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Abstract

Leaky barriers are styled after natural accumulations of large woody debris. Communities

and consortia have been installing them in watercourses with the intention of decreasing

flood risk downstream. However, there is a lack of quantitative evidence on their impact

at both small and large scales. To address the evidence gap, this thesis uses a fluid

dynamics approach, combining hydraulic modelling, Computational Fluid Dynamics (CFD)

and physical modelling in a flume.

First, leaky barriers are inserted into a 1D hydraulic model for large-scale modelling

by modifying a Godunov-type scheme. At the location of a leaky barrier, fluxes from

the barrier discharge equation replace the Riemann solver fluxes. Results compare well

with 55 flume experiments, but this method only works when the barrier resembles a well-

understood hydraulic structure, such as the weir and gate combination considered here.

Different types of barriers require more fundamental investigations.

The majority of the thesis is about such small-scale modelling with CFD, with a focus on

extending the CFD software OpenFOAM. A new boundary condition and post-processing

tool allow the volume-of-fluid solver interFoam to model open-channel flows more effec-

tively, and this solver is applied to recreate four flume experiments. Finally, a new CFD

solver is developed, using a Godunov-type scheme and artificial compressibility. The free

surface is captured automatically by the Riemann solver, and the pressure gradient dis-

continuity at the free surface is captured automatically by a novel reconstruction method.

While the results compare well with analytical and experimental benchmark tests, the solver

does not reliably converge on 3D unstructured meshes.

Once the convergence problem has been overcome, future research will apply the new

CFD solver to model different designs of leaky barriers, and the resulting new knowledge

can then be used in 1D hydraulic models to model networks of barriers across a catchment.

iii



iv



Acknowledgements

A big thank you to my supervisory team for consistently encouraging, supporting, and

guiding me throughout this project. I would specifically like to thank Caspar Hewett for

providing detailed feedback on my writing, Vassilis Glenis for being unwaveringly optimistic

about my new solver, and Paul Quinn for being the nature-based solutions guru. Caspar

and Vas, I will miss our Tuesday morning meetings! I also appreciate that you cared about

my wellbeing, especially during the pandemic, which wasn’t an easy time for anyone.

Many thanks to Sven Berendsen for the limitless supply of both programming advice

and cake, James Mckenna for the Riemann solver chats and proofreading, and Oscar Ryans

for helping with the flume experiments.

Finally, thank you to my family for supporting me and my church family for making

Newcastle my home. I couldn’t have done this without you.

v



vi



Publications

The majority of the text in this thesis is taken verbatim from the following articles and

proceedings papers. Note that the first five paragraphs of the Water paper were written

by C.J.M.H. so these are not included in the thesis.

Chapters 1–2

• Leakey, S., Hewett, C.J.M., Glenis, V. and Quinn, P.F. (2020). Modelling the impact

of leaky barriers with a 1D Godunov-type scheme for the shallow water equations.

Water, 12(2):371. doi:10.3390/w12020371

Chapters 3–4

• Leakey, S. (2019). Inlets, outlets, and post-processing for modelling open-channel

flow with the volume of fluid method. In H. Nilsson (ed.), Proceedings of CFD with

OpenSource Software. doi:10.17196/OS CFD

• Leakey, S., Hewett, C.J.M., Glenis, V. and Quinn, P.F. (2020). Hydrodynamic

modelling of leaky barriers with OpenFOAM. In Uijttewaal, W., Franca, M.J., Valero,

D., Chavarrias, V., Arbós, C.Y., Schielen, R., and Crosato, A. (eds.), River Flow

2020: Proceedings of the 10th Conference on Fluvial Hydraulics, pages 1319–1323.

CRC Press. doi:10.1201/b22619

• Leakey, S., Hewett, C.J.M., Glenis, V. and Quinn, P.F. (2022). Investigating the be-

haviour of leaky barriers with flume experiments and 3D modelling. In Gourbesville, P.

and Caigneart, G. (eds.), Advances in Hydroinformatics. Springer. doi:10.1007/978-

981-19-1600-7 60

vii

https://doi.org/10.3390/w12020371
https://doi.org/10.17196/OS_CFD
https://doi.org/10.1201/b22619
https://doi.org/10.1007/978-981-19-1600-7_60
https://doi.org/10.1007/978-981-19-1600-7_60


Chapter 5

• Leakey, S., Glenis, V. and Hewett, C.J.M. (2022). A novel Godunov-type scheme

for free-surface flows with artificial compressibility. Computer Methods in Applied

Mechanics and Engineering, 393:114763. doi:10.1016/j.cma.2022.114763

Chapter 6

• Leakey, S., Glenis, V. and Hewett, C.J.M. (2022). Artificial compressibility with

Riemann solvers: Convergence of limiters on unstructured meshes. OpenFOAM

Journal, 2:31–47. doi:10.51560/ofj.v2.49

viii

https://doi.org/10.1016/j.cma.2022.114763
https://doi.org/10.51560/ofj.v2.49


Contents

1 Introduction 1

1.1 Leaky barriers as nature-based flood defences . . . . . . . . . . . . . . . 1

1.1.1 Nature-based solutions . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.2 Runoff attenuation features . . . . . . . . . . . . . . . . . . . . 3

1.2 Observing leaky barriers in action . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Natural LWD dams . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.2 Natural beaver dams . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.3 Engineered barriers . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Modelling leaky barriers in aggregate . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Indirect comparison . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3.2 Storage volume . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3.3 Model parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.4 Channel geometry . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.5 Hydraulic structures . . . . . . . . . . . . . . . . . . . . . . . . 15

1.4 Towards a fluid dynamics approach . . . . . . . . . . . . . . . . . . . . . 17

2 Leaky barriers in a 1D hydraulic model 21

2.1 Introduction to Godunov-type schemes . . . . . . . . . . . . . . . . . . . 21

2.1.1 A dam break . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.2 Riemann solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.1.3 Capturing shocks . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Numerical scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 Internal boundary condition . . . . . . . . . . . . . . . . . . . . . . . . . 27

ix



CONTENTS

2.3.1 Conceptual model . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.2 Numerical model . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.3 Establishing discharge coefficients and energy losses . . . . . . . 31

2.4 Benchmarking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.4.1 Subcritical flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4.2 Transcritical flow with Manning’s n . . . . . . . . . . . . . . . . 34

2.4.3 Transcritical rarefaction Riemann problem . . . . . . . . . . . . . 36

2.4.4 Sluice gate Riemann problems . . . . . . . . . . . . . . . . . . . 36

2.5 Steady-state flume experiments . . . . . . . . . . . . . . . . . . . . . . . 38

2.6 Transient experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.7 Building upon MSc dissertation . . . . . . . . . . . . . . . . . . . . . . . 48

2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Theory of 3D free-surface modelling 53

3.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.1.1 Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . . 53

3.1.2 Reynolds averaging . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2 Turbulence modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.2.1 DNS, RAS, or LES? . . . . . . . . . . . . . . . . . . . . . . . . 56

3.2.2 k-ε model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.3 k-ω model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2.4 k-ω SST model . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2.5 Wall functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.6 Inlets and initialisation . . . . . . . . . . . . . . . . . . . . . . . 62

3.3 Standard finite volume methods . . . . . . . . . . . . . . . . . . . . . . 63

3.3.1 Discretisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.3.2 Gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.3 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.4 Mesh quality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3.5 Matrix solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

x



CONTENTS

3.3.6 SIMPLE, PISO, and PIMPLE . . . . . . . . . . . . . . . . . . . 71

3.4 Volume of fluid method . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.4.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . 76

3.4.2 Algebraic method . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.3 Geometric method . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.4 Surface tension . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4 Modelling leaky barriers with interFoam 85

4.1 Existing OpenFOAM functionality . . . . . . . . . . . . . . . . . . . . . 85

4.1.1 Discretisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.1.2 Matrix solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.1.3 Pressure-velocity coupling . . . . . . . . . . . . . . . . . . . . . 93

4.1.4 Volume of fluid solvers . . . . . . . . . . . . . . . . . . . . . . . 94

4.1.5 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 98

4.1.6 Turbulence modelling . . . . . . . . . . . . . . . . . . . . . . . . 101

4.1.7 Mesh generation . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.1.8 Parallelisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.1.9 Weaknesses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2 New OpenFOAM functionality . . . . . . . . . . . . . . . . . . . . . . . 104

4.2.1 Depth outlet boundary condition . . . . . . . . . . . . . . . . . . 104

4.2.2 Depth-averaged velocity function object . . . . . . . . . . . . . . 105

4.3 Application to leaky barriers . . . . . . . . . . . . . . . . . . . . . . . . 106

4.3.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.3.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . 109

4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5 Developing a new free-surface solver 117

5.1 Introduction to the solver . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.2 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.2.1 Artificial compressibility . . . . . . . . . . . . . . . . . . . . . . . 121

xi



CONTENTS

5.2.2 Compact form . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.2.3 Eigenstructure . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.3 Discretisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.3.1 Finite volume method . . . . . . . . . . . . . . . . . . . . . . . 126

5.3.2 Runge-Kutta pseudo-time stepping . . . . . . . . . . . . . . . . 127

5.3.3 Local pseudo-time steps . . . . . . . . . . . . . . . . . . . . . . 131

5.3.4 Global real-time steps . . . . . . . . . . . . . . . . . . . . . . . . 132

5.4 Reconstruction at cell interfaces . . . . . . . . . . . . . . . . . . . . . . 132

5.4.1 Standard reconstruction for structured meshes . . . . . . . . . . 133

5.4.2 Standard reconstruction for unstructured meshes . . . . . . . . . 133

5.4.3 Existing methods for pressure gradient . . . . . . . . . . . . . . . 134

5.4.4 New method for pressure gradient . . . . . . . . . . . . . . . . . 136

5.5 Flux calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.5.1 Bassi Riemann solver . . . . . . . . . . . . . . . . . . . . . . . . 138

5.5.2 Roe Riemann solver . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.5.3 Osher Riemann solver . . . . . . . . . . . . . . . . . . . . . . . 143

5.6 2D Cartesian meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.6.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 144

5.6.2 Riemann problem benchmarks . . . . . . . . . . . . . . . . . . . 146

5.6.3 Hydrostatic pressure benchmarks . . . . . . . . . . . . . . . . . . 147

5.6.4 Dam break benchmarks . . . . . . . . . . . . . . . . . . . . . . . 149

5.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6 Convergence on 3D unstructured meshes 159

6.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.1.1 Barth and Jespersen (1989) . . . . . . . . . . . . . . . . . . . . 161

6.1.2 Venkatakrishnan (1995) . . . . . . . . . . . . . . . . . . . . . . 164

6.1.3 Michalak and Ollivier-Gooch (2008) . . . . . . . . . . . . . . . . 165

6.1.4 Limiters in OpenFOAM . . . . . . . . . . . . . . . . . . . . . . . 166

6.2 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

xii



6.2.1 Convergence of limiters . . . . . . . . . . . . . . . . . . . . . . . 168

6.2.2 Comparison with interFoam (2D) . . . . . . . . . . . . . . . . . 169

6.2.3 Comparison with interFoam (3D) . . . . . . . . . . . . . . . . . 176

6.2.4 Mesh from snappyHexMesh . . . . . . . . . . . . . . . . . . . . 177

6.3 Compression near obstacle . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

7 Conclusion 187

7.1 Motivation for hydrodynamic modelling . . . . . . . . . . . . . . . . . . 187

7.2 Simplified modelling with the shallow water equations . . . . . . . . . . . 188

7.3 Detailed modelling with the Navier-Stokes equations . . . . . . . . . . . 189

7.4 Recommendations for future work . . . . . . . . . . . . . . . . . . . . . 191

7.5 Multi-scale modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

References 195

A Flume experiments 227

A.1 Narrow flume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

A.2 Wide flume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

B OpenFOAM case files 233

B.1 fvSchemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

B.1.1 Initial stage (quick, stable) . . . . . . . . . . . . . . . . . . . . . 233

B.1.2 Final stage (accurate) . . . . . . . . . . . . . . . . . . . . . . . 234

B.2 fvSolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236



CONTENTS

xiv



List of Figures

1.1 Flood walls at Glenridding in Cumbria, Ballymena in Co. Antrim, and Mal-

low in Co. Cork. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 LWD in the Belford catchment in Northumberland. Credit: Caspar Hewett. 3

1.3 Wallerstein et al. (2001) jam classification overlapping with Gregory et al.

(1985) logjam classification. Flow is from left to right. Based on Waller-

stein et al. (2001, pp.1266). . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Engineered barriers and their approximate costs, based on Thames21 (2021). 8

1.5 Leaky barrier experiment in the swale at Newcastle University’s National

Green Infrastructure Facility. Flow from right to left. . . . . . . . . . . . 10

1.6 Measurement flume for Q-NFM project at Lorton, Cumbria. . . . . . . . 10

1.7 Current methods for including leaky barriers in hydrological and hydraulic

models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.8 Methods for modelling leaky barriers by changing the channel geometry. . 15

1.9 Hydraulic structures with well-known steady-state discharge equations. . 15

2.1 Exact solution to dam break with 1D shallow water equations. Initial

conditions given by black line. Green lines are equally-spaced snapshots

between t = 0.1s and t = 0.7s. Based on Toro (2001, p.114). . . . . . . 22

2.2 The leaky barrier model: definition sketch and five conceptual operating

stages, based partially on Samani and Mazaheri (2009). White areas depict

circulating water in a hydraulic jump. . . . . . . . . . . . . . . . . . . . . 29

xv



LIST OF FIGURES

2.3 Measured depth-discharge relationship (circles) and the empirical discharge

equation with Cc = 0.70 and Cw = 0.70 (lines) for each barrier configu-

ration. Only includes free-flow scenarios where the depth is greater than

the gap underneath the barrier. . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 Estimated measured energy losses (circles) and the regression equation

(2.38) (lines) for each barrier configuration. Only includes free-flow sce-

narios where the depth is greater than the gap underneath the barrier. . . 33

2.5 Exact (black lines) and numerical (green circles) solution for subcritical flow. 35

2.6 Exact (black lines) and numerical (green circles) solution for transcritical

flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.7 Exact (black lines) and numerical (green circles) solution for Riemann prob-

lem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.8 Exact (black lines) and numerical (green circles) solutions for Riemann

problems at sluice gates, based on Tests 3-5 from Cozzolino et al. (2015)

with Cc = 0.61 and ∆E = 0. . . . . . . . . . . . . . . . . . . . . . . . . 38

2.9 Results for configuration (a). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.10 Results for configuration (b). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.11 Results for configuration (c). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.12 Results for configuration (c). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.13 Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

xvi



LIST OF FIGURES

2.14 Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.15 Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.16 Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy

losses (solid green line). . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.17 Longitudinal profiles at t = 0.0, 1.4, 2.8, 4.2, 5.6, 7.0s for the dam break

simulations for configurations (a)-(d). . . . . . . . . . . . . . . . . . . . 47

2.18 Flood hydrograph at x = 16m for the dam break simulations for configu-

rations (a)-(d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.19 Longitudinal profiles at t = 0.0, 1.4, 2.8, 4.2, 5.6, 7.0s for the dam break

simulations for ∆x = 0.2, 0.1, 0.05, 0.025, 0.0125m. . . . . . . . . . . . . 49

2.20 Flood hydrograph at x = 16m for the dam break simulations for mesh sizes

∆x = 0.2, 0.1, 0.05, 0.025, 0.0125m. . . . . . . . . . . . . . . . . . . . . 50

3.1 Velocity profile in the viscous sublayer and log-law region. The buffer

region is not described well by either of these functions. Note that the

log-law layer is a straight line because the y+ axis has a logarithmic scale. 60

3.2 Two cells sharing a face. As in OpenFOAM, the owner cell is marked by

P , the neighbour cell by N, the face by f , and the cell face area vector by

Sf . Based on OpenCFD (2019a, p.32). . . . . . . . . . . . . . . . . . . 64

3.3 Parameters for 2D least-squares gradient calculation, based on Versteeg

and Malalasekera (2007, p.322). . . . . . . . . . . . . . . . . . . . . . . 65

3.4 Second-order TVD region, based on Sweby (1984, p.1001). The orange

lines correspond to TVD constraints while the green lines correspond to

second-order constraints. . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.5 A non-orthogonal mesh, based on Jasak (1996, p.83). . . . . . . . . . . 69

xvii



LIST OF FIGURES

3.6 A non-orthogonal mesh, based on Jasak (1996, pp.84–85). . . . . . . . . 69

3.7 A skewed mesh, based on Jasak (1996, p.124). . . . . . . . . . . . . . . 70

3.8 Steepest descent and conjugate gradient methods, based on Tabor (2018,

p.28). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.9 Pressure-velocity coupling algorithms. . . . . . . . . . . . . . . . . . . . 73

3.10 Eulerian methods for modelling free-surface flows. From left to right: fixed

lid, height functions, level set, front tracking, surface fitted, marker and

cell, volume of fluid, Riemann solvers. . . . . . . . . . . . . . . . . . . . 74

3.11 Interface reconstruction methods: (a) SLIC x-sweep, (b) SLIC y -sweep,

(c) Hirt-Nichols and (d) Youngs reconstruction algorithms in the 2D case,

based on Rudman (1997, p.676). The actual fluid configuration is shown

on the left for comparison only; it is the volume fractions (numbers for

each cell) that are available to the algorithms. . . . . . . . . . . . . . . . 81

4.1 Selected second-order TVD schemes available in OpenFOAM, plotted on

a Sweby diagram where the unshaded region represents the second-order

TVD region (Sweby, 1984, p.1001). . . . . . . . . . . . . . . . . . . . . 89

4.2 Boundary patches in weirOverflow tutorial case. Flow from left to right. 99

4.3 Stages of mesh generation with snappyHexMesh. From left to right: back-

ground mesh, octree-based castellation, and snapping, based on OpenCFD

(2019b, pp.50–54). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.4 Creation of narrow flume geometry in Ansys DesignModeler. . . . . . . . 107

4.5 Cross sections of the meshes at the location of the leaky barrier. The green

zone is the tetrahedal mesh around the leaky barrier, while the blue zone is

the hexahedral mesh upstream from the barrier. Left: narrow flume, right:

wide flume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.6 Observed (black crosses) and simulated (green lines) free surfaces for each

case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.7 Observed (black crosses) and simulated (green lines) depth-averaged x-

direction velocities for each case. . . . . . . . . . . . . . . . . . . . . . . 111

xviii



LIST OF FIGURES

4.8 Velocities around the leaky barrier on the symmetry plane for each case,

uniform distribution of glyphs rather than every cell. . . . . . . . . . . . . 113

4.9 Q-criterion contours (Q = 100) around the leaky barrier for each case,

showing the non-turbulent eddies as it is a Reynolds averaged simulation. 114

5.1 Jump in the hydrostatic pressure gradient at high density ratios, based on

Qian et al. (2006, p.26) who note that, without special treatment, slope

limiters will give a value of p somewhere between points A and B. . . . . 135

5.2 Options for setting pressure in the ghost cells, illustrated here for a hy-

drostatic case. From left to right: (a) reality, (b) zero-gradient boundary

condition with local hydrostatic reconstruction, (c) linear or hydrostatic ex-

trapolation boundary condition, (d) zero-gradient boundary condition with

local hydrostatic reconstruction (reversed gravity). . . . . . . . . . . . . 145

5.3 Comparison of Riemann solvers in 1D Riemann problems from Bassi et al.

(2018). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.4 Comparison of pressure gradient calculations in 1D hydrostatic test case. 150

5.5 First real-time step of dam break (small domain) with new incompressible

limit pressure gradient calculation. . . . . . . . . . . . . . . . . . . . . . 152

5.6 Comparison of pressure gradient calculations in first real-time step of dam

break (small domain), along the lowest cross-section parallel to the x-axis,

which is not the direction of gravity. . . . . . . . . . . . . . . . . . . . . 152

5.7 Density in the dam break (large domain) with length scale a = 4 1
2

inches,

the Bassi Riemann solver, and the incompressible limit pressure gradient

calculation. Velocity shown once every nine cells for clarity. . . . . . . . . 154

5.8 Comparison of dam break (large domain) simulations with experimental

data from Martin and Moyce (1952), where a is the square column’s initial

width and height. Note that all values are nondimensionalised and there

are no experimental data for column height for a = 4 1
2

in. . . . . . . . . 156

6.1 Comparison of φ (used in unstructured limiter Φ) and ψ (used in Spekrei-

jse’s 1D formulation) between different limiters. . . . . . . . . . . . . . . 163

xix



LIST OF FIGURES

6.2 Convergence history of absolute residuals for different gradient limiters. . 170

6.3 Density field after 8000 pseudo-time iterations, and standard deviation of

velocity magnitude over pseudo-time iterations 7000–8000 (results saved

every 100 iterations). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.4 Effect of limiter and real-time Courant number on how far the simulation

gets and, if convergence is not achieved, when the stall occurs in real-time.

Density field shown to highlight problematic moments of the simulation. . 173

6.5 Density field for new solver compared with water phase field for interFoam

in damBreak case. The Courant number is for real time. . . . . . . . . . 174

6.6 Absolute residuals for each pseudo-time iteration required throughout full

damBreak simulation to t = 1. . . . . . . . . . . . . . . . . . . . . . . . 175

6.7 Initial column of water for damBreakWithObstacle case. . . . . . . . . . 176

6.8 Pressure in water phase throughout damBreakWithObstacle case for new

solver and interFoam. . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

6.9 Absolute residuals for each pseudo-time iteration throughout damBreak-

WithObstacle simulation. . . . . . . . . . . . . . . . . . . . . . . . . . 179

6.10 Water partially filling the igloo in hydrostatic case (converged solution with

∇p from Chapter 5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

6.11 Cross section of cell-centred values along the z-axis near the centre of the

igloo at x = 3.2, y = 3 for different ∇p calculations. . . . . . . . . . . . 181

6.12 Absolute residuals for each pseudo-time iteration required throughout hy-

drostatic simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

6.13 Density field at t = 0.28s in 2D dam break simulation for CFL = 2. . . . 183

6.14 Density field at t = 0.36s in 3D dam break simulation. Only cells with

ρ > 500kg/m3 shown for clarity. . . . . . . . . . . . . . . . . . . . . . . 184

7.1 Multiple scales of modelling... how do we connect them? . . . . . . . . . 192

A.1 The leaky barrier model: definition sketch and five conceptual operating

stages, repeated from Figure 2.2. . . . . . . . . . . . . . . . . . . . . . 228

A.2 Leaky barrier model in the narrow flume. . . . . . . . . . . . . . . . . . . 228

xx



LIST OF FIGURES

A.3 The relationship between velocity-depth and manometer discharges, with

regression for (d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

A.4 Leaky barrier model in the wide flume. . . . . . . . . . . . . . . . . . . . 232

xxi



LIST OF FIGURES

xxii



List of Tables

4.1 Matrix solvers available in OpenFOAM. . . . . . . . . . . . . . . . . . . 92

4.2 Smoothers available in OpenFOAM. . . . . . . . . . . . . . . . . . . . . 92

4.3 Preconditioners available in OpenFOAM. . . . . . . . . . . . . . . . . . . 92

4.4 Mesh and boundary conditions for each case. Note that the upstream

boundary condition is half the measured value due to the symmetry plane,

and the downstream boundary condition has a low level of precision due to

the dependence of the custom boundary condition on the mesh resolution. 106

4.5 Numerical settings for OpenFOAM. . . . . . . . . . . . . . . . . . . . . 110

4.6 Post-processing results for selected boundary patches. . . . . . . . . . . 115

5.1 Backward differencing coefficients from Vermeire et al. (2019, Table 1)

with typo fixed according to the standard textbook (Iserles, 2008, p.27). 129

5.2 Initial conditions for Riemann problems, based on Bassi et al. (2018, Tables

3–4). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A.1 Summary of experiments N1–N27 in the narrow flume—configuration (a,

b, c, or d), manometer discharge, velocity-meter discharge, transformed

discharge, and depth at x = 17.8m. . . . . . . . . . . . . . . . . . . . . 230

A.2 Summary of experiments N28–N55 in the narrow flume—configuration (a,

b, c, or d), manometer discharge, velocity-meter discharge, transformed

discharge, and depth at x = 17.8m. . . . . . . . . . . . . . . . . . . . . 231

A.3 Summary of experiment W in the wide flume—leaky barrier dimensions,

minimum and maximum discharge, and depth at x = 9.0m. . . . . . . . . 232

xxiii



LIST OF TABLES

xxiv



List of Algorithms

5.1 Three nested loops with the same array Q = [ρ, ρu, ρv , ρw, p/β] operated

on throughout. Backward-Euler real-time derivative shown for illustration;

higher-order methods require more real-time steps saved than Qn. . . . . 128

5.2 One possibility for calculating t1 and t2 from n. . . . . . . . . . . . . . . 139

xxv



LIST OF ALGORITHMS

xxvi



List of Acronyms

BDF Backward Differencing.

CFD Computational Fluid Dynamics.

CFL Courant-Friedrichs-Lewy.

CSF Continuum Surface Force.

DIC Diagonal Incomplete Cholesky.

DILU Diagonal Incomplete Lower-Upper.

DNS Direct Numerical Simulation.

FCT Flux Corrected Transport.

FDIC Fast Diagonal Incomplete Cholesky.

GAMG Geometric-Algebraic Multi-Grid.

GIS Geographical Information Systems.

GPU Graphics Processing Unit.

HLL Harten-Lax-van Leer.

HLLC Harten-Lax-van Leer Contact.

HPC High-Performance Computing.

HRU Hydrological Response Unit.

xxvii



List of Acronyms

LES Large Eddy Simulation.

LWD Large Woody Debris.

MAC Marker and Cell.

MPI Message Passing Interface.

MULES Multidimensional Universal Limiter for Explicit Solution.

MUSCL Monotonic Upstream-centered Scheme for Conservation Laws.

NFM Natural Flood Management.

PBiCG Preconditioned Bi-Conjugate Gradient.

PCG Preconditioned Conjugate Gradient.

PISO Pressure-Implicit with Splitting of Operators.

PLIC Piecewise Linear Interface Calculation.

RAF Runoff Attenuation Feature.

RAS Reynolds-Averaged Simulation.

SIMPLE Semi-Implicit Method for Pressure-Linked Equations.

SLIC Simple Line Interface Calculation.

SPH Smooth Particle Hydrodynamics.

SST Shear Stress Transport.

TVD Total Variation Diminishing.

VOF Volume of Fluid.

WENO Weighted Essentially Non-Oscillatory.

xxviii



Chapter 1. Introduction

This thesis is about leaky barriers—small, nature-based flood defences—and ways to model

them at small and large scales. In particular, this thesis proposes using high-resolution

shock-capturing Godunov-type schemes at both scales. The mathematics will appear from

Chapter 2 onwards. First, let us consider why leaky barriers should be modelled at all, let

alone hydrodynamically.

1.1 Leaky barriers as nature-based flood defences

1.1.1 Nature-based solutions

Traditionally, floods have been kept at bay using large engineered structures such as dams,

diversion canals, and concrete flood walls as in Figure 1.1. However, a new class of flood

management is emerging, called nature-based solutions (Nesshöver et al., 2017), work-

ing with natural processes (Environment Agency, 2012), catchment systems engineering

(Hewett et al., 2020), or Natural Flood Management (NFM) (Forbes et al., 2015). In-

spired by nature, although perhaps not natural (Lane, 2017; Nesshöver et al., 2017), these

Figure 1.1: Flood walls at Glenridding in Cumbria, Ballymena in Co. Antrim, and Mallow

in Co. Cork.
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measures provide an alternative to holding water behind large engineered structures. From

temporary storage ponds to riparian planting, from re-meandering of rivers to grip block-

ing, the idea is to slow runoff and store water upstream, thereby reducing the likelihood of

flooding downstream. While such schemes generally need to be used in conjunction with

traditional defences to protect from extreme events (Environment Agency, 2012), they

are much cheaper than building ever-higher flood defences. They also provide wider ben-

efits for society and the environment (Defra, 2005) such as enhancing biodiversity, water

supply, and carbon sequestration, although these wider benefits are difficult to quantify (Ia-

cob et al., 2014). Unsurprisingly, following Sir Michael Pitt’s recommendation “to achieve

greater working with natural processes” (Pitt, 2008, p.415), there has been increased in-

terest around these nature-based flood defences, with at least 136 schemes having been

installed in the UK, comprising 56 different types of feature (Nicholls and Hankin, 2015).

They are popular, even praised by the former Secretary of State for the Environment as

being “pioneering” (Gove, 2018), but the science is lagging behind public perception.

In particular, most of the existing evidence concerns small events in small catchments

(Dadson et al., 2017; Ngai et al., 2017). Of course, minor floods are more frequent

than extreme ones, and small catchments are easier to instrument than large ones. This

means that any statements about the effect of nature-based solutions on large floods

are based on largely untested assumptions. It may not be a simple case of scaling up

from small catchments to large catchments. There are suggestions that this could cause

peaks from different sub-catchments to synchronise, worsening the overall peak (Pattison

et al., 2014; Dadson et al., 2017). Moreover, there are few baseline data to compare with

post-intervention data (Dadson et al., 2017; Ngai et al., 2017). This makes it difficult to

determine the effect of interventions on flood severity. These problems are at least partly

due to the relatively recent nature of the increased interest in nature-based solutions (Addy

and Wilkinson, 2019). However, a surge of evidence is expected to emerge over the coming

years. For example, three NERC-funded research projects looking specifically at NFM are

currently taking place in the UK and the Environment Agency is currently updating its

comprehensive evidence base (Burgess-Gamble, 2020).
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1.1. LEAKY BARRIERS AS NATURE-BASED FLOOD DEFENCES

Figure 1.2: LWD in the Belford catchment in Northumberland. Credit: Caspar Hewett.

1.1.2 Runoff attenuation features

The Runoff Attenuation Feature (RAF) is one category of nature-based flood defence,

providing opportunities to slow down flows and create temporary storage across a catch-

ment, as well as filter runoff to improve water quality (Nicholson et al., 2012; Quinn et al.,

2013). Online RAFs include bunds built across overland flow pathways, barriers installed

in ditches, and Large Woody Debris (LWD) placed within streams, while offline RAFs are

structures such as temporary storage ponds filled by flow diverted from streams (Quinn

et al., 2013). This thesis focuses on one class of RAF: leaky barriers in channels. Leaky

barriers mimic natural LWD (Figure 1.2) or beaver dams found in rivers, and indeed they

can be built to resemble these features. However, they can also be more engineered. This

variety in form is also reflected in the variety of terms used to refer to leaky barriers: woody

debris, leaky dams, engineered log jams.

One leaky barrier by itself will have limited impact on a flood event; hundreds are needed

across a catchment to make a practical difference. The problem is that we do not know

what designs, quantities or locations are optimal. Nonetheless, while there is a distinct lack

of understanding in how leaky barriers behave, both individually and in aggregate (Ngai

et al., 2017), this has not stopped thousands being enthusiastically installed across the

UK and globally. For example, since 2016, the local community of the Calder Valley, UK

has created 619 leaky barriers in its river catchment (Slow the Flow Calderdale, 2022).
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1.2 Observing leaky barriers in action

Most of the literature on leaky barriers is about LWD, and little of this relates to flooding

(Ngai et al., 2017). Instead, it focuses on what would be considered wider benefits of

nature-based solutions, like ecology and geomorphology, as well as formation, stability,

and transport. Much of it is based in North America. A rich history of research in the

Pacific Northwest stemmed from the work of Frederick J. Swanson in the late 1970s

(Ruiz-Villanueva and Stoffel, 2017) and, in a comprehensive review of the last 50 years

of literature on LWD, Wohl (2017) cited 361 studies, mostly on perennial rivers in Pacific

Northwest conifer forests. In another review, Lo et al. (2021) note that LWD installed

primarily to reduce flooding should have the same wider benefits as LWD installed in other

contexts, and Ngai et al. (2017) remark that the literature rates LWD as generally having

a positive impact in this wider setting. However, it is the hydraulic and hydrological effects

that matter for flooding and, as outlined below, these are poorly understood. Specifically,

there is limited research on how leaky barriers work in isolation from riparian planting, and

very few different types of barrier have been tested (Barlow et al., 2014; Ngai et al., 2017).

1.2.1 Natural LWD dams

This section focuses on the measured hydraulic and hydrological impacts of natural LWD

dams specifically. Beaver dams, engineered barriers, and flume studies are discussed in

Sections 1.2.2, 1.2.3, and 1.4. The impact of LWD will depend on the form of the debris

accumulation, as well as its level of debris entrapment (Dudley et al., 1998). While the

“large” in LWD is generally understood to be at least “0.1m diameter and 1.0m length”

(Linstead and Gurnell, 1999, p.ii), it is the size of the debris relative to the channel

that determines its form. This was conceptualised by Wallerstein et al. (2001), whose

classification system is illustrated in Figure 1.3.1 As the relative width of the debris

increases, there is more of an obstruction to the flow, until the debris spans the whole

channel width and can no longer sit directly on the river bed. Kitts (2010, pp.132) notes

how this overlaps with the classification of Gregory et al. (1985), with the exception of

1Throughout this thesis, figures use the “Dark2” colour palette by Brewer (2022).
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Parallel/Bar Head Jam De�ector Jam Dam Jam Under�ow Jam

0.6 0.95 1.3

bdebris/bchannel

Partial Logjam Active Logjam High Water Logjam

Figure 1.3: Wallerstein et al. (2001) jam classification overlapping with Gregory et al.

(1985) logjam classification. Flow is from left to right. Based on Wallerstein et al. (2001,

pp.1266).

complete logjams (not pictured) that span the whole channel width but do not induce a

change in water level due to their porosity.

A popular way to study the hydraulic impact of LWD in the field and in models is with

Manning’s n. Manning’s n is the roughness coefficient in the formula

Q =
1

n
AR2/3S

1/2
f (1.1)

where Q is the discharge, A the cross-sectional area, R the hydraulic radius, and Sf the

friction slope (Akan, 2006). It can be back-calculated by measuring Q, A, R, and Sf in

the field, and is often a critical parameter in hydrological and hydraulic models.

In many studies, the effect of LWD has been quantified by calculating the value of

Manning’s n at the reach level. This can be compared to reaches without LWD and

reaches with different types of LWD. For example, at a test channel in Oklahoma, Dudley

et al. (1998) found that the average Manning’s n decreased from 0.127 to 0.093 with the

removal of LWD. In the New Forest, Gregory et al. (1985) found that clearing two active

logjams reduced Manning’s n from 0.516 to 0.292. Also in the New Forest, Linstead

and Gurnell (1999) found 10 reaches with active/complete logjams had a value of 0.963,

the six with partial logjams 0.634, and the nine with no LWD 0.286. Again in the New

Forest, Kitts (2010) found dam jams were the most rough at 1.42, deflector jams in the

middle at 0.32, and underflow jams the least rough at 0.27. Therefore, the effect depends

on the type of debris accumulation within the reach. However, these values will not be
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generalisable to all LWD accumulations under all flow rates (Addy and Wilkinson, 2019).

Indeed, there is evidence that the roughness effect decreases with increasing flow rate.

Again in the New Forest, Gregory et al. (1985) found that Manning’s n at one active

logjam decreased from 1.0155 to 0.3072 as the flow rate increased and, in the Forest of

Dean, Linstead and Gurnell (1999) found that the effect of LWD on Manning’s n decreased

as the flow rate increased at two reaches. This suggests that quantifying the effect of

LWD with Manning’s n is fundamentally flawed, based on data not physics. However,

while Dudley et al. (1998) admit that its use is indeed theoretically questionable when

most of the resistance comes from form drag instead of bed roughness—as is the case

with LWD accumulations—they justify it based on “its familiarity and the lack of practical

alternative” (p.1190). Therefore it is no surprise that representing LWD like this is widely

used when including LWD in hydrological and hydraulic models, even decades later. This

is discussed in more detail in Section 1.3.3.

Other hydraulic methods are more theoretically sound. For instance, Shields and Gippel

(1995) partitioned the flow resistance at streams in Tennessee and New South Wales into

bed, bend and LWD components. Similarly, Manga and Kirchner (2000) partitioned the

shear stress at a stream in Oregon into bed and LWD components, finding that LWD

accounted for half the total roughness despite covering “less than 2% of the surface area

of the stream” (p.2378). In Illinois, Daniels and Rhoads (2003) found that LWD at the

outside of a meander bend deflects the flow to the inside of the bend, making the helicoidal

motion more intense. They then went on to show that, unsurprisingly, the impact of LWD

on the flow around a meander depends on the form of the LWD (Daniels and Rhoads,

2004), and so it is difficult to generalise. In New York state, Manners et al. (2007) found

that the number of wood pieces making up a deflector jam affected its porosity and, in

turn, its impact on velocities around the jam. Indeed, if porosity is ignored, then the drag

force is overestimated by 10–20%. However, it is not clear how these methods could be

applied in hydraulic or hydrological models, unlike Manning’s n.

Research on the direct impact of natural LWD dams on hydrology and flooding is

similarly limited. In the New Forest, Gregory et al. (1985) estimated that LWD slowed

down peak flows of 1.0m3s−1 by 10 minutes, 0.3m3s−1 by 35 minutes, and 0.1m3s−1 by

6



1.2. OBSERVING LEAKY BARRIERS IN ACTION

over 100 minutes. However, it is unclear where they got these numbers from. They had

done a regression of travel time and discharge along a stretch of channel containing 93

logjams that were not removed. The regression showed that higher flows had shorter

travel times than lower flows, but there were no baseline data, and so there is no way of

knowing if the travel time would have been any different without LWD. Therefore, the

numbers seem to have no basis. Despite this, they are often referred to in the literature,

for example, in the Environment Agency evidence base (Ngai et al., 2017, p.34). Also in

the New Forest, Sear et al. (2010) focused on how LWD causes an interaction between

the channel and the floodplain. They found that high bedloads encourage aggradation

upstream of LWD, resulting in a raised bed and thus raised water levels. Meanwhile, if

there are low bedloads, then the raised water levels come from blocking and resistance at

the LWD. Again, this detailed knowledge about the New Forest is site-specific, and thus

is unlikely to be applicable to other locations within the New Forest and elsewhere.

Clearly, the impact of LWD on hydraulics and hydrology is far from a settled matter.

Moreover, while Manning’s n is the most popular way to quantify the hydraulic impact of

LWD, it is theoretically questionable, and other approaches are limited by the difficulty of

measuring in the field. This points us towards a hydrodynamic modelling approach, but

first we must consider other forms of leaky barriers: beaver dams and engineered barriers.

1.2.2 Natural beaver dams

Although beaver dams have similarities with LWD accumulations, they have been investi-

gated as their own category of obstruction. In Belgium, Nyssen et al. (2011) found that

high flows decreased and low flows increased with the reintroduction of beavers. They

standardised the discharge with precipitation, but the time series data were only available

for six years after the dams were established, which is not long enough to make statements

about extreme events. In Devon, Puttock et al. (2017) found that flood waves were at-

tenuated through a dammed reach, but there were no baseline data, and so it is unclear

how much attenuation would have been expected without the beaver dams. In contrast,

Puttock et al. (2020) did use baseline data for four sites across the UK and came to the

same conclusion. Westbrook et al. (2020) found that beaver dams even attenuated a large
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Natural Dam
£50

Board Dam
£100-£150

Wedged Log Dam
>£50

Leaky Woody Dam
£50-£100

Three Log Dam
>£50

Figure 1.4: Engineered barriers and their approximate costs, based on Thames21 (2021).

flood event in the Canadian Rocky Mountains. Beavers have recently been reintroduced

to Essex as part of a flood management scheme (Environment Agency, 2018). It would

be interesting to see how this project develops as there is potential for beaver dams to

attenuate floods, but it is clear that the strength of any results will be limited by the

length of the observed record, which is a wider problem with the research on nature-based

solutions (Dadson et al., 2017; Ngai et al., 2017).

1.2.3 Engineered barriers

Leaky barriers intentionally installed for flood attenuation purposes can have different forms

and materials, as illustrated by Figure 1.4. They can directly mimic natural LWD dams or

appear more engineered. They can even include living vegetation. As with natural LWD

dams, different barriers will have different impacts on the flow. For instance, a wedged log

dam will likely cause less temporary storage than a board dam due to its increased leakiness,

and a three log dam stretching out onto the floodplain will only impact overbank flows

due to its height (Thames21, 2021).

An early case study for assessing the impact of leaky barriers is the Belford catch-

ment in Northumberland (Figure 1.2). The community at risk of flooding was too small

to qualify for expensive flood walls, and so a group of organisations came together to

explore alternative options. They built 30 RAFs, including LWD barriers and online ditch

barriers (Wilkinson et al., 2010; Nicholson et al., 2012; Quinn et al., 2013). The results
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were more qualitative than quantitative, especially for the online features; however, Quinn

et al. (2013) do provide some useful practical guidelines. For example, to comply with

Environment Agency regulations, it is best to put online features in headwater streams

where the upstream contributing area is smaller than 2km2. Moreover, they found that

it is difficult to estimate the temporary storage created by the barriers, which makes it

difficult to understand how the barriers behave in transient flood scenarios.

While leaky barriers are popular, they were not commonly monitored as recently as

2017 (Dadson et al., 2017; Ngai et al., 2017). This is unfortunate because there is no way

of evaluating their performance in the field without extensive monitoring. In a relatively

early study in Germany, Wenzel et al. (2014) took a controlled, scientific approach to

assessing the performance of leaky barriers in flood events. They installed entire trees

lengthways into a creek and released water from a rafting pond upstream, simulating a

3.5-year flood event many times. With these barriers, the average hydrograph peak was

delayed and slightly flatter but not attenuated.

Fortunately, much more research has emerged in the last few years, at least in the

UK. In the South Pennines, Shuttleworth et al. (2019) installed and monitored the effect

of blocking moorland gullies with stone and timber dams, undertaking a before-after-

control-intervention study. While peat re-vegetation increased the lag time by 106% and

decreased the peak flow by 27% on its own, combining peat re-vegetation with gully block-

ing increased the lag time by a further 94% and decreased the peak flow by a further 24%.

This demonstrates the great potential of leaky barriers to slow down flows in combination

with other measures, albeit at the micro-catchment scale. In Gloucestershire, Taylor and

Clarke (2021) investigated two leaky barrier sites and a control over five flow rates. The

barriers had little impact on low flows but induced a backwater effect at high flows. In

Bolton, Norbury et al. (2021) found that, following the installation of five willow leaky

barriers on a 130m stretch of floodplain, peak flows were reduced by an average of 27.3%,

but only by 4.3% during storm events.

Moreover, there is ongoing research into this topic. For instance, monitoring is cur-

rently being undertaken by Powell et al. (2021) at a stretch of river in Berkshire with over

30 leaky barriers and Muhawenimana et al. (2021) at a stretch of river in Shropshire with
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Figure 1.5: Leaky barrier experiment in the swale at Newcastle University’s National Green

Infrastructure Facility. Flow from right to left.

Figure 1.6: Measurement flume for Q-NFM project at Lorton, Cumbria.

105 leaky barriers. Meanwhile, at Newcastle University’s National Green Infrastructure

Facility, Starkey et al. (2020) are thoroughly monitoring the flow along a functional swale

with two leaky barriers, as pictured in Figure 1.5. In Cumbria, the Q-NFM project is taking

a slightly different approach by gauging 18 micro-catchments with flumes as in Figure 1.6

(Hankin et al., 2021). They are comparing the flow upstream and downstream of interven-

tions, which makes it easier to isolate the effects of individual features, and investigating

temporary storage by comparing the breakthrough curves of a tracer (Chappell, 2018).

Explicitly, temporary storage can be calculated from the difference in tracer concentration

(and thus mass) between the upstream and downstream breakthrough curves (Woessner,
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2020).

Despite this recent surge of monitoring documented in the literature, results are limited

to small events in small streams, a recurring problem with field studies of nature-based

solutions (Dadson et al., 2017; Ngai et al., 2017). We need to know how the interventions

perform in large flood events at the catchment scale. This takes time as we have to wait

until a large event happens. Moreover, if we rely only on monitoring alone, then the barriers

have to be installed before they can be understood. This has the potential to be a poor

use of time and money, but at least it is better than installing barriers without monitoring

them.

1.3 Modelling leaky barriers in aggregate

If a community or consortium is going to spend their time and money installing hundreds

of leaky barriers across a catchment, they will want to put the right number of barriers in

the right places. In fact, if they choose incorrectly, they might even make floods worse by

synchronising the peaks from different parts of the river network (Pattison et al., 2014).

Modelling is a good way to explore these issues before the barriers are installed, ideally

allowing us to optimise placement and avoid synchronisation of flood peaks. However,

current modelling methods fall short of this goal. Hankin et al. (2016) set out the options

for modelling nature-based flood attenuation features, and these are very limited. Indeed,

there is no “specially designed tool” for modelling leaky barriers (Ngai et al., 2017, p.46)

and developing such a tool “is a key area for development” (Pinto et al., 2019, p.362).

Consequently, researchers have had to guess how the barriers behave so that they can

be included in models. Figure 1.7 shows the approaches taken in order of increasing

complexity. Note that this is an overlapping but different categorisation to the review

paper of Addy and Wilkinson (2019), who did not consider indirect comparison or the

storage volume method.
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Figure 1.7: Current methods for including leaky barriers in hydrological and hydraulic

models.

1.3.1 Indirect comparison

The simplest method is to circumvent the modelling problem by not modelling the barriers

themselves, but rather using their measured effect to drive another model. The Slowing

the Flow Partnership (2016) did this to find out how Pickering’s leaky barriers slowed the

flow during a storm on Boxing Day 2015. There were 167 wooden dams, 187 heather

dams, 44ha of woodland, and a flood storage area with a capacity of 120,000 m3. They

used the measured peak flows from the 2015 event and similar rainfall events in 2008

and 2009 to drive a 2D hydraulic model, which gave simulated pre- and post-intervention

inundation areas. As was expected, the inundation area was smaller with leaky barriers

upstream. However, their rainfall total came from one rain gauge, which ignores spatial

variability. Moreover, they attributed 50% of the attenuation to the flood storage area

and 50% to the other measures (including the leaky barriers), which could only ever be a

rough approximation. A more direct modelling approach would be more reliable and more

useful for planning.

1.3.2 Storage volume

The flood-excess volume method (Bokhove et al., 2018) is the simplest way to model

leaky barriers directly. Here, the volume of temporary storage provided by the barriers is

estimated, and then it is removed from the flood hydrograph. For example, the storage

volumes behind online and offline barriers have been estimated with 1D hydraulic models

(Nisbet et al., 2015) and hydrological GIS tools (Norbury et al., 2018). This approach
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assumes the barrier is empty before the flood event, and so would not be effective at

modelling multi-peak events. Also, it neglects any losses through the barrier walls, thus

modelling only “static storage” instead of “kinematic storage” (Goudarzi et al., 2021), and

it does not consider the location of the barriers. These problems mean that the modelled

effects of the interventions are likely to be overestimates. Ideally, there would be a way to

include leaky barriers in the hydrological and hydraulic models themselves.

1.3.3 Model parameters

A popular method for including leaky barriers in a model is to change parameters at the

location of the barriers. Recall from (1.1) that the parameter Manning’s n is used as a

measure of roughness, and the impact of leaky barriers is often quantified in the field by

back-calculating the value of Manning’s n. Consequently, leaky barriers can be modelled

by changing the value of Manning’s n at the location of the barrier in a hydrological or

hydraulic model.

Hydrological models are based on the conservation of mass, and do not include the

conservation of momentum. Odini and Lane (2010) and Dixon et al. (2016) represented

online barriers as increased values of Manning’s n in a hydrological model. To model whole

catchments quickly and in an exploratory way, they looked only at overland flow, effectively

assuming that the catchment is already saturated before the flood event. However, the

efficiency of the model meant that many model runs could be completed with different

configurations of barrier location, and so they could find out where was best to locate the

features: not in the downstream reaches, lest they fall foul of the synchronisation problem.

These results were then used by Nisbet et al. (2015) to place Pickering’s leaky barriers.

While this modelling approach is better than not doing any modelling, it would be more

accurate to route the flow through channels using a hydraulic model as the conservation

of momentum would also be included.

Indeed, a similar approach of changing the roughness parameter has been undertaken

for 1D and 2D hydraulic models by Kitts (2010), Pinto et al. (2019), Rasche et al. (2019),

Ferguson and Fenner (2020a,b), and Macchione and Lombardo (2021). However, even

though there is better representation of the open-channel flow in hydraulic models than
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hydrological models, the representation of the leaky barriers is just as basic. Consider the

study by Rasche et al. (2019), who compared changing the Strickler roughness coefficient

(1/n) across the whole reach and only at the locations of the leaky barriers. Testing the

results against experimental data from Wenzel et al. (2014), they found that the reach-

scale modification gave better results than the more localised modification. This suggests

that the roughness parameter method is fundamentally flawed, not capturing the behaviour

of the leaky barriers as it should.

While changing Manning’s n has been used successfully to model other nature-based so-

lutions, such as floodplain planting (Thomas and Nisbet, 2007, 2016; Nisbet and Thomas,

2008; Metcalfe et al., 2016), it seems less suitable for leaky barriers. First, even if the

parameter values come from the field as in Kitts (2010), it is inappropriate to apply them

to other sites or flow conditions (Addy and Wilkinson, 2019). Grabowski et al. (2019) note

that more research is needed to find out what roughness values are suitable. Moreover, an

increased Manning’s n will impact low flows as well as high flows, and so this would not be

a good model of barriers that let low flows through unimpeded. This could be overcome

by only activating the increased Manning’s n value at higher flows, which seems to be the

method Wolstenholme et al. (2021) are currently researching within a 2D morphodynamic

model. However, an increased Manning’s n will have little effect on steeper slopes (Sholtes

and Doyle, 2011; Dixon et al., 2016), but a leaky barrier is going to provide an obstruction

either way. Consequently, while changing model parameters is a quick and easy solution,

it is not a robust one.

1.3.4 Channel geometry

A more physically-based way to model online barriers is by altering the channel geometry.

There are three main ways to do this: blockages, cross-sections, and topography (Figure

1.8). The blockage method involves using functionality built into standard 1D hydraulic

models, where the head loss across a blockage is calculated with the Bernoulli equation

to account for contraction and expansion (Innovyze, 2021; Jacobs, 2021). This was used

to model leaky barriers by Forest Research (2007), Thomas and Nisbet (2012), and Pinto

et al. (2019). The second method involves modifying the cross-section in the standard 1D
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1D Blockage 1D Cross-section 2D Topography

Figure 1.8: Methods for modelling leaky barriers by changing the channel geometry.

Weir Sluice Gate Orifice

Figure 1.9: Hydraulic structures with well-known steady-state discharge equations.

hydraulic model to represent the size and location of the leaky barrier, as done by Valverde

(2013). The third method is to represent leaky barriers as individual cells in a 2D hydraulic

or morphodynamic model, either as solid raised topography (Hafs et al., 2014; Rasche

et al., 2019; L’Hommedieu et al., 2020; Pearson, 2020) or a porous zone (Samra, 2017;

Wilhelmsen et al., 2021). Representing leaky barriers this way has a different effect to

changing the roughness. Indeed, while increasing the roughness reduces velocities at the

location of the barrier, decreasing the cross-sectional area increases velocities (Valverde,

2013). Moreover, any leakiness through the structure itself is ignored in the non-porous

methods. Again, this assumes that the barriers behave a certain way to model their impact.

1.3.5 Hydraulic structures

Finally, leaky barriers can be modelled by comparing them to well-understood hydraulic

structures such as weirs, sluice gates, or orifices (Figure 1.9). This is because the Q-h

relationship at these structures—an empirical equation for the discharge Q in terms of

the depth h—is already known, and so can be taken to be an approximation of the Q-h

relationship at a leaky barrier.

For example, Milledge et al. (2015) used weir equations to study the behaviour of

different barrier designs—full brow, rectangular slot, V-notch, inverted V-notch, letterbox

slot—as part of a hydrological model describing the ponded water behind each barrier.
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They found that the letterbox slot performed best, and, for each type of barrier, the

narrowest and deepest notches attenuated most. This strange result is because attenuation

needs more water coming into the pond than leaving the pond, but the more this happens,

the higher the head over the weir crest, and so the higher the discharge.

Weir equations can be combined with other hydraulic structure equations to model more

complicated barriers. Keys et al. (2018) combined weir equations with orifice equations in

a hydraulic model and Pearson (2020) combined weir equations with culvert equations in

another hydraulic model, but the most developed approach is to combine weir equations

with sluice gate equations, as pioneered by Metcalfe et al. (2015, 2017, 2018) in the

catchment-scale hydrological model Dynamic-Topmodel. Dynamic-Topmodel (Metcalfe

et al., 2015) lumps together similar areas into a Hydrological Response Unit (HRU) to

get the overall catchment runoff. Metcalfe et al. (2017) routed this runoff into a simple

diffusive wave hydraulic model, which worked by calculating the fluxes between sub-reaches

using Manning’s equation. Leaky barriers were modelled by changing from Manning’s

equation to the weir and sluice gate equations at the location of each barrier. They

found that adding the barriers resulted in a delay of the flood peaks of Storm Desmond.

However, the storage volume provided by the barriers could be underutilised, depending on

the exact configurations of the barriers and the type of storm (single- or double-peaked).

This example also demonstrates why the storage volume method, neglecting transient

storage and only including static storage, is too simple. The behaviour of leaky barriers is

inherently transient and needs to be modelled as such.

An identical representation of leaky barriers was used by Cabaneros et al. (2018) in

their network model. However, while Metcalfe et al. (2017) considered the submergence

of gates and the impacts from hillslope runoff, Cabaneros et al. (2018) did not, but they

did consider other aspects of the model. For example, they found that barriers placed in

the tributaries of a river pose less of a cascade failure risk than those in the main trunk.

This also agrees with the advice from Quinn et al. (2013) that barriers should be placed

in small headwater streams for compliance with Environment Agency regulations. Leaky

barriers can also be included in hydraulic models using the same technique (Hankin et al.,

2019). However, Hankin (2020) suggested that the small cell sizes required put such a
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constraint on the Courant number that it is not a practical method for large-scale 2D

modelling.

As well as online RAFs, Metcalfe et al. (2018) introduced offline hillslope RAFs to

Dynamic-Topmodel by lumping them all into one HRU. These were not online leaky barriers

and the fact that every RAF was part of the same HRU meant that the synchronisation

problem could not be investigated, but the study raised an important question: what is

the optimal leakiness of an RAF? Features that drained in 1 hour drained too quickly to

be useful in the largest storm events, while features that drained in 100 hours filled too

early in the smaller events. They found that a 10-hour drainage time was best. This ties

in with the findings of Milledge et al. (2015), that is, the storage ponds behind barriers

should not fill up in low flows, but should quickly increase in attenuation once a certain

threshold is crossed.

The hydraulic structure method has more potential to replicate the real-life behaviour

of online and offline barriers than the other methods. However, we are constrained by

the theoretical and empirical equations that already exist. For barriers that do not look

like combinations of well-understand traditional hydraulic structures, we need more data.

This could come from flumes, the field or, as Metcalfe et al. (2018, p.2602) suggest,

“hydrodynamic analysis of simulated individual structures situated in realistic topographic

representations.”

In a recent review paper, Addy and Wilkinson (2019) recommended that the hydraulic

structure method be investigated in more detail. Consequently, Chapter 2 of this thesis is

about this method. It outlines a new 1D model where leaky barriers are inserted into a 1D

Godunov-type scheme for the shallow water equations using internal boundary conditions.

Importantly, the chapter also compares the results with the new hydraulic flume data

presented in Appendix A.

1.4 Towards a fluid dynamics approach

There are limited detailed measurements of what happens at leaky barriers, and so there

is no agreed-upon way to represent leaky barriers in models. The key problem with the
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existing modelling approaches is that they make untested assumptions about how leaky

barriers behave individually to deduce how leaky barriers behave in a network. Consequently,

no matter how well the background model is calibrated and validated, the most important

parts of these studies—the leaky barriers themselves—are not. We must first understand

how leaky barriers behave individually, and Computational Fluid Dynamics (CFD) provides

an effective tool for this.

While open-channel flow is usually modelled using the shallow water equations, the

complex flow around the barrier is highly three dimensional, involving both water and

air. Thus, both the Navier-Stokes equations and a method for dealing with the air-water

interface are required to model even the simplest leaky barriers adequately. There is some

such CFD modelling of leaky barriers in the literature, specifically two main papers with

associated flume and meshing studies. First, Allen et al. (2008) and Lai and Bandrowski

(2014) developed methods for meshing in-channel interventions, and Allen and Smith

(2012) then investigated the effect of geometrically simplifying a piece of LWD in a CFD

simulation. As the geometry was simplified, the kinetic energy became more turbulent

and the velocity magnitude increased. Second, Xu and Liu (2017) compared three ways

to incorporate engineered logjams into a CFD model—fully resolved, porosity block, and

a solid barrier—comparing the results with flume experiments by Gallisdorfer et al. (2014)

and Bennett et al. (2015). They found that all three approaches gave fairly similar results

downstream from the barrier, but different results at the barrier itself. Both these CFD

studies used the fixed-lid approach to dealing with the free surface, where the free surface

location is an input to the model, rather than an output (Bates et al., 2005). This is

a major limitation as it means that the method could not be used to investigate the

backwater effect of different leaky barrier designs. Moreover, they focused on LWD-style

barriers rather than more engineered barriers with larger gaps.

It is important to note that CFD must be used in combination with theory and ex-

periment, not in isolation (Anderson, 1995). While the field is not controlled enough for

this, hydraulic flumes offer a suitable alternative (Friedrich et al., 2021). As mentioned

above, Xu and Liu (2017) compared their results with flume experiments by Gallisdorfer

et al. (2014) and Bennett et al. (2015). Other researchers have conducted flume studies
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without CFD modelling. For instance, Schalko et al. (2018, 2021), Okamoto et al. (2019),

Follett et al. (2020, 2021), Maricar and Maricar (2020) and Piton et al. (2020) investi-

gated the backwater effects caused by LWD, Muhawenimana et al. (2020) investigated the

backwater effects caused by more structured leaky barriers, Müller et al. (2021a,b) inves-

tigated the effect of such structured leaky barriers on fish movements, Hart et al. (2020)

investigated the wider hydraulic effects of porous barriers, and Spreitzer et al. (2020) used

structure from motion to assess LWD accumulations. It is popular to construct the LWD

models from wooden dowels; however, Perry et al. (2018) note that they behave signif-

icantly differently than LWD models constructed from natural materials. Friedrich et al.

(2021) provide a full review of LWD flume studies, citing 50 studies from 1957–2021, 12

of which were published in 2020 alone. Clearly, there is currently much interest in this

area of research. However, using theory and experiment in isolation from CFD means that

detail and flexibility are lost.

A fluid dynamics approach combining CFD experiments and flume studies is ideal for

isolating how different types of leaky barrier behave. The majority of the thesis is about

this kind of detailed modelling with the Navier-Stokes equations. Chapter 3 outlines the

theoretical background for CFD, Chapter 4 applies OpenFOAM (Weller et al., 1998)

to model three-dimensional non-fixed-lid flow around leaky barriers, comparing with new

hydraulic flume data presented in Appendix A, and Chapters 5–6 develop a new free-surface

solver and work towards using it to model leaky barriers. As in Chapter 2, the numerical

methods developed in Chapters 5–6 use high-resolution shock-capturing Godunov-type

schemes with Riemann solvers, a focus of this research.

The ultimate goal this project works towards is to extract information from CFD mod-

elling and insert it into hydraulic models, which could then be used to model networks

of leaky barriers across a catchment accurately. This requires a combination of differ-

ent types of modelling—simplified modelling with the shallow water equations, detailed

modelling with the Navier-Stokes equations, and physical modelling in a flume. The com-

bination of all three is a unique contribution of this thesis.
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Chapter 2. Leaky barriers in a 1D hydraulic model

In this chapter, we investigate the hydraulic structure method for modelling leaky barriers.

Away from a leaky barrier, the movement of water can be modelled by the shallow water

equations. However, the shallow water equations are no longer valid in the vicinity of a

leaky barrier, so we need a method for inserting the behaviour of leaky barriers at their

location. We do this here using internal boundary conditions. The work in this chapter has

been published in Leakey et al. (2020). Before describing the model and its application,

this chapter introduces Godunov-type schemes, the numerical method used both for the

shallow water equations here and for the Navier-Stokes equations in Chapters 5–6.

2.1 Introduction to Godunov-type schemes

2.1.1 A dam break

Consider water at rest behind a dam (not a leaky dam). The dam is instantaneously

removed. What happens next? Properties of the 1D shallow water equations say that

a smooth wave called a rarefaction will form, with its two ends propagating in opposite

directions at constant speeds away from where the dam was, as illustrated in Figure 2.1. If

we generalise this idea to arbitrary depths and velocities on either side of the dam, we have

what is called a Riemann problem. Formally, let U be the vector of conserved variables

which, for the shallow water equations, is

U =

 h
hu

 (2.1)
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Figure 2.1: Exact solution to dam break with 1D shallow water equations. Initial conditions

given by black line. Green lines are equally-spaced snapshots between t = 0.1s and t =

0.7s. Based on Toro (2001, p.114).

where h is depth and u is average velocity. The initial conditions of the Riemann problem

are

U(x, 0) =


UL if x < 0

UR if x ≥ 0

(2.2)

where UL and UR are constants and we seek to find U(x, t).

Different wave patterns can form depending on the initial conditions (Toro, 2001). First

note that there are two types of nonlinear waves: rarefactions and shocks. Rarefaction

waves are marked by diverging characteristics and result in smooth variations of all the

variables across the wave. Shock waves are marked by converging characteristics and result

in discontinuous variations of all the variables across the wave. If both sides of a Riemann

problem have non-zero depth, then the resulting wave pattern will be a rarefaction wave

and a shock wave, two rarefactions, or two shocks. For the 2D shallow water equations,

there will also be a contact wave between the two nonlinear waves, which is marked by

parallel characteristics across the wave and results in a discontinuity in the tangential

velocity.

2.1.2 Riemann solvers

Riemann problems are the building blocks of a Godunov-type scheme (Godunov, 1959).

Godunov-type schemes are based on the finite volume method, where variables are stored
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at the cell centres and advanced in time by calculating the fluxes at cell interfaces. The

novelty of a Godunov-type scheme specifically is that the fluxes are calculated using a

Riemann solver, the values at either side of the cell interface giving the initial conditions

for the Riemann problem. The Riemann solver can be exact or approximate; popular

approximate Riemann solvers include HLL (Harten et al., 1983), HLLC (Toro et al., 1994),

Roe (Roe, 1981), and Osher (Osher and Solomon, 1982).

2.1.3 Capturing shocks

Since Riemann solvers include the wave structure of Riemann problems either directly or

indirectly, Godunov-type schemes are shock-capturing, that is, they can deal with discon-

tinuous solutions of the governing equations without generating spurious oscillations or

excessive smearing (Toro, 2001). For the 1D shallow water equations, this means that

Godunov-type schemes can capture rapidly varying flows, transcritical flows, bores, and

hydraulic jumps. We only consider the 1D shallow water equations in this chapter, but we

develop a Godunov-type scheme for different governing equations in Chapters 5–6, also

taking advantage of the shock-capturing capabilities.

2.2 Numerical scheme

The 1D shallow water equations are a set of nonlinear, hyperbolic partial differential equa-

tions. They are derived from the Navier-Stokes equations by assuming that vertical ac-

celeration is negligible (Toro, 2001; LeVeque, 2004). They can be written in conservative

form as

∂U

∂t
+
∂F

∂x
= S, (2.3)

where the vector of conserved variables, flux vector, and source term vector are

U =

 h
hu

 , F =

 hu

hu2 + 1
2
gh2

 and S =

 0

gh(Sb − Sf )

 , (2.4)

respectively, and h is the water depth, u the depth-averaged velocity, g the gravitational

acceleration, Sf the friction slope, and Sb the bottom slope.
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We use a finite volume Godunov-type scheme. One splitting scheme for the inhomo-

geneous equations (2.3) is the explicit time-marching formula

Un+1
i = Un

i −
∆t

∆x
(Fni+1/2 − Fni−1/2) + ∆tSni , (2.5)

where Un
i is the average value of U in cell i at time tn (Toro, 2001).

Alternatively, we can obtain a second-order scheme using the semi-discrete method,

which treats the space and time discretisations separately (Toro, 2009). We discretise in

space but not time to get the ordinary differential equation

dUi

dt
= −

1

∆x
(Fi+1/2 − Fi−1/2) + Si . (2.6)

Then we can use a second-order Runge-Kutta method to solve (2.6). Following Liang and

Marche (2009), let

U∗i = Un
i + ∆tKi(Un

i ) (2.7)

where

K(Un
i ) = −

1

∆x
(Fni+1/2 − Fni−1/2) + Sni . (2.8)

This is equivalent to (2.5), but second-order accuracy in time is obtained using

Un+1
i = Un

i +
1

2
∆t(K(Un

i ) +K(U∗i )). (2.9)

To use equation (2.9), the time step ∆t, interface fluxes Fni+1/2 and Fni−1/2, and source

term Sni need to be found.

For stability, each time step ∆t is obtained using the Courant-Friedrichs-Lewy condition

∆t = CFL
∆x

max(|u|+ a)
(2.10)

where a =
√
gh and CFL ∈ (0, 1] is the Courant number (Toro, 2001). The value of CFL

is fixed at the start of the simulation, although the first time step is set to be ∆t = 10−5s.

This is because the particle velocity u does not contribute to the wave speed at the start of

a simulation when its initial condition is zero. However, the velocity will instantly increase

drastically in simulations such as dam breaks, meaning that a first time step based on a

particle velocity of zero could be too large for stability (Toro, 2009).
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The HLL Riemann solver (Harten et al., 1983) is used to estimate the flux through

the cell interface. Suppose the conserved variables to the left of a given interface are UL

and those to the right are UR. Then the flux through the interface is approximated by

F =


FL if 0 ≤ SL
SRFL−SLFR+SLSR(UR−UL)

SR−SL if SL ≤ 0 ≤ SR

FR if SR ≤ 0

, (2.11)

where SL and SR are approximate wave speeds in the Riemann problem, estimated here

using the adaptive method of Glenis et al. (2018). In this method, an initial guess is given

for the depth in the star region using a two-rarefaction approximation:

h0 =
1

g

(
1

2
(aL + aR) +

1

4
(uL − uR)

)2

(2.12)

If this depth h0 is less than hL and hR, then the two-rarefaction approximation is kept to

get h∗ = h0. Otherwise, a two-shock approximation is used to get

h∗ =
pLhL + pRhR + uL − uR

pL + pR
(2.13)

where

pK =

√
g(h0 + hK)

2h0hK
(2.14)

for K = L,R. Now, if h∗ > hL, then the left wave is a shock and

SL = uL − aL

√
0.5(h∗ + hL)h∗

hL
, (2.15)

otherwise

SL = uL − aL. (2.16)

Similarly, if h∗ > hR, then the right wave is a shock and

SR = uR + aR

√
0.5(h∗ + hR)h∗

hR
, (2.17)

otherwise

SR = uR + aR. (2.18)

For second-order accuracy in space, the left and right Riemann states UL and UR are

found using MUSCL-type extrapolation (van Leer, 1976) with a minmod slope limiter as

25



CHAPTER 2. LEAKY BARRIERS IN A 1D HYDRAULIC MODEL

in Liang and Marche (2009). At the interface between the i th and (i + 1)th cells, which is

indexed by i + 1/2, the left and right Riemann states are calculated as

UL
i+1/2 = Ui +

∆x

2
∇Ui , (2.19)

UR
i+1/2 = Ui+1 −

∆x

2
∇Ui+1 (2.20)

with the gradient ∇Ui limited by

∇Ui = minmod

(
Ui −Ui−1

∆x
,

Ui+1 −Ui

∆x

)
(2.21)

where the minmod slope limiter is defined as

minmod(a, b) =


min(a, b) if a, b ≥ 0

max(a, b) if a, b ≤ 0

0 otherwise

. (2.22)

This requires two ghost cells at each boundary.

Despite the governing equations (2.3) containing source terms, only the homogeneous

case was considered when finding the flux. The bed slope source term

ghSb = −gh
∂zb
∂x

(2.23)

is incorporated into the time-marching formula (2.9) via equation (2.8) at the end of each

time step. A central difference approximation gives

Sni =

 0

−ghni
zb,(i+1/2)−zb,(i−1/2)

∆x

 (2.24)

as in Liang and Marche (2009). In contrast, the friction source term Sf is split from the

homogeneous part (Toro, 2009) into an ordinary differential equation

dq

dx
= −ghSf (2.25)

solved implicitly at the start of each time step with

qn+1 = qn − ∆tgh
u|u|n2

R4/3

/(
1 + 2∆t g

|u|n2

R4/3

)
(2.26)

as in Liang and Marche (2009), where R is the wetted perimeter. This is stable for high

values of Manning’s n, which may be useful when comparing different ways to model leaky

barriers.
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2.3 Internal boundary condition

Suppose there is a leaky barrier located exactly at the interface between the cells i and

i + 1, that is, at the interface i + 1/2. The interface flux Fni+1/2 needed for the time-

marching formula (2.9) has two components: the mass flux hu = q and the momentum

flux

hu2 +
1

2
gh2 =

q2

h
+

1

2
gh2. (2.27)

Unless the water is shallow enough to flow unimpeded below the barrier, these fluxes

cannot be found using the Riemann solver (2.11)—there is a leaky barrier obstructing the

flow and so the shallow water equations (2.3) are no longer valid.

There are different ways to solve these Riemann problems at structures. In the an-

alytical option, the equations of discharge and energy conservation at the structure are

solved simultaneously to the wave structures in the rest of the domain. For instance,

broad-crested weirs (Cozzolino et al., 2014a,b) and constrictions and obstructions (Coz-

zolino et al., 2017; Pepe et al., 2019) can be represented by a non-conservative product

(Dal Maso et al., 1995) in the shallow water equations, and broad-crested weirs (Coz-

zolino et al., 2014a,b) and sluice gates (Cozzolino et al., 2015) can be represented by

the steady-state discharge equations of the hydraulic structure. In the numerical option,

the most widespread method is to calculate the numerical mass and momentum fluxes

using the steady-state equations that describe the flow through the hydraulic structure

in question, which seems to have originated with Zhao et al. (1994). This was used by

Morales-Hernández et al. (2013), Cozzolino et al. (2015) and Cui et al. (2019) to model

sluice gates, Bogoni et al. (2015) to model sharp-crested weirs, and Echeverribar et al.

(2019) to model levees. Cui et al. (2019) found this method performed better than simply

changing the mass source term, and Echeverribar et al. (2019) found that, even though

it ignores the effect of tangential flow in 2D simulations, the effect is minimal. Another

method is that of Jaafar and Merkley (2010), who solved the sluice gate equations si-

multaneously with the characteristic equations. No matter the method, it is important

to recognise that the hydraulic structure will often have multiple operating conditions,

and thus the algorithm should reflect this. For example, both Bogoni et al. (2015) and
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Cozzolino et al. (2015) used the method of Lin et al. (2002) to distinguish between free

and submerged flow conditions. This then allowed them to set suitable values of h and u

at the internal boundary, according to whether there was subcritical or supercritical flow

at either side.

We follow the method used by Cozzolino et al. (2015) for modelling sluice gates. There

are two steps. First, find the mass flux q through the hydraulic structure using a well-

understood steady-state discharge equation. Second, find some depth h to substitute into

(2.27) to get the momentum flux. This general method will now be applied to a simple

horizontal leaky barrier, using the data presented in Appendix A.1.

2.3.1 Conceptual model

As outlined in Appendix A.1, we model a simple horizontal barrier. There will always

be flow under the barrier, and there may be flow over the barrier during high flows. In

the Wallerstein et al. (2001) classification system, it is an underflow jam (Figure 1.3).

Such barriers have been mathematically modelled by adding together the sluice gate and

rectangular weir equations (Metcalfe et al., 2017; Cabaneros et al., 2018).

The physically-based models of Samani and Mazaheri (2009) suggest that there are

five possible operating stages for a combined gate and weir structure, as illustrated in

Figure 2.2. These are:

1. Gate operating freely, no weir overflow

2. Gate submerged by tailwater, no weir overflow

3. Gate and weir operating freely

4. Gate submerged by tailwater, weir operating freely

5. Gate and weir submerged by tailwater

In stages 1-2, the barrier acts as a sluice gate, while in stages 3-5, the barrier acts as

a combined sluice gate and rectangular weir. The differences within these two groups

depend on the depth of the tailwater and the location of the associated hydraulic jump.
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hL

hRa0

a1

1 2 3 4 5

Figure 2.2: The leaky barrier model: definition sketch and five conceptual operating stages,

based partially on Samani and Mazaheri (2009). White areas depict circulating water in a

hydraulic jump.

Different discharge equations are used if a gate is operating freely, as in stages 1 and 3, or

with its vena contracta submerged by a hydraulic jump, as in stages 2, 4, and 5 (Swamee,

1992). Similarly, different discharge equations are used if a weir is operating freely, as in

stages 3 and 4, or if it is submerged, as in stage 5. Although in reality the gate and weir

flows will interact (Negm et al., 2002, 2004; Duru, 2014), the interaction is ignored in

this chapter, and the gate and weir discharges are simply added together, as in Metcalfe

et al. (2017) and Cabaneros et al. (2018).

2.3.2 Numerical model

Let the depth of the base of the leaky barrier be a0 and the top a1, and assume that the

flow is from left to right (Figure 2.2). First, assume that the gate and weir are operating

freely. The gate flow is given by the classical equation

qg = Cga0

√
2ghL. (2.28)

Here, the discharge coefficient Cg is a function of the upstream depth hL,

Cg = Cc

√
1

1 + Cca0/hL
(2.29)
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where Cc is the contraction coefficient, as described by Cozzolino et al. (2015). The weir

flow is given by

qw =
2

3

√
2gCw(hL − a1)3/2, (2.30)

where Cw is a constant. Ignoring any interactions between the gate and weir, the combined

flow is given by

q = qg + qw . (2.31)

If the gate is operating freely, then there is supercritical flow downstream of the barrier,

as illustrated in stages 1 and 3 of Figure 2.2. The depth of this supercritical flow, denoted

hsup, is calculated iteratively using an energy balance either side of the barrier, as in

Bogoni et al. (2015) and described in the following section. Following Lin et al. (2002)

and Cozzolino et al. (2015), if hR is less than the conjugate depth of hsup, then there is

sufficient momentum to push the hydraulic jump downstream and the gate is operating

freely. Otherwise the gate is submerged (stages 2, 4, and 5). In these cases, the submerged

flow equation of Henry (1950) is used to find a reduced value of Cg,

Cg = KCc

√
1−

h′

hL
(2.32)

where

h′

hL
=

K2 ±

√
K4 + 4A

(
A
(
hR
a0

)2

−
(
hL
a0

)
K2

)
2A

(2.33)

and

K =
1√

1−
(
Cca0

hL

)2
, A =

1

4Cc

(
1− Cca0

hR

) . (2.34)

Here, the discharge coefficient Cg is a function of hR as well as hL. This is the most suitable

submerged discharge equation when there are no calibration data (Sepulveda et al., 2009;

Cozzolino et al., 2015); however, it does add a degree of uncertainty due to its purely

theoretical nature. Additionally, if hR is deeper than the critical depth over the weir,

then the weir is also submerged (stage 5). In this case, the submerged flow equation of

Villemonte (1947) is used to modify qw , multiplying it by(
1−

(
hR − a1

hL − a1

)n)m
, (2.35)
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where m = 0.185 and n = 1.5, to make qw also a function of hR as well as hL.

The discharge equation (2.31) provides the mass flux hu = q, which is the same

leaving the left-hand cell as entering the right-hand cell. The momentum flux (2.27) is

more difficult as it needs a value for h as well as q, and h is different in each cell due to

the discontinuity created by the leaky barrier. For the momentum flux from the left-hand

cell, the depth h in (2.27) is hL. For the flux into the right-hand cell, the depth h in (2.27)

is hsup for stages 1 and 3, and hR for stages 2, 4, and 5.

2.3.3 Establishing discharge coefficients and energy losses

The internal boundary condition used in the 1D model is based on equations with em-

pirical parameters. These parameters were found for the flume experiments presented in

Appendix A.1 by analysing the measured depths immediately upstream and downstream

of the barrier. First, as the slots either side of the barrier reduced the barrier width to

0.264m, the discharge equation (2.31) was multiplied by the ratio 0.246/0.294 ≈ 0.84.

The discharge equation requires two more coefficients: the gate contraction coefficient Cc

and the weir discharge coefficient Cw . For each of the 52 free-flow experiments, the depth

measurements at x = 11m were plugged into the discharge equation, with this predicted

discharge then compared with the measured discharge as in Figure 2.3. The coefficients

Cc = 0.70 and Cw = 0.70 were found to give the best fit with the measurements, and so

they were used in the numerical model.

Second, in free-flow conditions, an energy balance is required to find the depth of the

supercritical flow downstream of the leaky barrier, hsup. Bernoulli’s equation gives

hL +
(q/hL)2

2g
= hsup +

(q/hsup)2

2g
+ ∆E. (2.36)

Note that the change in the channel bed elevation ∆zb is not included in (2.36) since we

are considering values at the cell interface i + 1/2. The effect of the bed slope is taken

into account in the source term.

If we ignore energy loss (i.e. assume ∆E = 0) and solve (2.36) iteratively for hsup, the

water exits the leaky barrier too quickly in the 1D model, resulting in the hydraulic jump

occurring further downstream than observed. However, the upstream backwater effect is
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Figure 2.3: Measured depth-discharge relationship (circles) and the empirical discharge

equation with Cc = 0.70 and Cw = 0.70 (lines) for each barrier configuration. Only

includes free-flow scenarios where the depth is greater than the gap underneath the barrier.

captured well, indicating that the problem is not in the value of q, which determines the

mass flux. This is demonstrated in Figures 2.9–2.16. Therefore, a method for estimating

∆E in (2.36) was required. Incorporating energy losses into the momentum flux like this

is reported elsewhere in the literature, for example, for 1D flow around islands (Franzini

et al., 2018).

To find a function for these energy losses, they were first approximated for each of the

52 free-flow experiments using Bernoulli’s equation:

∆E = hus +
(q/hus)

2

2g
− hds −

(q/hds)
2

2g
− ∆zb, (2.37)

where q is the measured discharge, hus is the depth measurement at x = 11m, and hds is a

depth measurement downstream of the leaky barrier, generally at x = 12m. In some cases

hds was taken to be at x = 11.15m or x = 11.30m instead, depending on the position of

the hydraulic jump and weir nappe. Note that ∆zb is included in (2.37) because the depth

measurements were taken up to 0.3m away from each other. This analysis resulted in the
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Figure 2.4: Estimated measured energy losses (circles) and the regression equation (2.38)

(lines) for each barrier configuration. Only includes free-flow scenarios where the depth is

greater than the gap underneath the barrier.

regression equation

∆E = 0.012− 0.362 · a0 + 0.205 · hus (2.38)

which gave R2 = 0.48, plotted in Figure 2.4. This is included in the 1D model by replacing

hus with hL in (2.38), and then plugging ∆E into (2.36) when finding the supercritical depth

hsup.

2.4 Benchmarking

The 1D scheme without a leaky barrier was tested to check if it correctly solved the

shallow water equations (2.3). These benchmarks included two steady-state and one

transient case. Then the 1D scheme with a leaky barrier operating as a sluice gate (stages

1 and 2) was tested against three further benchmarks. Unless otherwise noted, a Courant

number of C = 1.0 was used.
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2.4.1 Subcritical flow

To verify that the scheme can deal with topographical variations, the first benchmark was

steady-state subcritical flow over a bump (Delestre et al., 2013). The domain has length

l = 25m and the bed is flat apart from the small bump:

zb(x) =


0.2− 0.05(x − 10)2 if 8 < x < 12

0 otherwise

. (2.39)

The upstream boundary condition is q(0) = 4.42m2/s, the downstream boundary condition

is h(25) = 2m, and the initial conditions are q(x) = 4.42m2/s and h(x) = 2m. Figure

2.5 shows that the results settle to the correct steady-state solution which, by Bernoulli’s

principle, is h(x) where

h(x)3 +

(
zb(x)−

q2

2gh(0)2
− h(0)

)
h(x)2 +

q2

2g
= 0. (2.40)

2.4.2 Transcritical flow with Manning’s n

To verify that the scheme can deal with transcritical flows and friction represented by Man-

ning’s n, the second benchmark was a steady-state transcritical flow case from Delestre

et al. (2013). Full derivations of the benchmark can be found in Tuoi (2008) and a pro-

grammed example in Roberts et al. (2019). The idea behind the derivation is backwards:

set the location of the hydraulic jump, here xs = 200/3m for a domain of l = 100m, form

the depth h(x) as a polynomial of

r(x) = x − xs =
x

100
−

2

3
, (2.41)

then do some integration to get zb. So, for the polynomial, we have

h(x) =


(

4
g

)1/3 (
4
3
− x

100

)
− 9x

1000
r(x) if x ≤ xs(

4
g

)1/3

(a1r(x)4 + a1r(x)3 − a2r(x)2 + a3r(x) + a4) otherwise

(2.42)

34



2.4. BENCHMARKING

0

1

2

W
at

er
 le

ve
l (

m
)

0 5 10 15 20 25
x (m)

2.2

2.4

2.6

Ve
lo

cit
y 

(m
/s

)

Figure 2.5: Exact (black lines) and numerical (green circles) solution for subcritical flow.
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Figure 2.6: Exact (black lines) and numerical (green circles) solution for transcritical flow.
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Figure 2.7: Exact (black lines) and numerical (green circles) solution for Riemann problem.
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where a1 = 0.674202, a2 = 21.7112, a3 = 14.492, and a4 = 1.4305. Now note that, for

steady-state cases with wide channels, the shallow water equations (2.3) reduce to

∂zb
∂x

=

(
q2

gh(x)3
− 1

)
∂h

∂x
− Sf (2.43)

=

(
q2

gh(x)3
− 1

)
∂h

∂x
−

n2q2

h(x)10/3
(2.44)

Setting the steady-state discharge to be q = 2m2/s and Manning’s n = 0.0328, integrate

(2.44) numerically to get the value of zb(x) across the domain. This zb was used to drive

the model, with the upstream boundary condition q(0) = 2m2/s and downstream boundary

condition h(100) coming from (2.42). Figure 2.6 shows that, when the simulation settles

to a steady state, it matches up well with the exact solution from (2.42) with only a small

error in the location of the hydraulic jump.

2.4.3 Transcritical rarefaction Riemann problem

To verify that the scheme can capture shocks, the third benchmark was a Riemann problem

from Toro (2001). This Riemann problem is designed to test how well a numerical method

resolves a transcritical rarefaction, that is, a rarefaction that passes through a point where

u = a. The initial conditions are

h(x) =


1.0 if x < 40

0.1 otherwise

and q(x) =


2.5 if x < 40

0.0 otherwise

(2.45)

across a domain of length l = 80m. The exact solution can be found using the rarefaction

and shock wave relations (Toro, 2001). First, solve the depth functions for h∗ and u∗,

determine the left and right waves (in this case a left rarefaction and right shock), then

find the rarefaction wave fan. Figure 2.7 shows that the numerical method performs well.

In particular, the shock speed and size is correct, there are no spurious oscillations, and

there is no “rarefaction shock” (Toro, 2001, p.121) caused by the critical point.

2.4.4 Sluice gate Riemann problems

The internal boundary condition generalises the numerical method of Cozzolino et al.

(2015). In the same paper, exact solutions to Riemann problems where a sluice gate
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separates the two Riemann states were also derived. As the leaky barrier can operate as

a sluice gate (stage 1 and 2), these benchmarks were used to test the 1D model. In all

three cases, the gap under the barrier was set to be a0 = 0.2m. The initial conditions for

discharge were set to be q(x) = 0 everywhere and the depth set to be

h(x) =


1.0 if x < 50

hR otherwise

(2.46)

where hR = 0.002, 0.2, 0.6m for each case respectively. Deriving the exact solution is

similar to the exact Riemann solver (Toro, 2001), but complicated by the presence of the

sluice gate. The approach for each of the three cases was, respectively:

• (Left rarefaction ↔ free gate) → (left rarefaction ↔ right shock). Here, a left

rarefaction is solved simultaneously with the free gate equation (2.28) to obtain the

state just upstream of the gate. Continuity gives the state just downstream of the

gate, and then a left rarefaction is solved simultaneously with a right shock.

• (Left rarefaction↔ free gate)→ (left shock↔ right shock). Here, a left rarefaction

is solved simultaneously with the free gate equation (2.28) to obtain the state just

upstream of the gate. Continuity gives the state just downstream of the gate, and

then a left shock is solved simultaneously with a right shock.

• Left rarefaction↔ submerged gate↔ right shock. This is more difficult as informa-

tion travels in both directions across the barrier. First, the set of possible submerged

states (2.28) that can be linked to a left rarefaction is defined. This is then solved

simultaneously with a right shock to get the state just downstream of the gate. By

continuity, this can then be intersected with a left rarefaction.

Figure 2.8 shows that the wave structure, speeds, and strengths are accurate in all

three wet-bed cases, but the first test case requires a smaller Courant number to obtain

accurate results. This demonstrates the shock-capturing capabilities of the scheme under

transient conditions when leaky barriers are included.
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Figure 2.8: Exact (black lines) and numerical (green circles) solutions for Riemann prob-

lems at sluice gates, based on Tests 3-5 from Cozzolino et al. (2015) with Cc = 0.61 and

∆E = 0.

2.5 Steady-state flume experiments

The 1D model should be able to recreate longitudinal profiles for each of the 55 steady-

state flume scenarios from Appendix A.1. This was tested by using the parameters from

Section 2.3.3 for the internal boundary condition, the measured discharge as an upstream

boundary condition, and the depth measurement at x = 17.8m as a downstream boundary

condition. As the grid size was set to be ∆x = 0.05m, the leaky barrier was located at

x = 11.15m, one centimetre away from its real placement. The Courant number was set

to be C = 1.0 and the model run until it reached a steady state.

The water surface profiles of all 55 experiments are displayed in Figures 2.9–2.16.

Note that the weir overflow is squeezed into the leaky barrier cell interface, so it is modelled

even though it is not plotted. First recall that the internal boundary condition introduces

two new pieces of information into the domain: the discharge through the barrier and

the supercritical depth downstream of the barrier. The first piece of information travels

both upstream and downstream from the barrier, whereas the second piece of information

travels only downstream from the barrier. Generally, the profile upstream of the barrier
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Figure 2.9: Results for configuration (a). Observations (black crosses), simulations with-

out energy losses (dotted green line), and simulations with energy losses (solid green line).

is simulated well by the model, reflecting the lack of scatter in the discharge equation

shown in Figure 2.3. The profile downstream of the barrier is subject to more error,

reflecting the poor R2 value for the ∆E equation (2.38) and the resulting scatter in Figure

2.4. In particular, cases where the depth is only slightly greater than the gap beneath the

barrier are subject to more error, which may be attributable to how quickly the depth profile

changes once the barrier is reached, and thus these cases are sometimes better represented

by the model without energy losses. Despite this, the downstream profile is still captured

accurately by the model in most cases. Moreover, as there were no velocity measurements

across the flume, the location of the hydraulic jump is a proxy for the velocity. Its accurate

placement thus suggests that the model accurately simulates the velocities.

It is interesting to note that the submerged states are recreated well, considering that

the two parameters of (2.31) were calibrated for the free-flow conditions, and it is only the

equations of Henry (1950) and Villemonte (1947) that were used to generalise these to

submerged flow. This is important because leaky barriers are installed in series, and so the

backwater effect from a downstream barrier may influence the hydraulics of an upstream

barrier.
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Figure 2.10: Results for configuration (b). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.11: Results for configuration (c). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.12: Results for configuration (c). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.13: Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.14: Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.15: Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.16: Results for configuration (d). Observations (black crosses), simulations

without energy losses (dotted green line), and simulations with energy losses (solid green

line).
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Figure 2.17: Longitudinal profiles at t = 0.0, 1.4, 2.8, 4.2, 5.6, 7.0s for the dam break

simulations for configurations (a)-(d).

2.6 Transient experiments

Finally, to demonstrate the transient functionality of the 1D model, it was used to simulate

a dam break in the flume for each configuration (a)-(d). The initial conditions were

h(x) =


0.20 if x < 8

0.02 otherwise

(2.47)

with an upstream boundary condition of q = 0.06m2/s. Again, the grid size was set to

be ∆x = 0.05m. The results, shown in Figure 2.17, are similar to video footage from

the flume experiments. However, there is currently no quantitative data to compare them

against. Nonetheless, the hydrographs in Figure 2.18 show that the bigger barriers provide

more of an obstruction, which is to be expected.
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Figure 2.18: Flood hydrograph at x = 16m for the dam break simulations for configurations

(a)-(d).

A mesh convergence study was conducted to show that ∆x = 0.05m is fine enough for

modelling the flow. This was done by replicating the above experiment for configuration

(b) and ∆x = 0.2, 0.1, 0.05, 0.025, 0.0125m. Figures 2.19 and 2.20 show that only small

increases in accuracy are gained by increasing the mesh resolution beyond ∆x = 0.05m.

2.7 Building upon MSc dissertation

Note that the type of model in this chapter was first applied to leaky barriers in my MSc

dissertation (Leakey, 2018). This chapter builds substantially upon that work by conserving

depth instead of water level in the governing equations (2.3), improving the wave speeds

in the Riemann solver (2.11), incorporating energy losses (2.38) into the internal bound-

ary condition, benchmarking against a transcritical rarefaction Riemann problem (Section

2.4.3) and three sluice gate Riemann problems (Section 2.4.4), and testing against new

experimental data (Appendix A.1). Therefore, this chapter both improves the method and

establishes it as robust and applicable.
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Figure 2.19: Longitudinal profiles at t = 0.0, 1.4, 2.8, 4.2, 5.6, 7.0s for the dam break

simulations for ∆x = 0.2, 0.1, 0.05, 0.025, 0.0125m.
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Figure 2.20: Flood hydrograph at x = 16m for the dam break simulations for mesh sizes

∆x = 0.2, 0.1, 0.05, 0.025, 0.0125m.

2.8 Conclusion

This investigation of the hydraulic structure method addresses a specific research gap

identified by Addy and Wilkinson (2019) in their review paper. The results presented

show that representing leaky barriers as hydraulic structures is a valid method, provided

that the barrier resembles the hydraulic structure, the energy losses are incorporated into

the momentum part of the internal boundary condition, and possible submergence from

downstream backwaters is considered. Given the current interest in installing multiple

leaky barriers across catchments for flood prevention purposes, greater understanding of

potential synchronisation issues is critical. The model presented here, which provides a

first approximation of a range of natural and designed barrier types including log jams,

woody debris and beaver dams, has the potential to address this issue by putting a large

number of leaky barriers into a 1D hydrodynamic model of a channel network.

More generally, the approach taken in this chapter, using a combination of physical

and mathematical modelling, has great potential to answer questions which urgently need

addressing, as highlighted in Chapter 1. For leaky barrier designs where empirical equations

already exist, such as the letterbox slot design (Milledge et al., 2015) which can be modelled

as a large rectangular orifice with weir overflow, the approach presented here can be applied
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directly. The effect of a horizontal barrier being porous could even be incorporated, as

suggested by Follett et al. (2021). However, some barrier designs do not resemble hydraulic

structures with established equations (e.g. combinations of gates, weirs and orifices). A

fluid dynamics approach is needed to establish discharge equations.
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Chapter 3. Theory of 3D free-surface modelling

Chapter 2 introduced a method for including leaky barriers in a 1D hydraulic model. While

the results compared well against flume data, the method was limited to structures for

which the stage-discharge relationship is already known. For the rest of this thesis, we leave

the shallow water equations behind and focus on the Navier-Stokes equations, working

towards extracting information about the fundamental behaviour of leaky barriers using

Computational Fluid Dynamics (CFD). This chapter covers the theoretical background

required to understand the OpenFOAM modelling discussed in Chapter 4, and some of it

is also relevant to the new CFD solver discussed in Chapters 5–6. First, we introduce the

Navier-Stokes equations and their averaged form, before discussing turbulence modelling,

discretisation methods, and—a particular focus of this work—methods for modelling free-

surface flow.

3.1 Governing equations

3.1.1 Navier-Stokes equations

The Navier-Stokes equations describe how fluids flow in three dimensions. Conservation

of mass is expressed by the continuity equation:

∂ρ

∂t︸︷︷︸
rate of change of ρ

+∇ · (ρu)︸ ︷︷ ︸
divergence

= 0 (3.1)

while Newton’s second law gives the momentum equation:

∂

∂t
(ρu)︸ ︷︷ ︸

rate of change of ρu

+∇ · (ρu⊗ u)︸ ︷︷ ︸
divergence

= −∇p︸ ︷︷ ︸
pressure

+∇ · (µ(∇u +∇uT ) + λ(∇ · u)I)︸ ︷︷ ︸
viscous stress

+ ρg︸︷︷︸
body forces

(3.2)
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where ρ is density, u velocity, p pressure, µ dynamic viscosity, g gravity, and λ second

viscosity, which is not well understood but usually negligible (Versteeg and Malalasekera,

2007). Incompressible flows are governed by the constraint

∇ · u = 0 (3.3)

which, combined with the assumption of invariable density, renders (3.1) redundant. How-

ever, it is possible to have flows that can be modelled as incompressible with variable density

e.g. free-surface flows of water and air, and so (3.1) is not redundant for all incompress-

ible flows. Compressible flows require an energy equation and, to close the system, an

equation of state. Generally, the Navier-Stokes equations have to be solved approximately

using numerical methods.

An added complication is that fluid flow can exhibit turbulence, a property measured

by the Reynolds number

Re =
ρUL

µ
(3.4)

where U is the characteristic velocity and L the characteristic length scale. Flows with a

low Reynolds number (laminar flows) are characterised by layers of fluid that smoothly flow

in almost parallel paths with minimal mixing. In contrast, in flows with a high Reynolds

number (turbulent flows), the inertial forces dominate the viscous forces and there is

unsteady, chaotic flow featuring an energy cascade (Versteeg and Malalasekera, 2007), so

that

Big whorls have little whorls,

Which feed on their velocity;

And little whorls have lesser whorls,

And so on to viscosity.

— Lewis Fry Richardson (Pope, 2000, p.183)

The scales of this turbulence mean that the flow described by the Navier-Stokes equations

is often too detailed to be solved, even with numerical methods. This is significant because

most practical applications feature turbulent flows (Versteeg and Malalasekera, 2007).
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3.1.2 Reynolds averaging

The Navier-Stokes equations have to be simplified for practical applications. First, define

the time average of any variable x to be

x =
1

∆t

∫ t0+∆t

t0

x(t) dt. (3.5)

One way to simplify the equations is to split the velocity u into the mean u and a fluctuation

about the mean u′ so that

u = u + u′ (3.6)

for statistically stationary flows. This is called the Reynolds decomposition, and it leads

to the Reynolds-averaged Navier-Stokes equations.

Pope (2000) puts it this way. Consider incompressible flows with constant viscosity,

and note that (
∂uj
∂t

+
∑
i

∂

∂xi
(uiuj)

)
=
∂uj
∂t

+
∑
i

∂

∂xi
uiuj (3.7)

as averaging and differentiating can swap order. Then, using the definition of the Reynolds

decomposition and the simple averaging rules given in Versteeg and Malalasekera (2007,

p.62), we have

uiuj = (ui + u′i )(uj + u′j) (3.8)

=
(
ui uj + u′iuj + u′jui + u′iu

′
j

)
(3.9)

= (ui uj) + (u′iuj) + (u′jui) + (u′iu
′
j) (3.10)

= ui uj + u′iu
′
j (3.11)

and so (
∂uj
∂t

+
∑
i

∂

∂xi
(uiuj)

)
=
∂uj
∂t

+
∑
i

∂

∂xi
(ui uj + u′iu

′
j) (3.12)

=
∂uj
∂t

+
∑
i

ui
∂uj
∂xi

+
∑
i

∂

∂xi
u′iu
′
j . (3.13)
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since Σi∂ui/∂xi = 0 because of incompressibility. Rearranging, and substituting in the

momentum equation (3.2) for ρ = const, we get

ρ

(
∂uj
∂t

+
∑
i

ui
∂uj
∂xi

)
=

(∑
i

∂

∂xi

(
−pδi j + µ

(
∂ui
∂xj

+
∂uj
∂xi

))
+ ρgi

)
− ρ

∑
i

∂

∂xi
u′iu
′
j

(3.14)

=
∑
i

∂

∂xi

(
−pδi j + µ

(
∂ui
∂xj

+
∂uj
∂xi

)
− ρu′iu′j

)
+ ρgi , (3.15)

which is the Reynolds-averaged momentum equation, where δi j is the Kronecker delta func-

tion. Therefore, the only difference to replacing the velocity in the momentum equation

(3.2) by its time average is that we have this extra part

−ρu′iu′j (3.16)

which looks like a stress term. This Reynolds stress term adds more unknowns but no more

equations. To close the problem, we need more equations. The extra equations come from

turbulence models. Note that, although this derivation of the Reynolds-averaged equations

required the assumption of constant density, there are analogous equations for compressible

flows called the Favre-averaged equations (Versteeg and Malalasekera, 2007).

3.2 Turbulence modelling

3.2.1 DNS, RAS, or LES?

While turbulent flow is too detailed to be fully resolved by numerical methods, this is

a computational constraint, not a mathematical one. In fact, solving the non-averaged

Navier-Stokes equations approximately is theoretically possible—it is called Direct Numer-

ical Simulation (DNS)—but it is currently only used to research turbulence itself. This is

because flow with Re = 104 requires 109 cells and at least 100 time steps (Versteeg and

Malalasekera, 2007). Therefore, practical applications (with larger cells) need to incorpo-

rate the effect of at least some scales of the turbulence using empirical formulae. This is

called turbulence modelling.

Using the Reynolds-averaged equations is called Reynolds-Averaged Simulation (RAS)

and it is the opposite end of the spectrum from DNS. Every scale of turbulence is mod-
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elled, not resolved. That is, the Reynolds stress −ρu′iu′j is calculated using empirical

formulae, and we only have results for the temporal mean u, which does not include

any turbulence-related fluctuations (Versteeg and Malalasekera, 2007). Incidentally, even

though turbulence is inherently transient, modelling it using RAS means that we can con-

duct steady-state simulations.

Large Eddy Simulation (LES) lies between DNS and RAS. The large turbulent eddies

are directly resolved, but the effect of smaller-scale turbulence is modelled using empirical

formulae. This is done using spatial filtering which, similarly to Reynolds averaging, results

in an additional stress term called the subgrid-scale stress. However, as some eddies are

resolved directly, LES is not suitable for steady-state simulations, only transient (Versteeg

and Malalasekera, 2007).

Chapter 4 uses RAS turbulence models due to the decreased computational cost and

the fact that resolving any turbulence would give a level of detail not necessary for the

intended application. In the next sections, we consider the key RAS turbulence models

that are currently available.

3.2.2 k-ε model

The most widely used RAS turbulence model is the k-ε model of Launder and Spalding

(1974), where k = 〈u′ · u′〉/2 is the turbulent kinetic energy and ε the dissipation of the

turbulent kinetic energy. The idea of the model is to treat the Reynolds stress −ρu′iu′j
like the viscous stress, although this approach is based on intuition rather than theoretical

insight. Boussinesq hypothesised that

−ρu′iu′j = µt

(
∂ui
∂xj

+
∂uj
∂xi

)
−

2

3
ρkδi j (3.17)

where µt = ρνt is the turbulent or eddy viscosity, νt the kinematic eddy viscosity, and δi j

the Kronecker delta function. The first part of the right-hand side of (3.17) is analogous to

viscous stresses but with turbulent viscosity instead of the usual viscosity. The second part

ensures that the normal stresses sum to −ρ〈u′ ·u′〉, as required (Versteeg and Malalasekera,

2007).
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Tennekes and Lumley (1972) showed that the turbulent kinetic energy k is transported

by the equation

∂

∂t
(ρk)︸ ︷︷ ︸

rate of change of ρk

+ ∇ · (ρku)︸ ︷︷ ︸
convection of ρk

= ∇ ·

− p′u′︸︷︷︸
pressure

+ 2µu′s ′i j︸ ︷︷ ︸
viscous stress

− ρ
1

2
(u′i · u′iu′j)︸ ︷︷ ︸

Reynolds stress

− 2µ(s ′i j · s ′i j)︸ ︷︷ ︸
dissipation of ρk

− ρu′iu
′
j · si j︸ ︷︷ ︸

production of ρk

, (3.18)

where the rate of deformation si j can be decomposed into mean and fluctuating parts,

si j = si j + s ′i j =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
︸ ︷︷ ︸

mean deformation

+
1

2

(
∂u′i
∂xj

+
∂u′j
∂xi

)
︸ ︷︷ ︸

fluctuating deformation

. (3.19)

However, this is complicated, and the equation for ε is more problematic still (Versteeg and

Malalasekera, 2007). To overcome this complexity, the k-ε model simplifies the transport

equations of k and ε to

∂(ρk)

∂t︸ ︷︷ ︸
rate of change of ρk

+ ∇ · (ρku)︸ ︷︷ ︸
convection of ρk

= ∇ ·
(
µt
σk
∇k
)

︸ ︷︷ ︸
diffusion of ρk

+ 2µtsi j · si j︸ ︷︷ ︸
production of ρk

− ρε︸︷︷︸
destruction of ρk

(3.20)

∂(ρε)

∂t︸ ︷︷ ︸
rate of change of ρε

+ ∇ · (ρεu)︸ ︷︷ ︸
convection of ρε

= ∇ ·
(
µt
σε
∇ε
)

︸ ︷︷ ︸
diffusion of ρε

+C1ε

ε

k
2µtsi j · si j︸ ︷︷ ︸

production of ρε

− C2ερ
ε2

k︸ ︷︷ ︸
destruction of ρε

(3.21)

where

µt = ρCµ
k2

ε
(3.22)

and the empirical constants are Cµ = 0.09, σk = 1.00, σε = 1.30, 1ε = 1.44, and

C2ε = 1.92, which come from “comprehensive data fitting for a wide range of turbulent

flows” (Versteeg and Malalasekera, 2007, p.76).

Consider each of the terms in turn. The k and ε diffusion terms are modelled with

gradient diffusion, while the k production term is identical to that in the exact equation

(3.18) with the Boussinesq hypothesis (3.17) substituted in. Note how the ε production

and destruction terms are equal to those for k multiplied by ε/k and a constant. This is

so that k and ε increase and decrease with each other (Versteeg and Malalasekera, 2007).

While these empirical equations are much simpler than the exact equations, Wilcox (2006,
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p.129) calls their derivation “drastic surgery” and, especially for the ε-equation, no better

than dimensional analysis.

3.2.3 k-ω model

The k-ω model of Wilcox (1988) uses the turbulence frequency ω = ε/k instead of the

turbulent dissipation ε, with the eddy viscosity given by

µt =
ρk

ω
. (3.23)

The empirical k-equation is

∂(ρk)

∂t︸ ︷︷ ︸
rate of change of ρk

+ ∇ · (ρku)︸ ︷︷ ︸
convection of ρk

= ∇ ·
((

µ+
µt
σk

)
∇k
)

︸ ︷︷ ︸
turbulent diffusion of ρk

+ 2µtsi j · si j −
2

3
ρk
∂ui
∂xj

δi j︸ ︷︷ ︸
production of ρk

− β∗ρkω︸ ︷︷ ︸
dissipation of ρk

, (3.24)

the empirical ω-equation is

∂(ρω)

∂t︸ ︷︷ ︸
rate of change of ρω

+ ∇ · (ρωu)︸ ︷︷ ︸
convection of ρω

= ∇ ·
((

µ+
µt
σω

)
∇ω
)

︸ ︷︷ ︸
turbulent diffusion of ρω

+ γ1

(
2ρsi j · si j −

2

3
ρω
∂ui
∂xj

δi j

)
︸ ︷︷ ︸

production of ρω

− β1ρω
2︸ ︷︷ ︸

dissipation of ρω

, (3.25)

and the empirical constants are σk = 2.0, σω = 2.0, γ1 = 0.553, β1 = 0.075, and

β∗ = 0.09. The ω-equation is not the same as substituting ε = kω into (3.21). It has

the advantage over the k-ε model of working for low Reynolds number flows without wall-

damping functions, but the disadvantage of sensitivity to ω in the free stream (Versteeg

and Malalasekera, 2007).

3.2.4 k-ω SST model

To avail of the relative advantages of the k-ε and k-ω models, Menter (1994) blended

the two in his Shear Stress Transport (SST) model, using k-ε away from the wall and k-ω

near the wall. The only difference between the models presented above is that there is
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5 30

Viscous

sublayer

Bu�er

layer

Log-law

layer

Figure 3.1: Velocity profile in the viscous sublayer and log-law region. The buffer region

is not described well by either of these functions. Note that the log-law layer is a straight

line because the y+ axis has a logarithmic scale.

a different transport equation for ω, namely that resulting from substituting ε = kω into

(3.21),

∂(ρω)

∂t︸ ︷︷ ︸
rate of change of ρω

+ ∇ · (ρωu)︸ ︷︷ ︸
convection of ρω

= ∇ ·
((

µ+
µt
σω,1

)
∇ω
)

︸ ︷︷ ︸
turbulent diffusion of ρω

+ γ2

(
2ρsi j si j −

2

3
ρω
∂ui
∂xj

δi j

)
︸ ︷︷ ︸

production of ρω

− β2ρω
2︸ ︷︷ ︸

dissipation of ρω

+ 2
ρ

σω,2ω

∂k

∂xk

∂ω

∂xk︸ ︷︷ ︸
cross-diffusion

,

(3.26)

where there is now a cross-diffusion term due to the difference between the k-ε and k-

ω models (Versteeg and Malalasekera, 2007). Menter et al. (2003) suggested optimal

empirical coefficients of σk = 1.0, σω,1 = 2.0, σω,2 = 1.17, γ2 = 0.44, and β2 = 0.083.

3.2.5 Wall functions

Walls impose a no-slip boundary condition, giving rise to the universal velocity profile shown

in Figure 3.1. It might initially seem like very small cells are needed near walls so that the

velocity profile can be captured in sufficient detail. However, wall functions provide a way

to model near-wall flows with bigger cells, saving on computation time. First, note the
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three distinct layers in the velocity profile. There is a viscous or linear sublayer, a log-law

layer, and a buffer layer separating the two, while the outer layer lies beyond the log-law

layer. The values u+ and y+ are dimensionless groups, defined by the law of the wall:

u+ =
u

uτ
(3.27)

y+ =
ρuτy

µ
(3.28)

u+ = f (y+) (3.29)

where y is the distance from the wall, uτ =
√
τw/ρ the friction velocity, and τw the wall

shear stress (Versteeg and Malalasekera, 2007).

The function f is defined piecewise. Viscous forces dominate in the viscous sublayer

(y+ < 5), leading to the linear relationship

u+ = y+. (3.30)

Both viscous and turbulent forces are important in the log-law layer (30 < y+ < 500),

leading to the logarithmic relationship

u+ =
1

κ
ln(y+) + B =

1

κ
ln(Ey+), (3.31)

where κ ≈ 0.4 is von Karman’s constant and B ≈ 5.5 or E ≈ 9.8. However, the buffer

layer (5 < y+ < 30) is not described well by either the linear or logarithmic relationships.

One option is to mark the transition at y+ = 11.63, where the linear and logarithmic lines

intersect, but the best option is to avoid the buffer layer altogether.

If the first cells adjacent to the wall have centres within the log-law region (30 < y+ <

500), then the law of the wall (3.29) gives the friction velocity uτ at the cell centre. This

can then be substituted into the wall functions

k =
u2
τ√
β∗

, ε = β∗3/4k
3/2

κy
, ω =

k1/2

β∗1/4κy
(3.32)

to find the turbulence parameters at the cell centre (Wilcox, 2006). The turbulent viscosity

νt = µt/ρ is found either by substituting

y+ =
ρyuτ
µ

=
ρy
√
τw/ρ

µ
or y∗ =

ρyu∗
µ

=
ρy

√
C

1/2
µ k

µ
(3.33)
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into

νt = ν

(
y+κ

log(Ey+)
− 1

)
or νt = ν

(
y∗κ

log(Ey∗)
− 1

)
, (3.34)

as described by Moukalled et al. (2016). For non-equilibrium conditions, the value y∗ is

more suitable than y+ (Launder and Spalding, 1974).

This requires some level of guessing; we need to know y+ to determine the cell size

but we are doing the simulation precisely because we want to find out what the flow field

is like. If the cells are too big, then the centres will lie in the outer layer and the wall

functions will no longer be valid. If the cells are too small, then the centres will lie in the

viscous sublayer and the wall functions will no longer be valid. However, some level of

automation can be implemented in the k-ω model so that, if the cell centres are in the

viscous sublayer, then different wall functions (low Re) are used, and we just need to avoid

the outer layer (Menter and Esch, 2001).

3.2.6 Inlets and initialisation

The inlets and initial conditions must set values for the turbulence parameters. These are

based on the reference flow speed |u|, the turbulence intensity I, and the characteristic

length scale L. For the turbulent kinetic energy we have

k =
3

2
(|u|I)2, (3.35)

the turbulent dissipation rate

ε =
1

L
C0.75
µ k1.5, (3.36)

and the specific turbulent dissipation rate

ω =
1

L
C−0.25
µ k0.5. (3.37)

(Versteeg and Malalasekera, 2007; OpenCFD, 2019b). The turbulent viscosity νt is already

determined by these values so does not need to be specified explicitly. The coefficient Cµ

is used in the calculation of µt in (3.22), set to be 0.09 by default (see Section 3.2.2

above), and the turbulent intensity I is generally given by a guess, usually somewhere in

the range 1–20%. As long as the parameter values are generally sensible, they will settle

to the right value away from the inlet and starting time.
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3.3 Standard finite volume methods

The continuity and momentum equations (3.1)–(3.2) have to be solved simultaneously,

which is computationally problematic as there is no equation for pressure. A popular way to

address this problem is with a pressure-based method based on matrix inversion (Patankar

and Spalding, 1972; Issa, 1986). As this is the method generally used in OpenFOAM, it

is the focus of this section. We first outline how the governing equations are discretised

and collected into a system of equations, then how matrix solvers work, and finally what

the main pressure-based algorithms are.

3.3.1 Discretisation

First, note that the conservative Navier-Stokes momentum equation (3.2) can be written

in the more general form

∂

∂t
(ρθ)︸ ︷︷ ︸

time

+∇ · (ρuθ)︸ ︷︷ ︸
convection

−∇ · (Γ∇θ)︸ ︷︷ ︸
diffusion

= S(θ)︸︷︷︸
sources

(3.38)

where θ is an arbitrary scalar field and Γ an arbitrary diffusion coefficient. Integrating over

a computational cell Ω (Figure 3.2) gives∫∫∫
Ω

∂ρθ

∂t
dV +

∫∫∫
Ω

∇ · (ρuθ) dV −
∫∫∫

Ω

∇ · (Γ∇θ) dV =

∫∫∫
Ω

S(θ) dV. (3.39)

Let us consider each term in turn to derive the basis of the finite volume method, as in

Guerrero (2019) and OpenCFD (2019a). Differentiation and integration can swap order

for continuous functions, and so we have∫∫∫
Ω

∂ρθ

∂t
dV =

∂

∂t

∫∫∫
Ω

(ρθ) dV. (3.40)

Meanwhile, we can use Gauss’s theorem to get∫∫∫
Ω

∇ · (ρuθ) dV =

∫∫
∂Ω

(ρuθ) · dS ≈
∑
f ∈∂Ω

(ρuθ)f · Sf =
∑
f ∈∂Ω

ϕf θf , (3.41)

where ϕf = (ρu)f · Sf is the flux, and∫∫∫
Ω

∇ · (Γ∇θ) dV =

∫∫
∂Ω

(Γ∇θ) · dS ≈
∑
f ∈∂Ω

(Γ∇θ)f · Sf (3.42)
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P

N
d

f
Sf

Figure 3.2: Two cells sharing a face. As in OpenFOAM, the owner cell is marked by P ,

the neighbour cell by N, the face by f , and the cell face area vector by Sf . Based on

OpenCFD (2019a, p.32).

where the gradient in the diffusion term also has to be approximated (more on that in

Section 3.3.2). Note that (3.42) can be called the Laplacian term because Γ is constant

(Greenshields and Weller, 2022).

Finally, a source term can be treated explicitly if it is constant or small, but this may

lead to divergence if the source term is large. Therefore, the source term is linearised to

get

S = SC + SP θP (3.43)

where SP is treated implicitly and must be non-positive for diagonal dominance, while SC

is treated explicitly (Patankar, 1980; Moukalled et al., 2016). Note that θP is the future

value of θ and SP is the coefficient of θP , not S evaluated at P . One way to find SC and

SP is with a Taylor series expansion. Integrating over Ω, we have

∫∫∫
Ω

S(θ) dV ≈ |Ω|(SC + SP θP ). (3.44)
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Figure 3.3: Parameters for 2D least-squares gradient calculation, based on Versteeg and

Malalasekera (2007, p.322).

3.3.2 Gradient

There are two main ways to approximate the gradient: Green-Gauss and least-squares.

The Green-Gauss method calculates the gradient of a scalar using

∫∫∫
Ω

(∇θ) dV =

∫∫
δΩ

θ dS ≈
∑
f ∈∂Ω

θf Sf (3.45)

where θ must be interpolated to the cell faces with a specified interpolation scheme (usually

linear) unless it is a boundary face, where the value is set by the boundary conditions.

The least-squares method is more complicated. Consider the 2D stencil in Figure 3.3

and the subscripts 0, 1, ..., N defined there, as in Versteeg and Malalasekera (2007). Now,

the cell-centre value of a scalar θ in cell i can be given by

θi = θ0 +

(
∂θ

∂x

)∣∣∣∣
0

(xi − x0) +

(
∂θ

∂y

)∣∣∣∣
0

(yi − y0) (3.46)

= θ0 +

(
∂θ

∂x

)∣∣∣∣
0

∆xi +

(
∂θ

∂y

)∣∣∣∣
0

∆yi . (3.47)
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Assemble the equations from each of the N cells adjacent to P into the system

∆x1 ∆y1

∆x2 ∆y2

∆x3 ∆y3

... ...

∆xN ∆yN


︸ ︷︷ ︸

A

·

 ∂θ
∂x

∣∣
0

∂θ
∂y

∣∣∣
0


︸ ︷︷ ︸

x

=



θ1 − θ0

θ2 − θ0

θ3 − θ0

...

θN − θ0


︸ ︷︷ ︸

b

, (3.48)

which, as it is overdetermined, can be solved using the least-squares method:

x = (ATA)−1ATb (3.49)

Blazek (2005) notes that the Gram-Schmidt process should be used to decompose A on

stretched grids.

3.3.3 Interpolation

We need to calculate (ρu)f and θf for the divergence term (3.41) and Γf for the Laplacian

term (3.42). The simple way to approximate these cell interface values is to interpolate

them from the cell centres. For the convective term, this can be upwind, taking the

value of the upwind cell centre. While this is very stable, it is diffusive and only first-

order. Linearly interpolating between the two cells gives a second-order approximation.

The value (ρu)f is usually linearly interpolated, but this method can be oscillatory if used

for the advected quantity θf . Therefore, some blend between upwind and linear is required

to obtain a solution that is both stable and accurate, and possibly also bounded (Tabor,

2018; OpenCFD, 2019a; Greenshields and Weller, 2022).

This can be done using a Total Variation Diminishing (TVD) scheme to interpolate

between the owner and neighbour cells in such a way that no extrema are introduced or

exacerbated. We have

θf = (1− ψ(r))θU + ψ(r)θL (3.50)

where θU is the face value of θ from the upwind scheme, θL is the face value of θ from the

linear scheme, ψ(r) is the TVD limiter, and r is given by

r = 2
d · (∇θ)P
d · (∇θ)f

− 1 = 2
d · (∇θ)P
θN − θP

− 1 (3.51)
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Figure 3.4: Second-order TVD region, based on Sweby (1984, p.1001). The orange

lines correspond to TVD constraints while the green lines correspond to second-order

constraints.

where d = CN −CP is the distance between the owner and neighbour cell centres (Green-

shields and Weller, 2022). Darwish and Moukalled (2003) note that this definition of r

comes from generalising the r from structured meshes—where it is simply “the upwind

ratio of consecutive gradients of the solution” (p.600)—to unstructured meshes in such

a way that it is possible to calculate it with the information provided by an unstructured

mesh. The necessary and sufficient conditions of ψ(r) to be both second-order and TVD

can be plotted on a Sweby diagram, as shown in Figure 3.4. Note that interpolating like

this is not the only way to approximate the cell interface values, but it is fairly standard.

An alternative approach is used in Chapters 5–6.

3.3.4 Mesh quality

A slightly different method is required for the diffusion term. The problem is the dot

product. If there is a face f lying between an owner cell P and a neighbour cell N, we

might be tempted to calculate ∇θf · Sf by

∇θf · Sf ≈ Sf
θN − θP

d
(3.52)
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where d = xN − xP and Sf = |Sf |. However, this only makes sense when Sf lies along d,

which is not the case in non-orthogonal meshes such as that shown in Figure 3.5.

Jasak (1996) proposed some alternatives that make more sense for non-orthogonal

meshes. Before looking at these, split∇θf ·Sf into an orthogonal part and a non-orthogonal

part:

∇θf · Sf = ∇θf · ∆︸ ︷︷ ︸
orthogonal

+ ∇θf · k︸ ︷︷ ︸
non-orthogonal

(3.53)

where Sf = ∆ + k and ∆ lies along d. Then the orthogonal part with ∆ can be calculated

using (3.52), and the non-orthogonal part calculated as an explicit source term. Treating

the non-orthogonal part explicitly makes the matrix easier to solve iteratively. There are

an infinite number of possibilities for ∆, but we will consider the three in Figure 3.6. For

conciseness, we now omit the subscript in Sf . The first approach is minimum correction,

where k is minimised. Then we have

|∆| =
S · d
|d| ⇒ ∆ = d

S · d
|d|2 . (3.54)

The second approach is orthogonal correction, where S and ∆ have the same magnitude.

Then we have

|∆| = |S| ⇒ ∆ = |S|
d

|d| . (3.55)

The third approach is over-relaxation, where k is made perpendicular to S. Then we have

|∆| = |S|
|d||S|
d · S ⇒ ∆ = |S|2

d

d · S . (3.56)

Note that k is smallest for the minimum correction approach and largest for the over-

relaxation approach. The larger the value of k , the larger the error.

Jasak (1996) showed that, as the angle between ∆ and S increases, the minimum cor-

rection approach diverges, and then so does the orthogonal correction approach. Mean-

while, the over-relaxed approach stays stable, even though it takes a while to converge for

the most non-orthogonal meshes. This is because of the relative contributions of ∆ and

k as the non-orthogonality increases. Hence we have the competing demands of accuracy

and stability.

Skewness causes greater numerical diffusion. We desire the value of a variable at the

centre of the face, f , so interpolate between the cell centres P and N. However, if a mesh
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Figure 3.5: A non-orthogonal mesh, based on Jasak (1996, p.83).
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Minimum correction
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Over-relaxation

Figure 3.6: A non-orthogonal mesh, based on Jasak (1996, pp.84–85).
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P N

f

Figure 3.7: A skewed mesh, based on Jasak (1996, p.124).

is skewed as in Figure 3.7, this may not be in the centre of the face as desired, introducing

“diffusion-like” error into the solution (Jasak, 1996, p.124). Note that a mesh can be

skewed without being non-orthogonal, and vice versa.

3.3.5 Matrix solvers

Implicit schemes assemble the discretised equations into the system

Ax = b, (3.57)

which is solved for x, that is,

x = A−1b. (3.58)

This equation can be solved exactly with Gaussian elimination, but that is unrealistically

expensive for practical applications. Iterative techniques, such as Jacobi or Gauss-Seidel

iteration, are used instead, and there are ways to get the iteration to converge faster. One

such method is preconditioning, where the system (3.57) is transformed into one that has

the same solution but is easier to solve. This is done using a preconditioning matrix P so

that we have

P−1Ax = P−1b (3.59)

where P−1A has more useful spectral properties than A by itself (Moukalled et al., 2016).

Alternatively, gradient methods turn the matrix system (3.57) into a function to be min-

imised. The steepest descent method follows the path of steepest descent on this function

iteratively, which always converges. However, as shown in Figure 3.8, the convergence can

be slow due to oscillations around local minima like valleys. The conjugate gradient method
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Figure 3.8: Steepest descent and conjugate gradient methods, based on Tabor (2018,

p.28).

for symmetric matrices converges quicker than the steepest descent method. It works by

minimising along two directions, conjugate with the respect to the matrix A. This can

be generalised to the biconjugate gradient method for asymmetric matrices (Shewchuk,

1994; Ferzinger and Perić, 2002; Moukalled et al., 2016).

Now, while finer meshes give more accurate solutions, these iterative matrix solvers

converge much more slowly on them. This is because the errors have components of

different wavelengths, relative to the size of the mesh. Short-wavelength errors are reduced

quickly, but long-wavelength errors are reduced more slowly. Again, these depend on

the size of the mesh. The short-wavelength errors of a coarse mesh may be the same

wavelength as the long-wavelength errors of a fine mesh. Multigrid methods use this

feature to get iterative matrix solvers to converge more quickly by transferring between

meshes of different resolutions (Versteeg and Malalasekera, 2007).

3.3.6 SIMPLE, PISO, and PIMPLE

There are two main classes of method to deal with the lack of pressure equation. Pressure-

based solvers, historically used for low-speed incompressible flows, calculate the pressure

from a correction equation. In contrast, density-based solvers, historically used for high-

speed compressible flows, calculate the pressure from an equation of state (Ansys, 2009).

As will be discussed in Chapters 5–6, there are ways to use pressure-based methods for

compressible flows and density-based methods for incompressible flows, but we focus on

pressure-based algorithms for incompressible flows in this section.
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The following explanation is based on Pieri (2014), Greenshields and Weller (2022),

Guerrero (2019), Holzmann (2019), and Wimshurst (2019). We have discretised equations

collected in the system

Mu = −∇p. (3.60)

Extract from the matrix M the diagonal part A and define

H = Au−Mu. (3.61)

This is done because diagonal matrices are easy to invert, and we have the notation

A−1 =
1

A
(3.62)

to highlight that each of the diagonal components ai of A get replaced by 1/ai for the

inverse A−1. Now, combine (3.60) and (3.61) together to get

Au−H = −∇p (3.63)

u =
1

A
H−

1

A
∇p. (3.64)

The incompressible continuity equation (3.3) says that the divergence of the velocity is

zero, so take the divergence of (3.64) to get

∇ ·
(

1

A
∇p
)

= ∇ ·
(

1

A
H

)
. (3.65)

Figure 3.9 shows the steps taken in the pressure-velocity coupling algorithms. First,

the momentum predictor (3.60) is used to obtain Mu. Then this is substituted into (3.61)

to be decomposed into a diagonal part A and H. Then H becomes part of a source term

on the right-hand side of the pressure equation (3.65), which gives us a value of ∇p that

obeys the continuity equation. The pressure can then be substituted into the momentum

corrector (3.64) so that it obeys the momentum equation. However, now it may no longer

obey the continuity equation; iteration is required. Different algorithms use different types

of iteration. In the SIMPLE algorithm of Patankar and Spalding (1972), the new velocity

value from the momentum corrector is looped back to the momentum predictor. In the

PISO algorithm of Issa (1986), the new velocity value from the momentum corrector is

looped back to the matrix decomposition, which is less computationally expensive. The
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SIMPLE

Start time step

Momentum predictor

Mu = −∇p
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∇ ·
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1
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∇p
)

= ∇ ·
(

1
A

H
)

Momentum corrector

u = 1
A

H− 1
A
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End time step

PISO

Start time step

Momentum predictor

Mu = −∇p

Decomposition

H = Au−Mu

Pressure corrector

∇ ·
(

1
A
∇p
)

= ∇ ·
(

1
A

H
)

Momentum corrector

u = 1
A

H− 1
A
∇p

End time step

PIMPLE

Start time step

Momentum predictor

Mu = −∇p
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∇ ·
(
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)

= ∇ ·
(
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A

H
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Momentum corrector

u = 1
A

H− 1
A
∇p

End time step

Figure 3.9: Pressure-velocity coupling algorithms.

SIMPLE algorithm is used for steady-state simulations and, as it is not numerically consis-

tent, it includes under-relaxation. In contrast, the PISO algorithm is suitable for transient

simulations but it has a stability constraint of CFL < 1. The seemingly OpenFOAM-

exclusive PIMPLE algorithm is a combination of the outer correctors in SIMPLE and the

inner correctors in PISO. It can be used for transient cases with much larger time steps.

Unfortunately, while these methods are popular, they are difficult and inefficient to paral-

lelise due to the requirement for matrix inversion (Nourgaliev et al., 2004; Loppi, 2019;

Hodges, 2020).

3.4 Volume of fluid method

Free-surface flows of water and air are of much interest in engineering, and indeed this

thesis. They come under the umbrella of multiphase methods, which also includes flows of

two or more liquids with an interface. There are different methods to model the interfaces

between different fluids. First note that there are two main approaches to CFD: Lagrangian

and Eulerian. Modelling interfaces is easy in a Lagrangian approach, where we consider

the movement of parcels of fluid. If we start by looking at a parcel of water, it is going to
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Figure 3.10: Eulerian methods for modelling free-surface flows. From left to right: fixed

lid, height functions, level set, front tracking, surface fitted, marker and cell, volume of

fluid, Riemann solvers.

stay a parcel of water. It is more difficult to model interfaces with an Eulerian approach,

where we consider movement through a fixed region, because the air-water interface has

to be dealt with separately. Broadly, there are two different ways to model interfaces using

an Eulerian approach: either track the interface sharply using a surface-based method or

use a volume-based method that automatically captures the interface, but smeared over

a few cells. Figure 3.10 illustrates the following Eulerian multiphase methods:

• Fixed lid. The simplest surface-based method is to model the air-water interface

as a fixed lid to the domain (Bates et al., 2005). As this requires the location of

the interface, it is not appropriate for many situations, for example, the common

scenario when the water depth is required as an output of the model. Note that

this method has been used in all the CFD studies of leaky barriers so far (Allen and

Smith, 2012; Xu and Liu, 2017), and so they could not be used to quantify any

backwater effect. This is a limitation that must be overcome for detailed modelling

of different leaky barrier designs.

• Height functions. Height functions are similar to the shallow water equations in that
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they consider the height of the air-water interface relative to some specified datum,

but this time transporting it using a kinematic equation. However, Hirt and Nichols

(1981) note that height functions do not work when there might be multiple heights

at a given point.

• Level set. The level-set method models the interface as the zero set of a function

that is positive in one phase (say, water) and negative in the other (air). This function

could be the signed distance from the interface. Sethian and Smereka (2003) note

that the level-set method is good for dealing with topological changes and higher

dimensions. However, it does need frequent re-initialisation, which is computationally

expensive.

• Front tracking. Another way to keep the interface sharp is to track it with line or

polynomial segments. Each point is then moved with the local velocity. This method

can cope with formation of droplets or self-intersections. However, Hirt and Nichols

(1981) note that such topological changes require reordering of the segments, which

is especially problematic for 3D cases.

• Surface fitted. In the surface-fitted method, the mesh always lines up with the air-

water interface, and so it deforms as the simulation progresses. Hyman (1984) notes

that there are two options: either snap the mesh (or its diagonals) to the interface,

or allow the mesh to distort completely in a Lagrangian manner. This method keeps

the interface sharp, but expensive remeshing is required if the interface distorts too

much (Weston, 2000).

• Marker and Cell (MAC). The MAC method is the first volume-based method. It

involves locating marker particles within the water. These move with the water, and

then the interface is the boundary between the region with markers and the region

without. Hirt and Nichols (1981) note that this method can automatically deal with

topological changes, but it does require more computational power and storage.

• Volume of Fluid (VOF). Hirt and Nichols (1981) used MAC to motivate VOF, where

only one extra value is needed per cell, but it can still deal with topological changes.
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This value is the volume fraction, the fraction of the cell that is filled by water,

which gets advected with the velocity of the water. The advection can be done

algebraically or geometrically (Mirjalili et al., 2017). While this method deals au-

tomatically with topological changes, it does not keep the interface as sharp as a

surface-based method.

• Riemann solvers. Within the context of a finite volume scheme, Kelecy and Pletcher

(1997) modelled the air-water interface using a contact wave in a Riemann solver,

marking a discontinuity between the density or the volume fraction. This has the

advantage of automatically capturing the location of the surface. However, it would

require that the background scheme uses Riemann solvers, which makes it less widely

applicable than the other methods, and thus there is less evidence on its effectiveness.

Ultimately, it is easier to deal with topological changes of the free surface using the volume-

based methods (MAC, VOF, Riemann solvers) than the surface-based methods (fixed lid,

height functions, level set, front tracking, surface fitted). This is a significant advantage for

the types of flow considered in this thesis: complex 3D flows around in-stream obstacles

where we do not know what the free surface will look like in advance. However, MAC

requires significant computational resources to deal with the marker particles defining the

fluid region. VOF and Riemann solvers bypass this requirement while retaining the flexibility

of a volume-based method. Since VOF is used by OpenFOAM, which we use in Chapter 4

to model leaky barriers, let us now outline the method in more detail. The Riemann solver

method will be considered in more detail in Chapters 5–6, where it is used to develop a

new CFD solver.

3.4.1 Governing equations

The idea of VOF is to use a characteristic (or indicator, or colour) function χ, defined as

χ(x, t) =


1 if there is water at point x at time t

0 otherwise.

(3.66)

If a computational cell Ω contains both air and water, then it will have an average value

of χ somewhere between 0 and 1. Formally, define the phase fraction α to be the integral
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average of χ, that is,

α(Ω, t) = χ =
1

|Ω|

∫∫∫
Ω

χdV (3.67)

and then α = 0 for cells filled with air, α = 1 for cells filled with water, and 0 < α < 1 for

cells containing a free surface.

The velocity vector field is defined over the whole domain, not just in the parts that

are water. If we want the velocity of the water in a particular computational cell, we have

to consider the phasic average uwater, defined by Drew (1983) to be

uwater =
uχ

α
=

1

|Ω|α

∫∫∫
Ω

uχdV. (3.68)

and likewise for air:

uair =
u(1− χ)

1− α =
1

|Ω|(1− α)

∫∫∫
Ω

u(1− χ) dV. (3.69)

Then, for a particular computational cell,

u = αuwater + (1− α)uair. (3.70)

From a simple examination of the VOF literature, it is unclear what the governing

equation for VOF is. Indeed, for each of the four following equations, there is at least one

source in the literature that claims it to be true:

∂χ

∂t
+∇ · (uχ) = 0 (3.71)

(Cifani et al., 2016; Marek et al., 2008; Mirjalili et al., 2017; Rider and Kothe, 1998;

Scardovelli and Zaleski, 1999, 2003; Sethian and Smereka, 2003; Ubbink, 1997; Yeoh and

Tu, 2010),
∂α

∂t
+∇ · (uα) = 0 (3.72)

(Chen and Hagen, 2011; Gopala and van Wachem, 2008; Ketabdari, 2016; Marić et al.,

2013; Olsen, 2015; Rudman, 1997),

∂α

∂t
+∇ · (uα) +∇ · ((uwater − uair)α(1− α)) = 0 (3.73)

(Berberović et al., 2009; Cifani et al., 2016), and

∂α

∂t
+∇ · (uα) +∇ · ((uwater − uair)α(1− α)) = 0 (3.74)
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(Rusche, 2002). Let us investigate these equations further.

If we follow an individual parcel of water or air over time and space, its value of χ will

not change, and so
Dχ

Dt
= 0, (3.75)

which can be derived from first principles using test functions (Drew, 1983). This is

equivalent to (3.71) because of incompressibility. To find out which of (3.72), (3.73), and

(3.74) are true, we need to manipulate (3.71) so that it is in terms of α rather than χ.

Take the integral average of (3.71) over the computational cell Ω:

1

|Ω|

∫∫∫
Ω

∂χ

∂t
dV +

1

|Ω|

∫∫∫
Ω

∇ · (uχ) dV = 0, (3.76)

and we want to switch the order of differentiation and integration. Unfortunately, the

characteristic function χ is discontinuous at the air-water interface. However, Drew (1983)

suggests that, in this context, Leibniz’s rule can be used for the time derivative and Gauss’s

rule for the space derivative. Then

∂

∂t

(
1

|Ω|

∫∫∫
Ω

χdV

)
+∇ ·

(
1

|Ω|

∫∫∫
Ω

uχdV

)
= 0. (3.77)

Use (3.67) for the first term and (3.68) for the second:

∂α

∂t
+∇ · (uwaterα) = 0. (3.78)

Rusche (2002, p.100) calls this the conditionally averaged continuity equation. Therefore,

∂α

∂t
+∇ · (uα) =

∂α

∂t
+∇ · (uwaterα)−∇ · (uwaterα) +∇ · (uα) (3.79)

= −∇ · (uwaterα) +∇ · (uα) (3.80)

= ∇ · ((u− uwater)α). (3.81)

Use (3.70) to get

(u− uwater)α = α(αuwater + (1− α)uair − uwater) (3.82)

= α(1− α)(uair − uwater), (3.83)

which can be substituted into (3.81) to get (3.74). To conclude, equations (3.71) and

(3.74) are consistent and thus the most appropriate to be used in the VOF method. How-

ever, often (3.73) is written instead of (3.74) in the OpenFOAM literature and guidance,
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which makes sense as values are averaged in the finite volume method anyway. Therefore,

for clarity we will refer to (3.73) instead of (3.74).

3.4.2 Algebraic method

Algebraic VOF is based on (3.73). If a VOF paper takes (3.72) to be true, then it may

use the term “artificial compression”1 to refer to the quantity ∇· ((uwater−uair)α(1−α));

however, it is not artificial at all but derived naturally from (3.71). The problem now is

that we need a numerical method to approximate the relative velocity

ur = uwater − uair, (3.84)

which is where the artificiality comes in (Cifani et al., 2016).

3.4.3 Geometric method

Geometric VOF is based on (3.71). Using Gauss’s theorem, we can manipulate (3.76)

into

∂

∂t
(|Ω|α) +

∫∫
∂Ω

(u · n)χdS = 0 (3.85)

∂α

∂t
+

1

|Ω|

∫∫
∂Ω

(u · n)χdS = 0 (3.86)

∂α

∂t
= −

1

|Ω|

∫∫
∂Ω

(u · n)χdS. (3.87)

where ∂Ω is the boundary of the computational cell Ω. Integrate (3.87) over the time

interval [t0, t1] to get∫ t1

t0

∂α

∂t
dt = −

1

|Ω|

∫ t1

t0

(∫∫
∂Ω

(u · n)χdS

)
dt. (3.88)

The Fundamental Theorem of Calculus says that∫ t1

t0

∂α

∂t
dt = α(Ω, t1)− α(Ω, t0), (3.89)

which can be substituted into (3.88) to get

α(Ω, t1)− α(Ω, t0) = −
1

|Ω|

∫ t1

t0

(∫∫
∂Ω

(u · n)χdS

)
dt (3.90)

α(Ω, t1) = α(Ω, t0)−
1

|Ω|

∫ t1

t0

(∫∫
∂Ω

(u · n)χdS

)
dt. (3.91)

1This is not the same as artificial compressibility, which is used in Chapters 5–6.

79



CHAPTER 3. THEORY OF 3D FREE-SURFACE MODELLING

Roenby et al. (2016, p.3) note that (3.91) is still exact. However, approximations must

be introduced for practical purposes. Indeed, to update the volume fraction α in the

computational cell Ω from time t0 to time t1, we need:

1. The value of α for the computational cell Ω at the time t0

2. The geometry of the computational cell Ω and its boundary faces f

3. The normal vector field n of the boundary faces f

4. The velocity vector field u

5. The characteristic function χ, a scalar field

While requirements 1–3 are known, requirements 4–5 must be approximated.

Interface reconstruction

We have a volume fraction α in each computational cell but, to progress any further with

(3.91), we will need an approximation of the characteristic function χ. This requires us to

guess the location of the air-water interface. Generally, we assume that the local curvature

of the fluid is larger than the mesh size (Roenby et al., 2016, p.4), and so approximate

each cell’s air-water interface by a straight line (in the 2D case) or plane (in the 3D

case). Any interface reconstruction algorithm needs to adhere to two requirements. First,

the interface should split the cell so that the volume fraction α is retained. Second, the

interface should be oriented such that “the nearest fluid exits first” (Noh and Woodward,

1976, p.11) in the advection step, which requires looking at the volume fraction of at least

some of the surrounding cells. There are algorithms that meet this task with varying levels

of success and computational complexity (Figure 3.11).

Less computationally expensive algorithms include the Simple Line Interface Calculation

(SLIC) method of Noh and Woodward (1976) and the method of Hirt and Nichols (1981),

where lines are reconstructed parallel to the grid. The SLIC method has a sweep in each

co-ordinate direction, reconstructing the interface depending on the direction we look at

it from, while the Hirt-Nichols algorithm uses a larger stencil to generate one orientation

for each interface.
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(a) (b)

(c) (d)

Figure 3.11: Interface reconstruction methods: (a) SLIC x-sweep, (b) SLIC y -sweep, (c)

Hirt-Nichols and (d) Youngs reconstruction algorithms in the 2D case, based on Rudman

(1997, p.676). The actual fluid configuration is shown on the left for comparison only; it

is the volume fractions (numbers for each cell) that are available to the algorithms.

The Piecewise Linear Interface Calculation (PLIC) method goes a step further than

the Hirt-Nichols algorithm, this time allowing interface orientations that are not parallel to

the axes. The idea is to find the orientation of the surface, defined by its normal vector,

and then slide this surface along the cell so the point where it divides the cell into the

correct volume fractions. The creative problem is finding the normal vector, and there

are different ways to do this (Youngs, 1982), but the computational problem arises in the

advecting the “flux polyhedron” (Marić et al., 2013) as it depends on the local velocity.

As SLIC is too simple and PLIC too complex, it is tempting to look for a method

that is somewhere between SLIC and PLIC in complexity. One proposed solution is to

compute a SLIC flux for each direction and take a weighted average depending on the

PLIC orientation (Marek et al., 2008). This removes some of the geometrical complexity

for 3D simulations, but still provides better results than SLIC.

Recently, Roenby et al. (2016) developed a more sophisticated method than SLIC or

PLIC, inspired by the popular post-processing technique of clipping the fluid at α = 0.5 to
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show only the water phase. They took this idea into the interface reconstruction step of the

solver itself, calling it isoAdvector. There are two parts of the interface reconstruction step:

finding interfaces for different values of α (i.e. not just α = 0.5), and then interpolating

between the best two interfaces (determined by how well they split up the cell into the

correct volume fraction α) to get a more optimal interface.

In conclusion, despite its apparent simplicity, reconstructing the interface at the cell

level is an active area of research. We are not limited to methods designed decades ago,

and we can use methods that harness improvements in computational resources.

Interface advection

Now we have some idea where the water lies in each computational cell, we can calculate

the net volume of water crossing the boundary ∂Ω over the time interval [t0, t1], that is,∫ t1

t0

(∫∫
∂Ω

(u · n)χdS

)
dt (3.92)

from (3.91). Marić et al. (2013) call this quantity the “fluxed phase volume.” Decompose

∂Ω into a disjoint union of faces f to get

∑
f ∈∂Ω

∫ t1

t0

(∫∫
f

(u · n)χdS

)
dt, (3.93)

which is still exact.

In the 1D case, the cell Ω would be an interval, and so its boundary ∂Ω would be

decomposed into the two endpoints—work out the flux at each one. The problem is

that the VOF method is used for 2D and 3D simulations. So, one option is to split

these higher dimension cases into 1D sweeps, moving the fluid first in one dimension and

then the other(s). This seems similar to the SLIC interface reconstruction method, and

indeed SLIC must be used with dimensional splitting, but the other interface reconstruction

methods can be used with either split or unsplit advection. Interface reconstruction gives an

approximate value for the indicator function χ everywhere, but we only have cell averages

for the velocity u. The challenge is to find a way to combine these two together to get

the fluxed phase volume. Note that interface advection schemes tend to assume that the
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velocity u is constant over time and space in each computational cell, which means that

the relative velocity ur is assumed to be zero.

Examples of interface advection schemes include the split donor-acceptor method (Hirt

and Nichols, 1981), unsplit Lagrangian backtracking for piecewise linear interfaces in arbi-

trary unstructured grids (Marić et al., 2013), and unsplit advection of iso-surfaces (Roenby

et al., 2016). For the latter, recall that the flux across the cell interface f is calculated

by interpolating the velocity to the cell interface to get uf , and then dotting it with the

surface area vector Sf , that is,

ϕf ≈ uf · Sf = (uf · nf )Sf , (3.94)

where Sf = |Sf | is the area of the face f . The approximation comes because uf is

interpolated. This allows us to say, rather trivially,∫∫
f

u · n dS ≈
∫∫

f

ϕf
Sf
dS =

ϕf
Sf

∫∫
f

dS = ϕf . (3.95)

However, Roenby et al. (2016) use this line of reasoning to suggest that∫∫
f

(u · n)χdS ≈
∫∫

f

ϕf
Sf
χdS =

ϕf
Sf

∫∫
f

χdS, (3.96)

which is only valid if u is constant over space and so ur = 0. They also assume that u is

constant over the time step t0 to t1 to get∫ t1

t0

(∫∫
f

(u · n)χdS

)
dt ≈

ϕf
Sf

∫ t1

t0

(∫∫
f

χdS

)
dt. (3.97)

However, they do consider the interaction between u and χ by considering how the sub-

merged face area ∫∫
f

χdS (3.98)

changes over time as the upwind isosurface moves with u. This involves interpolating

velocities to the centres of the isofaces and then using this to approximate the intersection

between the air-water interface and the cell interface.

3.4.4 Surface tension

Surface tension acts against the conservation of momentum in the source term∫∫
Γ

σκδn̂ dS (3.99)
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where Γ is the air-water interface, σ the surface tension coefficient, κ the local interfacial

curvature, and δ a 3D Dirac delta function non-zero only at the air-water interface. A clear

benefit for a surface-based method over a volume-based method is that the curvature is

already given and does not need to be approximated. However, in a volume-based method

like VOF, poor approximations of the curvature can lead to problems with spurious currents.

One option is to approximate the curvature κ by

−∇ · n̂, (3.100)

where n̂ is the normalised gradient of the volume fraction α. The derivative of a Heaviside

step function is the Dirac delta function and so we can replace (3.99) by∫∫∫
Ω

σκ∇αdV. (3.101)

The Continuum Surface Force (CSF) model of Brackbill et al. (1992) can be used to

approximate ∇α by smoothing out the discontinuity of α (Deshpande et al., 2012; Cifani

et al., 2016).

3.5 Conclusion

This chapter covered the theoretical background for CFD modelling, from the governing

equations and turbulence to discretisation methods and ways to capture a free surface.

The VOF method is discussed in some detail since that is the method used in OpenFOAM.

In Chapter 4, we describe how these standard methods are implemented in OpenFOAM and

use them to model leaky barriers. In Chapters 5–6, we go on to implement an alternative

CFD solver based on the (density-based) method of artificial compressibility instead of the

(pressure-based) PIMPLE algorithm.
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OpenFOAM (Weller et al., 1998) is an open-source library for Computational Fluid Dy-

namics (CFD). As it is open-source, we can look into the source code to check what it

is doing. Furthermore, we can extend and develop the source code without having to

write a new CFD library from scratch. This chapter outlines the existing functionality in

OpenFOAM with reference to the theory presented in Chapter 3, explains new practical

functionality added as part of this thesis, and then presents an application of OpenFOAM

to model leaky barriers. This is the first study to use a non-fixed-lid approach for modelling

leaky barriers in 3D. Later chapters will go further, with Chapter 5 presenting a new nu-

merical multiphase solver and Chapter 6 implementing it in OpenFOAM. Note that there

are multiple official forks of OpenFOAM; this thesis uses ESI-OpenCFD v1906 (OpenCFD,

2019a,b).

4.1 Existing OpenFOAM functionality

This section provides a high-level explanation of how the theory in Chapter 3 is implemented

in the OpenFOAM software. The specific names of the functions, schemes, and algorithms

are given so that it is clear how they can be accessed in practice by users of OpenFOAM,

with a focus on the methods used later in the chapter to model leaky barriers. Note that

there are three main dictionary files that are used to set the specific numerical schemes

in OpenFOAM—controlDict for time steps and outputs, fvSchemes for discretisation

schemes, and fvSolution for matrix solvers—and these are also mentioned in this section

for the sake of reproducibility.

OpenFOAM is written in C++ as this programming language provides object orienta-

tion with templated classes (OpenCFD, 2019a). For example, there is a class for fields,
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with sub-classes for scalar and vector fields, and further sub-classes for scalar and vector

fields defined on 2D surfaces and 3D volumes. This makes the low-level code easier to

navigate and maintain.

Meanwhile, the high-level code benefits from operator overloading to make it clearer

what equations are being solved. For instance, the solver icoFoam uses the PISO algorithm

described in Section 3.3.6, with the file icoFoam.C containing the code

100 f v V e c t o r M a t r i x UEqn

101 (

102 fvm : : d d t (U)

103 + fvm : : d i v ( p h i , U)

104 − fvm : : l a p l a c i a n ( nu , U)

105 ) ;

106

107 i f ( p i s o . momentumPredictor ( ) )

108 {

109 s o l v e ( UEqn == − f v c : : g r a d ( p ) ) ;

110 }

which solves the momentum predictor Mu = −∇p. The fvm (finite volume matrix)

and fvc (finite volume calculate) namespaces are used to define implicit and explicit

terms respectively. Overall, this flexibility makes it relatively easy to create new solvers

in OpenFOAM. It is more difficult to create new solvers that do not follow the standard

methods used in OpenFOAM. For example, OpenFOAM favours pressure-based solvers like

those outlined in Section 3.3.6, so it is more difficult to implement density-based solvers

like the Godunov-type schemes used in Chapters 2 and 5–6. To implement such a solver,

substantial amounts of code have to be written as the numerics do not already exist in the

low-level source code.

4.1.1 Discretisation

As mentioned above, the governing equations are written in the solvers with high-level

code which, thanks to operator overloading in C++, is very readable. For example, in the

icoFoam code snippet, there are terms called ddt, div, laplacian, and grad belonging

to the fvm and fvc namespaces. The discretisation methods for these terms are separated

from the solver, instead determined at run time by reading the dictionary fvSchemes that
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contains a sub-dictionary for each type of scheme. This allows the user to customise

the numerical setup to their own needs. A discussion for each of these sub-dictionaries

follows, drawing on OpenFOAM-specific guidance from the source code, Kärrholm and

Tao (2008), Tabor (2018), Guerrero (2019), OpenCFD (2019b), and Greenshields and

Weller (2022), as well as theory introduced in Section 3.3.

ddtSchemes

OpenFOAM has several methods for evaluating the time derivative (3.40). The first-order

method is called Euler, given by

∂θ

∂t
=
θ − θo

∆t
(4.1)

where θ is the updated value and θo the value from the previous time step. One second-

order method is called backward, given by

∂θ

∂t
=

3θ − 4θo + θoo

2∆t
(4.2)

where θoo is the value from before the last time step. Another second-order option

is CrankNicolson, a modification of the Crank-Nicolson method (Crank and Nicolson,

1947).

There are two options for steady-state simulations. First, the steadyState method

should be used for steady-state solvers. Second, if the solver is transient but it is only the

steady state to which the solver converges that is of interest, then the localEuler method

can be used to speed up the simulation time. This is where the ∆t value is evaluated at

each cell and the solution is not time accurate at all, but it converges to the correct steady

state. As OpenFOAM’s multiphase solvers are all transient, steadyState cannot be used

for them but localEuler can, which is important for the simulations of leaky barriers in

this chapter as the experimental validation data are steady state.
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divSchemes

There is a trade off between stability and accuracy when calculating the divergence term

(3.41) for convective derivatives, which is approximated by∑
f ∈∂Ω

ϕf θf (4.3)

where ϕf = (ρu)f · Sf is the flux and θ the advected quantity. The term θf is calculated

at a cell interface by interpolating the advected quantity θ between the cells adjacent to

that interface as described in Section 3.3.3. The first-order, stable choice is upwind;

take the term from the upwind cell. The second-order, unbounded choice is linear;

take a central difference between the two cells. While upwind may be acceptable for

turbulence parameters as turbulence is diffusive by nature (Guerrero, 2019), neither upwind

nor linear is ideal as we desire both stability and accuracy.

An alternative lies in TVD schemes that interpolate between the owner and neighbour

cells in such a way that no extrema are introduced or exacerbated. As described in Section

3.3.3, this is done through a limiter ψ(r) where r is an unstructured generalisation of the

ratio between the upwind and downwind gradients, and ψ(r) acts as a blending function

between the upwind and linear schemes. TVD schemes available in OpenFOAM include

Minmod, limitedLinear, vanLeer, MUSCL (distinct from the MUSCL reconstruction used

in Chapters 2 and 5–6), and SuperBee. The values of ψ(r) for these schemes are plot-

ted on a Sweby diagram in Figure 4.1. On 3D irregular meshes, such as those used in

this chapter to model leaky barriers, there are more likely to be oscillations when ψ(r)

approaches 2. Therefore, Minmod, limitedLinear, and vanLeer are the more stable

TVD schemes. However, values of ψ(r) nearer 0 will cause diffusion, and so Minmod is a

diffusive choice.

Another alternative is linearUpwind, a second-order upwind scheme. As the name

suggests, this involves linearly interpolating from the upwind cell based on the cells upwind

of that. As there is some ambiguity interpolating on an unstructured mesh, this is done

indirectly via the gradient of the upwind cell (Jasak et al., 1999), and so a method for

calculating the gradient has to be specified alongside linearUpwind. While this scheme

is less problematic than the linear scheme, it still suffers from unboundedness.

88



4.1. EXISTING OPENFOAM FUNCTIONALITY

Minmod

0.0 1.0 2.0 3.0

0
.0

1
.0

2
.0

3
.0

limitedLinear

0.0 1.0 2.0 3.0

vanLeer

0.0 1.0 2.0 3.0

MUSCL

0.0 1.0 2.0 3.0

SuperBee

0.0 1.0 2.0 3.0

r

ψ
(r

)

Figure 4.1: Selected second-order TVD schemes available in OpenFOAM, plotted on

a Sweby diagram where the unshaded region represents the second-order TVD region

(Sweby, 1984, p.1001).

laplacianSchemes

Laplacian terms (3.42) are approximated by∑
f ∈∂Ω

(Γ∇θ)f · Sf (4.4)

where Γ is the diffusion coefficient and θ the scalar to be diffused. This requires an inter-

polation method for calculating the diffusion coefficient Γf (interpolationScheme) and

a method for calculating the surface normal gradient ∇θf · Sf (snGradScheme). The in-

terpolation is usually chosen to be linear. The scheme for calculating the surface normal

gradient is more complicated. It should take into account the mesh quality, specifically

the orthogonality as discussed in detail in Section 3.3.4. This is important because the 3D

meshes used in this chapter to model leaky barriers are not Cartesian meshes but unstruc-

tured, irregular meshes with cells of different shapes and sizes. While non-orthogonality

should be minimised in the creation of the mesh, it cannot be eradicated completely.

Recall that non-orthogonal meshes require splitting the surface vector Sf into an or-

thogonal part ∆ and a non-orthogonal part k that is calculated explicitly, as in (3.53):

∇θf · Sf = ∇θf · ∆ +∇θf · k. (4.5)

While there are an infinite number of possibilities for defining ∆, the over-relaxed approach

given by (3.56) provides the most stability. Consequently, OpenFOAM has the following

options for calculating the surface normal gradient:
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• orthogonal. This scheme is, as the name suggests, for orthogonal meshes that

require no non-orthogonal correctors. There is no splitting into ∆ and k and the

gradient is simply calculated with (3.52):

Sf
θN − θP

d
. (4.6)

• corrected. This scheme is the over-relaxed method for non-orthogonal correction,

given by (3.56):

∆ = |S|2
d

d · S (4.7)

It elongates both the orthogonal part ∆ and the non-orthogonal part k , increasing

stability and providing an unbounded, second-order, conservative scheme.

• uncorrected. This scheme is a bounded, first-order, non-conservative scheme that

does not calculate the non-orthogonal part k at all; it only calculates the orthogonal

part ∆. However, it is different from the orthogonal scheme as it calculates ∆ as

if over-relaxation was being used. Consequently, this method is not accurate, but

it can be used as a last resort for highly non-orthogonal meshes where explicit non-

orthogonal correctors would destabilise the solution. Due to the loss of accuracy, it

is better to discard the mesh than use the uncorrected method.

• limited. This scheme, a blend between the uncorrected and corrected methods,

can be thought of as clipping the explicit non-orthogonal correctors so that they are

not larger than the implicit orthogonal parts. It is specified with a blending factor:

0 corresponds to uncorrected

1/3 non-orthogonal correction ≤ 0.5× orthogonal part

1/2 non-orthogonal correction ≤ orthogonal part

1 corresponds to corrected

(4.8)

as given by Greenshields (2020, Eq.4.2). This scheme is useful when there are a few

very non-orthogonal cells that cannot be removed.
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gradSchemes

The Green-Gauss and least-squares gradient calculation methods described in Section

3.3.2 are implemented in OpenFOAM as Gauss and leastSquares. Both methods can

be limited to make them more stable, either limiting cell-to-cell or face-to-cell values, and

either applied multi-dimensionally—to each direction separately—or across all directions.

In order of increasing stability but decreasing accuracy, we have: cellMDLimited, cell-

Limited, faceMDLimited, and faceLimited. An examination of the source code shows

that the cellLimited scheme, in turn, has three options: minmod, Venkatakrishnan,

and cubic. These will be explained in more detail in Chapter 6 as the new solver harnesses

the gradient schemes for another purpose than calculating a diffusion term.

4.1.2 Matrix solvers

As OpenFOAM uses implicit time integration, the discretised equations get assembled

into a large sparse matrix, which is then inverted using iterative matrix solvers, read at

run time from the case dictionary fvSolution. In the icoFoam code snippet, this is all

encapsulated in the function called solve. In this section, we outline which matrix solvers

and corresponding tolerances are suitable for different equations, drawing on OpenFOAM-

specific guidance from the source code, Tabor (2018), Guerrero (2019), and OpenCFD

(2019b), as well as theory introduced in Section 3.3.5.

The matrix solvers, smoothers, and preconditioners available in OpenFOAM are listed

in Tables 4.1–4.3. Which ones should be chosen depends on whether we are solving the

pressure (p) or convective (u, k , ε, ω) equations. The momentum and scalar equations

are asymmetric and also relatively inexpensive to solve compared to pressure, which is

symmetric. Generally, GAMG works well for pressure, but a more stable choice is PCG, which

also works particularly well for large cases run on many cores. Meanwhile, smoothSolver

with GaussSeidel or PBiCGStab with DILU work well for momentum and scalar equations.

PBiCGStab is generally quicker than smoothSolver but more likely to crash.

The choice of matrix solver and preconditioner/smoother gets specified in fvSolution

alongside tolerances for convergence. Absolute and relative tolerances can be set, with the
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Solver Type Specified with Matrix symmetry

smoothSolver solver with smoother smoother any

GAMG multigrid smoother any

PCG conjugate gradient preconditioner symmetric

PBiCG conjugate gradient preconditioner asymmetric

PBiCGStab conjugate gradient preconditioner any

Table 4.1: Matrix solvers available in OpenFOAM.

Smoother Matrix symmetry

DIC symmetric

DICGaussSeidel symmetric

DILU asymmetric

GaussSeidel any

symGaussSeidel any

Table 4.2: Smoothers available in OpenFOAM.

Preconditioner Matrix symmetry

DIC symmetric

FDIC symmetric

DILU asymmetric

GAMG any

Table 4.3: Preconditioners available in OpenFOAM.
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iteration stopping once one is met. The tighter the tolerance, the longer the simulation

time. As the convective equations are relatively inexpensive to solve, the tolerances can be

set as very tight. Pressure is more expensive to solve and, unfortunately, more important

to get right as it governs mass conservation. It has to be solved multiple times during

the pressure-velocity coupling algorithm at each time step. To improve simulation times,

generally its tolerances are set to be less stringent for the preliminary loops compared to

the final loop.

4.1.3 Pressure-velocity coupling

OpenFOAM uses the PIMPLE algorithm explained in Section 3.3.6 for pressure-velocity

coupling. The terms on the left-hand side of the predictor and correctors are implicit (fvm

namespace) while the terms on the right-hand side are explicit (fvc namepsace)—see the

icoFoam code snippet above. While this method is simpler to formulate than a fully implicit

solver, it lacks the unconditional stability of a fully implicit solver due to the explicit terms

on the right-hand side (Elman et al., 2003).

The settings for the PIMPLE algorithm, specified by the user in the fvSolution dic-

tionary, should be chosen based on the solver, time step, and mesh quality. Recall that the

PIMPLE algorithm has two corrector loops: inner (PISO) loops and, to circumvent the

PISO stability limit of CFL < 1, outer (SIMPLE) loops. Note also that the pressure cor-

rector in Figure 3.9 is a Laplacian term. Consequently, this term requires non-orthogonal

correction as described Section 3.3.4. Therefore, we have three corrector loops in total,

the numbers of which are set in fvSolution, with the entry nCorrectors correspond-

ing to the inner (PISO) loops, nOuterCorrectors to the outer (SIMPLE) loops, and

nNonOrthogonalCorrectors to the non-orthogonal correctors. Section 4.1.4 outlines

how these correctors should be chosen when modelling multiphase flows in particular.

Another important entry in fvSolution is momentumPredictor. The momentum pre-

dictor step in Figure 3.9 is an optional part of the algorithm as the velocity can be simply

taken from the last time step instead, and the momentum corrector recalculates the ve-

locity anyway. However, the momentum predictor is useful for convergence in “high speed

flows which are dominated more by momentum exchange than mass conservation” (Green-
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shields and Weller, 2022, p.186). Switching off the momentum predictor is recommended

for viscous or multiphase flows where this is not the case.

4.1.4 Volume of fluid solvers

Modelling free-surface flow around leaky barriers requires a multiphase method. Open-

FOAM’s multiphase solvers use the Volume of Fluid (VOF) method explained in Section

3.4 to deal with interfaces. The classic solver interFoam uses algebraic VOF, while the

newer solver interIsoFoam uses geometric VOF. Several unofficial solvers have also been

developed, for example, the geometric VOF solvers voFoam (Marić et al., 2013) and gVo-

Foam (Cifani et al., 2016), and the hybrid level-set/VOF solver lentFoam (Marić et al.,

2015). In the following sections, the two official OpenFOAM solvers interFoam and

interIsoFoam are briefly described with reference to the theory outlined in Section 3.4.

interFoam and MULES

Recall that algebraic VOF is based on the VOF equation (3.73):

∂α

∂t
+∇ · (uα) +∇ · (urα(1− α))︸ ︷︷ ︸

compression term

= 0 (4.9)

where ur is the relative velocity (3.84), which needs to be approximated. Deshpande et al.

(2012) and Cifani et al. (2016) report that interFoam approximates the relative velocity

at the cell interface f by

(ur)f = n̂f min

(
cα|uf |, max

f ∈
⋃

Ω
|uf |
)

(4.10)

or, equivalently,

(ϕr)f = (n̂f · Sf ) min

(
cα
|ϕf |
|Sf |

, max
f ∈

⋃
Ω

|ϕf |
|Sf |

)
(4.11)

where (ϕr)f is the corresponding flux. The right-hand side of (4.10) has two parts: the

vector n̂f multiplied by the scalar min(cα|uf |,maxf ∈
⋃

Ω |uf |).

The vector part of (4.10), n̂f = (∇α)f /|(∇α)f |, is the normalised gradient of α at

the cell interface, where the gradient (∇α)f is approximated using the central difference

between the owner and neighbour cells. As the vector n̂f approximates the direction of
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greatest change of α, the vector n̂f is perpendicular to the air-water interface and pointing

towards the water.

The scalar part of (4.10), min(cα|uf |,maxf ∈
⋃

Ω |uf |), determines how great the magni-

tude of (ur)f should be and does not affect the direction. It contains the factor cα, called

cAlpha in the fvSolution dictionary, which describes how much compression we want:

• If cα = 0, then there is no compression term.

• If cα = 1, then the relative velocity (ur)f has the same magnitude as the cell interface

velocity uf .

• If 0 < cα < 1, then there is compression and (ur)f has a smaller magnitude than uf .

• If cα > 1, then (ur)f has a greater magnitude than uf , but not so high that it exceeds

the maximum velocity in the whole domain.

Generally cα is taken to be equal to 1. However, an examination of the source code suggests

that while (4.11) is implemented in the slightly different solver multiphaseInterFoam,

the solver interFoam calculates

(ϕr)f = (nf · Sf )cα
|ϕf |
|Sf |

(4.12)

instead.

In solving the VOF equation (4.9) with the finite volume method, specifically Gauss’s

theorem, interFoam has to interpolate α to the cell interfaces to obtain a flux. It does this

using a form of Flux Corrected Transport (FCT) called Multidimensional Universal Limiter

for Explicit Solution (MULES), where the flux of alpha ϕα is split into different parts—the

diffusive part ϕUDα , the higher-order part ϕHOα , and the compressive part ϕCα—with different

weightings. In semi-discretised form,

∂α

∂t
+
∑
f

ϕα = 0 (4.13)

where

ϕα = ϕUDα + λϕcorr
α (4.14)
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is comprised of the diffusive part ϕUDα and the anti-diffusive part

ϕcorrα = ϕHOα + ϕCα − ϕUDα , (4.15)

and λ is a limited weighting factor to be determined iteratively. Now, ϕUDα solves the

fluxes with an upwind scheme and ϕHOα solves the fluxes with a higher-order scheme.

The higher-order scheme is set using the entry for div(phi,alpha) in the fvSchemes

dictionary, usually vanLeer. Note that both the ϕUDα and ϕHOα terms do not include the

interface compression term in (4.9). This compression term is what makes up ϕCα. It

is calculated using the entry for div(phirb,alpha) in the fvSchemes dictionary, usually

linear. It can be higher-order and unbounded as MULES uses the limiter λ to keep α

within physical limits (Deshpande et al., 2012; Damián, 2013; Almeland, 2018).

As the name suggests, the default form of MULES is explicit, but there is also a semi-

implicit form that allows arbitrarily large time steps. Which one is chosen is controlled by

the MULESCorr entry in the fvSolution dictionary. The semi-implicit form is activated

when MULESCorr is set to yes, and it splits the operators, calculating the upwind part

implicitly (Almeland, 2018).

Pressure and velocity are coupled with the PIMPLE algorithm. Recall again that outer

loops allow Courant numbers larger than 1. However, such outer loops would be pointless

for explicit MULES as the Courant number for α—set using the maxAlphaCo entry in

controlDict—must be lower than 0.25 anyway. The Courant number can instead be

increased for explicit MULES by introducing sub-cycles of the VOF equation using the

nAlphaSubCycles parameter in the fvSolution dictionary (Berberović et al., 2009).

This is not the case for semi-implicit MULES, where the Courant number can be arbitrarily

large. Instead of sub-cycling the VOF equation, correctors should be introduced using the

nAlphaCorr entry in the fvSolution dictionary. These correctors employ fixed-point

iteration to overcome the flux non-linearity problem (Damián, 2013).

Finally, interFoam uses the CSF model outlined in Section 3.4.4 to model surface ten-

sion. The coefficient σ is specified in the transportProperties dictionary. Unfortunately,

as mentioned in Section 3.4.4, this requires an approximation of the surface curvature,

and poor approximations can lead to problems with spurious currents (Deshpande et al.,
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2012).

interIsoFoam and isoAdvector

The OpenFOAM solver interIsoFoam reconstructs the air-water interface using iso-

surfaces and advects the interface using (3.91) and (3.97):

α(Ω, t1) = α(Ω, t0)−
1

|Ω|

∫ t1

t0

(∫∫
∂Ω

(u · n)χdS

)
dt (4.16)

≈ α(Ω, t0)−
1

|Ω|
ϕf
Sf

∫ t1

t0

(∫∫
f

χdS

)
dt. (4.17)

This interface capturing method is called isoAdvector (Roenby et al., 2016), and it replaces

MULES in the interFoam solver to obtain the interIsoFoam solver. As interIsoFoam

shares much of its general structure with interFoam, it requires similar dictionary entries,

including nAlphaCorr and nAlphaSubCycles in fvSolution. However, further settings

can be specified in fvSolution to constrain the geometrical operations in isoAdvector,

and a fluxRequired entry must be specified in fvSchemes.

While the inner workings of isoAdvector are documented better than MULES, there is

not as much practical guidance or evaluation of results for interIsoFoam as there is for

interFoam. In the original paper by Roenby et al. (2016), the developers only compared

the ability of isoAdvector and MULES to deal with pure advection. They first note that

the isoAdvector algorithm does not make much sense for Courant numbers significantly

higher than 1, but isoAdvector is stable for Courant numbers less than 1, which is much

better than the constraints for explicit MULES. The developers then replaced MULES

by isoAdvector in interFoam (Roenby et al., 2018), hoping that its good performance

in pure advection at larger time steps would translate well into good performance in the

solver at larger time steps. Unfortunately, this was not the case (Roenby et al., 2017).

Indeed, while isoAdvector keeps the interface sharper than MULES, it has more extreme

wave dampening and phase error. The developers suggest that this might be due to the

coupling of isoAdvector with PIMPLE, which is currently very simple. They are looking

to use some of the extra information gained with isoAdvector to improve how PIMPLE

deals with large density jumps—see, for instance, the pre-print by Vukčević et al. (2018).
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Consequently, interFoam is currently more reliable than interIsoFoam, even if it suffers

from the numerical diffusion that interIsoFoam is known to eradicate.

4.1.5 Boundary conditions

The boundary of the mesh is comprised of several regions, called patches, which allow

different parts of the mesh boundary to have different boundary conditions (Greenshields

and Weller, 2022). For instance, there may be an inlet patch, an outlet patch, a wall

patch, or a symmetry patch in the mesh boundary, and each one gets a different boundary

condition. There are two main types of boundary condition in OpenFOAM: basic and de-

rived (Moukalled et al., 2016). Basic boundary conditions include Dirichlet (fixedValue),

Neumann (fixedGradient or zeroGradient), and Robin (mixed). Derived boundary

conditions are wrappers around basic boundary conditions, allowing easy use of them in

different types of simulations, as described below for open-channel flow.

The OpenFOAM source code includes many tutorials, simple cases designed to illus-

trate OpenFOAM’s vast functionality. A popular method for setting up OpenFOAM sim-

ulations is to pick the tutorial most similar to the intended application, and then modify

it incrementally until the desired geometry and numerics are attained. As we are inter-

ested in modelling free-surface flows around leaky barriers, the weirOverflow tutorial is

appropriate for this purpose. It is a simple open-channel flow case using the VOF solver

interFoam. In this section, we outline the standard boundary conditions for each boundary

patch in the weirOverflow tutorial as shown in Figure 4.2, with discussions based on the

source code. The parameters of interest are the velocity u, pressure p, phase fraction α,

the transported turbulence parameters k and ε or ω, and the turbulent viscosity νt .

Inlet

We want to be able to set a fixed flow rate at the inlet. This can be done using the

variableHeightFlowRateInletVelocity derived boundary condition for velocity, which

is used in VOF simulations to set the inlet velocity to a fixed value so that the prescribed

flow rate of the water phase is reached. More specifically, it calculates the cross-sectional
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Figure 4.2: Boundary patches in weirOverflow tutorial case. Flow from left to right.

area of the water phase using the α field from the previous time step. Then it calculates an

average velocity by dividing the desired flow rate by the cross-sectional area. This is then

set as a fixedValue condition across the water phase by multiplying by α. Consequently,

the velocity is set to be zero across the air phase. The corresponding variableHeight-

FlowRate boundary condition for the phase fraction is


fixedValue 0 if α < 0

zeroGradient if 0 < α < 1

fixedValue 1 if α > 1

. (4.18)

Meanwhile, the boundary condition for pressure is zeroGradient, the transported turbu-

lence parameters fixedValue, and the turbulent viscosity calculated, that is, already

determined from the other parameters.
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Outlet

We want the fluid to be able to leave the domain easily at the outlet. This is generally

done by setting velocity, pressure, and the phase fraction to be zeroGradient, the trans-

ported turbulence parameters inletOutlet, while the turbulent viscosity calculated.

The inletOutlet boundary condition is useful for when there may be reverse flow; it

uses zeroGradient when it is acting as an outlet, but fixedValue when there is reverse

flow. Practical experience has shown that this is an unsatisfactory set up for general open-

channel flow outlets as it does not constrain the downstream depth, which is discussed

further in Sections 4.1.9–4.2.1.

Atmosphere

Special consideration must be taken for pressure and velocity on an atmosphere patch.

Generally, velocity is pressureInletOutletVelocity which, like inletOutlet, is ze-

roGradient when acting as an outlet, but when it is acting as an inlet it is only the

tangential components of the velocity that are set as fixedValue. Meanwhile, pressure

is totalPressure, which is set to be a reference pressure p0 when acting as an outlet,

or p0 − 1
2
|u|2 when acting as an inlet. This combination of pressureInletOutletVe-

locity and totalPressure is good for patches that might become inlets of an unknown

velocity as it allows the velocity to settle to its own value. It encourages stability because

as the velocity increases, the pressure decreases, and thus the pressure gradient decreases

(Greenshields, 2020; Greenshields and Weller, 2022). The phase fraction is inletOutlet

so that water can leave the domain but not re-enter it. Again, the transported turbulence

parameters are inletOutlet while the turbulent viscosity is calculated.

Walls

At the walls, velocity is set to noSlip, alpha zeroGradient, and pressure fixedFlux-

Pressure. This pressure boundary condition means that the flux at the boundary is that

specified by the velocity boundary condition and it is not changed by the pressure gradient.

Meanwhile, the turbulence parameters have wall functions, which are described in Section
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4.1.6.

Symmetry

Finally, a boundary patch may be designated as a symmetry patch, and then all its boundary

conditions must be specified as symmetry. This can be used to cut down simulation time

when the mesh geometry is symmetric across the patch and the flow is assumed to be

symmetric across that patch (Greenshields and Weller, 2022). The symmetry boundary

condition is essentially the same as a slip condition; the normal velocity is zero but the

tangential velocity is retained. All the scalar quantities are zeroGradient. Note that this

boundary condition is not used in weirOverflow since it is a 2D case, but it is used later

this chapter to simplify the 3D simulations.

4.1.6 Turbulence modelling

The turbulence model is defined and implemented separately from the solver, allowing fur-

ther customisation of the numerical setup. There are a range of RAS and LES turbulence

models available in OpenFOAM, including the k-ε, k-ω, and k-ω SST models outlined in

Section 3.2. Corresponding wall functions for the turbulence parameters, set out in Section

3.2.5, are also available as derived boundary conditions. The wall function for k is called

kqRWallFunction, ε epsilonWallFunction, and ω omegaWallFunction. Recall that ei-

ther y+ or y∗ are needed to calculate the turbulent viscosity νt , called nut in OpenFOAM.

The value y+ =
(
ρy
√
τw/ρ

)
/µ is a function of u while the value y∗ =

(
ρy

√
C

1/2
µ k

)
/µ

is a function of k . Thus nutUWallFunction is a boundary condition for νt that uses

y+, while nutkWallFunction is a boundary condition for νt that uses y∗. Going further,

nutUBlendedWallFunction uses the automatic wall treatment of Menter et al. (2003)

to determine if the cell centres are in the viscous sublayer or log-law region, and apply the

correct boundary condition as necessary. Finally, the yPlus post-processing utility can be

used to calculate the y+ value across all the boundary patches, confirming if the boundary

cells are a suitable size.
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Figure 4.3: Stages of mesh generation with snappyHexMesh. From left to right: back-

ground mesh, octree-based castellation, and snapping, based on OpenCFD (2019b, pp.50–

54).

4.1.7 Mesh generation

OpenFOAM has two main mesh generation tools: blockMesh and snappyHexMesh. The

utility blockMesh generates a structured mesh, while snappyHexMesh follows the steps

illustrated in Figure 4.3 to cut out stl geometry files from the mesh, refining the boundary

cells. While this method results in meshes made primarily of hexes, which is good for

solution accuracy, the refinement process results in some non-orthogonality. The levels of

non-orthogonality and skewness can be found using the utility checkMesh, which will then

inform the best choice of numerical scheme. Meshes can also be imported from other CFD

software, for example, the utility fluent3DMeshToFoam converts meshes generated with

commercial software from Ansys. Finally, mesh refinement and manipulation can result in a

numbering of the cells that leads to a high bandwidth matrix that is more computationally

expensive to invert. Consequently, the utility renumberMesh should be used to reduce the

bandwidth of the matrix.

4.1.8 Parallelisation

Fully 3D simulations are computationally expensive. Generally, they are parallelised across

multiple processors so that they can be completed more quickly. This is straightforward

for explicit simulations, but implicit simulations can require the exchange of information

across processors every iteration of the matrix solver (Jamshed, 2015). OpenFOAM uses

implicit methods, so it uses the parallelisation method called domain decomposition. The
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domain is decomposed into a disjoint union of sub-domains, with each one allocated to

a different processor. OpenFOAM offers different options for domain decomposition,

including scotch decomposition, which is an optimisation method to minimise the number

of processor boundaries (OpenCFD, 2019b).

After the domain has been decomposed, the processors communicate with each other

using the open-source message passing interface OpenMPI (OpenCFD, 2019b). This is

done through the wrapper library Pstream, which allows other types of communication

to be implemented without changing the CFD code itself. OpenFOAM does not use the

“halo layer” approach, which duplicates cells adjacent to a processor boundary. Instead,

OpenFOAM uses the “zero halo layer” approach with out-of-core addressing (Jasak, 2012).

Practically, 10,000 computational cells per core works well for OpenFOAM, but it

depends on the hardware and case. Dedicating more cores to the case risks a loss of

efficiency due to the extra messages that must be passed between processors (Jamshed,

2015). Moreover, the fileHandler collated option should be used for large cases so

that only one file is output instead of one for each processor, and it should be noted that

MPI is more suitable for HPC clusters than servers.

4.1.9 Weaknesses

OpenFOAM is not built for modelling open-channel flow. The biggest practical problem

is that there is no boundary condition suitable for the downstream outlet (Flora, 2012;

Bayon-Barrachina and Lopez-Jimenez, 2015; Olsen, 2015). A further practical problem is

that there is no utility in the standard installation to extract the depth-averaged velocity,

required to compare VOF results with hydraulic modelling results. However, as the source

code is open, this extra functionality can be added relatively easy.

However, there are more fundamental problems in OpenFOAM’s solvers. As estab-

lished in Section 4.1.4, OpenFOAM’s VOF solver interFoam is diffusive, while its newer

solver interIsoFoam has not been extensively tested. Moreover, OpenFOAM’s reliance

on PIMPLE means that the VOF solvers get none of the benefits of implicit schemes

but all of the drawbacks. First, there are the explicit components in the PIMPLE algo-

rithm that mean that it lacks unconditional stability. Second, there is the explicit nature
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of isoAdvector and explicit MULES. These two points mean that the time step must be

small, with a Courant smaller than 1—making the choice of an implicit scheme redundant.

Furthermore, while explicit schemes are usually most accurate around CFL = 1, implicit

schemes need much smaller time steps to obtain comparable accuracy. Otherwise, there

are phase and dampening errors (Hirt, 2014). We will address this numerical problem by

developing a new solver in Chapters 5–6, but the practical problems regarding the outlet

boundary condition and extracting the depth-averaged velocity will be addressed now. This

will be paired with the existing numerics to simulate four leaky barrier flume experiments

in 3D.

4.2 New OpenFOAM functionality

4.2.1 Depth outlet boundary condition

In many hydraulic model applications for subcritical flow, the discharge q = hu is set at the

inlet and the depth h at the outlet. This allows backwater effects from any obstacles be-

yond the computational outlet (for example, from tides or a bridge blockage downstream)

to influence the solution within the domain. In OpenFOAM, while there is an inlet boundary

condition that allows the discharge to be set (variableHeightFlowRateInletVelocity),

there is currently no outlet boundary condition that allows the depth to be set. Besides

the obvious problem that this makes it more difficult to compare the entire domain with

results from a shallow water flow model, experience has shown that this can also result in

a strange feedback loop where the entire domain fills up with progressively slower water.

It is possible to have a weir near the downstream outlet to give the desired depth (Mukha

et al., 2020), but this indirect approach can be difficult to control. A more direct option is

to split up the outlet patch so that water can only exit from the intended depth, but this is

neither straightforward nor reliable (Olsen, 2015). Flora (2012) suggested a workaround

by applying an average velocity across the whole outlet patch, and Bayon-Barrachina and

Lopez-Jimenez (2015) took a similar approach, but a programmed solution would be more

convenient and generalisable to transient simulations. The boundary condition developed

here essentially automates this method, allowing it to be used for transient simulations
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where the flow rate changes between time steps.

While the variableHeightFlowRateInletVelocity boundary condition reads in Q

from a dictionary, calculates A by reading in the current α field, and uses the equation

Q = Au to calculate u, the idea here is the opposite: calculate Q by reading in the current

u field, read in h from a dictionary (giving A), and then use the equation Q = Au to

calculate a new value of u. Note that the value of A is restricted to the resolution of

the grid, which may result in slight under- or over-estimates of the velocity u. A possible

solution to this problem would be to consider cells partially full of water; however, this

would require excessively complex geometrical operations.

If the velocity is applied across the whole outlet patch, the increased velocity of the air

means that air has to be drawn in from the atmosphere patch, which can result in high

velocities and instability. To counter this, the velocity is applied only to cells beneath the

depth marker and a small buffer above it. The buffer is there so that small fluctuations in

water level do not get stuck inside the domain, unable to leave.

Another problem is that the sudden slowing down at the boundary condition can result

in eddies that temporarily provide a negative Q at the boundary. This results in a negative

u, and a feedback loop causes the simulation to blow up. Thus the boundary condition

defaults to a fixed value of zero velocity if the total flow rate out of the domain is negative,

allowing such problems to settle out. As this settling out takes time, the boundary condition

should be used with caution in transient simulations.

4.2.2 Depth-averaged velocity function object

Another problem lies in post-processing. It is useful to be able to extract the values of the

depth h and depth-averaged velocity u from the VOF results as these are the quantities

of interest in hydraulic models. While the depth is simple to extract from OpenFOAM

simulations with either a ParaView filter or standard surface function object, the depth-

averaged velocity is more complicated. This is because the approaches of hydraulic models

and VOF are fundamentally different. Gschaider (2014, 2011) suggested a workaround

with a community contribution to OpenFOAM called swak4Foam but, again, a programmed

solution would be more convenient.
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Case
Flume Barrier Mesh Boundaries

Dimensions

(m)

Slope

(-)

Gap

(m)

Size

(m)

Dimensions

(m)

Cells

(mil.)

Bad

cells

Qin

(m3/s)

hout

(m)

N33 0.0096 0.08

N53 0.3× 17.8× 0.3 1:1600 0.025 0.1 0.15× 7.8× 0.30 0.87 9 0.0060 0.06

N43 0.0032 0.05

W 1.0× 12.0× 0.6 1:50 0.035 0.2 0.50× 3.0× 0.50 1.46 43 0.0318 0.04

Table 4.4: Mesh and boundary conditions for each case. Note that the upstream boundary

condition is half the measured value due to the symmetry plane, and the downstream

boundary condition has a low level of precision due to the dependence of the custom

boundary condition on the mesh resolution.

The depth-averaged x-direction velocity at a point x0 is given by

u(x0) =
1

|{xo} ∩W |

∫∫
{xo}∩W

u(x0, y , z) dy dz. (4.19)

where u is the x-direction velocity and W is the volume filled with water. We call this the

depth-averaged velocity because width averaging is trivial in a standard channel; the width

is simply the width of the domain, whereas the depth is of the water and not of the entire

domain. To approximate (4.19) at the discrete level, one practical solution is to partition

the x-axes into subintervals and use

u(x0) ≈
∑

i (u(Ωi) · |Ωi |)∑
i |Ωi |

, (4.20)

where the computational cells Ωi are those whose x-components of the cell centres lie in

the subinterval around x0 and whose α values are greater than 0.5.

4.3 Application to leaky barriers

This section simulates four steady-state flume experiments using OpenFOAM, comparing

the results with data outlined in Appendix A. Table 4.4 summarises the cases, three for the

narrow flume (N33, N53, N43) and one for the wide flume (W). It might seem that the

width dimension of the flume could be ignored, and that a 2D simulation (one dimension

along the length of the flume, and one dimension along the height) would suffice instead of
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Figure 4.4: Creation of narrow flume geometry in Ansys DesignModeler.

a more expensive 3D simulation. However, initial explorations showed that a 2D approach

does not allow the nappe over the barrier to be aerated, which it should be for the narrow

flume cases (N33, N53, N43). Instead, any air initially aerating the nappe gets entrained

and transported downstream. As the simulation is 2D, there is no mechanism for the

entrained air to be replaced, and so the nappe clings to the barrier. This problem was also

experienced by Patil (2018) in simulating sea defences with OpenFOAM, but there is no

reason that it would be an OpenFOAM-specific problem unless special boundary conditions

exist in commercial software to deal with it. In any case, we perform a 3D simulation to

avoid this problem.

4.3.1 Methodology

Recreating the flume

As both flumes are long, a truncated domain was modelled. A symmetry plane down the

middle of the flume decreased computation time further. A mesh for each flume was

created with Ansys Workbench 18.1. First, geometry was created with DesignModeler

(Figure 4.4), which was then meshed with Meshing (Figure 4.5). Ansys tools were used

instead of OpenFOAM tools due to their increased flexibility and levels of specification. In

particular, hybrid meshes can be created with Ansys. This meant the majority of the domain
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Figure 4.5: Cross sections of the meshes at the location of the leaky barrier. The green

zone is the tetrahedal mesh around the leaky barrier, while the blue zone is the hexahedral

mesh upstream from the barrier. Left: narrow flume, right: wide flume.

could be filled with computationally efficient and higher quality hexahedral cells, while

tetrahedral cells could easily wrap around the leaky barriers. The boundaries between the

two zones were conformal, allowing individual cell faces to match up across the boundaries.

Recall that wall functions require boundary cells to be of a specific non-dimensional

size. This can be achieved in Ansys by using inflation layers, where the cell size increases

smoothly from the boundary cells to the non-boundary cells. However, inflation layers are

not available for manually created hexahedral meshes, and so the hexahedral zone was

generated using an automatic multizone method, which can be used with inflation. This

resulted in slightly skewed hexahedral cells, but allowed inflation layers to line up smoothly

in both the hexahedral and tetrahedral zones. Table 4.4 shows that only very small numbers

of cells failed the mesh quality check. This is acceptable because it is impossible to create

a perfect mesh.

Modelling the free-surface flow

Recall that only the fixed-lid approach has been used for 3D modelling of leaky barriers in

the literature. This is simple and relatively cheap, but also a major limitation as the free

surface is not an output of the model. OpenFOAM’s VOF solver interFoam allows the

free surface to move throughout the simulation. As discussed in Section 4.1.5, such free-

108



4.3. APPLICATION TO LEAKY BARRIERS

surface flow requires specialist boundary conditions. In particular, these cases replicated

the boundary conditions from the standard weirOverflow tutorial case, which allows a flow

rate to be specified at the inlet and air to enter and exit freely through the upper boundary,

but with the custom downstream boundary condition developed in Section 4.2.1 allowing

a fixed water depth to be specified at the outlet and a symmetry boundary condition

specified along the symmetry plane. Turbulence parameters were calculated from the

standard relations with an intensity of 5% and a length scale corresponding to the size of

the barrier, and a wall function based on y+ and valid in both the viscous sublayer and

log-law region was used for the walls and leaky barrier. While this kind of VOF simulation

is more computationally expensive than a fixed-lid simulation, OpenFOAM simulations can

be parallelised. The domain was decomposed into 16 subdomains, with each subdomain

sent to its own core on a blade server (Intel Xeon E5-2680 v4 2.4 GHz).

Starting stable, ending accurate

As the cases under consideration are steady state, the simulations started off with local

time-stepping and first-order spatial discretisation. When the simulations converged to

a steady state, the spatial discretisation accuracy was increased to second-order and the

time discretisation made no longer local. Interestingly, local time-stepping did not work

with Case W, but this was less of a concern as the thicker barrier meant larger cell sizes,

and thus global time steps, could be used. The settings for the second, accurate stage of

modelling are shown in Table 4.5 (case files in Appendix B).

4.3.2 Results and discussion

Comparison with experimental data

The simulated free surface was extracted using the contour of α = 0.5. Figure 4.6 shows

that the simulated free surface generally compares well with observations. The location

of the hydraulic jump is not captured so well, in fact, it is very sensitive to small changes

in parameters. This could be caused by the lack of precision in the downstream boundary

condition, or simply the difficulty of measuring the discharge in the narrow flume. Note
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Category Setting Value

Solver application interFoam

VOF semi-implicit

alpha correctors 3

inner pressure-velocity loops 3

turbulence model k-ω SST

Time integration scheme Euler-implicit

max Courant number 0.8–0.9

max alpha Courant number 0.8–0.9

Divergence momentum second-order TVD

turbulence second-order TVD

VOF second-order TVD

VOF compression linear interpolation

viscosity linear interpolation

Other schemes gradient Gauss with cell limiting

Laplacian non-orthogonal correction

surface-normal gradient non-orthogonal correction

p rgh matrix solver PCG, DIC preconditioner

tolerance 1.00e-07

relative tolerance 0.05 (0.0 in final PISO loop)

U, k, omega matrix solver smooth, symmetric Gauss-Seidel

tolerance 1.00e-08

relative tolerance 0.01

Table 4.5: Numerical settings for OpenFOAM.
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Figure 4.6: Observed (black crosses) and simulated (green lines) free surfaces for each

case.

Figure 4.7: Observed (black crosses) and simulated (green lines) depth-averaged x-

direction velocities for each case.
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that the oscillations around the hydraulic jump are not numerical oscillations but were

present in the flume experiments.

The simulated depth-averaged velocity was calculated using the custom function object

from Section 4.2.2. The observed depth-averaged velocity was found using the steady-

state continuity equation, rather than direct velocity measurements. Figure 4.7 shows

that this depth-averaged velocity is generally recreated well by the simulations but has

some discrepancies, which could be because of sensitivity. For instance, Figure 4.6 shows

that two depth measurements were taken at each point downstream of the barrier in Case

W. These were approximate minimum and maximum depths because the flow was very

turbulent and there was no single correct depth. However, Figure 4.7 shows that the min-

imum and maximum depth measurements result in very different minimum and maximum

depth-averaged velocities. Meanwhile, the spikes in the simulated depth-averaged velocity

for Case W are probably due to the effect of the barrier slope on the sampling procedure.

This acceptable performance compared to measurements suggests that, with caution,

the results can be used to gain insights on the steady-state flow around leaky barriers.

Visualising flow around the barrier

Figures 4.8 and 4.9 show the flow patterns around the leaky barrier, visualised using

ParaView and clipped at α = 0.5 to show only the water. This visualisation method hides

numerical diffusion, but it is useful nonetheless, and there are three different features to

draw out from it. First, note that the nappe is aerated in Cases N33 and N53 but not

W, which can be explained by the presence of the leaky barrier support in the narrow

flume. Such behaviour was observed in the flume experiments; see Figure A.4 for the lack

of nappe in the wide flume. Second, the visualisation clearly shows the stagnation point

upstream of the barrier, which is not so clear in flume experiments. This could be found

systematically to develop discharge equations for combined weir/gate flows, which is what

leaky barriers are sometimes represented with in the literature (Cabaneros et al., 2018;

Metcalfe et al., 2017) and what they were represented as in Chapter 2 and Leakey et al.

(2020), demonstrating the added value of using CFD alongside flume experiments. Third,

and perhaps most significantly, note the hydraulic jump in Cases N33 and N53. As was
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Figure 4.8: Velocities around the leaky barrier on the symmetry plane for each case,

uniform distribution of glyphs rather than every cell.
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Figure 4.9: Q-criterion contours (Q = 100) around the leaky barrier for each case, showing

the non-turbulent eddies as it is a Reynolds averaged simulation.

114



4.4. CONCLUSION

Case Max y+ (-) Max bed shear stress (m2/s2) Total force on barrier (N)

N33 1.073e+02 (2.154e-02, 2.819e-03, 3.512e-02) (1.411e+01, 2.836e-02, 7.251e-04)

N53 7.544e+01 (1.126e-02, 1.498e-03, 1.794e-02) (1.119e+01, -4.682e-02, 4.024e-05)

N43 9.452e+01 (1.917e-03, 6.548e-04, 8.902e-03) (7.118e+00, -7.345e-02, -1.225e-03)

W 1.505e+02 (1.973e-02, 1.987e-03, 1.102e-02) (1.273e+02, -2.896e+01, -1.776e-02)

Table 4.6: Post-processing results for selected boundary patches.

also observed in the flume experiments, the flow over the barrier submerges the flow under

the barrier. This has a practical application for representing leaky barriers as a combined

weir/gate structure. Specifically, the hydraulic jump means that the free gate equation is

not always valid even when there is supercritical flow downstream of the barrier, and so

the submerged equation should sometimes be used instead. Further research would need

to take place to find out at what point the submerged equation should be used.

Flow adjacent to walls

The flow in the boundary cells was analysed using standard OpenFOAM function objects.

Table 4.6 shows that the maximum y+ values were all comfortably in range, and so the wall

functions were valid. Additionally, the maximum bed shear stress and the total force on the

barrier increase with the flow rate. This sort of analysis could be useful for predicting scour

and failure potential in a systematic study of leaky barrier designs, and again demonstrates

the added value of using CFD alongside flume experiments.

4.4 Conclusion

While leaky barriers are a popular method for reducing flood risk, it is difficult to quantify

their impact in the field. Until now, leaky barriers have only been modelled by changing

parameters in hydrological and hydraulic models, by analogy to well-understood simple hy-

draulic structures or—much more rarely—by fixed-lid 3D modelling. All these approaches

have inherent limitations. Notably, the fixed-lid approach cannot capture any backwater

effect.

This chapter explained how OpenFOAM and its VOF solvers work, developed new prac-
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tical functionality for modelling open-channel flow in OpenFOAM, and used this to model

3D non-fixed-lid-flow around leaky barriers for the first time. The free surface and depth-

averaged velocity extracted from the simulations compared well with experimental flume

data. Moreover, flow features observed in the flume experiments, like the submergence

of the gate caused by the weir nappe, were captured in the simulations. Consequently,

we can have confidence that interFoam provides acceptable results in such steady-state

cases.

This kind of combined physical and mathematical modelling could be applied systemat-

ically to model different leaky barrier designs and extract steady-state discharge equations

with confidence. This could then provide a much-needed upgrade to the capabilities of

current hydrological and hydraulic models to handle different designs of barrier. More-

over, the ability to calculate bed shear stress and the force on the barrier could inform a

more holistic barrier design process that takes into account the potential for scour or even

failure.

However, the applicability of this method to transient simulations is not a given due

to the semi-implicit nature of the pressure-velocity coupling in OpenFOAM. Moreover,

being semi-implicit, OpenFOAM simulations require expensive approximate matrix inver-

sion, which is difficult to parallelise. Therefore, Chapter 5 develops an explicit free-surface

solver that builds upon some of the recent advances in CFD, and Chapter 6 implements

it in OpenFOAM.
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As discussed in Chapter 4, the semi-implicit nature of OpenFOAM’s volume of fluid solvers

mean that they have all of the disadvantages and none of the advantages of an implicit

solver. New numerical and computational methods have been developed since FOAM was

originally created by Weller et al. (1998), so it is worth using these to make a solver

more suitable for free-surface flow and efficient parallelisation. However, the OpenFOAM

framework itself remains a useful test bed for new academic code as not everything has

to be built from scratch. In the present chapter, we develop a new Computational Fluid

Dynamics (CFD) solver for free-surface flow based on the method of artificial compress-

ibility. The scheme is general, theoretically suitable for viscous flows on 3D unstructured

meshes. We implement it for inviscid flows on 2D Cartesian meshes, and demonstrate

its effectiveness against four sets of benchmark tests. This work in this chapter has been

published in Leakey et al. (2022b). In Chapter 6, we go on to transfer the solver into

OpenFOAM code for use with arbitrary 3D unstructured meshes.

5.1 Introduction to the solver

The Navier-Stokes equations do not include an equation for pressure. For incompressible

flows, numerical methods must find a way around this problem to update the pressure

field. As discussed in Sections 3.3.6 and 4.1.3, the method taken in OpenFOAM is the

PIMPLE algorithm, a predictor-corrector method based on matrix inversion. An alternative

approach is artificial compressibility, which adds a pseudo-time derivative of pressure to

the incompressibility constraint. This makes the governing equations hyperbolic, allowing

the solution to advance in pseudo-time until it converges, at which point the pseudo-

time derivative disappears and the original equations are satisfied (Drikakis and Rider,
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2005; Toro, 2009; Kwak and Kiris, 2011). As the equations are hyperbolic, they can

be solved with methods designed for compressible flows, such as Godunov-type schemes.

Chorin (1997) created artificial compressibility for steady-state cases, but it has since been

generalised to transient cases using dual time stepping, that is, driving the solution to the

incompressible limit at each time step.

Artificial compressibility has a key computational advantage compared to the SIMPLE,

PISO, and PIMPLE algorithms. The artificial compressibility method is easier to paral-

lelise, especially if the pseudo-time stepping is explicit (Nourgaliev et al., 2004; Loppi,

2019; Vermeire et al., 2019). Hodges (2020, p.5) notes that this is because artificial

compressibility “replaces the global solution of an elliptic matrix inversion with local hy-

perbolic wave propagation,” making it simpler, and therefore more efficient, for processors

to communicate with each other. Consequently, the artificial compressibility method has

much potential for application on modern hardware architectures (Loppi, 2019; Vermeire

et al., 2019).

Despite this potential for parallelisation, the artificial compressibility method has not

been thoroughly developed for free-surface flows (Shapiro and Drikakis, 2005a). In the

artificial compressibility framework, researchers have modelled free-surface flows by cou-

pling the artificial compressibility equations with the VOF equation (Pan and Chang, 2000;

Bhat and Mandal, 2019a,b; Ntouras and Papadakis, 2020) and level-set equation (Nour-

galiev et al., 2004). However, the most developed method is to couple the equations with a

transport equation for density, that is, to solve the variable-density artificial-compressibility

equations, and to mark the location of the free surface by the density discontinuity. Kelecy

and Pletcher (1997) pioneered this method in a Godunov-type scheme, Qian et al. (2006)

added the Cartesian cut-cell technique to simulate moving bodies, Shin et al. (2012) added

the hybrid Cartesian/immersed boundary technique to simulate moving bodies, and Bassi

et al. (2018) used the method as part of a discontinuous Galerkin scheme, also deriving

shock and rarefaction relations for the equations.

Even though the variable density approach is the most developed free-surface method

in the artificial compressibility framework, these key papers were spaced out over several

decades. Further work developed upon these specific numerical schemes, rather than
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investigating alternatives. The scheme developed by Qian et al. (2006) has been tested

further (Ma et al., 2011; Wang and Wang, 2009, 2010a,b, 2012; Wu et al., 2014; Wang

et al., 2020), used to model wave overtopping (Gao et al., 2007, 2009; Ingram et al.,

2009), and extended to 3D (Hu et al., 2013). The scheme developed by Shin et al.

(2012) has also been tested further (Shin, 2013), and discontinuous Galerkin schemes

using the exact Riemann solver put forward by Bassi et al. (2018) have been tested as well

(Manzanero et al., 2020; Massa et al., 2020). This is good, but more is needed. Before

the method can be used practically with confidence, it needs to be systematically explored,

with advances from the wider CFD literature incorporated, and some specific problems

solved.

In this chapter, we develop a Godunov-type scheme for the variable-density artificial-

compressibility equations, as done by Kelecy and Pletcher (1997) and Qian et al. (2006).

The scheme is general, theoretically suitable for viscous flows on 3D unstructured meshes.

Here we implement it for inviscid flows on 2D Cartesian meshes, and demonstrate its ef-

fectiveness against four sets of benchmark tests. Before setting out the specific objectives

of this chapter, recall from Section 2.1 that the general idea of a Godunov-type scheme is

to calculate the numerical fluxes at cell interfaces with Riemann solvers, which derive or

approximate the wave pattern propagating from a single step discontinuity. This has the

benefit of capturing shocks automatically, and so lends itself to a range of applications,

from modelling flood waves with the shallow water equations (as in Chapter 2) to modelling

blasts with the Euler equations (Toro, 2009, 2001). One of the most common methods

to make Godunov-type schemes second-order accurate in space is MUSCL reconstruc-

tion (van Leer, 1976) as is used in Chapter 2, and higher-order accuracy can be obtained

with the Weighted Essentially Non-Oscillatory (WENO) method (Liu et al., 1994). While

Godunov-type schemes can give stable results for under-resolved flows, compensating for

poor mesh resolution with a higher-order method can lead to spurious vortices (Brown,

1995; Drikakis and Smolarkiewicz, 2001). The focus of the present chapter is three-

fold: robust Riemann solvers, pressure gradients for MUSCL reconstruction, and ease of

parallelisation.
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Riemann solvers

In the variable-density artificial-compressibility equations, the density discontinuity is marked

by a contact wave. Consequently, the free surface can be captured by the contact wave

in a Riemann solver, without resorting to surface-capturing or surface-tracking methods

such as VOF. This means that the robustness of the Riemann solver is paramount. In this

study, we apply for the first time the Osher Riemann solver of Dumbser and Toro (2011)

to the variable-density artificial-compressibility equations. The results are compared with

the Riemann solver of Bassi et al. (2018), exact under certain wave configurations, and the

Roe Riemann solver implemented by Kelecy and Pletcher (1997) and Qian et al. (2006).

Pressure gradients

Without special treatment, standard MUSCL reconstruction will not account for the im-

pact of a density discontinuity on the pressure gradient. This can result in an imbalance

of forces at the free surface and, in turn, either parasitic velocities (DeGroot and Straat-

man, 2011; Efremov et al., 2017; Hashemi et al., 2020) or erroneous compression at what

should be the incompressible limit. As will be shown later, the compression can resemble

Gibbs-type oscillations, but it is a distinct problem of its own that persists even with the

most severe of limiters. For the variable-density artificial-compressibility equations, only

Qian et al. (2006) have addressed this problem and only in the hydrostatic case; they did

not consider how there can still be a force imbalance in the absence of gravity. However,

it has been investigated more comprehensively in the wider CFD literature, both for hy-

drostatic pressure (Zingale et al., 2002; Botta et al., 2004; Krause, 2019; Fuchs et al.,

2010) and non-hydrostatic pressure (Ntouras and Papadakis, 2020; Queutey and Vison-

neau, 2007; Kruisbrink et al., 2018; Vukčević et al., 2018). In this study, we introduce

a new method for calculating the pressure gradient that has not been considered before

either in the artificial compressibility literature or the more general CFD literature. Based

on a rearrangement of the momentum equation and exploitation of the other TVD gradi-

ents and source terms, it captures the pressure gradient discontinuity at the free surface

automatically.
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Ease of parallelisation

Kelecy and Pletcher (1997), Qian et al. (2006), and Bassi et al. (2018) all used implicit

schemes. However, this fails to take advantage of one of the key advantages of artificial

compressibility. If the pseudo-time stepping is explicit, then it is relatively easy to parallelise

on modern hardware architectures (Nourgaliev et al., 2004; Loppi, 2019; Vermeire et al.,

2019). In this study, we use the explicit Runge-Kutta scheme of Vermeire et al. (2019)

to advance in pseudo-time.

5.2 Governing equations

5.2.1 Artificial compressibility

Incompressible flows with variable density can be modelled using the system of equations

(3.1)–(3.3). The problem with this system of equations is that there is no equation for

pressure. In the method of artificial compressibility, pseudo-time derivatives are added to

equations (3.1)–(3.3) to get

∂ρ

∂τ
+
∂ρ

∂t
+∇ · (ρu) = 0 (5.1)

∂

∂τ
(ρu) +

∂

∂t
(ρu) +∇ · (ρu⊗ u) = −∇p +∇ ·

(
µ
(
∇u +∇uT

))
+ ρg (5.2)

1

β

∂p

∂τ
+∇ · u = 0 (5.3)

where τ is pseudo-time and β is the artificial compressibility coefficient. This is solved in

pseudo-time until convergence, and thus the pseudo-time derivatives go to zero, retrieving

the original equations again. Again, the term t is needed for the solution to be transient,

while τ is needed to make the equations hyperbolic; these will form two nested loops in a

numerical scheme (dual time stepping).

If the solution converges in pseudo-time, then ∂p/∂τ ≈ 0 and the artificial compress-

ibility coefficient β should not impact the solution. However, when the maximum density is

around ρ = 103 as for water, setting β < 103 can result in instability and setting β > 104

can inhibit convergence, meaning ∂p/∂τ ≈ 0 is not achieved (Kelecy and Pletcher, 1997).

Therefore some trial and error is required to pick a suitable value of β. In practice, we
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have found that setting β = 1100 is just large enough to avoid instability, and so will have

minimal impact on convergence.

There have not been many theoretical investigations of the governing equations (5.1)–

(5.3). Shapiro and Drikakis (2005a) derived three different formulations of characteristics-

based schemes and compared these at the constant density limit, while Bassi et al. (2018)

derived properties of the rarefaction and shock waves from the Riemann invariants and

Rankine-Hugoniot jump conditions respectively. The focus of the present paper is devel-

oping and testing a numerical scheme rather than deriving further theoretical properties,

but the developments by Bassi et al. (2018) are discussed further in Section 5.5.1.

5.2.2 Compact form

The governing equations (5.1)–(5.3) can be written in the compact form

∂Q

∂τ
+ IC

∂Q

∂t
+∇ · F = B (5.4)

where the conservative state vector is

Q =



ρ

ρu

ρv

ρw

p/β


, (5.5)

the cancellation matrix (Vermeire et al., 2019) is

IC =



1

1

1

1

0


, (5.6)

the flux vectors are

F = Finv − Fv is (5.7)
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where the inviscid flux is

Finv =





ρu

ρu2 + p

ρuv

ρuw

u


,



ρv

ρuv

ρv 2 + p

ρvw

v


,



ρw

ρuw

ρvw

ρw 2 + p

w




(5.8)

and the viscous flux is

Fv is =





0

2µ∂u
∂x

µ
(
∂u
∂y

+ ∂v
∂x

)
µ
(
∂u
∂z

+ ∂w
∂x

)
0


,



0

µ
(
∂u
∂y

+ ∂v
∂x

)
2µ∂v

∂y

µ
(
∂v
∂z

+ ∂w
∂y

)
0


,



0

µ
(
∂u
∂z

+ ∂w
∂x

)
µ
(
∂v
∂z

+ ∂w
∂y

)
2µ∂w

∂z

0




, (5.9)

and the body force source term is

B =



0

ρgx

ρgy

ρgz

0


. (5.10)

5.2.3 Eigenstructure

The eigenstructure of the governing equations, that is, the eigenvalues and the right and

left eigenvectors of the Jacobian, is important for developing a Godunov-type scheme.

The following calculations were completed and checked by hand with the help of Wolfram

Alpha, verified with the mathematical software Maple, and then compared against pub-

lished results for different formulations of the equations (Kelecy and Pletcher, 1997; Pan

and Chang, 2000; Qian et al., 2006) and slightly different equations (Elsworth and Toro,

1992; Bhat and Mandal, 2019a).
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First block

Consider the x-direction inviscid fluxes Fx,inv . The Jacobian is

Ax =
∂Fx,inv
∂Q

=



0 1 0 0 0

−u2 2u 0 0 β

−uv v u 0 0

−uw w 0 u 0

−u/ρ 1/ρ 0 0 0


(5.11)

with eigenvalues

λ1 = λ2 = λ3 = u (5.12)

λ4,5 =
1

2
(u ± c) (5.13)

where c =
√
u2 + 4β/ρ. Note that this means u = λ4 +λ5 and c = λ4−λ5. So the right

and left eigenvector matrices are

Rx =



1 0 0 λ4 λ5

u 0 0 uλ4 + β/ρ uλ5 + β/ρ

0 1 0 vλ4 vλ5

0 0 1 wλ4 wλ5

0 0 0 −λ5/ρ −λ4/ρ


(5.14)

Lx =



1 + u2ρ/β −ρu/β 0 0 −ρ

u2vρ/β −uvρ/β 1 0 −ρv

u2wρ/β −uwρ/β 0 1 −ρw

−uλ4ρ/βc λ4ρ/βc 0 0 ρ/c

uλ5ρ/βc −λ5ρ/βc 0 0 −ρ/c


. (5.15)

It is also useful to define the matrix

|Λx | =



|λ1|

|λ2|

|λ3|

|λ4|

|λ5|


. (5.16)
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The results are similar for the second and third blocks, but with permutations of the

matrix entries. This means that we can use a 3D rotation matrix and its inverse to

convert Riemann problems into x-direction Riemann problems, which is covered later.

Second block

The Jacobian is

Ay =



0 0 1 0 0

−uv v u 0 0

−v 2 0 2v 0 β

−vw 0 w v 0

−v/ρ 0 1/ρ 0 0


(5.17)

with eigenvalues

λ1 = λ2 = λ3 = v (5.18)

λ4,5 =
1

2
(v ± c) (5.19)

and eigenvectors

Ry =



1 0 0 λ4 λ5

0 1 0 uλ4 uλ5

v 0 0 vλ4 + β/ρ vλ5 + β/ρ

0 0 1 wλ4 wλ5

0 0 0 −λ5/ρ −λ4/ρ


(5.20)

Ly =



1 + v 2ρ/β 0 −ρv/β 0 −ρ

v 2uρ/β 1 −vuρ/β 0 −ρu

v 2wρ/β 0 −vwρ/β 1 −ρw

−vλ4ρ/βc 0 λ4ρ/βc 0 ρ/c

vλ5ρ/βc 0 −λ5ρ/βc 0 −ρ/c


. (5.21)

125



CHAPTER 5. DEVELOPING A NEW FREE-SURFACE SOLVER

Third block

The Jacobian is

Az =



0 0 0 1 0

−uw w 0 u 0

−vw 0 w v 0

−w 2 0 0 2w β

−w/ρ 0 0 1/ρ 0


(5.22)

with eigenvalues

λ1 = λ2 = λ3 = w (5.23)

λ4,5 =
1

2
(w ± c) (5.24)

and eigenvectors

Rz =



1 0 0 λ4 λ5

0 1 0 uλ4 uλ5

0 0 1 vλ4 vλ5

w 0 0 wλ4 + β/ρ wλ5 + β/ρ

0 0 0 −λ5/ρ −λ4/ρ


(5.25)

Lz =



1 + w 2ρ/β 0 0 −ρw/β −ρ

w 2uρ/β 1 0 −wuρ/β −ρu

w 2vρ/β 0 1 −wvρ/β −ρv

−wλ4ρ/βc 0 0 λ4ρ/βc ρ/c

wλ5ρ/βc 0 0 −λ5ρ/βc −ρ/c


. (5.26)

5.3 Discretisation

5.3.1 Finite volume method

For transient equations such as (5.4), artificial compressibility uses dual time stepping,

that is, driving the solution to the incompressible limit each real-time step. To advance

the variables in pseudo-time, we follow the discretisation method of Vermeire et al. (2019),
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applying it to variable-density flows for the first time. Moving the real-time derivative to

the right-hand side of the compact form (5.4), along with the fluxes and gravity source

term, yields

∂Q

∂τ
= −∇ · F− IC

∂Q

∂t
+ B. (5.27)

Integrating over the computational cell Ω and applying Gauss’s theorem results in the

semi-discretised equation

∂Qi

∂τ
= −

1

|Ω|
∑
f ∈∂Ω

Ff · Sf − IC
∂Qi

∂t
+ Bi (5.28)

where the subscript i denotes cell averages and the subscript f face averages. Integrating

over the pseudo-time interval [τ0, τ1] and applying the Fundamental Theorem of Calculus,

we get

Qm+1
i = Qm

i +

∫ τ1

τ0

(
−

1

|Ω|
∑
f ∈∂Ω

Ff · Sf − IC
∂Qi

∂t
+ Bi

)
dτ. (5.29)

This equation, still exact with no approximations, shows that the solution can march

forward in pseudo-time with the real-time term IC · ∂Qi/∂t treated as a source term.

5.3.2 Runge-Kutta pseudo-time stepping

The exact equation (5.29) is discretised in pseudo-time using the Jameson (1991) explicit

Runge-Kutta multistage method, again as in Vermeire et al. (2019). Computationally, this

means that there are three nested loops, as shown in Algorithm 5.1. The outer loop loops

over real-time, the middle loops over pseudo-time, and the inner loops over Runge-Kutta

stages. Each real-time iteration involves enough pseudo-time iterations to get the solution

to converge within a prescribed tolerance, and each pseudo-time iteration involves a set

number of Runge-Kutta stages. The real-time derivative is updated every pseudo-time

step, which takes care of the real-time stepping point-implicitly, while pseudo-time is dealt

with explicitly.

Formally, let Qn,m,s denote the conserved variables Q evaluated at the nth real-time

step, the mth pseudo-time iteration and the sth stage in the Runge-Kutta scheme. The
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Algorithm 5.1 Three nested loops with the same array Q = [ρ, ρu, ρv , ρw, p/β] operated

on throughout. Backward-Euler real-time derivative shown for illustration; higher-order

methods require more real-time steps saved than Qn.

t ← 0

while t < tmax do . start real-time loop

Qn ← Q

t ← t + ∆t

τ ← 0

while residuals > tolerance do . start pseudo-time loop

Qm ← Q

τ ← τ + ∆τ

real-time term ← IC
Q−Qn

∆t

body force ← ρg

for s = 1, ..., smax do . start Runge-Kutta loop

calculate αs , αP I,Ff

Q← Qm + ∆τ αs
αP I

(
− 1
|Ω|
∑

f Ff · Sf − real-time term + body force
)

end for . end Runge-Kutta loop

end while . end pseudo-time loop

end while . end real-time loop
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B0 B1 B2 B3

Backward-Euler 1 −1 − −

BDF2 3
2 −2 1

2 −

BDF3 11
6 −3 3

2 − 1
3

Table 5.1: Backward differencing coefficients from Vermeire et al. (2019, Table 1) with

typo fixed according to the standard textbook (Iserles, 2008, p.27).

variables are advanced in pseudo-time using the update equation

Qn+1,m+1,0
i = Qn+1,m

i (5.30)

Qn+1,m+1,s
i = Qn+1,m+1,0

i

+
αs∆τ

αP I

(
−

1

|Ω|
∑
f ∈∂Ω

Fn+1,m+1,s−1
f · Sf − IC

∂

∂t
(Qn+1,m+1,0

i ) + Bn+1,m+1,0
i

)

for s = 1, ..., smax

(5.31)

Qn+1,m+1
i = Qn+1,m+1,smax

i (5.32)

where αs is the Runge-Kutta coefficient. The last coefficient αsmax must be equal to 1

and, for second-order accuracy in time, the second-last coefficient αsmax−1 must be equal

to 1/2.

The real-time derivative in (5.31) is given by the backward differencing scheme

∂

∂t

(
Qn+1,m+1,0
i

)
=
B0Qn+1,m+1,0

i +
∑M

σ=0Bσ+1Qn−σ
i

∆t
(5.33)

where M is the order of the scheme and the coefficients Bσ are given in Table 5.1.

Note that the first real-time derivative can only be Backward-Euler, the second real-time

derivative Backward-Euler or BDF2, and so on. In any case, we only use Backward-Euler

in this chapter. The effect of having the first term on the right-hand side of (5.33) be

Qn+1,m+1,0
i and not Qn+1,m+1,s

i is remedied almost exactly with the “point-implicit scaling

coefficient”

αP I = 1 + B0αS
∆τ

∆t
(5.34)

in (5.31), which comes from some rearranging and helps with stability when ∆τ/∆t is
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large (Loppi, 2019; Vermeire et al., 2019). For the derivation, note that

∂

∂t

(
Qn+1,m+1,s
i

)
=
B0Qn+1,m+1,s

i +
∑M

σ=0Bσ+1Qn−σ
i

∆t
(5.35)

=
B0Qn+1,m+1,s

i − B0Qn+1,m+1,0
i + B0Qn+1,m+1,0

i +
∑M

σ=0Bσ+1Qn−σ
i

∆t

(5.36)

=
B0

∆t

(
Qn+1,m+1,s
i −Qn+1,m+1,0

i

)
+
∂

∂t

(
Qn+1,m+1,0
i

)
(5.37)

and, ignoring IC, the term

B0

∆t

(
Qn+1,m+1,s
i −Qn+1,m+1,0

i

)
(5.38)

can be collected with like terms in (5.31) to obtain αP I. Ignoring the cancellation matrix

in this derivation does not affect the converged solution. Indeed, Vermeire et al. (2019)

set αP I = 1 for constant density flows but, in the present study of variable density flows,

it was vital for stability to use the correct value (5.34).

An explicit scheme was chosen for pseudo-time because explicit schemes have numerical

advantages compared to implicit schemes. Indeed, while implicit schemes are uncondition-

ally stable, they are less accurate than explicit schemes when large time steps (or Courant

numbers) are used (Fernández-Pato et al., 2018). Moreover, in implicit schemes it is

impossible to determine in advance the upper limit of the Courant number before the

accuracy starts to decrease (Morales-Hernández et al., 2014).

The specific time discretisation chosen also has computational advantages. First, as

the scheme is explicit in pseudo-time, it is easy to parallelise (Loppi, 2019; Vermeire

et al., 2019). Second, as it is point-implicit in real-time, large real-time steps are possible

(Loppi, 2019). Third, the specific multistage Runge-Kutta method it uses has low memory

requirements. Essentially, the same array Qn,m,s gets operated on through the real-time,

pseudo-time, and Runge-Kutta loops. Only the initial Runge-Kutta stage (5.30) and the

bracketed part of the update equation (5.31) for the latest iteration need to be stored

(Jameson, 1991; Blazek, 2005). Consequently, there is potential for the method to be

implemented very efficiently.
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5.3.3 Local pseudo-time steps

As the pseudo-time stepping is explicit, it has the well-known stability restriction of

CFLτ ≤


1 if 1D

1
2

if 2D

1
4

if 3D

(5.39)

where CFLτ is the Courant number for pseudo-time. However, slightly smaller Courant

numbers (smaller by around 0.1–0.5) may be required to account for the fact that the

restriction is based on the last pseudo-time step and velocities may increase in the current

pseudo-time step.

Using one global time step constrained by the most extreme restriction across the mesh

will slow down convergence substantially. To see this, consider a variable-density case with

a high density ratio, such as water and air. The acoustic wave speed will be much lower

through the water than the air, and consequently pseudo-time convergence will be much

slower in the water than the air (Pelanti, 2017). Local pseudo-time stepping allows the

water and air to converge at similar speeds while still meeting the stability restriction in

each cell. Moreover, if the convective speed 1
2
u is small, then the Mach number u/c will

be low. This will lead to slow convergence and the need for a Low Mach preconditioner.

However, artificial compressibility is a form of Low Mach preconditioning, and so all that is

required is a large enough β (Guillard and Viozat, 1999; Turkel, 1993; Drikakis and Rider,

2005; Rahman and Siikonen, 2008).

In the absence of viscosity and turbulence, a stable local pseudo-time step can be given

by

∆τi = CFLτ
|Ωi |

(Λ̂τ,x + Λ̂τ,y + Λ̂τ,z)i
(5.40)

where

Λ̂τ,x =
1

2
(|u|+ c)∆Ŝx (5.41)

Λ̂τ,y =
1

2
(|v |+ c)∆Ŝy (5.42)

Λ̂τ,z =
1

2
(|w |+ c)∆Ŝz (5.43)
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and

∆Ŝx =
1

2

∑
f

|Sx |f (5.44)

∆Ŝy =
1

2

∑
f

|Sy |f (5.45)

∆Ŝz =
1

2

∑
f

|Sz |f (5.46)

define the spectral radii for the convective fluxes (Blazek, 2005). The division by two in

(5.41)–(5.43) is because of the definition of λ4,5, while the division by two in (5.44)–(5.46)

is because ∆Ŝ is the projection of the entire computational cell Ω onto the relevant plane.

5.3.4 Global real-time steps

As real-time is treated point-implicitly, there is no stability restriction as there is for pseudo-

time, which is explicit. Nonetheless, it is useful to be able to set how relatively large the

real-time steps are. So, the global real-time step can be given by

∆t = min
i

(
CFLt

|Ωi |
(Λ̂t,x + Λ̂t,y + Λ̂t,z)i

)
(5.47)

where CFLt is the Courant number for real-time,

Λ̂t,x = |u| · ∆Ŝx (5.48)

Λ̂t,y = |v | · ∆Ŝy (5.49)

Λ̂t,z = |w | · ∆Ŝz (5.50)

and ∆Ŝx ,∆Ŝy ,∆Ŝz are as previously defined in (5.44)–(5.46).

5.4 Reconstruction at cell interfaces

In this study, we use standard MUSCL reconstruction (van Leer, 1976) to find Riemann

states of density and velocity at each cell interface, as in Kelecy and Pletcher (1997) and

Qian et al. (2006). However, special treatment is required to reconstruct pressure at the

free surface as the density discontinuity induces a pressure gradient discontinuity. This

section outlines the standard and pressure-specific approaches in turn. Note that here we
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use TVD limiters in a different way than how they are used in OpenFOAM as described in

Chapters 3–4.

5.4.1 Standard reconstruction for structured meshes

The primitive variables W are reconstructed at the interface f between the cells i and j

to give the left and right values

WL = Wi +∇Wi · (xf − xi) (5.51)

WR = Wj +∇Wj · (xf − xj) (5.52)

where a TVD limiter must be applied to ∇W to avoid Gibbs-type oscillations. In the

x-direction of a structured mesh, this reduces to

∇Wi = G

(
Wi+1 −Wi

dx/2
,

Wi −Wi−1

dx/2

)
(5.53)

where G is the limiter function. We use the k-limiter

G(a, b) = s ·max(0,min(k |b|, s · a),min(|b|, ks · a)) (5.54)

s = sgn(b) (5.55)

where k = 1 is the minmod limiter and k = 2 the superbee limiter (Qian et al., 2006).

This standard limiter is suitable for reconstructing the density and velocity.

5.4.2 Standard reconstruction for unstructured meshes

General 3D unstructured meshes require a slightly different approach (Blazek, 2005). In

the context of a Godunov-type scheme, the idea is to construct a limiter function Φ ∈ [0, 1]

to be used as

Wf ,i = Wi + Φi∇Wi · (xf − xi) (5.56)

where ∇Wi is now the gradient of the primitive variables before limiting and Wf ,i is the

Riemann state at face f on the side belonging to cell i . Then the Riemann states either

side of the face can be put into the Riemann solver to get the numerical flux. We consider

this further in Chapter 6 when we implement the method on unstructured meshes.
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5.4.3 Existing methods for pressure gradient

Without special treatment, standard MUSCL reconstruction—structured or unstructured—

will not account for the impact of a density discontinuity on the pressure gradient. This

can result in an imbalance of forces at the free surface and, in turn, either parasitic ve-

locities (DeGroot and Straatman, 2011; Efremov et al., 2017; Hashemi et al., 2020) or

erroneous compression at what should be the incompressible limit. As will be shown later,

the compression can resemble Gibbs-type oscillations, but it is a distinct problem of its

own that persists even with the most severe of limiters. Only Qian et al. (2006) have ad-

dressed this problem for the variable-density artificial-compressibility equations, and only

in the hydrostatic case. However, the problem persists in the absence of gravity. Both

the hydrostatic and non-hydrostatic problems are considered below, before outlining a new

method for calculating the pressure gradient based on a rearrangement of the momentum

equation.

Hydrostatic

First, consider a stationary column of air overlaying a stationary column of water under

the influence of gravity. The momentum equation should settle to ∇p = ρg at the incom-

pressible limit, that is, a hydrostatic pressure distribution. A scheme that can reproduce

such a steady state (up to machine precision) is called well-balanced (Botta et al., 2004).

It is the free surface that complicates matters. The jump in density leads to a jump in

∇p which, if not calculated carefully, can lead to spurious or parasitic velocities (DeGroot

and Straatman, 2011; Efremov et al., 2017; Hashemi et al., 2020). In a Godunov-type

scheme, the problem arises because the gradients calculated in the MUSCL reconstruction

step indiscriminately include information from both sides of the free surface, as illustrated

in Figure 5.1. No matter the order of interpolation or refinement of the grid, the MUSCL

reconstruction phase will always have this problem, but the impact will be on a different

scale (Krause, 2019). Broadly, there are two ways to deal with this: either at the global

level or the local level (Zingale et al., 2002). The global method removes hydrostatic pres-

sure from the governing equations, while the local method involves including hydrostatic
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p

g

A

B

high ρ low ρ

Figure 5.1: Jump in the hydrostatic pressure gradient at high density ratios, based on

Qian et al. (2006, p.26) who note that, without special treatment, slope limiters will give

a value of p somewhere between points A and B.

pressure in the reconstruction phase (Qian et al., 2006; Botta et al., 2004; Krause, 2019;

Fuchs et al., 2010). Similarly, in the Smooth Particle Hydrodynamics (SPH) method, the

problem is caused by the domain of the kernel function crossing over the air-water interface

(Kruisbrink et al., 2018). This can be addressed locally by introducing a correction term

(Kruisbrink et al., 2018; Zhou et al., 2016), dividing by the density (Luo et al., 2015), or

changing the weighting in the kernel function (Woolfson, 2007).

In their local method for a Godunov-type scheme, Qian et al. (2006) split the full

(dynamic) pressure gradient into hydrostatic and kinematic parts

∇pdyn = ∇phyd +∇pkin. (5.57)

For structured meshes, they first calculated the dynamic gradients ∇pdyni,L and ∇pdyni,R with

one-sided differences. They then subtracted the hydrostatic gradients ∇phydi,L = (ρi−1 +

ρi)g/2 and ∇phydi,R = (ρi + ρi+1)g/2 from the dynamic gradients ∇pdyni,L and ∇pdyni,R to get

the kinematic gradients ∇pkini,L and ∇pkini,R . They then applied a standard limiter to the

kinematic gradients ∇pkini,L and ∇pkini,R to get the limited kinematic gradient ∇pkini . Finally,

they added the hydrostatic gradient ∇phydi = ρig to the limited kinematic gradient ∇pkini
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to get the limited dynamic pressure gradient ∇pdyni . This method successfully resolves the

pressure gradient discontinuity in the hydrostatic case, keeping the scheme well-balanced.

However, as it is complicated to implement standard limiters on unstructured meshes

(Barth and Jespersen, 1989; Venkatakrishnan, 1995), it is even more complicated for this

limiter. A more easily implementable limiter would be preferable for practical applications

that require unstructured grids. Moreover, this limiter does not address non-hydrostatic

pressure gradient discontinuities. Nonetheless, it was implemented in this chapter for the

purpose of comparison.

Non-hydrostatic

There is still a pressure gradient discontinuity in the absence of gravity. Let us denote the

jump in any variable x over the free surface by [x ]. The kinematic boundary condition,

given by [u] = 0, can be combined with the momentum equation to derive the dynamic

boundary condition, given by [∇p/ρ] = 0 (Ntouras and Papadakis, 2020; Queutey and

Visonneau, 2007; Kruisbrink et al., 2018; Vukčević et al., 2018). Since [ρ] 6= 0, we must

also have [∇p] 6= 0 to satisfy the dynamic boundary condition. Kruisbrink et al. (2018)

bypassed this problem by counteracting spurious forces with a quasi-buoyancy force, while

Vukčević et al. (2018) used the ghost fluid method to interpolate variables in a one-sided

manner consistent with the dynamic boundary condition. The difficulty with these methods

is that they require a method to detect the free surface, which is ambiguous in pseudo-time

as the water is allowed to artificially compress. Alternatively, the pressure gradient can be

normalised by the density (Ntouras and Papadakis, 2020; Queutey and Visonneau, 2007).

5.4.4 New method for pressure gradient

Here, we introduce a new method for calculating the pressure gradient. Without loss of

generality, consider the x-direction momentum equation in the absence of viscosity. Note

that the pseudo-time derivatives disappear at the incompressible limit. The momentum

equation can then be rearranged, giving

∂p

∂x
= −

∂

∂t
(ρu)−

∂

∂x
(ρu2)−

∂

∂y
(ρuv)−

∂

∂z
(ρuw) + ρgx . (5.58)
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All the terms on the right-hand side are known. First, the real-time derivative ∂(ρu)/∂t

is already calculated as a source term. Second, the spatial derivatives can be expanded

using the product and chain rules to get

∂

∂x
(ρu2) = u2 ∂

∂x
(ρ) + 2ρu

∂

∂x
(u) (5.59)

∂

∂y
(ρuv) = uv

∂

∂y
(ρ) + ρu

∂

∂y
(v) + ρv

∂

∂y
(u) (5.60)

∂

∂z
(ρuw) = uw

∂

∂z
(ρ) + ρu

∂

∂z
(w) + ρw

∂

∂z
(u) (5.61)

where the density and velocity are set explicitly, and the derivatives ∂/∂x , ∂/∂y , and ∂/∂z

are given by the TVD gradients already calculated for the density and velocity. Formally,

(∇p)i = −
(
∂

∂t
(ρu)

)
i

+
−u2

i (
∂ρ
∂x )

i
−2ρiui( ∂u∂x )

i
−uivi( ∂ρ

∂y )
i
−ρiui( ∂v∂y )

i
−ρivi( ∂u∂y )

i
−uiwi( ∂ρ∂z )

i
−ρiui( ∂w∂z )

i
−ρiwi( ∂u∂z )

i

−uivi( ∂ρ∂x )
i
−ρiui( ∂v∂x )

i
−ρivi( ∂u∂x )

i
−v2

i ( ∂ρ
∂y )

i
−2ρivi( ∂v∂y )

i
−viwi( ∂ρ∂z )

i
−ρivi( ∂w∂z )

i
−ρiwi( ∂v∂z )

i

−uiwi( ∂ρ∂x )
i
−ρiui( ∂w∂x )

i
−ρiwi( ∂u∂x )

i
−viwi( ∂ρ

∂y )
i
−ρivi( ∂w∂y )

i
−ρiwi( ∂v∂y )

i
−w2

i ( ∂ρ∂z )
i
−2ρiwi( ∂w∂z )

i


+ ρig (5.62)

where, again, the real-time derivative (∂/∂t)i has already been calculated as part of the

source term (5.33), and the spatial derivatives (∂/∂x)i , (∂/∂y)i , and (∂/∂z)i have already

been approximated with standard TVD gradients (5.53) or (5.56).

This pressure gradient calculation takes advantage of the real-time source term to

ensure that the TVD interpolation satisfies the differential form of the momentum equation

at the incompressible limit. Moreover, when the velocity is zero, the momentum equation

(5.58) reduces to

∂p

∂x
= ρgx , (5.63)

that is, local hydrostatic reconstruction, and so the method is well-balanced. Furthermore,

it is straightforward to implement on unstructured meshes, unlike the split limiter. Of

course, it does not include the pseudo-time term as pseudo-time is explicit. However, as

long as there is convergence over pseudo-time, it is the incompressible limit that matters

rather than how the solution is reached.
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5.5 Flux calculation

The inviscid flux Finv is calculated with a Riemann solver. This study compares the Bassi,

Roe, and Osher Riemann solvers. The viscous flux Fv is can be calculated easily using

standard finite difference methods (Bhat and Mandal, 2019a; Kelecy and Pletcher, 1997),

but the effect of viscosity is ignored in this chapter as only convection-dominated flows

are considered in the benchmark tests. Turbulence is also ignored.

First note that, for cell faces with normal vectors pointing in any other direction than

the x-axis, we use 3D rotation matrices to convert the Riemann problem to a x-direction

Riemann problem as in Tanaka (1994). At each face, the rotation matrix is given by

R =



1

nx ny nz

t1,x t1,y t1,z

t2,x t2,y t2,z

1


(5.64)

where n is the unit normal face vector, and t1 and t2 are unit vectors tangential to n, making

an orthonormal set {n, t1, t2}. Given any face vector n, there are infinite possibilities for t1

and t2—one possibility is given in Algorithm 5.2. The Riemann states are then QL = R·Qa

and QR = R · Qb, assuming n points out of cell a and into cell b. After flux calculation,

we use the inverse rotation matrices to transform the flux back to the original reference

frame. As R is a rotation matrix, its inverse is R−1 = RT . Thus the flux is

Finv = RT · Fx,inv(R ·Qa,R ·Qb) (5.65)

where Fx,inv(QL,QR) is the Riemann solver for the x-direction inviscid fluxes.

5.5.1 Bassi Riemann solver

Bassi et al. (2018) assumed that the contact wave lies between the acoustic (shock and/or

rarefaction) waves to derive the Riemann invariants and Rankine-Hugoniot conditions for

the variable-density artificial-compressibility equations. They found that the equations

have the unusual property of shocks and rarefactions travelling at the same speed, with
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Algorithm 5.2 One possibility for calculating t1 and t2 from n.

if nx == 0 then

t1 ← (1, 0, 0)

else if ny == 0 then

t1 ← (0, 1, 0)

else

t1 ← 1√
n2
x+n2

y

(ny ,−nx , 0)

end if

t2 ← n× t1

the head and tail of the rarefaction coinciding, and the values of the conserved variables

in the star region independent of the wave type. That is, shocks and rarefactions are

equivalent, which means that the exact solution of the Riemann problem can be found

non-iteratively. Consequently, using such an algorithm to calculate the numerical flux at

cell interfaces (i.e. using an exact Riemann solver) is not as prohibitively expensive as for

other governing equations.

The exact Riemann solver is as follows. Without loss of generality, for the x-split

equations, the left and right acoustic wave speeds are

SL =
1

2
(uL − cL) (5.66)

SR =
1

2
(uR + cR) (5.67)

regardless of whether they are shocks or rarefactions. In the star region, we have

u∗ =
pR − pL + ρRuRλ5,R − ρLuLλ4,L

ρRλ5,R − ρLλ4,L

(5.68)

p∗ = pR + ρRλ5,R(uR − u∗) (5.69)

ρ∗L =
ρLλ4,L

u∗ − λ5,L

(5.70)

ρ∗R =
ρRλ5,R

u∗ − λ4,R

(5.71)

again regardless of whether the acoustic waves are shocks or rarefactions, and the tan-
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gential velocities only change across the contact wave travelling with speed u∗, that is,

v∗L = vL (5.72)

v∗R = vR (5.73)

w∗L = wL (5.74)

w∗R = wR. (5.75)

The exact Riemann solver determines the location of the waves with respect to the τ-axis,

and then substitutes the appropriate values of density, velocity, and pressure into the flux

function Fx,inv .

As this exact solution is so simple, it has been used to calculate numerical fluxes in

some discontinuous Galerkin models (Bassi et al., 2018; Manzanero et al., 2020). However,

Bassi et al. (2018, Appendix B4) did acknowledge that it is possible for the contact wave

to overtake the acoustic wave, that is, either u∗ < λ5,L or u∗ > λ4,R, meaning that

the assumptions break down and the Riemann solver is no longer exact. Consequently,

approximate Riemann solvers that do not make this assumption must be investigated as

well.

Moreover, this suggests that caution is needed even when using such approximate

Riemann solvers, which do not assume specific ordering of the waves. This is because, if

the contact wave overtakes the acoustic wave, the standard CFL condition based solely on

the acoustic waves could result in a time step too large for stability. However, this seems

not to have been a problem in Kelecy and Pletcher (1997), Qian et al. (2006), and Bassi

et al. (2018).

While Bassi et al. (2018) do note that there will be critical values of the artificial

compressibility parameter β for their exact Riemann solver to be valid, they do not pro-

vide details, saying that it will form a part of future work. However, there are some

straightforward special cases that help shed light on the problem.
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Zero velocity

If uL = uR = 0, we need

−
1

2

√
4β/ρL <

pR − pL
−ρR 1

2

√
4β/ρR − ρL 1

2

√
4β/ρL

<
1

2

√
4β/ρR (5.76)

which, if pL > pR, is equivalent to

pR − pL
1 +

√
ρL/ρR

<
pL − pR

1 +
√
ρR/ρL

< β, (5.77)

and, if pR < pL, is equivalent to

pL − pR
1 +

√
ρR/ρL

<
pR − pL

1 +
√
ρL/ρR

< β. (5.78)

Taking these two together, we have the condition

β >


pL−pR

1+
√
ρR/ρL

if pL > pR (corresponds to right wave)

pR−pL
1+
√
ρL/ρR

if pR > pL (corresponds to left wave)

(5.79)

for the Riemann solver to be valid.

Equal velocity and pressure

If pL = pR and uL = uR = uc , then

u∗ =
uc(ρRλ5,R − ρLλ4,L)

ρRλ5,R − ρLλ4,L

= uc (5.80)

and so we need

1

2
(uc −

√
u2
c + 4β/ρL) < uc <

1

2
(uc +

√
u2
c + 4β/ρR). (5.81)

Since β and ρ are always positive, we always have

|uc | <
√
u2
c + 4β/ρ, (5.82)

which means the Riemann solver is always valid.
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Convenient ratio

If pL = pR and uL
√
ρL = −uR

√
ρR, then

u∗ =
ρRuRλ5,R − ρLuLλ4,L

ρRλ5,R − ρLλ4,L

= 0 (5.83)

because, for the numerator of u∗,

ρRuRλ5,R − ρLuLλ4,L =
1

2

(
ρRuR

(
uR −

√
u2
R − 4β/ρR

)
− ρLuL

(
uL +

√
u2
L + 4β/ρL

))
(5.84)

=
1

2

(
ρRu

2
R − ρLu2

L − uR
√
ρR

√
ρRu

2
R − 4β − uL

√
ρL

√
ρLu

2
L − 4β

)
(5.85)

= 0 (5.86)

and so the Riemann solver is always valid.

5.5.2 Roe Riemann solver

The Roe Riemann solver (Roe, 1981) is an approximate method that captures the contact

wave. It is given by

Fx,inv =
1

2

(
Fx,inv(QR) + Fx,inv(QL)− |Ãx | (QR −QL)

)
(5.87)

where

|Ãx | = R̃x |Λ̃x |L̃x (5.88)

is evaluated at Q̃ and the tilde denotes the Roe average. Kelecy and Pletcher (1997) and

Qian et al. (2006) used this Riemann solver for the variable-density artificial-compressibility

equations, with the Roe averages

ρ̃ =
√
ρLρR (5.89)

ũ =

√
ρLuL +

√
ρRuR√

ρL +
√
ρR

(5.90)

ṽ =

√
ρLvL +

√
ρRvR√

ρL +
√
ρR

(5.91)

w̃ =

√
ρLwL +

√
ρRwR√

ρL +
√
ρR

. (5.92)
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Pressure does not appear in the eigenstructure so it does not need a Roe average. This

Riemann solver has also been used for the artificial compressibility equations paired with

VOF (Pan and Chang, 2000; Ntouras and Papadakis, 2020).

Generally, the Roe Riemann solver should have an entropy fix to account for transonic

rarefactions (Toro, 2009), but this was not considered by either Kelecy and Pletcher

(1997) or Qian et al. (2006). However, as mentioned above, the rarefaction fans for the

variable-density artificial-compressibility equations have the strange property of the head

and tail speeds coinciding (Bassi et al., 2018). Consequently, transonic rarefactions are

impossible, and so an entropy fix is not needed.

5.5.3 Osher Riemann solver

The Osher Riemann solver (Osher and Solomon, 1982) is another approximate method

that captures the contact wave. It is given by

Fx,inv =
1

2

(
Fx,inv(QR) + Fx,inv(QL)−

∫ QR

QL

|Ax | dQ

)
(5.93)

where the integration path must be determined. Traditionally, the idea is to construct a

path passing through each of the intermediate states in the wave structure, but this can

be complicated. Dumbser and Toro (2011) provide a simpler method that only requires

the eigenstructure of the equations, and not the specific wave structure of the Riemann

problem. They integrate along a straight line in phase space using three-point Gaussian

quadrature ∫ QR

QL

|Ax | dQ =
1

2
(QR −QL)

3∑
j=1

wj |Ax,j | (5.94)

where

|Ax,j| = Rx,j|Λx,j|Lx,j (5.95)

is evaluated at

Qj = QL + (QR −QL)

(
1

2
(ξj + 1)

)
(5.96)

with the integration points ξ1 = −
√

3/5, ξ2 = 0, ξ3 =
√

3/5 and corresponding weights

w1 = 5/9, w2 = 8/9, w3 = 5/9. This simplification of the Osher Riemann solver has been

shown to be robust for the Baer-Nunziato equations (Dumbser and Toro, 2011), the Euler
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equations (Lee et al., 2013), and the shallow water equations (Glenis et al., 2018), all of

which feature a contact wave. In this paper, we implement this Riemann solver for the

variable-density artificial-compressibility equations for the first time.

5.6 2D Cartesian meshes

The numerical method was implemented in Python for 2D Cartesian meshes. This im-

plementation includes all three Riemann solvers outlined above: Bassi, Roe, and Osher.

It also includes five gradient calculations for the MUSCL reconstruction step: minmod

and superbee, hydrostatic splitting with minmod and superbee applied to the kinematic

pressure, and the new pressure gradient method valid at the incompressible limit. More-

over, it takes advantage of object orientation to create objects at run time using class

factories, and then access their methods using polymorphism. This structure means that,

as in Glenis et al. (2018), if/else statements get moved out of functions called many times

every iteration to functions called once at the start of the model run, improving efficiency,

readability, and maintainability.

The following benchmark tests illustrate how different Riemann solvers and pressure

gradients behave, as well as demonstrating the validity of the general method in mod-

elling free-surface flow. Viscosity and turbulence are ignored throughout and the real-time

backward differencing scheme, if used, is set to Backward-Euler. This allows the focus to

be on the developments of this chapter—Riemann solvers and pressure gradients—before

implementing the method in OpenFOAM for unstructured 3D meshes in Chapter 6.

5.6.1 Boundary conditions

In the Python prototype, the boundary conditions are implemented with ghost cells, rather

than prescribing the boundary flux directly. This means that the Riemann solver automat-

ically calculates the correct flux. At walls, a zero-gradient condition is applied to density

and a no-slip condition to velocity, although negating the tangential velocity will have no

effect in the absence of viscosity.

Pressure, again, is not so simple. Consider the hydrostatic case, as in Figure 5.2. A
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(a) (b) (c) (d)

internal
cells

boundary
cells

Figure 5.2: Options for setting pressure in the ghost cells, illustrated here for a hydrostatic

case. From left to right: (a) reality, (b) zero-gradient boundary condition with local

hydrostatic reconstruction, (c) linear or hydrostatic extrapolation boundary condition, (d)

zero-gradient boundary condition with local hydrostatic reconstruction (reversed gravity).

zero-gradient condition naively applied to pressure, as in Bhat and Mandal (2019a), will

underestimate pressure at the lower wall, meaning that there is not enough support for

the fluid above (Zingale et al., 2002), and so the solution will settle to the wrong value at

the incompressible limit. One way to overcome this is to interpolate the pressure to the

ghost cells, either linearly (Bhat and Mandal, 2019b) or hydrostatically (Qian et al., 2006).

However, interpolation has disadvantages. First, it requires calculating the gradient twice:

once for the MUSCL reconstruction and once for ghost cells. Second, for hydrostatic

interpolation, while the normal velocity is indeed zero at the wall, it is not zero throughout

the whole cell, and so the kinematic pressure gradient is ignored. In this chapter, we use

an alternative method, acceptable only when gravity forms part of the pressure gradient

calculation in the MUSCL reconstruction stage, which is indeed the case for the split

pressure (Qian et al., 2006) and new incompressible limit methods. The idea is to apply a

zero-gradient condition to pressure but reverse the gravity direction in the ghost cells when

calculating the pressure gradient. This automatically incorporates both the hydrostatic and

kinematic pressure throughout the whole cell and means that the gradient only needs to

be calculated once.
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5.6.2 Riemann problem benchmarks

To compare how the different Riemann solvers perform, five 1D Riemann problems were

used as benchmark tests, as in Bassi et al. (2018). Table 5.2 shows the initial conditions,

artificial compressibility parameter β, and the output pseudo-time τ for each Riemann

problem. RP1 is the Elsworth and Toro (1992) test for the constant-density artificial-

Case ρL ρR uL uR pL pR β τ

1 1.0 1.0 1.0 1.0 0.1 1.0 0.81 0.1

2 1.0 1.0 0.0 0.0 1000.0 0.01 1000.0 0.005

3 1.4 1.0 0.0 0.0 1.0 1.0 1.0 2.0

4 1.4 1.0 0.1 0.1 1.0 1.0 1.0 2.0

5 0.001 25 1.0 1.0 1.0 0.1 1.0 1.0 0.005

Table 5.2: Initial conditions for Riemann problems, based on Bassi et al. (2018, Tables

3–4).

compressibility equations, designed to assess the robustness of the Riemann solvers, even

though smooth velocity and pressure fields are generally expected in the artificial com-

pressibility method. RP2–RP4 come from Toro (2009); RP2 assesses how the Riemann

solvers deal with a large pressure jump, RP3 a stationary contact wave, and RP4 a slowly

moving contact wave. RP5 is RP1 but with a large density jump, devised by Bassi et al.

(2018) to test how the Riemann solvers might perform at a free surface. Since all five Rie-

mann problems involve a contact wave bounded by two acoustic waves, the exact solution

(5.66)–(5.71) can be used to check the results. Indeed, recall from Section 5.5.1 that, if

uL = uR = 0, the value of β must satisfy (5.79) for the contact wave to be bounded by

the contact waves. This, then, applies to Cases 2 and 3. Case 2 needs β > 499.995, and

Case 3 needs β > 0, which lines up with the critical values given by Bassi et al. (2018,

Table 4).

As the implementation is 2D, a mesh was created with 100 cells in the x-direction and

one cell in the y -direction, with a zero-gradient boundary condition applied to all variables.

There is no gravity term. For the pseudo-time stepping, which is explicit, three Runge-

Kutta stages and a Courant number of 0.98 were used with global time stepping, while the
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real-time term was not activated. The minmod slope limiter was used for density, velocity,

and pressure. Minmod was used for pressure because the new method is not accurate

in pseudo-time, only at the incompressible limit, and the split method is identical to the

unsplit method in the absence of gravity. The only difference between the simulations was

the Riemann solver.

As shown in Figure 5.3, all three Riemann solvers perform almost identically for RP1–

RP4. RP5 is more extreme, involving a large density and pressure discontinuity, and it

reveals the difference between the Riemann solvers. The Roe Riemann solver performs

the worst out of the three. The Bassi Riemann solver, whose performance corresponds with

the graphs in the original study (Bassi et al., 2018, Figure 6), is not the best performing

either. This is surprising as the numerical flux should be exact when the contact wave is

bounded by the acoustic waves which, indeed, was never violated in this test. The Osher

Riemann solver performs the best. The results suggest that the Roe Riemann solver should

be avoided and, as the validity of the assumptions underpinning the Bassi Riemann solver

cannot be guaranteed, the Osher Riemann solver provides a robust alternative.

5.6.3 Hydrostatic pressure benchmarks

To assess the well-balanced properties of the different pressure gradient calculations, a

simple 1D hydrostatic problem was used as a benchmark test, as in Qian et al. (2006).

The test involves a column of air (ρ = 1) overlaying a column of water (ρ = 1000) under

the influence of gravity. The initial conditions are u = 0 and p = 0 everywhere, and the

density and velocity values should not change but the pressure should settle to hydrostatic.

As the implementation is 2D, a mesh was created with 20 cells in the x-direction

and one cell in the y -direction, with all four boundaries modelled as walls, and gravity of

g = (9.81, 0). For pseudo-time, which is explicit, three Runge-Kutta stages and a Courant

number of 0.98 were used with local time stepping. The simulation was run for one real-

time step of size ∆t = 0.05 until the residuals for ρu were less than 1× 10−5. The Osher

Riemann solver was used with the minmod limiter for density and velocity in all simulations.

The value of the artificial compressibility coefficient was set to β = 2000—a smaller value

led to instability in the split simulations, a problem acknowledged by Kelecy and Pletcher
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Figure 5.3: Comparison of Riemann solvers in 1D Riemann problems from Bassi et al.

(2018).
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(1997). The only difference between the simulations was the pressure gradient calculation.

Figure 5.4 shows that limiters with no special treatment do not converge to the correct

solution. The anomalies near the boundaries can be attributed to the reversed gravity in

the ghost cells not having any effect for standard limiters, as discussed in Section 5.6.1.

However, the spurious velocities near the free surface are precisely due to standard limiters

including information from the other side of the free surface, as discussed in Section 5.4.3.

In both cases, incorrect pressure gradients lead to incorrect densities or velocities, which

is important to remember for the next benchmark test.

In contrast, the two split limiters and the new incompressible limit method converge

to the correct solution. This demonstrates that special treatment is required to ensure a

balance with the gravity source term, thereby eradicating spurious densities and velocities.

5.6.4 Dam break benchmarks

In dam breaks, a column of water is initially at rest behind an imaginary, infinitesimally

narrow dam. The dam instantaneously disappears, and the column of water is free to flow.

Dam break simulations are useful for testing the robustness of a free-surface method under

extreme conditions, and their widespread use means that experimental data is available for

validation.

In this study, we simulated a dam break in a small domain to examine pressure gradient

calculations in detail, and then a much larger domain to test the method against the

full range of the Martin and Moyce (1952) experimental data. In both cases, the initial

conditions involved a high density ratio, ρ = 1 for air and ρ = 1000 for water, with u = 0

everywhere and, since the initial condition for pressure is somewhat arbitrary (Kelecy and

Pletcher, 1997), p is set to zero everywhere initially. All four boundaries were modelled as

walls, but this should not affect comparisons with the experimental data as water is much

denser than the air (Bhat and Mandal, 2019a; Kelecy and Pletcher, 1997). Gravity was

set to be g = (0,−9.81).
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Figure 5.4: Comparison of pressure gradient calculations in 1D hydrostatic test case.
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Small domain (non-hydrostatic pressure)

The previous benchmark showed that split limiters are well-balanced under hydrostatic

pressure, unlike standard limiters. However, recall from Section 5.4.3 that pressure gradient

discontinuities occur even in the absence of gravity. While split limiters do not address

this problem, the new incompressible limit method deals with it automatically. This was

explored with the first real-time step of a dam break.

A mesh was created with 20 cells in both directions. The Osher Riemann solver was

used with the minmod limiter for density and velocity in all simulations. For pseudo-time,

which is explicit, three Runge-Kutta stages and a Courant number of 0.48 were used with

local time stepping. The simulations were run for one real-time step of size ∆t = 0.01

until the residuals for ρu and ρv were smaller than 1 × 10−3. The value of the artificial

compressibility coefficient was set to β = 1100 as smaller values led to instability. The

only difference between the simulations was the pressure gradient calculation.

Figure 5.5 shows the 2D fields in the first real-time step, and Figure 5.6 a cross-

section along the lowest row of cells. As gravity does not act in the x-direction, the

split and unsplit slope limiter calculations are the same in this direction. However, the

split results are shown here because the unsplit results will be impacted by gravity in the

y -direction, as illustrated in Figure 5.4 from the previous benchmark.

Consider Figure 5.6 and the pressure gradient just to the left of the density discontinuity

at x = 0.4. The split limiters underestimate its magnitude, especially minmod. This

is because information is taken from both sides of the free surface, but there should

be a discontinuity defined by the dynamic boundary condition [∇p/ρ] = 0. The new

incompressible limit method performs better than the split limiters. In fact, it performs

surprisingly well considering that it is not based on the value of pressure, only the other

variables, TVD gradients, and source terms.

Now recall from the hydrostatic benchmark test that, the better the pressure gradient

calculation at capturing the pressure gradient discontinuity, the smaller the errors in the

density and velocity. Consider Figure 5.6 and the density just to the left of the density

discontinuity at x = 0.4. All three simulations seem to have converged to a solution with
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Figure 5.6: Comparison of pressure gradient calculations in first real-time step of dam

break (small domain), along the lowest cross-section parallel to the x-axis, which is not

the direction of gravity.
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varying degrees of compression. While this compression resembles Gibbs-type oscillations

in the density field, Figure 5.6 clearly shows that the minmod density limiter has fully

limited the gradient to zero, and so the density limiter is not causing the problem. As

the only difference between the simulations is the pressure gradient calculation, we must

conclude that this is what is causing the problem. The better the method at capturing

the pressure gradient discontinuity, the smaller the error. The standard limiters, due to

their inability to capture the pressure gradient discontinuity, cause the largest errors. Even

though the correct solution for the velocity field is unknown, we might similarly conclude

that the pressure gradient is also causing the differences in the velocity values.

Large domain (Martin and Moyce, 1952)

So far, the benchmark tests have not gone further than one real-time step. In this bench-

mark, we recreated the Martin and Moyce (1952) dam break experiments for square

columns with dimension a = 2 1
4

inches = 0.05715 metres and a = 4 1
2

inches = 0.1143

metres. Kelecy and Pletcher (1997) also used these data for the same equations, and Bhat

and Mandal (2019a) used them for artificial compressibility coupled with VOF. However,

both studies had a domain too small to cover the full temporal range of data, with the

Kelecy and Pletcher (1997) domain having width 5a and height 1.25a. Here, we used a

domain of width 15a and height 1.25a, divided into 240 cells in the x-direction and 20

cells in the y -direction. This allowed the surge to propagate unimpeded until the end of

the experiment.

The other parameters included two pseudo-time Runge-Kutta stages, an artificial com-

pressibility coefficient of β = 1100, and convergence tolerances of 0.01 for ρ, ρu, ρv , and

p. Both the pseudo-time and real-time Courant numbers were set to 0.45. The real-

time Courant number was set this low not for stability (the real-time derivative is treated

point-implicitly) but because it led to better convergence in pseudo-time. In all cases, the

minmod slope limiter was used for density and velocity, but the Riemann solver and pressure

gradient calculations were changed. This was to determine if the variability experienced in

the previous benchmarks is important in long simulations.

Figure 5.7 shows real-time snapshots of one simulation. They are similar to the results

153



CHAPTER 5. DEVELOPING A NEW FREE-SURFACE SOLVER

0.0

0.1

t = 0.0 s

0.0

0.1

t = 0.1 s

0.0

0.1

t = 0.2 s

0.0

0.1

t = 0.3 s

0.0

0.1

t = 0.4 s

0.0

0.1

y 
(m

)

t = 0.5 s

0.0

0.1

t = 0.6 s

0.0

0.1

t = 0.7 s

0.0

0.1

t = 0.8 s

0.0

0.1

t = 0.9 s

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
x (m)

0.0

0.1

t = 1.0 s

0

200

400

600

800

1000

Figure 5.7: Density in the dam break (large domain) with length scale a = 4 1
2

inches, the

Bassi Riemann solver, and the incompressible limit pressure gradient calculation. Velocity

shown once every nine cells for clarity.

154



5.6. 2D CARTESIAN MESHES

in Bhat and Mandal (2019a) and Kelecy and Pletcher (1997). In particular, the difference

between the density of the water and the density of the air induces a large horizontal

pressure gradient, which causes a surge front to propagate out from the column of water,

and a vortex to appear around the free surface. These snapshots explicitly show the

density field, rather than a contour to represent the free surface as in Bhat and Mandal

(2019a) and Kelecy and Pletcher (1997), meaning that the numerical diffusion is not

hidden. Indeed, the transition between water and air straddles several cells, and there is

much diffusion towards the end of the simulation when the surge front hits the far wall.

This diffusion could be addressed with the slope modification method (Pan and Chang,

2000) or an interface compression term (Bhat and Mandal, 2019b), which have both been

implemented for artificial compressibility coupled with VOF previously.

Figure 5.8 shows the post-processed results, where the column height and surge front

position have been normalised by dividing by a, and the time multiplied by
√
g/a. This

allows the two experiments to be compared even though they are at different scales. The

Riemann solver and pressure gradient calculation do not have much of an effect on the

results, especially for the a = 4 1
2

inches case, and the simulated values are close to the

measured values. There are some differences between the simulations and observations,

particularly in the surge front position towards the end of the a = 4 1
2

inches case, but

it is impossible to know if these are due to the model or due to the data, which were

collected 70 years ago. In any case, the results show that the method performs well under

this extreme scenario, and the general outputs are not very sensitive to the Riemann

solver or pressure gradient calculation. It is interesting to note that at no point was the

wave ordering assumption behind the Bassi Riemann solver violated, which suggests it may

also be acceptable for general use alongside the Osher Riemann solver. However, further

investigations are needed to find out when the wave ordering assumption is broken, as

acknowledged by Bassi et al. (2018, Appendix B4).
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5.7 Conclusion

Only a few researchers (Kelecy and Pletcher, 1997; Qian et al., 2006; Bassi et al., 2018)

have investigated the variable-density artificial-compressibility equations previously, with

their developments spaced out over several decades. This chapter presents a Godunov-

type scheme, taking advantage of recent advances in the wider field by applying a more

robust Riemann solver (Dumbser and Toro, 2011) and a more easily parallelisable time

discretisation (Loppi, 2019; Vermeire et al., 2019) to these equations for the first time.

We also developed a new method for calculating the pressure gradient in the MUSCL re-

construction step. By using the information already available from the TVD gradients and

source terms, the new method automatically captures the pressure gradient discontinuity

at the free surface. This pressure gradient method is applicable to any scheme with dual

time stepping.

Benchmark tests presented in this chapter demonstrate the capabilities of the Godunov-

type scheme. First, a battery of five Riemann problems showed that it can capture dis-

continuities in the flow, and that the Osher Riemann solver provides a robust alternative

to the Bassi Riemann solver. The Osher Riemann solver may be needed as the Bassi

Riemann solver is only exact for certain wave configurations. Second, the new pressure

gradient method has been shown to be well-balanced under hydrostatic cases, like split lim-

iters. Third, the new pressure gradient method has been shown to capture non-hydrostatic

density discontinuities, unlike split limiters. This suggests that the new pressure gradient

method is preferable to existing options. Finally, the Martin and Moyce (1952) dam break

experiments were successfully recreated. In particular, while Kelecy and Pletcher (1997)

only used a temporal subset of this experimental data, here an extended domain allows the

full propagation of the surge front to be assessed. This shows that the method is suitable

for practical applications.

However, practical simulations do not generally use 2D Cartesian meshes (see, for

instance, the simulations of leaky barriers in Chapter 4). Consequently, the solver must be

implemented on 3D unstructured meshes in parallel for practical applications, one of the

focuses of Chapter 6.
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Chapter 6. Convergence on 3D unstructured meshes

This chapter reproduces research published in Leakey et al. (2022a), generalising the spe-

cific variable-density artificial-compressibility scheme set out in Chapter 5 to 3D unstruc-

tured meshes. Previous to this, numerical methods to solve the variable-density artificial-

compressibility equations have not been implemented on 3D unstructured meshes. They

have been implemented on 2D structured meshes (Qian et al., 2006; Bassi et al., 2018;

Massa et al., 2020; Shin et al., 2012; Evtushok et al., 2021), 3D structured meshes

(Kelecy and Pletcher, 1997; Shapiro and Drikakis, 2005b; Hu et al., 2013; Manzanero

et al., 2020), and 2D unstructured meshes (Wang et al., 2020). While most of these

papers use the Cartesian cut-cell method to model simple obstacles, an implementation

on 3D unstructured meshes is needed for more complex geometries, for instance, the leaky

barriers modelled in Chapter 4. This is lacking in the current literature, although other mul-

tiphase artificial compressibility methods have been implemented on unstructured meshes,

both 2D (Zhao et al., 2002; Sambe et al., 2011; Bhat and Mandal, 2019a; Ntouras and

Papadakis, 2020) and 3D (Hino, 1999; Evstigneev, 2008; Lv et al., 2008; Oxtoby et al.,

2015; Economon, 2020), as well as structured meshes (Nourgaliev et al., 2004; Bhat

and Mandal, 2019b; Pan and Chang, 2000; Kajzer and Pozorski, 2020). There is thus

significant potential for further developing multiphase artificial compressibility methods

on unstructured meshes, especially for investigating the limiter convergence problem only

briefly hinted at by Economon (2020).

Capitalising on the powerful tools provided by OpenFOAM, we generalise the specific

variable-density artificial-compressibility scheme in Chapter 5 to 3D unstructured meshes

in parallel, testing the solver against dam-break and hydrostatic pressure benchmarks. As

outlined in Section 4.1.3, most OpenFOAM solvers use the PIMPLE algorithm to update

the pressure field. Since the new solver is based on artificial compressibility and not
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PIMPLE, it does not need much of the numerics built into in OpenFOAM. Nonetheless,

it is useful to develop the solver in OpenFOAM because the low-level structure does not

have to be built from scratch. In particular, here we rely on the existing infrastructure

for input/output, unstructured 3D meshes, scalar fields, and vector fields, as well as some

gradient schemes. A downside is that the form of parallelisation in OpenFOAM, domain

decomposition, is not optimal for artificial compressibility as the waves propagate locally

(Hodges, 2020). A more efficient implementation could be on GPUs, as in Loppi (2019)

and Kajzer and Pozorski (2020), and use a similar structure to the object-oriented Python

prototype as in Section 5.6. However, we focus on the numerics in this chapter, leaving

the implementation of efficient parallelisation to future work.

6.1 Implementation

This chapter goes further than Chapter 5, implementing the numerical scheme (5.30)–

(5.32) in OpenFOAM so that it can be used on 3D unstructured meshes and in parallel.

The new implementation uses the Roe Riemann solver and the new pressure gradient

calculation developed in Chapter 5. While ghost cells could be used for the Python im-

plementation in Chapter 5, OpenFOAM does not allow this, and so the fluxes have to be

set explicitly at the boundaries, which is straightforward for walls anyway. The solver has

a structure inspired by foam-extend’s dbnsFoam (Jasak, 2014). However, it was written

from scratch to take into account the different governing equations and the fact that

several cell-limited gradient schemes were added to OpenFOAM since dbnsFoam was re-

leased. Therefore, it has the potential to be forward-compatible with any limiters added

to OpenFOAM in the future.

Switching to an unstructured mesh does require slightly changing the scheme from

Chapter 5. The difference is in the MUSCL reconstruction step, which is where the

primitive variables are extrapolated to cell faces to provide the left and right states for the

Riemann solver. This extrapolation relies upon a limited gradient to avoid the introduction

of new extrema, Gibbs-type oscillations. Unstructured meshes require a different approach

than structured meshes to do MUSCL reconstruction, and there are two components to
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this difference: calculating the gradient and limiting the gradient.

First, the gradient calculation for Cartesian meshes is very simple, but unstructured

meshes require a method such as Green-Gauss or least-squares. These well-known stan-

dard methods are already implemented in OpenFOAM, so using them is simply a case of

writing fvc::grad() in the code and specifying Gauss or leastSquares in fvSchemes.

The gradients can be limited by specifying a limiter alongside Gauss or leastSquares

in fvSchemes. Note that this use of fvc::grad() is the only time we use OpenFOAM

numerics here, but it is not the gradient calculation itself which is problematic.

The problem lies in the limiters, a problem that did not exist in the implementation

in Chapter 5. The difference is that, while the limiter calculation for structured meshes

is straightforward, involving constructing left- and right-sided gradients at each cell and

applying a standard limiter to these, it is not obvious what the left- and right-sided gradi-

ents are on an unstructured mesh (Darwish and Moukalled, 2003), as outlined in Section

5.4.2. The standard way to overcome this problem is the framework of Barth and Jes-

persen (1989), which is the method implemented in the cell-limited gradient schemes in

OpenFOAM.

6.1.1 Barth and Jespersen (1989)

Let W be a scalar variable or one of the components of a vector variable. In the context

of a Godunov-type scheme, the idea is to construct a limiter function Φ ∈ [0, 1] to be used

as

Wf ,i = Wi + Φi∇Wi · (xf − xi) (6.1)

where ∇Wi is gradient of the variable before limiting and Wf ,i is the Riemann state at face

f on the side belonging to cell i . Then the Riemann states either side of the face can

be put into the Riemann solver to get the numerical flux. Barth and Jespersen (1989)

introduce a method that ensures the interpolated variable Wf ,i does not exceed that of the

neighbouring cells in magnitude. Note that this means all the neighbouring cells of cell i ,

not just the cell on the other side of face f .

Practically, the calculation loops over all the cell interfaces twice (Blazek, 2005). There

161



CHAPTER 6. CONVERGENCE ON 3D UNSTRUCTURED MESHES

is a loop to calculate the maximum and minimum values in the neighbouring cells,

Wi ,max = max

(
Wi ,max

j∈nei
Wj

)
(6.2)

Wi ,min = min

(
Wi ,min

j∈nei
Wj

)
, (6.3)

and then a loop to determine how much limiting is required,

Φi = min
f


φ
(

∆i ,max

∆i ,f

)
if ∆i ,f > 0

φ
(

∆i ,min

∆i ,f

)
if ∆i ,f < 0

1 if ∆i ,f = 0

(6.4)

where

φ(y) = min(1, y) (6.5)

and

∆i ,max = Wi ,max −Wi (6.6)

∆i ,min = Wi ,min −Wi (6.7)

∆i ,f = ∇Wi · di ,f (6.8)

di ,f = xf − xi . (6.9)

Thus, the quantity ∆i ,f is a measure of how much W changes between the centre of cell i

and the centre of the cell interface f . The function φ clips ∆i ,f so that it does not exceed

∆i ,min or ∆i ,max in magnitude.

In the uniform 1D case, the Barth-Jespersen limiter can be recast into the Spekreijse

(1987) form

W L
i+1/2 = Wi +

1

2
ψ(ri)(Wi −Wi−1) (6.10)

where the limiter is

ψ(r) =
1

2
(r + 1) min

(
φ

(
4r

r + 1

)
, φ

(
4

r + 1

))
(6.11)

and it is applied to the ratio

r =
Wi+1 −Wi

Wi −Wi−1

, (6.12)

162



6.1. IMPLEMENTATION

Figure 6.1: Comparison of φ (used in unstructured limiter Φ) and ψ (used in Spekreijse’s

1D formulation) between different limiters.
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as shown in Venkatakrishnan (1995). Both φ from (6.5) and ψ from (6.11) are plotted

in Figure 6.1.

The practical problem with this method is that the non-differentiability of (6.5) can

inhibit convergence in steady-state cases, instead leading to bounded odd-even modes.

The simulation is not unstable but neither does it converge. It would continue indefi-

nitely if it was not stopped. This is a well-known problem (Economon, 2020; Blazek,

2005; Venkatakrishnan, 1995; Michalak and Ollivier-Gooch, 2008; Aftosmis et al., 1995;

Anderson et al., 1986; Berger et al., 2005; Li et al., 2020; Park and Kim, 2012; Park

et al., 2010). Fortunately, there are ways to overcome it, including replacing the non-

differentiable function (6.5) with a differentiable alternative and switching off the limiter

in areas of relatively uniform flow. Here, we investigate these techniques in the context of

artificial compressibility, where pseudo-time convergence is required not just once, but at

every real-time step, and thus the limiters must converge more reliably than for a simple

steady-state simulation.

6.1.2 Venkatakrishnan (1995)

Venkatakrishnan (1995) addresses the convergence problem by replacing the non-differentiable

function (6.5) with the differentiable function

φ(y) =
y 2 + 2y

y 2 + y + 2
. (6.13)

As shown in Figure 6.1, this function is much smoother than (6.5), and the fact that

φ > 1 for y > 2 does not affect ψ, which is bounded by the Barth-Jespersen limiter for all

r .

A slight modification, not plotted in Figure 6.1, ensures that the limiter is also not

activated in smooth regions:

Φi = min
f


1

∆i ,f

(
(∆2

i ,max+ε2
i )∆i ,f +2∆2

i ,f ∆i ,max

∆2
i ,max+2∆2

i ,f +∆i ,max∆i ,f +ε2
i

)
if ∆i ,f > 0

1
∆i ,f

(
(∆2

i ,min+ε2
i )∆i ,f +2∆2

i ,f ∆i ,min

∆2
i ,min+2∆2

i ,f +∆i ,min∆i ,f +ε2
i

)
if ∆i ,f < 0

1 if ∆i ,f = 0

(6.14)

where

ε2
i = K3Vi (6.15)
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and Vi is the cell volume (Blazek, 2005). The parameter K is a threshold that marks the

largest size of oscillations untouched by the limiter.

If the gradient is small, then ε2
i � ∆2

i ,min,∆2
i ,max,∆i ,min∆i ,max and so Φi → 1, which

means there is no limiting. This stops residuals stalling due to numerical noise. By a

similar argument, increasing K increases Φi and so decreases the amount of limiting,

and while this is more conducive to convergence to a steady-state, it also increases the

potential for Gibbs-type oscillations and thus instability. The more convergent options are

more unstable, that is, there is a trade-off between convergence and stability.

6.1.3 Michalak and Ollivier-Gooch (2008)

While Barth-Jespersen and Venkatakrishnan are the two standard limiters (Blazek, 2005),

there are more options in the literature. For example, Michalak and Ollivier-Gooch (2008)

replaced the function (6.5) with

φ(y) =


P (y) if y < yt

1 if y ≥ yt
(6.16)

where P (y) is the cubic polynomial with

P
∣∣

0
= 0 (6.17)

P
∣∣
yt

= 1 (6.18)

dP

dy

∣∣∣
0

= 1 (6.19)

dP

dy

∣∣∣
yt

= 0 (6.20)

and 1 ≤ yt ≤ 2 is a threshold. The polynomial itself is not explicitly stated in Michalak

and Ollivier-Gooch (2008), but a simple derivation gives

P (y) = ay 3 + by 2 + y (6.21)

a =
1

y 2
t

−
2

y 3
t

(6.22)

b = −
3

2
ayt −

1

2yt
. (6.23)

As shown in Figure 6.1, the function φ is differentiable everywhere and does not exceed 1.
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Like Venkatakrishnan, Michalak and Ollivier-Gooch also propose switching off the lim-

iter in uniform regions of flow. However, they use a different method for this, smoothly

transitioning to switching off the limiter when

(∆i ,max − ∆i ,min)2 < K3Vi . (6.24)

This is achieved by defining

φ̃i = σi + (1− σi)φ (6.25)

with φ from (6.16) and φ̃i now plugged into (6.4). The indicator-type function is given by

σi =


1 if (∆i ,max − ∆i ,min)2 ≤ K3Vi

s
(

(∆i ,max−∆i ,min)2−K3Vi
K3Vi

)
if K3Vi < (∆i ,max − ∆i ,min)2 < 2K3Vi

0 if (∆i ,max − ∆i ,min)2 ≥ 2K3Vi

(6.26)

with the smooth transition function s given by

s(y) = 2y 3 − 3y 2 + 1. (6.27)

6.1.4 Limiters in OpenFOAM

The above three limiters are already implemented in OpenFOAM, and can be easily

accessed by specifying cellLimited, cellLimited¡Venkatakrishnan¿, or cellLim-

ited¡cubic¿ respectively alongside the gradient calculation in fvSchemes. However,

there are major problems with the limiters as implemented in the OpenFOAM source

code.

First, cellLimited¡Venkatakrishnan¿ is not the same as the limiter put forward

by Venkatakrishnan (1995), and so cannot be expected to have the same convergence

properties shown in the original study. One difference is that it uses the unmodified version

(6.13) instead of (6.14), and so may still be active in uniform regions of flow. Another

difference is that, regardless of the limiter, OpenFOAM always clips Φ so that it never

exceeds 1. As indeed noted in the source code documentation, this clipping makes this

particular limiter non-differentiable, and so it “no longer conforms to the basic principles

of this kind of limiter function” (VenkatakrishnanGradientLimiter.H, lines 53–54).
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The whole reason Venkatakrishnan developed the limiter was so it could be differentiable,

therefore it seems that cellLimited¡Venkatakrishnan¿ is of little practical use.

Second, cellLimited¡cubic¿ is also not the same as the limiter put forward by Micha-

lak and Ollivier-Gooch (2008), and so cannot be expected to have the same convergence

properties shown in the original study either. One difference is that it does not use (6.25),

and therefore does not stop activation in uniform regions of flow. Another difference is

that the limiter uses an incorrect cubic polynomial, one with a very large slope discontinuity

at φ(yt), not the one stated in (6.21)–(6.23).1

In this chapter, we do not attempt to fix cellLimited¡Venkatakrishnan¿; the auto-

matic clipping of Φ makes this too problematic. However, we do implement an improved

version of cellLimited¡cubic¿ that corresponds to the limiter in Michalak and Ollivier-

Gooch (2008), both by using the correct cubic polynomial and by stopping activation in

uniform regions of flow. This improved version is called cellLimited¡Michalak¿.2

Note that there are three other limited gradient schemes in OpenFOAM: cellMDLim-

ited, faceLimited, and faceMDLimited. In the cellLimited limiters outlined above,

one scalar limiter is applied to the x , y , and z components of the gradient equally, irrespec-

tive of which neighbouring cells have the minimum and maximum values. This can lead to

excessive limiting. The cellMDLimited limiter takes an alternative approach. Consider a

cell with faces f = 1, 2, ..., F . Set (∇W )i ,0 = (∇W )i to be the gradient before limiting.

Loop through the faces f , calculating the extrapolate

∆i ,f = (∇W )i ,f−1 · di ,f (6.28)

1As of June 2021, the cubic polynomial has been fixed in the official development branches due to the

work carried out in this thesis. See the bug reports at https://develop.openfoam.com/Development/

openfoam/-/issues/2113 [Accessed: 14 June 2021] and https://bugs.openfoam.org/view.php?id=

3684 [Accessed: 28 June 2021] for details. However, these bug fixes do not stop activation in uniform

regions of flow.
2Thus cellLimited¡Michalak¿ with K = 0 is equivalent to cellLimited¡cubic¿ in the official devel-

opment branches from June 2021.
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and then clipping the gradient in the direction from the cell centre to that face centre:

(∇W )i ,f =


(∇W )i ,f−1 + di ,f

∆i,max−∆i ,f
|di ,f |2 if ∆i ,f > ∆i,max

(∇W )i ,f−1 + di ,f
∆i,min−∆i ,f
|di ,f |2 if ∆i ,f < ∆i,min

(∇W )i ,f−1 otherwise

(6.29)

for f = 1, 2, ..., F . The final iteration gives us the cellMDLimited gradient. Therefore,

the limiter “is applied to the gradient in each face direction separately” (cellMDLimitedGrad.H,

lines 36–38) not, as is sometimes suggested, to each coordinate direction separately.

Meanwhile, the faceLimited and faceMDLimited limiters are like the cellLimited and

cellMDLimited limiters but clip the gradient between the face-neighbour values rather

than the cell-neighbour values. None of these allow differentiable functions as a run-

time selectable option like cellLimited does. However, simulations using them are in-

cluded for comparison purposes in the following section, alongside cellLimited, cell-

Limited¡Venkatakrishnan¿, cellLimited¡cubic¿, and the newly implemented cell-

Limited¡Michalak¿.

6.2 Application

The new solver was put through four benchmark tests: a simple 2D dam break to illustrate

the importance of limiter choice, a more complicated 2D dam break to compare the new

solver against interFoam, a 3D dam break to compare the new solver against interFoam

in 3D, and a hydrostatic case to demonstrate that the solver can be run on arbitrary 3D

unstructured meshes.

6.2.1 Convergence of limiters

First, we replicate from Section 5.6.4 the first real-time step of a dam break on a uniform

2D Cartesian mesh. The mesh is a metre length in each direction, divided into 20 × 20

cells. Due to its simplicity, the mesh is useful for isolating the effect of different limiters

on convergence. Initial conditions are ρ = 1000 in the water and ρ = 1 in the air, with

u = 0 and p = 0 everywhere. The solver is run for one real-time step of size ∆t = 0.01
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seconds with the following settings: three Runge-Kutta stages, an artificial compressibility

coefficient of β = 1100, and a Courant number for pseudo-time of 0.48 to satisfy the

explicit stability constraint. The Green-Gauss gradient calculation is used for ρ and u, and

the corresponding limiter changed for each simulation to show its effect on convergence.

Recall that the solution at each real-time step is reached when the solution converges

in pseudo-time. This is measured with residuals, calculated throughout this chapter as

the maximum absolute difference between a conserved variable in the current and previous

pseudo-time steps. Figure 6.2 shows that, of all the limiters available in OpenFOAM as

standard, only faceLimited converges in this case, and not very smoothly. It might seem

like the convergence problem is because all the OpenFOAM limiters are non-differentiable,

as discussed in Section 6.1.4. However, Figure 6.2 shows that, despite being differentiable,

cellLimited¡Michalak¿ (K = 0) does not converge either. It is only when the limiter

is switched off in areas of uniform flow that convergence is achieved (K = 1). Clearly,

when K = 1, the newly implemented limiter cellLimited¡Michalak¿ has improved con-

vergence properties compared to the options already present in OpenFOAM.

It is important to note that, although the residuals stall for nearly all of the other

limiters, there is no instability and therefore the simulations do not blow up. Only a few

cells fail to converge, and they alternate between very similar states, which means the final

results do not differ substantially between the limiters. Consider Figure 6.3. The residuals

only stall in the top-left corner above the water column. Once K is changed to 1 for

cellLimited¡Michalak¿, the limiter switches off in this area of uniform flow.

6.2.2 Comparison with interFoam (2D)

The new solver is tested using OpenFOAM’s damBreak tutorial to compare its performance

with interFoam. This tutorial simulates a dam break on a 2D mesh featuring an obstacle

at the base. Initial conditions are ρ = 1000 in the water and ρ = 1 in the air, with

u = 0 and p = 0 everywhere. The simulations are run until t = 1.0 or until the residuals

stall, whichever is sooner, with the following settings: one Runge-Kutta stage, an artificial

compressibility coefficient of β = 1100, and a Courant number for pseudo-time of 0.48 to

satisfy the explicit stability constraint. At each real-time step, the absolute tolerances for
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Figure 6.2: Convergence history of absolute residuals for different gradient limiters.

170



6.2. APPLICATION

Figure 6.3: Density field after 8000 pseudo-time iterations, and standard deviation of

velocity magnitude over pseudo-time iterations 7000–8000 (results saved every 100 itera-

tions).
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pseudo-time convergence are 0.0001 for ρ, 0.01 for ρu, and 0.01 for p. The Green-Gauss

gradient calculation is used for ρ and u, and the corresponding limiter is changed along

with the Courant number for real-time. Recall that real-time is treated point-implicitly,

and so there is no explicit stability constraint for the real-time Courant number.

Figure 6.4 shows how far each simulation can go. The residuals are prone to stalling

when the tail of the column of water hit either the obstacle or the far wall and, as ex-

pected, cellLimited¡Michalak¿ converges better than cellLimited. However, some-

times cellLimited¡Michalak¿ stalls, and not always with the same parameters. In this

particular benchmark, when the real-time Courant number was 1, the choice yt = 1.5

converged but yt = 2.0 stalled, and it was the other way around if the Courant number

was 2 or 5. Both choices of yt stall if the Courant number was 0.5, perhaps due to the

increased number of real-time steps meaning there are more chances to stall. Moreover,

the effect of switching off the limiter in uniform regions of flow (that is, setting K > 0) is

not noticeable. This suggests that the standard slope limiters for unstructured meshes are

not sufficiently robust for this solver, whether the limiters already available in OpenFOAM

or the limiter implemented in this chapter. Again, this is nothing to do with stability. At

no point do the simulations blow up or crash; they simply stop converging.

Despite this lack of convergence, we can use parameters that worked for this particular

benchmark to compare the new solver, as it stands, with interFoam. Figures 6.5–6.6 show

the results for cellLimited¡Michalak¿ with yt = 2.0, K = 1, and real-time Courant

numbers of 2 and 5. Figure 6.5 includes results for the interFoam simulations, where

the settings are as in the standard laminar damBreak tutorial, but with zero viscosity

and surface tension, and the atmosphere patch given a wall boundary condition. Now,

interFoam keeps the free surface sharp using a compression term3 with coefficient cAlpha.

Although the compression term has a physical basis (Rusche, 2002, p.117), in practice

cAlpha is usually arbitrarily set to 1. Setting cAlpha to 0 is equivalent to removing the

interface compression term—not a practice acceptable for practical simulations but useful

nonetheless for this comparison. Figure 6.5 shows that the new solver with a real-time

Courant number of 2 exhibits very similar behaviour to interFoam with a cAlpha of 0.

3Often called artificial compression, completely unrelated to artificial compressibility.
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Figure 6.4: Effect of limiter and real-time Courant number on how far the simulation gets

and, if convergence is not achieved, when the stall occurs in real-time. Density field shown

to highlight problematic moments of the simulation.
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Figure 6.5: Density field for new solver compared with water phase field for interFoam in

damBreak case. The Courant number is for real time.
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Figure 6.6: Absolute residuals for each pseudo-time iteration required throughout full

damBreak simulation to t = 1.

Surprisingly, when the real-time Courant number is increased to 5, the new solver still

manages to capture the highly transient behaviour of the dam break, with only slightly

less detail. This is encouraging because fewer total iterations are required for this larger

real-time Courant number, as shown by Figure 6.6.

While the solver has potential, Figure 6.5 shows that the use of a high-resolution

Godunov-type scheme is not sufficient by itself to keep the interface sharp. Activating the

interface compression term does indeed keep the interface sharp when using interFoam,

but this comes at the cost of a deformed free surface (see the t = 0.6 frame). It was
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Figure 6.7: Initial column of water for damBreakWithObstacle case.

hoped that a Godunov-type scheme might circumvent this problem, but clearly that is

not the case, and something like the interface compression term in interFoam is required

to keep the interface sharp. This has been done before in the context of Godunov-type

schemes for artificial compressibility coupled with VOF (Pan and Chang, 2000; Bhat and

Mandal, 2019b), and would be a good next step once the convergence problem has been

solved.

6.2.3 Comparison with interFoam (3D)

The new solver is tested with OpenFOAM’s damBreakWithObstacle tutorial to compare

its performance with interFoam on a simple 3D mesh. This tutorial simulates a dam

break on a 3D mesh featuring an obstacle at the base. The initial column of water is

shown in Figure 6.7. As before, the initial conditions for velocity and pressure are set

to zero. The simulations are run until t = 1.0 or until the residuals stall, whichever is

sooner, with the following settings: one Runge-Kutta stage, an artificial compressibility

coefficient of β = 1100, a Courant number for pseudo-time of 0.2 to satisfy the explicit

stability constraint, and a Courant number for real-time of 1.0. At each real-time step,
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the absolute tolerances for pseudo-time convergence are 0.01 for ρ, 0.01 for ρu, and 0.1

for p. The Green-Gauss gradient calculation is used for ρ and u, and the corresponding

limiter set to cellLimited¡Michalak¿ with yt = 1.5 and K = 1. Recall that real-time

is treated point-implicitly, and so there is no explicit stability constraint for the real-time

Courant number.

Figure 6.8 shows how the simulation compares with interFoam simulation for the

damBreakWithObstacle tutorial case, where the interFoam solver is run with the same

settings as the original laminar tutorial but with zero viscosity and surface tension, and

the atmosphere patch given a wall boundary condition. The residuals for the new solver

are shown in Figure 6.9. Unfortunately, the residuals stall at t = 0.9 seconds, and so

there is no result at t = 1.0 to compare with interFoam. However, the results before the

solver stall compare well with the interFoam simulation when cAlpha is zero, as in the

previous benchmark. Note that generating the visualisation by clipping at ρ = 500 hides

the interface diffusion problem established for the new solver in the previous benchmark.

Regardless, the present benchmark shows that the general behaviour on a simple 3D mesh

is captured well by the solver when it converges.

6.2.4 Mesh from snappyHexMesh

Although the meshes in the previous benchmarks look like structured meshes, they are

stored as unstructured meshes in OpenFOAM. Therefore, to demonstrate that the solver

can be run on arbitrary meshes, it is also tested on a much less uniform mesh generated by

snappyHexMesh. A simple hydrostatic case is chosen to avoid the convergence problem

and because the solution is known, allowing us to test the impact of the pressure gradient

calculation on the simulation.

The mesh from the iglooWithFridges tutorial is used. While the tutorial is designed

to model different physics from those considered in this project (the temperature in an

igloo containing two fridges), the mesh is ideal for our purposes as it is very irregular.

All the boundary conditions are changed to walls, and the domain filled with water up to

z = 2, as shown in Figure 6.10. As before, the initial conditions for velocity and pressure

are set to zero. The solver is run for one real-time step of size ∆t = 0.01 seconds with
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Figure 6.8: Pressure in water phase throughout damBreakWithObstacle case for new

solver and interFoam.
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Figure 6.9: Absolute residuals for each pseudo-time iteration throughout

damBreakWithObstacle simulation.

Figure 6.10: Water partially filling the igloo in hydrostatic case (converged solution with

∇p from Chapter 5).
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the following settings: one Runge-Kutta stage, an artificial compressibility coefficient of

β = 1100, and a Courant number for pseudo-time of 0.48 to satisfy the explicit stability

constraint. The absolute tolerances for pseudo-time convergence are 0.01 for ρ, 0.01 for

ρu, and 0.01 for p. The Green-Gauss gradient calculation is chosen for ρ and u, and the

corresponding limiter set to cellLimited¡Michalak¿ with yt = 1.5 and K = 1.

Recall that the pressure gradient calculation throughout this chapter uses the new

method developed in Chapter 5. It is based on a rearrangement of the momentum equation,

and so it is automatically well-balanced, that is, it balances exactly with the gravity source

term when the velocities are zero. While there are other well-balanced methods (Qian

et al., 2006; Ntouras and Papadakis, 2020; Kruisbrink et al., 2018; Vukčević et al., 2018;

Queutey and Visonneau, 2007), this one is very easy to implement on unstructured meshes.

Therefore, we investigate its effectiveness on unstructured meshes by comparing it to when

the pressure gradient is calculated instead by cellLimited¡Michalak¿ with yt = 1.5 and

K = 1.

Figure 6.11 shows that the new pressure gradient calculation from Chapter 5 indeed

performs better along the direction of gravity than the limiter cellLimited¡Michalak¿,

which is too limiting. The resulting difference in the pressure and velocity in the direction

of gravity is notable. The small but non-zero velocities in the other directions can be

attributed to the free surface not starting out entirely flat due to the irregular shape of

the mesh. Figure 6.12 shows that the improved performance of the well-balanced limiter

comes at the cost of slower convergence, but this is primarily due to the fact that it takes

longer for the pressure field to converge to the correct magnitude from p = 0. In any case,

this test demonstrates that the new solver can be run on 3D unstructured meshes and

that the pressure gradient calculation developed in Chapter 5 retains its well-balancedness,

although not as cleanly as on a 2D Cartesian mesh.

6.3 Compression near obstacle

There is a problem that is not immediately apparent in the figures shown so far. In the

simulations of dam breaks around obstacles, water close to the obstacle can have a density
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Figure 6.11: Cross section of cell-centred values along the z-axis near the centre of the

igloo at x = 3.2, y = 3 for different ∇p calculations.
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Figure 6.12: Absolute residuals for each pseudo-time iteration required throughout hydro-

static simulation.
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Figure 6.13: Density field at t = 0.28s in 2D dam break simulation for CFL = 2.

higher than 1000kg/m3, which is what it should be at the incompressible limit. However,

this problem does not occur throughout the whole simulation or in many cells. To illustrate,

Figure 6.13 shows the density field at a particular time step during the 2D case. Cells

containing only water should have ρ = 1000, those with only air ρ = 1, and cells with a

mixture 0 < ρ < 1000. However, it can be seen that there are a few cells close to the

obstacle for which ρ ≈ 1100. Figure 6.14 shows a similar effect in the 3D case, but with

ρ ≈ 1400. Given the discussion in Section 5.4 of how pressure gradients can affect the

density field, this is probably caused by the pressure gradient. To check that it was not

caused by the complexities of the 3D implementation, we modified the 2D prototype from

Chapter 5 to include simple horizontal obstacles, but the problem appeared there also.

This requires further investigation.

6.4 Conclusion

In OpenFOAM, the traditional way to model free-surface flows is with the VOF solver

interFoam, which uses the PIMPLE algorithm based on matrix inversion. However, there

are other ways to deal with the lack of a pressure equation in the incompressible Navier-

Stokes equations. This chapter focuses on the method of artificial compressibility, which
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Figure 6.14: Density field at t = 0.36s in 3D dam break simulation. Only cells with

ρ > 500kg/m3 shown for clarity.

scales better than matrix inversion as it requires less communication between processors.

Indeed, although artificial compressibility is not new, it is currently very relevant due to its

suitability for implementation on massively parallel architectures (Hodges, 2020; Nourgaliev

et al., 2004; Loppi, 2019).

Despite its potential for efficient parallelisation, artificial compressibility has not been

investigated extensively for variable density flows (including free-surface flows), having only

been implemented on 2D and structured meshes so far (Kelecy and Pletcher, 1997; Qian

et al., 2006; Bassi et al., 2018). The present chapter harnesses OpenFOAM to imple-

ment artificial compressibility for variable density incompressible flows on 3D unstructured

meshes. We found that, since pseudo-time convergence is required at every real-time

step, the slope limiter used in the MUSCL reconstruction step is critical, and the limiters

currently in OpenFOAM are not fit for this purpose. Therefore, we implemented the Micha-

lak and Ollivier-Gooch (2008) limiter fully to avail of its improved convergence properties.

When the results converge, they both compare well with interFoam and are well-balanced,

but even the improved limiter is not sufficiently robust to ensure convergence. While the

solver requires a mechanism to keep the free surface sharp as in interFoam, and the com-

pression near obstacles needs to be eliminated, the convergence problem is more critical.
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Without convergence, there is no solution.

Consequently, further research should first focus on alternative routes to second-order

accuracy than the Barth and Jespersen (1989) framework for MUSCL. This could involve

smoothing out the multidimensional limiter cellMDLimited rather than cellLimited, or

implementing the WENO (Liu et al., 1994) method. Of course, convergence is necessary

but not sufficient for a good solution, and so more work would need to be done after

achieving robust convergence: a mechanism could be employed to keep the interface sharp,

the problem with the density exceeding 1000kg/m3 could be investigated, the solver could

be compared thoroughly with interFoam, and the solver could then be applied to practical

cases such as in Chapter 4. Ultimately, this will make it possible to use Riemann solvers

to capture the free surface automatically and in a way that is well suited to the massively

parallel architectures of today.
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Leaky barriers mimic naturally occurring obstructions to channels such as accumulations

of Large Woody Debris (LWD) or beaver dams, slowing down flows, creating temporary

storage in channels, and forcing water onto floodplains. Aiming to reduce flood hazard and

pollutant transport without adversely affecting wildlife, they are an increasingly popular

nature-based solution in the UK and globally. However, researchers have struggled to

quantify the effects of leaky barriers in the field. Consequently, we do not know which

barrier designs work best for different locations, or even if they are worth installing at all.

This thesis sets out to address the evidence gap using hydrodynamic modelling.

7.1 Motivation for hydrodynamic modelling

Modelling is one of the key ways hydrologists investigate and predict the behaviour of

rivers. However, as the fundamental behaviour of leaky barriers is not well understood,

researchers have had to guess how the barriers behave individually to model them as part

of a river network. Chapter 1 outlined the five main ways this has been done within both

hydrological and hydraulic models: indirect comparison (Slowing the Flow Partnership,

2016), the storage volume method (Nisbet et al., 2015; Norbury et al., 2018), changing

model parameters (Kitts, 2010; Odini and Lane, 2010; Dixon et al., 2016), changing

the channel geometry (Thomas and Nisbet, 2012; Valverde, 2013), and the hydraulic

structure method (Milledge et al., 2015; Metcalfe et al., 2017; Cabaneros et al., 2018).

These existing leaky barrier modelling methods are, at best, data-based rather than physics

based. Ultimately, there is a need to understand how individual barriers behave before

modelling them as part of a network.

Since measuring the impact of leaky barriers in the field is inherently difficult, Com-
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putational Fluid Dynamics (CFD) modelling is a promising method to use instead. There

have been two CFD studies of leaky barriers in the literature (Allen and Smith, 2012; Xu

and Liu, 2017), but these both used the fixed-lid method to deal with the free surface,

where the water elevation is an input to the model, rather than an output. Such a method

cannot be used to investigate the backwater effect. We need a method that models the

free surface to predict how a leaky barrier will perform.

This thesis sets out to incorporate the physical behaviour of leaky barriers into modelling

practice. There are two focuses. First, to address the lack of dedicated leaky barrier

modelling tool, we investigate the hydraulic structure method for including leaky barriers

in hydraulic models, as recommended by Addy and Wilkinson (2019) in their review paper.

Second, to address the lack of understanding in how individual leaky barriers behave, we

set out to simulate leaky barriers with non-fixed-lid 3D CFD modelling. Both threads of

research include high-resolution shock-capturing Godunov-type schemes (Godunov, 1959),

the building blocks of which are Riemann solvers. This work on Godunov-type schemes is

where the majority of the technical novelty of the thesis lies.

7.2 Simplified modelling with the shallow water equations

Chapter 2 investigates the hydraulic structure method for inserting leaky barriers into

hydraulic models. It does this by drawing on the wider hydraulic modelling literature (Zhao

et al., 1994; Cozzolino et al., 2015) and representing leaky barriers as internal boundary

conditions in a 1D Godunov-type scheme written from scratch in Python. The mass

and momentum fluxes at the barrier come from steady-state formulae that depend on

the operating stage, worked out dynamically based on the Riemann states. The results

compare well to 55 steady-state flume experiments across a range of operating stages.

The work in this chapter has been published in Leakey et al. (2020).

Replacing the Riemann solver flux with a steady-state discharge equation, while rel-

atively straightforward to implement, captures the full range of behaviour at the barrier.

Moreover, unlike previous studies in the literature, we tested the model behaviour against

hydraulic flume data for a number of different barrier configurations and operating stages,
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providing confidence in the model results and the wider applicability of the method.

A major advantage of the method is its shock-capturing capabilities. Since the base

numerical scheme is Godunov-type, it can capture shocks such as flood waves, hydraulic

jumps, and bores. Traditional hydraulic models struggle to replicate these extremes of

physical behaviour due to their reliance on the method of finite differences, so a Godunov-

type scheme is a good framework in which to insert leaky barriers if creating a model from

scratch. Some relatively new models do use Godunov-type schemes for the shallow water

equations, for example, CityCAT (Glenis et al., 2018), Iber (Bladé et al., 2014), JFLOW

SWE (Crossley et al., 2010), and TUFLOW FV (BMT, 2013), and therefore this method

could be implemented in existing software too. Whether as part of a bespoke numerical

scheme or existing software, embedding leaky barriers in a Godunov-type scheme for the

shallow water equations means that the all the impacts of the barriers on the hydraulics can

be captured. For example, our transient experiments are able to capture the propagation

of a flood wave through different configurations of barrier, both the bore that travels back

upstream and the bore that travels downstream.

Further research is required before incorporating different leaky barrier designs than

the simple weir/gate combination (Samani and Mazaheri, 2009) considered here. This is

what the remainder of the thesis sets out to address, using CFD modelling combined with

flume experiments.

7.3 Detailed modelling with the Navier-Stokes equations

The majority of the thesis is about 3D CFD modelling. Chapter 3 outlines the theory

behind CFD and Chapter 4 investigates using OpenFOAM’s VOF solver interFoam to

model individual leaky barriers systematically. This involves developing a new boundary

condition and post-processing utility in OpenFOAM, creating high-quality meshes in Ansys,

running the CFD simulations in OpenFOAM, and then comparing the results to new flume

data. This work is significant as it is the first non-fixed-lid CFD simulation of leaky

barriers in the literature, and so is able to capture the backwater effect induced by different

barrier configurations. However, while OpenFOAM has many good aspects, its numerical
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methods are not the most up to date. Indeed, being based on semi-implicit pressure-

based algorithms, the VOF solver interFoam theoretically has the decreased accuracy

and increased computational effort of implicit schemes without the advantage of very

large time steps.

Dissatisfied with this theoretical snag, in Chapters 5–6, we develop a new free-surface

solver based on the method of artificial compressibility (Chorin, 1997). Artificial compress-

ibility allows methods for hyperbolic conservation laws, such as Godunov-type schemes, to

be used for the incompressible Navier-Stokes equations. This means that the free surface

can be captured automatically by the contact wave in the Riemann solver, without hav-

ing to rely on complicated surface-tracking or surface-capturing algorithms (Kelecy and

Pletcher, 1997; Qian et al., 2006; Bassi et al., 2018). The new solver is explicit in pseudo-

time and point-implicit in real-time (Vermeire et al., 2019), and so has the parallelisation

potential of an explicit scheme without the requirement for small real-time steps. We also

develop a new way to calculate the MUSCL pressure gradient, based on a rearrangement

of the momentum equation, and implement an Osher Riemann solver that has not been

used for these governing equations before (Dumbser and Toro, 2011).

In Chapter 5, we implement the solver from scratch in Python for 2D Cartesian meshes,

using this prototype to investigate the effect of different Riemann solvers and pressure

gradient calculations used in the MUSCL reconstruction step. We show that the Osher

Riemann solver (Dumbser and Toro, 2011) is a more robust alternative to the Bassi (Bassi

et al., 2018) or Roe Riemann solvers (Roe, 1981). Moreover, the new pressure gradient

calculation—a completely novel method developed in this thesis—is able to capture auto-

matically the pressure gradient discontinuity at the free surface. While these improvements

do not have much of an effect in the Martin and Moyce (1952) experimental dam break

case, the pressure gradient calculation does have the advantage of being easy to implement

on both structured and unstructured meshes as it uses information that has already been

calculated. The work in this chapter has been published in Leakey et al. (2022b).

In Chapter 6, we implement the new solver in OpenFOAM, the first implementation of

the variable-density artificial-compressibility equations on 3D unstructured meshes. Gen-

eralising the solver this way is primarily a programming challenge. However, one aspect of

190



7.4. RECOMMENDATIONS FOR FUTURE WORK

this work is more than a generalisation, requiring a completely different method to struc-

tured meshes—the MUSCL reconstruction—and this leads to problems with convergence.

This trouble with convergence is a well-known problem, and there are ways to overcome

it, at least partially (Barth and Jespersen, 1989; Venkatakrishnan, 1995; Michalak and

Ollivier-Gooch, 2008). Unfortunately, despite creating extra functionality in OpenFOAM

to improve convergence and fixing a bug in the official code, the new solver’s convergence

problem on unstructured methods is yet to be completely resolved and is recommended for

future work. In any case, the results compare well with results from the interFoam solver

in 2D and 3D. The work in this chapter has been published in Leakey et al. (2022a).

The new solver is applicable to any incompressible variable density flows, and so it has a

wide area of application beyond leaky barriers. For example, it can be used to simulate other

flows of water, like fluvial flows around bridges or coastal flows at groynes, and more general

multiphase flows, including that of multiple liquids. The OpenFOAM implementation

is critical for these applications as 3D unstructured meshes give the required flexibility

to capture complex geometries of practical interest. Moreover, not only can meshes

created within OpenFOAM be used in the solver, but meshes can be converted from

other meshing software (e.g. Ansys) into the OpenFOAM format, providing even greater

flexibility. Additionally, as the solver is implemented in OpenFOAM, it has the advantage

of being compatible with the wealth of pre- and post-processing utilities contained in

the software. This flexibility is the benefit derived from overcoming the programming

and theoretical challenges of generalising the solver from 2D Cartesian meshes to 3D

unstructured meshes.

7.4 Recommendations for future work

The validation data for the 1D model in Chapter 2 are limited to steady-state leaky barrier

experiments. For further confidence in the model, it must be tested against transient leaky

barrier experiments too. These data could come from the new high-resolution cameras

that have been installed in the Novak Lab at Newcastle University. This would provide

confidence that the model can capture accurately how leaky barriers slow down flows and
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Figure 7.1: Multiple scales of modelling... how do we connect them?

reduce flood peaks. Further work could then focus on the interaction of multiple barriers

across a network, making it possible to investigate the synchronisation problem as well as

optimisation of barrier location and design. Such an investigation, if carried out in full,

could involve a large number of simulations, and so an optimisation algorithm could be

used to cut them down to a manageable number.

The new CFD solver developed in Chapters 5–6 requires further work before use on

practical applications such as leaky barriers. The first priority is to ensure more reliable

convergence; without convergence, there are no results. It would be worthwhile to then

implement a method that keeps the free surface sharp. The problem of compression

near obstacles also requires further investigation. A major advantage of the solver is its

favourable parallelisation properties, allowing efficient implementation on GPUs, as in Loppi

(2019) and Kajzer and Pozorski (2020). This would facilitate modelling many different

configurations of leaky barrier. However, this would require an implementation outside the

OpenFOAM framework due to its dependence on the method of domain decomposition.

Questions remain about how to incorporate the results of the 3D CFD modelling into

1D hydraulic modelling, as illustrated in Figure 7.1. Do we extract empirical relationships

from systematic CFD modelling before running the hydraulic model, or dynamically link
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between the two scales of model at run time, or use the CFD modelling as validation for

a more efficient method? These questions are relevant for other hydraulic structures that

are also currently not well-understood, for example, bridges.

7.5 Multi-scale modelling

To address the evidence gap related to leaky barriers, we need to move beyond sim-

ple methods like changing the value of Manning’s n—useful as they were for a first

approximation—towards numerical methods that represent the physics accurately. To

achieve this, modelling is required at both the small and large scales. Small-scale CFD

modelling is needed to understand how individual barriers behave, and large-scale hydraulic

modelling to understand how networks of barriers behave.

At both scales, explicit Godunov-type schemes, such as those developed in this thesis,

provide high-resolution results and the opportunity for efficient parallelisation on massively

parallel hardware architectures. Ultimately, this parallelisation potential provides the ability

to investigate many barrier configurations, both in form and location, and thus contribute

to answering fundamental questions such as the practical problems surrounding leaky bar-

rier placement and design.
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Appendix A. Flume experiments

The flume experiments were conducted in the Novak Lab at Newcastle University, currently

home to two hydraulic flumes of different widths. The same kind of barrier was modelled

in both the narrow and wide flumes: a simple horizontal barrier as illustrated in Figure A.1.

A.1 Narrow flume

This older flume has width 0.294m, length 17.95m, adjustable slope fixed to 1:1600 for

these experiments, and Manning’s n of 0.009. A metal leaky barrier was placed at x =

11.14m along the length of the flume, using slots on either side of the flume to fix it in

place, as shown in Figure A.2. These slots reduced the barrier width to 0.264m. Let the

depth of the base of the leaky barrier be a0 and the top a1, as in Figure A.1. Four barrier

configurations were tested, each for a range of steady-state flow conditions:

(a) No barrier, 1 experiment;

(b) (a0 = 0.05m, a1 = 0.15m), 7 free flow experiments;

(c) (a0 = 0.05m, a1 = 0.1m), 15 free flow experiments; and

(d) (a0 = 0.025m, a1 = 0.125m), 30 free flow and 2 submerged experiments.

With reference to Figure A.1, “free flow” describes stages 1 and 3, or scenarios where

the leaky barrier is not touched, and “submerged” describes stages 2, 4 and 5, where the

downstream tailwater affects the flow through the barrier.

Depth measurements were taken with a point gauge at six fixed points along the flume,

two upstream of the barrier and four downstream: x = 10, 11, 11.3, 12, 13, 17.8m. For
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hL

hRa0
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Figure A.1: The leaky barrier model: definition sketch and five conceptual operating

stages, repeated from Figure 2.2.

Figure A.2: Leaky barrier model in the narrow flume.
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Figure A.3: The relationship between velocity-depth and manometer discharges, with re-

gression for (d).

(c) and (d), two additional depth measurements were taken for the free-flow experiments,

one either side of the downstream hydraulic jump.

For each of the 55 flume experiments, the steady-state discharge was measured using

a manometer (qman). For (a), (b) and (d), a velocity meter was also used to calculate the

discharge (qvel). It was found that the manometer and velocity-meter discharges did not

agree. The equation

qvel = 0.00286 + 1.08 · qman (A.1)

describes the relationship for (d) with R2 = 0.99, as plotted in Figure A.3. In case (c),

there were no qvel data. However, the velocity meter was known to give more accurate

results than the manometer. Therefore, for consistency, the regression equation (A.1) was

used to generate qvel values from measured values of qman for all cases. This transformed

discharge is assumed to be an unbiased measurement in the project.

Tables A.1–A.2 summarise the 55 experiments in the narrow flume.

A.2 Wide flume

This newer flume has width 1.0m, length 12.0m, and an adjustable slope fixed to 1:50

for the experiment. A plastic leaky barrier (a0 = 0.035m, a1 = 0.235m) was slotted

in at x = 5.0m along the length of the flume, shown in Figure A.4. However, unlike

in the narrow flume, the slots were more streamlined, built into the sides of the flume.
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Experiment Configuration qman (m2/s) qvel (m2/s) q (m2/s) h17.8 (m)

N1 b 0.01002 0.01281 0.014 0.0340

N2 b 0.01554 0.02144 0.020 0.0430

N3 b 0.02694 0.03331 0.032 0.0550

N4 b 0.05127 0.04546 0.058 0.0610

N5 b 0.03421 0.03824 0.040 0.0585

N6 b 0.05359 0.06051 0.061 0.0750

N7 b 0.05563 0.05626 0.063 0.0845

N8 a 0.05617 0.05921 0.064 0.0770

N9 c 0.00633 - 0.010 0.0340

N10 c 0.01487 - 0.019 0.0365

N11 c 0.01737 - 0.022 0.0415

N12 c 0.01930 - 0.024 0.0450

N13 c 0.02289 - 0.028 0.0490

N14 c 0.02656 - 0.032 0.0515

N15 c 0.03144 - 0.037 0.0550

N16 c 0.03594 - 0.042 0.0595

N17 c 0.03956 - 0.046 0.0610

N18 c 0.04393 - 0.051 0.0650

N19 c 0.04661 - 0.053 0.0650

N20 c 0.04966 - 0.057 0.0710

N21 c 0.05145 - 0.059 0.0710

N22 c 0.05340 - 0.061 0.0740

N23 c 0.05517 - 0.063 0.0715

N24 d 0.01002 0.01434 0.014 0.0375

N25 d 0.01345 0.02044 0.017 0.0445

N26 d 0.01678 0.02406 0.021 0.0470

N27 d 0.01737 0.02465 0.022 0.0480

Table A.1: Summary of experiments N1–N27 in the narrow flume—configuration (a, b, c,

or d), manometer discharge, velocity-meter discharge, transformed discharge, and depth

at x = 17.8m.
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Experiment Configuration qman (m2/s) qvel (m2/s) q (m2/s) h17.8 (m)

N28 d 0.02152 0.02958 0.026 0.0525

N29 d 0.03523 0.04378 0.041 0.0620

N30 d 0.05535 0.06352 0.063 0.0745

N31 d 0.05554 0.06271 0.063 0.0830

N32 d 0.05526 0.06347 0.063 0.0690

N33 d 0.05554 0.06372 0.063 0.0695

N34 d 0.05535 0.06269 0.063 0.0710

N35 d 0.05499 0.06320 0.063 0.0690

N36 d 0.05443 0.06115 0.062 0.0670

N37 d 0.05311 0.05943 0.060 0.0705

N38 d 0.05087 0.05683 0.058 0.0685

N39 d 0.03773 0.04092 0.044 0.0595

N40 d 0.02750 0.02915 0.033 0.0490

N41 d 0.02459 0.02534 0.030 0.0460

N42 d 0.02267 0.02379 0.027 0.0430

N43 d 0.02007 0.02141 0.025 0.0420

N44 d 0.01524 0.02046 0.019 0.0415

N45 d 0.01453 0.01911 0.019 0.0390

N46 d 0.01345 0.01709 0.017 0.0370

N47 d 0.01143 0.01513 0.015 0.0345

N48 d 0.01002 0.01261 0.014 0.0325

N49 d 0.00896 0.01200 0.013 0.0310

N50 d 0.00776 0.01169 0.011 0.0290

N51 d 0.00776 0.00836 0.011 0.0245

N52 d 0.00447 0.00731 0.008 0.0240

N53 d 0.03192 0.03993 0.037 0.0590

N54 d 0.03301 0.04081 0.039 0.1725

N55 d 0.03301 0.04043 0.039 0.2440

Table A.2: Summary of experiments N28–N55 in the narrow flume—configuration (a, b,

c, or d), manometer discharge, velocity-meter discharge, transformed discharge, and depth

at x = 17.8m.
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Figure A.4: Leaky barrier model in the wide flume.

Experiment a0 a1 qmin (m2/s) qmax (m2/s) h9.0 (m)

W 0.035 0.235 0.0632 0.0639 0.0435

Table A.3: Summary of experiment W in the wide flume—leaky barrier dimensions, mini-

mum and maximum discharge, and depth at x = 9.0m.

Consequently, even though the barrier was operating in stage 3, the nappe over the top

of the barrier was not aerated.

Depth measurements were taken with a point gauge at ten points along the flume, five

upstream and five downstream: x = 2, 3, 4, 4.5, 5, 5.02, 6, 7, 8, 9m. As the supercritical

flow downstream of the barrier was very turbulent, the four most downstream measure-

ments were taken twice, one at each bound of the fluctuating depth. Unlike the narrow

flume, the wide flume automatically measures the flow rate in the pipe between the pump

and the flume.

Table A.3 summarises the experiment in the wide flume.
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Appendix B. OpenFOAM case files

This appendix presents selected OpenFOAM case files used in Chapter 4.

B.1 fvSchemes

B.1.1 Initial stage (quick, stable)

1 /∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗− C++ −∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗\

2 | ========= | |

3 | \\ / F i e l d | OpenFOAM : The Open S o u r c e CFD To o l b ox |

4 | \\ / O p e r a t i o n | V e r s i o n : v1906 |

5 | \\ / A nd | Web : www . OpenFOAM . com |

6 | \\/ M a n i p u l a t i o n | |

7 \∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/

8 F o a m F i l e

9 {

10 v e r s i o n 2 . 0 ;

11 f o r m a t a s c i i ;

12 c l a s s d i c t i o n a r y ;

13 l o c a t i o n ” s y s t e m ” ;

14 o b j e c t f v S c h e m e s ;

15 }

16 // ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ //

17

18 ddtSchemes

19 {

20 d e f a u l t l o c a l E u l e r ;

21 }

22

23 gradSchemes

24 {

25 d e f a u l t c e l l L i m i t e d Gauss l i n e a r 1 ;

26 }

27

28 d i v S c h e m e s
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29 {

30 d e f a u l t none ;

31

32 d i v ( r h o P h i , U) Gauss u pw in d ;

33 d i v ( p h i , k ) Gauss u p wi nd ;

34 d i v ( p h i , omega ) Gauss up wi n d ;

35

36 d i v ( p h i , a l p h a ) Gauss v a n L e e r ;

37 d i v ( p h i r b , a l p h a ) Gauss l i n e a r ;

38

39 d i v ( ( ( r h o ∗ n u E f f ) ∗ dev2 (T( g r a d (U) ) ) ) ) Gauss l i n e a r ;

40 }

41

42 l a p l a c i a n S c h e m e s

43 {

44 d e f a u l t Gauss l i n e a r l i m i t e d 0 . 5 ;

45 }

46

47 i n t e r p o l a t i o n S c h e m e s

48 {

49 d e f a u l t l i n e a r ;

50 }

51

52 snGradSchemes

53 {

54 d e f a u l t l i m i t e d 0 . 5 ;

55 }

56

57 w a l l D i s t

58 {

59 method meshWave ;

60 }

61

62 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ //

B.1.2 Final stage (accurate)

1 /∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗− C++ −∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗\

2 | ========= | |

3 | \\ / F i e l d | OpenFOAM : The Open S o u r c e CFD T o o l b ox |

4 | \\ / O p e r a t i o n | V e r s i o n : v1906 |

5 | \\ / A nd | Web : www . OpenFOAM . com |

6 | \\/ M a n i p u l a t i o n | |
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7 \∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/

8 F o a m F i l e

9 {

10 v e r s i o n 2 . 0 ;

11 f o r m a t a s c i i ;

12 c l a s s d i c t i o n a r y ;

13 l o c a t i o n ” s y s t e m ” ;

14 o b j e c t f v S c h e m e s ;

15 }

16 // ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ //

17

18 ddtSchemes

19 {

20 d e f a u l t E u l e r ;

21 }

22

23 gradSchemes

24 {

25 d e f a u l t c e l l L i m i t e d Gauss l i n e a r 1 ;

26 }

27

28 d i v S c h e m e s

29 {

30 d e f a u l t none ;

31

32 d i v ( r h o P h i , U) Gauss l i n e a r U p w i n d d e f a u l t ;

33 d i v ( p h i , k ) Gauss l i n e a r U p w i n d d e f a u l t ;

34 d i v ( p h i , omega ) Gauss l i n e a r U p w i n d d e f a u l t ;

35

36 d i v ( p h i , a l p h a ) Gauss v a n L e e r ;

37 d i v ( p h i r b , a l p h a ) Gauss l i n e a r ;

38

39 d i v ( ( ( r h o ∗ n u E f f ) ∗ dev2 (T( g r a d (U) ) ) ) ) Gauss l i n e a r ;

40 }

41

42 l a p l a c i a n S c h e m e s

43 {

44 d e f a u l t Gauss l i n e a r c o r r e c t e d ;

45 }

46

47 i n t e r p o l a t i o n S c h e m e s

48 {

49 d e f a u l t l i n e a r ;

50 }
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51

52 snGradSchemes

53 {

54 d e f a u l t c o r r e c t e d ;

55 }

56

57 w a l l D i s t

58 {

59 method meshWave ;

60 }

61

62 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ //

B.2 fvSolution

1 /∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗− C++ −∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗\

2 | ========= | |

3 | \\ / F i e l d | OpenFOAM : The Open S o u r c e CFD T o o l b ox |

4 | \\ / O p e r a t i o n | V e r s i o n : v1906 |

5 | \\ / A nd | Web : www . OpenFOAM . com |

6 | \\/ M a n i p u l a t i o n | |

7 \∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/

8 F o a m F i l e

9 {

10 v e r s i o n 2 . 0 ;

11 f o r m a t a s c i i ;

12 c l a s s d i c t i o n a r y ;

13 o b j e c t f v S o l u t i o n ;

14 }

15 // ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ //

16

17 s o l v e r s

18 {

19 ” a l p h a . w a t e r . ∗ ”

20 {

21 c A l p h a 1 ;

22 n L i m i t e r I t e r 2 ;

23 n A l p h a S u b C y c l e s 1 ;

24 n A l p h a C o r r 3 ;

25 a l p h a A p p l y P r e v C o r r no ;

26 MULESCorr y e s ;

27

28 s o l v e r s m o o t h S o l v e r ;
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29 s m o o t h e r s y m G a u s s S e i d e l ;

30 t o l e r a n c e 1e−8;

31 r e l T o l 0 ;

32 }

33

34 ” p c o r r . ∗ ”

35 {

36 s o l v e r PCG ;

37 p r e c o n d i t i o n e r DIC ;

38 t o l e r a n c e 1e−5;

39 r e l T o l 0 ;

40 }

41

42 p r g h

43 {

44 s o l v e r PCG ;

45 p r e c o n d i t i o n e r DIC ;

46 t o l e r a n c e 1e−07;

47 r e l T o l 0 . 0 5 ;

48 }

49

50 p r g h F i n a l

51 {

52 $ p r g h ;

53 r e l T o l 0 ;

54 }

55

56 ” (U | k | omega ) . ∗ ”

57 {

58 s o l v e r s m o o t h S o l v e r ;

59 s m o o t h e r s y m G a u s s S e i d e l ;

60 t o l e r a n c e 1e−8;

61 r e l T o l 0 . 0 1 ;

62 }

63 }

64

65 PIMPLE

66 {

67 momentumPredictor no ;

68 n C o r r e c t o r s 3 ;

69 n O u t e r C o r r e c t o r s 1 ;

70 n N o n O r t h o g o n a l C o r r e c t o r s 1 ;

71 p R e f C e l l 0 ;

72 p R e f V a l u e 0 ;
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73 }

74

75 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ //
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