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Abstract

Bayesian inference provides a principled approach for combining prior knowledge with
mathematical models and observational data. Driven in part by the advent of modern
computing technologies, Bayesian methodology is now widely used in diverse elds, facil-
itating scienti c analyses, applications of machine learning and arti cial intelligence, and
even as the basis of probabilistic methods for numerical computation. The computational
cost associated with Bayesian methodology is still considered to be high, however, with
key challenges including the numerical approximation of posterior distributions (Green
et al., [2015) and experimental design (Kleinegesse & Gutmann, 2019). In many cases,
the computational cost of Bayesian inference places a practical limit on the phenomena
that can be modelled. This thesis attempts to address these challenges in three main
contributions:

Firstly, we consider the application of Bayesian methods to numerical integration,
where Bayesian cubature methods have generated interest but have been criticised for their
lack of adaptivity relative to classical cubature methods. By developing non-stationary,
adaptive approaches to Bayesian cubature, together with appropriate computational method-
ology, we demonstrate how improved cubature performance can be achieved relative to
existing Bayesian cubature approaches. The insight and methodology developed extends
beyond cubature to other numerical tasks, such as the solution of di erential equations,
where adaptation is known to be crucial. We also consider directly interpreting a classical
non-probabilistic cubature method through the Bayesian lens and explore the theoretical
rami cations.

Secondly, in an attempt to automate aspects of the previous methodology we present
GaussED, a simple probabilistic programming language coupled to a powerful experimental
design engine. Together, these components allow a user to automate sequential experi-
mental design for approximating a (possibly nonlinear) quantity of interest in Gaussian
processes models. With a few lines of code, a user can quickly emulate a computer model,
perform Bayesian cubature, solve linear partial di erential equations, perform tomographic
reconstruction from integral data and perform Bayesian optimisation with gradient data,
all with sequential adaptation automatically built-in. This is achieved by formulating ex-
perimental design in a decision theoretic framework where, instead of specifying a bespoke
acquisition function, the user speci es a loss function relevant to their quantity of interest.

Finally, we explore methods of extending the aforementioned methodology to the non-
Gaussian and, consequently, the non-conjugate case. The methods we explore are a vari-
ation of a modern approach to variational inference, called measure transport. Measure
transport underpins several recent algorithms for posterior approximation in the Bayesian



context, wherein a transport map is sought to minimise the Kullback{Leibler divergence
(KLD) from the posterior to the approximation. In this part, we propose to minimise
a kernel Stein discrepancy (KSD) instead. The consistency of the associated posterior
approximation is established and empirical results suggest that KSD is competitive and
more exible alternative to KLD for measure transport.
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Chapter 1

Introduction and Background

In this chapter, we introduce the necessary background material to understand and contex-
tualise the novel contributions of this thesis. In Section 1.1, we introduce the fundamentals
of Bayesian inference and the essentials of Bayesian experimental design. In Section 1.2,
we introduce Gaussian processes and present a discussion on a few of their relevant prop-
erties. Finally, in Section 1.3, we present the novel contributions of the thesis and describe
the structure of the remainder of the thesis.

1.1 Bayesian Inference and Experimental Design

1.1.1 Bayesian Inference

We begin by introducing the primary apparatus that this thesis is based upon, Bayesian
inference. In what follows, we assume the existence of an underlying probability space

( ; ;P) on which all random variables are de ned.
Let (X; x)and (Y; vy) denote measurable spacesandleX : !'X andY : !
Y be measurable with joint distribution ( X;Y) x;y and denot¢t x = Xy P and

vy = Yz P the corresponding marginal distributions, or laws, of X and Y. We use the
standard abuse of notation and write P(X 2 A) = x(A) = P(f! 2 jX(!) 2 Ag)
for each measurableA 2 x. WheneverP(Y 2 B) > 0 forany B 2 v, we de ne the
conditional probability

P(X;Y)2 A B).

PX2AjY2B)= P(Y 2 B) ;

1The pushforward f P of a distribution P on through some measurable function f : !X is de ned
asfy P(A) = P(f! 2 jf(!)2 Agfor any measurable A 2 .
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for eachA 2 x. Through simple manipulations we arrive at Bayes theorem

P(Y 2BjX 2 A)P(X 2 A)_
P(Y 2 B) ’

P(X 2AjY 2B)=

which now holds wheneverP(Y 2 B) > 0 andP(X 2 A) > 0. In this form, Bayes theorem

is just an identity, holding for any events A and B for which the relevant quantities are

de ned. ltis in its practical application where the narrative about prior beliefs and belief
updating become relevant. Thus, let us consider (; ) as a measurablegparameter space
and suppose K; x) denotes a space of possible observations of a random process which
depends implicitly on some unknown parameter 2 . Considering o] as a
random variable such that , where represents an agent'sa priori belief of the
true parameter 2 , we can utilise Bayes theorem as a mechanism of updating the
agent's belief upon observation thatX 2 B. We have

P(X 2Bj 2A)P( 2A)

P( 2AjX 2B)= P(X 2 B)

Assuming that the laws of X and admit densities, the extension of Bayes theorem to
density functions can be derived (Schervish, 1995) and takes the similar form

Pxj (Xj )p ().

P ix (jx) = o)

where py jy (jy) denotes the conditional density function of X j Y = y and px denotes the
density function of X.

1.1.2 Statistical Decision Theory

Originally formulated in Wald (1949), statistical decision theory attempts to frame sta-
tistical inference as a formal decision problem. Statistical decision theory is distinguished
from standard decision theory (Von Neumann & Morgenstern, 1944) due to the use of an
observation X, with which we are able to make inferences about the true state 2

The framework of statistical decision theory, from now on referred to simply as adecision
problem consists of the following ingredients:

1. A state space where each 2 denotes an unknown state of nature that a ects
the outcome of a decision.

2. An action set A, consisting ofactions a2 A.

3. An observation spaceX, upon which a random variableX : ! X is de ned. We
de ne the likelihood as X j = o Xj = o
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4. Aloss functionL :  A! R which is an expression of the error incurred by taking
an actiona 2 A when 2 is the true state of nature. We further require that, for
each 2 , L(; ) attains its minimum over A.

The decision problem is then to optimally pick some actiona 2 A. The key component
here is the loss functionL. The loss function is the tool by which we base our decisions
upon, where, generally speaking, we wish to pick an optimah 2 A that minimises the
loss function. Due to the unknown state of nature 2 , which can in uence both the
associated loss and and the observation, there are di erent approaches to picking the
optimal action. In the following, we will discuss the Bayesian approach to solving decision
problems with a view to the following section Section 1.1.3 on Bayesian experimental
design.

The extensive form of the Bayesian approach to decision problems utilises th@oste-
rior expected loss which relies upon the expected utility principle (Lindley, 1972). The
expected loss under a distribution  de ned on the state space is the quantity

Z
E [L(;a)l= L(;a)d ():

If we consider  as a prior distribution in the context of Bayesian inference, this quantity
is referred to as the prior expected loss Similarly, letting jx=x denote the posterior
distribution of the random variable jX = x upon the observation that X = x, the
posterior expected losss then the quantity
Z
EL(Ga)iX=x]= L(;a)d jx=x():

A natural solution to the decision problem would then be to pick an action a for which
the above quantity is minimised. Such an act

a 2argminE [L(;a)jX = x];
az2A

is called aBayes act Implicitly, note that in the extensive form of the Bayesian approach,
a decision maker is required to rst observeX = x and then proceeds to take an optimal
action. In practice, however, the decision maker may be able to in uence the observations
made through the picking of an experiment. It is natural to also desire that this picking
of an experiment is optimal, relative to the decision problem. This problem is known
as experimental designand in the following section we extend the current framework to
Bayesian experimental design
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1.1.3 Bayesian Experimental Design

Following from our discussion at the end of Section 1.1.2, we extend our framework by
introducing dependence of the distribution of the observationX upon an experiment. Let
E denote the set of experiments under consideration and denote 2 E a given experiment.
We will also refer to the set of experimentsk as the design set The associated distribu-
tional dependencies on some 2 E will be denoted as § for the marginal distribution of

X and ejx -, for the posterior. Upon choosing an experiment 2 E and after observation
of X = x, the minimal posterior expected loss takes the familiar form

z

g;iAn L(;a)d Sx=x():

Prior to experimentation, however, we are yet to make the observationX = x and so, for
a given experimente 2 E, the pre-posterior expected loss of the best decision takes the
form Z Z

Jmn L(Ga)d Sey()d 500

Here, we have now averaged over the as of yet unobservetl. The optimal experiment,
then, is to pick an e 2 E which minimises this quantity. That is,
z z
e 2argmin . min  L(;a)d Sy_,()d (x):
e2E X a2A
One can consider a further extension to experimental design, termedequential exper-
imental design (SED), where the decision maker is allowed to undertake multiple exper-
iments in sequence. Sequential Bayesian experimental design, without a stopping rule,
proceeds by iterating the minimisation procedure of Bayesian experimental design. That
is, at step n of the sequential experimentation, denotingX" = x" the observations ob-
served up to stepn and X as the, as of yet, unobserved subsequent observation, we set
jxn=xn as our prior and pick the subsequent experimene 2 E such that
z z
e 2argmin min  L(;a)d Synoxnx=x()d jxn=xn(X):
e2E X 22A ’
A more general form of SED, which we termgeneralisedBayesian SED, picks a subsequent
observatione 2 E such that? an acquisition function is maximised:

e 2 argmaxA(e; §;x");
e2E

2To avoid pathological cases, the existence of a (not necessarily unique) maximum is always assumed.
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where A is an acquisition function of the form
z

A(g §;x") = . UX"x)d K ixn=xn (X); 1.1)
wherU :R" R! Risautility function thatis dependent on the posterior ©y_yn.y -
(Ryan et al., 2016). The role of the acquisition function A is to control the exploration-
exploitation trade-o, but the computational convenience of computing (1.1) is also im-
portant. Note that Bayesian SED is a special case of generalised Bayesian SED with utility
function z

U™x)= min - L(5a)d Sxnzxnx=x

Another popular choice for U is the information gain (Lindley, 1956)

U(Xn;X)ZKL( ern:Xn;X:Xk jxn:xn); (12)

where KL denotes the Kullback{Leibler divergence. The information gain quanti es the
utility of the experiment e as the extent to which the observation of X changesa poste-
riori belief; for related approaches and discussion see the recent survey in Kleinegesse &
Gutmann (2021).

SED forms a cornerstone in the methodologies developed in both Chapter 2 and Chap-
ter 3. In these chapters, the problems we consider involve a latent functiorf 2 F , com-
putations with which are typically associated with a high computational cost, and the
task is to approximate a (possibly nonlinear) quantity of interest q(f) using sequential ex-
perimental design (SED). The commonly encountered context of a limited computational

preferred® over a priori experimental design, since it allows data which have already been
observed to inform the design of the nexhexperimentenﬂ. In Chapter 2, we are only
interested in the quantity of interest q(f) = fd . In Chapter 3, we consider more general
gquantities of interest such as the emulation of computer models, Bayesian optimisation,
and probabilistic numerical approximation of the solution of di erential equations. There-
fore, in what remains of this section, we consider the specialisation of SED to this setting.

Both Chapter 2 and Chapter 3 consider the case where the unknown state of natureis
an element of a function space and experiments correspond to continuous linear functionals
on this function space. To this end, in the following we write the unknown state of nature

= f and the state space = F, where F is a normed vector space of real-valued
functions de ned on some domainX  RY. We consider a random variablef : ! F
which serves as a statistical model for the latentf, and encodesa priori knowledge, such

8Sequential design is known to be near-optimal under adaptive submodularity (Golovin & Krause, 2011).
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as the smoothness of. The distribution or law of f is denoted Py = f4 P such that
Pr (B) = P(f (B)).

The experiments e are represented as continuous linear functionals : F ! R and
may, for example, include pointwise evaluation (f) = f(x) of the latent function f at a
speci ed location x 2 X, pointwise evaluation of a gradient, or evaluation of an integral,
such as a Fourier transform. We will denote the design seE in the sequel asD F ©
where F %is the topological dual space ofF, containing the continuous linear functionals
on F. Of course, the design seD will depend on the problem at hand, and contains only
the experiments that can actually be performed.

Upon picking an experiment to perform 2 D, we obtain data of the form (f) which
is considered a realisation of the real-valued random variable (f ). The distribution of
the posterior f j (f) = (f) is denoted P; (j ). Similarly, a vector of functionals =
(1;::7; m), considered as a mapF ! R™, the distribution of the posterior fj (f) =

n(f) is similarly denoted P: (j ). Formally, when it exists, P;(j (f)) is de ned as an
element of a -disintegration of Ps; we suppress further discussion in the main text but
refer the reader to Section A.2.1 for full mathematical detail. We now consider generalised
Bayesian SED with this setup:

Suppose that at stepn of sequential experimentation, denoting ,(f) = ,(f) the vec-
tor of observations observed up to stegn and (f ) as the, as of yet unobserved subsequent
observation, we pick our subsequent experiment 2 D such that

2 argmaxA( ; #Ps; n(f);
2D

where A is an acquisition function of the form
Z
AC: #Pr a(f)) = UCa()ix)d & Pr(xj n):

Note that this de nition coincides with (1.1), with )e(jxnzx” = #Pi(j n)andx" = ().
However, this particular setting of SED allows for a notational simpli cation. By a change
of variables (Cohn, 2013, Proposition 2.6.8), the acquisition function can be equivalently
written as z

AC; #Pr; a(f)= UCA(f); ()P (] n):

Thus, we will instead adopt the convention of denoting the acquisition function asA( ; Ps; n).
Since we are primarily interested in an associated (possibly nonlinear) quantity of
interest q(f) of the latent function f, we would ideally ensure that the acquisition function
A takes into account g. For example, in Bayesian optimisation, the quantity of interest
takes the form q(f) = max xox f(x), and various bespoke acquisition functions have been
developed for this specic application (Wilson et al., 2018). In Chapter 2, we utilise
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an acquisition function that takes into account the quantity of interest q(f) = RX fd .
In Chapter 3, we develop methodology that allows for a general form of an acquisition
function that takes into account any quantity of interest q.

Note that our presentation above allowed for general priors . However, primarily due
to its favourable properties, f is usually assumed to be a Gaussian process.

1.2 Gaussian Processes

Gaussian processes underpin many modern approaches to regression and classi cation.
In brief, a Gaussian process can be considered as a random function with the additional
bene t of conjugacy, where one can condition on linear information, such as evaluations,
and obtain a Gaussian process posterior. Furthermore, a practitioner can encode prior
information when specifying a Gaussian process, such as sample path di erentiability and
periodicity. In the following section, we introduce Gaussian processes and discuss a few of
their important properties relevant to the topics within this thesis.

1.2.1 De nitions and Basic Properties

Following from the previous section we let ( ; ;P) denote the underlying probability
space. A collection of real valued random variables f xgyxox , indexed by a connected set
X RY, is de ned to be a Gaussian processf and only if the joint variable ( fy,;::: 1wy )

(Tao, 2011), the resulting process exists. From now on, we will follow standard stochastic
process notation and rewrite the elements of the process, through currying, ak(x; ) =
fx()orevenf (x)() = fx(). Due to the properties of the nite-dimensional Gaussian and
the Kolmogorov extension theorem, a Gaussian process can be completely parameterised
by the speci cation of a mean function m : X ! R, de ned as m(x) = EJ[f (X)], and a
covariance functionk : X X ! R, dened as k(x;y) = C[f (x);f (y)], where C(X;Y)
denotes the covariance between random variableX and Y, and we write f GP (m; k).
Note that, for k to be a valid covariance function, we requirek to be symmetric and
positive de nite *.

In general, Gaussian processes are conjugate undarear information , see Section A.2.2
for more details. In typical regression applications, however, we condition on evaluations of
f . Suppose thatf GP (m;k) and we observef (x1) = f(x1);:::;f (Xn) = f(Xn), for some
latent function f and eachx; 2 X . Denoting D, = f(xi; f(Xi)) gL, as the collection of eval-
uations, then, under mild technical conditions (see Section A.2.2), the posterior process

4Recall that a symmetric function F : X X! R is de ned to be positive de nite if and only if the
corresponding matrices (F (Xi; Xj))j are positive de nite for all nite subsets fxjgi21 X .
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fjDn GP (mp,;kp,) is again a Gaussian process with posterior mean and covariance

mp, (X) = m(x)+(f(x1);:::;f(xn))Kx)% Kx (X); (1.3)
ko, () = k(x;y)  Kx(x)”Kyx Kx (¥); (1.4)

where Kxx Jj = k(xi;xj) and [Kx (X)]i = k(xi;X).

An alternative view of a Gaussian proces§ GP (m;Kk) is to consider it as a random
variable over a vector space of functions. This is achieved by considering the measurable
mapf,denedas! 7! f()(!), as a random variable which takes values in an appropriate
function space. By the Kolmogorov extension theorem (Tao, 2011), an appropriate func-
tion space is the space of all functionsR* with the associated cylindrical -algebra. It
follows again that the speci cation of the nite dimensional Gaussian probability distri-
butions induces a corresponding lawf 4 P on R*. Such a measurd z P on RX is called a
Gaussian measureandf is called aGaussian random variable However, it is often the case
that the Gaussian process concentrates on subspaces R¥. For instance, if the process
is sample bounded and uniformly continuous, then an appropriate function space would
be Cy(X), the space of bounded and uniformly continuous functions oveiX. The space
Cu(X) forms a Banach space when equipped with the supremum norm (Gire & Nickl,
2015). In the case whenX is compact, the cylindrical -algebra coincides with the Borel

-algebra onCy(X) and thus the induced Gaussian measure o, (X) is a Borel measure.
To generally avoid such technicalities and for the purposes of our discussion, however, we
will simply denote the appropriate function space of a Gaussian procese GP (m; k) as
F, which is assumed to be at least minimally a separable Hilbert space with continuous
evaluation functionals. That is, we require the evaluation functionals, denoted 4 : F! R
and de ned as «(f) = f (x), to be continuous.

The Gaussian process, as viewed as a collection of random variables indexed Xy can
then be recovered from our new setup as the set d?-valued random variables

f xfjx2Xg=ff(x)jx2Xg:

More generally, the random variable f is Gaussian whenever : F ! R is a continuous
linear functional.

The advantage of this function space interpretation of a Gaussian process is demon-
strated in the following propositions. In the following, Gis a separable Hilbert space with
continuous evaluation functionals:

Proposition 1.1  (Closure under bounded linear operators (Bogachev, 1998, Lemma
2.2.2.)). Let be a Gaussian measure offr . For any bounded linear operatorT : F ! G ,
the pushforwardT; is a Gaussian measure orG.
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Proof. Let :G ! R be acontinuous linear functional. Then, since the composition of two
continuous linear operators is continuous and sincd is bounded and so continuous, the
functional T :F! R s continuous. Therefore, the pushforward ( T)x = #(Ts )
is a Gaussian measure ofR. O

This implies that, for a Gaussian proces§ GP (m; k) and a bounded linear operator
T, we can compute the corresponding Gaussian random variabl&f by computing corre-
sponding operations on the mean functiorm and covariance functionk. For an operator T
and a bivariate function k( ; ), denote Tk( ; ) to be the action of T on the rst argument
of k, and denote Tk( ; ) to be the action of T on the second argument ok.

Proposition 1.2 ((Da Prato, 2006, Proposition 1.18)). Let f GP (m;k) and let T :
F ! G be linear and continuous, thenTf is a Gaussian random variable with expectation
and covariance

E[Tf]= TE[f]= Tm();
CITE():TEOI= TTCE():F ()= TTk(; ):

1.2.2 Stationary and Non-Stationary Processes

Gaussian processes can be categorised as eitrstationary or non-stationary®. Roughly
speaking, a stationary Gaussian process is a process whose statistical properties are in-
variant under translation.

De nition 1.1  (Stationary process) A Gaussian proces§ GP (m;k) de ned on RY is
stationary if, for any fxijgl.;, RYandh 2 RY, we have

where £ is equality in distribution. A Gaussian process is non-stationary if it isn't sta-
tionary.

We begin with discussing stationary Gaussian processes.

Stationary Gaussian processes

One can easily check that, due to the properties of the nite-dimensional Gaussian, that
f  GP (m;K) is stationary if and only if m(x) = m(x + h) and k(x;y) = k(x + h;y + h)

5This follows from the de nition of a pushforward measure and properties of the preimage: for a
measurable setA we have ( T)x (A)= (( T) Y(A)= (T Y YA))= & (T ).

5More generally, a stochastic process can either bestrongly stationary or weakly stationary. The former
means that all the nite dimensional evaluation distributions of the process are invariant under translations
and the latter means that the rst two moments, the mean and covariance, of the process are invariant
under translations. However, in the Gaussian case, these notions are equivalent.
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for all x;y;h 2 RY. Note that k(x;y) = k(x + h;y + h) holds whenh = y and so
k(x;y) = k(x y;0). Thus, the covariance function of a stationary Gaussian process is a
function of x y only and we write k(x;y) = k(x y). Any covariance function k that
can be written in the form k(x;y) = k(x y) is therefore called astationary covariance
function.

A critical result, that characterises all bounded and continuous stationary covariance
functions, is known asBochner's theorem (Rudin, 1990).

Theorem 1.1 (Bochner's theorem). A stationary covariance function k : R9! R can be
written as the inverse Fourier transform of a nite positive measure such thatk(0) =
(RY). That is Z

k(r) = exp(in:ri)d (!):

1
()
The measure is called the spectral measureof k and the density of , if it exists, is
called the spectral density s(! ) of k.

A prime use of Bochner's theorem is to use the corresponding spectral measure of some
f GP (0;k) to ascertain properties off . For instance, the sample path properties off ,
such as the existence of weak derivatives of a given order, are related to the tail properties
of the spectral measure ok (Scheuerer, 2010). In the case where the spectral densig(! )
of a stationary covariance function k exists, k and s exist as Fourier duals. This result is
known as the Wiener{Khintchine theorem (Khintchine, 1934).

Theorem 1.2 (Wiener{Khintchine theorem) . Suppose that the spectral densitg: R! R
of a stationary covariance functionk : R4 1 R exists, then
Z

k(r) = s(! Yexp(in;r i) dl;

1
2
s(!)= k(r)yexp( ih;ri)dr
Both Bochner's theorem and the Wiener-Khintchine theorem provide us tools to specify
new covariance functions: by rst specifying a probability density function that acts as a
spectral density and computing its inverse Fourier transform. Many widely used stationary
covariance functions can be derived from well known standard distributions using this
approach, see Table 1.1 for a brief list. The results in Table 1.1 can be obtained by

computing the Fourier transform of functions with known closed-form Fourier transforms,
see (Kammler, 2001, Appendix 2) and Oberhettinger (1973).

10
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Spectral measure Covariance function
Gaussian distribution: Gaussian kernel:
=2 N(0;1=2) k(= exp i
Generalised Student-t distribution: MaErlg kernel: 0
=2 t; (0;1=?) k)= 25 "2t kK "2t
Cauchy distribution: Exponential kernel:
=2 Cauchy(0;1="?) k(r)=exp(j r="j)
Laplace distribution: Inverse quadratic kernel:
=2 Laplace(0 1="2) k()= 1+ 15
Re ected Gamma distribution: Inverse multiquadric kernel:
=2 RefGamma(; 1="2) k()= 1+5
Uniform distribution: Trigonometric kernel:
=2 U( 1=31=) k(ry= She=)

Table 1.1: Spectral measures and their corresponding covariance functions dd. Here, N (; 2)
denotes the Gaussian distribution with mean and variance 2;t (; 2) denotes the generalised
Student-t distribution > with degrees of freedom , location parameter and scale parameter ?
and K denotes the modi ed Bessel function of the second kind; Cauchy( 2) denotes the Cauchy
distribution with location parameter  and scale parameter ?; Laplace(; 2) denotes the Laplace
distribution with mean parameter  and scale parameter 2; RefGamma(; ) denotes the re ected
Gamma distribution ® with shape parameter and scale parameter ; U(a; b) denotes the continuous
uniform distribution supported on [ a; .

This approach also forms the basis of some modern Gaussian process methodology,
where the general approach is tdearn the covariance function through the speci cation of
its spectral density. This is usually achieved by parameterising the spectral density such
that its inverse Fourier transform is available in closed form and tting the parameters
using some objective, such as maximum likelihood estimation. For instance, in Wilson &
Adams (2013) they used a mixture of Gaussian distributions as their parameterisation of
the spectral density. Alternatively, these theorems have also been used to construct sparse
Gaussian process models. An instance of such a sparse Gaussian process model forms

5SupposeT t ,then X = + 2T is distributed according to the generalised Student-t distribution
t(; 2.

5Suppose that X Gamma(; )and Y Gamma(; ) are independent random variables, where
Gamma( ; ) denotes the Gamma distribution with shape parameter  and scale parameter ,then X Y
is distributed according to the re ected Gamma distribution RefGamma( ; ). Note that, since the Laplace
distribution is constructed by \re ecting" an exponential distribution and since the exponential distribution
is a special case of the Gamma distribution, the re ected Gamma distribution generalises the Laplace
distribution. This is re ected in the formulae of their corresponding covariance functions, since the inverse
multiquadric kernel generalises the inverse quadratic kernel.

11



Chapter 1. Introduction and Background

the foundation of the probabilistic programming language GaussEDn Chapter 3 and, due
to this consideration, we will now discuss the general approach of creating such models.
Firstly, the key insight is that we don't need to compute the inverse Fourier transform
of a probability density function exactly in order to get a valid covariance function. It

is sucient to approximate the inverse Fourier transform by, for instance, the use of
some cubature method. This can justi ed by observing that Bochner's theorem still holds
when is the corresponding ( nite) measure of a given cubature rule. Concretely, let
Qn(exp(il;r i)) = j”=1 wj exp(i j;ri) be a cubature rule, then

0 z
(2 )9k(r) wj exp(inj;ri)= exp(h;ri)d (!);
j=1

P
where = ., w; 1; and x denotes the Dirac measure de ned as
8
SOx2A
x(A) =
Lx2A

for any measurable setA. The basic approach of numerous methodologies is to posit
di erent cubature rules for the approximation of k. A natural rst choice would be to
use Monte-Carlo integration (Robert & Casella, 2004) and this was indeed the approach
of Rahimi & Recht (2008), who, to our knowledge, developed the rst methodology along
these lines. Further developments include the sparse spectrum Gaussian process method-
ology of lazaro-Gredilla et al. (2010), where the cubature noded ; are now optimised
through maximum-likelihood estimation, and the variational Fourier feature method of
Hensmanet al. (2018).

The covariance functions in Table 1.1 all have the free hyperparameters> 0, called
the amplitude, and ~ > 0, called the lengthscale The amplitude is the variance term,
since it corresponds to the valuek(0) for each of the covariance functions, and thus de-
termines the average squared distance away from the mean. The lengthscaleletermines
the correlation decay as the distance increases. In practice, these hyperparameters are
typically t to data using standard approaches such as maximum likelihood estimation,
Bayesian inference or cross-validation. In the non-stationary approach, which we dis-
cuss next, there are typically many more hyperparameters that determine the covariance
function.

Non-stationary Gaussian processes

Now that we have su ciently discussed the relevant properties of stationary Gaussian
processes, we will now proceed to discusson-stationary Gaussian processes. More gen-

12
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erally, however, a non-stationary Gaussian process is usually constructed by modifying a
stationary Gaussian process. We discuss a few relevant approaches now:

Process convolution: A broad class of covariance functions can be constructed from
the process convolutionapproach. The general approach is to consider the transformation
of a Gaussian proces§ GP (m; k) under the following integral transform®
Z
fx)=  KR(u;x)f (u)du;

whereK is another covariance function. WhenK is stationary, the resulting integral trans-
form can be written as a convolution. By Proposition 1.2, the resulting transformed
processfT, is again a Gaussian process with covariance function
ZZ
CIf (x);f(y)] = R(u; x)R(v; y)k(u;v)dudyv:

The case whenf is a mean-zero, constant variance, white noise process, was considered
in Makern (1986), who derived a wide class of stationary processes using this approach.
Higdon et al. (1999) extended this approach to consider the following transform

Z
fxX)= Ry(uf (u)du;

where now the function Ry (u) is a spatially evolving radial basis function. That is, for
eachx location, we obtain a corresponding radial basis functionky (). It can be shown
that this transformation is again continuous and, again by Proposition 1.2, the resulting
covariance function is obtained as
ZZ
Clf (x);f(¥)] = Rx (U)Ry (V)k(u; v)du dv:

The case whenf is a mean-zero, constant variance, white noise process, allows for consid-
erable simpli cation: Z

CIf(x):f(l=  Rx(s)Ry(s)ds:

In the case whereky () is a Gaussian radial basis function, centered ak, the above integral
can be computed in closed form. This approach to inducing non-stationarity was fully
generalised in Paciorek (2003), who extended this approach to more general radial-basis
functions.

9Formally speaking, this is the Hilbert-Schmidt integral operator of K applied to f, refer to Cucker &
Zhou (2007).
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Spatial deformation: Let f GP (0;k) be a centered stationary Gaussian process
de ned over a domain X and supposeg : X ! X is a di eomorphism1°. Consider the
spatial deformation transformation

Tof ()= f(a()):

This transformation is linear and, under mild technical conditions on g and k, is contin-
uous. Thus, by Proposition 1.2, the resulting random processiyf  GP (0; k(g( );9()))-
A practicable method, then, is to rst pick a stationary covariance function and parame-
terise a di eomorphism g( ). We can then treat the parameters of the di eomorphism as
hyperparameters of the Gaussian process and perform standard inference procedures to
t them, such as maximum likelihood or cross-validation.

There are a huge array of approaches to parameterise a di eomorphism. For instance,
a standard approach in one-dimension is to modefj as a monotonic function, which we
could take, for instance, as a cumulative density function (Snoeket al., 2014). Other
approaches include thin plate splines (Sampson & Guttorp, 1992) and normalising ows
(Papamakarios et al., 2019).

Partition models: A simple method of creating a non-stationary process is to partition
the domain of interest and place independent stationary Gaussian process on each of the
elements of the partition. Locally, over each subdomain, the process is stationary, but
globally, the process is non-stationary.

There have been a number of approaches of parameterising the partition. For instance,
in Gramacy & Lee (2008), the partition was parameterised by a binary tree and, in Kim
et al. (2005), the partition was parameterised by a Voronoi tessellation! (Aurenhammer
et al., 2013) of the input domain.

A potential issue in this methodology is that the natural approach of constructing a
partition model implies the resulting global Gaussian process may be discontinuous and
non-di erentiable over the boundary of the partition. This problem was partially reme-
died in Yves-Laurent & Roberts (2016), who, by essentially conditioning on both the
rst derivatives and evaluations of the overlapping Gaussian processes to agree on the
boundaries of the partition, enforced global continuity and rst-order continuous di eren-
tiability.

10A dieomorphism g:X !'Y is a bijective di erentiable function such that g * is also di erentiable.

et (X;d) be a metric space and letfxy;:::;Xxkg X be a set ofk points in X. The Voronoi cell, R;,
corresponding to the point x; 2 X isthe setR; = fx 2 Xj d(x;xi) d(x;x;) for all j 6 ig. The collection
R1;:::; Rk is a Voronoi tessellation of X.
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1.3

Thesis Contributions

The thesis is outlined as follows:

Chapter 2 is concerned with a method of Bayesian cubature. Bayesian cubature is a
prototypical instance of a probabilistic numerical method and is a popular inferential
perspective on the cubature of expensive integrands, wherein the integrand is emu-
lated using a stochastic process model. Several approaches have been put forward
to encode sequential adaptation (i.e. dependence on previous integrand evaluations)
into this framework. However, these proposals have been limited to either estimating
the parameters of a stationary covariance model or focusing computational resources
on regions where large values are taken by the integrand. In contrast, many clas-
sical adaptive cubature methods focus computational resources on spatial regions
in which local error estimates are largest. The contributions of this chapter are
three-fold: First, we present a theoretical result that suggests there does not exist
a direct Bayesian analogue of the classical adaptive trapezoidal method. Then we
put forward a novel Bayesian cubature (BC) method that has empirically similar
behaviour to the adaptive trapezoidal method. Finally we present evidence that the
novel method provides improved cubature performance, relative to standard BC, in
a detailed empirical assessment. The approach considered and advocated for in this
chapter, can be generalised to other probabilistic numerical settings such as opti-
misation and interpolation. This chapter is based on the work Fisheret al. (2020)
which was featured in the Proceedings of the Twenty Third International Conference
on Arti cial Intelligence and Statistics.

Chapter 3 is concerned with automating probabilistic inference for general, even
possibly non-linear, inverse problems using sequential experimental design. Sequen-
tial algorithms are popular for experimental design, with applications that include
constructing emulators for computer models, performing optimisation, and even ap-
proximating the solution of di erential equations. For most of these applications
bespoke software has been developed. The approach, however, is general and many
of the actual computations performed in such software are identical. Motivated by
the diverse problems that can in principle be solved with common code, this chapter
presents GaussEDa simple probabilistic programming language coupled to a pow-
erful experimental design engine, which together automate sequential experimental
design for approximating a (possibly nonlinear) quantity of interest in Gaussian pro-
cesses models. This is achieved by formulating experimental design in a decision
theoretic framework where, instead of specifying a bespoke acquisition function, the
user speci es a loss function relevant to their quantity of interest. This chapter is
based on the work Fisheret al. (2021b).
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~

Chapter 4 is concerned with a method of variational inference called measure trans-
port. Measure transport underpins several recent algorithms for posterior approx-
imation in the Bayesian context, where a transport map is sought to minimise the
Kullback{Leibler divergence (KLD) from the posterior to the approximation. The
KLD is a strong mode of convergence, requiring absolute continuity of measures and
placing restrictions on which transport maps can be permitted. In this chapter,
we propose to minimise a kernel Stein discrepancy (KSD) instead. This has the
advantage of only requiring that the set of transport maps is dense in anL? sense
and we demonstrate how this condition can be validated. The consistency of the
associated posterior approximation is established and empirical results suggest that
KSD is competitive and more exible alternative to KLD for measure transport.
This chapter is based on the work Fisheret al. (2021a) which was featured as an
oral presentation in the Proceedings of the Twenty Fourth International Conference
on Arti cial Intelligence and Statistics.
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Chapter 2

Locally Adaptive Bayesian
Cubature

Bayesian cubature (BC) is a popular inferential perspective on the cubature of expensive
integrands, wherein the integrand is emulated using a stochastic process model. Several
approaches have been put forward to encode sequential adaptation (i.e. dependence on
previous integrand evaluations) into this framework. However, these proposals have been
limited to either estimating the parameters of a stationary covariance model or focusing
computational resources on regions where large values are taken by the integrand. In
contrast, many classical adaptive cubature methods are locally adaptive in the sense that
they focus computational resources on spatial regions in which local error estimates are
largest. The main contributions of this work are twofold; rst we establish that exist-

ing BC methods do not possess local adaptivity in the sense of many classical adaptive
methods and secondly, we developed a novel BC method whose behaviour, demonstrated
empirically, is analogous to such methods. Finally we present evidence that the novel
method provides improved cubature performance, relative to standard BC, in a detailed
empirical assessment.

2.1 Introduction

In this chapter we consider the numerical approximation of the integral
z
I (f) = f(x)d (x); (2.2)
X

of a continuous functionf : X ! R with respect to a Borel reference measure supported

on a compact setX  RY using evaluations ;(f) = f(x;) of f. In particular, we consider
the case where the evaluation of is associated with a substantial computational cost. To
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control computational cost, a cubature method should attempt to control the number of
evaluations of f required to obtain a desired level of accuracy for (2.1). In particular, a
desirable attribute of a cubature method is to focus integrand evaluations on subregions of
X in which the approximation of f is most di cult. If the user has no a priori knowledge
about the locations of such regions then the cubature algorithm must bdocally adaptive
if it is to fulll this requirement. Furthermore, any practical cubature method should
provide an estimate of its precision, such as am posteriori error estimate if the cubature
method is classical, or a credible interval if a probabilistic cubature method is used.

The Bayesian cubature (BC) method for approximation of (2.1) can be traced back
to Larkin (1972). Here, approximation of (2.1) is framed as an inferential task where the
integrand f carries the status of a latent variable to be inferred. A distinguishing feature
of BC, compared to classical approaches, is that the output of the method is a probability
distribution on R, simultaneously providing estimates and quanti cation of uncertainty
regarding the value of the integral (2.1). The method nds application in machine learn-
ing (Osborne et al., 2012), statistics (Briol et al., 2019), signal processing (Pmuheret al.,
2018) and econometrics (Oettershagen, 2017), most typically in situations where evalua-
tion of the integrand f is associated with a substantial computational cost. In the context
of uncertainty quanti cation, for example, it becomes natural and parsemonious to com-
bine the probabilistic output provided by BC with other probabilistic representations of
uncertainty, such as measurement error and model error.

BC is most generally expressed as an instance of sequential experimental design (SED),
introduced in Section 1.1.3, with quantity of interest q(f) = 1(f). Therefore, BC can be
expressed using only two ingredients, the rst of which is a statistical model for the latent
f which takes the form of a stochastic process$ : X I R, endowed with Bayesian
semantics ofa priori knowledge about the integrand. For instance, global properties, such
as periodicity or monotonicity, and local properties, such as continuity and di erentiability,
may be known a priori and encoded. It is minimally required that sample paths off are
continuous and that f admits well-de ned conditional processes, denoted jD,, whenever
Dn = f(xi;f(xi))gL, species n evaluations of the integrand on which the process is
conditioned. Thus, in particular, the stochastic processf can be integrated, giving rise to
a random variable

If): ! B

7! f(x;1)d (x):
X
The second ingredient is anacquisition function A. In the case of BC, the set of allowed

experiments are the evaluation functionals (f) = f(x) for each x 2 X . Thus, following
the notation in Section 1.1.3, at iteration n of a BC method, we may write the acquisition
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function as A(x; Ps ;fx ), where [fx ] = f(Xx;j) is the vector of evaluations observed up to
step n. The subsequent evaluation determined by SED is

Xn 2 arg maxA(x; Ps;fx);
x2X

where the output x, 2 X represents the location where the integrand is next evaluated.

The conditional processf jD, can be integrated to produce a random variabld (f )jDn
on R, whose distribution is the posterior marginal distribution for the integral (2.1); this
is the output of the BC method. Note that we do not mandate a stopping rule based
on an error estimate as part of a BC method; we are motivated by problems wheré is
associated with a substantial computational cost, so that one cannot practically expect to
evaluate the integrand as many times as needed to achieve a pre-speci ed error threshold.

Through the choice of the stochastic proces$ and the acquisition function A, the
behaviour of the BC method can be controlled. Here we overview existing work on BC,
in terms of the framework just set out. Attention is limited to approaches that select the
X; according to some optimality criterion, as opposed to a set or sequence af being a
priori posited (for a discussion of the latter context, which has also been widely-studied,
see Briol et al., 2019; Jagadeeswaran & Hickernell, 2019). The symbolg, V and C are
used to denote expectation, variance and covariance with respect to the underlying prior
measureP.

Non-Adaptive BC: The earliest contributions to this area, from Sul'din (1959, 1960);
Larkin (1974); Diaconis (1988) and O'Hagan (1991), considered a Gaussian stochastic
process modelf  GP (m;k) for the integrand, with mean function m(x) = E[f (x)]
and covariance function k(x;y) = CIf (x);f (y)] being a priori speci ed (Rasmussen &
Williams, 2006a). It can be shown that V[l (f )jDn], the posterior variance of the integral,
depends orDy, only through the locations x; and not the actual valuesf(x;) obtained. Thus
the posterior variance can be arbitrarily small whilst the actual error can be arbitrarily
large. These aforementioned authors proposed to select thg in a manner that minimises
V[l (f )jDn], and as such no adaptation is achieved. Indeed, in those references the;g/.;
were pre-computed to globally minimise V[l (f )jD,] over the product spaceX", though
we note that sequential (greedy) alternatives have been studied in Oettershagen (2017);
Pronzato & Zhigljavsky (2018).

Globally Adaptive BC: Subsequent authors considered parametric families of station-
ary Gaussian processe§j GP (m ;k ), where k has the formk (x;y) =  (kx yk),
[0;1)! R(eg. (s)= Z2e s?= 5), considering the parameter = ( 1; 2) as a

latent variable to also be inferred. This additional exibility allows V[l (f )jD,] to depend
on ff(xj)glL; and so some form of adaptivity may be achieved when, for example, the
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negative expected variance acquisition function
A Prifx) = EVII(f)jDn]iDn 1] (2.2)

is used. HereE[]D, 1] denotes expectation with respect tof D, 1 and Dy = Dy 1 [
f(x;f (x))g. Thus, the subsequentx, will be selected to minimise the expectation of
V[l (f )jDn] when the random variablef (x,) is distributed according to its marginal under
fiD, 1. Adaptive selection of the x; in this context was studied in Osborne (2010). The
stationary (i.e. global) nature of the covariance model has the limitation that the
resulting set fx;gL, tends to focus equally on regions where the integrand is both well
and not well approximated. Indeed, inferences for the parameter are principally driven
by the \most di cult” part of the integrand, even if that region is spatially localised. Thus

any stopping rule based on the posterior variance of the integral results in unnecessary
computational e ort devoted to regions in which the integrand can be easily approximated.

Locally Adaptive BC: The transformed stochastic process moddl(x;! ) = T(g(x;! )),
whereT : R! R is a pre-speci ed transformation andg GP (m; k), has been proposed
to encode global properties such as positivity (e.gT(z) = z?) into the stochastic process
model. This was considered empirically in Gunteret al. (2014); Chai & Garnett (2019)
and theoretically in Kanagawa & Hennig (2019). Coupled with the acquisition function
(2.2), this construction behaves in such a way that regions in whichf(> 0) is large are
allocated more of the computational budget® Though appropriate in some situations (in
particular, computation of marginal likelihood), such behaviour is not universally desirable
(for instance, if f is easily approximated in the regions wherd is large then such a strategy
is likely to be ine cient).

Despite this extensive research development, the basic notion of allocating more com-
putational resource to regions where approximation of the integrand is most di cult has
not yet been realised in the context of a BC method. It is emphasised that adaptivity
in this sense is ubiquitous throughout classical numerical analysis; for instancQUADPACK
(Piessens, 1983) has been a standard integration library since its inception and all but one
of its integration routines are adaptive. In addition, for su ciently challenging integra-
tion problems it is known, both theoretically (Ritter, 2000, Chap. VII.3) and empirically
(Rabe-Hesketh et al., 2002), that local adaptation is practically essential. It is there-
fore interesting and important to ask whether local adaptivity can also be exhibited by a
suitably-designed BC method.

1The authors proposed also an indirect but more convenient alternative to (2.2), seeking instead the x
for which the variance of f (x)jD, 1 is greatest.
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Outline:  After recalling the classical adaptive trapezoidal method in Section 2.2 we
then present a theoretical result, in Section 2.3, that suggests there does not exist a direct
Bayesian analogue of this classical method. Then, in Section 2.4, we put forward two
novel BC methods that exhibit similar behaviour to the adaptive trapezoidal method.
Their performance is empirically assessed in Section 2.5.

2.2 Background

In Section 2.2.1 the classical adaptive approach to cubature is brie y recalled, while stan-
dard background on the BC method is contained in Section 2.2.2.

2.2.1 Classical Adaptive Cubature

Classical approaches to (non-adaptive, for the moment) cubature can be categorised either
as non-constructive (e.g. Monte Carlo, quasi Monte Carlo) or constructive (e.g. Newton-
Cotes rules, Gaussian cubature). The latter are distinguished by the fact that they rst
construct an approximation to the integrand itself, typically an interpolant, and then
exactly integrate this interpolant to obtain an approximation of (2.1). In either case, for

a linear cubature method the output is an approximation

n Z
Qn(f) = wif(xi) . f(x)d (x) (2.3)
i=1
based on a set ohodesfx;gL; X that must be specied. The point estimate Qn(f) is
accompanied by an assessment of its error,= jlI (f) Qn(f)j, typically formulated as the
dierence ~= jQn(f) Qm(f)j of two cubature rules’ (though we note that more general
approaches based on extrapolation are also used; Richardson & Gaunt, 1927).
The classical notion of local adaptivity is to recursively partition the integration domain
X = [ R, X, into sub-regions X over which local cubature rules of the form (2.3) are
applied. An estimate + of the error , of these rules is produced for each regioX , and,
if the estimated error is too big, those regions are sub-divided again until a global error
tolerance |, ~ < is satis ed.? Several such methods have been proposed, see Gonnet
(2012). For example, recall the trapezoidal rule onX =[a; b with d (x) =d x, which has

2This can be motivated as follows: If Qn(f) is provably better than Qm(f), say jI (f)  Qn(f)j
%jl ) Om((fH)j,thenwe have =jlI(f) Qn(f)j j Qn(f) Qm(f)j =:~ so ~is a genuine error bound.

3This setting di ers slightly to the setting in which BC is used. Indeed, for the problems on which BC
is used, f cannot in general be repeatedly evaluated until a global error tolerance is satis ed due to its
prohibitive computational cost.
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the form,

X 1
f(a)+ f(h+2 f a+
i=1

i(b a)

Trap(f;a;b;n) := b -

(2.4)

The trapezoidal rule forms the basis for the classical locally adaptive trapezoidal method:

Algorithm 1 Adaptive Trapezium Method

1: procedure AdapTrap.mk (f;a;b; )
2: Q1 Trap(f;a;b;m)
Q2 Trap(f;a;b;2m)
~ ] Q2 Qi
if ~< then
 Q

else
0

P . .
" :(zol AdapTrap;m;k fa+ (b ka)l ‘a+ (b a)k(|+1) . 0

100 return [

The AdapTrapmethod is an adaptive trapezoidal rule where the decision to subdivide
into k uniform intervals is determined by the di erence between the composite trapezoidal
rule on 2m intervals and the composite trapezoidal rule onm intervals. The values ~thus
form local error estimates and we accept our trapezoidal approximation to the integral on
the subinterval only when ~is su ciently small. The parameter  controls how the error
tolerance scales at each recursive step of the algorithm and has natural choice= %

Generalisation of the AdapTrapalgorithm is straight-forward through the use of higher-
order cubature rules (e.g. Simpson's rule or Gaussian quadrature) within each step of the
procedure (Davis & Rabinowitz, 1984; Kahaner & Rechard, 1987; Berntseet al., 1991). It
is intuitively clear that any such method will attempt to allocate computational resources
to those regions where approximation off is most di cult. As argued in Section 2.1, this

is not a feature of any existing BC method.

2.2.2 Standard Bayesian Cubature

In this section we brie y recall the pertinent aspects of the standard BC method.

Notation Let fx with [fx ]; = f(x;) contain evaluations of the integrand on the orderedn-

Kxy is dened as Kxy Jj := k(xj;yj). Letalso Kx (y) be de ned as Kx (y)]i := k(Xi;y)
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whenevery 2 X . The equivalent presentations of stochastic processds: X I Rand
f(x): ! Rareused, so thatfx where fx]i = f (x;) is a random vector in R".
Recall from Section 1.2 that iff GP (m;k), then fjD, GP (mp,;kp,), where

Mp, (X) = fx Ky Kx (X); (2.5)
ko, (XY) = k(%y)  Kx(X)”Kyx Kx (¥): (2.6)

Since integration is a continuous linear operator, by Proposition 1.1, the output of the BC
method is the random variable | (f )jD, N ( n; 2), which, by Proposition 1.2, can be
read o (2.5) and (2.6) as a univariate marginal:

Z

]
|

mp, (X)d (x)
z
Kyx  Kx(x)d (x); (2.7)
7 X
kp,(x;y)d (x)d (y)
77 i N i
Xk(x;y)d (x)d (y) XKx(X)d (x) Ky XKx(y)d (y) 2.8)

= f

NV

SN

The posterior mean (2.7) is seen to have the same form as (2.3). It is natural to select the
designX in such a way that the posterior variance (2.8) is minimised. Since (2.8) does not
depend onf, no adaptive estimation occurs in the standard BC method and the assessment
of uncertainty provided by (2.8) is exclusively driven by the a priori speci cation of k and
X . This behaviour is unsatisfactory, as posterior variance can be arbitrarily small whilst
the actual error can be arbitrarily large. However, this property does allow optimal designs
X to, in principle, be pre-computed (Sul'din, 1959, 1960; O'Hagan, 1991; Minka, 2000).
Strategies to ensure analytic expressions for the integrals in (2.7) and (2.8) were proposed
in Briol et al. (2019); Jagadeeswaran & Hickernell (2019). For largen, techniques have
been put forward to facilitate the e cient inversion of the matrix Kxx (Karvonen &
Sarklka, 2018; Karvonen et al., 2019; Jagadeeswaran & Hickernell, 2019).

Proposals that go beyond the standard BC method were outlined in Section 2.1. The
simplest route to adaptivity is to consider a parametric family of covariance functions
k and to treat the parameter also as a latent variable to be inferred. For example,
if k (y)= 2ekx Y= 3 with = ( 1; 2), then estimation of ; corresponds (roughly
speaking) to estimating the amplitude of the integrand, while , corresponds to a char-
acteristic lengthscale for the integrand. This form of adaptation (which may be realised
either through full Bayesian inference for or as an empirical Bayes method) was rst
empirically demonstrated to produce reliable uncertainty assessment in Larkin (1974).
However, the stationary form of the covariance model (i.e. the fact that two parameters
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1 and » are required to describe the entire integrand) precludes the focussing of com-
putational resources on those regions in which approximation of the integrand is most
dicult. 4 As a result, for integrands involving spatially-localised variation, existing BC
methods based on a stationary covariance model can be arbitrarily ine cient in terms of
the number of evaluations of the integrand.

All existing work on the BC method, with the exception of the transformed stochastic
process models of Gunteet al. (2014); Chai & Garnett (2019); Kanagawa & Hennig (2019),
have been based upon a stationary covariance model.Thus, in particular, no Bayesian
analogues of classical locally adaptive methods have been proposed. In the next section
we establish a cautionary result on the di culties in developing a Bayesian analogue of
the adaptive trapezoidal method. This serves as motivation for our novel proposal in
Section 2.4.

2.3 A Bayesian AdapTrap

The aim of this section is to discuss and investigate how one might naively attempt to
create a direct Bayesian analogue ofAdapTrap. To this end, we recall the approach of
Diaconis (1988), who took a classical cubature rule of the form (2.3) and asked \for what
prior does (2.3) arise as the mean of the posterior marginal distribution of the integral?"®
Thus, in the context of creating an analogue of AdapTrap we can follow Diaconis and
seek a prior such that the mean of the posterior marginal for the integral isTrap in
(2.4). Thus, we must consider stochastic processes for which the conditional mean is the

conditioned.

Let C([a; b]) denote the set of continuous real-valued functions ond; b and consider the
subsetF ..k C([a; b]) of integrands f for which AdapTrap.m fails to achieve its stated
error tolerance upon termination, or for which AdapTrap.n fails to terminate at all (this
set is non-empty; e.g. Clancyet al., 2014). From an inferential perspective, the decision
to employ AdapTrap.mk can be regarded as a belief thatt 2 F.,«. . The following
result, Proposition 2.1, suggests that stochastic process models giving rise to piecewise
linear interpolants are incompatible with the use of AdapTrap.m , due to assigning non-
zero probability mass to F.nx; whenever > 0. This result can be interpreted as an
average-case analysis oAdapTrap (Ritter, 2000).

4The use of greedy sequential strategies for function approximation under a stationary covariance model
leads to designs that are essentially space- lling (Cor. 11 of Santin et al., 2017).

>The latter exceptions propose to focus computational resources on regions in which f(> 0) is large,
which in general is not the same as focussing on regions where approximation off is most di cult.

SParaphrased. Conversely, Cor. 2.10 of Karvonen et al. (2018) showed that all non-adaptive cubature
rules of the form (2.3) arise as the posterior mean of some stochastic process model.
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Proposition 2.1. Fix a<b, > 0, m 2 N and k a positive even integer. Letf
be sampled from a centred Gaussian process d@([a; b)), whose law is denoted® , such
that the conditional mean f jD,, is the piecewise linear interpolant (over the range of

its error .mx; (f ):=1(f ) AdapTrap.,. (f ;a;b; ), otherwise set mx, (f ):=1.
Then

PG mk j> ) > erf(c) 1 erf(pﬁc) ;

R
wherec > 0 is a P -dependent constant anderf(x) = p- XX e t dt is the error function.

Though the probability mass assigned toF ... can be made small, the fact that it is
non-zero for all > O calls into doubt whether direct Bayesian analogues of classical adap-
tive methods can exist, in contrast to the situation for non-adaptive methods (Karvonen
et al., 2018).

The remainder of this section is dedicated to the proof of this result, where, in Sec-
tion 2.3.1 In Section 2.3.2, further average-case analysis is provided, showing that for
mis-speci ed the expected number of steps ofAdapTrap can be unbounded. Taken
together with Proposition 2.1, our analyses suggest that classical adaptive methods can-
not be directly replicated in BC and a di erent strategy is needed. In Section 2.4 we
therefore put forward a novel BC method, which achieves adaptivity through a exible
non-stationary stochastic process model.

2.3.1 Notation and Set-Up

The set C([a;h]) can be endowed with the structure of a measurable space using the
Borel -eld generated from the topology induced by the supremum norm kgk; :=
sup; x pJ9(x)j. The stochastic processes considered in this section are all Gaussian mea-
sures on the measurable spac€([a; h]); we refer the reader to Bogachev (1998) for full
mathematical background.

Recall from Section 2.2.1 that the error of a quadrature methodQ,( ) applied to a
function f isdenedas =jlI(f ) Qn(f )j. Thatis, the error is de ned as the absolute
value of the di erence between the quadrature rule and the true integral. When it comes
to performing an average-case analysis, however, it is more natural and convenient to
consider the signed error instead. Therefore we now re-instantiate our notation as per the
statement of Proposition 2.1, namely we use the signed error := I (f ) Qn(f ) in the
sequel.

Following the discussion from the beginning of Section 2.3, we are interested in Gaus-
sian measures onC([a; ) whose posterior mean functions are piecewise linear interpo-
lations of data D, = f(x;f(xi))glL;. Diaconis (1988) noted that the only non-trivial
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Gaussian measures with this property are based on the covariance functiok(x;y) =

min(x;y)+ , where > a controls the initial starting point of the process and > 0
is the amplitude parameter with mean function m(x) = 0. In other words, the only
processes satisfying the preconditions of Proposition 2.1 are shifted and scaled Wiener
processes. In the following we therefore consider a Gaussian procdsson C([a; k) with
mean m(x) = 0 and covariance k(x;y) = min(x;y)+ where > Oand > a. The
law of this process will be denotedP and we useE , V and C to denote expectation,
variance and covariance with respect toP .

A termination of AdapTrap.,, (f ;a;b; ) can be represented as a fulk-ary tree. In

what follows let T¥ be the set of full k-ary trees. Full background is provided in Section A.1
but for illustration we provide an example of a full 3-ary tree:

(1;0)

LD D] (31

(7:2)| |(8;2)] [(9:2)

Figure 2.1: Example of a full 3-ary tree, with levels 0,1 and 2. Level 1 has the maximum of 3
nodes, while level 2 has 3 of a maximum of 9 nodes present.

A full k-ary tree T is characterised by its nodes, and thepth possible node at depth
g will be represented as the vector ;0); c.f. Section A.1l. The points x; at which f
is evaluated in AdapTrap.,, (f ;a;b; ) can be represented as the nodes of a fuk-ary
tree and we denote this tree byA .. (f ). That is, each node (;q in A.mk (f )
corresponds to a recursive step in the running ofAdapTrap... (f ;a;b; ), namely the
step

. e 1) (b ap
AdapTrap;m;k f ;a+ K ‘a+ K

(2.9)

Formally, the full k-ary tree representation de nes a mapA . :C([a;b) !' T K and,
with C([a; bj) endowed with the measureP , then A .,.«. can be considered as a random
variable on TK. Our aim in the remainder is to study the random variable A ... and,
in doing so, we shall establish Proposition 2.1.

The notation ~P® = QPP QPP will be used to denote the local error estimate
computed in the recursive step in (2.9), corresponding to node(; @ of A .k (f ). By

de nition we have that, letting Xg’l;q) = fx;g";’ denote the set of ordered x; < ::: <
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Xm+1) nodes used in the calculation ofQ™? and x{), = Xi*Xis
{pig) = ;’mk"; ?(nlf xW) f (Xi)+2f (Xi+1) (2.10)
i= .
- o T e ) 1o
i=
Thus, with f P, <P9 js a random variable on R. By the independent increment
property of the Wiener process, each of the random variabled (xgﬁd) f (xj) and

f (Xje1) f (xﬂﬁd) are independent. By the Gaussian increment property of the Wiener

process,f (XEQd f (xi)gf (Xj+1) f (xgﬁd) N O égkﬁ) ,Wheregis equality in

distribution. Thus,

. b a (b a) (b a)3
{pg P2 : _ . (b &
N 0= N0 A (2.11)

Before addressing Proposition 2.1, we will establish results on the expected number of
steps of AdapTrap next.

2.3.2 Expected Number of Steps of  AdapTrap

The rst of these intermediate results is an elementary property of the local error random
variables P9 To present this, let | (P9 be the closed interval over which 9 is computed
and recall that X &'? is the set of ordered nodes used in the computation 0QP; for
instance, with m = 1 and a = 0; b = 1 the tree in Figure 2.1 has 1 &1 = [2=3;1] and
Xg’l;l) = f2=3;19. Then we have the following independence result:

Lemma 2.1. Under P , the local error estimate random variable~P9 is independent of
the random variablef (x) for all x 2 (Rn|Pd)[ Xg’l;q).

Proof. From joint Gaussianity of the random variables, itis su cientto showthat C ~P9;f (x) =
0 forany x 2 Rnl(®9 or x 2 Xépl;C‘). In fact, sinceb a > 0, from bilinearity of C (; )

it is sucient to consider C ~®9;f (x) = 0 where (P9 := 4MK1{PA  Note that
| (P9 =] ]forsome < . Consider the three cases in turn, using (2.10):
; X (i)
Forx< : C PO:f(x) = 2C[f (Xpg)if (I CIFi)if(x)] CI[f(Xie2);f(X)]

i=1

2(x + ) (x+ ) (x+ )=0:
i=1
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xn )
2C [f (xW)if 0Ol CIF (xi)if (O] CIF (xis1)if (X)]
i=1

For x> : C ~md:f(x)

[ vz +X)+2 ] (xi+ ) (xj+ar+ ) =0:
i=1

K1

Forx=x 2 X3P c ®Pafx) = C[F (x{y) () f (xisa)if (x))]
i=1
X (i)
+ C [2f (Xpig fo(xi) f (Xi+1):f (X5)]
i=]
'Xl
= (Xisr +xi)+2  (Xi+ ) (Xisat )
i=1
xn
+ 2(xj+ ) (xj+ ) (x;+ )=0:
i=]
This completes the proof. O

Our next intermediate result concerns the probability of obtaining any given full k-ary
tree T as the value of the random variableA ... (f ):

Proposition 2.2  (Probability of A .m«. = T). Let k be an even positive integer and let
T 2 TX be nite. Denote by D, L; and V; the height of T, the number of leaves ofT
at depthi and the number of inner nodes ofT at depthi, respectively (recall that these
de nitions are reserved for Section A.1). Then

\D
PAmk =T)= Ll v

where ; =Probz N .1y JZj< Aﬁ% .

Proof. Let T 2 T K be nite, so that we seek to compute
Z
PAmk =T)= 1f 2A 5, (TP (f ):
Note that from a given full k-ary tree T we know the local error tolerance intervalsl P9 :=
[ 9% 9] and whether the local error estimates @9 2 | (P9 or Lpa) g2 (P9 for each
node (p;0) 2 T. That is, if (p;0) is a leaf then P9 2 | P9 and if (p; g is an inner node
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then <9 621 PP De ne

8
) <) (Pa). if (p;g) is a leaf in T:

* RnI®9: it (p;g) is an inner node inT:

Further, let hpi;g)il\; be the preorder traversal of T (see De nition A.4 in Section A.1).

For notational convenience in the following we will denotev; = (pi;g), ~ = ~¥ and
S; := SYi. Thus, returning to our original problem, we have
Z
PAmk =T)= 1[<PQ 2 s(PA1dP (f )
7 (p;q)2£
= ; p(—;iiiin)d=iirdw;
Sn S1
where p(~;:::;~) is the joint density function of ~1;:::;
Now, motivated by the factorisation
N 1
p(i:iii ) = PN PN i1t
i=0

we make the following claim (whose proof is provided immediately after the present proof):

Claim: Fori2f0;:::;N 1gandk an even positive integerwe hav(~~ ij~ i 1;:::;™1)=
P i)
Using the claim, we have that
Z Z W W Z
PAmk =T)= i p(~)d—::idw = p(~)d~:
Sn S1i=1 i=1 Si

Recalling that n; is the depth of nodev;, the integrals in the nal product can be expressed

as 8

R o :

z < o P()d~; if vi is aleafinT;
p(~)d~ = n, e ,
S -1 n; P(=)d~; if vi is ainner node inT:

By (2.11) we have,

Z Z,

p(~)d~ = pz(z)dz;
ni L

where p(z) is the density function of Z N (0;1) and L = %%. Letting ;| =
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Prob; n (1) JZj < 4—@% we have,

W
PAmg =T)=  JU2HODa praetm;
i=1

where L(T) is the set of leaves inT. By noting that ; only depends on the depthn; of
each nodev;j, we can rearrange this product by multiplying by depth instead of by the
preorder traversal. Thus,

i Li Vi
PAmk =T)= (1 i)
i=0
where | = Probzn (o1 JZj< fﬁ'% , Li and V, are the number of leaves and
inner nodes at depthi respectively andD is the height of T. O

The claim used in the above proof is established as follows:

By Lemma 2.1 and blllnearlty of C (;),if X1\ X! =":forié i, then ~ is independent
of 4. This immediately implies that ~; is conditionally independent of all ~y; nasc(;) given
~asc(v;)» Where ascy;) are the nodes inT that are ascendants ofv;. Thus we are left to
prove that ~ is independent of any - with j 2 asc;).

Let p be the parent node ofv; and let d be the depth of vi. We will prove that
X\ xP X(‘gl and by induction and the application of Lemma 2.1 the result will be
established.

Note that X! is an ane transformation of XP = fx + Mgﬂ%, where x is the
left-hand end point of the subinterval, of the form” X! = $(X? x)+ x + nk 9 for some
n=0:::::k 1. Furthermore, both X! and X P are ane transformations of the set
f 502 . Thus it is enough to prove that f 5023 \f 5—g2® f Lghy = f-2_gn,.

Let 2m = ak+ bwhere 0 b <k. Then f 5 gZW \f 5 —-g2M = fX-ga and so, ifk

is even thenfk; 2k;:::;akg f 2igl, and we are nished. By the de nition of a preorder
traversal we have, for each, ascf{;) N; and further N;\ desc{;) = ;, where descy;) are
the descendants ofv;. Thus we havep(~ ij~ i 1;:::;~1)= p(~ i) as required. O

The main result in this section shows that there are settings (albeit not the standard
setting of = k 1) for AdapTrap for which the expected number of steps is unbounded:

Proposition 2.3  (Expected number of steps ofAdapTrap. Let a<b and letf be drawn
at random from any centred Gaussian process orX = [a; b whose whose posterior mean

"Here we are using the standard notation aX + b:= fax + bjx 2 X g.
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function is the piecewise linear interpolant of the dataD,,. Let E denote expectation

with respect to this random integrand. LetN ., (f ; ) be the total number of integrand

evaluations incurred in the running of AdapTrap.,, (f ;a;b; ). Then for every k 2 N

and k a positive even integer, there exista€C > 0 such that for every C and any
k 32 we haveE [N .k (f ; )]=1.

Proof. Let V, be the number of inner nodes ofT at depth n. Then, by Proposition 2.2,
E[MajVh 1l= k(T n )Vh 1

By the law of total expectation, induction and noting that E [Vp] =1 0, We have
y 1
EVal = E[E[VajVn all = k(1 n 2)E [Vh 1] = k(1 i):
i=0

Note that if we have E [V,,]9 Oasn!1 then this implies E [N.mx (f ; )]= 1 :Thus

studying the convergence properties of the in nite product il=o k(1 i) with varying
;k; and s su cient to prove the result.
For = L wehave | = =Probyy (o jZj< p% . Then the product

simplies to E [V,] = k"(1 )". This implies that if and are selected such that
%, then E [X,]9 0. This is the case if and only if

p__
1L " b a3
2m .
- : (2.12)
Note further that for I@% we have ; : Thus, for I@% we have,
1y 1
k@ i) k@ ) =) k@ ) k'@ )™
i=0
So, if satises (2.12) then for any &= We have E[Vn] 9 0: This completes the
proof. O

Our nal contribution is to provide a closed form for the probability of non-termination
in the casek = 2:

Corollary 2.1  (Probability of non-termination for k =2). Let T; be the set of fullk-ary
trees with in nite depth. For k=2, = 5 and satisfying (2.12) then the probability

of non-termination is
1 2

PAmk 2T1)= 1 ;
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where = Probz y 0.1y iZj < p% . Further, for < 5 we have

1 2
Proof. Assume that = kg% and that satis es (2.12). The probability of an outcome

being a full k-ary tree with kn + 1 (for n 2 Ng) nodes is

P (A mk j=kn+1)= c{d nk D2

where C,ﬁk) = & 11)n+1 ”n" is the number of k-ary trees with n nodes (see Theorem A.2).

De ne the probability of termination function

X‘ - . -
Pe( )= P (JA mk, J=ki+1):
i=0

Recall the generating function of the standard Catalan numbers (A.1),

1 P&

R :
Ca(x) = Ci(z) x' = ™

i=0
Thus, by noting that

* .
P()= L@
i=0

we have

Po( )= C2 (1 )
1 P1 41 )

21 )
1 P
20 )
_1j2
g2 )
_ S for 2[0,05);

S 1 for 2 [0:5;1]:

The inequality (2.13) can be derived by noting that for < k3%2 and for everyi we have
i < . Thus,
P(Amz2j=2n+1)>C® "™@ )N
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sinceg(x) = x"(1  x)" 1 is monotonically increasing for 0 < x < - O

As a nal remark, note that using the same approach we can show that, fork 5, the
probability of termination 1  Py( ) does not have a closed form. Note that

P()=Cuk( (1 )

where Cy is the generating function of the k-Catalan numbers. Cy obeys the following
functional equation
Ck(x) =1+ x[Cy(x)]":

Thus expressingCy as a function of x in closed form is equivalent to solving a degree
trinomial. This has no algebraic solution for k 5 with general x and so one cannot
expressPy( ) in closed form fork 5:

2.3.3 Proof of Proposition 2.1

This section contains the proof of Proposition 2.1. Recall that we aim to perform an
average-case analysis of th&dapTrap method which is simply the composite trapezoidal
rule on a non-uniform grid of nodes under the aforementioned prior measur® . We have,
Zy 10
HE )= (gdx Trap(f jaib;X):= 5 [f (Xis)+ T (XillXisa  Xil;

a i=1

with X = fxigi”:ll a given set ofn + 1 ordered nodes such thata= X1 <:::<X p+1 = b.

Then the error of the trapezoidal rule is *(f )= I(f ) Trap(f ;a;b;X). Under P,
the error ;rap(f ) can now be considered a random variable. We now consider a latent
function f 2 C([a; b]), assumed to be a draw fromP , and denotef(X) = ( f(x;) i”:"ll.

Recall that, due to Diaconis (1988), the mean off jD, is the piecewise linear inter-
polant of the data D,. Thus, by (2.7), E [I (f )jf(X)] = Trap(f; a; b; X) and by Gaussian-
ity of P we have ;®(f )jf(X) N (0; 2)for some 2> 0. By (2.8) note that under
P, 2isonly dependent on the set of nodeX . Before directly proving Proposition 2.1 we
derive the variance of }*P(f )jf(X). In the following we use the notation f 5 := f jf(X)

and fD GP (mD;kD).

Proposition 2.4. We have

REfX) N0 2

8This can be shown by noting g%x)= nx" (1 x)" ' (n 1)x"@ x)" ?2=x" @1 x)" ?(n+
x(1 2n)):
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where ,2 = (Xi+1 xi)3 and with X = fxigir‘;ll a given set ofn + 1 ordered nodes such
thata= x3<:::<xnh,=h

Proof. Dene ;= Rxxi‘*lf () dx  3[f (xisr)+ f (xi)llxier  Xil. Then J2P(F )jf(X) =

L, ijff(X). Note that, by the Markov property of f , for x 2 [Xi;Xj+1] we have
fo(x) 2 f ()jf(xiea)if(x) and so jf(X) = ijf(xis)if(xi) N (0; ?), where 2 =
Vo (ijf(Xie1); F(xi)).

For x;y 2 [Xj; Xj+1] we havef (x)jf(xij+1);f(xi) GP (m;j(x);ki(x;y)) where m;(x) is
the linear interpolant between (x;; f(x;)) and (Xj+1;f(Xi+1)) and, for x<vy,

I

K(Xi;xi)  K(Xi;Xi+1)

1
K(Xi;Xj+1) K(Xi+1;Xj+1) [k(xi:y)i k(i 1Y)

Ki(x;y) = k(x;y)  [K(xi; X); K(Xi+1;X)]

= x + (Xi+11Xi)[(Xi+l XNxi+ )+(x  xi)y + )
- X m[(><i+1 X)Xi + (X Xj)y]

XX+ XX XiXj+1 T XX Xy + Xiy _ (Xi+1 X)(y Xi).

- Xi+1 X B Xist  Xi

Thus we have,

2 = \Z/ Cijf(xien); f(xi))

Xi+1 Xi+1
= ki(x;y)dx dy
zi.  Z Z,. Z
XiZ XiZ X|+1 X| Xi Xi X|+l X|
Xi+1 X . .
N (Xivx X))y Xi) dy dx
Xi i X|+1 X|
Xi+1
v ava— X3+ x2(Xis1 +2X)+ X( 241X X2) + Xj+1 X2 dx
i+1 ioXi
= —[X'41 4X'31Xi+6x'21X'2 4Xi+]_X3+ X4] = (X|+1—X|)3
12(Xj+1 Xi) o " * AR ! ! 12

The nal part to prove is that for i 6 j we haveC ( j; jjf(X))=0:SinceE [jf(X)]=
E[;jf(X)]=0and X m;(x) dx = %[f(Xi+1) + f(xi)][Xi+1  Xil, we have

Xi

C (i if(X)=E[i;if(X)]

Xij Z Xi #

SE f () medx  f (x) myx)dxjf(X)
"ZIX,'+1 ZXi+1 | #

=E | | [(f ) miIlf (y) mj(y)ldxdyjf(X)
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By Fubini's theorem we can interchange the expectation and the integral. We obtain,
] Z Xj +1 z Xi+1
C (i jif(X))= kp (x;y) dx dy:
Xj Xi
By the Markov property of the Wiener process we havekp (x;y) for x 2 [Xi;Xj+1] and
y 2 [Xj;Xj+1]. Therefore, the ; are conditionally independent givenf(X) and our results
follows. O

Recall that we de ned the error distribution at termination of the AdapTrapalgorithm
as mx; (f)=1(f ) AdapTrap.,., (f ;a;b; ). From now on we will denote the error
of AdapTrapas = .mk (f ): Thus, letting X = fx;gM, be the set ofM ordered nodes
used in the computation of AdapTrap.,.. (f;a;b; ), we have the following result.

Proposition 2.5. Let T 2 TX be nite and let f be a centred Gaussian process on
X = [a; b whose posterior mean is the piecewise linear interpolant of the dat®,. Let

f 2 C([a; b]) be any continuous function such thatA ... (f) = T. Then, we have |jT d
X )iHX).

Proof. A termination T of AdapTrap corresponds to a setS RM such that f(X) 2 S:
Note that for any f 2 C([a; b]) such that f(X) 2 S we have

AdapTrap., (f;a;b; )= Trap(f;a;b; X)) k. (F) = R (h):

In the following we identify f; = f (x;) and f; = f(x;). Thus®,
z

PUITY= gy PCIFaisssituR i) df

and, by Proposition 2.4,p( 3 jf1;:::;fy ) is only a function of X , we havep( jfi;:::;fw) =

g( ;X ). Thus,

p( jT)= g(;X)P(lT) SIO(fl;:::;fM)df
P (T)

= 96X 5Ty

=9g(;X):

For any f(X) 2 S we haveg(; X )= p( jf(X)) which implies that jT 2 YR, O

SLet X;Y be real random vectors and let Sy Sy be events of X and Y respectively. Note that

P(X 2 SxjY 2 Sy) = BURSOEES) = o d ' s, P(Xiy)p(y)dxdy.
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Finally we turn our attention to the proof of Proposition 2.1. The distribution of the
error of AdapTrapcan be computed as

X
p( )= p( jTIP(T)+ (L)P (Amk 2 T1);
T2T knTy

where we have formally de ned the event of non-termination as having in nite error (i.e.
for T 2 T1 ). We can now directly prove Proposition 2.1:

Proof of Proposition 2.1. For any ;m; and k an even integer we have

X
p( )= p( jTIP(T)+ (L)P (Amk 2 T1);
T2T knTy

then for any nite T2 TXwehaveP (jj> )> P (j> |jT)P(T). Let Ty be the
full k-ary tree with 1 node. Then, by Proposition 2.2 we haveP (Ty) = ¢ where ¢ =

Probz n 0.1y 2] < % and further by Proposition 2.5, we have jT; N (0; 2)

and so
P@Gi> )>P(j> jTy)P (Ty)

By Proposition 2.4 we have

XM @ (b @

2. (2m)d © 48m?

2 _
1=

Thus we have

PGi> )>P@Gi> TP (Ty)

b p_ !
= 1 erf pﬂ erf p&
(b a)° (b a)°

R
where erfx) = s * e U dt is the error function. This completes the proof, with P -
dependent constantc:=2 2m (b a) 372, O

It is clear that the Ti-based bound employed in the proof of Proposition 2.1 can be
improved by taking into account a larger number of terms; however we were unable to
nd an elegant bound when proceeding in this manner and therefore we present only the
simplest bound.
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2.4 Adaptive Bayesian Cubature

The aim of this section is to develop a novel BC method that is locally adaptive, in the
sense of focussing integrand evaluations on spatial regions where approximation bfis

most di cult. The forgoing discussion in Sections Section 2.1-Section 2.3 suggests that
this should be based on anon-stationary stochastic process model.

2.4.1 A Non-Stationary Process Model

Recall from Section 1.2.2 that there are multiple approaches to non-stationary Gaussian
processes. In principle, any of these could form the basis for a BC method. The process
convolution approacht® was used for the experiments in this chapter. This choice allows
for substantial exibility to incorporate a priori knowledge and to adapt, in principle,
to non-stationary features of the integrand.* Following Paciorek (2003), we adopted a
hierarchical Gaussian process model with spatially-dependent lengthscale eld. The rst
part of the model species that fj GP (m ;k ). The mean function m = cis here
taken as a constantc 2 R and, letting :[0;1)! R be a positive de nite radial basis
function, the covariance function has the tensor product form
ooy 2Y ol BTG i )
o1 ()2 Ti(ni)? S(xi)2+ Ti(yi)?

The parameters to be jointly inferred are = fc; ;" 1();:::;7¢()g, where > 0 is an
amplitude parameter and the “j( ) are (positive) lengthscale functions. The second part
of the hierarchical model speci es a prior distribution for

The lengthscale functions can be parameterised in arbitrarily complex ways. In par-
ticular, we highlight the recent work of Roininen et al. (2019) who focussed on performing
computation with a hierarchical parametrisation of a Magrn kernel. In this paper, sophis-
ticated MCMC samplers were proposed, along with an acknowledgement of the di culty
of the computational task. Since sampling methods are not the focus of this chapter, for
computational tractability we speci ed a simple and transparent parameterisation for each
i=1;:::;d,

i) = X 1 i +1 i X; ij +1 isj Xij +
i=1 Xij+1  Xjj Xijj+1 X

i -

19Recall the process convolution approach takes a collection of local covariance models and then { roughly
speaking { convolves them to obtain a new, non-stationary global covariance model (Higdon et al., 1999;
Paciorek, 2003).

1 Although partition models are closer in spirit to classical adaptive methods, the fact that they only
provide an approximate notion of conditioning precludes their use for rigorous uncertainty quanti cation
in a BC method.
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Thus “i() = " () is the piecewise linear interpolant of a nite number of xed reference
points (Xi-1; i:1);: 5 (Xins in) With X;:1 = 0 and X;n = 1 and so the parameters to be
inferred are ; = ( i1;:::; in). This is computationally tractable since the number of
parameters can be controlled and both the';() and “;() ! have closed form integrals.
Positivity of "i(x;) is ensured by taking ij =exp( ij) and inferring the ; 2 R. In all

of the experiments in Section 2.5, we re-parametrised the domain to b¥ =[0;1]¢ and we
took n =11 and x;; = ﬁ which allowed for su cient expressiveness of the associated
stochastic process model whilst controlling the complexity of the auxiliary computational
task of estimating the ; . The total number of parameters associated with the lengthscale
functions “1;::: 4 is, therefore, 1.

In all the experiments detailed in this chapter, the choice of radial basis function
was the Maern radial basis function12. The impact of the choice of lengthscale and radial
basis function is explored empirically in Section B.1.

2.4.2 Adaptive Selection of the Point Set

A sequential approach to selecting thex; was adopted, based on the negative expected
variance acquisition function (2.2) of Osborne (2010). As is typical in Bayesian SED, (2.2)
is an intractable global optimisation problem over X that must in practice be approximated
(e.g. Overstall et al., 2018). Two practical algorithms are now presented. In what follows
we let Do be a pre-specied set of initial data and let X, X denote a nite set of
reference points inX over which the optimisation (e.g. grid search) required at stagen
of the algorithm is performed. Recall that we do not mandate a stopping rule as part of
a BC method. However, if required then the standard deviation ofl (f )jD, can be used
to decide when the algorithm should be terminated. For completeness we present our
algorithms with an explicit stopping rule included.

Algorithm 2 uses Markov chain Monte Carlo (MCMC) to approximate the intractable
acquisition function (2.2), in an idealised approach that we call AdapBC Here, the pa-
rameter = (c; ;" ()) is marginalised. In Algorithm 2, M is the number of samples of

iDn 1[f x;fm(X)g. Note that to estimate V]I (f )jD,] we used the law of total variance,
that is

VII(f)jDnl= EIVII(F)jDn; J1+ VIE[(f)]Dn; 1]

= VI()iDn; W+ sv: FEI()iDni g
k=1

2Recall from Section 1.2.2 that the Maern radial basis function takes the form k(r) =

2(1) 2r K 2r , with smoothness parameter .
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where s:vi(X) is the sample variance of the setX . Lines 4 and 8 each require MCMC to
be used. As suchAdapBQiemands that the user carefully monitors the convergence of a
Markov chain and, in turn, requires technical knowledge on the part of the user. Therefore,
we focus on an empirical Bayes (EB) alternative in Algorithm 3, calledE-AdapBCwherein
the parameter is estimated using (regularised) marginal maximum likelihood estimation
rather than being marginalised. To avoid over-con dent estimation!®, we regularised the
EB estimator using an additional penalty term r( ). In all of the experiments utilising
E-AdapBCin Section 2.5, for the Gaussian process model speci ed in Section 2.4.1, the
penalty term took the form

\d
r( )= ( 1k ;Oke+ 2k1="()ky)
i=1

where kgk; = RX jg(x)jd (x). The speci c form of regularisation was heuristically moti-
vated (only) and many other choices are possible - to limit scope these were not explored.
The regularisation term includes two parameters, ; and », which are used respectively
to ensure the lengthscale doesn't become too large or small when the numberof data is

small. Specic values of 1 and » are reported in Section 2.5. Therefore, ,, in line 4 of
Algorithm 3 is chosen to maximise

[fx clPK iy [fx cl]
2

0gp(Dn 1 ) ()= Dlog2) S logiK xx | 'O

where K .x.x is dened as K xx lj = k (Xi;Xj) and jK .x.x j is the determinant of

2.4.3 Computational Details of AdapBGand E-AdapBC

In this section, we provide the remaining computation details for AdapBGAlgorithm 2)

and E-AdapBQAlgorithm 3) used in the experiments in Section 2.5.

Point Set Selection: The point set X,, in Algorithm 2 and Algorithm 3 is the set
over which we optimise the objective functionx 7! E(x) (for E-AdapBg or x 7! E(x)
(for AdapBQ These objectives are non-convex in general and thus a global optimisation
method must be employed. Since this auxiliary computation is assumed negligible with
respect to evaluation of the integrand, we employed brute force grid search witlX,, used
to de ne the grid. In the following, we denote D, = fx;g(% " the set of nodes at whichf
has been evaluated after iterationn of the algorithm has completed, whereng is the initial

number of evaluations in Dy, and let K, = jX,j denote the cardinality of X ,.

13The use of EB in the context of the BC method was shown to result in over-con dent estimation at
small n in Briol et al. (2019). The issue is more pronounced inE-AdapBCdue to the increased dimension
of the kernel parameter compared to StdBC
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Algorithm 2 Adaptive Bayesian Cubature

1: procedure AdapBC( f; )
2: n 1,~ 1

3 while ~ do
4 Sample fm)M_, fjDn 1 .M 1
5 for eachx in X, do
6: for m=1;:::;M do
7 Dh D n 1[f (Xfm(X))g
8 Sample (k)E., iDn K1
o: Vi VIH(E)iDn; «]
10: EX  EKf)iDn; «]
: 17K Kk
11: Vin & ke VK
: 1 Pk ok
12: Em ¢ k1 Efy
13: Y Vm+ & K (EX  Ep)?
. m(X) m K k—1( m m)
14; EX) o mUn(x)
15: Pick Xp 2 argmin, . E(x)
16: Dn D n 1[f (Xn,f(Xn)g .
17: n n+1 ~ V[(f)Dn]2

18: return | (f)jDy

Algorithm 3 (E) Adaptive Bayesian Cubature

1: procedure E-AdapBC( f; )
2: n 1,~ 1

3 while ~ do

4 n argmax logp(Dn 1j ) r()

5 Sample (fm)M:l fj niDn 1 .M 1
6: for eachx in X, do

7 Dn D n 2[f (Xfm(X))g

8 E(x) EIVII(f)i n;Dnlj niDn 1]

9 Pick xn 2 arg min,,y = E(X)

10: Dn D n a2[f (Xn;f(Xn)g .

11; n n+1~ V[()] h;Dn]2

12: return 1 (f)j n;Dn

In one dimension, X, was taken to be
Xp = f(Xi + Xj+1)=2ji =1;:::;np+ n 1% 2 Dpg:

Although the \natural" generalisation of this approach to dimension d > 1 is a Voronoi
point set (Aurenhammer et al., 2013), we instead preferred to endowK, with a structure
commensurate with the tensor product form of the kernelk . Thus, in dimensionsd > 1,
Xn was taken to be a randomly sampled subset of cardinalitk , = K;+1 n for some
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K1 2 N of a uniform grid of points on X.

More precisely, letU = fug;:::;uxg [0;1] be a uniform grid of points on [Q 1] and
dene X1 = U%nDg and Xps1 = Xp nfxag = X1nDy, where x, is the point selected
at step n of the integration method. Then X, was taken to be a random sample without
replacement from X, such that jX nj = K.

The computational convenience of the grid structure is explained in the following.

Consequences of the Tensor Product Set-Up and Integration Methodology:

In standard Bayesian cubature, to facilitate the computations required in (2.7) and (2.8),
the kernel is usually chosen such that it has a closed-form integral. Unfortunately, since
the kernelk speci ed in Section 2.4.1 does not have a closed-form integral, we are required
to perform numerical integration of the kernel. This issue results in both E-AdapBCand,

in particular, AdapBQo be considerably more computationally expensive than standard
Bayesian cubature. However, due to the tensor product form ok , we are able to make
substantial computational simpli cations, which would otherwise render both algorithms
prohibitive in dimensions d > 1. These are discussed now:

Note that, at iteration n, the evaluation of the objective functionsE (x) (for E-AdapB¢
and E(x) (for AdapBg requires the computation of integrals of the posterior mean and
covariance off j ; Dy to be performed (see (2.7) and (2.8)).

In principle, at iteration n of the algorithms, we are required to computejD,j sep-
arate d-dimensional integrals to evaluateE (x) (for E-AdapB¢ and MK jD,j separate d-
dimensional are required to evaluateE (x) (for AdapB@. This discrepancy is due to the
fact that for each posterior sample of jD, at step of 8 of Algorithm 2, of which there
are a total of MK samples, we are required to recompute the posterior variance and
expectations, whereas in Algorithm 3, we use a single xed estimate of. Further, the
approximate computations of arg min,,y = E(x) and arg min,,y E (x) requires the compu-
tation of K, +jD, 1j and MK (K, + jD,, 1j) of thesed-dimensional integrals respectively.
However, since the kernelk specied in Section 2.4.1 is a tensor product, then at most
d(Kn+jDy 1j) and dMK (Kn+ jDy 1)) univariate integrals are necessary for computation
of arg min,,x = E(x) and arg min,,y . E(x) respectively. Furthermore, if the chosen point
setX  is some subset of a uniform griduy;:::;ucg®  [0; 1]% we can perform memoisation
of the univariate integrals at eachu;. This reduces the computation of arg min,y = E(X)
to only require dk univariate integrals and the computation of arg min,,y E(x) to only
require dkMK univariate integrals. For the kernel speci ed in Section 2.4.1, the integrals
are of the form

1n (X)) (uy) . X U]

o L00Z+ (W2 007+ ()2
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If the lengthscale functions |, are piecewise linear then this integrand is piecewise as
smooth as and further has no closed form integral. Therefore, to integrate these functions
we integrated each piece separately using a standaréython quadrature'* function in
scipy (Virtanen et al., 2020).

In order to output the distribution of 1(f)j n;Dn (in E-AdapB¢ and | (f)jDy (in
AdapBEwe need to compute the mean and variance of the integral of the posterior process
(see (2.7) and (2.8)). In this case, we need to compute the double integral in (2.8) and
are thus required to compute one #-dimensional integral for E-AdapBC For AdapBCwe
again resort to Monte-Carlo in the computation of the posterior mean and variance. The
posterior mean is, using the law of total expectation, approximated as

E[I (f)jDnl= E[E[ (f)jDn; Il

X
- EI()iDn; jl;
i=1

Again using the law of total variance, the posterior variance is approximated as

VI (f)iDn]= E[VII(f)jDn; 11+ VIE[I(f)jDn; 1l

X
JE VII(f)jDn; j1+ sivi fE[I(f)]Dn,; j]ng=1
j=1

Thus, we are required to compute the double integral in (2.8) for each of thel samples
f jgle jDn, resulting in J 2d-dimensional integral for AdapBC For similar reasons
to those outlined in the previous paragraph, the use of the tensor product reduces this
requirement to the computation of d bivariate integrals to output the distribution of

I (f)j n;Dn (in E-AdapB¢and dJ bivariate integrals to output the distribution of 1(f)jDp
(in AdapBQ. For the kernel speci ed in Section 2.4.1, the integrals are of the form

!

Z.,Z P~ . .
S CON %! X Y] dx dy:
M < < M < < .
0 0 ()24 7 (y)? )2+ (y)?
Similarly, this integrand is smooth over the subregions [ij; ij+1] [ ik; ix+1] of [0; 1]

determined by the piecewise linear lengthscales, and is therefore computed by integrating
over each of these subregions separately using the standard double quadrature function in
scipy .

The additional requirement to recompute the integrals for each sample jDn and
i jDn results in AdapB(heing computational prohibitive for moderately large M; K

14The function being scipy.integrate.quad which, depending on input, calls a QUADPAGHutine. In
our case it calls QAGSan adaptive quadrature based on 21-point Gauss-Kronrod quadrature within each
subinterval. See Piessens (1983).
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and J even in dimensiond = 1, see Section 2.5.1 for an applied example. Therefore, for
the experiments in Section 2.5, we primarily investigate the performance oE-AdapBC

It remains to explain how MCMC was used to facilitate the computation on lines 4
and 8 of Algorithm 2 describing the AdapBGmethod. These details are now provided.

MCMC methodology: Due to the di culty in directly sampling from jDn we used
a Metropolis-Hastings algorithm. Note that

P( jDn)/ p( )P(Dnj );

wherep( ) is the prior density of (yetto be speci ed) and we haveD,j N (c1;K x.x ).
Letting g( ) = p( )p(Dnj ), then our Metropolis algorithm is as follows:

Algorithm 4 Metropolis-Hastings Algorithm

1. procedure Metropolis(  o;n;s)

2: 0

3 fori=1;:::;ndo

4 Sample i 1+ N(0:52)

5 Sampleu U(0;1)

6: if logu<logq( ) logg(; 1) then
7 [

8 else

9 i i1

10: return ()L,

The proposal distribution here is thus N (0;s?l). Figure 2.2 contains typical trace
plots of Metropolis output.

2.5 Experimental Assessment

The purpose of this section is to investigate whether AdapBCand) E-AdapBQorovide the
local adaptation that is missing from standard BC. Due to the prohibitive computational
cost of AdapB(see Section 2.5.1), we primarily investigateE-AdapBC For the remainder,
we useStdBCto signify the simpli ed version of E-AdapBCn which the lengthscale eld
() is simply a constant, to be estimated. All other settings (e.g. the choice of ), were
taken to be identical between StdBCand E-AdapBC All methods that we consider incur
an auxiliary computational cost that is orders of magnitude larger than that which would
be associated with a classical cubature method. BC methods are motivated by situations
where evaluation of f is associated with a substantial computational cost (an explicit
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Figure 2.2: Trace plots for components of the parameter obtained using Metropolis under the
prior N ( 1;21) with data Do = f(i=5;f(i=5))g>, with f as in Figure 2.4.

Figure 2.3: Comparison ofAdapTrap StdBCand E-AdapBC[Here — represents the true integrand
f, — represents the mean of the conditional proces$jD,, and O represents pointwise credible
intervals. The tick marks | lll lindicate where the integrand was evaluated. FoiStdBCand E-AdapBC
theerror :=j o(f) 1(f)j, thez-score[,(f) 1(f)]= n(f) and the number of integrand evaluations
p are reported. For AdapTrap the error , the global error tolerance , the estimated error ~:=

. 7 and the number of integrand evaluationsn are reported. Inset panels compare the true
value | (f) 0:011 to the distribution 1(f)j n;Dn. The integrand was generated according to
the description speci ed in Section 2.5.2 with sampled values (to 3 s.f.)C = 0:554, R = 0:0726,
H=164,F=2:65andP =1]
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example is provided in Section 2.5.3), so that such auxiliary computation can be justi ed.
For this reason, computational cost is quanti ed in the results that follow only through
the number of evaluations of the integrand.

A BC method is considered to perform well if, loosely speaking, the posterior mean

n(f) = E[I(f)j n;Dn] provides an accurate point estimate of (2.1) and the poste-
rior spread (f) := V[I(f)j n; Dn]% is well-calibrated as an indicator of the true error
i n(f) 1(f)j; in this chapter calibratedness is quanti ed by Z,(f) == " 10 whose

n ()
values should be plausible as samples froMd (0; 1) when the BC method is well-calibrated

(Briol et al., 2019). The ideas are illustrated next in Section 2.5.1. In Section 2.5.2
the results of detailed synthetic assessment are presented and in Section 2.5.3 we re-
port results based on a realistic integration task involving trajectories of an autonomous
robot. All results in this chapter can be reproduced in Python using code available at
github.com/MatthewAlexanderFisher/LocalABC

2.5.1 lllustration of Adaptation

Figure 2.3 compares the performance ofAdapTrap (top), StdBC (middle) and E-AdapBC
(bottom) on a toy integrand f in dimensiond = 1. AdapTrapwas run with parameters =
0:5;m =5, k =2 and global error tolerances (from left to right) = 0:06; 0:04; 0:02. Both
E-AdapBCand StdBC were initiliased with data Do = f {5f 75 g% and the penalty
term in E-AdapBCused parameters 1 = 30 and » = 1. Theoretical analysis of StdBC
indicates that the points X at which the integrand is evaluated are essentially space- lling
(Cor. 11 of Santin et al., 2017). In contrast, both AdapTrap and E-AdapBCdeploy their
computational resources in the region wherd is varying the most. AdapTrap provides an
accurate point estimate for (2.1) and a deterministic error estimate ~ In each case <
i.e. the true error has been controlled succesfully byAdapTrap In contrast, both BC
methods provide distributional output whose uncertainty is well-calibrated oncen is large
enough that the regions of highest variation have been found.

Figure 2.4 compares the performance ofAdapBCand E-AdapBCrun on a single inte-
grand. For our implementation of AdapBGve used the same initial dataDg = f 1i—o;f 1iT> 5.
Our choice of priorwas N ( 1;21). When sampling the jD, and the jD, 1, to
ensure a tolerable acceptance rate in the output fromMetropolis , at each step of AdapBC

at step n was N 0;(0:3 0:07n)?l . In our approximation of V[l (f)j «;Dn] we set
N = 101. For our parameters M and K that control the number of samples off jD, 1
and Dy in AdapBCrespectively, we tookM = K = 8. All the output obtained from

Metropolis was preceded by a length 1000 burn in and was thinned by 5. Theg in each
run of Metropolis was taken as the last sample from the previousMetropolis output
and at step 0 was taken to be the mean of the prior on . When computing the posterior
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Figure 2.4: The upper and lower rows correspond tAdapBGnd E-AdapBQespectively, run on the
same integrand. The integrand was generated randomly from our synthetic integrand generation
procedure with parameters (to 3 s.f.) C = 0:520R = 0:0897H = 1:87,F = 3:04,P = 1: [Here
— represents the true integrandf , — represents the mean of the conditional procestjD,, and
O represents pointwise credible intervals. The tick marksl lll | indicate where the integrand was
evaluated. For both methods the error = j (f ) [I(f )j, the z-score [,(f ) 1(f )]= n(f )
and the number of integrand evaluationsn are reported. Inset panels compare the true value
I(f ) 0:0764 to the distribution | (f )jDp.]

variance of | (f ) jD,, using Monte-Carlo, we usedJ =50 samples.

Figure 2.4 suggests thatAdapB@rovides locally adaptive behaviour similar to E-AdapBC
but that AdapBas better-calibrated uncertainty (in line with the previously documented
over-con dence of Empirical Bayes in this context; Briol et al., 2019). However, the auxil-
iary computational cost associated with AdapBds substantial: to produce Figure 2.4 the
AdapBGQnethod required 24 hours of CPU time whereas-AdapBGequired approximately
one minute of CPU time. In addition, the need to carefully control the MCMC algorithm
within  AdapBQmakes this method less attractive compared toE-AdapBC Therefore, for
the remainder of this section, we focus entirely on the performance oE-AdapBC

Of course, Figure 2.3 studies a single integrand and a more systematic assessment is
performed next.

2.5.2 Synthetic Assessment

To assess the proposed methods on a wider range of test problems, we automatically
generated integrandsf;, i = 1;:::;100. The synthetic integrands ind dimensions were
generated as follows: First, we sample

1. C=(Cy;:::;Cq)  U(0:1;0:9)9,

2. R=(Ry;:::;Rg) Beta(s;2)q,

3. H =(Hy;:::;Hg)  U(0:5e;1:5¢)1,
4. F =(Fq;::5;Fg)  U(0;5),

5. P =(Py;:::;Pg)  Bernoulli(0:5)d.
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Figure 2.5: 25 randomly generated synthetic functions in one-dimension.

Then we let

8
<o e 1
1 0; jXj < 1;
1+ ;O (X) = n o
exp( 80x) exp e tCos(F jxi) 5 X L

h(x) =
Our synthetic integrand is then

f(x) = _\dl Higr; F\:}i[xi Cl +( DP[1=2 h(xi Cl;
i=

with x = (Xx1:::;Xq). In Figure 2.5 we plot 25 randomly sampled synthetic integrands for

d=1.

The negligible cost of evaluating the syntheticf; ensures that their integrals | (f;) can
be accurately approximated using a classical method, providing a gold-standard for assess-
ment. Figure 2.6 (top row) displays the mean of the relative errors % for StdBC
and E-AdapBCFor the runs of E-AdapBGind StdBCon the 100 one-dimensional integrands,
we used initial data Dy = ﬁ;f ﬁ ilzoo and the penalty term in E-AdapBCused pa-
rameters 1 =30 and , = 1. For the runs of E-AdapBCand StdBCin three-dimensions,
we used initial data Do = (x; f(x)) jx 2 f 0;0:25;0:5;0:75; 1g> and the penalty term in
E-AdapBQused parameters ; =9 and » = 0:9. We used the multidimensional point set
selection algorithm detailed in Section 2.4.2 withU = fi=40g?% and K = K1 = 8000. Re-
sults are reported for the case d(x) = d x and in dimensiond = 1 (left) and d = 3 (right).

It can be seen that the conclusions of Figure 2.3 hold in broad terms over an ensemble

of integrands, though of course there exist particular integrands for whichStdBChappens
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(@) (b)

Figure 2.6: Synthetic assessment in (ad =1 and (b) d = 3 for StdBC(—) and E-AdapBQ—),
where 100 integrands were randomly generated. Top row: the mean relative error against the
number of evaluationsn. Bottom row: the coverage frequencies for 95% credible intervals for each
method. The notional coverage ¢ - -) is indicated. [Standard errors displayed.]

due to chance to outperform E-AdapBC The bottom row of Figure 2.6 reports coverage
frequencies for the 95% highest-posterior density interval. Over-con dence is apparent at
small values ofn, especially for StdBCand for d = 3, but for larger n (when the most
variable regions of the integrand are discovered) the methods are better calibrated. It
should be noted that for d = 3 and for the number of evaluations n investigated, neither
method achieves proper calibration.

Results for AdapBCwere broadly similar to E-AdapBCafter manual tuning of the
MCMC.

2.5.3 Autonomous Robot Assessment

The nal experiment concerns an application of E-AdapBCto autonomous robotics. The
autonomous robot that we studied is due to Chrono (2018) and was simulated in the
open source physics engine Chrono (2049. We rst provide a description of the pertinent
aspects of the robot:

The robot has 6 legs with each leg consisting of 3 actuators which control the walking
motion of the robot; see Figure 2.7. Each leg has 3 associated actuators that are depicted
in Figure 2.8. Each actuator has a prede ned loop. For each periodl' =[ ; ] (lasting

= 2 seconds) of the loop the actuators are controlled as follows:

" Legs 1, 3 and5:
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Figure 2.7: Elevated view of the robot, with each leg annotated.

Figure 2.8: Detailed view of robot leg with each actuator labelled. Actuator A controls the rotation
of the leg in the horizontal plane. Actuator B controls the up/down retraction of the leg. Actuator
C controls the left/right extension of the leg.

(a) Actuator A:
fa(x)=0:2sin( (x ) :

(b) Actuator B:

8

2 02Sigk ) x2[; +0:5]
feg(x)= 0:2; x2[ +0:5 +1:5]

© 0:2 Sig(x 1.5); x2[ +1:5 .

(c) Actuator C:
fc(x)=0:

" Legs 2, 4 and 6:

(&) Actuator A:
(x)= 02sin( (x )
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(b) Actuator B:

8
% 0:2; x2[; +0:5]
0:2 Sig(x 0:5); x2[ +0:5 +1];
gs(X) = _
§ 0:2 Sig(x 1); x2[ +1; +1:5];
0:2; x2[ +15 1
(c) Actuator C:
gc(x) =0:

Here Sigk) is a polynomial smooth ramp such that Sig(0) = 0 and Sig(Q5) = 1.

Suppose we are interested in the trajectory of the robot over an elapsed time, subject
to random variability in the actuators of leg 1 of the robot. In this experiment, the
random variability takes the form of uncertainty in the parameterisation of the actuators.
The functions that control the actuators A, B and C respectively in leg 1, subject to this
parameterisation, are as follows, for each period =[;

falx)=sin( (x));

2 (02+py)Sigx  );  x2[; +(L p)=2

fg(x) = (0:2+ p1); X2[ +(1 p2)=2 +(@+ p2)=2];
* (0:2 + py) Sig(x 1.5); x2[ +(3+ p2)=2; [

fc(X) = ps;

The parametersp = ( p1;p2; p3) control the behaviour of the leg as follows: p; controls
how far the leg travels up and down in each periodp, controls the period of time the leg
is down for in each period andpg controls the extension of the leg. The notional value
and actual value of p will not be equal in general and there is interest in understanding
the e ect of parameter variability on the actual trajectory of the robot; see Figure 2.9a.
Let (z1(p); z2(p)) denote the spatial coordinates of the robot after a xed sequence of
commands have been completed. Conceptually, the variability in the parameters can be
represented asp N (O; 1—10I3) and there is interest in evaluating moments | (f) where
f 2 f z1; 25; 2%, Z2g. The situation typi es instances where f is associated with a substantial
computational cost, since simulation of the robot moving requires the numerical solution
of a system of ordinary di erential equations.

The methods StdBCand E-AdapBGwere each applied to this task. For both our imple-
mentations of StdBCand E-AdapBGwve used theE-AdapBQalgorithm with slight variations
with each implementation. For both StdBCand E-AdapBCwe took Dg = f(x;f(X))jx 2
f 1=5; 2=5; 3=5: 4=5g3g and used the point set selection algorithm discussed in Section 2.4.2
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Mean Sq. Error (2.14)
f | StdBC E-AdapBC
z; | 0:895 0:293
0:07 0:03
) 14:3 2:28
2:05 0:26
z2 | 0:884 0:336
0:11 0:07
75 | 1527 132:13
268:13 11:13

@) (b)

Figure 2.9: Autonomous robot assessment. (a) Trajectories produced by the robot. (b) Error as

quanti ed in (2.14), for each of integrand f relating to the nal position of the robot. [Standard
errors displayed.]

f StdBC E-AdapBC

Z1 n=0:1095 ,=0:02129| ,=0:06451 , =0:008535
2 n= 5760 ,=0:03812| ,= 54913 ,=0:02373
zf n=0:1643 , =0:01897 n=0:1252 , =0:007559
z% n=32:93 ,=0:3969 n=32:43, ,=0:1562

Figure 2.10: Autonomous robot experiment output to 4 s.f.

with U = fi=40g%%, and K = K; = 8000. For each integrand we ran both methods for
200 iterations of SED and thus, at termination, obtained a total of 264 evaluations.

The intractability of the true integrals | (f) precludes a direct assessment as in Sec-
tion 2.5.2. Instead, we focus on estimation accuracy (only) and report an approximate
bound based on Jensen's inequality and Monte Carlo:

E[(1(F)  1(f)? n;Dnl ZE[I((f £)?)j n;Dn]

= E[(f (x) f(x))% n;Dnld (x)

1 X 20 .
- ElfOi) 1)) niDnl (2.14)
i=1

wherey; &N (0;14 ¢) and m = 264. For each integrand, E-AdapB®utperformed StdBCas
guanti ed by (2.14); see Figure 2.9b. The obtained posterior mean and variances obtained
at termination for each method are displayed in Figure 2.10.

2.6 Discussion

This chapter highlighted the important issue of local adaptivity in the context of
BC methods and discussed why naive constructions based on lifting classical adaptive
methods to the Bayesian framework can fail. To address these issues, a novel locally
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adaptive BC method was proposed and demonstrated to perform well in both a synthetic
and realistic empirical assessment. The construction was quite general, in the sense that
essentially any su ciently exible Bayesian regression model can be used, and investigation
of alternative regression models can form the basis of further work. Also of interest, non-
myopic alternatives to (2.2) have been proposed for BC (Jianget al.,, 2019) and these
could also be investigated.

Our focus was on cubature, but local adaptation can be considered in the context
of other probabilistic numerical methods (Hennig et al., 2015). For example, adaptive
time-stepping has recently received attention in the probabilistic numerical solution of
ordinary di erential equations (Chkrebtii & Campbell, 2019) and analogous methods for
partial di erential equations have yet to be developed.
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Chapter 3

A Probabilistic Programming
Language for Sequential
Experimental Design

Sequential algorithms are popular for experimental design, with applications that include
constructing emulators for computer models, performing optimisation, and even approx-
imating the solution of di erential equations. For most of these applications bespoke
software has been developed, but the approach is general and many of the actual compu-
tations performed in such software are identical. Motivated by the diverse problems that
can in principle be solved with common code, this chapter present$&aussEDa simple
probabilistic programming language coupled to a powerful experimental design engine,
which together automate sequential experimental design for approximating a (possibly
nonlinear) quantity of interest in Gaussian processes models. This is achieved by formu-
lating experimental design in a decision theoretic framework where, instead of specifying
a bespoke acquisition function, the user speci es a loss function relevant to their quantity
of interest. Using a handful of commands, we demonstrate howsaussEDcan be used
to: solve linear partial di erential equations, perform tomographic reconstruction from
integral data and implement Bayesian optimisation with gradient data.

3.1 Introduction

This chapter concerns the development of a probabilistic programming language (PPL) for
SED. A PPL is an attempt to streamline the process of performing computation involving a
statistical model (Goodman, 2013). SED is often associated with computational work ows
that are complicated and cumbersome, as one is required to iterate between designing an
experiment (to augment a dataset with a new datum) and performing inference for a
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speci ed quantity of interest (based on the augmented dataset). Thus SED is well-placed
to benet from the development of a high-level PPL. The research challenge here is to
identify a class of statistical models that are su ciently general to include important
applications of SED, while being su ciently narrow to permit both inference and SED to
be e ciently and automatically performed. This chapter aims to address two important
open problems in PPL for SED:

P1 develop a PPL for nonparametric Gaussian process (GP) models that automates SED
for a (possibly nonlinear) quantity of interest, in the setting of arbitrary continuous
linear functional data (e.g. function values, gradients, integrals), for which conjugate
inference can be performed;

P2 minimise the technical burden on the user, and in particular circumvent any require-
ment for the user to specify an acquisition function for SED.

In limiting attention to the relatively narrow class of GP models in P1, we aim to de-
velop more powerful algorithms { and tackle more challenging tasks { than would have
been possible in a more general-purpose PPL. The setting of P1 includes SED for the
important tasks of emulating computer models (Kennedy & O'Hagan, 2001), perform-
ing Bayesian optimisation (Shabhriari et al., 2015), and running probabilistic numerical
methods (Hennig et al., 201%). Bespoke PPLs have been developed for these individ-
ual tasks, but the approach is general and many of the actual computations performed
in such software are identical. Indeed, in Section 3.4 we demonstrate how a single PPL
can solve partial di erential equations using a probabilistic numerical method, perform
tomographic reconstruction from integral data and implement Bayesian optimisation with
gradient data.

The motivation for P2 derives from the fact that existing PPLs typically require the
user to specify anacquisition function, which is used to select the next experiment and
serves to control the exploration-exploitation trade-o in SED. Unfortunately, the process
of determining an e ective acquisition function requires domain expertise, and { while
several choices have been documented in the literature (see e.g. Wilset al., 2018, for
acquisition functions in Bayesian optimisation) { many problems that fall into the setting
of P1 have not received such detailed treatment. In removing the technical burden of
prescribing the acquisition function we may sacri ce a degree of performance relative to
dedicated software for tasks such as Bayesian optimisation, which have been well-studied.
However, empirical results in this chapter suggest that the loss of performance may be
modest, and in turn we are able to considerably expand the applicability of the PPL.
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3.1.1 Our Contribution

In this chapter we present GaussEDa simple PPL coupled to a powerful experimental
design enginefor performing SED in the nonparametric GP context. GaussEDachieves
the aims P1 and P2, just outlined. To achieve P1, and to ensure thatGaussExan handle
data arising from general continuous linear functionals, we present a rigorous probabilistic
treatment of conditioning for GPs. This enables us to, for example, prevent attempts to
condition on a derivative that does not exist under the GP model. To achieve P2 and
circumvent the user-speci cation of an acquisition function, we adopt a classical but sur-
prisingly overlooked decision-theoretic approach to SED, which requires only the quantity
of interest and a loss function to be speci ed. The loss function quanti es the loss incurred
when the true quantity of interest is approximated, a notion that is meaningful in the ap-
plied context and often straightforward to elicit. The computational backend for GaussED
comprises a spectral GP approximation, which is used to facilitate a reparametrisation
trick and, in turn, to enable state-of-the-art techniques for stochastic optimisation to be
employed over the experimental design set.

3.1.2 Related Work

Several general-purpose PPLs have been developed for Bayesian parameter inference in
parametric models (e.g. Woodet al., 2014; Carpenteret al., 2017; Binghamet al., 2019),
often based on Markov chain Monte Carlo or variational approximations in the backend.
Specialised PPLs have been developed for inferring parameters that minimise a predictive
loss (e.g. using neural networks; Paszket al., 2019), often based on automatic di erenti-
ation and stochastic gradient descent. For inference in nonparametric models, specialised
PPLs have been developed for GP models (e.g. Rasmussen & Nickisch, 2010; Matthews
et al., 2017).

The combination of PPL and SED for general parametric models has received attention
in Rainforth (2017, Chapter 11) and Ouyang et al. (2016); Kandasamyet al. (2018), who
provided a high-level syntax for Bayesian SED. Several application-speci ¢ PPL have been
also been developed for SED in parametric models (e.g. Liepet al., 2013). The focus
of much of the research involving parametric models centres around the computational
challenge of conditioning random variables on observed data, a problem that is often
di cult (Olmedo et al., 2018).

The case of SED for nonparametric models { i.e. the case that we consider { has
received considerable attention in the context of Bayesian optimisation; see for example
the review of Shahriari et al. (2015). In particular, and most closely related to the present
chapter, Paleyeset al. (2019) developed a PPL calledEmukit, in which computer model
emulation, Bayesian optimisation, and a number of probabilistic humerical methods are
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automated. However, Emukit focuses on function value data as opposed to general con-
tinuous linear functionals (contradicting P1) and requires the user to specify a suitable
acquisition function (contradicting P2).

Outline:  The remainder of the chapter is structured as follows: Section 3.2 presents a
detailed technical description of GaussEDwhose simple syntax is outlined in Section 3.3.
Section 3.4 presents diverse applications of SED for which bespoke code had previously
been developed, but whose automation is essentially trivial usingsausseEDThe potential
and limitations of GaussEDlare summarised in Section 3.5.

3.2 Methodology

This section presents the statistical and computational methodology used irGaussEDThe
elements of SED are outlined in Section 3.2.1 and a classical, but surprisingly overlooked,
approach to SED is presented in Section 3.2.2. This decision-theoretic approach circum-
vents the requirement to specify an acquisition function and, moreover, enables state-
of-the-art stochastic optimisation to be employed in SED, as explained in Sections 3.2.3
and 3.2.4. The hyperparameters of the GP model are estimated online during SED, as
explained in Section 3.2.5. The computational approach of conditioning is detailed in Sec-
tion 3.2.6 and the precise methodology of optimising the acquisition function introduced
in Section 3.2.2 is detailed in Section 3.2.7.

3.2.1 Sequential Experimental Design

Throughout this chapter, we follow the notational conventions introduced in Section 1.1.3,
which we brie y recall now. Let F be a normed vector space of real-valued functions on
some domainX  RY. The problems that we consider involve a latent functionf 2 F,
computations with which are typically associated with a high computational cost, and
the task is to approximate a (possibly nonlinear) quantity of interest q(f) using SED.
The experiments are representeti as continuous linear functionals : F ! R, which are
elements of the design seD F © where F?is the topological dual space ofF. We
consider a random variablef : I F which serves as a statistical model for the latentf
and denote the distribution of f asP; = f4 P. Similarly to Section 1.1.3, our presentation
in this chapter allows for general priorsf until Section 3.2.4, at which point we will assume
f isa GP.

Throughout this chapter, we adopt the convention that f refers to the latent function
of interest, f is a random variable model forf, and f is a generic element of the seF .

1The focus of this chapter is on data that are exactly observed, and as such we do not introduce a
measurement error model. The case of data that are corrupted with Gaussian errors can be handled in
GaussEDthrough building the measurement error model into the GP covariance model.
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Recall that, in SED, one iterates between designing an experiment,,, to augment
a dataset with a new datum (f), and performing inference for a speci ed quantity of

SED selects an experiment , from the design set in order that anacquisition function is
maximised’:
n 2 argzmaxA( Py 1(f)) (3.1)
D

Much research has been dedicated to exploring choices fék, and the statistical and
computational properties of the associated sequence ()1, . Speci c applications, where
interest is not necessarily inf but rather a derived quantity of interest ¢(f), have developed
bespoke acquisition functions that balance computational cost with accurate approxima-
tion of the quantity of interest, in particular in Bayesian optimisation (see Table 1 in
Wilson et al., 2018). This presents a major problem (P2) for the development of a gen-
eral purpose PPL for SED, since in general we cannot expect a user to specify a suitable
acquisition function for the problem at hand.

To this end, let P;(j n(f)) denote the conditional distribution (or posterior) of f
obtained by setting the values ,(f) equal to the observed data ,(f). The generalised
Bayesian approach of Section 1.1.3 to the design of an acquisition function is to lat) :
R" 1 R! R be autility function, to be specied, and to seek an experiment for which
the current expected utility

z
ACPrs noa())= U(Cn a(f); () dPr(fj 0 1(f)) (3.2)

is maximised. The utility U( , 1(f); (f)) represents the value to the user of observing
the datum (f). Thus the design of an acquisition function can be reduced to the design
of a utility function. Recall the information gain utility function (Lindley, 1956), which,

in this context, takes the form

U(Cn 2(f); B)=KLC Pr(j n a(f); () kKPr(j n a(f)); (3-3)

where KL denotes the Kullback{Leibler divergence andP; (j » 1(f); (f)) denotes the
distribution of f conditionalon , 1(f)= 5 1(f)and (f)= (f). In the setting where
data are exactly observed, the two distributions in (3.3) will be mutually singular and the
Kullback{Leibler divergence will not exist. Unfortunately, this renders information-based
acquisition functions such as (3.3) unsuitable for our PPL. Instead, we propose to revisit
a classical idea from experimental design, next.

2To avoid pathological cases, in this chapter the existence of a (not necessarily unique) maximum is
always assumed.
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3.2.2 A Decision-Theoretic Approach

Recall from Section 1.1.3 the decision theoretic approach of constructing a general utility
U: LetL:F F! R denote theloss L (f; g) when estimating the function f by g. Then
we can takeU to be the negative Bayes' risk
z
UCn oM M= min L@:d)dPr(ed o 1(: () (3.4)

which corresponds to the negative expected loss when the Bayes decision rule g is used. The
decision-theoretic approach was advocated by James O. Berger (1985, Section 2.5), who
wrote \ better inferences can often be done with the aid of decision-theoretic machinery and
inference losse8. Compared to an acquisition function or a utility function, it can be more
straightforward to specify a suitable loss functionL, since no consideration of the design set
is required. Although appealing in terms of its generality, the presence of the optimisation
over g has historically rendered this utility unappealing from a computational viewpoint,
and motivated more convenient choices, such as (3.3), that have since become canonical
(see the survey in Chaloner & Verdinelli, 1995). However, we argue in this chapter that
the presumed intractability of loss-based utilities might need to be revisited in light of
modern and powerful stochastic optimisation techniques. Indeed, for loss functions of the
form L(f;g) = kq(f) g(g)k?, indicating that one has a quantity of interest q(f) taking
values in a normed spacg under mild conditions (3.4) is equal to

RR _
U(n a(f); )= 3 L@:dAdPi(gi n 2(f); () dPr(@d n 2(f); (F); (3.5)

For completeness, the required regularity conditions and a formal proof are contained in
Section A.3. At rst glance it is unclear why this observation is helpful, since we have
replaced an optimisation problem with an integration problem, and integration is typically
more di cult than optimisation. However, this formulation turns the experimental design
problemto nd , into a double expectation and, if the design setD has enough structure
for calculus, then gradient-based stochastic optimisation can be applied, as discussed next.

3.2.3 Stochastic Optimisation and the Reparametrisation Trick

Following this decision-theoretic approach, an acquisition function is obtained in expecta-
tion form by plugging (3.5) into (3.2) and applying the law of total probability, producing

. . — lRR . . H .
ACiPrs i) = 3 L@a)dPr(@d n 1(f); @) dPi(gj n 1(f):  (3.6)

8A focus on squared error loss is only a mild restriction, since we are free to re-parametrise the quantity
of interest g ast q, wheret is an injective map (to ensure that information is not lost). Through careful
selection of t we may formulate the SED task in a setting where squared error loss is appropriate for the
task at hand.
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This acquisition function does not permit a closed form in general. Several general pur-
pose numerical methods have been proposed for maximisation of acquisition functions in
the literature, including Bayesian optimisation (Overstall & Woods, 2017; Kleinegesse &
Gutmann, 2019), non-gradient based Monte-Carlo methods, and approximation strategies.
Similar to the approach® of Wilson et al. (2018), here we consider the use of stochastic
optimisation technigues (Robbins & Monro, 1951a) for selecting an experiment for which
(3.6) is approximately maximised. For an overview of stochastic optimisation, see Kush-
ner & Yin (2003); Ruder (2016). To perform stochastic optimisation we rst perform a
reparametrisation trick ® (Kingma & Welling, 2013a), expressing

®® Pr(inaf); @), d°= (P onoa(f); @) ! P 3.7)

using a deterministic transformation of a random variable ! that is -independent.
Section 3.2.4, below, details how we applied the reparametrisation trick to a GP model.
Now, suppose further that the elements of the design set can be parametrised 43 =
f ,0.2rm F . Then, assuming su ciently regularity for the following calculus to be
well-de ned, an unbiased estimator of the gradient of the acquisition function is

KCINGRTSPRN I S S < T SR

@z (=1
where theg; are independent random variables with distribution equal toP; (j  1(f)) and
the ! j are independent random variables with distribution P. This is an instance ofnested
Monte Carlo and the optimal balance betweenN and M for a xed computational budget
is discussed in Rainforthet al. (2018), where, for a continuously di erentiable gradient of
the acquisition function, optimal convergence can be obtained withN / M 2. Our choices
of N and M are discussed at the beginning of Section 3.4GaussEDexploits a state-of-
the-art spectral approximation technique for GPs to perform the reparametrisation trick,
as presented next.

“In Wilson et al. (2018) the authors perform a reparametrisation trick by restricting attention to
acquisition functions that depend on the GP only at a nite number of locations in the domain X in
contrast, this chapter exploits a spectral approximation of the GP, described in Section 3.2.4.

SGradient based stochastic optimisation of the objective Q( ) = Ex p[f (X)] prq;(;eeds by computing
derivatives r f () and forming Monte-Carlo estimates of the gradient r Q( ) ,or f (xi) using
samples fxijg'-; from P. If the measure P depends on , that is P : , then one may not obtain
Monte-Carlo estimates of the gradient of Q( ) directly. However, if one is able to construct a measurable
function T such that P = T, Q for a measure Q not dependent on , then, by change of variables,
qu) = Ex p[f (X)] = Ey Q[f (T (Y))]- One may now form Monte-Carlo estimates of r Q( )

= Ly r £ (T (i), where fyigl,; are now samples fromQ. This is the reparametrisation trick .
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3.2.4 Gaussian Processes and Spectral Approximation

Up to this point our discussion applied to general statistical modelsP; for the latent func-
tion f. In the remainder GPs will be used, since they facilitate closed form conditional
distributions, as appearing in (3.6). The purpose of this section is twofold; to brie y intro-
duce the particular GP model used inGaussEDand to describe how the reparametrisation
trick was performed.

Recall from Section 1.2 that GPs admit conjugate inference, meaning that for a con-
tinuous linear functional 2 D, the conditional distributions P; (j (f)) are also GPs, with
mean and covariance functions that can be computed in closed form; see Section A.2.2.

For the purpose of performing the reparametrisation trick in (3.7), we require a method
to write a GP, such asf GP (;k ), as a deterministic transformationf = (! ) of a ran-
dom variable ! , such that the distribution of ! does not depend on or k. However, being
a nonparametric statistical model, an in nite-dimensional ! will in general be required.
This motivates the use of an accurate nite-dimensional approximation of a GP at the
outset, i.e. for the prior Ps. A truncated Karhunen{Loeve expansion (see e.g. Theorem
11.4 in Sullivan, 2015) in principle provides such a transformation, however this requires
computation of the eigenfunctions ofk, and linear functionals thereof, which will in general
be di cult. The solution adopted in GaussEDSs to use the nite-rank GP approximation
introduced in Solin & Sarkka (2019). Briey, for an isotropic covariance function k, the
prior model f GP (;k ) is approximated using a truncated basis expansion of the form

f= ()= + iy (3.8)

where the!; N (0;s(ID 1)) are jointly independent, s is the spectral density of k (see
Theorem 1.1), and the ; and ; are the corresponding eigenfunctions and eigenvalues
of the Laplacian over the domain X; see Chapter A for detail. The approximation
converges asm ! 1, with small values of m often su cient for accurate approximation;
see Riutort-Mayol et al. (2020). GaussEDputs the user in control of m, since m is the
principal determinant of computational complexity in the experimental design engine,
aside from the computations involving the latent function f itself.

The advantages of the spectral GP approximation in (3.8) in our setting are twofold:
First, it facilitates the reparametrisation trick, as discussed. Second, it facilitates the
straightforward application of integral and di erential operators to f, since for generic
domains such asX = [0;1]¢ the eigenfunctions ; of the Laplacian are simple products
of trigonometric functions, enabling derivatives and integrals of ; to be computed, either
exactly or to oating point precision using any standard numerical toolkit. A consequence
of the trigonometric form of the eigenfunctions ; when X = [0;1]% is that ;(x) = O

60



Chapter 3. A Probabilistic Programming Language for Sequential Experimental Design

for all x 2 @. This particular aspect of the Gaussian process model is exploited in
the experiment in Section 3.4.1. Of course, through an a ne input transformation, one
can transform the domain of the Gaussian process model asj;bn] ::: [aq;ky] for

experiments in Section 3.4.

3.2.5 Hyperparameter Estimation

To avoid over-complicated notation, we have until this point assumed that a GP model can
be speci ed at the outset. In reality this is often not possible, but often one is prepared
to posit a parametric class of GPs whose parameters (callellyperparameterg are jointly
estimated. In GaussEDthe hyperparmaters of the GP are estimated at each iteration
n ng of SED, using the available dataset ,(f) for someng 2 N. Maximum likelihood
estimation is employed, facilitated using automatic di erentiation and Adam (Kingma &
Ba, 2015). The role ofng is to guard against over-con dent inferences, since maximum
likelihood tends to over t when the dataset is small; see e.g. Chapter 5 of Rasmussen &
Williams (2006Db).

3.2.6 Conditioning and Posterior Sampling

We will now both derive and discussGaussEB approach to conditioning and sampling
from the posterior. For completeness, we present the derivation of the conditional distri-
butions of the Gaussian process model detailed in Section 3.2.4. For the sake of generality
we consider a general truncated basis model, which takes the form of

X
f()= + G i();

i=1

where the ¢ are pairwise independent Gaussian variables and the; form our basis func-

tions. Suppose that we have a vector oh continuous linear functionals , =( 1;:::; n)” 2
D", such that each ; belong to the design setD (see Section 3.2.1). We form the condi-
tional distribution f j ,(f) as follows, letting ¢ = (c1;:::;¢m)”, We have

! I
c N o Ke Ke

n(f) K¢ K

whereK¢. = C(c;0 2 R™ M, K¢e = C(c; n) 2R™ " K = KZ andK = C( n(f); n(f)) 2
R™ ". The conditional distribution can be computed using standard formulae as

cj n(f)= n(®) N C 5 );
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where
= Kc K 1 a(); (3.9)
= Kee KcK K (3.10)
Since the components ot are pairwise independent, we havi&K . = =diag( V(c1);:::;V(cnm))
Furthermore, since | is a vector of linear functionals, we have, for each 2f 1;:::;ng,
xn
if = G ij-
j=1
Therefore, we have
|
Xn xn ’
C(if, ;f)=2¢C Cki ki Ckij k
k=1 k=1
xn
= V)i ki k
k=1
andsoK =( )( ) ~,where( ) = i j. Finally, we have

|
. !
C(if;cj)=2C Ck i kiGj
k=1
=V(g) i j

and soK .=( ).

In order to sample from the posterior procesd ()j n(f), we can sample from the con-
ditional distribution cj ,(f) and then utilise the basis expansion off in equation (3.8).
In order to achieve this, we are required to perform a matrix square root of the posterior
covariance matrix . When conditioning on exact information, the resulting is singu-
lar, rendering the standard approach of Cholesky decomposition unsuitable. Furthermore,
the standard alternative approach of performing a singular value decomposition (SVD) is
unsuitable, since the  often have repeated singular values. The standard implementa-
tions of automatic di erentiation of the SVD assumes the uniqueness of the singular values
(Papadopoulo & Lourakis, 2000; Paszkeet al., 2019), leading to numerical instability when
the singular values are close to each other. Although there have been recent e orts to ad-
dress this (Wang et al., 2021b), the resulting algorithms are computationally prohibitive
in our setting. A simple alternative approach to sample fromcj n(f), that is amenable
to automatic di erentiation, is to add a small nugget term onto the diagonal of and
to then perform Cholesky decomposition. The size of the nugget can be adaptively tuned
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to be as small as possible in order to minimise the numerical error. Regardless, there will
still be associated numerical errors, and so this approach should only be utilised when
automatic di erentiation involving posterior samples is required.

An alternative method of sampling from f () .(f) is called Matheron's update rule
(Wilson et al., 2021, Corollary 4). Matheron's update rule takes the form

FOI n® 2O+ CEO: @)K Y ad  nf): (3.11)

The advantage of Matheron's update rule over the preceding approach is that we are not
required to compute the square root of

In GaussEDwe o er a range of choice over the linear algebra solvers the user can
employ. We also leave open the possibility of the user implementing their own bespoke
solvers. By default in GaussEDand thus in all the experiments in Section 3.4, when
employing sequential experimental design, posterior functions are sampled through Math-
eron's update rule due to its performance advantages and the lack of a need to di eren-
tiate through a matrix square root. Otherwise, posterior functions can be sampled either
through Matheron's update rule or by sampling cj n(f), with the default solver utilising
Cholesky decomposition to invert matrices and SVD to perform matrix square roots.

3.2.7 Optimising the Acquisition Function

As discussed in Section 3.2.3, we utilise stochastic optimisation methodology in order to
optimise the acquisition function. Unfortunately, the acquisition functions often exhibit
multiple local optima, implying that it is unlikely that the optimiser will nd a global
optima. There are many approaches to reduce this probability, for instance by running
the optimiser at di erent initialisations until convergence in parallel. In GaussEDthe
default approach is to sample uniformly from the design setN 2 N times and then
evaluate the acquisition function at each of theN sample points and proceed to initialise
the optimiser at the best obtained point. This was the approach used in all the experiments
of Section 3.4, with a defaultN = 200 number of samples.

Furthermore, when the parameterisations of the design sets are a Cartesian products
of d 2 N intervals, which is the case for all experiments in Section 3.4, we perform a
reparameterisation to ensure the parameterisation of the design set iRY. This is achieved
by using a scaled logit function of the form

logit(x;a;b) =log((x a)=b a)) log(l (x a)=(b a));

where, forx;a;b2 RY, we consider logit to be applied component-wise.
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k = MaternKernel(3, dim=2)
goi = HilbertGP(k)

obs = Laplace(qoi)

loss = L2(qoi)

d = EvaluationDesign(obs, initial_design)
acq = BayesRisk(qoi, loss, d)

experiment = Experiment(obs, laplace_f, d, acq)
experiment.run(n=150)

Figure 3.1: Example syntax for GausseD

3.3 Syntax for GaussED

GaussEDs implemented in Python and utilises the automatic di erentiation capabilities
of PyTorch (Paszke et al., 2019). Source code forGaussEDcan be downloaded from
https://github.com/MatthewAlexanderFisher/GaussED

The simple syntax of GaussEDs demonstrated in Figure 3.1, where we present the code
used to solve the Poisson's equation considered in Section 3.4.1. In this problem, we are
using evaluations of the Laplacian of a functionf to infer the value of f, subject to boundary
conditions. The syntax of GaussEDconsists of a statistical modelf for f (qoi), here a
zero mean GP with Magern covariance function (k) and smoothness parameter = 3, the
Laplacian of f (laplace _f) from which we take observations, the Laplacian off (obs), a
loss (oss ), a design d) speci ed with an initial  _design, and acquisition function (acq).
The acquisition function used here is theBayesRisk acquisition of (3.6), but GaussgeD
retains the capability for alternative acquisition functions in the event that they can be
user-speci ed. The experiment object gxperiment ) then collates these objects together
to perform n = 150 iterations of SED, whilst automatically optimising hyperparameters
through maximum-likelihood estimation as speci ed in Section 3.2.5.

3.4 Demonstration

The aim of this section is to highlight the diverse and non-trivial applications that can be
tackled, almost trivially, using GaussEDIn all the following experiments, the value of N
and M in the stochastic gradient estimator of the acquisition function (see Section 3.2.3)
are given the default values ofN =81 and M = 9. These values were selected because
they were among the smallest values for which stochastic optimisation was routinely suc-
cessful. Furthermore, in all the following experiments, we utilised the adaptive moment
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estimation (Adam; Kingma & Ba, 2015) stochastic optimisation methodology, with the
default learning rate 0:1 and used 1000 iterations of Adam per step of SED. Other choices
of stochastic optimisation methodology are investigated in Section B.2.1. Finally, in all the
following experiments, Adam was used to optimise the hyperparameters of the Gaussian
models, with learning rate 10 3 and we used 1000 iterations of Adam per step of SED.
For completeness, theGaussEDcode used to run the experiments in Section 3.4.2 and
Section 3.4.3 are presented and discussed in Section C.1 and Section C.2 respectively.

3.4.1 Probabilistic Numerical Solution of PDEs

Our rst example concerns the probabilistic numerical solution of Poisson's equation with
Dirichlet boundary conditions. SED for such problems was investigated with bespoke code
in Cockayne et al. (2016). The PDE we consider is de ned onX =[ 1;1] and takes the
form

f(x) = g(x); X2X;
f(x)=0; X2 @X:

Our quantity of interest is the solution f and we compute this solution using evaluations
from an expensive, black-box sourcey. For this demonstration we took

g(x) = 320x3expf (3:2x1)2 (10x2 5)%gj:

The latent f was modelled as a GH with zero-mean and Magrn covariance with smooth-
ness parameter = 3:5 and with m = 302 basis functions. This smoothness parameter
was chosen to ensure the corresponding GP samples are almost surely containedda(X ),
implying the evaluations of the Laplacian of f are continuous linear functionals (see Sec-
tion A.2.3). In order to enforce the boundary conditions of the PDE, utilising an a ne
input transformation Section 3.2.4, we speci ed the domain of the Gaussian procesk as
[ 1;1F.
Since the quantity of interest was the function f, the loss takes the form
Z
L(g;d) = kg g%®= 900 gYx)j% dx:

Since there is not a closed-form solution to this integral wherg is a Gaussian process, we
proceed by approximating the integral through a cubature rule. For this experiment, we
performed a Riemann sum over a uniform 15 15 grid over the domainX =[ 1;1F.

Following the methodology of Section 3.2.5, to prevent over tting the amplitude and
lengthscale”, we only began optimising the hyperparameters aftemg = 10 iterations of
SED. The initial parameter values were takenas =1 and * =0:2.
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@) (b) (©

Figure 3.2: Contour plot of g with the design points determined by SED overlaid (a), the posterior
mean function of f conditioned on data determined by SED (b). In (c), we plot the log of the I
distance against the log of the number of points gathered up to stem of SED. The blue line is of
gradient 1=2, representing the optimal convergence rate of Il distance FD.

The design setD, parameterised byx 2 X, consists of functionals of the form (f) =
f(x). Results are shown in Figure 3.2 and took 571 minutes to obtain, using the 8 lines
of code, excluding whitespace, shown in Figure 3.1.

In Wendland (2004) and Novak & Waniakowski (2010), it was established that the
error between the posterior mean of a stationary GP and the corresponding latent function
is sharply upper-bounded by the Il distance of the design. The Il distance, FD, provides
a measure on how a given set of points lls space. For a bounded s, it is de ned as
follows:

FD(fxigL;;X)=sup min kx xjk
x2X

For a set of n points in X  R?, the minimal Il distance is of order O(n ™). In
Figure 3.2c, for each iteration of SED, we report the Il distance of the design. It can,
therefore, be seen that the space lling nature of the design roughly obtains the optimal
rate of convergence, thus validating our SED methodology.

3.4.2 Tomographic Reconstruction

Our next example is that of tomographic reconstruction (Mersereau & Oppenheim, 1974),
where, for a given latent functionf : X I R, whereX =[ 1;1]%, we seek to reconstruct
f using line-integral data of the form
Zy
)= frx) rx) dx;
a

wherer is a parameterisation of a lineL = fmx + ¢jm 2 S¢ 1;x 2 R;c2 RY\ X , such
that jr{x)j = jmj =1 and r(a) and r(b) are the endpoints ofL. SED for this problem was
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recently addressed, using bespoke code, in Burget al. (2021) and Helin et al. (2021).
We consider a toy example, the tomographic reconstruction of a circld : X ! R,

de ned as 8

<1; whenkx (0:4;0:4)k< 0:3;

f(x) =,

© 0; otherwise
Due to the non-stationary nature of the quantity of interest, we take our statistical model
f of f as a non-stationary Gaussian process model, witm = 282 basis functions de ned on
the domain [ 1:1;1:1]%. We took our statistical model f as a non-stationary Gaussian pro-
cess: a spatial deformation (see Section 1.2.2) of a mean-zero GP with Magkrn covariance
with smoothness parameter = 2:5. The spatial deformation used is constructed using
the CDF of a mixture distribution supported on the domain [ a;a], where we takea=1:1
in the experiment. Consider the following CDF with parameters = (wg;Wy; ; 2),

P(x)= wi(x=a+1) =2+ wy ( T(X); ; 2);

where w; and w, are non-negative constants satisfyingws + wo = 1, ( ;; 2)is the
CDF of a normal distribution with mean  and variance 2, and T is a scaled sigmoidal

transform of the form exp(X)
T(x)=2 aiexp(x) T 1
This transformation ensures that P ( a) = 0 and P (a) = 1. The above CDF corre-
sponds to a mixture distribution consisting of a U( a;a) random variable and a trans-
formed Gaussian variable with density function Tq) (T(); ; 2),where ( ;; ?2)isthe
density function of a normal distribution with mean  and variance 2. Our full spatial

deformation S:[ L:1;1:12! [ 1:1; 1L:1P, then takes the full form
S:(xy) 7t 22P ,(x) L1,22P (y) 11 ;

where now » and y are dimension dependent parameters. The hyperparameters of the
Gaussian process, therefore, consist of=( ;7 «; y).
Since the quantity of interest wasf, the loss again takes the form
Z

L(g;P = kg o%= ng(x) g9x)j? dx:

We follow the same approach of Section 3.4.1 and approximate the integral through a
Riemann sum, now over a uniform 25 25 grid over the domain ( 1;1)2.
Again, following the methodology of Section 3.2.5, to prevent over tting the amplitude
and lengthscale™, we only began optimising the hyperparameters afteng = 10 iterations
of SED. The initial parameter values were taken as =1 and * =0:1.
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Figure 3.3: Results for Tomographic reconstruction. The top row displays the obtained designs,
overlaying a contour plot of the quantity of interest f. Each translucent red bar indicates the
region over which the 9 line integrals were computed. The bottom row displays the corresponding
contour plots of the posterior mean. The rst three columns display the SED output at steps
n =1;10; 25 of the non-stationary Gaussian model, the fourth column displays the SED output at
step n = 25 of a stationary Gaussian model and the fth column displays the output of picking a
random design with a stationary Gaussian model.

For this demonstration, following the approach of (Burger et al., 2021), the SED was
parameterised by (;x;y ). This determines a set of 9 parallel lines, centered atX;y) 2
[ 1;1)?, over which we observe the line integrals off over. Each of these lines are of
perpendicular distance 003 from another and of gradient tan( ). Note that, at each
iteration of SED, we evaluate 9 elements from the design sebD.

Results are shown in Figure 3.3 and took 110 minutes to obtain, using the 32 lines
of code contained in Section C.1. The non-stationary results are compared against a
stationary model with either a design determined through SED, or a randomly chosen
design. It can be seen that the obtained designs for the non-stationary and stationary
approach possess similar, space lling properties, indicating the introduction of a non-
stationary GP was unimportant in the SED.

3.4.3 Gradient-Based Bayesian Optimisation for Maximum Likelihood

In many settings of emulation, the latent function is a likelihood arising from some com-
putationally prohibitive system of di erential equations where the target of interest is the
maximume-likelihood estimate. Our next example is parameter inference for a non-trivial
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likelihood arising from a standard Lotka{Volterra model of the form

dp _ .
at p pa;
dg (3.12)
at = pg q,

wherep(t); q(t) > 0 are the predator and prey populations respectively at timet and ; ;
and are free parameters to be inferred. For the purposes of this thesis and in order to
visually inspect the resulting designs, we consider inferring only and from a noisy
perturbed Gaussian dataset, which we collect in a single parameter vector=( ; ). The
remaining parameters, and , are then taken as xed. Our latent function f: X ! R is
then the corresponding log-likelihood function, denoted lod- and our quantity of interest
isg(logL) = max ,x logL( ). We also assume that the score logL( ) of the likelihood
L is also available. Therefore, the design seD consists of evaluations (logL) = log L
and evaluations of the gradient (logL)=r logL.

Synthetic data (pi; ¢)>%;, was generated at timest = 0; 1;:::;50 by perturbing the so-

lution of the Lotka-Volterra model, with parameter values (; ; ; ) =(0:5;0:1;0:3;0:1),
with mean-zero Gaussian errors with variance 2 = 0:05°. The data used for the log-
likelihood and the corresponding true solution with (; ; ; ) =(0:5;0:1;0:3;0:1) is dis-

played in Figure 3.4.

Figure 3.4: Solution of the Lotka-Volterra model with parameter values = (0:5;0:1; 0:3; 0:1) with
the synthetic data y = (pi; )%, used in the log-likelihood overlaid.

The latent f was modelled as a GPf with zero-mean and Magern covariance, with
smoothness parameter = 3 and m = 352 basis functions. Utilising an a ne input
transformation, we took the domain of the GP as [04; 0:95] [0:04; 0:55].

Since the quantity of interest is g(logL) = max (. ox logL, our loss function takes
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(a) (b)

Figure 3.5: Contour plot of the posterior mean function (a), and the target log-likelihood (b) with
the design points determined by sequential design overlaid. The color of the design points in (b)
is determined by the order by which they were selected by the sequential experimental design.

the form

L(g;d) = (max (a(; ) max 9%; )

Since this does not have have a closed form solution wheg is a Gaussian process, we
used a grid-based optimiser using a uniform 40 40 grid over the domain of interest
[0:45;0:9] [0:09; 0:5].

We began optimising the hyperparameters at step ng = 0. The initial parameter
values parameter values were takenas =1, " =0:1. x=(1,;0;0;1) and y=(1,0;0;1),
thus specifying the initial spatial deformation as the identity function.

For this demonstration, the SED was parameterised by 02 X, which determines
the observation (logL( 9;r L( 9). At each iteration of SED, we therefore evaluate 3
elements from the design seD. Through a sensitivity analysis of the quantity of interest,
the domain X, over which we optimise, was taken asX =[0:45;0:9] [0:09; 0:5]. This was
due to numerical instability in the solver at more extreme values of and

Results are shown in Figure 3.5 and compared to standard non-probabilistic rst order
optimisation methods, gradient ascent and L-BFGS (Nocedal, 1980), in Figure 3.6. In
order to compare the methodology fairly, we initialised all algorithms at the midpoint of
the domain X. We ran the sequential experimental design fom = 30 iterations and the
results took 97 minutes to obtain, using the 17 lines of code contained in Section C.2.

It can be seen from Figure 3.6a, that Bayesian optimisation obtains the maximum
within 11 evaluations of the quantity of interest, whereas the non-probabilistic approaches
fail to nd the optimum within 30 evaluations. Therefore, it is clear that Bayesian op-
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(@) (b)

Figure 3.6: Convergence analysis of di erent optimisation approaches. The left panel (a) displays
the maximum value obtained at each iteration of optimisation methodology, with the horizontal
dotted line indicating the true optimum value. The right panel (b) displays the coordinate position
of the obtained maximum value, where the coloredé symbols indicate the coordinate position of
the obtained maximum value at termination. For Bayesian optimisation, the maximum of the
posterior mean is reported.

timisation, with gradient data, outperforms the rst order optimisation methods, under
the regime of a limited number of available evaluations of the quantity of interest. Fur-
thermore, the obtained design in Figure 3.5b lacks the space- lling nature of the previous
stationary examples, due to the non-linear nature of the quantity of interest.

3.5 Discussion

This chapter introduced GaussEDa simple PPL coupled to a powerful engine for SED.
In doing so we solved two open problems in PPL for SED: (P1) allowing for general
continuous linear functional data, and (P2) removing the requirement for an acquisition
function to be speci ed. To achieve (P1), recent advances in the spectral approximation of
GPs were exploited, while for (P2) a decision-theoretic approach was proposed, requiring
only a loss function at the level of their quantity of interest (the speci cation of which,
compared to the design of an acquisition function, is comparatively straightforward).

Experiments illustrated the diverse applications that can be automatically solved using
GaussEDHowever, automation of SED comes at a cost, andsaussEDSs restricted both
to linear data and to GP models, in terms of the datasets and statistical models that can
be considered. The introduction of additional exibility in these two respects is left as a
topic for further work.
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Chapter 4

Measure Transport with Kernel
Stein Discrepancy

Measure transport underpins several recent algorithms for posterior approximation in the
Bayesian context, wherein a transport map is sought to minimise the Kullback{Leibler
divergence (KLD) from the posterior to the approximation. The KLD is a strong mode of
convergence, requiring absolute continuity of measures and placing restrictions on which
transport maps can be permitted. Here we propose to minimise a kernel Stein discrep-
ancy (KSD) instead, requiring only that the set of transport maps is dense in anL? sense
and demonstrating how this condition can be validated. The consistency of the associ-
ated posterior approximation is established and empirical results suggest that KSD is a
competitive and more exible alternative to KLD for measure transport.

4.1 Introduction

A popular and constructive approach to approximation of complicated distributions is to
learn a transformation from a simpler reference distribution. Within machine learning,
neural networks are often used to provide exible families of transformations which can be
optimised by stochastic gradient descent on a suitable objective, withvariational autoen-
coders (Kingma & Welling, 2013b; Rezendeet al., 2014), generative adversarial networks
(Goodfellow et al., 2014), generative moment matching networkgLi et al., 2015; Dziugaite
et al., 2015) andnormalizing ows (Rezende & Mohamed, 2015; Kingmeet al., 2016; Dinh
et al., 2016; Papamakarioset al., 2019; Kobyzevet al., 2020) all tting in this framework.
The principal application for such generative models idistribution estimation ; samples are
provided from the target distribution and the task is to t a distribution to these samples.
Parallel developments within applied mathematics view the transformation as atransport
map performing measure transport (Marzouk et al., 2016; Parno & Marzouk, 2018). The
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principal application for measure transport is posterior approximation; an un-normalised
density function de nes the complicated distribution and the task is to approximate it.
In this chapter we study posterior approximation, noting that the exible transformations
developed in the machine learning literature can also be applied to this task.

Measure transport provides a powerful computational tool for Bayesian inference in set-
tings that can be challenging for standard approaches, such as Markov chain Monte Carlo
(MCMC) or mean eld variational inference. For example, even sophisticated MCMC
methods can fail when a posterior is concentrated around a sub-manifold of the parameter
space (Livingstone & Zanella, 2019; Auet al., 2020), while it can be relatively straight-
forward to de ne a transport map whose image is the sub-manifold (Parno & Marzouk,
2018; Brehmer & Cranmer, 2020). Likewise, mean eld variational inference methods can
perform poorly in this context, since independence assumptions can be strongly violated
(Blei et al., 2017).

Let Y be a measurable space equipped with a probability measur®, representing
the posterior to be approximated. The task that we consider in this chapter is to elicit
a second measurable space, equipped with a probability measure Q, and a measurable
function T : X 'Y , such that the push-forward T4 Q (i.e. the measure produced by
applying T to samples from Q) approximates P, in a sense to be specied. It is further
desired that Q should be a \simple" distribution that is easily sampled. In contrast to
the literature on normalising ows, it is not stipulated that T should be a bijection, since
we wish to allow for situations whereX and Y have di erent cardinalities or where P is
supported on a sub-manifold.

A natural starting point is a notion of discrepancy D(P1; P2) between two probability
measures,P1 and P», on Y, with the property that D(P1;P2) =0 if and only if P; and P>
are equal. Then one selects a measurable spaieand associated probability measureQ
and seeks a solution to

argminD(P; T4 Q); (4.2)
T2T

over a suitable setT of measurable functions fromX to Y. A popular choice of D is the
Kullback-Leibler divergence (KLD), giving rise to variational inference (Blei et al., 2017;
Agrawal et al., 2020), but other discrepancies can be considered (Ranganatt al., 2016).
The problem in (4.1) can be augmented to include also the selection of and Q, if desired.

The solution of (4.1) provides an approximation to P whose quality will depend on
the set T and the discrepancyD. This motivates us to consider the choice ofT and D,
taking into account considerations that go beyond computational tractability. For exam-
ple, a desirable property would be that, for a sequence of probability measured?)nan, if
D(P;P,)! OthenP,! P insome suitable sense. Fob = Dy, , the KLD 1, it holds that

1We use the notation Dk, (P; Q) = KL( QjjP).
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DkL (P;Pn) ! 0O implies P, converges toP in total variation, from Pinsker's inequality
(Tsybakov, 2009). This is a strong mode of convergence, requiring absolute continuity
of measures that may be dicult to ensure when the posterior is concentrated near to
a sub-manifold. Accordingly, the use of KLD for measure transport places strong and
potentially impractical restrictions on which maps T are permitted (e.g. Marzouk et al.,
2016; Parno & Marzouk, 2018, required thatT is a di eomorphism with detr T > 0 on
X). This motivates us in this chapter to consider the use of an alternative discrepancy
D, corresponding to a weaker mode of convergence, for posterior approximation using
measure transport. The advantage of discrepancy measures inducing weaker modes of
convergence has also motivated recent developments in generative adversarial networks
(Arjovsky et al., 2017).

Our contributions are as follows:

We propose kernel Stein discrepancy (KSD) as an alternative to KLD for posterior
approximation using measure transport, showing that KSD renders (4.1) tractable
for standard stochastic optimisation methods (Proposition 4.1).

Using properties of KSD we are able to establish consistency under explicit and
veri able assumptions on P, Q and T (Theorem 4.2).

Our theoretical assumptions are weak { we do not even requird to be a bijection
{ and are veri ed for a particular class of neural network (Proposition 4.3). In
particular, we do not require Q and P to be de ned on the same space, allowing
quite exible mappings T to be constructed.

Empirical results support KSD as a competitive alternative to KLD for measure
transport.

Earlier work on this topic appears limited to Hu et al. (2018), who trained a neural
network with KSD. Here we consider general transport maps and we establish consistency
of the method, which these earlier authors did not. We note also that gradient ows
provide an alternative (implicit) approach to measure transport (Liu & Wang, 2016).

Outline:  The remainder of the chapter is structured as follows: Section 4.2 intro-
duces measure transport using KSD, Section 4.3 contains theoretical analysis for this
new method, Section 4.5 presents a detailed empirical assessment and Section 4.6 contains
a discussion of our main ndings.
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4.2 Methods

This section introduces measure transport using KSD. In Section 4.2.1 and Section 4.2.2 we
recall mathematical de nitions from measure transport and Hilbert spaces, respectively;
in Section 4.2.3 we recall the de nition and properties of KSD; in Section 4.2.4 we formally
de ne our proposed method, and in Section 4.2.5 we present some parametric familids
that can be employed.

Notation: ~ The set of probability measures on a measurable spacé is denoted P (X)
and a pogmt mass atx 2 X is denoted (x) 2 P(X). For P 2 P(X) let L9P) = ff :
X1 R: jfj%dP < 1g . For P 2 P (R% and (Py)nan P (RY), let P, ) P denote weak
convergence of the sequence of measureB,jnon to P. The Euclidean norm on R" is
denotedk k. Partial derivatives are denoted @. For a function f : R"! R the gradient
isdenedas | fli= @f. Forafunction f =(fq;:::;fn): R" ! R™, the divergence is
denedasr f= [, @fi.

Our main results in this chapter concern the Euclidean spaceRY, but in some parts
of the chapter, such as Section 4.2.1, it is possible to state de nitions at a greater level of
generality at no additional e ort - in such situations we do so.

4.2.1 Measure Transport

A Borel space X is a topological space equipped with its Borel -algebra, denoted .
Throughout this chapter we restrict attention to Borel spaces X and Y. Let Q 2 P (X)
and P 2 P (Y). In the parlance of measure transport,Q is the reference and P the target.
Let T : X 'Y be a measurable function and de ne thepushforward of Q through T as
the probability measure T4 Q 2 P (Y) that assigns mass T Q)(A) = Q(T 1(A)) to each
A2 y.HereT Y(A)= fx2X :T(x) 2 Ag denotes the pre-image ofA under T. Such
a function T is called atransport map from Qto P if T, Q= P.

Faced with a complicated distribution P, if one can expressP using a transport map
T and a distribution Q that can be sampled, then samples fromP can be generated by
applying T to samples from Q. This idea underpins elementary methods for numerical
simulation of random variables (Devroye, 2013, Section 2.2). However, in posterior ap-
proximation it will not typically be straightforward to identify a transport map and at
best one can seek aapproximate transport map, for which Ty Q approximates P in some
sense to be speci ed. In this chapter we seek approximations in the sense of KSD, which
is formally introduced in Section 4.2.3 and requires concepts in Section 4.2.2, next.
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4.2.2 Hilbert Spaces

A Hilbert space H is a complete inner product space; in this chapter we use subscripts,
such ash; iy, to denote the associated inner product. Given two Hilbert spaces, H,
the Cartesian product G H is again a Hilbert space equipped with the inner product
hg1; h1); (g2 ho)igu = hoi; geig + thy;hoig. In what follows we let B(H) = fh 2 H
hh;hiy  1g denote the unit ball in a Hilbert space H.

From the Moore{Aronszajn theorem (Aronszajn, 1950), any symmetric positive def-
inite function k :' Y Y ! R denes a unigue reproducing kernel Hilbert spaceof real-
valued functions onY, denoted Hy and with inner-product denoted h; iy, . Indeed, Hy
is a Hilbert space characterised by the properties (i)k(;y) 2 Hy for all y 2 Y, (ii)
hh; K(;y)in, = h(y) forall h 2 Hy, y 2 Y. Reproducing kernels are central to KSD, as
described next.

4.2.3 Kernel Stein Discrepancy

Stein discrepancies were introduced in Gorham & Mackey (2015) to provide a notion of
discrepancy that is computable in the Bayesian statistical context. In this chapter we
focus on so-calledkernel Stein discrepancy(KSD; Liu et al., 2016; Chwialkowskiet al.,
2016; Gorham & Mackey, 2017) since this has lower computational overhead compared to
the original proposal of Gorham & Mackey (2015).

The construction of KSD relies on Stein's method (Stein, 1972) where, for a possibly
complicated probability measure P 2 P (Y) of interest, one identi es a Stein setF and a
Stein operator Ap, such that Ap acts on elementsd 2 F to return functions Apf : Y! R
with the property that

PO= P i Ey pol(Apf)(Y)=0 8F 2F; (4.2)

for all P2 P(Y). A Stein discrepancy uses the extent to which (4.2) is violated to
quantify the discrepancy betweenP%and P:

Ds(P; P9 = ?gg JEy po[(Apf)(Y)I]):

Note that Dg is not symmetric in its arguments. For Y = RY and suitably regular P, which
admits a positive and di erentiable density function p, Liu et al. (2016); Chwialkowski
et al. (2016) showed that one may takeF to be a set of smooth vector eldsf : R4! Rd
and Ap to be a carefully chosen di erential operator on RY. More precisely, and letting
Sp = r logp, we have Theorem 4.1 below, which is due to Gorham & Mackey (2017,
Theorem 7):
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De nition 4.1  (Eberle (2015)). A probability measure P 2 P (RY) is called distantly
dissipative if liminf 1 (r) > 0, where

(= 2infi g MBp(X)  Sp(Y)ix Vi

Theorem 4.1. Suppose thatP 2 P (RY) is distantly dissipative. For somec > 0, > > 0
and 2 ( 1;0), let

F=B Qidzl He ; k(xy) = (c2+ kX2K?) ; (4.3)
Apf =f r logp+r f: (4.4)

Then (4.2) holds. Moreover, if Dg(P;P,)! O, thenP,) P.

The kernel k appearing in (4.3) is called theinverse multi-quadric kernel. It is known
that the elements of Hy, are smooth functions, which justi es the application of the di er-
ential operator. The last part of Theorem 4.1 clari es why KSD is useful; convergence in
KSD controls the standard notion of weak convergence of measures t8.

KSD, in contrast to KLD, is well-de ned when the approximating measure P° and
the target P dier in their support. Moreover, in some situations KSD can be exactly
computed: from Liu et al. (2016, Theorem 3.6) or equivalently Chwialkowskiet al. (2016,
Theorem 2.1),

q
Ds(P;P9 = Ey.yo pofup(Y;Y9)] (4.5)
up(y; Y9 = sp(¥)” K(y: YIsp(y) + sp(y)”r yok(y;y9
+ 1y k(y; Y97 sp(Y0 + 1y 1 oyok(y;y9: (4.6)

It follows that KSD can be exactly computed wheneverP®has a nite support and Sp can
be evaluated on this support:

Im)

P I
Ds Pinx Ly V) = a2 i=1 Up(Yiy)): (4.7)

Computation of (4.7) can proceed with p available up to an unknown normalisation con-
stant, facilitating application in the Bayesian context. Now we are in a position to present
our proposed method.

4.2.4 Measure Transport with KSD

Our proposed method for posterior approximation is simply stated at a high level; we
attempt to solve (4.1) with D = Dg and over a setT of candidate functionsT : X 'Y
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indexed by a nite-dimensional parameter 2 . That is, we aim to solve
argmin Dg(P; T4 Q): (4.8)
2

Discussion of the choice ofT is deferred until Section 4.2.5. Compared to previous ap-
proaches to measure transport using KLD (Rezende & Mohamed, 2015; Kingmat al.,
2016; Marzouket al., 2016; Parno & Marzouk, 2018), KSD is arguably more computation-
ally and theoretically tractable; the computational aspects will now be described.

The solution of (4.8) is equivalent to minimisation of the function F( ) := Dg(P; T, Q)2
over 2 . In order to employ state-of-the-art algorithms for stochastic optimisation, an
unbiased estimator for the gradientr F( ) is required. A naive starting point would be
to di erentiate the expression for the KSD of an empirical measure in (4.7), however the
resulting V-statistic is biased. Under weak conditions, we establish instead the following
unbiased estimator (aU-statistic) for the gradient:

Proposition 4.1. Let RP be an open set. Assume tha8 2
(A1) (X9 70 up(T (x); T (x9) is measurable;

(A2) Exxxo g jup(T (X);T (X9)j <1;

(A3) Exxo g kr up(T (X);T X%k <1;

and that 8x;x%2 X ,

(Ad) T'r up(T (x);T (x9) is continuous.

Then 8 2
h =) i
rFO=E a1 u(T kT () (4.9)
i6]

where the expectation is taken with respect to independent samplgs;:::; X, Q.

All proofs are contained in Section 4.4. The assumptions om, amount to assumptions
onT, pandKk, by virtue of (4.6). Itis not di cult to nd explicit assumptionson T, pand
k that imply (Al-4), but these may be stronger than required and we prefer to present
the most general result.

Armed with an unbiased estimator of the gradient, we can employ a stochastic opti-
misation approach, such as stochastic gradient descent (SGD; Robbins & Monro, 195}
or adaptive moment estimation (Adam; Kingma & Ba, 2015). See Kushner & Yin (2003);
Ruder (2016). For the results reported in the main text we used Adam, but other choices
were investigated (see Section B.3.1).
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4.2.5 Parametric Transport Maps

In this section we describe some existing classes of transport map : X 'Y that are
compatible with KSD measure transport. From Proposition 4.1 we see that measure
transport using KSD does not impose strong assumptions on the transport map. Indeed,
compared to KLD (Rezende & Mohamed, 2015; Kingmeet al., 2016; Marzouket al., 2016;
Parno & Marzouk, 2018) we do not require that T is a di eomorphism (T need not even
be continuous, nor a bijection), making our framework considerably more general. This
additional exibility may allow measure to be transported more e ciently, using simpler
maps. That being said, if one wishes to compute the density ofl; Q (in addition to
sampling from Ty Q), then a di eomorphism, along with the usual change-of-variables
formula, should be used.

Triangular Maps: Rosenblatt (1952) and Knotheet al. (1957) observed that, forP; Q 2
P (RY) admitting densities, a transport map T : R4 ! RY can without loss of generality
be sought in the triangular form

T(x) = ( Ta(x1); Ta(X1: X2)s 115 Ta(Xas 1115 Xa)); (4.10)

where eachT; : R'' I R and x = (x1;:::;Xq) (Bogachev et al., 2005, Lemma 2.1). The
triangular form was used in Marzouk et al. (2016); Parno & Marzouk (2018), since the
Jacobian determinant, that is required when using KLD (but not KSD), can exploit the
fact that r T is triangular to maintain linear complexity in d.

Maps from Measure Transport: In the context of a triangularmap T = (Ty;:::; Tq),
Marzouk et al. (2016) and Parno & Marzouk (2018) considered several parametric mod-
els for the componentsT;, including polynomials, radial basis functions and monotone
parameterisations of the form

X

for functions f; : R" 11 Randg : R'! R. The monotone parameterisation ensures
that detr T > 0 on RY, which facilitates computation of the density of T4 P, as required
for KLD 2.

Maps from Normalising Flows: The principal application of normalising ows is
density estimation (Papamakarios et al., 2019; Kobyzevet al., 2020), but the paramet-
ric families of transport map used in this literature can also be used for posterior ap-

2For polynomials and radial basis functions, these authors only enforced detr T > 0 locally, introducing
an additional approximation error in evaluation of KLD; such issues do not arise with KSD.
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proximation (Rezende & Mohamed, 2015). A normalising ow is required to be a dif-
feomorphism T : RY | RY with the property that the density of T4 Q can be com-
puted. A popular choice that exploits the triangular form (4.10) is an autoregressive ow
Ti(x) = (c(X1;:::;%i 1);Xi), where is a monotonic transformation of x; parameterised
by ¢, e.g. an ane transformation Ti(X) = iX; + ; where¢ outputs ; 6 0 and ;.
For instance, Kingma et al. (2016) proposedinverse autoregressive ows(IAF), taking
T(X) = +exp( ) x. Here is elementwise multiplication and and are vectors
output by an autoregressive neural network: one designed so that;; ; depend onx only
through x; for j<i . In Huang et al. (2018), was the output of a monotonic neural net-
work and the resulting ow was called a neural autoregressive ow (NAF). Compositions
of normalising ows can also be considered, of the form

T=T1M T® (4.11)
where eachT() is itself a normalising ow e.g. a IAF. For instance, Dinh et al. (2014)

r<d andh:R"! R"is a bijection. These only update the rst r components ofx, so
they are typically composed with permutations.

Regardless of the provenance of a transport map, all free parameters ofT are collec-
tively denoted , and are to be estimated. The suitability of a parametric set of candidate
maps in combination with KSD is studied both empirically in Section 4.5 and theoretically,
next.

4.3 Theoretical Assessment

In Section 4.3.1 we a rm basic conditions on P and Q for a transport map to exist. In
Section 4.3.2 we establish su cient conditions for the consistency of our method and in
Section 4.3.3 we consider a particular class of transport maps based on neural networks,
to demonstrate how our conditions on the transport map can be explicitly validated. All
proofs are contained in Section 4.4.

4.3.1 Existence of an L? Transport Map

For a complete separable metric spac& , recall that the Wasserstein spaceof orderp 1
is de ned by taking some xp 2 X and

Pp(X) = P2P(X): Rdist(x;xo)de(x) <1 ;
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where the de nition is in fact independent of the choice ofxg 2 X (Villani, 2009, De nition
6.4). For existence of a transport map, we make the following assumptions oR and Q:

Assumption 1  (Assumptions on Q). The reference measur&) 2 P (X), where X is a
complete separable metric space, an@(fxg) =0 for all x 2 X..

Assumption 2 (Assumptions on P). The target measure P 2 P,(RY) has a strictly
positive density p on RY.

These assumptions guarantee the existence of a transport map with? regularity, as
shown in the following result:

Proposition 4.2.  If Assumptions 1 and 2 hold, then there exists a transport magl 2
¢, L%(Q) such that T4 Q = P.

Of course, such a transport map will not be unique in general.

4.3.2 Consistent Posterior Approximation

The setting for our theoretical analysis considers a sequencd@{),2n Of parametric classes
of transport map, where intuitively T, provides a more exible class of map as is in-
creased. For example, T, could represent the class of triangular maps comprising ohth
order polynomials, or a class of normalising ows comprising oh layers in (4.11).

Qq

Assumption 3 (Assumptions on T,). There exists a subsetT _; L2(Q) containing
an elementT 2 T for which T4 Q = P. The sequence Tn)n2n Satises T, T with
Th Tmforn mandT; =limh1 T, is a dense setinT.

Proposition 4.2 provides su cient conditions for the set T in Assumption 3 to exist;
the additional content of Assumption 3 ensures that T; is rich enough to consistently
approximate an exact transport map, in principle at least. Next, we state our consistency
result:

Theorem 4.2. Let Assumptions 1 to 3 hold. Further suppose thatP is distantly dis-
sipative, with r logp Lipschitz and Ex p[kr logp(X)k?] < 1 . Suppose thatT, 2 Tp
satis es

Ds(Pi(Tn)#Q) inf Ds(PiT, Q" 0; (4.12)
with Ds de ned in Theorem 4.1. Then (Tp)x Q) P.

The statement in (4.12) accommodates the reality that, although nding the global
optimum T 2 T, will typically be impractical, one can realistically expect to nd an
element T, that achieves an almost-as-low value of KSD, e.g. using a stochastic optimisa-
tion method. To our knowledge, no comparable consistency guarantees exist for measure
transport using KLD.
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4.3.3 Validating our Assumptions on Th

Recall that earlier work on measure transport placed strong restrictions on the set of maps
Tn, requiring each map to be a di eomorphism with non-vanishing Jacobian determinant.
In contrast, our assumptions on T, are almost trivial, we do not require smoothness
and there is not a bijection requirement. Our assumptions can_be satis edin principle
whenever X is a complete separable metric space, since then idzl L2(Q) is separable
(Cohn, 2013, Proposition 3.4.5) and admits an orthogonal basi$ ;gion, SO we may take

sumption 3 for quite non-trivial classes of mapT,. To demonstrate, one such example is
presented next, similar to that considered in Lu & Lu (2020):

We consider deep neural networks with multi-layer perceptron architecture and RelLU
activation functions. Recall the recti ed linear unit activation function (x) = max(0 ; x),
which we consider to be applied componentwise wher 2 RY.

De nition 4.2  (Deep ReLU Neural Network). A deep ReLU neural networkwith | hidden
layers from RP to RY is a function f : RP ! RY of the form

f=F Fi F2 Fi1
whereF; :RWi 11 RWi j=1;:::;1,is an ane transformation, Fj,; : RY ! RWY+ js a
linear transformation, wg = p is the input dimension, wi+; = d is the output dimension,
andw; 2 N,i=1;:::;1,is thewidth of the ith hidden layer. The set of all deep ReLU neu-

ral networks with | hidden layersfrom RP to RY with maximum width max fwy;::: ;wig n
is denotedR . (RP! RY) and we letR.; (RP! RY:=1lim ;1 Rin(RP! RY).

Letting R;:n (RP!  RY) denote the set of suchReLU neural networksf : RP ! RY with
| layers and width at most n, we have:

Proposition 4.3.  Let Assumptions 1 and 2 hold. LetQ admit a positive, continuous and
bounded density onX = RP. Let T, = Rn(RP ! RY) with | := dog,(p+ 1)e. Then
Assumption 3 holds.

The maps in Proposition 4.3 are not bijections, illustrating the greater exibility of
KSD compared to KLD for measure transport. This completes our theoretical discussion,
and our attention now turns to empirical assessment.

4.4 Proof of Theoretical Results

This section contains the proofs for all novel theoretical results stated in Section 4.2.4 and
Section 4.3. In Section 4.4.1 we present the proof of Proposition 4.1; in Section 4.4.2 we
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present the proof of Proposition 4.2; the proof of Theorem 4.2 is contained in Section 4.4.3,
and nally, the proof of Proposition 4.3 is in Section 4.4.4.

4.4.1 Proof of Proposition 4.1

The argument involved in the proof of Proposition 4.1 requires di erentiation under an
integral. The measure-theoretic calculus result that we exploit to justify the interchange
of di erentiation and integration (Lemma 4.2 below) requires the following mathematical
concepts:

De nition 4.3. Let be a measurable space and let be a topological space. A function
f: I R is a Caratreodory function if foreach 2 themap ! 7! f(;! ) is
measurable and foreacH 2 themap 7! f(;! ) is continuous.

De nition 4.4. Let be a measurable space equipped with a measure and let be
a topological space. A functionf : I R is locally uniformly integrably bounded
if for every 2 there is a non-negative measurable function h : ! R such that

h (1)d (!)< 1, and there exists a neighbourhoodJ of such thatforall #2 U we
havejf (#;!)j h (!).

The following su cient condition for a function to be locally uniformly integrably
bounded will be used:

Lemma 4.1. In the setting of De nition 4.4, let RY be an open set and assume
further that, for each ! 2 , the function 7! f(;! ) is continuous and that, for each

2 ,theintegral jf(;!)jd (!) < 1 exists. Thenf is locally uniformly integrably
bounded.

Proof. Fix 2 and ! 2 . Since f(;! )is continuousin and is open, we can nd
a neighbourhoodU of onwhichf(#!) f(;!)+1forall #2 U. Takeh () :=
if (;1)j+1, recalling that the absolute value of a measurable functiop is measurable and
sums of measurable functions are measurable. Then h (! )d (! )= jf(;!)jd (! )+
1< 1 andjf(;!)j h ('), as required. O

Lemma 4.2 (Di erentiate under the integral) . Let be a measurable space equipped with
a measure , let RY be an open set and lef : I R be a Caratreodory function.
Assume further thatf is locally uniformly integrably bounded and that, for eachi and each
I', the function 7! @f(;! ) is locally uniformly integrably bounded. Then the function
g: ! R dened by 7

()= f(;t)d (1)
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is continuously di erentiable and
Z
rog()= r f(:t)d (M)

Proof. This standard result can be found, for example, in Aliprantis & Burkinshaw (1998,
Theorem 24.5, p.193), Billingsley (1979, Theorem 16.8, pp.181-182), with the statement
here based on the account in Border (2016). O

The proof of Proposition 4.1 can now be presented:

Proof of Proposition 4.1. Using (4.5) and the reparametrisation trick (Glynn, 1986; LEcuyer,
1995; Kingma & Welling, 2013):

h i

r Ds(P;T;Q)?

r EY;YO T#ﬁ up(YaY(ﬁ .
|
=T Ex;x 0 Q Up(T (X);T (X ()) (4'13)

From Lemma 4.2, the preconditions of Proposition 4.1 justify the interchange of the deriva-
tive and the expectation in (4.13). Indeed, in the setting of Lemma 4.2 we identify
= X X, =Q Qandf(;!)= up(T (x);T (x9) where ! = (x;x9. That f
is a Caratheodory function follows from (Al) and (A4) of Proposition 4.1, where we note
that (A4) implies 7' r up(T (x);T (x9) is continuous. That f is locally uniformly
integrably bounded follows from assumptions (A2) and (A4) together with Lemma 4.1.
Similarly, that @ f is locally uniformly integrably bounded follows from assumptions (A3)
and (A4) together with Lemma 4.1. Thus the preconditions of Lemma 4.2 hold.

Interchanging the derivative with the expectation gives that
h [ h i
r Ds(P;T;Q)? Bxx oo 1 Up(T (X)T (X p)

Il
m
N

roup(T (xi);T (X))°;

as claimed. O

Note that we presented stronger conditions in Proposition 4.1 than are required. This
was to control the length of the main text, but it is immediately clear from the proof
of Proposition 4.1 that these conditions can be weakened to those that are required for
Lemma 4.2 to hold.
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4.4.2 Proof of Proposition 4.2

First we present an existence result in Proposition 4.4, before considering regularity of
the associated transport map. Recall that in Chapter 4 all measurable spaceX and Y
are equipped with their respective Borel -algebras x and vy. A separable complete
metric space equipped with its Borel -algebra is called astandard Borel space A measure
Q 2 P(X) is said to be continuous if Q(fxg) =0forall x2X. Amapf : X!Y s
called aBorel isomorphism if f is a bijection and both f andf ® are Borel measurable. A
fundamental result that we will exploit is known as the isomorphism theorem for measures

Theorem 4.3 (Isomorphism Theorem). Let X be a standard Borel space andQ 2 P (X)
be continuous. Then there is a Borel isomorphismf : X ! [0;1] with 4 Q = mjp,q;,
where mjpg.q) is the Lebesgue measure restricted t{0; 1].

Proof. This result can be found as Theorem 17.41 in Kechris (1995). O

Proposition 4.4. Suppose thatX and Y are separable complete metric spaces and suppose
that Q 2 P (X) and P 2 P (Y) are such thatQ(fxg) = 0 and P(fyg) =0 for all x 2 X
andy 2 Y. Then there exists a measurable functioll : X 'Y such thatT, Q= P.

Proof. Our assumptions imply that X, Y are standard Borel spaces andQ 2 P (X),
P 2 P(Y) are continuous. Thus from Theorem 4.3, there exists a Borel isomorphism
f X I [0;1] such that f4 Q = mjjo.1; and a Borel isomorphismg : Y ! [0; 1] such that
g P = mjp.q. Then T = g 1 f:X 1Y is measurable and satisesT; Q = P, as
required. O

Now we can present the proof of Proposition 4.2.

Proof of Proposition 4.2. Assumption 1 ensures thatX is a separable complete metric
space andQ(fxg) = 0 for all x 2 X . Assumption 2 restricts attention to Y = RY, meaning
that Y is a separable complete metric space, and requird® to admit a density on Y,
meaning that P(fyg) =0 for all y 2 Y. Thus the existence of a transport mapT from Q
to P is guaranteed by Proposition 4.4.

It remains to show that, for any such transport map, T 2
we have that

Qg

1 L%(Q). To this end,

kaéId:1 L2(Q) = - kT| kEZ(Q)
i=1
xd Z
= Ti(x)? dQ(x)
71
= kT(x)k?dQ(x)
X
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Z
Y kxk2d(Ts Q)(x)
ZR
= kxk?dP(x)< 1 ;
Rd
where a change of variables was used at Y and the nal inequality follows from the
assumption that P 2 P,(RY) in Assumption 2. O

4.4.3 Proof of Theorem 4.2

Recall that for P; P22 P 1(RY) the (rst) Wasserstein distanceis de ned as (Villani, 2009,
Remark 6.5)

Wy (P; P9 = sup By pIf(Y)]  Ev pof (Y)Ij; (4.14)
whereF := f :RY! Rjkfk. 1 andkfk_:= SUPyey W is the Lipschitz semi-
norm on RY. Our proof of Theorem 4.2 is based on the following result that relates
convergence inWy to convergence in KSD:

Proposition 4.5 (Wasserstein Controls KSD). Let k : RY RY! R be symmetric positive
de nite with (x;y) 7! k(xjy), (X;y) 7! @ @ k(x;y) and (x;y) 7! @ @ @ @ k(X;y)

p such thatr logp is Lipschitz with Ex p[kr logp(X)k3] < 1 . Let Ds denote the KSD
based onP and k, as dened in (4.7). Then a sequence(Qn)non P (RY) satis es
Ds(P;Qn) ! 0wheneverWi(P;Qn) ! O.

Proof. This result is Proposition 9 of Gorham & Mackey (2017). O

Recall that X is always assumed to be a Borel space. The following result is also
required:

Lemma 4.3 (L? Controls Wasserstein) Let Q 2 P (X) and letS; T 2 Qf':l L2(Q). Then

we have the boundVi(Sy Q; T Q) k S TkQa 2

Proof. From the de nition of the (rst) Wasserstein distance, we have

Z Z
Wi(S; Q; T# Q)= sup f (x) dSg Q(x) f (x)dTz Q(x)
kfke 1 Zx X
= sup f(S(x)) f(T(x))dQ(x) :
kKfke 1 X

If kfk, 1thenjf(a) f(bj k a bkforall a;b2 RY, and so
z
W1(Ss Q; Ty Q) kS(x)  T(x)kdQ(x)
X
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YA 1=2
2 -
y kS(x) T(x)k* dQ(x) = kS Tind:1 L2(Q)
where the second inequality is Jensen's inequality. O

Our nal ingredient is a basic result on the inverse multi-quadric kernel:

Lemma 4.4 (Derivatives of the Inverse Multi-quadric Kernel) . The inverse multi-quadric
kernel in (4.3), k(x;y) = (c+ kx yk?) ,withc>0and 2 ( 1;0), satises

sup @' @@} @f k(xy) <1

x;y 2 Rd
for all multi-indices =( 1;:::; q) 2 Ng.

Proof. For 2 NS letj j:= 1+ + 4. Recall that a polynomial ijsC z,tizye
is said to have maximal degrees, wheres = | j is the largest integer for whichc 6 0 for

some 2 NJ. Let

rm(x y)

Fi= (xy)7 k(x;y)(cz,r kx  yk9)m

. r'm IS a polynomial of maximal degree 2n; m 2 Ng

Then k(x;y) 2 F and F is closed under the action of each of the di erential operators

h i
@ K(x:y)m&Y) = 2 (xi_yk(xy)rm(x y) o kKOY)@irm(x y)  2m(xi yi)k(xy)rm(x y)
i ’ (C2+kX yk2)m (C2+kX yk2)m+1 (C2+kX yk2)m (C2+kX yk2)m+l
and
h ()ih2k()()42( )2K(X%:Y)rm (X_Y)
. rm(X_y — Xy)rm(X Y Xi Yi)°K(Gy)rm(x y
@ @i k(X,Y)(cz+kX ykoym (C+ kx_ yk2)m+1 (CZ+kx ykZ)m+2 i
+ 2 (X yDky)@irm(x y) . 4m+1) (xi yi)?K(Gy)rm(x_y)
(C2+kX yk2)m+1 (Cz+kX yk2)m+2
+ 2 (i y)k(xy)@;rm(x y) , k(xy)@;@;rm(x y)
(cZ+kx ykZ)m+1 . (P+kx yk2)m

2m(x; yi)k(xy)@;rm(x )
(c2+kx ykZ)m+1

2mk (6y)rm (x_y) o 4m (xiyi)?K(xy)rm(x_y)

+

(c2+kx yk2)m+1 (c2+kx ykZ)m+2 i
2m(xi yk(y)@irm(x y) , 4m(m+1)(xi yi)*k(xy)rm (x_Y)
(Z+kx ykZ)m+T (Z+kx ykZ)ym+2
= k(X y) 2 %% (4.15)

(c2+kx yk2)ym+

whererm.2 (X y) has been implicitly de ned. Since @, (x; yi)S= s(x; yi)® 1, itfollows
that the terms @, rm(X y), @rm(x y)and @ @ rm(x y) appearing in (4.15) are
polynomials in x y of maximal degree 2n. Thus, from (4.15), rm+2 (X y) is a polynomial
of maximal degree 2(n + 2), showing that the set F is closed under the action of@ @) .
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Since the di erential operator @/ ::: @¢ is obtained by repeated application of opera-
tors of the form @, @), and since it is clear that all elements ofF are bounded onRY RY,
the claim is established. O

Now we can prove Theorem 4.2:

Proof of Theorem 4.2. First note that our preconditions are a superset of those required
for Theorem 4.1. Thus the conclusion of Theorem 4.1 holds; namely, Ds(P;(Th)# Q) ! O
then (Th)#Q ) P. From (4.12) we have that Dg(P;(Tn)x Q) and infror, Ds(P; T4 Q)
agree inthen!'1 limit. Thus it is su cient to show that inf 121, Ds(P;T# Q) ! 0in
then!1 limit.

Second, note that our preconditions are also a superset of those required for Propo-
sition 4.5. Indeed, from Lemma 4.4 the inverse multi-quadric kernel in (4.3) is in nitely
di erentiable with derivatives of all orders bounded. Thus it is su cient to show that
infror, Wi(P;T#Q)! Ointhen!1l limit.

From Assumptions 1 and 2 and Proposition 4.2, there exists a mag_ 2 Qid:1 L2(Q)
with T4 Q = P. From Assumption 3, there is a setT suchthat T 2 T f’zl L2(Q) and
the set T; is dense inT. Thus there exists a sequence3y)non T 1 With Sp! T in

R4 L2(Q).

For eachn 2 N, let m, 2 N denote the smallest integerm for which S, 2 Tr,, which
is well-de ned sinceS, 2 T; = [i2nTi. Let My :=maxfmgy;:::;mp;ng, so that M, is a
non-decreasing sequence witvMi, !'1  inthe n!1 limit. Note that, since T; T ; for
alli j,wehaveS,2Ty,.

Thus from Lemma 4.3 we conclude that

0 _inf Wi(PiTsQ Wi(Pi(Sn)#Q) kT Sk 0 (4.16)
Mn 1=

L L2(Q)

inthen!'1 limit. Again, since T; T ; fori j,the sequencen 7! infyor, W1(P; Tx Q)
is non-increasing and, from (4.16), it has a subsequence that converges to 0. It follows
that lim nl1 infTZTn Wl(P;T# Q) =0, as required.

O
4.4.4 Proof of Proposition 4.3

The following, essentially trivial observation regarding Deep ReLU Neural Networks will
be useful:

Proposition 4.6. Qﬁzl Ri1 (RPI R) R 1 (RP! RY).

Proof. For xed n 2 N, there is a canonical injection from Qidzl Rin(RP I R) into
Rind (RP ! RY) that concatenates the d neural networks width-wise, to form a single
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neural network with width nd. Since every element on id:1 Ri1 (RP ! R) belongs to

id=1 Rin(RP! R) for a suciently large n 2 N, the claim is established. O

Here we introduce the shorthandL?(RP) for L2( grs) Where ge is the Lebesgue mea-
sure on RP. The following result on the approximation properties of deep ReLU neural
networks, which derives from the fact that the set of continuous piecewise linear functions
f :R! Ris dense inL?(R), will be required.

Qu

Proposition 4.7.  For every function f 2 =, L2(RP) and every > 0, there exists a
function g2 R .1 (RP! RY) such thatkf ngid:1 L2(re) < where| = dog,(p+1)e.

Proof. For d = 1, this result is a special case of Theorem 2.3 in Aroreet al. (2018), which
derives from the fact that continuous piecewise linear functions are dense ih%(R).

For general d, we observe that for each component; 2 L?(RP) we can nd a function
g 2R1 (RP! R&with kfi gkierey < = d. Then, letting g=(g;::1;00) 1 RP! RY,
we have thatg2 ~%, Ri3 (RP! R)and

xd

<

ki gkQq

L L2RR) T ki gk

L2(re) <

2
i=1 i=1 d

Finally, we note from Proposition 4.6 that g 2 szl Rt (RP! R) R 1 (RP! RY. O

Now we present the proof of Proposition 4.3:

Proof of Proposition 4.3. From Assumptions 1 and 2 and Proposition 4.2 there exists 2
d L2%(Q)suchthat TsQ=P.Let T= % L2Q), sothat T 2 T is satis ed.

From the statement of Proposition 4.3 we haveT, := R (RP! RY) with | = dog,(p+
1l)e. From De nition 4.2 it is therefore clear that T, T ,, whenevern m and that
T; = Ry (RP! RY).

Thus all parts of Assumption 3 have been veri ed except the part that re%uiresTl to
be dense inT; i.e. that the set R;.; (RP! RY) is dense in the Hilbert space id:l L2(Q).
To establish this last part, we will make use of Proposition 4.7:

LetT 2 idzl L?(Q) and > 0. From the de nition of L?(Q), there existsc 0 such

Z
Ti(x)?d —
Rl i (X)7dQ(x) < 2
Let 8
< T . - Ap-
f00 = Ti(x); x2][ c;d°;

0; X2 RPn[ c;dP:

89



Chapter 4. Measure Transport with Kernel Stein Discrepancy

Our assumption that Q admits a positive and continuous densityq on RP ensures that
f2 <% L2RP), since

3 x £ 2 Ti(x)?
kf ki = Ti(x)“dx = dQ(x 4.17
4 L2(RP) R i(X) R qx) Q(x) ( )
1 Y 2
sup  —— Ti (x)?dQ(x)
L x2l c;cld a(x) iz1 [ ccP
X KT; k2
sup —— T
x2[ CF;)C]p a(x) - ifL2(Q)
' #
1
=  sup — kTké ; 4.18
S KR g 439

where the supremum in (4.18) is nite, sinceq * is well-de ned and continuous on the
compact set[ c¢;dP. Let also gnax := SUPy,re A(X), Which is well-de ned since we assumed
g to be continuous and bounded onRP. Then, sincef 2 id=1 L2(RP), we may evoke
Proposition 4.7 to nd a function g 2 R (RP ! RY) such that kf gk?g?,_1 L2(RP) <
=(40gmax). It remains to check that g approximates T in szl L2(Q). To this end, we can
use the triangle inequality in %, L2(Q) and the fact that (a+ b)2  2(a? + b?) to see
that

KT gk®s o KT FK& o +2K gy o
xd 2 NA
=2 Ti(x)%dQ(x) + 2 (fi(x)  @i(x)?a(x)dx
iz1  RPnl cicP i=1
wd Z xd Z
2 T002QMO+2amax (il Gi(x)2dx< 5+ 5=
i=1 RPN[ c;c]P i=1

Since > 0 was arbitrary, this argument shows that the setR;.; (RP! RY) is dense in
L, L%(Q), as required. -

4.5 Empirical Assessment

The purpose of this section is to investigate whether KSD is competitive with KLD for
measure transport. Section 4.5.1 compares both approaches using a variety of transport
maps and a synthetic test-bed. Then, in Sections 4.5.2 and 4.5.3 we consider more realistic
posterior approximation problems arising from, respectively, a biochemical oxygen model
and a parametric di erential equation model.

In all experiments we used the kernel (4.3) withc =1, ~ = 0:1, = 1=2 (other
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Figure 4.1: Measure transport with KSD, versus KLD and HMC. The top row reports results for
approximation of a sinusoidal density using an inverse autoregressive ow, while the bottom row
reports analogous results for a multimodal density and a neural autoregressive ow. The rst three
columns display convergence of the KSD-based method as the number of iterations of stochastic
optimisation is increased. The remaining columns compare the output of the KLD-based method
and HMC for an identical computational budget.

choices were investigated in Section B.3.4), the stochastic optimiser Adam with batch
sizen = 100 and learning rate 0:.001 (other choices were investigated in Section B.3.1),
and the reference distribution Q was taken to be a standard Gaussian orRP (other
choices were considered in Section B.3.3). Our performance measure is an estimate of
the Wasserstein-1 distance between the target and approximate distributions. To esti-
mate the Wasserstein-1 distance between the target distribution and approximations we
computed the Earth Mover's Distance (EMD) between two uniformly weighted empirical
measures, each formed from Y0samples from their respective distributions and with the
Euclidean distance between the samples used to construct the cost matrix. The EMD
was computed using an implementation in the Python Optimal Transport (PO7J package
(Flamary & Courty, 2017). For the target distribution, independent samples were used in
the synthetic test bed in Section 4.5.1 and thinned samples from a long HMC chain were
used for the real examples in Sections 4.5.2 and 4.5.3. For the approximate distribution,
independent samples fromT, Q were used. Code to reproduce these results is available
at https://github.com/MatthewAlexanderFisher/MTKSD

4.5.1 Synthetic Test-Bed

First we consider a set of synthetic examples that have previously been used to moti-
vate measure transport as an alternative to MCMC. To assess the proposed methods, we

91



	Introduction and Background
	Bayesian Inference and Experimental Design
	Bayesian Inference
	Statistical Decision Theory
	Bayesian Experimental Design

	Gaussian Processes
	Definitions and Basic Properties
	Stationary and Non-Stationary Processes

	Thesis Contributions

	Locally Adaptive Bayesian Cubature
	Introduction
	Background
	Classical Adaptive Cubature
	Standard Bayesian Cubature

	A Bayesian AdapTrap?
	Notation and Set-Up
	Expected Number of Steps of AdapTrap
	Proof of P2 naive-theorem

	Adaptive Bayesian Cubature
	A Non-Stationary Process Model
	Adaptive Selection of the Point Set
	Computational Details of AdapBC and E-AdapBC

	Experimental Assessment
	Illustration of Adaptation
	Synthetic Assessment
	Autonomous Robot Assessment

	Discussion

	A Probabilistic Programming Language for Sequential Experimental Design
	Introduction
	Our Contribution
	Related Work

	Methodology
	Sequential Experimental Design
	A Decision-Theoretic Approach
	Stochastic Optimisation and the Reparametrisation Trick
	Gaussian Processes and Spectral Approximation
	Hyperparameter Estimation
	Conditioning and Posterior Sampling
	Optimising the Acquisition Function

	Syntax for GaussED
	Demonstration
	Probabilistic Numerical Solution of PDEs
	Tomographic Reconstruction
	Gradient-Based Bayesian Optimisation for Maximum Likelihood

	Discussion

	Measure Transport with Kernel Stein Discrepancy
	Introduction
	Methods
	Measure Transport
	Hilbert Spaces
	Kernel Stein Discrepancy
	Measure Transport with KSD
	Parametric Transport Maps

	Theoretical Assessment
	Existence of an L2 Transport Map
	Consistent Posterior Approximation
	Validating our Assumptions on Tn

	Proof of Theoretical Results
	Proof of prop: gradients
	Proof of prop: transport map properties
	Proof of theorem: convergence theorem
	Proof of prop: ReLU DNN

	Empirical Assessment
	Synthetic Test-Bed
	Biochemical Oxygen Demand Model
	Generalised Lotka-Volterra Model

	Discussion

	Conclusion
	Appendices
	Appendix Mathematical Background
	Full k-ary Trees
	Conditioning of Gaussian Measures
	Conditioning as Disintegration
	Disintegration of Gaussian Measures
	Sufficient Conditions for Disintegration of Matérn Processes

	Regularity Conditions for the Decision Theoretic Formulation
	Fréchet Derivatives
	From Optimisation to Expectation
	Verifying the Assumptions

	Derivation of the Spectral Gaussian Process Approximation
	Properties of the Fourier Transform
	The Gaussian Process Model


	Appendix Further Experiments
	Locally Adaptive Bayesian Cubature
	Investigating the Effect of Variations in the Non-Stationary Model

	A Probabilistic Programming Language for Sequential Experimental Design
	Investigating the Efficacy of Stochastic Optimisation
	Investigating the Effect of the Number of Basis Functions

	Measure Transport with Kernel Stein Discrepancy
	Investigating the Choice of Stochastic Optimisation Method
	Investigating the Effect of Quasi-Monte Carlo Sampling
	Investigating the Choice of Reference Distribution
	Investigating the Choice of Lengthscale
	Investigating High Dimensional Targets
	Investigating the Effect of Input Dimension in the ReLU Network Transport Map
	Investigating the Effect of the U-statistic estimator vs. the V-statistic estimator


	Appendix GaussED code
	GaussED Code for the Tomographic Reconstruction Experiment
	GaussED Code for the Gradient-Based Optimisation for Maximum Likelihood Experiment

	Bibliography

