REPRESENTATION THEORY OF NON-GRADED,

NON-RESTRICTED MODULAR LIE ALGEBRAS

HoraAcio Z. GUERRA OCAMPO

Thesis submitted for the degree of
Doctor of Philosophy

Newcastle
University

School of Mathematics, Statistics & Physics
Newcastle University
Newcastle upon Tyne

United Kingdom

July 2021



To Ola



Acknowledgements

I would like to thank my supervisor, David Stewart, for all his support and encouragement.
I would also like to thank all my friends and family, who have supported me over the

these last four years. Gracias a todos.



Abstract

We classify in a unified approach the simple restricted modules for the minimal p-envelope
of the non-graded, non-restricted Hamiltonian Lie algebra H(2; (1, 1); (1)) over an
algebraically closed field k of characteristic p > 5. We also give the restrictions of these
modules to a subalgebra isomorphic to the first Witt Algebra, a result stated in [S. Herpel
and D. Stewart, Selecta Mathematica 22:2 (2016) 765-799] with an incomplete proof. We
end by completing the classification of the simple restricted modules over fields of all

characteristics by considering the characteristic 3 case separately.
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Notation and conventions

WeletN = {0,1,2,...} and N5y = N\ {0} and let C be the field of complex numbers.
We let p denote an arbitrary prime number and we denote by I, the field of p elements.
We denote the Kronecker delta by §;;. We denote the n x n identity matrix by I,,. The
transpose of a matrix A will be denoted by AT

Throughout, k is the ground field, g and b Lie algebras over k, and A4 a (not-necessarily
associative) k-algebra. If g is defined over a field k of positive characteristic p, then we
say that g is a modular Lie algebra.

Welet kv = k(v) denote the one-dimensional k-vector space with basis v. More gener-
ally, we let k (vy, ..., v,) denote the n-dimensional k-vector space with basis {vy, ..., v,},
or if one is inside a vector space V', we let it denote the span of the n vectors. Furthermore,
if the vectors are inside g, we let g(vy, ..., v,) denote the Lie subalgebra generated by
{v1,...,v,}. We denote the centre of g by C(g), see Definition 3.1.18. We adopt the
notation [x, g] = 0 to mean: for all y € g, we have [x, y] = 0; likewise for [g, x] = 0.

By analogy with the situation in vector spaces, if M is an A-module, we denote
by A (m,...,m,) the A-submodule of M generated by the m;.! In an algebra or ring,
we let (a1, as,...,a;) denote the two-sided ideal generated by the elements ay, ..., a;;
ideals are understood to be two-sided unless otherwise stated. If A has an identity or unit
element, we denote it by 1.

Form € N5y and n € N7, we denote the algebras of divided powers by O(m;n) and
O(m), see Definition 4.1.2. The symbol W, denotes the Witt algebra W(n; (1,...,1)) =
W(n; 1), see Definition 4.1.4. The symbols H and H denote the Hamiltonian Lie alge-
bra H(2;(1,1); ®(1)) = H(2;1; ®(1)) and its minimal p-envelope, respectively, see
Definition 5.2.7 and the remark after it and Definition 3.2.32 and the discussion after
Proposition 3.2.35, respectively. We denote the polynomial ring over k in 7 indeterminates

by k[X1,..., Xy]. For a set X, we use idy to denote the identity function on X. The

ICaution: if M is a g-module, the notation g (x) is potentially ambiguous. If x € M it means the
g-submodule generated by x, while if x € g, it means the Lie subalgebra generated by x.

il
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restricted universal enveloping algebra of a restricted Lie algebra (g, [p]) is denoted by
u(g), Definition 3.2.29; more generally for a linear form S € g*, the S-reduced universal
enveloping algebra of g is denoted by u(g, S), see Definition 3.4.5.

Inclusions are denoted by C and are not assumed to be proper unless stated. Through-
out, subspace means vector subspace. Direct sums are vector space direct sums, unless
it is clear from context or stated otherwise. We use < to denote the suitable notion of
substructure given the context, so that h < g denotes that the Lie algebra f is a Lie

subalgebra of g, while W < V' denotes that W is a vector subspace of V', and so on.
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Chapter 1

Introduction and results

In the broad light of day
mathematicians check their equations
and their proofs, leaving no stone
unturned in their search for rigour.
But, at night, under the full moon, they
dream, they float among the stars and
wonder at the miracle of the heavens.
They are inspired. Without dreams
there is no art, no mathematics, no life.

Atiyah, NAMS Jan 2010, p. 8

A modular Lie algebra g is simply a Lie algebra defined over a field k of positive
characteristic p. Much work has gone into classifying the irreducible representations of
modular Lie algebras and working out their dimensions, for example by Chang, Holmes,
Koreshkov, Shen, Feldvoss, Siciliano and Weigel (Feldvoss et al., 2016; Holmes, 2001, 1998;
Koreshkov, 1978; Chang, 1941; Shen, 1988a,b). However, almost all this work has been
concentrated on those of restricted type, i.e., those which admit a mapping [p] : g —> ¢
such that ad x[?! = (ad x)? for all x € g. Nonetheless, most Cartan-type modular Lie
algebras are in fact non-restricted. Hence there is much left to do.

In some more detail, consider the Lie algebra W, = W(1;1) = Derg(k[X]/(X?)),
called the first Witt Algebra. It consists of all derivations (endomorphisms satisfying the
product rule) of the truncated polynomial ring k[X]/(X?). Chang (1941) determined the
irreducible representations with arbitrary characters of ;. After some time of relatively
little research on these algebras and their representations, Strade (1977) gave new life to

their study by giving a new proof of the results of Chang via new methods.
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Afterwards Shen, working with graded Lie algebras of Cartan type in particular,
was able to generalise the results of Chang to the nth restricted Jacobson-Witt algebra
W, = W(n; 1), the Lie algebra consisting of all derivations of the truncated polynomial
ring

k[X1,....Xa)/ (X7, ... X))

n

This algebra has basis (in divided power notation)
{xial)xéaz) "'xr(,an)axi :0<aq; < p— 1,i =1,... ,n} ,
where 0, is the (special) derivation uniquely determined by the property

see §4.1 for more details. We have k(xiaxj i, j=1,... ,n) ~ gl,(k), see Proposi-
tion 4.1.8. For the following theorem, see Shen (1988a):

THEOREM 1.0.1 (SIMPLE RESTRICTED W,-MODULES). Let A € F7. Let Lo(A) be the

restricted simple gl,,-module of highest weight A. Then

1. There are p" distinct (up to isomorphism) simple restricted W, -modules, represented
by{L(A): L€ FZ}

2. If A is not exceptional, then L(A) is the induced module from Ly(1).

3. If A is not exceptional, then dimg L(A) = p" dimy Lo(A), and if A is exceptional,
it is either the trivial one-dimensional module, or has dimension (nj_l)(p” — 1) for

some(0 < j < n.

Here, a restricted g-module (V, p) is just a g-module that respects the restricted struc-
ture of g, i.e, p(x!?)) = p(x)? for all x € g. As we will see, Shen’s theorem classifying
all the simple restricted modules is not too dissimilar from the theorem we will prove
concerning restricted modules for H=H (2;(1,1); ©(1))(p], the minimal p-envelope of
the Hamiltonian Lie algebra of Cartan type H(2; (1, 1); ®(1)). There, too, the representa-
tion theory of gl, will play a foundational role (with n = 2 as we are concerned with a
subalgebra of W,). Also foundational will be to study induced modules and determine
which weights will be exceptional and which will not be. Finally, we will give similar

dimension formulas for all restricted simples over H.
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Continuing our overview of the situation, Holmes (2001) went on to generalise the
work of Shen and Chang and determined the simple modules of character height at most
one (this includes those of character height —1, which corresponds to the restricted case)
for the restricted Witt algebras W, using a uniform approach.

Then, Holmes and Zhang (2002) undertook work to generalise the classification of
simple modules with such character heights to the other three families of restricted
Cartan-type Lie algebras, namely the special algebras, the Hamiltonian algebras, and the
contact algebras. This work was completed by Zhang in Zhang (2002), where he dealt
with the simple modules of exceptional weight.

Holmes and Zhang (2006) studied modules for the restricted Witt algebra W, with
character height greater than one, and also proved several results concerning the simplic-
ity of induced modules of character height greater than one in restricted Cartan-type Lie
algebras.

A great overview of the situation can be found in Benkart and Feldvoss (2015). Also
see the work of Nakano in his monograph Nakano (1992), where he describes a fairly
general setup for studying representations of Cartan-type Lie algebras. Of particular
interest for us is his work on finding decompositions for Verma modules.

This thesis will focus on calculating dimensions of irreducible representations of
a non-restricted Hamiltonian-type Lie algebra. We classify, then, the simple restricted
modules for the Hamiltonian-type Lie algebra H(2; (1, 1); (1)), more precisely for its
minimal p-envelope H , and give dimension formulas for all of them. Moreover, we
calculate the composition factors of all restricted induced modules. This completes the
rank one and rank two picture’; the other non-restricted Hamiltonian algebra was only
recently dealt with by Feldvoss, Siciliano and Weigel in Feldvoss et al. (2016).

Apart from the intrinsic motivation to expand the understanding of the representation
theory of modular Lie algebras to non-restricted Cartan-type Lie algebras, it turns out that
such an understanding has played an important role in the study of maximal subalgebras of
exceptional classical Lie algebras g over an algebraically closed field of good characteristic,
for instance, in Herpel and Stewart (2016a); Premet and Stewart (2019). In Herpel and
Stewart (2016a) the authors show that for such a Lie algebra g, if it is simple, then any
simple subalgebra b of g is either isomorphic to the first Witt algebra W or of classical
type. This result relied (among many other things) on knowledge of the restrictions of

the simple modules we classify to a subalgebra isomorphic to W, but the argument was

!In the sense that it completes the description of the restricted modules for Hamiltonian algebras of
absolute toral rank 1 and 2, see §6.1 for more details.
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incomplete because the representation theory for H(2; (1, 1); ®(1)) turned out to be
more complicated than expected; for more details see Lemma 2.7, Lemma 2.9, and the
proof of Theorem 1.3 at the end of §4 in Herpel and Stewart (2016a).

Our main result is Theorem 6.1.7, which gives a full description of the p? — p + 1

isomorphism classes of simple restricted H -modules.

1.1 Outline

The structure of the thesis is as follows: Chapter 2 reviews the notions from the theory of
associative algebras and commutative algebra that will be needed throughout, including
some important results such as the Jordan-Holder theorem, which tells us important
information concerning composition factors and composition series.

In Chapter 3 we cover the general theory of Lie algebras, defining subalgebras, ideals,
quotients, homomorphisms, modules and module operations, and giving important results,
as well as introducing restricted Lie algebras, restricted universal enveloping algebras,
restricted representations, induced representations, filtrations, and gradations.

In Chapter 4, we look at the algebras of divided powers O(m;n), for m a positive
integer and n € NZ,. We study their Lie algebras of derivations and certain important
Lie subalgebras of these algebras of derivations, such as the generalised Jacobson-Witt
algebra W(m; n). These algebras will be important since the Hamiltonian algebras we
look at in later chapters will be defined in relation to these algebras.

Chapter 5 continues the study of Lie algebras of derivations and defines the general
family of Hamiltonians H(2r) for r € N.¢ by considering certain differential forms.
We then go on to define the family of graded Hamiltonian Lie algebras of Cartan type.
This allows us to then define certain filtered deformations of these algebras, such as
H2;n; ®()) and H(2;n; ®(r)). We conclude by citing some classification theorems
and isomorphisms between these algebras, as well as giving some explicit descriptions of
them.

Chapter 6 goes on to work out the restricted simple modules in characteristic p > 5 for
the Hamiltonian algebra H(2; (1, 1); ®(1)), as well as determining the module structure
of all the restricted induced modules.

Chapter 7 then looks at the question of restricting the simple modules found in
Chapter 6 to a subalgebra of H(2; (1, 1); (1)) isomorphic to W; and decomposing them
in terms of the simple modules for W;. We conclude the chapter by giving an application

of this result.
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In Chapter 8, we extend the work started in Chapter 6 to all characteristics (consid-
ering that the Hamiltonian Lie algebras are not defined in characteristic p = 2) and
perform the classification of the restricted simples for H over algebraically closed fields

of characteristic p = 3, giving the module structure of all the restricted induced modules

as well.



Chapter 2

Preliminaries

In the elder days of art

Builders wrought with greatest care
Each minute and unseen part,

For the Gods are everywhere.

Longfellow, ‘The Builders’

The material in this chapter concerns the basic commutative algebra and the basic
theory of associative algebras and their representations underpinning the theory of
modular Lie algebras. It touches only briefly at the end on some notions from homological

algebra.

2.1 General algebra and commutative algebra

We refer the reader to (Etingof et al., 2011, §2.1-§2.6) for a quick introduction to the main
ideas and results concerning associative algebras and their representations.

A good source for general representation theory is the classic Fulton and Harris
(1991).

DEFINITION 2.1.1. The field k is said to be algebraically closed if every non-constant

polynomial in k[ X ] has a root in k.

DEFINITION 2.1.2. An algebra A over a field k is a vector space A over k equipped with
a bilinear product - : A x A — A.

If the product is associative, that is, if

a-(b-c)=(a-b)-c
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for all triples a, b, ¢ € A, then we say that A is an associative algebra.
Anelement 1 € Asuchthatl-a =a-1=aforalla € A is called a unit. Algebras

having a unit element are called algebras with unit or algebras with unity.

From now on, if A4 is an associative algebra we will write the product a - b multiplica-
tively as ab for alla, b € A.

For the rest of this section we assume that A is an associative algebra.

Example 2.1.3. The following are examples of associative algebras over k:

1. the vector space k over itself with multiplication given by the usual field multipli-

cation;
2. the polynomial ring k[X7, ..., X,] in indeterminates X, X5, ..., Xp;

3. the algebra of all k-linear morphisms of any vector space V' to itself, denoted
Endg (V), with multiplication given by fg := f o g forall f,g € Endg(V);

4. the algebra of functions from a set X to k, where the multiplication is defined
pointwise: (fg)(x) := f(x)g(x) forallx € X and f,g: X — k.

DEFINITION 2.1.4. We say that a subspace B C A is a subalgebra if BB =
{bb' : b,b' € B} C B.

DEFINITION 2.1.5. A representation of an associative algebra A is a vector space V

equipped with an algebra homomorphism
p:A—> Endg(V).
The vector space V is said to be an A-module if there is a k-bilinear map:

G AXV —V

(a,v) —a-v,
such that
(ab)y-v=a-(b-v)
foralla,b € Aandallv e V.

Remark. If A is an algebra with unit, then we require p to preserve the unit, i.e., p(1) = idy

and for modules, we require
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forallv e V.

Remark. An associative representation (V, p) defines an A-module, via x - v := p(x)(v).
Similarly, an A-module V defines a representation p : A :—> Endg (V) via p(x)(v) :=

x - v. Thus, the two concepts are equivalent, and we use them interchangeably.

Remark. We will consider, unless stated otherwise, left-modules, i. e., we writea - v =
p(a)(v) for the action of @ € A on elements of the A-module V, but clearly one can

define right-modules.

Example 2.1.6. Let V be any vector space. Define the representation p by letting A act
trivially:
a-v=20

foralla e A,vel.
If V = k then we say that V is the trivial representation.

Example 2.1.7. Let V = A then A acts on itself via
a-b:=ab,

for all a,b € A, i.e. via left-multiplication. This representation is called the regular

representation of A.

Example 2.1.8. Let &, be the symmetric group on n points. Let V' = k" and let
{e; : 1 <i < n} be the standard basis. Then V' becomes a module for the group algebra

kS, viao -e; = es(;) forallo € G, and all ¢;. In coordinate form:

o - (le ce ,Zn) = (Zo‘_l(l), ey ZU_I(n)) .
This is the natural permutation representation of kS,,.

DEFINITION 2.1.9. A subspace W < V of a A-module V is said to be a submodule or
sub-representationif A-W = {x-w:x € A,w € W} C W. The quotient space V/W

acquires the structure of an A-module via
x-+W)y=x-v+W

forallx e A,v e V.
A module V' # {0} is simple or irreducible if its only submodules are {0} and V.
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Remark. The subspace W being a submodule guarantees that the action defined above is

well-defined.

DEFINITION 2.1.10. Let V, W be A-modules. Then ¢ : V. — W is a map of A-modules

or an A-homomorphism if it is linear and preserves the action of A4, i.e.:

p(x-v) =x-¢(v),
forallx €e Aandallv e V.

Every associative algebra A can be regarded as a (possibly non-commutative) ring. It
turns out, there is a corresponding notion of module for rings. Essentially, M is a module
over the ring R if it can be regarded as a vector space over R, i.e. a vector space where

one allows the scalars to come from R instead from a field.

DEFINITION 2.1.11. Let R be a possibly non-commutative ring with unit. An additive
abelian group M is said to be a left R-module if one has a multiplication R x M — M
denoted by (r,m) > r - m satisfying for all r,s € Rand allm,n € M:

L.r-(m+n)y=r-m+r-n;
2. (r+s)y-m=r-m+s-m;
3. r-(s-m)=(rs) -m;

4. 1-m=m.

Remark. Clearly, we can also define right R-modules.

In other words, M is an abelian group equipped with an action of R that is linear in

a suitable sense; in particular, Z-linear.

DEFINITION 2.1.12. Let M be an R-module, for R a possibly non-commutative ring. A
set of elements S C M is said to be a basis for M if R (S) = M, ie.if S generates M as
an R-module, and if it is linearly independent.

A module M is said to be free if it admits a basis or if it is the zero module.

See (Lang, 2000, §3.4, pp. 135-137) for more details or see (Rotman, 2002, §7.4) for
a different approach. One thing to note is that free modules can be characterised by
a universal property, which allows us to see that every module is a quotient of a free

module. Also see (Rotman, 2002, §7.1) for a general and detailed reference on modules.

9
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For the notions of generation and linear independence in the context of modules, see
(Lang, 2000, §3.3). It is clear that the notion of free modules only becomes of interest
when dealing with modules not over fields. This is because all modules over fields, that is,
all vector spaces, are free modules, given that every vector space admits a basis (assuming
that the Axiom of Choice holds). Conversely, not all modules are free. For example, the
factor ring Z/mZ for m > 1 seen as a Z-module is not free.

As in the case of A-modules, one can define suitable notions of submodules, quotients
and homomorphisms. Having defined homomorphism, submodules, and quotients, all
the usual isomorphism theorems apply to R-modules, for more details see, for instance,
(Rotman, 2002, §7.1, pp. 429-431)

DEFINITION 2.1.13. Let S be a k-algebra (ring). Let M be a right S-module and N be
a left S-module. Let 7' be a non-empty set. Amap f : M x N —> T is S-balanced if
f(m-s,n) = f(m,s-n)foralls € S and (m,n) € M x N.

DEFINITION 2.1.14. Let S be a k-algebra (ring). Let M be a right S-module and N
be a left S-module. Suppose that f : M x N — T is an S-balanced k-bilinear map
(S-bilinear map), for T" a k-vector space (S-module). The pair (7, f) is a tensor product of
M and N over S if for all k-vector spaces P (S-modules P) and all S-balanced k-bilinear
maps (S-bilinear maps) g : M x N — P there is a unique linear map f : T — P

such that the following diagram

MxN-—L-T

X G
P
commutes.

Remark. Thanks to the universal property of the tensor product, any two tensor products
are isomorphic. We write M ® g N for T and m ® n for f(m,n) forall (m,n) € M x N.
Furthermore, M ®g¢ N hasbasis{m ® n :m € M,n € N}.

An important special case of this definition arises when S = k and M and N are
simply k-vector spaces. In that case, we see that M ®; N is a k-vector space with basis
m@n:meM,ne N}suchthat A(im®@n) =Am@n =m An,(m +m')@n =
mn+mOnmmn+n)y=men+m@n'foralA ek,m,m e M,n,n" € N.

DEFINITION 2.1.15. Let S and R be k-algebras (rings). Let M be a left R-module and a
right S-module. We say that M is an (R, S)-bimodule if r - (m - s) = (r - m) - s for all
reRmeM,seS.

10
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For a proof of the following see (Strade and Farnsteiner, 1988, §5.6, Lemma 6.1, p.
226).

LEMMA 2.1.16. Let S and R be k-algebras (rings). Let M be an (R, S)-bimodule and N be
a left S -module. There is an R-module structureon M @ s N given byr-(m®n) = r-mQ®n
forallr € R and (m,n) € M x N.

DEFINITION 2.1.17. Let V be a k-vector space. The tensor algebra of V (seen as a k-

vector space) is
o0
T(V) = Ve,
i=0

where V® =k, V®! = V and

V®i:V®kV®k“'®kvz®V-

i times

This becomes an algebra by defining multiplication on the subspaces V® x V® —
Y@+ thus

VI ® V)W - QW) =v1® OV QW Q- Qwy,

and extending linearly. We refer the reader to (Lang, 2000, §16.7) or (Eisenbud, 1995, A2.2
—-A2.3) for more details.

DEFINITION 2.1.18. The exterior algebra of V, denoted /\(V), is defined by

AV)=TV)/a,

wherea = (x®x:x V).

Remark. There are several other ways to define this algebra, see (Lang, 2000, §19.1) for one
such way. Amongst others, one can also define it as a special subspace of 7'(}V') consisting
of what are called antisymmetric tensors. In positive characteristic, however, one must
be careful. If p divides n!, then one cannot identify the antisymmetric tensors in V ®”
with the quotient /\" (V). The exterior algebra is also sometimes called the alternating

algebra, or the Grassmann algebra.

The previous constructions can be also made where one takes V' to be an R-module,

where R is some commutative ring. The resulting exterior algebra has the structure of

11
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an R-module:
F-(VIAVQA AUy =F V1AV A =AUy =V AT -Vp A AUy =--+,

and so on.

DEFINITION 2.1.19. Let M be an R-module for a possibly non-commutative ring R. A

composition series for M is a sequence of submodules
{0y =MyCcMyC---CM,=M

where the inclusions are proper, and the M;1/M; are all simple.
The length of the composition series is then n. The factor modules M; /M, are

called the composition factors of the series.

Remark. Recall that one can give a module structure to the quotient M/N (seen here as

the set of N-cosets) as long as N is a submodule of M.

The well-known Jordan-Holder theorem tells us in the case of modules that (see
(Curtis and Reiner, 1981, 3.11)):

THEOREM 2.1.20 (JORDAN-HOLDER). If a module A has a composition series, then any
two composition series are equivalent, that is, the number of occurrences of each isomor-
phism type of simple A-module as a composition factor does not depend on the choice of

composition series.

In particular, since everything we work with in this thesis will be finite-dimensional,

we have:

THEOREM 2.1.21. Over any field k, any finite-dimensional module M for a finite-

dimensional k -algebra A has a composition series, unique up to equivalence.

We write [My, M, ..., M,] = [V] for the list of composition factors of V' a module.

2.2 Homological algebra

Since this thesis does not deal with notions from homological algebra directly, we shall
only recall some of the notions used. For a more detailed exposition, we refer the reader to
Rotman’s book: Rotman (2009); also see (Rotman, 2002, §10) and Hilton and Stammbach
(1997).

12
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DEFINITION 2.2.1. A module P is projective if for every surjective module homomor-
phism f : N — M and every module homomorphism g : P — M, there exists a

homomorphism 4 : P —> N such that f oh = g, i.e., the following diagram commutes:

RN

M
In other words, every morphism from P to M factors through every epimorphism to M .

Remark. An alternative but equivalent definition can be made as follows: A module P is

projective if every short exact sequence of modules of the form

0 A—2-B P 0

in fact splits. In other words, every surjective module homomorphism f : B — P
admits a section map, that is, a module homomorphism /# : P —> B suchthat foh = idp.
In this case, we have B ~ A @ P.

Remark. If one dualises the definitions, then one obtains the notion of injective modules.

We will briefly treat the Ext functor, but we will state the definitions for the case
we will be concerned with only. Let g be a Lie algebra and let u(g, S) be its S-reduced
universal enveloping algebra, an associative k-algebra with unit (see Definition 3.4.5).

Let M be a u(g, S)-module. Then we define ith right-derived functor
Ext},, sy(M.—) = R Homy(q,5)(M, —).

In the case Extlll(g,S)(M, N) = Ext!(M, N), we have (see (Hilton and Stammbach,
1997, §3.2, Thm. 2.4)):

THEOREM 2.2.2. Let M and N be u(g, S)-modules. Then Ext' (M, N) can be interpreted

as the group of extensions with elements short exact sequences:

0 N E M 0.

For the following proposition, see Exercise 2.5.1 and Exercise 2.5.2 in (Weibel, 1994,
§2.5, p. 50):
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Chapter 2. Preliminaries

PROPOSITION 2.2.3. We have that if the u(g,S)-module M is projective, then
Ext;(g,s)(M, N) = 0 foralli > 0. Similarly, if N is injective, then Ext;(g,s)(M, N)=0
foralli > 0.

14



Chapter 3

General theory

... la mathématique est 'art de donner
le méme nom a des choses différentes.

Henri Poincaré, Science et méthode

In this chapter we recall the basic notions from the classical theory of Lie algebras
and introduce in some detail the rudiments of the modular theory. We cover important
results we will use later, both in terms of the structure theory of modular Lie algebras and
their representations. The crucial notion of a p-mapping is introduced, setting the stage
to study restricted Lie algebras and their restricted representations (those representations
that respect the restricted structure). We include a brief discussion of graded and filtered
algebras. Finally, the notion of induced representations for Lie algebras is introduced,

together with the principle of Frobenius reciprocity.

3.1 Classical theory and basic operations

We refer the reader to Humphreys (1980) for a good introduction to the classical theory of
Lie algebras as well as to Chapter 1 of Strade and Farnsteiner (1988). Other good references
at a higher level of sophistication are Milne (2013), see in particular §I.1 for most of the
material covered in this section, (Serre, 2006, §LI, §LIII, §1.V, §L.VII) and (Bourbaki, 1975,
Chap. 1). See (Rotman, 2002, §9.10) for a very quick overview.

DEFINITION 3.1.1. Let k be a field. A Lie algebra g is a k-vector space equipped with a
k-bilinear bracket [,] : g X g —> g, such that for all x, y,z € g:

15
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1. [x,x] =0;

2. [x,[y,z]] =[x, y].z] + [, [x, z]] or, equivalently

[x, [y, 2]l + [y, [z, x]] + [z, [x, y]] = 0.

Remark. Using (1) and expanding [x + y, x + y] we obtain that [x, y] = —[y, x]. Equation
(2) is called the Jacobi identity. The dimension of a Lie algebra is simply its dimension as

a k-vector space.

Example 3.1.2. On any vector space V over k define all the Lie brackets to be zero:
[x,x] =0forall x € V. Then V is a Lie algebra.

Example 3.1.3. On a three-dimensional vector space g := kx @ ky @ kz define the Lie
bracket [x, y] = z,[x,z] = 0 = [y, z]. Then g is a Lie algebra. It is often referred to as
the Heisenberg Lie algebra.

Example 3.1.4. On the k-vector space ke @ kh @ k f define the Lie bracket

[h,e] =2e, [h, f]=-2f [e, f] =h.

This is the Lie algebra sl, = sl, (k).
Example 3.1.5 (Diamond algebra). Let g = kt @ kx & ky @ kz. Define [z, g] = 0 and

[Z,X] =X, [[’y] =-), [X’y] =Z.

Then g is a Lie algebra.

DEFINITION 3.1.6. Let h, g be Lie algebras. A k-linear map f : h —> g is a Lie algebra

homomorphism if

S 3D =1/ (x). f(W]

forall x,y € b.
If f is invertible, then f is an isomorphism and we say that ) and g are isomorphic,

which we denote by h = g.

Example 3.1.7. On a two-dimensional vector space g := kx @ ky define the Lie bracket
[x, y] = x. Then g is a Lie algebra, and it is up to isomorphism the only noncommutative
Lie algebra of dimension 2 (see Definition 3.1.18 for the definition of commutative Lie

algebras).

16
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Example 3.1.8. Note that if k is a field of characteristic 2, then sl (k) is isomorphic to the
Lie algebra in Example 3.1.3.

DEFINITION 3.1.9. Any triple (e, i, f) in g such that k (e, h, f) = sl,(k) and

[h.e] =2e, [h, f]==2f. [e. f]=h

will be called an sl,-triple.

Given an associative k-algebra A, we can define a Lie product or bracket
[a,b] = ab — ba,

which turns A into a Lie algebra. We denote this Lie algebra by A™.
An important such algebra is the general linear Lie algebra gl(V') := Endg (V) ™, where

Endg (V) is the algebra of all k-linear endomorphisms of V' a vector space over k.

Example 3.1.10. If A is the associative matrix algebra M, (k) of all n x n matrices over k,
then A~ is the Lie algebra gl,, = gl,, (k). It is isomorphic to gl(V') if dimg V' = n. It has
dimension 7n2.

Let E; j be the n x n matrix with entries
(Eij),; = 8ikbju.

where §;; is the Kronecker delta, which is 0 if i # j and 1ifi = j (so E;,; is the matrix
with a 1 in the (ij )th entry and zeroes everywhere else). The following, then, is a basis
for gl,,:

{Eij:i,je{l,....n}}.

It’s easy to check that the basis elements satisfy:
[Ei,j, Er,s] = Seri,s - 8si Er,j-

Subalgebras of the Lie algebra A~ of an associative algebra A are called commutator
algebras.

Subalgebras of gl(V') are often called linear Lie algebras or Lie algebras of linear
transformations.

We know that every Lie algebra is a commutator algebra, for example it embeds into

its universal enveloping algebra, see Theorem 3.1.58. However, that does not mean that

17
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every Lie algebra is isomorphic to an associative algebra equipped with the commutator
bracket. The following proposition gives an example of a Lie algebra that fails to have

this property.

PRrROPOSITION 3.1.11. Let k be a field of characteristic O or p > 3. There does not exist an

associative algebra A such that A~ = sl,(k) as Lie algebras.

Proof. Indeed, suppose that s, is isomorphic to an associative algebra A equipped with
the commutator bracket. Then we can pick an sl,-triple (E, H, F) in A. The elements
EH, HE,HF,FH,EF, FE of A can all be written as k-linear combinations «E +
BH + yF. Using the associativity of A and the Lie bracket, we can show, with some
work, that in fact EH, HE € k(E), FH,HF € k (F),and EF, FE € k (H). Write
EH = 1E,HE = a3E,HF = y,F,FH = y,F,and EF = BsH,FE = B¢H.

By considering the equation (FE)F = F(EF), we can show that «; = —2f5. By
considering other such equations, we can show that o3 = —2f6 and that o1 = y, and
o3 = V4.

We have (EF)(HF) = (E(FH))F, so

Bsy; F = yaPsy>F.

Hence, B5(y? — yay2) = 0. Since HF — FH = —2F, we have y, — y4 = —2, and so
Bs(y3 — (y2 + 2)y2) = 0. Thus, B5(—2y,) = 0. Therefore 85 = 0 or y, = 0.

Both possibilities lead to y, = 0,74 = 2 and B5 = 0,86 = —1. Hence, HF =
0,FH = 2F and EF = 0,FE = —H.Thus,0 = F(HF)E = (FH)(FE) =
—2FH = —4F. Therefore, 4 = 0, a contradiction. Thus, sl, is not isomorphic to any

associative algebra equipped with the commutator bracket. |

DEFINITION 3.1.12. The set of all traceless matrices in gl, (k) is closed under the Lie

bracket. This Lie algebra is called sl,, (k) = sl,. It is of dimension n? — 1.

Define
Hiiv1 =Eii —Eit1i+1-

Then Lie algebra s(,, admits the following nice basis:

{Hiit, Eij:i#j}.

18
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Example 3.1.13. The Lie algebra s, has basis { H; », E;1 2, E2 .1}, where

1 0 0 1 00
Hy, = Ei,= JEy 1 = .
e P L I RN ()

It is easy to check that [H1,2, E1,2] = 2E1’2, [ngz, E2,1] = —2E2,1, [E1,2, E2,1] =
H, 5. Thus (E1 2, H1 2, E;,1) is an sl,-triple, and the two definitions of s[, do coincide.

DEFINITION 3.1.14. Consider the 2r x 2r matrix
S = 0 1 )
-1, 0

spy, (k) = {4 € gl (k) : SA = —A" S}

Then

is a Lie subalgebra of sl,, (k). It is called the symplectic Lie algebra.

The following proposition can be found in (Strade and Farnsteiner, 1988, §4.4, Exercise
2, p. 168).

PROPOSITION 3.1.15. The Lie algebra sp,, (k) has dimension 2r? + r and it is simple.

DEFINITION 3.1.16. For any Lie algebra g define its derived subalgebra to be

lg.9] = k{[x,y]: x,y € g}).
Remark. In general if 5, t C g, we denote by
[s, 1]

the subspace of g spanned by the brackets [x, y] withx € sand y € t.

Remark. We will often drop the set brackets in notation such as the above and simply

write k ([x, y] : x, y € g), for instance.

Example 3.1.17. We have [gl,(k), gl,, (k)] = sl,, (k).

DEFINITION 3.1.18. We say that a subspace j C g is a subalgebra if [, j] < j.
We say a subspace j is an ideal if [j, g] C j. A simple Lie algebra has no non-trivial

ideals (that is, the only ideals are {0} and g).
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If ) < g is an ideal, the vector space g/j has the structure of a Lie algebra with Lie
bracket
[x 4.y +i] =[x, ] +).

The centre C(g) of a Lie algebra is the set {x € g : [x,g] = 0}. It is an ideal of g. A
Lie algebra is called abelian or commutative if C(g) = g. Generalising, we define the

centraliser of a subset s C g to be
Cy(s) ={x €g:[x,s] =0}.
Remark. If i, are ideals of g, then [i, ] is an ideal of g.

Example 3.1.19. 1. The Lie algebras in Example 3.1.2 are all abelian.

2. The Lie algebra sl, (k) is simple if k has characteristic p > 3. If p = 2, then one
has [k, e] = 0 = [h, f], so kh is a non-trivial ideal of sl, (k).

3. In characteristic p > 3, C(sl,(k)) = {0}, while if p = 2, C(sl,(k)) = kh.

As in the case of modules, having defined homomorphisms, ideals, and quotients, we
remark that all the usual isomorphism theorems apply to Lie algebras, for more details
see, for instance, (Milne, 2013, §L.1, p. 15).

DEFINITION 3.1.20. A representation of a Lie algebra g is a Lie algebra homomorphism

p:g— gl(V),

where V is a k-vector space.

The vector space V is said to be a g-module if there is a k-bilinear map

cigxV —V

(x,v) > x - v,

such that
[x,.y]-v=x-(y-v)—y-(x-v)
forallx,y e gandallv e V.

Remark. Asin the case of associative algebras, representations and modules are equivalent,

and we use the language of g-modules interchangeably with that of representations
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throughout. Indeed, a representation defines a g-module, via x - v := p(x)(v). Similarly,
a g-module defines a representation p : g :—> gl(V') via p(x)(v) = x - v.

Example 3.1.21 (Adjoint Map). For all x € g define the map

adx:g—g¢g

y =[x, y].

We call ad x the adjoint map of x. It is straightforward to verify that (g, ad) is a g-module.

We call this representation the adjoint representation.
Remark. Note that the image ad(g) is a Lie subalgebra of gl(g).

Example 3.1.22 (Trivial Representation). On the one-dimensional vector space k define
the action x - v = O for all x € g, v € k. This turns k into a g-module, the trivial module

or trivial representation.

Example 3.1.23. Consider the action of s[,(C) on C[x, y] given by:

o(e) =x%
9 9
p(h) = Xa - ya
d
Mf)—yg;

This turns C[x, y] into an s[,(C)-module. Similarly, we can make the polynomial algebra

k[x, y] into an sl,(k)-module.

Example 3.1.24. Recall the Lie algebra g in Example 3.1.3, the Heisenberg Lie algebra. The
map p : g —> gl;(k) defined by

p(x) =10

p(y) =10

p(z)=10

S O O o O o o o =
[S—y
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is a representation of g, since one can directly compute that [p(x), p(y)] = p(z) and

[p(x), p(2)] = [p(»), p(z)] = O, the zero matrix.

DEFINITION 3.1.25. A subspace W < V of a g-module V is said to be a submodule or
sub-representation if g- W = {x-w : x € g,w € W} € W. The quotient space V/W

acquires the structure of a g-module via
x-W+W)y=x-v+ W

A module V' # {0} is simple or irreducible if its only submodules are {0} and V.

Example 3.1.26. Consider the span I'; of the monomials of degree [/ in k[x, y]. Since
the action of sl, given in Example 3.1.23 preserves I';, we see that the I'; are finite-
dimensional s[,-submodules (of dimension / + 1) of k[x, y] . When k = C, more is true.
In fact, one can prove that if V' is a finite-dimensional complex simple sl,-module, then
V = I';, where [ = dimg V' — 1 (see, for example, (Fulton and Harris, 1991, §11.1, pp.
146-150)).

Example 3.1.27. The adjoint representation is faithful if and only if g is centreless.

Example 3.1.28. The representation in Example 3.1.24 of the Heisenberg Lie algebra is
clearly faithful.

DEFINITION 3.1.29. Let V, W be g-modules. Then ¢ : V. — W is a map of g-modules

or g-homomorphism if it is linear and preserves the action of g, i.e.:

p(x-v) = x-g().

forallx e gandallv € V.

DEFINITION 3.1.30. A derivation of an algebra A over k is a k-linearmap D : A — A
such that
D(ab) = D(a)b + aD(b)

foralla,b € A.The set of all derivations of a algebra, denoted Der (A), is a Lie subalgebra
of gl(A). We call Derg (A) the algebra of derivations of A.

An ideal i < g stable under all derivations of g is said to be a characteristic ideal.

Remark. 1t is a direct computation to verify that [D, E] = D o E — E o D is a derivation
for all D, E € Derg(A).
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Example 3.1.21 together with the Jacobi identity shows that ad g is in fact a Lie
subalgebra of Dery (g), often called the subalgebra of inner derivations. In fact, the fact
that ad x is a derivation for all x € g provides an easy way to memorise the Jacobi

identity:

[x, [y, 2l] = ad(x)([y, 2]) = [ad(x)(¥), 2] + [y, ad(x)(2)] = [[x, y]. 2] + [y, [x, 2]].

Example 3.1.31. The algebra A can be seen as a Derg (4)-module, by setting D -a = D(a)
for all D € Derg(A),a € A, since Derg(A4) < gl(A).

DEFINITION 3.1.32. Let V, W be g-modules. Then the tensor product V ®x W obtains

the structure of a g-module via
X-VQW)=x-vW+v®Xx-w.

Example 3.1.33. Note that sl,(C) — gl,(C) — gl(V), with V' a two-dimensional com-
plex vector space. The module V' is the natural s(,(C)-module. We will now describe
V ® V. Take V = C? and pick the standard basis {v;, v,}, where v; = ((1)) and
v = ((1)), so that sl,(C) acts on C? via the matrices E| », E», 1, H, », representing the
action of e, f, and h, respectively.

Now, V' ®g V has basis {v; ® vy, V1 ® V2, V2 ® v1, Uy ® v,}. We calculate

e-(v1®v) =0

e- (V1 ®V2) =V ® Uy

e- (VL ®V1) =V ®Vy

e (V2 ®V2) = v ® Uy + V2 ®Vy.

Likewise,

fri®v) =v1 ®v2+ v, ®;
S ®v) =108,
fr2®v1) =108,

f (2 ®v3) =0.
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Finally,

h-(v ®vy) =2v; @y
h- (v ®vy) =0
h-(v;®v1) =0
h-(v2 ® v2) = =2V ® V3.

Note that v; ® v; is a weight vector for / of weight 2 and is killed by e. The rep-
resentation theory of sl,(C) tells us that the vector v; ® v; is a maximal vector and
thus generates under f a simple submodule of dimension 3 isomorphic to I',. We calcu-
late this submodule to be W = C (v; ® v1,v1 ® v2 + V2 ® V1, V2 ® V7). Finally, note
that W’ = C(v; ® v, — v, ® v;) is killed by sl,(C) and is a vector space comple-
ment to W. It is the one-dimensional trivial sl,(C)-module, isomorphic to I'y. Thus
VerV=wWeW x=I',®Tl,.

For the following proposition see (Strade and Farnsteiner, 1988, §1.2, Proposition 2.3,
p. 12):

PROPOSITION 3.1.34. Let V, W be g-modules. Then the vector space Homy (V, W) obtains

the structure of a g-module via

(x- )W) =x- f(v) = f(x-v)

Remark. We observe that f € Homg(V, W) is a homomorphism of g-modules if,
and only if, x - f = 0. So, Homy(V, W), the space of g-homomorphisms between
V and W, is precisely the space of g-invariants of Hom (V, W), i.e. Homy(V, W) =
{f e Homg(V,W):g- f =0}.
Example 3.1.35. If one takes W = k the trivial representation, then Homy (V, W) = V*.
Thus, we see that the dual vector space is a g-module with module structure defined by
(x-9)(v) =—p(x-v)forallp e V* x eg,veV.

See (Bourbaki, 1975, Chap. I, §3) for a more in-depth treatment on tensor products of
representations and homomorphism modules.

For more details on the material that follows, see, for example, (Erdmann and Wildon,
2006, §4.1-4.2, §6) or (Bourbaki, 1975, Chap. I, §4-5).

DEFINITION 3.1.36. Let g be a Lie algebra. Define the sequence of subspaces

g1 =I[g.0].02=1[g1.0].....9 = [gi-1. 0], ...
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Note that we have the following inclusions:

We say that g is nilpotent if there is an i € N such that g; = {0}.

Example 3.1.37. Consider g = sl,(k) in characteristic 2. Then g; = kh and g, = {0}, so

sl, is nilpotent.

Similarly we have:

DEFINITION 3.1.38. Let g be a Lie algebra. Define the sequence of subspaces

@ _ D @) _

0 =1[9.91,0” = [8@,0"],....g" =[g" "V, g" V],

Note that we have the following inclusions:
g2¢g” 22992

We say that g is solvable if there is an i € N such that g®) = {0} .

Remark. Any nilpotent Lie algebra g is solvable, since we have g@) C g;.

Remark. The algebras g and g; are ideals of g. The algebras g are ideals in gD,
Also, note that g is the i-th derived subalgebra of g.

Example 3.1.39. Consider the space of upper triangular matrices in gl,(k). It has
basis {E11, E12, E22}. The Lie bracket satisfies [E1 1, Ex2] = 0,[E12, E1a1] =
—FE15,[E12,E25] = Ei Thus, g = k(E11,E12, E2») is a Lie algebra. Clearly,
g1 = g = k(E,,). Therefore, g® = {0}, so g is solvable. However, g, =
[k (E12),8] = k (E12). Thus, g is not nilpotent.

PROPOSITION 3.1.40. The ideals g® and g; are in fact characteristic ideals of g.

Proof. We proceed by induction. Clearly g = g, is stable under all derivations of g.
Suppose that g is stable under all derivations for some i > 0.Let D € Der (g). We have
D(g®*") = D([g?. ¢V]) = [D(g). gV] + [g©. D(e™)] < 6@, g@] + [0V, 0] =
gl+1) 4 g+ C g@+D a5 required. Similarly, suppose g ;j is stable under all derivations
for some j > 0. We have D(g;+1) = D([g;,0]) = [D(g;). 0] + [g;. D(9)] < [9;, 0] +
[9j.0] = gj+1 + 9j+1  gj+1, as required. m

For the following theorem see (Bourbaki, 1975, Chap. I, §4.2, p. 39):
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THEOREM 3.1.41 (ENGEL’Ss THEOREM). Let k be an arbitrary field. Let g C gl(V) =
Endy (V)™ be a finite-dimensional Lie algebra such that for all X € g thereisan N € N
such that XN = 0. Then there is a non-zero vector v € V such that Yv = 0 forall Y € g.

For the following theorem see (Humphreys, 1980, §4.1, p. 15):

THEOREM 3.1.42 (L1E’s THEOREM). Let g C gl(V') be a solvable Lie algebra, where V is

over C. Then there is a vector v € V' such that v is a common eigenvector for all X € g.

DEFINITION 3.1.43. Let p be a representation of a Lie algebra g —> gl(V). The Killing

form with respect to V' is

By (x,y) = tr p(x)p(y).

If gl(V) = gl(g) and p is the adjoint representation, then we will simply write B(x, y),
and call it “the Killing form”.

For the following four results, consider k to be a field of characteristic 0 and V' a
finite-dimensional vector space.

For the following theorem see (Milne, 2013, §1.3, Theorem 3.17, p. 39):

THEOREM 3.1.44 (CARTAN’S CRITERION). Let g C gl(V') be a Lie algebra such that
By(X,Y)=0

forall X,Y € g. Then g is solvable.

For the following corollary see (Strade and Farnsteiner, 1988, §1.7, Corollary 7.6, p.
42):

COROLLARY 3.1.45. A Lie algebra g is solvable if and only if B(g, g1) = 0.
For the following lemma see (Strade and Farnsteiner, 1988, §1.7, Lemma 7.1, p. 38):

LEMMA 3.1.46. Let g be finite-dimensional. Then g contains a unique maximal solvable
ideal, denoted by rad(g).

DEFINITION 3.1.47. Let g be finite-dimensional. The ideal rad(g) is called the solvable
radical of g. We say that g is semisimple if rad(g) = 0.

For the following corollary see (Milne, 2013, §1.4, Corollary 4.19, p. 45):

COROLLARY 3.1.48. If g is a semisimple Lie algebra, then g = [g, g.
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For the following theorem see (Erdmann and Wildon, 2006, §9.4, Lemma 9.12, p. 84):

THEOREM 3.1.49. If g is semisimple and p : ¢ —> h is a Lie algebra homomorphism, then

p(g) is also semisimple.
For the following lemma see (Erdmann and Wildon, 2006, §7.7, Lemma 7.13, p. 62):
LEmMMA 3.1.50 (SCHUR). Let k be an algebraically closed field. Let g be a Lie algebra and

V' be an irreducible g-module. Then
dimHomy(V, V) =1,

where Homg(V, V') is the set of all maps of g-modules from V' to itself.

Here are four important and useful commutation formulas, see (Strade and Farnsteiner,
1988, §1.1, Proposition 1.3, p. 9):

PROPOSITION 3.1.51. Let A be an associative k -algebra. Then, foralla, b,c € A, we have
in A":

(ad¢)™ (a) = zm:(—l)m-f (”f‘)cfacm—f
j=o J
[ab,c] = [a,c]b + alb, c]

m—1
[a™, c] = Zaj[a,c]am_j_1
j=0

ca™ = Z(—l)m_j m a’(ada)™/c.
— J
j
DEFINITION 3.1.52. Let V' C g be a subspace. The normaliser of V in g is
ng(V)y={xeg:[x,V]CV}.

DEFINITION 3.1.53. A nilpotent subalgebra b of a finite-dimensional Lie algebra g is a

Cartan subalgebra if it is self-normalising, i.e.

ng(b) =b.

It is not obvious whether or not Cartan subalgebras exist. In fact, in some cases it is
unknown whether they exist. Theorem 4.7 in (Strade and Farnsteiner, 1988, §1.4, p. 26)
guarantees that they exist provided that the ground field k is algebraically closed.
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Example 3.1.54. Let k be a field of characteristic p # 2. Let 0 =
{((“) g) ca,bek,a+b= O} C sl (k). We claim that 0 is a Cartan subalgebra of sl, (k).
Indeed, observe that 9; = [0, 0] = {0}, since the Lie bracket of any two diagonal matri-
ces is the zero matrix. Let us now compute the normaliser n, (9). Let x = (‘; 2) with
a+d=0,ie.x € sl,.Letd = (’3 2) € 0. We calculate [x,d] = (C(AO_M) b(Mo_A))' If
x lies in the normaliser of 9, we must have thus b(u — A) = 0 = ¢(A — ). Therefore,
i = Aorb = c = 0. Since this must hold for all choices of  and A with u + A = 0,
we conclude that b = ¢ = 0 and so x = (6’ 2) with a + d = 0. Thus, x € 0, and so

ng, (0) = 0. Hence, 0 is a Cartan subalgebra of sl, (k).

If g is defined over an algebraically closed field, we know that it has a Cartan subalgebra
h. Corollary 4.4 in (Strade and Farnsteiner, 1988, §1.4, p. 23) tells us that with respect
to the adjoint representation ad : h —> gl(g) we have a decomposition g = Py« o

where

Oo == {x €eg:VhehameN: (adh —a(h)idy)"(x) = 0}.
Moreover, go = b, so that g = b @ P, cq+\ 0} o

DEFINITION 3.1.55. Let B be the Killing form on g. Then
rad(B) ={x €g: B(x,y) =0Vy € g}.
The same definition applies to any symmetric bilinear form on g.

For the following theorem see (Strade and Farnsteiner, 1988, §1.7, Theorem 7.9, p. 43):

THEOREM 3.1.56. Let g be a finite-dimensional Lie algebra over a field of arbitrary char-

acteristic. Suppose that rad(B) = 0. Then every derivation of g is inner, i.e.

Dery(g) = ad(g).

DEFINITION 3.1.57. Let g be a Lie algebra over k. Suppose thati : g — U(g)” is a
homomorphism of Lie algebras, for U(g)~ the associated Lie algebra of some associative
k-algebra U(g). The pair (U(g),i) is a universal enveloping algebra of g if for every

associative k-algebra A and every Lie algebra homomorphism f : g — A7, there is a

28



Chapter 3. General theory

unique associative homomorphism f : U(g) —> A such that the following diagram

9~ U(g)

p éa!f
A

commutes.

For the following theorem see (Strade and Farnsteiner, 1988, §1.8, Theorem 8.3, p. 49)
and (Strade and Farnsteiner, 1988, §1.8, Corollary 8.5, p. 50):

THEOREM 3.1.58. Let g be a Lie algebra. Then g possesses a universal enveloping algebra

U(g). Furthermore, it embeds into it.

The universal enveloping algebra can be realised as the quotient of the tensor al-
gebra T'(g) of g by an appropriate ideal. More specifically, consider the ideal I =
{la®@b—-—b®a—]a,b]:a,beg}). ThenU(g) = T(g)/I.

Thanks to the universal property of the universal enveloping algebra, any two uni-
versal algebras of a given lie algebra, U(g) and V(g), say, are isomorphic up to unique
isomorphism, see (Strade and Farnsteiner, 1988, §1.8, Theorem 8.1).

The following famous theorem, found in (Strade and Farnsteiner, 1988, §1.8, Theorem
8.4, p. 50), due to Poincaré, Birkhoff, and Witt, the so-called PBW theorem, can be used

to see that the map of Lie algebras i : g —> U(g) is in fact injective.

THEOREM 3.1.59 (P-B-W). Let g be a Lie algebra over k with ordered basis (xj);en. Let
(U(g), i) be a universal enveloping algebra of g. Then the set

i) i(x,) ineN i < jp < < ju €A}
is a k-basis for U(g). One can also write the basis as
(i) i () n €N, ji < jo <+ < ju€As; >0},

Since i is an embedding, we will often suppress it, and regard g as a subalgebra of
Ulg)™.
Example 3.1.60. Let (e, f, h) be an ordered basis for sl,. Then the basis elements for

U(sl,) look like e! f*2h*3 for a; € N, so one has elements such as

e,ez,e3,...,ef,efz,ef3,...,efh,efhz,...,eh,ehz,...
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and so on. Meanwhile, elements such as A f, he, hef, f?e are not valid basis elements in
the PBW basis.

For the following theorem see (Strade and Farnsteiner, 1988, §1.8, Corollary 8.2, p.
48):

THEOREM 3.1.61. Let g be a Lie algebra and let V be a g-module, and (U(g), i) a universal
enveloping algebra of g. Then there is a unique U(g)-module structure on V such that

a-v=i()-v,

foralla e g,v e V.
Furthermore, a subspace W C V is a g-submodule if and only ifiit is a U(g)-submodule.

In light of the previous theorem, one might ask: Why study representations of Lie
algebras at all? Why not just study modules of associative algebras? At least one point in
favour of Lie algebras lies in the fact that U(g) is infinite-dimensional even if g is not.

The following two results are useful in studying g-modules.

This is Corollary 3.8 from (Strade and Farnsteiner, 1988, p. 19):

THEOREM 3.1.62. Let i be a finite-dimensional ideal of a Lie algebra g (over an arbitrary
field), let V' be a simple g-module. If x acts nilpotently on V for all x € i, then x acts
trivially forall x € i,ie.i-V = 0.

This is Lemma 5.6 from (Strade and Farnsteiner, 1988, p. 31):

THEOREM 3.1.63. Let g be an abelian Lie algebra over an algebraically closed field of
arbitrary characteristic. Every finite-dimensional irreducible representation V of g is one-

dimensional.

3.2 Restrictable Lie algebras

For most of the material in this section, we refer the reader to (Strade and Farnsteiner, 1988,
§2). Throughout, we assume that the base field k has characteristic p unless otherwise
stated.

Often when calculating, we will appeal to the following without reference, see (Nagell,
1951, §30, p. 99):

THEOREM 3.2.1 (WILSON’s THEOREM). Let t be an integer greater than one. Then t is
prime if and only if (t — 1)! = —1 modulo¢t.
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That is, over k onehas (p — 1)! = -1 =p — 1.

To introduce restricted structures, we make the following definition.

DEFINITION 3.2.2. Let g be a Lie algebra over k. A mapping [p] : g — g.a > alPl is
called a p-mapping if

1. ada!”l = (ada)?, forall a € g;
2. (/\a)[p] = A2qlPl foralla e g.A € k;
3. (a +b)P = al?l 4 plP) 4 5P~ 15 (a, b),

where
p—1

@d@®X +b@ )" (a®1) =) isia.b)® X"
i=1
in g ® k[X], forall a, b € g (where g ®x k[X] obtains the structure of a Lie algebra via
l®x,j@y]l=][l,j]®xyforalll,jeg,x,yek[X]).
The pair (g, [p]) is referred to as a restricted Lie algebra.

Remark. Calculating the s;(a, b) correction terms can be in general rather cumbersome.
Sometimes it suffices to compute s,_5(a, b) and s,_;(a, b). We refer the reader to (Strade,
2004, p. 18, Eq. (1.1.1)) and (Strade, 2009, p. 18, Rem. 10.2.4) for more details.

Example 3.2.3. The Lie algebra sl, (k) is restricted with [p]-mapping given by: hl?} =
h,elPl = flrl =0

The following example is universal, as we will see later, see Definition 3.2.29 and
Theorem 3.2.30. Take an associative algebra A. The Lie algebra A~ becomes a restricted
Lie algebra if we set x[? = x? for all x € A. In particular, (gl(V), p) is a restricted
Lie algebra. Furthermore, any Lie subalgebra g < A~ with the property that x? € g
for all x € g is a restricted Lie algebra. A particularly important example is the Lie
algebra of derivations Derg(B) < gl(B) of any k-algebra B, since D? € Dery(B) for
all D € Derg(B). Thus Derg(B) is a restricted Lie algebra with [p]-mapping given by
p-fold composition of functions. Setting

B =k[X1,....Xa)/ (X7..... X))

n

yields an important family of examples, as we will see later.

The suitable notions of substructures are the following:
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DEFINITION 3.2.4. Let (g, [p]) be a restricted Lie algebra over k. A subalgebra ) < g
(ideal i < g) is called a p-subalgebra or restricted subalgebra (p-ideal or restricted ideal) if
xtPl e hforall x € h (xIP] € i forall x € i).

For the following lemma see (Strade and Farnsteiner, 1988, §2.1, Lemma 1.2, p. 64):

LEmMmA 3.2.5. Let (g, [p]) be a restricted Lie algebra overk. Leta,b € g andh = g(a, b)
be the Lie algebra generated by a and b. Then

si(a,b) € hy_;.
Remark. Here we mean bh,_; in the sense of Definition 3.1.36.
Let S be a subset of a restricted Lie algebra g. Then put

Sm= () b

Sch
b a p-subalgebra

DEFINITION 3.2.6. We call S|, the p-subalgebra generated by S in g.

Denote by S ()" the image of S under i applications of the map [p]. The next propo-
sition gives an explicit description of the p-subalgebra S,] in the special case § < g.

For the following proposition see (Strade and Farnsteiner, 1988, §2.1, Proposition 1.3,
part (1), p. 66):

PROPOSITION 3.2.7. Let (g, [p]) be a restricted Lie algebra. If ) C g is a subalgebra, then

we have the following characterisation:

bip) = Zk“][p]i)-

i>0

Furthermore, if (ej)jey is a basis for b, we have

— (o)
bip) = Zkejp :

i>0
JjeJ

DEFINITION 3.2.8. Let (g1, [p]1), (92, [p]2) be restricted Lie algebras. Amap f : g; —>

g is called restricted or a p-homomorphism if

1. f isa Lie algebra homomorphism;
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2. forall x € g;, f(x[PI1) = f(x)Pl2,

Furthermore a p-representation or a restricted representation is just a restricted homomor-
phism p : g —> gl(V) for some vector space V, where one takes the p-mapping on

gl(V') to be the one coming from the associative operation (composition of functions).

Now, if 1 is a p-ideal of (g, [p]), the quotient g/I does carry a natural p-mapping,
given by (see (Strade and Farnsteiner, 1988, §2.2, Proposition 1.4, p. 67)):

(x + I)[P]’ — xlrl + 1.

Having defined suitable notions of homomorphism and quotient, the usual isomor-
phism theorems apply.
Given that we can embed g into U(g), one can ask what the relationship between

x[?! and x? is. Indeed, we have:

PROPOSITION 3.2.9. Let (g, [p]) be a restricted Lie algebra. Then for all x € g, the element

x? — xIPV is central in U(g).

Proof. Since g is identified with its copy in U(g) and for any associative algebra A the

map a — a? is a p-mapping on A~, we have
adx”(y) = (ad x)?(y) = adx'")(y)

for all y € g. Thus, [x? — x[?] g] = 0, 1ie, (x? — x[?l)(y) = y(x? — x[?}). Note that
U(g) has as k-basis (associative) products of elements of g. So x? — x[?! commutes
with any product of elements of g and so commutes with any sum of such products by
distributivity. |

DEFINITION 3.2.10 (p-NILPOTENCY). Let (g, [p]) be a restricted Lie algebra over k. A
p-ideal I <, gis p-nilpotent if there is n € N such that / [P1" = 0. An element x is called
p-nilpotent if there is an n € N such that x[?1" = 0. Finally the p-ideal [ is called p-nil

if every element x € [ is p-nilpotent.

For the following theorem see (Strade and Farnsteiner, 1988, §2.1, Corollary 1.6, p.
68):

THEOREM 3.2.11. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then there is
a unique p-ideal

rad,(g)
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such that
1. rad,(g) is p-nilpotent;
2. if I <, g is p-nilpotent, then I C rad,(g).
DEFINITION 3.2.12. The p-ideal rad,(g) is called the p-radical of g.

For the following theorem see (Strade and Farnsteiner, 1988, §2.1, Corollary 1.7, p.
68):

THEOREM 3.2.13. Let (g, [p]) be a finite-dimensional restricted Lie algebra. Then
1. rad,(g) < N(g);
2. rady(g/ rady () = 0,
where N(g) is the sum of all nilpotent ideals of g.
Before looking more closely at p-mappings, we make the following definition:
DEFINITION 3.2.14. Let f : V — V be a map. We say that f is p-semilinear if
1. fx4+y)=f(x)+ f(y)foralx,yeV;
2. fax) =a? f(x)forallx € V,a € k.

For the following proposition see (Strade and Farnsteiner, 1988, §2.2, Proposition 2.1,
p. 70):

PROPOSITION 3.2.15. Let g be a subalgebra of a restricted Lie algebra (a,[p]) and let
[p]1 : 9 —> g be a mapping. The following are equivalent:

1. [pl1 is a p-mapping on g;

2. there is a p-semilinear mapping [ : g —> Cu(g) such that [p]; = [p] + f.

Remark. Recall that we have C,(g) = {x € a: [x, g] = 0}.

Remark. If g = a, then the proposition says that if [ p]; is a p-mapping, then the difference
[p]1 — [p] is a p-semilinear mapping a —> C(a). Conversely, if f is a p-semilinear
mapping a —> C(a), then [p] + f is a p-mapping on a.

For the following corollary see (Strade and Farnsteiner, 1988, §2.2, Corollary 2.2, p.
71):
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COROLLARY 3.2.16. Let g be a Lie algebra. We have the following:
1. if C(g) = 0O, then g admits at most one p-mapping;
2. if two p-mappings coincide on a basis, then they are equal;

3. if (g, [p]) is restricted, there is a p-mapping [p]" of g such that
Xl — o

forall x € C(g).

The foregoing tells us something about the uniqueness of restricted structures. Now
we turn to the question of existence.

For the following theorem see (Strade and Farnsteiner, 1988, §2.2, Theorem 2.3, p. 71):

THEOREM 3.2.17 (N. JACOBSON). Let (¢j) ;e be a basis of a Lie algebra g such that there
exist y; € g with (ade;)? = ad y;. Then there is a unique p-mapping [p] : § —> @ such
that

e =,
forall j € J.

DEFINITION 3.2.18. A Lie algebra g is called restrictable if ad(g) is a p-subalgebra of
Derk(g), that is (adx)? € ad(g) for all x € g. In other words, there is a mapping
[p] : 9 —> g such that (ad x)? = ad x!?] for all x € g.

Remark. Thanks to Jacobson’s theorem, we see that a Lie algebra is restrictable if and
only if it admits at least one p-mapping, that is, if and only if there is a mapping that

makes it a restricted Lie algebra.

For the following theorem see (Strade and Farnsteiner, 1988, §2.2, Theorem 2.4, p. 73):

THEOREM 3.2.19. Let f : g1 —> g be a surjective homomorphism of Lie algebras. If g,

is restrictable, so is g,.

Remark. This theorem has the interesting consequence that the Lie algebra g/, where

I < g, is restrictable if g is restrictable.

DEFINITION 3.2.20. Let (g, [p]) be a restricted Lie algebra. A derivation D € Derg(g) is

called a restricted derivation if
D(a'”y = (ada)?~ ! (D(a))
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for all a € g. Let Derp,)(g) denote the subspace of restricted derivations. Every inner

derivation ad x for all x € g is a restricted derivation.

For the following proposition see (Strade and Farnsteiner, 1988, §2.2, Exercise 2, p.
76):

PROPOSITION 3.2.21. Let (g, [p]) be a restricted Lie algebra. For every derivation D, we

have
D(x'PYy — (adx)? " (D(x)) € C(g),

forallx € g.

DEFINITION 3.2.22. Let A, B be Lie algebras and ¢ : A —> Der(B) be a homomor-
phism. On the vector space A @ B define a Lie bracket by

[(a,b), (a".b")] = ([a.d], p(a) (D) — p(a')(b) + [b.D']).
This algebra, denoted by A @, B, is called the semidirect product of A and B.

Remark. Note that A @, B is a Lie algebra. If ¢ = 0 it is the usual direct sum of Lie
algebras. If [B, B] = 0, then B is simply an A-module and ¢ its representation.

For the following theorem see (Strade and Farnsteiner, 1988, §2.2, Theorem 2.5, p. 73):

THEOREM 3.2.23. Let (A, [p]) and (B, [p]’) be restricted Lie algebras and let ¢ : A —>
Der (B) be a restricted homomorphism such that ¢(x) is restricted for all x € A. Then
A @, B is restrictable.

For the following corollary see (Strade and Farnsteiner, 1988, §2.2, Corollary 2.6, p.
74):

COROLLARY 3.2.24. Let A, B be ideals of a Lie algebra g such thatg = A @ B. Then g is
restrictable if and only if A and B are.

In the following all vector spaces are assumed to be finite-dimensional.

DEFINITION 3.2.25. Let (g, [p]) be a restricted Lie algebra of k. An element x € g is

semisimple if x € (kx[p])[p] and toral if x[P! = x.

Remark. A restricted subalgebra that is abelian and admits a basis consisting of toral

elements is called a toral subalgebra or often just a torus. Maximal tori play an important
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role in the classification of restricted modular Lie algebras. Indeed, if M is a finite-

dimensional u (g, S')-module (see Definition 3.4.5), then it has a decomposition

into weight spaces M) :={m € M :t-m = A(t)m for all t € t} relative to a maximal

torus t.

The significance of semisimple elements rests on the following result, which can be
found in (Strade and Farnsteiner, 1988, §2.3, Theorem 3.4, p. 80):

THEOREM 3.2.26. Let (g, [p]) be a finite-dimensional restricted Lie algebra over k. For all
x € gthereisaj € N such that x!PV is semisimple.

DEFINITION 3.2.27. A p-mapping [p] on g is called nonsingular if x!P! £ 0 for all
x € g\ {0}.

For the following theorem see (Strade and Farnsteiner, 1988, §2.3, Theorem 3.10, p.
84):

THEOREM 3.2.28. Let k be algebraically closed and let (g, [p]) be a finite-dimensional

restricted Lie algebra with nonsingular p-mapping. Then g is abelian.

DEFINITION 3.2.29. Let (g, [p]) be a restricted Lie algebra over k. Suppose thati : g —>
u(g)~ is a restricted homomorphism of Lie algebras, for 1(g)~ the associated Lie algebra
of some associative k-algebra with unity u(g). The pair (u(g), i) is a restricted universal
enveloping algebra of g if for every associative k-algebra with unity A and every restricted
Lie algebra homomorphism f : g —> A, there is a unique associative homomorphism

f :u(g) — A such that the following diagram

p éa!f
A

g > u(g)

commutes.

For the following theorem see (Strade and Farnsteiner, 1988, §2.5, Theorem 5.1, p. 90):
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THEOREM 3.2.30. Let (g, [p]) be restricted and let (xj)jca be an ordered basis for g over

k. Then the restricted universal enveloping algebra exists and
i:g— u(g)”

is injective and dimy u(g) = p" if dimg g = n. Furthermore, u(g) possesses a PBW-type
k-basis given by

{i(le)s‘---i(xjn)s” meN, j1<jpp<--<j,e€AN0<y §p—1}.

Remark. The restricted universal enveloping algebra u(g) can be obtained as the quotient
of U(g) by the ideal

(x”—x["] DX eg).
Remark. As in the case of U(g), we identify g with its image i (g) in u(g).

Example 3.2.31. Let (e, f, h) be an ordered basis for sl,. Then u(g) is a p>-dimensional

associative algebra with basis
{e' f2h* :0<a; <p—1}.

As in the case of universal enveloping algebras, the universal property of restricted
universal enveloping algebras guarantees that any two restricted universal enveloping
algebras of g are isomorphic.

It is extremely useful to have the extra tools and structure of restricted Lie algebras.
Indeed, to engage in the Classification Theory one needs to consider the root space
decomposition of a Lie algebra with respect to a maximal toral subalgebra. In this context,
thus, embedding a non-restricted Lie algebra into a restricted Lie algebra is a necessity.

We therefore consider the following ways of embedding an arbitrary Lie algebra into

restricted Lie algebras.
DEFINITION 3.2.32. Let g be a Lie algebra.

1. A triple (a, [p], i) consisting of a restricted Lie algebra (a, [p]) and a Lie algebra
homomorphismi : g — ais a p-envelope of g if i : ¢ —> a is injective and the

p-subalgebra i (g)[p,) = a.

2. A p-envelope is called universal if for every restricted Lie algebra (a/, [p]’) and

every homomorphism f : g —> d/, there is a unique restricted homomorphism
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g : a —> o such that the diagram

commutes.

THEOREM 3.2.33 (MIL’NER (1975)). Every Lie algebra g has a universal p-envelope, de-
noted .

Proof. See (Strade and Farnsteiner, 1988, Theorem 2.5.2, p. 92). |

Remark. Firstly, the universal p-envelope is unique in the same fashion as the universal
enveloping algebras. Secondly, as the proof referred above mentions, one may identify g

with i (g);p] < U(g), where i : g —> U(g) is the canonical embedding.

Example 3.2.34. Let g = kh @ kx. Setting [h, x] = O turns g into a Lie algebra. As
we saw in the previous remark, the universal p-envelope of g can be identified with
i(9)1p) < U(g). By Proposition 3.2.7, we have § = i(g)[,] = D _;5¢ kh?' + D is0 kx?'

Exercise 4 in (Strade and Farnsteiner, 1988, §2.5) tells us that:

PROPOSITION 3.2.35. Let (a, [p],i) and (¢, [p]’,i’) be two p-envelopes of g. We have
ad(a) == ad(a’).

There is a notion of a minimal p-envelope, which indeed is minimal in the sense
of inclusion. A p-envelope (a, [p],7) is called minimal if C(a) C i(g). For details see
(Strade, 2004, pp. 19-22) or (Strade and Farnsteiner, 1988, §2.5, pp. 94-97). The existence
of minimal p-envelopes is guaranteed by Theorem 1.1.6 (2) in (Strade, 2004, §1.1, p. 20).

Example 3.2.36. Working out minimal p-envelopes of Lie algebras is not trivial. The-
orem 7.2.7 in (Strade, 2004, §7.2 , p. 368—372) determines these for all the simple Lie
algebras. In Chapter 6 we work out explicitly the minimal p-envelope of one of these

algebras.

The minimal p-envelope should not be confused with the universal p-envelope of a
Lie algebra. For one, if g is finite-dimensional, we know that the minimal p-envelope of
g will be finite dimensional (see Theorem 1.1.6 (3) in (Strade, 2004, §1.1, p. 20)), while as

we saw in the above remark, universal p-envelopes are infinite-dimensional.
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3.3 Filtered and graded Lie algebras

DEFINITION 3.3.1. A descending filtration of a Lie algebra g is a family (g(;))iez of sub-

spaces such that
Lgon Soenifi </
2. [9@), 9] € 9+ foralli,l € Z.

A Lie algebra g admitting a filtration is said to be a filtered Lie algebra.
If | U,cz 9m) = 9, the filtration is said to be exhaustive. If

(o = {0}

nez

it is said to be separating.

Example 3.3.2. Here’s a way of building a descending filtration on g. Let j < g. Define
g(-1) = g and g(o) = j and define recursively

G+ = {X € gy [x. 9] S 9wy} -

Then it is clear that the descending property holds. The multiplication property can be
checked by induction.

DEFINITION 3.3.3. Let g be a Lie algebra. A family of subspaces (g;);c; such that g =
D, 0i and [g;, g;] € g+, is called a Z-gradation of g. We call the algebra g a graded
algebra or a Z-graded algebra. The elements inside g; are called homogeneous elements of

degree i.

Remark. The notion of a Z-gradation can be naturally generalised to abelian groups. In
this thesis, however, we limit ourselves to the study of Z-gradations. We will often simply

say that a Lie algebra is graded to mean that it has a Z-gradation.

There exist a functor from the category of graded algebras to the category of filtered
algebras and vice-versa. One way around, a graded Lie algebra (g, (g;);cz) gives rise to a

filtered Lie algebra (g, (9¢))iez) by defining

o6 = Po;-

J=i
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Indeed, it is clear that g¢) € gy ifi <. Leta; € gu),a; € g¢). Then the smallest
subspace in the gradation that any element in the Lie bracket of a; with a; can be is
when one takes the lowest graded component of a; and the lowest graded component of
a;,a’ e gi- and al € g1/, say. Their Lie bracket [ai/,al/] € girqer.But, i’ >i,1'" > 1, s0
gir+1r S 9G+1)-

Going from a filtration to gradation is not as straightforward, however.

DEFINITION 3.3.4. Let g be Lie algebra and (g(»))rez a descending filtration. Define

gi = 96)/9G+1)

and endow the vector space gr(g) = P,., 9 with the structure of a Lie algebra by
setting

[x + 86+0. ¥ + 8G+0] = [X. Y]+ 86+j+1)
forall x € gy and y € g(j). The Z-graded Lie algebra (gr(g), (gi)iez) is called the graded
Lie algebra associated with (g, (9())iez)-
Remark. One can carry out the above construction for ascending filtrations as well.
Analogous definitions and constructions work for algebras in general where one
replaces the Lie bracket with the algebra multiplication.

DEFINITION 3.3.5. A filtration (g())nez of a restricted Lie algebra (g, [p]) is restricted if

[p]
9(5) < 9(pn)

foralln € Z.

DEFINITION 3.3.6. A Z-gradation (g;);ez of a restricted Lie algebra (g, [p]) is restricted
if

gl[p] C gpi

foralli € Z.
Remark. Note that the zero-graded piece g¢ for any Z-graded Lie algebra is a Lie subal-

gebra of g (since [go, go] € go). Likewise, every subspace g, for g € Z is a go-module

via the adjoint representation.

Example 3.3.7. Consider the Lie algebra g = Dery(k[X]). If D is the derivation given
by D(X") = nX" !, theng = k (XiD 11 € N). Then g can be Z-graded by putting
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On = k(X”“D), since [X"D,X™D] = (m—n) X" 1D € g,4m_», as a direct
computation shows.

Before proceeding to the last section, we give a generalisation of the notion of a

Z-gradation.

DEFINITION 3.3.8. Let g be Z-graded. Let V' be a g-module. We say that V' is Z-graded

if there are subspaces V, such that
LV =@ger Ves
2. 9g Vi S Veqpforal g, h € Z
The elements v € V, are said to be homogeneous of degree g.

One can then show that (see (Strade and Farnsteiner, 1988, §3.4, Prop 4.4) for a proof
of this result):

ProposITION 3.3.9.Let V,W be (finite-dimensional 7Z-graded g-modules. Then
Homy (V, W) is Z-graded via

Homy (V,W)g :={f € Homg (V. W) : f(Vn) € Whyg forallh € Z} .

3.4 Representations of modular Lie algebras

For an excellent exposition of the following, and proofs of the main results, see (Strade
and Farnsteiner, 1988, §5.2—-§5.9).
The following is Theorem 2.4 in (Strade and Farnsteiner, 1988, p. 207).

THEOREM 3.4.1 (N. JACOBSON). Let k be a field of positive characteristic and let g be a

finite-dimensional Lie algebra over k. Then every simple g-module V' is finite-dimensional.

For the following theorem see (Strade and Farnsteiner, 1988, §5.2, Theorem 2.5, p.
207):

THEOREM 3.4.2. Let (g, [p]) e a finite-dimensional restricted Lie algebra over an alge-
braically closed field and let p : ¢ —> gl(V') be an irreducible representation. Then there

is a linear form S € g* such that
p(x)? = p(x'?l) = S(x)? idy
forallx € g.
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DEFINITION 3.4.3. Let (g, [p]) be a restricted Lie algebra over k and let S € g* be a

linear form. A representation p : g —> gl(V) is called an S -representation if
p()? = p(x!) = S (x)7idy

for all x € g. The form S is called the character of the representation. Putting S = 0

gives us the whole theory of p-representations.

Therefore, every simple module over a finite-dimensional restricted Lie algebra over

an algebraically closed field has a character.

DEFINITION 3.4.4. Let (g, [p]) be a restricted Lie algebra and supposed it is graded, so
g = P,c; 0, and let (g, (g())iez) be the associated filtration. For a character y, we

define the useful notion of the height of a character:
ht y = min {i > —1: x(g9¢)) = 0} .

Remark. Note that simple restricted modules correspond to modules of character height
—1.

Now we introduce a generalisation of the restricted universal enveloping algebra:

DEFINITION 3.4.5. Let (g, [p]) be a restricted Lie algebra over k and let S € g*. A pair
(u(g, S), i) consisting of a homomorphism of Lie algebras ¢ : g —> u(g, S)~, for u(g, S)

some associative k-algebra with unity such that
L(x)? —(xPh) = S(x)?1

for all x € g is an S-reduced universal enveloping algebra of g if for every associative
k-algebra with unity A and every Lie algebra homomorphism f : g —> A~ such that
f(x)? — f(xIPly = S(x)?1 for all x € g, there is a unique associative homomorphism

f 1 u(g,S) —> A such that the following diagram

g—u(g.S)
P éa!f
A

commutes.
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Remark. The S-reduced universal enveloping algebra exists, and any two S-reduced
universal enveloping algebras are isomorphic, by the usual categorical argument. We have
u(g,0) = u(g). Also, u(g, S) is obtained as the quotient of U(g) by the ideal generated
by

{x” —xPl_§(x)?1:x € g} .

If (x;)iea is an ordered basis for g, u(g, S') has a PBW-type k-basis given by
{eO) i) ineN 1< jo<- < ja€AN0<s; <p—1}.

The map ¢ is then injective and so, as in the case of U(g), we identify g with its image
t(g). For more details see Theorem 3.1 and its proof in §5.3 in Strade and Farnsteiner

(1988). As in the restricted case, we have dimg u(g, S) = p” if dimg g = n.

Remark. As in the case of modules over the universal enveloping algebra U(g) and g-
modules, there is a natural equivalence between modules over the S-reduced universal

enveloping algebra u(g, S) and g-representations with character S.

Remark. If by is a restricted subalgebra of g, then u(h, S) can be naturally identified with
a subalgebra of u(g, S).

For the following theorem see (Strade and Farnsteiner, 1988, §5.3, Corollary 3.2, p.
214):

THEOREM 3.4.6. Let (g, [p]) be a restricted Lie algebra. Then for all S € g* there is an
irreducible S -representation of g, i.e., every linear form S is the character of some irreducible

representation.

For the following theorem see (Strade and Farnsteiner, 1988, §5.2, Theorem 2.7, p.
211):

THEOREM 3.4.7. Let V; be g-modules with characters S; fori = 1,2. Then
1. Homg (V7, V) is a g-module with character Sy — Sy;

2. V¥ is a g-module with character —Sy;

3. Vi ®k V5 is a g-module with character S1 + S5.

In particular, we see that the restrictedness of restricted modules (so when S = 0) is
preserved by taking Hom-spaces, tensor products, and duals, i.e. if V; and V), are restricted
g-modules, then Homy (V1, V3) and V; ®j V5 are both restricted g-modules; furthermore

V¥ and V" are both restricted g-modules.
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DEFINITION 3.4.8. A representation p : g —> gl(V) is called completely reducible if

there is a family of irreducible submodules (V;);c; such that V = €, , V;. Alternatively,

iel
it is completely reducible if for every submodule W there exists a submodule U such
that V. =W @ U.

Weyl’s complete reducibility tells us that every finite-dimensional representation of a
finite-dimensional simple Lie algebra over an algebraically closed field of characteristic 0

is completely reducible. This, however, is not the case in the modular world.

Example 3.4.9. Consider the sl,-submodule I', < k[x, y] consisting of all the homoge-
neous polynomials of degree p (see Example 3.1.23 and Example 3.1.26). We claim that
I', is not completely reducible. Indeed, consider the subspace k (x?, y?). It is an sl,-
submodule, since all the elements act trivially on it. Suppose that there exists a submodule
V <T,suchthat V @k (x?,y?) =T',.Let v € V \ {0}. We can write

p—1
v = E AixtyPt,
i=j

where j > 0and A; # 0. Now, (p(e)?™ (v) = cA;jx?, where ¢ # 0. Therefore, x? € V,

a contradiction. Thus, I, is not completely reducible.

The following theorem (contrast with Weyl’s theorem) is due to Jacobson (see (Strade
and Farnsteiner, 1988, §5.5, p. 220)):

THEOREM 3.4.10. Let g # {0} be a finite-dimensional Lie algebra over a field of positive
characteristic. Then g possesses a finite-dimensional faithful completely reducible represen-

tation.

Now we define the important notion of an induced representation (see (Strade and

Farnsteiner, 1988, §5.6) for more details):

DEFINITION 3.4.11 (INDUCED REPRESENTATION). Let h) be a p-subalgebra of a re-
stricted Lie algebra (g, [p]). Let S € g*. Let M be a left h-module with character S.
Then

Indf;(M, S) =u(g,S) Quwp,s) M

is a left g-module with character S. It is referred to as the g-module induced by the
h-module M .

Remark. The tensor product over u(h, S) is taken seeing u (g, S) as aright u(h, S)-module
and M as a left u(h, §)-module. See Definition 2.1.14.
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Remark. Lemma 2.1.16 says that the action of g on Indg (M, S) is given by
y-(x®@m)=y-x®@m=yx®m,

forally e g, x e u(g,S),me M.

Induced modules will be very important in classifying the simple modules for the
Hamiltonian algebra H(2; (1, 1); (1)), as we will later see. The following well-known

theorem will be of much import too.

THEOREM 3.4.12 (FROBENIUS RECIPROCITY). Let (g, [p]) be a restricted Lie algebra
overk,and S € g*. Let V be a g-module with character S and lett < g be a p-subalgebra.
Let M be an h-module with character Sy € b*. Then:

Homp (M, Vges) = Homg(Indg (M, S),V),

where Vi, is simply the restriction of the g-module V' to by.

For a proof for Frobenius reciprocity, we refer the interested reader to (Strade and
Farnsteiner, 1988, §5.6, Theorem 6.3). From it, we see that if / € Homy (M, Vi), then
the map

xXQ@mt>x- f(m)

is a g-homomorphism Indg M,S) — V.

Concerning dimensions, we have (assuming that g and M are finite-dimensional):
dimy Ind3(M, §) = p*™ /" dimy. M.

A proof of this can be found in (Strade and Farnsteiner, 1988, §5.6, Prop. 6.2).

The restricted representation theory of sl, will be of importance to us when we
classify the simple restricted modules of H(2; (1, 1); ®(1)). For more details, see, for
example, (Strade and Farnsteiner, 1988, §5.2, pp. 207-209).

THEOREM 3.4.13. There are p isomorphism classes of restricted irreducible representations
of sly. The classes have representatives L(z) for z € {0,1,..., p — 1}, where L(z) has

dimension z + 1.

Remark. These representations have already been introduced as I'; = L(z) in Exam-
ple 3.1.26.
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Remark. Richard E. Block (see Block (1979, 1981)) has classified all the irreducible repre-
sentations of s, (C), including all the infinite-dimensional ones. The simple modules fall
into three types: highest weight modules, Whittaker modules, and those belonging to a
family of pairwise nonisomorphic and mostly new modules that the author constructs in

Block (1981).
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Chapter 4

Derivation algebras and Lie algebras

of Cartan type

In this chapter we will study the Lie algebras of derivations of divided power algebras
as well as certain important Lie subalgebras of these algebras of derivations, such as
the generalised Jacobson-Witt algebra W (m; n). These algebras turn out to be important
since the Hamiltonian algebras we look at in later chapters will be defined in relation to
these algebras.

Recall that a derivation of an algebra A over k is a k-linear map D : A — A such
that

D(ab) = D(a)b + aD(b)

for all a,b € A.In the context of Lie algebras, a derivation D of a Lie algebra g thus
satisfies D([a, b]) = [D(a), b] + [a, D(b)] for all a, b € g. Recall that Dery(A) is a Lie
subalgebra of gl(A).

Any such derivation D satisfies Leibniz’s rule:

n

D(xy) =y (’;‘)D"(x)D"—" (-
i=0
In particular, if k is a field of characteristic p > 0, we see that D?(xy) = xD?(y) +
D?(x)y for all x,y € A, since the binomial coefficients (f ) foralll <i < p-—1
are divisible by p. Therefore, in the modular case, D? € Dery(A), proving indeed that
Dery (A) is a restricted Lie algebra.
It turns out that several important families of Cartan-type modular Lie algebras, not

just the Hamiltonian algebras, are closely related to certain types of derivation algebras.
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4.1 Graded Lie algebras of Cartan type

Rather than going into the general theory of graded Lie algebras of Cartan type, in this
section we will study in some detail the simplest family of these, the W, or Witt, family.

Let k be a field of characteristic p > 0. Consider the truncated polynomial ring
k[X]/(XP).

We consider the Lie algebra Dery (k[ X]/(X?)). It turns out that this Lie algebra admits
the following k-basis: {3, x0,...,xP71 8}, where x denotes the image of X in the quotient,
ie.x = X + (X?), and 9 is the derivation of k[X]/ (X?) defined by 9(x%) = ax®~!.

It turns out that the Lie bracket on basis elements satisfies:
[x70,x70] = (j —i)x'T/~1d.

This Lie algebra is called the first Witt algebra. It is denoted W(1;1) = W;. It is
restricted with p-mapping given by p-fold composition: D!?! = D? for all D € W;. If
p > 3,itis simple. If p = 3, in fact W; = sl,(k), but for higher characteristic, it is not of
classical type (i.e. not a Lie algebra that is a modular analogue of a simple Lie algebra in

characteristic 0). It is graded as follows.

DEFINITION 4.1.1. Define the r-th graded piece to be:
w11, =k (x’“B).

Then W(1; 1) = @722, W(1; 1),.

The first Witt algebra is the simplest example of a modular Lie algebra of type W,
and indeed it is the simplest example of a graded Lie algebra of Cartan type, for whose
definition see Definition 5.1.9 and the second remark following it.

We want to generalise this somewhat. Suppose one was to consider a truncated
polynomial ring

K[X1, ..., Xnl/ (X{’"‘ . X,,P;”’”) .

This would present problems once any of the n; > 1. This is principally because once
one considers elements such as x” # 0 they will admit no non-zero derivations, since if
D is a derivation, an inductive argument shows D(x}) = px? “'D(x1) = 0.

To get around this fact, it is necessary to introduce algebras of divided powers. From

now on, let m be a positive integer and let n € NZ,.
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DEFINITION 4.1.2. The algebra O(m) is the associative and commutative algebra (with
unit element) with k-basis
{x(“) caeN" 0 < ai}

satisfying

a

@ ®) _ (“ + b)x(a+b)

m

wherea +b = (a; + by, ..., a4, + by) and (Z) =I1., (i:), adopting the convention
that (Z) =0ifb; > a;.

The divided power algebra O(m;n) is the associative and commutative subalgebra
(with unit element) of O(m) with k-basis

{x(“):aeN’",OSai fp”"—l}.

Remark. Note that if a; + b; > p™, we have that p"i, and therefore p, divides the

binomial coefficient (“’;bi). Thus the binomial coefficient is zero in k and x@x® = 0.

Therefore, O(m;n) is indeed a subalgebra.

For a more detailed description of this algebra in terms of generators and relations,
see for instance (Strade, 2004, §2.1, pp. 59-60 ) or (Strade, 2004, p. 3) for a quick overview.
For a description in terms of “divided” formal power series, see (Strade and Farnsteiner,
1988, §3.5, p. 132), where the algebra is denoted A(m;n).

We now give a construction of O(m). Consider the polynomial ring C[ X, ..., X;].
Define Xi(r) = %Xi’ foralli € {1,...,m}and r > 0. Then

m
PZ = Z (ZH Xi(ai))
aeN” i=1
is a Z-subalgebra of C[X1, ..., X;,]. It turns out that O(m) = k ®z Pz.
The algebra O(m;n) is graded via
O(m;n); = k<x(") al = i>,

setting |a| := a; + a> + ... + a,,. This gradation gives rise to the filtration (see §3.3 for
more details)

O(m:n) ) = k<x(“) la] > i>.

To see that divided powers occur naturally, observe that if we apply the partial
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derivative % to the polynomial X¢X? € C[X,, X»], say, we obtain a X¢~' X%. This
can grow unwieldy as coefficients grow in number as one applies partial derivatives
repeatedly. To circumvent this problem, put X i(ai) = ﬁX { for all i. Now applying the
partial derivative to X l(a)X 2(b) yields

4 a1y ®) _ y(@=1) y )
XY = XX,

More generally, in the commutative polynomial ring in n variables C[ X1, ..., X,], apply-

ing the i-th partial derivative d,, = aix[_ to a polynomial X 1(a1)X 2(a2) co- X 39 yields

X, Xi(fifl)Xi(ai—l)Xi(iilH) LX),

We will sometimes write X@ = (X, --- X,) "% for XV x ... x\* =
1—[;121 Xi(ai). Here, again, we refer the reader to (Strade, 2004, §2.1, pp. 59-62). In the

quotient, we denote the image of the monomial X; by x;, forall 1 <i < m. It is easy to

YO x© — (r T S)X<r+s).
r

see that

Furthermore, they arise in the algebra of distributions for a connected reductive
algebraic group, see (Jantzen, 1987, Part II, §1.12, pp. 184-185) for more details. They also
occur naturally in Kostant Z-form of U(g) for g a complex semisimple Lie algebra, see
(Kostant, 1966, §2.3-2.5) for more details.

Now, going back to W} and the truncated polynomial algebra k[X]/ (X?), we do

have the following isomorphism more generally:
k[X1,....Xml/ (XP,....XP) = O(m:])

where 1 :=(1,1,...,1) e N,
Another interesting isomorphism is (see (Strade, 2004, §7.6, p. 423)):

O(m;n) = O (Xm:ni;l) = O(|n]: 1).

In particular,
O(m;n) = k[X1,.... X/ (Xf, L XP ) .

|n]
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DEFINITION 4.1.3. A derivation D : O(m;n) —> O(m;n) is said to be special if

m
D(x@) = x“*)D(x,),

i=1

where ¢; is the m-tuple with j-th entry given by §;; and x; := x (/.

DEFINITION 4.1.4. The Lie algebra W(m;n), where n € N, called the generalised

>0

Jacobson-Witt algebra, is the Lie algebra consisting of the special derivations of O(m;n).

For the following proposition see (Strade and Farnsteiner, 1988, §4.2, Theorem 2.4, p.
149):

PROPOSITION 4.1.5. The algebra W(m; n) is simple and has dimension mp'!.

Remark. Observe that dimy O(m;n) = p2l.

It has (in divided power notation) k-basis
{xia‘)xéaz)---x,(,f’")axi 0<a; <p"—1,i = 1,...,m},
where 0, is the (special) derivation uniquely determined by the property

that is,
8x.x(“) — yla—&i)

where we adopt the convention that x(*) = 0 if any of the b; < 0. The derivation 3, is
called the i -th partial derivative of O(m;n).

DEFINITION 4.1.6. We set W(m) = Y /-, O(m)dsy,.
Clearly, W(m) has k-basis

{x(“)axi 0<aq;,i = 1,...,m}.

The Lie bracket on the basis elements of W(m;n) and W(m) is given by the formula (see
the proof of Proposition 5.9 in Chapter 3 of Strade and Farnsteiner (1988) or (Holmes,
2001, p. 448))

[x(a)axi’x(b)axj] — (a +b— Ei)x(a+b—s[)axj _ (a + ]Z_ S.i)x(a+b—8j)aXi’ (4.1)
a
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fora,b e N" i, j e{l,...,m}.

Moreover, W(m;n) is restricted if and only if n = 1 = (1,1,...,1), and in such
a case, it is isomorphic to the full derivation algebra of the truncated polynomial ring
kX, ....Xml/ (XD, ..., X}):

Derg (k[X1,..., Xml/ (XF,....X2)) = W(m; ).

Additionally, it is the full derivation algebra Dery(O(m;1)). For a proof that
Derr (O(m; 1)) = W(m; 1), we refer the reader to Proposition 5.9, part (3) in (Strade and
Farnsteiner, 1988, p. 132). In general it is only true that W(m;n) < Derx(O(m;n)), see
Proposition 5.9, part (2) in the previous reference. Furthermore, Theorem 2.4 in (Strade
and Farnsteiner, 1988, p. 149) tells us that W(m; n) is restrictable if and only if n = 1,
and in that case D1 = D? for all D € W(m;n).

More generally, W(m;n) is in fact a free O(m;n)-module with basis
{0y, i =1,...,m}. For a proof of this fact, see Proposition 5.9, part (1) in (Strade and
Farnsteiner, 1988, p. 133). Alternatively, (Strade, 2004, §2.1, p. 60) defines W(m; n) as this
free module: W(m;n) = Y /-, O(m;n)dy,.

The algebra W(m; n) acts naturally on O(m;n) via D - f = D(f). This is called the
canonical representation of W(m;n), see Example 3.1.31 for more details.

The algebra W(m;n) is graded as follows.

DEFINITION 4.1.7. Define r-th graded piece to be
W(m;n), = k<x(")8x,. al=r+1,i = 1m>

so that the “degree” function on monomial derivations x@d,, of the Witt algebra is

computed by taking the degree of the monomial x® and subtracting one.

One has ]
W(m:n) = @ Wim;n),,

r=-—1
where s = Y - (p" —1)—1 = >~ (p") —m — 1. Furthermore, when n = 1 the
gradation is restricted (that is, W(m; l)l[p I c W(m;1),; for all i).

PROPOSITION 4.1.8. One has the isomorphism:

W(m:n)o =k (x;dy, :i.j = 1,....m) = gl, (k).
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Furthermore, this is a restricted representation of W(m;n)o.

Proof. We map x;0y; +— E;; € M,(k), see Example 3.1.10 for more details. Notice
that W(m;n)o can be seen as endomorphisms of the m-dimensional k-vector space
k (x1,X2,...,Xp). Since x;0x; (x;) = §;;x; forall 1 < < m, we see that the matrix of
x; 0y, with respect to the basis {x1, ..., X, } is just E; ;.

To see that this is a restricted representation, observe that gl,, (k) is a restricted
Lie algebra with p-mapping given by p-fold composition of functions, and that the

p-mapping on W(m;n)y is also given by p-fold composition of functions. |

An important subalgebra of W(m;n) is
t:=k<x(8i)8xl. Li = 1,...,m>:k(x,-ax,. Li=1,....m)

Clearly t is an abelian subalgebra. If n = 1, Theorem 2.5 in (Strade and Farnsteiner,
1988, §4.2, pp. 150-151) tells us that t is a torus. In particular, (x(si)axl.)[p] = x)g,, for
alli =1,...,m.

As we saw in Chapter 1, Shen in Shen (1988a) classified the restricted simple W,, =
W (n; 1)-modules. Holmes in Holmes (2001) expanded this work to all simple W,,-modules
of character height at most one, see Theorem 4.3 and Theorem 4.4 in Holmes (2001) for

more details.
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Chapter 5
Hamiltonian Lie algebras

The family of Hamiltonian Lie algebras is the centre-piece of this thesis. We give an
introduction here to set the stage for the later chapters, focusing on the Hamiltonian
algebras most relevant to our discussion.

Throughout this chapter, let m be a positive integer and let n € NZ,. We take our
base field to be an algebraically closed field k of characteristic p > 3.

Let O((m)) and O((m;n)) denote the topological completions of O(m) and O(m;n),
respectively, with respect to the topologies induced from the descending chains of ideals
(O(m)j))j=o0 and (O(m;n)(;));>o, respectively.

One can then go on to define W ((m)) and W((m;n)) as wellas H((m)) and H((m;n)).
It turns out, however, that H(m;n) = H((m;n)), see (Strade, 2004, §4.2, p. 186) for more

details. Thus, we restrict in this chapter our attention to H(m) and H (m;n).

5.1 Hamiltonian forms and graded Hamiltonians

We shall start by looking at the general family of Hamiltonians.

For a more in-depth treatment of the topics covered in this section, we refer
the interested reader to (Strade, 2004, §4.2). Let the space of O(m)-homomorphisms
Homon)(W(m), O(m)) be denoted by Q! (m)". Define d : O(m) —> Q' (m) by

d(f)(D) = D(f),

forall f € O(m), D € W(m).

'This becomes an O(m)-module via (f - 1) (D) := fA(D)forall f € O(m), A € QL (m), D € W(m).
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Now, Q!(m) can be given the structure of a W(m)-module. First, we define an action
of W(m) on Homy (W (m), O(m)). To do so we apply Definition 3.1.34, where we take
W(m) to be a W(m)-module via the adjoint representation, i.e., D - D’ = [D, D’] and
the action of W(m) on O(m) is simply D - f = D(f). Thus, we have D(x)(D’) =
D(a(D")) —a([D, D']) for all D, D’ € W(m) and all @ € Q! (m). It remains to show
that D(«) € Ql(m) forall D € W(m),a € Q1 (m).Let D, D' € W(m), f € O(m). We
wish to show

D(@)(fD’) = f(D(a)(D)).

We have D(«)(fD’") = D(a(fD’)) —a([D, fD’]). Since « is an O(m)-homomorphism,
we have D(x(fD’)) = D(fa(D’)). By the product rule, we have D(fa(D’)) =
D(f)a(D') + fD(x(D')). One calculates the following identity in W(m): [D, fD] =
fID, D'l + D(f)D’. Therefore, using again the fact that « is an O (m)-homomorphism,

o([D, fD')) = a(f[D.D']) + a(D(f)D') = fa([D,D]) + D(f)a(D’).

Hence, D(a)(fD') = D(f)a(D') + fD(a(D")) — (fa([D,D']) + D(f)a(D") =
fD(a(D") — fa([D, D']) = f(D(a)(D")), as required.

It turns out that d is a W(m)-homomorphism between O(m) and Q! (m). Indeed, it is
a direct computation to verify that d(D(f)) = D -d(f) for all D € W(m), f € O(m).

PROPOSITION 5.1.1. The space Q' (m) is a free O(m)-module with basis {dx, ..., dx,},
so Q1 (m) = Y/, O(m)dx;, recalling that O(m) acts on 2" (m) via (f-1)(D) = fA(D)
forall f € O(m),A € QY(m), D € W(m).

Proof. Since W(m) is a free O(m)-module with basis {dy,, ..., dx,,}, if D € W(m), we
can write D = ) 7*| fidy,, where f; € O(m) for all i. Hence,

A(D) =" fid(ds,).

i=1

Therefore, the action of A € Q!(m) is determined by how A acts on the partial
derivatives 0y, ..., Ox,, .

Consider the map o = Z;.":l A(dx;)dx; € Q'(m). Observe that a(dy,) = A(0x,)
for all i. Thus, o acts the same way A acts on the partial derivatives, so ¢ =

> im1 A0y, )dx; = A. |

Remark. Taking A = d(f) for f € O(m), we see that the action of d( f) is determined
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by d(f)(dx;) = 0x;(f). Again, thanks to the fact we that we have (dx;)(dx,) = §;;, we
see that the map Y /L, 9, (f)dx; acts the same way as d(f) on the partial derivatives.
Therefore, d(f) = > i~ dx, (f)dx;.

Example 5.1.2. Suppose m > 5. We have d(x;x 2)) € Q!(m). We calculate that
d(x1x32))(8xl) = x(z) d(x1x32))(8x3) = X1X3, and d(xlx(z))(axi) = 0 otherwise. Thus,

d(xlx(z)) = x32)dx1 + x1x3dx;.

Similarly,
d(x(p) (p— 1)) _x(p Dy (p l)dx +x(p) (p— z)dx5.

DEFINITION 5.1.3. The elements of the exterior algebra over O(m) of Q! (m), denoted
Q2(m), are called differential forms on O(m). We sometimes also use the r-fold exterior
power: Q7 (m) = A" Q!(m) (also taken over O(m)).

Remark. We have Q°(m) = O(m).
Remark. Replace the algebra O(m) with the algebra O(m;n) and W(m) with W(m;n)
in all the previous constructions. This gives us Q! (m;n) and Q(m;n), and so on.

The algebra Q(m) is graded via Q(m) = @, Q" (m), since clearly for all ,/ € N
we have Q" (m)Q!(m) € Q" (m) .

Similarly, the algebra Q2(m;n) is graded via Q(m;n) = @,y Q" (m; n).

The elements of W(m) can be extended to be derivations of €2(m) by defining:

D(a)1 A C()z) = D((,()l) AWy + wg A D(Cl)z)

for two-fold wedge products, and defining higher-order wedge products inductively, i.e.
D(wy A wy A w3) = D(wg A wz) Aws + w1 A wa A D(ws) and so on.

The map d can be extended to a square-zero (i.e. d> = 0) linear operator on Q(m).
Indeed, setd (fdg) = df Adg forall f,g € O(m). Extend this inductively to 2(m) by
defining

d (@1 A @) = d(@1) A wz + (=D 0 A d(w,)

for all w1, w, € Q(m).
The following proposition can be found in (Strade, 2004, §4.2, p. 185).

PROPOSITION 5.1.4. The map d satisfies

d(fo) = df) Ao+ fdo
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forall f € O(m),w € Q(m).
DEFINITION 5.1.5. The following differential form will be of particular interest:
wH = Z dx; Adx;iy,,
i=1

where m = 2r > 2. The form wp is often called a Hamiltonian form (though not the

only Hamiltonian form, see Definition 5.2.2).

Indeed, this differential form gives rise to the family of Hamiltonian Lie algebras:

HQ2r):={D e W(2r): D(wg) = 0}.

For n € N?/ define

>0

HQ2r;n) = HQ2r) N W(Q2r;n).

What do the elements looks like? How does one compute with them? Now we will

attempt to gain a more concrete understanding of what these algebras look like. We will

begin by fixing some notation.
Givenn € N7, weputt = t(n) = (p" — 1, p"> —1,..., p" —1). Put also

>0

1 ifl<i<r
o(i):=
-1 ifr+1=<i=<2r

and
i+r fl<i<r

i—r fr+1<i<2r
Note that (i’ =i ando(i’) = —o(i) forall 1 <i <2r.
DEFINITION 5.1.6. Define a linear operator Dy : O(2r;n) — W(2r;n) by
2r
x@ 5 " 0(i)0y, (x @),
i=1
So for instance Dg (x;) = 0(i)0y,,, D(x1) = 0x,,, and (if r = 2)
Dy (x§2)x§4)) = x2x§4)8x4 — xéz)xf)axl.
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The Lie bracket in W(2r; n) satisfies
(D (@), D (x?)] = Dy (Du(x)(x)) 2
Then the graded simple Hamiltonian Lie algebra H(2r;n)® is the k-span
k<DH(x(“)) 0<a< r(g)),

recalling from Definition 3.1.38 that H(2r;n)® is the second derived subalgebra of
H(2r;n). For an explicit description of H(2r;n) see (Strade, 2004, §4.2, p. 188). We
also have H(2r;n)® = Dy (0O(2r;n)), see (Strade and Farnsteiner, 1988, §4.4, p. 163),
bearing in mind that H(2r;n) is denoted by H(2r;n)’.

The grading of H(2r;n)® is inherited from that of W(2r;n). That is, we have
H(2r;g)§2) = HQ2r;n)® N W(2r;n); and

H@2rin)® = @ Her:n)?,
I=—1

where s = Ziz;l(p”f — 1) —3 = |z(n)| — 3. We observe that Dy is a linear mapping of

degree —2 in the sense of Proposition 3.3.9, i.e.,
Dg(OQ2r.n);) S W(Q2r;n)i—

forall i.
For the following see (Strade and Farnsteiner, 1988, §4.4, Prop. 4.4), bearing in mind
that H(2r;n)® is denoted by H(2r;n).

PROPOSITION 5.1.7. We have
H(2r:in)g = spy, (k).

In (Strade and Farnsteiner, 1988, Thm. 4.5, p. 166) we find the following:

THEOREM 5.1.8. Let r > 1 be an integer. The Hamiltonian Lie algebra H(2r;@)(2) is
simple and has dimension pZiz;1 ni 2 = plnl _2 It is restrictable if and only ifn; = 1 for

“This identity allows us to define a Lie multiplication on O(2r;n) via {f, g} := Dy (f)(g). The Jacobi
identity is satisfied thanks to this identity and that { f, f} = 0 can be computed explicitly. The mapping
{, } is usually referred to as the Poisson bracket.
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all1 <i <2r, and in that case H(2r; Q)(Z) is a p-subalgebra of W(2r; n) with restricted

gradation.

By Exercise 9 in (Strade and Farnsteiner, 1988, §4.4, p. 169) we have that
HQ2r;n) = HQ2rin + D@ N WQ2rin).

Proof. The inclusion H(2r;n + 1)® N W(2r;n) € H(2r;n) is immediate from the
definitions. We will now prove H(2r;n) € HQ2r;n + 1)® N W(2r;n). Clearly
H(2r;n) € W(2r;n). We note that the remarks in (Strade and Farnsteiner, 1988, §4.4, p.
163) preceding Lemma 4.1 imply that for all D € H(2r;n) there exists an f € O(2r)
such that Dy (f) = D.Let U = {f € OQ2r) : Dg(f) € H(2r;n)}. We seek a basis
for U. Observe that U = {f € OQ2r) : Dy (f) € W(2r;n)}. The condition Dy (f) =
212;1 0(i)0x; (f)0x,, € W(2r;n) yields that d,,(f) € O2r;n)forall1 <i < 2r.Thus,
a basis for all such f is given by {x(“) :0<a; <p™— 1} U {x(pnisi) 1 <i < 2r}.For
alla with0 < @; < p™ — 1, DH(x(“)) € H2r;n + 1)@ sincea < 7(n + 1). Lastly,
Dy (xP"e)y e HQ2r;n + 1)@, since p™¢e; < t(n + 1). This concludes the proof. M

The representation theory of these algebras is relatively well understood. See for
examples the papers by Holmes (1998) and Yao and Shu (2011).

DEFINITION 5.1.9. Any graded Lie subalgebra of H(2r;n) containing H(2r;n)® is
called a graded Hamiltonian Lie algebra of Cartan type.

Remark. By g we mean () V.

Remark. The general definition of graded Lie algebras of Cartan type is made similarly,
where one replaces the type H with all the types that exist (W, S, CS, H,CH, and K).

5.2 Filtered deformations

Starting from graded Cartan-type Lie algebras one goes to general Cartan-type Lie
algebras by considering filtered deformations of these algebras. Let us understand in
some more detail what this means.

The following definition of Cartan type Lie algebras can be found in (Strade, 2004,
§4.2, Def 4.2.4). We only state the case we are concerned with.
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DEFINITION 5.2.1. Let g = g(—y) 2 - 2 g(s) 2 {0} be a separating filtration® of g. If
there is m = 2r € N5y and n € N” and an embedding v : grg — H(m;n) of graded
Lie algebras such that

H(m;n)™ < y(grg) € H(m;n),

then g is called a Hamiltonian Lie algebra of Cartan type.

In other words, we say that g is a Hamiltonian Lie algebra of Cartan type if g admits
a separating filtration such that the graded of g is isomorphic to a graded Hamiltonian
Lie algebra of Cartan type.

For more structural information concerning Hamiltonian Lie algebras of Cartan type,
we refer the interested reader to Theorem 4.2.6 and Theorem 4.2.7 in (Strade, 2004, §4.2).
We do mention that if g is a Hamiltonian Lie algebra of Cartan type, then g is a simple

Hamiltonian Lie algebra of Cartan type.
DEFINITION 5.2.2. A Hamiltonian form is a form

2r
w = Z fijdxi Adx; € Q2(2r)
i,j=1
such that f; ; = —fj;, dwo = 0, and det(f; ;) € O(2r)*, the set of invertible elements of
o(Q2r).

DEFINITION 5.2.3. A Hamiltonian form subordinate to O(2r;n) is a Hamiltonian form

w such that w € uQ?(2r;n) for some u € % (2r; n), where
U Q2rin)={uecO0@2r)* :u'du € Q' (m;n),u(0) = 1}.

Now we subdivide such Hamiltonian forms into those of first type, which are those
where one can take u = 1 in the above definition, i.e., those Hamiltonian forms o with
w € Q2(2r;n), and those of second type, which are simply all others.

Before we define an important family of Hamiltonian forms subordinate to O(2r;n)

of second type, we need to make the following definitions.

DEFINITION 5.2.4. Let R be a commutative ring with unit element and M a maximal
ideal of R. A system of divided powers on Mg is a sequence of maps y, : Mg — R,
where we denote the image y,(f) by £, such that for all f, g € Mg:

3So g(s) = {0}, see Definition 3.3.1.
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—_

) f(0)= l,f(’)eMRforallr>O;

W=7

L fOFO = () £ forall s > 0;

[\

w

N

C(f+ g)(r) = er=0 f(l)g(’_l) forallr > 0;

(W) =h" fO forallh € R and r > 0;

Ul

6. (f(S))(r) = Mf(”) forallr > 0,s > 0.

ri(shHr

Remark. This implies that:

A proposition due to Skryabin, see (Strade, 2004, §2.1, Proposition 2.1.4, p. 63), tells
()

us that there is a unique system of divided powers on O(m)() such that y,(x;) = x;

forall r > 0 and all 1 <i < m. Note that successive application of (5) and (6) allows us
to compute (x@)").

DEFINITION 5.2.5. For f € O(m)() define:

o0

eMﬁzZﬂW

DEFINITION 5.2.6. Define for / € {1,...,2r}

2r
o) =d | exp (xl(pnl)> Za(j)xjdxj,

j=1

DEFINITION 5.2.7. Let w be a Hamiltonian form subordinate to O(2r;n). Then (see
(Strade, 2004, §6.5, p. 337))

HQ2r;n;w) :={D € W(2r;n) : D(w) = 0}.

Remark. In the case of the form w = wg; and r = 1, we will adopt the notation
H(2; (n1,n2); (1)) = H(2; (n1,n2); 0m,1).
Thus the Hamiltonian algebra H(2; (1, 1); (1)) is

(D € W2 (1,1)) : D(wm,) = 0}.
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In this case, we can calculate wg,; = 2 exp (x§” )) dx; A dxs. Note, however, that for
non-zero A € k, we have D(w) = 0 if and only if D(Aw) = 0. Thus, we have

H(2;(1,1); ®(1)) ={D € W(2;(1,1)) : D(wn,1) =0}
- {D e W2 (1,1)): D (exp (x§1”) dx; A dxz) - 0}

Thanks to Theorem 6.5.8 in (Strade, 2004, §6.5), we have the following description
(from now on we adopt the notation x := x; and y := x; in O(2;1) and W(2; 1), noting

that this means we write x@1:42) = x (@1 y(@2)),

THEOREM 5.2.8. H(2;(1,1); ®(1)) ={Du1(f): f € O(2;(1,1))}, where

D a(f) = 8x(f)dy — 3y(f)dx —xP7" £,
= 3x(f)ay - ay(f)ax + X(p_l)fay
= Dy (f) +xP7V 19,

Remark. See Definition 5.1.6 for the definition of Dg. Note also that for the second

equality we use Wilson’s Theorem.

Furthermore, the same theorem tells us that H(2; (1, 1); ®(1)) is simple of dimension
p? (as long as one is in characteristic p > 3).
The Hamiltonian algebra H(2; n; ®(7)) is

H2;n;w) ={D € W(2;n) : D(w) = 0},
where w is the Hamiltonian form:
(1 + x(r(ﬂ))) dx; Adx, = (1 + x(pnl_l)y(”nz_l)> dx A dy.

For more details see (Strade, 2004, §6.3, pp. 308-309) and (Strade, 2009, §10.3), noting that
H(2;n;0) = S(2;n;0), since the special form wg := dx; A--- A dx,, coincides with the
Hamiltonian form wgyg whenm = 2.

An explicit description can be found in Theorem 6.3.7 of (Strade, 2004, §6.3, p. 309):

THEOREM 5.2.9. The Lie algebra H(2; n; ®(1))V is a simple Cartan type Lie algebra of

dimension p'"! — 1. More exactly,

H(2:n: ®(1)) = k (1 _ x(f@)) A +k (1 . x“@) 3y + Y H(2:n),

>0
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and

H(2;n; d(0) =k (1 N x(r@)) Dtk (1~ x(r@)) o+ HE&mY).
>0

We have the following classification (see Theorem 6.3.10, part (3) in Strade (2004)):

THEOREM 5.2.10. Every simple Lie algebra of Hamiltonian type (r = 1) is isomorphic to

one of
1. HQ2:n)®;
2. H2:n; (1)) Y;
3. H(2;n; d(1)),

wherel = 1,2 andn, < n,, with the condition that either| = 1 orl = 2,n, < n,.
Furthermore, with these restrictions on n, the exposed algebras are pairwise non-

isomorphic.
COROLLARY 5.2.11. We have H(2; (1,1); (1)) = H(2;(1,1); ®(2)).

For a more general classification theorem that covers r > 1, we refer the reader to
Theorem 6.5.1 in (Strade, 2004, §6.5, p. 329).

Finally, we refer the reader to recently translated work of Skryabin Skryabin (2019),
noting that in it the term “Hamiltonian form” has been replaced by “symplectic form”.
Some of the classification had already been published in English in Skryabin (1991), see
Skryabin (1990) for the original Russian publication.

In Skryabin (2019), we find a classification of the Hamiltonian forms of second type, see
Theorem 5.1, and a classification of the Hamiltonian forms of first type, see Theorem 7.2
and its new formulation in Theorem 7.3. We note that Skryabin works over perfect fields,
a more general setting than the one we are concerned with, that of algebraically closed
fields.
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Simple restricted modules for the

non-graded Hamiltonian
H(2;(1,1); 9(1))

In this chapter we will be calculating the dimensions of the restricted irreducible rep-
resentations of H. We shall give dimension formulas for all of them and give a full
classification, giving a list of representatives for the isomorphism classes of restricted
simples. Moreover, we shall calculate the composition factors of all restricted induced
modules.

We begin by finding a generating set for the important subalgebra consisting of
p-nilpotent elements N; then we calculate formulae for the action of important elements
of H. Using this, we then classify the maximal vectors in the induced modules Z(M),
splitting the classification into (a) modules induced from one-dimensional H o-modules,
(b) modules induced from two-dimensional H o-modules, and (c) modules induced from
higher-dimensional H o-modules. Finally, we use this knowledge of maximal vectors to
determine in full the module structure of the restricted induced modules.

The material in this chapter can be found in an article form in Guerra (2020).

6.1 Preliminaries and notation

Let k be an algebraically closed field of positive characteristic p > 5.
PutA=1{a€Z*:0<a; <p—1}.
See (Strade, 2009, §10.4) and (Strade, 2004, §4.2) for more on the descriptions of the
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Hamiltonian algebras.
Applying Theorem 5.2.8 to basis elements in O(2; (1,1)) = k[X, Y]/ (X?,Y?), we
see that the non-graded Hamiltonian algebra H := H(2; (1, 1); ®(1)), of dimension p?,

can be realised as the subalgebra of

W(2;(1,1)) = Der (k[X,Y]/ (X?,Y?P))
with basis
{y“”mx—xw”b“mwx“*wumy—x@yU”Wx:lfifzr—LOSj:sp—lf

where x™1 and y~1 are understood to be zero, and x and y denote the images of X
and Y in the truncated polynomial ring k[ X, Y]/(X?, Y ?), respectively, using divided
power notation, see (Strade, 2004, §2). The fact that these elements are not homogeneous
makes calculating with this algebra more subtle, see §6.2.1 for more details.

Given how we obtained this basis for H, we can also describe it as follows. Define
for all (a,b) € A an element e, = Dy (x@Py®) e H(2:(1,1); ®(1)). The set
{eqap : (a,b) € A} is a basis for H. We extend this notation to all non-negative integers
by setting e, , = 0ifa,b > p.

For a general formula for commutators in W(n; (1,..., 1)), we refer the reader to
Equation (4.1).

Recall we have a k-basis for W,
P“U@%:Ofmbfp—La:xJ}

By Equation (4.1), the Lie bracket in W,, and hence H is given by, for instance,

—1\[(d +b
[X(“)y(b)ax,x(c)y(d)ay] :(C +Z ) ( 2‘ )x(c+a—1)y(d+b)ay

-1
_ (a + C) (b +d )x(a-i-c)y(b—l—d—l)ax,
c d

and other commutators are computed similarly. Recall that we adopt the convention that
x® = 0if any of the b; < 0.
We want to describe the bracket of H in our chosen basis. To this end, we begin by

definingamap ™ : Z — {0,...,p — 1} such thata —a € pZ for alla € Z. Then a
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straightforward calculation shows that
eay = x@ DOy _ @, 6=y

for all (a,b) € A. In particular, if b > 0, then eg, = x®Dy®g, — y=Dj and

€0,0 = X(p_l)ay.

LEmMMA 6.1.1. For any (a, b), (c,d) € A we have

@-1) _ (@

[eap €c.a]l = Dra(x@Vy®x©y yOTDx Ty @)

. a—14+c\(b+d—-1 B a+c—1\(b+d—-1
- a—1 b a h—1 €atc—1,b+d—1>

with the caveat that whena = ¢ = 0, we take ¢, ;=1 44— instead.

Proof. By Equation (10.4.2) of Strade (2009) we have

[Daa(f), Dua(g)] = Dui(Du(f)(g) + xP7V£0,(g) —xP Vg, (f))

forany f,g € O(2;(1,1)).

Taking f = x@y® and g = x(©y@ we establish the first claimed equality. Note
that we have Dy (f) = x@Vy®g, — x@y®=D5 1fa, ¢ > 0, then since x P~ Vx® =
0ifz > 0, the bracket is given by Dy 1 (D g (f)(g)) which gives the formula in this case.

Now suppose @ = 0 and ¢ > 0. Then the product above becomes

[Dua(f). Dra(g)] = Dy (xP7VyOx@y@=D @ 5@y (1), (@)
— Dy (x@ Dy ® @ @D _ 1@ o) D )

and the formulas agree. The remaining cases are similar.

From the first equality we get the bracket is

a—14+c\[(b+d—-1 at+c—1\[(b+d -1
e p JGatrebdr T h_1 |CareTbrd-1:

If eithera = ¢ = 0ora,c > 0thene;=1,,p149-1 = €44c=1.p+q—1 and this common
term can be factored out. In the case where exactly one of a or ¢ is zero we see that only

one term survives and it agrees with the stated formula. |

Remark. Note that if b = d = 0, the undefined expression e,4.—1,—1 is involved. Since
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the coefficients (b+Zl_1) and (b-l',_ill_l

be zero, and indeed [e, 0, €c,0] = 0.

) are both zero, we take the expression as a whole to

The Lie algebra H is simple and its minimal p-envelope H=H [p] can be obtained
by adding the element K := xd, + ydy, see (Strade, 2009, §10.4) for more details. As
we noted in Chapter 1, classifying the restricted simple modules for H completes the
rank one and rank two picture, in the sense that it completes the description of the
restricted simples for Hamiltonian algebras of absolute toral rank 1 and 2. The only
Hamiltonian algebra of absolute toral rank 1, H(2; (1, 1))(2), was done by Koreshkov
(1978); the absolute toral rank 2 Hamiltonian algebras are H(2; (1, 1), ®(r))"), which
was done by Feldvoss et al. (2016)!, H(4; (1, 1, 1, 1))®, which was done by Shen (1988a,b),
together with certain corrections made in Holmes (1998), H(2; (1, 2))(2), which was done
by Yao and Shu (2011), and lastly the algebra we are concerned with, H(2; (1, 1); ®(1)).
For the classification of the absolute toral rank 1 and 2 simple Hamiltonian Lie algebras,
see (Strade, 2009, §10.6, p. 106).

Since K € H and e, 1 =y0, —x0, € HC H we get two elements

1 1
Tii=S(K—ey) =xdx  and  Toi= (K +e)=yd

of H.1tis straightforward to check from the bracket in W(2; (1, 1)) that [T;, T3] = 0.
So the subspace T := k(Ty,T>) < H is a 2-dimensional abelian subalgebra which is a
maximal toral subalgebra, as remarked in the proof of Theorem 10.4.6 in Strade (2009).

Hence this is indeed an algebra of absolute toral rank 2.
Note that {xax, Y0y,eqap : (1,1) # (a,b) € A} is a basis for H. We have

LEMMA 6.1.2. For any (a,b) € A we have

[T1.eap] = (@ —1)eqp
(T2, eqap] = (b —1)eqp.

In particular, [K,eq,p] = (@ + b —2)eqp.

Proof. Direct calculation using the bracket in W(2; (1, 1)). Note this is correct even when
a=>0. |

ISee the remark after Proposition 6.1.6 for why of the two non-graded Hamiltonians H (2; (1, 1); ®(1))
rather than H(2; (1, 1); ®(¢))™ turns out to be trickier to handle.
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We will induce representations from a suitable subalgebra to all of H , which we will
now define.

~

To this end, we must first define a restricted descending filtration? (?I (n)> on H
nez

from the natural grading, see Definition 4.1.7,

2p—3

W (1.1) = @ wei ),

d=—1

namely H () := H N W(2; (1, 1)) (), where W(2; (1. 1)) == Dyun W(2: (1, 1))

Then H (0) is a codimension 2 subalgebra of H having H (1) as an ideal. Indeed, we
have a linear map H < W2;(1,1) — W(2;(1,1)/W2; (1, 1)) = W(2;(1,1)
with kernel H 0) (by definition). Now, W(2; (1,1))_; is two-dimensional with basis
{ax, 8y} and the linear map surjects onto this, since —eg; = 0, — x(p_l)yay € His
mapped onto dx and e; o = 0y € H is mapped onto d,. Hence, H (0) has codimension 2.

We lift representations from Ho:=H ©)/ H () to H (0) via the canonical map, i.e.,
we take the pullback via the quotient map: if p is a representation and 7 is the canonical
projection

Hey—"~Ho—~gl(V)

then p o 7 is the desired representation.

We have H ©)/ H ) = gl,’ because we have the following map of Lie algebras
H ) > W(2; (1, 1)) — W2 (1, 1))/ W2 (1, D)) — W2 (1, 1)o — gy (k)

with kernel H (1) (by definition). We know from Proposition 4.1.8 that the last map
is an isomorphism. Thus, the map is surjective, and Hy =~ gl,. We see that we have
elements xd, + Hy, yd, + Hqy,xd, + Hay, (ydx —xPDy@3)) + H(yy in the
quotient, and they go under our fixed isomorphism to the matrices E; 1, E» 5, E; 2, and
E, 1, respectively.

In this thesis we will be considering only restricted representations, also known as

p-representations, i.e., those for which

p(x1?h) = p(x)?,

forall x € H , see (Strade and Farnsteiner, 1988, §2.1) for more details.

2See Definition 3.3.1 and Definition 3.3.5.
3In Herpel and Stewart (2016a), the authors claim that H g = sl,.
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Recall that we write u(ﬁ ) for the restricted universal enveloping algebra of H.
Given a restricted module M for H (0) we will study the induced u(ITI )-module, i.e.,

the restricted H -module,

gl =uH)® =
Z(M) = Indfq\«)) (M,0) == u(H) ®u(H<0)) M,

where H acts on Z (M) as usual.

Concerning the restricted structure, according to Strade in (Strade, 2009, §10.4), one
has DIPl = DPif D € ?I(O). For such D, we have D? = D when D = x0, or
D = yd,. Otherwise D? = 0 for single terms x@y®3 . and x(“)y(b)ay. For basis
elements D ¢ H (0), we have

=0

(<. +x00y0,) " = ya,.

Let M be a restricted H o-module, and hence a restricted H (0)-module, with H (-
M =0.
We seek a way to express elements of Z (M) uniquely. Observe that

. =08, —x?Vyd, ¢ H).

Also 0, ¢ ?I(O). These are linearly independent and in H . Hence, k(d'.,d,) is a vector
space complement of 1/1\7(0) inH,ie, H = f-\l(o) @ k(0. dy). Thus, by the PBW theorem
for u(f-\l ), any v € Z(M) can be expressed uniquely in the form

v = Z (92.0,)" ® mag, (6.1)

acA

where m, € M and (8;8),)“ = 01052
Set N = ?I(l) @ k (xd,). We call it N because it is a subalgebra of H consisting of
p-nilpotent elements (recall Definition 3.2.10). Let f : H ©0) —> gl,(k) be the map of

Lie algebras we have fixed above. Consider the usual Borel subalgebra

(a b) ca,b,c € k} C gl (k).
0 ¢

Define B = f~!(B), whichis clearly a subalgebra ofﬁ(o). Itiseasytoseethat B = N®T

B =
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(as vector spaces), where we recall that 7 = k(xdy, yd,) is a 2-dimensional abelian
subalgebra which is a maximal toral subalgebra. Note, furthermore, that B is a split

extension of N by T (in other words, B is a semidirect product of Lie algebras).

DEFINITION 6.1.3. Let M be a B-module. Let A € k2. Set
ML) = {m EM :x0x-m=Am,ydy -m= Azm}.

We call elements of M(A) weight vectors (of weight A). If in addition v € M(A) is
nonzero and N - v = 0, then we say that v is a maximal vector (of weight 1), following
Holmes (2001).

Remark. Every H g-module M is a B-module, by inflation to H (0) and then restriction
to B. Thus, it makes sense to talk about maximal vectors v for M. In this setting, such
maximal vectors are equivalent to maximal vectors for M in the classical sense, recalling
that Hg = gl,, where v is a maximal vector for gl, if it is an eigenvector for xd, and yd,

and is annihilated by xd,. This is because the algebra B in the quotient by H (1) becomes
B/H @) = k {xdx, ydy, xd,).

Remark. Since we are looking at restricted modules, we have that if a restricted B-module
M has a maximal vector of weight A, then necessarily A € F2, where F,, is the prime
subfield of our field k, see (Holmes, 2001, §2) for details. (Briefly, this is because in the

restricted case one gets A7 = 1;.)

The following results show the importance of maximal vectors and of induced modules.
See (Holmes, 2001, Lem. 2.1), for the proof of Lemma 6.1.4.

LEMMA 6.1.4. Let M be a finite-dimensional restricted H -module. The following are equiv-

alent:
1. M is non-zero and is generated (as an ?I—module) by each of its maximal vectors;
2. M is simple.

PROPOSITION 6.1.5. Let M be a finite-dimensional restricted H -module. Then M has a

maximal vector.

Proof. Note that M is a restricted H (0)-module. It has a simple restricted H (0)-submodule
S. Now, since ?I(l) C N, the proof of Lemma 6.1.4 in (Holmes, 2001, Lem. 2.1) shows
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that H (1) acts trivially on S. Thus, we see that S is a simple restricted Hy=H ©)/ H (1)-
module. Thus, S has a maximal vector v of weight A as a restricted Ho =~ gl,-module.
We now claim that v is a maximal vector for H. Indeed, it is non-zero, and it is a weight
vector. Finally, we see that ﬁl(l) -v = 0, and that xd,, - v = 0, the latter because v is a

maximal vector for Ho. Thus, N = H (1) ® k (x9,) annihilates v, as required. n

PROPOSITION 6.1.6. Let M be a simple restricted H -module. Then M is a homomorphic
image of Z(S) for some simple restricted Ho-module S, i, every simple restricted H-

module M is a quotient of some induced module Z(S).

Proof. Since M is finite-dimensional, we let v € M be a maximal vector of weight A.
Apply Frobenius reciprocity, where one takes S to be a simple restricted gl,-submodule
of weight A, so that

Hom#(Z(S), M) # 0,

noting that any non-zero map must be surjective due to the simplicity of M. |

Remark. Now we can explain why classifying the restricted simples for H turns out to be
harder than for L the minimal p-envelope of H(2; (1, 1); ®(z))"). Thanks to Theorem 4.3
in (Feldvoss et al., 2016, p. 387), the authors are able to reduce the problem of classifying
the simples for L into that of classifying the simples for the graded of L, which turns
out to be H(2; (1, 1)), which in turn depends (see the proof of Theorem 5.3 in (Feldvoss
et al., 2016, p. 391) on classifying the simples for H(2; (1, 1))®, which is done in Holmes
(1998). The whole procedure works because the space L)/L1) = sl>(k) coincides with
the zero-graded piece H(2; (1, 1))o. In our case, the space ﬁ(o)/ﬁ(l) =~ gl, (k) does not
coincide with the zero-graded piece of its graded algebra (still H(2; (1, 1)), see (Herpel
and Stewart, 2016a, p. 776)), so this strategy would only allow limited information on
the induced modules Z(M ) based on inducing from simple restricted sl,-modules L(r),
but as we just proved, a full classification of the simples of H requires inducing from
simple restricted Hoy =~ gl, (k)-modules.

Lastly, even if this technique worked, it would not give us all the information we shall
find, including a complete description of the module structure of all the induced modules,
their composition series, and a complete description of all the composition factors and

all the isomorphisms between them.

Certain weights will be important for us. They are the following: wy = (-1, —1),w; =
(0,—1),w, = (0,0), and all A € IF’% with A; — A, = 1. These weights we call the

exceptional weights.
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We will prove:

THEOREM 6.1.7. Let p > 5 be a prime, k be an algebraically closed field of characteristic
p, A € F?) a weight, Lo(A) be the simple restricted gl,(k)-module of highest weight A,
Z(A) = Z(Lo(A)) the corresponding induced H -module, and L(A) its simple head.

1. The full list of simple pairwise nonisomorphic restricted H -modules is given by
{L()L) AETF2 A — Ay # lord = a)l}. There are p> — p + 1 of them.

2. If A is not exceptional, then L(1) = Z(A), and its dimension is p? dimy Lo(A) =
pPAr—Ax+1).

3. For exceptional A, the modules L(A) in the list are as follows:
(a) ifA = wy = (—1,—1), L(A) = 0(2; (1,1))/ (k - 1), with dimension p*> — 1;

(b) ifA = w; = (0,—1), L(X) = H (3, ® m) < Z(0,0), with dimension p> — 1;
(c) if A = wy = (0,0), L(A) = k, with dimension 1 (this is the trivial module).

Remark. The condition A; — A, # 1 comes from the fact that all the simple heads L(1)
of modules induced from two-dimensional gl,-modules (with the exception of A = w;)

are isomorphic to some other simple restricted H-module. See the remark after the proof
of Theorem 6.3.13 for more details.

DEFINITION 6.1.8. Let A € F3, A = {a € Z*:0 <a; < p—1},a € A For brevity we
define the following

A(a)i = A +aj,
ra = a1(Aa)1 — Aa)2) + araz — (“21)

2

fa = <a21)()t(a)z —AMa)) — (azl)az + (621)

Furthermore, x0, will also be referred to as X, especially when it is acting on M.

Sa = az(Ma)1 — AMa)2) —araz + (az)
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6.1.1 Generating the subalgebra N

To facilitate the arguments concerning maximal vectors in what follows, we will find a
generating set for our subalgebra N. First, however, we describe N = H ) Dk (x 8y) in

more detail.
PROPOSITION 6.1.9. The Lie subalgebra N = H (1) @ k (xd,) has dimension p* — 4.

Proof. Recall that H (0) has codimension 2 in H. Thus, dimg H ©0) = ( p> + 1) -2 =
p? — 1. We also saw that the quotient H ©)/ H (1) is 4-dimensional. Thus dimy H a1 =
(p2 — l) — 4 = p? — 5. Therefore, we have dimy N = p? — 4. [ |

We have the following:

PROPOSITION 6.1.10. Let k be an algebraically closed field of characteristic p > 5. We

have
N=H <x3y,x(p_1)3y,€1,2,€0,3>

(as a Lie subalgebra) if p # 5. If p = 5
N = ﬁl <xay’ x(p_l)aya el,2a 60,3’ e4,4> ’

where eq 4 = x(3)y(4)3y —x@y®h, .

Proof. Put S = H (xay,x<1’—1)ay,e1,2,eo,3) < N.

First we will obtain all yU=09, — x®=DyW§, for j = 3,..., p — 1. This will show
that dimg S > p — 3. For j = 3, we observe that this is just the element —eg 3, which is
already in S. We proceed by induction on j. The base case is clear.

Now, we have

[yU-Dg, — X(p_l)y(j)ay,el,z] _ _(J ‘2" ) (y(j)ax _ x(p—l)y(]+1)ay) ’

which is never zero since j # p — 1. So we obtain all the desired elements by induction.
Now we claim that {x®yd, — x(*D9, x@9,} < Sfori = 1,..., p — 2. Since
xP=19, is in our set of generators, this will show that dimy S > (p —3) + 2p —3) =
3p —6.
Proceed by induction on i. For i = 1, we already have xd, € S and we have

er,1 = Xxy0, — x@39, € S, which we obtain from [x0y, e1,2] = 2e,,1. For the inductive
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step, we have
[y, xOydy —x008,] = (i +2) (x¢+03,),

and
009y, e10] = (i +2) (x0FDyd, = 029, ).

Hence, in step-wise fashion we get the terms we want up to the point we obtain the
terms x(?=3y3, — xP=29, and x(?~J,. Taking the Lie bracket of the former with x4,
we obtain the term (p — 1)x»~2 d,. By taking the Lie bracket of this term with e; », we
obtain x(?—2 Yoy — x@=1D9 . Thus, we have proved our claim.

We have

@3, yU=Dg, — xP=D (g | = — (x(i—l)y(j—l)ay _ x(i)y(j—Z)ax) ,

sox@=VyG=Dg — xOyU-25 e Sfori =1,...,p—1,j =3,..., p— 1. This shows
that dimy S > 3p—6)+(p—1(p—3) = p>—p —3.
Since dimy N = p? — 4, we are only missing p — 1 elements. Note that the following

p — 1 are both in N and have not yet been shown to lie in S:
KDy ) (2
1 <i < p—1. We calculate
e12, x0T Dy, — xD U=y | =, - <x<i—1)y(f+1>ay _ x(")y(f)ax) ,

where y; ; = (’;Ll) —i(j + 1). Taking j = p — 2 in the above gives us the elements
we need as i runs from 1 to p — 1, as long as the coefficient y; ,—» # 0. However,

Yi.p—2 = 1+i =0wheni = p — 1. So we still need to find the last term

x(p—Z)y(p—l)ay _ x(p—l)y(p—Z)ax_
We calculate
P99, — xP~Dy (=97 o] =2 (x(p—z)y(p—nay _ x(p—l)y(p—z)ax) _

Finally, we note that if p = 5, yP=99, — x(P=Dy (=95 ¢ N, so we add the element
es4 = x(7=2) y(l’_l)ay — x(@-D y(P—2>ax in characteristic 5. By dimensions, we are

done. [ |
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Remark. Computer verification confirms that N is not generated by S alone when p = 5.

From the previous result we see that the Lie algebra H isin fact generated by
g .= {xay,x(p_l)ay,el,z, €0,3.€0,2, 0y, 0y, X0x — Y0y, X0y + yay} ’

if p > 5and by G U {esq} if p = 5, since the set {xd,, xP=D9, e ,, €03}
({xdy,,xP7Dd, €15, €03, €.} if p = 5) generates N, which is of dimension p? — 4, so
the Lie subalgebra generated by G (GU{ey4 4} if p = 5) has dimension p?>—4+5 = p?+1,
and thus must be all of H. Having this generating set is a good thing because it allows
us to make certain arguments easier.

For instance, it gives us an effective way of proving that a particular set of elements
obtained from a maximal vector v in fact forms the whole submodule generated by it.
Assume U € H (v)isa k-linearly independent set. Then it is easy to prove, using the
properties of bases, linearity, and vector subspaces, thatif D -u € k (U) forall D € G
and u € U, then k (U) is an H -module.

6.2 The action of H on induced modules

6.2.1 Calculating the actions

Throughout, let v € Z(M) be a maximal vector of weight A, for M a simple restricted
H g-module as above. We are now interested in the action of H on Z (M).

A useful lemma used throughout this chapter is the following:

LEMMA 6.2.1. Let o/ be an associative k-algebra. Suppose D, Ay, ..., Ay € </ and that
forallt €{0,...,N — 1}
A:D = DA; + A

Then we have forO <n < N
" (n
AoD" = D" A,.

For the proof, it is a direct application of (Strade and Farnsteiner, 1988, Chap. 1,
Prop. 1.3 (4)), noting that ad(D)"(A4o) = (—1)" A;.
We can now explain in more detail why calculating in H is subtler. Since v =

Y ceua (8; 8y)c ®m,, we will want to work in u(f-\l) with expressions of the form e, (9’.)".
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Note that ', = —eg 1. It is straightforward to verify using the formula for the bracket in
H that for all (a,b) € A, we have

_ea—l,b a > 0’

(b—1ep—1p a=0.

[ea,b, —6’0,1] =

Hence, the existence of the non-homogeneous (in the W, grading) elements eg, =
x(p_l)y(b)ay — y®=D3, complicates calculating eq,»(0%)". To commute e, past the
', terms in the expression e, 4(0,)" = esp(—e0,1)", we need to calculate A, :=
[ea,p, —€0,1], A2 = [A1, —eo1], A3 = [A2, —eo 1], ..., An = [An—1,—€0,1].

The bracket behaves differently depending on whether a is zero or not, and taking
the bracket with —e( ; decreases a by one as long as a > 0. Thus, when computing the
A, terms we will often need to use the second equation. When and whether this flip
occurs depends on the value of a and the value of n, and so there will not in general be a
simple formula for the A, such as A; = (—1)’e,_;p, for instance. Furthermore, since we
will be seeking a formula for e, 5 - v, we will need to consider 0 < n < p — 1. Therefore,

formulas for e, 5 - v will often involve multiple cases and will not be easily stated.
LEMMA 6.2.2. We have the following identities in u(i-\l):

1. x0,0" = d,xd, — 9,

2. —0,0. = =939, + x»7Vy,

3. 8;,8; = 8;8; — ia;—lx@—l)ay

4 yaya; = 8;y8y — iai.

Proof. We use the identity ab — ba = [a, b] in u(I/-j) Since 8. = 9, —xP7V9, = —eg;
it is easy to see that [xd,,d.] = —d, and [-d,,d.] = x?~VJ,. Setting @ = x3, and
b =0,,anda = —0d, and b = 9, gives the first two identities, respectively.

For the third identity, we proceed by induction. The base case i = 1 is given by the

second identity. Assume inductively that the identity holds for some i, we calculate

910, = 0, (9,05 — 107 x 009, )
= 0,0, — x(?7V9,0" —i 9L x?P7 V9,

= 0,0t — (i + 1)0\xP7Va,,
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as required. The last identity holds since [x(d,,, d,] = 0 so that x\)9, 952 = 8;2x(j)8y.
Lastly, we proceed by induction again. The base case holds since we calculate that
[vdy,0dy] = —0,, so that yd,d, = d,y0dy, — dy. Assume inductively that the identity

holds for some i, we calculate
y8y8§,+1 = (8;,y8y - iai) dy
— a;—i—lyay _ 8;+1 _ ia;’}—}-l
= E);‘Hyay -+ 1)3;""1,
as required. |

We will now give the calculation for the action of one of the elements of HonZ (M),
and the rest is done similarly.
Since xd,, € N, observe xdy,, - v = 0 because v is a maximal vector. Recall that we

write xd, = X.

LEMMA 6.2.3. In fact we have:

0=xdy-v=Y (x0,0¢") 3 ®@my

acA
=Y (0.0,)" ® X -ma— Y a1 0Pt @ my.
acA acA

Proof. Apply x0d, to Equation (6.1). We proceed by commuting the x9,, past the 9’ terms.

By Lemma 6.2.2 we have

x0,0, = d'.x0d, — 9,
0,0 = —9.0, + xP7Vj.

In general for a > 1 we calculate that
x@9,9, = 9.x @9, —x@ V3,
Put D =9, Ap = xdy, A} = —0, and
Aj — (—l)jx(p_j+1)8y

for j > 2.
One can verify that [4j, D] = A;41, and thus that the above satisfy the conditions
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of Lemma 6.2.1. Consequently, we have :
ai a
1 -
x0,0% = AgD = ; ( t )a;fl ‘A,

Recall that x()9,, 952 = a;sz)ay. Hence, we have:
al a
Aoagflaiz = 3;?18$2x3y — 013;?1_13‘;24_1 + Z ( ll)afl"a‘y’zm.
=2

Looking at the A, terms above, we see that 2 <t < a; < p — 1, so they all have
degree greater than or equal to 1. Thus they act trivially on M, as they lie inside our
subalgebra N.

Thus, tensoring with m,, we conclude,
x0,09102 @m, = 0902 @ X -mg —a, 0102t @m
y¥x Yy a— ¥Yx Yy a 1% ¥ a-

Summing over all indices we obtain the result, as required. |

Now, from this alone we can obtain the following information: if a; = p — 1, we see

that the term (9’, 8y)a ® X - m, cannot cancel with any other term, so
X -m,=0

for all a with a; = p — 1. Likewise, if a; = 0 we see
X -m,=0

for all a with a, = 0.

We continue studying the action of HonZ (M). We calculate:

AV = X0y -V = Z (8;83,)61 ® (x0x - mg —aymy)
acA

=Y (0.9y)" ® Aymg.
acA

Since [yd,,d"] = 0, we have y0d,0’?' = 9'%'yd,, so using the fourth identity in
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Lemma 6.2.2, we calculate:

Aav = Yoy -v = Z (a;ay)a ® (y0y - mq — azmy)
acA

=Y (0,9,)" ® Aama.
acA

In light of this, we have for a € A:
xax Mg = A(a)ln/la

and

Y0y -mg = Aa)myg,

where A(a); = A; + a;, see Definition 6.1.8.
Since T = k (xax, yay) is a maximal torus and Z(M) is a T-module, we have a

decomposition

Z(M) = @ z(M),.

aeT*
Foro € T* write Ay = a(x0yx), A2 = a(y0,) and Z(M )y = Z(M)(5,,1,) as well as
My = M3, 1,). The previous two calculations show that forall w = 3", , (9.9,)" ®
mg € Z(M), we have w € Z(M ), 1, ifand only if m, € M3, +a,,1,+a,) foralla € A.
Therefore,

Z(M) = @ Z(M)(M,/lz) = @ (@(a;ay)a ® M(M-Hll,/lz-i-az)) .
(AlsAZ)G]F[Z) (kl,lz)EIF]z, acA

The element xd, + yd, acts on any simple gl,-module by a constant. Let ¢ € k be
the constant for M. We thus have forallw =), (8; By)a ®mg € Z(M):

(xdx + y0y) - w =Y _(0,0y)" ® ((x0x + ydy) - ma — (a1 + az)my)
acA

- Z (a;ay)a ® (¢ — (a1 + az))mg.

acA

Now, we have

a
0= x<2)ay ‘v = E (21)835“_2832“ ® mgy — E ala;fl—lagz ® X -my.
acA acA
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We have

ra1—1 / —1
0=ey;-v= Zraa)ﬁ“ 8$2®ma—2a28f18;2 QX -mg,.
acA acA

From this we can immediately obtain that if a, = p — 1, then the term
ra8;“‘_18§2 ® my,

cannot cancel with any other term, forcing either m, = 0 or r, = 0.
Now we study the action of the element A := e, , = y® dy — xy 0y, where we set
Y = —epn = yd, —xPVy@3, We have

O=A-v= > 5080 "' @ma+ Y ard 'Y my

acA acA

ar#p—1 ar#p—1
1p—1 -1

+ E 5407 8;2 ® my

0<ar<p-—1

aj=p—1
1292 ® Y )9 o x

— - ) X mgy — ) y ® *Myg.

0<ar<p-—1 0<a><p-—1

aj=p—1 aj=p—1

Using that whena; = p — 1, X - m, = 0, we can simplify the above, since the terms

(“22)8;’,2_1 ® X -my; =0fora, = p— 1, to simply:

0=A-v=> 5002 ®@my
acA

+ Y a0 QY mg.
acA

From this we can see that if a; = p — 1, then the term
Sa 0! 832_1 ® my

cannot cancel so either m, = 0 or s, = 0.
Similarly, if a; = p — 1, then the term ala;gl—lagz ® Y - m, cannot cancel, forcing

either Y -m, =0ora; = 0.
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Now, we study the action of the element C := —eg3 = y?9, —x?~Dy3g

0=C-v= Z (a;) IR @ mg — Z a 0810727 @Y -my

acA acA
ar#p—1,p—2 ai#p—1,p—2
> (S)urmren T wwwerm
0<ar>=<p—1 0<ar<p-—1
aj=p—2 ay=p—2
a
+ 2 2(32)8‘;2‘3@)(-%
0<ar><p-—1
ay=p—2
a
- ) @il Y ma— Y 2(32)3;352—3@))(.%
0<a>=<p-—1 0<a>=<p-—1
aj=p—1 arj=p—1
a a
+ Y ((22) (AMa)y —2A(a), +a, —2) — 2(32)) 80972 @ my.
0<ar>=<p-—1
aj=p—1

Using again that for a € A witha; = p — 1, X - m, = 0, we can simplify the above
to:

0=C-v= Z <a22) 8;”4_13;2_2 R mg — Z a28§”852_1 QY - mg

acA acA
a1#p—1,p—2 a1#p—1,p—2
a
+ Z (22) 3;”—18;2—2 R mg — Z aza;l’—zagz—l QY -my,
0<ar=<p—1 0<a>=<p—1
ay=p—2 ay=p—2
a
+ Z 2( 2)8‘;2_3 QX -my — Z azagg’—la;z—l ®Y -my
0<a>=<p-—1 3 0<ar<p-—1
ay=p—2 ar=p—1
ajs as a—2
+ Z ((2)(A(a)2—2)t(a)1+a2—2)—2(3)) 05" @ my.
0<a>=<p-—1
ar=p—1

Consider the term

—aza;g’—la;rl ®Y -my

If a, = p — 1, we see that this cannot cancel with any other term. Thus, we deduce that
Y -mp-1,p-1) = 0.
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Likewise, consider the term

—aza;g’—za;z—l ®Y -myg.
If a, = p — 1, we see that this cannot cancel with any other term. Thus, we deduce that

Y -mp—2,p-1) =0.

Now, consider the term in the second sum

—azafla‘;z_l ®Y -myg,

where a; = 0.If a, = p — 1, then no cancellation can occur with any other term, so we
deduce that

Y *M@,p—1) = 0.
We also have

0= €31V = E laafl_zaiz X mg
acA

+ Zalazaf‘_lazz_l (024 X - meg.
acA

Here, we also see that if a, = p — 1, then no cancellation can occur with any other terms,
so either m, = O ort, = 0.

Finally we calculate the action of e, ,—1 = xy(P_l)ay — x(z)y(p_Z) 0y:

ay a1 — a a1—
O:ezyp_l-v:—o Zpl<2)8;‘2®Y-ma+ Z 2(2)8;128y®Y-ma
<a|=<p—

0<a;=<p—1
ar=p—3 ar=p—2
a _
+ Y (al (A(@); — A@)) + (2)) 74l ® m,
0<a;=<p—1
ar=p—2
a _
+ Z 0" Q@ X -mg — Z (2)835“ 22 QY -mg
0<a;=<p—1 0<a;<p—1
ar=p—1 ar=p—1
a ray—
+ Z (al (A(a)l _/\(a)Z_l)_ (21)) axl lay ®ma
0<a;<p-—1
a=p—1
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From this we can see that if m,, # 0, then A(a); — A(a), = (a1 +1)/2 = 0.

We also have:

0=xP1gy,.v=— E 9° ® X -my
0<ar<p-—1
aj=p—2
’ 1
+ Y AP RX -me+ Y T @m,
O=<az<p-1 O=<az<p-1
aj=p—1 aj=p—1

From this we can also confirm that if m, # 0, then A(a); — A(a), = 0.

To handle the p = 5 case with more ease, we have computed the action of e4 4 on

vectors in Z(M).
By applying e4 4 to both sides of the identity (6.1), we have for allv € Z(M) :

€44 V=10 X -maa+1®(A((3,3)2—A(3B,3)1)ma3 —1QY -maupy
+30, ® X -m@.a) + (4(A((3,4)2 — A((3,4)1) — 1) 9y ® m(z.4)
+ (4 (A((4,3)2 = A((4,3)1) + D) 9, @ ma,3 — 30y @Y - ma3)
+ (A((4,4)2 = A((4.4)1) 0,0y ® Mgy + 97 ® X Mgy — 95 @Y -ma).

Later on we will need to have a formula for the action of ¥ = —e(, on arbitrary

vectors v € Z(M). We have

Y -v= Z 8;“8;2 QY  -m, — Z azagfl“agz—l ® my

acA aeA
a1#p—1,p—2 a1#p—1,p—2
+ E 002 RY -my — E aza;fl“agz—l ® my
0<ar<p-—1 0<a><p-—1
ay=p-2 ay=p—2
as _
T <2>a$22®X-ma
0<a>=<p—1
ay=p—2
/ —1
+ E 07107 ®Y -m, + E Wwe 7> @ my
0<ar=<p-—1 0<ar=<p-—1
aj=p—1 aj=p—1
as _
+ E (2)3;8‘;2 2@ X -my,
0<ar><p-—1
a1=p—1
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W, = azA(a), — (Clzz)

We lastly state the formula for the action of 9, on vectors in Z(M). This will become

where

useful when checking that a set of k-linearly independent vectors does form an H-
submodule.
We have forv € Z(M):

. _ ray qaz+1 ray qa>+1
Oy-v= > 0T em.+ Y 0Nt ®@m, (6.2)
0<ar<p-—1 0<ar><p-—1
a1#p—1 a1=p—1
+ E 852 QX -myg,.
O<ar=<p—1
a1=p—1

Before we move on, we summarise the information we extracted throughout this
section for ease of reference.

We proved the following:

PROPOSITION 6.2.4. Let M be a simple restricted ?Io—module and let Z(M) be the induced
u(ﬁ)-module. Letv =7 ,c4 (3;3y)a®ma € Z(M) be a maximal vector, wherem, € M
foralla e A=1{0,1,...,p— 1}2. Let Y = —ep . Then we have, recalling the notation
in Definition 6.1.8,

1. X -mg =0 foralla witha; = p—1ora, =0;
2. mg =0o0rr, =0 foralla witha, = p —1;

3 mg=0o0rs, =0 foralla witha; = p —1;

4. Y -my =0 foralla witha, = p—1;

5 mg=0o0rt, =0 foralla witha, = p — 1.

6.2.2 Using the sl,-module structure

We begin by proving that the extension of H ) by H ©)/ H (1) in fact splits. Indeed,
we show there is a subalgebra u < H (0) such that u @ H 1 = H (0)> i.e. such that
ux~ Hyx~ gl, (k). Consider the subspace of ﬁ(o) spanned by the elements xd,, xd,, ydy,

and —eg, = yd; — xP7Vy@3, Ttis easy to see using the formula for the bracket in H
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that this subspace is in fact a subalgebra of H (0), call it u. The map f : H ©0) —> gl (k)
fixed in §6.1 gives us a bijective map of Lie algebras f ot : u —> gl, (k). Thus, u = gl, (k).
The elements xdy, xdy, yd,, and —eq » are mapped to the matrices E; 5, E; 1, E2 5, and
E5 1, respectively.

It is easy to check that u contains the sl,-triple (X = x0,, H := x05, — y9,,Y =

—ey,2) as one can verify that
[H,X]=2X, [H Y] =-2Y, and [X,Y] = H.

Under our fixed isomorphism X goes to Ey,, H goesto E1; — Ez» = Hypand Y goes
to E5 1.

Recall that M is a simple restricted Hy =~ gl,-module. Thus, we can view M as
a restricted sl,-module, by restriction. In fact in the quotient H ©)/ H (1) we have the
sly-triple (X + f-\l(l), H + ?I(l), Y + ?I(l)), where our fixed isomorphism Hg = g,
tells us that X + f-\l(l), H + ?I(l), and Y + ﬁ(l) are mapped to the matrices E; », Hi 2,
and E; ;, respectively.

First recall some of the basic results concerning sl,-modules.

PROPOSITION 6.2.5. Let V be an sly-module and let m € V,,, where
Vo ={meV :H -m=am},

noting that this is non-zero for some scalar o, as k is algebraically closed. Then we have

1. X -me Vyqo;

2. H-meV,;

3Y-meV,,.

Also, using an inductive argument, we obtain the following well-known lemma:
LEMMA 6.2.6. Form € V,, such thatY -m = 0, we have

XY m=i(—a—i+ DX m.
Now, we know that simple restricted gl,-modules are always simple after restriction

to sl,. Thus we have a decomposition of our simple restricted sl,-module M into its
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H -eigenspaces, with each eigenspace one-dimensional:
M=M_,®&M_,i>® & M,,

where n + 1 is the dimension of M.

Therefore, pick an eigenbasis {v_,, v_, 42, ..., v, } for M such that
X - Vo = Vg+2,

for all eigenvalues o not equal to n.

Using our lemma and this basis we have that
Y- V_p42i = l(l’l -+ 1)1)_”_;,_2,'_2

foralli € {0,...,n}.

We restate the information we already had in Proposition 6.2.4 in these new terms:

PROPOSITION 6.2.7. Let M be a simple restricted ﬁlo—module and let Z(M) be the induced
u(ﬁ)-module. Letv=7),c4 (a;ay)“@»ma € Z(M) be a maximal vector, wherem, € M
foralla e A=1{0,1,...,p— 1}2. Then we have, recalling the notation in Definition 6.1.8,

1. mg =0o0rmy € k (v,) foralla witha, = p —1ora; =0;
2. mg =0o0rr, =0 foralla witha, = p — 1;

3. mg=0o0rs, =0 foralla witha; = p — 1;

4 mg =0o0rm, € k (v_,) foralla witha, = p — 1;

5. mg =0o0rt; =0 foralla witha, = p — 1.

From this we can see that if m,,, = mp—1,p—1) # 0, then it lies in the highest sl,-
weight space and in the lowest sl,-weight space. This tells us that the only case when

My, 7 0is when we are inducing from a one-dimensional sl,-module Ly(a, a).

87



Chapter 6. Simple restricted modules for the non-graded Hamiltonian H(2;(1,1); ®(1))

6.3 Finding maximal vectors and determining in-

duced modules and their composition factors

6.3.1 General considerations

Recall that we have the following result:

THEOREM 6.3.1. There are p isomorphism classes of irreducible restricted representations
of slp, with representatives Lo(z) forz € {0,1,..., p — 1}, where Lo(z) has dimension
z+ 1

THEOREM 6.3.2. There are p? isomorphism classes of irreducible restricted representations
of gl,, with representatives Lo(A) for A € F2, where Lo(A) has dimension A, — A, + 1.

In what follows, let Lo(A) be the gl, = H o-module of highest weight A = (11, A5),
which we often view as the sl,-module Ly(A; — A,) by restriction.
We adopt the following setup for our restricted H o-modules M (see §6.2.2):

We pick an eigenbasis {m,m,, ..., m,4+1}. With this eigenbasis we have
X -m; = mjqq,

where X - m, 1, = 0.
From this and by using the results in §6.2.2, we get the following formula for the

action of Y := —eg > on our chosen basis:
Y m=>G0-1)(n—i+2)mj_q,

noting again that Y - m; = 0.

Consider a maximal vector v = Y, , (9.9,)* ® m, € Z(Lo(a,b)), where m, €
Lo(a,b) foralla € A.If v has weight (1, A,), we saw in §6.2.1 that xd, -m, = A(a)1m,
and y0d, - m, = A(a)am, for all a € A. Thus, we see that each m, is a weight vector
for xd, — yd,, and thus lies in exactly one weight space for the sl, action, i.e. in one
H -eigenspace.

Throughout, we write Z(a, b) for Z(Lo(a, b)) and L(a, b) for the unique maximal
simple quotient of Z(a, b).

Recall that we write [My, M5, ..., M,] = [V] for the list of composition factors of V'

a module.
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6.3.2 Modules induced from one-dimensional modules

We start by looking at inducing to H from one-dimensional modules M = Lo(a,a),
where a € IF,. Here we have an eigenbasis {m} for M with X -m =0=7Y -m.

We have the following:

PROPOSITION 6.3.3. Let M = Lg(a,a), where k (m) = M. Every maximal vector v for

Z (M) is contained in the subspace
k{l@m)a®k(dy ®m)d k(07077 @m).

Proof. Let v be a maximal vector, so we write v = ZaeA (8;8y)a & my, where m, € M
for all a € A. For each m, write in fact m, = k,m, where k, € k. From xd, - v = 0, we

obtain the following (see Lemma 6.2.3):

0=—Y a9 0P+ @ kam.
acA

The terms a, 97!~ 95>+ ® k,m are linearly independent. Thus, if k, 7# 0, then a; = 0
ora =p— 1.
The rest of the following are done similarly, see §6.2.1 for the formulae.

By considering the linearly independent terms in e ; - v = 0, we obtain the following:
ifk, #0,thena; =0orr, = a;(A(a); — A(a)z) +aja, — (azl) =0.
Likewise, from e » - v = 0, we obtain the following:
if k, # 0,thena, = 0 or s, = a,(A(a); — A(a)2) —aia, + (azz) =0.

Suppose now that there is a k, # 0, with a = (a1,a;) € A.If a; # 0, then by the
action of xd, we conclude that a; = p — 1. From the action of e, ;, we have r, = 0.
Since p — 1 = a, # 0, from the action of e; » we conclude that s, = 0.

The condition s, = 0 = r, yields:

aidy — (azl) = —ai1a, + (azz) =
—d] — (azl) =a; + 1= 0,
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which in turn implies a; = p — 1. Thus (a;,a) = (p—1,p —1).

Summarising, we showed:
ifk, #0anda; # 0,thena=(p—1,p—1).

Hence our maximal vector is of the form:

v= 0T @ ki p-nm + Y 0% @ kaym.

0<a><p-—1

By considering the terms in e; » - v = 0, we conclude:

ifa = (0,a,) and k, # 0, thena, = 0ors, = 0.

as
Sq = —a1az + (2) =0.

Since a; = 0, we must have (a22

kq # 0,thena, =0ora, = 1.

Thus our maximal vector must be contained in the subspace

Suppose a, # 0, then

) = 0, and so a, = 0, 1. Summarising, if @ = (0, a,) and

k(l@m)®k(dy @m)® k(977007 @ m),

as claimed. |
We refine the previous proposition into:

PROPOSITION 6.3.4. Let M = Lg(a,a), where k (m) = M. If v is a maximal vector for
Z(M), thenv = 11 (1 ®@m) orv = p» (dy ® m) orv = i3 (8;”_185_1 ® m) where
Wi € k foralli.

Proof. Let v be a maximal vector for Z(M) of weight A = (11, A,), so we write
v=pu1 (1®@m)+ ps (3, ® m) + W3 (8;”_185_1 Q® m).
Now, each of the terms is a weight vector for xd, and yd,. We calculate:

x0x - v = pra (1 ®@m)+ pra (dy @ m) + pz (a + 1) (8;”_185_1 ® m) = Aqv.
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Thus, by comparing coefficients, we have p1a = A1, toa = Apg, and puz (@ + 1) =
A1pe3. We conclude that either A; = @ and u3 = Oor A; # aand u; = u = 0.
Therefore, either v = 1 (1 ® m) + 12 (3, ® m) orv = 3 (8;”_185_1 ® m)

Suppose the former is the case. We calculate:
Y0y - v = pa(l ®m)+uz(a—1)(8y ®m) = Ayv.

So, by comparing coefficients, we have ptja = A 1, o (@ — 1) = Ao, Hence, either

Ay =aand up, = 0or Ay # a and uy = 0, as required. [ |
LEMMA 6.3.5. Leta € ), Consider H (8y ® m) < Z(a,a).
1. Ifa # 0, then H (0y ® m) = Z(a, a), with dimension p?.

2. Ifa = 0, then

H(d,®@m)=k(¥¥ "' @m:0<i<p-10<j<p-2)
Gk(d/@m:1<j<p-1),

as vector spaces, with dimension p?—1.

Proof. We must check that the basis elements are stable under the generators of H.

Consider v := 0, ® m. Then using 8;3§ € u(H) we see H (v) contains
{000/ '@m:0<i<p-1,0<;<p-2}.
Now, [Y, d,] = =0/, so
Y v=0,Y - m—09,@m=-0,. Qm.
Hence, H (v) also contains the elements
{0/ @m:1<j<p—1}.
Now 8. - 97 ' = —yd, ®m = —a-1Qm.

Ifa # 0,then —a - 1 ® m # 0, and H (v) = Z(a,a). Thus in this case, Z(a, a) is

simple.
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Ifa =0, then —a -1 ® m = 0, and this is all we get, since we can use our basis for

H to check that the above k-basis is closed under the action of H. Thus, dim; H (v) =
2

p-— L u

LEMMA 6.3.6. In Z(—1, —1), we have
H{yr'ort @m)= k(07027 @ m).
Proof. Clearly k(a’;"laﬁ‘l ® m) C ?I(a;”‘laf‘l ® m). We leave it to the reader to use
the basis for H to check that k(a;”‘laf‘l ® m) is closed under the action of H. |
We will need the following lemma to prove the main result of this subsection.
LEMMA 6.3.7. The restricted H -module O(2;(1,1))/(k - 1) is simple.

Proof. Recall that H < W(2;(1,1)) acts on O(2;(1,1)) via D - f = D(f) for all
DeH, f € 0(2;(1,1)) (see Example 3.1.31). By Lemma 6.1.4 it suffices to show that
all the maximal vectors generate the whole module.

Letv € O(2;(1,1))/(k - 1) be a maximal vector. Then we can write

v = Z ka,bx(a)y(b),

0<a,b<p-—1

as its representative in O(2; (1, 1)), so that in the quotient, we identify the term kg 1
with 0. We calculate

0=1x0d,-v= Z (@ + 1) kg px@tDy®=D,

0<a,b<p-—1

Therefore,
iftkyp #0,thena =p—1lorb =0.

Hence our maximal vector is of the form:

v= Y k@ 3k ox @,

1<b<p-—1 1<a<p-—1

We calculate

b+1 _
O=ejp-v= Z (( 5 )_}_b_|_1) kp—l,bx(p l)y(b+1)_ Z aka,ox(“)y.

1<b<p-1 l<a=<p-1
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Hence,
kqo=0foralll <a <p-—1.
We also get that
ifk,—1p #0,thenb=p—1,p—2.

We conclude that v must be of the form
v = kp_1,p_2x(p_l)y(p_2) + kp—l,p—lx(p_l)y(p_l)-

Since v is a weight vector, we argue as before to conclude that in fact v =
prx@Dy@P=D or y = 1, xP=Vy(P=2) noting that indeed N - v = 0, that is, that
x(p_l)ay and C := —ey 3 kill v. Note that in characteristic p = 5, one must also check
that e4 4 - v = 0, which is clear.

Suppose now v = ;x?~ Dy~ £ 0 We calculate

g x@y®) — @D, 6)

® — y@,06-1

dy x@y y
the first identity being valid only for 1 < a < p — 1. Consequently, by applying powers
of 9, and 0, consecutively, we see we can obtain all of O(2; (1, 1))/(k - 1).

Suppose now that v = p,x?~DyP=2 £ 0. By using the above identities, we see

that vy := y®=3 € H (v). Then we calculate

(r—1) ,,(p—-1)

C-vy=xXx y

and so H (v) = 0(2;(1,1))/(k - 1), and we are done. [ |

THEOREM 6.3.8. The induced module Z(M) =~ Z(a,a) is simple unlessa = 0 ora =

p — 1, in which case it has composition factors of dimension 1 and p> — 1.

Proof. Consider the vector v = 8787~ ® m, which given Proposition 6.3.4 is a good
candidate for a maximal vector. Because C = —e( 3 must annihilate maximal vectors,
and

C-v=(p—1—)k(a)2)3§’_3®m=(p—l—a)8§’_3®m,

we conclude that v is maximal only whena = p — 1.
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Now, H (v) = k (v) is one-dimensional, so in the a = p — 1 case, we conclude that
Z(a, a) is not simple. Furthermore, this is the only proper submodule, as H (By ® m)
here generates all of Z(—1,—1).

We calculate that the vector v has weight A = (@ + 1,a + 1) = (0, 0). It remains to
show that the quotient Z(—1,—1)/ H (v) is simple.

We have by Frobenius reciprocity that, given a simple H-module M:

Homﬁ(o) (Lo(=1,-1), M) = Hom4(Z(-1,-1), M).

This tells us that there is a simple H o-submodule of M isomorphic to Lo(—1, —1) if and
only if Z(—1,—1) surjects to M. That is, M has a maximal vector of highest weight
(—1,—1) if and only if Z(—1, —1) surjects to M.

But O(2;(1,1))/ (k - 1) is simple by Lemma 6.3.7 and it has a (—1, —1) weight maxi-
mal vector. Hence, Z(—1, —1) surjects to it. Hence, Z(—1, —1) has a (p?—1)-dimensional
simple quotient. By consideration of dimensions, the quotient Z(—1,—1)/ H (v) is this
simple quotient, so it is L(—1,—1).

Now, H (v) is a one-dimensional simple H -module of highest weight (0, 0), which

must be trivial and is isomorphic to L(0, 0). Thus, we have composition factors

of dimension p? — 1, 1.

Now let a # p — 1. So v above is not maximal. Clearly 1 ® m always generates all of
Z(M), so we now look at v = 9, ® m.

If a # 0, then H (v) = Z(a,a) by Lemma 6.3.5, and so Z(a, a) is simple.

On the other hand, ifa = 0, then H (v) is a non-trivial simple submodule of dimension
p? — 1, as it is generated by each of its maximal vectors, namely the vectors of the form
dy ® um for non-zero . We also calculate that the vector v has weight A = (a,a —1).
Hence, v here is maximal vector of weight (0, —1), which means that H (v) = L(0,—1).
The quotient by H (v) is one-dimensional and hence simple, and therefore is L(0, 0).

Thus, Z(0, 0) has composition factors
[L(0,—1), L(0,0)]

of dimension p? — 1 and 1. |

94



Chapter 6. Simple restricted modules for the non-graded Hamiltonian H(2;(1,1); ®(1))

6.3.3 Modules induced from two-dimensional modules

Let M = Lo(a,a—1),witha € [F,,. Pick an eigenbasis {m;, m,} for M with X -m; = m;

and Y - m, = m;. We refer the reader to §6.2.2 for more details.

PROPOSITION 6.3.9. Let M = Ly(a,a — 1), witha € F,. Every maximal vector v for
Z(M) is contained in the subspace

k(1 @ms) @k (0, @ my+ 0, @my) @k (9,0, ® my + 95 @ my).

Proof. Let v be a maximal vector, so we write v =Y, , (9,.9,)" ® m,, where m, € M
for all a € A (see Equation (6.1)). Since m, can only be in one H -eigenspace (see §6.3.1),
we have foralla € A, m, = pamy or mg = Lamy, where p, € k (we write m, = pom;,
with u, € k, generally). As with the one-dimensional case, we refer the reader to §6.2.1
for the formulae for the actions we will consider here. We do the first one in detail. The
others are done similarly.

Frome, ;- v = 0, we see

ra;—1qa ray qax—1
OZZraax‘ 8y2®ma—2a28x‘8y2 QX -m,.
acA acA

Leta € A If m, € k (my) and m, # 0, we see that the term r, /' =103 @ m, =
g 8;5”_18;2 ® gamy cannot cancel with any term in the right sum, since X -m, € k (m,)
for all ¢ € A. Due to exponents, it cannot cancel with another term r; 3;5’ l—lal;z ® myp in
the same left sum.

Therefore, we conclude that if m, € k (m;) and m, # 0, then r, 83?1_18‘;2 Q®m, = 0.

Consequently, either a; = 0 or r, = 0. Suppose a; # 0, and so r, = 0. This implies

0=a;(A(a); — AMa)2) +aiaz — (azl)-

Since m, is in the lowest sl,-weight space, we have A(a); — A(a), = —1 Thus,

ax
0=—a1—|—a1a2— 2 |

Because a; # 0, we deduce that —1 + a, — (a; — 1)/2 = 0, i.e, thata, = (a; + 1)/2.

Summarising:
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ifm, € k (imy) ,my #0,and a; # 0, thena, = (a; + 1)/2.
By considering the terms in e; » - v = 0 we see that:
it m, € k (m,) and m, # 0, then either s, = 0 ora, = 0.
We use this to conclude that:
ifm, € k (my) ,my #0,and a, # 0, thena, = (a, + 1)/2.
From the action of xd, we derive that:
ifm, € k (m;) and m, # 0, then eithera; =0ora, = p — 1.

Therefore, if m, € k (m,),m, # 0 and a; # 0, we must have a, = p — 1. Further-
more, the conclusion from e ;’s action yields a, = (a;+1)/2.Hence, p—1 = (a1 +1)/2,
andsoa; = p — 3.

Summarising:
iftmg, € k (m) ,myg #0anda; # 0,thena =(p—3,p—1).

From the action of e3; we see that:
itm, € k (m;) and m, # 0, thena, = 0,1 ort, = 0.

Suppose m, € k (m;),m, # 0, and a; # 0. From the conclusion from xd, and e, ;

we see that (a;,a2) = (p — 3, p — 1). Thus, since a; # 0, 1, from e3;’s action we see

that
la = (azl)(k(a)z —Ala)) — <6121)a2 + <2l> = 0.

This implies thata; = 0,1 ora, = (a;+1)/3.Sincea; = p—3 # 0, 1, we conclude that
a, = (a1 +1)/3.Hence,a, = (p—2)/3,butwehavea, = p—1.Thus p—1 = (p—2)/3,
which implies p —2 = 3p —3 = —3 = p — 3, a contradiction.

Summarising:
foralla € A,ifm, € k (m) and m, # 0, thena; = 0.

Therefore, for all @ € A with a; # 0 we write my, = gam,.

Recall that if m, € k (m,) and m, # 0, then a, = 0 or a; = (a, + 1)/2. Therefore,
ifa, # 0and a; = 0, then a, = p — 1. This implies that when a; = 0, ifa, # p — 1,
then a; = 0. Thus, fora € Awitha = (0,a,),ifm, € k (my) and 1 <a, < p—2,it

must be the case that m, = 0.
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Thus we write m,4,) = (0,ay)m1 foralll <a, < p —2.

Putting all of this together, we have that our maximal vector is of the form:

v=1®m,) + 85_1 ® M (0,p-1)
LY ekt Y 000k

1<a<p—-2 a1 #0
O<ar=<p—1
Set C = —ep3.From C -v = 0, we see thatifa = (p — 1,a,2) € A,m, € k (my),
and m, # 0, then a, = 0.
We also deduce from C - v = 0 that m,,—1) = (0, p—1)"1-

Thus our maximal vector is of the form:

v=1Q®mg) + 37" ® wp-1.0Mm2
+ Z 3;2 Q U(0,a2)M1 + Z 3;113;2 ® Wamy.

1<ar=<p—1 a1#0,p—1
0<ax=<p-1
Applying e, ; to v yields either jt(,—1,0) = 0 or r(,—1,0) = 0. It’s straightforward to
compute that r(,—1,0) # 0. Thus, ((p—1,0) = 0.

Hence, our maximal vector is of the form:

v =1 X n(0,0)
+ ) W ®ueaymit Y P @ pams.
1<a>=<p—-1 a1 #0,p—1

0<ar>=<p-—-1

We want to know when the p,m, in the rightmost sum are nonzero, so we are
considering a € A suchthata; #0,p—1land0 <a, < p—1.
By considering the terms in e3 1 - v = 0, we see that
if ugmy # 0, thena, = 0,1 ora, = (a; —5)/3.
On the other hand, by considering the terms in e, ; - v = 0, we see that

if uumy # 0,thena; =0,1,p—1ora, = (a; —3)/2.

Hence, assume p,m, # 0and a; # 0, 1. Since we have already seen thata; # p —1,
we have ay = (a; —5)/3 = (a; — 3)/2. This implies a; = p — 1, which is not possible.
Thus, we conclude that if u,m, # 0, then a; = 0, 1. Since a; # 0, we conclude that if
Uamy # 0, thena; = 1.
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Therefore, our maximal vector is of the form:

v =1 X n0,0)
+ Z 95> ® [L(0,a2)M1 + Z 9,052 ® U(1,a2)M2-
1<az<p-—1 0<ar<p-—1

Applying C again, we see that if j4(1,4,) # 0, then a, = 0, 1. Thus, we have

v =1®mo,)

+ Z 032 ® [0.a)M1 + 0y ® p(1,0m2 + 0.0y ® (L1, nM2.

1<a>=<p—-1

We want to know when the ((g,4,)m1 are nonzero. By considering the terms in
ez,1 v = 0, we get that if a, > 3, then j(9,4,) = 0.

Thus, our maximal vector is of the form:

v =1 (02 mo,o0)

+ 0y ® (,1Mm1 + 3§ ® (o,2yM1 + 0 @ p(1,0yM2 + 07,0y ® fL1,1)M2.

From X - v = 0 it is easy to see that m,0) = (0,0)2-

Finally, we see from e; 5 - v = O that

M(1,0) = H(,1)
Ha, 1 = HK(,2)-

Thus, we conclude that
vek(1@my) @k (d, @my+ 3y, @my) @ k(d,.0, @ ma+ 0, @my),

which completes the proof. |

We will break up the proof of our determination of the modules induced from two-
dimensional modules and their composition factors into several lemmas, as depending
on the weight one obtains wildly different structures.

In what follows, we adopt the following shorthand:

w = 30y @ my + 3} @ my
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vi=0, @my+ 0, ® mj.
We refine the previous proposition into the following:

PROPOSITION 6.3.10. Let M = Lo(a,a — 1), witha € F,. Ifu is a maximal vector for

Z(M), thenu = pq (1 ® my) oru = pv oru = puzw, where u; € k foralli.

Proof. Let u be a maximal vector for Z(M) of weight A = (4, A,), so we write
u=p (1 @m)+ pv + pusw
Now, each of the terms is a weight vector for xd, and yd,. We calculate:
X0 -u=pa(l1@m)+ pur(@a—1)v+ pus(a—1)w = Au.

Thus, by comparing coefficients, we have uja = Ajuy, (@ —1) = Aiu,, and
U3 (a—1) = Aiuz. We conclude that either Ay = aand u, = 0 = pusz or A; # a
and p = 0. Therefore, either u = puq (1 @ m) or u = wrv + Uz w.

Suppose the latter is the case and let b = a — 1. We calculate:

Y0y - u = pabv 4+ p3 (b — 1) w = Aru.
So, by comparing coeflicients, we have b = Ao, 3 (b — 1) = A, 3. Hence, either
Ay =band u3 = 0or Ay # b and u, = 0, as required. |

LEMMA 6.3.11. Leta € F,. In Z(a,a — 1), ifa # 1, then H (v) = H (w). In Z(1,0),
H (v) # H (w).

Proof. Acting on w by powers of d,, and 0, gives that H (w) contains at least the follow-

ing:
{000/ @m + 0370l @my:0<i<p-1,0<j<p-2},

which gives distinct elements aslongas (i, j) # (p—1,p—2).If (i, j) = (p—1, p—2),
we obtain the element

/ —1 —1
8;’85 Q my = 85 ® —ams,

soifa — 1 # —1, we have dimg H (v) > p? — p.

Now, we calculate:
Y w=-3.0, @m; — 3 Q ms.
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Hence,
{8z+18y®m1 + 02 @m,:ie {0.1...,p—1}}

is contained in H (w).

More specifically, when i = p — 2, this gives the element
ISP, @my+(—a+1)- 1@ m;
and wheni = p — 1 the element
dy @ (—a + 1)ymy + 9, ® (—a + 1) my,

noting that xd, and yd, have weights of ¢ — 1 and a on the lower sl,-weight space
k (my), respectively.

Then if a — 1 # 0, then we see that H (w) contains v.

Hence, ifa — 1 # 0, H (w) = H (v). ]

LEMMA 6.3.12. Leta € F,. We have in Z(a,a — 1) that
H(w)=k(¥3P2@m +3 T ®@my:0<i<p-1.0<, < p-2)
G k(09 @m+ 0t @my:i €{0,1...,p—1})
and
H{v)=k(00 T @m + 39 @my:0<i<p—1,0=<j<p-1),

as vector spaces.

Therefore, ifa # 0, then dimy H (v) = p2. Ifa = 0, then dimg H (v) = p? — .
Concerning the dimension ofI/-} (w), ifa = 1, then dimg H (w) = p?— 1. The other cases
are covered by dimy H (v), thanks to Lemma 6.3.11.

Proof. Let b = a — 1. We only study H (v) and leave the other case to the interested
reader, noting that one must only check H (w) when b # 0, i.e., in Z(1,0). Now, H (v)

certainly contains
! 9,9/ 0<j<p-1
{y ®m1+xy®m2' =J=p }a
using Lemma 6.2.2.
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By letting d’. act on each the elements of the previous set we obtain:
{8;'8;'“ ®m1+8§+18§®m2:0§i <p-10<j=<p-1},

which gives distinct elements aslongas (i, j) # (p—1,p—1).If (i, j) = (p—1,p—1),

we obtain again the element
2P @ my = 0071 @ (—b — 1) ms,

so if b # —1, we have dimg H (v) > p?%. We leave it to the reader to use the basis for H
to check that the above k-basis is indeed closed under the action of H. [ |

THEOREM 6.3.13. The induced module Z(M) = Z(a,a—1), witha € F,, is not simple. If
(@a,a—1)=(p—1,p—2) or(1,0), then Z(a,a — 1) has composition factors of dimension
1,p* — 1 and p®. If (a,a — 1) = (0,—1), then Z(a,a — 1) has two one-dimensional
composition factors and two composition factors of dimension p?> — 1. In the remaining

cases Z(a,a — 1) has two composition factors of dimension p?.

Proof. Write b = a — 1. First, we calculate that the vector v has weight A = (a — 1, b).
The vector w has weight, A = (a — 1,0 — 1).

We start by outlining a basic Frobenius reciprocity argument that takes care of lots of
cases.

We have by Frobenius reciprocity that
Homﬁw) (Lo(a,b), Z(a,a)) = Homg(Z(a,b), Z(a, a)).

The left side is non-zero as Z(a, a) has a maximal vector of highest weight (a¢,a—1) =

(a,b), as we saw previously. Thus there is a non-zero H -homomorphism
f:Z(a,b) — Z(a,a).

Now, if a # 0, —1, we know that Z(a, a) is simple, of dimension p?, and thus that f
must be surjective.

Hence, Z(a,b) has a p?-dimensional simple quotient isomorphic to Z(a,a) =
L(a,a)if (a,b) # (0,—1),(—1,-2).

We start with the general case Z(a, b), where (a, b) # (1,0), (0,—1), (—1,—2). Here
we have H (w) = H (v) < Z(a,b) of dimension p?, and simple, as the submodule is

generated by its maximal vectors v and w. It is isomorphic to L(a — 1,b) = Z(a — 1, b).
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By the above, and by consideration of dimensions, the quotient Z(a, b)/ H (v) is simple

and we call it L(a, b). Thus, we have found all the composition factors:
[L(a —1,b), L(a,b)],

both of dimension p2.

Note: since w is also a maximal vector of weight (a — 1,5 — 1), H (v) = H (w) can
be viewed as a simple p?-dimensional H -module, and we have then L(a—1,b) = L(a—
1,b — 1), noting that (a — 1,b — 1) # (0,—1), (—1,—-2), (=2, —3), so this isomorphism
is not a problem as if (a — 1,b — 1) # (1,0), we are guaranteed that L(a — 1,b — 1) is
the p?-dimensional quotient of Z(a — 1,b — 1), and if (a — 1,b — 1) = (1, 0), we are in
the case (2, 1), and the statement says, L(1,1) = L(1,0), where L(1,1) = Z(1,1)isa
p?-dimensional simple module, and L(1,0) is the p?-dimensional quotient of Z(1,0)
we find below.

Consider now the induced module Z(1,0). It has the submodule H (v) of dimen-
sion p? inside it. The quotient Z(1,0)/ H (v) must be simple, by the above argument
and by consideration of dimensions. We call this quotient L(1, 0). Now, H (v) has the
(p? — 1)-dimensional submodule H (w), which is simple, and of weight (0, —1), so by
Frobenius reciprocity, we see that H (w) = L(0,—1). The quotient H (v) /L(0,—1)
is one-dimensional, and so simple and isomorphic to L(0,0). Thus we have all the
composition factors:

[L(0,0), L(0,—1), L(1,0)],

of dimensions 1, p? — 1, and p?, respectively. Note that H (v) has a maximal vector of
highest weight (0, 0), and from the above, H (v) = Z(0,0).

Now we study Z(0,—1). Here we have H (w) = H (v) < Z(a,b) of dimension
p?—1,and simple, as the submodule is generated by its maximal vectors v and w, so we
have H (v) =~ L(—1,—1) =~ L(~1,-2).

Note: The previous is not a problem, as we will see that L(—1, —2) is the (p? — 1)-
dimensional simple quotient of Z(—1, —2), and L(—1, —1) is the (p? — 1)-dimensional
simple quotient of Z(—1, —1).

We turn our attention to the quotient Z(0,—1)/ H (v). There are two vectors not in
H (v),

0 = 85 1 Qm,

Q= 8;”_1 ® m;
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with the following property: H- ne H (v) (so in particular, xd, and yd, have weight
(0, 0) on them in the quotient). Note here one must calculate e, 471 to handle the character-
istic p = 5 case. Thus there is a two-dimensional submodule k (8, ¢) < Z(0,—1)/ H (v).
The quotient here is (p%—1)-dimensional. By Frobenius reciprocity, we have that Z (0, —1)
must have a (p? — 1)-dimensional simple quotient isomorphic to L(0,—1) € Z(0, 0),
where L(0,—1) = H (By ® m) By consideration of dimensions, the above quotient
has to be this one. It remains to decompose the module k (6, ¢), but this has just a
one-dimensional simple submodule with a one-dimensional simple quotient. Thus the

compositions factors are:
[L(—1,—-1),L(0,—-1),L(0,0), L(0,0)],

the first two of dimension p? — 1 and the last two one-dimensional.

Finally, we have Z(—1, —2). As above, we have H (w) = H (v) < Z(a, b) of dimen-
sion p?, and simple, as the submodule is generated by its maximal vectors v and w. Here
we have H (v) = L(-2,-2) =~ L(-2,-3).

Note: Again, the above isomorphism is not a problem, as L(—2, -2) = Z(-2,—-2)isa
p?-dimensional simple H -module and L(—2,-3) is the p?-dimensional simple quotient
of Z(—2,-3).

By Frobenius reciprocity,
Homﬁ(o) (Lo(—1,-2),M) =~ Homﬁ(Z(—l, -2),M).

If we take M to be the (p? — 1)-dimensional simple submodule of Z(0, —1), we see that
the left side is non-zero because M has a maximal vector v of weight (—1, —2). Thus
the right hand is non-zero, and so Z(—1, —2) surjects onto M, as M is simple. Hence,
we have shown that Z(—1, —2) has a (p? — 1)-dimensional simple quotient. Indeed, we
can argue that Z(—1,-2)/ H (v) has a one-dimensional submodule. The vector y =
21922 @ my ¢ H (v) is such that H - y € H (v). The quotient of Z(—1,—2)/H (v)
by this one-dimensional submodule k (y) must then be the (p? — 1)-dimensional simple

quotient above, so it must be L(—1, —2). Thus, we have the composition factors:
[L(—2,-2),L(0,0), L(—1,-2)],

of dimensions, p?, 1, and p? — 1, respectively. [ |

Remark. All the composition factors of modules induced from two-dimensional modules
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are isomorphic to simple quotients of modules induced from one-dimensional induced

modules except for L(0, —1). More precisely, we have for all pairs (a,a — 1), witha € F,:
L(a,a—1) = L(a,a),

except when (a,a — 1) = (0, —1), in which case L(0, —1) is still isomorphic to a compo-
sition factor of a module induced from a one-dimensional induced module, more precisely
L(0,—1) = H (3, ® m) < Z(0,0).

We will later see that L (0, —1) is not isomorphic to L(—1, —1).

Furthermore, the proof of Theorem 6.3.13 in fact shows that the Alperin diagram (see
Alperin (1980)) of Z(0,—1) is

L(0, 1)
L(0,0) L(0,0)
L(~1,—-1)

Hence, we have
dimy Ext'(k, L(0, —1)), dimy Ext' (k, L(—1,—1)) > 2.

Thus, we see that the trivial module is not projective and that L (0, —1) and L(—1, —1)

are not injective.

6.3.4 Higher-dimensional induced modules

PROPOSITION 6.3.14. Let M =~ Ly(a,b), with p — 1 > a —b = n > 2, where
k{my,my,....,muy1) = M and X - m,4+, = 0. Every maximal vector v for Z(M) is
contained in the subspace

k{1l ®@mutq).

Proof. We recall here the general setup for restricted H o-modules M:

We pick an eigenbasis {my,m;,, ..., m,4+1}. With this eigenbasis we have

X -mij =mjq,
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where X - m,+; = 0, and
Y-mi=@G@—-1)0n—i+2)m,

noting again that ¥ -m; = 0.

Letv =, (9 8y)a ® m, be a maximal vector, where m, € M foralla € A. As
with the lower-dimensional cases, each m, can only be in one H -eigenspace (see §6.3.1),
so one has, for alla € A:

Mg = UgMj,

with j € {l,...,n+ 1} and u, € k.

Arguing as before, from e; » - v = 0 one gets that:

ifmy, = pgmyuy1 # 0, then eithera; = 0ora; = %
From e;; - v = 0 one gets that:
if mg = pugmy # 0, then either ay = 0 ora, = %

From x0,, - v = 0, we see that:
ifmg = ugmy # 0, then eithera; = 0ora, = p — 1.
Suppose m, = pugam; # 0and a; # 0. Then

a;+2n—1

Clzzp—lz 3

This gives that a; = —1 — 2n.
From the action of e3; together with the previous, we see that:
ifmg, = wgmy # 0,thena;, =0, 1.
If a; # 0, this case also implies that:
ifmy = ugmy # Othena; = landa, = p—landn =p—1.
We also deduce that:
ai

ifmg = wgmsy # 0,thena; =0,10ra, = T_2+n—2,

provided one is not in the n = p — 1 case. But, in fact we can improve this by considering

the action of x4, too, which gives:
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ifmg, = pgamy # 0 we have eithera; =0,10ra, = p — 1.

So, if one is in the a; # 0,1 case we have p — 1 = ’“3_2 + n — 2, which implies

ay = 5 — 3n, again, provided one is not in the n = p — 1 case. We now consider what

happens in the n = p — 1 in the above when we consider the non-zero m, = p,m,. For
that case we see that we are not allowed to conclude what we have if a = (2, a»).

Summarising;:
Ifm, = ugms # 0,thena; =0,1ora; =2ora=(5-3n,p—1).
Write t = (5—3n, p — 1).

We write our maximal vector

-1
v=" Y P ®moay+ Y a;ay@@;@w;a; ® ma.p-1)

0<ar><p-1 0<ar<p—2

=Mam?2
/2 / ! T
+ E 07052 ® Mm.ay) + E 071052 ® my +(9,0y) ® me.
0<a><p-—1 3<a;<p-—1 >
- >Ugm2 0<a,<p—1 ZHam3
a#t

By Proposition 6.2.4, we know that Y - m, = 0ifa, = p — 1. Thus, m; = p,m; and
ma,p-1) = K@,p-pM1-

Acting on our maximal vector by x®3, again, we see that the 3 '® K@, p—1)M2
term can only cancel with the term 831,7_1 ® m,p—1). Butin fact, mp, p,—1) = @2, p—1)M1,

and so no cancellation can occur, and we conclude
ma,p—1 = 0 =mea, p-1).

Now, since m, = u.mp, we see from the previous that we must have t = (0, p — 1)

or 7 = (1, p — 1). Thus, we can write

0<az<p-—1 0<a<p—2

> Wham2
12qa ray qa
+ 2 : ax 8y2 ® m2,a,) + 2 : ax lay2 ® myg
0<ar<p—2 ?’_/ 3<a1=<p-1 m
=ZMagm?2 0<a,<p—2 =—Hal’t3

Looking at x® 3, - v = 0 again, we gather that m, 4,) # 0 implies that m; 4,) =

H(2,a,)M; for some j > 3. Secondly, we also see that if X - m(; 4,) and m (3 4,-1) are in
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the same weight space, then (4(1,4,) = (2,a,—1) for 0 < a, < p —2. Otherwise m 4,) =
H(1,a)Mn+1 and (2 q,—1) = 0. In particular, m,0) = p(,0Mn+1 and me,p—2) = 0.
We also see thatif m, = p,ms3, then the associated terms cannot cancel with anything

and we conclude p,m3 = 0. Thus, we have:

v = Z 032 ® M(0.ay) + 0y ® L(1,0)Mn+1 + Z 05 ® M(1.a)

0<ar<p-—1 1<a><p—2
=a=p =a=p > lamo

12qa la
+ E 0505 ® M(2,a,) + E 0y'03> ® myg
0<ar><p-3 >iom 3<a;<p-1 >gmyg
ZHam3  0<ar<p—2 =

By looking at the action of x(?~1 3, on v we see that we have:
Mg = gy OF Mg = UgMy4q fora, = p —2.

Furthermore
H(p—1,a2—1) = H(p-2,a2)

for1 <a, < p—2,whenm, = usm,. When suchm, = poamp41, then w(p—1,4,—1) = 0.
Finally, p(p—1,p—2) = 0.

We also see that m, = u,m4 # 0 implies a; = 3, again by looking at the action of
x@9, .

Let’s study the m(p—2 4,) and m(p—1 4,). We gather from xd,,-v = Othatifm,—24,) =
H(p—2,a)Mn+1, then

H(p-1,a,-1) = 0

for 1 < a, < p — 2, as above. On the other hand, if m(p—2,4,) = U(p—2.,a,)Mn, then

HK(p—1,a2—1) = —H(p-2,a2)>

again for 1 < a, < p — 2. Therefore, putting it all together we see that if m,—2 4,) =
M (p~2.a2)Mn, then

M(p—1,a—-1) = —H(p—1,a2—1)>

so they are all zero. On the other hand, if m (2 4,) = (p—2,a2)Mn+1, thenthe p(p—1,4,-1)

are all zero. Either way

M(p—1,a5) =0

forall0 < a, < p —2. And we have m(p—2.4,) = U(p—-2,a2)Mn+1-
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We have

v = Z 032 ® M(0.ay) + 0y ® L(1,0)Mn+1 + Z 05 ® M(1.a,)

0<azx=p-1 l<a><p—-2 > 1o
—_Ma

+ Y R ®maayt+ Y. 909 @maa)

0<a><p-3 0=az=p—2

>Mam3 >MaMm4
/
+ E 07102 ® my
45a15p_2 >Ugm
0<a><p-—2 =atls

By considering the action of C, we see that the terms
—azagz_l (034 Y. n’l(()’az)

cannot cancel with anything and thus, either a; = 0 or m(,4,) = [(0,a2)1-

We write thus,

v=" Y Q@ poaymi + 0 @ paoymari + Y 0P @ May)

S——
l<ar<p—1 l<ar<p—2
<a»<p <a»<p -
12 qaz 13 qas
+ Y P ®maay+ P, 0709 @maay
< <p— V < <p— —
O=az=p-—3 >pgms  0S925P72 >[ams
/i
+ E 0702 ® my +1®m,0-
4<a;=p-2 >Uam
0<ar<p—2 =Ha’ls

Now we let xd, act on our maximal vector. We see that the term 1 ® X - m ¢ ) cannot
cancel with anything, so we conclude that m,0) = (0,0)Mn+1-
Furthermore, we see that the 8;2 ® [L(0,a,)M2 terms can only cancel with the terms

—332 ® m(1,a,-1), for 2 < a < p — 1. Thus,

H(0,a2)M2 = M(1,a5—-1) = K(1,ax-1)Mj,

and thus either j = 2, and we have (0,4,) = K(1,a5—1)> OF HL(0.a0) = M(1,a5—1) = 0.

Consequently, we have
if 0 # M(1,a5)s then M(1,a,) = M(1,a0)M2, forl <a, <p-—2.

Considering the term m g 4,) When a, = 1, we see that it can only cancel with

—0y ® W(1,0)Mn+1, Which is not possible, thus we deduce that j10,1) = 0 = p(1,0)-
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But, in fact, now we can deduce information on all the m, from this. Looking again
at the action of xd,, we see that the 9,072 ® X - m1,a,) = 9,07> ® [L(1,a,)M3 terms can
only cancel with the terms —28;8;2 ® M2,4,—1), for 1 < a, < p —2. So, as above, we

see that either they lie in the same s[,-weight space, and we have

M(15a2) = 2M(Zsa2_1)’

or they are both zero. Thus, we have 0 # m(2.4,) = U(2,0,)M3.

Continuing likewise, for higher values of a; up to and including p — 2, we see that

HKai,az) = (@ +1) H(a+1,a2—1)»

if M(a, +1,a,—1) is in the same sl,-weight space as X -m 4, 4,), and they are zero otherwise,
where 0 < a, < p —2ifa; > 3, meaning in such cases we can immediately see that

M(a,,00 = 0 = Mg, +1,p—2). In the a; = 2 case we can say
Mm@e,0 = 0=ma,p-2) = Ma,p-3).
We summarise what we have:

v=1® Wo,00Mn+1 + Z 332 & (0,a2)M1 + Z 3;332 ® H(,ay) M2
N—

2=<az=<p—1 l1<a><p-—2 _
=H(0.ap+1)
2 : 12 qa § : 13 qa

+ ax ay2 ® M(zsaz) ms3 + ax ay2 ® lu‘(3,¢12) my

1<a><p-3 l<a><p—4

=u’(l.a2+l)/2 ='u’(2,a2+l)/3
/a1 qan

+ 2 : ax ay ® H(ay,a2) May+1.

4<a;<n

1<a><p-3 =M(a1—],az+l)/a1

We now apply C to v. Comparing the terms with exponent 1 in the ¢/, component,

we see that [4(0,4,) 7 0 implies that a, = 1,2n, for 2 < a, < p — 1. Also, since

H(0,a2) = MH(1Laz—1) = 2l(2,a5-2) = - - - = N[A(n,ar—n)>

we see that if (L(4,,4,) 7# 0, then ay = 2n —a;.
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We write, then

v=1® poomnir+ Y, BHTN®  faamay  Martr.
————

0<ai<n
ZM(al—l.Zn—al-l—l)/al

We apply the action of e ; to conclude. From it we see that we get the term

5(0,2n)8§n_1 & 1(0,2n)M1,

which can only cancel with
3§"_1 & N, 2n—1)M1,

noting that Y -m, = nm,. Now, we compute that 5(9 2,) = 41> —n. Thus we have either
H©.2n) = H(1,2n—1) = 0 or 4n% —n + n = 0. The latter cannot happen, as this implies
that 4n? = pt, for some ¢ € N, but since p > 5, p doesn’t not divide 4, so it must divide
n?, and thus must divide 7 itself, which is not possible.

We conclude, hence,

0= o2n = La,2n—1) = L@2n—2) = ... = U@n,2n—n)-
Thus, v = 1 ® 1(0,0)Mn+1, as required. [
From this it follows that

THEOREM 6.3.15. The induced module Z(M) =~ Z(a,b), where p —1 >a —b > 2, is

simple.
Lastly, we prove the following:

PROPOSITION 6.3.16. There are two isomorphism classes of (p*>—1)-dimensional restricted
simple H -modules, one represented by L(—1, —1), the other by L(0,—1).

Proof. The only (p? — 1)-dimensional restricted simple modules arise as composition
factors of modules induced from one-dimensional or two-dimensional modules. All of
these are isomorphic to either L(0, —1) or L(—1,—1), as we have seen. It remains to

show that these two are not isomorphic.
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Now, if they were isomorphic, this would tell us that Z(0, —1) has a simple quotient

isomorphic to L(—1, —1), ie.,
0 # Homp (Z(0, 1), L(~1,~1)) = Homg (Lo(0,~1), L(~1,-1)).
Thus, L(—1, —1) would need to have a maximal vector of weight (0, —1). Recall that
L(=1,—1) = Z(~1, —1)/k<(a;ay)“’° ® m>

If0 # § € L(—1,—1) is a vector of weight (0, —1), then working in the quotient we
deduce that § = 8;”_1 ® m. This is a problem, as X - § = 8;p_28y ® m # 0, so that § is

not maximal. Thus no maximal vector of such a weight exists, and we are done. [ |

LEMMA 6.3.17. Let A, it € F> with Ay — Ay = w1 — pp and A # . If Z(A) and Z () are

both simple, then they are not isomorphic as H -modules.

Proof. If Z(A) = Z(u), then Z(A) has a maximal vector v of weight ;. We consider the
two cases where Z(A) is simple. The first is when A1 — A, > 2. Then Proposition 6.3.14
tells us that v € k (1 ® m,+1). Thus, v i s a maximal vector of weight A, since 1 ® m, 4
is a maximal vector of weight A. This is a contradiction. Therefore Z(A) % Z(u).
The second case arises when A = (a, a), with a # 0, —1. Then Proposition 6.3.4 tells
us that v € k(1 ®@m) orv € k(d, ® m) or v € <8}p_18§’_1 ® m> We observe that
C = —eg3 € N only kills 377'9?™" ® m whena = —1. Thus, v € k (1 ® m) or
v ek (8y ® m) If v € k (1 ® m), we have a contradiction, since 1 ® m is a maximal
vector of weight A. Finally if v € k (3, ® m), then v has weight (a,a — 1), a contradiction.
Therefore, Z(A) 2 Z (). |

We can now prove our main result, Theorem 6.1.7, restated here for convenience.

THEOREM. Let p > 5 be a prime, k be an algebraically closed field of characteristic p,
A e ]F?) a weight, Lo(A) be the simple r/e\strictedg[2 (k)-module of highest weight A, Z(1) =
Z(Lo(A)) the corresponding induced H -module, and L(A) its simple head.

1. The full list of simple pairwise nonisomorphic restricted H -modules is given by
{L(A): A €F2, Ay — Ay # lor A = wy}. There are p> — p + 1 of them.

2. If A is not exceptional, then L(1) = Z(A), and its dimension is p? dimy Lo(A) =
P> (A=A 4+ 1).
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3. For exceptional A, the modules L(A) in the list are as follows:

(a) ifA = wy = (—1,—1), L(A) = 0(2; (1, 1))/ (k - 1), with dimension p*> — 1;
(b) ifA = w; = (0,—1), L(X) = H (d, ® m) < Z(0,0), with dimension p> — 1;
(c) if A = wy = (0,0), L(A) = k, with dimension 1 (this is the trivial module).

Proof of Theorem 6.1.7. That Z(A) has dimension p?dimg Lo(A) = p?>(A; — A2 + 1)
follows immediately from the definition of Z(A) and from the fact that dimy Ly(A) =
A1 — Ay + 1, stated in Theorem 6.3.2.

By Proposition 6.1.6, every simple restricted H-module isa simple quotient of some in-
duced H-module Z (A). The full list of these simple quotients is given by {L(/\) i A€ IF;}
These are not all pairwise nonisomorphic, however. If A\ = (a, a), the proof of Theo-
rem 6.3.8 tells us that L (0, 0) is one-dimensional and L(—1, —1) is (p? — 1)-dimensional,
so they are not isomorphic, by dimensions. It also tells us that if @ # 0,—1, then
L(X) = Z(}), and thus has dimension p2. By Lemma 6.3.17, they are all pairwise
nonisomorphic, and by dimensions they are all pairwise nonisomorphic to L(0, 0) and
L(—1,—1). Thus, the modules {L(a, a):ac IFP} are all pairwise nonisomorphic.

The remark after Theorem 6.3.13 tells us that foralla € F, : L(a,a — 1) = L(a, a),
except when a = 0. Therefore, the only L(a,a — 1) possibly not isomorphic to one of
the nonisomorphic simple restricted H -modules already described is L(0, —1) = L(wy).
Proposition 6.3.16 guarantees that it is indeed not isomorphic to any of them. Hence, the
modules {L(a, a):ac Fp} U {L(0,—1)} are all pairwise nonisomorphic.

It remains to consider the modules L(A) forall A = (A, A,) with A; — A, > 2. Theo-
rem 6.3.15 implies that L(X) = Z(A) for all such A. By Lemma 6.3.17 and dimensions
they are all pairwise nonisomorphic, and by dimensions they are all pairwise nonisomor-
phic to the other L(A). Thus, the modules in the list {L(a, a):ac FP} U{L(O,-1)}U
{L(A) : A1 — A > 2} are all pairwise nonisomorphic and these exhaust all the possibili-
ties for isomorphism types of simple restricted H -modules. Thus, the full list of simples
is indeed {L(k) AEF2 A — Ay # lor A = a)l}. Computing how many modules there
are in this list is straightforward. This proves (1).

That L(A) = Z(A) for all A not exceptional is immediate from the previous para-
graphs. Thus we have proved (2). Statements 3 (a) and 3 (c) are proved in the proof of
Theorem 6.3.8. Statement 3 (b) is proved in the proof of Theorem 6.3.13. |
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Chapter 7

Restrictions to I/|-subalgebras and

balanced toral elements

We will now be giving a characterisation of how the simple restricted H -modules we
classified in the previous chapter restrict to a subalgebra of H isomorphic to the first
Witt algebra.

7.1 Preliminaries

We have from Lemma 2.8 in Herpel and Stewart (2016a):

LEmMMA 7.1.1. The subalgebra H of W(2; (1, 1)) contains a p-subalgebra W := W(1;1)

with basis
{ay, Y0y — X0y, y(z)ay — XYO0xy..., yU’—l)ay — xy(p_z)ax} ,

with these elements playing the roles of 9, x9, x@9, ..., xP=V9, respectively, where x is
the image of X in the truncated polynomial ring k[X]/(X?).

Briefly, we recall the restricted representation theory for W, see Chang in Chang
(1941).

Consider the standard subalgebras Wy and W) of W from the filtration obtained
from the natural grading on W, see §4.1 for more details. Then W(;) is an ideal of W(y).
Consequently, we can define for A € k a one-dimensional Wg)-module k;, much as we

did in §6.1, where W(y) acts trivially and xd acts via xd - v = Av. From this we define the
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Verma module
Zr () = u(W) Quwyey) k-

Then we have the following description of all the isomorphism classes of simple
restricted W-modules, see (Chang, 1941, Hauptsatz 2, p. 176).

THEOREM 7.1.2. There are p isomorphism classes of irreducible restricted representations
of W, with representatives Ly (r) forr € {0,1,..., p —1}. Lw(r) is obtained from the
induced representation Z71(r), the Verma module, and is equal to it if r # 0,—1, with
dimension p. If r = 0, then Z*(0) has a trivial simple quotient, which is Ly (0), and
Z%(p —1) has a (p — 1)-dimensional simple quotient, denoted Ly (p — 1).

Now, in Herpel and Stewart (Herpel and Stewart, 2016a, Lem. 2.1, Prop. 2.2), the
authors also provide two key results, one an algorithm, to work out the composition

factors of a graded W-module. They are as follows:

LEMMA 7.1.3. Suppose V' is a W -module admitting a grading V = @, ., V(i) such that
d- V(i) C V(i + 2) and such that each V(i) is stable under xd. Then there exists a unique
semisimple W-module Vs = Vi @V, ®--- @V, withVy = P, o, Vs (i) with V(i) = V(i)
as xd-modules and each V; is a a graded irreducible W -module.

For this module Vy, the set of composition factors [V |W] and [Vs|W] coincide.

PROPOSITION 7.1.4. Let V be as in Lemma 7.1.3. Fori € Z with V(i) # 0, let {; be a list
(with multiplicities) of the xd-weights on V(i). Then the following algorithm determines
the composition factors (with multiplicities) of V' as a W -module:

1. Letr € Z be maximal such that £, is nonempty. Pick u € £,.

2. Record a composition factorU = L(A) forA = p—1ifu #0,1andU = L(p—1),
L(0) if u = 1,0 respectively. Form a new set of lists {{..} by removing weights
from {{,} in the following way: If U = L(0) remove a 0-weight from £,, if U =
L(p — 1) remove one weight 1,2,...p — 1 from €, , ,_5, ..., L _3p44 respectively
and otherwise remove one weight i, u+1, ..., u+p—1 from&,, L5, ... . L _2pi2.

3. If the new lists {{..} are not all empty, repeat from Step (i).

As an H-subalgebra, W is generated by the elements d, and L = y®»=Dg, —
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We calculate the action of the latter as

O=L-v== > add'®Y -ma+ Y 240879, ®Y my
0=<a;1=p—1 0<a;<p-—1
ar=p—3 ar=p—2
+ Y M@z —A@) +ar) I @ mg
0<a;=<p—1
ar=p—2
—2Q@ X -mgy, — Z ala;;“—lai ®Y -my
0<a;=p—1
ar»=p—1

+ Y @1 —AMa)—1—ay) 9, ® mq.

0<a;=<p—1
ar=p—1

This will be useful as we will often need to check that a given k-span of vectors is indeed

a W-module.

7.2 Restrictions

We are now ready to prove the main theorem of this chapter:

THEOREM 7.2.1. The restrictions of simple restricted modules L(A) to the subalgebra W

provided by Lemma 7.1.1 are as follows. We have

1. [L(0,0)|W] = Lw(0),
2. [L(=1,=D|W] = [LO,-DIW] = [BF Lw(j) & Lw(p — 1)],
3. for A not exceptional
(r+1)

p—2

LMW = | | D Lw() & Lw(©0) & Lw(p—1)? )

Jj=1

where A1 — Ay = 1.

In particular every p-representation of H restricted to W contains the same number of

composition factors of each Ly (j), wherel < j < p —2.

Proof. The trivial module’s restriction is clear. First we deal with the case when the simple

restricted H -module is equal to the associated Verma module, i.e., when L(A) = Z(A),

i.e. when A is not exceptional.
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We take a basis for Lo(A) as usual, but we label it so that v; spans the i -th weight space
for h := yd, — x0,. The strategy will be to perform the algorithm on W -sub-modules of
Z(A), pass to quotients, and repeat.

Define in general
Z(A)i :k<8§§’8’y’®vi :Ofafp—z,()fbfp_1>‘

Take now i = r, where r = Ay — A,. Then Z(A), is the first W-sub-module of Z(1)

we will consider. We grade it thus

Z(W)r = P Z(M),(2b),

beZ

where

Z(2), (2b) = k<agfa’; ®uv,:0<a<p— 2).

This grading satisfies the conditions in Lemma 7.1.3. That Z(1), is indeed a W-module
can be checked by using the formula for d,, found in Equation (6.2) and that for the action
of L found above.

Note that the basis vector "¢ 8? ® v; is a weight vector for & with weighta — b +i.

As in the algorithm, let ¢; be the list of weights with multiplicities of & on Z (1), (i).
The element & representing xd has weight r + 1 + a on the highest graded piece
Z(A);(2p —2),for0 < a < p — 2, so we have weights {0, 1,..., p — 1} \ {r}, and so
obtain composition factors Ly (0), Ly (1),..., Lw(p—1) excluding Ly (r —1)ifr #0
and Lw (0) if r = 0, remembering here that r # 1. Now remove the relevant h-weights
according to part (ii) of the algorithm.

It is convenient at this point to consider the r = 0 case separately, i.e., we
have Z()) of dimension p2. In this case, we have recorded composition factors
Lw(1),Lw(2),...,Lw(p—1),soweremove weights u, u +1,...,u+ p—1for u =
2,....,p—1,from¥s, 5, 4>, 4, ..., Lo respectively, and remove weights 1,2,..., p—1
from 5,5, 4254, ..., L2, respectively. This leaves £,,_, empty. Each of the non-empty
¢; had p — 1 weights to begin with, and we have removed p — 1 distinct weights for all
£; # £y. Thus, only £, is non-empty, containing just the weight 0. Therefore we find a
copy of Ly (0) and the algorithm stops. Looking at the quotient Z(1)/Z(A),, which is

p-dimensional, we find it to be a W-submodule

k(070 @ v :0=b < p—1)+ ZO),
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which we grade similarly by powers of d,. The grading satisfies the conditions in
Lemma 7.1.3, since 85 ® X - v, = 0 in the quotient. In the highest graded piece, as above,
we have the weight p—1—(p—1)+r = 0, so we remove this 0-weight from it, and record
a composition factor Ly (0). We see that we have the weight p —1—(p—2)+r = 1, s0
we remove the weight 1 from £, ,_4, and the weights 2,3, ..., p — 1 as we go down to £y,
leaving all the lists of weights empty, and picking up the composition factor Ly (p — 1).
So, indeed,

p—2

LW = |EPLw(i)®Lw(0)*& Lw(p—1)7|.

j=1
where A1 — A, = r = 0, A not exceptional.

We go back to our generic case, r # 0. Recall that we found composition factors
Lw(0),Lw(1),...,Lw(p — 1) excluding Ly (r — 1). So, we remove weights u, u +
L...,u+p—1forp=2,....p—1Lu#r fromly, »,lr,a4,..., L, respectively,
and remove weights 1,2,..., p — 1 from £5,_5, €554, ..., {2, respectively, and remove
a 0-weight from {5 ,_,. This leaves {,,_, empty.

In the lower graded pieces, each of the non-empty ¢; had p — 1 weights to begin with,
and we have removed p — 2 distinct weights for all £; # £y, and p — 3 distinct weights
for £y. We see that £,,_4 has only the weight 1 remaining in it.

Thus, we record a composition factor Ly (p — 1), and remove weights 1,2,..., p—1
from £5,_4, ..., £o. Therefore, we have removed all the weights up to, but not including,
those in £y. The only weight remaining in it is a 0-weight, so we record a composition

factor Ly (0), and the algorithm terminates. So far, we have found composition factors

-2

Lw(j)® Lw(0)>@® Lw(p—1)°
1

N

-
Il

not including Ly (r — 1).
Before passing to the quotient we deal with the subquotient that will be left at the
end, consisting of the k-span of the vectors

<8;p_18§’®vi:0§b§p—l,—r§i§r>.

It is a W-module (as the interested reader can verify) and we grade it as usual. It gives us
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all the following composition factors, each with multiplicity 1:
Lw(@—1)fori e{—r,—r+2,....,r=2,r}\{0,1}

and if r is even, we also pick up a copy of Ly (p — 1) and Ly (0) at the end of the process.
If r is odd, we also obtain a copy of Ly (p — 1) and Ly (0) at the end of the process,
omitting some of the details, which the reader can verify, noting that we obtain r 4 2
composition factors in both cases.
Looking at the quotient Z(A)/Z(X),, we find a W-submodule

Z()ros :=k<8§f8’y)®v,_2:0§a <p-20<h 5p—1>+2(x),,

which we grade similarly by powers of d,. The grading satisfies the conditions in
Lemma 7.1.3, so we perform the algorithm on it.

The vectors in the highest graded piece have weights
a+14+@r—-2),

soa +r —1for0 <a < p— 2. Thus we have all weights in the range {0, 1,..., p — 1}
except for r — 2. So, we obtain composition factors Ly (0),..., Lw(p — 1) excluding
Lw(0)ifr =2, Lw(p—1)ifr = 3,and Ly (r —3) otherwise. If we are in the latter case,
then the argument as above runs, and we obtain composition factors @f :_f Lw(j)®
Lw(0)?2® Ly (p —1)? excluding Ly (r — 3).

If r = 2, then we argue as in the r = 0 case, and obtain composition factors
P Lw(j) ® Lw(0) ® Lw(p —1).
Now, if r = 3, we have composition factors Ly (0), ..., Lw(p — 2). Proceeding as

usual, we see that there is a 1-weight remaining in £,,_4, so we record a Ly (p — 1)
composition factor and remove weights according to the algorithm, leaving all the lists of
weights empty. So we obtain composition factors Eij;lz Lw(j)® Lw(©0) @ Lyw(p—1)
in this case too.

Proceeding to the submodule Z(A),_4, which is defined analogously, it is easy to see

that the vectors in the highest graded piece have weights
a+1+(r—4),

soa+r —3for0 < a < p — 2. Thus, again, we have all weights in the range
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{0,1,..., p — 1} except for r — 4. And again, as above, depending on the value of r,

one argues three separate cases, obtaining composition factors

P2

@Lw(j) ®LwO0)®Lw(p—1)

j=1
if r = 4,5, i.e., when one misses out an Ly (0) or and Ly (p — 1) in the first step, and

-2

Lw(j)® Lw(0)>@® Lw(p—1)°
1

N

-
Il

excluding Ly (r — 5) in the other cases.

We perform the same task all the way down to Z(1)_,, i.e., we perform it 7 4 1 times,
with the composition factors as outlined above.

Now, we can put everything together. As r # 0, we in fact have that r > 2. As we
apply the algorithm repeatedly, we obtain the following composition factors. From Z(A),

we get:
p—2

PDLwi) e Lw©)’ e Lw(p—1),

j=1
not including Ly (r — 1).
From Z(A);, fori € {—r,—r 4+ 2,...,r — 2} one gets either

-2

]

Lw(j)® Lw(0)® Lw(p—1),
i

-
I

ifeitheri =0ori =1, or

-2

Lw(j)® Lw(0)>@® Lw(p—1)>,
1

N

-
Il

excluding Ly (i — 1), otherwise. Thus, we miss out
Lw(i —1)fori e {—r,—r+2,...,r=2,r}\{0,1},
which we recover as we saw above from the subquotient consisting of the 977 ~! terms.

This subquotient gave us in addition a copy of Ly (0) and a copy of Ly (p — 1). So, we
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have shown, as required, that for A not exceptional

2 (r+1)

LMW = | | D Lw() & Lw(©0) & Lw(p—1)? )

Jj=1

where Ay — A, = 7.
Finally, we will deal with the exceptional modules. First we deal with L(—1,—1) =
Z(—-1,-1)/k <3;p_13f,’_1 ® m> We define the first submodule to study as

M, :k<8f81y’®m:Ofa5p—2,0§b5p—1>+k(8;p_18§’_1®m).

Grade this as usual by powers of d,. This isa W-submodule, as both 0, and L preserve
the basis, and the grading is as in the lemma. We note that we have already run the
algorithm for the same set of weights when we dealt with L(a, a), fora # 0,—1. We
thus get composition factors Ly (0), Lw(1),...,Lw(p —1).

Now we move on to the quotient M, := L(—1,—1)/M;. We find a W-submodule

which is in fact the whole quotient, with basis
k(();ﬁ—lag ®@m:0<b< p—2>+M1.

Again, grade this as usual, and everything is as in Lemma 7.1.3. Here, we see that
the highest graded piece M,(2p — 4) has a single weight —1 — (p — 2) = 1. Thus, we
record a copy of Ly (p — 1) and remove weights, removing 1 from €, ,_4, 2 from £, ,_¢
and so on down to p — 1 from {,, remarking that £,, = {—1 — b}. Thus all the lists
of weights are now empty, and the algorithm terminates, and we have confirmed that
[L(—1,—D)|W] =[PP Lw(r) & Lw(p — 1)?], as required.

Lastly, we turn to L(0,—1) = H (ay & m) < Z(0,0). Recall that we saw that this
has a basis

k(a;fagcpm:osa,bgp—l,(a,b) ] (0,0)).

We take the following W -submodule
M, :=k<a;fal; @m:0<a<p—2,0<b<p—1,(ab)+ (0,0)>,

and we grade it as usual. This is indeed a W-submodule, as one can check using our

formulae. Hence, we can run the algorithm on it. The highest graded piece has weights
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{a+1:0<a < p—2}. Werecord composition factors Ly (1),..., Lw(p — 1). Asin
the r = 0 case we have removed p — 1 weights from {5, _»,...,{; and p — 2 weights
from €. In this case, however, as the reader can verify £ is left empty.

Now, we look at the quotient
L(0,—1)/M; = k<ag’—1a§ ®@m:0<b<p— 1) + M,

and we grade it as usual. Perform the algorithm. In general we have {5, = {—1 —b}.
We get a 0-weight from the highest graded piece, so we record a copy of Ly (0). Then
we pick up a 1-weight from £, ,_4, record a copy of Lw (p — 1) and remove weights
1,2,....,p—1from {5, _4,..., ¢y terminating the algorithm. Thus, we have verified
that [L(0, —1)|W] = [BFZ5 Lw(j) ® Lw(p — 1)?], as required. [

Remark. The proof of Theorem 1.3 in Herpel and Stewart (2016a) relied on knowledge of
the restrictions of restricted modules for H to a subalgebra isomorphic to W, in particular
on the multiplicities of the composition factors Ly (j) with 1 < j < p — 2, which we

have confirmed and given a proof for above.

Premet in Premet (2017) introduced the notion of a d-balanced toral' element. We

have:

DEFINITION 7.2.2. Let g be a restricted Lie algebra. Let d > 0 be an integer. A toral
element & € g is d -balanced if

dimy g(h,i) = dimg g(h, j)

foralli, j € F and all eigenspaces have d | dimy g(%,7) fori # 0, where g(/,) denotes
the i-th eigenspace of ad /& acting on g.

Applying this to our setting, we see that the toral element & := yd, — xdx has
eigenspaces when it acts on H by ad & of equal dimension. This is because in the algorithm
we used to work out the composition factors of the restriction of V' a restricted H-module
to W, recording a composition factor Ly (i) corresponded to finding a non-zero vector
vwithh-v=(u+ v, ifu #0,p—landh-v=0if u =0,h-v=vifu=p-—1.

1See Definition 3.2.25
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Characteristic 3

In this chapter we continue the classification of simple restricted modules for the Hamil-
tonian Lie algebra H to the setting of an algebraically closed field k of characteristic
3, which we were not able to treat systematically in Chapter 6, for several reasons. For
one, the crucial element C = —ep3 = y®@d, — x?"Vy®3, in the subalgebra N of
p-nilpotent elements does not exist in characteristic 3. Furthermore, in determining the
maximal vectors that arise, we used the action of the element e3 ; = x®@ Y0y — x®3.,
which is not available to us in characteristic 3.

Throughout the chapter, fix k to be an algebraically closed field of characteristic 3.
Thus, dimg H = 32 + 1 = 10. We adopt the same notation and setup as in the general
case (p > 5) in Chapter 6, for which see §6.1. We thus have

?I = k <8lx, ay’ an7 yay’ €0,27 xayv x(2)8y7 el,Za 62,17 62,2> ’

where e;, = xy®9, — x@y0d, and we recall that e;, = y®9, — xyd,,e,; =
xydy, —x@0,,and Y = —eg, = yd, — xPVy@y, = y3, — xPy@q,. Here,
N =k (x0,,xP0y, €15, €21, €2).

We note that the filtration on H gives f-\l(l) =k (x(2>ay, €12,€2.1, 62’2> and ?I(o) =
k (x8x,y8y, Y,xay,x(z)ay,el,z,ez,l,ez,z), SO ﬁo = FI(O)/I/-}(I) =~ gl,. Note also that
A =1{0,1,2}%
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The action of e, 5 is given by

ra;—1 -1
ez,z-vzz Va0 B‘y’z ® my,

acA
a a
2 (22)35“332‘2 ®X -ma=) (21)33?“2852 ®Y - ma.
acA acA

where one sets

Vg = ay <az (AMa)z — Aa)1) — (a;)) +a, (azl).

The following propositions will be useful in dealing with maximal vectors and in
verifying that sets of vectors do form H -submodules (see the discussion at the end of
§6.1 for more details).

PROPOSITION 8.0.1. We have H = H (9., Y).

Proof. We calculate [Y, d,] = —d".. Recall that [0, d,] = x®3, (see Lemma 6.2.2, part
(2)). We also have [Y, 0] = —e,». We calculate [e5 5, 0] = €12 and [e2 5, 0y] = —e2,1.
We have that [—e5 1, d,] = x0,. Finally, [e; 2, 0,] = x0x — y0,. [ |

PROPOSITION 8.0.2. We have N = H (x9,,x@0,, 1, €2,).

Proof. We have [x0y, e12] = 2e2 1. [ |

8.1 Modules induced from one-dimensional modules

We start by looking at inducing to H from one-dimensional modules M = Lo(a,a),
where a € IF,. Here we have an eigenbasis {m} for M with X -m =0=7Y -m.

We have the following:

PropPosITION 8.1.1. Let M = Lg(a,a), then any maximal vector v for Z(M) is con-

tained in the subspace
k{(1@m)®k(d, ® m)@ k(9707 ®m),

wherek (m) = M.
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Proof. Let v be a maximal vector, so we write v =), (8;8y)a ® my, where m, € M
for all a € A. For each m, write in fact m, = k,m, where k, € k. From xd, - v = 0, we

obtain the following (see Lemma 6.2.3):

0=—Y a9 0P* @ kam.
acA

The terms alaggl—lagzﬂ ® k,m are linearly independent. Thus, if k, # 0, thena; =0
ora; = p — 1 = 2. Therefore, we have 0 = k(1,0) = k@1,1) = k@,0) = k@,1)-
See §6.2.1 for the formulae for the rest of the following calculations.

From e; » - v = 0, we obtain the following:

0 :S(O’l)l ® k(o’l)m + S(o’z)ay ® k(()’z)l’l’l
+ 51,200y ® k(1,2Mm + 52,2070y @ k2,2,

see Definition 6.1.8 for the definition of s,. One calculates that s(,1) = $(2,2) = 0 and
$(1,2) = —I,S(o’z) = 1. Hence, k(o,z) = k(1,2) =0.
Therefore

v=1Q® k(o,o)m + 8y ® k(o’l)m + 8;285 ® k(z,z)m.

Thus, v is of the claimed form. Furthermore, we have that x® dy, €21, €25 do kill this

vector. |
Arguing as in Proposition 6.3.4, we refine the previous proposition into:

PRrOPOSITION 8.1.2. Let M = Ly(a,a). If v is a maximal vector for Z(M), then v =
p1(1®m)orv=p,(d, ®m) orv = pi3 (3?3% ® m), where k (m) = M and p; € k
foralli.

As in the case of characteristic p > 5, we will need the following lemma to prove the

main result of this section.
LEMMA 8.1.3. The restricted H -module 012;(1,1))/(k - 1) is simple.

Proof. By Lemma 6.1.4 it suffices to show that all the maximal vectors generate the whole
module.

The argument determining the maximal vectors in Lemma 6.3.7 still works in this
setting, since we only use the action of xd, and e; », both of which are available to us in

characteristic 3.
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Thus, v = ux@ Dy@=D or vy = p,xPVyP=2 thatisv = u;x@y® orv =
wu2x@y, noting that x?9,, e, 1, and e, , kill both vectors.
The following identities still hold:

3. x@y®) = @D, 6)
8, - x@y®) — @61

the first equation being valid only fora =1, 2.

The argument showing that v = p;x@® y® generates all of O(2; (1, 1))/(k - 1) still
holds. However, the argument for w = p1,x®y is no longer valid, since C ¢ H.To see
that w still generates all of O(2; (1,1))/(k - 1), note that Y -w = 2xy®, s0 y@ € H (w).
We calculate that

8 y@ = x@,@

and so H (w) = 0(2;(1,1))/(k - 1), and we are done. [ |

THEOREM 8.1.4. The induced module Z(1,1) is simple. The modules Z(0,0) and
Z(2,2) = Z(—1,—1) are not simple and have composition factors of dimension 1 and
p>—1=38.

Proof. 1t is easy to see that the argument in Lemma 6.3.5 still holds, so that H (ay ® m) =
Z(a,a)ifa # 0,and in Z(0,0)

H(3, @ m)=k(9/0] @ m: (i, j) # (0,0)).

Put w = 9702 ® m and v = 9, ® m. We shall not deal with the weights of w and
their relation to Frobenius reciprocity in the cases Z(0,0) and Z(1, 1) until §8.3.

We calculate 0, - w = (2 — a)ai ® m. Hence, as long asa # 2, 0, - w # 0. We also
have 9, - w = 0 (see dy formula). We have ¥ - w = w20, ® m = (2a — 1)d, @ m,
which is non-zero as long as a # 2.

Therefore, we see that in Z(2,2), H-wcCk (w), since H-w=0,s0H (w) =k (w).
So, in this case we have a simple one-dimensional submodule, the trivial module, noting
that w has a weight of (a + 1,a + 1) = (0,0), so H (w) = L(0,0).

We have by Frobenius reciprocity that, given a simple H-module M:

Homg (Lo(2.2). M) = Homg(Z(2,2). M).

This tells us that there is a simple H o-submodule of M isomorphic to Ly(2, 2) if, and
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only if, Z(2, 2) surjects to M. That is, M has a maximal vector of highest weight (2, 2)
if, and only if, Z(2,2) surjects to M.

But O(2;(1,1))/ (k - 1) is simple by Lemma 8.1.3 and it has a (2, 2) weight maximal
vector. Hence, Z(2, 2) surjects to it. Hence, Z(2, 2) has an 8-dimensional simple quotient.
By dimensions, the quotient Z(2,2)/ H (v) is this simple quotient, call it L(2, 2). Thus,
we have composition factors

[L(2,2), L(0,0)]

of dimension 8 and 1.

The previous calculations regarding w show that in Z(0,0) and Z(1, 1), H (w)
contains the maximal vector v, so H (v) C H (w). Since w € H (v), we conclude
H (w) = H (v). But we saw H (v) = Z(1,1). Thus, H (w) = Z(1, 1), and hence since
all maximal vectors generate the whole module, Z(1, 1) is simple.

Finally, in Z(0,0) we have that both w and v generate the same §-dimensional
submodule, which is simple as it is generated by each of its maximal vectors. Since v has
weight (a,a — 1) = (0, 2), we have H (v) = L(0,2). The quotient by this submodule is

one-dimensional, and hence simple. Thus, Z(0, 0) has composition factors
[L(0,2), L(0,0)]

of dimension 8 and 1. [ |

8.2 Modules induced from two-dimensional modules

Let M = Lo(a,a—1),witha € [F,,. Pick an eigenbasis {m, m,} for M with X -m; = m,

and Y - m, = my. We refer the reader to §6.2.2 for more details.

PROPOSITION 8.2.1. Let M = Ly(a,a — 1), witha € ), then any maximal vector v for
Z(M) has the general form

w1 (1 ® ma)+ o (3; ®my+ 0, ® m1)+M3 (3;3y Q@ my + 35 X m1)+ﬂ4 (35 02y mz) ,

where the ; € k and at most one of |13, L4 7# 0.

Proof. Letv =) ., (8;8y)a ® m, be a maximal vector, where m, € M foralla € A.

Since m, can only be in one H -eigenspace (see §6.3.1) one has, for alla € A:

Mg = Ugmj,
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with j =1lorj = 2.

As with the one-dimensional case, we refer the reader to Section 6.2.1 for the formulae
for the actions we will consider here. We do the first one in detail. The others are done
similarly.

From x0d, - v = 0, we see

0=2 (90)" ®X -mq = ad 10" @ m.
acA oy

Thus, if m, = pemy # 0, then either a; = 0 or a; = 2. Also, m(g,0) = (0,0)M2-

From x?9, - v = 0, we see that j(2,0) = 0, Mm(2,2) = H(2,2)M2, and

H@,nMmr = X *M(,2).

From the last equation we see that if m ) € k (m3), then 2,1y = 0, while if m; 5 €
k {m1), then 2 = pe2,1)-

From e;, - v = 0, we see that w2 = 0. Furthermore, if m,1y € k (m;), then
s0,1) = land p(o,1) = (1,00 = 0 (see Definition 6.1.8 for the definition of s,); if mo,1) €
k (m), then 50,1y = —1 and [,1) = [t1,0)- Thus, without loss of generality, we write
M1y = I(0,1)M1 and insist that (,1) = [4(1,0). We also see that if m g 2) € k (m3), then
50,2 = 0 and p(,1) = 0, while if m(2) € k (m1), then 50,2 = —land pa,1) = K,2)-
Finally, we see that Y -m 2) = 0,s0 m(12) € k (m;) and that si2,1) = —1, s0 p2,1) = 0.

Thus

v =18 ,0m2 + o1 (3, ® ma + 3, ® my)
+ M, (3;3y & my + 35 &® m1) + 3;3§ Q WU(1,2)M

or

v =1® p.0mz + o) (3, ® ma + 3, @ my)
+ (0,2) (ai X mz) + 8;85 & MU(1,2)M1.

Frome, ;-v = 0, we see that ;11 2) = 0. Hence, v has the claimed form. Furthermore,

we note that e 5 - v = 0. [ |
Again, arguing as in Proposition 6.3.4, we refine the previous proposition into:

PROPOSITION 8.2.2. Let M = Ly(a,a — 1), witha € F,. If v is a maximal vec-
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tor for Z(M), then v = pu(1®@m) orv = u2(8;®m2+8y®m1) orv =
ps (950, ® my + 92 ® mi) orv = [is (Bi ® my), where ; € k for alli.

As in the case of characteristic p > 5, we will break up the proof of our determination
of the modules induced from two-dimensional modules and their composition factors.

In what follows, we adopt the following shorthand:
V=0, @my~+ dy ® m

w = 8;8y®m2+8§®m1
z =09 @my.

The weights of the maximal vectors are (¢ — 1,a — 1),(a — 1,a — 2), and (a,a — 3),

respectively.

PROPOSITION 8.2.3. We have H (z) = H (w)in Z(1,0) and Z(2,1).In Z(0, 2), we have
H(z) = H {(w) @ k (2).

Proof: We have Y -z = =290, ® my + 0; ® m; = w. Thus w € H (z), and so
H (w) C H (z). From the k-basis for H (w) (see Lemma 6.3.12), we see that 8;1’35_1 ®
my = —8§ ®am, € H (w). Therefore we see that in Z(1,0) and Z(2,1), z € H (w).
Hence, in Z(1,0) and Z(2,1), H (z) = H (w), as claimed.

In Z(0,2), we have k (z) C H (z), so we see that H (w) ®k(z) C H (z). To show
the reverse inclusion, we show that H (w) & k (z) is an H -submodule containing z.
Since H (w) is an H -submodule, it is only necessary to show that H-zCH (w)®k (z).
Indeed, one has N - z = 0, xd, and yd, give scalar multiplesof z,Y -z = w, 9, -2 =0
and 0} -z € H (w) (see Lemma 6.3.12). [

CoOROLLARY 8.2.4. In Z(1,0) we have

with dimensions 8 and 9.
In Z(2,1) we have

of dimension 9.
In Z(0,2) we have
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with dimensions 8 and 9.
Proof. Apply Lemma 6.3.11 and Lemma 6.3.12 to the previous proposition. |

THEOREM 8.2.5. The induced module Z(M) = Z(a,a — 1), wherea € F,, is not simple.
If(a,a—1) = (2,1) or (1,0), then we get composition factors of dimension 1, p> —1 = 8
and p?> = 9. If (a,a — 1) = (0, 2), we get composition factors of dimension 1,1, 8, 8.

Proof. We shall not deal with the weights of z and their relation to Frobenius reciprocity
until §8.3.
We deal with Z (1, 0) first. We have by Frobenius reciprocity that

Homg (Lo(1,0), Z(1,1)) = Homz(Z(1,0), Z(1, 1),

The left side is non-zero as Z(1, 1) has a maximal vector of highest weight (1, 1—1) =

(1,0), as we saw previously. Thus there is a non-zero H -homomorphism
f:Z(1,0) — Z(1,1).

Now, by Theorem 8.1.4 we know that Z(1, 1) is simple, of dimension 9. Thus f must be
surjective.

Hence, Z(1,0) has a 9-dimensional simple quotient isomorphic to Z(1,1) = L(1,1).
Indeed, the quotient Z(1,0)/ H (v) is 9-dimensional, so it must be this simple quotient;
we denote it by L(1,0). Finally, we have

H(z) = H (w) < H (v),

of dimensions 8 and 9. The quotient H (v)/ H (w) is one-dimensional, and hence simple,
and H (z) = H (w) is simple as it is generated by its maximal vectors w and z. We have
H (w) = L(0,2), by Frobenius reciprocity. Thus, we have found all the compositions
factors:

[L(0.0). L(0.2), L(1,0)].

of dimensions 1, 8, 9.

Now we study Z(0, 2). Here we have H (v) = H (w) < H (z) of dimensions 8 and
9. The module H (v) = H (w) is simple as it generated by its maximal vectors, and by
Frobenius reciprocity we have H (v) = L(2,2) = L(2,1). The quotient H (z) /i-\] (v)

is one-dimensional and simple.
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Note: The previous isomorphisms are not a problem, as L(2, 2) is the 8-dimensional
simple quotient of Z(2,2) and we will see that L(2, 1) is the 8-dimensional simple
quotient of Z(2, 1).

We turn our attention to the quotient Z(0,2)/ H (z). There is a vector not in H (z),

QY = 8;”_1®m1:8;2®m1

with the following property: H- ¢ € H{z) (so in particular, xd, and yd, have
weight (0, 0) on ¢ in the quotient). Thus there is a one-dimensional submodule k {¢) <
Z(0,2)/ H (z). The quotient here is 8-dimensional. By Frobenius reciprocity, we have that
Z (0, 2) must have an 8-dimensional simple quotient isomorphic to H (ay ® m) < Z(0,0).
By dimensions, the above quotient has to be this one, which we call L(0, 2). Thus the

compositions factors are:
[L(2,2),L(0,2),L(0,0),L(0,0)],

of dimensions 8, 8, 1, 1.

Finally, we have Z(2, 1). Here, we have H (w) = H (v) = H (z) < Z(a,a—1)of
dimension 9, and simple, as the submodule is generated by its maximal vectors v, w and
z. Here we have H (v) = L(1,1) = L(1,0).

Note: Again, the above isomorphism is not a problem, as L(1,1) = Z(1,1) is a
9-dimensional simple H -module and L(1,0) is the 9-dimensional simple quotient of
Z(1,0).

By Frobenius reciprocity,
Homﬁ(o) (Lo(2,1), M) = Hom4(Z(2,1), M).

If we take M to be the 8-dimensional simple submodule H (w) = H (v) < Z(0,2), we
see that the left side is non-zero because M has a maximal vector w of weight (2, 1).
Thus the right hand is non-zero, and so Z(2, 1) surjects onto M, as M =~ L(2,2) is
simple. We have shown hence that Z(2, 1) has an 8-dimensional simple quotient. Indeed,

we can argue that Z(2,1)/ H (v) has a one-dimensional submodule. Indeed, the vector
y =770 2 @my = 929, @ my ¢ H (v)

is such that H - y C H (v). The quotient of Z(2, 1)/?] (v) by this one-dimensional
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submodule k (y) must then be the 8-dimensional simple quotient above, which we call

L(2,1). Thus, we have the composition factors:
[L(1,1), L(0,0), L(2, 1)],

of dimensions, 9, 1, 8. [ |

Remark. All the composition factors of modules induced from two-dimensional mod-
ules are isomorphic to simple quotients of modules induced from one-dimensional
induced modules except for L(0,2). More precisely, we have L(1,0) = L(1,1) and
L(2,1) = L(2,2). The module L(0,?2) is still isomorphic to a composition factor of
a module induced from a one-dimensional induced module, more precisely L(0,2) =
H (3, ® m) < Z(0,0).

We will later see that L(0, 2) is not isomorphic to L(2,2).

8.3 Frobenius reciprocity and maximal vectors

Before finishing the classification, we will address a technicality that arises in characteris-
tic 3 with the maximal vectors w = 8?8% ®m € Z(a,a)and z = 8% ®Qmy € Z(a,a—1).

Throughout this thesis, both in the general case and in this chapter, we have been
assuming in order to apply Frobenius reciprocity that if M was a restricted H -module

with maximal vector v of weight A = (41, A,), then
Homﬁ(m (Lo(A1,A2), M) # 0.

Note that if this is true, it means that M has a simple H (0)-submodule isomorphic to
Lo(A1,A,). If M = H (v), then this simple ﬁ(g)-submodule has to be ?I(o) (v).

In characteristic 3, it turns out, however, that H ) (v) is not necessarily
simple for v a maximal vector. Indeed, in Z(0,0) and Z(1,1), we have that
?I(O) (w) = k{w,d, ® m,d, ® m) (this can be verified using the known formulae)
with k (3, ® m, 9, @ m) = Lo(1) a two-dimensional f-\l(o)-submodule. Likewise, in
Z(a,a—1),

Hoy (z) = k(2,80 @ ma + 82 @ m1. 32 @ my + 9,0, ® my),

with k (9,0, ® my 4+ 92 @ my, 02 @ my + 0,9, ® my) = Lo(1) a two-dimensional
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H (0)-submodule (again this can be verified with the known formulae).
To see that this issue does not arise elsewhere, we cite Corollary 8.12 of Herpel and
Stewart (2016b):

COROLLARY 8.3.1. Let G be a semisimple algebraic group and let V be a g-module with

p > dimg V. Assume that g = [g, g]. Then V is semisimple.

Thus, if we consider V = H () (v) for v a maximal vector, we see that V' is an
H o-module, and so an sl;-module. Thus, by the corollary above, if dimg V < p, V is
semisimple, which forces V' to be a simple Ho gl,-module, and so since H @m-V=0
a simple H (0y-module. Now, with the exception of the modules described above, all the
modules V; := H ) (vi) for v; # 1 ® m a maximal vector are at most two-dimensional.

Thus, the condition dimg V; < p is met, and we have
Homﬁ(o) (Lo(A1,42), V) #0,

so we are justified in applying Frobenius reciprocity in all other cases.

8.4 Modules induced from three-dimensional mod-

ules

PRrROPOSITION 8.4.1. Let M = Ly(a,b), witha — b = 2, then any maximal vector v for
Z (M) is contained in the subspace

k(1 ® ms),

wherek (my,my,m3) = M and X - m3 = 0.

Proof. We recall here our general setup for our restricted H y-modules M:

We pick an eigenbasis {m, m,, m3}. With this eigenbasis we have
X -mj =mjyq,

where X -m3 = 0, and
Y -mi=(G0—-1)@—i)miy,

noting again that Y - m; = 0.
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Letv =), 4 (9% 8y)a ® m, be a maximal vector, where m, € M foralla € A. As
with the lower-dimensional cases, each m, can only be in one H -eigenspace (see §6.3.1),
so one has, for all a € A:

Mg = HagMmj,

with j € {1,2,3}.
Arguing as before, from xd, - v = 0, we see that m,,0), M(2,4,) € k (m3). We also
see that

X -m,1) = a,0M3 (8.1)
X -m2) =mq, (8.2)
X -ma = 2u@,0ms (8.3)
X -mqa ) = 2u@,1ms. (8.4)

From x® dy - v = 0, we have that

X -ma,1y = Reo0ms (8.5)
X -m@a2) = He,nms. (8.6)

We conclude from Equation (8.3) and Equation (8.5) that if 1(2,0) 7 O, then 2 0ym3 =
2142,0ym3 implies 1 = 2, a contradiction. Therefore, jt(2,0) = 0, and m 1) € k (m3).
Similarly, from Equation (8.4) and Equation (8.6) we conclude that 12,1y = 0 and m; 2) €
k (m3).

Thus, we have

vV =1® o,0m3 + 9y, ® m,1) + 8§ & m(o,2)
+ 3 ® paoms + 9,0, ® pa,nms + 0,95 ® f,2ms + 9705 ® p@2yms.

From e, ; - v = 0 one gets that t(22) = 0 = [(1,2), since (1 2) and r(2,2) are both
non-zero, see Definition 6.1.8 for the definition of r,. Thus, we have, since r(;,9) = 2
and r(1,1) = 0, that X - m(2) = 0. Therefore, we have m ) € k (m3). Finally, we see
that X - m,1) = 2 (1,0ym3. This, together with Equation (8.1), yields (1,00 = 0 and
mo,1) € k (m3)

Using Equation (8.2), we see that m ;1) = 0. Hence, we have
v =1® o,0m3 + 0y @ Lo,1yMm3 + ai & U(0,2)M3.
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We calculate that (see Definition 6.1.8 for the definition of s,)

0=-e12-V=-s011® 1o 1ms+ 50,20y @ W,2Mm3.

NOW, $0,1) = 2 = $(0,2); SO WU(0,1) = 0 = H(0,2)- Thus, v =1Q® H(o0,0)/3, aS
required. |

From this it follows that
THEOREM 8.4.2. The induced module Z(M) = Z(a,b), wherea — b = 2, is simple.

PROPOSITION 8.4.3. There are two isomorphism classes of 8-dimensional restricted simple
ﬁ-modules, one represented by L(2,2), the other by L(0, 2).

Proof. Arguing as in the proof of Proposition 6.3.16, if L(2,2) = L(0,2), then L(2,2)
would need to have a maximal vector of weight (0,2). If 0 # § € L(2,2) is a vector
of weight (0, 2), then working in the quotient we deduce that § = 9> ® m. This is a
problem, as X - § = 0’0, ® m # 0, so that § is not maximal. Thus no maximal vector of

such a weight exists, and we are done. [ |

By arguing in a manner completely analogous to the proof of the main result in
characteristic p > 5, we complete the proof of our main result. To state which, recall
that the exceptional weights for us are the following: wg = (—1,—1) = (2,2),w; =
(0,—1) = (0,2),w, = (0,0),and all A € F3 with A; — A, = 1.

THEOREM 8.4.4. Let p = 3, k be an algebraically closed field of characteristic p, A €
F% a weight, Lo()) be the simple restricted gl,(k)-module of highest weight A, Z(A) =
Z(Lo(A)) the corresponding induced H -module, and L(A) its simple head.

1. The full list of simple pairwise nonisomorphic restricted H -modules is given by
{L()L) AETFZ A — Ay # lord = a)l}. There are p> — p + 1 = 7 of them.
2. If A is not exceptional, then L(A) = Z(A), and its dimension is 9dimy Lo(A) =
O(A1 — A2+ 1).
3. For exceptional A, the modules L(A) in the list are as follows:
(a) ifA = wo = (—1,—1), L(A) = 0(2; (1,1))/ (k - 1), with dimension p>—1 =
8;
(b) ifA = w; = (0,—1), L(X) = H (3, ® m) < Z(0,0), with dimension 8;
(c) if A = wy = (0,0), L(A) = k, with dimension 1 (this is the trivial module).
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Appendix A

Extra formulae

We include the formula for the action of an element we calculated in the course of proving
our results, that ended not being needed, in case it might be of use to anyone studying

such things. We have the following general formula:

0= x(”)ay v = Z (al) (=1" 3;“_”832“ Q myg,
n

acA

a - —

acA
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