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F O R E W O R D

This thesis represents work I have done over four years of my life and is therefore
rather long. There are (I hope!) a lot of nice results and helpful pedagogical explana-
tions in this thesis which the reader would find interesting. To that end I have done
my utmost to make this thesis as readable as possible.

As many do, you are encouraged to start, at the end, with the summary chapter to help
motivate the work in each of the chapters. There are many topics covered so there is
not a singular background chapter but is instead present to greater and lesser extents
within every chapter. The knowledgeable or busy reader is therefore directed to read
the introduction of each chapter first, where I have included bullet points outlining the
main results which are appropriately linked to. Important equations are boxed to aid
the skimming of technical derivations. The reader is also encouraged to browse directly
through the list of figures and tables to find ones that sound interesting and therefore
jump right into the action. When one reads a document in such a non-linear order the
meaning of common abbreviations can often become opaque. So all abbreviations used
link to their definitions which can be found just after the list of tables. References in
the bibliography also link to where they are cited in the text making it much easier to
flip back and forth between them.

Hopefully you find this thesis much easier to read than I did to write!
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A B S T R A C T

This thesis is dedicated to the study of stochastic processes; non-deterministic physical
phenomena that can be well described by classical physics. The stochastic processes we
are interested in are akin to Brownian Motion and can be described by an overdamped
Langevin equation comprised of a deterministic drift term and a random noise term.
Because of the random noise term, one must solve the Langevin equation many times
to make physical predictions for what would happen on average. As Langevin equa-
tions have such wide applications this thesis is split into two parts where we examine
them in two very different, yet connected, contexts.
In Part I we examine stochastic processes in the Mesoscale. For us this means that the
Langevin equation is driven by thermal noise, with amplitude proportional to the tem-
perature T and there exists a genuine equilibrium thermal state. We outline how the
Langevin equation can be reformulated using techniques from Quantum Field Theory
as a path integral that is closely related to SuperSymmetric Quantum Mechanics. We
apply a technique known as the Functional Renormalisation Group (FRG) which al-
lows us to coarse-grain in temporal scales. We describe how the FRG can be used to
compute correlation functions as the system relaxes towards equilibrium. In particular
we describe how to obtain effective equations of motion for the average position, variance
and covariance of a particle evolving in highly non-trivial potentials and verify their
accuracy by comparison to direct numerical simulations. In this way we outline a novel
procedure for describing the behaviour of stochastic processes without having to resort
to time consuming numerical simulations.
In Part II we turn to the Early Universe and in particular examine stochastic processes
occurring during a period of accelerated expansion known as inflation. This inflation-
ary period is driven by a scalar field called the inflaton which also obeys a Langevin
equation. In this context however the noise term does not come from thermal fluc-
tuations but from inherently quantum fluctuations that are stretched to cosmological
scales by the expansion of the universe. These quantum fluctuations then act as the
seed for the formation of all large scale structure. We review how to compute infla-
tionary perturbations and focus on a formalism known as Stochastic Inflation. We out-
line how the Hamilton-Jacobi formulation of Stochastic Inflation allows one to move
beyond the simplest inflationary approximation, slow-roll, and discuss an interesting
period known as ultra-slow roll. A period of ultra-slow roll is generally needed to form
very large density perturbations and we outline how to compute the full probability
distribution function of curvature perturbations for a plateau in the inflationary po-
tential using heat kernel techniques. We use this to study the formation of Primordial
Black Holes. These extreme objects are formed in the early universe, before the first
galaxies, and are a possible Dark Matter candidate.
We finish this thesis by applying the techniques developed in Part I to a spectator field
during inflation. We confirm that the FRG techniques can compute cosmologically rel-
evant observables such as the power spectrum and spectral tilt. We also extend the
FRG formalism so that it can be used to solve first-passage time problems and verify
that it gives the correct prediction for the average time taken for a field (or particle) to
overcome a barrier in the potential.
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Part I

T H E M E S O S C A L E

It is sometimes glibly said that modern physics is concerned about the very
large – astronomy, cosmology – and the very small – quantum phenomena
– with everything else left to the other sciences and engineering. In this
thesis we reject this supposition and in part one discuss a small portion of
the exciting physics to be done in The Mesoscale.





1
S T O C H A S T I C P R O C E S S E S

From where we stand the rain seems random.
If we could stand somewhere else, we would see the order in it.

— Tony Hillerman [ 6]

1.1 introduction

Stochastic processes appear in all kinds of contexts in physics. From the Brownian
Motion ( BM) of small particles in a thermal bath [ 7, 8] to scalar �elds experiencing
quantum �uctuations in the early in�ationary universe [ 9], many problems of interest
can be described by the overdamped Langevin equation (3). However, the �uctuations
(thermal or effectively thermal) occur very frequently and if one were to attempt to
adequately simulate such a process a suitable small timestep size would have to be
chosen. This means we only have an immediate understanding of the physics on small
timescales. Understanding long-time behaviour and �nding the equilibrium properties
of the system from its initial out-of-equilibrium state requires following the stochastic
process for times much longer than this fundamental timescale. We will describe these
stochastic processes (a subset of the Wiener process) as realised inBM so that the re-
sults are more physically intuitive.

BM, as originally described, is the random motion of large particles in a �uid of
much smaller particles. The random motion is caused by collisions with the smaller,
fast-moving particles in the �uid. There are a few different ways we can formulate this
mathematically. In this chapter we will outline three different but equivalent descrip-
tions:

• The Langevin Equation – A stochastic differential equation

• The Brownian Motion Path Integral – A path integral formulation that is equiv-
alent to Euclidean SuperSymmetric Quantum Mechanics

• The Fokker-Planck Equation – A non-linear PDE of a probability function

Ultimately our goal will be to obtain a coarse-grained in time theory for BM such that
one need not solve the Langevin equation many times to get a sense of the average
behaviour of the system. We will also seek to examine how the behaviour of this coarse-
grained stochastic theory will change as the temperature of the system is varied.

For the reader familiar with these topics we direct you to the main results of this
chapter which will be used later:

• The dimensionless Langevin equation ( 6)

3
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• The Brownian Motion Path Integral ( BPI) given by equation ( 22)

• The Effective Action ( EA) is related to the BPI by equation (39)

• The standard and rescaled Fokker-Planck ( F-P) equations (68) and (70) respec-
tively

1.2 the langevin equation

BM for a single particle of mass m moving in a potential V(x) coupled to an external
heat bath with temperature T can be described by the Langevin equation:

mẍ + 
 �x = - @x V(x) + f (t ) (1)


f (t )f (t 0)

�
= 2D
 2 � (t - t 0) (2)

where 
 is a frictional term due to the surrounding �uid and f (t ) is a Gaussian “noise"
term. D = kb T=
 is the diffusion constant with equality given so as to match the
Boltzmann equilibrium distribution (should it exist). We will be concerned however
with the overdamped limit which corresponds to " � m=
 being a short timescale
compared to the time scales of interest:

�x = - "@x V̄(x) + � (t ) (3)


� (t )� (t 0)

�
= 2D� (t - t 0) (4)

Here we have taking out a mass factor from the potential V so that mass appears ex-
plicitly in the equation (i.e. V = mV̄). For convenience we will drop the overbar from
here on in. In principle solving equation ( 3) once is not dif�cult numerically. The issue
is that as � is sampled randomly from a probability distribution one obtains a differ-
ent answer every time (3) is solved. Therefore to get accurate average statistics one is
required to solve it many times which can be computationally expensive. We will be
examining the impact of changing the temperature, and hence changing the strength
of the �uctuating force � , on the coarse-grained effective theory. Let us therefore intro-
duce a reference temperatureT0 and a dimensionless parameter � which allows us to
dial the temperature around T0 . Writing D = D0 � , we further de�ne dimensionless
variables

x =
p

2D0" x̂ , t = " t̂ , V(x) =
2D0

"
V̂(x̂) , � (t ) =

r
2D0

"
�̂ (t̂ ) (5)

in terms of which the dynamical equation becomes

dx̂
dt̂

= -
@̂V
@̂x

+ �̂ (t̂ )

h�̂ (t̂ )�̂ (t̂ 0)i = �� (t̂ - t̂ 0)

(6a)

(6b)

From now on we will be dropping the hats for simplicity of notation but generally
refer to dimensionless quantities unless otherwise stated.
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Figure 1: A representation of the Probability Distribution Function P(xf jxi ) as a sum over all
possible trajectories between two points where each trajectory is weighted by the
exponential of the appropriate action.

1.3 the brownian motion path integral

In order to bring the powerful tools of Quantum Field Theory ( QFT) such as the
Functional Renormalisation Group ( FRG) to bear in chapter 2, we will need to reformu-
late the stochastic differential equation ( 6) in terms of a path integral. In this section we
will outline one way to obtain this path integral, aiming to link this to Supersymmetric
Quantum Mechanics. Our �nal expression, and the starting point of our subsequent
analysis, is the BM transition probability ( 22a), expressed in terms of an integral over
possible histories weighted by the action ( 22b), to which the busy reader may progress
if uninterested in the details of the derivation. We will be using a condensed functional
notation of in�nite dimensional functional integrals but all expressions can be consid-
ered as limits of large, �nite dimensional ordinary integrals. This derivation is based
on the path integral reformulation by De Dominicis, Peliti and Janssen [ 10–12] of the
well known Martin-Siggia-Rose approach for stochastic dynamics, �rst developed in
[13]. More details on these path integrals, including the corresponding �nite discretisa-
tion of the stochastic process can be found in [14]. The dynamics of the (dimensionless)
Langevin equation ( 6) can be captured in terms of the Probability Distribution Function
(PDF) P(xf jxi ) of observing the particle at xf at time t = t f given that initially at t = t i

the particle was at xi . By de�nition this can be expressed as:

P(xf jxi ) = h� (x(t f ) - xf )i (7)

where the expectation value is taken over all possible realisations of the noise � (t ) and
� (x(t f ) - xf ) is the Dirac delta function. Put another way, x(t f ) is the position at t f for
a given noise history � (t ) and the brackets indicate averaging over all possible noise
histories, or stochastic paths, which start at xi and end up at x(t f ) = xf at t f . We
demonstrate this idea in Fig. 1 by sketching out some of the possible trajectories that



6 stochastic processes

are summed over between xi and xf . This sort of object is precisely a path integral
so we can rewrite the PDF using a Gaussian measure for noise (6b) and express the
average as

P(xf jxi ) =
Z

D� (t )� (x(t f ) - xf ) exp
�
-

Z
dt

� 2(t )
2�

�

(8)

where each noise history is now appropriately weighted by the exponential factor in
the above expression. In essence thehi in (7) are shorthand for this integration over his-
tories weighted by the exponential factor. In principle we are done: we have expressed
the behaviour of this stochastic system as a path integral. Unfortunately it is not a very
useful one! We will be interested primarily in correlation functions that depend on the
position x so it would be better if instead of our measure being D� (t ) it was Dx(t ).
To do this we will utilise some QFT techniques. We now consider the identity (see e.g.
[15]):

1 =
Z

dx f

Zx f

x i

Dx(t ) � (x(t ) - x� (t )) (9)

=
Z

dx f

Zx f

x i

Dx(t ) � ( �x + V,x - � (t )) detM (10)

=
Z

x i

Dx(t ) � ( �x + V,x - � (t )) detM (11)

where the matrix M (t , t 0) is:

M �
�� (t )
�x (t 0)

=
�

d
dt

+ V,xx

�
� (t - t 0) . (12)

and x� (t ) is the x(t ) resulting from a particular noise history � (t ). The identity ( 11)
expresses the obvious fact that, if the particle starts at some xi and follows a particu-
lar history x� (t ) dictated by the Langevin equation without disappearing, it will end
up somewhere after time t f . We have used the standard subscript notation to denote
derivative with respect to that variable e.g. V,xx = @xx V. Note that the path integral
in (11) is over all paths starting at xi at t i and ending at any x at t f . Inserting our `fat
unity' factor ( 11) into (8) and noting that the delta function there restricts x(t f ) to be
xf we obtain:

P(xf jxi ) =

x ( t f )= x fZ

x ( t i )= x i

D� Dx � ( �x + V,x - � ) detM exp
�
-

Z
dt

� 2(t )
2�

�
(13)

where the Dx(t ) integral is taken over all paths beginning at xi and ending at xf . We
now have a path integral over position which is good but in the process have had to
introduce a new delta function as well as a determinant of a matrix. The delta function
is simply restricting all possible paths in our path integral to satisfy the Langevin
equation (6). We can rewrite the delta function as a functional Fourier transform using
a new variable x̃ which is usually called the response �eld:

� ( �x + V,x - � ) =
Z

Dx̃ exp
�
i
Z

dt x̃ ( �x + V,x - � )
�

(14)
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Dealing with the determinant is a bit more tricky. There are a couple of standard ways
we can incorporate detM into an exponential. Formally writing

M =
�

d
dt

�  

1+
�

d
dt

� - 1

V,xx

!

�
�

d
dt

�
M̃ , (15)

where the matrix
�

d
dt

� - 1
(t , t 0) = � (t - t 0), we see that

detM = det
�

d
dt

�
� detM̃ / exp

�
Tr log

�
M̃

��
/ exp

�
1
2

Z
dt V ,xx

�
(16)

where we used the Stratonovich prescription (� (0) = 1=2). On the face of it this appears
desirable and we will later see this agrees with the F-P description ( 83). However the
use of Stratonovich is not a priori justi�ed here and actually hides certain symmetries
of the problem. Alternatively we can use anticommuting variables c and c̄ such that:

det M =
Z

DcDc̄ exp
� Z

dt c̄ (@t + V,xx ) c
�

(17)

The determination of det M then requires appropriate boundary conditions for ¯ c and c.
Here we will recall the computations of [ 16] explicitly showing that

det M =
Z

DcDc̄ exp
� Z

dt c̄ (@t + V,xx ) c
�

/ exp
�

1
2

Z
dt V ,xx

�
(18)

when the boundary conditions

c(t in ) = 0, c̄(t f) = 0 (19)

are chosen. The boundary condition (19) is implied by the discretised form of the path
integral, see [17]. Roughly speaking the c �eld is not present in the discretised path
integral in the �rst integral and the ¯ c �eld is not present in the �nal integral, hence
why they must vanish at these times. Similarly the discretised path integral can also
be consulted to infer that we must further impose

x̃(t f) = 0. (20)

Other choices are possible but lead to determinant values that are different from ( 16),
corresponding to non-causal boundary conditions for the stochastic problem.

The Gaussian integral in (17) can now be done explicitly leading to ( 16). However
it pays to keep the determinant expressed in this form. Inserting equations ( 14) & (17)
into (13) we obtain:

P(xf jxi ) =
Z

D� DxDx̃DcDc̄ exp

" Z
dt



-

� 2

2�
+ i x̃ ( �x + V,x - � ) + c̄ (@t + V,xx ) c

�
#

(21)

We can now trivially perform the Gaussian integral over � to obtain the path integral
in terms of the BM action SBM (x, x̃, c̄, c):

P(xf jxi ) =
Z

DxDx̃DcDc̄ exp [- SBM (x, x̃, c̄, c)]

SBM (x, x̃, c̄, c) =
Z

dt
�

�
2

x̃2 - i x̃( �x + V,x ) - c̄ (@t + V,xx ) c
�

(22a)

(22b)
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Computing this path integral, which henceforth shall be called the BPI, is in general
impossible analytically. At this stage the reader would be very justi�ed to wonder why
we went through all this trouble? Having started from a Gaussian path integral in one
variable (7) we have arrived at a much more complicated one involving four different
variables, why should this be computationally more tractable? To help explain that we
look to SuperSymmetry ( SUSY).

1.3.1 Brownian Motion and SuperSymmetry

SUSY is a theoretical extension of the Standard Model of Particle Physics that proposes
every fermion (e.g. electron) would have a supersymmetric partner that would be a
boson, similarly every boson (e.g. photon) would have a supersymmetric partner that
would be a fermion. This would essentially double the number of fundamental parti-
cles that exist in the Standard Model. There are many motivations for SUSYnot least of
which is its requirement in String Theory. Regardless of whether SUSYexists in nature
there has been much work done analysing possible SUSYtheories. It has been known for
a while that overdamped BM (6) and Euclidean1 SuperSymmetric Quantum Mechanics
are in some sense equivalent. In this subsection we will demonstrate this explicitly.
To make the link with SUSYwe will suggestively rede�ne our �elds as :

x(t ) �
p

� ' (t ) (23a)

V(x) � � W (' ) (23b)

x̃ �
1

p
�

(i �' - F̃) (23c)

c̄c � i �̄� (23d)

doing so allows us to relate the action for BM to that of Euclidean SuperSymmetric
Quantum Mechanics:

SBM [' , F̃, �̄ , � ] = [W(' f ) - W(' i )] + SSUSY (24)

where

SSUSY [' , F̃, �̄ , � ] =
Z

dt
�

1
2

�' 2 +
1
2

F̃2 + i F̃W,' (' ) - i �̄ (@t + W,'' (' )) �
�

(25)

Action ( 25) describes the dynamics of Euclidean Supersymmetric Quantum Mechanics
where � & �̄ are the fermionic �elds and ' & F̃ are the bosonic �elds [ 18]. The same
action also describesBM and the BM action is equivalent to the Supersymmetric Quan-
tum Mechanics one up to a factor depending on the initial and �nal positions xi & xf ;
these terms can be simply taken outside the path integral as an exponential prefactor.

Variation of SSUSY with respect to F̃ yields its “equation of motion” F̃ = - iW ,'

which when substituted back into SSUSY yields the “on mass-shell” action

SOM [' , �̄ , � ] =
Z

dt
�

1
2

�' 2 +
1
2

W,'
2 - i �̄ (@t + W,'' )�

�
(26)

1 What we mean by Euclidean in this context is that we are working in an imaginary time coordinate e.g.
� = it
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We will keep working with the auxiliary �eld F̃ and (25) as it allows for the symmetry
transformations to take on a simpler form, linear in all �elds.

It is illuminating to express the above action in terms of the original dimensional
variables and perform the integration over ¯� and � , leading to the alternative form of
the term stemming from the determinant:

SOM [x] =
Z

dt
2Dm

�
1
2

m �x2 +
1
2

" 2mV ,x
2 - Dm"V ,xx

�
(27)

Note that 2Dm has the dimensions of action and therefore plays in the thermal problem
a role analogous to  h in quantum mechanics - see also section1.4 in this respect. Unlike
 h of course, it can be varied by changing the temperature, therefore controlling the
strength of �uctuations.

1.3.2 Correlation functions from the generating functional

Now that we have made the link with SUSYmanifest we will exploit it to discuss how
to compute correlation functions. One way to compute correlation functions is through
the use of objects calledgenerating functionals. In this subsection we will outline how
these generating functionals yield correlators in practice.

The �rst generating functional we examine is the partition functional Z(J) which
depends on source terms J(t ) (in analogy with a magnetic �eld source term M (x) in
spin systems):

Z(J) =
Z

D� exp
�
- SBM [� ] +

Z
dt J�

�
(28)

Variation of Z(J) w.r.t. J will give any required correlator. In the above functional inte-
gral, � stands collectively for (' (t ), F̃(t ), � (t ), �̄ (t )) and J(t ) for all the corresponding
currents:

Z
dt J� �

Z
dt

�
J' ' + JF̃F̃+ �̄� + �̄�

�
(29)

The only constraint we will require of the currents is that they satisfy J(t in ) = J(t f) = 0
at the initial and �nal times t in and t f . The averages of the �elds are de�ned by

h� (t )i �

R
D� � (t ) exp [- SBM [� ]]

R
D� exp [- SBM [� ]]

(30)

=
� Z[J]
� J(t )

�
�
�
�
�
J= 0

(31)

the two point correlation function is:

h� (t 1)� (t 2)i �

R
D� � (t 1)� (t 2) exp [- SBM [� ]]

R
D� exp [- SBM [� ]]

(32)

=
� 2Z(J)

� J(t 2)� J(t 1)

�
�
�
�
J= 0

(33)

and similarly for higher correlation functions. N.B. that the usual prefactor of Z(0)
is absent as it is equivalent to unity in this theory – the reason for this will become
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apparent in section 1.3.3. This information can be similarly stored more compactly in
another object W[J]. De�ning

W[J] � ln (Z(J)) (34)

allows us to generate connected correlation functions (or Ursell functions) as:

h� (t 1) : : : � (t n )i C =
� n W[J]

� J(t 1) : : : � J(t n )

�
�
�
�
�
J= 0

(35)

For instance the connected 2-point function (more commonly known as covariance)
G(t 1 , t 2) is:

G(t 1 , t 2) � h� (t 1)� (t 2)i C = h� (t 1)� (t 2)i - h� (t 1)i h� (t 2)i

=
� 2W[J]

� J(t 1)� J(t 2)

�
�
�
�
�
J= 0

(36)

However the most ef�cient object to work with is the EA � [� ] obtained by a Legendre
transform of W[J]:

� [� , F̃,  , ¯ ] =
Z

J� - W[J] (37)

where the right hand side is evaluated at Jsup corresponding to the supremum. From
this de�nition it is clear that � is guaranteed to be convex. What is nice about � is that
it treats the averaged�elds as the central objects of interest:

� =
� W[J]
�J '

= h' i J'
(38a)

F̃ =
� W[J]

�J F̃
=



F̃
�

JF̃
(38b)

 =
� W[J]

��
= h� i � (38c)

¯ =
� W[J]

� �̄
= h�̄ i �̄ (38d)

This points to how it is related to the original BM action:

e- � [ � ] = P(xf jxi ) =
Z

D' D ˜' D D ¯ exp
�
- SBM [' , ˜' ,  , ¯ ]

�
(39)

i.e. it resembles the classical actionS but with all �uctuations integrated out. We will
explore this in more detail in chapter 3.
For completeness we can also de�ne the currents in terms of the original physical
variables x = ( x, x̃, c, c̄):

Z
dt Jx �

Z
dt

�
Jx x + Jx̃ x̃ + c̄# + #̄c

�
(40)
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the corresponding mean �elds:

� =
� W[J]

�J x
= hxi Jx

(41a)

�̃ =
� W[J]

�J x̃
= hx̃i Jx̃

(41b)

C =
� W[J]

�#
= hci # (41c)

C̄ =
� W[J]

� #̄
= hc̄i #̄ (41d)

and work directly with the generating functionals in terms of these physical variables.
This means we can rewrite (39) like so:

e- � [x] = P(xf jxi ) =
Z

DxDx̃DcDc̄ exp (- SBM [x, x̃, c, c̄]) (42)

In reality this makes computations much more dif�cult so we will generally work with
the SUSYvariables and when appropriate go back to the physical variables using ( 23).

1.3.3 Symmetry transformations forSBM and Ward-Takahashi identities

In this subsection we recall the transformations that leave the action SBM invariant, up
to boundary terms. We comment on the implications of such symmetries, also paying
attention to the boundary terms that are usually dropped under the assumption of
equilibrium, or, equivalently, a corresponding in�nite amount of elapsed time between
initial and �nal states [ 19]. If we are to exploit SUSY in chapter 2 it is crucial to verify
the presence of this symmetry in an out-of-equilibrium context.

In general, invariances of the action imply relations between various correlation func-
tions in �eld theory, generally known as Ward-Takahashi identities. Their derivation
can be summarised as follows: A general in�nitesimal transformation of the �elds
� ! � 0 = � + �� will generically change the action S ! S0 = S+ � S. Also shifting
J ! J + � J leads to

� Z =
Z
dt

� Z
� J(t )

� J(t ) =
Z
D�e - S[� ]+

R
dt J � (- �S + J�� + � J � ) (43)

where we used that a) � is simply an integration variable in ( 28) and Z is not altered
by a change in � but only via J and b) D� = D� 0 i.e. the transformation involves
no non-trivial Jacobian determinant. Symmetries of the dynamical system comprise of
transformations for which �S is, at most, a total derivative (or a total divergence for

higher dimensions): � S =
R

dt
d
dt

A = A(t f ) - A(t i ) = [A]t f
t i

. Further choosing � J such

that, for a given �� , J�� + � J � = 0, leads to
Z

dt
� Z

� J(t )
� J(t ) =

Z
D� [A]t f

t i
e- S[� ]+

R
dt J � (44)

Differentiating this master equation w.r.t. J and setting J = 0, gives relations between
correlations functions that are necessitated by the symmetry under � ! � + �� .
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For our case, given two independent, in�nitesimal Grassmann variables � and �̄ , the
following transformations of the �elds [ 18]

' ! ' + i �̄� - i �̄� (45a)

F̃ ! F̃- �̄ �� - �̄�� (45b)

� ! � +
�

�' - i F̃
�

� (45c)

�̄ ! �̄ + �̄
�

�' + i F̃
�

(45d)

leave SBM invariant up to a boundary term at the initial time t in :

SBM ! SBM + �̄ in
�
i �' + F̃+ 2iW ,'

�
in � (46)

where a subscript `in 'denotes the initial time t in . The boundary term at t f has been
eliminated using the boundary condition ( 19). Note that the �̄ transformation leaves
SBM invariant identically, irrespective of the boundary conditions.

Adding source currents
�
J' , JF̃, � , �̄

�
to the action [20]

SBM ! SBM -
Z

dt
�
J' ' + JF̃F̃+ �̄� + �̄�

�
(47)

and requiring appropriate transformations of those currents,

J' ! J' + �̄�� + �̄ �� (48a)

JF̃ ! JF̃ + i �̄� - i �̄� (48b)

� ! � + �
�
iJ' - �JF̃

�
(48c)

�̄ ! �̄ - �̄
�
iJ' + �JF̃

�
(48d)

we have

J� ! J� - �̄
d
dt

(�J F̃ - '� ) -
d
dt

�
�̄J F̃ - ' �̄

�
� (49)

We therefore see that the transformations result in

SBM - J� ! SBM - J� + �̄ in
�
i �' + F̃+ 2iW ,'

�
in� (50)

and the exponent in the integrand of ( 28) only changes by a lower boundary term that
is also independent of �̄ .

The �eld transformations ( 45) are linear shifts that leave the integration measure in
the path integral invariant. Coupled with the shift in the currents we �nd, setting � = 0

Z
dt

�
� Z

�J ' (t )
�� - i

� Z
�J F̃(t )

� -
� Z

� �̄ (t )

�
iJ' + �JF̃

�
�

= 0 (51)

while for �̄ = 0 we obtain
Z

dt
�

� Z
�J ' (t )

�̄� + i
� Z

�J F̃(t )
�̄ -

� Z
�� (t )

�
iJ' - �JF̃

�
�

=
Z

D�
�
- �̄ in

�
i �' in + F̃in + 2iW 0

in

��
e- SBM +

R
dt J � (52)
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These are the master equations from which so-called Ward-Takahashi identities be-
tween various correlators can be obtained. For example, differentiating ( 51) w.r.t. J' (t 0),
� (� ) and setting J = 0 gives

d
d�



' (t 0)' (� )

�
+



' (t 0)W 0(' (� ))

�
- i h� (t 0)�̄ (� )i = 0 (53)

which, along with the original Langevin equation, allows us to infer that

i h� (t 0)�̄ (� )i =
1

p
�

h' (t )� (� )i , (54)

meaning that h� (t 0)�̄ (� )i is proportional to the response of ' (t 0) to noise � (� ) (clearly
a retarded quantity / � (t 0- � )). Furthermore, equation (53) can be rewritten as

p
�



x̃(� )' (t 0)

�
= - h�̄ (� )� (t 0)i (55)

which con�rms that h' (t 0)x̃(� )i is the retarded response function or propagator. Im-
portantly, equation ( 55) also establishes that in a diagrammatic expansion closed ghost
loops act to cancel closed loops involving the retarded propagator – this can be seen
explicitly in e.g. [ 21]. This ensures Z[J = 0] = 1, which simply re�ects conservation of
probability, and furthermore that correlators do not depend on the ill-de�ned quantity
� (0), re�ecting the well-known fact that, for additive noise, the discretisation of the
stochastic differential equation (Ito, Stratonovic etc) does not matter – see e.g. [17, 21].

Differentiating ( 52) w.r.t. J' (t 0), �̄ (� ) and setting J = 0 gives, with the use of ( 55) and
recalling that integration over F̃ gives F̃ ! - iW ,' ,

2
d
d�



' (t 0)' (� )

�
- i

p
�



x̃(� )' (t 0)

�
+ i

p
�



x̃(t 0)' (� )

�
= - i� hx̃in ' (� )i



x̃in ' (t 0)

�
(56)

This is a modi�ed Fluctuation-Dissipation relation with the term on the RHS account-
ing for the initial condition. Sending t in ! - 1 makes the RHS vanish and we recover
the Fluctuation-Dissipation relation at equilibrium [ 19]:

d
d�



' (t 0)' (� )

�
= i

p
�

2

�

x̃(� )' (t 0)

�
-



x̃(t 0)' (� )

��
(57)

Before concluding this chapter we examine an alternative formulation of the Langevin
problem.

1.4 the fokker -planck equation

Instead of working with the Langevin equation directly one can deal with the proba-
bility distribution of position:

P(x, t ) = h� (x - x� )i (58)

where x� is the solution to ( 6) for a given noise function � (i.e. a speci�c particle trajec-
tory). To determine this probability distribution we consider an in�nitesimal change in
(6):

�x = �x�t = - @x V�t +
Zt + �t

t
dt 0 � (t 0) (59)
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where we have assumed that we can evaluate the classical force@x V at the original
position, x. This is a reasonable choice for classical dynamics but in stochastic dynamics
there is ambiguity in this discretisation choice. Evaluating the force at the original time
corresponds to the Ito convention whereas if we evaluated the force at (t + �t )=2 this
would correspond to the Stratonovich convention and in general the two would give
different predictions. Fortunately for us, in this system the two conventions agree – see
e.g. [17, 21] – and we will choose Ito for simplicity. We can take the stochastic average
of (59) and because the noise term has vanishing mean,h� (t )i = 0 we obtain:

h�x i = - @x V�t (60)

We can then compute the stochastic average of�x i �x j in a similar manner:



�x i �x j

�
=



@x i V@x j V

�
�t 2 - �t

Zt + �t

t
dt 0


@x i V� j (t 0) + @x j V� i (t 0)
�

+
Zt + �t

t
dt 0

Zt + �t

t
dt 00
 � i (t 0)� j (t 00)

�

| {z }
= �� ij � ( t 0- t 00)

(61)



�x i �x j

�
= � ij ��t + O(�t 2) (62)

As higher order moments are all higher order in �t we will neglect them. Our goal then
it to obtain the probability distribution that reproduces the correlations ( 60) & (62). To
achieve this we work with the conditional probability P(x, t + �t ; x0, t ), that the particle
is at position x at time t + �t given that it was at position x0 a moment earlier at t .
Using the de�nition ( 58) this can be written like so:

P(x, t + �t ; x0, t ) =


� (x - x0- �x )

�
(63)

and to the dismay of mathematicians everywhere we Taylor expand the delta function
to obtain:

P(x, t + �t ; x0, t ) =

"

1+ h�x i i
@

@x0i
+

1
2



�x i �x j

� @2

@x0i @x0j
+ : : :

#

� (x - x0) (64)

However we aren't interested in P(x, t + �t ; x0, t ) but rather the probability P(x, t ; x0 , t 0)
given some initial, arbitrary position. To do this we use the “has to be somewhere"
property discussed earlier in the form of the Chapman-Kolmogorov equation:

P(x, t ; x0 , t 0) =
Z1

- 1
d3~x0P(x, t ; x0, t 0)P(x0, t 0; x0 , t 0) (65)

We can now substitute (64) into (65) so that the delta function kills the integral:

P(x, t + �t ; x0 , t 0) = P(x, t x 0 , t 0) -
@

@xi
[h�x i i P(x, t x 0 , t 0)]

+
1
2

@2

@xi @xj

�

�x i �x j

�
P(x, t x 0 , t 0)

�
+ : : : (66)

The �nal simpli�cation can be done by Taylor expanding the left hand side with respect
to time:

P(x, t + �t ; x0 , t 0) = P(x, t ; x0 , t 0) + @t P(x, t ; x0 , t 0) + : : : (67)
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and if we combine this with equations ( 60) & (62) substituted into ( 66) we �nd the
probability obeys the following partial differential equation:

@P(x, t )
@t

= @x (P(x, t )@x V) +
�
2

@xx P(x, t ) (68)

which is known as the F-P equation. It is usually more useful however to rescale the
PDF like so:

P(x, t ) = e- V=� P̃(x, t ) (69)

This leads to the F-P equation taking the form:

�
2

@̃P(x, t )
@t

=
�

�
2

� 2

@xx P̃(x, t ) + ŪP̃(x, t )

Ū �
�
4

@xx V -
1
4

(@x V)2

(70a)

(70b)

which resembles a Euclidean Schrödinger equation with �=2 playing the role of  h in
controlling the �uctuation amplitude, as one might expect. The unusual form of the
Schrödinger potential Ū is because this is equivalent to a theory of SuperSymmmetric
Quantum Mechanics and Ū can therefore be expressed in terms of the superpotential
V through ( 70b). Equation (70a) can be solved in terms of a spectral expansion (see e.g.
[22, 23]). Writing

P̃(x, t ) =
1X

n = 0

cn pn (x)e- En t (71)

we �nd that pn satisfy the corresponding, time independent Euclidean Schrödinger
equation

-
�
2

d2pn

dx2 +
1
2

 
(V,x )2

�
- V,xx

!

pn = En pn (72)

The lowest eigenfunction with E0 = 0 is

p0(x) = Ne- V ( x ) =� (73)

corresponding to the equilibrium distribution Peq (x) = p0(x)2 . The pn (x) eigenfunc-
tions are complete and orthonormal

1Z

- 1

dx pn (x)pm (x) = � mn (74)

1X

n = 1

pn (x)pn (x0) = � (x - x0) (75)

The conditional probability, a quantity akin to the evolution operator or propagator in
quantum mechanics, can be expressed in terms of the spectral expansion as

P̃(x, t jx0 , 0) =
1X

n = 0

pn (x)pn (x0)e- En t (76)

P(x, t jx0 , 0) = e- V ( x ) =� P̃(x, t jx0 , 0)e+ V ( x 0 ) =� (77)
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Any correlation function can then be expressed by using ( 77). An economic notation
can be achieved by using Dirac bra-ket notation in terms of which e.g.

P̃(t , 0) =
1X

n = 0

�
�n i e- En t hn

�
� (78)

Correlation functions can then be expressed in the spectral expansion as:

hf (x(t ))g(x(0)) i =
1X

n = 0

h0j f jn i e- En t hnj g jin i (79)

where, explicitly

h0j f jn i =

1Z

- 1

dx p0(x)f (x)pn (x) (80)

hnj g jin i =

1Z

- 1

dx pn (x) g(x)P̃(x, 0) (81)

Note that the “out state” in the stochastic problem is always h0j and the “in state” is
de�ned in terms of P̃(x, t = 0).

Following standard procedures from quantum mechanics, we can write the condi-
tional probability

P(x, t jx0 , 0) = hxj e- V ( x ) =� P̃(t , 0)e+ V ( x 0 ) =� jx0 i (82)

governed by the above Euclidean Schrödinger equation, as a path integral

P(x, t jx0 , 0) = N exp
� "

2D
[V(x) - V(x0)]

�

�

x ( t )= xZ

x ( 0)= x 0

Dx(� ) exp
�

-
Z

d�
2Dm

�
1
2

m(@� x)2 - Ū(x)

 �

(83)

where we have reinstated the dimensionful variables. We therefore recover the “on
mass-shell" path integral (27) obtained earlier. Note the importance of including the
determinant ( 16) in order to obtain the @xx V term in the Schrödinger potential Ū.

1.5 conclusion

In this chapter we have accomplished several things. Firstly we introduced the fun-
damental problem that will be the focus of this thesis, namely the behaviour of the
one-dimensional overdamped Langevin equation ( 6). We showed how this stochastic
processes can be expressed in terms of an object called a path integral that can broadly
be understood as a weighted sum over different possible stochastic trajectories. This
path integral is equivalent to an action describing Euclidean SuperSymmetric Quan-
tum Mechanics and we explored the impact this symmetry has on the behaviour of
correlators. We also de�ned objects known as generating functionals which will later
allow us to compute correlation functions. Most important of these is the Effective
Action ( EA) � which is related to the classical action once all �uctuations have been
integrated out ( 39). Finally we described an alternative formulation of the problem in
terms of a Fokker-Planck (F-P) equation (68) and demonstrated how correlators can be
computed from this using a spectral expansion method.



2
T H E R E N O R M A L I S AT I O N G R O U P

How is it that our effective theories at different scales are so
compelling as to make physicists think they are gods?

The answer is that, like Aesop's mouse, they walk in front of a lion,
and the lion is renormalisation.

— Kerson Huang [ 24]

2.1 introduction

The �rst area of physics that most people study is that of simple Newtonian Mechanics.
Newton's three laws of motion describe very well many aspects of everyday life, from
why it feels like your chair is pushing against you when you sit in it, to precisely how
hard to hit the white ball with your cue to get the ball in the pocket. A strong candidate
for the most famous equation in physics, F = ma , has incredibly wide applicability.
Much of high school physics can be dealt with by careful use of this simple formula.
Why should this be so? A well known complaint by many a student is that at the
start of a new academic year their teacher will say how everything they learnt the
previous year is actually wrong and this year they'll learn the “real" physics. Why do
we let teachers the world over lie to their students? The answer of course is that we
don't. While certain justi�cations for why a particular equation is valid don't hold up
to scrutiny – “because the textbook says so" is unconvincing to anyone – the equation
itself is still valid in the right context. It seems perfectly natural that we don't need the
Schrödinger equation to describe how a ball bounces off a wall but why should this be
the case? We know our theories are incomplete – we do not have a consistent theory
of quantum gravity – so why are we able to predict anything at all? Why are we able
to make incremental improvements on our theories that we teach year on year? The
answer is that all of physics is really made up of Effective Field Theories.

An Effective Field Theory ( EFT) is a framework for describing physical phenomena
in a certain range of validity. Typically this would correspond to being valid within a
certain energy regime. More intuitively it might correspond to a certain lengthscale. In
this way you could then see how Newtonian Physics is an EFT1 that is valid over the
length scales we typically associate with everyday life. For physics much smaller we
must invoke quantum mechanics and for physics much larger we turn to General Rela-
tivity ( GR). One is then invited to ask how might we move between these descriptions?
How might we view one as a limit of another? The Renormalisation Group ( RG) is a
way of moving between these effective theories in a consistent way. Introducing it and
applying it to stochastic processes is the subject of this chapter.

1 We are being a bit loose with terminology here as Newtonian mechanics is not usually formulated as a
�eld theory and for it to be a valid limit of a relativistic description one must assume small velocities.

17
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The RG was brought to full force through the work of K. Wilson [ 25] who used
it to understand phase transitions and since then the RG has become a widely used
technique in modern physics with many applications in both particle physics [ 26] and
condensed matter physics [27]. The RG is relevant whenever �uctuations signi�cantly
in�uence the state (static or dynamical) of a physical system. Its conceptual frame-
work as applied in condensed matter physics is perhaps most apt for describing the
goal in this work: the RG interpolates between a small lattice size, where the underlying
physics is known, to a much larger lattice size by including the effect of �uctuations on
all intermediate length scales, providing an effectivepicture that averages over all such
�uctuations. In this chapter we apply this idea to the stochastic dynamics of a Brown-
ian particle. For us the small lattice size corresponds to a small fundamental timescale
over which the dynamics is adequately described by the Langevin equation ( 3). We
seek an effective description, valid over much longer timescales, that captures the ag-
gregate effect of �uctuations. The effective description is embodied in an Effective Ac-
tion ( EA) � [� (t )] of the average position � (t ) � h x(t )i . In particular, one can use the EA

to compute n-point correlation functions of the particle's position hx(t 1)x(t 2) : : : x(t n )i ,
characterising the system's statistical properties. We will defer how to obtain the corre-
lators from � until chapter 3 and here focus on how to compute � in the �rst place. To
obtain this effective long-time behaviour we will use a version of the RG known as the
functional or exact or non-perturbative Renormalisation Group.

In this chapter we will �rst introduce the Functional Renormalisation Group ( FRG) in
section 2.2 with a simple, one dimensional example. We will introduce the concept of
a regulator and derive the well known Wetterich equation [ 25, 28]. We will also cover
the truncation scheme that will be used extensively in this work, namely the derivative
expansion. Section2.3 is the start of our original research and discusses applying the
FRG technology to Brownian Motion ( BM) and deriving the appropriate �ow equations.
We also include a discussion of the “equilibrium �ow”. In section 2.4 we solve these
�ow equations for a few different potentials and comment on the behaviour seen. We
summarise our results for this chapter in section 2.5.

For those not interested in the technical details we refer the reader to the main results
of this chapter:

• Fig. 2 for a schematic picture of how the FRG coarse-grains in time and Fig. 5 for
how this can smoothen out features in the potential.

• Equations ( 122) and (131) for the FRG �ow equations in the Local Potential Ap-
proximation ( LPA) and Wavefunction Renormalisation ( WFR) approximations re-
spectively for BM.

• Fig. 11 for how the FRG smoothens out highly complicated potentials for BM and
Fig. 16 for how in the WFR it adds features to the parameter � x .

2.2 the functional renormalisation group

In this section we will introduce a particular formulation of the RG known as the FRG

[28, 29] – see [30] for a review and an entry point to the literature on the subject, [ 31] for
a comprehensive overview of applications as well as e.g. [32, 33] for more elementary
introductions. It has many advantages over the original Wilsonian treatment, the most
obvious is its ability to handle systems with strong couplings. As the name suggests,
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the FRG usesfunctional methodsto describe the computation correlation functions of the
�elds. This is typically done through the use of generating functionalswhich in prin-
ciple should contain all relevant physical information about a theory. In section 1.3.2
we introduced some examples of these for the BM problem at hand. Before we apply
the FRG to BM in section (2.3) we will examine a much simpler one-dimensional system.

We consider a very simple classical action corresponding to a particle evolving in a
potential V(x):

S[x] =
Z

dt
�

1
2

�x2 - V(x)
�

(84)

and recall that the generating functional we are most interested in is the EA � :

e- � [ � ] =
Z

Dx e- S[x ] (85)

i.e. it is equivalent to integrating out all �uctuations weighted by the classical action.
Recall that the argument of � is the mean �eld � � hxi averaged over all �uctuations.
Computing this directly is impossible for all but the simplest potentials. Instead we
ask ourselves �rst what we really mean by a classicalaction S in the �rst place? The
principle of least action states that the variational derivative of the action vanishing, i.e.
� S = 0, will yield the well known Euler-Lagrange equations:

�S
�x

=
@L
@x

-
d
dt

@L
@�x

= 0 (86)

which for our very simple example ( 84) comes out to F = ma :

�S [x]
�x

= -
dV(x)

dx
- mẍ = 0 ) -

dV(x)
dx

= mẍ (87)

However this equation of motion does not tell the full story, it is only valid at a certain
energy scale � often called the cutoff. Below this scale there are additional �uctua-
tions2 which will modify the dynamics of ( 87) in some non-trivial way that must be
taken into account. We can imagine therefore that the classical action fully describes
the dynamics if one ignores all �uctuations with frequency/momentum � < � � 1=�t .
Phrased another way we could say that all �uctuations that occur on a timescale < �t
are already taken into account/don't importantly affect the dynamics of ( 87) – this is
what is represented in the leftmost plot of Fig. 2.
With this in mind we introduce the Regulated Effective Action ( REA) � � [� ] which mod-
i�es the EA so that it depends on the momentum scale � . It does this by modifying the
lower bound of integration in ( 85) to be � meaning that not all �uctuations have yet
been integrated over. Given what we have just discussed, at scale � = � there are no
�uctuations to integrate over and equation ( 85) simply becomes:

e- � � = � [ � � ] =
Z

�
Dx e- S[x ] � e- S[x ] ) � � = � [� � ] � S[x] (88)

telling us the equivalence of the REA and the classical action at this scale. It is important
to note that the mean �eld � now has an implicit � dependence as the average is now

2 The exact nature of these �uctuations i.e. whether they are thermal or quantum is not important to this
discussion.
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only over �uctuations down to momentum scale � , for � = � this means that � � x.
All this gives us an “initial condition" for the REA. Another way of expressing this �
dependence of � is by imagining we have split it into long timescale (slow) and short
timescale (fast):

� = � > + � < (89)

respectively and � tells us how we make this split. For instance at � = � the fast modes
� < are those that occur on a timescale< �t and have already been incorporated into
the action S[x] and the slow modes � > are the ones still present as shown on the left
plot of Fig. 2. As the REA method involves computing the Gibbs free energy of the
fast modes already accounted for it is clear that � � � � < and why at � = � this is
equivalent to x.

We can imagine now wanting to determine the REA at another momentum scale
� 0 < � corresponding to �uctuations occurring at timescale �t 0 > �t . In this way one
would be capturing rarer and therefore slower �uctuations. The idea would then be to
integrate out all �uctuations in the range � 0 < � as shown in the middle plot of Fig. 2
which would then yield the REA at scale� 0:

e- � � 0[ � � 0] =
Z

� 0
Dx e- S[x ] (90)

where now the mean �eld has been averaged over all �uctuations down to � 0 and is
distinct from x. At this scale the split between fast and slow modes now occurs at
� 0 which means that modes which were previously in the “slow" regime are now in
the “fast" regime and must be incorporated into the REA � . This highlights the stark
contrast between the FRG approach and the original Kadanoff-Wilson idea where the
object of interest is instead the Hamiltonian of the slow modes not yet integrated out
H[� > ]. This is achieved by doing the split into short and fast modes, coarse-graining or
integrating out the fast modes and then rescaling everything back to the original cutoff
– see Fig.3. This means that in the two descriptions � plays a subtly different role:

• In the Kadanoff-Wilson-Polchinski formulation � is a UV cutoff for the slow
modes � >

• In the REA method � is an IR cutoff for the fast modes � < since � � is the free
energy of the fast modes

If one continues this iterative process for the REA, integrating out rarer and rarer
�uctuations then eventually � = 0 is reached and all �uctuations have been integrated
out – see rightmost plot of Fig. 2. This means that the REA at � = 0 is equivalent to the
full EA � � = 0 [� ] = � [� ] and � is the full mean �eld as expected.

2.2.1 The regulator

Having outlined the schematic picture of how the FRG works let us make things a bit
more precise. In order to obtain the REA we must �rst regulate the other two generating
functionals Z[J] & W[J] like so:

eW � [J] � Z� [J] �
Z

Dx e- S[x ]- � S� [x ]+
R

Jx (91)
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Figure 3: An illustration of the Kadanoff-Wilson `philosophy' of the RG, taken from [ 24].

which we can see matches the de�nitions ( 28) & (34) from section (1.3.2) except for the
addition of a regulator term � S� [x]. This is usually de�ned to be quadratic in the �eld
(in our case x):

� S� [x] =
1
2

Z

t ,t 0
x(t )R� (t , t 0)x(t 0) (92)

Crucially R� is an IR regulator that depends on our Renormalisation scale � and the
momentum p of the modes R� is chosen in order to simplify following calculations.
There are however some conditions imposed on the regulator term:

R� (p) ���!
p � �

0, leaves the UV modes unaffected

R� (p) ���!
p � �

� 2 , acts as large mass and freezes IR modes

R� (p) ���!
� ! 1

1 , freezes all �uctuations when scale is large enough

R� (p) ���!
� ! 0

0, Regulator vanishes allowing recovery of full theory

(93)

With these conditions in mind we can now more formally de�ne the REA:

� � [� � ] =
Z

J� � - W� [J] - � S� [� � ] (94)

where the regulated mean �eld � � is de�ned analogously as in the full theory:

� � (t ) � hx(t )i � ,J =
� W� [J]
�J (t )

(95)
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It is worth mentioning that only the �rst two terms in ( 94) are convex, for �nite �
any non-convexity of � � is from the regulator term. Naturally in the limit � ! 0, the
regulator vanishes, � � = 0 = � and the convexity is manifest.

2.2.2 The Wetterich Equation

We are now in a position to determine how the REA varies with renormalisation scale � .
This will result in the well known Wetterich equation [ 28, 29] that describes the `�ow'
of the REA between the microscopic and macroscopic scale. In our example microscopic
corresponds to the small �t of the �uctuations at the cutoff � and macroscopic corre-
sponds to the increasing timescale of �uctuations as � ! 0 and they are integrated out.
The de�nition of � � 1=�t is analogous to the condensed matter interpretation of the
cutoff being inversely proportional to the lattice size, the only difference here being
that the condensed matter lattice is in space and ours is in time.
If we take functional derivatives of the EA � we get what is sometimes called the
quantum equation of motion in analogy with the classical equations of motion 3 (87)
obtained by taking functional derivatives of the classical action. We can do the same
thing to our REA to get a modi�ed equation of motion:

J(t ) =
�� � [� ]
�� (t )

+ ( R� � )( t ) (96)

Here we have suppressed the � dependence of � to avoid cluttered notation and will
continue to do so in the rest of the text. We can take another functional derivative to
obtain:

�J (t )
�� (� )

=
� 2 � � [� ]

�� (t )�� (� )
+ R� (t , � ) (97)

If however we take a functional derivative of ( 95) we can de�ne the regulated propaga-
tor G� :

�� (� )
�J (t 0)

=
� 2W� [J]

�J (t 0)�J (� )
� G� (� - t 0) (98)

We can then combine the previous two equations to give the important identity:

� (t - t 0) =
�J (t )
�J (t 0)

=
Z

d�
�J (t )
�� (� )

�� (� )
�J (t 0)

=
Z

d� (� ( 2)
� [� ] + R� )( t , � )G� (� - t 0) (99)

where we have introduced the notation:

� ( n )
� [� ] =

� n � � [� ]
�� : : : ��

(100)

In operator notation we can now write:

1 = ( � ( 2)
� [� ] + R� )G� (101)

3 This suggests how we will later obtain effectiveequations of motion in chapter 3
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We now have all we need to derive the Wetterich or �ow equation. We begin by taking
a � derivative with respect to eW � [J] while holding J constant:

@� W� [J]eW � [J] = -
Z

Dx @� � S� [x] e- S[x ]- � S� [x ]+
R

Jx (102)

=
�
-

1
2

Z

t ,t 0
@� R� (t , t 0)

�
�J (t )

�
�J (t 0)

�
eW � [J] (103)

= -
1
2

Z

t ,t 0
@� R� (t , t 0)

�
�W � [J]
�J (t )

�W � [J]
�J (t 0)

+
� 2W� [J]

�J (t )�J (t 0)

�
eW � [J] (104)

) @� W� [J] = -
1
2

Z

t ,t 0
@� R� (t , t 0)

�
� (t )� (t 0) + G� (t , t 0)

�
(105)

To derive the Wetterich equation we then take a derivative of ( 94) with respect to the
renormalisation scale � for a �xed � and at J = Jsup :

@� � � [� ] =
Z
( @� J|{z}

= 0

)� - @� W� [J]j� - @� � S� [� ] (106)

=|{z}
( 105 )

1
2

Z

t ,t 0
@� R� (t , t 0)G� (107)

=|{z}
( 101 )

1
2

Tr
�
@� R�

�
� ( 2)

� [� ] + R�

� - 1
�

(108)

with Tr being a shorthand for a trace over any internal indices and integrating over
time4. Equation (108) is the aforementioned Wetterich or �ow equation. Crucially it
allows us to describe a trajectory in theory space– see Fig.4. Here we can see how the
�ow equation ( 108) tells us how to move between the initial condition of � � = � � S
down to our desired � . It is worth noting however that ( 108) does not �x a unique
trajectory in theory space as the regulator conditions ( 93) actually leave the choice
of the regulator R� very open. Therefore different choices of R� will correspond to
different trajectories in theory space – in Fig. 4 we have shown how three different
choices of regulators give different �ows even though they start and end at the same
point. This is why the REA is heavily regulator dependent even though the full EA � is
not.

2.2.3 The derivative expansion

Even though we now have a �ow equation for the REA we still in practice need to
consider a functional form of � � before we can make progress. In this work we will be
focusing on the so-called derivative or operator expansion of � � . Bearing in mind the
form of our classical action ( 84) in our simple example this would give us the following
truncated expression for � � :

� � [� ] =
Z

dt V � (� ) +
1
2

(@t Z � (� ))2 + O(@4) (109)

We can see how this has the same form as (84) except we now have objects which are
� dependent. The leading order (LO) term in the derivative expansion is the potential

4 In higher dimensional systems this would be a a full integral over all spatial dimensions as well.
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Figure 4: The trajectory of the REA according to the �ow equation ( 108) in theory space for three
different regulators R� . While the trajectories are different, they start and �nish at the
same point in theory space.
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so this is the �rst object which becomes � dependent: V(x) ! V� (� ). If this is the
only thing that varies with � then one is working with the LPA . The next-to leading
order (NLO ) term involves renormalising the kinetic term and is known as WFR. Clearly
Z � = � (� ) = � to match the classical action. It can also be rewritten as a coef�cient of
the standard kinetic term: (@t Z � (� ))2 ! (@� Z � (� ))2 �� 2 which is a bit easier to keep
track of as opposed to a rede�nition of the �eld itself. It is worth noting at this stage
that truncating the derivative expansion at �nite order means that � � = 0 will become
regulator dependent and will not necessarily coincide with the full EA � . However it
is believed that the LO term in the derivative expansion is suf�cient for � � = 0 � � re-
gardless of the speci�c choice of regulator with the NLO term reducing the regulator
dependence further.

If we focus on just the LPA for now then it is clear that

� ( 2)
� = (- @2

t + @�� V� (� )) � (t - t 0) (110)

We now chose a regulator of the following form:

R� (p) =
�
� 2 - p2 �

�
�
� 2 - p2 �

(111)

) @� R� (p) = 2��
�
� 2 - p2 �

(112)

where � is the Heaviside step function. We now have all the appropriate ingredients
to compute the right hand side of ( 108):

1
2

Tr
�
@� R�

�
� ( 2)

� [� ] + R�

� - 1
�

=
1
2

Z1

- 1

dp
2�

2�� (� 2 - p2)
� 2 + @�� V� (� ))

(113)

=
1
�

� 2

� 2 + @�� V� (� ))
(114)

where we are performing the trace in momentum space. We can therefore write the
�ow of the potential as:

@� V� (� ) =
1
�

� 2

� 2 + @�� V� (� ))
(115)

Equation (115) is the LPA �ow equation for the simple problem at hand for our choice
of regulator. All that remains to be done is to solve it.

2.2.4 Renormalising the doublewell

If we consider now a simple doublewell potential in our action ( 84):

V(x) = - x2 +
x4

4
(116)

then we can insert this as our initial condition for ( 115) i.e. V� = � (� ) = - � 2 + � 4=4.
The results from solving this numerically can be shown in Fig. 5. We can clearly see
the original doublewell potential is given by the dotted blue � = � curve. As � is
lowered we can see that the barrier in the potential gets smaller as rarer and rarer
�uctuations are incorporated. These rarer �uctuations help to effectively reduce the
size of the barrier until at � = 0 (red solid curve) it has completely disappeared. This
is as it should be as the convexity of the EA � ensures that the effective potential V� = 0

is also convex in the LPA .
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Figure 5: The �ow of the doublewell potential for our simple theory ( 84). The blue dotted curve
corresponds to the “bare" doublewell potential de�ned at the cutoff � . The FRG �ow
equation (115) is solved down to � = 0 (plotted by red solid line) and we have also
plotted the �ow at some intermediate values of � . The curves have been vertically
shifted by hand to coincide at x = 0 for visual clarity.

2.3 brownian motion and the functional renormalisation group

Having demonstrated in section 2.2 how the FRG works for a simple example we now
see how it can be applied to our problem of BM. As demonstrated in chapter 1, our
BM problem is actually SuperSymmetric Quantum Mechanics. We can therefore apply
the FRG technology and incorporate the effect of thermal �uctuations by following the
�ow of the EA � � via the Wetterich equation which now involves a “supertrace":

@� � � [X] =
1
2

STr
� Z

t ,t 0
@� R� (t , t 0)

h
R� + � ( 2)

�

i - 1



(117)

which accounts for summing over the Bosonic and Fermionic degrees of freedom ap-
propriately. Synatschke et. al have analysed a system with action SSUSY in light of
its underlying symmetries in [ 18]. We adopt their results here. They �nd that from a
SuperSymmetric perspective, the appropriate regulating term takes the form

� S� =
Z

�� 0
r2(� , �� )

�
- �� (� ) �� (� 0) + F̃(� )F̃(� 0) - i ¯ (� ) � (� 0)

�

+ 2ir 1(� , �� )
�
� (� )F̃(� 0) - ¯ (� ) (� 0))

�
(118)

where r1 and r2 are two different regulators and �� � � - � 0. Such a form was also sug-
gested in [34], however we will see that compatibility with the Boltzmann distribution
suggests settingr2 ! 0. The �ow equations of [ 18] are discussed below.
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2.3.1 Local Potential Approximation

If we assume a derivative expansion as explained in section 2.2.3 then the EA takes the
form:

� � [� , F̃, ¯ ,  ] =
Z

d�
�

1
2

�� 2 +
1
2

F̃2 + i F̃W� ,� (� ) - i ¯ 
�
@t + W� ,��

�
 

�
(119)

such that � � = � = SSUSY under the condition W� = � (� ) = W(� ) with the mean �elds
(� , F̃,  , ¯ ) de�ned analogously to the full � case (38) although in a � dependent way as
discussed around (95). In this approximation the only thing changing with � directly,
progressively incorporating the effect of �uctuations on different timescales, is W� .
This means we only have one �ow equation to solve which turns out to be [ 18]:

@� W� (� ) =
Z1

- 1

dp
4�

(1+ r2)@� r1 - @� r2 (r1 + @�� W� (� ))
p2 + ( r1 + @�� W� (� ))2

(120)

We notice that if we set r2 = 0 and choose a local-in-time r1(� , �� ) = �� (� - � 0) the so-
called Callan-Symanzik regulator then this choice 5 effectively adds a quadratic term to
the potential W ! W + �� 2 and leads to a relatively simple �ow equation:

@� W� (� ) =
1
4

�
1

� + @�� W� (� )
. (121)

In terms of the physical variables we have

@� V� (� ) =
�
4

�
1

� + @�� V� (� )
, (122)

which shows explicitly the effect of dialling the temperature � : the higher the tempera-
ture the faster the �ow as a result of stronger thermal �uctuations. Equation ( 122) can
be discretised in the � direction and become a set of coupled ODEs that can be solved
in the � direction in order to obtain a numerical solution. The initial condition is, as
discussed before, V� = � = V, and the boundary conditions at the edge of the � is a
one-sided derivative 6.

It is important to note that equation ( 122) is identical to the �ow of the effective po-
tential that corresponds to the equilibrium Boltzmann distribution, see [ 35] and section
2.3.3 with R ! � . We therefore see that the form of SSUSY and deriving �ow equations
in a framework which respects its symmetries is crucial for establishing consistency
with the equilibrium Boltzmann distribution. If one started directly from the Onsager-
Machlup functional ( 27) and naively treated it as an N = 1 Euclidean scalar theory in
one-dimension with the combination U = 1

2 (V,x )2 - �
2 V,xx as the scalar potential to be

evolved along the RG �ow, one would have obtained a different �ow equation

@� U� (� ) =
1
2

Z1

- 1

dp
2�

@� R�

p2 + R� + @�� U� (� )
. (123)

5 Physically speaking the �nal results should be independent of the regulator chosen. This is a subtlety we
will not address in this work as it was shown in [ 18] that even for other choice of regulators the difference
in the �nal results was negligible, at least for the LPA.

6 For our bounded potentials we later solve for in section 2.4 this is suf�cient as the RG �ow effect is meant
to become negligible as the gradient of the potential increases. If one wanted to work with an unbounded
potential, e.g. Lennard-Jones, then the boundary conditions would need to be chosen more carefully.
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The corresponding Callan-Symanzik regulator would be R� = � 2 , giving

@� U� (� ) =
1
2

�
p

� 2 + @�� U� (� )
. (124)

It is unclear how or if the end-of-the-�ow potential U� = 0 from this equation relates to
the physical potential V� = 0 and the �ow appears a-priori incompatible with the Boltz-
mann distribution.

Before moving onto WFR there is one �nal comment to make about the LPA �ow equa-
tion (122), namely the unphysical modi�cation of the energy ground state. If one chose
a constant potential V = E then clearly the RG �ow should do nothing to the ground
state energy E. However if we plug V = E into (122) the �ow is not zero:

@� V� =
�
4

�
1
�

(125)

This can be solved analytically:

V� = 0 = E+
�
4

[ln(� ) - ln(0)] (126)

which gives not only a non-zero contribution but an in�nite one! Therefore one should
in principle regularise this unphysical divergence like so:

@� V� (� ) =
�
4

�
1

� + @�� V� (� )
-

1
�

�
(127)

In reality however for our potentials of interest the RG �ow only introduces a small
minor vertical shift which no quantities of interest in this work will depend upon.
Given the dif�culty of solving numerically the regularised version ( 127) we instead
work with the original �ow equation ( 122) and will later on vertically shift the curves
by hand for legibility.

2.3.2 Wave Function Renormalisation

In the previous subsection we assumed that the REA � � only depends on the renor-
malisation scale through the form of the potential. We now allow for the �eld ' itself
to be renormalised which results in a scaling of the kinetic term. The new REA in the
SuperSymmetry (SUSY) formalism is [ 18]:

� � [� , ¯ ,  ] =
Z

dt
1
2

Z2
,�

�� 2 +
1
2

�
W,�

Z,�

� 2

- i ¯ 
�

Z2
,� @t + Z,� Z,�� �� - Z,��

W,�

Z,�
+ W,��

�
 

(128)

where we have suppressed the explicit dependence on � of W & Z to avoid overly
cluttered notation. From now on we will in general drop this explicit dependence on �
for W, V, Z & � , de�ned below, only restoring it when we are directly comparing it to
the original cutoff value. We introduce an additional identi�cation in addition to ( 23):

� (x) =
p

�Z (� ) ) � ,x = Z,� , c̄c = - i� ,x ¯  (129)
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such that the (on-shell) REA for BM is now written as:

� � [� , c̄, c] =
Z

dt
1

2�
� 2

,� �� 2 +
1

2�

�
V,�

� ,�

� 2

- c̄
�

� 2
,� @t + � ,� � ,�� �� - � ,��

V,�

� ,�
+ �V,��

�
c

(130)

The regulator term becomes more complicated for this action and we do not reproduce
it here, see [18] for details of this. Following their approach one arrives at the LPA +
WFR �ow equations:

@� V� (� ) =
�
4

�
1

� + @�� V� (� )

@� � ,� =
�
4

�
P

� ,� � D2

D � V,�� + � � 2
,� , P �

4� ,�� V,���

D
- (� ,�� � � ),� -

3� 2
,� V2

,���

4D2

(131a)

(131b)

(131c)

which now consist of the previous LPA equation for the effective potential ( 122) as
expected, augmented by one more �ow equation for the wavefunction renormalisation
� ,� .

As before we will integrate the LPA equation (122) by discretising along the � direc-
tion and solving the resulting set of coupled ODEs in � . Once the effective potential
V� (� ) has been obtained the second PDE can be solved for� ,� in a similar way. It is
worth pointing out here that our approach differs slightly from [ 18] in that the effective
potential obeys the same equation as in the LPA approximation even with the inclusion
of WFR.7 This is because the equilibrium state is described exactly by the LPA equation
[35–37], as we mentioned above and explicitly recall in section 2.3.3. The LPA �ow equa-
tion was �rst solved in [ 18, 35, 36], while more recently WFR was included for a double
well potential in [ 37].
Before we conclude this chapter with some speci�c solutions to the �ow equations ( 122)
& (131) we outline how the RG can tell us explicit details of equilibrium quantities.

2.3.3 The equilibrium �ow equation

In equilibrium, all equal-time expectation values can be generated by the generating
function

Z(J) =
Z

dx e- 2V ( x ) =� + Jx (132)

in a manner directly analogous to that described in section 1.3.2 but with functional
derivatives replaced by ordinary derivatives w.r.t. J. In a spirit identical to the renor-

7 For the WFR approximation the authors of [ 18] use a spectrally adjusted regulator which is evaluated
on a background �eld �̄ . They make the simple choice of identifying this background �eld with the
�uctuation �eld (i.e. �̄ = � ). This approach however modi�es the �ow of V� – i.e. equation (131a)
differs from the LPA version (122) – which means the �ow no longer correctly approaches the Boltzmann
equilibrium distribution's effective potential and leads to deviations from the correct equilibrium position
and variance. The only choice of �̄ that prevents this from happening is one where Z 0

� (�̄ ) = 1 for all �
which is what we have done here.
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malisation group but in the simpler setting of one degree of freedom, we can de�ne a
modi�ed generating functional [ 35]

Z� (J) =
Z

dx e- 2V ( x ) =� - 1
2 R( � ) x 2+ Jx (133)

with an additional quadratic term controlled by an arbitrary function R(� ) of a param-
eter � , satisfying lim

� ! 0
R(� ) = 0, giving back the original Z(J). Correlation functions are

generated by W� (J) = ln Z � (J) via

� � � h xi � =
@W� (J)

@J
, hx2 i � - � 2

� =
@2W� (J)

@J2
(134)

e.t.c. In the limit � = 0 and after setting J = 0 the usual predictions of the equilibrium
Boltzmann distribution are recovered.

The source J has been considered as an external, independent variable controlling
expectation values such as� and higher correlators. One could also consider � as the
independent variable, solving � = @W=@Jfor J(� ) and de�ning the effective potential
U(� ) via a Legendre transform

� � (� ) + W� (J) = J� -
1
2

R(� )� 2 (135)

with

� (� ) � 2U(� )=� (136)

Note that

@��
@�

= J� - R(� )� (137)

implying that the minimum of the effective potential de�nes the equilibrium expecta-
tion value of x (at J = 0 and � = 0).

The dependence of the generating function W� (J) on � can be easily obtained as

@� W� (J) = -
1
2

@� R

"
@2W� (J)

@J2
+

�
@W� (J)

@J

� 2
#

(138)

which is an “ RG equation” for W� (J). We can also obtain an equation determining
how � � (� ) runs with � . Reciprocally, taking � as the independent variable, J becomes
a function of � and � . Taking a � derivative of ( 137) at �xed � we obtain

@� � � (� ) =
1
2

@� R
@2W�

@J2
(139)

To express the RHS in terms of � � (� ), consider the �rst relation of ( 134). Taking a �
derivative we �nd

�
@2 � �

@�2
+ R

�
@2W�

@J2
= 1 (140)

Hence, the “RG �ow” of � is determined by

@� � � (� ) =
1
2

@� R
�

@2 �
@�2

+ R
� - 1

(141)



32 the renormalisation group

Note also that, at � ! 0

� 2 �
����

=
2@�� U

�
(142)

from ( 136). Also as � ( 2) and the two point function G are inverse to each other we
obtain:

hx2 i - � 2 =
�

2 @�� U(� eq )
(143)

and hence the variance at equilibrium is determined by the curvature of the effective
potential around its minimum.

All the above manipulations can be generalised to many or even in�nite degrees
of freedom and continuum actions, leading to the Wetterich equation ( 117), which
is directly equivalent to ( 141), and the relations of section (3.3.1). For this work it is
important to note that the equilibrium effective potential U(� ) discussed here obeys
the LPA �ow equation exactlyif we choose R(� ) = � .

2.4 solutions to the brownian motion flow equations

In this section we will solve the �ow equations ( 122) & (131) down to � = 0 for a range
of interesting potentials. We will consider �ve different potentials:
i ) A simple polynomial:

V(x) = x +
x2

2
+

2x3

3
+

x4

4
(144)

ii ) The doublewell with unit depth:

V(x) = - x2 +
1
4

x4 (145)

iii ) A doublewell made by two Lennard-Jones (LJ) potentials back to back:

V(x) = 4
�

1
(x + 3)12 -

1
(x + 3)6

�
+ 40

�
1

(x - 3)12 -
1

(x - 3)6

�
(146)

where the left well is one unit deep and the right well is ten units deep. Clearly here
the domain of interest is x 2 (- 3,3) as the potential diverges at x = � 3. This potential
could represent the interaction of two different particles.
We will also consider the scenario of a simple x2 potential with additional Gaussian
bumps (or dips):

V(x) = x2 +
nX

i = 1

a i exp
�
-

(x - bi )2

�

�
(147)

where there are n bumps or dips with the prefactor a i being positive or negative
respectively. bi marks the location of each bump and � the width of each bump which
for simplicity we take to be = 0.06 for all. For our purposes we will focus on two
variants of this setup: iv ) An x2 plus two bumps placed symmetrically away from the
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origin and v) an x2 plus 3 bumps and 3 dips in an asymmetrical setup. Concretely the
parameters we will use are:

x2 + 2 bumps: a1 = a2 = 1.5,b1 = - b2 = 1 (148)

x2 + 6 bumps/dips: a1 = a4 = a5 = - 1.5,a2 = a3 = a6 = 1.5

b1 = - b2 = 0.7,b3 = - b4 = 1.4,b5 = - b6 = 2.1 (149)

This potential represents a rudimentary toy model for motion over a “potential energy
landscape” with a series of local energy minima. The last two cases clearly demon-
strate the effect of local extrema on the �nal shape of the effective potential since the
underlying x2 potential does not alter its shape under the RG �ow 8.

2.4.1 Polynomial Truncation

Before solving the full PDE ( 122) it is instructive to consider an approximation, fo-
cusing on the double well potential ( 145) for illustration. We consider a truncated
polynomial ansatz for the effective potential V� (� ) of the form

V� (� ) = E(� ) +
NX

i = 1

� i (� )� 2i (150)

with initial conditions de�ned such that it matches the original doublewell potential
(145) at the cutoff:

E(� = � ) = 0, � 1(� = � ) = - 1, � 2(� = � ) = 1=4 (151)

and all coef�cients of higher powers vanishing. We can then expand the RHS of ( 122)
in powers of � , truncate the series at 2N and therefore write a set of N + 1 coupled
ODEs in terms of the couplings that can then be solved numerically. Below we write
the set of ODEs for the O(4) truncation as it only concerns coupling coef�cients up to
order x4 :

dE(� )
d�

=
�
4

�
�

1
� + 2 � � 1(� )

-
1
�

�
(152)

d� 1(� )
d�

= -
3� � � 2(� )

(� + 2 � � 1(� ))2 (153)

d� 2(� )
d�

=
36� � � 2

2(� )
(� + 2 � � 1(� ))3 (154)

These equations show how the coef�cients in the polynomial ansatz for the potential
evolve when �uctuations of lower and lower frequencies are averaged over. Keeping
more terms in the polynomial truncation is straightforward, leading to a hierarchy of
�ow equations for the different coef�cients that can be easily obtained via a computer
algebra software. Solving such polynomial �ow equations is numerically much easier
than solving the full PDE ( 122) and the solution to the full PDE should be approached

8 To see this examine (122) and notice that at � = � the RHS becomes�=4 (� + 1) which has no x depen-
dence. This means the RG �ow will only serve to translate the potential vertically but not the overall
shape.
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Figure 6: The convergence of the truncated system of ODEs to the full LPA PDE value for Var(x)
at equilibrium for � = 10 (blue) and � = 1 (green). Var(x) as calculated from the
Boltzmann distribution is also included for reference.

as N ! 1 . However, this method is only well suited to initial potentials of polyno-
mial form of small degree (e.g. the doublewell - x2 + x4=4). For potentials with more
complex shapes the full PDE must be solved.

The system of ODEs at each truncation was solved using Matlab's built in ode 23s
function which is based on a modi�ed Rosenbrock formula of order 2. Focusing for
concreteness on the variance and noting that it is related to the second derivative
of the effective potential at the minima through ( 143)9, we can rewrite it as: Var(x)
= �=4� 1(� = 0), showing naturally how the different coupling constants relate to
physical quantities – the variance is inversely proportional to � 1(� = 0).

The results of this truncation for the doublewell potential are displayed in Fig. 6.
Here we can see that the lowest order truncations match poorly with the correct value
as given by the Boltzmann distribution. This discrepancy being particularly noticeable
for � = 1 with predictions of negative variance which is unphysical. However the value
calculated by solving the full LPA PDE (122) is approached by including more terms
with the O(20) truncation matching the full PDE at both temperatures. The available
thermal kinetic energy is Eth = �=2 so � = 2 corresponds to a thermal energy equal to
the height of the doublewell barrier. We can therefore also think of � > 2 corresponding
to a high temperature regime, where the barrier can be overcome, and � < 2 to a low
temperature regime where trapping in one of the two minima occurs.

We see that, in this example at least, the polynomial approximation to the �ow
equations offers a viable option to solving the �ow, with the added bonus that it can
be solved much quicker than the full LPA PDE. However, if the initial potential is not
well approximated by a polynomial such as the Unequal-Lennard Jones, or our bumpy
potentials, then one is forced to solve the full LPA PDE. Furthermore, going beyond the
LPA and include WFR, which is sometimes required for accuracy doubles the complexity

9 It may not be obvious that this is equation is still valid but we will later show in section 3.3 explicitly that
it is resulting in ( 201).
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Figure 7: The �ow of the polynomial Langevin potential V in the LPA for � = 10 (High tem-
perature/strong �uctuations - left) and � = 1 (Low temperature/Weak �uctuations
- right). The blue dotted curve indicates the bare potential which is progressively
changed, through green dot-dashed and yellow dashed curves, into the red solid
curve for the effective potential, as �uctuations are integrated out.

Figure 8: The �ow of the doublewell Langevin potential V in the LPA for � = 10 (left) and � = 1
(right). Again, the bare potential is denoted by the blue dotted curve and the � = 0
effective potential by the red solid one.

of any polynomial truncation. We therefore now turn to the full PDEs, the numerical
solution to which is both feasible and accurate as we demonstrate.

2.4.2 Solutions to the full LPA �ow equation

We solve the LPA �ow equation ( 122) on a grid in the � direction, using Matlab's built in
ode45 or ode15s function to evolve in the � direction, depending on the potential. For
most potentials ode45 – which is based on an adaptive step size Runge-Kutta method –
was suf�cient. The numerical derivatives in the � direction were based on a �nite differ-
ence scheme using the Fornberg method with a stencil size of 5 for the potentials under
study. While increasing the grid size improves the accuracy of the numerical deriva-
tive it also increases the number of coupled ODEs to be solved, making the integration
much more computationally expensive. A balance must be drawn depending on the



36 the renormalisation group

Figure 9: The �ow of the unequal L-J Langevin potential V in the LPA for � = 10 (left) and
� = 2 (right). As before, the bare potential is denoted by the blue dotted curve and
the � = 0 effective potential by the red solid one.

Figure 10: The �ow of the x2 potential with two additional bumps for � = 10 (left) and � = 1
(right). As before, the bare potential is denoted by the blue dotted curve and the
� = 0 effective potential by the red solid one.

Figure 11: The �ow of the x2 potential with three additional Gaussian bumps and three dips
in the LPA for � = 10 (left) and � = 1 (right). As before, the bare potential is denoted
by the blue dotted curve and the � = 0 effective potential by the red solid one.
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potential in question. We considered 1001points with x 2 (- 3,3) for the unequal L-J
potential and x 2 (- 5,5) for the others.

Our �rst example of a �ow from the bare to the effective potential for high and low
temperature, � = 10 and � = 1 respectively, is shown in Fig. 7 involving a polynomial
potential. The �ow in the range � 2 (10,600) is rather inconsequential and there is
not much change in the shape of the potential. As � ! 0 is approached however, a
distinct single minimum develops indicating the average position of the particle. As
expected, the lower the temperature, the closer the effective potential's minimum is to
the bare potential's minimum, indicating the relative weakness of �uctuations to force
the particle to spend time away from it.

A perhaps more interesting case is shown in Fig. 8, displaying how the double well
potential �ows with renormalisation scale � to its effective incarnation for high � = 10
and low � = 1 temperature. Again, for the high temperature in the range � 2 (10,600)
there is not much change in the shape of the potential. Physically this means that
the �uctuations we have integrated out in this range do not contribute signi�cantly
to the particle moving between the two minima, only displacing the particle about
each of the two distinct minima. However, by � = 1 the energy barrier has gotten
signi�cantly smaller meaning that we have started to integrate over �uctuations that
drive the particle over the barrier. Naturally, when � = 0 is reached the potential is
fully convex (as it must be by de�nition of � ) with no barriers to overcome. Similar
behaviour is obtained where again we consider the lower temperature, � = 1. As one
might expect it takes `longer' in � evolution for the barrier to disappear as �uctuations
at each� scale have less energy than their equivalent for the � = 10case. Of note is that
not only is the evolution different but the �nal shape of V� = 0(x) is different for the two
different temperature regimes. For � = 1 it is clear that the potential is much �atter
around the origin than for � = 10. This is suggestive of longer time scales required
at lower temperatures to overcome the energy barrier and reach equilibrium. It also
indicates longer times for the connected 2-point function to decay, as we later discuss
in section 3.3.

Also of note is that for both cases the global minimum shifts from its degenerate
values at �

p
2 to x = 0. This makes physical sense as one expects that the particle

will spend most of its time at the bottom of each well so that its average position will
be in the middle i.e. at the origin. We know that the minimum of the fully �owed
potential V� = 0(x) should correspond to the equilibrium position of the particle so we
can intuitively see already that we are getting the correct behaviour.

As our third example we turn to a non-symmetric non-polynomial potential. Fig. 9
displays the evolution with � for an unequal Lennard-Jones (L-J) potential under the
LPA for high ( � = 10) and low ( � = 2) temperature. Similarly to the double well case,
the energy barriers get smaller and eventually disappear as � is lowered and V� = 0

is fully convex. As one might expect however, V� = 0 is not symmetric. Furthermore,
the minimum of V� = 0 does not match the global minimum of the bare potential. At
high temperature, � = 10, the effective global minimum is located at x > 0 which
is suggestive that the particle spends most of its time in the deeper well on the right
but still spends a signi�cant amount of time in the smaller well such that the average
position lies in between the two. This is no longer the case for low temperature � = 2,
as shown in the bottom plot of Fig. 9. Here the minimum at � = 0 is very close to the
bare potential's global minimum, suggesting that the particle is nearly always found
here at equilibrium. We see that the form of the effective potential clearly re�ects the
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Figure 12: The �ow of � x for the polynomial potential for � = 10 (left) and � = 1 (right).
.

Figure 13: The �ow of � x for the double well potential for � = 10 (left) and � = 1 (right).

physical fact that, as the temperature is lowered, the particle is more likely to be found
in the global minimum as it has less energy to escape and explore its surroundings.

We �nally turn to our last two example potentials, consisting of a simple x2 potential
with the addition of two Gaussian bumps placed symmetrically at x = � 1, shown in
Fig. 10, and six Gaussian bumps/dips, shown in Fig. 11, representing the most compli-
cated landscape we deal with in this thesis. These examples clearly demonstrate how
the �ow of the effective potential is driven by the local curvature (the Gaussian features
imposed here) since for an x2 potential the FRG �ow equation ( 122) yields no change
beyond an unphysical shift by an overall additive constant. Again, the difference be-
tween the low and high temperature cases is evident in the asymmetric case with the
high temperature �ow eradicating the potential's substructure, while the low temper-
ature �ow ends up with a preferred equilibrium position, indicating the particle being
more likely to be found near the global minimum.

2.4.3 Solutions to the WFR �ow equation

Including WFR does not change the evolution or �nal shape of V� (x) making it irrel-
evant for time independent equilibrium quantities – see section 3.3. However many
other quantities of interest will depend on the inclusion of one more function � ,x to be
evolved in � . Its evolution with � for the potentials is shown in Figs. 12, 13, 14, 15 & 16.
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Figure 14: The �ow of � x in an unequal L-J potential under WFR for � = 10 (left) and � = 2
(right).

Figure 15: The �ow of � x for an x2 potential with two Gaussian bumps for � = 4 (left) and
� = 1 (right).

Figure 16: The �ow of � x for an x2 potential with six Gaussian bumps/dips for � = 3 (left) and
� = 1 (right).

At the start of the �ow (blue dotted curves) � ,� = 1 with a non-trivial � dependence
developing as � ! 0, shown by the red curve. Similar to the potential, as � is lowered
it takes longer for changes to happen. � x (x) at � = 0 for � = 1 is much �atter than for
� = 10. The evolution of � x (x) with � for the unequal L-J potential is shown in Fig. 14
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for both � = 10 and � = 2. The behaviour is similar to the doublewell case except now
it is not symmetric with a larger peak for x > 0 as one might expect considering the
initial shape of V. The origin of these peaks is clear for the doublewell and unequal L-J
potential. In both cases they form around the local minima of the bare V potential, e.g.
for the doublewell this is at x = �

p
2 which we can see matches the peak of the red

curves in Fig. 13. As the temperature is lowered for the unequal L-J potential the size
of the peak around the deeper well increases. The structure of � x (x) is even more com-
plicated for x2 with two bumps as shown in Fig. 15. Interestingly highly complicated
structure appears part way through the �ow (by � = 100) before being smoothed out
as � ! 0 for � = 4. Some of this structure still remains at � = 1 around the origin for
� = 0 as similarly observed in Figs. 12, 13 & 14. Qualitatively similar behaviour is also
observed for the �ow of � x (x) for x2 plus six Gaussian bumps/dips – see Fig. 16.

It is perhaps not surprising that including the running of � x seriously complicates
the numerics of the problem, equation ( 131) is more complicated than ( 122), however
the effect is signi�cant. The calculations for � x also take signi�cantly longer than for
V� alone as much smaller timesteps are required to be within acceptable numerical
tolerances. As an example the calculation of V� at � = 10 for the doublewell took
� 5 minutes on a simple desktop machine whereas also calculating � x on the same
machine took � 30 minutes. With more specialist numerical integrators tailor made for
these equations it is conceivable that computations could be done quicker and � x could
be calculated for potentials and temperatures currently inaccessible using proprietary
software. The advantage of this approach compared to competing methods is that
optimising solving equation ( 131) is independent of the potential.

2.5 conclusion

In this chapter we have successfully introduced the concept of the Renormalisation
Group ( RG) and focused on the formalism of the Functional Renormalisation Group
(FRG). We derived, based on the works of [ 28, 29], the Wetterich equation ( 108) and
applied it to a simple case of a doublewell potential. We then took this FRG technol-
ogy and applied it with full force to the problem of Brownian Motion ( BM) outlined in
chapter 1, writing down the �rst two orders of the widely used derivative expansion
of the Effective Action ( EA), referred to as the Local Potential Approximation ( LPA) and
Wavefunction Renormalisation ( WFR). This built off the work of Synatschke et. al [ 18]
but connected it with the physical problem of BM as opposed to SuperSymmetry (SUSY).
We used a particular type of regulator, the frequency independent Callan-Symanzik
regulator, for which the �ow equations take on a relatively simple form, and further
recalled that obtaining �ow equations within the supersymmetric framework is con-
venient for ensuring compatibility with the Boltzmann equilibrium distribution, some-
thing that is not a priori obvious or guaranteed if one starts with the Onsager-Machlup
form of the action ( 27) and considers it a Euclidean N = 1 scalar theory in one di-
mension with the Schrödinger potential Ū = �=4 V 00- 1=4(V 0)2 . This has important
consequences for certain aspects of theFRG including the restriction to the derivative
expansion that higher order terms (e.g. WFR) must not modify the �ow of the potential
(122) as this would no longer reproduce the correct equilibrium result. We then took
a variety of potentials which could represent various different complicated physical
phenomena and solved the appropriate FRG �ow equations for them explicitly demon-
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strating how even potentials with lots of features are smoothed out by the FRG. On the
other hand solving for WFR induces features in the � x parameter where before there
were none.





3
E F F E C T I V E E Q U AT I O N S O F M O T I O N

People take the longest possible paths,
digress to numerous dead ends,
and make all kinds of mistakes.

Then historians come along and write summaries
of this messy, nonlinear process and

make it appear like a simple, straight line

— Dean Kamen

3.1 introduction

In chapter 2 we successfully applied the Functional Renormalisation Group ( FRG) for-
malism to the problem of Brownian Motion ( BM) and solved the corresponding �ow
equations for a variety of potentials. We have claimed that the effective potential V� = 0

now fully incorporates the effect of all �uctuations but what does this mean? In this
chapter we will derive Effective Equations of Motion ( EEOM) so called because they are
derived from the Effective Action ( EA) � .

This chapter is all new research and begins by deriving the EEOM for the one- and
two-point function in section 3.2 which in our BM example corresponds to the average
position of the particle and variance/covariance of position respectively. In section 3.3
we then examine in detail the limit of these EEOM as the system approaches equilibrium.
We identify the position of the minimum and the second derivative at the minimum of
the effective potential as the equilibrium position and variance respectively and verify
the FRG's ability to correctly capture this information for the potentials considered in
chapter 2. We also see how theFRG can predict the decay of covariance at equilibrium.
In section 3.4 we solve the EEOM derived in section 3.2 for some potentials of interest.
We compare the FRG results with direct numerical simulation of ( 6) and where possi-
ble solving the full Fokker-Planck ( F-P) PDE (70) and spectral expansion (72). We are
therefore able to identify a regime of validity for the FRG approach. We summarise this
chapter with our conclusions in section 3.5.

The busy reader is directed to the main results of this chapter:

• Fig. 17 for the schematic idea behind obtaining the EEOM from the Langevin
equation.

• The EEOM for the average position hxi given by equation ( 169).

• The EEOM for the variance hx(t )x(t )i C (192) and for the covariance hx(t 1)x(t 2)i C
(193).

43
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• Fig. 30 for how well the FRG can predict hxi as the system relaxes to equilibrium
in a complicated potential.

• Fig. 35 for how well the FRG can predict hx(t )x(t )i C as the system relaxes to
equilibrium in a complicated potential.

3.2 the effective equations of motion

A standard formulation of classical mechanics involves the principle of least action. As
discussed around equation (87) if one considers the classical actionS:

S =
Z

dt L (x, �x) (155)

where L(x, �x) is the Lagrangian, then one can obtain the equations of motion by taking
the variational derivative and setting it equal to zero:

� S
�x

= 0 (156)

The EA � is so named because its de�nition makes it look like a standard classical
action once �uctuations have been integrated out ( 39), (85):

e- � =
Z

Dx e- S (157)

We showed in section 2.2.2 how taking functional derivatives of the Regulated Effective
Action ( REA) ultimately lead to the Wetterich or �ow equation ( 117) needed to compute
� . However what about taking functional derivatives of the full EA? It is natural to ask
whether we can extend the variational principle used to obtain the classical equations
of motion from S to obtain effective1 equations of motionfrom � . As the FRG has � as its
central object it is ideally placed to calculate these EEOM. Also of importance is the fact
that � is written in terms of the mean �elds (e.g. � = hxi ) directly. This is what we will
demonstrate in the rest of this section.

3.2.1 The EEOM for the one point function

In a similar way to how the classical action S(x) yields the famous Euler-Lagrange
equations through one functional derivative, so too does � [� ] yield the EEOM for the
one point function (or average position) � = hxi :

��
�� (t )

= 0 (158)

Here we have assumed there are no external sources2 (J = 0).
If we consider the Local Potential Approximation ( LPA) truncation 3 of � written in
terms of the physical variables:

� � [� , �̃ ,C, C̄] =
Z

dt
�
2

�̃ 2 - i �̃ ( �� + @� V� ) - C̄ �C - C̄C@�� V� (159)

1 Typically in the literature these would be called quantumequations of motion. However the �uctuations
we integrate over are not quantum, they are thermal, and so this would be misleading for our treatment
of BM henceeffective.

2 N.B. this is not the same as assuming that the noise term (4) is zero as this is true for � by de�nition
3 Chosen so as to appropriately match (22b).
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then we can obtain the EEOM for each variable in turn. If we start with the EEOM for C̄:

�� �

� C̄
= �C + C@�� V� = 0 (160)

) �C = - C@�� V� (161)

and substitute this back into ( 159) we see that the terms involving C̄ cancel. We can
then derive the EEOM for �̃ :

�� �

� �̃
= - � �̃ + i ( �� + @� V� ) = 0 (162)

) - i �̃ = �� + @� V� (163)

which if we also substitute back into the EA leaves us with:

� � [� ] =
1
�

Z
dt

1
2

�� 2 + ��@� V� +
1
2

(@� V� )2 (164)

) � � [� ] =
1
�

[V� (� f ) - V� (� i )] +
1
�

Z
dt

1
2

�� 2 +
1
2

(@� V� )2 (165)

where in the second line we have integrated out the ��@� V� term to give us the bound-
ary terms outside the integral. These will play no part in the EEOM so we will ignore
them from here on in. Applying ( 158) to (165) we obtain the EEOM for the average
position:

�� � = 0

�� (t )
= �̈ - @� V� = 0(� ) @�� V� = 0(� ) = 0 (166)

) �� = - @� V� = 0(� ) (167)

where we have noted from section 2.3.3 that the equilibrium position corresponds to
the minimum of the effective potential ( 136) in order to �x a constant of integration.
Equation (167) provides the �nal step in our conceptual journey as to how the FRG

works. We saw earlier in Fig. 2 how the FRG integrates out �uctuations of increasing
rarity until it recovers the full EA � . In Fig. 17 we show how this procedure gives us the
EEOM. If one starts with the Langevin equation ( 6) in the bottom left, we say that this
can be described by some classical action (22b) which we identify the REA with at some
cutoff scale � . This cutoff corresponds to �uctuations that occur over some timescale
O(�t ), if one wanted to simulate the Langevin equation ( 6) this is the timestep they
should use in their numerical scheme. The FRG then moves across the top line of Fig. 17
integrating out �uctuations that occur over ever-increasing timescales until they are all
integrated over and � � = 0 is reached. One can then use (158) to obtain the EEOM for the
average position (167) bringing us to the bottom right of Fig. 17. The �ow equation
(115) derived in section 2.3.1 is shown at the bottom of Fig. 17 as a straightforward
way of moving between the Langevin equation ( 6) and the EEOM (167). In this way it
is clear that the effective potential is the result of incorporating the �uctuating degrees
of freedom hidden in the noise term � and that the symmetries we worked so hard to
enforce in section 1.3 are exactly what is needed for the forms of the two equations to
match.

The story is not spoiled if we include Wavefunction Renormalisation ( WFR) as (158)
then becomes:

(� ,� �� ) �-
@� V� = 0

� 2
,�

�
@�� V� = 0 -

� ,��

� ,�
@� V� = 0

�
= 0 (168)
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Figure 17: A schematic diagram of how the FRG takes the Langevin equation (6) and creates an
effective theory that incorporates the effect of �uctuations.

where � � and � �� are also evaluated at � = 0. Like the LPA EEOM this can be reduced
to a �rst order differential equation and we can express both of them in the following
form:

�� = - Ṽ,� (� ) (169)

where we have introduced the effective dynamical potential̃V de�ned by

Ṽ� (� ) �

8
>>><

>>>:

V� (� = 0, � ), for LPA

V� (� = 0, � )
� 2

� (� = 0, � )
, for WFR

(170)

Here we can clearly see that for LPA the effectiveand effective dynamicalpotentials are
equivalent whereas WFR receives an additional factor.

Equation (169) tells us that the equation of motion for the average position � is an
extremely simple �rst order differential equation that appears like a Langevin equa-
tion (6) with no noise. This means that once you have obtained the effective dynamical
potential you can compute the evolution of the average position � trivially from any
starting position.

3.2.2 The EEOM for the two point function

As discussed in section 2.2.2 the connected 2-point function, G(t , t 0) = hx(t )x(t 0)i C =
� 2W=�J(t 1)�J (t 2), and the second functional derivative of the EA � � = 0 are inverse to
each other:

Z
d�

� 2 � � = 0

�� (t )�� (� )
� 2W� = 0

�J (� )�J (t 0)
= � (t - t 0) (171)

Concretely this means that the connected 2-point function G(t , t 0) satis�es the follow-
ing equation:

�
d2

dt 2 - U(� )
�

G(t , t 0) = - 2�� (t - t 0) (172)

where U(� ) is:

U(� ) =

8
>>><

>>>:

V2
,�� + V,� V,��� , for LPA

V2
,��

� 4
,�

+
V,� V,���

� 4
,�

-
4V,� V,�� � ,��

� 5
,�

+
4V2

,� � 2
,��

� 6
,�

, for WFR

(173)
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and

� �

8
>>><

>>>:

�
2

, for LPA

�
2� 2

,�
, for WFR

(174)

In order to get the general solution for the two-point function we will rewrite ( 172) in
terms of some general functions:

�
d2

dt 2 - Q(t )
�

G(t , t 0) = -
�

P(t )
� (t - t 0) (175)

Where for us Q(t ) = U(� (t )) is given by (173) and P(t ) = 1 or � 2
� (� (t )) for LPA and WFR

respectively. We now consider the homogeneous version of (175):

f̈ (t ) - Q(t )f (t ) = 0 (176)

which will generically have two independent solutions Y1(t ) and Y2(t ) that we would
like to obtain. In order to do this we consider what these solutions asymptote to at
late times. We know for large t (denoted by T) the system will reach the equilibrium
distribution (or at least will be asymptotically close to it) for which ( 176) becomes:

f̈ (T) - � 2 f (T) = 0 (177)

as Q(t ) asymptotes to a time independent quantity � 2 as the system approaches equi-
librium. For us � 2 is de�ned as in the equilibrium limit of ( 173):

� 2 �

8
>>><

>>>:

V2
,�� j, for LPA

V2
,�� j

� 4
,� j

, for WFR

(178)

The notation j means we have evaluated the function at � = 0 and at equilibrium
� = � eq . Equation (177) has two solutions, one growing and one decaying:

Y1(T) = A exp(�T ) (179)

Y2(T) = B exp(- �T ) (180)

We can now consider the Wronskian W which in our case must be constant for all time:

W(t ) � Y1(t ) �Y2(t ) - �Y1(t )Y2(t ) = constant (181)

W(T) = - 2AB� ) W(t ) = - 2AB� (182)

We will make use of this fact later.
Substituting the ansatz G(t , t 0) = Y1(t )F(t , t 0), where F is some function to be deter-
mined, into ( 175) we obtain:

�F(t , t 0) =
1

Y2
1 (t )

�
- �

Y1(t 0)
P(t 0)

� (t - t 0) + C1(t 0)
�

(183)
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where � (t - t 0) is the Heaviside step function as before and C1(t 0) is a `constant' of in-
tegration function to be determined. If we now integrate ( 183) we obtain the following
expression for G(t , t 0):

G(t , t 0) = - �
Y1(t )
P(t 0)

�
� (t - t 0)

Zt

t 0

Y1(t 0)
Y2

1 (u)
du + C2(t 0)

�
+ C1(t 0)Y1(t )

Zt du
Y2

1 (u)
(184)

where C2(t 0) is another `constant' of integration function to be determined. To compute
the integrals in ( 184) we note that by the de�nition of the Wronskian:

Y1(t )
Zt W(u)

Y2
1 (u)

du = �Y 1(t ) + Y2(t ) (185)

where � is simply a constant of integration. As the Wronskian is constant we simply
write:

Y1(t )
Zt du

Y2
1 (u)

=
1

- 2AB�
[�Y 1(t ) + Y2(t )] (186)

Such that (184) becomes:

G(t , t 0) =
�

2AB�P (t 0)



C̄1(t 0)Y2(t ) + C̄2(t 0)Y1(t )

+ � (t - t 0)
�
Y1(t 0)Y2(t ) - Y1(t )Y2(t 0)

� �
(187)

where C1 and C2 have been rescaled toC̄1 and C̄2 in order to absorb some irrelevant
constant factors. We note that the functions C̄i can only be linear combinations of Y1

and Y2 :

C̄1(t 0) � � Y 1(t 0) + � Y 2(t 0) (188)

C̄2(t 0) � 
 Y 1(t 0) + � Y 2(t 0) (189)

where the constants � , � , 
 and � will be determined in a moment. 4. Combining all
this together we obtain the most general solution:

G(t , t 0) =
�

2�P (t 0)
1

AB


 �
� + � (t - t 0)

�
Y1(t 0)Y2(t ) + � Y 2(t 0)Y2(t )

+ 
 Y 1(t 0)Y1(t ) +
�
� - � (t - t 0)

�
Y2(t 0)Y1(t )

�
(190)

To obtain the values of the constants we must impose physical conditions:

1. The variance, G(t , t ), should remain �nite as t ! 1
i.e. an equilibrium distribution exists at late times
) 
 = 0

2. The variance should approach the correct equilibrium distribution, Geq , at late
times T
) � = 0

3. The covariance,G(t , 0), should remain �nite as t ! 1
) � = 1

4 N.B. the � here should not to be confused with the Dirac delta function
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4. The initial condition is G(0,0) � G00

)
��

2AB�
=

P(0)
Y2(0)Y2(0)

�
G00 -

Y1(0)Y2(0)
AB

�
2�P (0)

�

Which gives us the two point function:

G(t , t 0) =
�

2�P (t 0)

�
� (t - t 0)Ỹ1(t 0)Ỹ2(t ) + � (t 0- t )Ỹ2(t 0)Ỹ1(t )

�

+
P(0)
P(t 0)

�
G00 -

�
2�P (0)

�
Ỹ2(t 0)Ỹ2(t ) (191)

where Ỹi (t ) � Yi (t )=Yi (0) are the `normalised' solutions to the homogeneous equation
(176). We have also setA = Y1(0) and B = Y2(0) which we are free to do. Equation
(191) has two important limits:
The Variancet 0 ! t :

Var(x) � G(t , t ) =
�

2�P (t )
Ỹ1(t )Ỹ2(t ) +

P(0)
P(t )

�
G00 -

�
2�P (0)

�
Ỹ2

2 (t ) (192)

and the Covariancet 0 ! 0, t > 0 :

Cov(x(0)x(t )) � G(t , 0) = G00 Ỹ2(t ) (193)

Equations (192) & (193) are the main results of this section.

3.3 the equil ibrium limit

While the EEOM derived in Section 3.2 are valid for non-equilibrium evolution it is im-
portant to ensure that they converge to the correct equilibrium limit. At equilibrium the
equations are greatly simpli�ed resulting in the equilibrium position � eq and variance
Vareq (x) becoming static quantities as expected. We will also show how the covariance
at equilibrium is given by an exponential decay with exponent predicted by the FRG.

3.3.1 Equilibrium 1-point function

At equilibrium the average position of the particle should not change, this means that
�� = 0. It naturally follows from this condition and the EEOM for � (169) that equilibrium
is de�ned for both LPA & WFR by the condition

@� V� = 0(� eq ) = 0 (194)

As the potential V� = 0(� ) should be convex (by de�nition of � ) equation (194) tells us
that � eq corresponds to the minimum of V� = 0(� ). Or more concretely:

lim
t ! 1

hx(t )i = x that minimises V� = 0(x) (195)

The equilibrium position is obviously the same for both LPA and WFR as they both
lead to the same effective potential. As the equilibrium position is straightforwardly
computed from the Boltzmann distribution verifying that the minimum of the effec-
tive potential matches the predicted equilibrium position is a good �rst test that the
procedure to obtain the numerical solution to ( 122) we have outlined here is valid.
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Potentials � Boltz LPA

Polynomial 10 -0.9618 -0.96

2 -1.3227 -1.33

1 -1.5170 -1.52

Unequal L-J 10 0.4854 0.485

2 1.8522 1.85

1 1.8684 1.87

x2 plus six bumps/dips 5 0.0531 0.055

2 0.1597 0.16

Table 1: � eq as calculated from the Boltzmann distribution and the LPA effective potential.

Figure 18: The value of � eq for different values of the thermal energy � in the polynomial
potential (left) and unequal Lennard-Jones type potential (right) as calculated via
the LPA. The original bare polynomial Langevin potential is plotted (not to scale) in
blue for context

Let us consider the (normalised) equilibrium Boltzmann distribution de�ned in the
standard way:

P(x) = Nexp
�

-
2V(x)

�

�
(196)

where N is chosen so that
R1

- 1 P(x) = 1. We can then compute � eq from the equilib-
rium probability distribution function:

Z1

- 1
x � P(x) = � eq (197)

Looking at Table. 1 we can see that the LPA matches the Boltzmann distribution ex-
tremely well for a wide range of different potentials across the range of temperatures
we examined. In Fig. 18 we have plotted the LPA prediction for the average position
as the thermal energy � of the system is lowered for the polynomial potential (left)
and unequal L-J (right). As � is lowered the equilibrium position shifts closer to the
original potential's minimum. This is particularly stark in the right plot of Fig. 18 as it
is clear at high temperature the equilibrium position is in the middle of the two wells
suggesting a roughly symmetric Boltzmann distribution. However as temperature is
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lowered the � eq moves into the deeper well indicating that particles at equilibrium
at low temperatures would nearly always be in this region as one would expect. Ta-
ble 1 veri�es that the numerical solution to the LPA �ow equation ( 122) is accurate in
capturing this crucial physical aspect of the system at equilibrium.

3.3.2 Equilibrium 2-point function

If we now take the equilibrium limit � ! � eq of the full EEOM for the 2-point function
(172) we �nd that it simpli�es to:

�
d2

dt 2 - � 2
�

Geq (t 1 , t 2) = - 2� j� (t 2 - t 1) (198)

where, as before,

� 2 �

8
>>><

>>>:

V2
,�� j, for LPA

V2
,�� j

� 4
,� j

, for WFR

(199)

and � is de�ned as in ( 174). The notation j means we have evaluated the function at
� = 0 and at equilibrium � = � eq .
The appropriate solution to ( 198) providing the connected correlation function at equi-
librium is

Geq (t 1 , t 2) = Coveq (x(t 1)x(t 2)) =
�

2V,�� j
e- � jt 1 - t 2 j (200)

) Geq (t , t ) = Vareq (x) =
�

2V,�� j
(201)

As the equilibrium variance is also easily computed from the Boltzmann distribution,
equation (201) gives us a second test to verify that the effective potential and by exten-
sion the FRG recipe we have outlined has physical signi�cance. In the LPA approxima-
tion the variance and the decay rate of the autocorrelation function are both directly
given by the curvature of the effective potential at its minimum. The inclusion of WFR

however alters the decay rate without changing the equilibrium variance. This is as it
should since the latter is �xed by the equilibrium Boltzmann distribution.

Variance

We begin by examining the time-independent quantity at equilibrium, the variance, for
the potentials studied in section 2.4.2. Equation (201) tells us clearly that the variance
is related to how �at the � = 0 potential is near the minimum, controlled by V,�� at the
equilibrium point. Unsurprisingly, the bigger the curvature of the effective potential,
the smaller the variance for a �xed temperature. As the temperature is lowered the
equilibrium distribution is con�ned to a smaller and smaller region of the potential
energy surface with a smaller variance. If variance changed linearly with temperature
we can see from (201) that V,�� j would not change as temperature was varied. However
this variance does not generically scale linearly with temperature which is why the � =
0 curves in Figs. 7 & 8 are generically �atter about the equilibrium point for � = 1 than
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Potentials � Boltz LPA

Polynomial 10 1.5690 1.5695

2 0.5931 0.5894

1 0.2938 0.2922

Doublewell 10 2.2198 2.2199

2 1.6655 1.6655

1 1.7043 1.7042

Unequal L-J 10 1.6858 1.6860

2 0.01426 0.01963

x2 plus two bumps 10 2.5317 2.5759

2 0.4145 0.4145

1 0.1554 0.1554

x2 plus six bumps/dips 5 1.2550 1.2551

3 0.7824 0.7813

2 0.5497 0.5499

Table 2: Variance as calculated from the Boltzmann distribution and the LPA effective potential.

for � = 10 in order to accommodate the fact that the equilibrium variance decreases by
less than a factor of 10 for � = 10 ! 1; V,�� near the equilibrium point must decrease
as temperature is lowered. However in Fig. 10 the � = 10 ! 1 transition marks a
bigger transition in equilibrium behaviour due to the particle at equilibrium being now
mostly trapped at the origin instead of spread out over the bumps. This means that the
variance decreases by more than a factor of10 as � = 10 ! 1 and therefore V,�� near
the equilibrium point must increaseas temperature is lowered resulting in a steeper
curve at � = 0. The takeaway point is that lowering temperature in a particular range
can generically make the effective potential �atter or steeper around the minimum
depending on the scaling of variance with temperature in that regime.

Either way, once the FRG �ow equations have been solved, calculating the effective
potential's curvature at the minimum is very straightforward. Our results are sum-
marised in Table. 2 and it is clear that the LPA offers very good agreement for the
variance of the equilibrium distribution for all the potentials examined.

Covariance

In addition to the static variance at equilibrium, the curvature of the effective potential
around the minimum also determines the time dependence of correlations in equilib-
rium, quanti�ed by the time dependent covariance or connected 2-point function ( 200).
Furthermore, now the solution to the WFR �ow equation ( 131b) for � ,� also contributes,
providing a correction to the decay rate � .

In Table. 3 we collect the values of � obtained using the FRG under LPA & WFR

for different � values, higher or comparable to the typical depth or barrier heights
of the different potentials, and compare this directly to numerical simulations of the
Langevin equation ( 6). Where possible we also computed the �rst non-zero eigenvalue
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Figure 19: The decay of the (normalised) covariance hx(0)x(t )i C at equilibrium in a polynomial
potential for � = 10 (left) and � = 1 (right).

Figure 20: The decay of the (normalised) covariance hx(0)x(t )i C at equilibrium in a doublewell
potential for � = 10 (left) and � = 2 (right).

E1 by diagonalising the Hamiltonian from the Schrödinger (or rescaled F-P) equation
in (70). We can clearly see from Table.3 that the LPA can have good agreement with the
simulation value for simple potentials at high temperature but can deviate drastically
more drastically as temperature is lowered. Inclusion of the WFR factor � ,� reduces the
deviation error from the value obtained in the simulations substantially to � 1% for
the simplest cases and order of magnitude agreement for the most complicated, low
temperature systems.
We plot the decay of the covariance at equilibrium for our �ve potentials of interest in
Figs. 19, 20, 21, 22 & 23 as calculated by FRG techniques compared to direct numerical
simulations of the Langevin equation. For a polynomial potential, as shown in Fig. 19,
we can see how the decay rate as calculated via theFRG for both LPA and LPA + WFR

closely matches the simulations at both high and low temperature. Fig. 20 shows the
decay in the doublewell which at � = 10 (left) shows great agreement with the simu-
lation and Schrödinger calculation of � with FRG methods. At � = 2 (right) of Fig. 20
however we can see that the LPA is poorly capturing the correct decay rate and the
improvement gained by including WFR offers is much more dramatic.

The calculation of E1 from the Schrödinger equation has proved a non-trivial numer-
ical exercise for the non-polynomial potentials, hence its omission from Table. 3 and
Figs. 21, 22 & 23. Here the FRG offers a very real advantage over more conventional
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Figure 21: The decay of the (normalised) covariance hx(0)x(t )i C at equilibrium in the unequal
L-J potential for � = 10 (left) and � = 1 (right).

Figure 22: The decay of the (normalised) covariance hx(0)x(t )i C at equilibrium in an x2 plus
two Gaussian bumps potential for � = 4 (left) and � = 1 (right).

Figure 23: The decay of the (normalised) covariance hx(0)x(t )i C at equilibrium in an x2 plus
six Gaussian bumps/dips potential for � = 3 (left) and � = 2 (right).

methods to calculating this decay rate as we do not have to develop special numerical
routines for every potential of interest, we simply solve the same two �ow equations
(122) & (131). We can see in the left plot of Fig. 21 for � = 10 how the LPA + WFR de-
cay rate closely matches the simulated decay at high temperature with the advantage
of being calculated much more quickly than the direct simulation. At � = 2 we can
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Potentials � LPA WFR Sim E1

Poly 10 3.1857 2.9101 2.9191 2.8882

4 2.0842 1.8664 1.8767 1.8260

1 1.7112 1.3381 1.3585 1.1733

Doublewell 10 2.2252 1.9192 1.9274 1.8918

2 0.6004 0.4188 0.3851 0.3744

1 0.2934 0.1700 0.1199 0.1136

Unequal L-J 10 2.9655 2.0146 1.8783 —

2 50.9312 0.4806 0.3691 —

x2 + 2 bumps 10 1.9411 1.9140 1.9367 —

2 2.4125 1.9881 1.9778 —

1 3.2175 2.8184 2.7213 —

x2 + 6 b/d 3 1.9199 1.4529 1.3977 —

2 1.8185 1.1552 0.9710 —

1 1.9667 0.7769 0.3725 —

Table 3: Value of the autocorrelation decay rate obtained for various potentials at different
temperatures by different methods. The LPA & WFR columns display � as calculated
from the FRG �ow. The simulation values were generated by averaging over 50,000
runs.

see that while the WFR agreement with simulation is relatively poor, it is a massive
improvement over the LPA prediction.

For our x2-plus-bumps potentials the decay rate is shown for two and six bump-
s/dips in Figs. 22 & 23 respectively and as in the unequal L-J case the computation
of eigenvalues for these potentials is a non-trivial exercise. We can see in the left plot
(� = 10) of Fig. 22 that the LPA and WFR both in good agreement with simulations and
in the right plot ( � = 1) the two decays correctly bound the simulated decay – we will
discuss this more in a moment. In Fig. 23we can see that for � = 3 the LPA and WFR pre-
dictions appropriately bound the simulated decay with the simulations asymptoting
to the WFR decay at late times. This indicates that even for highly non-trivial systems
where the simulated decay is vastly different from the bare x2 potential – see Table.
3 and compare to the x2 prediction for �=2 which is 1 – the FRG can appropriately
capture these effects.

It is also worth pointing out that the simulated decay rate does not appear to follow
a pure exponential at all times in all cases. This can be best seen in the right plot of
Fig. 22 – also Fig. 23 – where the decay initially closely follows the LPA decay before
moving towards the WFR decay rate at later times. This sort of behaviour has been
identi�ed in similar systems in the early universe [ 38] where it was noticed that the
smallest non-zero eigenvalue's spectral coef�cient was suf�ciently small for higher
order eigenvalues to dominate the decay at earlier times. We speculate that this is
the reason for the simulated decay not following a true exponential in all cases and
emphasises the inadequacy of E1 to accurately describe covariance for all systems of
interest. As LPA matches the decay rate predicted by the Boltzmann distribution and
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WFR is closer to the decay predicted by E1 it is apparent why having both is highly
useful and why it is nice to be able to get both in the same framework.

3.4 accelerated dynamics out of equil ibrium

In order to solve the equations of motion for the one point function � (t ) and two point
function G(t , t 0) we must �rst solve the PDEs for the LPA & WFR to obtain the dynamical
effective potential̃V and the function U. We will use the solutions obtained in section 2.4
in order to compute these parameters and then solve the appropriate EEOM.

3.4.1 The dynamical effective potentials

In section 3.2.1 we introduced the notion of the dynamical effective potential̃V given by
equation (170). As the FRG guarantees that the fully effective potential V� = 0 will be
convex this implies that the dynamical effective potential Ṽ will also be either fully
or extremely close to fully convex for LPA and WFR respectively thus greatly simplify-
ing dynamical calculations. In the previous section we emphasised how the FRG LPA

effective potential gives us the Boltzmann equilibrium quantities such as equilibrium
position and variance. What we would like to emphasise now however is that away
from the minimum of the effective potential the FRG gives us information that the near
equilibrium Boltzmann assumption does not. To be concrete the (Gaussian) Boltzmann
distribution assumes that the potential is of the form:

ṼBoltz (� ) =
�

4 � Vareq
(� - � eq )2 (202)

where � eq and Vareq are the equilibrium position and variance respectively. We show
in Fig. 24 how this approximation can break down dramatically as one moves away
from the equilibrium position suggesting that the FRG captures the far away from equi-
librium dynamics well. While this deviation is noticeable for � = 10 (left plot), the
deviation is so dramatic at � = 2 (right plot) that the region of validity of ( 202) is tiny.
In principle one could attempt to include higher order cumulants of the Boltzmann
distribution such as skewness and kurtosis into the effective potential, however the re-
lationship between these cumulants and higher derivatives of the effective potential is
highly non-trivial and is cumbersome to include. In any case it is not expected includ-
ing these corrections would lead to signi�cant improvement away from equilibrium.

In Fig. 25 we show the evolution of Ṽ as � is lowered to zero – or equivalently as
all the �uctuations are integrated out – for the asymmetric doublewell. We can see
for both the LPA (left) and WFR (right) how the barrier gets smaller as �uctuations are
integrated out until it completely disappears. The equilibrium position is represented
by the global minimum of the red curve ( � = 0) and we can infer the speed of the
evolution to this equilibrium by the slope of the curve to it. Similar behaviour can be
seen for all the other potentials we consider in this thesis. The fact that the fully �owed
potential (red curve) is guaranteed to be (near) convex by de�nition of the EA � ensures
that the dynamics we perform in it will be trivial to solve. This is what we cover in the
following subsection.

Where possible we will compare our results with those obtained by direct simulation
of the Langevin equation ( 6) and by solving the F-P equation (70a).
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Figure 24: Comparison of Ṽ for the unequal L-J potential at � = 10 (left) and � = 2 (right)
as calculated using FRG methods LPA and WFR compared to the Boltzmann “near-
equilibrium" approximation given by equation ( 202). All potentials have been verti-
cally shifted so that their minima (corresponding to the equilibrium position) coin-
cide.

Figure 25: The �ow of the dynamical effective potential̃V for an initially asymmetric doublewell
potential de�ned as V = VDW + x=4 for � = 1 using LPA method (left) and WFR

method (right).

3.4.2 Accelerated trajectories

We know from section 3.3.1 that the EEOM for average position is given by a simple
�rst order differential equation ( 169). Having solved the appropriate �ow equations
to obtain the dynamical effective potentials we can now perform dynamics in this ef-
fective potential. Given the dynamical effective potential Ṽ it only takes a couple of
seconds to obtain the full trajectory of � from some initial position xi = � i to the equi-
librium position. For the polynomial potential we initialised the particle far away from
the equilibrium position at x = 1. In Fig. 26 we show how the average position of the
particle changes with time using direct simulation of the Langevin equation ( 6) over
50000runs, by numerically solving the F-P equation (70) and as calculated by the evo-
lution in the dynamical effective potentials Ṽ given using the LPA and WFR methods at
� = 10. All four trajectories agree to a very high precision. This is perhaps not surpris-
ing as the polynomial potential we consider is rather simple. What is more surprising
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Figure 26: The trajectory of the average position � in a polynomial potential Ṽ by direct simu-
lation & solving the EEOM (169) using LPA and WFR for � = 10.

Figure 27: The trajectory of the average position � in a doublewell potential Ṽ by direct simu-
lation & solving the EEOM (169) using LPA and WFR for � = 10.

however is how well the FRG works for the symmetric doublewell. In Fig. 27 we plot
the four trajectories where the particle for each starts at the bottom of the right hand
well ( x =

p
2). Even the simple LPA describes pretty well the evolution of � (t ) towards

the equilibrium point at � eq = 0. When WFR is also included it matches the simulated
trajectory very closely although not quite as closely as solving the F-P equation (70).
This is a non-trivial system and it is remarkable how well the FRG does to capture the
correct dynamics.

In Fig. 28we plot the evolution of � (t ) for the unequal L-J potential where the particle
begins in the smaller well at x = - 1.878 and moves towards its equilibrium position.
We see as before that while the LPA captures the behaviour relatively poorly, the WFR
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Figure 28: The trajectory of the average position � in a unequal L-J potential Ṽ by direct simu-
lation & solving the EEOM (169) using LPA and WFR for � = 10.

Figure 29: The trajectory of the average position � for an x2 potential plus two Gaussian bumps
potential Ṽ by direct simulation & solving the EEOM (169) using LPA and WFR for
� = 2. The average position � predicted for a simple x2 potential is also displayed
to highlight the non-trivial behaviour the FRG is capturing.

curve closely matches the simulated trajectory. For this system we were unable to get
convergent numerics for the evolution of the F-P equation (70) showing that the FRG

can derive important quantities even in highly non-trivial systems where competing
methods struggle. Similarly in Fig. 29 the particle is initialised to the left of one of
the Gaussian bumps at x = - 1.5. While the LPA offers little/no improvement over the
bare x2 “prediction" including WFR offers excellent agreement with direct simulations
and the F-P solution. This ability of the FRG to capture the non-trivial evolution of
average position is also shown in Fig. 30 for the x2 potential plus six bumps/dips
which is a much more complex potential landscape. Here the LPA trajectory offers
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Figure 30: The trajectory of the average position � for x2 potential plus six Gaussian bump-
s/dips Ṽ by direct simulation & solving the EEOM (169) using LPA and WFR for � = 3.

improvement over the x2 “prediction" by converging to the correct equilibrium position
and including WFR more closely matches the true simulated trajectory. It is noteworthy
that the FRG is able to reasonably capture these dif�cult dynamics well in systems
where the F-P solution is dif�cult to obtain.

It is important to note the time advantage offered by the FRG compared to direct nu-
merical simulation or by solving the F-P equation (70). Solving the FRG �ow equations
is comparable in computation time to direct simulation while solving the F-P equation
(70) takes longer than both. However the latter two methods obtain solutions that are
only valid for a single initial condition. A huge advantage of the FRG is that once the
dynamical effective potential Ṽ is obtained it is trivial to solve the EEOM (169) in a
couple of seconds for any initial position whereas for both direct numerical simulation
of (6) and solving the F-P equation (70) one has to start again from scratch.

3.4.3 Evolution of the variance

For our accelerated trajectories we initialised the particles at the exact same point ev-
ery time. This means that at t = 0 the probability distribution of the particles had zero
variance Var(x) = 0. Using this as our initial condition we solved numerically the EEOM

for the variance (192), derived in section 3.2.2.
In Fig. 31 we show how the variance evolves with time for the polynomial potential
for � = 10 (left) and � = 4 (right). For � = 10 can see that theLPA closely matches
the numerical and F-P evolution for the �rst 0.5 time units before departing slightly
although it still tends towards the correct equilibrium distribution. In this case includ-
ing WFR offers no improvement. Solving the full F-P equation (70) does however match
very well with the simulated case. For � = 4 we see some more interesting behaviour,
the variance overshootsthe equilibrium value before asymptoting to it. In this case both
LPA and WFR capture this non-trivial behaviour well and closely match the late time
decay.
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