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Abstract

I study the physics of charged relativistic cosmic ray (CR) particles and the

dynamics of the interstellar medium (ISM) including the CR particles along with

other physical e�ects such as gravity and di�erential rotation.

I use two complementary approaches to model cosmic rays in astrophysical sys-

tems. The �rst approach uses test particle simulations of high energy cosmic rays

in various magnetic �eld con�gurations to understand their ensemble distribution

with respect to the �eld. Unlike most other studies of this type, I consider realis-

tic, non-Gaussian magnetic �elds produced by the 
uctuation dynamo rather than

ad-hoc Gaussian random �elds.

Particle simulations in an idealised axisymmetric mirror trap de�ned by an ana-

lytical function, and a dynamo-generated random �eld which was interpolated from

a three-dimensional grid, demonstrate that the spatial distribution of the cosmic-ray

protons and electrons in a random magnetic �eld is not only uncorrelated with the

magnetic �eld strength but is even statistically independent of it. The spatial distri-

butions of the protons and electrons are di�erent from each other, although they are

correlated. The spatial distribution of cosmic rays at the turbulent scales is sensi-

tive to the discrete nature of the cosmic ray sources in the sense that it is important

that the particles are injected into the interstellar medium non-uniformly. These

high-energy particles are accelerated into the interstellar medium from the shock

fronts of supernovae remnants which are inhomogeneous, and to study their realis-

tic evolution in various magnetic �eld geometries, it is vital to include the inherent

non-uniformity in the spatial distribution of cosmic rays.

The second part of my research is aimed at forming a better understanding of the

dynamics of galaxies in the presence of magnetic �elds and cosmic rays through mag-

netohydrodynamic (MHD) simulations. Here, I study the evolution and saturation

of the fully nonlinear Parker and magnetic buoyancy instabilities.

I use the sixth order di�erential equation solver Pencil code (Pencil Code Col-

laboration et al., 2021) developed for non-ideal astrophysical MHD simulations. I

simulate the system in external gravity typical of the solar neighbourhood in a local

rectangular box of 4�4 kpc2 horizontally and 3:5 kpc vertically (with the mid-plane

at the box middle). In order to simulate the nonlinear, statistically steady-state of



the system I impose background horizontal magnetic �eld, gas density and cosmic

ray distributions as functions of height symmetric about the midplane.

The simulations show that the nonlinear development of the Parker instability

leads to a decrease in the gas scale height, accompanied by the evolution of the

magnetic �eld towards a nearly uniform vertical distribution and vigorous spread

of the cosmic rays through the system guided by the localized vertical magnetic

�elds. I also consider the e�ect of rotation on the evolution and saturation of the

Parker instability. Rotation introduces dynamo e�ects in the system, which a�ect

the dynamics of magnetic �elds and cosmic rays. In particular, rotation results in

a reversal of the imposed horizontal magnetic �eld and reduces the loss of cosmic

rays from the system. The qualitative evolution of cosmic rays and thermal gas is

similar in both rotating and non-rotating cases, but the loss and saturation levels of

magnetic �eld and cosmic rays di�er quantitatively.
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Chapter 1

Motivation and Overview

1.1 Introduction

The interstellar medium (ISM) of a spiral galaxy is the space between the stars

containing plasma, dust, cosmic rays and magnetic �elds and the resulting elec-

tromagnetic radiation. Recent developments in observational astronomy and heavy

numerical simulations using High-Performance Computers have improved our un-

derstanding of galactic physics. The rich ISM mixture, including its thermal and

non-thermal components, contributes 10% of the total visible mass and a�ects the

large-scale dynamics such as star formation and out
ows. However, for obvious rea-

sons, direct local observation of the ISM, even in the Milky Way, is an arduous task.

Out of the �ve interstellar probes by NASA, only three (Voyager 1, Voyager 2 and

Pioneer 11) have crossed the heliosheath, away from the Sun's magnetic and grav-

itational �eld, and are in the interstellar medium. Pioneer 11 has already stopped

sending viable signals since 1995, and the other two are most likely to cease sending

signals after 2023.

Observational data measured on Earth and nearby satellites, obtained from vari-

ous thermal and non-thermal emissions and absorptions, is the most e�cient means

to understand distant astrophysical systems, including the ISM. In parallel, analyti-

cal and numerical works attempt to model galaxies through global and local studies.

The results presented in this thesis use computational methods to model the ISM's

complex nonlinear dynamics and physics by studying the numerical solutions to the

governing equations de�ning the di�erent energy components. The three main en-

ergy components in the ISM are magnetic �elds, cosmic rays (CRs) and plasma.

The presence of galactic magnetic �elds has been known to us since the late 1940s
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Chapter 1. Motivation and Overview

through optical and, later, synchrotron observations. CR electrons emit synchrotron

radiation when accelerated by the magnetic �elds. CRs are one of the most signif-

icant energy components driving the galactic dynamics through local and global

instabilities. The synchrotron emission from CR electrons are the tools for studying

galactic magnetic �elds. This thesis addresses two main research problems: 1) the

distribution of cosmic ray protons and electrons in the magnetic �elds present in

the ISM, addressed using test particle simulations and 2) the large-scale dynamics

of ISM in the presence of nonlinear Parker instability in galaxies, addressed using a


uid model for cosmic rays.

1.2 Outline

This thesis has three parts. Part I, including this chapter, discusses the motivation

and brie
y introduces the theoretical foundations involved in this work. Chapter 1

lays out a brief description of the broader area of galactic physics and the observa-

tional tracers. Chapter 2 describes the di�erent aspects of CR modelling to study the

ISM dynamics, including the particle and 
uid description of CR and the theoretical

background involved in the numerical modelling. Chapter 3 reviews the magnetohy-

drodynamical equations in modelling galactic dynamics and the prominent physical

phenomena in the ISM.

Following this, Part II discusses the results from test particle simulations of

CR protons and electrons. Chapter 4 presents the research on CR trapping in

magnetic mirrors. Here, I give a brief introduction and motivation on why the

spatial distribution of CR protons and electrons is essential in ISM physics, followed

by a discussion on the e�ect of magnetic trapping on the spatial distribution of these

particles under di�erent source conditions. I also discuss the main numerical and

mathematical challenges in studying this problem through test particle simulations,

and describe the di�erences in the distribution of electrons and protons in various

magnetic �eld con�gurations.

Finally, Part III discusses the large-scale ISM dynamics, including the CR 
uid

model. In Chapter 5, we study the evolution and saturation of the Parker instability

in disc galaxies. Here, I discuss the magnetohydrodynamical simulations using the

Pencil code in a rectangular simulation box studying the ISM dynamics in a solar

vicinity-like region of the galaxy. Following this, Chapter 6 discusses the nonlinear

Parker instability in a rotating box, where we try to look for possible dynamo e�ects.
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Figure 1.1: Types of galaxies: A comparison between cartoons of galaxies based on
morphology (top row) and images constructed from observational data for each type
(bottom row). Source: https://hubblesite.org/science/galaxies.

Here we also discuss the nonlinear evolution of the Parker instability in the presence

of an imposed dynamo e�ect. The impact of an imposed� 2-dynamo on the Parker

instability, in Chapter 7, is work done in collaboration with Yasin Qazi, Dr. Frederick

Gent and Prof. Anvar Shukurov.

1.3 Motivation

A galaxy is a system comprising stars, thermal gas, magnetic �elds, relativistic

charged particles, dust and energy components, all bound by the gravitational force.

Galaxies are characterised by various features, including morphology, luminosity,

redshift and colour. Based on morphology, galaxies can be classi�ed into three main

types: elliptical, spiral and irregular.

Figure. 1.1 compares cartoons and images constructed from observational data of

di�erent galaxy types. Elliptical galaxies can either be giant (very rare) or dwarf and

are not sites for active star formation. Spiral galaxies derive their name from their

speci�c geometry and are an active site for star formation, and the most abundant

type of galaxy. The Milky Way, one of the most extensively studied galaxies, is

about 13 billion years old and is home to around 100-400 billion stars, including

the Sun. It is a spiral galaxy with a disc of gas and stars; all bound gravitationally

with a black hole at the centre. Spiral galaxies are further classi�ed as normal or

barred spirals. In barred spirals, the arms are formed from the ends of the central
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Figure 1.2: The structure of Milky Way galaxy with a face on view (left) and edge on
view (right) from
https://www.esa.int/ESA Multimedia/Images/2016/09/Anatomy of the Milky Way.

bar, whereas in normal spirals the arms start from the central bulge. E. Hubble

(1921) classi�ed galaxies based on morphology into spiral and elliptical. van den

Bergh (1976); Cappellari (2016) improved this classi�cation to include kinematic

properties: fast rotators (disc galaxies) and slow rotators with elliptical shapes.

Figure. 1.2 portrays the Milky Way viewed face-on from above (left) and edge-on

from the side (right), showing the structure of our galaxy. A disc galaxy has a

nucleus rich in thermal radio emission, a central radio region, a radio disc of height

1:5 kpc and a galactic halo. In the Milky Way, a disc of approximate width 0:2 kpc

and radius 4{12 kpc contains most of the mass (Ferri�ere, 2001). Around 80% (this

estimate is rough and varies as the exact shape of the galactic halo is unknown) of

the radio emission observed on Earth are from the galactic halo. Our solar system

in the Milky Way is approximately 7{9 kpc away from the galaxy's centre.

1.3.1 Multiphase interstellar medium

The thermal gas in the ISM is divided into three main phases: cold, warm and

hot (Cox, 2005). Observational and numerical studies often identify the di�erent

phases and non-thermal components to model the ISM. Apart from the gas, the two

other main energy components which play an essential role in the dynamics are CRs

and magnetic �elds, which have comparable energy densities to the gas. The ISM

magnetic �elds are nearly frozen into the gas due to the low resistivity.

The CR dynamics in the ISM depend on the local magnetic �elds, as will be dis-

cussed in Chapter 2. There is a general assumption of energy equipartition between
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these components, but there is little observational or numerical evidence. Recent

global (e.g. Girichidis et al., 2022) and local simulations (e.g. Gentet al., 2021),

including of the non-thermal components, shed light on their e�ect on galactic dy-

namics and structuring. The ISM dynamics is turbulent due to the high energy input

from supernovae (discussed in Chapter 3), resulting in correlation length scales of ap-

proximately 100 pc. Chapter 3 gives a detailed description of the ISM composition,

its modelling and a brief review of the previous studies.

1.3.2 Galactic CRs

CRs are relativistic charged particles (ions, electrons and positrons) which are ac-

celerated at shock fronts of supernova remnants, from where they propagate in the

galaxy along magnetic �eld lines. The scattering processes make their distribution

nearly isotropic. The scattering can be due to extrinsic turbulence, from the partially

coherent component of the ISM magnetic �elds (Jokipii & Parker, 1968, 1969a), or

intrinsic, from the self-excitation of Al�fven waves causing resonant scattering (Kul-

srud & Pearce, 1969). The most abundant cosmic ray particles are CR protons in

the 1 GeV energy range, and CR electrons, which are synchrotron radiation sources,

an observational probe for magnetic �elds. While the low energy CRs observed on

Earth have a nearly isotropic distribution, small-scale anisotropies in galactic cos-

mic rays are observed in the TeV range (Battaneret al., 2015; Abeysekara, 2018,

and references therein), which may be due to the magnetic �eld structures such as

large scale magnetic clouds or to their extragalactic sources. The di�usion of CRs

in such molecular clouds is studied by Klepach & Ptuskin (1995); Chandran (2000,

2001, and references therein). Radio, gamma and X-ray observations are used to

study the galactic CRs. Chapter 2 gives a brief description of cosmic ray physics

and modelling.

1.3.3 Magnetic �elds in the ISM

The existence of magnetic �elds in galaxies has been theorised and known since

the 1940s from theories on cosmic radiation and optical observation of starlight

polarisation (Spitzer, 1948; Fermi, 1949; Hiltner, 1949; Chandrasekhar & Fermi,

1953). Figure. 1.3 visualises the radio emission in M51 galaxy superimposed on

its optical image (Fletcher et al., 2011). The emission map reveals a thoroughly

magnetised interstellar gas and the magnetic �elds have both ordered large-scale

6
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Figure 1.3: The � 20 radio map of M51 galaxy superimposed on the optical image of M51
galaxy obtained by Hubble telescope as given in Fletcheret al. (2011).

components and random small-scale components. Typically the strength of the

total magnetic �eld is around 17� G, where the ordered large-scale component has a

strength of 5� G (Beck, 2009). The magnetic �elds in the ISM undergo di�usion and

are maintained by dynamo action, which results from the turbulent and large-scale

motions of the ISM. From existing models, the timescales over which the magnetic

�elds in the galaxy change are around 107 yr, which is the dynamo time scale. A brief

description of the dynamo e�ect is given in Chapter 3 and later in Chapters 6 and

7. A brief review of some standard observational tracers of galactic magnetic �elds

is given here following the discussions in Ja�e (2019); Shukurov & Subramanian

(2021); Longair (2011).

Synchrotron radiation: Charged particles moving in magnetic �elds radiate syn-

chrotron emission depending on the local magnetic �eld and the perpendicular ve-

locity of the particle. The energy lost is proportional to the square of the energy

of the particle. Synchrotron radiation is inversely proportional to the square of the
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Chapter 1. Motivation and Overview

particle mass, making the contribution from electrons much more signi�cant than

CR protons.
dE
dt

= 2� T c
 2Umag sin2(� ); (1.1)

where � T is the Thompson scattering cross-section,c is the speed of light,
 is the

Lorentz factor, and Umag is the magnetic energy density. In the case of isotropic

scattering of the CR particles, one can average over the phase of sin2(� ). To accu-

rately quantify the observations, the cosmic microwave background (CMB) radiation

must be separated from the total radiation at the shorter wavelength (Rybicki &

Lightman, 1979). More about synchrotron radiation and its e�ect on the evolution

of CR electrons is given in Chapter 2.

Inverse Compton: Inverse Compton scattering is the interaction between the CRs

and the radiation in the ISM caused by the back-scattering of the charged particles

as they lose energy when interacting with CMB photons. Synchrotron radiation and

inverse Compton are the main energy loss processes that a�ect CR electrons.

dE
dt

=
4
3

� T c
 2Urad : (1.2)

Here,Urad is the radiation energy density of the CMB. The energy loss rate for both

synchrotron and inverse Compton losses are directly proportional to the square of

the energy of the CR electrons. This implies that the cooling time for lower energy

CR electrons will be signi�cantly longer. Hence, the synchrotron radiation is more

signi�cant for energies greater than GeV energy ranges. Meanwhile, Bremsstrahlung

loss processes occur from the interactions and collision between the CR electrons and

the background interstellar medium. This is more e�cient when the density of the

CR distribution is higher which is more prominent for the lower energy CR electrons.

The cooling time of CR electrons due to Bremsstrahlung radiation in an ISM with a

density of 1 cm� 3 is around 109 yr and thus is only signi�cant for the slower moving

Gev range electrons. Ionisation losses are present in low-energy charged particles

but are very insigni�cant for relativistic particles. For example, in the ISM plasma,

a CR electron of energy 1MeV has a cooling time of 10 Myr.

Faraday rotation: Faraday rotation depends on the thermal electron density and

arises from the polarisation of the radio waves in a magnetised plasma. The Fara-

day e�ect is the rotation of the polarisation angle of the electric �eld vector along
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Chapter 1. Motivation and Overview

the magnetic �eld direction. The e�ect is quanti�ed using the parameter, rotation

measure (RM) is given by (Longair, 2011)

RM = A
Z L

0
ne(l )Bkdl: (1.3)

Here, l is the path length, L is the cluster path length,ne(l ) is the electron number

density along the path,Bk is the magnetic �eld along the line of sight (LOS) and

A = e3=2�m 2
ec4 is the constant depending on the electron charge (e), electron mass

(me) and speed of light (c).

Dust Polarisation: Interstellar dust is matter ejected from stars into the ISM by

stellar winds or explosions. Dust grains, sensitive to magnetic �elds, polarise the

starlight passing through them along the axis parallel to the magnetic �elds. The

degree of polarisation sheds light on the localised �elds in the ISM. The starlight

passing through the dust also heats the particles to produce infrared radiation.

Polarisation of light and radiation describes the geometry of the �eld (Bethellet al.,

2007).

Zeeman splitting: The Zeeman e�ect splits spectral lines in the presence of mag-

netic �elds, and is one of the oldest known observational signatures of magnetic

�elds. Zeeman splitting is not an ideal choice for the entire ISM as the magnetic

�elds present are very weak. The regions of strong magnetic �elds, such as molec-

ular clouds, can be probed using this observational tool. Zeeman splitting gives

information about magnetic �elds along the line of sight.

1.4 Collaboration

All the results discussed in this thesis are original work done by the author as a

postgraduate student towards her doctoral degree. Chapter 4 is based on a paper

submitted to Physical Review E, titled Cosmic rays and random magnetic traps,

which is currently under review and is written in collaboration with Prof. Anvar

Shukurov, Dr. Graeme Sarson and Dr. Andrew Snodin. The test particle code used

in this work, written in Fortran, is based on the work of Dr. Amit Seta (Setaet al.,

2018), and adapted by the author with contributions from Dr. Andrew Snodin and

Dr. Luiz Felippe Rodrigues Santiago. The numerical simulations and post-processing
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included here are conducted by the author with input from her supervisory group.

The results presented in Chapter 5 form a paper submitted to Monthly Notices of

the Royal Astronomical Society titled Steady states of the Parker instability. The

work done here is in collaboration with Prof. Anvar Shukurov, Dr. Graeme Sarson,

Dr. Frederick Gent, Dr. Andrew Snodin and Dr. Luiz Felippe Rodrigues Santiago.

The results presented in Chapter 6 is a continuation of this work, and form a paper

submitted to Monthly Notices of the Royal Astronomical Society under the title

Steady states of the Parker instability: e�ects of rotation. The work done here is in

collaboration with Prof. Anvar Shukurov, Dr. Graeme Sarson, Dr. Frederick Gent

and Dr. Andrew Snodin. The numerical simulations using the Pencil code (Pencil

Code Collaboration et al., 2021) and the subsequent numerical analysis for both

these works were conducted solely by the author. Chapter 7 discusses the work

done in collaboration with Yasin Qazi, Prof. Anvar Shukurov and Dr. Frederick

Gent which is a further exploration of Parker instability in the presence of dynamo

action and currently being prepared for publication.

1.4.1 Post-processing and visualisation

The post-processing of numerical data and visualisation produced in this thesis are

conducted using open source Python packages including NumPy, Matplotlib, SciPy,

seaborn and pandas. The three-dimensional visualisations are created using open

source vtk renderer PyVista. All plots and visualisation in this thesis use colours

that are colourblind-friendly wherever possible.
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Chapter 2

Modelling cosmic rays

Ever since the discovery of CRs in the late 1800s by Victor Hess and Theodore

Wolf, their origins, dynamics, and composition have greatly interested astrophysi-

cists, and led to the discovery of galactic magnetic �elds. CR particles observed in

situ on Earth are a mixture of solar, galactic and extra-galactic origins. Galactic

CRs are relativistic charged particles, including protons, electrons, positrons, neu-

trinos and other heavy ions like Beryllium and Lithium. The presence of heavy ions

in CRs is due to the ionisation of interstellar gas through nuclear collisions. CR

ions and electrons propagate through the galaxy along the magnetic �eld lines, and

they have been an observational probe for galactic magnetic �elds since the late

1940s (Spitzer, 1948; Fermi, 1949; Hiltner, 1949; Chandrasekhar & Fermi, 1953).

Astronomers use radio emissions (synchrotron radiation), gamma rays (interaction

between the charged particles) and X-ray emissions to construct information about

galactic CRs. The emission produced by the CRs depends on the energy of the

charged particles and their respective interaction with the ISM matter. Figure 2.1

gives the energy density distribution of CRs in a galaxy constructed from di�erent

observational data as given in Aartsen (2013), which shows that the CR protons

contribute most to the number density distribution, followed by electrons and other

charged particles. CR protons, which are heavier than the electrons and abundant

compared to the other positive ions, contribute the most to the average CR energy

density, � cr. The spectral slope of CR electrons in the galaxy is approximately� 2.

The energy of these CR particles in galaxies ranges from 1 Gev to 1012 Gev. Due to

their negligible mass and low densities compared to gas, gravitational forces have

little e�ect on these relativistic particles, which enhances the buoyant e�ect of mag-

netic �elds in supporting the gaseous disks in the galaxy (Parker, 1966). Part III of
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Figure 2.1: The energy density spectrum as a function of energy in the ISM from
di�erent observational data (Aartsen, 2013).

this thesis discusses this e�ect and the dynamical consequences of this in the ISM

in more detail.

CRs, which have comparable energy densities to the magnetic �elds and the gas,

are an essential factor a�ecting the global distribution of the interstellar gas (such

as the disc thickness) and the local structure of the ISM. Furthermore, they play

a crucial role in driving systematic gas out
ows (winds and fountains) from spiral

galaxies and thus contribute to regulating star formation and galactic evolution.

CRs present in the galaxy can be of galactic and extra-galactic origins. In the

galaxy, the shock fronts of supernovae remnants (Fig. 2.2) accelerate CRs into the

ISM, and the distribution of these sources is inhomogeneous (Evoliet al., 2021).

The number of heavy ions observed quanti�es the distance travelled by the CRs

observed on Earth. CR particles reaching Earth will on average have travelled a
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Figure 2.2: Cassiopea A supernova remnant, source: NASA=CXC=SAO.

distance of 3� 1026 cm, and the lifetime of CRs in the galaxy is 106 yr. If CRs were

to faithfully follow the large-scale magnetic �eld lines parallel to the galactic plane,

these relativistic particles will not have their lifetime estimated from observations.

Hence, their observed con�nement times requires a robust scattering mechanism to

contain them in the galaxy. The single-particle trajectory of CRs depends on the

local magnetic �elds. The propagation of CRs in the galactic magnetic �elds is stud-

ied extensively (Alfv�en, 1939; Jokipii & Parker, 1969b; Skilling, 1971). However, the

spatial distribution of CR particles at scales comparable to or smaller than the scale

of interstellar turbulence has received relatively little attention, as most studies focus

on CR di�usion and its con�nement in galaxies. Interpretations of synchrotron radio

emission rely on the assumption that the CR and magnetic �eld energy densities

or pressures are equal to each other at any position (the equipartition assumption)

(Seta & Beck, 2019, and references therein). A step-by-step understanding of CR

dynamics stems from a basic understanding of the single-particle trajectories of these
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relativistic particles, which forms the basis for modelling the ensemble dynamics of

the same.

2.1 Single charged particle motion

A single charged particle follows a helical path along a magnetic �eld line under the

Lorentz force. The resulting equation of motion is


m
dv
dt

= e
�

E +
v � B

c

�
: (2.1)

wherem, e, v, B , c and 
 are the mass, charge, velocity, local magnetic �eld, speed

of light and Lorentz factor respectively. Propagation of CR particles is parametrised

by Larmor radius, rL , and the corresponding gyrofrequency,! L , which depends on

the local magnetic �eld as

rL =

mcv
eB

; (2.2)

! L =
eB


mc
: (2.3)

Local variations in the magnetic �eld determine the Larmor radius and the di-

rection of the particle propagation. If the driving �eld is uniform, CR particles will

have a constant Larmor radius. An ensemble of CR particles moves along these

�eld lines and if the magnetic �eld is random they undergo di�usion. The parti-

cle dynamics is studied in the phase space which has six dimensions comprising of

the three spatial and three momentum coordinates. Modelling the exact full six-

dimensional dynamics of an ensemble of CR particles in phase space in complicated

magnetic �eld con�gurations, especially with small scale 
uctuations, is a cumber-

some task. Numerical and analytical models often include speci�c assumptions to

study the ensemble dynamics e�ciently. One of the widely used approaches is the

guiding centre approximation, which is applicable when the magnetic �elds present

are weakly non-uniform in space.

2.1.1 Guiding centre approximation

In the guiding centre approximation, the particle's trajectory is modelled by follow-

ing the centre of the circular motion. For a particle gyrating along a magnetic �eld
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(a) (b)

Figure 2.3: (a): Guiding centre approximation for a particle moving along a weakly
inhomogeneous magnetic �eld, where the black line represents the full trajectory and the
red line corresponds to the motion of the gyrocentre.(b) : The circular motion of the
charged particle with a Larmor radius, r L =

p
(x1 � x0)2 + ( y1 � y0)2.

line, the total velocity is the sum of parallel, drift and gyration velocity (Northrop,

1961),

v = vk + vd + vL :

The resulting particle motion is a combined e�ect of the translational motion of

the gyrocentre along the magnetic �elds with additional drift e�ects and the Larmor

rotation. The drift in particle trajectories arises from magnetic and nonmagnetic

forces. If the Larmor radius of the CR particle is of the same order of the magnetic

�eld variations, the propagation is adiabatic and collisionless, and the trajectory of

the particle can be approximated by the propagation of the centre of the gyroradius.

The guiding center approximation follows the trajectory of the particle as the motion

of the gyrocenter, with the additional drift e�ects. In order to derive the guiding

center motion, we separate the particle position as the sum of the gyrocenter,R,

and the radius of the Larmor rotation, rL .

x = R + r L : (2.4)

If the particle is moving in a magnetic and electric �eld, the radius of the particle

is written as (Northrop, 1961),

r L =
mc
qB2

B �
�

v �
E � B

B 2

�
: (2.5)
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If we rewrite the equation of motion of the particle as a function of the position

in terms of the gyrocenter and the Larmor radius and expand the �elds about the

gyrocenter,r L , we obtain

@_R
@t

+
@_r L

@t
=

q
m

[E (R ) + r L � r (E (R ))

+
1
c
( _R + _r L ) � (B (R ) + r L � r (B (R )) + O(� )] (2.6)

If there are other external forces, such as acceleration due to gravity, they will be

included on the right-hand side. Here, we can separate out the components both

parallel and perpendicular to the magnetic �eld. The perpendicular components

are obtained by taking the cross product withB and give the drift forces. A brief

description of the velocities resulting from these forces are given below. In the case

of non-uniform magnetic �elds, the curvature of the magnetic �elds results in a force

parallel to the �eld lines and the perpendicular gradient of the magnetic �eld result

in a gradient drift. When the inhomogeneity is weak andr L is smaller than the

scales of inhomogeneity (r L < B= jr B j), the curvature and gradient drift velocities

are

vC =
mcv2

k

eB2

R c � B
R2

c
; (2.7)

vG = � e
v? rL

2
B � r B

B 2
(2.8)

respectively. Here,Rc is the radius of curvature of the �eld. Drift e�ects can also be

due to non-magnetic external forces such as electric �elds and gravitational forces

as well. If the electric �elds are not negligible, the additionalE � B drift results in

a velocity

vE = e
E � B

B 2
: (2.9)

The con�nement times of CRs in the galaxy is 106 yr, which is smaller than

the turnover times of the galactic dynamo. Hence, assuming a static magnetic �eld

while modelling the CR particle motions is valid, and it is a common practice to

neglect the electric �elds and the resultingE � B drift. However, they are essential in

modelling other physical problems such as the motion of charged particles in Earth's

dipole magnetic �eld. Particle propagation along such weakly inhomogeneous �elds

has certain invariants that remain conserved for long periods along the particle

trajectory. The following section discusses the physical implication of conserving
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Figure 2.4: A cartoon depicting the mirroring action of the converging magnetic �eld
lines from Baumjohann & Treumann (1996).

these quantities and the scenarios leading to the violation of conservation.

2.1.2 Adiabatic invariants

The �rst adiabatic invariant, which is conserved in a particle trajectory along a

weakly inhomogeneous �eld, is the magnetic moment,

� =

mv 2

?

B
; (2.10)

whereB is the local magnetic �eld strength,v? is the perpendicular component of

the velocity, m is the mass, and
 is the Lorentz factor of the relativistic charged

particle. This relation translates as the proportionality between the magnetic �eld

strength and the perpendicular velocity. Physically, the magnetic moment is the

current 
ux across an area produced by the moving charges, and the direction of�

is opposite to that of the magnetic �eld. Conservation of magnetic moment leads

to an interesting physical phenomenon, magnetic mirroring. When the particles

move in a region with increasing �eld strength, the perpendicular velocity increases

proportionally, and � (Eq. (2.10)) is conserved.

Meanwhile, the parallel velocity decreases to zero, due to energy conservation,

and the particle eventually re
ects (Fig. 2.4). Consecutive mirrors can result in a

magnetic trap for the charged particles. Magnetic mirrors are known to exist in

astrophysical systems. A perfect example of a physically existing weakly inhomo-

geneous �eld is Earth's magnetic �eld. The dipolar nature of the �eld acts as a

magnetic trap for the charged particles reaching Earth, resulting in drift currents in

the di�erent layers of the atmosphere, such as the magnetosphere and ionosphere.
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The trapping of charged particles in Earth's �eld and their subsequent chemical

interaction with the atmospheric elements results in the widely known phenomenon

of aurorae in the higher latitudes of Earth.

The bounce integral is another adiabatic invariant resulting from the conservation

of magnetic moment. It is the ratio of the magnetic �eld between the mirroring

point and the weak �eld region in the middle of the trap. CR trapping due to

the large scale variation of magnetic �eld variation is studied by Isenberg & Jokipii

(1979), Chandran (2000, 2001); Klepach & Ptuskin (1995). Chapter 4 discusses

the implications of magnetic traps for CRs in the ISM at scales smaller than the

turbulent length scales in Part II of this thesis. The third adiabatic invariant I

discuss here is the magnetic 
ux across the area perpendicular to that of magnetic

�eld lines, which describes a particle trajectory. Conservation of magnetic 
ux and

magnetic moment essentially are complementary and conservation of one implies

that of the other.

The conservation of the adiabatic invariants can break under di�erent conditions,

like an abrupt change in the magnetic �elds at scales smaller than the Larmor radius,

resonant scattering, and Larmor frequency tending to zero at magnetic null points.

Unlike weakly inhomogeneous �elds, the small-scale random components of mag-

netic �elds in the turbulent ISM will hinder these quantities from being conserved

e�ciently for long periods.

2.2 Kinetic plasma theory

Kinetic theory models the dynamics of an ensemble of particles with a distribution

function f (x ; p; t) using the six-dimensional Vlasov equation,

@f
@t

+ r x � (vf ) + r p � ( _vf ) = 0 ; (2.11)

where _v is the forces acting on the charged particles. The equations of motions can

be derived by taking the moments of the Vlasov equation. TheN th order moment

of the Vlasov equation is de�ned as

Z

x

Z

p
pN @f

@t
dp dx +

Z

x

Z

p
pN v � r (f )dp dx +

Z

x

Z

p
pN e(E + v � B ) �

@f
@p

dp dx = 0:

(2.12)
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Under the action of conservatives forces,r p _v = 0 and Eq. (2.11) leads to Liouville's

theorem, which describes the motion of any distribution of particles moving under

conservative forces. Liouville's theorem states that the density along any phase space

trajectory in a freely evolving system remains constant. This suggests that if the

particles are not interacting with each other and there is no scattering in the velocity

space, an initial homogeneous distribution remains homogeneous when evolved under

the presence of a conservative force (total energy of the particle is conserved). In a

more general form, the forces involved should be divergence-free in the momentum

space. Magnetic forces satisfy the divergence-free condition inp space. However,

if the Larmor radius of the charged particle is greater than the length scale of the

magnetic �eld variation, the trajectory changes abruptly and can result in scattering

in the velocity space (L�opez-Barqueroet al., 2017). This can lead to the violation of

Liouville's theorem. The Vlasov equation is the basis for modelling the wave-particle

interactions in ionised distributions like plasma and CRs. The electromagnetic forces

acting on the charged particles derived from Maxwell's equations are conservative,

and the Vlasov equation for the relativistic charged particles becomes,

@f
@t

+ v � r x f + e(E + v � B ) � r pf = 0: (2.13)

Here, the six dimensional phase space is has three position,x , and three momentum

coordinates,p = mv. In eq. 2.13r x and r p corresponds to the gradient vector with

respect to the position and momentum coordinates. In the focussed transport equa-

tion, the particle trajectories are averaged over one gyroradius and the small-scale

perturbations are absorbed by the di�usion coe�cient. The focused transport equa-

tion averaged over one gyroperiod is derived from Eq. (2.13) (Kennel & Engelmann,

1966; Kulsrud & Pearce, 1969; Skilling, 1971) to obtain

@f
@t

+ ( v + � pvn ) � r f +
�

1 � 3� 2
p

2
(b � r v � b) �

1 � � 2
p

2
r � v

�
p

@f
@p

+ [ vr � b + � pr � v � 3� p(b � r v � b)]
1 � � 2

p

2
@f
@�p

= h
@f
@t

i scat (2.14)

Here, � p is the pitch angle cosine (cosine of angle between the magnetic �eld and

velocity), and b is the normalised magnetic �eld. The CR particles stream down the

magnetic �eld lines, and the resonant interaction with the Alfv�en waves, resulting

in a pitch angle scattering,h@f=@ti c = @(� pf )=@�p.
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2.2.1 Scattering and Di�usion

Con�nement of CRs in the galaxy is a non-trivial problem. The observed large-scale

mean magnetic �eld along the galactic plane drives the CR particles to move along

the �eld lines from a source to sink. For the cosmic ray electrons and protons within

the GeV ranges, the observed con�nement times are usually around 107 Myrs. These

can be obtained from the ratios of the Beryllium isotopes in the observed CRs on

Earth. If the CR electrons and protons were to move in straight lines at relativistic

speeds, they will have travelled approximately a distance of 103 kpc and galaxies,

for example, the Milky Way is 15-20 kpcs wide and 1 kpc high. If the CRs were

to faithfully follow the large-scale magnetic �eld lines parallel to the galactic plane,

these relativistic particles will not have their estimated lifetime from observations.

In the absence of small-scale magnetic �elds, the CRs are either lost rapidly via

the edges or could be trapped by the presence of closed �eld lines. The small-scale

magnetic �elds scatter the CRs and help understand the estimated lifetimes.

The scattering of galactic CRs from magnetic �eld lines can be due to extrinsic

or intrinsic turbulence. Jokipii & Parker (1969b) modelled the propagation of CRs

to be dependent on the random magnetic �eld lines. The proposed theory is that the

perpendicular di�usion of CR across the mean �eld, parallel to the galaxy's plane, is

more substantial due to random components of the magnetic �elds and the resulting

stochastic �eld line random walks. This scattering e�ect explains the con�nement

of CR particles by the extrinsic turbulence of the ISM magnetic �eld. Kulsrud &

Pearce (1969); Wentzel (1971); Skilling (1971) proposed a self-con�nement model

of CRs through resonant interaction with Alf�ven waves and subsequent scattering.

Wentzel (1971) modelled that the CR particles moving at high speeds which exceed

the Alf�ven speed of the magnetic �eld can excite magnetic 
uctuations through

resonant interactions. This con�nement theory arises from the intrinsic turbulence

caused by the motion of CR particles along the ISM �eld lines. Quasilinear theory

models di�usion of CRs as the ensemble average of the term on the right-hand

side of Eq. (2.14) as the di�usion from the pitch angle scattering of CR particles

with resonant interaction with small-scale magnetic �eld 
uctuations. When a CR

particle is moving through a random magnetic �eld with 
uctuations comparable to

or smaller than the Larmor radius, the resonance condition is

! � kkv� p � ! L = 0; (2.15)
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wherekk is the wave vector parallel to the magnetic �eld direction,v is the velocity

of the particle, � p is the pitch angle cosine,! is the frequency of the wave and! L is

the gyrofrequency of the particle. Resonant scattering of particles occurs when the

Larmor frequency,! L , equals the frequency of spatial variation in the magnetic �eld,

! c. When the particles get scattered, the particle energy remains constant, and the

particle scattering only a�ects the pitch angle. Pitch angle scattering is a purely

kinetic e�ect and is very important when modelling the di�usion of CRs. Kulsrud

& Cesarsky (1971); Skilling (1971) gives the di�usion term as

h
@f
@t

i scat =
@f
@�

�
(1 � � 2)D ��

@f
@�

�
; (2.16)

where

D �� =
�
4

!kI (
1

�r L
);

and I (k) = ( �B=B )2 is the intensity which determines the scattering angle.

2.3 Number density evolution

The equation obtained by taking the zeroth order moment of Eq. (2.14) (Ginzburg

& Syrovatskii, 1964; Longair, 2011) de�nes the evolution of the total number of CR

particles. For an isotropic distribution, this is

@N
@t

= Dr 2N +
@

@E
[b(E)N ] + Q(E) +

1
2

@2

@E2
[d(E)N ] (2.17)

where the �rst term on the right-hand side is the spatial di�usion and the coe�cient

D can be estimated from analytical model (quasilinear theories, eg. (2.16)) and

numerical estimations. The third term is the source term and the fourth term

corresponds to the di�usion of particles from kinetic theory (hered(E) is the di�usion

in the velocity space). The second term corresponds to the changes in number

density due to the acceleration/deceleration e�ects. For high-energy CR electrons,

the term b(E) can be the synchrotron radiation or inverse Compton losses. The

total energy loss corresponding to synchrotron radiation, which depends on the local

magnetic �eld and the local direction of the velocity, is (Longair, 2011; Rybicki &

Lightman, 1979) and inverse Compton depends on energy density of the CMB. The

energy loss term will also include ionisation losses for particles at the lower end of the
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energy spectrum. If the �elds vary rapidly in time and cannot be assumed as static,

there will be additional acceleration processes due to the variation in electromagnetic

�elds.

2.4 Fluid theory

In galactic astrophysics, it is common to model CRs as macroscopic 
uid by averag-

ing over the particle trajectories in the phase space. Here, CR propagation translates

into a di�usion process, and the form of di�usion varies depending on the model one

chooses. From the Vlasov equation, one can approximate a 
uid equation for the

CRs by taking the moments of Eq. (2.14). The energy exchange between CR 
uid

and the thermal gas is mediated through the pressure gradientr Pcr. The cosmic

ray pressure tensor is obtained by taking the second-order velocity moment of the

cosmic ray distribution function. If we assume an isotropic distribution, the cosmic

ray pressure can be written as

Pcr =
4�
3

Z
pvfp2dp: (2.18)

Likewise, the second order moment (multiplying by energy followed by integration

over momentum space) of Eq. (2.14) gives the energy equation of the CRs, used in

many works including Snodinet al. (2006); Zweibel (2017); Sharmaet al. (2017);

Pfrommer et al. (2017); Rodrigueset al. (2019); Heintzet al. (2020, and references

therein) which takes the form

@�cr

@t
= � r � (� crU ) � Pcrr � U � r � F ; (2.19)

where, � cr is the CR energy density which relates to the CR pressure asPcr =

(
 cr � 1)� cr with 
 cr = 4=3, U is the bulk velocity, F is the CR 
ux. As mentioned

before, the 
uid description of CRs assumes a di�usion model. Depending on the

choice of the model, the di�usion tensor,� , can have an isotropic and anisotropic

component. The di�usion tensor has components both parallel and perpendicular

to the magnetic �elds. The parallel di�usivity ( � k) is much higher than the per-

pendicular di�usivity( � ? ). Quasilinear theories and test particle simulations help

improve the CR di�usion models to capture the intricate nature of the perpendicular

di�usion (Snodin et al., 2016, and references therein). The standard description for
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the anisotropic di�usion uses a Fickian model, which gives the CR 
ux to be

F = � � ij r j � cr (2.20)

To include the history of the particle trajectories, non-Fickian di�usion consider a

separate evolution equation for CR 
ux using the telegraph equation,

�
@Fi
@t

= � � ij
@�cr

@xj
� Fi (2.21)

where,

� ij = � ? � ij + ( � k � � ? )B̂ i B̂ j : (2.22)

The magnitudes of parallel di�usivity estimated by Strong & Moskalenko (1998)

through GALPROP propagation models for CRs in ISM suggests a parallel dif-

fusivity of � k = 1028cm2s. From quasilinear theory and con�nement models for

CRs in galaxy (Jokipii & Parker, 1969b) the perpendicular di�usivity is roughly,

� ? = 0:02� 0:04� k. Here, � k is greater than � ? because the CRs propagate along

the �eld lines. The motion in perpendicular direction is due to scattering. The

validity of the non-Fickian model of di�usion and its comparisons are discussed in

Rodrigueset al. (2019, and references therein). The prescription used in this work

only considers scattering due to extrinsic turbulence. The e�ects of pitch angle scat-

tering due to the self-generated Alf�ven waves (intrinsic turbulence) can be added as

an extra term on the 
uid equation as given in Thomas & Pfrommer (2019)

Part III of this thesis uses the 
uid model of CRs to study the ISM dynamics in

a Parker-unstable disk, which is a buoyancy driven instability in magnetised 
uids,

including CRs.
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Modelling the Interstellar Medium

Despite containing only 10% of the total visible mass, the ISM plays a vital role in

galactic dynamics such as star formation, winds and fountains. The chemical com-

position of ISM is mainly hydrogen (90.8% by number), helium (9.1% by number)

and smaller amounts of heavier elements (Ferri�ere, 2001). The number densities

present lie in the range 10� 14cm� 3 to 101cm� 3. The denser and more rari�ed regions

of the ISM correspond to the cold and hot phases of the ISM, respectively. The

intermediate region of ISM is the warm gas which can either be ionised or not. The

thermal components of ISM include atomic, molecular, ionised hydrogen and other

heavy ions. Advanced numerical simulations have improved the modelling of ISM

dynamics in the last decades. Modelling of the multiphase ISM through numerical

simulations has been ongoing since the 1970s (Cowie, 1984; Co�, 1985; Mufson,

1974; Co�, 1985; David et al., 1990; Cio� & Shull, 1991; Vazquez, 1991; Lesaf-

fre et al., 2007) including various aspects like turbulence, supernovae, and stellar

winds. The action of supernovae in structuring the ISM has also been conducted by

di�erent authors to understand the energy transfers involved in the dynamics. The

supernovae-driven multiphase ISM dynamics and its e�ect on the magnetic �elds and

distribution of di�erent phases were recently studied in detail by Gent (2012); Hollins

et al. (2017); Gentet al. (2013); Bellomiet al. (2020). Various authors (Parker, 1966,

1979; Foglizzo & Tagger, 1994, 1995) have studied the large-scale dynamics of the

ISM. The scale heights of the di�erent components in the vertically strati�ed ISM

phases vary. The cold molecular phase roughly have a scale height of 80 pc, whereas

the hydrogen gas has a scale height of 180 pc (Ferri�ere, 2001). Warm gas has higher

scale heights (390{1000 pc). Hot gas is di�cult to isolate through observations, and

there is little known information on its distribution and scale height. Ferri�ere (1998)
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discusses in detail the e�ect of hot gas on the ISM and the changes in gravitational

�elds due to the change in mass distribution. Including the multiphase structure

in numerical simulations of the ISM and focusing on the di�erent phases can shed

light on various physical aspects, such as the local distributions of di�erent phases,

their evolution, star formation and galactic winds/fountains. Chapters 5, 6 and 7 in

Part III of this thesis study Parker instability in the warm neutral phase of the ISM

in an isothermal state with �xed adiabatic index 
 = 1. An external gravitational

force binds the thermal gas in the ISM. Due to the nature of density distribution

in the ISM, self-gravitation is often not included in these models. Using multiphase

models, including thermal and non-thermal components, is vital for more accurate

physical models. Existing models are for spiral galaxies, and the parameters used

for numerical simulations are often those of the solar vicinity. The distribution of

matter in the centre is signi�cantly di�erent to that of the outer regions. Chapter 2

gave a detailed description of the di�erent aspects of cosmic ray modelling and the

equations involved. Similarly, this chapter discusses the equations of motion for as-

trophysical plasma and the major physical processes involved in the ISM. The main

three energy components one needs to consider while modelling the ISM are the

astrophysical plasma (which is commonly referred to as gas/thermal gas) magnetic

�elds and cosmic rays.

3.1 Governing Equations

Deriving equations of motion for astrophysical plasma follows the same steps as that

for cosmic rays from the Vlasov equation. The six-dimensional Boltzmann equation

in phase space prescribes the motion of the plasma in the presence of electromagnetic

interactions. Evolution of an initial distribution function f (x ; p; t) can be modelled

as a collisionless 
uid when the mean free path is greater than the Debye wavelength

of the plasma particles, following the standard prescription as discussed by Somov

(2006), Kulsrud (2005).

@f
@t

+ v � r (f ) + e(E + v � B )
@f
@p

= 0: (3.1)
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3.1.1 Continuity equation

The equation of continuity in density is nothing but the conservation of mass. This

equation implies that the net 
ux of the density through a volume is constant and

is obtained by taking the zeroth order moment of the Boltzmann equation, giving

@�
@t

+ ( U � r )� = � � (r � U ) (3.2)

where� is the density of the plasma and is the velocity of the gas. Many numerical

models assume the system to be incompressible. In such a model, the solenoidal

nature of the velocity, r � U = 0, implies the absence of sound waves forming in the

gas. This thesis assumes a compressible non-ideal 
uid description for the gas.

3.1.2 Momentum equation

The momentum equation or Navier-Stokes equation equation, describes the evolu-

tion of velocity under di�erent forces in the system. When modelling the ISM, the

forces present in the system are the gravitational force (excluding self-gravity in our

models), thermal pressure gradient force, Lorentz force arising from the magnetic

�eld, cosmic ray pressure gradient force and viscous forces. In the presence of these

forces, the Navier-Stokes equation is

DU
Dt

= � g � r Pg � r Pcr +
1

4��
(r � B ) � B + r � � ; (3.3)

where � is the viscous stress tensor. An additional term on the right-hand side

corresponding to the Coriolis force,� 2
 � U , models the e�ect of rotation in the

system. TThe momentum equation is obtained from the �rst order moment of

the Vlasov equation with additional external forces including acceleration due to

gravity under the assumption of a net charge neutrality in the ionised plasma. Here,

D=Dt = ( @=@t+ U � r ) is the total derivative.

3.2 Magnetic �elds

Observational studies show that the large-scale magnetic �eld in the galaxies is

aligned with the galactic plane and is of the order of 5� G. The magnetic �elds,

frozen into the astrophysical plasma, produce a pressure force not a�ected by the
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gravitational forces. The ISM is strati�ed vertically and the magnetic �elds frozen

into the gas increase the pressure locally, which gives rise to a magnetic buoyancy

e�ect (Parker, 1958), increasing the scale height of the system. Cosmic ray pressure

adds to this e�ect and increases this scale height. The resulting buoyant ISM is un-

stable against perturbations under the corresponding instability condition (Parker,

1966). Chapters 5, 6 and 7 in Part III of this thesis discuss this e�ect and the

resulting dynamics in detail. ISM magnetic and kinetic energy densities are in ap-

proximate equipartition. The ISM magnetic �elds are composed of large-scale and

small-scale (lB � 100 pc). components. The large-scale magnetic �eld structures can

be analysed and understood through radio observations. The smaller-scale magnetic

�elds are di�cult to study through observations. It is fair to assume that the tur-

bulent motions in the ISM render the magnetic �elds to be random and partially

coherent. The nature of these random small-scale components in the ISM is inter-

mittent rather than Gaussian (Wilkin et al., 2007; Zeldovichet al., 1990; Bykov &

Toptygin, 1987).

3.2.1 Induction equation

Magnetohydrodynamics studies the evolution of electrically conducting 
uids. The

plasma is a ionised 
uid modelled through MHD equations. Magnetised plasma have

an additional Lorentz force, (r � B ) � B =(4� ), to the Navier-Stokes equation. The

resulting Lorentz force, which acts on the ionised plasma, can be written as the sum

of magnetic pressure force, -r B 2=(8 � ), and tension force (B � r )B =(4 � ). Due to

low resistivity, � , the magnetic �eld lines freeze into the gas. Implementing magnetic

�elds into ISM simulations can be via initial conditions or ampli�cation of a seed

magnetic �eld through dynamo e�ects. The evolution of magnetic �elds, prescribed

using the induction equation, is derived from Maxwell's equations,

r � B = 0; (3.4)

r � E = 4�� c; (3.5)

1
c

@E
@t

= r � B �
4�
c

J ; (3.6)

1
c

@B
@t

= �r � E : (3.7)
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Here, � c is the density of the background plasma. Ohm's law for charged particles

can be written as,

J = � (E + U � B ): (3.8)

In plasma, the displacement current (proportional to@E =@t) is negligible. Using

this, if we substitute, Eq. (3.8) to Eq. (3.6) and take the curl of the resulting equation

and solve along with the expression forr� E from Eq. (3.7), we obtain the induction

equation,
@B
@t

= r � (U � B ) + � r 2B ; (3.9)

where � = 1=(4�� ) is the magnetic di�usivity in cgs units. Over time the mag-

netic �elds can di�use, and their sustenance in galaxies requires a mechanism which

generates magnetic �elds in the system.

3.2.2 Dynamo theory

Dynamo theory explains the maintenance and evolution of magnetic �elds, which

undergoes di�usion and advection through out
ows. The magnetic �elds have large-

scale mean and small-scale 
uctuating �eld components, the generation of which are

studied using mean-�eld and 
uctuation dynamo models, respectively. The dy-

namo turnover times in galaxies are 107 years in the galaxy. The action of mean-

�eld dynamos explains the sustenance of large-scale magnetic �elds in the galaxy

(Shukurov & Subramanian, 2021, and references therein). Mean-�eld theory studies

mechanisms which convert the kinetic energy from small-scale motions (most often

turbulent) to produce large-scale magnetic �elds with scale lengths greater than the

turbulent scales. Vertically strati�ed ISM and the helical turbulence due to rota-

tion cause gas pockets to either ascend or descend. The resulting dynamics drag

the frozen-in magnetic �eld lines to form an Omega shape which twists to produce

meridional magnetic �elds. This e�ect is commonly known as the� e�ect. The

buoyant e�ects, magnetic �elds and cosmic rays in the vertically strati�ed system

may also enhance or a�ect the mean-�eld dynamo (Hanasz & Lesch, 1997; Hanasz,

1997; Otmianowska-Mazur, 2003; Foglizzo & Tagger, 1994). Chapters 6 and 7 dis-

cuss the interplay of the dynamo e�ect and the Parker instability. The 
uctuation

dynamo describes the generation of small-scale magnetic �elds from turbulent 
ows

with su�ciently high magnetic Reynold's number. It is the primary magnetic �eld

generation source in young galaxies and slow-rotators with low star-formation rates.
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The magnetic �eld energy from 
uctuation dynamo driven by turbulence follow-

ing the Kolmogorov spectrum takes the form of Kazantsev's spectrum (Kazantsev,

1968). The supernovae-driven turbulent 
ows in the ISM are highly compressible


ows that result in 
uctuation dynamo (Gissinger et al., 2009; Gentet al., 2021; Seta

& Federrath, 2022). Kinematic dynamos assume a random velocity �eld to drive the

induction equation. In the kinematic phase, the initial �eld ampli�cation has little

e�ect on the dynamics of the gas, whereas the non-linear 
uctuation dynamo results

from the coupled dynamics modelled by the governing equations (equation of conti-

nuity, Navier-Stokes equation and induction equation) with a prescribed forcing.

3.2.3 Mean-�eld dynamo

The mean-�eld dynamo theory studies the existence and generation of large-scale

magnetic �elds from the random and most often turbulent 
ows in astrophysical

systems. In galaxies, di�erential rotation and helical turbulence of the ISM can

produce a self-sustaining dynamo. Di�erential rotation alone generates an azimuthal

magnetic �eld from an initial meridional �eld. The local Coriolis force and vertical

strati�cation of the ISM generate a meridional �eld. The buoyant forces lift the

azimuthal �eld lines which twists due to rotation and produces a current density

parallel to the azimuthal �eld. This azimuthal current density is associated with

a meridional �eld. This is widely known as the � e�ect. The evolution of the

large-scale magnetic �eld can be studied using the mean-�eld dynamo equation. In

order to obtain the mean-�eld dynamo equation, we write the magnetic �eld and

velocity as the sum of a mean-�eld (obtained by a chosen averaging technique) and

the 
uctuations from it as follows:

B = B + b; U = U + u

The mean-�eld dynamo equation, which can be obtained by taking the average of

equation (3.9), is

@B
@t

= r � (U � B ) + r � E + � r 2B : (3.10)

Here, the electromotive force (EMF) is de�ned asE = u � b. The evolution of

the 
uctuating �elds is then the di�erence between equation (3.9) and (3.10),
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@b
@t

= r � (U � b) + ( u � B ) + r � G + � r 2b; (3.11)

where,G = u � b � u � b. If the 
uctuating �elds' evolution is linearly related

to the mean magnetic �eld (B ), the EMF E can be written as

E = � ij B j + � ijk
@B j

@xk
+ :::

Here, � ij and � ijk are pseudo-tensors. If we consider isotropic turbulence, these

tensors depend on the statistical properties of the 
ow and the explicit di�usivity.

These tensors can then be rewritten as

� ij = �� ij ; � ijk = �� ijk :

Substituting these expressions in equation (3.10), the mean induction equation be-

comes,
@B
@t

= r � (U � B ) + r � � B + ( � + � )r 2B : (3.12)

Here, the termr � � B corresponds to the� -e�ect which gives the evolution of

the mean magnetic �eld.

3.3 Star formation

The star-forming regions of the ISM are dense regions of gas with strong magnetic

�elds, aligned near the radio disk's midplane. The turbulent compression in the

ISM forms dense clouds where the high pressure ignites the gas to form a star.

Self-gravitation and thermal instabilities accelerate the collapse of the dense clouds

(Klessen et al., 2000; Brandenburget al., 2007). The regions that undergo star

formation are studied using local small-scale simulations requiring high temporal

and spatial resolution. Direct numerical simulations of star formation, including

the large-scale ISM dynamics, is a numerically challenging task as it requires high

spatial and temporal resolutions.
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3.4 Supernovae

The evolution of stars reaches a point when the mass reaches the Chandrashekar

limit, when they explode, releasing massive amounts of energy into the ISM. These

exploding stars form supernovae. Some of this energy turns into kinetic energy,

which drives the turbulent motions in the ISM. The estimates of the percentage

of this energy conversion vary in di�erent studies { 3% by Spitzer (1978), 30% by

Williams et al. (1997). There are two main types of supernovae | SNe I and SNe

II | and they are classi�ed based on the presence of hydrogen and its percentage

in their spectra. The collapse of white dwarfs leads to the formation of type Ia

supernovae, which have used most of the hydrogen, and this happens in all types

of galaxies. The presence of hydrogen characterises the Type II supernovae in the

galaxies. Type Ib and Ic have no hydrogen and additionally Type Ic does not contain

helium. Elliptical galaxies are not known to host these three types (Type Ib, Ic and

II) of supernovae. The ISM simulations discussed in Part III of this thesis do not

include SNe e�ects.

3.5 Out
ows and fountains

Galactic out
ows are a vital process in explaining galaxy formation. The system

often becomes too dense and small in cosmological simulations without out
ows to

draw any physical conclusions. The out
ows act as an opposing force, slowing the

in
owing gas to form a heavily metallic gas disk in the galaxy. From observational

data, these out
ows are multi-phase in nature. In the case of M82, a starburst galaxy,

the presence of X-rays, H� and infrared radiation from the out
owing gas proves the

presence of hot, warm and cold phases, respectively. The velocities of these out
ows

are supersonic, suggesting that the matter is pushed at high speeds from the middle

of the galactic disc to higher altitudes. There are several processes which could

potentially drive the out
ows in a galaxy. Supernovae explosions are one of the

primary candidates that could supersonically drive matter out of the galaxy. Some of

this out
owing gas falls back into the disc forming a galactic fountain (Brandenburg

et al., 1995a; de Avillez et al., 1998, and references therein). Chapter 5 discusses

the vertical 
ows in the ISM supported by the non-thermal components. Lack

of supernovae action, compressive turbulence, and the short vertical and narrow

horizontal numerical domain do not allow us to study galactic fountain e�ects.
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3.6 Gravity models

The gravitational �eld of a galaxy is a signature of its mass distribution. Modelling

the gravitational �eld for the whole galaxy is challenging, as the exact nature of

the matter distribution is unknown. The gravitational �eld for the Milky Way

is constructed from observational data on velocity and density distribution in the

solar axis perpendicular and the rotational velocity ofH2 gas (from 21 cm lines)

parallel to the galactic plane. The local gravitational �eld is then extrapolated to

the entire galaxy, assuming a mass distribution which satis�es the Poisson equation

and the rotational curve of the galaxy. The gravitational �eld in the ISM has two

parts corresponding to the baryonic matter and dark-matter halo. Total gravity has

both self-gravitating and external terms. The isothermal star-forming regions of the

galaxy are self-gravitating, producing the acceleration,

g(z) = 2 � � � G tanh(z=H); (3.13)

where � � is the total surface gas density (Spitzer, 1942; Camm, 1950) andH is

the scaleheight o the gas disc. The interstellar medium is not signi�cantly self-

gravitating. Di�erent authors use the gravitational pro�le de�ned by Eq. 3.13 to

study the Parker instability (Giz & Shu, 1993; Kim et al., 1997). Kuijken & Gilmore

(1989a) calculated the gravitational model for near solar vicinity through their ob-

servation analysis of K-dwarfs to give a linear vertical pro�le inz, which was com-

parable to the results by Bienaymeet al. (1987). Ferri�ere (1998) expanded this work

to other galactic radii to obtain a more general gravity pro�le,

g(z) = �
a1z
z1

�
a2z

p
z2 + z2

2

: (3.14)

Here, the �rst and second part corresponds to the gas disk and the dark matter. Kim

et al. (2002) compares the parameter variation in di�erent models. In this work, we

use the gravitational �elds de�ned in Kuijken & Gilmore (1989a) and Spitzer (1942)

for our MHD simulations of ISM dynamics.
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Cosmic rays: Test particle simulations
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Chapter 4

Cosmic rays and random magnetic

traps

4.1 Introduction

Cosmic rays (CR) are widely recognized to play a vital role in galaxies and serve as an

important observational probe, especially in radio astronomy (Longair, 2011; Ja�e,

2019). They contribute to the interstellar medium (ISM) pressure equally with the

gas, magnetic �elds and turbulent 
ows (Shukurov & Subramanian, 2021), making

them an important factor a�ecting both the global distribution of the interstellar gas

(such as the disc thickness) and the local structure of the ISM. Furthermore, they

can play a crucial role in driving systematic gas out
ows (winds and fountains) from

spiral galaxies (Ipavich, 1975; Breitschwerdtet al., 1991; Everettet al., 2008), and

thus contribute to the regulation of star formation and galactic evolution (Moet al.,

2010). The intensity of synchrotron emission depends on both the number density

of CR electrons and the magnetic �eld, so the interpretation of observations of the

synchrotron emission requires detailed understanding of their spatial distributions

(Berezinski�� et al., 1990). The results presented in this chapter form a paper under

review in Physical Review E (Tharakkalet al., 2022b).

4.2 Magnetic mirror traps: a review

The local magnetic �eld structure controls the particle dynamics, and one of the most

interesting spatial features a�ecting CR propagation is the magnetic trap (Klepach

34



Chapter 4. Cosmic rays and random magnetic traps

& Ptuskin, 1995; Silsbeeet al., 2018; Isenberg & Jokipii, 1979): a �eld structure

formed between magnetic mirrors (converging magnetic lines) lying on the same

magnetic line. Such magnetic traps can be visualized as a region of a relatively weak

�eld 
anked by two regions of a stronger �eld. The propagation and distribution of

charged particles (either relativistic or non-relativistic) in complex magnetic �elds

is a central theme in plasma physics and astrophysics, with deep connections to the

magnetohydrodynamics of complex 
uids. Our approach to deriving the particle

number density from simulations of individual particle trajectories, and discussion

of the associated statistical challenges and biases, may be useful in broader contexts

of general physics and biophysics.

A particle of appropriate energy and pitch angle, moving along the �eld line with

its magnetic moment conserved adiabatically, bounces between the mirror points

when inside a magnetic trap. A detailed description of the principle behind magnetic

mirroring is discussed under the trajectories of individual charged particles in basic

plasma physics texts (Nicholson, 1983; Kulsrud, 2005). The particles can escape

from such traps due to �eld line wandering (Jokipii & Parker, 1969b), pitch angle

scattering from magnetic �eld variations at scales smaller than the trap (for example,

for traps in random �elds), and stochastic scattering (Chirikov, 1960). The trapping

time scales and scattering of a single particle from an ideal magnetic trap have

been studied extensively (Balebanov & Semashko, 1967). For an ideal axisymmetric

magnetic bottle (i.e., a trap formed between two magnetic mirrors), the particle

is expected to be trapped for long times once the initial pitch angle satis�es the

trapping conditions. However, deviation from perfect magnetic moment conservation

can cause stochastic scattering from the �eld lines (Dalenaet al., 2012; L�opez-

Barquero et al., 2016), and this can in turn prevent a single particle from being

trapped long enough to produce a signi�cant inhomogeneity in the overall particle

distribution. Such local features in inhomogeneous magnetic �elds can also a�ect

the local CR di�usivity, depending on the Larmor radius of the particles and the

length scale of the �eld variations (Snodinet al., 2016; Klepach & Ptuskin, 1995;

Chandran, 2000, 2001).

For an ensemble of particles with a certain (e.g., isotropic) distribution in the

angle between their velocities and the local magnetic �eld direction (the pitch angle),

understanding the existence and evolution of a magnetic trap signature in the spatial

distribution of CR in the ISM is a challenging task. The con�nement of an isotropic

plasma in a magnetic trap has been extensively studied in application to various
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environments from laboratory plasmas to astrophysical systems. However, most

such studies focus on the behavior of individual particles rather than their statistical

ensemble. For example, Chirikov (1960) discusses the long-term trapping of a single

particle in an idealized trap and the role of stochastic particle scattering.

Studies on magnetic mirror machines (Chen, 2016, and references therein) discuss

the range in momentum space under which plasma can be trapped in a magnetic

trap, and state that isotropic plasma cannot be trapped inde�nitely. Most of these

works study the loss parameters of the plasma and the injection conditions required

to sustain the plasma trapping for the feasibility of these mirror machines. The

problem we try to address builds on this and aims to quantify the di�erence in

number densities resulting from magnetic trapping in the context of astrophysical

magnetic �elds with more realistic injection models. The problem of containing a

statistical ensemble of particles in random magnetic traps has been studied ana-

lytically by previous authors. The analytical solutions (e.g. Earl, 1976) model the

adiabatic focusing of charged particles in an inhomogeneous �eld by looking at the

solutions to Sturm{Liouville operators. They study the one-dimensional solutions

of the Vlasov equation, where the distribution function depends on the coordinate

parallel to the mirror axis, the pitch angle, and time, with the di�usion process mod-

elled as pitch angle scattering. They consider the competition between focusing and

scattering, and the resulting di�usion function. In this study, we take a step back

to study the number density variations resulting from mirroring. We do not assume

any analytical forms for the focusing, nor do we include pitch angle scattering. Our

model is aimed at obtaining the number density distribution arising as a result of

the focusing e�ect of converging �eld lines.

Among studies of the propagation of charged particles in weakly inhomogeneous

�elds we mention Balebanov & Semashko (1967), Ripperdaet al. (2018) and Xu

& Lazarian (2020) as most relevant in the present context. The e�ect of magnetic

structures such as a magnetized molecular cloud, and the corresponding inhomogene-

ity in the CR particle distribution, is discussed by Silsbeeet al. (2018). Previous

work from the Newcastle group particle simulations with emphasis on their spatial

distribution (Seta et al., 2018) addressed the distribution of CR protons in random

magnetic �elds (both Gaussian and spatially intermittent) and their trapping, and

found no correlation between particle distribution and magnetic �eld strength, thus

refuting the equipartition assumption when applied at the scales comparable to or

smaller than the correlation scale of the magnetic �eld. Moreover, the trapping of
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the CR particles causes their number density to be larger between the magnetic

mirrors, facilitating an anti-correlation between the CR and magnetic �eld energy

densities.

Apart from trapping between magnetic mirrors, the CR particle distribution can

be a�ected by closed magnetic �eld lines around elliptic (O-type) magnetic neutral

points, which should be abundant in a random magnetic �eld: such a closed magnetic

loop can be either over- or under-populated by the charged particles depending on

their sources and pitch-angle scattering (which allows the particles to move across

the magnetic �eld). We do not discuss here the e�ects of elliptic magnetic null points

on the CR distribution, but focus on the trapping of CR particles between magnetic

mirrors.

We explore the spatial particle distribution in a selection of magnetic �eld con�g-

urations (including random ones) and for homogeneous and non-homogeneous CR

source distributions, to identify and analyze the e�ect of magnetic traps on both

protons and electrons. The latter lose energy to synchrotron and inverse Compton

emissions, which a�ects their spatial distribution and enhances the trapping (Baker,

1964).

The chapter is structured as follows. In Section 4.3, we describe the magnetic

�eld con�gurations used to study the mirroring in static magnetic �elds. Section 4.4

introduces the governing equations and physical processes involved in the propaga-

tion of both CR protons and electrons. In section 4.4.1 we present the numerical

setup, discussing particle injection, boundary conditions and physical scales involved

in the simulations. The results are presented in section 4.5 for both CR protons and

electrons.

4.3 Particle Trapping and Magnetic Field Models

The evolution of the distribution of CR particles is studied for two spatial con�g-

urations of the particle source. In the �rst case the particles are drawn from a

statistically homogeneous random distribution, and in the second case the particle

source is a spherical shell surrounding the trapping region, as appropriate for the

ISM given that the particles spread from discrete sources such as supernova rem-

nants. The inhomogeneity of the CR sources is especially important in this context

since the Liouville theorem precludes the development of any inhomogeneities in a

perfectly statistically-homogeneous system, provided the scale of the magnetic �eld
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variation is larger than the Larmor radius of the particles and the scattering of the

particles (in particular, the pitch-angle scattering) can be neglected. In fact, the

Liouville theorem does not preclude the existence of particles that are trapped for

an in�nitely long time in a static magnetic �eld, although the set of the initial posi-

tions of such particles in the six-dimensional phase-space has measure zero (Baker,

1964). However, trapping for a �nite but arbitrary long time is consistent with the

Liouville theorem. When particles are injected through a face of a cubic regionV

with velocity directions con�ned to a solid angle � ! , their average number density �n

within V has an upper limit (Baker, 1964) �n � n0�
 =� ! ; wheren0 is the particle

number density at the injector and �
 ( � � ! ) is the solid angle subtended by the

particle velocities within V.

Constraints on the distribution of an ensemble of particles in static magnetic

�elds implied by the Liouville theorem are relaxed in many realistic situations. In

particular, the Liouville theorem does not apply when the magnetic �eld varies on

scales smaller than the Larmor radius. The particle de
ections by random magnetic

�elds at sub-Larmor scales lead to a di�usion term in the Fokker{Planck equation

obtained by averaging of the kinetic equation for the particle distribution function

over a scale comparable to the particle Larmor radius. The phase-space volume

occupied by particles in such a di�usive system can decrease with time, leading to

an inhomogeneous distribution. As mentioned above, another factor a�ecting the

consequences of the Liouville theorem is the fact that CR particle injection is non-

homogeneous and/or non-isotropic. The CR particles are not `created' uniformly

at any position in the ISM but rather spread from discrete sources (Evoliet al.,

2021). The trapping of CR as they penetrate into molecular clouds is discussed by

Silsbeeet al. (2018). Moreover, the particle energy losses, especially strong for the

CR electrons, lead to further violation of the conditions of the Liouville theorem

(Baker, 1964).

We consider two types of magnetic trap. An idealized, axisymmetric trap intro-

duced in Section 4.3.1 is used to assess the e�ciency of the particle trapping and the

sensitivity of the particle distribution in space to the form of their source, particle

energy and, in the case of relativistic electrons, energy losses. Our conclusions are

further tested by simulations of particle trapping in a magnetic dipole (Appendix A).

The case of a more realistic trap is discussed in Section 4.3.2, where we use a realiza-

tion of a random magnetic �eld generated by the 
uctuation dynamo in a random


ow and focus on one of the local regions where the number density of test particles
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has a strong maximum suggesting e�cient trapping. Such magnetic traps can be

expected to occur in random magnetic �elds, and Setaet al. (2018) have shown that

they are equally widespread in both Gaussian random magnetic �elds and spatially

intermittent, strongly non-Gaussian �elds produced by the 
uctuation dynamo.

Interstellar random magnetic �elds vary on a time scale of order 106 yr at the

integral scale (of order 100 pc), much longer than the inverse Larmor frequency of CR

particles in a very wide range of energies. As we show below, the spatial distributions

of the CR particles settle into stationary states on the relatively long time scale of

order 104 yr (which is, however, much shorter than the con�nement time of the CR

particles in galaxies,' 107 yr). Therefore, the time variation of the magnetic �eld

can be neglected, and static (time-independent) magnetic con�gurations can be used

for our purposes.

The dimensionless parameter that controls the particle behavior is the ratio of

the Larmor radius rL to the length-scale ofB , so our arguments and results can be

re-scaled straightforwardly to other particle energies and magnetic �eld strengths

and scales.

4.3.1 Axisymmetric trap

An axially symmetric magnetic trap used to explore general aspects of the CR

particle distribution in space has the magnetic �eld components given in cylindrical

coordinates (r; �; z ) by

B r = � B0
b
`2

zf (r )e� z2=`2
; (4.1a)

B � = 0 ; (4.1b)

Bz = B0

h
0:015 + (1 � ar2)e� r 2=R2

�
1 � be� z2=`2

�i
; (4.1c)

where

f (r ) =
R2

r

h
e� r 2=R2

(ar2 + aR2 � 1) � aR2 + 1
i

; (4.2)

and the parametersR, a, b and ` control the length scales of the �eld variation

and the positions of the magnetic mirrors. (Starting from the chosen analytic form

of B r , this �eld is obtained by requiring solenoidality in axisymmetric cylindrical

geometry.) As illustrated in Fig. 4.1, two maxima in the magnetic �eld strength are

located on thez-axis, and their separation (i.e., the length of the trap) is controlled
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Figure 4.1: The cross-section of the axisymmetric magnetic trap of Section 4.3.1 through
the symmetry axis, with the magnetic �eld strength in � G color-coded.

by the parameter`, while the radial scale ofB depends ona and R. Having in mind

applications to the ISM of spiral galaxies, we adopt for̀ and R values comparable

to the integral scale of the interstellar random magnetic �elds,̀ = R = 16 pc (see

Section 4.3.2 for the motivation of the scale length choice).

The �eld structure is further determined by the factors a = (0 :03 pc)� 2 and

b = 0:25. The positions along thez-axis at which particles are re
ected depend

on the particle energy. In the simulations presented below, we adoptB0 = 100 � G

giving the range 8� B � 92� G for the �eld strength within the computational

domain, with the r.m.s. �eld strength of B rms = 42 � G.

4.3.2 Magnetic trap in a random �eld

Magnetic traps occur in virtually any random magnetic �eld as regions between

magnetic mirrors where magnetic lines converge repeatedly towards a magnetic line

that serves as the backbone of the trap. Setaet al. (2018) discuss the trapping of

charged particles in an intermittent random magnetic �eld produced by the 
uctua-

tion dynamo and a Gaussian random magnetic �eld with the same power spectrum,

and show that both types of random magnetic �eld produce numerous traps.

An example of such a trap in an intermittent magnetic �eld is shown in Fig. 4.2.

This magnetic �eld is obtained as a solution of the induction equation with a time-

dependent, multi-scale velocity �eld with chaotic trajectories (Wilkin et al., 2007;

Shukurov et al., 2017).

The dynamo action produces a non-Gaussian random magnetic �eld represented

by magnetic �laments and ribbons even when the velocity �eld realizations have
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Figure 4.2: The three-dimensional structure of the magnetic lines of the random
magnetic trap of Section 4.3.2, with the �eld strength relative to its root-mean-square
value color coded.

Gaussian statistics (Shukurov & Subramanian, 2021). The magnetic structure shown

in Fig. 4.2 is from a region where the CR proton distribution has a strong local

maximum in the simulations of Setaet al. (2018), and we discuss here in detail the

behaviour of the statistical ensembles of CR protons and electrons in this particular

trap, including the long-term evolution of the spatial particle distributions. We note

once more that the occurrence of magnetic traps does not rely on the magnetic

intermittency: this is a generic feature of random magnetic �elds.

The dynamo simulations (Shukurovet al., 2017) which produced the magnetic

structure of Fig. 4.2 were performed on a 5123 grid in a periodic box of the dimen-

sionless size (edge length) 2� corresponding to the physical size comparable to the

integral scale of the interstellar turbulence, 100 pc1. In our simulations, we use the

same unit length, L = 100 pc=(2� ) = 16 pc. The �eld strength within the com-

putational domain ranges from 0:025� G to 89� G while the r.m.s. �eld strength is

B rms = 5 � G. (Here we might comment on this variability of magnetic �eld strength

in our simulations. The turbulent motions driven by supernovae in the ISM are

highly compressible in nature, and the resulting 
uctuation dynamos can generate

magnetic �elds with such a wide range of �eld strengths (Gentet al., 2021).)

1The magnetic �eld data are available at https://doi.org/10.5281/zenodo.4382442 as �le
B_Rm3182.nc.
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