argument, thus returning all unique
elements.

P
Since we seek to maximise the log-likelihood( )= L, logf (Ti; i;Yi; ), we present
the logarithm of each constituent density in (2.4). The log-likelihood of the random e ects
density is given by the multivariate normal
1

Zbr D b (2.5)

. 1 .
logf (bjD) = Jl0g(2 ) 3 logiDj

\I/Dvhere g denotes the dimensionality of the random e ects covariance matrix D i.e. q =
E=1 o and jMj denotes the determinant of matrix M. The event-time process has

11
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log-likelihood
" #
H > % >
logf (Ti; ijbi; 5 )= ilog o(Ti)+ i S + kWi (Ti)” bik
z. «( < ) (26)
o(uyexp S + kWi (u)” b du;
0 k=1

herein, the vector function of time corresponding to the speci cation of the k™ random
e ects, Wy() introduced in (2.2), is employed with associated failure timeT;, as well as
with each survived failure time in the integrand. Notably under an unspeci ed baseline
hazard ¢() the quantity in the integrand in (2.6) is only non-zero at the observed failure
times (Henderson et al., 2000).

Finally, we consider the the log-likelihood of the longitudinal processes. We rst exploit

the fact that we believe each of theK responses to be (multivariate) normal, conditional

on the random e ects. For each subjecti we construct block-diagonal matrices across
the K longitudinal responses for the covariate information, X = Ezl Xik; the random

e ects structure Z; = Eﬂ Z”i_ and error terms V; = E=l "zklmik' Here, | denotes
the x  x identity matrix and denotes the direct matrix sum of its arguments. The

log-likelihood for the longitudinal responses is then

}(Yi D7V Y ) (2.7)

. m; 1 ..
logf (Yijbi; )= 7'|09(2) logivii - 5

i =X Zib;;

P
wherem; = | _; Mi .

2.2 Parameter estimation via the EM algorithm

As we discussed in Section 1.1, initial approaches to tting joint models were in the form
of two-stage approaches. Whilst these were simple to implement, they were found in
many instances to produce biased parameter estimates (see e.g. Sweeting and Thomp-
son (2011)). We therefore focus on estimation via (semiparametric) maximum likelihood,
as was undertaken in seminal underpinning literature (Wulfsohn and Tsiatis, 1997; Hen-
derson et al., 2000). Maximisation of*( ) = L  logf (Ti; i;Yi; ) with respect to

in this frequentist framework is traditionally undertaken by usage of the Expectation
Maximisation (EM) algorithm.

12
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2.2.1 A general overview of the EM algorithm

In situations where a procedure for maximum likelihood estimation would be possible if
not for the absence of some data, the EM algorithm has arisen as a popular, broadly
applicable algorithm that provides an iterative procedure for computing said MLEs. The
underlying idea of the EM algorithm is to construct the complete data likelihood { which
allows for MLEs to be found iteratively { given an incomplete data problem (McLachlan
and Krishnan, 2008).

Let f (Y =vy; ) be the probability density function (pdf) of the observed data vector y.
We henceforth view the observed datay as being incomplete, and a function of the com-
plete data vector x; more formally we have mapping from sample spaceX to Y. We note
that the concept of incomplete data covers not only the “conventional' notion of missing
data but additionally when some variable(s) would not be observable in practicality.
We introduce next the pdf for the complete dataf (X = x; ), where the subscript c
is used to di erentiate this from the above pdf for the observed data, and signi es ‘com-
plete'. The complete data log-likelihood, if x were observable, is'c( ) = log fo(x; ).
However, instead of observing the complete dat 2 X , we observe the incomplete data
y = y(x) 2Y as detailed previously. It follows that (McLachlan and Krishnan, 2008)
z
fly; )= fe(x; )dx:
X(y)
The EM algorithm essentially seeks to solve the incomplete data likelihood equation
@( )=@ = 0 by instead using the complete data log-likelihood ¢( ), which in practise
is replaced by its conditional expectation on the observed datay at the current estimate
of parameter vector , at say iteration m. The EM algorithm consists of two “steps' per
iteration which are eponymous to the approach: The expectation (E-) and maximisation
(M-) step. On the (m + 1)st iteration, the E-step and M-step are de ned as:

E-step Calculate h i
Q ; M =g ¢()y; ™: (2.8)
M-step Maximise @ ; (™ with respectto |, i.e.
(M) —argmax Q ; M (2.9)

To elucidate further; each EM iteration requires conditional expectations of the form
E[g(x)jy; 1, where g(x) is some function on the complete data required to form the
maximum likelihood update in the M-step, which one obtains through e.g. score equations.

13
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2.2.2 The EM algorithm in a joint modelling framework

With the constituent E- and M-steps laid out in (2.8) and (2.9), respectively, we can turn
attention toward parameter estimation for the observed data likelihood (2.4).

The set ofobserveddata for subjecti is constructed by the longitudinal response(s),Y;, the
subject's event time T; and failure indicator ;: fY;;T;; ig. To be explicit, the complete
data for subjecti isfY;;T;i; i;bjgwhereby every element except for the random e ectd;
are observed. These random e ects are then treated asissing data upon implementation
of the EM algorithm.

The E-step (2.8) in the context of a joint model at iteration (m + 1) is

xXn
Q ; M Eillogf (Yi;Ti; i:bij )]
i=1
x £
flogf (Yi; Ti; ;b )gf bijYi;Ti; i ™ dby;
i=1 1

where the integrand provides the contribution to the expected complete data (log) likeli-
hood by subjecti. The expectation E;[ ] is taken with respect to the conditional distribu-
tion of the random e ects on the observed data at a current set of parameter estimates
f(bijYi:Ti; i; (™). The expected value of the complete data log-likelihood (which forms
this E-step) is

Q ; ™ = E logf Yijbi; ™ +logf Ti; ijby; ™
i=1 (2.10)
+log f bijj (M

The M-step is formed by maximising n sets of conditional expectations of the form
Ei[g(b)jTi; i;Yi; ] found in the preceding E-step, whereg(b;) denotes some necessary
function of the random e ects and the expectation is calculated against the conditional
distribution f bijY;;Ti; ;5 (™ .

The form of the parameter updates in the M-step are widely reported in literature, each
illustrating the form required of g(b;) in the preceding E-step. Here, the updated param-
eter estimates (M*1) are given using the “current' estimates from the previous iteration,

14
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(m).

1
(m+1) _— X >N/ X > . E. b .
= X7 X Xi (i ZEib])
i=1 i=1
xn >

(m+1) 1
2 =P”7m-k Ei Yik Xk «™  Zibik Yk X «™  Zibix

i=1 K =g

1% h [

p(m+l) = = E; bibi> X
n
i=1
(m1) () = h  n 0 il(Mi=1 ai _

P T P o ;
L Eexp 87 M+ K MW(1) by I(Ti>t)

(2.11)

where | () is the indicator function. The update for the parameters associated with the
survival (log) density (2.6), and , do not exist in closed form (owing to their housing
in an exponent), so are maximised iteratively by a one-step Newton Raphson algorithm.
Welet = >; > ~ denote the survival parameters, with update from iteration (m) to
(m + 1) given by

1] # 1" X] #
(m+1) — (m) H (M s (M (2.12)

i=1 i=1

wheres;( ) is the gradient vector of the conditional expectation of the requisite complete
data (pro le) log-likelihood with respectto  , and H;i( ) the matrix of second derivatives
for subject i. We undertake a more in-depth look at the E-step for these joint models in
the next section.

2.3 The E-step for joint models

We require expectations of the form
Eilg(b)jTi; ;Y 1,

which are taken with respect to the density of the random e ects conditioned on the
observed data at the current set of parameter estimates, with this “current set' notation
temporarily dropped,
Z,
Eilg(b)jTi; i;Yis 1= . g(bi) f (bijTi; i:Yi; ) db: (2.13)
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In the presence of the random e ectsb; the longitudinal process(es)Y; do not inform the
survival processS; = fT;; ig; these are conditionally independent givenb;. With this in
mind we then slightly rewrite our conditional density f (bjjTi; i;Y;; ) to be

f (bijSi;Yi; )

where the set of survival information S; is momentarily used for ease of presentation, and
Yi is now treated as an extraneous element.

We then proceed using Bayes' theorem to rewrite this conditional density

(s )= SV IO )

(2.14)

where the quantity f (b;jY;; ) is given in terms of the conditional and marginal probabil-
ities
_ (Y bij ) f(Yi;hij ) f(Yijbi; )f(bij )

B e I M a7 e v T oo e T YR T

Rewriting the denominator in (2.14) with e ort taken to remove the conditioning of S; on
Y; we obtain
Z,
f(SijYi; )= . f(Sijbi; )f(bijYi; )db:

Thus, the density against which expectations are evaluated is (returning to our previously-
used notation)

f(Ti; jbi; ) f(bijYi; )

(bijTi; s Yis ) i f(Ti; jbi; ) f(bijYi; ) db; ( :
with all required expectations then taking the form
Eilg(b)jTi; i;Yi; 1= R :
ilg(oi) JTis i3 Yi; i f(Ti; ijbi; )f(bijYi; )db;
2 (2.17)

g(bi) f (Ti; ijbi; ) f(bijYi; )db:
For the case when the conditional distribution of Y;jb; is assumed to be multivariate

normal i.e. Y;jbj  N(X; +Z;b;;V;), the density f (bjjYi; ) present in (2.14) and, by
extension, (2.17) is given by multivariate normal theory (Wulfsohn and Tsiatis, 1997; Lin

16



Chapter 2. The Classic Joint Modelling Framework

et al., 2002; Hickey et al., 2018a)

n (0]
bijYi; N A Z7V, XY Xi) A (2.18)

where A = Z7V; 1z7+D 1 ! This tractable expression forf (bjjY;; ) allows us to
avoid the computational burden of evaluating (2.15).

2.3.1 Numerical integration

Fitting joint models can be computationally burdensome, owing in large part to the inte-
gral taken over the random e ects in calculation of the necessary conditional expectations
(2.13), which are necessary in obtaining the parameter estimates at each subsequent M-
step (2.11).

This integral does not have an analytic solution; a numerical approach is typically em-
ployed to approximate these integrals for each subject. Such evaluation over the random
e ects serves as the main source of computational woe, and is the main bottleneck in the
majority of cases. The random e ects are likely not one-dimensional, and computational
demand is commensurate with their dimensionality (Philipson et al., 2020).

Several methods for approximation of the conditional expectation (2.13) are found in the
literature. Early methods included low-dimensional Gauss-Hermite quadrature or Monte
Carlo methods (Wulfsohn and Tsiatis, 1997; Henderson et al., 2000); both since becom-
ing routinely used in available software. More recently, adaptive quadrature methods
have been employed, along with Laplace approximations. In the following sections, we
seek to outline how these methods are used in the E-step of a joint model to evaluate
Eilg(bi)jTi; :Yis

2.3.2 Gauss-Hermite quadrature

Gauss-Hermite quadrature is a method for approximating de nite integrals of the form

Z,

f(x)exp x? dx:
1
Since the integrand above resembles the normal distribution, Gauss-Hermite quadrature is
particularly useful for approximating integrals resembling the normal kernel. Considering
our expectation of interest, which we restate from (2.13)
Z,
Eilg(bi))jTi; )Y, 1= . g(b)f (bijTi; i;Yi; ) dby;

17



Chapter 2. The Classic Joint Modelling Framework

under “standard' Gauss-Hermite quadrature rules we evaluate the above by the sum of
%weighted evaluations of the integrand at pre-speci ed abscissae. The weightss and
abcissaev are available in numerous locations, including theR packagestatmod (Smyth,
2005). The integral is approximated then by

Z,
g(bi)f (bijTi; i;Yi; ) db;
xe X P. . P
202 wig vi 2 f v 2T Y exp jiviji? (2.19)
11=1 lq=1

a univariate Gaussian quadrature rule to the g-dimensioned case (Rizopoulos, 2012b).

Owing to how the speci ¢ values of the nodes and weights are assigned to best interpolate
a polynomial of degree 20 1, the closeness of the approximation (2.19) to the exact value
improves as%increases. Typically, this “standard' Gauss-Hermite method assumes zero-
centering with the shape of a normal distribution. Therefore, another important factor
that a ects the quality of the approximation is the location of the quadrature points with
respect to the modal mass of the integrand. That is, the approximation (2.19) will be poor
if most of the mass ofg(b;)f (bjjTi; i;Yi; ) lies away from zero, and/or the spread of
this integrand is di erent from the weight function. In the context of (generalised) linear
mixed models, Stringer and Bilodeau (2022) argue that this “shifting' of mass occurs with
some regularity.

This “standard’' Gauss-Hermite quadrature provides then a method to (essentially, exactly
with large enough % appraise integrals whose analytic solution is either non-existent,
or irritating, to calculate. We draw attention to two main drawbacks to the approach.
First, the computational burden of the dimension of the random e ects coupled with
requirement of a potentially high number of quadrature points being necessary to achieve
an approximation of su cient accuracy. Secondly, one will obtain a poor approximation

if the mass of the objective function is located away from zero, and so a more reliable
method may be desired.

Indeed, in much of the early literature surrounding joint models, strides were taken away
from this numerical integration method in favour of Monte Carlo methods (which we go

on to discuss in Section 2.3.5) perhaps because of these issues. In the next section, we
examine a method which attempts to circumvent possible malposition of the quadrature
routine.
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2.3.3 Adaptive Gauss-Hermite quadrature

With consternation surrounding the position of quadrature nodes we outlined in the pre-
vious section in mind we explore now an “adaptive' quadrature rule (Pinheiro and Bates,
1995). This aims to appropriately center and scale abscissae used in evaluation of the
integrand (2.13). The integral is approximated by
Z,
g(bi)f (bijTi; i;Yi; ) dby;
% NG
297i€; wig(h) f (8JTis i Yis )exp jiviii® ; (2.20)
=1 lg=1
where the aforementioned shift in abcissae is performed by introduction of the term}, =
B + P 2€iv|, with v| previously de ned in addition to

B = argmaxy, flogf (Yi; Ti; i:bi; )g; (2.21)
_ @logf (Yi;Ti; ishis ) _
Ai = X Ly 2.22)

Finally, the term €; present in (2.20) is the lower triangular Choleski factorisation which
satises €€ = A 1. Rizopoulos (2012b) draw attention to the transformed integrand
resembling aN O; %Iq distribution; proportional to the weight function of Gauss-Hermite
quadrature.

Since the evaluation (2.20) centers the abscissae at the mode B and scales by the
curvature A; of the complete data (log) likelihood for each of then subjects, it generally
provides a very good approximation of (2.13) (Stringer and Bilodeau, 2022). Typically, this
adaptive quadrature rule requires fewer abscissae than its “standard' counterpart explored
in Section 2.3.2 (Rizopoulos, 2012b), owing to its eponymous "adaptive' quality.

Brie y, on the topic of the number of abscissae, we note little guidance within joint mod-
elling literature for a proposed value for % simply that increasing it will likely stabilise
parameter estimates. Couched in a GLMM setting, Stringer and Bilodeau (2022) recom-
mend setting the number of quadrature points based on two characteristics of the data:
The number of "groups’ in the data (e.g. the number of subjectsn) and the smallest
number of observations across alh groups M = min( m;)

3
O/gtringer = élogM n 2 (223)

19



Chapter 2. The Classic Joint Modelling Framework

2.3.4 Pseudo-adaptive Gauss-Hermite quadrature

Belying the promise of greater accuracy and fewer requisite abscissae in the routine out-
lined in (2.20), large computational cost can manifest due to necessamgpeated calculation
of B and subsequentlyR;, given in (2.21) and (2.22), respectively. Explicitly, since (2.20)

eachiteration, prior to whatever (potentially expensive) quadrature routine is undertaken.

To circumvent the repeated obtention of n sets of this vector mode and its Hessian matrix,
Rizopoulos (2012a) highlight that the (log) density logf (Y;;Ti; i; ) is dominated by
the (log) density associated with the linear mixed e ects model logf (Yijbi; ), which
resembles the shape of some multivariate normal distribution. They argue then that the
centering and scaling of abscissae for each individual need only be carried out once, prior to
commencement of any EM algorithm. In a (very) similar fashion to (2.20), we approximate
Zy
g(bi)f (bijTi; i;Yi; ) dby
NG NG
297G wig(w) f (wiTi; Y exp jiviji® (2.24)
=1 1q=1

Here,w = b + P 2Civ, and C; is the lower Choleski ofH, L where
B; = argmaxy, flogf (Yi; bi; )g; (2.25)

and H; subsequently de ned in a corresponding way to (2.22), with the log density
logf (Yi;bj; ) at mode bj. Given the aforementioned domination of the complete data
log-density by the log-density contributed by the linear mixed model, Rizopoulos (2012a)
propose, under general regularity conditions,

logf (0ijTi; :Yi; )P N bi;A L (2.26)

With this “pseudo-adaptive’ method laid out, an immediately obvious advantage is the
elusion of repeated (re-)calculation of abscissae for the sample at each EM iteration;

readily-available software (e.g. nlme (Pinheiro et al., 2021), Ime4 (Bates et al., 2015)),
with such routines very often used in obtaining initial conditions for . This, along with
the “adaptive' routine outlined in Section 2.3.3, which acts as the foundation forthis rou-
tine, necessitating fewer quadrature points than the “standard' (Section 2.3.2), results in
this “pseudo-adaptive' quadrature method an attractive avenue.

We note that although (2.20) and (2.24) reduce the number of abscissae required to reli-
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ably approximate the integral, the number of evaluations they necessitate still increases
exponentially with the dimension of the integrand determined by the number of random
e ects q.

2.3.5 Monte Carlo methods

Monte Carlo integration is perhaps an obvious alternative to these quadrature methods, as
it provides a probabilistic representation of the integral (2.13) (Lemieux, 2009). In Section
2.3, we showed that the conditional expectationE;[g(b;) jTi; i;Yi; ] can be written as
Ry : .
15 9B F(Ti5 ijbi; ) (bijYi; )dbi

L N (VTR AR AL

(2.27)

where the density f (T;; ijbi; ) is known from (2.6) and, operating under an assump-
tion of multivariate normality in Y;jb;, the density f (bjjY;; ) can be calculated from
multivariate normal theory, as given in (2.18).

Monte Carlo integration can therefore be used to approximate (2.27) by rst samplingN
realizations from (2.18) for each subject and then calculating the ratio of sample mean
values for the numerator and denominator integrands present in (2.27). That is,

P
| ST B TR (oS
Eilg(bi)jTi: i:Yi; ] PN @ (2.28)
N 1=1 f T|1 IJb| )
To be explicit, the draws bi('); | =1;:::;N are sampled from the multivariate normal

distribution given in (2.18) using, for instance, rmvnorm available in package mvtnorm
(Genz et al., 2021) ormvrnormfrom packageMAS$Venables and Ripley, 2002).

Henderson et al. (2000) utilised antithetic Monte Carlo sampling to halve the number of
samples required, producingN negatively correlated sample pairs; the negative correlation
between these pairs leading to smaller variance in the sample means in (2.28). It is worth
mentioning that there is little guidance available with respect to a tactful choice of N.
Philipson et al. (2020) outline in greater detail these properties, and additionally draw
attention to quasi-Monte Carlo methods for sampling of b;jY;;  couched within the E-
step of a joint model.

Notably, Monte Carlo methods do not su er the same curse of dimensionality as quadra-
ture: The integral approximation given in (2.28) doesnot directly depend ong. However,
the random samples from the distribution of b; may themselves become computationally
prohibitive at larger q.
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2.4 Calculation of standard errors

With our maximum likelihood estimates " obtained from an EM algorithm as delineated
in Sections 2.2 and 2.3, we now turn attention to obtaining standard errors (SEs) for the
MLEs in order to "‘complete’ inference for the tted joint model. Doing so allows us the
form the usual Wald con dence intervals for the parameter estimates, obtainp-values, and
so on. Generally, standard errors are found by inversion of the information matrix,|

The lack of automatic provision of I by the EM algorithm lead to several pro ered methods
to calculate, or approximate, the observedinformation matrix, 1, " . Instead of surveying
the general-case methods laid out in McLachlan and Krishnan (2008), we focus here on
outlining methods for estimating standard errors using the EM algorithm for the joint
model speci cally.

Hsieh et al. (2006) highlight the major challenge with standard error estimation for joint
models is presence of the unspeci ed (i.e. non-parametric) baseline hazardy( ), so the
standard asymptotic properties for the MLE " a orded by the EM algorithm do not apply.
In Section 2.2.2 we therefore essentially considered thpro le likelihood in parameter
updates. This pro le likelihood with nonparametric MLE " shouldn't be dependent upon
o. However, Hsieh et al. (2006) admonish that this isnot the case, since the estimate
for o() appearing in (2.11) holds implicit membership in  upon which the distribution
of the random e ects is conditionally dependent in (2.17) i.e. itself involves the density
f(Ti; ijbi; 5 5 o)
In light of the challenges stemming from the unspeci ed o, we present three methods for
calculation of SEs. We explore the bootstrap, and two methods which attempt to approx-
imate 1 o " in the next sections. We do not compute the standard errors for the baseline
hazard " in all simulations and applications in proceeding chapters: Its high dimension-
ality, determined by the number of unique event times, could lead to instability in any
obtained information matrix, and, moreover, they are likely not of interest considering ¢
is set as a nuisance parameter at the outset.

2.4.1 The bootstrap

In a scenario where establishing a handle on uncertainty in parameter estimates is suppos-
edly not clear or straight-forward, bootstrapping is perhaps an obvious choice. Consider
having the “original' joint model which is t to the set of observed data constructed by
available measurements fom subjects,D = fD 1;:::;Dng where D; = fTj; ;;Yig. Sub-
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phasise that the sampling is done over the subjects, and not individual data points which
one may carry out in the case of ungrouped data. For each set of "new' data, we obtain
" py tting a joint model to said data. Sample quantities of interest (median value,
standard deviation, 95% CI etc.) can then be trivially found by calculation over the N
sets of bootstrapped MLEs.

Despite ease of carrying out the bootstrap method, there are several reasons why this
avenue is unattractive. Firstly, bootstrapping will obviously be a slow method, and N
typically needs to be quite large, with its computation time dependent on the time taken
for the EM algorithm itself. However Hickey et al. (2018a) point out simply starting the
EM algorithm on resampled data at the the MLEs obtained by the joint model t to the
original data lessens this burden. Secondly, there are no guarantees that resampling won't
produce a problematic set of data which could lead to convergence problems in the EM
algorithm. Finally both Hsieh et al. (2006) and Xu et al. (2014) note that the bootstrap
method overestimated the standard errors in the joint model.

2.4.2 Observed empirical information matrix

Hickey et al. (2018a) approximate the so-called observed empirical information matrix
| « to obtain SEs for ". After convergence of the EM algorithm, we have the vector of
parameter estimatesand the estimates for the unspeci ed baseline hazard"o(t). Using
the Breslow estimator for the baseline hazard given in (2.11), we calculate

( )
s> " (2.29)

wheres; " denotes the gradient vector of the conditional expectation of complete data
g)ro le) log-likelihood function (2.10) evaluated at " i.e. the score statistic andS "~ =

i Si " . We note that whilst the bootstrap surveyed in the previous section is known to
overestimatethe standard errors, those produced by the approximation of the information
matrix here are known to underestimate the uncertainty in our parameter estimates owing
to the usage of the pro le log-likelihood outlined previously in the obtention of score vectors

(Hsieh et al., 2006).

2.4.3 Numerical di erentiation of the Fisher score

Xu et al. (2014), like the method outlined in the previous section, seek to approximate
| o, and provide four methods based on numerical di erentiation to do so. All four pre-
sented use either the forward di erencing method, or the Richardson extrapolation. Said
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di erentiation is carried out on either the M-step update (2.9) or the Fisher score vector
of the complete data log-likelihood; in both cases a pro le technique is used. Owing to its
similarity with the method shown in Section 2.4.2, we present only the approach using the
pro le Fisher score vector and present numerical di erentiation techniques in Appendix
Al

Essentially, Xu et al. (2014) recommend that for each element of" which undergoes
perturbation in the numerical di erentiation routine of choice, the baseline hazard is then
re-maximised at this perturbed vector, and the di erentiation of this pro le Fisher score
carried out as normal. Therefore, computational expense is related to the number of
parameters and/or the number of random e ects as well as the choice of di erentiation
routine. After convergence, we have the vector of MLEs” which has length

Aoodard

L =len
2

+  +tpktpst K (2.30)
determined by the joint model speci cation. In order to obtain the standard errors of "

under the numeric di erentiation routine. For each perturbation per parameter, we re-

calculate the baseline hazard\('), and evaluate the pro le Fisher score at this|™ perturbed

vector, thereby obtaining the I™ column in the approximated | o, which is then formed
“over' the numerical di erentiation routine. This method of obtaining SEs is notably less

computationally expensive under forward di erencing, since only one perturbation occurs,
compared to the four undertaken by the Richardson extrapolation.

2.5 Simulation

Simulation studies are important statistical tools: Investigating performance properties
and adequacy of statistical models in pre-speci ed situations. We brie y illustrate how we
undertake simulation for the longitudinal and survival sub-models before outlining how we
simulate data under the "combined' joint modelling framework. The method(s) outlined
are then carried forward in all simulated datasets used. In practice we employ bespoke
code which allows for ne-tuning of simulation scenarios we present.

The remainder of this section brie y outlines data simulation under a linear mixed model,
simulation of event times; and simulation under the joint modelling framework. We bring
the chapter to a close by outlining numerous considerations one may take into account
when simulating the data under a joint model.
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2.5.1 Simulating the longitudinal response

Simulation of a response under a linear mixed e ects model (2.1) is relatively straight-
>

forward. For some candidate parameter vector (DT,Rl,JF; = vech(D)>; >: 2 which

denotes the "true' values of the necessary parameters, we carry out the following steps:

1. Simulate the random e ects b; for all n desired subjects. In practise, the function
mvrnormfrom the RpackageMAS$Venables and Ripley, 2002) is used with zero-mean
and the positive semi-de nite covariance matrix D supplied.

2. De ne the design matrices X and Z. For all simulations, X; is de ned { unless
otherwise stated { as the matrix formed by the horizontal concatenation of an in-
tercept, the vector of follow-up times, a single standard normal deviate and a single
Bernoulli draw (p = 0:5). We de ne the vector of follow-up times for each subject as
ti =(0;:::; ) with the maximal follow-up time. The vector t; is regularly spaced
according to the length of the prole r. Both andr are controlled in simulations.
The speci cation of Z; is simulation dependent: For instance if a random intercept
and slope random is desired, then it is de ned as the horizontal concatenation of the
intercept column and t;.

3. Dene ; =X; +Z;b and simulate Y; using rnorm with mean ; and standard
deviation = 2.

The above,steps then prpducen sets of r-vectors of the simulated Gaussian response.
That is, E;j Yijb;; (DT;RL;JEZ) is conditionally (multivariate) normal. One can then trivially
extend this to produce K vectors with di ering e.g. xed e ects. In circumstances where
the response one wishes to simulate is non-Gaussian, then some requisite inverse-link

function is used on i, as we go on to detail in Chapter 4.

Of course, theser-vectors of response(s) are truncated at the subject's simulated event
time in the joint model setting. We outline methodology to simulate failure times in the
general case in the next section and under a joint model in Section 2.5.3.

2.5.2 Simulation of survival times

Cox proportional hazards regression is the ubiquitous approach to modelling the e ect of a
the covariate vector S; on the hazard of some time-to-event outcome. Simplifying the Cox
PH regression model (2.2) to the usual i (tjSi) = o(t)exp S , with o(t) and previ-
ously de ned in Section 2.1.1. The survival function, which gives probabilig that subject
i survives past timet is then S(t) = exp o(t)exp S7 , Where o= é o(w)du de-
notes the cumulative baseline hazard. The distribution of survival times under this Cox

25



Chapter 2. The Classic Joint Modelling Framework

Distribution Parameter(s) Formula for simulation
Exponential Scale > 0 T = ex'pofgisug
Weibull Scale > 0, shape > 0 T, = %"fgisug -
Gompertz Scale > 0,shapel < < 1 T = Lllog 1 %

Table 2.1: Simulation of event times for a given subjecti under the exponential, Weibull and
Gompertz distributions. U denotes a uniform draw in each case and; is subject i's vector of
baseline covariates.

PH regression is thenF (tjS;) =1  S(tjS;). Bender et al. (2005) demonstrate that one
can simulate the true event time of subject i by

h n oi
T, = o' logUexp S ; U Unif(0;1):

Therefore, survival times can be generated for any baseline hazard which has an invertible
cumulative baseline hazard function : Bender et al. (2005) noted that only the expo-
nential, Weibull and Gompertz baseline hazard functions satisfy not only this criterion,
but additionally share the assumption of proportional hazards with the Cox PH model.
The formula required for simulation of survival times for each of these three candidate
distributions are given in Table 2.1
Going forward, owing to its wide use in survival analysis, we use the Gompertz as our
baseline hazard of choice. The simulated event timd; is given by
" #
T, = 1 log 1 7|09(U)

U Unif(0;1); 2.31
=5 5 (0:1) (2.31)

where and are the shape and scale, respectively, of the Gompertz distribution. As was
the case for simulation of the longitudinal process in Section 2.5.1, we are able to ne-
tune the survival process by choice of parameter, in addition to the underlying baseline
hazard by and , which are de ned for the Gompertz distribution in Table 2.1. This
ne-tuning is done independently of the longitudinal process at this stage; we consider
simulation under the joint modelling framework proper in the next section.

We note in passing that another way to simulate T, is to directly solve the survival
function S(t) for each subject given their covariatesS; via a root- nding algorithm (such
as uniroot in baseR); a useful alternative if the distribution of interest is non-invertible
or the baseline hazard is otherwise speci ed.
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2.5.3 Simulation under a joint modelling framework

Advantages of using Cox PH regression are its ability to incorporate both (a): Time-
varying covariate e ects, that is, a covariate whose value is xed at baseline, but e ect on
the hazard is time-varying; and (b): Time-varying covariates, that is a covariate whose
value changes over time, e.g. cumulative dosage received in a clinical trial (Austin, 2012).
Under the Cox PH speci cation in the joint modelling framework with a random intercept-
and-slope speci cation we indeed have a time varying covariate in the form of theK

(b). When a random intercepts-only structure is instead desired, the formulation (2.31)
su ces, with the term including covariate information e&anded to '51clude our association
parameters and random intercept terms: exp S + Ezl kbko -

Given inclusion of random slope termsb;;, we follow closely the work of Austin (2012),
who expand work outlined in the previous section by Bender et al. (2005) to the case with
such a time-varying covariate. Rewriting the Cox PH formulation (2.2)

T

(tjSi;bi; ; )= o(t)exp S + kbko + kbka t
' - - (2.32)

(tj) = oft)expfP + Qtg
where we have collected time-invariant and time-varying terms together into the arbitrarily-

named P and Q, respectively. Then, given that the Gompertz baseline hazard is o(t) =
expf t g, with shape 1 < < 1 and scale parameter > 0. We obtain from (2.32),

Zt Zt
(tj)= (uj)du = expf P + Qug expf u gdu
0 Zt 0
= expfPg expf(Q+ )ugdu
0
t
= expfPg o+ expf(Q + )ugl0
, P
(1) = 2P expi+ Htg 1

Q+

Then, setting the survival function S(t) equal to a random uniform draw, U, and rear-
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ranging for t we obtain

UssW=ep  —on exi(Q+ Jtg 1
_ expf Pg
expf(Q+ )tg=1 QTIogU
o) t=log 1 -2 jogu + )
=) =log ng og (Q ):
Finally then, our true event time T, can be generated by
_ (Q+ )logu | Ay
T, = o+ log 1 expfPg U Unif(0;1); (2.33)

where P and Q are de ned in (2.32). Similar derivations for Weibull and exponential
baseline hazards are given in Appendix A.2.

In addition to the survival time as outlined in this section and the last, we additionally
generaten censor-times,C; Exp() where denotes the rate parameter; representing
yet more control over the simulated data. With both what is the “true’ failure time T, and
censor time C; simulated, we set each observed event tim&; = min( T; ; Cj) and generate

i accordingly. If T; > then it is truncated to value T; = +0:1 for analysis purposes
and ;is setto zero. The baseline covariates used in simulating the failure time for subject
i throughout the thesis are the same single standard normal and Bernoulli draws obtained
in Section 2.5.1.

2.5.4 Simulation beyond an intercept and slope structure

The mechanisms for simulation for a joint model under an intercept-only and intercept-
and-slope random e ects structure has been outlined in the previous section: The intercept-
only random e ects formulation is encapsulated in previous work by Bender et al. (2005)
presented in (2.31), and the inclusion of a random slope in addition lead us to consider
work by Austin (2012) in treating these as time-varying covariates (2.33).

However, simulations are also necessary when working with more complex random e ects
structures. For instance, under a quadratic formulation in the simulated response, or when
spline terms are included with M internal knots, taking form mzo( m + bBbm)Bm(t),
where =( o;:::; m) are B-spline coe cients and fB(t)g the truncated linear basis
(see e.g. Barrett and Su (2017) for a joint model with such a spline speci cation). Under
such examples, the integration outlined in the previous section becomes awkward and
unappealing, and so we utilise previously-used methods (Philipson et al., 2018) to generate
data under more complex random e ects structures.
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We expand the time-varying term Q! Q(b;;t) here to encapsulate any functional form of
the random e ects. For example, utilising a quadratic random e ects structure arbitrarily
across allk responses results in

X 2
Q(bi;t) = k Dkat + byot® ;
k=1
and likewise any polynomial of orderp gives
X
Q(bi;t) = k(bkait+  + byptP)
k=1
as well as e.g. spline term(s). Given the de nition of the hazard (tj) is

+ i :
im Pr(t T t T ot ).

I 2.34
Mo t ' (2.34)
which we can trivially rearrange to
li tj) t=1i Pr(t T t+ T ¢t ); 2.35
im (1)) im _Pr( i D) (2.35)

with the hazard (tj) given by (2.32). Therefore failure times, simulated under a host of
random e ects speci cations given by Q(b;;t), are available.

Choosing a nominally small value for t allows us to generate a su ciently ne grid
which multiplies the hazard. This scaled hazard is equivalent to the probability of failure
occurring in the ne-grid time interval ( t;t + t). We also generate a vector of possible
times for each individual from time O to the truncation time  with step-size t. Each of
the generated probabilities can be compared to a Unif(D1) draw. If the probability does
not exceed the uniform deviate then the survival time is set as , otherwise the survival
time takes the value of the minimum candidate time (i.e. when the event rst happened).

To illustrate, consider subject i with step-size t =0:02 and truncation time =5. We
would generate vector of candidate timest = (0:00;0:02;:::;2:50;2:52;:::;4:98;5.00) .
The probability of an event occurring at eacht 2 t is then calculated, dependent on form
of chosenQ(b;;t). These probabilities are then compared against Unif(Q1) realizations
to obtain, say,t =(;;:::;; 252:::;4:98 )>. The minimal value of t is then set
as the true failure time for this subject, T; = 2:52. Subjecti additionally has censor-
time simulated as outlined in Section 2.5.3, which allows us to allocatélj in an identical
manner.

Although this methodology allows for a wide breadth of random e ects structures, the use
of potentially very large (owing to elected step-size) matrices can slow down data gener-
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ation considerably. Additionally, the vector of candidate times t are e ectively discrete
times, which could have the e ect of many subjects having the same simulated failure
time, which could be troublesome in certain simulation scenarios. Of course, this could be
circumvented by choosing a ner value for t, at greater computational cost.

2.6 Simulation considerations

Simulation of survival times is a task which is hard to control with absolute perfection:
More so an act of balancing several di erent aspects which come from the speci cation
of parameters and ; the underlying Gompertz baseline hazard via scale and shape
parameters and |, respectively; as well as the magnitude of the random e ects via their
allocated variance in D. A delineation of how these di erent facets { which we control
in simulation settings { combine to allow one to obtain n failure times time was given
in Section 2.5.3. In this section we consider these three factors which can alter both the
incidence of failure in [Q ] as well as the distribution of simulated T, .

2.6.1 The baseline hazard

We exclusively simulate under a Gompertz baseline hazard of the formg(t) = expf t g.
The scale parameter can be thought of as baseline hazard's intercept term: If the shape
parameter is zero then the baseline hazard is stationary through time, and values of

and mainly drive the failure times with no inclusion of time itself contributing to
the underlying baseline hazard. The shape parameter itself therefore allows the baseline
hazard to increase or decrease over time.

Setting the survival parameters to zero, such that they do not impact the hazard, we select
asetofvaluesforlog =f 4; 3; 2, 1gand =f 0:4; 0:2;0:2;0:4g and simulate one
hundred sets of data, collating the simulated failure times from each simulated data set.

Figure 2.1 shows the distribution of survival times under each combination oflog g and
f g above. At lower values of log we note the distribution of event times changes as
increases from a negative to positive value: Failures occur earlier on in follow-up (driven
by log ) with visible drop-o in frequency over time owing to the negative , and vice
versa for > O.

For log > = 2 this change in distribution is less pronounced owing to the underlying
Gompertz baseline hazard (arising from this scale parameter) being already adequately
high. The failure times are more concentrated around the start of simulated follow-up at
largest =0:4, whereas for = 0:4 there is still a somewhat noticeable “tail' of failure
times comparatively.
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Figure 2.1: Distribution of simulated survival times under di erent parameterisations of the Gom-
pertz baseline hazard.

2.6.2 Magnitude of survival parameters

Next, we consider altering the magnitude and sign of the survival parameters. Speci cally,
we simulate a univariate model with candidate association parameters =f 1.0; 0:5;0:0;0:5; 1:0g
and the coe cient attached to the binary baseline covariate in the survival model, taking
values , =f 1.0; 0:3;0:3;1:0g9. Across each of these combinations df g andf »,g, we
hold the parameters controlling the baseline hazard constant atlog = 1and =0in
order to simulate a time-invariant baseline hazard. The covariance matrix on the random
e ects is set as a diagonal matrix of dimension two. With these set out, we expect the
changes in simulated failure time densities to be driven by the changing values &f g and

f 20.

Figure 2.2 illustrates the e ect of dierent magnitudes of and ». The e ect of an
increased , is perhaps best exempli ed in the “column' for = 0. Here, we infer that
the increasing value of , simply increases the underlying baseline hazard, illustrated by
the greater incidence of failures due to said higher baseline hazard. Interestingly, the
distribution of failure times for the positive-negative pairs of values for are visually
(almost) identical. This is due to the simulation of the random e ects producing an
approximate half-and-half “split' of those who are above the global trajectory (thus their
hazard increaseswith positive ) and those below it (increasing with negative ). We see
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Figure 2.2: Distribution of simulated survival times under di erent parameterisations of the sur-
vival parameters and .

asj j increases, more failures occur earlier in the period of follow-up, which is exacerbated
by higher values of .

2.6.3 Magnitude of the random e ects

In a similar spirit to our investigation of the e ect of survival parameter magnitude, we set
the baseline hazard constantatlog = 1 and =0. We hold the association parameter
constant at a moderate =0:5and = 0, such that failures occurring are likely to be due
to ones deviation from a global trend, as dictated by the parameterisation of the covariance
matrix D. We set o -diagonal parameters D12 = D 23 = 0 and consider all 16 possibilities
for the diagonal of D from candidate intercept variances D1 = 3:.0; 1.0; 0:5; 0:52 and
slope variances @, = 1:0;0:5; 0:25; 0:25° .

Figure 2.3 illustrates how the distribution of simulated survival times changes when the
variance of random e ects (thus the average magnitude of the random e ects) increases.
When the random e ects can take larger values (i.e.D11 and/or Dy, are larger), an
overall increase in the number of failure times as time progresses occurs. When the random
intercept variance is greatest atD 1; = 3 the simulated failure times are most concentrated
at start of follow-up occurs, especially whenD», is comparatively smaller. Conversely,
when random slope variance is greater, the distribution of simulated failure times have an
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Figure 2.3: Distribution of simulated survival times under di erent magnitudes of random e ect
variance.

elongated tail, demonstrating the impact of the simulated random slopes on the hazard.
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Chapter 3

Faster Fitting: An Approximate
EM Algorithm

The work presented in this chapter is based on the publication:

Murray, J., Philipson, P., 2022. A fast approximate EM algorithm for joint models
of survival and multivariate longitudinal data. Computational Statistics & Data
Analysis 170, 107438. doi:10.1016/j.csda.2022.107438
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3.1 Motivation

In Chapter 2 we outlined the multivariate joint model framework with K longitudinal

responses which are assumed continuous and Gaussian. Available software for such joint
models, representing existing computational approaches, was outlined in Sections 1.2.3 and
1.2.4 encompassed both maximum likelihood approaches as well as the Bayesian paradigm.

Multivariate joint models (MVJMs) are superior to K separate univariate ts, as they
take into account the correlation betweenthe longitudinal responses; using all relevant in-
formation in the joint model thus obtaining correctly adjusted estimates for each response.
Additionally, one obtains a single prediction using all possible information, rather than
several from saidK univariate ts, each of which is likely to overstate the importance of
any association when treated in isolation.

Fitting of these models is computationally burdensome, as mentioned in Section 2.3.1, due
to the multidimensional integral present in the E-step (2.13).

3.1.1 E-step constraints in multivariate joint models

As we outlined in Section 2.3, and as alluded to above, most computational issues arise due
the E-step (2.10). Here necessary expectations are taken with respect to the distribution
of the random e ects conditional on the observed data at the current set of parameter
estimates. Speci cally, we require expectations of the form (2.13), with this conditional
distribution then having form (2.16). However, owing to either an increased number of
longitudinal responses in the multivariate joint model of interest; the complexity of their
random e ects structures; or both, existing techniques are likely to be less viable due to
the inherent computational burden. This is to say, the existing methods we outlined in
Sections 2.3.2{2.3.5 are likely to become infeasible as the dimension of the random e ects,
g, increases. Said intractability often manifesting itself by the computation time taken to

t these multivariate joint models being commensurate with g: Limiting the application

of multivariate joint models to smaller numbers of random e ects, longitudinal processes,
or both.

The di erent methods we outlined to evaluate integrals of interest in Sections 2.3.3{2.3.5
in fact were all proposed in turn to overcome the apparent computational burden in
earlier literature e.g. Wulfsohn and Tsiatis (1997). Adaptive quadrature methods sought
to reduce the number of weights and abscissae used in numerical integration, but the
amount of evaluations may still be computationally demanding in spite of this, owing to
large g. Monte Carlo methods themselves do not su er the same burden, but may become
prohibitive for higher dimensional random e ects owing to the number of required samples
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for adequate evaluation.

Hickey et al. (2018a) go as far to speculate that inference for joint models with very
many longitudinal responses, such as electronic healthcare records, may require some
approximate method in evaluation of the integral (2.13) as part of parameter estimation
under maximum likelihood.

3.2 An approximate EM algorithm

3.2.1 A normal approximation

Bernhardt et al. (2015) proposed a normal approximation on the distribution of the ran-
dom e ects f (bjjTi; i;Yi; ) for each individual conditional on the observed data in the
context of a joint model with a logistic sub-model in place of the survival one (2.2). The
proposed normal approximation has the e ect of reducing the dimensionality of each re-
quired integral to be uniformally one, regardless of the complexity of the random e ects.
This then exploits that any linear combination of b; would also be normal, thereby im-
proving computational e ciency. We seek then to extend their approximation to the joint
model with a survival sub-model as introduced in the previous Chapter in Sections 2.1.1
and 2.1.2.

Bernhardt et al. (2015) propose, at the parameter estimates at the current iteration (n),
(m)

BT Y M (M EAPN BN (3.1)

where; is the vector which maximises the complete data log-likelihood at the current set
of parameter estimates:

B =argmax logf b;;Ti; i;Yi; ™ ; (3.2)

with estimated variance

( )
A _  @logf b;Ti; Y M ' (33)
' @@ b= B, '
In (3.1) we explicitly condition on the current estimate for the baseline hazard, E,m), which

we treat as a nuisance parameter, holdingmplicit membership in (™ only. Hereafter,
its involvement in the approximation and parameter estimates continues to be implicit in
nature.
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It was previously demonstrated by Rizopoulos (2012a) thatf (bjjY;; ) is approximately
normal asm; ! 1 within the con nes of a “classic' univariate joint model. Subsequently,
Bernhardt et al. (2015) extended this to the multivariate Gaussian case we considered in
Chapter 2 for the “full' conditional distribution shown in (3.1). We later devote Chapter

5 to the justi cation of the above approximation.

The approximagjon (3.1) then allows;for all necessary conditional expectations which are
of the form E; g(b))jTi; i;Yi; (™ to be taken with respect to a univariate normal
distribution. Said normal distributions can then be quickly evaluated using adaptive
Gauss-Hermite quadrature, which we outline in Section 3.3.

3.2.2 Starting values

The number of iterations required by the EM algorithm can be reduced by choosing
starting values, (©, which are close to the maximiser. We set about obtaining these
initial values using pre-existing R packages.

a linear mixed e ects model using gimmTMBBrooks et al., 2017). This returns initial

conditions for the xed e ects l((o) and the residual variance "253) . Additionally, we obtain

the best linear unbiased predictors (BLUPSs) for the random e ects bj, along with their
variance-covariance matrix qﬁo). Then, across allK responses we can construct the initial

condition for the block-diagonal D© = ||<<:1 D(O), and populate the o -block-diagonal
elements with covle; bs); e;f =1;:::;K; e 6 f.
Next, we use the aforementioned BLUPs for eaclk = 1;:::;K responseb;x, asK inde-

pendent time-varying covariates in the usual Cox PH model, along with the time invariant
Si;i=1:::n,toobtain © = 50);:::; }&0); ©)” >. The form of each of these time-
varying covariates is dependent upon the form ofW () in (2.2) (i.e. intercept and slope,
quadratic speci cation and so on). This is done using thesurvival package (Therneau,
2015), and additionally returns the initial estimate for the baseline hazard, g))( ).

We can then form @ and go about parameter estimation via the EM algorithm, con dent
that it commences at parameter values which are conducive to faster convergence of the
algorithm itself. We used gimmTMBs it allows for e cient generalised mixed model tting

for numerous families, and we found it to provide much more stable parameter estimates
in a more timely manner when compared with competing packages. Other packages, such
as nlme (Pinheiro et al., 2021) or Ime4 (Bates et al., 2015), are very slightly quicker
but restricted to modelling continuous (Gaussian) Y, since we progress to considering
non-Gaussian responses in Chapter 4, we additionally usgimmTMRBere for simplicity.
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3.2.3 Convergence details

Posit that we have just completed one EM step from iteration (m) to iteration ( m + 1),
and want to ascertain whether the algorithm has converged. Two standard rules for such
an investigation are the absolute and relative convergence criteria { the existing packages
joineR (Philipson et al., 2018) using the former and JM (Rizopoulos, 2010) the latter {
for instance.

An issue one may encounter when attempting to maximise the likelihood via an iterative
procedure such as EM is in becoming “stuck’ near the maximiser, or prematurely declaring
convergence to it. This can be remedied by taking into account the scale of parameters
when applying these stopping rules: If a parameter is very small (i.e. close to zero) in
magnitude, it is perhaps likely that some numerical issue may come into play in calculation
of the relative di erence; likewise the absolute di erence doesn't take into account the scale
of parameters at all, and may prematurely stop the algorithm.

One method to circumvent these potential issues is to employ a two-pronged approach:

8
Emaxj gm+1) g-m).;:::;. (Lm+1) (Lm)j < 1ifj xj<
Co(m+1) (m); Co(m+) (m); 3.4
>max e oL < gifj 5 G4
J I+ boor x=1;::L

where L denotes the dimension of (2.30). Interestingly, this is the stopping rule used by
the software SASIn its EM algorithms; repurposed in the joint modelling setting recently
by joineRML (Hickey et al., 2018a).

We opt for the convergence criterion shown above as the approach precludes issues one
may encounter when considering solely one convergence criterion, whilst still a ording
accuracy in those parameters with estimates closer to zero; in particular those variance
components on the diagonal of D that are bounded below by zero. In the relative di erence
criterion, is some small value added to the denominator to preclude numerical issues
which might occur in the calculation here. In all presented simulations and analyses we
use 1= =10 3, ,=5 10 2and =0:1 unless otherwise stated.

3.2.4 The approximate EM algorithm

With details on how we obtain starting values and determine whether or not the model
has converged, we now set out to illustrate how we utilise the approximation in Section
3.2.1 within the context of an EM algorithm for a joint model.

In short, we obtain our initial conditions for the parameter vector  and iteratively cy-
cle between the E- and M-steps, re ning these parameter estimates until convergence is
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deemed to have occurred. Ateach iteration we utilise the approximation (3.1){(3.3) to
obtain conditional expectations before forming parameter updates; this speci c process
being elucidated in Section 3.3.

With that being said, we lay out the general steps taken to t MVJMs outlined in Section
2.1 in a similar spirit to existing work (Bernhardt et al., 2015; Murray and Philipson, 2022,
2023):

1. Employ the methodology outlined in Section 3.2.2 to obtain the initial conditions
for the parameters, ©.

2. For any iteration (m + 1):

i. Maximise logf b;i;Ti; i;Yi; (m) using the optim function with the quasi-
Newton BFGS algorithm to obtain B; and ", (see (3.2) and (3.3), respectively).

ii. Use the approximation (3.1) to update the parameter vector (™ 1 (M+1).

greater detail is provided in Section 3.3.

3. Check whether the algorithm has converged by evaluating the convergence criterion
(3.4). If the criterion is satis ed, exit the algorithm; otherwise, proceed to the next
iteration by setting (m)! (m +1).

4. Repeat steps 2. and 3. for a minimum of four iterations, cycling between parameter
updates and convergence checks.

3.2.5 Standard error calculation

In Section 2.4 we explored three methods to calculate standard errors in order to complete
inference. There, we posited that the approximation of the observed empirical information
matrix (2.29) would likely be preferable from a computational standpoint: It o ers a route

to obtain the standard errors in a more timely manner than by bootstrapping or repeated
numerical di erentiation.

The observed empirical information matrix (2.29) is calculated by n subject speci c score

vectors evaluated at the MLEs "

Z
N ! @ A LA
Si = o logf Yijbi; " +logf Ti; ijbi;
! (3.5)

+logf bij" f bijTi; i;Yi; " dbyj;

wherein, given the approximate method outlined in 3.2.1, the expectation presented above
is taken with respect to the normal distribution in (3.1).
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Speci cally, after convergence of the EM algorithm, we nd B and "; at the purported
MLEs, . Then, the (prole) score vector (3.5) is calculated. The constituent densi-
ties herein are conditionally independent given the random e ectsh;, therefore we form
‘individual' constituent scores to form the score vector

wherein "5 vech D . The constituent scores are given as (for simplicity's sake, the hat
notation is momentarily dropped):

1 Dl@) 1 Dl@ h i

si( p)= 5T @ * ST @ DD 'E bib®
si( ) =XV Y Xi ZEDD; _
|
X me B Xi Zib)T (Y Xi Ziby) (3.6)
Si "k = 2 "2k + 2 ﬁk ;
¢y~ @illogf (Ti; ijbi; )],
si( ) @ ;

where %, the derivative of matrix D with respect to its half-vectorisation, is a matrix
itself and represents the location of those elements (i.e. a matrix of zeroes with ones placed
according to the element of the half-vectorisation, thereby capturing their contribution to
calculation of the score). An alternative form for the score on vech(D) is given in Appendix
A.4. Of course, in actuality the expectations in (3.6) are conditioned on the observed data
and the maximum likelihood estimates * as was the case in e.g. (2.13); the form of such
conditional expectations under the normal approximation is elucidated in the next section.

We additionally draw attention to the method proposed by Xu et al. (2014), outlined
in Section 2.4.3, being an unattractive route: We systematically perturb each of theL
parameters constructing  (2.30) in turn; eggh regyiring maximisation of the baseline
hazard, followed by calculation of n sets of Bi;"i . Therefore, under this proposed
method, obtaining the information matrix by forward di erencing (Appendix A.1, the
“cheaper' option) requiresn (1 + L) optim calls to nd the modal value and its variance
alone.

3.3 The M-step

In Section 2.2.2 we outlined the general form of parameter updates which form the M-step
(and elucidate the form of requisite conditional expectations required) in (2.11) and (2.12)
for MVJIMs. Here, we consider each parameter which constructs , in addition to the
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baseline hazard, and illustrate how the approximation (3.1) is used to update parameter
vector (M 1 (M*D) " For each parameter, we begin with the conditional expectation
on the requisite log-likelihood (2.5){(2.7) (i.e. the E-step), followed by the necessary steps
taken to form its update (i.e. the M-step).

We continue with the shorthand notation for all expectations i.e. eschew their condition-
ing on the observed data and current parameter estimates with this held implicit going
forward. In each presented update the parametex"does not represent the MLE per se,
instead the estimate for the “next iteration' (m + 1).

3.3.1 Update for D

The covariance matrix for the random e ects D appears only in (2.5). We therefore have

Ei[logf (bijD)] = E; glogZ %ij %er i
n h io
= glogz + %jD 1 %Tr D E bb>
where Trf g denotes the trace of its matrix argument. Since D is symmetric, the partial

derivative with respect to its inverse is

@iflogf (jD)] _ 1. 1N T
@ ! T2y 2 '

Now, we make use of the normal approximation (3.1), which tells us thatE;[b] = B and
Var[b;] = ";. Trivially then we obtain
R h i §
?]/af[bi_] = "i = E bb’  E[b]E[b];
[

=) E bby ="+ EbIEDT;
= Ai + 6.6?
And nally we obtain the update
P n A >
b= tl;*aﬁ; (3.7)

which notably, owing to the approximation (3.1), does not require any integration.
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3.3.2 Update for

The xed e ects are housed in the log-likelihood for the longitudinal processes (2.7).
Subject i's contribution to the log-likelihood is denoted by “i(). The log-likelihood with
respectto is

WO TV )

where | =X; +Z;b. This has expected value

: 1_N - |
EBili( )= éEi i D) ViYoo)
n h io

1
= éTf VIIEE Y Y )T
which we can appraise using the approximation (3.1). We set
=X0 42 PPN X +2iB2%Z = N(M A (3.8)

where A is the variance-covariance matrix of the approximated (multivariate) normal dis-
tribution; its computation analogous to Var[ aX + bl = a?Var[X] in the univariate case.
Subsequently we de ne ; = diag(A i)1:2 and write the approximated conditional expecta-
tion
1 X n h io
Eili( )= > wTr VR N oY N )T
1=1

;)/21 w = 1; T/=°1 vi = 0. In practise these weights and abscissae are found using

gauss.quad.prob from R packagestatmod (Smyth, 2005).
The derivative of this approximate expectation with respect to is

> 1><%)
=XV, wi(Yi Noooivi);
I=1

@Eili( )]
@

. P . .
where we note since f/:"l v; = 0 the derivative is evaluated at B; only. Equating the above

the closed-form update for

XV X oz =0=) XPVOIX o =xPvity ozl

42



Chapter 3. Faster Fitting: An Approximate EM Algorithm

| |
X0 Sl h i
= X Xi X2 Y zibo (3.9)
i=1 i=1

3.3.3 Update for 2

Once more we consider the longitudinal log-likelihood (2.7). We consider now its form for
subjecti at time-point j for ease of derivation i.e. considering the residual variance itself
rather than its matrix representation V j. We additionally also approach this update for

derivations for notational convenience. The log-likelihood contribution for subjecti at
timepoint j is

. 1 1

i 2 5109 ? 52 i)

which has expected value

h i
~ 1 1
E S 2 = 5 log 2 52 i )

Utilising the normal approximation (3.1) we set

i =X +Zib PON X +z Bz Aizﬁ =N~ #

and subsequently form the approximated expectation

%
\ 1 1 X
E i F o= 509 # 52 Wi N vi)%;
T=1
with derivative with respectto 2
@ i ¢ 11X
—@7 - 22tza Wi N g%
’ ) "=

Equating to zero and solving for ? across allm; observed time-points for alln subjects
we obtain the closed-form update for ?

P, P Py

n mj
A2 — i=1 j=1 I3

2
wi(Yi N i)Y
n ;
i=1 Mi

(3.10)
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3.3.4 Update for o

We begin by rewriting the log-likelihood for the event-time process shown in (2.6) to
eschew the integrand. This integration over the survival process is replaced with a nite
summation over the process evaluated at the unique failure times, since the non-parametric
estimator of baseline hazard is zercexcept at observed failure times (Henderson et al.,
2000). Instead, we introduce matrices and vectors which contain all required information
and functions of time to allow for said summation to occur easily. We now write

n % #
logf (Ti; ijbi; )= ilog o(T)+ i S + kFik bik
k=1
3.11
i ( 5 ) (3.11)
o(ui) exp § + kFukbik
k=1

where we introduce multiple items for notational convenience and brevity. The vector of
failure times survived by subjecti is denoted byu;. Vector Fjx denotesW (t) evaluated at
T;; if responsek is to be modelled by an intercept-and-slope random e ects speci cation
then Fix =(1;T;)”. The matrix Fu,k is dened in a similar spirit, except its rows are
determined by W (t) evaluated at each element olu;. For convenience's sake we have also
introduced S, simply representing a leni;) ps matrix, whose rows are replicates ofS;.

With our rewritten log-likelihood established above, we can consider the conditional ex-
pectation on ¢():

(& )
o)/ ilog oTi)  o(ui) exp S + kFukbik
0 " k=1
~ > %
Ei['iC 0l= ilog o(Ti) o(ui)” Ei exp S + kFuikbik
k=1
h n P oi
To evaluate the expectation Ej exp § + :f:l kFu,kbik , we make use of normal

approximation (3.1)

)#

X X '
S + KFubik PN s + KFukbi: Q™iQ™ = N("i;A); (3.12)
k=1 k=1

with A ; previously de ned and the matrix Q = F ,,diag( ), where s the vector with ok
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We can then approximate the expectation above as

N&
Eili( 0]= ilog o(Ti)) o(ui)”  wexpf i+ jvg:
1=1
Finally, we can take derivative with respect to the baseline hazard, equate to zero, and
fairly trivially form the update for Ao( ):

P n
A izs il (Ti=u)
uy=z PPt : 3.13
o) L o wiexpf A+ viglh (T u) (313)
3.3.5 Update for survival parameters
Lastly, we consider the update for the pair of survival parameters = ~; ~ ”. Utilising
the same rewritten survival log-likelihood (3.11) we can form the conditional expectation
\ C %) O x )
i( )/ i S+ kFik bik o(ui)” exp § + kFuikbik
k=1 k=1
" #
\ C % ) O )
EBli( )= i S + kFix Eilbik] o(ui)” Ei exp § + kFu kbik
k=1 k=1

h n o]l
P
where from (3.1) we knowE;[bj«] = Bix and E; exp § + {f:l kFu,kbik is approxi-

mated in the same way as (3.12). We can then form the approximated expectation
( X ) 6
Eli( )= i ST + kFik Bik o(ui)”  wiexpf N+ vg: (3.14)
k=1 1=1
Because the elements of are housed within an exponent, a closed-form update doesn't
exist. Instead, we consider the one-step Newton-Raphson update as presented in (2.12).
Here we note that because is e ectively found in' the ; term, di erentiation of the
approximated expectation above is an unattractive task. With this in mind, we use nu-
merical di erentiation techniques to calculate both the (prole) score s;( ) and Hessian
Hi( ) of the conditional expectation above. Additionally, we note that in the above we
substitute o( ) with "o( ) given by (3.13).

3.4 Simulation studies

With the methodology established in Sections 3.2 and 3.3, we endeavour to ascertain the
parameter estimation capabilities of the approximate EM algorithm for MVJMs. More-
over, we consider several simulation scenarios with overarching goal of establishing said
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capabilities, along with how the method is a ected by di erent data structures and pa-
rameter values. Due to the large quantity of simulations we consider, we rst de ne the
“standard' simulation scenario. Unless otherwise stated, we considéd = 100 simulations
for each scenario.

3.4.1 The ‘standard' simulation scenario

We seek to de ne the default set of simulations parameters we use. This allows us to
enjoy perquisite brief explanations of all future simulations we consider by e.g. pointing
out what's changed from said default set.

We set the number of subjectsn = 500, each of whom have theirk™ continuous (and
Gaussian) longitudinal measurements taken at the regularly-spaced vector of possible times

r, such that at as r increases these follow-up measurement times become more regular

i.e. t is more ‘dense'. The xed eects are dened by 49 =(2; 0:1;0:1; 0:2)> and
even = odd; the elements correspond to an intercept term, timet and two baseline

covariates in the form of standard normal realizationx;1 and a single Bernoulli draw (p =

We simulate under a random intercept and slope speci cation unless otherwise stated,
subsequently de ning theq q=2K 2K variance-covariance matrix for the random
eects D = Ezl diag(0:25; 0:09), with correlation induced between random intercept
terms by setting Dgr = 0:125e;f = 1;3;:::;9 1, e 6 f. We set residual variance

Survival times T;, along with an independent potential censor-time C;, are simulated
for each subject using the methodology outlined in Section 2.5.3 and subsequent failure
indicators ; are generated. We set only a single time-invariant coe cient which is
attached to x;2 in the survival sub-model. The association parameters are set aggq = 0:5
and ewen= 0:5. The shape, , and (log) scale, log , of the Gompertz baseline hazard
we introduced in Section 2.5.2 are setto =0:1; log = 0:3 by default, which results in
an average failure rate of approximately 30% overll N simulated datasets. The resultant
distribution of failure times then resembling the corresponding atter distributions seen
in Section 2.6.1. The censoring rate is held at = e ¥° which results in approximately
13% censoring. We then follow the truncation procedure outlined in Section 2.5.3 for all
subjects to obtaint; 8i =1:::;n.

Our standard joint model simulation set-up for the k" longitudinal response for subjecti
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attime j is
8
< Yikj

i(t)

( kot hlﬁ))"‘( k1t b)) tij + kaXi1 ) keXiz* "ikj

) (3.15)
o(t)exp Xi2 + -1 k(bBko+ bkit) ;

with
bi  Ng(0;D); g, N O 2 bik? "ik:

k

With the default simulation scenario established, we proceed with several simulation stud-
ies which aim to monitor multiple facets of estimation via the approximate EM algorithm.

All simulation studies and applications in the thesis were executed on an Ubuntu Desk-
top with 4GHz Intel core i7 with 8GB RAM using R version 4.2.0. No high perfor-
mance computing facility was used. AllRcode is available online:https://github.com/
jamesmurray7/thesis

3.4.2 Sample size n

We rst consider the impact of varying sample sizen. We select four (fairly arbitrary)
choices, settingn 2 f 100,250 500, 100Qy. Joint models are t to the largest simulated
sample sizesn = 1000 using stopping criterion , = 0:01 in (3.4). We present estimates

>
for the survival parameters, Nz oA ; A , from all N = 100 simulations at each of the
four sample size choices in Figure 3.1. Immediately, we note that the true value (dashed
line) is well estimated, with decreasing spread as the sample size increases.

In-depth results from this simulation study is presented in Appendix B.1.1. From these,
we note that the algorithm generally produces very good point estimates for the true
parameter value used in simulation, with empirical variability which decreases as the
sample size increases. We note that the coverage of parameters appears to be conservative,
most egregiously so for the smallest sample size; this levels o slightly ah = 250, and
is more palatable for the slightly larger sample sizesn 2 f 500,1000y. This phenomena
is likely related in part to the discussions surrounding power given in Appendix A.3.
Especially for n = 100 where the con dence intervals for estimates are very wide given the
lack of information in the data and the estimates themselves more likely to be in uenced
by random variability amongst the simulated data; as n increases the ability to detect
the true parameters also improves, with minimal bias observed amongst parameters for
n = 1000.

Finally, the time taken for the approximate EM algorithm to converge and calculation
of standard errors unsurprisingly increases withn. For the smallest sample size, this
elapsed time was (median [IQR]) 1.799 [1.452, 2.479] seconds, approximately doubling for
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Figure 3.1: Estimates for survival parameters” and " for di erent simulated sample sizesn. The
dashed line signi es the true parameter value.

n = 250 with 3.553 [3.314, 3.769] seconds; abt = 500 8.525 [8.243, 8.886] seconds and
a larger ‘jump' at the largest sample size 26.962 [26.193, 27.591] seconds. We note that
one should not expectproportional increases in computation time, with this large increase
in time taken largely attributable to the sheer number of optim steps (i.e. step 2. in
Section 3.2.4) as well as the size of survival design matrices (3.11) which is determined
by the number of unique failure times. The median number of EM iterations per second
completed by the algorithm decreases from 5.0 fon = 100, 1.8 for n = 250, 0.73 for

n = 500 and 0.20 forn = 1000. Interestingly however, the n = 1000 case systematically
requires fewer iterations to achieve convergence; potentially due to the greater amount
of data providing more information for the algorithm to provide better estimates for the
conditional expectations housed in the E-step.

3.4.3 Number of longitudinal responses K

The main “selling point' of the approximate EM algorithm is that irregardless of the
dimension of the random e ects, the conditional expectations are appraised against a
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univariate normal distribution. Therefore, we would expect to observe a non-exponential
increase in computation times as we increase the number of longitudinal responses (i.e.
increasing the dimension of random e ects), which one would observe under traditional
existing methodologies (which we explore in Section 3.5).

We electK 2f 1, 2; 3;5; 7g, and for each simulation scenario we set the variance-covariance
matrix to be the diagonal matrix D = Ezl diag(0:25;0:06). A swathe of parameter
estimates are presented in Appendix B.1.2. Here we note, particularly for largeK , that
the parameter estimates are slightly conservative in nature, this is likely due to inadequate
sample sizen for the complexity of the model determined by the number of parameters (i.e.
treating «; k =1;:::;K as time-varying covariates), with the perhaps relatively small
n = 500 in combination with the relatively low event rate, resulting in wider con dence
intervals than one may expect in an appropriately-powered empirical study; see Appendix
A.3. The focal point of the simulations we carried out was largely from a computation
time-standpoint.

The computation times are perhaps best captured in Figure 3.2, where we note an (approx-
imately) linear increase in computation times as the dimension of random e ects increases
fromg=2"! 4! | 14.

3.4.4 Length of follow-up period r

Given the underlying normal approximation utilised in Sections 3.2{3.3, we expect pres-
ence of more data in the longitudinal sub-model to improve parameter estimate perfor-
mance. With this in mind, we select four dierent candidate values for the maximal
follow-up period r 2f 3;5;10; 159. We note in these simulations that the average failure
time is similar. The parameter estimates for the survival parameters” from all simu-
lations at eachr is shown in Figure 3.3, with detailed tabulation provided in Appendix
B.1.3.

Results from Rizopoulos (2012a) as well as Baghishani and Mohammadzadeh (2012) indi-
cate that as the minimal observed pro le length increases, the bias in parameter estimates
should decrease (and performance in general improve), Figure C.1 shows the bias in each
of the parameters estimated by the joint model. Generally speaking, performance is no-
ticeably worse at r = 3, which quickly improves even for r = 5, with there being no
real distinguishing features asr increases, especially between = 10 and 15, save for
the average estimated standard error approaching the true empirical standard deviation
of parameter estimates, indicating that the approximation appears to better capture the
true variability of " as a longer longitudinal pro le becomes available.

Remark. We note (particularly in Table B.7 in Appendix B.1.3) that the improvement
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Figure 3.2: Elapsed time (seconds) for convergence of the approximate EM algorithm (+ calculation
of standard errors), as well as total computation time for choices ofK. Vertical dotted lines
represent breaks in thex-axis. A log;, scale is used between ticks on thg-axis.

isn't perhaps as marked as one may expect; this could be due td = 100 being a relatively
low number of simulations to carry out (i.e. larger Monte Carlo error), and that the minimal
(and median) value for m; does not change dramatically between sets af, which may not
inherently lead to better-estimated random e ects.

3.4.5 Failure rate !

We now alter the two parameters which control the baseline hazard: The shape and scale
log , as outlined in Section 3.4.1. We hold the shape constant at its default value =0:1,
representing a gradually increasing underlying hazard, instead altering the scale parameter
to achieve some arbitrarily-set average failure rate across th& = 100 generated sets of
data. The values for log and resulting (approximate) failure rates ! are:

log = I =
f 430 3:00, 2:15 1:40g! f10% 30% 50% 70%g:
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Figure 3.3: Estimates for survival parameters” and " for di erent maximal longitudinal pro le
lengths r. The dashed line signi es the true parameter value.

We expecta priori that an increased number of failures will produce more “concentrated'
estimates for " (simply due to there being more “information’), with interest additionally
falling on the performance of”, with the other parameters ™+ also of (secondary) inter-
est. Estimates for survival parameters are presented in Figure 3.4, and detailed tabulation
available in Appendix B.1.4 for all parameters.

Appraising rst the N estimates for *, we note generally the spread around the mean
parameter estimate tends to decrease for all parameters, most obviously for the time-
invariant " with the lowest failure rate ! = 10% producing the worst survival parameter
estimates. We may then conclude from these results that the algorithm appears to perform
best when the failure rate is in the region of 30{50%.

For the elements of vechD , we note little to distinguish between failure rates. Investi-
gating the xed e ect parameters ", we note that the term attached to time "1 enjoys
lowest bias at! = 10%, obviously since fewer truncations of the longitudinal pro le occur
with little distinguishing the remaining xed e ects in  ". Finally, the residual variances

"-?k are well estimated irregardless of .
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Figure 3.4: Estimates for survival parameters™ and " for di erent (approximate) failure rates ! .
The dashed line signi es the true parameter value.

Remark. We note that the computation time increases as the propportion of the sample
who fails increases. This is partially due to the simulation generating [, i unique fail-
ure times, so that as! increases, the matrices in (3.11) become much larger, thereby having
a 'knock-on' e ect on subsequent matrix algebra necessary in computations required in
the E-step.

3.4.6 Magnitude of random e ects variance

We now consider increasing the variances associated with random e ects to be arbitrarily
large. We alter only the diagonal elements, meaning that the o -diagonal "default' values
for matrix D we outline in Section 3.4.1 remain unchanged, inducing light-to-moderate
correlation across random intercepts, which are not reported. We consider multiplica-
tive increases on these diagonal elements. Namely, we introduce® and D@ which have

(e;f)th element set as [élz =3Dei; D(ezf) =10D¢f 8e=f and Dfelz =D (ezz =Dt 8e6 f

representing two candidate variance-covariance matrices with ratios of the random inter-
cept to random slope variance held the same as the default D. We additionally introduce
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the matrices D@ and D™ which once more share the same o -diagonal elements with D
but with element-wise scale factors applied to their main diagonals:

diag D® =diag(D) (3;15;5,0:9;4;1:2)” ; and
diag D® =diag(D) (10;2;13 3;15,4) ;

where denotes element-wise multiplication.

The estimates for survival parameters are presented in Figure 3.5 as well as in the detailed
capabilities for all parameters in Appendix B.1.5. We note all parameters” ~ appear to
be well estimated no matter the characterisation of the variance-covariance matrix. For the
association parameters® we note that performance is slightly worse under Y, wherein
the random slope variance is large relative to that of the random intercept, which perhaps
leads to muddied capabilities in estimating the time-varying parameter . Likewise, under
D@ { wherein the random slope variance issmall compared to the random intercept's {
we note similar phenomena, although in neither scenario is the performance poor. The
association parameters® are best-estimated in this simulation study under D and D®)
wherein one posits that the ‘ratio’ of random intercept-to-slope variance is more sensibly
de ned; allowing both the simulated data and the model to adequately establish simulated
trajectories. We note the median computation time does not drastically di er amongst
candidate D.

3.4.7 Closing remarks

Through the simulation studies carried out in Sections 3.4.2 { 3.4.6, we tweaked many of
the simulation "tuning knobs' we identi ed in Section 2.5 in an e ort to create distinct
simulation scenarios; visualisations of the central tendency of estimates for the survival
parameters " = n>. " ” were presented throughout, with detailed tabulation of all

parameter estimates " given in Appendix B.1. For all cases we noted that parameter
estimation was not negatively a ected by the changes made to the simulated data.

There is undoubtedly something of a trade-o0 between the parameter estimates { in cer-
tain simulation scenarios being deemed conservative { and the fast computation time. For
the scenarios we considered in these simulation studies, we argue that this exchange is
reasonable. Indeed, Bernhardt et al. (2015) posited that if more accurate parameter esti-
mates, or standard errors, were required then the approximate EM algorithm as used here
could be used instead to obtain starting values for e.g. an MCMC scheme in a relatively
quick manner i.e. eschewing much of the burn-in phase, which may be arbitrarily long for
complex joint models. We also refer to potential consternation surrounding sample size
and incidence rate as outlined in Appendix A.3; the algorithm and/or the route taken
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Figure 3.5: Estimates for survival parameters”® and " for di erent variance-covariance matrices
D. The dashed line signi es the true parameter value. For the matrices BV ;:::;D® see Section
3.4.6.

to establish uncertainty in the parameter estimates as given in Sections 2.4.2 and 3.2.4,
respectively, may su er from these extraneous factors.

3.5 Comparison with existing software

We now seek to compare the parameter estimation capabilities of the approximate EM
algorithm established in this chapter with existing methodology. We choose the software
packagejoineRML (Hickey et al., 2018a), which ts multivariate joint models as explored
in Chapter 2 by maximum likelihood using a Monte Carlo E-step, which we explored in
Section 2.3.5. Here, we simply endeavour to show that the computation time spent in the
EM algorithm follow di erent trajectories as the dimension of random e ects increases.

We electK 2f 3;5; 7g, and for each simulation scenario here we set the sample sine= 250
and the variance-covariance matrix to be the diagonal matrix D = I|<<=l diag(0:25; 0:06).
The main reason for setting the sample size an = 250 is to avoid computation issues
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under joineRML for largest K. A byproduct of this safeguard is that at largest K, we
observe extremely conservative coverage fdyoth methodologies, as both the model- tting
approaches produce large standard errors in circumstances where the sample size is small.
As we discuss in Appendix A.3 (and as alluded to in Sections 3.4.2), one posits that
a certain sample size and/or failure rate is required for a given number of longitudinal
responses; with little research undertaken here in the multivariate joint modelling con-
text. With this in mind, we do not present tabulated results, instead opting for graphical
representation.

The routine undertaken by joineRML is slightly di erent to the approximate EM algorithm
we use. Though both methods obtain initial conditions for  via the process outlined
in Section 3.2.2 { bar minor di erence in external packages used {joineRML notably
performs aseparate EM algorithm on the K longitudinal processes only in order to start
its MCEM procedure as close to the maximiser as possible; in particular the o -block-
diagonal elements in D are “better' than those obtained by the procedure in Section 3.2.2.
With this in mind, we allow joineRML to undertake this “pre-EM' EM algorithm until
convergence, which we set a high tolerance of D on, so that the starting values are likely
more in-line with those from the approximate EM algorithm: The aim here is to time
the EM algorithm itself, and so this endeavour for similar starting values is undertaken;
whereafter the time discrepancies observed are more likely to stem from computational
di erences mostly arising from the di erent numerical integration routines.

We use the same convergence criteria (3.4) across both methodologies, with tolerance
values set as described in Section 3.2.3. Philipson et al. (2020) showed that usage of
guasi Monte Carlo methods for sampling fromb;jY; (2.18), namely the Sobol sequence,
produced fastest tting joint models out of joineRML's available options, so is used in
these comparative simulations. The default values for the number of MC iterations, scale
factor increase in sample size for consecutive hon-convergent iterations, and so on, are left
at their default values i.e. we assume said values are preset at least owing in part to their
performance.

We begin with perhaps the most important feature: Computation time. Figure 3.6 shows
that, whilst neither approach appears to su er from truly exponential increase in compu-
tation time, being able to shirk necessity of integration by Monte Carlo sampling allows
the approximate EM algorithm to be faster as a baseline.

Next, we seek to compare the parameter estimation capabilities of the survival parameters
™ from each approach, which are presented in Figure 3.7. Here, perhaps the most striking
conclusion is the similarity between the estimates. Though this is perhaps not surprising:
The modal estimate for f; obtained in (3.2) is likely extremely close to the mean value
for of the sampled collection of (some function of)b; obtained by MCEM (2.28), i.e. the

55



Chapter 3. Faster Fitting: An Approximate EM Algorithm

Figure 3.6: Elapsed time (seconds) for convergence of the approximate EM algorithm (+ calculation
of standard errors) and convergence of the MCEM scheme ijoineRML. Vertical dotted lines
represent breaks in thex-axis. A log,, scale is used between ticks on thg-axis.

expectations required at each EM iteration are evaluated to be approximately the same
across methods, some further investigation along this line of thought is given later in
Section 4.7.

The parameter estimates themselves indicate that performance is good across both meth-
ods, with there being some evidence of overestimation in absolute value of someterms
(e.g. 4 and ~; in K =7; ~q, *3 and 5 in K = 5). An interesting feature to note is
that the spread of estimates for " is consistent irregardless of the number of longitudinal
responses; indicating that the variance around this time-invariant parameter is reliant on
the (potential interaction of) sample size and failure rate.

The parameter estimates in Figure 3.7 are supplemented by graphical representation ("X')
of the average Wald con dence intervals of these parameter estimates, as dictated by the
estimated standard errors, in addition to the empirical variance captured by the boxplots
already. These neatly capture the performance issue surrounding the method of standard
error calculation (2.29), and as noted earlier a much larger sample size is likely needed
to ameliorate this. However, as noted at the outset of this exercise, the simulations
here are largely perfunctory: Establishing a handle on capabilities across methods with
predominant focus on the computation time.
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Figure 3.7: Estimates for survival parameters” and " across 100 simulated joint model ts per-
formed by the approximate EM algorithm and joineRML. A blue diamond denotes true value. In
addition to the boxplots of point-estimates, grey crosses represent the average 2.5% and 97.5%
point estimates across all corresponding simulations (i.e. the empirical estimated range based on
the standard error).

3.6 Sensitivity analysis

3.6.1 t-distributed random e ects

The random e ects used in simulation have been realizations from a multivariate normal
distribution with zero-mean and pre-speci ed variance-covariance matrix D. One could
argue such an assumption is somewhat prohibitive: In reality there would likely be a
number of deviations one would classify as outliers. A -distribution however would allow
for larger amounts of variation in these random e ects, particularly for lower degrees of
freedom

This avenue is perhaps doubly interesting since we considdr(b;jTi; i;Yi; ) to be ap-
proximately normal and changing the true distribution of the random e ects to themselves
be non-normal could impact performance. We can therefore consider a brief simulation
study to appraise how stringent this approximation is. A priori, we expect estimation
capabilities of the variance-covariance matrix D used in the multivariatet distribution to
be poor for lower degrees of freedom. This is because internally, we estimate vech(D)
using properties of the multivariate normal distribution, as outlined in Section 3.3.1. We
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Figure 3.8: 95% Coverage for univariate simulation scenario with true values of random e ects
simulated from a bivariate t distribution. A log ;, scale is employed on thex-axis between ticks.
The nominal value 0.95 is represented by a dashed line.

then expect this to ameliorate as !1 i.e. the true distribution approaches the normal.

Carrying out a brief simulation study { acting as a sensitivity analysis { allows inspection
of exactly how poor said estimation of vech(D) is for smaller ; whether the rest of the
parameters p suer to any degree as well as how "normal' the true distribution of the
random e ects, as determined by , need be for the approximation (3.1) to be reasonable.

We simulate a univariate joint model, with xed e ects with vech(D) =(0 :25;0:00; 0:05).
For each candidate 2f 2;3;4;5;6;7;8;9;10; 15, 20; 25; 30g we simulate one hundred datasets,
each with n = 250 and r = 10. The maximal degrees of freedom considered, = 30, is
where the t-distribution fully approximates the normal.

The results for the univariate joint models t for this sensitivity analysis are tabulated in
Table 3.1 for a subset of candidate values. Investigating rst the parameter estimates
s, We note there is little to distinguish between results across candidate degrees of
freedom. The capabilities in estimation of vechD are, as we expected, very poor for
smaller degrees of freedom; this improves as increases (i.e. the underlying distribution
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Parameter Mean (SD) SE Bias MSE CP ' Mean (SD) SE Bias MSE CP
=2 =10
D11 =0:250 | 2098 (1.812) 0089 1848 6.667 0.0 , 0.311(0.041) 0032 0061 0005 055
D1 =0:000 | 0.027 (0.566) 0.044 0.027 0.318 0.35 , 0.000 (0.013) 0.011 0.000 0.000 0.92
D2, =0:050 | 0.340 (0.431) 0.017 0.290 0.268 0.00 , 0.061 (0.009) 0.007 0.011 0.000 0.66
10 = 2:000 1.989 (0.150) 0.157 -0.011 0.022 0.94 ; 1.993 (0.061) 0.056 -0.007 0.004 0.92
11 =0:330 0.314 (0.034) 0.041 -0.016 0.001 0.98 | 0.325(0.021) 0.019 -0.005 0.000 0.94
12= 0500 | -0.489 (0.085) 0.098 0.011 0.007 0.98 I -0.499 (0.042) 0.040 0.001 0.002 0.94
13 =0:250 0.285 (0.203) 0.224 0.035 0.042 0.98 | 0.260 (0.074) 0.080 0.010 0.006 0.95
2=0:160 0.161 (0.006) 0.006 0.001 0.000 0.97 ' 0.160 (0.006) 0.006 0.000 0.000 0.93
=0:500 0.516 (0.074) 0.081 0.016 0.006 0.96 ' 0.499 (0.144) 0.140 -0.001 0.021 0.95
= 0:200 | -0.166 (0.285) 0.273 0.034 0.081 0.96 ' -0.189 (0.247) 0.251  0.011 0.060 0.96
=3 =20
D11 =0:250 | 0.731(0492) 0045 0481 0471 000 , 0.268(0.032) 0030 0018 0001 094
D21 =0:000 | 0.006(0.097) 0.019 0.06 0.009 057 ; 0.002 (0.010) 0.010 0.002 0.000 0.94
D2 =0:050 | 0.135(0.050) 0.010 0.085 0.010 0.00 , 0.055(0.006) 0.006 0.005 0.000 0.92
10 =2:000 2.009 (0.082) 0.089 0.009 0.007 0.96 , 2.003 (0.057) 0.054 0.003 0.003 0.94
11 =0:330 0.320 (0.025) 0.028 -0.010 0.001 0.96 | 0.326 (0.019) 0.018 -0.004 0.000 0.93
12= 0:500 | -0.491 (0.059) 0.062 0.009 0.004 0.95 I -0.498 (0.037) 0.038 0.002 0.001 0.97
13 = 0:250 0.241 (0.117) 0.125 -0.009 0.014 0.98 | 0.239 (0.078) 0.075 -0.011 0.006 0.95
2 =0:160 0.160 (0.006) 0.006 0.000 0.000 0.95 ! 0.162 (0.006) 0.006 0.002 0.000 0.95
= 0:500 0.517 (0.099) 0.099 0017 0010 093 ' 0519 (0.149) 0.147 0019 0.022 0.96
= 0:200 | -0.236 (0.244) 0.254 -0.036 0.060 0.96 ' -0.208 (0.248) 0.249 -0.008 0.061 0.95
=5 =30
D11 =0:250 | 0403 (0.063) 0036 0153 0.027 0.6 , 0.267 (0.032) 0031 0017 0001 095
D21 =0:000 | 0.001(0.021) 0.013 0.001 0.000 0.80 , 0.001 (0.010) 0.010 0.001 0.000 0.96
D2 =0:050 | 0.082(0.017) 0.07 0.032 0.001 007 , 0.053(0.007) 0006 0003 0.000 095
10 = 2:000 2.007 (0.062) 0.064 0.007 0.004 0.96 ; 1.993 (0.051) 0.053 -0.007 0.003 0.95
11 =0:330 0.325 (0.020) 0.021 -0.005 0.000 0.97 | 0.327 (0.019) 0.017 -0.003 0.000 0.91
12 = 0:500 | -0.499 (0.043) 0.045 0.001 0.002 0.98 | -0.495 (0.039) 0.038 0.005 0.002 0.94
13 = 0:250 0.242 (0.084) 0.091 -0.008 0.007 0.98 | 0.248 (0.070) 0.075 -0.002 0.005 0.98
2=0:160 0.160 (0.006) 0.006  0.000 0.000 0.97 ' 0.160 (0.005) 0.006 0.000 0.000 0.97
= 0:500 0.534 (0.121) 0.122 0.034 0016 092 ' 0489 (0.151) 0.152 -0.011 0.023 0.98
= 0:200 | -0.195(0.260) 0.253  0.005 0.067 0.91 ' -0.215(0.250) 0.252 -0.015 0.062 0.93

Table 3.1: Results from univariate simulation scenario with true values of random e ects simulated from a bivariate

t distribution. "Mean (SD)' denotes the average value (SE) from the one hundred model ts (i.e. an empirical
summary) and ‘SE' the average estimated standard error. "MSE': Mean squared error; "CP": 95% Coverage Proba-
bility. *: One model failed to converge for =2

of the random e ects approaches the normal). The “progression’ of coverage obtained for
each is presented in Figure 3.8, wherein our interest is perhaps focused on elements of
vech D . We note, as expected, that as ! 30 (i.e. approaches the normal) coverage of
these parameters improves, achieving nominal 95% coverage. The remaining parameters

p appear to be largely una ected as increases and "bounce’ around the nominal 0.95
coverage line; perhaps most interestingly here is that the MLES® appear robust to the
misspeci cation of random e ects variance-covariance at lower .

We argue, to some extent, that the covariance matrix D is often only of secondary in-
terest (if indeed of any interest at all); the performative capabilities of p under the
heavier-tailed distributions is perhaps perhaps satisfactory in this regard. However, al-
though model performance does not deteriorate from a parameter estimation perspective
as outlined, McFetridge et al. (2021) detail that misspeci cation of the random e ects can
lead to problems and ine ciencies with other aspects of the tted joint model, such as

individualised predictions, which we go on to outline in Chapter 6.
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3.6.2 Censoring rate

An increased number of censored observations during follow-up can introduce bias in the
parameter estimates and widen the uncertainty in the parameter estimates, which is largely
attributable to reduced information being available for estimating the hazard. In ‘real’
data analysis, a higher censoring rate might be due to some extraneous factor such as
drop out due to a treatment side e ect, and the Cox PH may subsequently incorrectly
attribute the observed di erences to the treatment itself, leading to confused/misleading
inference which actually re ects these dropout-related characteristics rather than the risk
of the event of interest.

Here, given the consternation surrounding the e ect a greater number of censored obser-
vations may have on the Cox PH model itself, we seek to elucidate any sensitivity the joint
model { particularly one t by the approximate EM algorithm { may have. Additionally,

one could posit since the contribution of the the survival density logf (Ti; ijbi; ) to the
complete data log-likelihood under an increased censoring rate will be much smaller, the
approximation in Section 3.2.1 may falter slightly. However, as pointed out by Rizopou-
los (2012a), the complete data log-likelihood isalready dominated by the contribution
from the linear mixed models logf (Yijb;; ); we then anticipate that the approximation
withstands this change to the underlying likelihood.

In our simulation studies as outlined in Sections 2.5.3 and 3.4.1 we control the rate of
censoring by the rate parameter . In the simulation studies carried out in Section 3.4,
the censoring rate = e 35 results in approximately 13% of subjects being censored
during follow-up i.e. T; = C; < . In addition to this "baseline' amount we consider two
additional with resultant increased censoring rates

2.6

= e 30% censoring;

= e 19 50% censoring

The estimates for " are presented in Figure 3.9, here we note that the spread of estimates
appear to increase with the amount of censoring taking place. An in-depth tabulation is
presented in Appendix B.1.6 wherein we observe little to distinguish between™ » save
for parameter estimates becoming more conservative on average as the censoring rate

increases.
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Figure 3.9: Estimates for survival parameters and for di erent censoring rates. "Lowest' denotes
= e %5 'Medium' denotes = e 26; and 'Highest = e °. The dashed line signi es the
true parameter value.

3.7 Note on implementation

Since faster computation is at the “heart' of the research objective, we bring this chapter
to a close by brie y bridging from the theory (in both this chapter and the previous one),
results in Sections 3.2 and 3.3, with practical details. Here, we seek to o er some insight
into underpinning computational details.

The statistical programming languageR (R Core Team, 2020) is utilised throughout, with
computational bottlenecks rewritten in C++ facilitated by R packageRcpp (Eddelbuettel
and Frarcois, 2011), which provides seamless integration between the R programming
language andC++ Allowing Rusers to write high-performance, computationally intensive
functions in C++and easily call them from within R In addition to the many “standard' C
libraries integrated via Rcpp we make use of an additional packag&cppArmadillo (Ed-
delbuettel and Sanderson, 2014), which further integrates the ArmadilloC++library with

R Armadillo is a popular library, which is used for linear algebra (which we carry out a lot
of), and balances intuitive, MATLARBsque syntax with high performance implementations
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of many numerical operations. In theoptim step in Section 3.2.4 a great deal of computa-
tional e ciency can be gained by providing the gradient vector @°9f(®: g; 1Yii ) whose
form is given in Appendix A.5.

An example of the gains in performance for evaluating the conditional expectation (3.14),
which represents a signi cant computational bottleneck in practise, is provided in Ap-
pendix D.
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Chapter 4

Faster Fitting: Towards Fast &
Flexible Joint Models

The work presented in this chapter is based on the publication:

Murray, J., Philipson, P., 2023. Fast estimation for generalised multivariate joint
models using an approximate EM algorithm Computational Statistics & Data Anal-
ysis 187, 107819. doi10.1016/j.csda.2023.107819
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4.1 Generalised linear mixed models

Hitherto, we have solely considered joint models under the “classic' framework of longi-
tudinal outcomes and an event-time process in Chapters 2 and 3 which are ubiquitous in
literature. The key assumption therein being that the (typically continuous) longitudi-
nal responses are Gaussian, or their transformations. However, this assumption may be
unrealistic in clinical settings, where transformations may complicate interpretation.

We consider an alternative modelling approach: Seeking to remove the Gaussian restric-
tion on the model for the longitudinal process (2.1). In this section, we vacate the joint
modelling landscape habituated up to this point as we introduce such an extension; namely
generalised linear mixed models (GLMMs).

4.1.1 Formulation of GLMMs

Instead of the LMM presented in (2.1), we now model the expected value of the response
conditioned on the random e ects

h(E[Yijbi) = i=Xi +Zib; (4.1)

where h() is a known, monotonic link function providing the relationship between the
conditional distribution of the response Y; and the linear predictor ;. In (4.1), X; and
Z; share the same de nition as previously seen in (2.1) in Section 2.1.1. We note that
the LMM (2.1) is captured by the GLMM framework (4.1) with h() set as the identity
function.

To estimate parameters and make inference under a GLMM we require the marginal like-
lihood f (Y;j ), since it represents the probability of observingY; given parameters
Furthermore, this quantity allows us to proceed by maximum likelihood (i.e. since we iter-
atively nd the set of parameters which maximise it), or indeed by Bayesian methods since
the marginal likelihood is present in the posterior sampled. The log-likelihood (marginal
over the random e ects) can be written as

Z
()= . logf (Yij )=log f(Yijbi; )f(bij )dbi: (4.2)
i=1

For explicitness' sake, in the abovef (Yijbi; ) is the conditional likelihood of the response
given the random e ects and parameters , and is "decided' based on the speci cation of
the model (i.e. the conditional distribution Yijjb;); the next term f (b;j ) is the conditional
likelihood of the random e ects, which as previously circumscribed in (2.1) arealways
multivariate normal. Overall, the right hand side of (4.2) simply averages the response
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over all values of the random e ects given the model parameters.

Owing to this integral, no closed form solution exists, instead requiring the use of numerical
integration techniques such as those surveyed (albeit under the setting of joint models) in
Sections 2.3.2{2.3.5.

4.1.2 Advantages of GLMMs

Modelling a response of interest by a GLMM instead of employing an LMM on a trans-
formed version of said response is likely advantageous. As we previously outlined in Section
1.2.2, a biomarker of interest may come in the form of a binary presence/absence; ques-
tionnaire scores, for instance, will manifest as counts; skewed continuous data e.g. waiting
times will most likely not be Gaussian; and Likert-type responses are frequently used
in clinical trials e.g. pain scores. In these cases, the practitioner can consider the "most
natural' distribution for the data at hand.

In addition to the greater breadth of response distributions one can consider for a response,
GLMMs for count models can be extended to accommodate an undue excess of zeroes in
the data (zero-in ation), or structural absence of zeroes (zero-truncation). Furthermore,
the dispersion de ned as the ratio of variance to the mean of the response can also be
modelled, potentially improving the model's goodness of t. GLMMs therefore provide

a exible modelling framework which arms the statistician with a great many ‘levers to
pull'.

However, whilst there are numerous advantages to this modelling route, there is an accom-
panying uptake in computational demand. The introduction of many model extensions
in addition to the already-present random e ects speci cation may lead to more frequent
model over-tting . Indeed, one may feel overwhelmed by choice; choosing a complex,
computationally expensive model which does not signi cantly outperform a simpler one
and so on.

In the context of a GLMM, over- tting usually occurs due to tting too many random e ects, which
in actuality capture noise in the data, the model then attributing this to purported variance amongst the
random e ects, such that the resultant model is not generalisable. Given then the additional inclusion of
a dispersion model which alters the variance structure, over- tting may occur more readily owing to the
presence of less variation given the dispersion model, which the model still attempts to attribute to the
random e ects
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4.2 Beyond Gaussian assumptions and the Bayesian paradigm
in joint modelling

With GLMMs established in Section 4.1, we turn attention how to their inclusion in a joint
model. We note the relatively rapid emergence of joint models with (at least one) GLMM
sub-model in Section 1.2.2, given the onus of accommodating diverse response types.

We now proceed by describing the exclusive use of the Bayesian paradigm for tting these
‘generalised' joint models, before re-introducing the approximation used in Chapter 3 to
return to the maximum likelihood framework utilised throughout.

4.2.1 Beyond the Gaussian assumption: Accommodating diverse longi-
tudinal outcomes

The assumption that the longitudinal response(s) of interest are Gaussian may be for
convenience of implementation: It allows for us to consider run-of-the-mill software to
t LMMs, as well as allowing for closed-form updates to the xed e ect and dispersion
parameters we outlined in (2.11), and shown under the approximate EM algorithm in
Sections 3.3.2 and 3.3.3, which compound said relative computational ease.

Clearly then, there exists something of a ‘market' to be able to support joint models whose
longitudinal sub-models are of di ering types; with burgeoning examples in literature {
as well as software availability { surrounding them. Advantages of this modelling ap-
proach was outlined in Section 4.1.2. We note that theseexclusively existin the Bayesian
framework, to the best of the author's knowledge.

4.2.2 Reliance on Bayesian approaches

Hitherto, implementations of GLMM sub-models in a multivariate joint model setting have
been predicated on the aforementioned Bayesian paradigm { to the best of the author's
knowledge { with no implementation via maximum likelihood, which is closer in spirit
to well-established methods for analysing clinical data such as the Cox model and linear
mixed e ects model for survival and longitudinal data respectively; with disquisition given

in Chapter 2 in addition to classic treatise by Tsiatis and Davidian (2004). If MVJMs
are to nd their way into routine clinical use in a manner akin to Cox PH and LMMs

it is important to at least have the option of a non-Bayesian implementation; the work
presented in this Chapter attempts to [l this current void.

Ostensibly, up to this point in joint modelling literature, only MCMC (or indeed, ap-
proximate Bayesian inference in the case olNLA) can accommodate the joint models
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described in the previous section. Said reliance on MCMC methods harkens back to the
“expanded form' taken by the conditional expectations required by the semiparametric

maximum likelihood approach undertaken in Sections 2.2 and 2.3. Namely, we noted that
the conditional density f (bjjT;; i;Y;; ) takes the form (2.16)

vy f(Ti; jbi; ) f(bijYi; )
BT i )= Ri f(Ti; ajbi; )f(bijYi; )dby’

Recall additionally, we previously enjoyed { under the assumed (multivariate) normality
of the responseY;jb; { a tractable expression for the densityf (b;jY;; ) given by multivari-
ate normal theory (2.18), which acted as a foundation fornearly all maximum likelihood
implementations of the “classic' joint model, since it allowed for evaluation of expecta-
tions against the target density (2.13) whose expression existed in closed-form via e.g.
quadrature methods (Wulfsohn and Tsiatis, 1997), as described in Sections 2.3.1{2.3.4.

Issues arise under maximum likelihood then in circumstances where the densify(b;jYi; )
doesn't enjoy a neat, tractable expression. Instead, one must evaluate the density (2.15),
wherein the marginal f (Yjj ) involves integration over the random e ects; at best some
workable expression may well exist for certain exponential families, but perhaps owing to
the wider use of the multivariate normal, they remain comparatively buried.

4.2.3 Maximum likelihood approach via the approximate EM algorithm

In Chapter 3 we demonstrated use of an approximation on the conditional distribution of
the random e ects (Bernhardt et al., 2015; Murray and Philipson, 2022). This approxi-
mation (3.1) e ectively “collapses' down the entire conditional density f (bijTi; i;Yi; )
to the approximate normal distribution N 6;; " , with 6; and "; given in (3.2) and (3.3),
respectively. Use of this approximation inherently then eschewsny consideration of the
form of f (bjY;; ), the density causing consternation around any possible non-Gaussian
responseYijb; in the previous section, instead allowing us to considef (bjjTi; i;Yi; )
by the same approximation, with a non-Gaussian model forg;[Y;jb;].

Use of the approximation (3.1) here, since we considered GLMMs at large, additionally
then calls on results outside of joint modelling, where the random e ects forany GLMM are
shown to be asymptotically normal (Baghishani and Mohammadzadeh, 2012), something
we appeal to here as we consider diverse longitudinal responses whose constituent sub-
model is de ned by (4.1).
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4.3 Generalised multivariate joint models

4.3.1 A exible longitudinal speci cation

Reuvisiting the formulation laid-out in Section 2.1, we now consider the case where we
assume the conditional distribution of the k™ response belongs to a member of the expo-
nential family, such that it is modelled by the GLMM (4.1), introduced in Section 4.1.1.
The linear mixed model in (2.1) is replaced by a GLMM for eachY;y with linear predictor

ik
he(EilYikibik]) = ik =Xk k+Zikbik; (4.3)

where hy( ) denotes the known monotonic link function imposed on thek™ response. We
then form the joint model previously outlined in Section 2.1.1 by inducing an association
between the random e ects present in linear predictor j and the hazard ;(t) as pre-
viously de ned in (2.2). The observed likelihood function for subjecti is altered slightly
to
Z,
f(Ti; Y, )= f(Ti; i Yi;bi; ) dby
1.
Z, K #
= f (Yikibik; «» &) f(Ti; ijbi; 5 )f(bijD) dby; (4.4)
1 k=1
wherein f (Yjkj ) now corresponds to an appropriate probability density function for the
k' longitudinal response with dispersion parameters (if applicable) . We explicitly note
that the survival sub-model (2.2) remains unchanged.

As was the case under the “classic' setting in Section 2.1.2, we once more collate random
eects by = bij”:::bik> ~ for subjecti; xed eects = 7;:iii0g ” - association
parameters =( 1;:::; k) ; and now dispersion parameters = 7;:i:; " ” . If the

ki sub-model doesnot have a dispersion model (which we describe in the next section),
its element is simply set to zero and ignored. The vector notation used for the dispersion
parameter | is also the simply general case; for e.g. the Gaussian we considered in

Chapters 2 and 3, this quantity simply represents (lazily) the scalar residual variance
= 2

>
We then construct the parameter vector = vech(D)”; >; >; >; >  for what we
term the \generalised" multivariate joint model (4.4) (GMVJM").
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4.3.2 Dispersion models

As alluded to in the previous section, if Yikjbjk is assumed to be distributed by (and
subsequently modelled with) an exponential family member with dispersion parameter(s)
«, then it is pertinent to be able to appropriately model this dispersion ‘within' the k"
longitudinal sub-model. That is, allowing for the practitioner to impose beliefs on the
nature of this dispersion as part of the joint model; doing so may a ect the random e ects
bik, thereby a ecting and possibly inference as a whole. Note we explicitly state which
distributions we consider in the upcoming Section 4.3.3, whilst in this short section we

simply describe this dispersion model formulation. We introduce

(' ik) = ~k = Wik «; (4.5)

where Wi is the design matrix associated with thek™ response for subjecti, and ()
is the known, monotonic, link function imposed on this linear predictor for the dispersion
model for the k" longitudinal sub-model, ~j.

We note a few special cases. In circumstances where dispersion is de ned by an “intercept
only' speci cation, W i takes the form of a column vector of ones such that Wk ¢ resolves

to a scalar quantity; if there is no dispersion associated with the model then an empty
matrix is used (since the corresponding 2 is zero and ignored); in the Gaussian case,
Wi is set to one, such that one obtains the residual variance -?k.

We note that the notation used here is a little confusing, mostly in its use across all
GLMMs, but we believe it serves as a neat “catch-all', with its special cases written above.

4.3.3 Considered distributions for the longitudinal response

With the formulation of the longitudinal process, and optional dispersion models laid out
in Sections 4.3.1 and 4.3.2, respectively, we now state candidate exponential families for
the longitudinal response. Table 4.1 provides an overview for these candidate distributions,
with following small sections seeking to provide more detail. Note in both Table 4.1 and
the subsequent sections, we eschew the subscript for notational convenience.

Remark. In log-likelihoods (and following calculations upon them), the element-wise
product of two vectors x and y is written simply as xy instead of the perhaps more
correctx y. This is simply due to formatting/space constraints (and secondarily due to
the author's personal preference).
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Distribution Link Domain f(Yijbi; )
. Y 2 R; Milog2  1logjVij
ik 2 v/ . 4 [ , 2 2
YIJbIl N( I1VI) h E[YI] i 2 R %(Yl i)> Vi 1(Yi i)
. h: log(E[Y;]):; Yi 2 Nog; .
Yijbi  Po( i) h'gl(\ll,[A D '_ 2 R‘l expf ig iY' =Y;i!
0 |
o . _ h: logit(E[Yi]); Yi 2f 0; 1g; v 1Y)
Yilbi - Bin( ) . N/A { 2[0;1] RGN
i .oy hilog(E[Yi]);  Yi 2 No; (vi+ ) 1 [
Yilbi; NB( " i) n: log(' i) i 2 R* ("DCYi+I g+ ) 1T
. .« hilog(ELYiD: Yi2No, eyt Vo0
Yijbi; GP( ;' 1) h%(' [| D 'i 5 R(’i %exp '1++7'.YI
L .\ hilog(ElYi]); Yi2R*; y, it ny°
YIth Ga(#I! I) h |Og(' |) i 2 R+ (. I)#f' eXp g

#i= =

Table 4.1: Candidate exponential distributions conditioned on the random e ects; the link func-
tions as used in (4.3) and (4.5); the domain occupied by the responsg andthe mean ; = h ( );
and the PMF/PDF. "Po": Poisson; "Bin": Binomial; "NB': Negative binomial; "GP': Generalised
Poisson; "Ga': Gamma. Explanation for terms in the Gaussian case are given in Section 2.1.Rly
denotes the set of natural numbers with zero included. () is the Gamma function. The linear
predictor is invariably denedas ; =X; +Zib;.

Poisson

The most obvious distribution for count data. The expectation and variance of the (con-
ditionally) Poisson distributed response is given byE[Y;] = Var[ Y;] = . No dispersion is
considered in the Poisson case. The log-likelihood contribution from subject, “i, under
the Poisson GLMM is

Y= log f (Yijbi; )= Yi> log ; 1” i 1> logY;! (4.6)

here 1 represents anm;-vector of ones, such that e.g.1” x resolves to a scalar containing
the sum of vectorx. The above assumption of equal mean and variancesquidispersion is,
in actuality, a strong assumption. In fact, some classic texts admonish that equidispersion
is the exceptionin practise, and quite often violated (McCullagh and Nelder, 1989).

Binomial

The sole distribution considered for a binary response which takes values 0 or 1, with
mean ; =expf jg=(1+expf ig) 2 [0;1]. The expectation of the binomially distributed
response isg[Y;] = ; (i.e. the probability) with variance Var[ Y;] = (1 i). No
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dispersion is modelled. The log-likelihood of the binomial GLMM is
i=log f(Yijbi; )= Y7 log i+(1 Yi) log(l i);

which we rewrite in terms of the linear predictor

expf ig +1 Y) log 1 expf ig

= Yi log 1+expf ig 1+expf ig

Y;” log(expf ig) Y;” log(1+expf ig)+(1 Yi)”( log(1l+expf ig);

which is equivalent to
=Yy i 17 log(l+expf ig): 4.7)

Negative binomial

As explained previously, the Poisson distribution's assumption of equal mean and variance
is, in fact, quite a stringent one, which may be unrealistic in practise. If the variance is
greater than the mean for some data, Vary;] > E[Yj], then the data is overdispersed. Note
that in the case of grouped (e.g. longitudinal) data, dispersion can also be measured within-
group. Imposition of the Poisson in presence of overdispersion may underestimate standard
errors of parameters; potentially prematurely declaring signi cance of its parameters.

A popular distribution for modelling overdispersed count data is the negative binomial.
The log-likelihood for the negative binomial GLMM is

i =log f(Yijbi; )=17flog (Yi+"'i) log (i) log (Yi+ 1)g

4.8)
+'7log'i " 7log( i+ i)+ Yi7[log i log( i+ i)

In literature, the above parameterisation of the negative binomial is referred to as the
Type 1 negative binomial (NB-1', etc). Under this parameterisation, the expected value

of the response isE[Y;] =  with variance Var[Yi]= ;+ i2=' i

For completeness' sake, we note that these NB models are sometimes (collectively) called
Poisson-Gamma models, since they combine the Poisson distribution for modelling counts
with a Gamma distribution, which accounts for the variability in the underlying rate
parameter (Ismail and Jemain, 2007).

Generalised Poisson ((GP-1"

Although the previously seen negative binomial model accounts for overdispersion in the
rate of a Poisson distribution, it is also possible for some given data to exhibit the oppo-
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site, Var[Y;] < EJY;], underdispersion. One popular approach for modellingboth under-
dispersedand overdispersed count data is the generalised Poisson ("GP'"). As with the NB
approach, several parameterisations of the distribution exist. We opt for one introduced
in Zamani and Ismail (2012), referred to therein as the "GP-1' parameterisation. The
log-likelihood of the GP-1 GLMM is

Yi=log f(Yijbi; )=17log i+(Yi 1)7log( i+"'iYi) Y log(l+")

Y (4.9)
> N > | + (| .
17 logY;! 1 BT
The expectation of the GP-1 distributed response is simply the mearE[Y;] = ; with

variance Var[Yij] =(1+ "' {)? ;. Zamani and Ismail (2012) point out that the dispersion

parameter’ ; (the item we want to estimate) informs the dispersionfactor (1 + i)z, which

tells us the multiplicative factor of di erence between the mean and variance. Overdisper-
sion occurs when' ; > 0 and underdispersion when ; < 0; interestingly (4.9) reduces to
the Poisson (4.6) when' ; = 0, trivial proof is provided in Appendix A.6. One drawback

with this GP-1 model is that the dispersion parameter' ; exists on a bounded scale

max( 1, i=4)< 1+‘, < 1 (4.10)
|

which could make estimation, as well as data generation, a tricky feat.

Gamma

The Gamma distribution is a worthy candidate for instances where the data is continuous,
but imposing the normal distribution would be inappropriate, an example of this could be
waiting times (or indeed anything time-related, as these distributions tend to be skew).
The Gamma is parameterised by the shapeé ; 2 R* and scale#; = ;= ; parameters.
The log link is used instead of the canonical inverse link due to the latter option here
being problematic (Bolker, 2022); the Gamma then being used when e.g. the log-normal
distribution would also be a good candidate. The log-likelihood for the Gamma GLMM
is

N . , > > Yi > ! >
i =log f(Yijbi; )=("i 1)°Yi 1 #*' 17log (" i) ' i log#;

Y 1 eg (* ) 'Zlog — : (4.11)

=("; 1)> Y, 17

The shape parameter' ; determines (as the name suggests) the shape of the resulting
Gamma distribution, encapsulating the resulting skewness (i.e. how “quickly' or “sharply'
the pdf decays). By estimating this, we may better capture the characteristics of the
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conditional distribution of the response, thereby better ascertaining its variability (over
e.g. assuming log normality, as previously suggested).

4.4 Estimation for generalised multivariate joint models

With the observed data likelihood (4.4) established along with the candidate exponential
family distributions we consider in this chapter, we can turn our attention toward esti-
mation of the parameter vector . As was described in Section 4.2.2, estimation of
is exclusively done under a Bayesian framework in existing literature, with the following
approach via maximum likelihood being a novel methodology to the best of the author's
knowledge.

Following the necessary update to the observed data likelihood (4.3), we additionally
need to slightly alter the E-step (2.10) to account for the K potentially di erent response
families. At the EM step at iteration ( m + 1) we seek to maximise

VI Q" )
Q ; ™M = g logf Yijbii; ™ +logf T ijby; ™
= k= # (4.12)

+logf bjj ™M

wherein the log densities for the survival process and random e ects are thesame as
previously de ned in (2.6) and (2.5), respectively, and the k" longitudinal density is

de ned by either the Gaussian (2.1) or other candidate members of the exponential family
(4.6){(4.11).

The M-step at iteration (m + 1) is equivalently formgd by maximising the sum of n
sets of conditional expectationsE g(bi)jTi; i:Yi; (™ , which are evaluated against the

conditional distribution f bijT;; i;Yi; (™M .

4.4.1 Parameter estimation via the approximate EM algorithm

As was outlined in Sections 4.2.2{4.2.3, we proceed with the approximation (3.1) since
this allows us to steer clear of the (potentially) problematic density f (b;jY;; ), which has
intractable form outside of the multivariate normal case (2.18).

The approximate EM algorithm follows the same steps taken in Section 3.2.1, save for
the starting values by gimmTMEBrooks et al., 2017) now returning the starting values for

>

dispersion parameter (9 = §0)>;:::; |(<0)> , as the user can supply thedispformula
argument here to specify the dispersion model (4.5) for each of th& = 1;:::;K sub-
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models.

Now, we consider the update to the parameter vector from iteration {n) to iteration

(m+1). We note that said update contains elements whose contribution to (4.12) (thereby

their subsequent parameter update) doesnot change as we consider the more exible

case. Namely, the covariance matrix of the random e ects D (whose update we outlined

in Section 3.3.1); the baseline hazard () (Section 3.3.4); and survival parameters

(Section 3.3.5). Therefore, we next consider the parameter updates for the xed e ects
(m1 (M) "and newly-introduced dispersion parameters (M 1 (M+1)

4.4.2 The M-step for xed e ects

We rst consider the parameter update for the k" response's xed e ects | for each
exponential family we outlined in Section 4.3.3. Irregardless of family chosen, we undertake

a one-step Newton-Raphson iteration to update the parameter vector ,((m) ! ,((mﬂ)
n X] # 1II X] #
o m Hio ™ s ™ (4.13)
i=1 i=1
where s; |(<m) is the gradient vector of the conditional expectation taken on the ki

complete data log-likelihood evaluated at the current estimate for the sub-model's xed
e ects, and H; |((m) is the Hessian matrix of second derivatives for subject. Hereafter,

we drop the subscriptk for notational convenience.

In each of the proceeding sections { where we considéamily speci c parameter updates
{ we derive two quantities

Eili( )] Eili( i)l
| = ———; Pz 4.14
- @i ' @@ (4-14)
These two quantities allow us to form the score and Hessian in (4.13),
si M =x7 j;
(4.15)

Hi (M =X7diag(*i)Xi;

where diag(*;) isanm; m; matrix with the values of the second derivative on its diagonal.
The reason for undertaking this approach is it allows the author to escape more complex
vector calculus, whilst achieving the same end result, by simply di erentiating the quantity
Ei[i( ;)] twice with respect to the linear predictor (essentially ignoring it being a vector).

For each family, we make use of the approximation (3.8), which we re-write here for
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convenience's sake:

P=Xq +Zib PPN X +Zi62NZ7 = N(M A (4.16)

Poisson
The log-likelihood (4.6) w.r.t  (housed in linear predictor ;) is
SO YT 17 expf g
with expectation
h [
Eli( )=E Y™ i 1 expf ig
Y Ei[ i] 17 Eilexpf ig]:

By (4.16) we obtain the approximate expectation
Eili( )= YN Lexp N+ 222

since the term exd ”ig is log-normally distributed by (4.16). However, this log-normal
term tends to be askew, such that appraisal at the mean exp”j + 2=2 is inappropriate;
to which end we appraise instead using the median eXpt;g, which tends to be more
centered in the peak of the resulting posterior distribution

Eili( )1= Y~ "N 17 expf Ag;
with justi cation given in Section 5.4. We can then obtain our two quantities of interest
i=Yi expfhig; i = expfrig: (4.17)
Binomial
The log-likelihood (4.7) w.rt s
SO YT i 17 log(l +expf ig);
with expectation

h i
Eli()l=E Y~ i 17 log(l+expf ig)

= Y, E[ i] 17 Ei[log(1 +expf ig)]:
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Applying (4.16) we obtain the approximate expectation using Gauss-Hermite quadrature
with %weights and abscissae, as previously introduced in Section 3.3.2
NG
Eli( )l=Y ™ 17 wlog(l+expf?i+ jvig):
I=1

Finally, we obtain the two quantities of interest:

Xt expf i+ g

L= Y
- '"T+expf N+ wg’

I=1
X Wi expf N+ jvig
(1+expf i+ jvig)?

(4.18)

I=1
Negative binomial

The log-likelihood (4.8) pertaining to is given by
(i) 7 log(expf g+ ' i)+ Y [logexpgf g log(expf ig+ "' i)];

with expectation
h i
Eli( )]1=E ' { log(expf ig+" i)+ Y;” i Y log(expf ig+" i)
' T Eillog(expf ig+ "' )]+ Y Ei[ i] Y Ei[log(expf ig+ " )]
YZEL[il+(" i Yi)” Eillog(expf ig+ " i)]:

Next, appraising via (4.16) we obtain the approximate expectation
NG
Eili( D)1= Y72+ Yi)”  wilog(expf A+ jvig+ ' i);
1=1

before nally the rst and second derivatives with respect to the linear predictor j,

)<J/0 expf N 4 Y/
=Y Y+ ' w i ivig ,
i i ( i |) - I i+expf N+ ivig

X W Liexpf M+ ivig
(i +expfri+ vg?

(4.19)
si= (Yi+t ')

1=1
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Generalised Poisson

The log-likelihood (4.9) pertaining to  is given by

R > > . > €X i

(01 T+ 1) loglexpt g+ vy 17 S0 19,

|

with expectation
\ . . . . expt
ELI( 1= E 17 i +(Yi 1) loglexpt g+ vp) 17 519
|
Eilexpl i)

PE[i1+(Yi 1) Ellog(expf ig+'iYi)] 17 T

which we evaluate by approximation (4.16)

A N
- ei(?_f. I_g +(Y; 1) w; log(expf i + jvig+ ' iYj):
|

=1

Eli( Dl=1"" 1

In this approximate expectation, we once more appraise the expected value of the log-
normal quantity, Ej[expf ~ig], by the median of the log-normal distribution to escape
issues surrounding the mean of the arising log-normal distribution usually being located
away from its modal mass, with some justi cation provided in Section 5.4. Finally, the
two quantities necessary for updating are

%
expf "ig X expf i + ivig
=1 HYi 1) w :
- 1+° (i )|:1 "expf A+ vig+ " Y
NG , (4.20)
. - expftig (Y 1w i Yiexpf N+ ivig
! 1+ ! =1 (expf N+ oivigt ! iYi)Z

Gamma

The log-likelihood (4.11) which involves is

N > Yi'i ' > expf ig
i( i)/ 1 expf g i log — ;
_ s Yt D>
= 1 oxpf g O
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with expectation

N - > Yi'i >
EBli( DI=E 1 expf 19 -
s Yi' i DS
"t EBep g 0

which we can once more evaluate by using approximation (4.16)

. Y.‘ . ,
Eli( )= 17 m DN
Fairly trivially then we obtain our two key quantities:
a="i(expf Mgy 1); i = expf MNgYi' i (4.21)

4.4.3 The M-step for dispersion parameters

We now consider updates to the dispersion parameters where applicable. We note that the
residual variance ?k 2 for the k™ Gaussian response remains unchanged from Section
3.3.3. In proceeding sections, we only present derivations of the quantitE;[i( «)], and

we outline in Appendix A.1. We can use these quantities to form the Newton-Raphson
iteration to update |((m) ! |((m+l) in an manner analogous to (4.13), namely
n X] # lll X] #

e = m Hio (™ s ™ (4.22)

i=1 i=1

if the k™" family is either Negative binomial, Generalised Poisson or Gamma. In the next
sub-sections, we present the approximate expectations (sans-notation) upon which we
carry out the numerical di erentiation routines. The dispersion parameter(s) is included

in requisite expressions by ; through some known link function A( ) given in Table 4.1.

Negative binomial

The contribution of dispersion parameter to the negative binomial log-likelihood (4.8)
is given by

() 2flog (Yi+ ') log ("i)g+ " 7log' i (' i+ Yi) log(expf g+ i);

78



Chapter 4. Faster Fitting: Towards Fast & Flexible Joint Models

which has expectation
Ei[i( )]=17flog (Yi+"'i) log ('i)g+"{ log";
(" i+ Yi)” Eillog(expf ig+ " i)];

which can be appraised using the approximation (4.16), resulting in the required expecta-
tion
Ei'i( )]=17flog (Yi+"' i) log ("i)g+" {log"
X% (4.23)

i+ YY) wlog(expf A+ jvig+ ' i):
=1

Generalised Poisson

The corresponding portion of the log-likelihood (4.9) is

expf ig+ 'Y .
l+'i '

C) 1 (Yio 1)7 log(expf g+ iYi) Y log(l+ i) 17
with expectation
Eli( )1=(Yi 1)7 Eillog(expf ig+ " iYi)] Y;”log(L+" i)

1 >
1+"

Eilexpf ig]+ "' Y :

Finally, applying the approximation on the linear predictor (4.16) to obtain the approxi-
mated expectation

><’/0
Eili( )=(Yi 1) w log(expf i + jvig+ ' Yi) Y7 log(l+ "' )
1=1 N (4.24)
1+1. _ expf %ig+ " Y

Gamma

The requisite part of the log-likelihood (4.11) is

Yi' i
expf ig

WG DT T 17log (" )+ "' {log" i;
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with expectation

ELOI=C o DY T g Tlog (C)+ T log
which we appraise using (4.16)
ELOI=Co DY 7 nl Lleg () Tlog' s (429

4.5 Simulation studies

With performance of the approximate EM algorithm established under multiple scenar-
ios in Section 3.4, we don't consider quite as many situations in this chapter, assuming
performance of the algorithm will remain largely unchanged under di erent data types.
Instead, we undertake simulations which illustrate the parameter estimation capabilities
for these non-Gaussian response distributions. To that end, we consider trivariate and
ve-variate scenarios consisting of the three “de facto' distributions for continuous, count
and binary data, followed by a series ofunivariate sets of joint models t to simulated
data from the more “non-standard' distributions. The aim of these univariate simulations
is to show good estimation capabilities a orded by the approximate EM algorithm.

In a similar vein to how the “default’ simulation scenario was laid out in the purely Gaussian
case in Section 3.4.1, we outline those default parameter values in the next section; followed
by a brief note on the actual simulation procedures used for each of these families.

4.5.1 Default values for simulation of a exible longitudinal processes

Here, we outline the choices for (DTkR.UkE.) . Departing from setting of the true parameter
based on the longitudinal response "'numberk = 1;:::;K, we now set the true parameter

values for the k" response depgnding on the family. The true parameter values for the
longitudinal sub-model for hy E; Yik bik; (DTEUKE;) . are shown in Table 4.2. The full
covariance matrix (i.e. for the multivariate joint model) is de ned in the same way D =

k-1 Dk with covariance between each random intercept set as:025.

The chosen parameter values for Poisson and negative binomial count responses are chosen
to avoid situations where the simulated response has an excess of zeroes. The parameter
choices for the Gamma case ensures a right skewed distribution which precludes exceed-
ingly large values in its long tail. We consider two-fold data generation ofboth under- and
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Response distribution . diag(Dk)” .
Gaussian ( 200;0:10; 0:10;,0:20) (0:25;0:09) -?k =0:16
Gamma (0:00; 0:10;0:10; 0:20) (0:20;0:05) 2:00
Poisson (2:00; 0:10;0:10;0:20) (0:50;0:09) N/A
Negative binomial (2:00; 0:10;0:10;0:20) (0:50;0:09) 1:.00
Generalised Poisson (under), (1:00;0:05, 0:05;0:10) (0:30;0:00) 0:30
Generalised Poisson (over) (0:50; 0:20;0:05;0:40) (0:70;0:00) 0:30
Binomial (1:00; 1:00;1:00; 1:00) (2:00;0:00) N/A

Table 4.2: Choices for gf.UE) for a chosen distribution on the k" longitudinal response. N/A : Not applicable

i.e. no dispersion to be modelled. For the generalised Poisson, ‘under': Underdispersed; “over': Overdispersed.

overdispersed data under the generalised Poisson.

The simulation of survival times follows the same process as previously outlined in Section
3.4.1; we re-emphasise that whilst elements of, D and now depend on thedistribution,
the correspondingk™ element of still depends only on whether k is odd or even. The
baseline hazard is controlled to ensure approximately 30% failure rate across all = 300
simulated datasets.

Remark. Notably, in the random e ect speci cation under a binary response a random
intercept is chosen over the slope used for all other response types. This was because
(perhaps due to truncation of longitudinal pro les) it was challenging to reliably generate
binomial data which gimmTMR/as able to t to in the intended way. The same reasoning
extends to the generalised Poisson.

4.5.2 Note on simulation from candidate response distributions

In order to “complete the picture' in anticipation of subsequent simulations to be car-
ried out, we briey expand upon the routine outlined in Section 2.5.1 for generation of
(Gaussian) longitudinal responses.

We de ne the vector of true parameter values (DT;RL;JE) = vech(D); >; ~ g with

which we form the linear predictor for the longitudinal process, ; = X; +Zib;, and
dispersion process~ =W (see Section 4.3.2 for details and special cases), with \an
appropriately-generated design matrix. Simulation of the random e ectsb; is unchanged,
as is the simulation of survival times.

With linear predictor  in-hand, we tygn attention to; simulation of the longitudinal

response through inverse link function: E; Yijb;; (DT;RL;JE) = h 1( i) whereh() is de ned
for each candidate distribution considered in Table 4.1. In practice, built-in R functions
are used for the Poissorrpois ; binomial rbinom with argument size set to 1; Gamma
rgammawith arguments shape set as exp ~g and scale as exgd jg=expf ~g; negative
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Figure 4.1: Estimates for survival parameters™ and " for a trivariate mixture joint model. The
dashed line signi es the true parameter value.

binomial using rnegbin from the MAS$ackage (Venables and Ripley, 2002); and nally
generalised Poisson using a bespoke simulation function.

45.3 Trivariate mixture of families

Beginning with a trivariate joint model with one Gaussian (Y;1), one Poisson {fi2) and one
binary (Y;3) longitudinal sub-model, we demonstrate parameter estimation capabilities for
a realistic scenario where three di erent types of data are jointly modelled using their ‘most
natural' or de facto distribution.

Figure 4.1 illustrates estimation for the survival parameters . We note estimates of the
association parameters® are well-estimated, but there appears to be some overestimation
in ~, (associated with the Poisson) as well as underestimation in £ (binomial). The
estimates for” appears to have su ered slightly in light of these two association parameters.

The fully tabulated results are presented in Appendix B.2.1, where we note broadly good
performance. However, the variance of the random intercept for the binomial response,
05;5, and the xed e ect intercept "3p su er poorest coverage. This perhaps indicating

some con ation between the two; the model perhaps unable to attribute variance in the

binomial response to the random e ects.

4.5.4 FRurther trivariate simulations

Mimicking the investigations carried out into the e ect of the follow-up length r and failure
rate ! in Sections 3.4.4 and 3.4.5, respectively, we monitor these in a joint fashion for the
trivariate mixture as considered in the previous section. Utilising the same candidate
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values forr 2f5;10;15g; ! 2f 10% 30% 50%g, we undertake N = 200 simulations for
each combination offrg f ! g with simulated sample sizen = 250.

The parameter estimates for the survival parameters® and " are given in Figure 4.2.
Here, we observe once more that an increased number of failure times leads to a reduction
in spread about the estimates for”, which is well-estimated with relatively little bias.
The time-varying survival parameters * are well-estimated overall. Generally speaking,
we note a reduction in bias asr increases from 5 time-points. However, we note routine
underestimation in *3, though we do not expect this to improve with longer pro les, since

it is attached to the random intercept only.

Additional results are provided in Appendix B.2.2. We observe broadly good coverage
from vech D , apart from Dss { attached to the binary sub-model { which routinely has
poorest coverage. There does appear to be some systematic underestimation of these
variance-covariance components; this bias decreasing asincreases. The xed e ects "
also appear to enjoy reduction in bias as the pro le length increases, with the intercept
attached to the binary sub-model su ering the poorest coverage across simulations, with
all other components having coverage around the nominal 0.95. Finally we observe the
average estimated standard error generally gets closer to the empirical standard deviation
asr increases, this suggesting that a longer pro le allows the approach to more accurately
capture the variability surrounding these parameter estimates.

The elapsed time for convergence of the approximate EM algorithm and additional time

taken for calculation of standard errors is given in Table 4.3, where we note a longer
pro le reduces this computation time, and a larger proportion of failures increases it; this

phenomena was previously remarked upon in Section 3.4.5.

| r=5, r=10 , r =15
! =10% ' 4.628 [4.125, 5.237] 3.217 [2.896, 3.608] 3.175 [2.828, 3.631]

| =30% , 5.868 [5.167, 6.916] 4.110 [3.720, 4.577] 3.964 [3.620, 4.383]
| =50% ' 7.422 [6.520, 8.624] 5.237 [4.771, 5.801] 4.819 [4.380, 5.412]

Table 4.3: Median [IQR] elapsed time in seconds for simulations considered in the trivariate simulations. The
proportion who fail is denoted by ! and the maximal length of the longitudinal pro les by r.

455 Five-variate mixture joint model

With performative capabilities laid out in a trivariate setting { across di ering simulation
scenarios { in the previous section, we seek to o er an idea of performance of the algorithm
for both a larger sample sizen = 500 and a greater number of longitudinal responses
K =5 for a larger simulated sample N = 500. Speci cally here we opt for two Gaussian
(k =1;2), two Poisson ( = 3;4), and one binomial (k = 5) longitudinal responses.
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Figure 4.2: Estimates for survival parameters”™ and " for di ering maximal pro les lengths r and
failure rates ! . The dashed line signi es the true parameter value.

We opt for slightly dierent true values to those given in 4.5.1, and set diag(D) =
(0:25; 0:09; 0:30; 0:06; 0:20; 0:04; 0:50; 0:09; 2:00)" with resulting correlation between ran-
dom intercepts of thee" and f ! responses ¢t: 13=0:46; 15=0:56; 17=0:35 19=
0:18 35=0:51;, 37=0:32 39=0:16, 57=0:40, 59=0:20;, 79 =0:13. Additionally,
we mute slightly the association parameters =(0:25, 0:25;0:25, 0:25;0:30) .

The estimates for survival parameters”® and " are presented in Figure 4.3 where we note
good estimation of all ve association parameters as well as the time-invariant”. We note
underestimation amongst 5, and overestimation in 3 with percentage biases of (-)12.0%
and 11.6%, respectively. The median [IQR] elapsed time for the approximate EM algo-
rithm to converge and standard errors calculated was 20.684 [19.358, 22.491] seconds; the
escalation in computing times that hampers traditional quadrature approaches is diluted
under the proposed approach.

A full summary of all N = 500 sets of model ts are given in Table 4.4. Generally
speaking, we do not observe deterioration in estimation capabilities when considering two
additional longitudinal responses, though the estimates (and/or their estimated standard
errors) could be deemed conservative. In general, the average estimated standard error is
in-line with the empirical standard deviation of parameter estimates, indicating a broadly
good handle on the variability of the parameters; notably on the whole these are slightly
overestimated, opposing the underestimation one expects given earlier results in literature
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(Hsieh et al., 2006). However, as noted in Appendix A.3, a larger sample, incidence rate,
and/or other data characteristics may be necessary for adequately establishing a handle
here.

As was the case with the trivariate scenario, we note the xed e ect intercept, as well as the
variance of the random intercept for the binomial sub-model su ers the poorest coverage.
The remaining variance-covariance components vecld appear to be well estimated, but

we once more note systematicinderestimation of these terms; something that may improve

by alterations to convergence criterion (3.4).

Figure 4.3: Estimates for survival parameters” and " for the ve-variate mixture model. A blue
asterisk (*) signi es the true parameter value.

4.5.6 Univariate joint models: Gamma; negative binomial; and gener-
alised Poisson

We now consider four univariate joint models with GLMM sub-model speci ed by the
‘non-standard' distributions where dispersion is additionally modelled: One Gamma, one
negative binomial and both under- and over-dispersed generalised Poisson.

Figure 4.4 presents the estimates for survival parameters' obtained for each longitudinal
speci cation, where we note that the di erent longitudinal speci cations don't appear to
detract from the good performance noted in the purely Gaussian case. Here, the underdis-
persed generalised Poisson has notably the largest spread, which is likely attributable to
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Parameter Emp. Mean (SD) Mean SE Bias MSE CP
D11 =0:250 0.248 (0.020) 0.022 -0.002 0.000 0.962
D31 =0:125 0.125 (0.015) 0.018 0.000 0.000 0.974
Ds; =0:125 0.123 (0.014) 0.016 -0.002 0.000 0.960
D71 =0:125 0.123 (0.019) 0.022 -0.002 0.000 0.976
Dg; =0:125 0.117 (0.043) 0.049 -0.008 0.002 0.970
D22 =0:090 0.090 (0.007) 0.008 0.000 0.000 0.968
D33 =0:300 0.299 (0.022) 0.026 -0.001 0.000 0.956
Ds3 =0:125 0.125 (0.014) 0.017 0.000 0.000 0.970
D73 =0:125 0.123 (0.021) 0.023 -0.002 0.000 0.964
Dg3z =0:125 0.119 (0.047) 0.053 -0.006 0.002 0.966
D44 = 0:060 0.060 (0.005) 0.005 0.000 0.000 0.968
Dss = 0:200 0.198 (0.017) 0.019 -0.002 0.000 0.970
D75 =0:125 0.122 (0.017) 0.020 -0.003 0.000 0.980
Dgs =0:125 0.117 (0.039) 0.045 -0.008 0.002 0.974
Des = 0:040 0.039 (0.003) 0.004 -0.001 0.000 0.942
D77 = 0:500 0.484 (0.034) 0.041 -0.016 0.001 0.942
Dg7 =0:125 0.119 (0.059) 0.065 -0.006 0.004 0.962
Dgg = 0:090 0.087 (0.007) 0.008 -0.003 0.000 0.942
Dgg =2:000 1.696 (0.210) 0.267 -0.304 0.137 0.784
10 = 2:000 1.990 (0.035) 0.039 -0.010 0.001 0.966
11 = 0:100 -0.100 (0.015) 0.017 0.000 0.000 0.972
12 =0:100 0.100 (0.026) 0.028 0.000 0.001 0.960
13 = 0:200 -0.200 (0.051) 0.054 0.000 0.003 0.964
20 = 2:000 -2.007 (0.038) 0.042 -0.007 0.001 0.962
21 =0:100 0.103 (0.012) 0.014 0.003 0.000 0.976
22 = 0:100 -0.098 (0.027) 0.030 0.002 0.001 0.960
23 =0:200 0.200 (0.053) 0.058 0.000 0.003 0.970
30 = 2:000 1.998 (0.032) 0.035 -0.002 0.001 0.966
31 = 0:100 -0.101 (0.011) 0.012 -0.001 0.000 0.974
32 =0:100 0.101 (0.022) 0.025 0.001 0.001 0.970
33 = 0:200 -0.198 (0.046) 0.049 0.002 0.002 0.962
40 = 2:000 2.004 (0.049) 0.051 0.004 0.002 0.946
41 = 0:100 -0.097 (0.016) 0.017 0.003 0.000 0.952
42 =0:100 0.100 (0.033) 0.037 0.000 0.001 0.978
43 = 0:200 -0.205 (0.070) 0.072 -0.005 0.005 0.958
50 = 1:000 0.891 (0.137) 0.129 -0.109 0.031 0.840
51 = 1:000 -0.984 (0.042) 0.048 0.016 0.002 0.958
52 = 1:000 1.034 (0.086) 0.091 0.034 0.009 0.956
53 = 1:000 -1.035 (0.170) 0.162 -0.035 0.030 0.938
i =0:160 0.160 (0.004) 0.004 0.000 0.000 0.982
5=0:160 0.160 (0.004) 0.004 0.000 0.000 0.974
1 =0:250 0.254 (0.094) 0.099 0.004 0.009 0.940
2= 0:250 -0.243 (0.107) 0.114 0.007 0.012 0.960
3 =0:250 0.279 (0.137) 0.148 0.029 0.020 0.960
4= 0:250 -0.248 (0.085) 0.092 0.002 0.007 0.960
5 =0:300 0.264 (0.093) 0.099 -0.036 0.010 0.946
= 0:200 -0.210 (0.175) 0.184 -0.010 0.031 0.962

Table 4.4: Parameter estimates for ve-variate simulation scenario. 'Emp. Mean (SD)' denotes the average estimated
value with the standard deviation of parameter estimates and Mean SE the mean standard error calculated for each
parameter from each model t. Coverage probabilities are calculated from 1:96SE("). The median [IQR] total
computation time (e.g. including time taken to obtain initial estimates etc.) was 27.164 [25.859, 28.991] seconds.

the random e ects structure here being an intercept only; in a similar fashion to the bino-
mial previously seen a potential excess of zeroes in the simulated data cloud the amount
of variance in the responseY; attributable to the random e ects. The overdispersed gen-
eralised Poisson exhibits the largest bias ( 10%) for the association parameter “with
notably less variation than its underdispersed counterpart. The time invariant parameter

" is well-estimated across all families.
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Figure 4.4: Estimates for the survival parameters” and " for four univariate joint models (Cover":
overdispersion; “under': underdispersion). The conditional distribution ofY;jb; is shown on thex
axis. The dashed line signi es the true parameter value.

Estimates for the scalar dispersion parameter “are presented in Figure 4.5. We note
here that the Gamma and negative binomial joint models enjoy broadly good estimates of
the shape and overdispersion parameter respectively. Both the under- and overdispersed
generalised Poisson appear to struggle to capture the true ratio of variance to the mean;
markedly worse for the overdispersed scenario. We argue since the estimatés » are
generally good, and computation time is fast for these families, that this lapse in ability
for the algorithm is a trade-o a practitioner may accept; especially since the estimates
are not worlds away from their true values. Here we refer back to the idea of trade-o s
between computation time and parameter estimates in Section 3.4.7, with pointers towards
usage of subsequent MCMC schemes to obtain "more accurate' parameter estimates.

Additional results are provided in Appendix B.2.3. Here, we note good performance for the
Gamma scenario and more mixed performance for the count responses. For the generalised
Poisson, the intercept ¢ is fairly poorly estimated (percentage bias 6%), and appears

to be overestimated in magnitude for the underdispersed case, as discussed above. For the
negative binomial simulations, we note that all xed e ects appear to be fairly poorly
estimated, though the remainder of ©  is well-captured including, interestingly, the
overdispersion parameter . The shortcomings in estimation capabilities for the negative
binomial may be due to the magnitude producing simulated Y; 2 [0; 4890] which could
elicit struggles in obtaining the true xed e ects coe cients . In order to investigate a
potential remedy for this, we repeated the simulation with the xed e ects being set as the
much smaller =(0:50;0:05;0:10; 0:10)”. Results from this brief set of simulations are
additionally presented in Appendix B.2.3, where we note the xed e ects are comparatively
well-captured.
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Figure 4.5: Dispersion parameter estimates “for four univariate joint models (‘over': overdisper-
sion; “under": underdispersion). The conditional distribution of Y;jb; is shown on the panel title.
The dashed line signi es the true parameter value.

Finally, appraising the computation times for these families in Table 4.5, we note that
both Gamma and GP-1 enjoy computation times not dissimilar from those previously seen.
Interestingly, the negative binomial systematically required more iterations (median [IQR]
24 [23, 26]), which coupled with its comparatively more “expensive' log-likelihood (4.8) lead
to these joint model ts being the most computationally cumbersome. We also note that
glmmTMHM@.e. “total computation time' in Table 4.5) appears struggle with this family, so
this doesn't appear exclusive to the approximate EM algorithm considered. The repeated
negative binomial simulations with smaller xed e ects enjoyed lower computation times.

Univariate family | EM algorithm Total computation time

Gamma | 3.561 [3.406, 3.732] 7.188 [6.870, 7.540]
Negative binomial 1 13.312 [12.507, 14.332 28.306 [27.379, 29.462]
Generalised Poisson (under)} 4.437 [3.687, 5.891] 6.832 [6.005, 8.402]
Generalised Poisson (over) ! 4.022 [3.660, 4.379] 5.739 [5.303, 6.232]

Table 4.5: Median [IQR] computation times for both the EM algorithm (plus calculation of standard errors) and
total computation (i.e. start to nish). All times are given in seconds. The generalised Poisson is split into “over"
overdispersion and “under': underdispersion as per Table 4.2.

4.5.7 Closing remarks

We have demonstrated in the simulation studies carried out across Sections 4.5.3{4.5.6
that the approximate EM algorithm can estimate the parameters of interest well in a
timely manner, with particular focus on the central tendency for estimates of the survival
parameters * = 7> T and all estimates ” provided in Appendix B.2. The implemen-
tation here representing a novel approach to estimation under a multivariate joint model
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with its longitudinal sub-models composed by GLMMs by maximum likelihood.

We noted broadly good performance in the estimation of” ; however, this is not without
its caveats. Poorer coverage was observed fo’\rb under the binomial response. We posit
that this could be due to the nature of the response itself not carrying as much information
i.e. not enough variation to be captured by corresponding GLMM { potentially indicating
hard-to-remedy simulation issue { and/or the approximation determined by (3.1){(3.3)
could behave dierently under such a binary response, as we go on to investigate in
the next chapter. The same interpretation here extends to the poor estimation of the
generalised Poisson, with potentially imbalanced/highly variable data leading to struggles
in capturing the true parameter values.

In spite of some poorer performance amongst », the coverage of” remained respectable
irregardless of the conditional distribution imposed on the response.

We argue { as we did in Section 3.4.7 { that there does exist some trade-o between
the fast computation time and parameter estimation capabilities. In comparison with the
purely Gaussian longitudinal speci cations we considered in Section 3.4, the coverage of
the xed e ects and variance-covariance matrices appear to su er slightly, in particular
under the binomial GLMM.

We perhaps revisit then the potential use of the approximate EM algorithm in obtaining
starting values in a quick manner for some more precise (e.g. MCMC algorithm). The
recommendation may then be that practitioners interested in tting binomial or gener-
alised Poisson should proceed with some caution, or useé as  © in a subsequent MCMC
scheme. All other families, as parameterised in this thesis, are likely to not warrant the
same level of caution.

4.6 On the number of quadrature nodes, %

In Section 2.3.4, we brie y alluded to eeting guidance within joint modelling literature
for the proposed amount of quadrature nodes one should employ. Wulfsohn and Tsiatis
(1997) utilised %= 2 under their, quite simplistic, ‘standard' quadrature, with Crowther

et al. (2016) using both ve and fteen quadrature points under this methodology, too.
Bernhardt et al. (2015) used nine in their adaptive quadrature routine on a multivariate
joint model with logistic sub-model.

Rizopoulos (2012a) state that whilst non-adaptive routines (e.g. Section 2.3.2) require, say,
7{15 nodes, adaptive methods (Sections 2.3.3 and 2.3.4) require substantially fewer nodes,
say 3{5 to obtain a su ciently accurate approximation. Our simulation results appear to
corroborate this, with three quadrature nodes utilised throughout all simulations carried
out in this chapter and Chapter 3.
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Furthermore, we could attempt to develop something of a heuristic for the number of
guadrature nodes %in a joint model. We return to the recommendation pro ered by
Stringer and Bilodeau (2022) in a GLMM setting (2.23). This incorporated the sample
sizen and the minimal observed length of follow-upM . Clearly, it's possible that M could
take value one, thereby producing an unde ned value for%i.e. in R log(250, base=1)
returns Inf , which is inoperable upon.

We therefore seek to eld some potential (and fairly arbitrarily-de ned) rules-of-thumb
in the joint modelling setting, determining the number of nodes %as a function of some
percentile of follow-up length, %p), and comparing with results obtained using di erent
numbers of quadrature nodes

3
%p) = élogppn 2, (4.26)

where P, denotes thep™ percentile of lengths of follow-up.

With no generality, we explore p 2f 10; 25; 33g in addition to candidate values of %previ-
ously used in literature %2f 2; 3;5; 7; 9; 159. For the "base' trivariate joint model simulation

outlined in Section 4.5.1, where baseline hazard parameter logis randomly selected from
set of potential valuesf 3; 3.5, 2:759 to yield a variety of failure rates ( 20%{40%)
for the N = 200 simulated sets of data; the idea being that “static' numbers of nodesot
dependent on the data may falter slightly.

Figure 4.6 illustrates the root mean square error for each of the parameters whose pa-
rameter updates outlined in either Sections 3.3 or 4.4.2 are taken using (adaptive) Gauss-
Hermite quadrature. Most parameters conform to a sharp visual levelling-o at %= 3,
with little distinguishing %= 3 and %= 15. The residual variance for the Gaussian re-
sponse appears to uctuate more in comparison, however we note in this instance from
the y-axis that these are in fact minute uctuations, and could be attributed to MC error.
We could perhaps simply summarise these results by concluding tha¥%= 3 or %= 5 seem
reasonable, with diminishing returns for % > 5; this result being consistent with earlier
comments in Rizopoulos (2012a). The heuristic (4.26) resulted in three to ve nodes for
both p = 25 and p = 33 in the majority of simulated sets, but do not appear to out-perform
the static choices%-= 3 or %= 5.
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Figure 4.6: Root mean square error (MSE) for a subset of parameter vector for di erent candidate
values %2f 2; 3;5; 7; 9; 15, %10) ; %425) ; %433)g. Due to plotmath restrictions in R %is represented
simply by

4.7 Usage of the normal approximation in a Monte Carlo
EM algorithm

In this chapter as well as the last, we have exploited the normal approximation on the
conditional distribution of the random e ects f (bjjTi; i;Yi; ), which we rst outlined in
Section 3.2.1. This approximation allowed us to “collapse down' requisite expectations of
the form E;[g(bi) jTi; i;Yi; ](2.17), which form the potentially computationally taxing
E-step, and take them with respect to low-dimensional quadrature. In Section 2.3.5 we
demonstrated how this expectation could be appraised using Monte Carlo integration
(2.28).

We now seek to combine the normal approximation on the random e ects given the ob-
served data and current parameter estimates and the Monte Carlo approach to the E-step
outlined. We evaluate the expectation usingN Monte Carlo samples

X M
g b’ (4.27)

1=1

Eilg(bi)iTi; i;Yi; 1]
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(3.3), respectively. We seek to investigate di erences in EM algorithms wherein the E-step
is evaluated by Gauss-Hermite quadrature or Monte Carlo methods (4.27), simulating and
tting one hundred sets of trivariate data with true parameter values outlined in Section
45.1.

We appraise the E-step (4.27) at each iteration by antithetic Monte Carlo previously men-
tioned in Section 2.3.5 and implemented in earlier work (Henderson et al., 2000), as well as
a quasi-Monte Carlo approach (Philipson et al., 2020). "Ordinary’ Monte Carlo sampling
was not considered as previous work in joint modelling showed the two alternative meth-
ods to be more computationally e cient whilst a ording the same level of performance
(Philipson et al., 2020). Both Monte Carlo approaches to the E-step are implemented as
they appear in joineRML (Hickey et al., 2018a) and disquisition surrounding the underly-
ing sampling properties of each approach is given in Philipson et al. (2020). The aim of
the exercise here is to investigate di erences in performance across EM algorithms, all of
which make use of the normal approximation onb;jT;; ;;Y;i; utilised throughout the
thesis.

At the outset of the MCEM algorithm, we set the number of Monte Carlo samples to be
taken asN = 100; as pointed out by Ripatti et al. (2002) it is likely unwise to draw many
samples when is far away from the maximiser and increaseN as we approach these
MLEs ". Using the relative di erence criterion in (3.4), say

(m+1) (m)-!
L L

|

. 1 . .
(m+D) _ jmy My
rel = max . (m). 1t . (m).

| |

Ripatti et al. (2002) de ne the coe cient of variation (‘cv') as

(m+1)
rel

(m 1), (m). (m+1)
rel v orel 0 orel

(m 1), (m), (m+l)

= Var rel v orel 0 orel '

cv mean

(m+1)

>
rel

which informs the choice of N at the next iteration N ! N + bN=5c if cv
(m)

rel
as (M1 approaches”, the executed M step (i.e. the parameter updates) become smaller

cv . The idea behind this "automatic' setting of N for each subsequent iteration is,

and are potentially clouded by MC error which we aim to reduce by said increase in the
number of samplesN. In a slight departure from both Ripatti et al. (2002) and Hickey
et al. (2018a), we declare convergence of the MCEM algorithm when the criteria (3.4) is
met in two, instead of three, consecutive iterations.

Figure 4.7 illustrates estimation for the survival parameters " . Across approaches we note
broad visual agreement for the parameter estimates across the E-step approaches, except
quasi Monte Carlo appears to slightly better estimate the association parameter attached
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to the binary response 4. The fully tabulated results are presented in Appendix B.2.4,
where this trend of agreement across approaches continues, with similar phenomena as
noted in e.g. Sections 4.5.3 and 4.5.5 evident across the two Monte Carlo implementations.
Interestingly, both MC approaches appear to struggle in their estimation of the Poisson
xed e ect intercept "%q.

We may conclude from the brief study undertaken here that the normal approximation
(3.1) appears to extend well to an approximate Monte Carlo EM algorithm (or perhaps
rather a Monte Carlo approximate EM algorithm) which could be more appealing to some
audiences; essentially, the approximation is not limited to quadrature outlined in Sections
3.3,44.2and 4.4.3

Figure 4.7: Estimates for survival parameters” and " for a trivariate mixture joint model t by
the approximate EM algorithm as outlined in Chapters 3 and 4 as well as by a Monte Carlo EM
algorithm as outlined in Section 4.7. The dashed line signi es the true parameter value.
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Chapter 5

Justi cation for the Normal
Approximation

5.1 Approximation foundations and simulation objectives

5.1.1 Background

We seek to justify usage of the normal approximation as we laid out in Section 3.2.1. As
mentioned, Rizopoulos (2012a) previously noted { in the context of a univariate (Gaussian)
joint model { that the conditional (log) density of the random e ects log f (bjjTi; i;Yi; )
is dominated by the (log) density of the linear mixed e ects model logf (Yijbi; ), and
resembles a (multivariate) normal distribution. Speci cally Rizopoulos (2012a) present
under certain regularity conditions asm; !'1

biTi; Y PPN B (5.1)

with B; = argmax logf (bj; Y;j ), and the variance of the estimate ~; de ned similarly to
b.

(3.3). Note we discussed this approximation under the guise of numerical integration in
Section 2.3.4, but have restated it here for completeness' sake.

Rizopoulos (2012a) utilise their approximation on the linear mixed e ects model in the con-
text of pseudo-adaptive Gauss-Hermite quadrature, such that their abscissae and weights
are only calculatedonce for each subject; centered at each subject's posterior modg and
scaled by the Cholesky factor of 7j. In contrast, we utilise weights and abscissae based
on a N (0; 1) kernel and scale these based ofy and "; at each EM iteration in order to
approximate requisite conditional expectations as shown in Section 3.3.
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Bernhardt et al. (2015) extended the approximation (5.1) to a joint model with a logistic
sub-model in place of the survival (3.1); later extended to the “classic' joint models we
considered in Chapter 2 by Murray and Philipson (2022); and nally the emergent joint
models with (at least one) GLMM sub-model (Murray and Philipson, 2023).

5.1.2 Simulation objectives

Consider a subject with the set of observed (univariate) dataD; = fY;; T;; g, which was
generated under the known set of “true' parameters

(TRUE) — (TRUE) . (TRUE) >. (TRUE) . (TRUE)

following the simulation strategy in e.g. Section 3.4.1. We want to contend that the
posterior distribution of their random e ects, f bijDi; (TRUE)  approximately follows a
(multivariate) normal distribution centered on 8 with curvature “;. That is, the nor-
mal approximation on the distribution of the random e ects conditioned on the observed
data and parameter estimates laid out in Section 3.2.1 and used throughout the thesis is
reasonable.

In addition, earlier results (Baghishani and Mohammadzadeh, 2012; Rizopoulos, 2012a)
suggest that an approximation such as (5.1) should improve as an increased longitudinal
pro le length is observed i.e.m; ! 1, which we aim to verify. Simultaneously, we fur-
ther want to argue that the result from Baghishani and Mohammadzadeh (2012) { that
the posterior distribution of random e ects for any GLMM are asymptotically normal

{ extends to the \generalised" joint modelling scenario (4.4). Lastly, we undertake in-
vestigation into the di erences betweenpreviously-used approximations from Rizopoulos
(2012a), i.e.N Bi; ~; (5.1) and Bernhardt et al. (2015), i.e.N ;" (3.1).

5.1.3 Simulation strategy

With our objectives delineated, we now outline the simulation strategy taken to achieve
them.

For (TRUE) determined by the “standard' simulation scenarios speci ed in Sections 3.4.1
and 4.5.1 for the Gaussian and non-Gaussian cases, respectively, we simulaige set

departure from Section 4.5.1, the binomial and (overdispersed) generalised Poisson are
instead simulated under an intercept-and-slope with vech(D) = (0:50; 0:125,0:09)” . The
Gompertz baseline hazard with scale log = 3 and shape = 0:1 produces a relatively
low failure rate, allowing for an abundance of pro les of maximal length m; = 10, whilst
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should provide insight into the suitability of the approximation as m; gradually grows
large.

Remark. We setr = 10 in keeping with our “default’ simulation scenario in Section 3.4.1.
The approximation { ostensibly improving as m; ' 1 { unsurprisingly bene ts from a
longer longitudinal pro le given its underlying assumption of normality. We don't consider
larger r in what we believe is a neat compromise between a realistic' length of follow-up
and a visual argument for the approximation's improvement with m;.

1. Calculate B; and " by (3.2) and (3.3), respectively, with (™ substituted by

(MRUE) and {™() by exp log + u> whereu is the vector of failure times

in the simulated set of data D. If no survival part is required, then we instead
calculate b; and ~; by methodology in Section 5.1.1.

2. Simulate fromf bijD;; (™RYB)  using a Metropolis-Hastings scheme with 1,000 it-
erations of burn-in and 10,000 iterations thereafter. This results in two vectors of
correlated "draws' from the target density: bi(g/'H) and bi('l"H) . We obtain proposals
for the random e ects from the multivariate t distribution with 4 degrees of free-
dom, t4 B;;a"; , wherea is a scalar tuning parameter controlled to ensure e cient
sampling from the target distribution. This Metropolis-Hastings acceptance rate is
captured in A;.

3. Generate 10,000 samples froml B;;"; , or indeedN B;; ~; if required, using e.g.
rmvnorm(Genz et al., 2021) and produce a data ellipse based on this sample (Fox and
Weisberg, 2019; Friendly et al., 2013):E, signifying where one expects the majority
of the “datapoints' (i.e. the sample determined by the approximate distribution) to
lie at the 95% con dence level.

(TRUE)  \which lie

4. Calculate the proportion of the generated samples fronf b;jD;;
within the region bounded by E, denoting this quantity ;. The methodology used

in determining this is given in Appendix A.7.

The above routine then equips us with the posterior densityf bijD;; (TRUE) : the poste-
rior modes and (co)variances, say Bi; "i , as well as the analogous quantities calculated
under omission off Ti; jbi; ™Y8)  B:~ i=1;::::n.

We then visualise the “true’ posteriorf bijDi; (TRYE)  with E, showing where the ‘mass'
of the theoretical distribution should lie, superimposed; investigate the relationship be-
tween ; and m;; and explore dierences in the normal distributions N Bi: " and
N Bi; i .
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5.2 Results

5.2.1 Visualisations

We begin by undertaking purely visual appraisal of the approximation obtained by the
strategy outlined in Section 5.1.3.

Figure 5.1: Scatterplot of the samplef b;jD;; ™RY®  with overlaid ellipse showing the theoreti-

cal distribution N 6;; " for Yijbi; TRYE)  N(; ). The “full' set of visualisations are provided
in Appendix C.2.1. The random slopes are on they-axis and intercepts on thex

We ensure only subjects for whonf b;ijDi; (TRYE)  has been e ciently sampled from (i.e.
neither “stuck’ in one place, nor freely exploring the real line) by employing the common
heuristic of only considering subjects with 020< A ; < 0:25.

We select 40 simulated subjects to produce such visualisations for, and present these on
a per-family basis in Appendix C.2.1. When deciding which pro les to show, wealways
attempt to show the “graded' incrementing of m; and its e ect on the feasibility of the
approximation. This is achieved by rst ordering the simulated subjects by m;, further
ordering within this follow-up length by their (purely arbitrary) allocated subject identi er

and taking the rst 40 resultant samples; subsequently applying the process delineated in
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Section 5.1.3.

On the whole, for each family we observe that the samples from the posterior density
f bijD;; (TRY®  Jie comfortably within the theoretical E. We observegenerally that the
scatter of sampled random e ects becomes increasingly concentrated as; grows large,
which is re ected by commensurate shrinkage exhibited inE. Indeed, asm; increases,
there will be less uncertainty in the estimate for ﬁi, which is re ected in the resultant
distribution N ;" , which generates said ellipse.

However, this is by no means steadfast. For instance, when the response of interest is
a count there are noticeable uctuations in the spread, even for the longest pro lesm;.
This could be due to the magnitude of the response here leading to greater uncertainty
in the estimate for B; (i.e. a larger resultant covariance matrix ";). Additionally, say for
the binomial family, there is some notable “shifting' occurring, resulting in the sample
from f bijDi; (TRYE)  not best 'lining up' with E. In spite of this, there is still a good
proportion of overlap between the true distribution of bjjD;; (TRYE) and N B;; " . To
demonstrate this and allow for ease of immediate comparison, Figures 5.1 and 5.2 present
a subset of these visualisations for the Gaussian and binomial cases, respectively; the latter
exhibiting said “shifting' and the former generally conforming.

To bring this purely visual inspection exercise to a close, we perhaps conclude that {
for the pro les shown in Appendix C.2.1 { the approximation appears to be reasonable,
with there generally being tangible (visual) bene t from the presence of a longer period
of follow-up.

5.2.2 Relationship between m; and

Next, we undertake a slightly di erent simulation strategy: Increasing the number of
subjects ton = 1000, and repeating the process solely monitoringn;, A;, and ;.

In a frequentist sense, if the normal approximation is reasonable for the density bjjD;; (TRUE)

we would expect approximately 95% of the samples from this posterior to liawithin the
region bounded byE. Due to the stochastic nature of Metropolis-Hastings scheme utilised,
or other reasons to be discussed, there may be some variability in this proportion. Given
we obtain 10* samples from bothf bjjD;; (TRYE) and N 6;;"; , we can perhaps be
con dent such a contribution would be relatively small, with observed discrepancies then
inherent to the approximation itself.

We note from Figure 5.3 that there is evidence to suggest thaN 6;;"; is over-con dent,
as we appear to routinely overshoot the nominal 0.95 we expect from theory. As previously
ascribed, we don't expect this to be due to variability in the sampling process, but perhaps
could attribute to some other behaviour of N Bi; ’\i . For instance, this may produce a
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Figure 5.2: Scatterplot of the samplef bijD;; (™RY®  with overlaid ellipse showing the theoret-

ical distribution N B;; " for Yijbi; (TRY®  Bin( ). The “full' set of visualisations are provided
in Appendix C.2.1. The random slopes are on they-axis and intercepts on thex

density more variable than f b;jjD;; (TRUE) : exhibit strange behaviour in the tails; or
otherwise be less/more concentrated about the modal mass, such that the additional
0:025{0:030 coverage we observe could be accounted for.

In order to investigate the over-con dence noted in Figure 5.3, we brie y turn attention

to the produced densities themselves. We follow earlier work (Murray and Philipson,
2023) and “zoom in' on the densities for the random e ects for randomly-chosen subjects
who fall into di erent “halves' of follow-up, m; 2 [1;5] and m; 2 [6; 10], presenting the
posterior f bijDi; (TRYE)  with the theoretical N B;"; overlaid in Figure 5.4. Here we
observe some behaviour which could account for the additional coverage we noted in Figure
5.3: The normal distribution sometimes fully encapsulates the notably more concentrated
posterior distribution i.e. in N Bi: ", overestimates the variance Interestingly this
occurs more frequently around the modal mass of bijD;; (TRUE)  rather than in its
tails, which one may expect a priori.
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