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Abstract

A momentum-space approach to conformal field theory offers a new perspective on cosmo-
logical correlators and better reveals the underlying connections to scattering amplitudes.
While correlation functions at up to three points are well understood, the form of higher-
point functions is still under active study and few explicit results are available.

A representation for the general n-point function of scalar operators was recently pro-
posed in the form of a Feynman integral with the topology of an (n — 1)-simplex, featuring
an arbitrary function of momentum-space cross ratios. In this thesis, we show the graph
polynomials for this integral can all be expressed in terms of the first and second minors of
the Laplacian matrix for the simplex. Computing the effective resistance between nodes
of the corresponding electrical network, an inverse parametrisation is found in terms of
the determinant and first minors of the Cayley-Menger matrix. These parametrisations
reveal new families of weight-shifting operators expressible as determinants that connect
n-point functions in spacetime dimensions differing by two. Furthermore, they enable the
validity of the conformal Ward identities to be established directly without recourse to
recursion in the number of points.

We then analyse the representation of conformal, and more general, Feynman integrals
through a class of multivariable hypergeometric functions proposed by Gelfand, Kapranov
& Zelevinsky. Among other advantages, this formalism enables the systematic construc-
tion of highly non-trivial weight-shifting operators known as “creation” operators. We
discuss these operators from a physics perspective emphasising their close connection to
the spectral singularities that arise for special parameter values, and their relationship
to the Newton polytope of the integrand. Via these methods we construct novel weight-
shifting operators connecting contact Witten diagrams of different operator and spacetime
dimensions, as well as exchange diagrams with purely non-derivative vertices.
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Chapter 1

Introduction

1.1 Conformal field theory

Conformal symmetry arises in many different physical contexts. Historically, it was first
applied in the 70s to the study of critical phenomena [2] and soon after started to play a
major role in string theory [3]. In the late 90s, conformal field theories (CFTs) were found
to be dual to gravitational theories in Anti de Sitter (AdS) space through a paradigm
known as holography [4, [5].

Among the key observables of quantum field theory, cosmology, and condensed matter
are correlation functions of operators. These are scale-invariant at critical points, and
surprisingly different physical systems are sometimes found to share the same set of critical
exponents. For example, the critical exponent for ferromagnets is the same as for water
(liquid-vapor transition) [6]. This property is called universality and reveals a common
underlying conformal symmetry. Polyakov showed that correlators at critical points are
indeed invariant under the full conformal group (which also includes special conformal
transformations) and opened the path for applications of conformal symmetry in physics
and quantum field theory [7]. A program to study the implications of conformal symmetry
for scalar and tensorial operators in general spacetime dimension was developed in [8H13].
The idea was to derive the form of correlators by symmetry principles, and this led to
looking for solutions of conformal Ward identities in a spacetime dimension d > 2 for
general scaling dimensions. These analyses were carried out in position space, where
conformal transformations act directly.

The study of conformal anomalies [I4HI6] and the application of holography to cos-
mology [17-32] motivated the development of momentum-space conformal field theory.
The inflationary epoch is described by an approximately de Sitter spacetime geometry,
and the symmetries of this spacetime act on late-time slices as conformal transforma-
tions. Therefore, inflationary correlators can equivalently be regarded as CFT correlators.
Moreover, momentum-space CF'T also found a central role in the study of renormalisation
[33-36] and scattering amplitudes, revealing features such as double-copy structure and
colour /kinematic duality [37H4T].

The analysis of the implications of conformal symmetry in momentum space started
ten years ago. The form of 2- and 3-point functions of scalar and tensorial operators
in d > 2 are strictly constrained by the symmetry and their unique form was found
[42, [43]. Equivalent representations for the 3-point function have been analysed: this can
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be expressed as an integral over three Bessel functions of the second kind, as a multivariable
hypergeometric function Appell Fy, or as a one-loop triangle Feynman diagram. Except
for some special solutions, evaluating these functions can be difficult. A reduction scheme
has been described to construct a class of 3-point functions which are also the building
blocks of tensorial correlators [44] 33| B4]. This reduction is performed via the action of
shift operators that connect different solutions with shifted parameters. Moreover, a full
understanding of their singularities and renormalisation has also been discussed [45]. Less
complete and understood is instead the form of 4- and higher-point correlators for general
values of their parameters. A representation for the general n-point function of scalar
operators was recently proposed in the form of a Feynman integral with the topology of
an (n—1)-simplex, featuring an arbitrary function of momentum-space cross ratios [46}, [47].
This was shown to be conformally invariant, and a recursive interpretation of its form was
given.

The research presented in this thesis takes its starting point from the simplex rep-
resentation of n-point functions and develops to explore the interplay between integral
representations and shift operators.

1.2 Shift operators

Operators that act on a function to shift one or more of its parameters appear in the
physical and mathematical literature with different names. Here, we refer to such operators
as shift operators.

Historically, their relevance in physics was first revealed in quantum mechanics. To
solve the Schrédinger problem of the harmonic oscillator, Dirac introduced shift operators
known as the creation and annihilation operators [48]. They were useful both on the
computational and physical sides. Indeed, such operators act on an eigenfunction of the
Hamiltonian to generate a new eigenstate of the same Hamiltonian, but with shifted
eigenvalue. Physically, the action of such shift operators makes an energy quantum Aw
appear or disappear. By knowing these operators, Dirac was able to find the ground state
and the full set of solutions of the quantum harmonic oscillator: once the ground state is
found, it is sufficient to apply the creation operator to find all the remaining eigenstates.

The idea of introducing operators that act on a quantum state to shift a quantum
number was also applied to describe the physics of the quantum angular momentum [49].
In the case of a three-dimensional angular momentum, it turned out that it was convenient
to define the shift operators, often referred to as raising/lowering operators. They are
complex linear combinations of the quantised spatial z and y components of the angular
momentum operator. In an analogy with the system of the harmonic oscillator, one
can show that these operators act on an eigenstate of the z component of the angular
momentum to increase or decrease it by an angular momentum quantum mh. Once the
quantisation of the angular momentum is defined, several applications show the utility of
such shift operators [50]. Among these, we find the solution of the Schrédinger problem of
the hydrogen atom [51), [52], and the study of hydrogen-like systems in solid state physics,
the effect of a magnetic field on the energy levels of an atom, and the Zeeman effect [53].

In quantum field theory (QFT), creation and annihilation operators appear in the
solution of dynamical equations. For instance, a scalar field is expressed as a superposition
of normal modes whose amplitudes of oscillation are given by operators analogous to
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the creation and annihilation operators of the quantum harmonic oscillator, since they
satisfy the same commutation relations. It is interesting to note that according to Pauli’s
exclusion principle [54], fermions and bosons are described by different symmetries and this
property results in the fact that while bosons’ shift operators obey commutation relations,
fermions’ obey anticommutation relations [55]. Therefore shift operators are related to
the symmetry of a system. This relation is extensively used in particle physics as well as
in statistical physics.

Along with the development of QFT, Feynman integrals became key objects in various
areas of physics. Their accurate evaluation became central to the understanding of physical
phenomena. With the development of experiment and theory, the need for precision and
accuracy increased. Higher orders in perturbative QFT are required in the computation of
observables via Feynman diagrams, whose number and complexity increase with the order
in perturbation. For this reason, Feynman integrals continue to be an active research
topic needed for example in scattering processes, perturbative quantum chromodynamics,
lattice computations, CFT and cosmology [56-64].

The problem of computing Feynman integrals is often hard to tackle. The main needs
are the reduction of tensorial integrals to scalar integrals and the reduction of the latter
into a small (finite) number of Feynman integrals known as master integrals. Various
techniques have been explored and continue to be discussed [65]. Among these we find
integration-by-parts (IBP) identities [66H68], allowing us to express any Feynman integral
as a linear combination of master integrals. These identities stem from taking the total
derivative of the integrand. More recently the IBP method has been extended by looking
at operators that annihilate the integrand [69]. A complementary method to simplify
the computation of Feynman integrals is based on recurrence relations, and the shift
operators from which they can be derived [70H72]. This method is based on considering
the Feynman integral as a function of its parameters, (i.e., the powers of propagators
and/or the spacetime dimension) and by acting with appropriate operators on such an
integral, one finds a new integral with shifted parameters. This is also useful in tensorial
reductions.

Later, when CFT arose in the study of physical phenomena, the methods involving
shift operators and recursion relations appeared in this context. Position-space 4-point
functions of scalar operators are expressed via the operator product expansion whose
terms, known as conformal blocks, depend on the spacetime dimension and the operator
dimensions. Dolan and Osborn showed that such conformal blocks satisfy a second-order
differential equation and are related to the eigenfunctions of the quadratic Casimir of
the conformal group [73| [74]. They define various sets of shift operators that act on
the conformal blocks to shift their parameters. These operators were fundamental for
the development of numerical bootstrap methods and found applications, for instance, in
the study of the three-dimensional Ising model, helping to find bounds on the physical
parameters [75].

Subsequently, various techniques for computing blocks of operators with spin have been
developed. Such operators played an important role, for example, in finding new results on
the Regge limit in CFTs |76, [77], or universal numerical bounds on classes of CFT's [78-80].
More recently it was also useful for the large-N solution of the SYK model [811, [82]. One of
the most promising techniques is the method introduced in [83], based on weight-shifting
operators. These operators act to increase or decrease the parameters of an operator, for
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instance, they can shift the spin. Recently, these shift operators found applications in the
computation of inflationary correlators [84]. Moreover, in momentum-space CFT, a set
of shift operators was also introduced to compute 3-point functions of tensorial operators
[85]. In a similar fashion to Feynman integrals, these operators allowed the computation
of tensorial correlators requiring only the knowledge of one (master) scalar correlator.
The search for new shift operators for momentum-space CFT correlators and Feynman
integrals that is presented in this thesis was inspired by the works summarised above.

1.3 Outline

The outline of the thesis is as follows. The first part is devoted to illustrating some aspects
of the state of the art of conformal field theory. In Chapter [2| we present the essential
features of conformal symmetry in position space and derive the consequent constraints
on correlators up to n-points. In Chapter |3 we give a broader presentation of conformal
symmetry in momentum space, where our research is focused. First, we derive conformal
Ward identities in momentum space and construct their solutions up to n points. We give
a detailed overview of the properties of 3-point functions by discussing equivalent repre-
sentations, singularities and shift operators. We then present the simplex representation
for n-point functions and conclude with an illustration of some special 4-point solutions
to the conformal Ward identities, namely the contact and exchange Witten diagrams. All
the ingredients necessary to follow the second part of the thesis are then in place. The
second part of the thesis is based on the research that appeared in [63] and [86]. Chapter
focuses on the simplex integral. We derive parametric integral representations for the sim-
plex integral. By using inverse Schwinger parameters, we find that all graph polynomials
for this integral can be expressed in terms of the first and second minors of the Laplacian
matrix for the simplex. Inspired by the analogy between the simplicial geometry and elec-
trical circuits, we regard the Schwinger parameters as resistances in an electrical network
and re-parametrise the simplex integral by computing the effective resistance between all
vertices of the simplex. This gives a representation in terms of the determinant and first
minors of the Cayley-Menger matrix. These parametrisations have various advantages.
The diagonal structure of the exponential factor in the integrand allows a Fourier-like cor-
respondence. This reveals new families of shift operators, expressible as determinants, that
connect solutions of the conformal Ward identities in spacetime dimension d to new solu-
tions in dimension d+ 2. They are the generalisation to n-point of the known 3-point shift
operators. Moreover, these novel representations reduce the number of scalar integrals and
allow us to verify that the conformal Ward identities are satisfied via direct computation.
Different integral representations may give complementary perspectives on the same ob-
ject. Motivated by the description of some 3- and 4-point conformal correlators in terms
of hypergeometric functions, in Chapter [5| we then move to analyse the representation
of conformal, and other more general Feynman integrals through a class of multivariable
hypergeometric functions proposed by Ge’lfand, Kapranov & Zelevinsky known as GKZ
functions. A Feynman integral in GKZ form is characterised by a unique denominator
and a higher-dimensional space of variables (in the context of Feynman integrals, these
are momenta and masses). The strength of this representation is that all the properties
of the function can be encoded in a matrix. From this, we can derive a set of partial
differential equations satisfied by the integral and the singularities in the parameters (for
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physical integrals, these are represented by the spacetime dimension and the generalised
propagators). These spectral singularities are given by an infinite number of hyperplanes
parallel to the facets of the Newton polytope associated with the matrix. We discuss how
the knowledge of these singularities is the starting point for a systematic construction
of non-trivial shift operators known as creation operators. For 3-point CFT correlators,
these are indeed the inverse operators of the shift operators involved in the reduction
scheme, acting on a 3-point function to lower d by two. We derive these shift operators
for various Feynman integrals and for special classes of 4-point (and m-point) conformal
correlators, such as contact Witten diagrams, consisting of integral over multiple Bessel
functions. Using this formalism, we also derive novel weight-shifting operators connecting
contact and exchange Witten diagrams with different operator dimensions but within the
same spacetime d. Remarkably, unlike all previous operators [84, [36], these novel shift
operators generate shifted exchange diagrams with purely non-derivative vertices and can
be applied for any values of the parameters. Finally, in Chapter [6] we conclude with a
summary and open questions.
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Chapter 2

Conformal field theory in position
space

In this chapter we briefly introduce the main features of conformal symmetry. We de-
fine conformal transformations (translations, rotations, dilatations and special conformal
transformations) and describe the conformal group by finding the generators of these trans-
formations and their commutation relations. We then analyse the consequences of con-
formal symmetry on correlation functions of scalar operators: symmetry imposes strong
constraints on their form. This material is discussed in many books and reviews from
where the content of this chapter is inspired [87H89].

2.1 Conformal transformations

In this section we present conformal transformations and explain their geometrical mean-
ing.

Let us consider a spacetime with metric g,,,. A Weyl transformation is a spacetime-
dependent rescaling of the metric sending the initial g,, to the rescaled gl’w [90],

G = Gy = €7D, (2.1)

where o (x) is a generic function of the coordinates defining the rescaling factor e2?(*). The
infinitesimal version of this transformation is

Juv — g;w = Guv + 59um with 5g/w = 20’(1‘).9/“,. (2'2)

In general, the effect of a Weyl transformation is a change of the spacetime geometry. If
we consider the initial spacetime to be flat, with metric 7,,, a general Weyl transforma-
tion sends this flat metric to g;w, a curved spacetime metric. We look for special Weyl
transformations (o(z)) that can be undone by a special diffeomorphism so that the metric
remains flat. Let us consider the diffeomorphism

ot — ot =& (2.3)
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then, the corresponding infinitesimal transformation of the metric reads

G — gﬁw = Guv + 569;11/7 with 5£guu = QV(#fl,), (2'4)

where V denotes the covariant derivative. In order to leave the spacetime metric flat,
we require the overall change in the metric — due to the Weyl transformation and the
diffeomorphism — to vanish. In other words, we require the following condition to be
satisfied:

09w = 0o Guv + OeGuw = 0. (2.5)

Evaluating (2.2) and (2.4]) on a flat metric, this reads

20(H§V) = —20’77#,/, (26)

where we now wrote the standard partial derivative and 7, denotes the (flat) Euclidean
metric 7, = diag(1,1,..,1). Note that in this thesis we will work in Euclidean signature.
By contracting equation ([2.6) we find the relation between the function o(z) and the
vector &

1
0=—- LEH. (2.7)
Substituting (2.7) in (2.6]), we obtain
1
8(},651/) = gapgpnpu' (28)

This is the conformal Killing equation and defines the condition that £# must satisfy to
generate a diffeomorphism acting on the metric to undo the Weyl transformation. In
the following we show that when d > 2 the conformal Killing equation has a finite
number of solutions, while when d = 2 an infinite number of solutions exists. However, in
this thesis we are interested in spacetime dimensions d > 3. To find the general solution
of , we act with the partial derivative d, on , giving a second-order differential
equation. By taking a linear combination of this equation with Lorentz indexes cyclically
permuted, we obtain

8,u81/§p = _nupaua - nupaua + nuuapo'a (29)

then by contracting it
9%¢, = (d —2)0,0. (2.10)

We now act with 9, on this last equation and with 92 on (2.6). Combining the resulting
expressions we have

(d —2)0,0,0 = —(0*0) N, (2.11)

whose contraction gives

2(d —1)0% = 0. (2.12)
Hence, %0 = 0 for d > 1. Consequently, from (2.11)) we deduce that

(d—2)8,0,0 = 0. (2.13)
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Thus, for d > 2 the following condition holds
uOyo =0, (2.14)

which amounts to say that o is at most linear in the spacetime coordinates z* and,
according to (2.7]), this means that the Killing vector &* is at most quadratic in z#:

En=Au+ Bua” +Cypx’a?, (2.15)

with A,, B,, and C,,, some coefficients we are going to find. To this aim, we substitute
back into equation (2.6) and find that A, = a, is an arbitrary constant vector,
while B, is the sum of an antisymmetric term w,, and a symmetric term proportional
to the metric

B, = wuw + AN (2.16)

Finally, taking into account that C),,, is symmetric in the last two indexes, it must be of
the form

C;uzp = _bpn;w + bunup - bunupy (2'17)
where b, is an arbitrary constant vector. Hence, the general solution of the conformal
Killing equation for d > 3 is

e = at +wha” + Aat + bra? — 2(b,a” )zt (2.18)

I

The infinitesimal change of coordinates generated by this conformal Killing vector z}

defines four class of transformations:

1. translations: §é,f = at,

[\)

. rotations: & = wh,a”,
3. scale transformations (dilatation): &, = Az,
4. special conformal transformations (SCT): &y = ba? — 2(bya¥) .

This is what we anticipated at the beginning, i.e., that conformal transformations define a
group larger than the Poincaré one, by including dilatations and special conformal trans-
formations. Let us note that translations and rotations (or Lorentz transformations in the
case we are considering the Minkowski metric, instead of the Euclidean one) are isometries,
in fact o(z) = 0 both for & and /. For scale transformations, the metric is rescaled by a
constant o(x) = — A\, independent of the spacetime coordinates. Finally, for SCT we find
o(x) = 2b-z, which corresponds to a spacetime-dependent rescaling. While the first three
transformations are intuitive to visualise, the special conformal transformations defined
by

ot = at — o =t — b + 2(bya” ), (2.19)

are harder to visualise. However, we can see them as a combination of an inversion, a
translation by b* and an inversion again:

n
ot = e (2.20)
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leading to

aH — b2
1 —2b-x+ b2z?
This corresponds to the finite version of the special conformal transformations (2.19)) as

one can see by expanding the last expression for an infinitesimal vector b*, recovering
T——
't =gt —

x' (2.21)

Ssor
To conclude this section, we show that conformal transformations act locally as the
composition of a rotation and a scale transformation. To see this, we compute the Jacobian

associated to conformal transformations

ox'®
ox?

=(1=A+2b-2)0", —wH, 4+ 2(byz" — bl'x,)

~ (1= A+ 2b-z) (6", — wy, + 2(bya’ — b'z,)) = " R1,, (2.22)

where RM, = 6", — wt, + 2(b,z" — btz,) is an orthogonal matrix responsible for the
rotation, while the factor (1 — A+ 2b-x) = €7 is the local scale transformation. It is now
patent why the name conformal: conformal transformations preserve angles.

2.2 Conformal group

Conformal transformations form a group, i.e., given the infinitesimal conformal transfor-

mation
o o o =t g — e — € — o, (2.23)

the identity and inverse elements exist plus the composition of two conformal transforma-
tions is still a conformal transformation. Moreover, it is a continuous group since it acts
on the spacetime coordinates. This means that we can describe it through its generators
and the commutation relations amongst them. We start by finding the generator of trans-
lations. Let us assume f(x) to be an element of the conformal group, and act with an
infinitesimal translation described by the parameter a*

f(z") — f@@™) = f(a" —a") = (1 — iP,a") f(xt), P, = —i0y, (2.24)

we found the expected generator for translations P,. The finite version of the transforma-
tion is then given by exponentiating the generator

flx) — em“PHf(az), (2.25)

therefore the generators are fundamental to define the group. Knowing the four infinites-
imal transformations defining the conformal group, we can find the associated generators:

P, =—io, (translations), (2.26)
M, = —i(x,0, — x,0,) (rotations/Lorentz transformations), (2.27)
D = —iz"0, (dilatations), (2.28)
K, = —i(2*0, — 2x,2,0") (special conformal transformations). (2.29)

11
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The algebra of the conformal group is then defined by the following commutation relations

] = _i(nuppu - Uuppu)a

Vs

p R

s Mpo | = _i(ﬂupMua = NuoMup — NupMyo + ”VUMMP)’
P
P =

[

[

[ Py,

[ K, = i(’?uuD - MW)7
(D, K] = —iK,,

[M ] (nupK —nupr%

[Py P,) = [D. D) = [Myu, D] = [K,1. K, = 0. (2.30)

We can show that the Euclidean conformal algebra in d dimensions is isomorphic to the
algebra of the Lorentz group SO(d+ 1,1). In fact, let us define the operators Ju, = —Jpq,
for a,b =—-1,0,1,..,d:

J;LV = M,uz/a J_l’(] = D, (231)

1 1
o1 = Q(Pu - Ky), Jou = g(Pu + Ky)- (2.32)
They satisfy the commutation relations of the SO(d + 1, 1) algebra:

[Jab, Jed] = =i (NacMpa — NadMpe — MbeMad + MaMac), (2.33)

where 74, = (—1,..,1,1,1). In the same way one can show that the Lorentzian conformal
d—dimensional group is isomorphic to SO(d,2). Finally, it is worth noticing that the
commutation relations above show that while M,, and P, form a group, which is the
Poincaré group, the generators M,,,, P, and D also form a group. This implies that if we
enhanced the Poincaré group only by introducing the scale transformation, we would not
obtain the full conformal group.

2.3 Conformal transformations for operators

In the first section we defined the action of conformal transformations on the spacetime
coordinates and the metric. However, in a conformal field theory, the fields also transform.
To find their transformation we combine, as before, a general Weyl transformation with
the diffeomorphism found in section 1 and we find that, while we require the metric to
stay flat, other fields do not transform trivially. According to Weyl transformations, if the
metric transforms as g, — gfw = o20(2) 9, then a Weyl transformation of a scalar field
O is

O = O =eb0, (2.34)
where A is the Weyl weight. Note that for scalar fields the Weyl weight coincides with
the scaling dimension of the operator. For instance in a Weyl-invariant free scalar field
theory described by the action

1

§=-3 / d%z/=g (9, 0" 0" O + (RO?) (2.35)

12
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one finds that the Weyl weight is the same as the canonical scaling dimension A, i.e.,
A= % — 1. Moreover, conformal invariance also requires ( = (d — 2)/(4(d — 1)). In the
following discussion, however, we will not need any Lagrangian to study conformal field
theory.

To determine the infinitesimal conformal transformation of scalar fields we compose the
infinitesimal Weyl transformation

0,0 = —-AcO (2.36)
with the transformation of the scalar field due to the diffeomorphism
00 = £10,,0, (2.37)

giving
00 = 6,0 + 0.0 = [f“@u + 3(8#5“)] o, (2.38)

where we used (2.7)) to express the Weyl parameter o in terms of the vector £&#. To find
how the field O transforms under purely dilatations or special conformal transformations,
we consider & = £ = Az# and £* = fgCT = btz? — 2(b,2¥)z" in the general relation
[2-39):

dpO(z) = A(z"0, + A)O(x), (2.39)
dsctO(z) = by, [(33277‘“’ - 2zta")0, — 2A2"] O(x). (2.40)

The finite conformal transformation for scalar operators is

_A
d

_ 22 o), (2.41)

O(x) — O'(a) = By

which we can see as a rescaling of the field O by a power —A of the length rescaling factor
0z’ /0x|/? = €. In fact |02’ /x| is a local hypervolume in d dimensions, consequently
|02’ /0xz|'/¢ is a length rescale. This transformation rule defines a so-called primary oper-
ator.

2.4 Conformal Ward Identities

In this section we analyse the consequences of conformal symmetry. We will show that
conformal symmetry imposes constraints on the observables allowing a non-perturbative
approach to CFT.

In field theory, invariance implies the following equivalence between correlators [55]

(O1(21)O02(x2) - On(@n)) = (O1(21) O (2) - - - O’ (), (2.42)

where O;(x;) is a scalar operator with scaling dimension A; and O’;(x;) is the transformed
operator. One can show that the above equation holds by considering the path-integral

13
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formalism for correlators. Let Scr be a conformally invariant action, then
(O1(21)O2(22) - - - On(n)) = / [DO] Oy (1) Oa(3) - - - Oy () e[
= / [DO'] O (1) 02 () - - - O ()6 51 (O]

- / [DO) Oy (1) O"3 () - - - (’)/n(a:n)e_SCI[O]
= (01(%1)Oh(@2) -+ O'n(@n)), (2.43)

where in the second line we renamed O — (', while in the third line we considered
conformal invariance both of the action and the functional measure [DO]. When the
latter is not invariant, however, there will be an anomaly corresponding to the symmetry
breaking and equation will be modified with an additional term. This is related to
renormalisation which we will discuss later in Chapter 3| In the following we assume the
symmetry is not broken. At the infinitesimal level, equation reads

0 = 0(O1(21)O2(x2) - - - On(n))

n

= (O1(1)Os(m2) - - - 605 () - - - Op(@s)). (2.44)

i=1
This equation amounts to a set of differential equations, known as conformal Ward iden-
tities (CWIs). To obtain their expressions, we express 00;(x;) = O(x;) — O(x) in (2.44)

7

using (2.38)). For translations, O(x) = a*0,0(x) and the Ward identity reads

Y o (O1(1)Oule) - Oulaa)) =, (2.45)

while rotation Ward identity is

n

> (@0 —ayol) (O1(1)Os (@) -+~ Op(n)) = 0. (2.46)

i=1

These two transformations require the scalar n-point correlator to be a function of the
coordinate separations
Tij = ‘:BZ — a:j|, i,j = 1, . N (2.47)

Less trivial are the constraints imposed by dilatation and special conformal Ward identities
which read respectively

n

> (wé‘aiy + Ai) (O1(1)Os(@2) -+ Op(®n)) = 0, (2.48)
=1 ?

S { h - 2atat) 0 - 20t b OO - O =0, (249
i=1 i

where we used equations (2.39) and (2.40). The dilatation Ward identity (DWI) implies

14
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that the correlator has to be a homogeneous function of the positions of degree —A;,
with Ay = " | A;. As it is now evident, each Ward identity constrains the shape of
correlators. Finally, let us mention that conformal symmetry also implies the following
equivalence between correlators

—An/d

Oz} (O1(z1) -+ Op(z)), (2.50)

oz,

—Au/d ‘ ox!
n

oz,

(Ou(h) - O(a)) = \

which directly stems from equation (2.41]). This is how the correlator transforms under a
finite conformal transformation.

In the following we will list the solutions for 2-, 3-, 4- and n—point scalar correlators
obtained by solving these constraints.

2.5 Position-space conformal correlators

In this section we present the solutions of position-space conformal Ward identities. We
will show that up to 3-point functions, the solution is unique.
First, let us note that the 1-point function vanishes

(O1(z1)) = 0. (2.51)

In fact, translations and rotations require it to be a constant, (O;(x;)) =const. A non-
vanishing constant, however, would violate scaling invariance. To find solutions for n > 2
we need instead the full set of CWIs as we show in the following sections.

2.5.1 2-point function

Translation and rotation symmetries imply that the 2-point correlator is a function of x9,
while dilatations require the correlator to be a homogeneous function in the positions with
degree —A;. Hence the 2-point correlator must be of the form

(O (1) O () oz 152, (2.52)

Finally, the SCWI imposes a further constraint on the scaling dimension. By acting with
the SCWI on the 2-point function above, one finds that a non-vanishing solution exists if
and only if Ay = Ay = A. Therefore the general 2-point scalar function is

C12$1_22A, Al = AQ =A

: (2.53)
Oa Al 7é A2

(O1(z1)O0a(x2)) = {

where C'2 is a normalisation constant, it can be set to one by normalising the scalar
operators.

15
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2.5.2 3-point function

The solution of 3-point function CWIs is also unique. As above, translation and rotation
invariance requires the 3-point scalar correlator to be a function of z;;, with i # j =1,2,3

(O1(21)O2(x2)O3(x3)) = f(712, 713, T23). (2.54)

The dilatation Ward identity specifies the function to be
(01(1) Oz(m2) O3(m3)) ox 275 2075 255%, (2.55)

where o;; are some constants that satisfy

>y =-A (2.56)

1<i<j<3

Finally, the SCWI fixes uniquely the values of the parameters «;;, since the terms of the
sum in equation are three, as the number of the unknown parameters. Instead of
substituting the ansatz in the SCWI, we use equation to find their values. Squaring
equation , one can show that

2
2
2 =L, 2.57

where we defined v, =1 —2b-x; + b%:?. And taking into account that for SCTs

ox!, 1/d 1
=~ 2.58
ol = (2.58)
using equation (2.50) we find
3
A== ay, i=1,2,3, (2.59)
j=1
which fixes a;; to
2@12 = 2A3 — At, (260)

along with cyclic permutations. Hence the general solution of 3-point scalar CWIs is
unique and it reads

C123
(O1(21)O2(22)O3(23)) = —x 58, =Ry A=A, 78 —AiTAs A -
Lyg T3 Log

(2.61)

Note that while the constant C12 could be set to one, this is not possible with the constant
C123. In fact, the latter is related to physical properties and is called “OPE constant” or
“structure constant”.

16
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2.5.3 4-point function

While symmetry fixes 2- and 3-point functions completely up to constants, 4-point and
higher-point functions are not uniquely fixed. However, conformal symmetry imposes
strong constraints on their form. Here we will analyse the solution of 4-point CWIs and
in the next section we will generalise the result to n-point functions.

Translation, rotation and dilatation invariance constrain the form of the solution to be

(01 (1) O (22) O3 (m3) Oa(za)) o [ i, (2.62)

1<i<j<4

where

> 20 =4, (2.63)

1<i<j<4

and without loss of generality we assume «;; = aj; and a;; = 0.

Note that in this case the number of coordinate separations x;; is larger than the
number n of constraints following from the SCWI. To be more specific, there are n(n—1)/2
coordinate separations and n constraints from the SCWI. This implies that there are
n(n — 3)/2 degree of freedom in the general solution. As showed earlier, under special
conformal transformations, equation holds, therefore

4
A== oy, i=1,..4 (2.64)
j=1

Note that, unlike for n = 3, this condition does not fully fix the parameters a;;. Moreover,
due to equation ([2.57)), 4-point functions admit two simple conformal invariants, the so
called conformal cross ratios:

2 .2 2 .2
_ P17y _ T13T9 (2.65)
T 22 V=2 e :
13724 14723
Therefore, the general 4-point function also depends on an arbitrary function f of cross
ratios:

(O1(x1)O2(x2) O3(23)Os(z4a)) = f(u,0) H x?fij7 (2.66)

1<i<j<4

where the parameters a;; are related to the scaling dimension as in equation (2.64). In
the following section we generalise this result to n-point and discuss the dependence of
the number of independent cross ratios on the spacetime dimension d and the number of
points n.

2.5.4 n-point function

The result given in the previous section can be generalised to n points. The general solution
is the following conformally invariant n-point function of scalar operators Oy, ..., O, with
scaling dimensions Aq; ..., Ay:

(Or(@1) - On(xn)) = [ i f(u), (2.67)

1<i<j<n

17
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where the parameters «;; are related to the scaling dimensions by the formula implied by
special conformal invariance

n
A=Y ay, i=12..n, (2.68)
j=1

and f is an arbitrary function of Ny, independent cross ratios

22 22

Upgrs = —5 5 (2.69)

where p,q,7,s = 1,2,..,n. We denote the set of all independent cross ratios with the
symbol u. As discussed in [91H93], the number of independent cross ratios Ny, depends
on the number of points n and the spacetime dimension d

Napn =n(n—3)/2, n<d+2,
Nygp=nd—(d+2)(d+1)/2, n>d+ 2. (2.70)

To understand this counting, let us consider n points x1, ..., &, in a d—dimensional space-
time. Using conformal transformations some of these n points can be fixed in the space-
time. For example, &1 can be sent to infinity by using a special conformal transformation,
while using translations xo can be fixed at the origin. Then x3 can be set at (1,0, ...,0)
by performing a rotation together with a dilatation (which fixes the non-zero coordinate
to be equal to one):

x3 = (1,0,...,0), (2.71)

where the vector contains d — 1 zero components. For the other points, we can use the
remaining rotations if available, depending on the spacetime dimension d. By doing a
rotation in a (d — 1)—dimensional spacetime (so that x3 remains fixed) we can move x4
to lie in the plane spanned by the first two axes, i.e.,

xy = (XM, xW 0,...,0), (2.72)

which has m = 2 degrees of freedom. We iterate this procedure by performing rotations
in successively lower-dimensional spaces, giving for instance

zs = (X xP xPo,..,0), (2.73)
that has m = 3 degrees of freedom. The nth point will be
x, = (X" x{M . x 0, ..0). (2.74)

Summing all the degrees of freedom m for each point, we find

Ngp = Z m = %n(n —3). (2.75)
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Note that we implicitly assumed d > n — 2 so far. When n = 4, for d > 2 (and in this
thesis we are considering d > 3), this assumption holds. Hence this counting of cross ratios
holds and gives, as expected, Ny, = 2. On the other hand, if d < n — 2 (or equivalently
n > d + 2), then all @, with k& > d + 2, will have d free parameters since there are no
rotational degrees of freedom left to fix them. So we have

Ty = (Xl,XQ,...,Xd), k=d+3,..,n. (2.76)

Hence, the counting of the degrees of freedom becomes

d
Now = (32 m) +d(n—(d+2)):nd—%(d+2)(d+ ). (2.77)

m=2

Note that the two values for Ny, in equations (2.75) and (2.77) coincide when n = d + 1
orn=d+2.
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Chapter 3

Conformal field theory in
momentum space

3.1 Introduction

In this chapter we give an overview of the main results in momentum-space CFT. As a
counterpart to the previous chapter, we first derive CWIs in momentum space. Then, we
solve them from 2- to general n-point. We show that up to three points the symmetry
fixes uniquely the form of correlators and discuss their singularities and renormalisation.
In particular, we derive the 3-point function in the form of the triple-K integral, an integral
of three Bessel functions of the second kind and find equivalent representations. Then,
we introduce shift operators acting on the 3-point function to shift the parameters. This
helps the evaluation of special 3-point functions which would be otherwise difficult. While
3-point functions are well understood, the knowledge of higher-point functions is less
complete. We then present the general n-point function recently found as a Feynman
integral over a (n — 1)-simplex, featuring an arbitrary function of momentum-space cross
ratios and conclude with a summary and open questions which will be addressed in the
second part of the thesis.

3.2 Conformal Ward identities

In Chapter [2| we presented the scalar conformal Ward identities in position space. To
explore the implications of conformal symmetry in momentum space we start with deriv-
ing the corresponding momentum-space conformal Ward identities. We obtain a set of
differential equations that must be satisfied by conformal correlators. This means that, as
in position space, CWIs constrain the form of conformal correlators. Moreover, the theory
of differential equations and multivariable hypergeometric functions reveals a description
of 3-point functions and certain special 4-point functions [94] [05] in terms of known hyper-
geometric functions such as Appell Fy or Lauricella Fo. In Chapter [5] we will also describe
some of these solutions as generalised hypergeometric functions introduced by Gelfand,
Kapranov, and Zelevinsky (GKZ systems).
The momentum-space dilatation and special conformal Ward identities read

0= D(O(p1).-O(Py))) (3.1)
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0 =K*{O(p1)--O(py,)) (3.2)

where double brackets denote the reduced correlators related to the standard correlator
by pulling out the delta function of momentum-conservation:

(O1(p1) - On(py)) = (21)"6(py + - + ) (O1(P1) -+~ Ou(py))), (3-3)

while D and K* respectively are the dilatation and the special conformal operators:

n—1
)
D=—(n—1)d+ A, — ZP?W’
=1 D
J
n—1
o= Z IC?, (3.4)
j=1
with P a P P
Kt =2(A; —d)—— — +pl : 3.5

and Ay =377 | Aj. To derive the momentum-space CWIs above, we consider the inverse
Fourier transform of position-space correlators

d
(O (1) - H / EBs v ) (O4py) - Oulpn)). (36)

Translational invariance corresponds to pulling out a momentum-conserving delta func-
tion. To see this, we take the inverse Fourier transform of

(O1(x1) - - On(mn)) = (O1(@1 = 20) - - On(0)), (3.7)

leading to

(O1(z1) - H/ pj P | (O1(py) -+ On(Py)), (3.8)

with x;, = x; — x,. We act with the position-space dilatation and special conformal
operators, ([2.48)) and (2.49)), on the right-hand side of (3.8]). This amounts to considering

the action only on the exponential factor exp (Z?;ll p;- a:jn>. For this purpose, we re-

write the position-space CWIs by eliminating the derivative with respect to z}, via the
translational Ward identity (2.45)),

n—1
d
- ; s (3.9)
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Thus, the rotation and dilatation Ward identities in position space read

(.0 0
0=> | %z — Thngr | (O1(@1)Os(2) -+ On()), (3.10)
j=1 J J
n—1
0= (At + Z l’?naiu <C’)1(w1)02(w2) s (’)n(mn)> (3.11)
j=1 J

Rearranging the SCWI we have

n—1

vV 14 a 14
0= Z { (x?nn“ - 2.7}5”.%]-”) 8733? - 2Aja:jn} (O1(21)O2(x2) - - Op(xy))

Jj=1

n—1
v o , 0
+ 2z, (xgnay - xjnay) (O1(21)O2(22) - - - On(n))
=1 J J

n—1

B
— 2z At+Zaz§-‘nW (O1(21)Oa(x3) - - - Op(x0)), (3.12)
j=1 J

where the last two lines vanish upon (3.10]) and (3.11)) respectively. After having expressed
the position-space CWIs only in terms of x,, and 8/83;?, with 7 = 1,...,n—1, the standard
Fourier correspondence holds

I
Tiin —

0 0
. . l[/ .
_z@, 8767 — ipf, j=1,..,n—-1. (3.13)

To find the dilatation and special conformal Ward identities in momentum space, we then

act with the operators in (3.11]) and (3.12)) on the right-hand side of (3.8]) and integrate
by parts with respect to the momenta. This leads to the CWIs (3.1]) and (3.2).

In the following section we will solve 2- and 3-point CWIs directly and find a represen-
tation for the general n-point function that solves the CWIs. Before moving to the next
sections, let us note that we can obtain a set of scalar SCWIs. In fact, in momentum space
we have the advantage of decomposing the operator ¥ into a basis of n — 1 independent
vectors p;-L, with j=1,..,n—1:

Kt = plflcl + - —i—pfl_llCn,l. (3.14)
Hence, the SCWI (3.2) is equivalent to n — 1 scalar equations

Ki(O®))..0m,)) =0,  j=1,..n—1. (3.15)

3.3 2-point function

Conformal invariance implies that the 1-point function vanishes, hence the first non trivial
correlator is the 2-point function. In this section we solve momentum-space CWIs at two
points. The complexity of the set of differential equations to be solved and their solutions
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increases with the number of points n.

Translational invariance corresponds to momentum conservation, hence the 2-point
correlator depends only on p = p; = —p,. Therefore the expansion in contains
only one term. Moreover, rotational invariance implies that the scalar correlator only
depends on scalar quantities, which in this case is the magnitude p of the momentum p.
Using the chain rule

4 ptd
e _ra 3.16
dp, pdp (3.16)

from (3.1) and (3.15]), we obtain the 2-point DWI and SCWI

d
0= (d CA A +pdp> (OO(-p)), (3.17)
d2 d—2A1+1d
S e e S —p)). 1

0= Gz + L) (0WOC-) (3.18)

We start with solving the SCWI. The general solution of (3.18)) reads

(O(p)O(=p))) = cop®* ™ + ¢4, (3.19)

where cg and ¢; are integration constants. We then plug this expression into the dilatation
Ward identity (3.17) and find

Al = AQ = A, Cc1 = 0, (320)

as expected from the 2-point position-space solution. So the general 2-point conformal
correlator is

(O)O(-p)) = cop® . (3.21)

We could have found this solution by Fourier transforming the known position-space
solution. Setting C12 = 1 in (2.53), we find the correspondent solution in momentum
space

dy d—2A_d/2p (d _
ewo-p) - | (gﬂ)de—mx—m_? r<£>(2 Bpa-a (3o

2A

where we wrote 7“2 using the Schwinger parametrisation [65]

L _ L > v—1_—)A
=15 /0 AT M, (3.23)

and performed the resulting Gaussian integral.

3.4 3-point function

In this section we present the 3-point function. First we solve the 3-point conformal
Ward identities by separation of variables, giving a scalar representation of the solution.
Then, we discuss the uniqueness of this solution by looking at its asymptotic behaviour
and the singularities arising from collinear configurations of the momenta. This leads to
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a unique 3-point function known as the triple-K integral. We then present equivalent
representations in terms of the generalised hypergeometric function Appell F; and of a
1-loop triangle Feynman diagram.

Let us first write the 3-point CWIs in terms of scalar invariants. Poincaré invariance
implies that 3-point correlators depend on the scalars formed with p; and py: we choose
the momenta magnitudes p;, with j = 1,2,3. Let us start with the dilatation Ward
identity. Taking into account that p; = —p; — p,, we find the chain rules

0 _ o  pitrh 9

al  pLopm p3  Ops’
0 1 0  mtpy 0 (3.24)
oph  p2Opa ps  Ops

Hence, we can write the dilatation Ward identity in terms of scalar variables:

= D(O1(p1)02p203p3))) = | 2d — AHerJ aa (O1(p1)O2p,03p3)).  (3.25)
7=1

As noted earlier, this equation tells us that its solution is a homogeneous function of degree
At — 2d. This means that we can write the solution in the following way

(01 (py) O2pyOspy))) = pr—2F (gg jjg) (3.26)

where here F' is a general function. To determine its explicit expression we need the special
conformal Ward identity
KF{(O1(p1)O2p,03p3))) = 0, (3.27)

where

KH = pi{K1 + phKa. (3.28)

Therefore the SCWI (3.27)) is equivalent to the system formed by the following two scalar
equations

K;i{O1(p1)O2(p2)Os(p3))) =0, j=1,2. (3:29)
Using the chain rule (3.24) we find the operators K;. The explicit expression of K; is

62 82 2p1 82 2p2 82 2A1 —d-—1 8

op® " 9p2 | p3 Op10ps * p3 Op20ps p1 op1
2A1 +2A5 —3d—1 0

- P3 dps’

K=

(3.30)
and Iy can be obtained by permuting 1 <+ 2 indices. Since these operators contain mixed
derivatives, we eliminate the mixed terms by invoking the DWT ({3.25). We define

2 0 2 0
Kiz = Ki— 77D Koz = Ko — 77D (331)
p3 Op3 p3 Op3

24



Chapter 3. Conformal field theory in momentum space

hence the set of equations (3.25)) amounts to the following simpler version

Kj3(O1(p1)Oa2(p2)Os(p3))) =0, j=1,2, (3.32)
where
Kij = Ki — Kj,
0% 20, —-d—10
Kj=— 287879 i i_12923, .
op; n o 7 ’ (3.33)

Note that the operator K; appeared already in the 2-point special conformal Ward identity
in equation .

In the following we find the general solution of the CWIs that — to summarise — we
wrote as the following set of equations

D{O1(p1)O2(p2)O3(p3))) = 0,
K13(O1(p1)O2(p2) Os(p3))) = 0,
0

Ka3(O1(p1)O02(p2) Os(p3)) = (3.34)

Before showing how to solve these, we give the general solution known as the triple-K
integral:

3
o0
{O1(p1)O2(p2) O3(p3))) = c123 / de o [ ) K, (pj2), (3.35)
0 "
7j=1
where ci123 is an integration constant and K B; is the modified Bessel function of the second
kind, also known as Bessel-K function [96]. The parameters a and f; are related to the
physical spacetime dimension and the scaling dimensions as follows:
d d

Oé:ii]" B]:Ajiga

In the following we will denote the triple-K integral (3.35) with I,(g, 3,8}
Let us present the derivation of the general solution. We denote the general solution
as f. Taking into account the definitions in (3.33)), we can write the last two equations of

as
Kif=Kof=Ksf. (3.37)

Therefore we use separation of variables

(O1(p1)O2(p2)O3(p3))) = f(p1)f (p2) f (p3), (3.38)
leading to
Kifi Kofe Ksfs 5
fi f2 I3 (3.39)
where 2?2 is a constant. Then, we have to solve the equation
0% 1-28; 0 > 9
I (81% pi  Op; d d (3.40)
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which is equivalent to the modified Bessel’s equation,
(707 + pidi — (p;a® + 5°)] wi = 0, (3.41)
with f; = pﬁ ‘u; and 0; = 0/0p;. Hence, the general solution of (3.40) is a linear combina-

i
tion of Bessel-K and Bessel-I functions:

fipi) = 1} lax K, (piz) + arls, (piz)] | (3.42)

and f = [, fi(p:) solves the SCWIs. By linearity, indeed, any integral [dxzp(x)f over a
spectral function p(x) solves the CWIs. The dilatation Ward identity fixes the form of
this function. Noting that

3

> pidif(prz, pow, pax) = 20, f (P12, pa, pa), (3.43)
=1

we have
/0 dzp(x)x0, f(p1a, pox, p3z) = (B — a — 1)/0 dzp(z) f(prz, poz, p3x),  (3.44)

where we defined 3; = f1 + B2 + 3. Integrating by parts we find p(x) = 2>~ 5. Therefore
we conclude that if f(p1,p2,p3) is the solution of the SCWIs, then

o0
. / dea® P f(pra, o, paz) (3.45)
0

solves the DWI. The solution we found is not exactly the triple-K integral in , since
the function f involves also Bessel-I functions. A discussion based on physical properties
of the solution restricts I to the final form of a triple-K integral, as we explain in the
following section.

3.4.1 Collinear singularities

For to converge, at least one of the f;(p;) needs to be a Bessel-K function. Let us
assume f3 ~ Kg,, then the conformal Ward identities admit four independent solutions
that schematically we can refer to as I1K, KIK, IKK, KKK. In this section we show
that only one of them is physically acceptable, leading to the triple-K integral . This
conclusion agrees with the result in position-space, where the 3-point function is unique.

To see this, consider the behaviour of modified Bessel functions when their argument
is large,

1 &% Te T

:Eﬁ+..., K, (z)= §ﬁ+...a

Since the Bessel-I function diverges for large x, as we anticipated, the solution must have
at least one Bessel-K function in the integrand. Now, let us consider the case where the
integrand is of the form ITK. According to the asymptotic behaviours (3.46)), in order for

L(z) T — 0o0. (3.46)
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the integral to converge, the following condition must hold

p3 = p1+ p2. (3.47)

This violates the triangle inequality (ps < p; + p2), therefore we exclude solutions of the
form ITK. If we consider the integrand with only one Bessel-I (/K K), we find that this is
also forbidden since it is singular for collinear momentum configurations. In fact, at large
x the integral would approximately be

I~ / dzz2eP1—P2ps)T, (3.48)

While the triangle inequality is respected, if the momenta are collinear, i.e., p; = p2 + ps,
the integral diverges when a > 1/2, hence d > 3. Therefore we find that only a unique
3-point function exists, given by the triple-K integral

Lo(p 885} = C123 /0 dzz® Hpﬁ 'K, (pj) (3.49)

In the following, we present some explicit examples of triple-K integrals, for special values
of the parameters.

3.4.2 Examples

In this section we consider two examples. When the (; are half-integer, the integral is
given by elementary functions, while for integer (;, the triple-K can be expressed in terms
of the Bloch-Wigner function.

1.d=4, Ay =Ay=A3=5/2.
In this case all ; are half integers:
d d

04:7_1:17 Bz— T T 5 —

1
. 5= 35 (3.50)

and the 3-point correlator reads

(Or(Pr)0:(p:)Os(p)) = clprpaps)} [ do o) (o) (pa) Ky ). (351)

1 1
2 2

The Bessel-K function in the integrand is

me "

and the integral is convergent giving

e 1

(O1(p1)02(p2)O0s(p3))) = PRy e

(3.53)

2. d=4, Ay = Ay = Ay = 2.
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In this case all ; are integers

d d

and we denote the 3-point function as

{O1(p1)O2(p2)03(p3))) = clif000} (3.55)

where the integral I;(goy is a known integral in literature [97, 98] and is expressed
in terms of the dilogarithm function Lis [99]. We show the explicit computation of
I1 {000y In appendix E and quote here the final result:

1 1 1-—
000y = Wy Lig(z) — Lia(2) — 3 In(zz) In <1 — j)} , (3.56)
where the z-variables are related to the momenta magnitudes by
2 2
_ D _ V)
2z = =5, 1-2)(1—-2%2) ==, 3.597
2 (1-2)(1-2) e (3.57)

or equivalently

1 1
r= (P -3+ pi V-T2, 2=l -pi+pi—V-J2), (3.58)
2])3 2])3

where we defined

J? = (p1 +p2— p3)(p1 — p2 + p3)(=p1 + p2 + p3)(p1 + P2 + p3)
= —(z—2)%ps. (3.59)

Note that J? is related to the Gram determinant of p; and py:
J? = 4G (py, py), (3.60)

and hence v/ J2 is proportional to the area of the triangle At (p1, p2, p3) whose sides
are pi, p2,ps. The solution Iyjgpy is related to the Bloch-Wigner function D(z) in
the following way

D(z) Vol(A)

I {000y = = :
{000y =772 T 44 (pr, po, p3)
Finally, let us note that the integral I1 oo} is an example of a master integral: we can

obtain all triple-K integrals with integral 3; from it by acting with shift operators,
as we will explain later in the thesis.

(3.61)

Below we summarise the dependence of the triple-K integral on f;:

e all §; half-integral = I,(g,4,5;} in terms of elementary functions of momentum
magnitudes

e all §; integral = I, 8,8,) in terms of dilogarithms.
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3.4.3 The 3-point function as a hypergeometric system

In this section we show an alternative way of solving the conformal Ward identities with the
aim of stressing the connection between CWIs and hypergeometric systems. It has been
shown independently in [43] and [I00] that the solution of 3-point CWIs can be expressed
in terms of the generalised hypergeometric function of two variables Appell Fy [101], 102].
In fact, the system of dilatation and special conformal Ward identities is equivalent to the
set of differential equations defining Appell Fy function:

- P2, 0 o2
0— {5(1 — O)a — 1 s — K
0 0
+(or— (ot B+ 1) g — (ot B+ g - aﬁ]m,n), (3.62)
- P, P o2
0= {77(1 — 77)87172 -¢ o2~ 25776&817
0 0
HO = (@t B D) (0 B g aﬁ}mf,n). (3.63)
where p2 p2
£ = ;é, n= p—é, (3.64)

and «, 3,7, are some linear combinations of the spacetime d and the scaling dimensions
A;. Amongst the well known properties of the Appell Fy system, let us note that it admits
four linearly independent solutions:

F4(Oé, 67 s 7/; 57 77))

ETVF(a+1 =7, 84+ 1-7%2-7,7956m),

" E(a+1—9,8+1-757,2=9,&m),

g Fyla+2-v-+,8+2—7—752-7,2-7;¢n). (3.65)
In the following we briefly explain how to show the equivalence between the Appell Fy

system and the conformal Ward identities. First, we recall that the dilatation Ward
identity allows us to write the following ansatz for the general solution:

(OO0 (ms)) = por2 (pz) (p)AF (p2 pQ) , (3.66)

r3) \p} 3’ p3
with A\ and p arbitrary parameters. We also use the dilatation Ward identity (3.25))

to eliminate the derivatives with respect to p3 appearing in the special conformal Ward
identities:

0 1 0 0
— = — (A} —2d—p— —po—— | . 3.67
o0 " ( ¢ Py, ~ P2 8292) (3.67)

Then, by using the chain rule to rewrite the special conformal Ward identities in terms of
&, n and their derivatives, we find that these equations coincide with those defining the
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Appell F; system, when

u:;<A1—Z> (1 + 1), A:é(@-i) (62 + 1), (3.68)

with €1,€e3 € {—1,+1}. And

d
Vo1t (A2_2>_ (3.69)

As showed in the previous section, the 3-point function is unique. Here, again, to avoid
collinear singularities, only a particular linear combination of the four linearly independent
solutions (3.65)) is acceptable. In fact, Appell Fy has the integral representation [103]

i (i, 8) < TR
TP ps) 200 T(a)T(B) py T py

X

[0.9]
></ dax® PV (p1a) Ly (paw) Kp—a(p3z),  (3.70)
0

and taking into account (3.69)), the four solutions read

d d d
Ar—9 Ap—d Ag-d

> d_
pi 'y ' /Od““ a0y (P10) Ly, 0y (P20) Ky a(ps).  (3.71)

We explained earlier that ‘11K’ integrals have singularities for collinear configurations of
the momenta. However, since

™

Ky (x) 1y (x) = Iy (2)], (3.72)

T2 sin(vm)
we recover the triple- K solution by taking the following linear combination of the integrals

in (B7):

/0 dx xa_lKgl (p193)K/32 (ng:)K@,) (psz)

2@—4

= [A(B1, B2) + A(B1, —P2) + A(—=P1, B2) + A(=p1, —2)], (3.73)
where
B1 B2
A(B, o) = (p1> <p2> r <a + 5 +252 - 53) r <Oé+ﬁl 7;52 + 53) I(—B1)T(— )
D3 P3
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D3

p}/ ;) \32

Figure 3.1: The 1-loop massless triangle graph (3.75]).

1/,

= U]_3 U12
1/Z4 1/7Z,

u23

Figure 3.2: Equivalent electrical networks of resistors under star-mesh duality, where the resistances
are related as given in (3.84]). The external currents flowing into the corresponding dotted nodes
and the overall power dissipation are equal.

B 2 2
XF4<Q+51+52 537a+ﬁ1+ﬂz+ﬁs;ﬁl+1,52+1;lg,%). (3.74)
2 2 P3 P3

3.4.4 The triple-K integral as a triangle Feynman integral

In this section we introduce a further representation of the 3-point function: we show the
equivalence between the triple-K integral and the 1-loop triangle Feynman integral (see

fig.

d
Latarz cns o8} = / (gﬂ()ld |q|212td|q — p1‘2ilg+d‘q + py[202std (3.75)
The relation between these two representations is
Loi18:853 = OTla{ars,013,003} (3.76)
with
Cp = 193229 474/2D (At2d> H r (ajk + g) . (3.77)

1<j<k<3

To show that equation (3.76]) holds, here we will manipulate both integrals. The reader
can find how to derive the triangle integral starting from the triple-K (and vice versa) in
[46] and [42]. The equivalence between these representations is the star-mesh equivalence
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of electrical circuits in disguise. To see this, we will Schwinger parametrise both rep-
resentations and perform a star-mesh transformation between the respective Schwinger
parameters u;; and Z;. The triangle integral can be thought as the ‘mesh’ circuit with re-
sistances wu;j, while the triple— K integral corresponds to the ‘star’ circuit with resistances
1/Z; (see fig. with the external momenta p; the ingoing currents. Later in this thesis
we will see how the connection between electrical networks and integral representations
of conformal correlation functions can be used to find new scalar representations of the
general n-point function.

Let us consider the triple-K integral . We re-express the Bessel-K functions using
the integral formula [96]

v 0o 2
Ko(z) = = (1 dttv! —t- = (3.78)
w(z 5 22 ; exp ) .

. 1 sa\B; [ 1 p3 Z;
) K, (pjz) = 5 (5) ’ /0 d2; 27 exp (—ZJ - :c24]> : (3.79)
J

where Z; = pjz /t. We set z = 22/4 and perform the integral over z using (3.23)), leading
to

3 2
A —d > IR v;
_ -1 t Bl J
Lo, 5as) = C1232° r< 5 > j||1 /0 Az; 277 | 2,7 exp —% A

giving

where we defined Z; = Z1 4+ Z5 + Z3. The Z; variables can be interpreted as the conduc-
tivities of the ‘star’ network and the argument of the exponential can be seen as the power
dissipated in the same circuit.

Let us now work on the triangle Feynman integral . We Schwinger-parametrise
the factors in the denominator by using equation

o ajp+d-1 _d F
Id{a120113a23} = C H / dujk u]ék 2 U 2 exXp <—U) s (381)
1<j<k<3"0
with

C=@mn: J[ T <ajk + ;l) : (3.82)

1<j<k<3

and U and F' the Symanzik polynomials
U = w12 + u13 + u23, F = pfuiguis + pyuiguos + p3uisuos. (3.83)

Finally, we diagonalise the exponential by performing the ‘star-mesh’ change of variables.
In fact, the Schwinger parameters u;; can be interpreted as the resistances of the triangle
(or mesh) circuit which are related to the conductivities Z; of the star circuit via
wikigk _ 1o 193, (3.84)
Ut Z

32



Chapter 3. Conformal field theory in momentum space

giving

3 o0 d d 2

(ig—a—5)—1 +£ p
Id{a12a13a23} = H/O de Zja E—Qt—5 Ztat 2 exp | — 7] , (3.85)
j=1 i

with oy = g + a3 + 3. It is evident that this integral is the same as in equation (3.80))
when

1 d
ajr = —Bj — Br + 3 <5t - 2) ) (3.86)
or equivalently
d
fi=—5- > aij. (3.87)
J#

Hence, we showed the equivalence in (3.76)).

3.5 Singularities and renormalisation

So far we have presented 2- and 3-point functions. Before moving to higher-point functions
we discuss when divergences arise and briefly explain how to renormalise the solutions in
these cases. We will see that renormalisation is necessary when the solutions are analytic
functions of the squared momenta p?, since this corresponds to local solutions in position-
space.

3.5.1 2-point function

In section we found the solution of the 2-point CWIs, but we have not discussed its
domain of existence. Let us recall the Fourier transformed 2-point solution (3.22)):

[VlisH

2d72A7Td/2F (g _ A)
— = Q(Aii) = 2

(O(P)O(—p))) = cop ,  c=c NN : (3.88)

For finite ¢y and generic A this solves the CWIs. However, for values of d and A such that

d
3~ A= —n, nezt, (3.89)
the 2-point function is divergent and needs to be regulated. One way is to dimensionally

regulate the correlator by shifting d and A as follows

d
§fA:fnfe, ek 1. (3.90)

Then, expanding in ¢, the regulated correlator reads

(=1)

(OPIO(=P)hreg = P—p™" + ¢ p*" Inp” + f'p*" + Oe), (3.91)

which has a pole in € in the limit ¢ — 0. Can we cancel this singularity? We cannot
rescale cg — ecp since when the condition (3.89) holds, the 2-point function is an analytic
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function of p?:
(O(p)O(—p))) = cop™. (3.92)

This corresponds to a local solution, which means it has support only at 2 = 0 as one can
see from its Fourier transform: this is given by 2n derivatives acting on a delta function

(O(x)0(0)) = co(=00)"0(). (3.93)

This is not a physically acceptable solution and, as we showed in Chapter [2| all position-
space correlators are non-local. Moreover, when condition holds, there is a new
local term in the action of the form

o" ¢, (3.94)

where ¢ is the source of the operator O. With an appropriate choice of the coefficient,
this can be treated as a counterterm that cancels the divergence of the correlator.
The contribution to the momentum-space correlator of this counterterm is

. Y o 1), m +(0),2n
(OP)O(=p))et = ele)p™ u? = ——p™ + & Vp™ Inp? + 0™ +0(),  (3.95)

where the renormalisation group (RG) scale p appeared on dimensional grounds. If we

then sum the two contribution to the correlator, (3.91) and (3.95)), we can cancel the
(1)

: o A1)
divergence by setting &1 = —Cy
2-point function:

and take the limit ¢ — 0, leading to the renormalised

2
(OP)O(—P))ren = " <cgl> L+ cg) | (3.96)

This solution depends on the renormalisation scale u which breaks conformal symmetry
resulting in a conformal anomaly. This has been studied in more detail in [45] and we will
not need it in this thesis.

3.5.2 3-point function

In section we found the general solution of the 3-point CWIs and discussed its unique-
ness due to the absence of collinear singularities, leading to the triple-K integral .
This converges at large x, according to the expansion in . However, there could be
divergences in the limit of x — 0. The condition for this to happen is

a+1+xptptp3=—2n necZt. (3.97)

To see this, we consider the series expansion of the Bessel-K function around x = 0. Let f3;
be a non-integer number. Then, taking into account the series expansion of the Bessel-1,
Ipg=3% " a 12?127 and equation (3.72)), the expansion of Bessel-K is

[e.e] [e.e]
Kp, () = 2P Z ayx®i 4P Z a_z*". (3.98)

n;=0 n;=0
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We use this equation to expand the integrand of the triple-K (3.35)), leading to integrals
of the form

o8] xn+1
/ dz 2" = , n=at )+ [+ Ps+ 2n, (3.99)
0 n
with ny = n1 4+ ng + ng. This integral converges at x = 0 when
a+p1 £ P+ P> —1. (3100)

However, if we consider the integral as a function of its parameters while the momenta are
fixed, we can perform an analytic continuation by considering the complex 7-plane. Here
the integral in is well defined unless n = —1, where it has a pole. This gives the
singularity condition in . For integer f3;, the series expansion of Bessel-K functions
around x = 0 is

oo oo
Kp,(z) = P Z ayx? 4 P Z a_x® 4 ¢f log(x)Is, (). (3.101)
n;=0 n;=0

Then the corresponding expansion of the integrand in the triple-K contains also loga-
rithms,

> const consty
dz 2"log(z) = — + . (3.102)
/0 (n+1)?  (n+1)
This, however, does not change the loci of singularities n = —1, it may only increase the

order of the pole.
When equation ([3.97)) holds, we need to regulate the triple-K integral. We dimensional
regulate it by shifting the parameters as follows

a— &= o+ ue, Bi — Bi = Bi +ve, i=1,2,3. (3.103)

Note that this leaves the form of the triple-K unchanged, but the parameters are now &
and Bl and the constant cjo3 depends on the regularisation parameters ¢, v and v. When
the singularity condition holds, we find that the regulated solution is singular when
we take the limit € — 0. Depending on the type of singularity, this is canceled either by
renormalisation or by an appropriate choice of the constant cjs3.

Four different singularity conditions arise from , depending on the relative signs
of the ;. These are the (— — —), (— —+), (— + +), (+ + +) conditions. The first two
singularities, i.e., (———) and (——+), correspond respectively to ultralocal and semilocal
solutions. By ultralocal we mean that the solution only has support on configurations
where three positions collapse to one single point. By semilocal, we refer to solutions
that have support where two of the three positions coincide at one point. In these cases,
counterterms exist and divergences are canceled via renormalisation. The latter leads to
a conformal anomaly for the condition (— — —), while the condition (— — +) corresponds
to beta functiond]

On the other hand, the other two conditions with mostly ‘+’ signs, correspond to
non-local solutions. Consequently, counterterms do not exist and the singularities are just

!Note, this is not in contradiction with conformal symmetry, since this type of beta functions are
associated to couplings of composite operators which are not couplings appearing in the Lagrangian of
fundamental fields.
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singularities of the triple-K integral that can be cured by choosing the constant c¢j23 to be
proportional to e.
Finally, note that more than one condition can be satisfied simultaneously, resulting in
higher-order singularities.

In the next section we illustrate some examples where the condition holds.

3.5.3 Examples

1. (++ +) condition: d = 3, Ay = Ay = Az =1 (o = 1/2 and f; = —1/2, with
1=1,2,3).
Let us consider the following regularisation scheme

d—d+ 26, AZ — Az + €, (3104)

so that the indices 3; (3.36) of Bessel-K functions don’t change. Then, the triple-K
integral reads

(p2x) K1 (psz),

(3.105)

1 1
2 2

«QQMONka@Q»demmYQAwdwﬁﬁKym@K

where the Bessel-K are elementary functions,

me *

Then, the integral evaluates to

c m\3/2 [ e — =
(O1(p)0x(p2)Os(ps)) = -2 (T) [ " daamtreemtmtmrm
p1p2p3 0

[\
N—

C123 (7‘(’)3/2 e
= 5 p1+p2+p3) T(e
p1p2p3 \2 (1 P2+ pa) T (e)
c m\3/2 [1
== (*) [ —log(p1 +p2+p3) —ve +0(e)| ,
p1p2p3 \2 €
(3.107)
where in the last equality we have expanded in €, using
1
[(e) = -~ +0(), (3.108)

with vg the Euler-Mascheroni constant. This 3-point function is divergent for ¢ — 0.
However, the (+ + +) condition does not admit any counterterm. This is because
the leading term of is a non-analytic function of the squared momentum
magnitudes and hence this is a non-local, physically acceptable, solution. We then
eliminate the divergence by choosing c195 = C93e. Thus,

™

(O1(p1)O2(p2) O3(p3)) = <§)

3/2 Clas

. (3.109)
p1P2pP3
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2. (— — —) condition: d = 3, A1 = Ay = A3 =2 (o = 1/2 and B; = 1/2, with
i=1,2,3).
Using the regularisation scheme defined in (3.104)), this 3-point function reads
1 o0 1
(O1(2)O2(2)Os(p)) = —erlpipan)t [ oot K () K

(p27) K1 (p3x),

(3.110)
where the overall minus sign is for convenience. This integral is the same as the one

in (3.105)), so here we have

1 1
2 2

T\ 3/2 1
(O1(p)Ox(p2)Ou(ps)) = cuzs (5) " |~ +1owton +p2 +p) + 2+ 00|

2
(3.111)
However, the leading term in is a constant and the divergence for ¢ — 0 is
ultralocal. This divergence is canceled by the counterterm

S, = afe) / d3 2, (3.112)

where p is the renormalisation scale and ¢ is the source field of the operators O. To
cancel the divergence, we choose

ale) = %0123 (2)3/2 C + ao) , (3.113)

where ag is an arbitrary constant dependent on the regularisation scheme. Then,
the renormalised 3-point function is

(1P Ox(p2)Ou(ps)wn = i () frow (PF2EL) | (a1a)

where ¢ = ¢g + vg. Therefore we find, as expected for the (— — —) condition, that
the correlator depends on the RG scale . Hence the conformal symmetry is broken
and a conformal anomaly A exists:

A= / A Aggn (02 ¢)3, (3.115)

where we defined

™

Agog = Maflfu<<(91(P1)02(P2)03(P3)>>ren = —C123 (§>3/2- (3.116)

3.6 Shift operators

We conclude the analysis on 3-point functions by presenting their shift operators. These
are operators that act on a 3-point function to shift the parameters d and A; (i = 1,2,3), or
equivalently o and ;. In other words, they connect two solutions of the CWIs with shifted
parameters. Earlier in this chapter we discussed the form of 3-point functions depending
on the values of §;. For half-integer ; the triple-K integral can easily be computed in
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terms of elementary functions. For integer §; the 3-point function is expressible in terms
of the dilogarithm function, however, the computation is cumbersome. We showed the
evaluation of the master integral I (gooy (@ = 1 and 3; = 0) in appendix For larger
integer values of ; the computation is more complicated. One strategy to obtain this class
of triple-K is to generate them by acting on the master integral with a shift operator. This
leads to the reduction scheme for the evaluation of 3-point functions discussed in [44].

In this section we show that two types of such operators exist. The first family of
shift operators acts to shift both the spacetime dimension d up by two (hence a up by
one) and one 3; up or down by one. We derive their form using the properties of Bessel-
K functions, as shown in [42, 85]. In Chapter 4] we will find the general form of these
operators acting on n—point functions, using a new scalar representation of the n—point
functions. The second set of operators act to shift two of the 3; up or down while leaving
the spacetime dimension invariant and will be further discussed in Chapter [5| We show
that their expression can be understood easily in position space. Finally, we derive some
recursion relations for triple-K integrals.

3.6.1 Operators shifting d

The 3-point d—shifting operators are

10 0 d
ﬁi:—— , RZZQ i — Di=— Z':Ai—f. 3.117
. Bi — pip— B 5 (3.117)

They act on the 3-point function by sending
Li: Bi—=pB—-1 a—a+l, Ri: Bi—pBi+1l, a—>a+1l, (3118)
or equivalently,

Ly : (d,Al,AQ,Ag) — (d—l—Q,Al,AQ—Fl,Ag—I—l), (3119)
R : (d,Al,AQ,Ag) — (d+2,A1+2,A2+1,A3—|—1), (3120)

and similarly under any permutation in the set {1,2,3}. To understand their expressions
and actions, consider the following properties of Bessel functions

K, =K, (3.121)
0
o " Ky (pz)] = —2p" Ky—1(p2). (3.122)

The first property (3.121)), together with the definition of the triple-K integral (3.35)),
imply that

511

—2
Io{—p1aps} =P1 LafB1aps}- (3.123)

hence the operator pi_% “ sends B; — —f;. This is effectively a shadow transformation,
sending A; — d — A;. From the property (3.122)), we see that £1 acts on the triple-K
integral as

Lloipaps) = Lat1{s1—1,8285)- (3.124)
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This can be seen by direct computation

>0 19
L1lagpipaps} = €123 /0 do 2° [— (pflKﬁl (mw))} P5°p5 K, (p2) K, (p3)

p1 Op1
* B1—1 B2, B3
= 0123/ dz =% <$ pr Kﬁl—l(p1$)> Py’ p5° K, (p21) K, (p3)
0
o0
= 0123/ dg 2Tt [131 1p62p§3K51_1(p1$)K52(pgx)K53(p3x). (3.125)
0

Combining £; and the shadow transform we obtain the operator R

Ri=pi 2 Lyp P, (3.126)
which acts on the triple-K as
Rl]a{ﬁlﬁzﬁs} Oé+1{51+1 B2B3}> (3.127)
since
*Qﬁi —2(—B;-1) p2(3i+1>
(Bia) P (i) 25 (B~ La+1) ~ : (Bi+1,a+1). (3.128)

It is interesting to note that the combination £;R; amounts to the special conformal

operator we introduced in (3.33)),

92 1-2pB; 0
— + )
Op; 0  Op;

7

LR =K; = (3.129)

This operator acts on a triple-K integral to shift a up by two, since £; and R; shift ; in
opposite directions but both increase o by one:

{515253} a+2{315253}7 1=1,2,3. (3‘130)

Triple-K recursion relations

Using the actions of the above operators above and the CWIs we can derive some additional
recursion relations. From the dilatation Ward identity (3.25]), expressing the operators
piOp, in terms of £; and R;, we have

(a +1- IBt) a{B1B203} = ( %‘Cl + p%ﬁz +175'63) ch{ﬁlﬁ2ﬂ3}v (3'131)
(a4 1+ Be), a{B1B2B3) = (R1+R2+ Rs) T8, 8283} (3.132)

and considering the action (3.124)) of the operators £; and (3.127) of R;, we obtain

(a+1-5)1 a{B16283} — p%Ia—Fl{Bl—Lﬁ%ﬁs} + p%Ia+1{51752—1753} + p§ICY+1{Bl,B2753_1}
(@+ 1+ B)lafsipassy = Lot1{si41,6.85) T Lat1(sy, o185} F Latr{spo 8541y (3:133)

Taking into account that
‘ClIa{ﬁlﬁzlﬁ} = RaRalo—1{8-18,—183-1}>
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Rl[a{ﬁlﬁ253} = £2‘C3Ia*1{f31+1ﬁ2+1,ﬁ3+1}’ (3.134)

equations (3.131)) and (3.132)) are equivalent to the following identities

(a+1 = B)opipops} = [PTR2R3 + P3R1R3 + P3R1R2| Lo—1(81-1s—185—1}>  (3-135)
(+ 1+ Bi)lapipopsy = (L1L2 + L1L3 + L2L£3) Lo 148,41,8o+1,53+1} (3.136)

3.6.2 Operators preserving d

In this section we discuss shift operators acting on solutions of the CWIs to shift the
scaling dimensions while preserving the spacetime dimension. The best known operators
in literature [30, [83] are those acting on the CWI solutions to shift two scaling dimensions
A; up or down by one unit. They are denoted by ijmj , with 0; = 41, and their action
is to send

d—d A — A+ oy, Aj —)Aj—l-Jj, (3.137)

or equivalently,
a = a, Bi = Bi + i, B; — Bj + 0. (3.138)

One might wonder why the shift operators introduced until now act either to shift two
parameters by one unit or act to shift one parameter by two units (see ) This is
not a trivial question and we will address it in Chapter

In the following we introduce the expressions of W-operators and derive their action
on the 3-point functions. We will consider Wlif, since the expressions for general 7, j can
be obtained by permutation. According to recent understanding of these operators [36] in
momentum space, their expressions read

Wi =3 (o~ 3) (g~ ) o130
Wi = pi I wp (3.140)
Wit =p W, (3.141)
Wit = pr Ry p 2, (3.142)

We explain below the expression of WW;, , while the remaining ones are obtained by shadow
transforming Wy, .

Lowering operator W,

The easiest way to derive equation , is to start from position space. In fact given
the form of the general n-point solution , it is intuitive to find the position-space
expression of the lowering operator Wy, . As we showed in Chapter the general position-
space n-point function can be written as

¢ = (O(@1)..0(@) = [ i f(u), (3.143)

1<i<j<n
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and the parameters o;; are related to the scaling dimensions A; via
n
A== aiy, i=1,2.,n (3.144)
j=1

where a;; = aj; and oy; = 0. It is straightforward to understand that x%j is an operator
shifting A; and A; down by one. If we multiply by x?j, for some specific choice
of i and j, this serves to shift a;; — «;; +1 and hence A; = A; —1 and A; — A; — 1.
Multiplying by xfj thus acts as a lowering operator generating a new solution of the n-
point conformal Ward identities in which the dimensions A; and A; are reduced by one
while preserving f(u) and the spacetime dimension d.

To find the corresponding expression in momentum space we perform a Fourier trans-
form. The Fourier transformed n-point function is

b, = Flon] = /da:l...da:n e 12X =1TP; b (X1, .., 20, (3.145)

where, taking into account momentum conservation,

n n—1 n—1 n—1
j=1 j=1 j=1 j=1

Therefore, pulling down a factor of x1s is equivalent to acting on the Fourier transformed
n—point function with the difference of derivatives with respect to p|' and ph:

0 0
Flewsd =i 2 — -2 ) @, 3.147
[€1204] <8p’f 8p§> 4 ( )
hence | 1/ 0 9 P 9
T =F |- = = - ) —— — 14
W f[ 29{;12] 2 (817‘1‘ o ) <3p1,u 3P2,u>’ (3.148)

where the factor —1/2 is purely conventional [30]. This is valid at n-point. However, here
we focus on the 3-point function. Using the chain rule (3.24) we obtain the expression of
the 3-point Wy, in terms of Mandelstam variables:

1 d—1 d—1 2 2 2
sz_=2{8%+8§+ o+ Ly LD p38182]. (3.149)

Y41 p2 pP1p2

Let us now derive the action on the 3-point function. By construction, the lowering
operator acts to generate a 3-point function with A; and Ay lowered by one. To show
this, we use the triangle representation (3.75)). Using the equivalence between the 1-loop
triangle integral and the triple- K representation, we then derive the action on the triple- K
integral. To simplify the computation, we write the triangle integral by re-parametrising
the loop momentum:

7 B d’q 1
d{onz,013,003} = (2m) |p, + py + q|2023+d|q 203 +d|p, + g|2012+d”

(3.150)

41



Chapter 3. Conformal field theory in momentum space

and use the following identities

0 0
<ap‘f - 8}),;) f(p1+p2) =0, (3.151)
0 0
<8p’f - 8p’2‘> f(py) = ap Mf(P1) (3.152)
where f is a generic function. Then, we only need to compute
w 00 1 2 (12 +9) (12 + 1) (3.153)
opy OpY |py + g2t |py + g2zt DHd ‘
Hence the action of W,,~ on the triangle integral is
_ d
W12 Id{01127a137a23} =2 Q12 + 5 (a12 =+ l)Id{a12+1,a13,a23}' (3154)

Note that, according to (3.87)), sending a2 — a2 + 1 is equivalent to send 1 — 1 — 1
and Py — (B2 — 1. We derive the action on the triple— K by combining (3.154]) with the

triangle/triple-K equivalence (3.76)

_ d Cr
Wia Laipipaps) = 2 (aw + 2) (o2 + I)CT\ Hfa{ﬁrl,ﬁrl,ﬁa}
Q12
1
=585 — (0 =1+ B+ 52)" [ Lagp1-1,80-1,80) (3.155)

where Cr is given in (3.77)). Let us anticipate here that in the second part of this thesis,
following the work [86], we explain how to derive the factor involving the parameters «
and (; by knowing the singularities of the triple-K.

Lowering-Raising W1_2+ and raising operator Wf“;r

The momentum-space expressions of Wf;r and W1+2+ can be derived using the shadow
transform as in (3.14013.142f). In fact, let us show that these definitions shift the parame-
ters as we want, i.e., f1 — f1 — 1,082 — B2+ 1 and B1 — 1+ 1, B2 — B2 + 1 respectively

—2ﬁ2 _
Wit (Br, Ba, B3) 22— (B4, 52,53) (51 —1,—B2—1,03)

2(B2+1)

2—> (51 - 1762 + 1,63)7 (3156)

725 —2p
1p2 2

W1+2+ : (/81 525B3) —> (_ﬁlu ﬁ2753) ( ﬁl -1 _/32 -1 53)
pf(ﬁﬁrl) 2(B2+1)

(BL+1,82+1,83).  (3.157)
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By multiplying out the right-hand sides in (3.140))-(3.142)), we obtain their explicit expres-

sions

- _ d
Wit =p3Wiy + 26 (52 +1- 5" p§312u> (3.158)

_ _ d
Wiy =pWi +26 (51 tl-5- pT312u>, (3.159)

Wit = pipsWis + 2B182(pF + p3 — p3)

d d
+ 2B1p3 (Bl +1-— 5~ p’fauu) + 2B2p3 (52 +1- 3 +p§‘812M), (3.160)

where 019, denotes the difference 9/dp}' — 9/9ph.

3.6.3 Intertwining relations

In this section we conclude the discussion on shift operators presenting an algebraic method
to verify the action of a shift operator. Let Zy4 A, be the solution of the CWIs —
and X; a generic shift operator acting on the solution to shift d — d’ and A — A, for
some ¢. Then X; has to satisfy the following intertwining relation

KHd', A X — XikP[d, Aj] = O1KP[d, A;] + O4 D[d, A], (3.161)

where IC* is the special conformal operator in (3.4)) and Oj are some differential operators
such that the homogeneity of the equation holds. Note that the right-hand side is an
operator that annihilates the solution Zg4 3. While the left-hand side holds, since

O = ]C‘Lb[d/, Ag]z{d/’A;} == K:‘U' [d/, A;]Xlz{d,Al} = XlK:‘u [d, AZ]I{d,Al} (3162)
We can also consider the CWIs in Mandelstam variables, leading to the analogous relations:
Kij[d', Al X; — X; Kij[d, A;] = O1 Kij[d, Aj] + OoD[d, A;] 4,5 =1,2,3.  (3.163)

By direct computation we verified that the d-shifting operators £; and R; satisfy the
intertwining equation (3.163|) with the right-hand side equal to zero, i.e.,

Klg[d -+ 2, Al, AQ -+ 1, Ag + 1],6z = »Cz Klg[d, Al, AQ, Ag] (3.164)

The weight-shifting operator Wy, instead, satisfies (3.163)) with a non zero right-hand
side of (3.163|) different from zero. To be precise, its intertwining relation is

1 1
Klg[d, Al — 1, AQ — 1, Ag]Wl_Q_ —W1_2_ Klg[d, Al, AQ, Ag] = (plal =+ ]9262> K12 . (3.165)

3.7 Higher-point functions

In Chapter 2] we derived the general solution of the scalar 4- and n-point CWIs in position
space. While 3-point functions are uniquely fixed by conformal symmetry, 4- and higher-
point functions are less tightly constrained and depend on an arbitrary function of the
cross ratios. In this section we review recent work on general n-point correlation functions
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in momentum space [47,146]. The representation found has the form of a Feynman integral
with the topology of an (n — 1)-simplex, featuring an arbitrary function of momentum-
space cross ratios. This will also be developed further in the following chapter.

3.7.1 4-point function

We first discuss 4-point correlation functions of scalar operators and then we generalise
the results to m-point functions. The general 4-point function in momentum space has
been shown to be expressible as a 3-loop Feynman integral, where the (massless) scalar
propagators are raised to generalised powers oy; + d/2:

Den(q;, py)

d (1, 9)
(O1(p1)O2(p2) O3(p3)Oa(py)) (/H g, ) (2m) d(5<2p]) (3.166)

where the denominator is

2 d 2 d 2 d
Den(qj,pk) q3a12+ % a13+d 2023+ |p1 + qy —

X |py + @3 — q1|*** ™ ps + g1 — go| (3.167)

’2a14+d
qs3

and f is an arbitrary function that depends on the two dependent momentum-space cross
ratios

- @Bl tas—af - _ailp + g — g5
U= =3 5 = 5- (3.168)
#3lps + 41 — gl %P2 + 43 — qu
They play a role analogous to the position-space cross ratios , however they depend
on integration variables q;, and so are not independent conformal invariants in their own
right. In the following, we show the representation is conformally invariant. First,
we Fourier transform the position-space 4-point function . Then, we briefly discuss
conformal invariance from a purely momentum-space perspective.
We already computed the Fourier transform of the 2-point function and this will be

useful in our discussion. As a warm up example, we first Fourier transform the position-
space 3-point function that we denote with ¢3 here

2 2 2
¢3 = wiy P ayy g™ (3.169)
To Fourier transform ¢3, we use the convolution theorem as follows
Flos] = cra3F {xu 12} * F [ﬁ?l%ggﬂ

d qd ddq2 2« 2« 2« .
=ca | i g (4187 0y = ) [a5 a5 (6 =123, (3470

Using equation (3.22) and taking into account that the Fourier transform in the integrand
also depends on p3, we have

C
7[435 (1. p2.py) = 20)501 + 22)000) (3.171)

1
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and
C13C:
2 2 13©23
F [%?%2323} (p1,Pa,P3) = (2m)%6(p; + Py +p3)ma (3.172)
by V25
where F [x?]-aij ...] denotes the Fourier transform over p;, p, and p3. The parameters o
are given in (2.60) and
7rd/222aij+d d
Cij=——-"T|(2 i | - 3.173
Y T(-ay) <2 " a”) (3.173)

Then, substituting (3.171)) and (3.172)) in (3.170)), we find

d?q, d’qy (2m)*3(ps + g, + q2) (27)%6(Py + Py + ps)
(2m)? (2m)? gpeastdglasstd Ipy — gy [Pt

(3.174)
Integrating over g, and sending q; — —q; + p; we recover the 1-loop triangle integral
(13.75)):

Flos] = 0123012C13023/

d'q (2m)*3(py + Py + Ps3)
(2m)? |g[*12+|q — p, [P187d|q 4 py [Pzt

Flos] = 0123012013023/ (3.175)

Now, we move to 4-point functions. To find the simplex representation of 4-point functions
, we Fourier transform the position-space 4-point function in identical fashion to
the 3-point function. Note that in this case we also have to consider the arbitrary func-
tion. First, let us assume a monomial position-space arbitrary function f(u,v) = u®P
in equation , then the position-space 4-point function is just a product of powers of
w2

¢4(0¢, ﬁ) _ x?(20q2+06)xQ(ala—a-l-ﬂ)xi(laM—ﬂ)wgga%—ﬁ) 2(&24—a+5)x§51a34+a)

13 Loy
= I =" (3.176)
1<i<j<n
where
Y2 = a12 + «, Y13 = a3 — o + 3, Y4 = g — B,
Y23 = a3 — f3, Vo4 = g — v + 3, V34 = Q34 + . (3.177)

Then, we use the convolution theorem by grouping the powers of z;; in a way that a
recursive approach can be used:

Flon(a, )] = F 23] e af ] « F [of)2alpoaly]
= F [efadpiadi] « Floslm) o(pa). (3.178)

where the second factor on the right-hand side is given by the 3-point Fourier transform
(3.175)). This makes the the recursive structure evident and will be useful for the general-
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isation to m-point functions. Taking into account that

(2m)%0 <Z?:1 pj) H?Zl Cia

2v14+d, 2v24+d, _2v34+d ’
P Y2 P3

2714 2724 2734 _
]:[%4 Tog T34 }—

(3.179)

using the result (3.175)) and applying the convolution theorem we find

dlq, d?q, diq H1<1<j<4 w -y
Florte 0 = [ G5 st oo Den (g, pr) 5<pr> (3450)

with
2 d 2 d 2 d
Dengﬁ(qypk) _ ’Y12+ q2’713+ 1’723+ |p +qy— 3|2W14+d
X Py + a3 — @i [>T ps + @y — qo5 (3.181)

where the v;; depend on a and 8 as in (3.177). Note that this is the right-hand side of
(3.166)) with the momentum-space arbitrary function

fa,0)= J] Cia*o. (3.182)
1<i<j<4

So far we have shown that a 3-simplex integral with f in is a solution of
CWIs. Next, we want to show that this is also valid for any arbitrary function f(4, ).
To see this, we take into account that is a solution of CWIs and use the inverse
Mellin transform to express a general f :

R a+100 b+ico
f(@, ) / / dovdB pla, B)a20°, (3.183)
27T’L a— b

for some appropriate choice of integration contour specified by a and b. Since equation
(3.166[) can be written as

a+1i00 b+ioco
(01 (p)O2(p2) Os(p3) Os (1) 27” / /b dordB plon B)Wasr  (3.184)

where we defined )

Wap = Floa(a, B)], (3.185)

H1§i<j§4 Cij

we showed that (3.166]) is the general conformal 4-point function in momentum space. Note
that the solution (3.166)) and the Fourier transform (3.180)) differs by a factor consisting
in the product of the constants C;; defined in (3.173]).

Conformal invariance via total derivative

In this section we discuss the solution ([3.166|) from the point of view of momentum space
only. We will briefly discuss why (3.166]) is a solution of the momentum-space CWIs (3.1)),

B2).
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The DWI for the reduced n-point conformal correlators given in constrains their
expressions to scale as Ay — (n — 1)d. For n = 4, it means that the conformal 4-point
function must scale as A; — 3d. By power counting, we find that this is indeed the scaling
of the simplex representation of 4-point functions. In fact, the three integrals
contribute with dimension 3d, and each propagator scales as —2a;; —d, with 1 <7 < j < 4.
Hence the scaling dimension of is

4
—2 ) oy —6d+3d=— > a;—3d=A,—3d, (3.186)
1<i<j<4 ij=1

where in the last equality we used the equation relating «;; and the scaling dimen-
sions of scalar operators.

Let us now move to the special conformal Ward identity. First, we recall that this is
given in (3.4), and in this case K* = KY + K4, with

) O D .0 0
Opju ap Opju T O Iy

K* = 2(A; — d)=——

; (3.187)
To prove that (3.166) satisfies the 4-point special conformal Ward identity we have to show
that the action of the SCWI operator * on the integrand of the simplex representation
corresponds to a total derivative. Taking into account that /C* is a second-order differential
operator, we expect its action on the integrand of (3.166|) to be of the form

f(a,0) B 29 k w0f | kpOf
I <Den(qj7pk)> —Za ; (A " f+ Byt + C’ﬂ@y) (3.188)

for some coefficients A?“ , B]’-W and C]’?“ that are independent of the arbitrary function f .
Their explicit computation and expressions can be found in [47] and [46]. In the following
chapter we will prove the validity of the n-point CWIs using a new scalar parametrisation
of the simplex integral. Hence, we will omit further details here of the explicit computation
of these coefficients.

Before showing some special solutions of 4-point CWlIs, we first extend the simplex
representation to the nm-point functions. This is, indeed, a generalisation of what we
analysed in this section.

3.7.2 mn-point function: the simplex representation

In this section we present the conformal n-point function of scalar operators known as
simplex integral. This is a Feynman integral with the topology of an (n — 1)-simplex,
featuring an arbitrary function of momentum-space cross ratios. This generalises the
4-point solution we introduced in the previous section and reads

(O1(py) - - = ] / & q% faw - (27r)d5<pk+2qlk> (3.189)

1<i<j<n k=1
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where g;; is the momentum running in the oriented edge from vertex i to j so that
g,j = —qj; and g;; = 0. The parameters «;; are the same appearing in the position-space
solution and satisfy the condition . We denoted the set of independent cross ratios
with @, collecting the independent momentum-space cross ratios:

2 2
Ipqrs
2 427
qprqc]s

Ulpgrs] = (3.190)

Since the simplex integral is related to the position-space m-point solution through a
Fourier transform, their number follows from the position-space argument explained at
the end of chapter [2| i.e., there are n(n —3)/2 for n < d+ 2 and nd — (d + 2)(d +1)/2
when n > d + 2. Moreover, as noted for the 4-point functions, momentum-space cross
ratios depend on the integration variables.

Note that the integrand in contains a product of n delta functions. To define
the reduced simplex integral (denoted with the double-brackets), we set aside the delta
function corresponding to momentum conservation

(O1(p1) - Onlp,)) = 2% ( 3P )(O1(pr) - Oulp)), (3.191)

so that the reduced simplex integral depends only on n—1 independent external momenta.
Then, we are left with n — 1 delta functions. We choose the loop-parametrisation of the
simplex by integrating over the variables g,,, for i = 1,2,... ,n—1. We obtain the following
reduced simplex integral

(O1(p))---Onlp)) = ] / d'a; (3.192)

d
1<i<j<n—1 Den” )
where the denominator reads
) J n—1
it
Deny(a) =[] ¢ x ] ltm — p ot (3.193)
1<i<j<n—1 m=1

and I, depends only on the remaining internal momenta,

n—1
bn = —qun + P = Z dmj = Z dim + Z dm;j- (3194)
=1

j=m+1

The integral (3.192) displays (n — 1)(n — 2)/2 d-dimensional integrals. In the following
chapter we describe instead new purely scalar parametrisations for the simplex which,
amongst other advantages, feature fewer integrals.

Conformal invariance via Fourier transform

Here we want to understand the simplex integral (3.189)) from Fourier transforming the
position-space n-point function (3.143]). The idea is to use the recursive structure already
illustrated in the previous section. A more direct proof of conformal invariance for the
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simplex integral will be given in the next chapter.

We follow the same strategy used in the previous section, i.e., we first consider a
monomial position-space arbitrary function f and derive the Fourier transform of the
associated n-point function. We will see that this corresponds to the simplex integral with
a monomial momentum-space arbitrary function. To show that for any generic arbitrary
function the simplex is conformally invariant, we then take an inverse Mellin transform.
Let F}, be the position-space n-point correlator with a monomial arbitrary function.
This is expressed as a product of powers of the independent cross ratios

Fulosxy,...,x,) = ] a5, (3.195)
1<i<j<n

where the parameters o; satisfy (2.64). We want to show that its Fourier transform is

d? n
H Cii / 27312 2au+d ; (27r)d5 (pk + ZZ: QZk>7 (3.196)
=1 —

1<i<j<n

where Cj; is given in . This integral is referred to as the mesh integral in [104],
corresponding to a generalised Feynman integral with n points and n(n —1)/2 generalised
(scalar, massless) propagators with every pair of points connected. Note that with ‘gen-
eralised” we intend that the powers o;; are not necessarily equal to one. This integral also
corresponds to the simplex integral (3.189) when f= [Ti<icj<n Cij- First, let us note
that ( is satisfied for n = 2:

o ddq 1
-7:(2) [35%2 ](a12; p1,P9) = Ci2 / (277&2[(]2%2”(2”)%(191 - Q12)(27T)d5(172 +q12)
12

Cr2
= (2m)%(py + p2)p7%a12+d- (3.197)

This result is in agreement with the Fourier transform of the 2-point function (3.22)). Before
we perform the Fourier transform of (3.195) and make the recursive structure manifest,
let us introduce the following notation

FnylFn] = /ddml .. .ddmnefizg;l YiPiFp (o @y, ..., 2p)
f(n) [Fn—l] - /ddwl cee ddwne_iZ?zl wj.ijn—l(a; L1y, mn—1)7 (3198)

and one can show that
FyFn-1] = Fno1y[Fa1](2m)6(p,,).- (3.199)

We are now ready to prove equation by induction. The key point is the recursive
structure in n of F,)[F,]. We already showed this property for n < 4 at the beginning
of this section. We discuss it more systematically here, for any n. Let us consider the
position-space function F;, and factorise it to display a recursive structure (see figure :

Fp, = a30madoon g2 B, (3.200)

49



Chapter 3. Conformal field theory in momentum space
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Figure 3.3: Illustration of the recursive structure of F}, (3.200f). The continuous lines denote F;,_1,
and the dashed lines correspond to :c . (=1,...n—1).

Then, we Fourier transform it by applying the convolution theorem:

FinylFn] = Fylaiotnageen ... i Fny[Fr-1]

n—1n

(2m)% (S5 p;) TS Con , )
o e | * [Fonen [Facal2m)%(p,) 2m)5(p,)|

Py D3 <P
-1
d qz - [Fn—l](a;pl_qlv"'vpn—l_qn_l) d J
- H C’”/ 201ntd 200n+d  20m_1na+d (27) 5<pn + qu>
a4y D) - ln j=1
(3.201)
Now, first we rename qJ —qj, (=1,. —1). Then, taking into account that equation

m ) holds for n = 2, equation 1) implies that (3.196) holds for all n > 2 by

induction. This proves that the simplex integral m is conformally invariant when f
is a monomial in the momentum-space cross ratios. In fact, this is equivalent to shifting
the a;; by some amount and re-defining f = 1, as we showed for n = 4. In other words,
the simplex integral with monomial f satisfies the CWIs just as the simplex with f =1
Finally, to prove that the simplex integral is conformally invariant for any arbitrary
function, we express f as an inverse Mellin transform in identical fashion we did in equation

(3.183)) for n = 4.

Conformal invariance via CWIs

To directly prove that the simplex integral satisfies the CWIs we proceed in an
analogous way of n = 4. First, to show the scale invariance of , we need to verify
that it scales as Ay — (n — 1)d. Each integration increases the dimension by d, while each
propagator decreases the dimension by 2a;; + d. Taking into account that the number of
integrals is (n — 1)(n — 2)/2 and the number of propagators appearing in the denominator
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(3.193) is (n — 1)(n — 2)/2 + (n — 1), the total scaling is
%(n— 1)(n—2)d— %(n ) (n—2)—(n— 1)] d— 3 20 = A —(n—1)d, (3.202)

1<i<j<n

where we used . Hence, the DWI is satisfied.

To prove that the simplex solves the SCWIs, one strategy is to show that the SCWI
operator KV = Z;:ll IC;‘ acting on the integrand of is equivalent to a sum of total
derivatives with respect to g;;. This has been shown in [104], here we cite the result:

” f(’fl,) = « 9 K £ K af(’ll)
KHA) Denn(a) | Z 2" Tt () f(@) + > T (a) i | (3.203)
4,j=1 v Iel
i
with
Rop
o) = , _
i (a) = (2ain +d) x Den, (0 (3.204)
N Afuﬂ[p 78]
Fij/f[pqm} (@) = 2(0iprn + digdsn — dipOqn — dirdsn) X DéT(qa)’ (3.205)
and
ol —p,)°
A = 6%+ — ) B 3200

(li — p;)?

In the second part of this thesis, in Chapter [d we will show in a more direct manner that
the simplex solves the CWIs by using new scalar representations of the simplex.

3.7.3 4-point Ward identities: an example

In the previous section we showed that the general 4-point function depends on an arbitrary
function f of momentum-space cross ratios. This means that different 4-point functions
associated to different f exist. Certain classes of solutions for the 4-point CWIs are known,
including Witten diagrams and free fields [30} [36l 291 [95] 105l 106]. The corresponding
simplex representations of these solutions including the form of the function f have been
analysed in [36, 46]. Amongst the conformal integrals appearing in the second part of this
thesis, we study contact and exchange Witten diagrams [107, [I08]. Therefore, we conclude
this chapter with an exercise: proving that these 4-point Witten diagrams solve the CWls.
Both diagrams consist of integrals of multiple Bessel functions.

First let us derive the 4-point CWIs in terms of the scalar variables p1, p2, p3, p4, S, t, with

s =(p+py)’ P =(py+ps)° (3.207)
Using the chain rule,

o pf 9 pitpht+pk 0 pit+ph D

Op1u B Hapl P4 Opy s 0s’
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0 _1h O  pitphtps O  prtphd  pytps 0

Opau P2 Opy D4 Opy s Os t ot

1 oo Woop
0 7590  miptps 0 pptps 0 (3.208)
Op3, p3 Ops P4 Opa t Ot

we obtain the DWI

4
0= |—A+3d+ > pid; + 505 + 10, | (O1(p1)O2(p2)O3(p3)Oa(py)) (3.209)
=1

and the SCWIs [29]

0 =D;;(O1(p1)O2(P2)O3(p3)Oa(py))), 0,5 =1,....4, (3.210)
where
Dig =Ko+ (L1 — Ly — L + L4)%8t + (—p3 + pi)i@s&g, (3.211)
Dag = Ko + (L1 + Lo — Ly — L4)§85 + (P2 — pi)é@sﬁt, (3.212)
Dyy = Ky + (—L1+ Ly + L3 — L@%at + (—pi + pééfm, (3.213)

are the independent special conformal operators and we defined L; = p;0; — A;.
Now, let us assume we seek a solution to these equations that does not depend on s and
t. Then the SCWIs simplify to

0 = Kij(O1(p1)02(p2) O3(p3)O4(py))), 1,5 =1,...,4. (3.214)

By comparing these equations with the 3-point SCWIs in ([3.34)), it becomes evident that
they can also be solved by separation of variables, giving an integral of four Bessel-K
functions. Since the DWI must also be satisfied, we find

0o 4
(0121022 Os(p)Os(p)) = ¢ [ dw ™ T [0 Ko 1) (3.215)

j=1
This indeed coincides with the 4-point contact Witten diagram, i[g, A, A,; A5,A4;), When

-1
4

c=|[]]2% 'y | - (3.216)

j=1

Let us now move to the 4-point s-channel exchange diagram. This is also an integral of
multiple Bessel functions and it reads

Ud; A1, Do Ag,Aus Ag] = /O dz z_d_lK[Al](val)’C[Ag](Z,ZD) (3.217)

x /O A¢ ¢4 G (2, 55 VK201 (€ p3) K14 (o),
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where A, is the dimension of the exchanged operator and Gja,] denotes the bulk-to-bulk
propagator

o (2021, (s2)Kp, (sC) for z < ¢,
Gia,)(2,5¢) = { O K, (s2)I5 (s0) for 2> ¢ (3.218)

with Iz and K3 representing modified Bessel functions and 5, = A, — d/2. We will not
derive this result here, which is a result known in holographic CFT. Our goal here is,

instead, to show that (3.217)) solves the 4-point CWIs (3.209)), (3.210]). First, we note that

s-channel exchange diagrams don’t depend on t. Hence the SCWIs operators reduces to
D1 = Kao,
1
Doz = Koz + (L1 + Lo — L3 — L4)gas,
D3y = Ksa. (3.219)

Taking into account that Ko = K1 — K3, with K; the Bessel operator in (3.40)), by direct
computation we find that the following SCWIs are satisfied

0= K2 da 1,00 85,00 8,] = K34 02 A1 00 A5.04:4,]- (3.220)

To prove the second SCWI involving Da3 = 0, we first introduce the Casimir operator.
This is also useful to derive the action of the operator YW, on both contact and exchange
diagrams. The quadratic Casimir operator in momentum-space reads

Cr2 =(py - P20 — 2pi'D5) 015075 + 2[(A1 — d)ph — (Az — d)p!]O12,

3.221
(At Ao 20)(A) + 2y —d). (3:221)

In Mandelstam variables, omitting terms involving derivatives with respect to ¢, this is

1 1 3d d?
Cio = 5(s* 4+ p} = p3) K1 + 5 (5" + p3 =P Ko — (L1 + Lo+ )" + - + 0(0)). (3:222)
Then the action of the Casimir operator on the exchange diagram amounts to the action

of the following reduced operator [36]

Ci2 = 5(K1+Kz) —(L1+L2+?) + (3.223)
since the exchange diagram satisfies K12%g; Ay As; A5,A0:A,] = K344, A1, A A5,00:8,] = 0.
This reduced operator has the property that it sends an exchange diagram to a contact
diagram as follows

(612 + mi)i[d;AhA%A:’nAzx;Aw] = 2.[Cl§A17A2;A3,A4]’ (3.224)

where m2 = A, (A, —d). We are now ready to prove that the s-channel exchange diagram
satisfies the remaining SCWI Dagijg. A; Ay A5,A4:48,] = 0. Taking into account Da3 in
(3.219) and using the DWI (dropping the derivative with respect to t) to eliminate the
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derivative with respect to s, we have
§*Do3 = 82 Koz + (L1 + Ly — L3 — L4)(—=3d — L1 — Ly — L3 — Ly), (3.225)
and by rearranging, we find
§*Dog = 52 Ko3 — (L1 + Lo + 3d/2)? + (L3 + Ly + 3d/2)? = Cy3 — Cs4, (3.226)
where we used . Thus, when acting on the exchange diagram

" D3l Ay, Ag; A, A0 0] = (C12 = C34)i(d; A1 Mg As,008,] = 0, (3.227)

where in the last equality we used the action of the reduced Casimir operator and
took into account that Cjs and Cs4 when acting on the exchange diagram give the same
contact diagram, hence the action of their difference on the latter vanishes.

In section We introduced the weight-shifting operators Wlif acting on any n-point
functions. We computed the action of YW, on the 3-point function , showing that
it generates a shifted 3-point function. While the 3-point function is unique, 4-point
functions are not. For instance, here we considered two types of 4-point functions, the
contact and s-channel Witten diagrams. As a consequence, the action of the weight-
shifting operator Wf;i on a 4-point function does not a priori generate the same function
with shifted parameters. In fact, in [36] it has been shown that the operator Wﬁi acts on
an exchange Witten diagram to generate a linear combination of a shifted exchange and a
shifted contact diagrams, or equivalently a shifted exchange diagram but with derivative
vertices. Hence, it does not generate the same function with shifted parameters. A natural
question then arises: is there a weight-shifting operator that when acting on 4-point Witten
diagrams preserves the form of the function and only shifts the parameters? We show the
answer in Chapter

3.8 Discussion

In this chapter we gave an overview of conformal field theory in momentum space, focusing
on the scalar sector. We derived the n-point CWIs and discussed their solutions. We de-
voted considerable space to the 3-point function, presenting its equivalent representations
and singularities. We constructed the shift operators £; and R; , which connect
3-point functions in spacetime dimensions d differing by two. Moreover, we presented the
shift operators Wﬁi that connect n-point functions with shifted scaling dimensions but
same d. We then derived the general solutions of 4- and n-point CWIs that were found
recently in terms of the simplex integral .

While various studies of n-point functions yielded special classes of solutions to the
4-point CWIs, the simplex integral provides the general solution. Several questions arise.
Is there a scalar representation of the simplex integral that simplifies the study of n-
point functions? What is the generalisation of the shift operators £; at n points? Is
there a representation of the simplex integral that helps us to find this class of operators?
Moreover, proving that the simplex integral satisfies the CWIs was cumbersome. Is there
a representation that simplifies this computation? We address these questions in the next
chapter, where we find new scalar parametrisations of the integral by using insights from
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the physics of electrical circuits.

We concluded this chapter by showing that 4-point contact and exchange Witten dia-
grams solve the CWIs and quoted the action of the shift operators Wij;i on such solutions.
Unlike the 3-point case, these operators act on 4-point functions connecting solutions of
CWIs with shifted parameters but do not leave the form of the functions unchanged. Thus,
further questions about shift operators arise. Is there a shift operator that when acting
on Witten diagrams (and more generally on a certain integral) preserves the form of the
integral while shifting the parameters? Does the inverse operator of £; exist? We discuss
these questions and find a class of such operators in Chapter [5] using the formalism of a
class of multivariable hypergeometric functions known as GKZ systems.
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Chapter 4

Shift operators from the simplex
representation in
momentum-space CFT

4.1 Introduction

Understanding the general form of correlation functions in momentum-space conformal
field theory is an important goal. Working in momentum space is natural for many appli-
cations, particularly inflationary cosmology (see, e.g., [19-32]), and reveals features inher-
ited from scattering amplitudes that would otherwise be hidden, for example double-copy
structure and colour/kinematics duality [37H41]. Momentum-space methods are moreover
well suited for renormalisation [45] [34436], and are of growing interest for the conformal
bootstrap [T09-ITT].

In position space, the structure of general scalar n-point functions has been under-
stood for over fifty years [7]. A correspondingly general solution in momentum space was
proposed only recently in [47), 46]. This takes the form of a generalised Feynman integral
with the topology of an (n — 1)-simplex,

d A n n
(1) - 11 &5 2“3+dk eno(pt Yan)
=1 =1

1<i<j<n

where the integration is taken over the internal momenta q,; running between vertices of
the simplex. Here q;; = —g,; runs from vertex i to j, while the external momenta p, enter
only via momentum conservation as imposed by the delta function inserted at each vertex.
Each propagator corresponds to an edge of the simplex, as illustrated in figure and is
raised to a power specified by the parameter a;;. Together, these satisfy the constraints

— Zaij, (42)
7j=1

where A; is the scaling dimension of the operator O;. To simplify the writing of such sums
we define a;; = 0 and aj; = ;5. Euclidean signature will be assumed throughout.
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Py 34 P3

Figure 4.1: Structure of the simplex integral, illustrated for the 5-point function.

The distinguishing feature of the simplex representation is the presence of an
arbitrary function f(q) of the independent momentum-space cross ratios
. qi?qu%l
d[ijkl] qZ'QIgQ?‘l ) (4'3)
denoted collectively by the vector q. As the simplex representation can be derived from
the general position-space solution [47, 46], the number of independent cross ratios is the
same in both cases, i.e., n(n —3)/2 for n < d+2 and nd — (d+2)(d+1)/2 for n > d + 2.
For n > 4, the solution of the constraints for the a;; is not unique, but making a
different choice simply multiplies f(q) by a product of powers of the cross ratios .
Since f(q) is arbitrary, the solution of chosen is therefore immaterial.
In this chapter, we explore scalar parametric representations of the simplex integral
obtained by integrating out the internal momenta. This offers several advantages:

e The original integral features n(n — 1)/2 d-dimensional loop integrations and
we have (n — 1) delta functions to help us, with one remaining behind to enforce
overall momentum conservation. This leaves the equivalent of (n — 1)(n — 2)d/2
scalar integrals to perform. In contrast, the parametrisations we derive feature
fewer integrals: only n(n —1)/2 scalar parametric integrals, one for each edge of the
simplex.

e By inverting the graph polynomials that arise, we construct novel weight-shifting
operators connecting solutions of the conformal Ward identities in spacetime dimen-
sion d to new solutions in dimension d + 2. Remarkably, these operators have a
determinantal structure based on the Cayley-Menger matrix familiar from distance
geometry. In contrast, the well-known weight-shifting operators introduced in [83]
preserve the spacetime dimension. Operators mapping d — d 4+ 2 are we believe
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known only for 3-point functions, where their existence can be seen from the triple-
K representation in momentum space [85]E|, and for 4-point conformal blocks in
position space (the operator £, in [74]). The new d — d+ 2 operators we obtain can
be viewed as a natural generalisation of the 3-point operators of [85] to arbitrary
n-point correlators.

The plan of this chapter is as follows. In section[d.2] we show that all graph polynomials
for the simplex integral can be constructed from the corresponding Gram matrix. The
standard parametric representations for Feynman integrals then follow. Alternatively, by
regarding the Schwinger parameters as resistances in an electrical network, we can compute
the effective resistances between all vertices of the simplex. This latter set of variables
dramatically simplifies the structure of the Schwinger exponential. In section we use
these effective resistances to construct new d — d + 2 shift operators for the general n-
point function. The cases n = 3,4 are discussed in detail, and we verify the action of
all operators independently through computation of their intertwining relations with the
conformal Ward identities. The actions of the d-preserving weight-shifting operators of
[83] are also demonstrated from this scalar parametric perspective. In section we prove
that the new parametric representations indeed solve the conformal Ward identities. In
contrast to the vectorial representation (for which the Ward identities are analysed in
[47, 46]), for the new scalar parametric representations the Ward identities can be verified
directly without use of recursive arguments in the number of points n. As we show in
section the validity of the conformal Ward identities, as well as the action of the d-
preserving weight-shifting operators, can also be seen from the position-space counterpart
of the simplex. Section [4.6] concludes with a summary of results and open directions.

4.2 Parametric representations of the simplex

This section investigates scalar parametric representations for the simplex integral .
In the following, we identify the necessary graph polynomials (section , standard
parametric representations (section , and introduce new variables analogous to the
effective resistances between nodes of the simplex (section . To re-formulate the
simplex integral in these variables, we solve the inverse problem to express the origi-
nal Schwinger parameters in terms of the effective resistances (section . The re-
parametrised integral, which will be the basis of our new shift operators, then follows

(section [4.2.5)).

4.2.1 Graph polynomials

Exponentiating all propagators via Schwinger parametrisation, the internal momenta can
be integrated out reducing the simplex integral to various scalar parametrisations. The
structure of the resulting Symanzik polynomials is clearest however when expressed in
terms of the inverse of the usual variables. For this reason, we use the inverse Schwinger
parametrisation

1 1 > —d/2—aij—1__q2 Juy;
T = Ty + d/2) /0 dvgj v;; e 9/ Vi (4.4)
ij

'These d — d-+2 operators also enable the construction of d-dimensional tensorial correlators [42] [34) [35].
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The resulting polynomials ¢ and F are then related to the standard Symanzik polynomials
U and F by

o= ((l)o(L). #o=(T)e(l) oo

1<j 1<j

For the simplex, the structure of &/ and F can be expressed in terms of two matrices.
The first is the (n — 1) x (n — 1) Gram matrix G;; = p; - p;. For our purposes, the most
convenient parametrisation is

Gy = 2 k=1 Vik = ij=1,...,n—1, (4.6)
_‘/’Lj 7’7&]
where
0 1=

Here the V;; provide a full set of n(n—1)/2 symmetric and independent Lorentz invariants.
To write the diagonal entries in the Gram matrix, we used momentum conservation to
express p; = — > 4i Pi " P The second matrix is simply the image of the Gram matrix
under the mapping V;; — v;j, namely

o Zzzlv’ik Z:j7 .
Gij = o ih,j=1,...,n—1. (4.8)
—Vij i #

Since the v;; correspond to the edges of the simplex we define, as we did for the V;;,
Vij = Vji, Vi — 0. (49)

As shown in appendix [B.1] the graph polynomials are now

U=lgl, F = tr(adj(g) - G), = tr(g_l -G), (4.10)

<

where |g| = detg, adjg = |g|g~' is the adjugate matrix and g~! the inverse matrix.

The derivation proceeds by expressing the delta functions of in Fourier form and
integrating out all internal momenta. Only after this step has been performed are the
Fourier integrals for the delta functions then evaluated. As the Gram determinant |G| is
proportional to the squared volume of the simplex spanned by the independent momenta,
the polynomial U describes the image of this squared volume under the mapping V;; — v;;.
Alternatively, by the matrix tree theorem (see e.g., [65]), U is the Kirchhoff polynomial
encoding the sum of spanning trees on the simplex.
A second useful expression for F can be derived from Jacobi’s identity,

By lgl = tr(adj (9) - D, 9), (4.11)
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in combination with the relation

Dgis
ZVkl 9. (4.12)
k<l

k<l

This last relation follows from the linearity of the G;; in the Vj;, as we saw in (4.6)), and
the mapping of G;; — ¢;; under Vj; — v;. The sums run over all k£ and [ such that
k < I, corresponding to all edges of the simplex. Substituting (4.12)) into (4.10) then using

ET),

0 dln
.F Z |g| ij P |g| l]’ (413)

ov; ov;
1<j i 1<J i

or in terms of the raw momenta,

F=—

— dlg| F — Jln|g|
8 pz p]7 a = - Z
1<j 1<J

(4.14)

4.2.2 Parametric representations of the n-point correlator

To express correlators compactly, we extract the overall delta function of momentum
conservation as

(O1(p1) - - On(pn)) = (O1(p1) - - @n(pn)>>(27f)d5(zpn)- (4.15)

We also define an arbitrary function f(?) whose arguments, denoted collectively by the
vector ¥, are the independent inverse Schwinger parameter cross ratios

Vij Ukl
VikVji

Ulijkl] = (4.16)

The simplex integral (4.1) can now be written in a variety of standard forms using the
polynomials ¢ and F defined in (4.10]) or (4.14). Among the most useful are:

1. Schwinger parametrisation:

(w0 .- 0utp ) = (11 [ v sy e T

1<J

Here, the Ui;d/ ? factors in ([@4) cancel with those associated with 2/~%? via (.5).

2. Lee-Pomeransky parametrisation [112]:

(Ov(py) ... H / vy o™ ) 1) U+ F) (4.18)

1<J
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3. Feynman parametrisation:

n 00 n
<<01 (pl) R On(pn)» = <H/ dvij vi;aij—1>5(1 — Z ’fijvij)f('i)) uw—d/Qf_w
i<j 0 i<j
(4.19)
where w = (n—1)d/2+ Y71 ; aij = (—A¢+(n—1)d)/2 and the constants r;; > 0 can
be chosen arbitrarily provided they are not all Zeroﬂ If we choose all x;; = 1 then
the integration region is a simplex in the space spanned by the v;;. Alternatively,
we can set a single x;; to unity and the rest to zero which trivialises one of the
integrations at the cost of obscuring permutation invariance.

These representations are all equivalent up to numerical factors; for clarity, we have
re-absorbed these into the arbitrary functions. For analysing the action of weight-shifting
operators and verifying the conformal Ward identities, we will focus exclusively on the
Schwinger parametrisation . Nevertheless, the Lee-Pomeransky representation
is well suited for studying the Landau singularities, as discussed in appendix [B.3] and the
Feynman parametrisation has the virtue that one integral can be performed using
the delta function.

Example: As a quick illustration, the 4-point function in Schwinger parametrisation is
(O1(p1)O2(p2) O3(p3) Oa(p4)))

- (ﬁ | o) (s B gz etr) (4.20)
- Jo

)
. V13U24 V13V24
1<)

where Gi; = p; - p; is the 3 X 3 Gram matrix and g is its image

V12 + V13 + V14 —v12 —v13
g = —v192 V12 + V23 + Voyg —U23 . (4.21)
—V13 —v23 V13 + V23 + V34

The determinant is

|g] = V12013014 + V1201423 + V13V14V23 + V12013024
+ V13V14V24 + V12023V24 + V13023024 + U14V23V24
+ V12V13V34 + V12014034 + V12023034 + U13V23V34

+ V14V23V34 + V12024V34 + V13V24V34 + V14024034 (4-22)

and the equivalence of (4.10) and (4.14) can be verified directly.

2 The Feynman parametrisation follows from the Schwinger parametrisation by setting vi; = yi;/o
subject to the constraint Z?q. Kijyi; = 1. The U and F are homogeneous polynomials of weights (n — 1)
and (n—2) respectively, meaning that F(v;)/U(vi;) = o F (yi5)/U(y:;) while the Jacobian can be evaluated
as per appendix B of [46]. We then perform the scale integral over o and relabel the y;; — v;;.
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4.2.3 The effective resistances

Thus far, we have expressed the Kirchhoff polynomial U/ as the determinant of g, the
image under V;; — v;; of the Gram matrix, where p, is eliminated using momentum
conservation. However, since all vertices of the simplex are equivalent, &/ ought also to
be expressible in terms of the n X n matrix g corresponding to the image of the extended
Gram matrix éij =p, p; fori,j =1,...,n. This is simply the Laplacian matrix for the
simplex:

Zzzl Vik, ©=7,

= =1, (4.23)
—Vij, i # 7,

9ij =
As every row and column sum of the Laplacian matrix is zero its determinant vanishes
identically, but its cofactors (i.e., signed first minors) are in fact all equal to U. To see
this, consider the diagonal minor |§("’”)| formed by deleting row n and column n then
taking the determinant. Comparing with (4.8)), we then see that [§"™)| = |g| = U. As
any diagonal minor is equal to its cofactor, U is likewise the (n,n) cofactor. However, by
elementary row and column operations one can show that all cofactors of the Laplacian
matrix are equalE| Thus, every cofactor (and every diagonal minor) is equal to U. Note
this also confirms that our choice of eliminating p,, in section was immaterial.

Let us now turn to an electrical analogy involving a simplicial network of resistors.
Here, the Laplacian matrix naturally encodes the external current Z; flowing into node ¢,
since

= vi;(Vi=Vi)=>_diiVi, (4.24)

J#i J#i
where v;; is the conductivity of the edge connecting nodes i and j and V; is the voltage of
node j. Given this identification of the v;; with the conductivities, a natural question to
ask is what are the corresponding effective resistances between the nodes? From Kirchhoff,
the effective resistance s;; between nodes 7 and j is given by the ratio of minors [113], 114]
|glia9) |

S5ij = W, (4.25)

where |§(//)| indicates the minor formed by deleting the set of rows I and columns .J then
taking the determinant. Thus, |§(¥%)| is the second minor formed by deleting rows i and
j as well as columns ¢ and j, while | g(j’j)| is the first minor corresponding to deleting row
and column j. From , the element v;; appears only in the row and columns (,1),
(i,7), (j,7) and (j,7) of §. Forming the first minor |§U7)| by deleting row and column j,
v;; then appears only once in the (i, ) position. The derivative |§U7)|/dv;; is thus equal

3For example, add one to every element of §;; then add all rows to the first row, and all columns to
the first column. The top left entry is now n? while all remaining entries of the first row and column are
n. Taking the determinant, we first extract an overall factor of n from the top row, then subtract the new
top row (whose leftmost entry is now n with all other entries one) from all the other rows. The resulting
matrix has zeros in all entries of the first column apart from the top one which is n, and all entries other
than those in the first row and column are g;; (since we added one then subtracted one). The determinant
of §;; plus the all ones matrix is therefore n? times the (1,1) cofactor of §;;. Repeating the exercise for any
other choice of row and column yields the same result with the corresponding cofactor, hence all cofactors
are equal. Note this also shows that I is n~2 times the determinant of the Laplacian plus the all-ones
matrix.
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to the second minor | g(ij’ij)| formed by additionally deleting row and column 7 in | g(j’j)|.
Since |§U7)| = |g| as above, we have

dln|g| F -
ST ey U Z;Sij Pi - Pj (4.26)

where the second result follows immediately from . The Schwinger exponent in
thus encodes the effective resistances s;; between all vertices. Moreover, both ¢ and F
have been related to minors of the Laplacian: U is any diagonal first minor (or cofactor),
while the coefficients of the F polynomial correspond to the second minors: from ,
the coefficient of Vj; = —p; - p; (for i < j) is d|g|/Ovi; = |glia:4)],

Earlier, we noted that U = |g| is proportional to the squared volume of the (n — 1)-
simplex formed by the independent momenta under the map V;; — v;;. By the same
token, each coefficient ]f](ij’ij)\ of the F polynomial thus corresponds to the image of
|G| the second minor of the extended Gram matrix. However, this minor is simply
the determinant of the reduced Gram matrix formed from all the momenta apart from p;,
and p;. Thus, the coefficient of V;; in the F polynomial is proportional to the squared
volume of the (n — 2)-simplex, formed from all the momenta except for p, and pj, under
the map V;; — v;;. Similarly, the effective resistance s;; is proportional to the ratio of the
squared volume of this (n — 2)-simplex to the squared volume of the full (n — 1)-simplex.

4.2.4 Re-parametrising the simplex

The original Schwinger parametrisation @ is complicated by the non-linear dependence
of the exponent on the v;;. As we saw in @D, however, the coefficients of the V;; =
—p; - p; in F /U are simply the effective resistances s;; between nodes. The next step
is thus to invert the relation to find the v;; in terms of the s;;, i.e., to express
the conductivities in terms of the effective resistances. The simplex integral can then be
fully re-parametrised in terms of the s;;, with the linearity of the Schwinger exponent
giving a Fourier-style duality between the V;; and the s;;. This duality means that all
momentum derivatives acting on the simplex, and all momenta, can be trivially exchanged
for operators constructed from the s;; and derivatives 0/0s;;. The latter can then be
integrated by parts. This strategy will repeatedly prove useful to us later.
We start by applying Jacobi’s relation to further evaluate ,

(4.27)

sp= (o 20y {(9_1)¢i+(9_1)jj—2(9_1)13', i<j<n

gl ovi dvij (97 Y, i<j=n

where the matrices 0g/0v;; are easily evaluated from (4.8)). Defining s; = 0 for convenience
(as we similarly defined v;; = 0) and re-arranging, we find

_ 1 .
(g 1)ij = §(Szn + Sjn — Sij), ,j=1,....,n—1 (4.28)

where the diagonal entries reduce to (g_l)ii = S;n. Inverting this matrix will now give us
back the matrix g, as defined in (4.8)), but re-expressed in terms of the s;;. The desired
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expressions for the v;; in terms of the s;; can then be read off from the appropriate entries.

In fact, it is sufficient simply to know the determinant |¢g~!|. For i < j < n, the (i, )
minor formed by deleting row i and column j of g~ is |(g~1) )| = —(—1)"d|g~"|/Dsi;,
since from si; appears (with coefficient minus one-half) only in the positions (i, j)

and (j,7) of the symmetric matrix g~'. The off-diagonal entries of the adjugate matrix
are thus olg-!|
X -~ - _ .. g_ . .
adj(g™")ij = (~1)™|(g7 "] = — 5e 0 1<Ji<n (4.29)
ij
SO oin ||
1 L In|g~ . .
Vij = —gij = —7‘971‘ adj(g 1),~j = s 1< j<n. (4.30)
ij
Similarly, s;, appears in every entry of the i*® row of ¢!, and in every entry of the i*®

column. The coefficients for the off-diagonal entries are all one-half, while that for the
diagonal entry is one. The derivative 9|g~—'|/0s;, then corresponds to summing one-half
times the signed minors both along the i'" row and down the i*" column such that the
diagonal entry is counted twice. As ¢g—! is symmetric, however, these two sums are equal
so we can simply sum along the i*" row only with coefficient one. This gives

n—1 n—1
j=1

j=1
where in the final step we used (4.8)) to identify the sum of the first n — 1 entries along
the i*" row of the Laplacian as v;,. The relation (.30)) thus holds for all i < j < n.
To simplify this formula further, we observe that |g~!| can be re-expressed in terms of
the determinant of the (n + 1) x (n 4 1) Cayley-Menger matrix,

Oln \g_l\
0sin

(4.31)

Vin,

0 $12 S13 ... Sin 1
512 0 $23 ... Son 1
S$13  S23 0 ... S3n 1
m = (4.32)
Sin S2n S3n ... 0 1
1 1 1 ... 1 0

When evaluating the determinant, if we subtract the n'" column from the first (n — 1)
columns, and then the n'" row from the first (n — 1) rows, we find

—251p 512 — S1n — 520 S13 — S1n — S3n S1n
512 — S1n — S2n —2s9p 593 — S92 — S3n Son
513 — S1n — S3n 523 — 52, — S3n —2s3, S3n
|m| = (4.33)
Sin S2n S3n 0
0 0 0 1 0
Comparing with (4.28), the upper-left (n — 1) x (n — 1) submatrix is —2¢~!. Laplace
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expanding along the (n + 1) row and then the (n + 1) column thus gives
m| = —(=2)""g7"]. (4.34)

Equations (4.30) and (4.31]) can now be cleanly re-expressed in terms of the Cayley-Menger

determinant:

Oln|m|
vij =
ij asij )

i<j<n. (4.35)

This is our desired result expressing all the v;; in terms of the s;;, inverting (4.26). A few
additional relations also follow. Jacobi’s relation allows us to write
1 0 1 0 0

Oml _ —tr(adj(m) m) - tr(m—l : am) = 2(m™ )y, (4.36)

- W 8sij - \m| ‘ 83” Sij

Uz’j

since Omyy /0sij = 20;,0;); from (4.32). As the off-diagonal entries of the Laplacian matrix
are g;j = —vj;, this means that

gij = —2(m™ 1)y, ihJ < n. (4.37)

In fact, as indicated, this equation also holds for the diagonal elements with ¢ = 7 < n,
since if we multiply the (n 4 1)" row of m by column i of m~! we find

0=> m;', i<n (4.38)
and since all row and column sums of the Laplacian matrix vanish,

n n
gii = — Zgw = Z 2(m_1)ij = —2(m_1)ii. (439)
J#i J#i
Thus, the n x n upper-left submatrix of the inverse Cayley-Menger matrix is minus one-
half the Laplacian matrix, using either or to convert between the s;; and
vis{]

The appearance of the Cayley-Menger matrix in our analysis is not a total surprise:
in Euclidean distance geometry, the Cayley-Menger determinant is proportional to the
squared volume of the simplex whose squared side lengths are given by the s;;. Here, the
map v;; — Vij sends (g7 1);; to the inverse Gram matrix G;jl = (p; - P;), which is itself the
Gram matrix formed from the independent dual momentum vectors p, = G;jl p; satisfying
P; - p; = 6ij. The determinant | g~ !| is thus proportional to the squared volume of the
dual (n — 1)-simplex spanned by the independent p,, and by , the s;; are then the
squared side lengths of this dual simplex. This provides an alternative (dual) geometrical
interpretation for the s;;, besides the volume ratio discussed at the end of section

4 To the best of our knowledge, this result, along with a geometrical interpretation of the remaining
(n 4+ 1)* row and column of the Cayley-Menger inverse, was first obtained by Fiedler, see [I15, [116].
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Example: All the relations above are easily checked for small values of n, and the s;;
are always rational functions of the v;; and vice versa. For the 4-point function, we find,

e.g.,

dIn|g|
-1
S12 = 9o, = (V13014 + V14V23 + V13V24 + V23V24 + V13U34 + V14U34 + V23U34 + V24V34) |9]
12
Oln|m|
V12 = 5o = (—2s513523 + 2514523 + 2513524 — 2514524 — 4512534
12

+ 2513834 + 2514834 + 2593834 + 2594534 — 2534) \m|_1, (4.40)

where |g| was evaluated in (4.22) and

0 s12 s13 siu 1
s12 0 s23 s2q4 1
|m|=|s13 sa3 0 s34 1 (4.41)
S14 S24 s3¢ 0 1
1 1 1 1 0
evaluates to
2 2 2
|m| = —2512813593 + 2512514523 + 2513514823 — 2514523 — 2814823 + 2512513524 — 2813824

2 2
— 2512814524 + 2513514524 + 2513523524 + 2514523524 — 2513554 — 2812534
+ 2512513534 + 2512514534 — 2513514534 + 2512523534 + 2514523534 + 2512524534

+ 2813824834 — 2823824834 — 2312334. (4.42)

4.2.5 Cayley-Menger parametrisation of the n-point correlator

Using the results above, we can re-express the various parametrisations of the simplex
integral in terms of the effective resistances s;;. If we write the external momenta in
Cayley-Menger form,

M=m (4.43)
Sij—P;'Pj
the Schwinger exponent can be written as
F O 1
st7hn > sij(pi-pj) = Str(M - m) +n, (4.44)

1<J

where the constant term n just produces an overall scaling which can be re-absorbed
into the arbitrary function of cross-ratios. Moreover, as shown in appendix the
determinant of the Jacobian is

Os

9 oc g™ oc ml", (4.45)

_|#*In]g|
ovdv

where the constant of proportionality can again be absorbed into the arbitrary function.
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The Schwinger form (4.17)) of the simplex integral now becomes

(O1(py)-- H / sy 815;‘:') ) F8) 2 BT (4 46)

where the cross-ratios © are rational functions of the s;; as defined via and -
An alternative expression can be given in terms of the Cayley-Menger minors, since from
Jacobi’s relation

9|ml|
851-3-

= 2(—1)"* |m(7)), (4.47)

where |m(%)| is the minor formed by taking the determinant after deleting row i and
column j. After absorbing numerical factors into the arbitrary function, this gives

<<01(p1) H/ dS] ’m(w ’ Qij— )f(’f)) ‘m’a e%tr(M-m) (4.48)
1<)
where
VijUkl |m(27])||m(k7l)|
<d+ n\n — ZAl), v[zykl] ”U,Lk’Ujl |m(lvk)||m(]vl)| . (449)

Analogous expressions can be obtained for the Lee- Pomeransky and Feynman representa-
tions and - but the Schwinger parametrisations (4.46)) and (§ are particu-
larly convenlent As noted, the diagonal Schwinger exponent means dlfferentlal operators
in the momenta can easily be traded for equivalent differential operators in the s;; acting
on the exponential, whose action can be further evaluated through integration by parts.

4.3 Weight-shifting operators

New weight-shifting operators now follow from the Cayley-Menger parametrisation .
Acting on the Schwinger exponent with an appropriate polynomial differential op-
erator in the momenta pulls down a corresponding polynomial in the s;;. Choosing these
polynomials to be the Cayley-Menger determinant and its minors, we obtain shift opera-
tors either increasing o or decreasing one of the «;; by integer units. We discuss these new
operators in section showing their effect is to increase the spacetime dimension by
two while performing assorted shifts of the operator dimensions. Further weight-shifting
operators can then be constructed by conjugating these operators with shadow transforms
as shown in section [4.3.2] Explicit examples are given for the 3- and 4-point functions
in section Then, in section we turn to analyse the weight-shifting operators
proposed in [83]. These preserve the spacetime dimension but their action can nevertheless
be understood using our parametric representations.
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4.3.1 New operators sending d — d + 2

Let us begin with the V;; defined in (4.7) as our independent momentum variables. Acting
on the Schwinger exponent (4.44)), for any i < j

— e

Vi ’

9 %tr(M~m) = 54 e%tr(Mﬂn) _V;j e%tr(M-m) _ ieétr(Mwn) (450)

88@'

allowing differential operators in the momenta to be traded for equivalent operators in the
integration variables s;;. The shift operators

++ _ %,J —
S5t =m0 S =|m| (4.51)

sij—>—6/6vij7 sij—>—8/8Vij7

then serve to pull down factors of |m(7)| and |m| respectively, thus their action is to send

8;;—’_ DOy QG -1, S: a—a+l. (4.52)

From (4.2) and (4.49)), this is equivalent to shifting
Si;Jr: d—d+2, A, — A +1, Aj—>Aj+1, (4'53)
S: d—d+2, (4.54)

and so the superscript on S;]r- T is chosen to indicate its action of raising A; and A; by one.
While the Cayley-Menger structure of S{; * and S is manifest in the variables V;;, where
convenient these operators can easily be rewritten in terms of other scalar invariants (e.g.,
Mandelstam variables) via the chain rule. We will discuss this for 3- and 4-point functions
shortly in section [:3.3]
Alternatively, we can express S;;Jr and S in terms of vectorial derivatives with respect
to independent momentum p; for ¢ =1,...n — 1. For S, we find

(TL — 1)! (1 Hn—1] 0 0
S=_ DT Jp—— 4.55
‘G’ 1 n—1 apllu apZill ( )
where |G| = |p; - p;| is the Gram determinant and the y; are Lorentz indices. (We leave

all Lorentz indices upstairs to avoid confusion with the momentum labels, given we are
working on a flat Euclidean metric.) The equivalence of to can be established
either by direct calculation for specific n, or else by considering its action on the Schwinger
exponential of the representation (4.17)). This representation is the appropriate one since,
from , it involves only dot products of the independent momenta. Evaluating, we
find

S (e_ ZZ}l(gfl)z‘jm‘pO

(n—1) N
= — ‘G’ p[lul . 'pZ—ll]
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n—1 n—1
- - n n—l( =1 iiDi P
. (—22(9 1)1j1p?11>”'(_22(9 Dt 1]3?” f)e 25 97 )uPip;
a Jn—1
-1 n—1
N Z Yo 0 0t 1P - (Pt P, )

J1,k1 Jn—1,kn—1

% 5ik1 o 61%—1]6— Z?,;l(g_l)z‘jprpj
In—1

= —(=2)" g e Ti 0 Dupips
— [m|e” 6 @ upip; (4.56)

where in the last step we used the Levi-Civita identity (n—1)! 5%1 e (5?::11] =gltdn-tgy 4o

to generate a product of determinants |g~!||G|, with the |G| then cancelling. Referring
back to ([.17)), since U~Y? = |g|~%? we see the action of S is thus indeed to raise d — d-+2.

Through similar manipulations, we find

S;;—i— _ (_1)i+n Mpilui - Mn 1] m H

4.57
@l 1 (4.57)

829

Relative to ({ , the derivative 9/dp!"" has been replaced by the dependent momentum
=" i1 p] positioned to the left of all derivatives. This leads to

S+ (e— ZZ}l(gfl)ijpfpj)
m

(D)™ (=D )

= ‘G’ b1 pn 1
n—1 n—1 n—1 1,
(=23 ) (_2 Sop) (<2 Y g e B @
J1 Ji In—1
2” 2112:1 8|g *ZZ;l(g_l)ijPi'Pj (4.58)
ji=1 a Z]z ’

since, relative to our previous calculation, the matrix element (g_l)iji is missing in the
product on the middle line. Instead of obtaining the full determinant |g~!|, we then get
the derivative of this with respect to the missing element. As in (4.31]), we can now rewrite

n—1 n—1

dlg~1 . i92—n  (in
> stk = S Gia s, =5 gl = il = (1] (459)

ji=1 Jisi ji=1 ji=1

using ([4:47) in the last step. The action of S;7™ in (4.57) on the exponential is thus to pull
down a factor of v;;|g|™!. From the representation (4.17)), this has precisely the required
action of sending o;; — aj; —1 and d — d + 2.
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Finally, since the choice of dependent momentum is immaterial, (4.57)) generalises to

o (n—1)! Ny o T O
<l ki Lk

where the hats 13? 7 indicates that this factor and index are omitted in the antisymmetrised
product, and we take p? == ZZJ £ pZJ] as the dependent momentum. In principle these
last few derivations allow use of the s;; variables to be avoided entirely, although in practice
the form of the operators (4.55)) and (4.60) would be hard to anticipate.

4.3.2 Further shift operators from shadow conjugation

Additional d — d + 2 shift operators can now be constructed — at no expense — by
conjugating S;; * and S by a pair of shadow transforms. This idea was discussed recently
for d-preserving weight-shifting operators in [36].

In momentum space, the shadow transform A; — d — A; (leaving d invariant) simply
corresponds to multiplying by p?iQAi. First, notice that attempting to conjugate S;;+ by
shadow transforms on either of A; or A; has no effect: for example, the action of the

Ai_dSZ-J’JT+pd_2Ai

operator p? i corresponds to the successive parameter shifts

d—2A;
(As, Aj,d) s (d — A, A, d)
f+
— 5 (d—DNi+1,A;+1,d+2)
(d+2)=2(d=A1+1) _ 28;—d

: L (d+2) - (d— A+ 1),A;+1,d+2)
= (A +1,A;+1,d+2) (4.61)

which is equivalent to the action of S;Jr alone. Further computations confirm that the
shadow transform on A; or A; commutes with Si'; +,

However, we do obtain new operators if we shadow conjugate S{; * on any index k # i, 5.

For example, the action of
208 +2—d d—2A
P TS (4.62)

corresponds to the successive parameter shifts

d—2A,
(Au A]a Almd) pk—> (Ala A]ad - Ak‘a d)
StF
- (Ai—f-l,Aj-l-l,d—Ak,d-l-Q)
pUFD—2A=AY) _ 28p+2-d
k b (A + 1,0 +1,A, +2,d +2). (4.63)

Thus, in addition to the shifts produced by SZ-J;. * alone, we have also shifted Aj, up by two.
Shadow conjugating on further variables has the same effect, for example,

20 +2—d_2A;4+2—d d—2Af _d—2A
p;. kTt P; 1+ S;§+pk kpl l (4.64)
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for any (k, l) #* (’l,j) sends (Az, Aj, Ap, Al,d) — (Az + 1, Aj + 1, AL, +2,A;+2,d+ 2).
We can also apply similar considerations to S. The action of

p?AiJrQ_dSpg_zAi (4.65)
corresponds to the shifts
pc_l—zAi S p(_d+2)—2(d—A¢):p2Ai+2—d
(Aj,d) —— (d— Ajyd) = (d— A, d+2) = . (A; +2,d+ 2).
(4.66)

Shadow conjugating on further momenta p;, leads similarly to shifting A, — Ay + 2.
With all these operators obtained by shadow conjugation, notice we can always obtain
an equivalent differential operator with purely polynomial coefficients (i.e., an operator in
the Weyl algebra) by commuting the inner pZJA’“ shadow factors through the differential
operator S or S;;Jr, whereupon all non-integer powers cancel with those from the outer

shadow transform.

4.3.3 Examples at three and four points

To illustrate the general discussion in the two preceding subsections, let us now compute
the explicit form of these d — d + 2 shift operators for 3- and 4-point functions.

3-point shift operators

For the 3-point function, it is convenient to use the three squared momentum magnitudes
as variables. Defining

0 1 0

ek ‘0P 2p; Opi’

i=1,2,3 (4.67)

via momentum conservation we have

E & 9  ~0P, 0
Pi==> pi'pi=) Vi 5= s g5 =DitD; (4.68)
i i Vi i OV O

From (4.51)), writing D;D; = D;; for short, we then find

S = —4(D12 + Dag + Ds3),
St =—2D3, S =-2Dy, Sfi" =2D;. (4.69)

The various signs on the second line reflect our choice to use the Cayley minors in
and (4.51): had we used instead the cofactors or d|m|/8s;; as per then all signs
would be the same. Generally, any overall coefficient in S or the S;;Jr can be eliminated
by rescaling the corresponding prefactor in the definition of the simplex integral.

As noted in the introduction, these 3-point operators (and their shadow conjugates)
are already known from the triple-K representation of the 3-point function. In [42, 85],
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the Bessel shift operators

10 0 283,42 —28; d
,L‘ —_— — —_— 3 /L pu— 2 ,L‘ —_— Z pr— . 4 Z . Z, Z pu— AZ _— 4.
L o Op: Ri=2B;—p op; =V L; p; 6 5 (4.70)

where shown to act on the 3-point function by sending
Li: Bi—=pBi—-1 d—d+2, Ri: Bi—0Bi+1, d—d+2, (4.71)
or equivalently,

Ly : (d,Al,AQ,Ag) — (d+2,A1,A2+1,A3—|—1), (472)
Ri: (d,Al,AQ,Ag) — (d—l— 2,A1+2, A0+ 1, A5+ 1), (473)

and similarly under permutations. This is consistent with our analysis here, since
(L1, Lo, L3) = (835", =S5, S157) (4.74)

and S;;+ augments A; and A; by one and d by two. The R; operators are then their
shadow conjugates as defined in (4.62)), producing the expected shifts (4.63). Finally,

S=—L1Ly — LoLs — L3l (4.75)

does not appear explicitly in [85], but can be derived as follows. Writing the 3-point
function as the triple-K integral I;/5_1 (3, g,,3,}, from (4.71) we have
_SId/Z*L{51752753} = Id/2+1:{51*1,52*1,53} + Id/2+17{51,52*1,53*1} + Id/2+1,{51*17527ﬁ3*1}
= (Ri+ Rz +Rs)lay2,(61-1,8-1.8-1)

d
= (5 + B + 4) La/2.481-1,82—1,85—1} (4.76)

where the final line follows by eliminating the sum of R; operators using the dilatation
Ward identity. The effect of S is thus to increase d — d + 2 and all 8; — 5; — 1. All
dimensions A; = f3; + d/2 are then preserved, consistent with (4.53)).

4-point shift operators

The 3-point calculations above provide a first consistency check, but to obtain genuinely
new shift operators we now turn to the 4-point function.
To write our results, we introduce the Mandelstam variables,

PI:{p%7p§’p§7pi7827t2}7 I:17"'76 (4‘77)

where s* = (p; + py)? and t* = (p, + p3)?, and define the derivative operators

0
Dy =, Dry= DDy, Drjxk = DiD;Dk. (4.78)
OPy
Defining S;;+ = 4(—1)"*J S;;+ and § = —8S to suppress trivial numerical factors, from
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(4.51]) and (4.41)), using the chain rule analogous to (4.68)), we obtain the operators

S5t = D34 + Dus + D35 + Dsg,

S5t = Day — Dsg,

Sii" = Da3 + Dag + D36 + Dsg,

Syst = D14 + D16 + Dug + Dse,

Say" = Di3 — Dsg,

831" = D12 + D15 + Das + Dsg, (4.79)

and

S = Duse + D356 + D3ag + Dase + Dass + Doss + Dass + Dasa
+ D156 + Diyas + D13 + Di3s + Disa + D126 + D124 + Dios. (4.80)

As per (4.53), the SZT;* increase A; and A; by one and d by two, while S increases d by

two.
Following section [4.3.2 we can obtain further shift operators by shadow conjugation.
As noted earlier, shadow conjugating each SZJF on either of the (7, j) indices has no effect:
from , S;;‘*‘ contains neither D; or D; hence these shadow factors commute through
the operator. Instead, we must shadow conjugate each S,LT;JF with respect to indices other
than (i,7). At four points, once a pair of insertions (i,7) is specified, the remaining set
also form a pair (k,l) # (4,j). Shadow conjugating each S;§+ on the opposite pair (k,1)
then defines
Sf;ijj—&- _ pi(ﬁk-*‘l)pl?(ﬁl-*‘l)Sljijj—&-p]:?ﬁkpl—?ﬂz’ (k1) # (i, ) (4.81)

where §; = A; — d/2. Expressed in terms of the variables (4.77)), we find

Syt = B3Bs — BaP3Ds — B3PyDy — (B3Py + BaP3) Ds + P3PySTyt,

§1+3+ = B284 — BaPa Dy — PoPyDy + P2P45'1+3+7

Syt = Bafs — B3PaDy — B2 P3D3 — (B2 P3 + B3P2) D + PaP3 ST,

5’5? = p1Ps — PaP1 Dy — p1PyDy — (S1 Py + B4P1)Dg + P1P4S§E+7

S3it = B1Bs — B3PLDy — f1P3Ds + PLP3SyyT,

Sat = B1Bs — BaPiDy — 1 P2Dy — (B1 Py + B2Py) D5 + PiPaS3,T. (4.82)

The action of each operator 5';;+ istoshift d = d+2, A;; = A j+1and Ap; — Ag+2.
This leaves f3; and 3; invariant while raising 8 and §; by one. Heuristically, these S;;Jr
are then the 4-point generalisation of the 3-point R; operators in . Likewise, the
Sng in leave 3; and (; invariant but lower 3;, and 3; by one, and represent the
4-point generalisation of the 3-point £; operators.

Besides shadow conjugating Si?r with respect to the pair (k,!), one can of course also
conjugate with respect to only a single index k to find operators sending d — d + 2,
Ai; — Ajj+1and Ay — A + 2 only. One can also apply the shadow conjugation
procedure to the d — d + 2 operator S. All these operators can be evaluated similarly
to the S';EJF above and we will not write them explicitly. One case of particular interest,

however, corresponds to acting with §Z+ followed by S;]r- * which produces an overall shift
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of d — d 4 4 while increasing all operator dimensions by two. The same shift is produced
when acting with these operators in the opposite order (remembering to shift 85 ; — Br;—1
in 5;;.+ to account for the prior action of S;;-Jr). By subtracting, we then obtain a shift
operator of only second order in derivatives, rather than fourth. For example,

SHH, o SHE - SETSE] = (84 ) Dsg (4.83)
and so Dsg shifts d — d 4+ 4 while sending all A; — A; + 2 and preserving the g;.
Finally, let us emphasise that the action of all these shift operators is general and
not in any way tied to the simplex representation: any solution of the 4-point conformal
Ward identities is mapped to an appropriately shifted solutionﬂ We have confirmed this
explicitly by computing all the relevant intertwining relations between the shift operators
in this section and the conformal Ward identities, whose form in Mandelstam variables
can be found in e.g., [36, 29]. Thus, for example,

’C(Al + 1, AQ + 1, A3, A4, d -+ 2)51;;_ = Sf;_K:(Al, AQ, Ag, A4,d) (484)

where IC({A;}, d) represents schematically any of the special conformal or dilatation Ward
identities with the operator and spacetime dimensions as indicated. Applying this relation
to any CFT correlator with dimensions ({A;}, d), the right-hand side vanishes and the left-
hand side then indicates that the action of Sf;r produces a solution of the shifted Ward
identities. Intertwining relations such as theseﬁ allow the shift action of operators to be
established independently of any integral representation for the correlator.

4.3.4 Operators preserving d

A different class of weight-shifting operators that preserve the spacetime dimension d
while shifting the A; was identified in [83]. In momentum space, these operators have
been applied to de Sitter correlators in [29] 30]. With the aid of shadow conjugation, we
can write them in the compact form [36]

ﬁ_l(i_ixi_i)
o9 opt! 8p§-’“ Opip Opju
W;;* _ p?(ﬂi+1)wi;—p;2ﬁi
_ 2(8:+1 __ =28
Wit = pr I W, (4.85)

5Up to a technical caveat (common to all shift operators) that where divergences occur, one must work
in a suitable dimensional regularisation scheme. In some cases the shift operator then only yields the
leading divergences of the shifted correlator, see the discussion in [36].

5More generally, the right-hand side of could feature any operator in the left ideal of the conformal
Ward identities, since all that matters is that it vanishes when acting on a solution with dimensions

({Ai}, d).
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where 8; = A; —d/2 and 1 <i < j <n—1so p, is taken as the dependent momentum.
Their action is to shift

ijioj A —>Ai+0'z'7 Aj —>Aj+0'j, d—d, {O'i,a'j} € +1. (4.86)

In this section, our goal is to understand the action of the simplest of these operators,

W,:~, from the simplex perspective. The action of the others then follows via shadow

conjugation, or else can be shown explicitly: for example, we analyse WZ-;JF in section
4.0.2)
We begin by writing the Schwinger exponential (4.10)) in the form

n n—1 n—1
—tr(g  G) =D supp == (Skn+5im— k) (Pr D) — Y SkaPr- (487
o<l k<l p

As only the independent momenta feature in this last expression, the action of WZ; ~ on
the Schwinger exponential can be rewritten as a differential operator in the sz;. We will
do this in several steps. First, notice that

9 ~ n—1 a
e "D = (2t D (s s — s )OO
P ki

n—1

= - Z(Sm + Skn — Sik) P e~tra 0, (4.83)
k

where in the second line s;; vanishes for i = k. This gives

O 0\ et e R
(aT)u - W>€ tr(g™G) = Z(Sik — Sjk — Sin + Sjn) Phe " (971G) (4.89)
7 J k
and hence
—— _—tr(g71-G)
Wi me (4.90)

1 n—1 - .
= ( — dsij + 3 Z(S,k — Sjk — Sin t+ Sjn)(sil — Sji — Sin T+ S]‘n) Dy, 'pl> e tr(g G).
k,l

To rewrite these momentum dot products as derivatives with respect to the sg;, we now
rearrange this sum as follows. Using momentum conservation pi =— Z&k Py - P, for any
generic coefficient Ay, such that A, = 0, we have

n—1 n—1 n—1
ZAkAlpk P = ZAkAlpk ‘Pt ZAipi
kil k)l k
k£l
n—1 n—1
=Y Ap(A— AP P — Y Aipp Py
k)l k
k£l
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n—1 n—1

1
==Y (A —-A)’pyp— Y Alpy b,
k,l k
kAl

n

== (A4 —A4)’p;-p (4.91)
k<l

\]

where in the final line the sum runs up to n. Setting Ay = s; — i — Sin + Sjn, We find

n

__ -1, 1 B .
Wy e = ( —dsij =5 D (sik — sk — s+ 5)° Py ‘Pz) e trle 6
k<l
1 X
= ( — dsij — 9 Z(Szk — Sjk — Sy + Sjl)2 85kz) e~ tle™G)
k<l

= (_dsij + 28111‘;') eitr(g_liG)

= 29|20, (jgI~¥2 07" D), (4.92)

In the second line here, we exchanged p,, - p; for 0s,, using the first expression in (4.87)).
The change of variables from 05, to d,,; in the third line then comes from the Jacobian

evaluated in appendix and in the final line we used (14.26]).
The action of W;;~ on the full simplex integral (4.17) now follows. First, the outer

factor of |g|%/? in (4.92)) cancels with the factor 4 ~%?2 = ]g] /2 in (.17). Integrating by
parts with respect to v;;, assuming the boundary terms vamshﬂ the derivative then acts
on the prefactors as

—281)1](1_[@‘% Ly )_ 2]11_[ on—l (4.93)

k<l k<l

Here, the terms coming from 9,,; hitting the cross-ratios (|4.16]) inside the arbitrary function
f(9), as well as those from hitting v, @77 have been repackaged in the form vwl f(v) for

some new function of cross-ratios f (v). Thus, overall, we find

(11 | dvaog ) polgl e

k<l
H/ d'l)]gl'l) 1l kl*l) —1 (@)’g‘ d/2 —tr(g~ G) (494)

k<l

The action of W~ on the simplex is therefore to send o;; — «;; + 1, up to changes
of the arbitrary function. The latter is of no account as far as mapping one solution
of the conformal Ward identities to another is concernedﬁ From (4.2), we now confirm

"For the upper limit this is automatic for momentum configurations with non-vanishing Gram deter-
minant thanks to the decaying exponential. The lower limit vanishes provided a;; < 0.

8 An exception is if W,;~ maps us from a finite correlator to a singular one, corresponding to a solution
of the conditions d + Y, 0s(A; — d/2) = —2k for some non-negative integer k and a choice of signs
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that sending «;; — a;; + 1 while keeping the remaining aj; fixed is equivalent to sending
A; = A;—1and Aj — Aj — 1 while preserving d, in perfect agreement with (4.86)).

4.4 Verifying the conformal Ward identities

In this section, we prove that the parametric representation of the simplex integral
satisfies the conformal Ward identities for any arbitrary function of cross-ratios. The
corresponding result for the vectorial simplex integral was established in [47, [46].
Working purely in momentum space, our approach is to show that the action of the Ward
identities on the simplex integral reduces to a total derivative. With a degree of hindsight,
the structure of this total derivative, obtained in , can also be understood from
somewhat simpler position-space arguments. We will return to these in section [4.5.1

As the dilatation Ward identity can be verified by power counting, we focus on the
special conformal Ward identities

n—1
0= 3 (o~ g g 205~ D) (O1(p)--Outpa)). (499

j=1 J g J

treating p,, as the dependent momentum. As a first step, we rewrite the action of each in-
dividual term in (4.95)) on the Schwinger exponential as an equivalent differential operator

in v;;. From (4.10]), we have

n—1 n—1

328, - d) 88 ~tr(s76) ij( 13 (A - d)gt) ), (4.96)
J k

S K 9 9 e tr(g™hG) _n \ _ - —tr(g7-G)

> g Zzg( 2dg;t +4Y " gl 9n Py p)e . (4.97)
j J J j k,l

Using (4.28)) for the inverse metric and the manipulation (4.91f), this last expression can
be rewritten analogously to (4.92)):

“— L9 9 Lo % - 1
—tr(g~1-G 2 —tr(g~1-G
zj:p? 8p]’4 8p;f el ) = ij ( 2dsjn — Z (8jk = Skn — Sj1+ Sin)” Py, 'pz> el )

J k<l
n—1 n 1
= Zp;( — 2dsjn — Z (Sjk — Skn — Sj1 + Sin)? 8SM> e—tr (971G
J k<l
n—1
-1
= 2 # (= 2 +40,, ) O, (4.98)

{0:} € 1, see [47]. In such cases, the arbitrary function f(#) vanishes. In dimensional regularisation, this
zero then cancels the pole coming from the divergent correlator such that the result is finite, see [36].
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Next, we must deal with

n—1
S (~wigggy)
- vy 019 o}

n—1

_ i o
= 4ij (g]] - Z(gjkl Jrgjll)gkll Pr 'pl) o—tr(g71G)

7

n—1 n—1
2\ —tr(¢g~ 1@
_421’] (g]] 722 g]k‘ +95 )gkl Py D — QZQJkgkkpk>e (g6,
k<l
(4.99)

Using (4.28) and momentum conservation, the p? terms in this final sum can be rewritten

_2Zg]k gkk pk = Zskn Sin + Skn — Sik Zpk D;

14k

= Z <5kn(5jn + Skn — Sjk) + Sin(Sjn + Sin — Sjl))pk “pi- (4.100)
el

In the first line here, notice we extended the sum over k£ to run up to n, which is possible
since the additional term with £ = n vanishes as s,, = 0. To get the second line, we then
re-expressed the terms for which k£ > [ by swapping k <> [. For convenience, it is useful to
define

gz] Z’JSTL—]‘7

1
A1
o= —(8Sin + Sin — S 4.101
9ij 2( in Jn ij) = {0 i =n and/or j = n, ( )

effectively extending the (n — 1) x (n — 1) matrix gigl to an n X n matrix f]i;l by adding a
final row and column of zeros. This allows us to compactly rewrite (4.99)) and (4.100]) as

= v 9 9 —tr (g7 1-G)
Zj:(_zpjap;fap;)e i

n—1
1. —tr(g-1.G
= pr (49 +SZ< m +ng Do+ G g]k + 19]z1> askl) emtrlom A,
J

k<l
(4.102)

Here, the sum over [ for the p;, - p; terms in (4.99)) has similarly been extended to run up
to n, noting the additional | = n term vanishes. We then replaced p;, - p; by a derivative
with respect to si; using (4.87). The result now simplifies further upon exchanging

ov b
Skl Z 832[ Zga kgl Ua.lﬂ (4.103)

a<b

where g, is the Laplacian matrix (4.23)) and the Jacobian is evaluated in appendix
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First, we write

n
sl | a—lya—l | a-la-l | a—la-l
82 ( - (ij + 395 )0+ T i T 9 95 ) Dsyy
k<l
n n
=433 Gordn (G5 + 53055 = G5 = 305" ) Ovas (4.104)
a<b k|l
where the sum over k < [ of (k,[)-symmetric terms has been rewritten as half the sum

over all k£ and [, noting the terms with & = [ explicitly cancel. The final two terms now
vanish since all row and column sums of the Laplacian matrix g are zero:

n n n
> Gak G G G55 =D Gak G G55 >, Gib =0, (4.105)
ol k !

n n n
> Gk gyt oy =D awdy " 67"y Gak =0 (4.106)
ol f k

For the first two terms in (4.104)), we use the identity
n
> Gikdn) =0 = Oimy  ij <. (4.107)
k

To derive this, note the sum over k restricts to k < n—1 from :4.101 , then for 7,7 <n—1
we have gikg,;jl = gikg,;jl. Fori=mn,j<n-—1weuse gngy; = — l"_l glkg,;jl and for
j = n and any ¢ the sum vanishes from (4.101)). With the aid of this identity, we then find

= v g 0 —tr (g7 1-G)
j§:(__2pjap§6m?>e trig

n—1 n
" ne _ -1,
=4 v} (Sjn = Buy0 = ) (G50 + gjbl)ﬁvab> e a0 (4.108)
J a<b
where we used §qp = —vgp for a < b to obtain the Euler operator 6, , = v440.,, -

Assembling the pieces above, the action of the conformal Ward identity is now

n—1
o 0 o 0 0 -1
# — 2 4 (A —d) = ) e T E)
Z(pj 3pj143p]14 Dj (9p]'48p?+ (A )8p5>e

7=1
n—1 n—1 n
=Y ((1- D) sin— YAk~ gt = S35+ 3500 ) O
J k a<b

=4 iﬁ((l - g)sg‘n +d> G ) G (e — ew)> eTE (4.109)
a a#b
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using (4.2) in the last line. Finally, we need two further identities:

n
Z evabgj_; = —Sjn, Zgya VabSab = —Sjn + 2 Zg (4.110)

a#b a#b

To establish the first of these, we write

& g]a gja g] - ag;al
Z evabg]a = Z gab + Z an = - Z gab Zg b Oun (4'111)

a#b a#b Yan a#b ab

then use the chain rule, which for ¢, 7, k,1 < n — 1 gives

891-_-1
Y -1 —1 99ab 1 v, 1 1
Ok _Z Iita90)i Guyy = (i =90 )95 — 95 ), (4.112)
agz_ n—1 9
J -1_—1 99ab 1 1
EVARUCELY = ~Yik Irj - 4113
OV, %b:gz(agb)j OVjens ik gk] ( )

Inserting these into (4.111)), the sum over a # b can be extended to run over all a, b since
the term with a = b vanishes. The only non-cancelling term is then —gj_j1 = —Sjn as
required.

For the second identity in (4.110)), we use (4.28)) to rewrite

Z gja VabSab = Z g]a JabSab 1 Z gja VanSan

a#b a#b
=- Z o 9ab(Gaa + 905" — 290 + D G ( > gab) gk (4114)
a#b a b

The sum over a # b can then be extended to run over all a,b as the term with a = b
cancels, after which the first and the last terms cancel and the result follows.
With the aid of the identities (4.110), we find that (4.109) becomes

n—1
0 0 0 0 0 -1
H oY T LA — ) ) et (g7 )
;(p] apy opy I opY apg.“L (A d)apg)e

:—4Zp |g|d/2Q lzavab(vabg]a lg|™ 420 et (9™ 'G)) (4.115)
aFb

where Q =[]}, kala’“l*l. Recalling that the simplex representation (4.17) is

{O1(py) - - H/ dvg vy kl*l)f(f;)ygy—d/2 et loTH ), (4.116)

k<l
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we note that .
S 0, (5) = 0 (4.117)
bia

since whenever the index a appears in a cross ratio 9jgede] = VacVde /VadVee it enters with
equal weight in the numerator and the denominator producing a cancellation. Acting with
the Ward identity thus yields a total derivative:

n—1

0 0 0o 0 0

H ) i —— N

> (V) 7 a7 ~ 2 g + 28 ~ D) (O1@1)- O

J=1

n—1 n %) n
=—4Zp¢(H /O dvkl)gavab(vabg;f@)g\d/zﬂe“@”'“). (4.118)
J a

k<l

The boundary terms vanish under reasonable assumptions: for generic momentum con-
figurations with non-vanishing Gram determinant, the upper limit is suppressed by the
decay of the Schwinger exponential; the lower limit is zero provided va_ba“b f(v) vanishes
as vqp — 0, which is satisfied whenever the simplex representation itself converges. The
simplex integral thus solves the special conformal Ward identity.

4.5 Insight from position space

Thus far, our analysis has been entirely in momentum space. However, as noted above,
the form of the total derivative produced by the action of the special conformal Ward
identity in (4.118)) can also be understood through independent position-space arguments.
We present these in section Then, in section we show how similar position-
space arguments can be applied to verify the action of d-preserving shift operators such
as W1_2+.

4.5.1 The conformal Ward identities

To Fourier transform the simplex representation (4.17) to position space, we compute

n—1 d .
(O(z1) ... O(xn)) = H/éf)’; ePeTen (O (py) ... O(p,,)))
k

(ﬁ/dvij vijaij1>f(f))\g\d/2<ﬁ/ (d;f)]zl> exp <nz:1zpk “Lpy — nz:lgk_ll Dy 'Pl)
; k k k,l

1<J
n N = 1n71

= (E/d% 0, F@)exp (- i ;gkz oo+ @) (4.119)
1<) ,

where x;; = x; —x;, and for the Gaussian integral over momenta we completed the square:
n—1 n—1
. -1
lek *Ln — ngl Dy - D;
k k.l
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n—1 i n—1 i n—1 1 n—1
= - ;9&1 (P — 5 Za:gka Tan) - (P — 3 Zb:glb Tpn) — 1 ;gkl Tpp - Tin- (4.120)

The numerical factor from the integration can then be re-absorbed into the arbitrar
function by setting (47)(1=™4/2 f(3) = f(©). The exponent in (4.119) now simplifies toﬂy

1n—1 1 1 n )
1 ;gkz Lhp - Tin = 4kz Jrl T, - T = —ZZUU%]‘, (4.121)

i<j

and hence the simplex representation in position space is

(O(z1) - ... H/de v Lemavi )f( ). (4.122)

1<J

If the arbitrary function f (v) is a product of powers, this expression reduces to the

conformal correlator [ j 2% where the a;; satisfy ) i Qi = —A;. More generally,

wherever f (v) admits a Melhn Barnes representation, we recover [[; ;T %7 times a func-
tion of position-space cross ratios as shown in [46]. However, the most stralghtforward
way to check that (4.122) solves the conformal Ward identities is to note that, when acting

on a function F = F({z%,}) of the squared coordinate separations,
i:(Q:U’.L:):-” 0 i—I—ZAJE ) —iQm“(A'—i—ix?v 0 )F (4.123)
B T g S ST 2 i)

i J
JF#i

It then follows that

Zn: (Qxfxf ail.’ - x?aip - QANC?) (ﬁ / dvy vk_lakl_leiivklxil)f(ﬁ)

- o n
= Z 2'%5 (H / dvkl v,, * 1>f(f7) (Az + Z Vi vij)e_‘ll Z’Klvklwil
) k<l J
j#i
= Z 2zt (H / dug U,:lo"“l_l)f('b) (Ai + Z ozij)e_% Thavmrii =0 (4.124)
i k<l J

where in the last line we integrated by partﬂ then used . The middle line here
accounts for the form of the total derivative we found earlier in . Multiplying by
—i and Fourier transforming, the first line yields the momentum-space conformal Ward
identity acting on the momentum-space simplex representation (i.e., the left-hand side of

9Recall the analogous relation in a resistor network of simplex topology, namely, that the power dis-
sipated is 37 v (Vi — V;)? = >4 ;GijViVj, where vy; is the conductivity and V; the voltage at node
i.

10 A5 previously, the boundary terms vanish provided v,;la“f('fj) as vg; — 0.

i<j
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(4.118))), while the middle line yields

H/ dogg v ™ 1) f(®) (A +ZU”8 )ygy /2,305 9ap mm)

pl k<l 7&
J

_Z H/ doy 28 (UUQf (9)|g] d/2<2 4o pu) ZZ;Ig;blpa-pb>
J#%

i k<l

:—4229@ I / duyy Za (%gmlszﬂ )lg|~/2etr(076) (4.125)

k<l

where in the second line we evaluated the momentum derivative of the exponential and
pushed the factors of Q = [, v, " L f(®) and v;; inside the v;j-derivative which
cancels the A; term via (4.2). In the final line, we extended the sum over ¢ to run up to
n by replacing gi;l with g;,~ and combined it with the sum over j. Up to a relabelling
of indices, this final line is now the total derivative appearing on the right-hand side of
(4.118).

The manipulations above illustrate a general theme: given the simplicity of the position-
space simplex representation , it is often profitable to work with the position-space
equivalents of differential operators in order to evaluate their action in terms of the v;;
variables. Both sides can then be Fourier transformed back to momentum space in order
to deduce the action of the corresponding momentum-space operator on the momentum-
space simplex in terms of the v;; variables. In many cases this is more straightforward
than working in momentum space throughout.

4.5.2 Action of Wi,

As a further illustration of this approach, let us evaluate the action of the shift operator
Wi, defined in (4.85). After expanding out the derivative, this operator can easily be
Fourier transformed to position space where it reads

1, 8 9

_ d 0
W12 x128 m a Lo 2(,32 + 1) (52 + 5 — .'Blf28x/2ﬁ> . (4126)
"

Acting on a function F' = F({z3,}) of the squared coordinate separations, we find via the
chain rule

- 0*F
Wit F = o (xd + 23 — 22)
12 ; 122 23 J>a(x§i)3<$%j)
‘J#Z
oF d
+ Z ( (By + 1) (225 — 23, + 22) + da:12> e +2(82 + 1)(52 + §)F
i#2 2
(4.127)
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Acting on the Schwinger exponent appearing in the position-space simplex representation
(4.122)), this can be translated into v;j-derivatives as

Wit (11 [ dow v te o) o)

k<l

—9 (ﬁ/dvkl o™ ) @) (B2 + 1) (B2 + g) + (28414 g + Oz )

k<l

' izn;v% ((BQ 14+ 001,)(Osy + O — Ony) + (g + 9@21‘)81112)

n
+ Z vgivgj(&m + 81;2]- — 8vij)8v12} e_% > k<l VRITE, (4.128)
3<i<j

where 0y,; = 0/0v;; and Oy;; = vijOy,;. Integrating by parts, we find

Wi (11 [ vy e ot

k<l
=2 (H/dvkl e*ivklﬂﬂil) [(9012 - 52) (Ovm o g 14+ n)
k<l
+ Z 027;((9”12 N 62)(8912 + ain B 8Uli) + (TL B g + 01}21‘)8@12)
=3
Y i O+ Oy — )0, | 2 (B). (4.129)
3<i<j

We now rewrite the first part of the last line as

[ i vtz (&m + anj)avm] Qf(f)) - [i (i UQJ)G%@UH] Qf(f’)
3<i<y i=3 ]:3
JF
- |:< zn: v2j)av12 ( - ‘91;12 + Zn: 0U2i) - n U2i9v2z‘av12} Qf(@)
Jj=3 i#2 i=3
= [- zn:vgi((em +1)— B2 — g (0= 1)+ 015, ) Dy, | 2 (0) (4.130)

1=3

where in the final step we rewrote dy,, 0y, = (0, + 1)y, and used Y 7, 0., f(D) = 0,
as follows from (4.117)), along with (4.2)) with Ay = B2 + d/2 to replace

(D00, )f (@) = (B2 + d/2 — (n — 1))0f (B). (4.131)
i#2
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Substituting (4.130]) into (4.129]) and making further use of (4.131)), we find the result

W1_2+(H/dvkz v;;zaklfle_%vklxiqf(@)

k<l

= -2 (H/dvkl e_iv’“ﬂil) [(9v12 — 2) ZUZiavu + Z Uin2javijav12}Qf('ﬁ)'

k<l i=3 3<i<j
(4.132)

Equivalently, acting on the position-space simplex with W1_2+ corresponds to acting on the
arbitrary function f(v) with the operator

n

W1_2+ =207t |:(9v12 — [32) ngif)m + Z Ugivgjavija,)m Q. (4.133)

i=3 3<i<y
The same remains true when we Fourier transform back to momentum space, giving

Wf2+ ( H /0 dvkl Uk—lakl—l) |g|—d/2€—tr(g*1-G)f(,ﬁ)

k<l

- (11 /0 Qo g™ ") Jg| 2= DOV F (). (4.134)

k<l

Finally, it remains to check that the action of Wl_;r on the arbitrary function produces
the required shift in dimensions Ay — A1 — 1 and As — Ay + 1. Since

Q h(®
Doy = (o + 1), Oy f(0) = 1O (4.135)
Vij Vij
where h(v) is also function of the cross ratios, we see that
A—+ £/ = V2, . g V2;V2; .
Wi f(v) = Z —h;(v) + Z —h;;() (4.136)
i—3 V15 3<icj VijV12

where h;(v) and h;j(?) are specific functions of the cross ratios. Each term in the first
sum then corresponds to a simplex integral with the shifts

a9; — (g; — 1, ay; — oy + 1, (4.137)
while each term in the second sum corresponds to a simplex integral with the shifts
Qo — ag; — 1, Q2 — Q25 — 1, Qi — 5+ 1, a2 — oo + 1. (4.138)

From (4.2)), both (4.137) and (4.138]) correspond to shifting A; — A; — 1 and Ay —

A + 1 leaving all other operator dimensions fixed. The action of Wj,© on the simplex

thus produces an appropriately shifted simplex integral, whose function of cross ratios is
obtained through the action of the operator (4.133)).
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4.6 Discussion

Our analysis has furnished useful parametric representations for the general momentum-
space conformal n-point function. Starting from the generalised simplex Feynman integral
of [47,, 46], we showed how all graph polynomials can be obtained from the corresponding
Laplacian matrix, or the Gram matrix to which it reduces once momentum conservation
has been enforced. With the graph polynomials to hand, all the usual scalar parametri-
sations of Feynman integrals can be adapted to represent the simplex solution. Only
n(n —1)/2 integrals over Schwinger parameters remain to be performed — one for each leg
of the simplex — in contrast to the (n — 1)(n — 2)d/2 scalar integrals we started with.
Building on the analogy between Feynman graph polynomials and those of electrical
circuits, we then formulated a second class of parametric representations. For these, the
integration variables represent the effective resistances between vertices of the simplex,
rather than the conductivities (i.e., the inverse Schwinger parameters) used previously.
This change of variables immediately diagonalises the Schwinger exponential, expressing
the n-point function as a standard Laplace transform of a product of polynomials raised
to generalised powers. These polynomials correspond to the determinant and first minors
of the Cayley-Menger matrix for the simplex, which plays an analogous role to the Gram
matrix for this second class of parametrisations. From the form of these polynomials,
new weight-shifting operators can immediately be constructed to raise the power of these
polynomials, with further shift operators following by shadow conjugation. Besides shifting
the scaling dimensions of external operators, these new weight-shifting operators raise the
spacetime dimension by two. They therefore generalise the 3-point shift operators of
[42] [85] to n-points, and constitute a distinct class of operators to those identified in [83].
Our results suggest several interesting directions for further pursuit:

e Given we now have weight-shifting operators that both preserve and raise the space-
time dimension, is it also possible to construct operators that lower the spacetime
dimension? One approach we have explored, explained in appendix is to find
so-called Bernstein-Sato operators which act to lower the powers to which the vari-
ous polynomials of interest are raised. In this case, the relevant polynomials are the
Cayley-Menger determinant and its minors appearing in the parametrisation .
We found, for example, that replacing v;; — 0s,; in the Kirchhoff polynomial U = |g|
yields an operator

B = (l91)

4.139
vij_}asij ( )
which lowers by one the power to which the Cayley-Menger determinant is raised:

n—1
Bim Im|* = by (@)|m[*Y, bpny(a) = = ] (1 = % — 20). (4.140)
k=1

For the simplex representation , a is the parameter « given in and so
lowering a by one corresponds to sending d — d — 2 if all the operator dimensions
are kept fixed. In principle, one would then integrate by parts to obtain an operator
acting solely on the Schwinger exponential, which, due to its diagonal structure,
could be translated into a differential operator in the external momenta. In practice,
however, this approach is complicated by the presence of all the remaining powers
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of Cayley-Menger minors present in (4.48|).

e In sections[4.4] and we saw how the action of the special conformal Ward iden-
tity on the simplex reduces to a total derivative. This followed directly from the
scalar parametric representation, without any recourse to the recursive arguments
developed in [47, [46]. Nevertheless, these arguments, and the recursion relation
between n- and (n + 1)-point simplices on which they are based, are of consider-
able interest in their own right and could be reformulated in the scalar-parametric
language used here. The deletion/contraction relations of graph polynomials (see,
e.g., [65]) and Kron reduction, corresponding to taking the Schur complement of a
subset of vertices in the simplex Laplacian (see e.g., [I17]), may also yield relevant
identities.

e Starting from the general simplex solution, the arbitrary function of momentum-
space cross ratios can be restricted by imposing additional conditions of interest:
for example, dual conformal invariance [45, 95], 118, [I19], or the Casimir equation
for conformal blocks. For such investigations, the connection with position-space
developed in section provides a very simple link between the action of a given
differential operator in the external momenta or coordinates, and its corresponding
action on the arbitrary function of the simplex representation.

e For holographic n-point functions, bulk scalar Witten diagrams have the interesting
property that their form is invariant under the action of a shadow transform on
any of the external legs. In momentum space, shadow transforming the operator O;
corresponds to multiplying the correlator by p, 25 ‘, where 8; = A; — d/2, which has
the effect of replacing 8; — —f; in the bulk-boundary propagator z% 2pf 'Kg, (piz).
It would be interesting to understand the restriction this condition places on the

function of cross-ratios appearing in the simplex representation.

e Finally, the parametric representations we have developed may provide a useful start-
ing point for the construction of general spinning n-point correlators via the action
of spin-raising operators [83, 29] 30], and for bootstrapping cosmological correlators
in de Sitter spacetime.
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Chapter 5

GKZ integrals and creation
operators for Feynman and
Witten diagrams

5.1 Introduction

It has long been suspected that Feynman integrals represent a multi-variable generali-
sation of hypergeometric functions [120, 12I]. Recently [122HI3T], this connection has
been sharpened by writing Feynman integrals as Gel’fand-Kapranov-Zelevinksy (GKZ) or
A-hypergeometric functions [132-H135]. As shown in [123] [124], this can be achieved sim-
ply by expressing Feynman integrals in Lee-Pomeransky form [I12], where only a single
denominator polynomial appears, followed by uplifting to a higher-dimensional space of
generalised momenta. A-hypergeometric functions are well-studied in the mathematics
literature [I36H141] and satisfy a set of linear partial differential equations whose form can
be read off in systematic fashion from a certain matrix — the A-matrix — which encodes
both the structure of the integral as well as all kinematic and spectral singularities.

A task of great practical interest is then to construct hypergeometric shift operators
connecting integrals of different parameter values. These operators enable a known ‘seed’
integral to be converted, by simple differentiation, into an entire series of new integrals.
For Feynman integrals, the parameters are typically the powers of various propagators
and the spacetime dimension. Here we will also study Witten diagrams in anti-de Sitter
spacetime for which the relevant parameters, besides the spacetime dimension, are the
scaling dimensions of operators in the holographically dual conformal field theory.

While various techniques for constructing shift operators for Feynman integrals [70,
72, [142], 143, [69] and Witten diagrams [144) [85], 83, [145], 30, 119, B36] are known, the GKZ
formalism offers a more powerful and unified approach. Besides the elementary shift oper-
ators, known as ‘annihilation’ operators in the mathematics literature, their inverses — a
highly non-trivial class of operators known as ‘creation’ operators — can be systematically
constructed [146H148]. Together, these creation and annihilation operators form a full
set of shift operators connecting A-hypergeometric functions of different parameter val-
ues, just as the ordinary creation and annihilation (or ladder) operators connect different
eigenstates of the quantum harmonic oscillator.
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Figure 5.1: The Newton polytope for a 3-point contact Witten diagram in momentum space is
an octahedron as shown. At m-points, we obtain an n-dimensional cross-polytope. The spectral
singularities consist of an infinite series of hyperplanes parallel to the facets of the Newton polytope,
while the integral is convergent for parameter values lying inside the polytope. Identification of
the singularities enables a systematic construction of all creation-type shift operators.

A key aim of this chapter is to show that creation operators can be constructed directly
from knowledge of the spectral singularities of an A-hypergeometric function, namely, the
special set of parameter values for which the corresponding GKZ integral representation
diverges. These singularities can be computed directly from the A-matrix of the integral.
Remarkably, they correspond geometrically to an infinite series of hyperplanes parallel
to the co-dimension one facets of the Newton polytope associated with the integral’s
denominator [149, [I50]. (See figure [5.1]) Standard convex hulling algorithms exist for
computing such facets allowing a simple identification of all singularities.

To construct creation operators, we start with a pair of integrals connected by an
annihilation operator. As we will review, this annihilator consists of a single derivative with
respect to one of the GKZ generalised momenta. Specifically, we are interested in cases
with parameters such that the starting integral is divergent while the resulting integral
is finite. (To regulate divergences, we assume a dimensional scheme where parameters
are infinitesimally shifted away from their singular values.) The divergences are thus
projected out by the action of the annihilator. As the inverse of the annihilator, the
creation operator must then produce the reverse shift, from the finite integral to the
divergent one. Clearly, however, this cannot be achieved directly: the result of acting
with a finite differential operator on a finite integral must necessarily be finite. Instead,
the outcome must be a finite product of the divergent integral multiplied by a vanishing
function of the parameters. This function, whose zeros serve to cancel out the divergence,
is known as the b-function and holds the key to the construction of creation operators.

From a knowledge of the singular parameter values, we can predict the necessary
zeros of the b-function and hence its minimal form as a polynomial. Then, acting on
an integral with both the annihilator and the (as yet unknown) creation operator, we
must recover the original integral multiplied by the b-function. In the GKZ formalism,
however, any polynomial in the parameters can be traded for an equivalent polynomial
in Euler operators acting on the generalised momenta. Applying this procedure to the
b-function, the resulting differential operator must thus be factorisable into a product of
the annihilation and the creation operator. As the annihilator is just a single derivative,
this factorisation is easily performed (with the aid of a further set of PDEs known as the
toric equations) revealing the identity of the creation operator. As a final step, one then
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projects back from the higher-dimensional GKZ space of generalised momenta to that of
the physical variables (the external momenta and masses), with the aid of an auxiliary set
of Euler equations.

We hope this simple physical approach, based on the spectral singularities of the GKZ
integral, will facilitate the application of creation operators to a range of physical systems.
As an initial demonstration of the possibilities, we have used the formalism to construct
new shift operators for a range of simple Feynman integrals, as well as Witten diagrams
encoding momentum-space correlators in holographic conformal field theories. These latter
objects are intimately related to cosmological correlators in de Sitter spacetime, and the
new shift operators we construct can also be applied in this context. In particular, we
have found new shift operators connecting both exchange and contact 4-point Witten
diagrams, with arbitrary external scaling dimensions, to corresponding diagrams with
shifted scaling dimensions but the same spacetime dimension. Until now, such operators
were only available in the case where diagrams with non-derivative vertices are mapped to
those with derivative vertices, and for a restricted set of scaling dimensions at that [30), [36].
In contrast, the new shift operators we find can be applied for any scaling dimensions, and
moreover map non-derivative to non-derivative vertices. This enlarges the available arsenal
of shift operators for Witten diagrams (and by extension, cosmological correlators), and
as such is a useful and nontrivial result. We believe these examples provide a first proof
of principle that the creation operator method, and the GKZ formalism more generally,
holds promise for a variety of physical applications.

An outline of this chapter is as follows. Section [5.2] introduces A-hypergeometric
functions and the GKZ formalism. We summarise the PDEs these functions obey, their
construction, and their invariance under affine reparametrisations. In section|5.3] we relate
the spectral singularities of GKZ integrals to the Newton polytope of the denominator.
In section [5.4] we introduce creation operators and detail their construction based on
the spectral singularities of the integral. In section [5.5] we construct creation operators
for 3- and 4-point contact Witten diagrams in momentum space, as well as a further
set of shift operators that preserve the spacetime dimension. Using these results, we
then derive novel shift operators for exchange diagrams. Section constructs creation
operators for a variety of simple Feynman integrals introducing the use of Grébner bases
and convex hulling algorithms to automate the computation. We conclude in section
with a summary of results and open directions. In the appendices we discuss the
conversion of Feynman to GKZ integrals, creation operators for position-space contact
Witten diagrams, and an extension of the minimal construction algorithm outlined above.

5.2 A-hypergeometric functions

The application of the GKZ formalism to Feynman integrals has been explored in a number
of recent works [122HI31]. In addition, many excellent expositions are available in the
mathematics literature [I36-141]. Here, we focus on providing a simple and self-contained
summary of the key material needed to understand the construction of creation operators.
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5.2.1 GKZ integrals

An A-hypergeometric function (or equivalently, GKZ integral), is a multi-variable hy-
pergeometric function depending on a set of real parameters v = (y0,71,...,7n) and
independent variables @ = (x1,...,zy), where n > N + 1. The integral takes the form

N 00
T, = (1:[1/0 dzi 2] )P, (5.1)

where the ‘denominator’ D can be expressed as a polynomial in the integration variables
z;. Every term in this polynomial is moreover multiplied by a nonzero coefficient x;:

n N
D= ijHzf” (5.2)
j=1 =1

The parameters a;; € Z" specifying the powers can be assembled into an N x n matrix A,
(A)ij = aij. (5.3)

Thus, the jth term in the denominator D corresponds to the column j of the matrix A,
whose entries are then the powers of the variables z; appearing in that particular term.
(We will return to the relation between this matrix A and the larger A-matrix shortly.)

For Feynman integrals, it is useful to consider the Lee-Pomeransky representation
[112] in which the denominator G = U + F is formed from the sum of the first and
second Symanzik polynomials ¢4 and F. To uplift this to the GKZ integral , we
simply promote the coefficient of every term in G to a generalised independent variable
x; [123), 124], as summarised in appendix The original Lee-Pomeransky integral can
then be restored by returning the x; to their physical values, namely, unity for any of the
terms in U, and the appropriate function of the masses and external momenta for every
term in F.

Example: As discussed in appendix the massless triangle Feynman integral

- diq 1
I—/( (5.4)

2m)4 g2 |q — p1|?12]q + py|®1

has the Lee-Pomeransky representation
3 oo
I'=c, (H/ dz; z?"_l) (P22223 + pazizs + Pizizg + 21 + 2o + 23) Y2 (5.5)
=170

where the coefficient

3
ey = (47) %2 L(d/2) , = i 5.6
R ) ST .
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The corresponding GKZ integral is

3 )
T, = (1;[1/0 Az )D (5.7)

where the denominator
D = 212923 + X92123 + T32129 + Ta21 + T529 + T623 (5.8)
corresponds to the matrix
011100
A=(1 0 1 0 1 0]). (5.9)
1100 01
To recover the original Lee-Pomeransky integral, we project to the physical subspace
T = (p%ap%ap%vlvlvl)’ Y= (d/2)71372773)) (510)
after which I = c Z,.

5.2.2 The Euler and toric equations

The primary advantage of uplifting from the original masses and momenta to the gen-
eralised GKZ space parametrised by the variables a is that the integral now obeys a
systematic set of linear partial differential equations. These can be grouped into two
categories, known as the Euler equations and the toric equations.

Euler equations

The Euler equations arise from integrating by parts with respect to the variables z;, under
the assumption that all boundary terms vanish. For z;, for example, we have

0= /OOO dz aazl(zyl (fv[Q/OOO a5 )D)

N
©° N 0
i—1 —
=y + (H/O dz 2] >zla—212) 0, (5.11)
=1

In the second term here, we can trade derivatives with respect to the integration variable
21 for derivatives with respect to the external variables z;:

a - —y0—1 - N a;j " _
2187212) 70 — —’YOD 7o (;aljxjﬂzi ]) = <jz;a1j9j>p Yo (512)

where, here and throughout the chapter, we define the Euler operators

0]' = :Iijaij, j = 1,. .o, (513)
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Pulling these Euler operators outside the integrals, we obtain the equation
n
0= (’71 + Z alej)I.y. (514)
j=1
Repeating this exercise for the remaining z; then leads to the set of Fuler equations
n
0=(7+Y )Ty, i=1...N. (5.15)
j=1
We are not quite done, however, since in addition we have the general identity
n
(Z ej)D—VO = —yDM (5.16)
j=1
which, when applied to the GKZ integral, yields
n
0=(0+> 0T (5.17)
j=1

This equation is effectively a dilatation Ward identity (or DWI, as we will use for short)
encoding the scaling behaviour of the GKZ integral under a dilatation & — Ax of the
external variables.

Evidently this dilatation Ward identity can be placed on the same footing as the Euler
equations by enlarging the matrix A to include a top row consisting of all 1s. This
construction defines the A-matrix mentioned in the introduction,

A= (i) (5.18)

where 1 is the n-dimensional row vector with all-1 entries, or equivalently,
(A)Oj 21, (A)ij:a,'j, 1= 1,...,N, j:1,...,n, (519)

where we henceforth adopt the convention that the top row of A always carries index 0.
The A-matrix is thus (V4 1) x n dimensional, and the Euler equations and DWI together
correspond to the (N + 1) equations

n
0= (% n ZAZ-jej)Iv, i=0,...,N. (5.20)
j=1
This is in effect a single matrix equation,
0=(v+4-6)z, (5.21)

regarding @ = (61,...,0,)" and v = (70,71, -..,7~) as n- and (N+1)-component column

vectors respectively.
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Example: Returning to the massless triangle integral above, the A-matrix is

(5.22)

_ = O =
— O R
O = =
S O ==
SO = O =
— o O

and the GKZ integral satisfies the Euler equations

0=(n1+02+05+604)Zy, 0= (y2+601+05+05Z,, 0= (v3+061+02+06)Ly
(5.23)

and DWI

6
0=(10+ Y 0,)Zy. (5.24)
j=1
Notice the form of these equations can be directly read off from the rows of the A-matrix.

Toric equations

The toric equations arise from vectors in the kernel of the A-matrix, and are closely
related to the corresponding toric ideal [140]E| Their origin can easily be grasped using
the example of the massless triangle integral above. Defining

0

8]:8737]’

j=1,...,n (5.25)

in all that follows, the denominator obeys the relations
0104D™7° = 0905D77° = 930D~ ° = —yo(—0 — 1)212'2232)77072, (5.26)
giving rise to the two independent (toric) equations
0 = (0104 — 0306) L, 0 = (0205 — 0306) L. (5.27)

For comparison, the kernel of the A-matrix (5.22)) is spanned by two independent vectors,
u(1) and w9y, which we can choose to be

u) = (1,0,—1,1,0,-1)", u) = (1,-1,0,1,-1,0)". (5.28)

Notice that since the top row of the A-matrix is all 1s, the sum of the components of any
kernel vector is always zero. There is now a one-to-one match between kernel vectors and
toric equations as follows. First, for each kernel vector w, we form a vector u™
composed only of the positive components of w, and a vector u~ composed of only the
negative components. The components of u®, for each j = 1,...,n, are thus

uji = max(+u;,0). (5.29)

! The kernel is the space of vectors u such that A-u = 0, obtained e.g., via NullSpace[.A] in Mathematica.
The full toric ideal, though not needed here, can be constructed using Singular [I51]: see section W
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By inspection, the toric equation corresponding to the kernel vector u = u* — u™ is now

o= (I o 11 aff_> . (5.30)
j=1 j=1

For example, for u(;y in (5.28), u(ﬁ) =(1,0,0,1,0,0)” while ugy = (0,0,1,0,0, )T hence
reduces to the first equation in .

Some investigation shows this construction is a general one. First, the action of each
differential operator is

L ’U,:t =+ N Zn azui
[10) D7 = (=30} (=20 = 1) ... (=70 —w* + D0 ([T ) (5.31)

j=1 i=1

where u* = Z;‘:l ujﬁ Moreover, since the sum of components in any kernel vector vanishes

(as the top row of the A-matrix is all 1s), we have that u™ = u~ = u. Thus,

ulf u.
(HO/ —Haj”>Iv (5.32)
j=1 j=1
N n ot N n T
= (=) (=0 —1)...(—0 —u+ 1)D—’YO—“<H 2ot 11 o=t 9 )
i=1 i=1
However, for any kernel vector we have A-u = A - (ut —u~) = 0 and hence
n n
> agjuf =Y aju;,  i=1,...,N. (5.33)
j=1 j=1

The two terms appearing within the final factor of are thus exactly equal producing
a cancellation. In general, as the A-matrix is (N +1) x n, there are (n— N —1) independent
vectors in the kernel, and hence this same number of independent toric equations.

To summarise, given a GKZ integral defined by an A-matrix and parameters ~, we
have two sets of linear partial differential equations: the Euler equations (and DWT) ,
and the toric equations . We can also go in reverse: the Euler equations and DWI
fix v and the A-matrix, and hence the toric equations and the GKZ integral. Note the
Euler equations all commute among themselves, as do the toric equations, but an Euler
and a toric equation do not in general commute.

5.2.3 Projection to physical variables

The systematic structure of the Euler and toric equations above is a consequence of up-
lifting from the Lee-Pomeransky to the GKZ denominator (5.2)). To recover a set of PDEs
satisfied by the original Lee-Pomeransky integral we need to reverse this process. This re-
quires projecting the Euler and toric equations back to the physical hypersurface where the
x variables take their true physical values. Derivatives in directions not tangential to this
hypersurface (which therefore cannot be expressed purely in terms of physical variables)
can be exchanged for purely tangential derivatives through use of the Euler equations
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and DWI. Together these provide N + 1 equations, and so for all unphysical (i.e., non-
tangential) derivatives to be removable requires the original Lee-Pomeransky polynomial
to contain at least n — N — 1 independent physical variables (i.e., masses and external
momenta). This will generally be the case for the examples we consider, but does not hold
universally — particularly for higher-loop Feynman integrals — as we discuss in section

Example: For the massless triangle integral, the physical hypersurface is the 3-dimensional
subspace spanned by the momenta in (5.10), namely z1 = p3, 2o = p3 and z3 = p3, with
x4 = x5 = 6 = 1. On this hypersurface, the Euler equations (5.23]) reduce to

0= (M+02+03+04)Ly, 0= (y2+01+054+05)Ly, 0= (y3+01+02+0)Ly, (5.34)

where, as always, 0; = 0/0z;. These equations allow us to eliminate the unphysical
derivatives 04, 05 and Jg from all remaining equations in which they appear linearlyﬂ For
example, evaluating the first toric equation in ([5.27)) on the physical hypersurface,

0 = (8,04 — 9306)L,

= (01(=v1 — 02— 03) — 03(—y3 — 61 — 92))17

N i[ (2714_2,286 LS ai3>; (9??1 * (273+p188 T p2 afh)pl?, 0?73}1 (5.35)

while for the second toric equation,
= (0205 — 0306) Ly
= (32(—72 — 01 —03) — 03(—y3 — 01 — 92))17

:i[ (272”16?9 T ai3>;28i2+(273+p18i r 81)19138?)3}1' (539

Finally, on the physical hypersurface, the DWT (/5.24)) reduces to

d
0= (§+91+92+93+84+85+86>I7

d
= (5—71—’72—73—91—92—93)17

1 0 0 0
— o (d—297 — 299 — 295 — 1 — P — )T .
2( M= 22 =2 PG s = Pag s apg) y (5.37)

Equations ([5.35)-(5.37)) involve only physical variables, namely, the momentum magni-
tudes.
5.2.4 Affine reparametrisations

As we have seen, the set of Euler equations associated with a given GKZ integral can be
read off from the rows of the A-matrix: in the ith Euler equation (5.15)), the coefficient of

2More generally, we can rewrite 9f" = x;™04(04 — 1)...(0s — m + 1), etc., then use the full Euler
equations to eliminate 04, 05 and 0s before setting x4 = 5 = x¢ = 1. Alternatively, we can supplement
(5.34) with derivatives of the Euler equations (and DWI) evaluated on the physical hypersurface.
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the operator 6; is a;; = (A);; where 1 <¢ < N and 1 < j < n. (Recall we are labelling
the top all-1s row of the A-matrix as ¢ = 0.) Viewed in reverse, the set of Euler equations
determines both the A-matrix and the set of parameters «, and hence the GKZ integral.

What happens if we now form a new set of Euler equations by taking linear combina-
tions of the old ones? In the process, we could simultaneously add to each Euler equation
some multiple of the DWI. Together, these operations correspond to left-multiplying the
A-matrix by an (N + 1) x (N + 1) matrix

M= (ll) ]?4) (5.38)

where 0 is an N-dimensional row vector of zeros, b is an N-dimensional column vector
and M an N x N matrix. This yields

A = MA= G) A‘}) (D _ <j) (5.39)

where the components of A undergo the affine transformation

N
(A)ij = aly = bi+ Y mga,. (5.40)
k=1

The new set of Euler equations now corresponds to the rows of A’: the ith new Euler
equation is the sum of m;; times the kth old Euler equation plus b; times the DWI (for
which the coefficient of every 6; is one). In order to have a;j € Z*, so as to form a new
denominator polynomial D’ via , we will restrict the entries of M to m;; € Z* and
b; € Z". Note the transformation leaves the DWI unchanged.

The new set of Euler equations now takes the form

0= (v +A-0)Ty, (5.41)
where
0 80
v = 71 = <i ]\04> Vl = M~ (5.42)
TN N

so that v/ = yob; + Z;cv:1 mipyk for 1 < i < N while the DWI ([5.17) remains unchanged.
Provided that det(M) is nonzero, the toric equations are also unchanged since the kernel
of A is preserved under multiplication by an invertible matrix.

What is now the relation of this new GKZ integral, defined by A’, to the original? The
new integral is

N 0o
£ = (I1 [ asttari) o, (543
=1
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where
n

N
= [ (5.44)
j=1 =1
Using (5.40)), and making the identification
a2 = [0, (5.45)

we find

3

j=1 =1 =1 j=1  i=1k=1
= (ﬁ(zl’)bl) (zn:xj ﬁ szj) = (ﬁ(zl’)bl)l). (5.46)
=1 j=1 k=1 =1

Moving the factor of Hf\; 1(z))% from the denominator to the numerator and using (5.42)
then gives

= H/ dz ’Y —Yob; 71> -0 _ H/ Zk 1 Mk Yk — 1>D7’yo
H/ dz H mqk’Yk)D Yo (H/oo (iz’iézzi>p—vo_ (5.47)
=170~

% jll
Finally, since

/,

N
dz; dz © dz; ° dz!
b i—2 — = |det M —, 5.48
TP 1) 5 meonIl ) 50 oo
we find

Z, = |det M|7'Z,. (5.49)

Thus, choosing a new basis for the Euler equations by taking linear combinations of the
old Euler equations and the DWI only rescales the GKZ integral by a constant factor. As
the GKZ system of equations is linear, this overall scaling is in any case not fixed and the
solution is effectively unchanged.

Example: The affine reparametrisation above can be used to show the equivalence of
the massless triangle integral (5.4]) with the triple-K integral (see also [42, [46])

04{51752 B3} _/ dz 2 HpBlKﬁl (piz). (5.50)

=1
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For a =d/2 —1 and ; = A; — d/2, this integral represents the momentum-space 3-point
function of scalars O, in any d-dimensional CFT. The triple-K integral can be put into
GKZ form by first Schwinger parametrising the modified Bessel functions as

pi L[ 1 N\Bi—1 2 pzz
P Es () =5 [ def e |- D (5 4] (5.51)
0 Zi

then performing the z integral. This gives

Lo 81,82,85} = 2072 Ia+ 1 H/ dz; ( ﬁz_l) [23: <

Jj=1

)} o (5.52)

which uplifts to the GKZ integral

3 00
Ty =2 Ta+ D(T [ asf Gipt) @b (5:53)
i=170
where .
D = *1 + — + — —|- IL’42’1 + 1'52’2 + $62’3 (554)
21 zy 23

The physical hypersurface (i.e., the original triple-K integral) corresponds to
Y = Bis ’7[/):&—1—1, = (p%,p%,p%,l,l,l). (5'55)

Here, we are using primes to distinguish the parameters of the triple-K integral from
those of the massless triangle integral earlier. Also, while the denominator ([5.54)) is not a
polynomial, this simple generalisation will nevertheless turn out to be the most convenient
representation for us laterE| The A-matrix corresponding to the triple-K integral is then

1 1 1 1 1 1
-1 0 0 1 0 0
Az = 0 -1 0 01 0 (5.56)
0 0 -1 0 0 1
Comparing with the massless triangle A-matrix (5.22)), we find that
MAtriangle = A3Ka (557)
where
1 0 0 0
1 0 -1 -1
M=11 1 0 1 (5.58)
1 -1 -1 0

3 Should a purely polynomial denominator be required, one can simply pull out an overall factor of
(212524) ™" from the right-hand side of (5.54)) then transfer this to the numerator by shifting the ~;.
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The parameters of the triangle integral are connected to those of the triple-K integral by

d/2 d/2 a+1
7 d/2 =y =3 B
M riangle — M = = = . 5.59
Yt gl ¥ d/2 — 71— 3 52 V3K ( )
V3 d/2 =y —72 B3

Putting everything together, from (5.49) with det M = 2 and (5.6|), we have

dq 1
/
Laj2—14d/2—2—3,d/2-7—y3,d/2=71—2} = C / (2m) ¢2%|q — py |22 |q + py 21 (5.60)
where ,
C' = n¥2232741 (d — ) T[T (i) (5.61)
i=1

As we saw above, the matrix multiplication here is just a slick way of executing the change
of variables ) ) )

zZ1 = z9 = zZ3 =

(5.62)

AV ! 0 AR
Zo%3 2173 2179

on the triangle GKZ representation, followed by moving a factor of (z]225)™ " from the
denominator to the numerator.

5.3 Spectral singularities and the Newton polytope

We now turn to examine the singularities of GKZ integrals arising for special values of the
parameters 7. As we will see, these can be viewed geometrically in terms of the Newton
polytope of the GKZ denominator D.

5.3.1 The Newton polytope

A defining feature of the GKZ representation is that only a single denominator (5.2)) is
present:

N
D=> z;[[#". (5.63)

The exponents of the jth term in this denominator define a vector a; living in an N-
dimensional space, whose components are

(aj)i:aij, iZl,...N. (5.64)

Thus, a; is the jth column of the A-matrix after stripping off the top row of all 1s.
Constructing the convex hull of these exponent vectors then defines the N-dimensional
Newton polytope of D:

n n
Newt(D) = Y aja;, with Y a;j=1, a; >0V j (5.65)
j=1 j=1
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(1,0,1)
Figure 5.2: The Newton polytopes corresponding to the denominators of the triple-K integral

(5.54) (left) and the massless triangle integral (5.8)) (right).

For the denominator of the triple-K integral, for example, we obtain the regular
octahedron shown on the left of figure [5.2l For the denominator of the massless triangle
integral , we also obtain an octahedron, but now with vertices as shown on the right
of the figure. The vertices of each polytope are related by the affine transformation ,

a§3K) — b+ Maétriangle), ] _ 1’ o ,6 (566)

where, from (5.38)) and ([5.58)),

1 0 -1 -1
b=|(1], M=(-1 0o -1]. (5.67)
1 -1 -1 0

As we saw above, for any two A-matrices (and hence any two Newton polytopes) related
by an affine transformation, the corresponding GKZ integrals are proportional to each
other and satisfy the same system of equations (i.e., DWI, Euler and toric equations).
Thus, Newton polytopes such as these related by affine transformations are effectively
equivalent.

5.3.2 Spectral singularities

The physical significance of the Newton polytope becomes apparent when we consider the
spectral singularities of the GKZ integral. These are the divergences that arise for special
values of the parameters v, with general kinematics, and are distinct from the kinematic
(or Landau) singularities (discussed, e.g., in [125]) which arise for general « but special
kinematics. Remarkably, it can be shown [149] [I50] that the spectral singularities are
closely related to the facets (i.e., co-dimension one faces) of the Newton polytope. As this
polytope lives in an N-dimensional space, let us first define the N-dimensional parameter
vector

'? = (’Ylv"‘ny)Ta (568)

where the hat serves to distinguish from the (N + 1)-dimensional parameter vector v =
(70,%)T. In addition, we define the rescaled Newton polytope to be the convex hull of
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the vertex vectors ypa;. This corresponds to a linear rescalingﬂ of the original Newton
polytope by a factor of 79. The GKZ integral is then finite for all parameter values 4 lying
within this rescaled Newton polytope. On the hyperplanes corresponding to the facets of
the rescaled Newton polytope, as well as on an infinite set of further hyperplanes both
parallel and exterior to these facets, the integral is singular.

An exact formula for all singular hyperplanes will be derived below in (5.109). The
location of these singularities will then be the main ingredient in our subsequent construc-
tion of creation operators. Two key steps are needed to establish the result . The
first is to show that the GKZ integral converges for all 4 values lying in the interior of
the rescaled Newton polytope. Rather than recounting the formal proof of [149] [150], we
will instead pursue a more informal approach based on a tropical analysis of the GKZ
integral [152, 153]. Many closely related constructions appear in sector decomposition, see
e.g., [154) [155]. The second step in the analysis is to construct a series of meromorphic
continuations across each of the singular hyperplanes. This can be achieved by a scaling
argument due to [149, [150]. Here, we present a further variation of this argument involving
a special linear combination of the Euler equations and DWI.

Example: As an initial check of the picture above, we recall that the spectral singular-
ities of the triple-K integral (5.50)) are already known from conformal field theory [45]E|
The condition for the triple-K integral 1, (s, g, 3;) to be singular is

a+ 1%+ 6+ 3 =—2m, me 7zt (5.69)

where any independent choice of the three + signs can be made, and any value m =
0,1,2,... is permitted. (Throughout this chapter, we will take Z* to be the set of all
non-negative integers including zero.) Re-expressing this condition in terms of the =~
parameters (|5.55)) appearing in the GKZ integral, and dropping the primes, this is

Yoty £tz = —2m. (5.70)

We see immediately that the m = 0 singularities indeed correspond to the equations of the
hyperplanes containing the eight facets of the regular octahedron on the left of figure [5.2]
where the vertices in the figure correspond to (y1,7v2,7v3) = Y0(%1,0,0), (0, £1,0) and
70(0,0,+1). The remaining singularities for m > 0 then correspond to an infinite series of
regularly spaced hyperplanes, both parallel, and exterior, to the facets of the octahedron.

Tropical analysis: an example

To appreciate the role of the Newton polytope, let us start with a simple example intro-
duced in [149]. This is the GKZ integral

o0 oo
7, = /0 dzl/o dzo z?l_lzgz_l(xl + 2929 + w327 + w42123) 7, (5.71)

4The significance of this rescaling can be anticipated by noting that the Newton polytope of the GKZ
denominator D7, in the special cases where v9 € N so that D"° is itself a polynomial when expanded out,
is simply the Newton polytope of D linearly rescaled by 7.

®The argument in [45] involves expanding the integrand of the triple-K integral about its lower limit
and looking for the appearance of z~! poles.
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2 V2

27

T1
Y0

(i) (i)

71
0 2%

Figure 5.3: Left: The integration sectors for the tropicalised GKZ integral 7 where each sector
corresponds to the dominance of a different term in the denominator. The sector boundaries are
simultaneously the normals to the facets of the Newton polytope shown on the right. Right:
Combining the conditions on v, and 72 for the convergence of each sector, we obtain the interior
of the Newton polytope (rescaled by 7o) as shaded.

whose A-matrix is
1 1 1 1
A=100 2 1]. (5.72)
01 0 2

The singularities of the integral derive from regions where the z; (for i = 1,2) either vanish
or tend to infinity. Setting z; = €™, these regions are mapped to |7;| — oo and

[e.e] o
I, = / dry / dry T2 () 4 19e™ + x3€2™ + x4e™ TET2)T0, (5.73)
—00 —0o0
For large |7;|, we can approximate this integral by its tropicalisation as discussed in [152],
o0 (o)
I,tymp' = xj_’yo / dn / d7y exp [717'1 + 212 — yomax(0, T2, 271, 71 + 27’2)}, (5.74)
—00 —00

which corresponds to retaining only the leading exponential in the GKZ denominator.

Which term this is will depend on which sector of the (71,72) plane we are in. If the

dominant term is, say, the jth one, then the overall prefactor is xj_% as shown. If all

xr > 0 for k = 1,...,4, the tropicalisation of the denominator in fact provides a lower

bound and so, for real v9 > 0 and real 1 and 42, we have Z, < Z4°>. The convergence of

If,mp' then establishes that of Z,,. (For rigorous bounds allowing complex +;, see [149,[150].)
The various integration sectors, as illustrated in figure [5.3] are then as follows:

(i) 1 <0and 72 <0so j=1and max(0, 72, 211, 71 + 272) = 0.

)
(ii) 71 + 72 < 0 and 72 > 0 so j = 2 and max(0, 12, 271, 71 + 272) = To.
(iii) 71 > 0 and 71 — 279 > 0 so j = 3 and max(0, 72, 271, 71 + 272) = 277.
)

(iv) 71 + 72 > 0and 7 — 279 < 0 so j = 4 and max(0, 72, 271, 71 + 272) = 71 + 27%.
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Each sector forms a cone within which we can reparametrise 7 = (71, 72) as
T = A\ini + Aano, A, A0 >0 (575)

where n; and ng are the outward-pointing vectors forming the boundary of that particular
sector. By inspection, these are simultaneously the normal vectors to the facets of the
Newton polytope shown in the right-hand panel of figure [5.3] where the two normals
chosen are those for the two facets containing the leading vertex j. For the sector j = 3,
for example, we have n; = (0,—1) and ng = (2,1) and so 71 = 22 and 79 = —\; + Aa.
This third sector of the tropicalised integral is then

trop.
7, A

i3 = 2563_70 / d)\l / d)\z exp |:— ’72)\1 + (2’}/1 + Y2 — 4’)/0))\2} . (576)
= 0 0

The linearity of the tropicalised exponent means that the integrals over Ay and Ao factorise,
and for convergence as \; — 0o, both exponents must separately be negative:

vg > 0, =271 — 72 + 47y > 0. (5.77)

This corresponds to the interior region bounded by the two lines intersecting the vertex
(71,72) = (270,0) in the right-hand panel of figure This vertex is precisely that
corresponding to the dominant j = 3 term (namely, 7327) in the GKZ denominator, after
rescaling by 9. On the boundary of the convergence region, the integral has either a
single or a double pole according to how many of the inequalities in are saturated.

Repeating this exercise for the remaining sectors, we obtain the additional constraints

7 >0, 7 =72 +7% > 0. (5.78)

Combining all these conditions, the full integral ZY°" then converges for (y1,72) within
the polytope shown in the figure. This is indeed the Newton polytope for the GKZ
denominator after rescaling all vertex vectors by ~q.

Tropical analysis: general case

The analysis above clearly generalises. Setting again z; = €™, the general GKZ integral
(5.1) has the tropical approximation

N N
Itrop. — d [ o (1 . )] . 5.79
e . T exp ; YiTi — Yomaxg | lnzy + ; ik T; ( )

In particular, this is a good approximation precisely for the large |7;| regions where any sin-
gularities of the GKZ integral must arise, and so convergence of the tropical approximation
implies convergence of the full GKZ integralﬁ

The different integration sectors of the tropical integral correspond to when
different terms dominate and are selected as the maximum in the exponent. For sufficiently

6 For real i, 70 > 0 and z; > 0, the tropical approximation provides an upper bound on the GKZ
integral as noted in the previous example. Cases where the 7; can be complex and the x; are not constrained
to be positive can be handled by establishing a rigorous bound on the GKZ denominator, see [149] [150].
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large |7;|, this depends only on the direction in the 7 = (71,...,7y) plane and we can
neglect any contribution from the Inx; terms. Let us consider then the sector where, say,
the jth term forms the maximum. This sector can be parametrised as

T=> AIpt) A >, (5.80)
Jed;

where ®; denotes the set of facets containing the vertex j, the M) are the new integration
variables, and
n) =), . a7 (5.81)

is the outward-pointing normal to the facet J. We will assume that ®; contains precisely
N facets so that (5.80) holds[] The contribution of this sector is then

N

Iffrop.’ —e T /°° A exp [/\(J) S 0y, fyoaij)} , (5.82)
J Jed; 'O i=1

As in the previous example, convergence then requires each of these exponents to be

negative giving
N

an(J) (% — 'yoaij) <0 VJ e (I)j. (5.83)
=1

Viewed geometrically, these conditions state that the parameter vector 4 lies to the inside
of the (N —1)-dimensional hyperplane containing facet J of the rescaled Newton polytope,

n) . (¥ —ya;) <0, (5.84)

and that this holds for all facets J containing the jth vertex vector ypa;. Convergence
of the full tropicalised GKZ integral requires convergence in every integration sector, and
hence for every vertex j of the rescaled Newton polytope. The condition must thus
hold for all facets J, meaning 4 must lie completely inside the rescaled Newton polytope.

5.3.3 Meromorphic continuation

Having shown the convergence of GKZ integrals for 4 lying within the rescaled Newton
polytope, the existence of further infinite sets of singular hyperplanes parallel to each facet
can be established by meromorphic continuation [149] [I50]. Once again, the idea is most
easily seen in the context of an example, after which we resume our general analysis.

Example

Returning the GKZ integral ((5.71)), let us construct a continuation across, say, the upper-
right facet of the Newton polytope shown on the right of figure 5.3l The relevant outward
normal is n = (2,1). Following [149], we perform a rescaling z; — A" z;, namely z; —

"If there are fewer than this, we can factor out a finite integral over a transverse subspace following
appendix A of [152] then apply the argument above for the remaining integral over a lower-dimensional
cone.
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A"22z1 and z3 — A7 lzy, where ) is some fixed parameter. The integral (5.71]) becomes
(o] o0
I, = A2z / dz; / dzo z?lflz;rl(xl)\‘l + 2oz N3 4 2323 + 242123) 77 (5.85)
0 0

but its value remains unchanged. We can therefore differentiate to find

d
O:fza,‘

EhY = (—2’)/1 — Y2 + 4’)/0)1.7 — 4’)/01‘11..),/ — 3’701’217// (5.86)

A=1

where

Y=+l Nn=71 =7
=%+l A=m, < w=mr+l (5.87)

Alternatively, (5.86]) can be obtained by taking a linear combination of the Euler equations
and DWI for (5.71)), namely

4
0= ( —2(y1 + 203 + 04) — (72 + 02 + 204) +4(70 + 29]')>I-y
j=1

= (470 — 271 — 72+ 461 + 393)17, (5.88)

where evaluating the action of the 6; = x;0,, yields .

As both Z, and Zy~ in take the same form as the original integral Z,, except
with shifted parameters, the convergence regions are given by (5.77) and (5.78) replacing
~ with 4 or 4”. In terms of the unshifted parameters, Z,/ thus converges for

71 > 0, Y2 > 0, Yo+ —72+1>0, 4y — 271 — 72 +4 > 0, (5.89)
while Z.,» converges for
1 > 0, Y2+ 1> 0, Yo+7v1 —72 >0, dv — 271 — 2 +3 > 0. (5.90)

In each case, the size of the Newton polytope is rescaled from 9 — o + 1, while for Z»
we also translate by the vector (0, —1) as shown in figure Note that neither of these
operations change the normals to the facets. Re-arranging (/5.86)), we now have

Iy = (490 — 271 — 72) (4071 Zy + 370727 ), (5.91)

where the sum of shifted integrals on the right-hand side converges only for the intersection

of the two shifted polytopes (5.89) and (5.90)), namely
7 >0, 72 > 0, Yo+ — 2 >0, 40 =271 — 72+ 3> 0. (5.92)

Comparing with the original polytope formed by (5.77) and (5.78)), only the final inequality
has changed. Now, the region of convergence extends across the facet with normal (2, 1) as
shown in figure Equation thus gives a meromorphic continuation of Z., around
the pole at 4v9 — 2y; — 2 = 0 (corresponding to the facet of the original Newton polytope

107



Chapter 5. GKZ integrals and creation operators for Feynman and Witten diagrams

72

Yo + 11
70 1

~11

Figure 5.4: Left: Convergence regions of Z (green), Zs (blue) and Z.~ (orange). The meromorphic
continuation holds for the intersection of the convergence regions for Z.,, and Z,~. This
extends the domain of convergence of 7., across the upper-right facet with normal (2,1) to form
the region bounded by the solid line. Right: Dashed lines indicate the complete set of singular

hyperplanes (5.93) of the GKZ integral (5.71]).

normal to (2,1)) to the larger region (5.92]).

This process can then be repeated for the boundary of the new region by applying
the same procedure (namely, rescaling z; — A" z;, differentiating with respect to A then
setting A = 1) to the integrals on the right-hand side of . Alternatively, we can
extend iteratively by using shifted analogues of to replace Z» and Zy~ on the
right-hand side of itself. Repeating such calculations for all the facet normals of the
original Newton polytope, we obtain an infinite set of singular hypersurfaces parallel to
the facets of the Newton polytope. The integral is thus singular on the hyperplanes

y1 = —myq, Yo = —ma, Yo +7 — Y2 = —ms3, 4yo — 271 —y2 = —3myg  (5.93)

for any (independent) choice of non-negative integers m; € Z, as illustrated in the right-
hand panel of figure

General analysis

The analysis in this last example readily extends to general GKZ integrals. We begin by
defining a few useful quantities. First, we have the (N 4+ 1)-dimensional vectors

(J)
. Yo o 1, (J)_ TLO
(1) A () v (), 0

where ~ is the usual GKZ parameter vector, A; is the jth column of the full A-matrix
(including the top row of 1s), and, as above, n/) is the N-dimensional outwards-pointing
normal to facet J of the Newton polytope. The additional component n((]‘]) is fixed by
requiring that

0=ND A, jeo, (5.95)
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where ¢y denotes the set of vertices lying within the facet J, giving

n(()J) = —n() - ay, JjE Q. (5.96)

The condition that 4 lies in the hyperplane containing facet J of the rescaled Newton

polytope,
0=nl")- (¥ —yay) (5.97)

can now be compactly re-expressed as
0=~ N (5.98)

and the domain of convergence ([5.84) corresponds to vy - N (/) < 0 for all facets J. (From
an (N +1)-dimensional perspective, the Newton polytope therefore corresponds to a cone.)
In addition, we define the distance function
J .
dl(- )= A, N = nl). (a; —a;), JjE py. (5.99)
If n(!) is a unit vector, dZ(J) is the normal distance from vertex i to facet J of the New-
ton polytope. Rather than choosing m(”) to be a unit vector, however, it will be more
convenient in practice to choose n(”) (and hence N < )) to have integer components.
We now proceed to construct a meromorphic continuation of the GKZ integral across a
chosen facet J of the rescaled Newton polytope. To this end, we form a linear combination

of n(()J) times the DWI plus the sum of n,(g‘]) times the kth Euler equation, namely

0= [ (ot 300) + o (e 3 i) |,
= =1

=1 k=1

= (- NV - E”:dlm o), (5.100)
=1

The sum over [ on the second line here can be restricted to values | ¢ ¢, corresponding
to vertices [ not in the facet .J, since dl(‘]) vanishes for all [ € ¢ ;. Moreover, by direct
differentiation of the GKZ integral as we will discuss further in section [5.4.1], one can show
that

QZI = —70xlI7+Al. (5101)

Here, the parameter vector of the right-hand integral has been shifted from v — ~ + A;.
Rearranging, this immediately gives the desired meromorphic continuationﬁ

_ 70 (/)
_,Z;-y = _,.Y]V(J)( Z Xy dl Iﬂy+Al>' (5102)
Iy

The denominator «- N ) generates a pole at the hyperplane containing the facet J, while
the sum of shifted integrals has a larger domain of convergence extending across the facet

%)) .
8 Alternatively, this equation can be derived by rescaling all z; — A™™ 2z in 7+ and extracting a
prefactor of A=Y N We then differentiate with respect to A and set A = 1 analogously to in (5.86]).
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J of the original rescaled Newton polytope for Z,.
To see this, for each shifted integral labelled by an | ¢ ¢ in the sum (5.102), the

domain of convergence is

(v+A) - NE =y . NE) ¢ <0 vEK (5.103)
This is equivalent to

n - (§+a) = (o+Dax) <0, k€ pk, (5.104)

i.e., for every facet K, the shifted parameter vector 4’ = 4+ a; must lie inside the Newton
polytope rescaled by 7, = 70 + 1. The common overlap of these domains for every | ¢ ¢
then corresponds to

v - NE) <5 v K, (5.105)

where
85 = mingg,,, [d%] > 0. (5.106)

For any facet K # J, the set of vertices [ ¢ ¢ includes vertices | € pi lying in the facet
K. For such vertices, dgK) and hence 6% is then zero. Just as in our earlier example, the
domain of convergence for the sum of shifted integrals in is therefore unchanged
for all facets K # J,

s =0 VK+£J (5.107)

The only facet across which the domain of convergence is extended is the facet K = J, for
which we obtain an extension

5 = mingg,,, [d7]. (5.108)

Geometrically, 6¢/) > 0 is the normal distance to the facet .J of the (non-rescaled) Newton
polytope starting from the nearest vertex [ not belonging to J, multiplied by ]n(‘] ) |. If we
choose n(/) to have integer components, then as the components of the A-matrix are also
integer, 8¢/) will be a positive integer.

Equation (5.105)), together with (5.107) and (5.108), thus give us the domain of con-
vergence of the meromorphic continuation . Repeating the argument to construct
further meromorphic continuations, one finds that the GKZ integral Z has an infinite se-
ries of singular hyperplanes lying parallel to each facet J of the original Newton polytope.
These hyperplanes are given by

~-ND =m; 60, myezt, (5.109)

where m; is any non-negative integer m = 0,1,2,....

Example: Let us check (5.108)) against our previous example. Taking J to be the facet
with outward normal n(/) = (2,1), we have p; = {3,4} and so using the A-matrix (5.72),

2
0) = mingeqr 0y Y 0 (a3 — ag) = min(4,3) = 3. (5.110)
=1
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The sole shifted boundary

v N =0l +4 -0 < 5, (5.111)
where n(()‘]) = - Z?Zl nEJ)aig = —4, then evaluates to
— A+ 271 +72-3<0 (5.112)

in agreement with (5.92), and the singular hyperplanes in ([5.109) match those in ((5.93)).

Implementation

In higher-dimensional examples, a convenient way to determine the singular hyperplanes
(5.109)) is to apply a convex hulling algorithm (see, e.g., [I56]) to identify which sets of
vertex vectors a; form the facets of the Newton polytope. We will discuss this explicitly
in section The condition that 4 lies in the hyperplane containing facet J of
the rescaled Newton polytope is then equivalent to

0=v-NY =det(y|Aj|...| Aj), (5.113)

where ji,...,jn € @ are the N vertices belonging to facet J, and the \A; are the cor-
responding A-matrix columns. To see this, note that from we have A; - N ) =0
for all the N vectors j € ¢ . As the total dimension of the vector space is NV + 1, the
condition v - N ) =0 implies that -~ lies in the span of the A; with j € ¢, and hence
the determinant above vanishes. The components n,g‘]) of N ), fort=0,..., N, can thus
be identified by expanding out the determinant and extracting the coefficient of ;. This
tells us that ng‘]) is given by the (7, 1)th cofactor of the matrix, for example

(J)

ny’ =det(aj |...|a;y). (5.114)
One must however also check that n(”) corresponds to the outwards-pointing normal by
verifying that dl({‘]) = —-A, - NY) > 0 for some k ¢ ¢z, and swapping two columns of

5.113)) if not. The spacing 6(”) of the singular hyperplanes can then be computed using
5.108)) and ([5.99).

5.4 Shift operators

Let us now examine the shift operators associated with A-hypergeometric functions. Two
natural classes present themselves: the ‘annihilation’ operators which correspond to the
simple derivative 0; = 0/0z;, and the ‘creation’ operators which are purely polynomial
differential operators (i.e., operators in the Weyl algebra) that invert this operation.

5.4.1 Annihilation operators

From the GKZ integral (5.1) and denominator (5.2)), we see by direct differentiation that

0;1y = —yoLy, ji=1,...,n (5.115)
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where
r_

w=v%+1, vi=vi+ay, i=1,...,N. (5.116)

In other words, differentiating with respect to x; increases the power of the denominator
by one, and adds to the numerator all powers of z; multiplying z; in the denominator.
From the A-matrix perspective, the shift of the parameter vector - is given by the jth
column of the full A-matrix,
Y =v+Aj, (5.117)
combining the two formulae in .
One can naturally think of the toric equations as representing the difference of

two products of annihilation operators, such that the total shift generated by each product
is the same leading to a cancellation. Namely, each factor

n ui
0, (5.118)
j=1
produces an overall parameter shift
n
Tyt Y A (5.119)
j=1
but since
n n
S Al =" Ajuy (5.120)
j=1 j=1

the final shifted integral is the same in both cases and the difference vanishes.

Notice also that knowledge of the full set of n annihilation operators, plus the parameter
shifts they produce, is equivalent to knowledge of all columns of the A-matrix and hence
the full GKZ integral itselfﬂ

Example: The annihilation operators for the GKZ uplift (5.53|) of the triple-K integral
(5.50) are 9; for j = 1,...,6. The triple-K integral itself corresponds to evaluating the
GKZ integral on the physical hypersurface = (p?, p3,p3, 1,1, 1) according to (5.55). The
first three annihilators thus become

0 0 1 i

9; -

Ox;  Op;  p;jOp; (120

while for the remaining three we need to use the Euler equations following from the A-
matrix (5.56[). These are

0= p1 — 01+ 04, 0= By — 0y + 05, 0 = B3 — 03 + b, (5.122)

¥ Prior to the work of GKZ, this approach was pioneered by Miller et al [T57, [I58] for various Lauri-
cella and Horn-type hypergeometric functions for which the annihilators can be identified from the series
definition.
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and projecting to the physical hypersurface by setting x4 = x5 = x¢ = 1 gives

p1 O py O p3 O

O1=0h—P1=—=——pP1, O5=0—Ps=—"———09, Og=03—0F3="——
=0 — B > apy B1, 05 =02 — [ 2 O B2, 0Os =03 — B3 2 ap; 0
(5.123)

Up to trivial numerical factors, these are the shift operators
1 0 0

Li=———, R; =28, —pi—, j=1,2,3, 5.124
J Dj apj J J Japj ( )

introduced in [42, 85]. The action of these operators on the triple-K integral (5.50) can
be obtained from their action on the individual Bessel functions in the integrand giving

Lila s prpsy = —(@+ Dot (s 18851 Rila s popsy = —(@+ 1)Ia+17{/31“(’52’ﬁ3})’
5.125

with the others following by permutation. This is consistent with the expected action for
the annihilation operators: from the columns of the A-matrix (5.56), this is

Li: v—7+1, V=1, Ri: =7+ 1, v =5 +1, (5.126)

which from (5.55) is
,Cji a—a—+1, ng)ﬁjfly Rji a—a+1, ﬁ]*)ﬁj+1 (5127)

5.4.2 Creation operators

Over the next three subsections, we present a construction of creation operators motivated
by consideration of the spectral singularities. These ideas are then illustrated using the
Gauss hypergeometric function. Originally, creation operators were first proposed by Saito
in [146, 147); for further discussion, see [148] [159].

By definition, when acting on a GKZ integral, the creation operator C; produces the
inverse parameter shift to the annihilation operator 9; = 0/0x;. If we act with one
operator followed by the other, therefore, we must arrive back at the original integral up
to some function of the parameters:

Cj8j1-7 = b](’)/)I»y (5128)

As we will see shortly, this ‘b-function’ b;(-y) is a polynomial whose zeros correspond to a
specific subset of the singular hyperplanes of Z, given in . First, however, let us
sketch how knowing b;(«y) enables a direct construction of the creation operator C;.

The first step is to replace all the parameters v appearing in the b-function with linear
combinations of Euler operators using the DWI and Euler equations . This defines
a new polynomial B;(#) in the Euler operators,

B;(0) = b; 5.129
O=b0] (5.129)

such that
C;0,1y = B;(0)Z,. (5.130)
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As all Euler operators commute with one another, there are no ordering ambiguities here.

Next, we expand out B;(f) and re-arrange so that, in every term, all factors of xj, are
to the left of all derivatives J. Up to a constant coefficient, each term of B;(0) is thus of
the form

I =0 (5.131)
k=1

for some set of powers by. In certain cases, the product [, 82’“ will already contain an
explicit factor of J;. Otherwise, we can use the toric equations to replace the
product [, 82’“ (which acts on the GKZ integral Z as per (5.130])) with an equivalent
product that does contain an explicit factor of d;. Such a replacement will always be
possible provided the b-function is correctly chosen. After completing this operation for
every term, the right-hand side of now matches the form of the left-hand side
allowing the operator C; to be read off. Thus, with the aid of the toric equations, B;(6)
acting on Z can be explicitly factorised into the form C;0;.

As a final step, the creation operator C;, which is a differential operator with poly-
nomial coefficients defined in the n-dimensional GKZ space, must be projected back to
the physical hypersurface. For this, we restore all z; to their physical values (noting the
xy are positioned to the left of all derivatives), and use the Euler equations evaluated on
the physical hypersurface to replace derivatives in directions lying off the physical hyper-
surface with derivatives tangential to this hypersurface. This replacement also restores a
dependence on the parameters v. Many examples of this projection procedure will appear
in subsequent sections.

5.4.3 Action of the creation operator

Returning to ([5.128|) and using the action of the annihilator d; as given in ([5.115]), the
action of the creation operator is

CiLy = = b (L. (5.132)
As the shift here is acting in the direction v/ — v =+’ — A, rearranging (5.116)) we have
Y =7 -1, Vi =i — aij, i=1,...N. (5.133)

We will retain this allocation of prime and unprimed variables in the following for com-
patibility with the algorithm in the previous section based on ([5.128)).

Before discussing the b-function itself, a crucial point to notice is that the parameter
shift can potentially take us from a finite to a divergent GKZ integral. In contrast,
the reverse shift associated with the annihilation operator d;, when acting on a
finite integral, will always produce another finite integral.

To see this, let us start with an integral Z,/ for which the vector 4" = (74,...,~}) lies
inside the rescaled Newton polytope with vertices 7)a;. In the notation of section m
this means that for every facet K we have

v - NE) <0 (5.134)

and the GKZ representation for Z,, converges without meromorphic continuation. For the
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shifted integral Z in (9.132)), we then have

v NE) = 4 NE) 4 d§K) (5.135)

where
d§K) =n . (a, — a;), ke pk (5.136)
is proportional to the normal distance from vertex j to facet K of the (non-rescaled)

Newton polytope. Now, for any facet K containing the vertex j, dg.K) vanishes and hence

~-N (K) < 0. For the remaining facets not containing the vertex j, however, dg-K) >0
since n(®) is the outward normal and j lies to the inside of the facet. Consequently, we
cannot be sure that v - N (K) < 0 for all facets K, and hence that 7 is finite. Rather, if

there are any facets for which v - N ) > 0, the shifted integral 7, will diverge whenever

the singularity condition (5.109)),
v N =™ g ezt (5.137)

is satisfied for some non-negative integer my. Combined with , this condition allows
us to identify the initial parameter values ' for which the shifted integral Z., diverges.

For the annihilation operator 0;, the direction of the parameter shifts are reversed and
so if the starting integral is finite, the shifted integral is also necessarily finite.

5.4.4 Finding the b-function

An apparent puzzle now arises for cases where the shifted integral Z, in is divergent,
since the action of a differential operator C; with polynomial coefficients on any finite
integral Z., must clearly be finite. The resolution is that, for such cases, the b-function in
@ﬂmust have a zero cancelling the divergence in Z, such that the right-hand side is
finite

The b-function for the creation operator C; must thus have zeros corresponding to
every singular hyperplane that can be reached by a single application of C; to any finite
starting integral, as illustrated in figure|5.5 The minimal b-function, containing just these
factors alone, is

1
b =TI TI (- N —mics) (5.135)
K¢d; mg=0

where the first product runs over all facets K not containing the vertex j and the upper
limit in the second product is set by

) d(,K)

_J

£ = o (5.139)
(K)

This counts by how many steps (in units of §'*/, the spacing between singular hyperplanes)
the creation operator C; raises 7' - N (K) according to (5.135)). Effectively, if we define an

10T a ‘dimensional’ regularisation scheme where all parameters are shifted infinitesimally v — v + €4,
this requires bj () ~ €* while Z, ~ e~ for some k € Z* such that b;(y)Zy is finite as ¢ — 0.
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Figure 5.5: Mapping of finite to divergent integrals under the action of the creation operator C;
as per , and construction of the corresponding b-functions. Left: If dg-K) = 65 facet K
contributes only the factor - N (K) to the b-function. The zero of this factor cancels the pole of
the only singular integral (dashed line) that can be reached starting from a finite integral. Right: If
dg»K) = 36 the facet contributes three factors, anK:O('y N — i 65 whose zeros cancel
the poles of the three singular integrals reachable from a finite starting integral. The shaded region
indicates the rescaled Newton polytope.

initial m/, by the relation + - N — m/6) | the creation operator C; acts to raise
this to mg = m) + F]-(K). Thus, if FE) — 1 for some particular facet K, only the
singularity in with mg = 0 can be reached by the action of C; on a finite starting
integral (namely, that with m/, = —1). The product over mg in is thus capped
at F]-(K) — 1 =0. Alternatively, if F](K) = 2 for some facet, both the mg =0 and myg =1

singularities can be reached by acting with C; on the finite starting integrals with m/. = —2

and m/, = —1 respectively. The product over my in then runs up to Fj(K) -1=1,
and so on.

For all the Feynman and Witten diagrams we analyse in the remainder of the chapter,
F]-(K) is an integer for all K and the minimal b-function (containing only the zeros
necessary to cancel out the singularities of Z) is sufficient to find all creation operators.
These operators are moreover of the lowest possible order in derivatives, since the b-
function has the fewest factors. Nevertheless, in certain exceptional cases, the factorisation
step of the algorithm in section can fail when using the minimal b-function. Such
cases, which arise when the associated toric ideal is non-normal [146-H148| [159], can be
handled by supplementing with additional factors. An example, which also features

a non-integer F](K), is discussed in appendix [C.3

Despite its formal appearance, the formula (5.138) is straightforward to evaluate in
practice as will become clear in the examples to follow. All that is required is to identify
the singular hyperplanes for a given GKZ integral, along with the shift produced by
the creation operator C;, and then to form the b-function from the product of all singular
hyperplanes that can be reached by one application of C; on any finite starting integral.
We emphasise too that, while consideration of singular cases has been used to deduce the
form of the b-function, the creation operators we subsequently obtain can be used to map
finite integrals to finite integrals.
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5.4.5 Example

As a simple illustration before turning our efforts to Witten diagrams and Feynman in-
tegrals in the following sections, we compute creation operators for the GKZ integral
[149, 123]
7—1_~2—1
2z
Iy = / dz1dzs L 2 .
R2 (21 + w221 + 2322 + T42122)70

+

(5.140)

On the hypersurface (z1,x2,x3,24) = (1,1,1,y), this can be directly evaluated in terms
of the Gauss hypergeometric function

L(y1)T'(92)T(v0 — 1) (70 — 72)
['(70)?

Since all shift operators for the Gauss hypergeometric function are known this will allow
an easy check of our calculations.
Evaluating the A—matrix,

I,(y) = 2 Fi(v1,72,70; 1 — v). (5.141)

A:

S O =
S ==
— O

1
1], (5.142)
1

we can read off the DWI and Euler equations
0=(0+01+02+05+04)Zy, 0= (n1+02+04)Zy, 0= (72+03+04)Zy, (5143)
where 0; = x;0; and, from the kernel of the A-matrix, we find a single toric equation,
0 = (0203 — 0104) Z,. (5.144)
From , the singular hyperplanes are
M= —mi, Yo = —ma, Yo—"1 = —mg, Yo — Y2 = —My, m; € Z* (5.145)

as displayed in figure As expected, these singularities coincide with the poles of the
gamma functions in the numerator of the projected integral .

The annihilation operators 9; send v — ~’ while the creation operators C; send v — =,
where for each j these parameters are related by

j=1: 7 =0 + 1, =, V5 =2

j=2: % =" +1, Nn=mn+1 Yo =2

]:3 %,):70‘{‘1, 712717 7&272_}'17

j=4: 7 =0 + 1, Y=m+1, vy =2+ 1. (5.146)

The corresponding b-functions are

b1 = (70— 1) (0 —72),
ba = v1(70 — 72),

117



Chapter 5. GKZ integrals and creation operators for Feynman and Witten diagrams

Figure 5.6: The singular hyperplanes of ((5.140)).

bs = 72(v0 — M),
by = Y1y2- (5.147)

In each case, the factors that appear are the zeros needed to cancel the poles arising when
the creation operator moves us from a finite to a singular integral. For b1, for example, the
shift produced by C; can take a finite integral with v, —~/ = 1 to a singular integral with
Y0 — v = 0 for both ¢ = 1 and i = 2, as we see from . The zeros of b; then cancel
these singularities so that the action of C; on a finite integral is always finite. For
by, the shifts produced by Ca can take a finite integral with 74 = 1 to a singular integral
with 72 = 0, and a finite integral with «({ —~] =1 to a singular integral with 9 —~; =0,
with these singularities again being cancelled by the zeros of by. Note that the action of Co
leaves 7] and 7, — 74 unchanged hence no further singularities arise, and hence no further
factors in by. One can further check that the b-functions are consistent with the

general formula ([5.138]).
From (|5.130)) plus the DWI and Euler equations (5.143)), we now have, for example,

C101Zy = (70 — 71) (Y0 — 72)Zy = (61 + 03) (61 + 62)Z,
= (101 + x%@% + 21290109 + 11230103 + $2x38283)z»7. (5.148)

By inspection, every term in the final line contains an explicit factor of 9; except for the
last, but this can be replaced by xox30104 using the toric equation (5.144)). This gives us
the desired factorisation

C1 = o1 + 2301 + 212902 + 112303 + 29730,
=x1(1 4 61 + 02 + 03) + x2230;. (5.149)
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In an identical fashion, we obtain

Cy = $2(1 + 6, + 65 + 94) + 212403,
C3 = x3(1 + 60, + 63 + 94) + 212400,
Cy= 374(1 + 05 + 03 + 94) + z9x301. (5.150)

Finally, in order to understand their action on , these creation operators can be
projected to the ‘physical’ hypersurface (1,22, 23,24) = (1,1,1,y). For this we use the
DWI and Euler equations evaluated on this hypersurface, which can be re-arranged
so as to eliminate all derivatives apart from 0y:

Ly (y) = (=70 + 71 + 72 + 0y) Ly (y),

621—7’ (y) = _('71 + ey)I'y’ (y),

05T (y) = —(7h + 0,) T (y). (5.151)
Notice here that as the creation operators act on the integral with parameters 4" by our

definition ([5.132]), we need to use these parameters here. With the aid of these equations,

the creation operators project to

P =19+ (1 -y,

CE" = 1=+ (1 —y) (3 + 6y),

CE =1—+ (1 —y)(7s +6y),

R =1— 2+ L=y +2%—1+0,), (5.152)

where the ‘ph’ superscript indicates the operators expressed in physical variables. From

(5.132)), we then have, for example,

h _
Ci) I’y(’),’y{,ﬂé (y) = Y 1('70 —71)(0 — '72)1’707’71,72 (v)
= —(0 =170 = = D00 =% — DIyy—104 (5.153)

since here the creation operator shifts 7, — 79 = 7 — 1 while 4/ = ; for ¢ = 1,2. Noting
the presence of the gamma functions in ([5.141)), this corresponds to

(L=10+ A =9)0y) 2Fi(1,7,70: L —y) = (L — ) 2Fi(0 570 — i1 — ) (5.154)

which indeed follows from standard relations for 2 7 (see e.g., equation 15.5.4 of [160]).
Taking into account the shifts ((5.146f), for the remaining operators we find

CE'Ty vt () = =70 11 (%0 — ¥2) Dy e

= —(0-D7" 0 = D00 =% = DIy—14 15 v),
C§h1767%,7§ (¥) = =% 1210 = 1) Ty 1.7

=—(0-D""(n - D00 =1 = DIy—1444-11),
Cffhzy(gn;,vg (y) = —’70_1’71’72170,71,72

= —(— D' = DO = DIy 101 -1.0-1(1)- (5.155)
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These can again be verified using standard shift identities and contiguity relations for the
Gauss hypergeometric function.

5.5 Creation operators for Witten diagrams

The correlators of holographic conformal field theories at strong coupling can be computed
via Witten diagrams in anti-de Sitter spacetime. As the evaluation of these diagrams is
nontrivial, particularly in momentum space, it is important to identify classes of shift
operators connecting known ‘seed’ solutions to a broader family of correlators.

In this section, we construct novel creation operators for Witten diagrams in momen-
tum space. (Results for the position-space contact diagram, or holographic D-function,
are given in appendix ) Starting with the contact diagram, we derive explicit creation
operators at 3- and 4-points, though the method extends to higher points. We also show,
again at 3- and 4-points, how to construct operators that shift the scaling dimensions
while preserving the spacetime dimension.

A case of particular interest, given the close connection to cosmological correlators,
is the 4-point exchange diagram. Here, a class of weight-shifting operators is known
connecting exchange diagrams with different external scaling dimensions [83] [30], but
subject to two restrictions [36]: first, these operators map an exchange diagram with
non-derivative vertices to one with derivative vertices; and second, they work only for a
special set of initial scaling dimensions. While these results are sufficient for cosmologies
where the inflaton is a derivatively-coupled massless scalar, finding further generalisations
is highly desirable.

A key problem, therefore, is to find a shift operator connecting exchange diagrams
with non-derivative vertices to new exchange diagrams, with shifted operator dimensions,
but still with non-derivative vertices. This operator should moreover be applicable for dia-
grams of arbitrary initial scaling dimensions. In section we derive such an operator.

5.5.1 Definitions

In momentum space, the n-point contact Witten diagram is

Ud; Aoy A :/0 dz 2" [ [ Kian (2.0 (5.156)

=1

where d is the boundary spacetime dimension of the CFT, A; is the scaling dimension of
the scalar operator O;, and the bulk-to-boundary propagator

d g,
22p) K, (piz)

d
—. 1
> (5.157)

Since the modified Bessel-K function is invariant under changing the sign of its index,
note we have the shadow relation

_APT () ~28;

Ud; Aty .oy An) Ao - T(=gy) P Ud; Av, .oy Al (5.158)
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O1(py) O4(py) O (
02 (PQ) O3 (p3) Oz (

Figure 5.7: Witten diagrams representing the contact and exchange 4-point diagram ia; A,A5A,)

and 4[a; A, ,A5A,2A,) glven by the integrals (5.156) and (5.159).

In addition to the contact diagram, we will discuss the 4-point s-channel exchange
diagram shown in figure

Ud; Ay, Ag: Ag,Ad; Ag] —/0 dz 27 g (2, p1)K g (2, p2) (5.159)
x /O 4CCT1G1a (2,5 K1) (€ p)K 181 (G, 1),

where A, is the dimension of the exchanged operator and s = (p; + p,)?. The bulk-to-
bulk propagator in this expression is

o (0I5, (s2)Kp, (s¢) for 2 < ¢,
Gia,)(z,8:¢) = { O Ky (52)]5(50) for > C, (5.160)

with I3 and K representing modified Bessel functions and 5, = A, — d/2. Where neces-
sary, these integrals can be regulated by infinitesimally shifting the operator dimensions
and spacetime dimension d so as to ensure convergence [30].

5.5.2 GKZ representation of the contact diagram

The GKZ representation for the n-point momentum-space contact diagram can be eval-
uated analogously to that for the triple-K integral (see page . This yields the GKZ
integral

n

I, = (Zlf[l/ooo az 2 ) [ ('Z +a5)] (5.161)

j=1
with the contact diagram being
S|
id; A,y Ag) = QWOF(’YO)(HW)L’ (5.162)
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with parameters

n d
70 = (5 —1)d, Vi= AT = Bi, (5.163)
and physical hypersurface
zi=p,  FH=1  i=1,...,n (5.164)

Our notation & = (x;, Z;) for the GKZ variables here and in (5.161)) is simply a convenience
designed to simplify the form of the Euler and toric equations as we will see below; Z;
should be regarded as an independent dynamical variable equivalent to x;,, in the notation
of the previous section.

The (n + 1) x 2n dimensional A-matrix for the integral is now

,4:< —}In Hln ) (5.165)

where 1 is the n-dimensional row vector of 1s and I, is the n x n identity matrix. (Again,
we are departing from the notation of the previous section where n referred to the number
of columns in the A-matrix, reserving n now for the number of points.) Writing

0; = 81, 0; = aa@, 0; = x;0;, 0; = ;0;, (5.166)
the Euler equations are
0= (v —0; +6;)Z,, i=1,...,n, (5.167)
while the DWI is .
0= (0 +>_(6:+8))T. (5.168)
i=1
In addition, we have the toric equations
0 = (0;0; — 0;07) L, i#j=1,...,n. (5.169)

These can easily be verified by noting that 0;0; sends v9 — 70 + 2 but makes no change

to the power of z; appearing in the numerator of ([5.161|), hence the two terms in (5.169))
cancel.

It is well known that the contact diagram satisfies the equation,
0=(K; = Kj)ijgan,,..n,) ViF] (5.170)
where K is the Bessel operator

(1- 2%)8

K, = 832 + ) Iy = 8l((91 — ’72')- (5.171)

To see this from a GKZ perspective, we use the Euler and toric equations to show that

(KZ' — Kj)Z»Y = (8@ — 8j9_j)1»7 = (@8@51 — :Ejajéj)L, = (ii’l — Ej)&&ly. (5.172)
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Upon projecting to the physical hypersurface ((5.164]), the right-hand side now vanishes.
Finally, we observe that the shadow relation ((5.158]) uplifts to

- ()", (5.173)

T

Ly

Vi i
for any ¢ = 1,...,n in GKZ variables. This can be seen by evaluating the right-hand side
with the substitution z; = z;/(Z;2]) in (5.161]).

5.5.3 Creation and annihilation operators

The action of the annihilation operators is

82'1'7 = —’701'7 5ZI7 = —’)/01

5.174
T lo—v0+1, vimyi+1 ( )

Y
Yo—y0+1,vi—vi—1

for any ¢ = 1,...,n. After projecting to the physical hypersurface (5.164)), up to numerical
factors 0; and 9; become the operators £; and R; respectively, as defined in (5.124]). Note
that due to the shadow relation (5.173)) (or re-arranging the Euler equation (5.167))), we
have

BT, = (@)_%_1@» (2)'z, (5.175)

T T

In physical variables, this projects to
2(Bi+1 —28;
Ry = p Pt g, p 2, (5.176)

The action of the creation operators is the inverse of that in (5.174)), namely

C: wv—=-1 vwv—v+l, C: w—=r-1 vwv—ov-1, (5.177)

where all remaining v; for j # ¢ stay the same. By virtue of the shadow relation ([5.158),
however, it suffices to construct only C; since

C_i I’y - <@> l_wci

T

o (%)%IV. (5.178)
k3 T (]

To construct C;, we first need to identify the singular hyperplanes of Z.,. These can be
found either by expanding the integrand of about the lower limit z = 0 and looking
for the appearance of z~! pole terms (see [45], and the example on page , or by using
the formula based on the Newton polytope. Here, the Newton polytope takes
the form of an n-dimensional cross-polytope with vertices at +e; for every basis vector
(€j)r = 6 and 2" facets with outward normals n = (o71,...,0,)7 for every possible
independent choice of o; = £1. From (5.96) and (5.108), ng = —1 and § = 2 for every
facet, hence the singular hyperplanes are

n
0=—y+» o5 —2m, melLr (5.179)
j=1

Given the action of C; in ([5.177)), the only way this operator can shift us from a finite to
a singular integral is if o; = +1 so that m increases by one. The corresponding b-function
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is then ]
M= 11 S0+%+ 0, (5.180)
{oj==%1} j#
where the product runs over every possible choice of signs for all j # i. Using the Euler
equations, this gives

Bi0.0)= I (600,416 + 00, 10). (5.181)
{oj==%1} J#i

For convenience, to eliminate an overall numerical factor in this expression we inserted
factors of one-half in . Overall, this is simply a trivial rescaling of both the creation
operator and the b-function.

For the 3-point function, for example, these formulae evaluate to

1
1(7) = {5 (0t 72 +93)(=r0+7 =12 +9) (= F e =) (= + -2 - s).
(5.182)
and
31(9, é) = (91 + 69 + 93)(91 + 52 + 93)(91 + 69 + 53)(91 + 92 + 9_3) (5.183)
Recalling now the creation operators obey
C@IW = bi('y)I,Y = BZ(Q, é)Z-y (5.184)
the idea is to expand out agdl]
Bi(0,0) = Qi(6,0)0; + > Q;(6,0)0;0;, (5.185)

JFi

where without loss of generality we can choose all Q; (6, 0) for j # i to be independent of
both 6; and ;. (Note from ([5.181)) that B;(¢,0) is automatically independent of ;.) We
then use the toric equations (5.169|) to re-express

6?]'53»17 = l’j.fjajéjl"y = szi‘jaiéiL, (5.186)
so that
BZ(H, é)Ify = [QZ(Q, é)l’z + Z Qj ((9, é)xﬁrjéz (%Im (5.187)
J#i

1A factorisation of this form always exists as can be seen recursively in the number of points n. Once
all 0;-dependence has been gathered into Q;0;, let us write the remainder at n-points as b§"> = BZ-(")|91.H0.
Multiplying out all the factors containing #,,, and, separately, all the factors containing f,,, we obtain
b = (. )00 + b))+ 6 = (0 )000n + (. ), where bV is independent of 6,, and
0,,. Thus, if the decomposition bin_l) = ;1;11 Q;n_l)gjéj exists at (n — 1)-points, then it also exists at

n-points: bg") = Qé-")ﬁjéj.
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This yields the creation operators
Ci=Qi(0,0)z; + > Q;(0,0)x;7,0;. (5.188)
J#i

To project from the GKZ space to the physical space spanned by the momenta, we first
re-write (suppressing arguments for clarity)

Qiri = 1;Q; N (5.189)

ijjfjgi = xj@-éin (5.190)

0j—)0j+1, éj—}éj-{-l

where for (5.190)) we recall the @); are independent of both ¢; and 0;. We then project to the

physical hypersurface by using the Euler equations to replace 0, — 0, — i
for all k =1,...,n (which is justified since after the re-arrangements — all 6y,
act directly on Z,) and set all Z;, — 1. Note also that d; = 6; on the physical hypersurface
since Z; = 1, hence we can also replace 0; — 0; — ;. The result is

h
CP" = 2;Q;

+(0i =) Y 7;Q;
j#i

) (5.191)
0;,—0;+1, 0 —0r—vk

ejﬁej‘i‘lae_k‘)ek*')/k%*ékj
where the replacement on 6, applies to all the @ variables present. As previously, the
superscript ‘ph’ denotes the operator expressed in physical variables. From the shadow

relation ([5.158]), we also have

5ph _ _7i—1p-ph
G =z C,

—%i
T

Vi

= Qi

(5.192)

0i—0;—i+1, 0, =0~k 00,41, 0 =05 — i +0k;

+ Z ﬂijain
J#i

Together, these expressions gives us the creation operators in terms of the physical vari-
ables

1
T = Pz, Ok = 20k = ipkapk, (5.193)
From ([5.132)), their action is
CiZ{ro, ) = —(0 = 1) 7'bi(0 — 1% + DT {y0-1, 741}
CiZrg,7y = —(0 = D700 — 1, % = DI{p—1,4,-1)- (5.194)

The shift in b-function arguments on the right-hand sides here reflects the fact that, in
replacing 6, — 0, — ;. in the projection step above, we are taking the creation operator to

act on the integral Z, 1. This is equivalent to eliminating v from (5.132)) using (5.133)
then relabelling 4" — ~.
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3-point creation operator

Let us find the creation operator C; for the 3-point function via the procedure outlined
above. Starting from the expression for By (6, 6) in (5.183]), we decompose

Bl(G, 0_) = Q101 + Qgegég + Q3(939_3 (5195)
where
Q1= (61 +uz + U3)((01 + u2) (01 + uz) + 2(v2 + ’Ug)), (5.196)
Q2 = (u2 + u3)uz +v2 — v3, (5.197)
Q3 = (u2 + uz)ug — v2 + v3, (5.198)
with B
u; = 0; + éi, v; = 0,0;, 1=2,3. (5.199)

Note that Q2 and Q3 are independent of 8; and all coefficients are independent of 6;. We
have also chosen Q)2 and Q3 to preserve the 2 <> 3 symmetry though this is not essential.
Re-iterating the steps above, making use of (5.186]), we have

B, (9, é)I.y = (Qll‘l + QQIL‘Q."Z‘le + le’gi’gél)alz‘y = (31811., (5.200)

yielding the creation operator C; in GKZ space. Moving the Qi to the right, this can
equivalently be written

+ 237301Q3 (5.201)

Ci=z101 + 222201 Q2 o
02—02+1,05—02+1

01—601+1

03—03+1, 03—05+1

Since shifting 6; — 6; + 1 and 0; — 0; + 1 is equivalent to u; — u; +2 and v; — 1 +u; +v;,
this is

Cr=a1(01 + 1+ ug +u3) ((61 + 1+ u2) (01 + 1 + ug) + 2(v2 + v3))
+ 29720, (1 + ug + vy — vz + (ug + us + 2)U3)
+ 237301 (1 + uz + vz — vy + (ug + us + 2)1@). (5.202)

Finally, to project to the physical hypersurface, we set
T, — 1, él — 0; — v, 51 — 0; — Yi (5203)
which sends u; — 260; — ~; and v; — 0;(0; — ;), yielding

Ci=x1(01 + 14+ 209 + 203 — y5 — y3) X (5.204)
X [(01+ 14202 — 72) (01 + 1+ 203 — 3) + 205(02 — 72) + 203(03 — v3)| + (61 — 71) ¥
X [z2(1 + 202 — 72 + 0202 — 72) — 03(03 — 73) + (202 — 72 + 203 — 73 + 2)(203 — 73))
+ 23(1 + 203 — 3 + 03(03 — 73) — 02(02 — 72) + (202 — 72 + 203 — v3 + 2)(202 — 72)) |

Of course, this result also follows from ([5.191f) directly. We can simplify somewhat further
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by using the DWI evaluated on the physical hypersurface,

1
5(0—m—72- 73))17- (5.205)

:<91+92+93+2

This gives the alternative form
Ci=—2L(0y — 1470 —7)|262 +2(70 — )0 =12+ 1 -2 =12 (5.206
1= =5 (0= 1470 = 7)| 267 + 2050 —7)01 + (0 =71 = )" +1 =95 =735 (5.200)

+ (01 — 1) %
X [$2(1 + 205 — y2 + 02(02 — v2) — 03(03 — v3) — (201 — 71 + 70 — 2)(203 — 3))

+ x3(1 4 203 — v3 + 03(03 — v3) — O2(02 — 2) — (201 — 71 + 0 — 2)(262 — 72))].
The action of this creation operator is
CiZiypmy = —(0 = 1) 70100 = L, + 15014, 11) (5.207)

where

1 2
bi(vo—1,71+1) = bi(v) = E{((2_70+71)2_7§_732) —4737:?} (5.208)

Yo—=v0—1, 711+l

using by (7y) as given in ((5.182)).

4-point creation operator

From (|5.180)), the 4-point b-function is

bi(7) = 275 (=0 + 71+ 92 35+ 7a) (=0 + 7 =92 + 73+ 30) (0 + 71 2 — s+ )
X(=o+n+r+r-r1(=n+n-—rn-n+u(=0+n -2+ —n)
X (=70 +m+72 =73 =) (=% + 7 =72 =7 =) (5.209)

which, after use of the Euler equations and DWI, corresponds to

By = (014 02+ 05+ 04)(01 + 02 + 63+ 604)(01 + 02 + 53 +04)(01 + 02+ 65 + 9_4)
X (91 +§2 + 9_3 + 94)(91 + 52 + 03 + 54)(91 + 09 + 9_3 +9_4)(91 +9_2 + 53 +§4)

(5.210)
consistent with (5.181)). We wish to decompose this as
B (0, é) =101 + QQGQ@Q + Q393§3 + Q494é4 (5.211)

where )2, (3 and ()4 are independent of 6.
Let us deal with the @1 term first. Denoting the eight factors in (5.210) as R,, for
m=1,...,8, we have

8

8
= H (—01—|—Rm) = Z U(m)(R)( 91 Bl—i—z m) 01 8—m (5 212)

m=1 m=0

By

01=0
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where 0(,,)(R) is the mth elementary symmetric polynomial in the R,,. Rearranging then

gives
7

Q1 =07 (B1 = Bily_o) = D> o) (R)(=01), (5.213)

m=0

and since 0, appears in each of the factors in (5.210)),

Qiz1 = x1Q1

7
(1+R)(—=1—61)"™. 5.214
61 —01+1 Z U m) + 1) ( )
m=0
When acting on the GKZ integral Z,, we can now use the Euler equations ([5.167)) and
DWTI (5.168) to rewrite this expression in terms of elementary symmetric polynomials of
just the parameters « alone, namely

7
—1-61)""T 5.215
R PRV mzz 1)Ly, (5.215)
where the eight variables
Tmy=1l=t+nErEtptn (5.216)

are formed by making all possible independent choices of + signs.
We now turn to the remaining Q) coeflicients in (5.211)) for £ = 2,3,4. Defining the
auxiliary functions

S(8) = (6 + 63+ 04) (0 + 0 + 04)(0 + 03 + 04) (6 + 03 + 0a), (5.217)
T(0) = 9_1(5(9) —5(0)) = (0 +uz + u4)((9 + u3) (0 + ug) + 2v3 + 21)4), (5.218)

where
ug, = Oy + 0O, v = OOy, k=34 (5.219)
we can decompose
Q2 = T(02)T(02), (5.220)
Q3 = ((uz + ua)us + vz — v4)(S(62) + S(B2) — S(0)), (5.221)
Q1 = ((uz + ua)us +v4 — v3)(S(62) + S(B2) — S(0)). (5.222)

Noting that for k = 3,4,

(S(62) + S(62) — S(0)) = (S0 + 1)+ S0 +1) - S(1)),  (5.223)

O —0i+1, 9)6*)9)@4»1

and using (5.191]), the creation operator is then

7
CP =21 ) oy (1) (=1 = 01) ™ + (61 — m1) [:Eg T4+ 1T (6 —v2 + 1) (5.224)
m=0

(1'3(( + U3 + Uy u4+u3+1+v3—v4)+x4((2+113+7l4)ﬁ3+114+1+@4—®3)>
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X (5‘(92 +1)+ 802 — 72 +1) — S(U)}

where all hatted quantities are defined by replacing 8, — 6, — v for k = 3,4 in the
corresponding unhatted quantities. Its action is

CiZ{romy = —(0 = 1)701(70 — Ly + DT (y0-1,941} (5.225)
where, using b1 (7) as given in ((5.209)),

bi(yo—1,m +1) =bi(v)

Yo—v0—1,v1—=>v1+1

1 4 2
=6 [((2 Yo+ 1) —5(1)> —8((2—’70+’71)2 —5(1)) S@2)
+165%) — 64(2 — %0 + 71)25(3)} (5.226)

with the S, being elementary symmetric polynomials in 73, 42 and ~3.

5.5.4 Examples

Taking into account the additional gamma function factors in ((5.162)), the action of these
creation operators on contact diagrams is

Clifgay,..,a, = =41101(00 = Lyt + 1) iz A,y Ay (5.227)
where 5 ;
- . n—
d=d— A = 5.228
n — 2, 1 n — 2’ ( )

Alternatively, in terms of the multiple-Bessel integral

2y;
Lyo {1, crym} = /0 dz 27 Hp VK, (5.229)

from (5.156)) and (5.162)) we have

2M—70

Iy = o) Ly ty1, oo} (5.230)

and hence

Cilyy f1, 72, sy = =201000 = L1 + 1) L1 £ 41,72, 0} (5.231)

Here we can either use to rewrite C; in terms of the momenta p;, or more easily,
re-express using p; = /7; then convert back to p; after acting with C;.

A quick check of these results can be obtained by examining cases where all the Bessel
indices 7; take half-integer values allowing direct evaluation of the contact diagrams. (We
restrict to cases where both the initial and the shifted integral are finite; for the analysis
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of renormalised cases see [36].) For example, at three points, the triple-K integrals ([5.229)

1572 172 72(5p1 + 2p2 + 2p3)
Liih = 1605 (pr+p2+ps) "7 Iysiiy = 201+ P2+ pa) (5.232)
and one can verify that
45
Cliainy = ~1og agssy (5.233)

consistent with using for the 3-point b-function. We have performed many
similar checks at both 3- and 4-points.

More non-trivially, many triple-K integrals with integer indices can be evaluated [85]
by acting with the annihilators £; and R; given in on the known ‘seed’ integral
I {000} which can be evaluated in terms of the Bloch-Wigner dilogarithm. These relations
enable computation of all the necessary triple-K integrals arising in 3-point functions of
conserved currents and stress tensors in even spacetime dimensions [34, 35]. Since the
creation operators C; and C; are the inverse of £; and R;, this allows us to reverse the
direction of all operations linking different triple-K integrals within the reduction scheme.
Thus, for example, we find

Ril11000y = L2{100} —8C1 121100y = I1{000} (5.234)

where the integrals

1
bi - -
1{000} 2p§(z _ 2)

[Lig 2 Lisz + %ln(zi) In (i - Z)} , (5.235)

-z

1 _ _ o
It100} = W [4p§zz(—2 + 2+ 2) L4000y — 222 In(2%)
C(z+z—2:5) (1 - 2)(1 - 2)]} (5.236)

and the variables

1 1
z (B -+ + V=), z=os(-prri-V=r) ()

B 277;21, 2p3
or equivalently
P _ - Py _
— = zZ, —==(1-2)(1-2) (5.238)
with
J? = (p1+ p2 + p3)(—p1 + p2 + p3)(p1 — p2 + p3)(p1 + p2 — p3)

= —pi — P — P3 + 2p1p3 + 2p3p3 + 2p3p7. (5.239)

5.5.5 Shift operators preserving the spacetime dimension

The creation operators constructed above decrease the spacetime dimension according
to (5.228). For many applications, we would prefer an operator capable of changing the
operator dimensions of a contact diagram while preserving the spacetime dimension. Thus,
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we seek an operator Wi, 7% such that

01,02 -
W15 %00, Ay Ag, Ag, o An] X U[d; Ay o1, Aoz, Ag, ..y A (5.240)

for any independent choice of signs 0; = 41 and o2 = £1. Operators of this type
are known at three points [83], [B0], but their analogue at four points acts on contact
diagrams to generate shifted contact diagrams with derivative vertices [36]. Instead, our
discussion of creation operators above can be modified to enable operators of this type to
be identiﬁed@ At three points we will see these coincide with the operators of [83] [30],
but at four points and above they are novel. Using these operators will then enable further
new shift operators to be constructed for exchange diagrams.
Our starting point is the observation that, for the GKZ integral corresponding
to the contact diagram,
Wf{@lIﬂ, = bW('y)82Z.y. (5.241)

Recalling the parameter identifications ([5.163|), the action of the operators here is

Wi Yo — 70, Y1 — v —1, Yo —vo — 1,
Or Y — 0 + 1, M=+l Y2 = V2,
Dy : Yo — 70 + 1, Y= 71, Yo =72 — 1, (5.242)

with all remaining v for k = 3,...,n staying the same. As the shifts produced by the
operators on each side of are the same, both sides involve the same integral Z.
As previously, the b-function by (7) should be a product of linear factors that vanishes
whenever W,~ maps us from a finite to a singular integral. Taking into account the action

(5.174) of the annihilators in ([5.241]), we have

Wi 0Iy = Wiy Iy

Yo—y0+1, v1—=y1+1

— b (7)1, (5.243)

= —vobw (v)Z
7 (7) K Yo—v0+1,72—v2—1

and so the zeros of by (v) must cancel the singularities of Zy|y,—o+1,72—y0—1. From

(5.179), this means

) =TT 5(~ o+ 1) —m— 021 +oms+..0mm)

1
= H 7(_70_71_72+U373+---Un7n>- (5'244)
opEE1

[\

Only the singularities with o7 = 09 = —1 in (5.179) appear here since these are the
only cases for which Z |y, —,41,y0—~s—1 is singular but the integral Zy |y —~o+1,71—y14+1 O
which W, acts is finite. Every possible independent choice of o, € £1 forallk =3,...,n

2The shift operators that we identify will moreover be of minimal order, unlike the d-preserving com-
bination of an annihilator 8; or d; followed by a creation operator C; or C;. For example, the combination
C102 — C201 produces the same shift as W, but is of seventh order in derivatives for the 4-point function,
since each product is eighth order and taking the difference lowers the order by one. In contrast, the
4-point operator W ,~ we find will be of only fourth order.
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is permitted, however, and gives rise to a corresponding factor in . Once again, we
have also chosen to include trivial factors of one-half in by () to simplify the subsequent
form of W,”. Replacing the parameters « in by () using the Euler equations
and DWI , we find

W{{éﬂv = 0Oy (bw(‘)’)I‘y) = 02 Bw (0, é)I.Y (5.245)

where

3

(Z 0; +0,) — (6, — ) — (92—92)+03(03—§3)+...0n(9n—én)>
7j=1

+ 03 4 (8g,+103 + 055 —103) + - .. + (85, 4105 + 6071,71571))-

/—\ l\:)\r—l

H
EI
(5.246)

Since By (,0) is in fact independent of 03 the ordering of 9, and By (6,0) on the right-
hand side of is in fact immaterial, but had this not been the case the ordering
shown would be the correct one when using the unshifted Euler equations and DWI to
replace the v parameters.

To identify Wi, , all that is then needed is to start with 9By (6, 0) and, using the
toric equations , pull out a right factor of d; according to (5.245). As usual, the
resulting operator can then be projected down to the physical hypersurface using the Euler
equations and DWI. These procedures are illustrated for the 3- and 4-point function below.
Finally, given W,™ in physical variables, all the remaining operators in can be
found by shadow conjugation using , namely

— 1 o _
(Wb Don =21 " (Wip Jpn g 7, (5.247)
— 1 o .
(W12+)ph = $2+W (W12 )ph Ty “/2, (5.248)
1 1 — _ _
(Wf’é+)ph — x1+’h$2+72 (W12 )ph ] ’71$2 V2 (5.249)

3-point function

To illustrate the above discussion, for the 3-point function we have

1
bw (v) = 1(—70 1 =72 +7) (=0 -7 —72—"73) (5.250)
and ) ) ) ) ) )
Bw(a, 9) = (91 + 69 + 93)(91 + 69 + 93). (5.251)

The operator Wi, can now be extracted from
Wi, 01Zy = &2Bw (0,0)Z,. (5.252)
For this, we write

82(51 + 52 + 93)(91 + 52 + 53)17
=0y [(9_1 + 0y + ég + 93)(@1 + 9_2) + 93@3]1'7
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= [(él + ég + ég + 93)(@18251 + 5328252) + 1’3.@3828353]17
= [(él + ég + ég + 03)(@1(92 + f261) + 1'3@38281]511—7 (5.253)

where in the penultimate line we used the toric equations ([5.169)). Thus

W1_2_ = (él + §2 + §3 + 93)(53132 + 53281) + 23T30201
= (Elﬁz + @81)(1 -+ él + éz + §3 + 93) + 23230201, (5.254)

and using the DWI ([5.168]) to project to the physical hypersurface (5.164)), we obtain

Wiy Jph = (02 + 01)(1 — 70 — 01 — 02) + 230201
= —(70 + 61 + 62)(01 + 02) + 230102 (5.255)

where for the 3-point function vy = d/2 from (5.163]). A short calculation shows that

(d—

1)8p L=
1

N 1 2 2 2 2 2 1
(Wia )ph = 1 (8,)1 +0,, + Op, + (1 + P35 —pg)}szaplapQ) (5.256)

which, up to a factor of —2, is the 3-point shift operator studied in [30} B36].
The action of W, is

Wi Zy = bW(’Y)

Z, (5.257)
yo—=v-1L,v1—=mn-1 "Ivi—=m-1,72-=7-1
where the shift on the b-function derives from the fact that, in the projection step going
from ([5.254) to (5.255)), we have chosen that W, acts on the integral Z, requiring us to
shift the « parameters present in ([5.243)). Evaluating, this gives

1
bw () =-2--mMm—72+13)2-v%—71 72—
y-=r-lm-m-1 4
1
=1 ((’70 +7+72—-2)% - Vg) (5.258)

such that (5.257)) is consistent with the action of Wi, obtained in [36]. Acting on the
holographic contact diagram, from (5.162)) we have

1

W1_2_'i[d,A1,A2,A3] - 4(’)/1 - 1)(’)/2 - ].)bW(’Y)

i, Ay —1, Ag—1, As]- (5-259)

Yo—v0—1,v1—=71—1

4-point function
At 4-points, we find

1
16
X (=10 -7 =7+ —7) (=0 -7 72—~ ") (5.260)

bw (v) (=0 =7 —72+7+7%)(=% -7 72 —3+ 1)
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and hence

Bw(e,é) = (él + ég + 035 + 94)(@1 + ég —l—gg + 94)(@1 + éz + 63 +(§4)(§1 +(§2 + ég +§4).

(5.261)
Once again, to find W;,~ we must factorise
Wi, 01Zy = &2Bw (0,0)Z,. (5.262)
As a first step, we expand
Bw (0,0) = Qo(61 + 02) + Q36303 + Q460404 (5.263)
where the coefficients
Qo = (u3 +ug + 61 + 02) (2@3 + vg) + (uz + 01 + 02) (ug + 61 + ég)),
Q3 = (u3 + ua)uyg + v3 — vy,
Q1 = (u3 + ua)uz — v3 + v4, (5.264)
and B B
u = 0 + 0y, v = 0,0, k=3,4. (5.265)

Now, since all coefficients are independent of 5,

v = T ) T ) T ) T ) .
aQBw(Q, 9)I [Qo(xlazal + .1‘2(9282) + Q3x3$3628383 + Q4$4$4826484] I‘y (5 266)

= |z . b+ 0

[ 1Q0 01—601+1 2 QQO Oa—02+1 L
+ 2373Q3 0901 + 2474Q4 o 3261]5117

03—03+1,03—03+1 04—04+1,04—604+1
where in the second line we used the toric equations (5.169)). We thus have
W~ = (2109 + T90
12 ( 102 2 1)Q0 G150, 41
+8a(x:z~  4aum o ) 5.267

192 3 3Q3 03—03+1,03—03+1 4 4Q4 04—04+1,04—04+1 ( )

where in the first line we used the fact that #; and 6 enter Qg only in the combination
01 + 05 and so the replacement #; — #; + 1 produces the same result as s — 0y + 1
allowing us to combine the two @y terms. We have in addition moved Qg, X3 and Q4 to
the right (noting that all coefficients are independent of #; and 62) so as to be able to use
the Euler equations for Z, to project to the physical hypersurface. For this, we set Z}, — 1
and 0, — 0), — 7, inside all Qy, coefficients giving

W5 )ph = (01 + 0
( 12 )ph ( 1 2)Q0 Ok —0k —Yi+0k 1

(5.268)

+ 24Q4

+ 0102 <I3Q3 _ _ ) .
03—03+1, 0 —0p —vi+0k,3 04—04+1, 00, —Vi+01 4
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In all the replacements here, 6}, stands for any index k = 1,...,4. Evaluating this formula
explicitly using the coefficients in ([5.264]), we find

(Wi )ph = (D1 + 02)(1 =0 — 01 — 02) (203605 — 73) + 204(64 — ) (5.269)
+ (14203 —v3+ 61 — 1 + 02 — 72) (1 + 204 — 4 + 01 *71+<92*V2)>
+ 0102 {963 ((2 + 203 — y3 + 204 — 74) (204 — ya) + (1 + 03)(1 + 03 — 73) — 04 (64 — 74))
(24205 — 75 + 205 — 72)(205 — 93) + (1 + 6)(1+ 01 — 1) — 6365 — 7)) |

where for the 4-point function vy = d from (5.163)).
Alternatively, we can use the DWI (5.168) projected to the physical hypersurface,

4 4
0= (5000 +30)T0 =3 m (5.270)
k=1 k=1

to eliminate the factors of 61 + 62 on the second line of ([5.269). After further moving all
factors of 01 and 0o to the right, this gives the equivalent form

(Wi3 ph = —(v0 + 01 + 02) ((93 +04)(03 + 04 — 3 — Y4) (5.271)
1
+ 7 (2= %0 =%+ 29)(2 = %0 — %+ 29) ) (91 + B2)
- [903((2 + 203 — v3 + 204 — 72) (204 — v4) + (L + 03) (L + 03 — y3) — 04(0s — 74))

+ 364((2 +203 —v3 + 204 — 74) (203 —v3) + (1 + 04) (1 + 04 — 74) — O3(03 — 73))} 0102
The action of W, is

Wi Zy = bW(’Y) Z

~ (5.272)
Yo—v0—1,v1—=y1—1 Y1—=71—1,72—=72—1

where, once again, the shift on the b-function derives from the fact that in projecting from
GKZ variables to the physical hypersurface we chose W, to act on the unshifted integral
1, requiring us to shift the v parameters present in ([5.243)). Explicitly, this is

1 2
bw () (732, 92— (o+m+r2— 2)2> — =i (5.273)

Yo—v0—Lmi—y—1 16 4
Acting on the holographic contact diagram, from (5.162)) we again have

1
11 =12 —1

Ud; A1 —1,A0—1,A3,A4]-
(5.274)

Win ifds Ay g AgAg] = T )bw(’)’)

Yo—*y0—1,v1—=>y1—1

To our knowledge, this is the first time an operator that shifts the 4-point contact diagram
in this fashion has been identified. We emphasise that the 3-point operator ([5.256[), when
applied to 4-point contact diagrams, generates shifted contact diagrams but with derivative
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vertices and hence does not satisfy this requirement [36].

Examples: Contact diagrams for which the Bessel functions have half-integer indices
can be evaluated directly. This yields many simple examples for which the action of W5~
can be checked. For instance, with (d, A1, Ag, A3, Ay) = (5,3,4,3,4), we find

. 1
53434 = 3 (P% +p3 4 2(p5 + p3) + 3(p1 + p3) (P2 + pa) + 2p1ps + 6]02204) (5.275)
t

where p; = Z?:l p;, while the shifted integral with (d, A1, Ag, A3, Ay) = (5,2,3,3,4) is

: (Pt + 2pa)
Us: =3 5.276
[5:2,3,3,4] oyl ( )
Evaluating the action of Wy, in (5.271) using (5.193), we can verify (5.274), namely
. 63
Wiy is434 = —5 52334 (5.277)

Combinations of operators

To round up our discussion of shift operators for contact diagrams, we have identified
operators mapping

9t Y=+l vi—ov—-1 9 Y=+l v+l
Ci: wv—r-1 v%—=y+1 C: nm—r%—-1 vm—>y-1
W% 0y = i+ o, Vi = Vi + 04, {oi,0;} € £1. (5.278)

)

Combining these allows us to construct yet further shifts, for example:
CiCi: Yo — 10— 2, CiOi: Vi — v+ 2, Cidi: i — v — 2. (5.279)
Acting on the 3-point function specifically,
CWET: vw—=v-1, wm—v+l Vi=123 (5.280)

which is equivalent to shifting d — d — 2 while preserving all operator dimensions A;.
Finally, one might wonder why all these operators produce a shift of two units: why, for
example, can one not construct an operator shifting vo — 9+ 1 only, or just 1 — v1 + 17
The absence of such operators can be traced to the spacing of the singular hyperplanes
of the contact diagram, specifically the term —2m appearing in the singularity condition
. As m € ZT, this means that the singularities are effectively spaced by two units.
Any operator that produced a shift of a single unit would require a b-function containing
an infinite number of factors, since there are infinitely many finite integrals that are only
one unit away from a singular integral. (Namely, those for which m is half-integer.) As the
number of factors in the b-function corresponds to the order of the differential operator,
there is thus no single-shift operator of finite order. In contrast, for an operator shifting
by two units, the number of finite integrals that can be mapped to singular integrals is
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finite, and hence the b-functions and shift operators are also of finite order.

5.5.6 Exchange diagrams

Having analysed contact diagrams, we now turn to the s-channel exchange diagrams
(5.159). Rather than constructing an explicit GKZ representation, here we simply note
that shifts of the form

Ud; Ay, Ao; As,Ag; Ag] — Uds Ay +o1, 004025 Az, Ad; Ag] (5.281)

for any {01,092} € £1 can be obtained by combining the 3- and 4-point Wy,~ operators
given in and with the s-channel Casimir operator. As with contact dia-
grams, it is sufficient to focus on the case o1 = 09 = —1, since all remaining operators
follow by shadow conjugation according to . We emphasise however that both the
original and the shifted exchange diagrams we consider have purely non-derivative ver-
tices. Moreover, any operator and spacetime dimensions are permitted, provided we work
in dimensional regularisation where necessary to avoid divergences.
For purposes of disambiguation, let us define the operator

Wiy~ = (d 4201 + 20) (01 + 02) — 2570105 (5.282)

where d is the boundary spacetime dimension and 9; = 9/0x; with z; = p? as usual. This
is simply the 3-point operator —2W ;™ in , but with p§ replaced by the Mandelstam
variable s2 = (p; + p,)? as appropriate for acting on s-channel exchange diagrams. (The
factor of —2 is included for consistency with the Wy, defined in [30,[36].) In the following,
we will then use W, to refer exclusively to the 4-point W, operator given in .

As shown in [30], the action of Wi, on an s-channel exchange diagram is to produce
a linear combination of a shifted exchange and a shifted contact diagram:

Wis i Ay Mg A A,] = Neweh. Ud; Ay —1,00—1305,04; A, ]

+ Neont. i[d; A1 —1,A0—1,A5,A4] (5.283)
where the coefﬁcientle
d d
1
Ncont. = - (5285)

8(r1 =12 —1)

where 7, = A; — d/2 and v, = A, — d/2. Thus, in order to go from an exchange diagram
to shifted exchange diagram only, the shifted contact contribution in must be
subtracted.

This can be accomplished in two steps. First, the unshifted contact diagram is obtained
by acting on the original exchange diagram with the reduced Casimir operator,

C129(d; Ay, Ao; Az, A5 Ag] = Fd; Ay, Az, Az, Al (5.286)

13 Where the shifted exchange diagram has a pole (or double pole) in dimensional regularisation, one
(or both) of the factors on the right-hand side of (5.284)) vanish, see [36].
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where

R d 2
Ciy = 252 ((91 +1—71)01 + (02 + 1~ 72)32) - (291 +202 —y1 — 72+ 5) + 72
(5.287)

with 6; = x;0;. The action of this operator on an s-channel exchange is equivalent to that
of the Casimir operator plus the square of the exchanged mass [36] If desired, C12 can
be shorted using the identity

0= ((91 +1—=71)01 — (2 +1— 72)32>i[d;A1,A2,A3,A4xAl] (5.288)

which corresponds to the difference of the Bessel operators acting on legs 1 and 2, i.e.,
K1 — K5 where K; = 0131_ +(1- 2%)]9;161,2.. However, is symmetric under 1 < 2.

For the second step, we now construct the shifted contact diagram using the 4-point
W15~ operator defined in ((5.271). From , this has the action

Wis i1 Ay.a0.85,80] = Nw Neont. i(d; Ay 1,80 —1,05,A4] (5.289)
with Moo, from ([5.285)) and
1 2
Niv === (03 49 = @+ +7 = 2?)" = 49323 (5.290)

Putting everything together, we find the operator
O = Nw Wiy — Wi Cig (5.291)
whose action is

Q9o il A1, 005 Mg, A4 A, = NwNeach. Td; Ay —1,80-15 23,005 A, (5.292)

This is therefore the desired operator mapping an exchange to a shifted exchange diagram.
Written out explicitly, with v, = Z§:1 74, we have

O = =3[ (G 93— @+ 472277 = 9| ((d + 26 +202) (01 + 02) — 25010,

1
- [— (d+ 01 +92)((93 +04)(03 4+ 04 — 3 — 74)
1
+ 1(2 —d—y+23)2—-d—y +2’Y4))(31 + &)

+ 3 ((2 + 203 — v3 + 204 — 74)(204 — 1) + (1 + 03)(1 + 63 — 73) — 04(02 — 74))3132
+ m4<(2 + 203 — 73 4 205 — 74) (203 — v3) + (1 + 64)(1 + 04 — 1) — O5(05 — 73))8132} X

X [252((91 +1—y)01+(O2+1— 72)82) — (201 +20 — 1 — 2+ 5)2 + vg}
(5.293)

HM8pecifically, Cio = Ci2 + m2 with Ci2 as defined in (6.44) of [36] and m2 =~2 - d2/4.
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Examples: All exchange diagrams involving fields of A = 2,3 in d = 3 were computed
recently in [36] and are available in the associated Mathematica package HandbooK.wl.
These results enable many tests of the operator {25, in (5.293) and its shadow conjugates

QY =27 2™, (5.294)
05 =2y 205, 2,7, (5.295)
QL = o ey e ey (5.296)

For this, we work in the dimensionally regulated theory with d — d+2¢ and A; — A; +¢
for all i = 1,2,3,4,x. This scheme has the virtue of preserving the half-integer values of
all Bessel function indices v; = A; — d/2. The simplest such example is

. 1
i3,22,22:2) = —Q*SD(H, (5.297)
. 1 _ 1
1[3:33;22;2] = 5(1’3 + pa)T(26)p7™ + g(p% +pj — s%)D)
1 l34+ 7
+5(p1+p2) [ log (2) +1] + Z(pa +p1) + O() (5.298)
2 pPr 8
where
4
pr=>Y_pi  ljt=pit+pits, (5.299)
=1
and l l l l 2
D) = Li, (&) + Lis (&> +log (ﬁ) log (ﬁ) - (5.300)
pr pr pr pr 6
By direct differentiation, one then finds
Oy ifssi222) = (90 + 261 + O(e?))ijz 00,202 + O(e) (5.301)

consistent with . Note Ny Negen. on the right-hand side here is expanded to order
£ since 7[3,29,22;9) has an e~ pole. We have performed similar checks for all other values
of the A; and A, and for the shadow conjugated operators.

This ability to shift exchange diagrams directly to other exchange diagrams means that,
instead of computing all the diagrams individually, we can compute the easiest diagram
(namely, i[3,29:29:]) to sufficiently high order in the regulator ¢, and then obtain all others
by acting with Q7372 and Q337*.

5.6 Creation operators for Feynman diagrams

In this section, we analyse various Feynman integrals presenting their GKZ representa-
tions, their singularities, and the associated creation operators. Many of the examples
we study have appeared in the recent works [123| [124] [128] [129]. Here, our focus will be
the construction of the creation operators and ways to automate this computation using
standard Grobner basis and convex hulling algorithms.
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RN
pU
2

Figure 5.8: The single-mass bubble integral (5.305)), with massless and massive propagators repre-
sented by dashed and undashed lines respectively.

In all cases, we start with an L-loop scalar integral in the momentum representation

L
d%; 1
I= J .302
(g/(%)d)Pfl...P]@N’ (5.:302)

where the propagators P; for ¢ = 1,..., N are raised to generalised powers 7;. As shown
in appendix (see also [123] [65]), the corresponding GKZ integral is

N 00 d
I, = (H/O dzizl ) DP, p0= 3 (5.303)
=1

where the denominator D is formed from the Lee-Pomeransky denominator G = U + F,
the sum of first and second Symanzik polynomials, by replacing the coefficient of every
term with an independent variable x;. The Feynman integral (5.302)) now corresponds to

N
(4m) =T (70)
I=cyZ,, Cy = 7 = Ve = Z% (5.304)
r ((L + 1)70 - 'Yt) Hi:l F(%) i=1

with the xj restored to their physical (Lee-Pomeransky) values. Knowing the coefficient
cy enables the action of a creation operator on the GKZ integral Z, to be related to its
action on the Feynman integral I.

5.6.1 Bubble diagram

First, we consider the 1-loop bubble integral with propagators of mass m; and ms. To
warm-up, we begin with the single-mass case (mj, ma) = (0, m) before turning to general
masses. The fully massless case m; = mg = 0 is trivial (evaluating to a simple power of
the momentum) and will be omitted.

1-mass bubble

The single-mass bubble diagram

d?k 1
1= [ o (5309
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corresponds via ((5.304)) to the GKZ integral [123], [124]

z%—lz’yz—l
7, = / dzidzy L2 5 (5.306)
R2 (x121 + 229 + 32129 + T425)70
evaluated on the physical hypersurface
(z1, 22,23, 24) = (1,1,p° + m?, m?). (5.307)
In this simple case, the GKZ integral can of course be evaluated directly,
7 T (o =) (i +72 =70) I'(29% =71 =)
K I'(70)?
2
x mP00 ),y <71,71 + 72 = 70;70; —:12> : (5.308)
enabling the action of all creation operators to be verified. The A-matrix is
11 11
A= 1 0 1 0 |, (5.309)
01 1 2
and from its kernel, we find a single toric equation
0 = (0104 — 0203) L. (5.310)

The Euler equations can be read off from the rows of the A-matrix,
0= (y0+61+62+065 +94)I,7, 0= (y1+6: +93)I,7, 0= (y2+02+05+ 294)1'7. (5.311)

The (rescaled) Newton polytope derived from the column vectors of the A-matrix is the
parellelogram shown in figure From (|5.109)), the GKZ integral is then singular for

29%0—m—"v2 = —ki, m+r—70= -k Y- =—ks, n=—ks, ki €Z" (5312)

consistent with the poles of the gamma functions in (5.308|).
The annihilation operators 0; send 4 — +' while the creation operators C; send 4" — ~
where, for each j, these parameters are related by

j=1: % =0 +1, Nn=mn+1 Yo =2,

j=2: 7 = +1, "=, V=2 +1,

j=3: % =10 +1, Nn=mn+1 T =7+1

j=4: 7 =0 + 1, 7=, Vo =72+ 2. (5.313)

Knowing the location of the singular hyperplanes and the shifts generated by the creation
operators, the b-functions can be constructed according to (5.138)),

bi =727 — 7 —72),
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V2

(07 270)

(0,7) (70,70)

g4l

(70,0)

Figure 5.9: The rescaled Newton polytope associated to the 1-mass bubble integral (5.306)).

ba = (Y0 —71)(27% — 71 — 72),
bs = (71 + 72 — ),
ba = (70 —71)(m + 72 —0)- (5.314)

Their zeros serve to cancel the singularities that arise whenever the action of a creation
operator shifts us from a finite to a singular integral. For example, C4 shifts ko — ko + 1
and ks — k3 + 1 which, according to ([5.312), generates a singular integral when acting on
finite integrals with either k9 = —1 or k3 = —1. These singularities, however, are cancelled
by the zeros of by.

Using the DWI and the Euler equations , we can now re-write

CiO,T, = (W), = B;(O)T, (5.315)
where
By = (01 + 03)(601 + 02) = (01 + 02 + 03)01 + 0203,
By = (02 + 04) (601 + 02) = (01 + 02 + 04)02 + 0104,
B3 = ((91 + 93)(93 + 94) = (91 + 63 + 94)93 + 6104,
By = (02 + 04)(03 + 01) = (04 + 02 + 03)04 + 0205. (5.316)

By inspection, every term in B; either contains an explicit factor of 0; already through
0, or else such a factor can be introduced using the toric equations. In By and By, for
instance, we replace 203 = 29130203 — w2x30104. This enables the B; to be factored
(modulo the toric equations) in the form yielding the creation operators

Ci =x1(1+ 61 + b2 + 03) + 222304,
Co = xo(1+ 61 + 02 + 04) + x12403,
Cs = x3(1+ 61+ 03+ 04) + 212402,
Cy = x4(1+ 02 + O3 + 04) + w2230 (5.317)

These creation operators act on the full GKZ integral ((5.306[). To obtain their counterparts
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acting on the Feynman integral (5.305)), we must project to the physical hypersurface
(5.307). Given the form of the operators (5.317)), it is useful to first simplify using the
DWTI to

C1 = 21(1 — 0 — 04) + 222304,
Co = 22(1 — 70 — 03) + 112403,
C3 = 23(1 — 40 — O2) + 217402,
Cy = z4(1 — 70 — 61) + x22301. (5.318)

Next, as all factors of x; are placed to the left of all derivatives, we set
(z1, 2,23, 24) — (1,1,m* 4+ p?, m?) (5.319)

and replace all derivatives lying in directions off this hypersurface (namely 0; and 92) with
those lying along the hypersurface. This can be accomplished using the Euler equations

(5.311)) projected according to ([5.319), namely
01— —y1 — (m2 +p2)83, Oy — —y9 — (m2 +p2)83 — 2m284. (5.320)
In addition, we use the chain rule with p? = z3 — 24 and m? = x4 to replace
O3 = 3p2, Oy = —8,,2 + 02 (5.321)
This yields
CP" =1 — g + P02 — O,
Cgh: 1*’)/0*(9172
O = (1 —y0)m? + (1 —v0 +12)p? + (P? — m*)b, + 2p°0,2
CPM = (1 — yo)m? + ip® — (p* + m?)0,2. (5.322)
From (5.132)), the action on the projected GKZ integral is then

cr ZVO Vi (p2’ m2) = _’Yalblz-’707’}’17"/2 = _7(;171(270 =71 = 72)Zy0 7172 (5.323)

and similarly for the other operators. When acting the original Feynman integral, there
is an additional factor of cy//cy from ([5.304) we must take into account giving

h 2 2 1
Cr Lyt (P75 %) = _Efvom,w- (5.324)

All these results can be checked directly using (5.308)) and the standard shift operators for
the o F (see e.g., [160]).
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2

Figure 5.10: The massive bubble integral (5.326)).

Massive bubble

Next we consider the full bubble graph with general masses m1 and msy,

dk 1
= / 2m)? (K2 +m2) ((p— k)2 +m2) " (5.325)

The corresponding GKZ integral is

2’71*12'72*1
1-7 —/ dzleQ L 2 2 3 s (5326)
R2 (x121 + ®a22 + X327 + X425 + T52122)70
where 79 = d/2 and the physical hypersurface is
(mla €T2,23, T4, 1’5) = (]-7 1, m%a m%? m% + m% + p2) (5327)
From the kernel of the A-matrix
11111
A= 1 0 2 01 (5.328)
010 21
we obtain the toric equations
0 = (0304 — 02)Iy, 0 = (0203 — 0105) L, 0 = (8104 — 0205) L, (5.329)

while the DWI and the Euler equations can be read off from the rows:
5
0= (’yo—i—Z@i)I.y, 0= (71+91+293—|—95)I»y, 0= (72+92+2(94+95)I7. (5.330)
i=1

The rescaled Newton polytope corresponding to this A-matrix is the quadrilateral shown
in figure [5.11} The singular hyperplanes lie parallel to and outside the facets of this
polytope:

M =—ki, v=-k, 2v-7—-72=-k3 —otrtre= ks, ki € ZF. (5.331)

For illustration, let us now discuss the creation operator Cs. All others can be obtained
by similar computations. The annihilator 95 sends v — ~" where

&: W=+l AN=m+l,  AH=m+l (5.332)
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Figure 5.11: The rescaled Newton polytope associated with the massive bubble GKZ integral
(15.326)).

while the creation operator Cs acts in the opposite direction sending 4’ — «. Given this
shift and the location of the singular hyperplanes, we identify the b-function as

bs = v172(0 — 71 — 72)- (5.333)

Using DWI and Euler equations, this can be re-written in terms of Euler operators as
Bs = (91 + 2035 + 95)(02 + 2604 + 95)(93 + 04 + 95). (5.334)

This expression can now be factorised as C505 by expanding out and using the toric
equations to replace any terms not involving 0; with equivalent terms containing this
factor. Stripping off the factor of 05 then yields C5 in GKZ variables,

Cs = x5[205 + 207 + 80564 + 3(03 + 04) (1 + 05) + (L + 05)% + 02(1 + 303 + 04 + 05)
+ 91(1 + 0y + 03 + 304 + (95)] + $2$361(1 + 61 + 203) + $1£E482(1 + 69 + 294)
+ 2232405 (4 + 61 + 65 + 205 + 294). (5.335)

To project this operator to the physical hypersurface ([5.327)), we first use the Euler equa-
tions to replace
91 — =1 — 293 — 05, (92 — —7Y2 — 294 — 95. (5336)

The two occurrences of 91 and 0y can be dealt with similarly by writing 9; = (x;)~'6; for
i = 1,2 and using ([5.336). Then, setting (x1,x2, 3, 4, 25) — (1,1, 23,24, x5), we obtain

CE =5 [(1 = 7)(1 = 72) + (1 — 71 — 2 — 05) (05 + 604)]
+a3(y1 +203+05)(v1 — 14 65) + x4(yv2 + 204+ 65)(v2 — 1+ 05)
— 2:1331}485(’71 + v —4+ 295) (5337)

The remaining variables here are all physical since

(23, 74, 5) = (mF, m3, m3 + m3 + p?) (5.338)
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D3

Figure 5.12: The massive triangle graph ((5.340).

and
83:8,%%—8]02, 84:0m§—0p2, O5 = 0,2.

5.6.2 Massive triangle

(5.339)

Since the massless triangle integral is equivalent [42] to the 3-point contact Witten diagram
studied in sections and let us examine here the massive triangle integral

1: / aik 1
(2m)® (K* +m3)s ((k —py)? +m3) " ((k+py)? +mi)™

The corresponding GKZ integral according to (5.304)) is

I, = /3 dz1dzadzs 231_1232_123?3_12)770,
R
+

where

D =121 + Toze + T323 + Tazezz + T52123 + Te2120 + L1727 + w828 + 1923

with 9 = d/2. The physical hypersurface is
x = (1,1,1,p +m3 +m3, p3 +m? +m2, p3 +m? +m3,m? mi m3)

and the A-matrix reads

111111111
g | tooo 11200
“lo1o0o101020

00111000 2

(5.340)

(5.341)

(5.342)

(5.343)

(5.344)

For larger A-matrices such as this one, it is useful to automate the calculation of creation
operators using Grobner basis algorithms. To this end, in place of the five independent
toric equations spanning the kernel of the A-matrix, we will use instead the full set of 17
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{8}

{7}

Figure 5.13: The Newton polytope associated to the denominator of the massive triangle integral
(5.342). The label {i} denotes the vector defined by the ith column of the A-matrix.

(non-independent) toric equations forming the toric idealﬂ

Lioric = {0206 — 0105, 0705 — 03, O10g — 0207, 0105 — 0307, 0309 — 07, 0104 — D306,
9309 — O3, 0506 — 0407, 0105 — 0508, 040509 — Dg, D30309 — D3, 030709 — 07,
3%8639 — 0102, 030509 — 01, 030409 — D2, 0205 — 030g, 0204 — D30s}. (5.345)

Each entry here corresponds to a toric equation, for example the first is 0 = (020 —0108)Zy
and similarly for the rest. Since all the partial derivatives commute, these equations can
be treated as a system of polynomial equations by mapping 0; to an ordinary commutative
variable y;. As we will show below, this enables the factorisation step to be handled via
ordinary commutative Grobner basis methods. (For alternative constructions of creation
operators using non-commutative Grobner bases over the Weyl algebra, see [14§].)

The DWI and Euler equations for this A-matrix are

0= (70+i9i)17,
i=1

0= (’Yl + 61 + 05 + 06 + 297).’[7,
0= (y2 + 62+ 04+ 06 + 2653)Z,
0= (y3+ 05+ 04+ 05+ 209) 7, (5.346)

and the corresponding Newton polytope is depicted in figure [5.13] From its facets, we

!5 These can be obtained using the Singular code [I51]:

LIB "toric.lib";

ring r=0, (x1,x2,%3,x4,x5,x6,x7,%8,x9) ,dp;

intmat A[4][9]=1,1,1,1,1,1,1,1,1,1,0,0,0,1,1,2,0,0,0,1,0,1,0,1,0,2,0,0,0,1,1,1,0,0,0,2;
ideal I=toric_ideal(A,"du");

I;
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obtain the singularity conditions

{23489} : 1 = —k, {1379} : yo = —kg,
{1278} : 3 = —ks, {123} : v —71— 72— 73 =+ks, (5.347)
{4789} 1 v+ 2 + 93 — 290 = +hs,

where all k; € Z*. For the facet {123}, for example, we have the outward-pointing normal
n = (—1,—1,—1) which leads via to the spacing of singular hyperplanes 6(/) = 1.

Let us now compute the creation operator C4 which acts on the GKZ integral to shift
~v' — ~, where

N=%+L Hn=n  mMm=r+l  B=1+l (5.348)

From these parameter shifts and the location of the singular hyperplanes, the correspond-
ing b-function is
ba=y273(%0 — 71 — Y2 — 73)- (5.349)

Using the DWI and Euler equations, this can be re-expressed as
9
Ba = (Z 9i> (02 + 04 + O + 203) (03 + 04 + 05 + 20o). (5.350)
i=4

Our goal is now to factorise By as C404 using the toric equations. To achieve this in an
automated fashion, we decompose B4 over the Grobner basis formed from the toric ideal
and d4. Treating the partial derivatives as ordinary commutative variables and
computing this Grobner basis, we obtain

g = {04, 0o, D, 020709 — D2, D, 0105 — D307, V30509 — D1, 0209 — D7}.  (5.351)

Expanding out B4 and rewriting all terms in the form ([5.131)) so that all partial derivatives
0; lie to the right of all x;, we can now decompose each term of By in this Grobner basis.
This yields

8
Bi=Q g=0Q10:+ Y _ Qigi. (5.352)
i=2
where the coefficients @); are polynomials in the z; and 6; (with j = 1,..,9) which can be
computed automaticallyﬁ To extract the required overall factor of d4, we now re-express
those g; (i = 2,..,18) that are not already complete toric equations (and hence zero) in
terms of dy. For example, using the third from last toric equation in , we can

16 Ty Mathematica, for example, after writing By in the form (5.131)) with all derivatives to the right,
we replace all 9; (both in By and in the toric ideal) by commutative variables y[i]. The code

v = {y[5], yl61, y[71, y[8], y[9], y[1], y[2], y[3], y[41};

toric = {y[2] y[6] - y[1] y[8], y[61® - y[7] y[8], y[1] y[6] - y[2] y[71, ...};
g = GroebnerBasis[Append[toric, y[4]], v]

Q = PolynomialReduce[B4, g, v][[1]]

then evaluates the Q; coeflicients with all derivatives y[i| placed to the right. These can then be re-expressed
in terms of Euler operators by rewriting y;* = x; "6;(6; — 1) ... (6; — n + 1) leading to (5.356).
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replace
g2 =02 — 030409. (5.353)

In this fashion, we can replace the basis g with the equivalent basis (modulo the toric
equations)

G = {04, 030409, 9309, 0, 04950y, 0, 0}. (5.354)

All surviving terms then have an explicit factor of 04 which can be removed to obtain the
creation operator

Cs = Q1+ Q20309 + (30409 + 50505, (5.355)

where the coeflicients are

Q1= 24 [(1 4 04)(05 + 07 + 09) + 05(06 + 07 + 303 + 9) + O6(67 + 05 + 36y)
+ (6 + 09) (1 + 207 + O3 + Oy) + 40309 + (1 + 04 + 05 + O + O3 + 0y)?
+ 05(1 + 04 + 05 + 206 + 07 + 303 + O9)
+ 02(1 4 03 + 04 + 205 + 66 + 07 + 05 + 36)],
Q2 = x2(03 + 05 + 209) (05 + 06 + 07 + O3 + 09),
Qs = x3(03 + 05 + 269) (205 + 30 + 2(1 + 67 + b3 + 6y)),
Q5 = x6(03 + 05 + 209)(1 + 05 + b5 + 07 + 69). (5.356)

Finally, to project to the physical hypersurface, we use the Euler equations to eliminate
the unphysical variables 61,605,035 and set x1 = xo = x3 = 1. This yields the physical
creation operator

CY" =24 [(1 — 72)(1 — v3) + (05 + 06 + 07 + 05 + 09) (1 — 72 — 3 — 64)]
+ (3 4 04) [09(65 + 06 + 07 + 05 + 09) (73 + V4 + V5 + 269)
— 56‘685(1 + 05 + 0 + 07 + 305 + 99) — 2$88489(1 + 05 + 07 + 03 + 99)] (5.357)

where the x; are as given in ([5.343)) and
04 = api, 05 = 8p§, 0 = apg,
O = 8m% — 8173 — 8p§, Og = 8m% — ap% — 8p§, Og = 8m§ — 8p% — 8p%. (5.358)

The automated approach outlined here can be applied similarly to other examples.

5.6.3 Massless on-shell box

Next we consider the massless box integral

! _/ X ; (5.359)
~J @0)lqP g+ Pi2]q + Pailq + P’ -

where

k 4
P.=) p;, for k=123 > p,=0. (5.360)
j=1 i=1
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Figure 5.14: The on-shell massless box integral (5.359)).

For simplicity, we will restrict to the on-shell caseiﬂ where all p? =0 fori=1,..,4.
According to (5.304)), the corresponding GKZ integral is

4 o
I“/ = H (/0 dz; Z;Yi_1> (33121 + Xoz9 + X323 + 424 + T52123 + 3362224)_70, (5.361)
=1

where the physical hypersurface
x=(1,1,1,1,5% t?) (5.362)

with s2 = (p; + py)? and t? = (p, + p3)? the Mandelstam invariants. The integral can be
evaluated as a linear combination of the hypergeometric function 3F5 [161].
The A-matrix

111111
100 010
A= 01 0 0 0 1 (5.363)
001010
000101
yields a single toric equation
0 = (010305 — 020405) 1, (5.364)
along with the DWI and Euler equations
6
0=(0+> 6Ty, 0=(n+6+0)T,, 0=(1+06+0)T,,
i=1
0=(y3+6;+ 95)1'7, 0= (va+0s+ 96)17- (5.365)

To determine the singularities of the integral, we need to find the equations of the facets of
the rescaled Newton polytope corresponding to the GKZ denominator in (5.361)). As this
polytope lives in four dimensions, it is convenient to use an automated hulling algorithm.

17 Creation operators for the off-shell box are also computable but the results are rather long.
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Using the Mathematica package [I56], for example, we can enter the vertices a; of the
non-rescaled Newton polytope (where a; is the jth column of the A-matrix without the
top row) as row vectors:

verts = {{1,0,0,0},{0,1,0,0},{0,0,1,0},{0,0,0,1},{1,0,1,0},{0,1,0,1}};

The command CHNQuickHull [verts] then returns a list of the vertex vectors that make
up the convex hull (labelled according to the numbering specified in the input), followed
by a list of the facets. The latter are specified by the vertex vectors they contain. Thus,
in this example, we obtain

{{1,2,3,4,5,6}, {{1,2,3,5}, {1,2,4,3}, {1,2,5,6}, {1,2,6,4},
{1’3’4’5}’ {1’4)6’5}, {2’3’5’6}’ {2’3)6’4}, {3’4’5’6}}}

where the first set indicates that all six vertices belong to the convex hull, while the
remainder ({1,2,3,5}, {1,2,4, 3}, etc.) list the facets. Here, each {ijkl} is a co-dimension
one facet containing the points (a;, a;, ay, a;).

The equations for the facets of the rescaled Newton polytope with vertices ypa; can
now be computed through a determinant such as . For the facet {1,2,3,4}, for
example, we have

0=~ -N=det(v|Ai[ A [ A3| A1) = - —72—1 N (5.366)

and hence N = (ng,n) = (1,—1,—1,—1,—1). The fact that n is outwards-pointing can
be verified by showing dz(‘]) =—A;- N > 0 for any vertex i = 5,6 not lying in the facet.
The spacing of the set of singular hyperplanes parallel to this facet is then 6(/) =1 using
(5.108) and (5.99), with the singular hyperplanes themselves then following from (5.109).

Automating this procedure and applying it to the other facets, the singularities for the

GKZ integral (5.361)) are

Y1+ 72 — 0 = +ke, Y2 + 93 — 0 = +k7, (5.367)
Y3 + Y14 — Yo = +ks, Y4+ — Y0 = +ko,

where all k; € ZT.
We are now in a position to compute the creation operators. Let us choose C;, which
acts on the GKZ integral to shift 4" — ~ where

7 =0 +1, M=m+1 (5.368)
From the singularities (5.367)), the corresponding b-function is

br = —71(v2 +73 —7)(v3 + 71 — ), (5.369)

which in terms of the Euler operators reads

By = (014 62)(01 + 04)(01 + 05)
= [(01 +602)(01 +04) + (01 + 02 + 94)95] 01 + 020405 (5.370)
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Applying the toric equation (5.364]) to the final term now enables us to factorise Bj as
C101 giving the creation operator

Ci=ux1 [(1 + 61 + 92)(1 + 61 + 94) + (1 + 61+ 05+ 94)95] + Xox4750306, (5.371)

where we shifted the factor of x1 to the left sending each #; — 61+ 1. Finally, to obtain the
creation operator acting on the physical variables, we use the Euler equations (5.365)) to
replace 0; for i = 1,2, 3,4 with 5 and 8¢ and project to (5.362]). This yields the operator

CP" = (1= — 92— ) (1 — 71 — 4 — Biz) + (31 — Db — s2(33 + 0,2)0a.  (5.372)

Using the automated determination of the convex hull in this example, and the factorisa-
tion of the b-function via Groébner basis methods in the previous example, the calculation
of any creation operator can be fully automated.

5.7 Discussion

As we have seen, the GKZ formalism enables the construction of non-trivial shift operators
known as creation operators. The calculation is highly systematic. First, a Feynman or
Witten diagram is represented as a GKZ or A-hypergeometric function. Second, the b-
function is identified by examining the parameter shifts produced by the creation operator
in conjunction with the location of all singular hyperplanes of the integral. Physically, as
the b-function is the function of parameters that multiplies the shifted integral, its zeros
serve to cancel the singularities that would otherwise occur when the creation operator
maps a finite to a singular integral. Such singularities cannot arise under the action of
a finite differential operator on a finite integral. Next, using the Euler equations and
DWI, the b-function is expressed as a function of Euler operators and factorised into a
product of a creation and an annihilation operator with the aid of the toric equations.
The creation operator thus extracted is then re-expressed in terms of physical variables
(i.e., the momenta and masses) using once again the Euler equations and DWI.

This algorithm has a number of interesting features. First, the parametric singularities
of the integral all lie on hyperplanes parallel to the facets of the Newton polytope associ-
ated with the integral’s denominator. We derived a precise formula for the spacing of these
hyperplanes in . The b-function therefore has a geometrical character, as originally
shown by Saito in [146]. Second, the algorithm makes heavy use of the higher-dimensional
GKZ space obtained by promoting the coefficient of every term in the Lee-Pomeransky
denominator to an independent variable. This systematises the set of PDEs obeyed by
the integral into two distinct classes: the Euler equations and DWI, and the toric equa-
tions. Using the former, we can uplift to GKZ space by exchanging all dependence on the
parameters « for dependence on the additional unphysical coordinates. Conversely, we
can project back to physical variables by using the Euler equations and DWI to exchange
derivatives with respect to the unphysical variables for derivatives with respect to the
physical variables and dependence on the parameters ~.

This last step is however a potential weakness of the algorithm. To project a creation
operator from GKZ space back to the physical hypersurface, the total number of Euler
equations (including the DWI) must be equal to, or greater than, the number of unphys-
ical coordinates. This enables every derivative in unphysical variables to be replaced by
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an equivalent expression in purely physical variables. For higher-loop Feynman integrals,
however, the number of terms in the Lee-Pomeransky denominator, and hence the dimen-
sion of the full GKZ space, typically grows more rapidly than the number of propagators
and hence Euler equations. Thus, while a full set of creation operators can be constructed
in GKZ space, in general we lack sufficient Euler equations to project back to the physical
hypersurface. For this reason, we have focused here on 1-loop Feynman integrals.

One possible workaround for this issue is to construct an alternative projectible GKZ
system based on some representation other than the Lee-Pomeransky. For example, for
higher-loop massive sunset (aka melon or banana) diagrams, one can construct a GKZ
representation based on their position-space formulation as a product of Bessel functions
[127, 131]. In this manner, these diagrams can be related to (analytic continuations of)
the momentum-space contact Witten diagrams for which we have already constructed
creation operators. For more general classes of diagrams, projectible GKZ representations
can also be obtained from Mellin-Barnes representations as shown in [128| [162] 131]. A
further possibility might be to develop a GKZ representation starting from the Baikov
representation.

Nevertheless, using the simplest formulation based on the Lee-Pomeransky represen-
tation, we have already identified a number of useful new shift operators. In particular,
for computations in AdS/CFT, we have found:

e The creation operators (5.206) and ([5.224), along with their permutations and
shadow conjugates, connecting 3- and 4-point momentum-space contact Witten di-
agrams of different operator and spacetime dimensions. These new operators are
the inverse of the simple annihilators first identified in [42) 85]. The corresponding
operators can also be obtained in position space as detailed in Appendix

e The creation operators ([5.255)) and (5.271)), plus their permutations and shadow
conjugates, relating 3- and 4-point momentum-space contact Witten diagrams of
different operator dimensions but the same spacetime dimension. While the 3-point

operator ((5.255)) is known [83] [30], the 4-point operator (5.271)) is new.

e Using , we obtained a further new operator connecting exchange Wit-
ten diagrams of different external operator dimensions but the same spacetime di-
mension. Unlike any previous construction, this operator connects exchange dia-
grams with purely non-derivative vertices. Working in dimensional regularisation
where necessary to avoid divergences [36], it also applies for arbitrary operators
dimensions.

There is ample scope for building on this first application of creation operators to Witten
diagrams. In particular, our results for exchange Witten diagrams were obtained from our
analysis of contact diagrams. It may be preferable to develop a GKZ representation for the
exchange diagram directly, both in momentum and in position space, potentially enabling
a more compact set of shift operators to be found, as well as operators acting to shift the
dimension of the exchanged leg. Operators achieving this latter goal are at present known
only for a very restricted set of external operator dimensions [30}, 36]. The application of
the creation operator formalism to cosmological correlators in de Sitter spacetime is also
worthy of exploration. We hope to address some of these matters in future.
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Chapter 6

Conclusions

In this thesis we presented studies of conformal field theory in momentum space, focus-
ing on integral representations and shift operators. The mathematical and physical tools
that we used were quite diverse, spanning from electrical circuits to multivariable hyper-
geometric systems. We believe this work shows the importance of studying an object
from different perspectives. On one side, the recent formulation of conformal symmetry
in momentum space enlarges the domain of possible physical applications of conformal
symmetry — borrowing Whitman’s words, we could say that conformal symmetry is large,
it contains multitudes. And we have shown that different representations of the same
function reveal different properties.

In Chapter [ we took as input the general n-point solution of conformal Ward identities
in the form of the simplex integral and derived the new scalar parametrisations,
, , for this integral which allowed us to find the new shift operators S;; and
S for the n-point functions. To this aim, we first parametrised the integral in terms of
the inverse Schwinger parameters v;; and obtained the associated Kirchhoff polynomials,
expressible in terms of the Gram determinant or the Laplacian matrix. We then interpreted
the parameters v;; as conductances of the corresponding simplicial electrical network and
computed the effective resistances s;; between the nodes of the simplex. This led to a
new reparametrisation of the simplex integral in terms of the Cayley-Menger matrix. This
parametrisation features an exponential diagonal in the s;;, and a product of powers of the
determinant |m/| and first minors [m()| of the Cayley-Menger matrix. The structure of
this integral then naturally reveals the shift operators. Multiplying the integrand by either
the determinant or a first minor of the Cayley-Menger matrix corresponds to shifting their
powers. The diagonal exponential allowed us to translate the polynomials in s;;, defining
im| and |m(9)|, into differential operators with respect to p; - p;. Besides finding new
shift operators, we discussed other advantages of these parametrisations of the simplex.
We noted that the number of integrals to be computed reduces from (n —1)(n —2)d/2 to
n(n—1)/2, and the correspondence to the position-space solution simplifies evaluating the
action of certain differential operators on the momentum-space integral. In particular, we
showed that the special conformal Ward identity corresponds to a total derivative acting
on the integrand, and we computed the action of the known weight-shifting operators
Wit

Still, much remains to be explored about the n-point function. We have seen how the
simplex perspective makes the recursive structure evident, and how these new parametrisa-
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tions make the shift operators naturally arise. Perhaps by looking for other representations
of the simplex, new properties would become manifest. For instance, we might ask whether
a representation invariant under a shadow transform exists. Moreover, notice that we have
only analysed scalar correlators. Having available a full set of shift operators which gen-
eralise the 3-point £; operators, together with the other known spin- and weight-shifting
operators [83], 29, B0], we now have the tools to build tensorial correlators that are also of
interest in cosmology.

The study of integral representations led us to deepen our knowledge of the multivari-
able hypergeometric functions in the form of GKZ systems. In Chapter [5| we discussed
their features, giving a physical interpretation. We presented the formulation of GKZ
integrals and showed how their properties are encoded in the A-matrix. We discussed the
spectral singularities and their geometrical interpretation via the Newton polytope asso-
ciated with the A-matrix. We then used this formulation to derive the creation operators
of holographic contact Witten diagrams and some generalised Feynman integrals. The
construction of these operators is very systematic and uses the b-function as input. The
b-function is a polynomial in the parameters and the whole algorithm is based on the fact
that it can be factorised in terms of annihilation and creation operators as B(#) ~ CO.
We gave a physical interpretation of the form of the b-function. We derived it by re-
quiring that the associated creation operator cannot send a finite integral to a divergent
one. Moreover, we used an analogous algorithm to find operators that act on contact and
exchange Witten diagrams to shift only the scaling dimensions and preserve the form of
the functions. As discussed, this class of operators is new and applies to any values of the
parameters. Our construction of creation operators for Witten diagrams is moreover valid
at n points.

The GKZ formalism entered the physics literature only recently. While various studies
focused on the series solutions of Feynman integrals, to our knowledge our work is the first
application of creation operators to physics, therefore this is only the beginning. There
are many paths to explore. Can we find a more optimal way for constructing the GKZ
representations of multi-loop Feynman integrals? Can we find a GKZ representation of
exchange Witten diagrams? Coming back to the simplex representation, in Chapter [4]
we derived its Lee-Pomeransky representation from which a GKZ representation can be
obtained. This would give us the spectral singularities of the conformal n-point functions.
Moreover, conformal blocks in position space were found to have a description in terms
of multivariable hypergeometric systems based on root systems [163], 164]. An interesting
question is whether we can construct a momentum-space description of conformal blocks,
and also whether a connection between GKZ and root systems exists. A more imme-
diate consequence of knowing various families of shift operators is their application to
cosmological correlators.

With these various open directions we conclude this thesis but certainly not the re-
search ahead.
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Appendix A

The master integral I {000}

In this appendix we evaluate the master integral Ii7op01. The strategy we follow is to
start with the Feynman parametrisation of the 1-loop triangle diagram , and solve
the resulting integral by making suitable changes of variables and using partial fractions
method. We will show that the z-variables defined in arise naturally.

For the master integral d =4 and A; (j = 1,2, 3) and using , a;, = —1. Setting
the parameters at these values and Feynman parametrising the triangle representation we

have 1 1
, 1 / AX ’ Al
1{o00} = 7 013 Piroxs + pjaixs + pirias (A.1)

where dX = dzidzedr3d(z1 + 29 + 23 — 1). Setting u = p?/p? and v = p3/p3, the integral
reads:

) 1 1—z3 1
dpzT = dx dx , A2
P371{000} /0 3 /0 2561.132 + Tox3u + 13V ( )
where 1 = 1 — 29 — 3. Re-parametrising
T ) Y2 1
1=, P=— = T2=—"—"""; I3=_—""""— A3
Y T3 Y x3 T+y +ye T+ +ye (A-3)

and computing the Jacobian |0z/0y| = (1 4+ y1 + y2) ™3, we get

o o
1

AT / d / d . Ad
P341{000} 0 Y1 . Y2 1+ y1 + y2) (Y192 + y1v + you) (A.4)

We then perform a first partial fraction

1 B 1
(I4+y +y2) iy +yiv+yeu) i+ (1 +u—v)y+u
1
X ( U+ _ > ) (A.5)
(uty)yz+ovyr 1+yr+y2

and, integrating over ¥, we find

o 1 (1+y1)(u+y1)>
43T —/ d lo ( . A6
P3141{000} ) yly%—k(l—ku—v)yl—i-u g o (A.6)
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The denominator is quadratic in gy, hence we can factorise it. This, indeed, leads to
defining the z-variables as in (3.57) and the integral reads

2 Y (1 +y1)(y1 + 22)
Ap31 {000} = /0 dur eSS og < ni—21=2) > . (A.7)

Then, we perform a second partial fraction

1 1 1 1
() "
(r+2)n+2) zZ-z\mtz2 m+z
and, after some manipulations, the integral becomes
_ & 1 1 (1 + y1)2 >
p3(2 — 2) 111000} ; Y1 <y1 . 2> 0g <(1 (=7 (A.9)

We now can evaluate it in terms of the dilogarithm giving the expression in equation
with 212 € C—] — 00,0] U [1, +00[. To see this, note that there will be terms of the form

° log(l+y)
dy—=-" A.10
/0 Y y+z ( )

which can be computed by applying the Cauchy integral formula taking into account that
the discontinuity of Lis(z) across the branch cut [1,00] is equal to 2milog|z|. Setting
t=1+4y:

/ g logt 1 /mdthyfdtw:LiQ(l—z), (A.11)
C

t—1+2 27i t—1+2 21 t—1+z

where C' is the “pac-man” closed contour. Then, using dilogarithm’s properties one can
express Lig(1 — z) in terms of Lis(z) and find the explicit result anticipated in (3.56)):

-1
2p3(2 — %)
3

Ligoo0) = [Lig(z) ~ Lig(z) — %ln(zé) In G — ﬂ . (A.12)

—Zz
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B.1 Derivation of graph polynomials

In this appendix, we show that Schwinger representation of the simplex integral is
given by with graph polynomials given in . Our discussion builds on that in
[165]. Labelling the vertices of the simplex by ¢ = 1,...,n, and the (directed) legs by
a=1,...,N where N = n(n — 1)/2, we introduce the incidence matrix

+1 iflegaisingoing to vertex ¢
ef =< —1 iflegaisoutgoing to vertexi (B.1)

0 otherwise

where for clarity we will write the vertex index downstairs and the leg index upstairs.
Thus, for example, if we choose a = {(12),(13),(14), (23),(24), (34)} as the legs of the
4-point function, where the leg (i,j) runs from vertex i to vertex j, the incidence matrix

1S
-1 -1 -1 0 0 O
1 0 -1 -1 0

0
““lo 1 0o 1 0o -1 (B-2)
0 0 1 0 1 1
Momentum conservation at vertex k of the simplex can now be re-expressed as
n N
Ozpk+ZQJk=Pk+Z5%qa (B.3)

1k a

where g, is the internal momentum flowing along the directed leg a. As always, all sums
are assumed to begin at one unless otherwise specified. The Laplacian matrix g;; defined

in (4.23]) can now be written

N
Gij = > _ vagie], (B.4)
a
which follows by noting that for ¢ # j only the leg for which a runs between vertices 4
and j contributes giving —wv;;, while for 7 = j all legs running into this vertex contribute

giving 3y ; vik as required.
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Turning to the simplex integral (4.1]), we first rewrite the delta functions of momentum
conservation in Fourier form

1@ d5<pk+zqzk H/ddyk exp iy pk+25k a.)). (B.5)
k

1k

Next, exponentiating all propagators of internal momenta (labelled by their leg indices)
using the Schwinger representation (|4.4]), we ﬁndﬂ

Oi(py) ... O ) " dug vy 201 £ (o
< 1(p1) n(pn)> HF(Oéa+d/2) 0 a Ya f( )

X (ﬂ/ddyk exp(—iyy, 'Pk;)) / ((12(3% exp ( - ZN: (ZE +izn:5?yl : qa)>- (B.6)
k a l

Evaluating the q, integrals by completing the square and using (B.4]) now gives

7d/2

N o
Oi(py)...0 (I | dvav™") s
1) 0utp = (It gy ) ™)1
n n 1 n
H/ddyk> exp <—izyk P~ Zzgkl'yk ‘yl)- (B.7)
k k k,l
Since the Laplacian matrix has no inverse, to compute the y; integrals we must first shift

Y, = Zn, Y = 2k + Zn, k=1,...n—1. (B.8)

This transformation has unit Jacobian, but moreover greatly simplifies the exponent. Since
all row and column sums of the Laplacian matrix vanish,

n—1 n—1
> Gk = —Gkn, > Gkn = —Gnn, (B.9)
! k
and using these identities we then find
n 1 n
—iY Ye P D Gu Yk Y
k k.l
n—1

= —izn Py — 1Y (25 70) Py
k

!Note the argument of the arbitrary function f changes from the momentum cross ratios ¢ in
to the Schwinger parameter cross ratios ¥ in . This can be seen by temporarily representing the
arbitrary function in Mellin-Barnes form (i.e., (4.18) of [46]) allowing all g;;, including those from the
cross ratios, to be exponentiated via the Schwinger parametrisation . Performing the Mellin-Barnes
integration then generates f(?), since the Schwinger parametrisation replaces powers of ¢;; by powers of
Vij-
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1
_Zgnnz _7ngn zk+zn : n_fzgkl Zk+Zn (zl+zn)

n n—1 n—1
) . 1
:—zzn-(Zpk)—zsz-pk—Znglzk~zl. (B.10)
k k Kl

In the final line here, all the zj - z,, and z% terms cancel while the Laplacian matrix gg;
reduces to gi for k,l = 1,...,n. The z, integral now gives the overall delta function of
momentum conservation which we strip off to obtain the reduced correlator (4.15). The
remaining zj integrals can be evaluated by completing the square, given that the inverse
gkfll exists. This yields our desired result,

N 0o n—1
(O1(p) - Oulp,)) =] /0 dva vz~ (@) 19~ exp (= Y g5 pi- i) (BAD)
a k,l

where the constant
/2

n—1)d/2
€= ny ”Hm

can simply be re-absorbed into the arbitrary function f(v). Rewriting the product of legs
a as a product over vertices ¢ < j and replacing p;, - p; with the Gram matrix Gy, we

recover precisely (4.17) with graph polynomials (4.10)).

(B.12)

B.2 Jacobian matrix

In this appendix, we compute the Jacobian matrix for the change of variables from v;; to
sij. In section we evaluate the Jacobian determinant, then in section [B.2.2] we give
expressions for its matrix elements enabling conversion between partial derivatives.

B.2.1 Jacobian determinant

Our first goal is to derive the relation (4.45)) for the Jacobian determinant, namely

0s n

B 821n|g|
| Qvov

where the constant of proportionality is not required since it can be re-absorbed into
the arbitrary function f(v). For small values of n this result can be verified by direct
calculation, and the exponent is simply fixed by power counting, but our aim is nevertheless
to prove this relation for general n.

We start by noting

0*Inlgl _ Ogpg 0%In|g| Ogrs
OvijOvg  Ovij 0gpgOgrs Ovpy

(B.14)

can be re-expressed as a product of three square matrices of dimension n(n — 1)/2. Each
of the index pairs (p, ¢) and (r, s) is replaced by a single index running over the n(n—1)/2
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independent entries of the (n — 1) x (n — 1) symmetric matrix g, while (7,j) and (k,1)
are each replaced by a single index running over the n(n — 1)/2 edges of the simplex.
Noting the elements of g are linear in the v, the matrix determinant |0g/dv| evaluates to
a nonzero constant. On taking the determinant of , we find

Ov Ov 0g 0g ’
hence it suffices to show that 921 ]
nlg -~
n. B.16
| g (B.16)

This relation in fact holds for any invertible symmetric square matrix g of dimension n— 1.
To see this, from Jacobi’s relation we have

(9™ pq

gl 9 (1 X X

- 7o (ad = =29 B . B.17

09pq09rs  Ogrs (| g @ Jg)pq) Dore 97 )pr (97 )s)a (B.17)
Diagonalising g via an orthogonal matrix O,

A= 0907, (B.18)

since g~! = O"'A71O the chain rule gives

dg~t  9(0~*A'0) A1 B(0gO1) (B.19)
dg  OAL 9N dg '

where the last factor is just 9A/dg. Regarding this as a matrix product, the first and last
matrices depend only on O and are inverses of each other. On taking the determinant of
the right-hand side, their contributions therefore cancel giving

(B.20)

dg

dg—!
oA

~ ‘8/&—1

We thus only need to evaluate the latter determinant for the diagonal matrix A.
From (B.17)), the Hessian is nonzero only when the index pairs are equal (p, q) = (r, s),
and is thus diagonal when regarded as a square matrix of dimension n(n —1)/2:

P?nlAl  OA )y [-AJAL i (pg) = (r,s) (B.21)
ONpdNrs  OAs |0 otherwise '
The determinant is now
9?In|A = . n n
ol o L) ™ = A1 = g (B.22)
pqtirs p=1

since each eigenvalue A, appears a total of n times along the diagonal: for example, A1y
appears quadratically in the position (1,1) and then linearly in each of the (n — 2) entries
indexed by (1,¢q) for ¢ =2,...n — 1. We have thus established (B.16)), and hence (B.13).
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B.2.2 DMatrix elements

We now compute the elements of the Jacobian matrix required to establish the relation

n

1
Doy = Yl Z(Skz — St — Skj t Slj)Qasij (B.23)

1<j

which we used in (4.92)). Starting with (4.27)),

Osij _ i(( -1y, 8gab) _ (9™ )ab Ogab (B.24)
Ov  Ovy va Qv Ovgj '
where since gqp is linear in the v;; its second derivative vanishes. Using
(g™ ab -1 “1y, 99ey
- _ ae B.25
e (97 ae(g™ oy Dvas ( )
then gives
0sij -1 99 1 Oy 1y Oger, 99pa
— it . . . = — ae B.26
vy r<g 0vi; 8v]k) abz;f(g ) Oy (97 ) 81}1 ( )
For i, j, k,l # n, we can evaluate this as
Os:s n—1
372 - Z (97 )ae(—20k(e0 1 + Serpr + a8 71)) (g™ ") 6(—26i(a0b); + Saidbi + a;jdn;)
a,b.e, f

= —2(g" el — 209 Dalg™ e + 297 Dirlg™Nar +2(g Dalg M
+ 2(971)%(971%1 + 2097 k(g™ — (o™ Diw)* = (g™ Ha)* = (g7 H5e)* — (g7 )

Ve — (97Dt = (0 gk + (g )0)°

2
(sik — sit — Sjk + 551) (B.27)

—((g~
1
4

where we used the symmetry of the inverse matrix g;, and in the last line we used ((4.28)).
For j =n but i, k,l # n,

05in
o Z (=20(eB )1 + Oendpi + 0erd 1)) (9™ ") po(Baidi)
a,b.e, f
1
= —((g e — (g7 Ha)* = — (s = sit = spn + Sin)’ (B.28)

which is equivalent to (B.27)) setting j = n. The same also holds for [ = n but i, j,k # n
due to the symmetry of (B.26]). Finally

85m
87)]m

= — Z ae ekéfk))(g_l)fb(éaidbi)

a,be,f
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_ 1
= —((g7")in)* = =7 (sik = sin = 58n)", (B.29)
also equivalent to (B.27)) since sp, = 0. Thus (B.27)) in fact holds for all values of the
indices and we obtain (B.23]).

For completeness, we can also calculate the inverse Jacobian by similar means:

(91}2']' . 0 _1 Omygp, . 8(m‘1)ab Omgp o 1 8mef 1 Omy,,
88kl - 8skl (( )ab 8sij > - 83kl &Sij - (m )ae Bskl (m )fb 83@-
= —(m e (Berd 1 + 0e k) (M) £5(86i0as + Obj0ai)
= =2((m ™m0+ (m ™ ualm ™)) (B.30)

Apart from the final (n+1)* row and column, the inverse Cayley-Menger matrix is minus
one half the Laplacian matrix g;; as we showed in (4.37) and (4.39). This gives

8’1)@' 1 - o~ ~ ~
S 035 B.31
D1 5 (gmgﬂ + gleJk)a (B.31)

where g;; = —v;j for i # j and gi; = > n_, viq. For 4,7, k, 1 all different, we therefore have

g;fl = (oo toavn), A G ARA (B.32)
while if j = 1, .
S:,Z = —% (Uijvjk — v@k(; vja)) (B.33)
and if t =k and j =,
Lot + (Z) (évjb)). (B.34)

B.3 Landau singularities

The Landau singularities of the simplex integral are best studied in the Lee-Pomeransky
representation (4.18]). They follow from solving simultaneously for all v;; the conditions

0=U+ T, ozvij£(u+f). (B.35)
i

Here, the first Landau equation stipulates the vanishing of the Lee-Pomeransky denomi-
nator, while the second requires that this vanishing is either a double zero (for v;; # 0),
corresponding to a pinching of the v;; integration contour between two converging singu-
larities of the integrand, or else a pinch of the integration contour between a singularity
and the end-point of the integration (v;; = 0). The second condition thus ensures the
singularity generated by the vanishing denominator cannot be avoided by a deformation
of the integration contour. Where the Landau conditions have more than one solution,
the solution with the greatest number of v;; # 0 is referred to as the leading singularity.
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An important feature of the U polynomial is that it is multilinear in the wvy;:
from the determinant structure one sees that all the quadratic v,%l terms cancel, and
that no higher powers can appear since vg; enters only in the row/columns (k, k), (k,1),
(I,k) and (I,1). Alternatively, this result follows from the matrix tree theorem where the
Kirchhoff polynomial i/ is the generator of spanning trees on the simplex. Since U is also
homogeneous of degree (n — 1), it follows that

Z guvkl = (TL - 1)2/1 (B'36)
et I UKL
We now find U U
Vgl
= —Vi = —_— Vi B.37
u+F U+kz<lavkl Ll kzdavkl(n_l—i_ kl) ( )

and so a solution of the first Landau condition for all & < [ is
Vet = AV = —Apy - Dy and |G| = |py -py| =0 (B.38)

for some constant A. Evaluating the second Landau condition on this solution (x) of the
first gives

ou o*u

8Tij+vij Vkl:| = (A+n—2)A 2Vij —

[ @4 P)] = [o : oV,

i B.39
vij 0vi; ( )

el (%ij (%kl

using again the homogeneity of /. The second Landau condition is thus solved for all i, j
when A = 2 — n, and indeed this is the leading singularity since the wvy; are generically
nonzero. Returning to (B.37)), on the solution (x) we have

U+ F)e=(2-n)""2G| =0, (B.40)

so to solve the first Landau condition we do indeed need the Gram determinant to vanish.
Generally this requires analytic continuation to non-physical momentum configurations,
since the only physical configurations (in Euclidean signature) for which the Gram de-
terminant vanishes are collinear ones, and on physical grounds there are no collinear
singularities. There is no contradiction here since the Landau equations are necessary, but
not sufficient, conditions for a singularity.

B.4 Bernstein-Sato operators
In this appendix, we construct a Cayley-Menger analogue of the classic identity

det(9)(det X)* =ala+1)...(a+n—1)(detX)* !, (B.41)

where X = (z;;) is an n x n matrix of independent variables and 0 = (0/0z;;) is the
corresponding matrix of partial derivatives. For proofs and variants of this identity, tra-
ditionally attributed to Cayley, see, e.g., [166, [167]. From a modern perspective,
is an example of a Bernstein-Sato operator, a differential operator whose action lowers
the power a to which some polynomial of interest is raised, generating in the process an
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auxiliary polynomial in @ known as the b-function [I68]. Thus we have
By f(xi)® = by(a) f(wij)* ™ (B.42)

where for (B.41), By = det(d), f = det X and bf(a) = a(a+1)...(a+n —1). In the
following, we construct analogous operators for the Cayley-Menger determinant and other
polynomials arising in our parametric representations and . Such relations
are potentially a source of new weight-shifting operators, see e.g., [169, [69].

Our starting point is the observation that

B = (l91) (B.43)
vij—>83ij
is a Bernstein-Sato operator for the Cayley-Menger determinant,
n—1
Bl Im|® = by (@)lm|* Y, by (a) = = [J(1 = k — 2a). (B.44)
k=1

The operator B, thus corresponds to evaluating the Kirchhoff polynomial U/ = [g| and
replacing all v;; — Os,; to generate a polynomial differential operator in the 0s,,. We have
verified by direct calculation for matrices up to and including n = 5. Moreover,
the leading behaviour at order a”~! follows by noting that such terms can only arise from
all n — 1 partial derivatives in By, hitting a power of |m| rather than a derivative of |m)|.

Using (4.35) in the form J;,;|m|* = av;;|m|* along with (4.34), then gives
By [m|* = a"~Hm|%|g| + O(a""?) = (=1)" 2" 1a"Hm|*™ + O(a"?) (B.45)

in agreement with (B.44) P

Similarly, we find
By = (Im|)

(B.46)

Sij_)a’”ij

(i.e., the Cayley-Menger determinant replacing each s;; — &,,;) is the Bernstein-Sato
operator for the Kirchhoff polynomial U = |g|,

n—1

Bjgllgl* = b|g|(a)]g\a_1, bg|(a) = — H(l —k — 2a). (B.47)
k=1

The b-function here is the same as that in , and the leading a”~! behaviour can be
understood via the analogous argument to that in . We note the result is
equivalent to Theorem 2.15 of [I66], since |m| = [m™ 12+ | —|m®+1n+D) 1 J| where J is
the n x n all-1s matrix, and |m(*+17+1)]| is the Cayley-Menger minor formed by deleting
the final row and column consisting of 1s and 0s. In addition, we find

B\gl(avij|g|)a =0. (B.48)

Some further results worth recording are the following. For the second minors of the

2 A full proof of (B.44)) likely follows via the methods of [T66], though we will not pursue this here.
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Laplacian matrix, |§(#:4)| = Ou,;19l, we find the operator

By G

’S'Lj

|m|) (B.49)

w5191 .

satisfies
Bov, 91 (o 9)" = b(@) Doy lg)™™, Ba,, /191" = b(a)vyslg|"! (B.50)

where the b-function is proportional to that in (B.44])) but is missing the final factor,

n—2

b(a) =2 ] (1 -k - 2a). (B.51)

k=1

Again, we have verified these identities for values up to and including n = 5. This operator
further annihilates all (9,,,|g|)* corresponding to other legs, i.e.,

Ba, 1g1(Ouylg))* =0 forall (i, j) # (k,1). (B.52)

Similarly,
m|* = b(a)sis|m|*~? (B.53)

Oy, .
( v”‘QD .

with the same b-function , but this operator does not appear to act simply (for n > 3)
on (8s,;/m[)®, in contrast to (B.50). Finding a Bernstein-Sato operator for (9;,,[m/|)* would
be useful since by this corresponds to the Cayley-Menger minors featuring in (4.48)).

In principle, given a Bernstein-Sato relation such as , one might hope to apply
it inside the parametric representation (4.48) and integrate by parts to obtain an opera-
tor acting solely on the Schwinger exponential. Since the exponential is diagonal in the
representation , the result could then be translated to a differential operator in the
external momenta. This would then yield a new weight-shifting operator.

In practice, however, we must account for all the other powers of Cayley-Menger mi-
nors present in , as well as the arbitrary function. Either we must find a modified
Bernstein-Sato operator that acts appropriately on the entire non-exponential prefactor
in , which seems hard to do, or else we must find some means of removing and then
restoring these other factors. The Cayley-Menger minors, for example, can be removed
and then restored via a conjugation Q B}, where Q = [T |m@9)| =5 =1 After
multiplying out, however, this conjugated operator is not in the Weyl algebra (i.e., is
non-polynomial in the s;; and their derivatives) and so does not trivially translate into an
operator in the external momenta. On the other hand, if we include additional powers of
the |m(i7j)| on the left, so as to recover an operator in the Weyl algebra, besides lowering
« in we also lower some of the a;;. The operator then does not lower the spacetime
dimension d. Thus we have not succeeded in finding new weight-shifting operators via this
route, though with some variation the method might yet be successful.
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C.1 GKZ representation of Feynman integrals

In this appendix we relate a generic L-loop Feynman integral of the form to the
corresponding GKZ integral . Related discussions can be found in, e.g., [123], 65].

After exponentiating the propagators and integrating out the loop momenta, (5.302))
has the Schwinger parametrisation

I= (4W)—70L(ﬁ1 r(lw) /oo dt; t}i*l) U]~ exp ( - ;[[;]) o = g, (C.1)

0

where U[t] and F|t] are the first and second Symanzik polynomials respectively, which are
homogeneous of weights L and L + 1 in the Schwinger parameters ¢;. The prefactor of
(4m)~0L is simply that in multiplied by L factors of 7%2 from integrating out the
loop momenta. The corresponding Feynman representation is obtained by reparametrising

N
ti=oy, = yi=1 (C.2)
i=1
and integrating out the variable . Using the JacobiaIE]
N N
[Tdt: =™ "do [Jdyi6(1 -, (C.3)
i=1 i=1

as well as the homogeneity of the Symanzik polynomials, we find

I = (47) 70k < ﬁ F(l%) /01 dyi yz'%_l)(s(l —y)U[y] " /OOO do o0l exp ( - UZE>

i=1

1
L'(7:)

1
[ dui Yo = gty F)
0

(C.4)

N
= (4m) o T — L) ([T
=1

See, e.g., Appendix B of [46].
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In special cases where 74 — (L + 1) vanishes (e.g., d = 2 multi-loop sunsets with standard
propagators) one can use the F polynomial alone to construct a GKZ representation [122].
More generally, one can use the Lee-Pomeransky representation [I12] [123] obtained by
combining the two Symanzik polynomial factors using the Euler beta identity

U F ) = ey 45 st (€5)
with a = y9(L + 1) — ¢ and b =~y giving
e, H / Qi )o1—y) [ ass DI E s ()

where .
4m)~ =T
o mer) o
T ((L+ 1)y —7) 1L, T(v)
Setting y; = sz; and using once again the homogeneity of the Symanzik polynomials, we

can eliminate the s integral since

/0 %5(1—32&) /0 E5(2 —s)=1 (C.8)

S Szt

after which
— o / dz; 27V (Fl2] + Ulz]) . (C.9)

Finally, this Lee-Pomeransky representation is upgraded to the GKZ representation by
replacing the coefficient of every term in the denominator F[z]+U[z] with an independent
variable . For the massless triangle integral, for example,

U[z] = z1 + 22 + 23, Fl2] = pzaz3 + paz3z1 + piziz (C.10)
and so we replace the Lee-Pomeransky denominator
G = Flz] + U[z] = pizozs + pizaz + pazizo + 21 + 20 + 23 (C.11)
with the GKZ denominator
D = 212023 + Xo2321 + T32122 + T421 + T529 + Xg23. (C.12)
The GKZ integral
N oo
I, = (H/ dz 2] ) D (C.13)
i=170
is then related to the massless triangle integral by

I=c,T, (C.14)
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evaluated on the physical hypersurface

zi =1}, Tip3 =1, 1=1,2,3. (C.15)

C.2 Creation operators for the position-space contact Wit-
ten diagram

In position space, the n-point AdS contact Witten diagram

In—/o S+ /d wOECA,-<M)> N O\ = TPT(A, —d) (C.16)

has the parametric representation’]

H/ dzz 1—2/112, (Zz,z] ”> At/Q. (C.17)

1<j

where
7?2 (AN Ac—dy 1T Ca, =

The parameters x; > 0 can be chosen arbitrarily provided they are not all zero. For the
4-point function specifically, choosing x; = ;4 and eliminating y4 using the delta function
leads to the GKZ representation

3 oo
IL=Ci, I,= (H/ dz; z]i‘l)pﬂo (C.19)
i=170
where

D = x12023 + Toz123 + T32122 + Ta21 + Ts20 + T23, (C.20)

the parameters

1

m =4y, 72 = Ag, 73 = Agz, Yo = §(A1+A2+A3+A4)7 (C.21)

and the GKZ variables are related to the physical coordinate separations by
(5(}1, T2,T3, T4, L5, xﬁ) - (xgja x%?ﬂ 1’%2, .%'%4, $%47 .%'34) (022)

Comparing with , the position-space 4-point contact diagram, also known as the
holographic D-function [I70], is thus equivalent to the massless triangle integral (see also
[46]). As shown on page the massless triangle integral is itself equivalent to the triple- K
integral (or momentum-space 3-point contact diagram) under affine reparametrisation of
the GKZ integral. The creation operators for the position-space contact diagram are thus

2See, e.g., equations (5.46)—(5.51) and (B.1)~(B.11) of [46)].
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those analysed in section [5.5.3] and [5.5.5] except that no final projection to the physical
hypersurface is required as all the GKZ variables in are physical.

Concretely, the A-matrix leads to the Euler equations and DWTI ((5.24]),
and the toric equations . The Newton polytope corresponds to the right-hand panel
in figure 5.2l From its facets we obtain the singularity conditions

Yi = —MNi, Yo — Vi = —My, 1=1,2,3,
MtYR2+Y =% =N, 2= — 2 — 3 =—m, (C.23)
where n;, m;,n,m € Z*. The action of the annihilator 9, = 8/0z35 is to raise 7g, 72 and

~3 by one which corresponds to raising A, and Az by one, and the action of the creation
operator C; is the reverse of this. The corresponding b-function

b1 = v2v3(v0 — 71) (71 + 72 + 73 — 0), (C.24)

when re-expressed in terms of Euler operator is
B = (91 + 035 + 95)(91 + 69 + 96)(91 + 65 + 96)(91 + 09 + 93). (0.25)

As expected, this is simply (5.183)) under the mapping 6; = 6;3 since the affine reparametri-
sation from the A-matrix (5.22) to (5.56|) leaves the creation operators unchanged. Ex-
panding out and using the toric equations to factorise B; = C101, we recover the creation

operator ([5.202)) in GKZ variables. In our present variables ((C.22)), this is

Cr=x1(01 + 14 us +u3) ((61 + 14 u2) (01 + 1 + ug) + 2(vy + v3))
+ $2$534(1 + ug +vo —v3 + (u2 +us + 2)u3)
+ 232604 (1 + ug + v3 — va + (ug + u3 + 2)us) (C.26)

where u; = 0; + 0;+3 and v; = 6;0;13. One likewise obtains the operator (5.254)), namely
Wiy~ = (04 + 05+ 06 + 03) (2402 + 2501) + 23260201 (C.27)

Both these operators can be rewritten in various equivalent forms using the DWI and
Euler equations. Their action on the position-space contact diagram follows from (5.59)),
namely

Ci: Ay —Ag—1, A3 — Ag—1, Wl_g_:Ag—>A3+l, Ay — Ay — 1. (028)

C.3 Non-minimal b-functions

As we have seen, creation operators are constructed starting from a polynomial b(-y) in the
spectral parameters known as the b-function. In section we argued that b(7y) must
possess a certain minimal set of zeros, namely, those required to cancel the singularities
arising when a creation operator shifts us from a finite to a singular integral. Notice
however that this argument does not preclude the existence of additional zeros besides
this minimal set. For all the Feynman and Witten diagram examples in the main text, the
minimal b-functions were sufficient for the construction of all creation operators. As these
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b-functions contain the fewest factors, the resulting creation operators were moreover of
lowest possible order in derivatives. Nevertheless, there are instances where the minimal
b-function is not sufficient: a simple example, which we analyse in this appendix, is the
GKZ integral . As we will show, additional factors must be appended to the minimal
b-functions in order to be able to apply the toric equations and factorise into a product of
creation and annihilation operators. The zeros of these additional factors are all parallel to
the facets of the rescaled Newton polytope, and in most (though not all) cases correspond
to additional singular hyperplanes of the GKZ integral.
Let us recall the necessary analysis of section The integral , namely

o0 (0.]
I,y:/ d21/ dzg Z¥1_12’32_1($1+$222+$32%+$4212§)770, (C.29)
0 0
corresponds to the A-matrix
1 1 11
A=|0 0 2 1 (C.30)
01 0 2

with DWI and Euler equations
0=(o+61+02+03+604)Iy, 0= (y1+203+04)L,, 0= (y2+62+204)Z, (C.31)

and a single toric equation
0 = (0707 — 0505)Z,. (C.32)

The singularities of this integral, derived in ([5.93]), are
Y1=-—m1, Y2=-ma, Yo+y—2=-m3 4y—271—7=-3ms, (C33)

for all m; € Z*. The annihilation operators ; send v — </ while the creation operators
C; send 4" — v, where for each j these parameters are related by

j=1: 7 =0 + 1, Y=, V=2

j=2: v =0 + 1, V=, vy =2+ 1

j=3: 7 =" +1, Nn=mn+2, V5 =2,

j=4: % =10 +1, n=mn+1, v =72+ 2. (C.34)

According to ([5.138]), the minimal b-functions containing only the zeros necessary to cancel
the singularities produced by the action of the C; are

1
D = (30 +m1 —72) [T (490 =29 =72+ 3ma),

m4=0
5™ = y2(470 — 271 — 72),
1 2
oy = T (n+m1) T Go+m =2 +ma),
m1=0 m3=0
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1
b =y ] (2 + ma). (C.35)

mo=0

For example, C3 shifts m; — m1 4+ 2 and m3 — ms + 3, and so the five singular integrals
with m; = 0,1 and m3 = 0,1,2 in are accessible starting from finite integrals.
This means bgﬁn has the five zeros shown, which act to cancel these singularities. The
operator C; is however a special case: this sends m3 — m3 + 1 and mgqy — my + 4/3,
corresponding to a non-integer F1(4) =4/3 in . Only the singularities with m3 = 0
and my = 0,1 are then accessible starting from finite integrals for which all m; < 0.
(In other words, integrals for which the GKZ representation converges without
meromorphic continuation.)

Using the DWI and Euler equations to rewrite these b-functions in terms of Euler
operators, we then find

1
Binin = —(01 + 393) H (401 + 360, — 3m4)7
mga=0
BY™ = (05 + 204) (461 + 362),
2
Byt = (205 + 04)(203 + 04 — 1) [ (61 + 305 — m3),

m3=0

B = (203 + 04) (09 + 204) (62 + 204 — 1). (C.36)
At this point a problem appears: to extract a creation operator requires factorising
B;I, = C;0;1, (C.37)

however the only toric equation we have available for this purpose, (C.32]), is of fifth order
in derivatives. While B is indeed of fifth order, the remaining B are of at most third
order. Upon expanding out and ordering terms according to (|5.131]), we find

BN = (.. )0) — 2723130303,

Bg‘i“ = (...)02 + 82124010y,

BY™ = (...)05 — 4230707,

B = (.. .)0y — 223230303. (C.38)

For Bé“in, we obtain the necessary factorisation upon using allowing a suc-
cessful construction of C3. For the others, the order in derivatives is too low to apply
(1C.32)).

To find Cy, Ca and Cy, therefore, we look for new (non-minimal) B; of the form:

By = ( . )81 + ( . .)x%l‘gagag,
By=(...)04+ (...)x3230505. (C.39)

By construction, these are all of fifth order and can be factorised into the desired form
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(C.37)) using (C.32)). Since the B; must be functions of the Euler operators, and
0l =0;(0; —1)...(0; —n+ 1), (C.40)

this is equivalent to seeking

B = ( . )91 + ( . )92(92 — 1)(02 — 2)(92 — 3)93,
By = ( . )92 + ( . )91(91 — 1)((91 — 2)(94(94 — 1),
B, = ( . .)94 + ( . .)92(92 — 1)(02 — 2)(92 — 3)6’3. (0.41)

For comparison, the singular hyperplanes in ((C.33]), when translated to Euler operators
via ((C.31]), correspond to the zeros of

(205 + 04 — my), (92 + 204 — m2), ((91 + 3603 — mg), (491 + 3605 — 3m4). (C.42)

As the non-minimal B; in (C.41]) must still contain the factors present in the minimal B;nin
in (C.36)), we see that for By, and By it suffices simply to append factors corresponding
to additional singular hyperplanes:

3
By = *(91 + 3(93) H (491 + 3605 — 3m4),
mgq=0
3
By = —(2(93 + 94) H (92 + 204 — mg). (0.43)

mo=0

Each of these non-minimal B; contain the factors already present in the minimal B}ni“.
Moreover, they are of the form since they correspond to performing a linear shift
in 0; on each of the factors present in the second term of each B; in . (Equivalently,
setting ¢; to zero in each of the B; in yields the second term of each B; in )
This also shows that they are of the smallest order in derivatives consistent with (C.41)).

For By, the additional factors we must append to Bénin are parallel to the singular
hyperplanes in but have different spacing. Explicitly, we require

1 2
By =— [ (62+26s —2my) ] (461 + 365 — 4my) (C.44)
m1=0 mo=0

so that, when expanded in 3, we obtain an expression of the form given in (C.41)). Note

this is not possible using the spacings in (C.42)) E|
By construction, the non-minimal B; in (C.43|) and (C.44) all derive from correspond-

ing non-minimal b-functions which are polynomials in the spectral parameters,

3
br=(v+7—"2) H (470 — 271 — 2 + 3ma),

ma=0

3The zeros of , and of the corresponding of b2 in , do however coincide with the singular
hyperplanes of the integral obtained by deleting the second column of the .A-matrix. This removes a vertex
from the Newton polytope changing the spacings of the singular hyperplanes; a procedure consistent with
confining all §; dependence in By to the first factor in .
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Figure C.1: For purposes of illustration, a two-dimensional example of a non-normal lattice can
be obtained by projecting to the (71,72) plane. The points (2k + 1,0) and (2k + 1,1) for k € Z*
(shown in red) lie within the positive cone ), R*a; (shaded region) spanned by the vertex vectors
a; of the Newton polytope (shown in blue). These points also belong to 3 Zaj; since (2k+1,0) =
k(2,0)+ (1,2) —2(0,1) and (2k+1,1) = k(2,0) + (1,2) — (0,1). However, these points cannot be
expressed in the form > ; Z%a; and hence the lattice generated by the a; is non-normal.

1 2
by = H (72 + 2ma) H (4v0 — 271 — 72 + 4ma),
mi1=0 mo=0
3
b= [] (v2+ma). (C.45)
mo=0

and all lead to valid creation operators via (C.37). From Bs, for example, we find

Cy = 1 [1292 <489% 4126, (302 — 5) + 9o (02 — 2) + 5)
+ 40, (649% 1 480%(305 — 4) + 46, (992(392 —5)+ 32) + 305 (902(02 )+ 5))

4 (0 — 1)(46; + 305 — 5)(461 + 365 — 1)(46; + 305 + 3)} + 2562322030, (C.46)

Having solved this example, let us note that the failure of the minimal b-functions
in can also be understood geometrically. For Bt Bt and BIn in to
be factorisable as C;0;, we would need each of 93039, ", 910,05 and 92050, to be
expressible as Hi\;l O,k for some set of ¢ € ZT. (The inverses here are purely formal: we
mean that 9303 = O, Hivzl 9k, etc.) In terms of the shifts produced by these operators
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on the spectral parameters v = (70,71, 72), this is equivalent to requiring that

2 1 2
2A+As - A =2, Ai+A-A=|1], 2A+A3—-A,=|1 (C.47)
2 1 0

are all expressible as fo:l ci Ay, for some set of ¢, € ZT, where A, denotes the kth column
of the A-matrix including the top row of ones. Clearly this is not possible, although these
vectors do all lie in the positive cone corresponding to solutions with ¢, € R™ since

2
245+ A3 — A =2(A1 + Ay — Ay) = g(A2 +As + Ay),
1
245 + A3 — Ay = 5(3«41 + Ag) (0.48)

Mathematically, this is precisely the condition that lattice generated by the Ay (or equiv-
alently, the toric ideal associated with the A-matrix) is non-normal. Conversely, when the
normality condition

(X rra)n (Y za) = (D zta) (C.49)

is satisfied, it can be shown that the minimal b-functions (5.138)) generate valid creation
operators [146], [147]. The non-triviality of the normality condition is illustrated in figure
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