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Abstract

The pentablock is the set in C?
P = {(a21,tr A, det A) A= [aij]?vjzl S BQ><2},

where B2*? denotes the open unit ball in the space of 2 x 2 complex matrices. The closure
of P is denoted by P. The sets P and P are polynomially convex and starlike about
(0,0,0), but not convex. In this thesis we identify the singular set of P which is Sp =
{(0,s,p) € P : s?> = 4p} and show that Sp is invariant under the automorphism group
Aut P of P and is a complex geodesic in P. We provide a description of rational maps
from the unit disc D to P that map the unit circle T to the distinguished boundary bP

of P, where bP = {(a, s,p) €C3:|s| <2, |p| =1, s=35pand|a] = /1 — }1|3\2}. These

functions are called rational P-inner functions. We establish relations between P-inner
functions and I'-inner functions from D to the symmetrized bidisc I'. We give a method
of constructing rational P-inner functions starting from a rational I'-inner function. We
describe an algorithm to construct rational P-inner functions z = (a, s,p) : D — P of
prescribed degree from the zeros of a, s and s? —4p. We use a result of Agler and Young to
construct an interpolating rational P-inner function x : D — P such that z(0) = (0,0, 0)
and z(X\g) = (ao, S0, po) for suitable points Ay € D and (ag,sg,po) € P. We prove a

Schwarz lemma for the pentablock.
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Chapter 1. Introduction and historical remarks

1.1 Introduction

The pentablock P is the domain defined by
P ={(az1,tr A, det A) : A = [a;]7,_, € B*?} (1.1)

where B?*? denotes the open unit ball {A € C?*?: ||A]| < 1} in the space of 2 x 2 complex
matrices. The polynomial map implicit in the above definition can be written as

7(A) = (az1,tr A, det A), where A = [a;]7,_, € C**. (1.2)
Thus P = m(B?*?). In this thesis we consider the normed space of complex matrices with
the operator norm arising from the standard inner product on C?. The pentablock was
introduced in [4] in 2015. Tt is a bounded nonconvex domain in C* which arises naturally
in connection with a certain problem of p-synthesis. The group of automorphisms of the
pentablock was studied in [4] and [38]. The pentablock P is a region in 3-dimensional

complex space which intersects R? in a convex body bounded by five faces, comprising

two triangles, an elliptic region and two curved surfaces [4]. P is a C-convex domain [45].

1.2 Main results

The closure of P is denoted by P. We analyse P-inner functions which are analytic maps
from the unit disc D to P whose radial limits almost everywhere on the unit circle T lie
in the distinguished boundary bP of P. The distinguished boundary bP of P is

— / 1
bP = {(Q,S,p) eC: |S| < 2, |p| =1, s=3pand |CL| =4/1- Z|S|2}7

see [4]. The degree of a rational P-inner function = (a, s, p) is defined to be the pair
of numbers (dega, deg p), where deg a and deg p are degrees of rational functions a and p

correspondently. We say that degz < (m,n) if dega < m and degp < n.

1



1.2. Main results

1.2.1 On rational P-inner functions

We develop a concrete structure theory for the rational P-inner functions. We give re-
lations between P-inner functions and inner functions from I to the symmetrized bidisc
I'. We should mention papers on the construction of rational inner functions from D to
[ [6, 5]. One of main results on the description of P-inner functions is the following

theorem.

Theorem 4.5.2. Let = (a,s,p) : D — P be a rational P-inner function of degree
(m +n,n). Let a # 0 and let an inner-outer factorization of a be given by a = a;,a0u,
where a;, is an inner function of degree m and a,,; is an outer function. Then there exist
polynomials A, E, D such that

(1) deg(A),deg(E),deg(D) < n,

@ B =B (B0 EXE/N)

(3) D(X) #0 for all A € D,

(4) |[E(N)| <2|D())| for all A € D,

(5) A is an outer polynomial such that |[A(N)|> = [D(A)|> = 3| E(\)|* for A € T,

(6) a= amé on D,

D
(7) s = % on D,
8) p= Dl;n on D. (DN”()\) def AnD(1/X))

Theorem 4.5.6. (Converse to Theorem 4.5.2) Suppose polynomials A, F, D satisfy
(1) deg(A),deg(E),deg(D) <n,
(2) B = E,
(3) D(X) #0 for all A € D,
(4) |[E(N)| < 2|D(V)] for all A € D,
(5) A is an outer polynomial such that [A(X)[* = |[D(A)[> — $|E(X)]? for A € T,
(6) a;y is a rational inner function on D of degree < m.

Let a, s,p be defined by

A E D~ _
a:amﬁ, 3:5 and p= D on D.

Then x = (a, s,p) is a rational P-inner function of degree less than or equal (m + n,n).

2



1.2. Main results

The pentablock P is closely related to the symmetrized bidisc
GY{(z4w 2w): |z <1, w| <1}
Note that P is fibred over G by the map

(a,s,p) = (s, D).

We denote by I' the closure of G. Recall that a I'-inner function A is an analytic map

from D to I whose radial limit

lim A(r\)

r1-
almost everywhere on T lies in the distinguished boundary bl of I" [6]. It was shown in
[6] that any rational I'-inner function h of degree n can be presented as h = %, %),
where E, D are polynomials of degree < n and the following conditions are satisfied:
E~" =E, |[E(\)] <2|D(A\)| on D and D(A) # 0 on D. In [6] the royal polynomial Ry, of

h was introduced. It is defined by
Ru(\) =4D(\)D~"(N\) — E(\)2.

We call the points o € D such that R, (o) = 0 the royal nodes of h.

Proposition 4.5.7. Let 2 = (0,s,p) : D — P be a rational P-inner function. Then
z = (0,2¢, ¢?), for some rational inner function ¢ : D — D. Moreover, z(\) € Rz NP
for all A € D and z()\) € bP N Rz for almost all A € T.

Definition 1.2.1. The royal variety Rr of the symmetrized bidisc is

Rr = {(s,p) € C* : s* = 4p}.

E D™ —
Every rational I'-inner function h = (5, T) such that (D) € Rr N T allows us
to construct a family of rational P-inner functions.

E D~
D D
polynomials such that deg(FE), deg(D) < n, E~" = E, |[E(\)| < 2|D(\)| on D and
D()\) # 0 on D. Let A be an outer polynomial such that

Theorem 4.5.5. Let h = ( > be a rational I'-inner function, where E, D are

AP = DO ~ 1B

D~
D

A FE
Then, for every finite Blaschke product B and |c| =1, z = (CB D ) is a rational
P-inner function.

The next theorem provides an algorithm for the construction of rational P-inner func-

tions from the zeros of a, s and the royal nodes of (s, p).

3



1.2. Main results
Theorem 4.6.5. Suppose that o, a9, ..., a € D and 71,72, ...,7m, € T, where 2k, +

ki = n and suppose that S31, fs, ..., Bm € D. Suppose that oy,...,0, in D are distinct
from 71,...,mr,. Then there exists a rational P-inner function = (a, s,p) of degree
< (m 4+ n,n) such that

(1) the zeros of a in D, repeated according to multiplicity, are 5, fa, ..., Bm,

(2) the zeros of s in D, repeated according to multiplicity, are aq,as, ... , 0, and

My T2y -+ 5 Mk s
(3) the royal nodes of (s,p) are oq,...,0,.

Such a function x can be constructed as follows. Let ¢, > 0 and let t € R\ {0}. Let R
and E be defined by

n

k‘o kl

E) =t]J(h = ay)(t —ag) [ [ ie 2 (A =)

Jj=1 J=1

where 7; = e 0 < 0; < 2m. Let a;, : D — D be defined by

@) = <[] Ba V).

where |¢| =1, §; € D and Bg,(z) = - _Eﬁi for z € D.

(i) There exist outer polynomials D and A of degree at most n such that
ATMR(A) + [E()]F = 4DV
and
ATTR(A) = 4|AN)?
for all A € T.
(ii) The function z defined by

iy )_( AED’“")
€T = (I,S,p - aan7D7 D

is a rational P-inner function such that deg(z) < (m +n,n) and conditions (1), (2)

and (3) hold. The royal polynomial of (s,p) is R.

1.2.2 On a Schwarz lemma for the pentablock P

In Chapter 5 we prove a Schwarz lemma for P. There is a well developed theory of

Schwarz lemmas for various domains by many authors. Agler, Lykova and Young proved

4



1.2. Main results

the following result for the pentablock P.

Proposition 5.3.1. [4, Proposition 11.1] Let Ay € D\ {0}, (ag, 50,p0) € P. If z €
Hol(D, P) satisfies z(0) = (0,0,0) and x(\g) = (ao, So, po) then

2|50 — Sopo| + |s§ — 4pol
4 — [so|?

|So| < 2, S ‘)\0‘

and

< [ Xol

1.3
|a0|/ 1_¢
14+ /1—18)?

where = (so —Sopo)/(1 — [po|*) when |po| <1 and 3 = 3

350 when [pg| = 1.
We have proved Theorem 5.1.6 and Theorem 5.3.4.

Theorem 5.1.6. Let A\ € D\ {0}, and (aq, 50, p0) € P, where s9 = A1 + X, po = A1 )a,

for some A, Ay € D. Then the following are equivalent:

I

(i) there exists an analytic map F': D — B2*2 such that

(1) [M] < JAol, [A2] < |Aol, and

At

Ao

lag| < [Ao (1 -

F(0) =0 and F(\) = [Al f] .

Furthermore, z(\) = 7o F(\), for A € D, is an analytic map from D to P such that
z(0) = (0,0,0) and z(\g) = (ao, So, Do)

Recall that the map 7 is defined by equation (1.2).
To prove a Schwarz lemma for the pentablock we need Theorem 1.1 and Theorem 1.4

from [11] on a Schwarz lemma for the symmetrized bidisc. Recall [11, Theorem 1.1].

Theorem 1.2.2. [11, Theorem 1.1] Let A\g € D and (so, po) € I'. The following conditions

are equivalent:

(1) there exists an analytic function ¢ : D — T such that (0) = (0,0) and @(X) =
(307]70);
(2) |so| <2 and

2]s0 — poSo| + |s5 — 4po|
4 — [so|?

< |/\0|;

|80|2

(3) [1Mol*s0 — poSo| + [pol® + (1 — [Ao]?) 1

- |>\0|2 S 07'

bt



1.3. Description of results by section

B (Moll1 = po®] = [Iof* — po?|)

2
1 — |Ao?

where w s a complex number of unit modulus such that so = |so|w.

Moreover, for any analytic function ¢ = (@1, p2) : D — T' such that ©(0) = (0,0),

1 ,
5‘%01(0” + o (0)] < 1.

Theorem 5.3.4. Let \g € D\ {0}, and (ag, so, po) € P. Then the following conditions

are equivalent:

(1) there exists a rational P-inner function z = (a,s,p) : D — P such that z(0) =
(Oa 07 O) and l'()\g) = (a07 507p0);

(2) there exists an analytic function x = (a, s,p) : D — P such that z(0) = (0,0, 0) and
z(Xo) = (ao, s0,po), and |ao| < [Ao4/1 — §ls0]?;

(3)

2|50 — poSo| + |55 — 4po|
4 — |so|? -

1
[aol < [Aoly/1 = 7 ]sol*.

The construction of an interpolating function = = (a, s,p) : D — P such that z(0) =

|50‘ < 2,

and

(0,0,0) and x(Ag) = (ao, So, Po) is given in Theorem 5.3.2.

1.3 Description of results by section

In Chapter 2 we recall definitions of the symmetrized bidisc G and its closure I'. In
Proposition 2.1.3 from [3], we recollect the characteristics of the distinguished boundary
of G. The definition of a I'-inner function and the definition of the degree of such function
are also included in this chapter. Finally, Proposition 2.1.12 from [6] provides a description
of rational I'-inner functions h = (s, p) of prescribed degree n, and Theorem 2.1.18 from
[6] describes how to construct all such functions from the zeros of s and the royal nodes
of h.

In Chapter 3, we recall the main properties of the pentablock. The majority of the
definitions and outcomes in this chapter are from [4]. Theorems 3.2.3 and 3.2.4 provide
the characterisations of points in 7 and P respectively. Theorem 3.4.2 gives a description
of the distinguished boundary of P. In Section 3.5, we identify the singular set of P which
is R5 NP ={(0,s,p) € P: s> = 4p}, see Proposition 3.5.1. We recall the automorphism
group of P and show that R NP is invariant under Aut P and is a complex geodesic in

P.



1.4. Historical remarks

Chapter 4 begins with definitions of inner and outer functions in H?(D), where 0 < p <
oo, from [44]. We define the P-inner functions. Then, in Section 4.2, we construct
numerous examples of P-inner functions. In Section 4.3, we establish relations between
[-inner functions and P-inner functions, see Lemma 4.3.1 and Proposition 4.3.2. In
Theorem 4.5.2, we provide a description of rational P-inner functions. In Theorem 4.5.5,
we show the construction of rational P-inner functions from a rational I-inner function.
In Theorem 4.6.5 we describe the construction of rational P-inner functions from zeroes
of a,s and s? — 4p.

Chapter 5 begins with the statement of the classical Schwarz lemma. In Theorem
5.1.6 we prove a special case of a Schwarz lemma for P. In particular, we consider the
case when r = 7o F is an analytic map from D to P such that z(0) = (0,0,0) and
x(Xo) = (ao, S0, o), where F': D — B2*? is an analytic map such that

F(0) = 0 and F(\) = [Al f] :

In Theorem 5.3.2 we give sufficient conditions for a Schwarz lemma for P. Namely, we
provide sufficent conditions on the pairs A\ € D and (ag,sg,po) € P that ensure the
existence of a function 2 € Hol(ID, P) such that x(0) = (0,0,0) and x(X\g) = (aq, 50, Po)-

In Theorem 5.3.4 we prove a Schwarz lemma for P.

1.4 Historical remarks

For an m x n-matrix A and a linear subspace E of C™*" the structured singular value of
A relative to F is

pe(A) = (inf{| X||: X € E,1 — AX is singular})™". (1.3)
The pp-synthesis problem can be stated as follows: for given distinct points Ay, ..., A\ €
D and target matrices Wy, ..., W, € C™*" does there exists an analytic m X n matrix-

valued function F on D such that
F\)=W,; forj=1,...,¢, and

pe(F(N) < 1, for all A € D?

There are several papers on inner functions from ID to various domains associated with
p-synthesis problem. The symmetrized bidisc G (1.4), the pentablock P and the tetra-
block E (1.5) are examples of domains in C? which arise in connection with p-synthesis

problems.

In [9] Agler and Young introduced the symmetrized bidisc which is defined to be the

7



1.4. Historical remarks

set
GY{(z+w 2w): |z <1, w| <1} (1.4)

We denote its closure by I'. Let r be the spectral radius defined, for A € C?*2, by
r(A) = max{|A| : A is an eigenvalue of A}.

10
Note that r(-) is the special case of ug(-) when £ = C 01 C C**2,

The ppg-synthesis problem in the case of 2 x 2 matrices with ug(A) = r(A) becomes the

2 x 2 spectral Nevanlinna-Pick problem that can be stated as follows.

Question 1.4.1. Let \i,..., \; be distinct points in D. Let Wy,..., W € C**2 be such
that r(W;) <1 for j =1,...,n. Does there ezist a holomorphic 2 x 2 matriz function F
on D such that F(\;) =W forallj=1...,k, and r(F(X)) <1 for all \ € D?

Agler and Young showed in [13] that this question is equivalent to an interpolation
problem in the set of holomorphic functions from the disc to the symmetrised bidisc.
Costara showed in [24] that the symmetrised bidisc is not biholomorphic to a convex
set. Agler and Young in [11] determined that the Carathéodory distance Cg and the
Kobayashi distance Kg in G are equal. Lempert’s Theorem asserts that for any bounded
convex domain 2 C C", Cy = Kq, see [39] and Chapter C. The symmetrized bidisc G
was the first example of a domain of holomorphy which is not biholomorphic to a convex
domain and for which Carathéodory and Kobayashi distances coincide (see Chapter C).
Edigarian improved on this result in [30], showing that the symmetrised bidisc cannot
be exhausted by domains biholomoprhic to convex ones. A rational I'-inner function is
an analytic function h : D — I'" with the property that h maps the unit circle T to the
distinguished boundary bI' of I". In [6] the authors developed an explicit and detailed
structure theory for the rational I'-inner functions. In [11] Agler and Young proved an
explicit, sharp Schwarz lemma for the symmetrized bidisc.

The pentablock P, defined in Difinition 1.1, arose in connection with the pg-synthesis

problem in the case of 2 x 2 matrices A with pg(A), where

e 01
Y span « id,
00

is the space of 2 x 2 matrices spanned by the identity matrix id and a Jordan cell. P
was first introduced in [4] by Agler, Lykova and Young. The authors establish the basic
complex geometry and function theory of P. They showed the close relation between
the symmetrized bidisc I' and the pentablock P. The distinguished boundary of P and
a group of automorphisms of P were described in [4]. In [38] Kosinski proved that this
group is the full group of automorphisms of P. The fact that P is a C-convex domain

was proved by Su in [45].



1.4. Historical remarks

The tetrablock is the domain defined as
E={recC®:1—mz2—mw+ 32w #0 for |2| < 1,|w| <1} (1.5)

and its closure is denoted by E. This domain was introduced by Abouhajar, White and
Young in [1]. The p-synthesis problem connected to the tetrablock is the pip;q,-synthesis

problem from D to C**2, where

Diag:—{[z 0] :z,wE(C}.
0 w

In [27] Edigarian, Kositiski and Zwonek showed that the equality between the Lempert
function and the Carathéodory distance stays true in the tetrablock. An explicit and
detailed structure theory for rational tetra-inner functions was developed by Alsalhi and
Lykova in [16]. In [17] Alshammari and Lykova gave a prescription for the construction of
a general rational tetra-inner function of degree n. A Schwarz lemma for E was proved in
[1]. In [29] Edigarian and Zwonek gave the form of all extremals in the Schwarz Lemma
for the tetrablock.

Since Agler and Young’s first paper on the subject, the study has led to other domains
related to cases of p-synthesis. Under the supervision of Young, D. J. Ogle studied the
symmetrised n-disc in his thesis, see [41]. In his thesis he provided criteria for the exis-

tence of a solution to the n x n spectral Nevanlinna-Pick problem.

In [19], Bharali presented a large family of domains related to the p-synthesis problem,
called 1 ,-quotients. This family contains some known domains, such as the symmetrized
polydisc and the tetrablock. The author studied analytic interpolation from D into the
space of n X n matrices A with structured singular value p;,(A) less than 1. In [47],
Zapatowski introduced the generalized tetrablock. In his paper he investigated the geo-
metric properties of this domain containing the family of the p;,-quotients E,,n > 2.
Zapatowski proved that the generalized tetrablock cannot be exhausted by domains bi-
holomorphic to convex ones. Additionally, the author showed that the Carathéodory
distance and the Lempert function are not equal on a large subfamily of the generalized
tetrablocks for E,,n > 4.

Aside from their use in the study of u-synthesis, these domains have turned out to
have many properties of interest to specialists in several complex variables and operator

theory.

A set V in a domain U in C™ has the norm-preserving extension property if every
bounded analytic function on V' has an analytic extension to U with the same supremum

norm. In [7], Agler, Lykova and Young proved that an algebraic subset V' of the sym-

9



1.4. Historical remarks

metrized bidisc G has the norm-preserving extension property if and only if V' is either a
singleton, G itself, a complex geodesic of G, or the union of the set {(2z,2%) : |z| < 1} and
a complex geodesic of degree 1 in G. They showed in [7, Theorem 15.3] that the tetrablock
and the pentablock contain sets having the norm-preserving extension property which are
not retracts in the respective domains.

In [21], Bhattacharyya, Pal and Shyam Roy show the existence and uniqueness of
solution to the operator equation for a I'-contraction (S, P) and construct an explicit
[-isometric dilation of a I'-contraction (S, P). Here, for a contraction P and a bounded

commutant S of P, a solution X of the operator equation
S—8*P=(I-PP2X(I—-PP):,

where X is a bounded operator on Ran(I — P*P)2 with numerical radius of X being not
greater than 1. A pair of bounded operators (S, P) which has I' as a spectral set, is called

a I'-contraction.

10



Chapter 2. The symmetrized bidisc

2.1 I'-inner functions

Definition 2.1.1. The symmetrized bidisc is the set
G Y {(z+w,z2w): |2 <1, |w| <1}, (2.1)

and its closure s
F={(z4+w,zw):|z| <1, Jw <1}.

Remark 2.1.2. The pentablock is closely related to the symmetrized bidisc. Indeed, from
the definition (1.1), P is fibred over G by the map (a,s,p) — (s,p), since if A € B?*?
then the eigenvalues of A lie in D and so (tr A,det A) € G. See [4, Section 2, Page 510].

In 1999 Agler and Young introduced the symmetrized bidisc in [9]. There is a strong
connection between the symmetrized bidisc and the pentablock. Following [9] we shall
often use the co-ordinates (s, p) for points in the symmetrized bidisc G, chosen to suggest
'sum’ and 'product’. The following results afford useful criteria for membership of G, of
the distinguished boundary bI" of I (see Section 3.4), and of the topological boundary o'
of I, see [3].

Proposition 2.1.3. [3, Proposition 3.2] Let (s, p) belong to C. Then

(1) (s,p) belongs to G if and only if
|s —3pl < 1—pl*
(2) (s,p) belongs to T if and only if
|s| <2 and |s —3p| < 1—|pf*
(3) (s,p) lies in b if and only if

Ip| =1,]s| <2 and s —3p = 0;

11



2.1. T'-inner functions

(4) (s,p) € O if and only if

|s| <2 and |s —35p| =1 — |p|*.

For w € T, define the function &, : I' = C by

2wp — s

D, (s,p) = ®(w, s,p) = for (s,p) € I such that ws # 2. (2.2)

2 —ws

Theorem 2.1.4. [12, Theorem 2.1] Let s,p € C. The following statements are equivalent:
(1) (s,p) € G;
(2) the roots of the equation 2* — sz +p = 0 lie in D;
(3) |s —spl < 1—Ipl*;

(4) |s| < 2 and, for all z € D,
22p — s

<1

2—zs
(5) |p| < 1 and there exists B € D such that s = Bp + ;
(6) 2|s —3p| + [s* — 4p| + |s]* < 4.

In this thesis an automorphism of a domain €2 is an analytic bijective self-map of €2
having an analytic inverse. Note that if f : Q — € is analytic and bijective, then f~! is
automatically analytic. The following is well known.

For a € D define

zZ—

Ba<z)

(2.3)

1—-az
The rational function B, is called a Blaschke factor. A Mobius function is a function
of the form ¢B, for some « € D and ¢ € T. The set of all Mobius functions is the
automorphism group Aut D of D.

The group of automorphisms of G was announced by Agler and Young in [12, Section
6]. A shorter proof was found by M. Jarnicki and P. Pflug [35] and the result has been
extended to the symmetrized polydisc by A. Edigarian and W. Zwonek [28].

Theorem 2.1.5. [14, Theorem 4.1] The automorphisms of the symmetrized bidisc G are
of the form
To(21 + 22, 2120) = (V(21) + v(22),v(21)v(22)), 21,20 € D,

for some automorphism v of the unit disc .

12



2.1. T'-inner functions

Definition 2.1.6. The royal variety Rr of the symmetrized bidisc is

Rr = {(s,p) € C* : s* = 4p}.

Lemma 2.1.7. [14, Lemma 4.3] Every automorphism of G maps the royal variety to
itself.

See Chapter D for detailed proofs.

[-inner functions were defined and studied in [3].

Definition 2.1.8. A T'-inner function is an analytic function h : D — T such that the
radial limit
lim A(r\) (2.4)

r—1-
exists and belongs to bI' for almost all A € T with respect to Lebesgue measure.

By Fatou’s Theorem, the limit (2.4) exists for almost all A € T.

Definition 2.1.9. Let f be a polynomial of degree less than or equal to n, where n > 0.
Then we define the polynomial f~" by

F7HA) = AT,

In the next definition we use the fundamental group 7 (X) of a topological space X,
see Chapter B.

Definition 2.1.10. [6, Definition 3.1] The degree deg(h) of a rational I'-inner function
h is defined to be h,(1), where h, : Z = m(T) — w1 (bI") is the homomorphism of funda-

mental groups induced by h when it is regarded as a continuous map from T to bI.

Proposition 2.1.11. [6, Proposition 3.3] For any rational I'-inner function h = (s,p),
deg(h) is the degree deg(p) (in the usual sense) of the finite Blaschke product p.

Note that p is a rational inner function on D of degree n (that is, a Blaschke product

with n factors) if and only if there exists a polynomial D of degree less than or equal to

— D~ (A
n such that D(\) # 0 for all A € D and p(\) = Ti))’ see [6].

Proposition 2.1.12. [6, Proposition 2.2] If h = (s,p) is a rational I'-inner function of
degree n then there exist polynomials E and D such that

(1) deg(E),deg(D) < n,
(2) EX"=E,
(3) D(X) #0 for all X € D,

13



2.1. T'-inner functions

(4) |[E(N)| < 2|D(N)| for all X € D,

Furthermore, Ey and Dy is a second pair of polynomials that satisfy (1)-(6) if and only if

there exists a nonzero t € R such that
E1 =tE and D1 =tD.

Conversely, if E and D are polynomials that satisfy (1), (2), (4), D(X\) # 0 for all X € D,
and s and p are defined by (5) and (6), then h = (s,p) is a rational U'-inner function of

degree less than or equal to n.

Definition 2.1.13. [6, Page 140] Let h = (s,p) be a rational I'-inner function of degree
n. Let E and D be as in Proposition 2.1.12. The royal polynomial Ry, of h is defined by

Ria(\) = 4D(\)D™"(\) — E(N)2. (2.5)

We call the points A € D such that h()\) € Rr the royal nodes of h and, for such ),
we call h()\) a royal point of h, that is, 4p(A\) — s(A\)? = 0. There exists a special class
of rational I'-inner functions h such that hA(D) C Ry. These are precisely the rational
[-inner functions of the form h = (2f, f?) for some finite Blaschke product f. The royal
polynomials of h = (2f, f?) are identically zero. For completeness, we shall define the

degree of the zero polynomial to be —oo.

Remark 2.1.14. Since D(A\) # 0 for all A € D (see Proposition 2.1.12 (3)), the royal
nodes of h exactly correspond to the zeros of the royal polynomial R,. Hence, X € D is a
royal node of h if and only if Ry(\) = 0.

Proposition 2.1.15. [6, Proposition 3.5] Let h be a rational T-inner function of degree
n and let Ry be the royal polynomial of h as defined by equation (2.5). Then Ry, is

2n-symmetric and the zeros of Ry, that lie on T have either even or infinite order.

Definition 2.1.16. [6, Definition 3.6] Let h be a rational I'-inner function such that
h(D) ¢ RrNT and let Ry, be the royal polynomial of h. If o is a zero of Ry, of order ¢,
we define the multiplicity #o of o (as a royal node of h) by

l ifoeD
1y ifoeT.

2

Ho =

We define the type of h to be the ordered pair (n, k) where n is the sum of the multiplicities
of the royal nodes of h that lie in D and k is the sum of the multiplicities of the royal

14



2.1. T'-inner functions
nodes of h that lie in T. We define R?’k to be the collection of rational I'-inner functions

h of type (n, k).

Proposition 2.1.17. [6, Proposition 4.5] Let the royal nodes of a rational T-inner func-
tion h be o1, ...,0,, with repetitions according to multiplicity of the nodes as described in

Definition 2.1.16. The royal polynomial Ry, of h, up to a positive multiple, is
Ry(\) = [[Qs,(\), for XeC,
j=1

where the polynomial Q4 is defined by Qy(A\) = (A —0)(1 —G\), for o € D.

Theorem 2.1.18. [6, Theorem 4.8] Let n be a positive integer and suppose points
a1, 00,...,a5, € D and 7, 72,..., 7%, € T are given, where 2ky + k1 = n, and points
O1,...,0n in D are distinct from Ty, .. Ty,

There exists a rational I'-inner function h = (s,p) of degree n such that
(1) the zeros of s in D, repeated according to multiplicity, are oy, a, . .., and 71, Ta, . . ., Thy
(2) the royal nodes of h are o1,...,0,.

Such a function h can be constructed as follows. Let t, > 0 and let t € R\ {0}. Let
R and E be defined by

RO =t [T = o)1 =73

and

where T; = e 0 < 0; < 2m.

(i) There exists an outer polynomial D of degree at most n such that
AT'R(A) +EN)? = 4|D(V)

for all XN € T.
(ii) The function h defined by

o= (525

is a rational U'-inner function such that deg(h) = n and conditions (1) and (2) hold.
The royal polynomial of h is R.

Proposition 2.1.19. [6, Proposition 4.9] Let h = (s, p) be a rational I'-inner function of
degree n such that

15



2.2. The two-by-two spectral Nevanlinna-Pick problem and the I'-interpolation problem

(1) the zeros of s in D, repeated according to multiplicity, are o, qs,...,ay, € D,
T, T2y Ty € T, where 2ky + k1 =n, and
(2) the royal nodes of h are oy, ..., 0.

There exists some choice of t,. > 0, t € R\ {0} and w € T such that the recipe in
Theorem 2.1.18 with these choices produces the function h.

2.2 The two-by-two spectral Nevanlinna-Pick problem and the

[-interpolation problem

Agler and Young provided proofs of the connection between the two-by-two spectral
Nevanlinna-Pick problem and the I-interpolation problem in [10]. Instead of interpo-
lating from I into the 4-dimensional space of 2 X 2 complex matrices, they studied the

interpolation problem from I into the symmetrized bidisc I', which is a compact subset
of C2.

Theorem 2.2.1. [10, Theorem 2.1] Let Ay, ..., A\, € D be distinct and Ay, ..., A, € C¥>2
Suppose that either all or none of Ai,..., A, are scalar matrices. The following are

equivalent:

(1) there exists an analytic 2 x 2 matriz function F : D — C**? such that

r(F(\) <1 forall x\eD and F(\)=A, k=1,...,n;

(2) there exists an analytic function h : D — T such that

h()\k> = (tr Ak,detAk), k= 1, oo, n.

Theorem 2.2.2. [2, Theorem 8.1] Let Ay, ..., A\, € D be distinct and let (sg,px) € T for

k=1,...,n. The following are equivalent:

(1) there exists an analytic function h : D — ' such that
h()\k):<5k,pk), k’Il,...,n.

(2) there exists a rational T'-inner function h : D — T' satisfying

h(Ak):<Skapk)> kzla"'?”'
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Chapter 3. The pentablock P

3.1 The pentablock P
Definition 3.1.1. [4] The pentablock is the domain defined by
7) == {(agl,tr A, det A) A= [aij]?,jzl c B2X2} (31)

where B2*? denotes the open unit ball in the space of 2 x 2 complex matrices.

Recall that P = 7 (B**?), where the polynomial map implicit in the definition (3.1)

can be written as
7(A) = (ag, tr A,det A), where A = [aij]ijzl e C2x2,

The pentablock, which is a bounded nonconvex domain in C?, was introduced in [4] in
2015 by Agler, Lykova and Young.

Definition 3.1.2. [4, Definition 4.1] For z € D and (a, s,p) € C? such that 1—sz+pz? # 0
define ¥, (a, s,p) by

a(l —|2%)
U, (a,8,p) = =" 1E1) 2
(@.50) = 70— (3.2)
and define k(s,p) by
1— |2
k(s,p) = sup

zeb |1 — sz 4+ p2?|
Theorem 3.1.3. [4, Theorem 1.1] Let
(s,p) = (A1 + A2, A Ao)

where A1, Ay € D. Let a € C and let

S —Sp

="
1—[p|?

Then || < 1 and the following statements are equivalent:
(1) (a,s,p) € P;
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3.1. The pentablock P
(2) there exists A € C**? such that pp(A) < 1 and w(A) = (a,s,p); (up(A) is defined

in equation (1.3))

3 1-
(3) la| < 1+W|
(4) Jal < 31 =Doh] + 51— [MH)E(1 = M)z,
(5) SUPep |\Ilz(aa37p)| <L
Proposition 3.1.4. [4, Proposition 4.2] For 3 € D and (s,p) = (8 + Bp,p) € G,
i |

K(S,p): l1-—
‘ 1+ /1|52

Moreover the supremum of ‘1%

o] over z € D s attained uniquely at the point

5
Ty VI

A domain 2 is said to be polynomially convex if for each compact subset K of €2, the

polynomial hull K of K is contained in ), where K is defined as
K={zeQ:p()| < max |p(k)| for all polynomials}.
S

Theorem 3.1.5. [4, Theorem 6.3] P and P are polynomially convez.

The pentablock is a Hartogs Domain [38]. Following the description of the
pentablock P, we can learn that the pentablock P is closely related to the symmetrized
bidisc G. In fact, the pentablock P can be seen as a Hartogs domain in C® over the

symmetrized bidisc G, that is,
P = {(a,s,p) eEDxG:|a?* < e_(p(s’p)},

where
=
8
1++/1- 82|

¢(s,p) = —2log |1 —

(s,p) €G and 3 = =&

1—[p|*"
Hartogs domains are important objects in several complex variables.

Definition 3.1.6. [36, page 259] A domain D C C" is called C-convez if for any complex
line { = a+bC, 0 # a,b € C" such that £ N D # (), this intersection £ N D is connected

and stmply connected.

Theorem 3.1.7. [45, Theorem 1.1] The pentablock P is a C-conver domain.
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3.1. The pentablock P

1,0-1) #

(-1,0-1

Figure 3.1: The real pentablock

Theorem 3.1.8. [4, Theorem 9.2] The real pentablock P NR3 is convez.

Theorem 3.1.9. [4, Theorem 9.3] P NR3 is a conver open domain with five faces and
with the four vertices (0,—2,1), (0,2,1), (1,0,—1) and (—1,0,—1). The faces are the

ollowing sets:
J g
(1) the triangle with vertices (0,2,1), (1,0, —1) and (—1,0, —1) together with its interior;

(2) the triangle with vertices (0,—2,1), (1,0, —1) and (—1,0, —1) together with its inte-

7107

(3) the ellipse
{(a,5,1):a®* +s*/4=1,-2<5<2}

with centre at (0,0,1), with magjor axis joining the points (0,2,1) and (0,—2,1) and

with minor azis joining the points (1,0,1) and (—1,0,1), together with its interior;
(4) a surface with vertices (1,0,—1) and (0,—2,1), (0,2,1) and boundaries:
e {(a,s,1):a=+/1—-52/4,-2<s5<2};

e the straight line segment joining (0,—2,1) and (1,0,—1);

e the straight line segment joining (0,2,1) and (1,0, —1);

(5) a surface with vertices (—1,0,—1) and (0,—2,1), (0,2,1) and boundaries:

o {(a,8,1):a=—/1—-52/4,-2<s<2};
e the straight line segment joining (0,—2,1) and (—1,0,—1);

e the straight line segment joining (0,2,1) and (—1,0,—1).
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3.2. The pentablock and the pg-synthesis problem

3.2 The pentablock and the pp-synthesis problem

The pentablock is connected to the following p-synthesis notion:

for a 2 x 2-matrix A,

pp(A) = (inf{| X||: X € E,1 — AX is singular}) ™",

e 0 1
Y span « id,
00

is the space of 2 x 2 matrices spanned by the identity matrix id and a Jordan cell.

where

Proposition 3.2.1. [4, Proposition 4.3] For any matriz A = [a;;] € C**%,

lSB
A) <1 ifand onlyif (s,p) € G and |ay| < |1 — —2—c—
p(A) < 1 if and only i (5,9) o < |1~
and
lsg
pp(A) < 1 ifand only if (s,p) €T and |an| < ‘1——2
NV

where s = tr A, p=det A and = (s —3p)/(1 — [p|*).

Definition 3.2.2. [4, Definition 3.3] B, is the domain in C*** given by
B, ={A € C*?*: up(A) < 1}.
P, is the domain in C* given by

P, = {(aan, trd, detA) : A € T, pup(A) < 1} € C*.

Theorem 3.2.3. [4, Theorem 5.2] Let

(5,p) = (B+Bp,p) = (M + Ao, Mde) € G
and let a € C. The following statements are equivalent:
(1) (a,s,p) € P;
(2) (a,s,p) € Pu;
®) la < 1- 2,
(1) Jal < 311 =Tl + 31— M P)R(1— PP
(5) sup,ep|Vs(a,s,p)| < 1, where ¥, is defined by equation (3.2).
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3.3. Analytic lifting

Theorem 3.2.4. [4, Theorem 5.3| Let

(s,p) = (B4 Bp,p) = (M1 + Ao, MA) €T

where |B| < 1 and if |[p| = 1 then 8 =

equivalent:

%s. Let a € C. The following statements are

(1) (a,s,p) € P;

(2) (a,s,p) € Py;

®) lol < - 2,

(4) Ja] < 31— DM |+ 3(1 = M2 (1= hof?)2;

(5) |¥.(a,s,p)| <1 for all z € D, where V, is defined by equation (3.2);
(6) there exists A € C**? such that |A]| <1 and ©(A) = (a, s,p);

(7) there exists A € C**? such that ug(A) <1 and 7(A) = (a, s, p).

3.3 Analytic lifting

In the present context the p-synthesis problem is an interpolation problem for analytic
functions from D to B,. If H : D — B, is an analytic function satisfying interpolation
conditions H(\;) = W, for given points Ay,..., A, € D and target points Wy,..., W, €
B, then I ©roH:D— Pis an analytic function that satisfies

h(X;) =m(W;) for j=1,...,n

Let U be a domain in C". Hol(ID, U) denotes the space of analytic functions from D
to U.
We say that H € Hol(D,C**?) is an analytic lifting of h € Hol(D,P) if 7 o H = h. We
say that H is a Schur lifting of h if mo H = h and H belongs to the matricial Schur class

Soxz & {F € Hol(D,C2*2) : |F(\)|| < 1 for all A € D}
If H is an analytic lifting of h then H € Hol(D,B,,).

Example 3.3.1. [4, Example 12.1] Let h(A) = (A,0,A). This ~ € Hol(D,P) lifts to

H € 5545 given by
0 -1
H(\) = .
W=
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3.4. The distinguished boundary of P
Here H()\) does not belong to the open matrix ball B for any A € D. The construction

in Theorem 3.2.3 (4) gives the following non-analytic lifting of (\,0,A) € P to B:

oy - [ DA -y
A i ADEG

where ( is a square root of \.

Example 3.3.2. [4, Example 12.2] Let h(\) = (A\?,0,\). Then h € Hol(D, P), but there
is no H € Hol(DD, C**?) such that h = 7o H.

Proof. Suppose that H is such that h = w o H. We can write

H=|"1"9
AT

for some g,n in Hol(D, C). Since det H = A we must have
n(A)? ==X = Ng())

for A € D. This is a contradiction, since the right hand side has a simple zero at 0, while

the left hand side has a zero of multiplicity at least 2. n

Proposition 3.3.3. [4, Proposition 12.4] A function h = (a, s,p) lifts to Hol(D, C**?) if

and only if there is no point a € D such that, for some odd positive integer n,
(1) « is a zero of 3s* — p of multiplicity n and

(2) « is a zero of a of multiplicity greater than n.

3.4 The distinguished boundary of P

Let Q be a domain in C™ with closure 2 and let A(Q2) be the algebra of continuous scalar
functions on € that are holomorphic on Q. A boundary for Q is a subset C of Q such that
every function in A(Q2) attains its maximum modulus on C.

Since P is polynomially convex, there is a smallest closed boundary of P, contained in all
the closed boundaries of P, called the distinguished boundary of P and denoted by bP.
The distinguished boundary of P is the same thing as the Shilov boundary of the function
algebra A(P). If there is a function g € A(P) and a point u € P such that g(u) = 1 and
lg(x)] < 1 for all z € P\{u}, then u must belong to b¥P. Such a point u is called a peak

point of P and the function g a peaking function for u.

e 1
z%ﬂ{m&Me@:@mewmwzwu@Mﬁ.
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3.5. The singular set of P and Aut P

o 1
K& {(a,s,p) € C?: (s,p) € b, |a] <4/1— Z|S|2} (3.3)

Proposition 3.4.1. [4, Proposition 8.3] The subsets Ko and K, of P are closed bound-
aries for A(P).

and

Theorem 3.4.2. [4, Theorem 8.4] For x € C3, the following are equivalent:
(1) z € Ky;

(2) x is a peak point of P;

(3) x € bP, the distinguished boundary of P.

1
1P = { () €€ () 01, ol = 1 J1s
3 — 1
bP =< (a,s,p) €C°: |s| <2, |p|=1, s=3pand |a| = 1_Z’S|2 :

Theorem 3.4.3. [4, Theorem 8.5] The distinguished boundary bP is homeomorphic to

Therefore

and so

{(V1—=22w,2,0): =1 <x<1,0<60<2m weT}

with the two points (v/1 — 22w, z,0) and (V1 — x?w, —x, 2m) identified for every w € T
and x € [—1,1].

3.5 The singular set of P and Aut P

Recall that P = 7(B**?), where 7 : C**? — C3 is defined as m : A — (ag1, tr A, det A).
We define the singular set of P = 7(B?*?) to be the image under 7 of the set of critical
points of 7. Recall that the set of critical points of the map 7 is the set m({4 € B**? :
J:(A) is not of full rank}), where J,(A) is the Jacobian matrix of 7.

Proposition 3.5.1. The singular set of the pentablock is Sp = {(0,s,p) € P : s* = 4p}.

Proof. The Jacobian matrix of m, J(A), is defined by

—077'1 871'1 871’1 871'1 T

0@11 0@12 8a21 8@22

877'2 871'2 671'2 871'2
day;  Oaya  Oazy  Oags

(971'3 871'3 87’(’3 8773
L Oay;  Oaja  Oazr  Oag
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3.5. The singular set of P and Aut P

for
@11 A2

c (C2><2

Q21 Q22
Thus,
0 0 1 0
I.AH=|1 0o 0o 1
Q22 —a21 —ai12 a4n
Note that J,(A) is not of full rank if and only if rank J.(A) < 2. That means all 3 x 3
minors of J.(A) are zero. Let us find all 3 x 3 minors of J,(A).

0 0 1
1 0
1 0 0 | = = —aoq,
Q22 —a21
Qo2 —021 —0A12
0 1 0
0 1
0 0 1 - — ‘ = —a21,
—Q21 Al
—Qag91 —di2 A1l
0 0 0
1 0 11=0,
Q22 —Q21 0A11
0 1 0
1 1
1 0 1| =-— = —daiy + aga.
Q22 A11

Q22 —Q12 d11

Thus J,(A) is not of full rank if and only if as; = 0 and a1 = ag.
Therefore,

Sp = m({A € B*?: J(A) is not of full rank}) = 7T<A =

Here s = tr A and p = det A. n

By analogy with the established terminology for the symmetrized bidisc, we define the

royal variety of the pentablock as
Rz = {(0,s,p) € C*: s* = dp}.
Remark 3.5.2. The singular set of the pentablock can be presented as Sp = {(0,s,p) €
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3.5. The singular set of P and Aut P

P:(s,p) € RrNG}.

Lemma 3.5.3. Let (a,s,p) € bP. Then the following conditions are equivalent:

(i) (a,s,p) € BP N Ryp;
(iii) |s| = 2.

Proof. By assumption, (a,s,p) € bP, that is, |s| < 2, |p| = 1, s = 5p and |a| =

1— %[s|%

(i) < (iii) Suppose a = 0, then /1 — 1]s|> = 0. Hence |s| = 2. The converse is obvious.
i) = (ii) Suppose a = 0, it implies that |s|* = 4, and so ss = 4. Thus ssp = 4p. Since
s = sp, we have s> = 4p. Recall that R = {(0,s,p) : (s,p) € G, s* = 4p}. Hence
(0, s,p) € bP N R.

(ii) = (iii) Suppose (a, s,p) € bP N Rs. Thus a = 0. Since (a, s, p) € bP and a = 0, we
get 0 = |a] = /1 — 1[s|?. Hence |s| = 2. O

The automorphism group of P. Recall the known information on the automor-
phism group Aut P of P. For w € T and v € Aut D, let

fuv(a,s,p) = (wn(l——MQ)a Tv(s,p)) (3.4)

l1—as+ap’

—_a is a Blaschke factor and 7, € Aut G is

where v =nB, fora € D, n € T, B,(2) = il
—az

defined by
(2 + w, zw) = (v(2) + v(w), v(z)v(w)).

Theorem 3.5.4. [4, Theorem 7.1] The maps fuw, for w € T and v € Aut D, constitute
a group of automorphisms of P under composition. FEach automorphism f,, ertends
analytically to a neighbourhood of P.

Moreover, for all wi,wy € T, vi,v9 € Aut D,

fwlvl © fw2U2 = f(wlwz)(v10v2)>

and, for allw € T, v € Aut D,
(fwv)_l - f@v*L

L. Kosinski [38] has proven that the set {f,, : w € T,v € Aut D} is the full group of

automorphisms of P.
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3.5. The singular set of P and Aut P
Lemma 3.5.5. R NP is invariant under Aut P.

Proof. Every element of Ry NP is of the form (0, s,p) € P where s* = 4p. By Theorem
3.5.4, any element of Aut P has the form: for w € T and v € Aut D,

funfa,sp) = (L1200 ).

1—as+a’p’

__Oé is a Blaschke factor and 7, € Aut G.
—az

It is easy to see that when a = 0, the first component of f,,(a, s, p), namely,
wn(1 — o) _

where v = nB, for a € D, n € T, B,(z) = 1Z

l—as+a’p
Thus
fwv(0>sap) = (OaTv(87p>)'

Since 7, € Aut G and (s,p) € Rr NG, by Lemma 2.1.7, 7,(s,p) € Rr N G. By definition,
RzNP = {(0, s5,p) EP: 8% = 4p}. Therefore, f,.,(0,s,p) € R NP. ]

Definition 3.5.6. Let U be a domain in C" and let D C U. We say D is a complex
geodesic in U if there ezists a function k € Hol(D,U) and a function C € Hol(U,D) such
that C o k =idp and D = k(D).

For a geometric classification of complex geodesics in the symmetrized bidisc G, see
[7].

Lemma 3.5.7. RN P is a complex geodesic in P.
Proof. Define the analytic functions k and ¢ by
E:D— P, k(\) = (0,—2),\?)

and
2wp — s

c:P =D, ca,s,p) = Py(s,p) = , weT.

2 —ws

2WA° 42X 2X\(wA + 1)
2+2wh  2(wA+1)

(¢ o k)(N) = c(k(N) = c(0, —2), \2) =

= A, which means

c O k’zldD

By the definition of R NP, it is easy to see that, Ry NP = k(D). Therefore Rz NP is

a complex geodesic in P. O
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Chapter 4. P-inner functions

4.1 Inner and outer functions in H>*(D)

In this section we recall definitions of inner and outer functions in H?(D), 0 < p < o0
from [44, Chapter III].

Definition 4.1.1. H?(D), 0 < p < oo is the Hardy class of analytic functions u on D

such that the corresponding norm

=

) P
sup % f027T lu(re™)|P dt if 0<p< oo,
Hqu: 0<r<1
sup [u(N)] if p=o00
AeD

s finite.

Definition 4.1.2. We call outer function every function on D which admits a represen-

tation of the form

1 2 it
u(\) = cexp {—/ ‘ i ; logk(t) dt|, \eD,
0

27 ett

where
k(t) >0, logk(t) € L', (integrable function)

and ¢ is a complexr number of modulus 1.

The outer function u in Definition 4.1.2 belongs to H?(D), 0 < p < oo if and only if

k belongs to the Lebesgue space LP; in this case
lu(e™)| = k(t) a.e.

Recall that a rational inner function is a rational map f from the open unit disc D in
the complex plane C to its closure D with the property that f maps the unit circle T into

itself. See [23] for a survey of results, linking inner functions and operator theory.

Definition 4.1.3. An inner function is an analytic map f : D — D such that the radial
limat
lim f(rA)

r—1-
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4.1. Inner and outer functions in H>(ID)

exists and belongs to T for almost all X € T with respect to Lebesgue measure.

Definition 4.1.4. [8, page 2] A finite Blaschke product is a function of the form

B(z)=c[[ =2 forzeC\{/am..... 1/an},

111 — ;2

1=
where |c| =1 and aq, ..., a, € D.

Theorem 4.1.5. [32, Theorem 3| The rational inner functions on D are precisely the
finite Blaschke products.

One can see that the only functions which are at the same time inner and outer are
the constant functions of modulus 1.
The class of the outer functions belonging to H?(D) will be denoted by EP.

Theorem 4.1.6. [44] Every function uw € HP(D), 0 < p < oo such that u # 0, has a
“canonical” factorization

U = UinUout

into the product of an inner function u;,, and an outer function U, which are uniquely
determined up to constant factors of modulus 1. The function ., belongs to the class EP

and 1s given by the formula

1 2m it )\ )
Uout(N) = cexp {ﬁ/o Z“ i_ S log [u(e™)| dt|, X\ €D, (4.1)

where || = 1; w;, and ugy are called the inner factor and the outer factor of u, respectively.

Remark 4.1.7. From equation (4.1) it follows easily that if u,v and uv belong to Hardy

classes and do not vanish identically, then
(W0)out = UoutVour and (Uv)in = UinVin;

this holds in particular if w € H*(D) and v € HP(D), because then uv € HP(ID).
In this thesis we will study properties of inner functions from ID to P.

Definition 4.1.8. A P-inner or penta-inner function is an analytic map f : D — P such
that the radial limit
lim f(r)\)

r—1-

exists and belongs to bP for almost all X € T with respect to Lebesque measure.

Remark 4.1.9. Let f : D — P be a rational P-inner function. Since f is rational and
bounded on I it has no poles in D and hence f extends to a continuous function on D.

Thus one can consider the continuous function
f:T — bP, where f(\) = hr{l f(rX) for all X € T.
r—1-
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4.2. Examples of P-inner functions

4.2 Examples of P-inner functions

Example 4.2.1. Let us consider an example of an analytic function f : D — P. Consider
the analytic map h : D — B2*? defined by

() 0
h(N) = [ 0 ¢(/\)] for A € D, (4.2)

where ¢, 1) € H*(DD) are nonconstant inner functions.

Note that [|[(N)]| = max{|p(N)],[(A)|} < 1 for A € D. Recall that 7 : C*** — C? is
defined by 7(A) = (a1, tr A, det A). By Definition 3.1.1, for all A € D,

fA) =m(h(X) = (0,tr h(X),det h(N)) € P.
Let, for A € D, a(X) =0, s(A) =tr h(A\) = p(A) +1¥(N) and p(A) = det h(A) = p(A)(N).
Clearly, f : D — P is an analytic function.

Let us check when f is P-inner. We need to check that f(\) € bP for almost every
A €T, that is, (s(A),p(N)) € b and /1 — 1[s(A)|> = 0 for almost every A € T. Note
that, for almost every A € T,

PV = LNV = leWI[YA)] =1, since [p(A)] =T and |p(A)] =1,

[s(MV] = [e(A) + V)] < [N+ [0 (A)] =2,

and

EIN) = (2 +2() (eNp(V) =
= oY) + e\ |p(V)])? =

Hence for almost every A € T, |p(A)] = 1, |s(A\)] < 2 and (5p)(A) = s(A), and so
(tr A(X),det h())) € bL.

Now, for almost every A € T,

L= Zls OO = 1= Zle) + e = 1= 3 (6 + () (G T 900) )

- 1- 3(1 + 14 2Re(p(AB(V) ) =1 - % - %Re(gp()\)m)
11 —

= 5~ I (i)

Hence |a| = y/1 — 1|s|> almost everywhere on T if and only if

Im(ip(A)1(A)) = 0, for almost every A € T,

N | —

1
2
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4.2. Examples of P-inner functions
if and only if Im(ip(A)y(A)) = 1 for almost every A € T. Therefore, |a| = \/1 — 3]s

almost everywhere on T if and only if p(A)i)()\) = 1 almost everywhere on T, and so,

©(A\) = 9¥()\) almost everywhere on T. Thus the function f is a P-inner function only

when ¢ = 1.

Example 4.2.2. Let hy : D — C?*2? be defined by h; = Uh, where h is defined by
equation (4.2) and

.
V2 V2
U= is a unitary matrix.

1. 1
—i ——=i

VR

Then, for A € D,

hi(A\) = Uh(A

Note that, for all A € D,

1A (N < 1AM = max{le(A)], [ (M)} < 1,

since U is unitary.
Hence h;(\) € B**2 for all A € D. Define f; = w o hy on D. Then, for A € D,

B (wu) () — iw(N)

A e = ,—wuw)). (4.3)

Clearly, f; : D — P is an analytic function since ¢, are analytic on D.
Let us check when the function f; is P-inner. We need to find conditions when f;

maps T into the distinguished boundary bP of P. Since ¢, 1) are inner functions, they
p — iy
V2

and

have unit modulus almost everywhere on T. Thus one can see that, for s =

p = —ipy, for almost every A € T,

PV = [ =iV (M| = leW[P(A)] = 1.

o) - wm’ L)+ ()] _ e+ |- i) _ 2
NI V2 V2
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4.2. Examples of P-inner functions

v ay, P -B0),_
) = AR ip(u () = B (i ()e(N)
iRV + PV _ —ileNPYO) + e )P
V2 V2
e -
_ o5 =5

Therefore, for almost all A € T,[p(\)| = 1, |s(A\)] < 2 and (Sp)(\) = s(A) and so
(s(A),p(X)) € bI'. Finally,

1= s = \/1—§(§|so<x>—wu>|2)=\/ -5 (11 R0 )

- %\/4 — 1 — Re(ip(\)p(\) = %\/ 3+ Im(p(A)P (V).

We want |a| = /1 — 1[s|*> almost everywhere on T, that is, for A € T,

1L V)] 1 SN
% — "5 = 5\/3 + Im(p(N)(N)).

Hence |a] = /1 — 1|s|?> almost everywhere on T if and only if \/3 +Im(p(N Y (M) = V2,

or equivalently Im(o(X\) (X)) = —1. Thus |a| = 4/1 — 1[s|> almost everywhere on T if
and only if ¢1) = —i almost everywhere on T. Therefore f; given by equation (4.3) is a

P-inner function if and only if ¢ = —it) almost everywhere on T.

Example 4.2.3. Let v, ¢ and ¥ be inner functions on D. Consider

V) = [ ! ”(A)] and h()\) = [90?) 0 ] , for A € D.

V2 =1 v()) Y(A)
Define
IR T S B I (IO R VA A N IOy
vy = V2 L(A) v()] [ 0 ¢(A)] V2 [—1 U(A]
1l —1] [ oV so(A)v(A)]
2 o) v [—() L))
RS VROV <¢<A>—w<x>>v<A>] for A € D.
() =) ) +e(N) |
Note that




4.2. Examples of P-inner functions

V2 |1

1|1 —1]
since — { . ‘ is unitary and |v(\)| < 1 for A € D. Hence

TN < VPR < 1 for A € D.

Define f: D — P by f = mo U. Then, for A € D,

1

FO) = @), 500,p(0) = (50— ).+, 1 (0 + 9 — (0~ 0)WP) ) ). (44)

Note that f is analytic on D if and only if v is constant or ¢ = .
(i) Consider the case when v is constant. As v is inner, |v] = 1. Let us check that

f:D — P is P-inner, that is, f(T) C bP. By definition

s(A) = (e +¥)(N)

and .
p(N) = 7((e+ )" = (e = )° ) (V) = (1) ().
Thus, for almost all A € T, (¢ + v, p)(A\) € bl as in Example 4.2.1. For A € T,
1 1 1 1
aP(0) = {1l = v = 7 (141 2Re(@9) ) () = 5 = SRe(@) ().

L= gl uP) ) =1 - (1414 2Re(@0)) ()

Re(@)(A) = lal*(\).

(1-31sP) ) =

N =/

N —

Thus |a|?> = 1 — }|s|* almost everywhere on T, and so, f given by equation (4.4) is a
P-inner function in the case that v is constant.

(ii) Consider the case when ¢ = 1). Then

£ = (0,20, 3(207) ) = (0,26,

Thus, for almost every A € T,
PV = (V) =1,

sV = 2le(M)] = 2,

(5)(N) = 280N = 2p(N)Pp(N) = 20(A) = s(A), and

1 1
L LSO = 1= 1) = 0= a(V)f*
Thus for almost all A € T, f(A\) € bP, and so, f is a P-inner function in the case that

o ="1.
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4.2. Examples of P-inner functions
Example 4.2.4. Define the function z(\) = (A™,0,\) : D — P. First we need to show

that for all A € D, z()\) € P.
By Proposition 2.1.3, (s,p) € T if and only if

|s| <2 and |s —3p| < 1— |p|~

It is easy to see that (0,\) € I'. By Theorem 3.2.4, if (s,p) € I, then for a € C, (a, s,p) €
P if and only if
153 s —8p
a <1 — ——2——|, where 3=——.
la < 1+~/1—|5!2‘ 1 —|p|?
In the case s = 0, equation (4.5) is equivalent to |a| < 1.
Note that z(A) = (a(X), s(A),p(A)) = (A™,0,X), A € D, is analytic in D, and

(4.5)

la(\)| = A" <1, forall A€ D.

Thus for A € D, z(\) € P.

Now, let us check if z is a P-inner function, that is,  maps T into the distinguished
boundary bP of P. For all A € T,

PV = N =1, [s(\)] = o] <2,
(3p)(A) =0 =s(A) and
(M) = A7 = /1 - Ssp = 1.

4
Therefore for every A € T, #(\) € bP and hence z : D — P : A — (A™,0, ) is a rational

P-inner function.

Example 4.2.5. For A € D, define the function z(\) = (A,0, \"), where n = 1,2,.... As
in the previous example, for all A € D, by Proposition 2.1.3, (0, \") € I'. For a € C, we
want _

0
14+ +/1—|B8)?

Since s = 0, the condition (4.6) is equivalent to |a| < 1. Note that

ol <1 - | (4.6)

la(A)| = |\ <1, for all A\ € D.

Thus, by Theorem 3.2.4, for A € D, x()\) € P.

Now, let us check if z is a P-inner function, that is,  maps T into the distinguished
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4.3. Some properties of analytic functions z : D — P
boundary bP of P. For all A € T,

PN = A" =1, |s(A)] = 0] <2,

(sp)(A\) =0 =s(\) and

a)| = 1Al = /1 - gl =1

Therefore for every A € T, 2()\) € bP and hence  : D — P : A — (X, 0, \") is a rational

P-inner function.

4.3 Some properties of analytic functions z: D — P

Lemma 4.3.1. (i) Let x = (a,s,p) : D — P be an analytic function. Then h = (s,p) :
D — I is an analytic function.
(ii) Let x = (a,s,p) : D — P be a P-inner function. Then h = (s,p) : D — T is a T-inner

function.

Proof. (i) By assumption, x = (a, s, p) is analytic on DD and for all A € D,

() = (a(\),s(\),p(\)) € P. By Remark 2.1.2, for all A € D, (s(\),p(A)) € I'. Thus
h = (s,p) : D — T', where h(\) = (s(A),p(N)), for A € D, is well-defined and analytic
from D to I.

(ii) By assumption z = (a,s,p) : D — P is a penta-inner function, and so, for almost
all \ € T, 2()\) € bP. Recall bP = {(a,s,p) € C3: (s,p) € bD, |a| = ,/1—;1|s|2}.
By Theorem 3.4.2, for almost all A € T, h(\) = (s(\),p(\)) € bI'. Hence h is a I-inner

function. O]

Recall that, by Proposition 3.4.1, K| = {(a, 5,p) €P :(s,p) €L, |a| < /1 — i|s|2}
is a closed boundary of A(P).

Proposition 4.3.2. (i) Let h = (s,p) : D — T be an analytic function. Then x = (0, s, p)
is an analytic function from D to P.

(ii) Let h = (s,p) : D — T be a T-inner function. Then x = (0,s,p) : D — P is an
analytic function such that, for almost all X € T, x(\) € K.

Proof. (i) It follows from Theorem 3.2.4 that, for all A € D, (0,s()),p(A)) € P.
(ii) Suppose that h is a I'-inner function. By Proposition 2.1.3, |p(}\)|

2 and (Sp)(A) = s()), for almost all A € T. Since a = 0 and /1 — 1]s(A)|? > 0 for
almost all A € T, z(T) C K. O

Proposition 4.3.3. Let v = (a,s,p) € Hol(D,P). Let 21 = (aou,s,p). Then x; €

Hol(D,ﬁ), where @i, Aoy 1S the inner-outer factorization of a.
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4.3. Some properties of analytic functions z : D — P
Proof. By assumption, for each A € D, (a()\), s(\),p(\)) € P. By Theorem 3.2.4, for all

AeD, |V, (a(N),s(A),p(A)] <1 for all z € D. Thus

‘ a(M)(d —[2*)
—s(A)z+p(X)z2

<1, forall \,z € D.

Recall that a = a;,a,u¢, and so

ot (M) (1 — [2%)
1 —s(A)z+p(X)z2

ain(N) <1, forall \,z€D.

The function a;, is inner, and so |a;,(A)| = 1 for almost all A € T. Therefore, for every
z € D, and for almost all A € T,

tou (M) (1 — |2[%)
1 —s(A)z+p(A)z2

Note that, for every z € D, the function

tou (M) (1 — |2]%)

A T s (e + (V22

aout(A) (1 — |2[*)
1—s(AN)z+pN)z2| — -

1, forall A € D. Hence, by Theorem 3.2.4, for each A € D, (amu (), s(A),p(N\)) € P.
Therefore, 1 = (aous, 5, p) € Hol(D, P). O

is analytic on D. By the maximum principle, for every z € D,

Example 4.3.4. Let 2(\) = (A, 0,)\). Then, by Example 4.2.5, + € Hol(D,P). By
Proposition 4.3.3, (1,0, \) € Hol(DD, P).

Proposition 4.3.5. Let x = (a, s,p) be a P-inner function. Let a;, aou be the inner-outer

factorization of a. Then T = (aous, s,p) is a P-inner function.

Proof. By assumption x = (a, s,p) is a P-inner function. Then, by Proposition 4.3.3,
T = (aout, 5,p) € Hol(D,P). To prove the statement, we must show that, for almost all
ANET, Z(A) = (aou(A), 5(A), p(A)) € bP. Recall that

bP = {(a, s,p) € C*: (s,p) €T, |a] = /1~ iISP}-

By Lemma 4.3.1, for almost all A € T, (s()\), p(A\)) € bI'. Since x = (a, s,p) is a P-inner

function, we have, for almost all A € T,

1 2
[a(A)] = /1= ls(A)2.
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4.4. The degree of a rational P-inner function

Since a;, a0, = a is the inner-outer factorization of a and |a;,(A\)| = 1 for almost all A € T,

1
|aout(A)| =1 /1 — Z|S(/\)|2 for almost all A € T.

Therefore T = (aoys, 5,p) is a P-inner function. a

Example 4.3.6. We have shown in Example 4.2.5 that 2 : D — P : A — (),0,\") is a

P-inner function. By Proposition 4.3.5, ; = (1,0, \") is a P-inner function.

4.4 The degree of a rational P-inner function

Lemma 4.4.1. bP \ R is homotopic to T x T and 7, (bP \ Rz) = Z x Z.

Proof. Recall that if (a,s,p) € bP, then |s| < 2, [p| =1, s = 5p and |a| = /1 — 1|s|2.
By the definition, R = {(0,s,p) € P : s> = 4p}, hence bP \ Rz = {(a,s,p) € bP : a #
0, (s,p) € bI'}. Define the maps f and g by

FibP\Rp = TxT, fla,s,p)= (%7]9)

and

g:TxT—bP\ Rz, g(z,w) = (z,0,w).

We need to show that
fog: TxT—-TxT

is homotopic to the identity map
td: TxT—TxT,

and
gof:bP\Rs — bP\ R»

is homotopic to
id : bP \ Ry — bP \ R5.

For (z,w) € T x T,
(fog)(z,w) = f(g9(z,w)) = f(2,0,w) = (2,w), which means f o g = idrxr.

For (a,s,p) € bP \ R,

a a

(go f)(CL,S,p) = g(f<a7sap)) = g(mvp) = (M707p)
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4.4. The degree of a rational P-inner function
Now, if (a, s,p) € bP \ R and t € [0, 1] we have

2
1— l|ts]2 lal /1 — g Its]
4 L.,
a al = al =4/1— é_l|t8| : (4.7)

Since (s,p) € bI" and t € [0, 1], we have

Ipl =1, |s| <2, s =3p, and so, |p| =1, ts = tsp, |ts| < 2.

,/1—}1|ts|2 o
+———ts,p | €P\ R5.

lal

Therefore

a

Let I = [0, 1], consider the continuous map

h:bP\ Rp x I = bP \ Rp which is defined by

\/1— 1lts]?
h(a,s,p,t) = | a—F—F——

,ts,p
|a|

For (a,s,p) € bP \ R,

a
h(a,s,p,0) = (m

JIo P
h(a,s,p,1) =

(IT,S,]) = (a,s,p) = @'dbf\Rﬁ(a, 8, D).

,0,p) = (go f)(a,s,p) and

Therefore, h defines a homotopy between g o f and idbﬁ\Rfﬁ that is, go f =~ idbﬁ\Rf'
Hence bP \ Rz is homotopically equivalent to T x T and it follows that m; (bP \ Rz) =
m(TxT)=7Z x Z. O

Define bP = bP \ {(0, 2w, w?) : w € T}. By Lemma 4.4.1, bP is homotopic to T x T.

Definition 4.4.2. The degree of a rational P-inner function x = (a,s,p) is defined to
be the pair of numbers (dega,degp). We say that degz < (m,n) if dega < m and
degp < n.

Proposition 4.4.3. Let v = (a, s,p) be a rational P-inner function such that x(T) does
not meet Rz. Then deg(x) is equal to x.(1), where x, : Z = 7, (T) — 7, (bP \ R5) is the
homomorphism of fundamental groups induced by x when x is regarded as a continuous

map from T to bP \ Rs.
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4.5. Connections between rational I'-inner and rational P-inner functions

Proof. By assumption, z(T) N Ry = () and z is a rational P-inner function, and so
z(T) C bP. By Lemma 3.5.3, a(\) # 0 on T. Consider two functions z = (a, s, p) and
a

y = al’ 0,p | as continuous maps from T to b7_7\725. x and y are said to be homotopic
a

if there exists a continuous mapping
f:TxI—bP\Rs

such that
fA0)=y(A) and f(A 1) =x(N), forall A eT.

() = ((%\/1 - gl <A>,ts<A>,p<A>)

for A € T and t € [0, 1]. Note that x*()\) is a continuous function of (£, \) € I x D.
Since z(\) € bf\Rf for all A € T, by Theorem 3.4.2, Proposition 3.5.1, and by equation
(4.7),

Let

z'(\) € bP \ R for almost all A € T.

Hence z' is a homotopy between z = (a, s,p) = 2! and y = (a, 0, p) = 2°.

It follows that the homomorphism

2, m(T)=Z — m(P\Rp)=Z xZ

(o).

Therefore the degree degx = (dega,degp) = ((fl—l) (1),p*(1)> is equal to z,(1). O
a *

coincides with

4.5 Connections between rational I'-inner and rational P-inner

functions

Theorem 4.5.1. (Fejér-Riesz theorem) [42, Section 53] If f(A) = Y. a;\' is a
trigonometric polynomial of degree n such that f(X) > 0 for all X € T, then there exists an
analytic polynomial D(X) = Y1 b\ of degree n such that D is outer (that is, D()\) # 0

for all A\ € D) and

forall N € T.

Recall that for every a # 0 in H*°(D) there is an outer-inner factorization. Rational
n
inner functions can be written in the form ¢ [ B,, for some n > 1 and a4,...,a, € D

=1
and ¢ € T, see equation (2.3) for the definition of B,.
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4.5. Connections between rational I'-inner and rational P-inner functions

The next theorem provides a description of the structure of rational penta-inner func-

tions of prescribed degree.

Theorem 4.5.2. Let v = (a,s,p) : D — P be a rational penta-inner function of degree
(m,n). Let a # 0 and let an inner-outer factorization of a be given by a = Giaou,
where a;y, s an inner function and aqy is an outer function. Then there exist polynomials
A, E. D such that

(1) deg(A), deg(E),deg(D) <n,
(2) E~"=E,

(3) D(X) # 0 for all A € D,

(4) |[E(\)| < 2|D(N)] for all X € D,

(5) A is an outer polynomial such that |A(N)|* = [D(A)|> — $|E(N)[? for A€ T,

E —
(7) =5 on D,

D~ —
(8) p= 5 on D

Proof. Suppose that © = (a, s,p) is a rational penta-inner function. By Lemma 4.3.1,
h = (s,p) is a rational I-inner function. By [3, Corollary 6.10], p can be written in the

form

AED~(=R)(X)

D(A)
where |¢| = 1,0 < k < n and D is a polynomial of degree n — k such that D(0) = 1.
Therefore, by Proposition 2.1.12, there exist polynomials E and D such that

p(A) =c

(1) deg(E), deg(D) <n,

(2) B =E,

(3) D(X) #0 for all A € D,

(4) |E(N)] < 2|D(N)] for all A € D,

on D,
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4.5. Connections between rational I'-inner and rational P-inner functions

By assumption z = (a, s, p) is a P-inner function, and so, for almost all A € T,
(a(N), s(X),p(\)) € bP, which implies

1
oA =1 — Z|S()\)|2’ since |a;,| = 1 almost everywhere on T.

e LEOP B
laout(AN)]* =1 — ) DOVE since s(\) = W’
and so, X
|aous(M)PIDN)? = [D(V)]? = 1|E(>\)|2- (4.8)

By Proposition 2.1.12, |E()\)| < 2|D(M)|. By the Fejér-Riesz Theorem, since |D(N)]* —
FIE(A)]? > 0, there exists an analytic polynomial A of degree < n such that A is outer

and
AP = [DV)* = %IE(A)I2 (4.9)

for all A € T.
From equations (4.8) and (4.9) we have, |A(A\)|* = |aouw(N)[*|D(N)[®. Note that D(X) # 0

_ A A
on D. us |Gout = |= or A € T, and so — is an outer function such that
D. Th A D A)| for A T d D f h th

la(N)| = 5()\) for almost all A € T. Since outer factors are unique up to unimodular

constant multiples, there exists w € T such that
aout()\) = (JJD—

A
Therefore a = CLmE on D. O

Remark 4.5.3. Results similar to Theorem 4.5.2 were proved in [37] using different

methods.

Example 4.5.4. Let * = (a,s,p) be a rational P-inner function such that x()\) =

E(\
(A0, A) for A € D. It is easy to see that F(\) = 0, since s(\) = ﬁ = 0.
By Theorem 4.5.2,
D~(\) —
A) = for A € D.
D~())

We are given, p(\) = A, and so, deg p = 1. Thus p(\) = implies D(\) = 1.
Note, for D(A) =1, D™ (A\) =\ -1= A

By assumption = = (a, s, p) is a P-inner function, and so, for all A € T,

D(X)

a)P =1 - s = 1

Since a(\) = A\™ is inner, a;, = a and s0 a;,(\) = A™ and A(\) = 1, for A € D.
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4.5. Connections between rational I'-inner and rational P-inner functions

E D™ —
Every rational I'-inner function h = <5, T) such that h(D) € Rr NT allows us

to construct a family of rational P-inner functions.

E D~
DD
polynomials such that deg(E), deg(D) < n, E~™ = E,|E(\)| < 2|D(A\)| on D and
D(X) #0 onD. Let A be an outer polynomial such that

Theorem 4.5.5. Let h = < > be a rational T'-inner function, where E, D are

AN = [DO* = ;i\E(A)IQ- (4.10)

D~
" D

bl

b ' tional
— s a rationa
D

Sl

Then, for every finite Blaschke product B and |c| =1, x = (cB
P-inner function.
Proof. Let a, s, p be defined by

A E D~
a:cBB, s=75 and p = o

Let us show that x = (a,s,p) is a rational P-inner function. We have to prove that
z: D — P and, for almost all A € T, x(\) € bP.

By assumption h = (s,p) : D — I" is a rational I'-inner function, which means |p(\)| =
1, [s(A)] <2 and (Sp)(A\) = s(A), for almost all A € T. Now we need to show that for
almost all A € T, |a(\)| = /1 — 1[s(\)[?. For almost all A € T,

AN AP
aMP? = [cBOA)—=—"5| ="—=—"2_ (since |¢|]=1and |[B(A\)|=1onT
|a(A)] (A) o DOVE ( c] [B(A)] )
_ D —IENP L LIEQY ’
B [D(A)? - 4[D)
=1 ISP
Let us show that x = (a,s,p) = (cB%,%, %) maps D to P, that is, z()\) =

(a()), s(\),p(\)) € P for all A € D. By Theorem 3.2.4, for each A € D, x(\) € P if and
only if |[¥,(x(X))] <1 for all z € D, where

U.(z()):D—C

A (1= 2)

1 —s(A)z+p(N)z?

Note that 1—s(X)z+p(X)z? # 0 for all z € D since (s(\), p(A\)) € T'. By the construction,
D()\) # 0 on D, and so (a()), s(A),p()\)) is analytic on D. Hence, for every z € D, ¥, (z(.))
is analytic on D. By the maximum principle, to prove that |U,(z(X))| < 1 for all A € D, it
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4.5. Connections between rational T-inner and rational P-inner functions
suffices to show that |¥,(z(A\))| <1 for all A € T. We have shown above that, for almost

all A € T, (a(N),s(N),p(N)) € bP. Thus, for all A € T, [a(A)] = /1= Ls(N)]2, [p(N)| =
1, s(0] < 2 and s(A) = sC0p(N), and so (s(\), p(N) = (8 + Bp, p)(A) € BT, where
B(A) = 1s(X). One can sce that, for all A € T,

35BN | ils)P
1— BN 144 /1= Y s(\))?

By Theorem 3.2.4 (3) < (5), for each A € T,

o)< [ 4800

=117 PRV ERETpVE if and only if |¥_(a(N),s(N),p(N))| < 1.

Hence, by the maximum principle, for all z, A € D, |V (a(A), s(A),p(A))| < 1. Thus, by
Theorem 3.2.4, z(A\) = (a()), s(A),p()\)) € P for all A € D. O

Theorem 4.5.6. (Converse to Theorem 4.5.2) Suppose polynomials A, E, D satisfy
(1) deg(A), deg(E), deg(D) < n,
(2) B = E,
(3) D(X) #0 for all X € D,
(4) |[E(N)| < 2|D(N)| for all X € D,
(5) A is an outer polynomial such that |A(N)|* = [D(A)|> = $|E(N)? for A€ T,
(6) ain is a rational inner function on D of degree < m.
Let a, s,p be defined by

A K J D™
a—amD, S—D and p= D

Then x = (a,s,p) is a rational P-inner function of degree less than or equal (m +n,n).

Proof. By the converse of Proposition 2.1.12, h = (s, p), where

s:E and p=
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4.6. Construction of rational P-inner functions

is a rational I'-inner function of degree at most n. Since the rational inner functions on
D are precisely the finite Blaschke products, the statement of the theorem follows from
Theorem 4.5.5. ]

Proposition 4.5.7. Let = (0,s,p) : D — P be a rational P-inner function. Then
z = (0,2p, p?), for some rational inner function p : D — D. Moreover, x(\) € Rz NP
for all X € D and x()\) € bP N R for almost all A € T.

Proof. By assumption z = (0,s,p) : D — P is a rational P-inner function. Hence for

almost all A € T, z(\) € bP. By Lemma 3.5.3, since a = 0, for almost all A € T, z()\) =

(a,s,p)(\) € P N Rz and [s(\)| = 2.

Thus, for almost all A € T, the following conditions hold: s(A\)s(\) = 4, |p(\)] = 1 and

s(A) = s(A\)p(A). These imply that s(\)s(A\)p(A) = 4p(\) and s(A\)? = 4p()) for almost
1

all X € T. Hence p(\) = 1s(\)? for all X € D. Since p is a rational inner function from

D — D, %s is also a rational inner function from I — . Thus there exists a rational
inner function

— 1
¢ : D — D such that J5=¢ and p = ¢%
Thus, z(A) = (0,2p(N), p(A)?) for all A € D and z()\) € R NP for all A € D. O

Proposition 4.5.8. Let x = (0,s,p) be a P-inner function. Then x()\) € Rz for all
A €D and x()\) € P N R for all A € T.

Proof. By assumption # = (0,s,p) is a P-inner function. Hence, for almost all A €
T, z(\) € bP. By Lemma 3.5.3, since a = 0, for almost all A € T, z(\) € bP N R5. Let
f = s*—4p. Then f is analytic on D. Since, for almost all A € T, z(\) = (0,s()\),p()\)) €
Rp, we have f(\) = (s — 4p)(A\) = 0 almost everywhere on T. By Cauchy’s integral
formula, for any point zg € D,

f(z0) = L [1E,,

2m Jr 2 — 29

L [Eene,

211 Z— 2y

=0.

Therefore, for all A € D, (s? — 4p)(A\) = 0 and z(\) € RN P. O

4.6 Construction of rational P-inner functions

In this section we describe an algorithm for the construction of rational P-inner function

from certain interpolation data.

Definition 4.6.1. [6, Definition 3.4] We say that a polynomial f is n-symmetric if
deg(f) < mn and f~ = f. For any set E C C, ordg(f) will denote the number of

zeros of f in E, counted with multiplicity, and ordy(f) will mean the same as ordyo(f).
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4.6. Construction of rational P-inner functions
Definition 4.6.2. [6, Definition 4.1] A nonzero polynomial R is n-balanced if deg(R) <

2n, R is 2n-symmetric and A""R(\) > 0 for all A € T.

Lemma 4.6.3. [6, Lemma 4.4] For o € D, let the polynomial Q, be defined by the formula
Qo(A) = (A =0)(1 —7A).

Let n be a positive integer and let R be a nonzero polynomial. R is n-balanced if and only

if there exist points 01,09, ...,0, €D and t, > 0 such that
RO =t [[ Q- (), reC.
j=1

Lemma 4.6.4. [6, Lemma 4.6] For 7 = ¢ 0 < 0 < 27, let L, be defined by

Let n be a positive integer. A polynomial E is n-symmetric if and only if there exist points

a1, 0o, ..., 0, €D, points Ty, 7o, ..., T, €T and t € R such that
ko = Ol"do(E) + ordD\{O}(E),

k‘l = OI‘dT(E),

2ko + k1 =n and

k1

E()‘) = tHQO{j O‘) HLT]‘()‘)~

j=1
We next present a description of rational penta-inner functions (a, s, p) in terms of the

zeros of a,s and s — 4p.

Theorem 4.6.5. Suppose that oy, o, ... ,ar € D and n1,1m2,...,m6 € T, where 2ky +
ki = n and suppose that By, Ba, ..., Bm € D. Suppose that oy, ...,0, in D are distinct
fromny, ... k. Then there exists a rational P-inner function x = (a, s,p) of degree less

than or equal (m +n,n) such that
(1) the zeros of a in D, repeated according to multiplicity, are By, Ba, ..., Bm,
(2) the zeros of s in D, repeated according to multiplicity, are oy, as, . . . L Qg and My, M2, oy Niy
(3) the royal nodes of (s,p) are o1,...,0,.

Such a function x can be constructed as follows. Let t. > 0 and let t € R\ {0}. Let R
and E be defined by

RO = t: [T = o =730,
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4.6. Construction of rational P-inner functions
k‘o kl

EQ) =t [\ = ap)(@ = a@g)) [ [ ie™"*(A = ny)

J=1 J=1

where n; = €%, 0 < 0; <2m forj=1,..., k. Let ay, : D — D be defined by
ain(A) = c ][ Ba,(V), (4.11)
i=1

where [c| =1, B; €D, i=1,....,m and Bg,(2) = 12 _Fﬁi )

(i) There ezist outer polynomials D and A of degree at most n such that
ATPR(N) + |[E(N)|? = 4]D(N)? (4.12)

and

ATR(A) = 4|AN)? (4.13)

forall N € T.

(ii) The function x defined by

x = (a,s,p) = (am— (4.14)

is a rational P-inner function such that deg(x) < (m+mn,n) and conditions (1), (2)
and (3) hold. The royal polynomial of (s,p) is R.

Proof. (i) By Lemma 4.6.3, R is n-balanced, and so A™"R(\) > 0 for all A\ € T. Therefore
AR+ |EN)?P>0forall A€ T.

By the Fejér-Riesz theorem, there exist outer polynomials A and D of degree at most n
such that
ATPR(N) = 4|AN))? forall A €T

and
AR + |E(N) 2 = 4|D(M\)? for all A € T.

(ii) By Theorem 2.1.18, the function h defined by

o= (525

is a rational I'-inner function such that deg(h) = n and conditions (2) and (3) hold. The
royal polynomial of h is R.
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4.6. Construction of rational P-inner functions

By equations (4.12) and (4.13),

1
AP = [DF = 2BV
1
= -A"R(\).
RO
Therefore, by Theorem 4.5.5,
B ( A FE DN">
T = aan7 D’ D
is a rational P- inner function. We need to show that the inner and outer parts, a;,
AN
and g = w%)\)), for some w € T, respectively, of the function a defined in equation
(4.14), satisfy condition (1) of Theorem 4.6.5. By the definition (4.11), the zeros of a;,
are f1,...,Bm, while, since A is an outer polynomial, A has no zeros in . Hence the
zeros of a = in T in D are By, ..., fBm, as required for (1). ]

Example 4.6.6. Let n =1, §; =0, ny = 1 and 0; = 0. Let us construct a rational
P-inner function x = (a, s,p) : D — P such that 3, is a zero of a in D, 1 is a zero of s
and o is a royal node of (s, p).

As in Theorem 4.6.5, for A € T, let

R(\) =ty A\, t, is a positive real number, and

E\) =tilA—1), teR\{0}.
Let
ain(N) =cA, |c] = 1.
The equation (4.12) for the polynomial D is the following, for all A € T,

DOVP = T RO +EO)

_ i{xm + [ti(A = 1)}
= Lt H PO - D - 1)
_ i{u NHCEP Y}

1

1 1 1 -
= —t, + —|t]> = Z|t]P\ — =[|t]2\. 4.15
4++2!| 4|\ 4!| (4.15)

Since the degree of D is at most 1, D(\) = aj + az\, where a;,a9 € C and A € T,

D(A)D(A) = |ay + axA” = (a1 + as)) (@1 + a2))
= |a1|* + |az|* + a1@2\ + GrazA. (4.16)

46



4.6. Construction of rational P-inner functions
Compare equations (4.15) and (4.16). We have

ajay = _i’tP?
aag = —5t)?, (4.17)

|aa]? + lazf* = 3t4 + 3]t

The equation (4.13) for the polynomial A is, for all A € T,

AP = 1A R

1— 1

Since the degree of A is at most 1, A(\) = by + bo A, where by, by € C and A € T,

ANAN) = [0 + [ba|* + biby X + biba . (4.19)
Compare equations (4.18) and (4.19). We have

b_le = 07
biby = 0, (4.20)
01]% + b2]? = T4

Finally the function x can be written in the form

( A E DN1>
T =\ s

D'D’ D

with A by -+ by
_ Ay o bt A
a(A) = amD()\) c)\al TN

E ti(A —1)

N==(0\) =L~

s(A) D( ) P

D1 T+ as

\) = \) =
p(\) D() o E oo

where |c¢| =1 and a;, b;, i = 1,2 satisfy equations (4.17) and (4.20).

Theorem 4.6.7. Let v = (a, s, p) be a rational P-inner function of degree (m-+mn,n) such
that

(1) the zeros of a, repeated according to multiplicity, are By, Ba, ..., Bm € D,

(2) the zeros of s, repeated according to multiplicity, are oy, aq, ..., o, € D and

MsN2y .- My, €T, where 2ky + k1 = n,
(3) the royal nodes of (s,p) are oy,...,0,.
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4.6. Construction of rational P-inner functions
There exists some choice of c € T, ty >0, t € R\ {0} and w € T such that the recipe in

Theorem 4.6.5 with these choices produces the function x.

Proof. By Lemma 4.3.1, h = (s,p) is a rational I'-inner function of degree n. As in
Proposition 2.1.19, there exists some choice of £, > 0, ¢t € R\ {0} and w € T such that
the recipe of Theorem 2.1.18 produces the function h. Let us give those steps.

By Proposition 2.1.12, there exist polynomials £ and D; such that deg(F1), deg(D;) < n,
E, is n-symmetric, D;(\) # 0 on D, and

E D _

S:D_i and p= Dll on D.
By hypothesis, the zeros of s, repeated according to multiplicity, are oy, o, ..., ag, and
MsM2y - - My s Where 2kg+k; = n. Since Ej is n-symmetric, by Lemma 4.6.4, there exists
t € R\ {0} such that

ko k'l

E(A) =t [ [N = ap) (1 = agA) [ [ie™/2(x =),

j=1 j=1

where n; = e for j = 1,..., k;. The royal nodes of h are assumed to be oy, ...,0,. By

Proposition 2.1.17, for the royal polynomial R; of h, there exists ¢, > 0 such that
Ri(A) =ty [ Qo, (V)
j=1

Since E; and R; coincide with £ and R in the construction of Theorem 4.6.5, for a suitable
choice of t; > 0 and t € R\ {0}, D; is a permissible choice for wD for some w € T, as a
solution of the equation (4.12).

By assumption the zeros of a, repeated according to multiplicity, are 5y, fs, ..., B € D.
Then the inner part of a will be equal to a}, = ¢; ﬁ Bg, where |¢;| = 1. For the outer

=1
part of a there is an outer polynomial A; such that

AP = DO - {BOP
= (DO - IEN)P
= ATR(,

for A\ € T. By equation (4.13), A; = 2 A up to a constant ¢y such that |co| = 1. Also, a},
coincides with a;, for a suitable choice of ¢ € T. Hence the construction of Theorem 4.6.5

yields z = (a, s,p) for the appropriate choices of t; > 0,t € R\ {0}, w and ¢ € T. ]
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Chapter 5. A Schwarz lemma for the pentablock P

There is a well developed theory of Schwarz lemmas for various domains by many authors,
including Dineen and Harris [26, 33]. In particular, for the symmetrized bidisc and the
tetrablock, see [11, 1].

Lemma 5.0.1. (Classical Schwarz lemma) Let f : D — D be an analytic map and
f(0) =0 then

(1) |f(2)| < |z| for all z € D,

(2) 170) < 1.

Moreover, if |f(2)| = |z| for some non-zero = € D or |f'(0)| = 1, then f(2) = €z for
some 0 € R for all z in D.

The classical Schwarz lemma gives a solvability criterion for a two-point interpolation
problem in D. In [4] a simple analogue of the Schwarz lemma for two-point u-synthesis
was given. We consider a general linear subspace E of C"*™ and the corresponding up
on men’

pp(A) = (inf{|| X||: X € E and det(1 — AX)=0})"".

We shall denote by N the Nevanlinna class of functions on the disc [43] and if F' is a
matricial function on D then we write F© € N to mean that each entry of F' belongs
to NV, see Subsection A.0.1. It then follows from Fatou’s Theorem that if /' € N is an

m X n-matrix-valued function then

lim F(r\) exists for almost all A € T.

r—1-

The following Schwarz lemma was proved in [4, Proposition 10.3].

Proposition 5.0.2. [4, Proposition 10.3] Let Ao € D\ {0}, let W € C™ ™ and let E be
a subset of C"*™. There exists F' € N N Hol(D, C™*") such that

(1) F(0) =0 and F(\) =W,
(2) ue(F(N\) <1 forallxeD
if and. only if ps(W) < [Nol.
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5.1. A special case of a Schwarz lemma for P

5.1 A special case of a Schwarz lemma for P

In this section in Theorem 5.1.6 we consider a simple case of a Schwarz lemma for the

pentablock. We will need the following elementary technical lemma.

Lemma 5.1.1. Let A =

A0
! \ ], where Ay, Ao, a € C. Then the following are equiva-
a 2

lent:
(i) A, A eD, Ja] < (1—|M\[H)z(1—|Af?)2;
(i) [JA] <1;

(i) 1— A*A > 0.

Proof. (ii) < (iii) By Proposition A.0.6, ||A]| < 1if and only if 1 — A*A > 0.
(i) & (iii) Note that

A*A _ )\_1 E /\1 0 _ |)\1|2_—|— |CL|2 E}\Q
0 X||a X Aaa | Aa|?
1 AA—=1— )\_1 z )\1 0 _ 1— ‘Alﬁ— ]a\Q —6)\2
0 )\2 a )\2 _)\2a 1- |)‘2|2

Let p1, o be the eigenvalues of A*A, then the characteristic polynomial of A*A is
PA*A(t) = det(tI — A*A) = (t — ,ul)(t — /,62).
Therefore

det(l — A"A) = (1—p1)(1— po2)
= 1= (1 + p2) + pape

2 2
= 1l-tr A"A+det A"A (tr A"A = Zui, det A*A = HMZ)
i=1 i=1

= 1—tr A*A+ |det A%
Here tr A*A = |\1]2 + | A2 + |a|?, det A = A\ \p. Then,

det(1— A*A) = 1— (IM]* + [ X2)® + 1a]?) + M A]?
= (1= M)A = ) = af”

Note that
- 1-— |/\1|2 — ‘CL’Q —a)\g

— =1-A"A.
_)\QCL 1— |)\2|2

(1— A*A)*
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5.1. A special case of a Schwarz lemma for P

Therefore 1 — A* A is Hermitian.

Let us write down the principal minors of 1 — A*A. They are:
Dy =1— MNP —la|?, Dy=1-|)\]%

1— M2 a2 —ar

D3 = —
° —)\2a 1-— |)\2|2

= (1= M@ = [Af*) = Jaf”.

By Theorem A.0.5 (ii), a matrix 1 — A*A is positive if and only if it is Hermitian and all
its principal minors are nonnegative.

(i) = (iii) Suppose A1, A2 € D and |a|? < (1 — [A[2)(1 — [X2[?). Then Dy =1 — X2 >0
and D3 > 0. Note that 0 < (1—|X2]?) < 1, hence |a]* < (1— |\ ]?)(1—[X2]?) < (1—1|\1]?).
Therefore D; =1 — |\{|*> — |a|* > 0. By Theorem A.0.5 (i), 1 — A*A > 0.

(iii) = (i) Note that D3 > 0 if and only if |a*> < (1 — [M\|*)(1 — |A2|?). Since Dy =
1—[Xf> >0, we have Ay € D. D; = 1 —|\;|2 — |a|? > 0 implies that 1 — |A;]|? > |a|? > 0.
Hence |A\;]? < 1. Thus conditions (i) are satisfied.

Therefore, 1 — A*A > 0 if and only if the following holds: |a| < (1 — [\]?)2(1 —
PUR R ES BPHIESY -

Definition 5.1.2. H*°(D, C**?) denotes the space of bounded analytic 2 x 2 matriz-valued

functions on D with the supremum norm:

1|z = sup || f(2) |22
zeD

Definition 5.1.3. L°°(T, C?*2) denotes the space of essentially bounded Lebesgue-measurable

2 X 2 matriz-valued functions on T with the essential supremum norm:

[fllzee = ess sup 1F () llc2x2
zl=

Lemma 5.1.4. If g € H>®(D,C?>*?) and \g € D then ||g(Xo)||czxz < ||gl|ze-
Proof. Consider any unit vectors x,y € C? and the scalar function

f: D—=C
A= {g(N)z, y)ee.

Note that, for every A € D, since ||z]|c2 = ||y||c2 =1

A

[FI= 1Nz v)e2 | < llgN)zlle lylles (Cauchy-Schwarz inequality)

IA

lg(Mllez2 Nlzllc2 flylle
g1l o< -

IN
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5.1. A special case of a Schwarz lemma for P

Thus f is bounded on ID. Since ¢ is analytic on D, let us show that f is analytic on D
too. We claim that, for every zo € D, f'(z9) = (¢'(20)7, y)c2, that is,

tig [ A== ] =0
Note that
f(2) = () = (9(z)z, y)e — (9(20)2,y)c2
= ((9(z) = g9(20))z,y)c2,
and so
f(z) = (=)

) = < ! <g<z>—g<zO>>x,y> (o) e

zZ— 20 C2
By Cauchy-Schwarz inequality,

= (g e )
f(z) = f(20)

] - (8,

Z— 20

9\z) — 9{%o
< (—< )~ 9l) —g'<20>) 2| Il
Z— 20 C2
9() — 9(z0)
< — ¢'(%0) 2 lc2 lyllc2
Z— 20 C2x2
— —g(Z)_g(ZO)—g’(zO) —0 asz— 2
zZ— 20 C2x2

since g is analytic on . Therefore, f'(z0) = (¢'(z0)x,y) for every 2z, € D.
By the maximum principle for scalar analytic functions, for every Ao € D, |f(Xo)| <

esssup | f(2)], and so
z€T

[{g(Mo)T, )| < eSSSzlequ;Kg(Z)m,yH

< esssup [|g(2)[leze = |lgll -
zeT
Take the supremum of both sides in this inequality over unit vectors z,y to get

lg(Ao)llczxz < [gllzee-

Corollary 5.1.5. If FF € H*(D,C**?) and F(0) = 0 then, for any Ay € D,

1E(Xo)lleze < [Aol [|F e
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5.1. A special case of a Schwarz lemma for P
Proof. Let g(\) = F(\)/Afor A € D\ {0}. Then g is analytic on D\ {0}. By assumption,
F' is analytic and F'(0) = 0. Thus the Taylor expansion of F' on an open disc D(0,r) for

some 7, i8

FO) = i awnd (n)!(o) — F(0) + AF'(0) + ;—TF”(O) 4o

n
)\2
= A'(0)+ = F"(0)+...

— ) (F’(O) +2!3F"<o) 4. )

ol
= Ah(\).

Here the above series converges with respect to ||.||czx2. Therefore h is analytic on D.
Since h(A) = g(\) for A # 0, then g(\) extends to be analytic on D, and, for A € T,

lg(M) ez = [F(Mlc2xz < [|F e
Hence, by Lemma 5.1.4,

lgQho)llcz < llgllmgy, < I1F [~

2x2 —

Then
[ £'(Ao) l|c2x2

o < I, and so, | FQ)lcn < ol |1FlL-

Theorem 5.1.6. Let \g € D\ {0}, and (ag, s0,p0) € P, where so = A1 + A2, po = Mg,

for some A1, Ao € D. Then the following are equivalent:

1) M| < al, A2l £ Xol, and

A

Ao

2) 2 2) 2 ; 5.1

(i) there exists an analytic map F : D — B2*2 such that

VR
—_
|

lag| < | Aol (1 —

F(0) = 0 and F(\) = [Al f] |

Furthermore, if conditions (i) and (ii) are satisfied and x(\) = wo F(X), for A € D, then
z: D — P is an analytic map on D such that (0) = (0,0,0) and x(X\o) = (ag, S0, Po)-
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5.1. A special case of a Schwarz lemma for P
Proof. (i) = (ii) By assumption, || < [Ag|, |A2] < |Ao| and

) -
. i )\1 0 . )\1/>\0 0
F<>\> N )\0 [ao )\2] =4 [CLD/)\O )\2/)\0] ' (52)

M/Ao 0
aO/)\O )\2/)\0

[F'lloc = sup [[F'(A)[|c2x2 < sup[A| = 1.
AeD AeD

At

Ao

lag| < Ao (1 -

Define

By Lemma 5.1.1, || F(A)|| = || | < |A|, for all A € D, and so

From the definition (5.2) of F', we have

F(0) = [8 8] and F()\) = [Al 0] .

Qo /\2
(ii) = (i) Suppose (ii) is satisfied. By Corollary 5.1.5,

A O
Qo )\2

= [[F(Ao)llc2x> < ol [|F][ -

C2x2

A0
By assumption ||F||g~ < 1, and so ! < |Xo|, hence
ag A2 C2x2
L
ag Ao <1. (||cAl = || ||A]l, for all c € C, A € C™*")

Mo Aod Iz

By Lemma 5.1.1,

Ay
é‘g Ay < 1if and only if
N Aod llgexe
)\ 2 % )\ 2\ 2
Jaol < [Nl [ 1—|T L= ] o Il < ol and [ Ao < [Aol.
Ao Ao

Let us consider z = 7 o F on D. By assumption (aq, 59, po) € P. By Theorem 3.2.4

A _

(6), since ||F(A)|| < 1 for each A € D, 2(\) = 7n(F(\)) = )\—(&0,30,]?0) maps D to P.
_ 0

Therefore z : D — P is analytic on D and maps 0 to (0,0,0) and Ay to (ag, So, Po)- ]
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5.2. A Schwarz lemma for the symmetrized bidisc I'

5.2 A Schwarz lemma for the symmetrized bidisc I

In [11] Agler and Young proved the following theorems.
Theorem 5.2.1. [11, Theorem 1.1] Let Ay € D\ {0} and (so,po) € I'. The following

conditions are equivalent:
(1) there exists an analytic function ¢ : D — T' such that ¢(0) = (0,0) and p(Xo) =
(307]70);'

(2) |so| <2 and
2|50 — poSol + |55 — 4pol

< |Xol;
4 — ’50‘2 ’ 0’7
2 — 2 2 |50|2 2
(3) |[Aol*s0 = poSo| + [pol* + (1 = [Ao]?) 1 [Aol? < 0;
(4) )
9 2 _9
’80‘ < 1_’)\0’2<‘)‘0‘|1_p0w ‘_“)‘0| — PoW |)

where w is a complex number of unit modulus such that sy = |so|w.

Moreover, for any analytic function ¢ = (@1, p2) : D — T' such that ©(0) = (0,0),

1 / /
SO)] + [,(0)] < 1.

The following Theorem shows the construction of an interpolating function ¢ satisfying

the inequalities of Theorem 5.2.1 with equality.

Theorem 5.2.2. [11, Theorem 1.4] Let \g € D, and (sg,po) € I' be such that
Ao # 0, |so] <2 and
2|s0 — posol + |s5 — 4pol

4—|80|2 - |)‘0|

Then there exists an analytic function ¢ : D — ' such that p(0) = (0,0) and p(Xg) =
(S0,p0), given explicitly as follows.

If [po| = |Xo|, then o(X) = (0,wA) where w is a complex number of unit modulus such that
WAy = Po.

If |po| < |Xol, then ¢ = (¢1,p2) where

= , 5.3
A T I O o
o) = S Oulsol = olsn. = 1
2
= e piPo A = NG -
2
o) = 2N T ) (5.4)

1 +p,¢%v(A) '
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5.2. A Schwarz lemma for the symmetrized bidisc I'

Lemma 5.2.3. Consider the rational function ¢ = (1, ¢2), where 1, ps are defined as

in equations (5.3) and (5.4) above. Define the polynomials E and D by the equations:
E(X\) = ¢,

D(A) = ¢{(1 = XoA) +B1¢* (A = o)},

where 5
=1 p=5 =l —Bodl’| = INC — pol):
Ao | Aol
E ~2 , _
Then o1 = D and pg = - Moreover, E~* = E and |E(\)| < 2|D(\)| on D.
Proof. Let us check that p;(\) = %
E(\) cA » ¢
D(A) A=A + P12 (A= Ao)} €
B cCA
(1= X0A) +Pic*(A = Ao)
cCA
= ~ ¢ S = 1(A).
(1= A (1 4+ pi¢?u(N))
D~2
To check that ¢y()\) = T)(\;\), we need to find D~2(\).

D™%(\) = X*D(1/)\) = /\ZZ{ (1 — %) + D1 ¢? (é - Ao) }

~ e (1-2) et (1-3))

= A= X0) + ApiC(L = AoA).

>

Now,
0w (o)
D) A= 0) + A1 = oA N1 =R
D(\) {1 = 2N +PrC2(A = M)} ( ¢ )
1 — XA
(A= o
A (1—A_0A> A
_ A= Ao
Ao\ +p1)
Lrpctoy) P2
where v(\) = A __)\0 :
1 — Ao
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5.2. A Schwarz lemma for the symmetrized bidisc I'
We would like to show that E~? = E. For A € DD,

E2(\) = NE(1/A) = X\ (c %)
= cA=FE()\), sincec€R.

Since (1, p2) : D — T, we have |p1(A)] < 2. Thus |p;(A ‘—‘ <2 forxeD. O

Proposition 5.2.4. Let h = (s,p) be the function from D to I' defined by
s(A) = v1(A), p(A) = ©2(A), A €D,

as in equations (5.3) and (5.4). Then h is a rational I'-inner function of degree 2.

Proof. One can easily see that h = (s,p) is a rational function, and so there are only
finitely many singularities of this function. Hence we can extend h continuously to almost
all points in T.

Let us show that for almost all A € T, h(\) € bI'. We need to show that, for almost
all A € T, [p(\)] = 1, |s(\)] < 2 and s(\) = s(A)p()\). Since v(\) = 1/\__/\_?)0)\ is an inner

function from D to D, for almost all A € T, |v(\)| = 1.

’p<)\)| |>‘||<2U()‘> +p1| _ _ |C2U(/\) +p1|
[1+Pio(M] (2 (0D)(A) + Pr¢o(N)]
I R R s R A
oM (oA +p)| (G +pf
for almost all A € T.
In [11, Theorem 1.5] it was proved that, for all A € D,
IARS() = 500+ o2 + (1 = R EAE e = o (55)

Choose a sequence (7,,),>1 of numbers such that 0 < r, < 1 for each n and lim r, = 1.
n—oo

Consider € T and let A = r,u in equation (5.5). On letting n — oo we find that, for
almost all p € T,

if?s() — SCiplon)] + ) + (0= 1 2D 0 s

Note that |u| =1 and [p(u)|* = 1, and so equation (5.6) is equivalent to

|s(p) = s(p)p(p)] = 0.

Hence s(p) = s(p)p(p) for almost all € T.
Note that for all A € D, h(X) = (s(A),p(A\)) € T', which means |s(\)| < 2 for all A € D.
Since for every p € T, lim A, = p, then for almost all u € T, [s(u)| < 2.

n—oo
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
By Proposition 2.1.11, deg(h) = deg(p).

CD™(A) M= Ag) + ApiC(1 = AgN)

PN =22 = 50 = F o) £ = Ao))

where D()\) = ({(1 — X)) + DiC%(\ — Xo)}. Since deg(D~2?) = 2 and deg(D) = 1, then
deg(p) = 2. Therefore deg(h) = 2. O

5.3 Some necessary and sufficient conditions for a Schwarz lemma
for P

Some necessary conditions for a Schwarz lemma for P were given in the following Propo-
sition. That is, for which pairs Ay € D and (a, s, p) € P does there exist x € Hol(D, P)
such that z(0) = (0,0,0) and z(\) = (ao, So,Po)?

Proposition 5.3.1. [4, Proposition 11.1] Let \g € D\ {0} and let (ag, So,p0) € P. If
z € Hol(D, P) satisfies x(0) = (0,0,0) and x(\o) = (ao, S0, po) then

2|50 — Sopol + |55 — 4po

<2
|50l , 4~ [so]?

< [ Aol (5.7)

and

< [ Ao (5.8)

L=
g%
|ao\/'1 T+ VI_3P

where 8= (so — Sopo)/(1 — |po|?) when |po| < 1 and § = %so when |po| = 1.

Proof. If x = (21, z9, x3) then (z9,23) € Hol(D, G) maps 0 to (0,0) and Ag to (so,po). By
the Schwarz lemma for G (Theorem 5.2.1), the inequality (5.7) holds.
By Theorem 3.2.3, for every z € D, the function

a(l — |2?)

V.(a,s,p) = [p——

maps P analytically to D. It also maps (0,0,0) to 0. Hence ¥, oz is an analytic self-map
of D that maps 0 to 0 and Ay to ¥, (aqg, So,po). By the classical Schwarz lemma 5.0.1 we
have

|V, (aog, S0, po)| < |Ao| for all z € D.

On taking the supremum of the left hand side over z € DD and invoking Proposition 3.1.4
we obtain the inequality (5.8). O

Theorem 5.3.2. Let Ay € D\ {0}, and (ao, so,po) € P be such that |so| < 2,

2|59 — poSol| + |sg — 4po|
4 — [so|?

— 7ol (5.9)
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

1
|CLO| S ‘)\0‘ 1— —’80|2. (510)
4

Then there exists a rational P-inner function x : D — P such that x(0) = (0,0,0) and

x(No) = (ag, so,po) given explicitly as follows.

and

(1) If |po] = |Xol, then so =0 and x(X) = (A ©(A),0,wA), where whg = po, w € T and

(a) if lag] = |Xol, then, for X € D, o(\) = Kk, where |k| =1 and kKXo = ap;
() if o] < Pl then

A= Aot (L= XN

A) = ~— ) A€ D7
P = o = )
a
and ng = )\—Z.
(ii) If [po| < |Xol, then x(X) = (a(A), p1(N), p2(N), where @1 and o are defined by the
equations
cCA
(’Ol(A) = N = 9 ?
(1 =AM (1 +p1¢Pv(N))
A — Ao
v(A) = ——, Aolsol = [ \gls , = 1’
M= 2522 Ol = Palso,
p 2 v =
plz—O, ¢ = {20 — PoroC®| — IN5¢* — pol},
Ao | Ao

M) +p)
SIS EToVS

and

(a) if |aol = |Xo|y/1 — [s0|?, then, for A € D,

a() = w%,

where |y] = 1 such that ag = yXoy/1 — X|so|?, A(X) = bo(1 + b1 \) is an outer
polynomial of degree 1 such that

[AN* = [DOV* = iIE(A)IQ, (5.11)

and
B\ = eA, D) = T{(1 = Jo) + Bic? (A — M)} (5.12)

(b) if lao| < [Aoly/1 = X[sof2, then, for A € D,

A= Ao+ e(1 = AA) A(N)
N AT~ 20) DOV
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
0 and polynomials A, E, D defined by equations (5.11)

)\01 / 1-— All|30|2

Proof. Since (ag, o,po) € P, we have (sg,po) € I'. By assumption the equality (5.9)

where o =

and (5.12).

holds. Hence, by Theorem 5.2.2, there exists a rational analytic function
e:D—=T:X— (s(A),p(N))

such that ¢(0) = (0,0) and ¢(Xg) = (S0, po). By Proposition 5.2.4, the function ¢ = (s, p)
is a rational I'-inner function of degree 1 or 2.
It is known from [6, Proposition 2.2], see also Proposition 2.1.12, that, for the rational

[-inner function ¢ = (s, p) there exist polynomials £ and D such that
(1) deg(E), deg(D) < deg(yp),
(2) B2 =E,
(3) D(A) #0 for all A € D,

(4) |[E(N)| < 2|D(N)] for all A € D,

Then, by Theorem 4.5.5, we can construct a rational P-inner function
A E D™ .
T = CBE, o5 ) for an arbitrary Blaschke product B and any ¢ € C such that |¢| =1,

where A is an outer polynomial such that

AP = D ~ 1O

A
We would like to construct a : D — C of the form a = CBE such that a(0) = 0 and
a(Ao) = ap.
As in Theorem 5.2.2, it follows from equation (5.9) that |py| < |Ag| < 1. Then we consider

two cases when [pg| = |\o| and [po| < |-
Case (i). If |pg| = |Ao|, then s(A) = 0 and p(\) = wA, for some w such that |w| = 1.
E(\
Since s(A\) = ﬁ =0, then, for A € D,
AP |
DV
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
~T

D
It is easy to see that p(\) = T(A) where D(\) = w; such that w? = w. Therefore

JAV)]? = |@1)? = 1 and A is a non-zero constant. Let B(\) = AB()\) with some finite
Blaschke product B. Then B(0) = 0, and so a(0) = 0.

Recall we require a(\g) = ag, and so

ap = a(Ao) = cB(Xg) = cAgB(Xo).

By assumption (5.10), |ag| < |Ao|, and so

(a) if |ag| = | Ao, we define a(A\) = kA, where k € T is such that ag = k\g. For A € D,
a(A) = kA satisfies the conditions a(0) = 0 and a(\g) = ao.

(b) if |CLO| < |)\0|, then |§L\—0| < 1. Let

ol
def o

Mo = )\07
it is clear that ng € D. Consider the following Blaschke factors
Z+1 Z— Ao

B! = and By.(z) = —.
70 (Z) 1_'_%2 >\0< ) 1— Aoz

Then define _
. — A 11—
B(2) = By o By (z) = 220t ME Z0%)
1 — Xz +Mo(z — Ao)

_ 770(1 - )\_0)\0)

Note that B(\) DY
— AoAo

=1)o. Let us define a : D — C, for A € D, by

- - 1 — \n
a(A) = AB(\) = A2 20 1 = A0d)
1-— )\0)\ + 770()\ — )\0)

where 1y = %. Note that a(0) = 0.
0

a
a(Xo) = Xo Mo = Ao )\—0 = ayp.

Define a rational P-inner function z : D — P by x()\) = (Ap(A),0,w)), where

A=A+ mo(l = AN
1 — XA+ To(A — o)

©(A) , AeD,

Y
Ao’
(0,0,0) and z(X\g) = (ag, S0, Po)-

and 79 = wAo = po, w € T. This function z satisfies the conditions z(0) =

Case (ii). If |po| < [Xo|- Thus, for A € D,

AN
D)

=1 s
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

Let B(\) = AB(\) with some finite Blaschke product B. Then B(0) = 0, and so a(0) = 0.

Note that

a(Ng) = cB(AO)%

Hence

o

By assumption (5.10), |ag| < |Ao|

(a) if |ao| = [Aol

A |

()

= eBO1- s
= C/\()B()w)ﬂ 1— i|80|2.

1 — L]s0]2.

1
=1 7lsVI*

where

()\0),

(5.13)

1 — 1s0[?, then by (5.13), it is easy to see that, for A € D,

where v € T is such that ag = yAgy/1 — }1|30|2.

(b) if

1
|aol < [Aoly/1 — Z|50‘27 then
| Aol

Let

|a0|

1 — 1|so|?

< 1.

def Qo

Mo = ;
)\0@ / 1— 411|50|2

it is clear that o € D. We need to find B : D — I such that B(\g) = po. Consider
the following Blaschke factors

_ Z =+ o z— Ao
B Y2) = and By . (z) = —.
() = T and Boy() = T
Let
Z—)\O
— +
1—/\02 Ho

T
—~
I\
S~—
I

B;ol © BAO (Z> -

Z—/\Q
1+ 71 —
o (1—)\02)

_ z—)\0+,u0(1—)\_Oz)/l—)\_oz+%(z—)\o)
1— oz 1— Xz
z— o+ po(1 — No2)
1— oz +Tio(z — o)
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

- 1— oA
Note that B(\g) = Mo(—_oo) = po. Let us define a : D — C, for A € D, by
1 — oo
= A A=A 1—XoA) A(X
o) = ABO) AR 3 A= Ao £ ol = Aod) AR
D(A) 1= XA +Tig(A = Xo) D(A)
Qo
where py = . Note that a(0) = 0.
)\0\/1 — }1’80|2
_ A(No)
a(ro) = O,UOD()\O)
Qg / 1
= )\0 1-— —’80|2
)\0\/1— i|$0’2 4

= Qag.

Remark 5.3.3. Let A, E, D be the polynomials defined in the previous theorem such that
1
[ANF = DA = Z BNV
Then a polynomial A has a form A(X) = bo(1 + by A\), where

[ AoC? — pi

— 1.
11— p1¢2 Ao

\50’2 =1 —19_1C2)\0|2 and \51’2 =2

Proof. We would like to find A(\). Since £ and D are polynomials of degree 1, then A
is also a degree 1 polynomial such that A(\) = by(1+ b1 \). Note that A is outer, that is,
A(X) # 0 for all A € D. Note that A(X\) =0 if (14 b \) =0, that is, A = —1/b;.

—1/b; € D if |by] > 1, and so, we need |b;| < 1 in order for A()A) to be outer. Note that

1
[AF = [PV = Z BNV (5.14)
By Lemma 5.2.3
E(X\) = ¢,
D(A) = ¢{(1 = XoX) + D13 (A = o)},
where
Po
Ao’
(B = le A" = [e]?|A].

2 _
|C‘ =1, ;= c= W{P\o —ﬁo)\OC2| - ’)‘3<2 _p0|}-
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
DOF = [T{(1=2N) +F (=)}
= (1 =pi¢*Aa) + A(=Xo + P1¢*))”
= [1=Fr¢h [+ 2Re {T=PrCA) (=20 + BiC?A } + AP [ Do +Pic?”

Thus
2 1 2 __ .9 2 Ty Ny Y —2
DO = IEOE = 1= 5i¢o|* + 2Re { T = 71CA) (X0 + iC?)AJ
— 1
+ P20+ ¢ = P AR (5.15)
By taking A = 0, we have on the left side of equation (5.14)
[A(0)]* = [bo(1 + 010)[* = [bo|,

and so, by equation (5.15),
[bo]? = |1 — D¢ Ao)?.

Thus by = a(1 — p1(?)\g), for some a € T.
By replacing A with —\ in (5.15), we obtain

ID=N) = BN = [1 = pi¢hof* - 2Re {T=PicDho)(— % + i)}

— o2 1
+ A=A + 51| —Z|C|Q|)\|27 (5.16)

AN = |bo(1 + biA\) |2 = |bo[*[1 + biA|? = |bol*(1 + 2Re(b1A) + b1 2| A%). (5.17)

Note that

JA(=N)? = [bo|*(1 — 2Re(bi ) + [b1[?[A), (5.18)
and so

[AN)? 4+ [A(=A) 2 = [bol*(2 + 2[b1|*[A]?). (5.19)
Note that

AP + AN = DO = I EQ)P + DX — 3 BN
Adding (5.15) and (5.16) gives
|2

— 1
AP+ A=V = 2|1 = picho| + 2 A |- + 71¢| - LG (5.20)

By equations (5.19) and (5.20),

_ — 92 1
[bol? (2 + 2/b1 2[A12) = 2|1 = r¢2ho| + 212 |20 + B3 +2<—Z\c\2yx|2). (5.21)
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
Recall that |[bg|* = |1 — p1¢%A\g|?, and so, for all A,

— o2 1
ol 0?7 = (|3 7567 - 1)

Therefore,

1
Now, we would like to show that |b;]? < 1. First we need to find Z|C|2'

1 o .
Z_LIC|2 ~ P (|/\0 — Piol*C| = 210 = Bl Ao*CL AT — pidol + [A5C —pl/\o|2>
1 N |2 — 212 2 — o 9 9
=7 Aol |1 = Prre¢?|” — e %ol 11 = FiAaC?| [hol [MoC? — i
1
+ |>\0|2 |)‘0|2|)‘0g2 _pl|2

— |1 =P = 21 = PideC®] Ao = pil + o€ — pul”
Then

1 _ — . 2 _
|01 = 1= 5rC2h2 <|p1§2 — X0l = [T = PrAoC®|” 4+ 2I1 = PrAeC?] [Mo¢? — pr] — [AoC? —p1|2) :

Note that
MC® = pil = Ao 2 = Pil = [ho — 21| = [P1¢? — Aol
and so,

1
Il = s (2 P = il = |1 = pic??)
1
= T (T (2 — il = 1= Fixec?))}
1
TSN (2/A0C* = p1| = |1 = PrAeC?])
—9 |)‘0C2 _p1|

—— — 1.
1= D1¢% Ao

We claim that )
0<?2 |>\0C —p1|

ST T Wi
so that )
[AoC* — pi| <1
1= D1 Ao| —
Note that

(2 —
] 0Pl B ()] < L.

1 —P1¢? Ao
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

Recall that by Theorem 5.2.2, p; = % and (\g|so| = |Ao|so. In this case we consider
0

Ipo| < | o], and so, [p1| = % < 1.
Also, ’
MoC? = )\0|>\0|283 _ [ol’sg.
Aglsol*  Aolsol?
Thus |AC?| = |Ao| < 1. O

Theorem 5.3.4. Let \g € D\ {0}, and (ag, s0,po) € P. Then the following conditions

are equivalent:

(1) there exists a rational P-inner function x = (a,s,p) : D — P such that x(0) =
(0,0,0) and x()‘o) = (a'07807p0);

(2) there exists an analytic function x = (a,s,p) : D — P such that z(0) = (0,0,0) and
2(Xo) = (ao, 50,p0), and |ag| < [Xo|4/1 — F[s0]?;

® 2
2|50 — poSo| + |55 — 4po|
4 —[so?

1
[aol < [Aoly /1 = 7 lsof* (5.23)

Proof. We shall prove that (1) < (3) and (1) < (2).

(1) = (3) Suppose (1) holds, that is, there exists a rational P-inner function x =
(a,s,p) : D — P such that z(0) = (0,0,0) and z(\g) = (ao, s0,p0). Let deg(z) = (m,n),
for some positive integers m and n. By Lemma 4.3.1(ii), h = (s,p) : D — I' is a rational
[-inner function. Note that h(0) = (0,0) and h(X\g) = (¢, po). By Theorem 5.2.1,

|80| < 2, < |)\0| (522)

and

2|so — poSo| + |s§ — 4po|

<2 d
|30| an 4 — |30|2

< Aol

Hence condition (5.22) holds.
By Proposition 2.1.12, there are polynomials F, D such that deg(E),deg(D) < n, E~" =
E,D(A) #0on D, |E(\)| < 2|D(\)| on D, such that s = £ on D and p = 2* on D. By

Theorem 4.5.2, there exists an outer polynomial A such that
1
AN 2 = D) — ZyE(A)P for all A € T

and the given

A E D~ —
r = (a,s,p) = (CB )

— =, — D
pp D )M
for some finite Blaschke product B and some ¢ such that |c| = 1.

The function A — a(\) = cB()\)%(A) is an analytic map from D — D and a(0) = 0 and
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
a(Xo) = ag. Note, for all A\ € D

A P 1|E |7

}E(A) zl—Z‘E(A) , and so
A P 1 )
500 =1 F IO

By construction, A and D are outer polynomials on D. Let us consider the function

=cB(\).

Thus f is an analytic map from D — D. By assumption, a(0) = 0, and so f(0) = 0. By

classical Schwarz lemma 5.0.1,
|F(N)] < |\, for A € D.

Thus

< |\, for A € D.

Therefore,

1
[a(N)] < W1 = ZsQ), for A€ D,

1
lag| = |a(Xo)| < |/\0|\/ 1— Z|80’2'

Hence condition (5.23) is satisfied.

Since a(\g) = ag, we have

(1) = (2) Suppose (1) holds. A rational P-inner function z = (a,s,p) : D — P is
analytic and conditions z(0) = (0,0,0) and x(\g) = (ao, S0, po) are satisfied. Since (1) =
(3), we have |ag| < [Xo[{/1 — $|s0[2. Hence (2) holds.

(2) = (1) Suppose (2) holds, namely, there exists an analytic function zy = (a1, s1,p1) :
D — P such that 7;(0) = (0,0,0) and z;(\g) = (ao, S0, po). By Lemma 4.3.1(i), h; =
(s1,p1) : D — I is an analytic function with the conditions hy(0) = (0,0) and hy(Ag) =
(s0,p0). By [25, Theorem 4], there is a rational I'-inner function h : D — I' such that
h(0) = (0,0) and h(Xg) = (so,p0). Let n = deg(h). By Proposition 2.1.12, there are
polynomials E, D satisfying deg(E), deg(D) < n, E~ = E, D(A\) #0on D and |E()\)| <

2|D()\)| on D such that h = (

o ?) By Theorem 4.5.5, we can construct a rational
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

P-inner function

A E D~
T = <CBE, D T) , for some finite Blaschke product B and some ¢ € C such that |¢| =1,

where A is an outer polynomial such that
2 2 1 2
|[AN)|* = |[DN)|* — 4_1|E(/\)| , forall A eT.
Let

We need to find a finite Blaschke product B such that a(0) = 0 and a(\g) = ag. Note

that since

AN
D)

1
=1- Z'SO\)F’

we have )

A 1 1
500)] =1 Zs00E =1 {lsi?

Note that since B(0) = 0, there is a finite Blaschke product B such that B(\) = AB()\)
for all A € D. Hence

a(\) = cM—?(A)%()\).

By assumption (2), [ag| < |Ao|y/1 — 1]s0|?. As in Theorem 5.3.2, to meet the conditions

a(0) = 0 and a(Ag) = ag, we have two cases:

(i) if |ao| = [Ao[4/1 — $|s0|?, then, for A € D,

where |y| = 1 such that ag = yAgy/1 — }L\SOP.

i) if |ag| < | Ao 1—1502, then
4

|ao|

[ Xol4/1 = Fls0]?

< 1.

Let
def Qo

Mo = 5
)\0@ / 1— %1|80|2

it is clear that o € D. We need to find B : D — I such that B(\g) = po. Consider
the following Blaschke factors

_ z+ o zZ— Ao
B l(z) = and B, (z) = —.
2 () = T and B(2) = =
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P

Then

_ 2 — o+ (1 — Nz
B(z) = Byl o By (2) = —22 ol = Aoz).
1—)\(]Z+/L0(Z—)\0)

- 1 —\n
Note that B(\g) = w = po. Let us define a : D — C, for A € D, by the
formula " —
~ A A—A 1 — X)) A(A
D(\) 1 — XX + io(A — Xo) D(A)
where py = do . Note that a(0) = 0.

)\0 1—1’80|2

A(A
a(Xo) = Aotto DE)\Z;
1
— X 4o 1= Jlsol?
)\0\/ 1-— i|$0’2
= Q.
E D~ —
Therefore the function z = | a, D is a rational P-inner function and conditions

z(0) = (0,0,0) and x(X\g) = (ao, So, Po) are satisfied.

(3) = (1) Suppose (3) holds, that is,

2|50 — poSo| + |s§ — 4pol
4 — |so|? -

1
[aol < Ao/ 1 = 7 Is0l*.

By Theorem 5.2.1, there exists an analytic function hy = (s1,p1) : D — T such that
hi(0) = (0,0) and hy(Xo) = (So,p0). By [25, Theorem 4], there is a rational I'-inner
function h : D — T such that A(0) = (0,0) and h(Xg) = (So,p0). Let n = deg(h). By
Proposition 2.1.12, there are polynomials E, D satisfying deg(F),deg(D) < n, E™" = E,

— — E D~
D(A) #0onD and |E(XN)| < 2|D(A)| on D such that h = (5, T) By Theorem 4.5.5,

|S()| < 2,

and

we can construct a rational P-inner function

A E D™
r= (cBB, ok T) , for some finite Blaschke product B and some ¢ € C such that |c| =1,

where A is an outer polynomial such that
1
\MMF:WMW—ZWMW,EHMAET
To fulfill the conditions z(0) = (0,0,0) and x(X\g) = (ao, So,po), we define a function
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5.3. Some necessary and sufficient conditions for a Schwarz lemma for P
a : D — C such that a(0) = 0 and a(Ag) = ag as in (2) = (1). Recall when (i)
|ao] = |Xo|4/1 — $]s0]?, then we define a by, for A € D,

where || = 1 such that ag = YAgy/1 — +]s0|2. When (ii) |ao| < [Xo|4/1 — ]s0|?, we define
a by

a(\) = /\B(/\)%, for A € D,

A= Ao+ po(1 — X))
1= XA + To(A = o)

where B()\)

a(Xo) = ap.
Note that when

. It is easy to see that in both cases a(0) = 0 and

2|s0 — poSo| + |55 — 4po|
4 — |sp|?

1
lag| < |>\0|\/ I Z'SOP’

an explicit construction of a rational P-inner function z : D — P such that z(0) = (0,0, 0)

|s0] <2, = | Aol

and

and x(X\o) = (ao, So, po) is given in Theorem 5.3.2. O
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Chapter 6. Possible further investigations

We end with some open questions.

(1)

Is it true that the Carathéodory distance Cp and the Kobayashi distance Kp in P
are equal? A positive answer was given for the symmetrized bidisc G in [11]. For
definitions of Cp and Kp, see Chapter C.

Find necessary and sufficient conditions for the solvability of a finite interpolation
problem for analytic functions f : D — P satisfying finitely many interpolation
conditions \; — W, € P?

Can we find a geometric classification of all complex geodesics in P, as what was

done for the symmetrized bidisc G, see [7].

A more general question: are there other special linear subspaces E of C**™ which
give rise to interesting domains € in C¢ closely related to the pg-synthesis problem
for functions in Hol(ID, C™*™)?
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Chapter A. Basic definitions

Definition A.0.1. H*(ID) is the Banach space of bounded analytic functions on the open

unit disc D with supremum norm || f||sc = supyep | f(A)].

Definition A.0.2. Let Q2 be an open set in C and (X, ||.]|x) be a Banach space. Then we
say a map f:Q — X is analytic on Q if, for every zo € Q, there is f'(z0) € X such that

f2) = f(=)

zZ— 20

lim
Z—20

= 0.
b's

— f'(#0)

Remark A.0.3. (Operator norm of a matrix) Let A € C"™*",

a1 aip ... Q1n
a921 929 ce Qony

A= . . . 5 Qi e C.
m1 Am2  -..  Gmp

Then A defines a bounded linear operator

A C"—-C"

xr — Ax, where

n

aix Q2 ... Qip 1 Zj:l a1;jT;
n

g1 Q2 ... Qop | [T2 Zj:l (25X j
n

Ami A2 oo Qo | |0 ijl A T

The operator norm of A is given by

[All = sup [[Az]cm.

||xHCn§1

Definition A.0.4. A matriz A € C"*" is said to be positive semi-definite if (z, Az) > 0
for all x € C™, and positive definite if (x, Ax) > 0 for all vectors x # 0, x € C".
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Note: A positive semi-definite matrix is positive definite if and only if it is invertible.

Theorem A.0.5. [20, Pages 1, 2] There are some conditions that characterize positive

matrices.

(i) A is positive if and only if it is Hermitian and all its eigenvalues are nonnegative. A

18 strictly positive if and only if it is Hermitian and all its eigenvalues are positive.

(ii) A is positive if and only if it is Hermitian and all its principal minors are nonnega-
tive. A is strictly positive if and only if it is Hermitian and all its principal minors

are positive.

(iii) A is positive if and only if A =T*T for some upper triangular matriz T. Further,
T can be chosen to have nonnegative diagonal entries. If A is strictly positive, then

T is unique. A is positive if and only if T is nonsingular.

Proposition A.0.6. Let H and G be Hilbert spaces. Define B(H,G) to be the Banach

space of all bounded linear operators T' : H — G with norm
TN} = sup{||Tz[|c - [|=[|a < 1}

Then
|IT|| <1< 1-T"T>0.

Theorem A.0.7. (Schwarz lemma) [15, Theorem 13| If f(z) is analytic for |z| < 1
and satisfies the conditions |f(z)] < 1, f(0) = 0, then |f(2)| < |z] and |f'(0)| < 1. If
|f(2)| = |z] for some z # 0, orif |f/(0)| = 1, then f(z) = cz for some ¢ such that |c| = 1.

f(2)

z

Proof. Let f : D — D be an analytic map such that f(0) = 0. Let g(z) =
then ¢ is analytic on D\ 0. The Taylor expansion of f(z) at z =0 is

for z #£ 0,

F(2) = F(O) +25(0) + 5 "(0) 4+ = = h(2)

where h(z) is analytic on D. Since h(z) = g(z) for z # 0, g(2) is analytic on D. On the

circle |z| =7 <1, r > 0,

)] 1
= |2 < =,
o) = [ 1)) < 2
By the maximum principle, on |z| < r, |g(z)| has maxima on |z| = r, and hence for

lz| < lg(z)| < % Letting r tend to 1 we find that |g(z)| < 1 for all z € D, and so
|f(2)| < |z| for all z € D.

Further, let 2y be such that |zg| < 1,29 # 0 and |f(z0)| = |20|. Then |g(z0)] = 1. By
the maximum principle, g is a constant with modulus 1, that means g(z) = ¢, and so

f(2) = €z is a rotation. O
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A.0.1 The Nevanlinna class

Definition A.0.8. [43, Section 15.22] For any real number t, define log™ t = logt ift > 1
and log™t = 0 if t < 1. The Nevanlinna class on the unit disc D is the class of all f €
Hol(D, C) for which

1 [ -
sup — log™ | f(re)]df < oco. (A.1)
0<r<1 2T —r

We denote this class by N.

Remark A.0.9. [t is clear that H*(ID) C N. Note that equation (A.1) imposes a restric-

tion on the rate of growth of |f(z)| as |z| = 1, whereas the boundedness of the integrals
= [ toslstrenjas (r2)
— 0 re .
2 J_. &

imposes no such restriction. For instance, equation (A.2) is independent of r if f = e9

for any g € Hol(D,C). The point is that equation (A.2) can stay small because log |f]

assumes large negative values as well as large positive ones, whereas log™® |f| > 0.
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Chapter B. The fundamental group of a topological

space

Definition B.0.1. [34, Definition, page 150] Let f,g: X — Y be two mappings where X
and Y are topological spaces and let I = [0, 1] be the unit interval. Then f and g are said
to be homotopic, denoted by f ~ g, if there exists a continuous mapping h : X x I —Y
such that for each x in X

h(z,0) = f(x) and h(z,1) = g(z).

such a map h is called a homotopy between f and g.

Definition B.0.2. [34, Definition, page 157] Two topological spaces X and Y are said to
be homotopy equivalent (or of the same homotopy type), if there is a pair of continuous
maps f: X =Y and g: Y — X such that fog:Y — Y is homotopic to the identity
map idy and go f: X — X is homotopic to idx.

Let yo be in a topological space Y and let C(Y, o) be the collection of all continuous
maps f: I — Y such that

F(0) =y = f(1).

Definition B.0.3. [34, Definition, page 159] If f and g are two maps in C(Y,yo). Then fis
homotopic to g modulo yg, denoted by f ~ g if there exists a continuous map h : [ XxI —'Y
such that "

h(z,0) = f(x) and h(z,1) = g(z) for every x € I,

and h(0,t) = yo = h(1,t) for every t € I.

Lemma B.0.4. [34, Lemma 4-16] Homotopy modulo yo is an equivalence relation on
C(Y7 yO)

C(Y, o) can be decomposed by the relation homotopy modulo y, into disjoint equiv-
alence classes, specifically the arcwise-connected components of C(Y,y). Let m(Y, o)
denote the collection of these equivalence classes. Let [f] denote the homotopy class such
that f is an element of C(Y,yy). This means [f] denotes the collection of all g in C(Y, o)
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such that f ~ g. Define the juztaposition f * g of f and g in m (Y, y) by
Yo

(Frg)a) = 4T Oga‘j

g2z —-1) <z <

Then f * g is also an element of C(Y,yp), since (f * g)(3) = f(1) = g(0) = yo. If [f] and
[g] are two elements of 7 (Y, yo), we define their product by

[f]o[g] = [f *g].

The set (Y, yo) is called the fundamental group and it is a group under the o operation.

Theorem B.0.5. [34, Theorem 4-20] A mapping h : (X, z9) — (Y, y0) induces a homo-
morphism h, : 7 (X, z0) = m (Y, ).

Proof. Define a mapping

hy @ C(X,20) = C(Y,y0)
fr—hyf

given by (hyf)(t) = h(f(t)). To show that hy is continuous, let fy belongs to C(X, zy),
and let U be any basis element in the compact open topology of C(Y,y) where hy fo
is contained in U. Now by definition, U is the collection of all continuous functions in
C(Y, 1) that take a compact set K into an open set O. Consider the basis element U~!
of C(X,z) comprising all continuous functions taking K into h='(0). Since [hy f](K)
lies in O, then h(f(K)) lies in O and f(K) lies in h~*(O), and consequently fy lies in
U~t. Suppose g lies in U1, then g(K) lies in h~1(0) and [hyg](K) = h(g(K)) lies in O,
and so hyg belongs to U. Thus hy is continuous. Define h, by h.([f]) = [haf]. Since hy
is continuous, it maps C(X, z¢) into C(Y, o), so h. is well-defined. To prove that h, is a

homomorphism, which means,

It suffices to show that
hy(f * g) = hy f * hyg

which is immediate.

h(f(2x)) = [hy f1(22) for 0 <z <

ha(f * 9))(@) =
h(g(22 — 1)) = [hggl(22 — 1) for

—= ole

IN
IN

1
2 i

= [haf * hygl(x).
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Theorem B.0.6. [34, Theorem 4-21] Let the mappings f and g from (X, zo) to (Y, yo)
be homotopic. Then the induced homomorphisms coincide. If f : (X, x9) — (Y, yo) and
9: (Y,90) = (£, 20), then (9f)+ = g+ fw.

Theorem B.0.7. [34, Theorem 4-3] Let Y denote the space of all continuous func-

tions of X into Y. Then the homotopy classes of YX are precisely the arcwise-connected

components of YX.

Lemma B.0.8. [16, Lemma 4.13] Let B be a finite Blaschke product. Then the degree of
B is equal to B,(1).
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Chapter C. Kobayashi and Carathéodory distances

In this chapter we recall definitions of Kobayashi and Carathéodory distances from [12].
One can find the notions below in a book by Jarnicki and Pflug [36].
The pseudohyperbolic distance on I is defined as

Z—Ww

d(z,w) =

,  z,w € D.

1—wz

The Carathéodary extremal problem for a domain €2 and for a given pair of points

z,w € € is to find
Ca(z,w) :=sup{d(F(z), F(w)) : F maps 2 analytically into D}.

A function F' for which the supremum on the right-hand side is attained is called a
Carathéodary extremal function for €2 and the points z, w, and Cq, is called the Carathéodary
pseudodistance on ).

The Kobayashi extremal problem for a pair of points z,w € € is to find the quantity
da(z,w) = inf d(A1, A2),

over all pairs A\, Ao € D such that there exists an analytic function h : D — € such that
h(A\) = z and h(A2) = w. Any such function h for which the infimum on the right hand
side is attained is called a Kobayashi extremal function for €2 and the points z,w. The
Kobayashi distance Kq on () is defined to be the largest pseudodistance on {2 dominated
by dq [26].
It is standard that
Cq < Kq <dq

for any domain € [26]. If a domain D is bounded and convex Lempert’s theorem asserts
that the Carathéodary and Kobayashi distance coincide on D, that is, Cp = Kp, [39].
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Chapter D. Some results on the function theory of G

D.1 Royal variety of G and Aut G

A flat geodesic of G is a complex geodesic of G which is the intersection of G with a

complex line.

The royal variety Rr of the symmetrized bidisc is
Rr = {(s,p) € C* : s* = 4p}.

For w € T, define the function &, : I' = C by

2wp — s
2 —ws

D, (s,p) = P(w, s,p) = for (s,p) € I' such that ws # 2. (D.1)

Theorem D.1.1. (1) Each point of G lies on a unique flat geodesic.
(2) Each flat geodesic meets the royal variety exactly once.
(3) For z1,2z3 € G, the following are equivalent:

(1) Dy, is an extremal function for the Carathéodory extremal problem for zy, zo for

every w € T;

(i) 21,29 lie either on the royal variety or on a flat geodesic.

Statement 3(i) means: for all w € T,
Cg(Zl, 22) = d(fbw(zl), (I)w(ZQ))

Lemma D.1.2. [14] Every automorphism of G maps the royal variety Rr NG to itself

and maps every flat geodesic to a flat geodesic.

Proof. Let v € Aut G and let ¢ be either the royal or a flat geodesic. Consider any pair
of points on the complex geodesic a0 ¢ of G, say 21 = a0 p(A1), 22 = a o p(\y) where
A1 # Ao in D. Observe that, by Theorem D.1.1, statement (3)(i),

Ca(p(M), p(A2)) = d(Pc 0 p(h1), B¢ 0 p(A2)).
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D.2. Solutions to interpolation problems from D to G

for all ( € T. We claim that every ®,,w € T, is a Carathéodory extremal function for
21, z2. Indeed, for w € T, by virtue of Corollary , there exist m € Aut D, { € T such that

®,0a=mod..
Then

d(Puw(21), Pu(z2)) = d(CIDw aop()), @y (ao 90()‘2)))
= d(mo®¢op(A),moPcop(A))
= d(Pcop(\) @Cogp()\g))

— Colplhn o)
= Cg(OzOgo )\1 aow(/\g))
= Cg(z )

and ®,, is a Carathéodory extremal as claimed. Hence, by Theorem D.1.1, statement
(3)(ii), the geodesic a0 is either royal or flat. Among the class of royal or flat geodesics,
the royal variety is the unique one that meets more than one other geodesic in the class,
and this property is preserved by automorphisms. Hence if ¢ is the royal variety then so

is o, and a o pg is a flat geodesic for every 5 € D. m

D.2 Solutions to interpolation problems from D to G

Definition D.2.1. [44] Let (C",||.||cn) be a Hilbert space. Then:

(1) L3(T,C") is defined to be the space of square-integrable C"-valued functions on the

unit circle with its natural inner product and norm

1 2 ) %
I = (55 [ Wl ao)

(2) H*(D,C") is defined to be the space of analytic C"-valued functions on the unit disc

such that )
1 3
lim ( / £ (re®)||2. d@) < 00.
r—1

The space H*(D,C™) can be identified with a closed subspace of L*(T,C").

To prove Theorem D.2.3, Costara in [25] relied on the following theorem by Agler and
Young.

Theorem D.2.2. [13, Theorem 0.1] Let Ay, ..., A\, € D be distinct points and W1, ..., W,, €
Q. Put s; = tr (W;) and p; = det(W;) for j =1,...,m, and suppose that s?/4 —p; #0
for 3 <k, and sjz»/4 —p; =0 for j >k, where k > 1 (that is, at least one matriz W; has

two distinct eigenvalues). The following assertions are equivalent.
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D.2. Solutions to interpolation problems from D to G
(1) There exists an analytic 2 x 2 matriz-valued function F : 1D — Q such that F(\;) =
W; forj=1,...,m.

(2) There exist constants by, ..., by, c1,...,cm € C such that bjc; = s?/él —p; forj =
1,...,kbj =c¢; =01if 5 >k and W; is a scalar matriz, bj # 0 and c¢; =0 if j > k
and W; is not a scalar matriz, and such that we can find G : D — C**? analytic
with G(A\j) =Y; for j=1,...,m and ||G(\)| <1 on D, where

sj/2 bj
¢ 5/2

Y. =

; (j=1,...,m).

Theorem D.2.3. [25, Theorem 4] Let Ay, ..., A\, € D be distincts points, and
(s1,01), -+, (Smspm) € G. There exists an analytic function f : D — G with f()\;) =
(sj,pj) for 3 = 1,....,m if and only if there exists N < 4m and an analytic function
g = (s,p) : D — G, where p and s are of the form given by

N
\ — s
p(A):g”l_;J)\, forAeD, (€T and a,...,ay €D. (D.2)
=1 !

(IT= X+ ENIT (1 = BN\ = 5)))
Hj‘vzl(l _aJ')‘)

for A e D, t,q e NU{0} witht+2q =N, p1,....,0, € D,r € Ry and &,&,...,6 €T

with & H;zl & = ¢ such that g(N\;) = (s;,pj) for j=1,...,m.

s(\) =r&

, (D.3)

Proof. Let f = (3,p), and define, for A € D,

F()) =

0 1 ]
—p(A) 3(A)]

Using the fact that f(ID) C G we obtain that F'(D) C €2, and, by applying Theorem D.2.2,
we can find matrices Wy, ..., W, € Q such that W; is cojugate to

0 1 ,
forj=1,...,m,
—Dj 8

and such that there exists an analytic function F' : D — C>*? with F (Aj) = W; for
j=1,...,mand |[F(\)|]| <1 onD. Then [8, p. 181] we can find a rational analytic
function G : D — C?*? of order at most 2m, which is also inner (that is, its values on T
are unitary matrices), such that G(\;) = W; for j = 1,...,m. Put g = (tr (G), det(G))
on D. Then g is a rational function of order at most 4m, we have g(\;) = (s;,p;) for
j =1,...,m, and since r(.) < ||.|| on C?**? we obtain that g(D) C G. Also, since the
spectrum of a unitary matrix is always a subset of T, by the definition of the distinguished

boundary of I' we obtain that g is I'-inner.
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D.2. Solutions to interpolation problems from D to G

Write g = (s,p). Then p is a finite Blaschke product, and therefore we can find ¢ € T
and aq,...,ay € D such that p is given by equation (D.2). For the function s, using the
characterization of the distinguished boundary of I' we obtain that s = sp on T. If we
consider the Hardy space H? (on T), this implies that sp € ﬁQ(]D)), where

2

H (D)={heL*:he H D)}
—{heL?:h(k)=0,Vk>1}.

If we denote H2(D) = {h € L? : h(k) = 0, ¥ k > 0}, then H (D) = AH?(D), where
A is the identity from D to D. Therefore sp € AH?(D), and since |p| = 1 on T we
obtain that s € (Ap)H2(D). Therefore s € H*(D) N (A\p)H%(D), and now observe that
H?*(D) N (Ap)H2(D) is the model space [40, p. 228] for the inner function Ap. We have

H(D) () (Ap) H2(D) = H*(D) & (A\p) H*(D),

and this space is finite dimensional, since Ap is a finite Blaschke product. If we put ag = 0
and by = (A — ag)/(1 — @A) for k= 0,..., N, then according to [31, p. 279]

PO TN
and 1

where d; = (1 — |aj]?)2 for all j, form a basis of H2(D) & (Ap)H2(D). Therefore, for
s € H*D) & (Ap)H?*(D) we can find a polynomial @ of degree at most N such that
s = Q/P, where P(\) = va:l(l —@,)). Since s = 3p on T, this implies that Q/Q = (A
on T, and then () must be of the form

t q
Q) =€ (H(A + fj)) (H(l — BiA (A — @')) ,
j=1 J=1

where t,g € NU{0} with t +2¢ = N, f1,...,5, €D, r € Ry and £,&,...,& € T are
such that &2 H§:1 &¢; = (. Therefore, s is of the form (D.3). Since |s| < 2 on D, then r > 0
is such that ||s]|s < 2.

Let us also observe that if p and s are given respectively by equations (D.2) and (D.3),
then by putting g = (s,p) it follows that ¢ is a rational analytic function on D, with
g(T) CbI'. If, in addition, we also have ¢(0) € G, then g is I'-inner. O
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