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Abstract

Tackling climate change is a global emergency, driving the electricity sector to

go through rapid changes, including the increasing reliance on local generating

assets, called distributed energy resources (DER). DER range from onsite energy

storage systems, to gas or diesel generators, and renewable generators, but could

also include other forms of generation such as electric vehicles with vehicle-to-grid

capabilities. This PhD proposes a model to optimally schedule DER connected

to radial distribution networks, which can form an active distribution network or a

microgrid, aiming at delivering improvements in operational cost, security of supply

and environmental sustainability. This is mathematically formulated using robust

mixed-integer second-order cone programming. The proposed model takes into

account an accurate power flow model for radial networks and a robust approach

to deal with uncertainty in the market price, the electricity demand, the renewable

generation, and the time and duration of a scheduled interruption from the main grid

when DER form part of a microgrid. Computational experiments support the suitability

of the proposed model, in a number of case studies informed by real-world data

and operational scenarios. This research concludes the following. Firstly, that it is

important to account for detailed modelling of network losses in operational decisions

of such systems, as they profoundly affect both the cost and the network’s operating

state and conditions. Secondly, that the robust approach used in this thesis in order to

deal with uncertainty allows distribution system and/or microgrid operators to manage

trade-offs between the level of the aforementioned uncertainties they are willing to

tolerate, and the operational cost of network assets. Benefits of using the proposed

model include, reduction of the operational cost, and mitigation of technical constraint

violations in actual conditions. The proposed model can be used by a range of

stakeholders including, microgrid operators, distribution system operators, and DER

owners.
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Nomenclature

Abbreviations

AC Alternating Current

BoU Budget of Uncertainty

DC Direct Current

DER Distributed Energy Resources

DFES Distribution Future Energy Scenarios

DG Dispatchable Generator

DNO Distribution Network Operator

DRO Distributionally Robust Optimisation

DSO Distribution System Operator

ESS Energy Storage System

EV Electric Vehicle

HILP High-Impact Low-Probability

IGDT Information Gap Decision Theory

MG MicroGrid

MISOCP Mixed-Integer Second-Order Cone Programming

MPC Model Predictive Control

OPF Optimal Power Flow
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Nomenclature

PLS Probability of Load Shedding

PoU Probability of Underperforming

pu Per unit

PV Photovoltaic

PWL – PF Piecewise Linear Power Flow

R – MISOCP Robust Mixed-Integer Second-Order Cone Programming

RO Robust Optimisation

SO Stochastic Optimisation

SOC – PF Second-Order Cone Power Flow

UK United Kingdom

Binary Decision Variables

!i Binary decision variables used for the mathematical formulation

of the robust approach presented in Chapter 3.

islLt , islRt Binary variables which show whether the network is connected

or disconnected from the main grid. These variables are used

for the islanding event uncertainty. (Chapter 4)

SDit Binary variables which show whether the dispatchable

generator of bus i is shut-down or not at time t. (Chapter

4)

SUit Binary variables which show whether the dispatchable

generator of bus i is starting-up or not at time t. (Chapter

4)

uit On/off state of the dispatchable generator of bus i at time t.

(Chapter 4)
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Nomenclature

uESS
it Binary variables which show the discharging state of the ESS

at bus i at time t (Chapter 4). If uESS
it = 1 the ESS at bus i

discharges at time t. If uESS
it = 0 the ESS at bus i does not

discharge at time t.

uEV
it Binary variables which show the charging or discharging state

of the EV parking lot at bus i at time t (Chapter 4). If uESS
it =

1 the EV parking lot located at bus i discharges at time t. If

(1–uESS
it ) = 1 the EV parking lot located at bus i charges at time

t.

vESS
it Binary variables which show the charging state of the ESS at

bus i at time t (Chapter 4). If uESS
it = 1 the ESS at bus i charges

at time t. If uESS
it = 0 the ESS at bus i does not charge at time t.

Continuous Decision Variables

!PWL
ij,t Tangent line for the piecewise linearisation of cos(�it – �jt)

(Appendix B)

� Auxiliary decision variable, which represents the value of the

objective function of the R-MISOCP model. The objective

function of the R-MISOCP model calculates the operational

cost. (Chapter 4)

�it Voltage angle of bus i at time t. (Appendix B)

DP
it Real demand of bus i at time t. (Chapter 4)

DQ
it Reactive demand of bus i at time t. (Chapter 4)

DP,shed
it Real demand not supplied. (Chapter 4)

GP
it Real generation of bus i at time t. (Chapter 4)

GQ
it Reactive generation of bus i at time t. (Chapter 4)

Isq
ijt Squared current magnitude at branch i-j at time t. (Chapters 3

and 4)
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Nomenclature

PCh,ESS
it Charging power of ESS at time t at bus i. (Chapter 4)

PCh,EV
it Charging power of EV parking lot at time t at bus i. (Chapter 4)

PDch,ESS
it Discharging power of ESS at time t at bus i. (Chapter 4)

PDch,EV
it Discharging power of EV parking lot at time t at bus i. (Chapter

4)

PDG
it Real power generation of the dispatchable generator located at

bus i at time t. (Chapter 4)

PEV
it Power of EV parking lot at time t at bus i. (Chapter 4)

PGrid
it Real power imported from the main grid. (Chapter 4)

PRen
it Real power produced by the renewable generator at time t at

bus i. (Chapter 4)

pD
it Auxiliary variables of the robust formulation for the real demand.

(Chapter 4)

pM
it Auxiliary variables of the robust formulation for the market price.

(Chapter 4)

pRen
it Auxiliary variables of the robust formulation for the renewable

generation. (Chapter 4)

PFP
ijt Real power �ow from bus i to bus j at time t. (Chapter 4)

PFQ
ijt Reactive power �ow from bus i to bus j at time t. (Chapter 4)

QDG
it Reactive power generation of dispatchable generator located at

bus i at time t. (Chapter 4)

QGrid
it Reactive power imported from the main grid. (Chapter 4)

SOCESS
i,initial Initial state of change of ESS at bus i. (Chapter 4)

SOCESS
it State of change of ESS at bus i at time t. (Chapter 4)

SOCEV
it State of change of EV parking lot at bus i at time t. (Chapter 4)
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Nomenclature

vsq
it Squared voltage magnitude at bus i at time t. (Chapter 4)

xi, ' i Decision variables for the robust formulation.

yD
it Auxiliary variables of the robust formulation for the real demand.

(Chapter 4)

yM
it Auxiliary variables of the robust formulation for the market price.

(Chapter 4)

yRen
it Auxiliary variables of the robust formulation for the renewable

generation. (Chapter 4)

zM Auxiliary variable of the robust formulation for the market price.

(Chapter 4)

zi, pij, yi Auxiliary decision variables due to the robust formulation.

zD
t Auxiliary variables of the robust formulation for the real demand.

(Chapter 4)

zRen
t Auxiliary variables of the robust formulation for the renewable

generation. (Chapter 4)

Integer Decision Variables


 I,Left, 
 I,Right Auxiliary budgets of uncertainty for the islanding event.

� 
 I,Left, represents the number of time periods that the network

will operate disconnected from the main grid before the time

that the islanding event is expected to start.

� 
 I,Right, represents the number of time periods that the

network will operate disconnected from the main grid after the

time that the islanding event is expected to end.

Indices

i, j, k, n, t Indexing for parameters and decision variables
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Nomenclature

Parameters

� ij, � ij, � i Parameters in the constraints of the robust formulation.

(Chapter 3)

� I Budget of uncertainty for the uncertainty in the time and duration

of a scheduled interruption from the main grid (or islanding event

uncertainty). (Chapter 4)

� M Budget of uncertainty for the market price uncertainty. (Chapter

4)

� i Budget of uncertainty for the ith constraint. (Chapter 3)

� D
t Budget of uncertainty for the demand uncertainty. (Chapter 4)

� Ren
t Budget of uncertainty for the renewable generation (solar PV)

uncertainty. (Chapter 4)

� ij Uncertain data in the robust approach of Chapter 3.

DP
i Expected real demand at bus i. (Chapters 3 and 4)

DQ
i Expected reactive demand at bus i. (Chapters 3 and 4)

{ , # Parameters in the second-order cone constraints of the robust

formulation. (Chapter 3)

bd The maximum deviation of the real demand from its expected

value, i.e. the real demand can take values within the interval

[DP
it – bd, DP

it + bd]. (Chapter 4)

cmit The maximum deviation of the market price from its expected

value, i.e. the market price can take values within the interval

[mit – cmit, mit + cmit]. (Chapter 4)

[pRen The maximum deviation of the renewable generation (solar PV)

from its expected value, i.e. the renewable generation (solar PV)

can take values within the interval [PRen
it – [pRen, PRen

it + [pRen].

(Chapter 4)
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Nomenclature

ai, bi Parameters for the cost function of the dispatchable generator

at bus i. (Chapter 4)

bij Susceptance of line i – j. (Appendix B)

c, d, e Auxiliary parameters that belong to the objective function of an

optimisation problem which shows the mathematical formulation

of the employed robust approach. (Chapter 3)

cShed Cost for the real load shedding. (Chapter 4)

CESS,Max
i Maximum capacity of ESS unit at bus i. (Chapter 4)

CEV,Max
i Maximum capacity of EV parking lot at bus i. (Chapter 4)

cSDi
Shut-down cost of the dispatchable generator at bus i. (Chapter

4)

cSUi
Start-up cost of the dispatchable generator at bus i. (Chapter 4)

D� Fraction of hour that each time period represents. In particular,

in this thesis D� = 1/6 as there are 144 time periods. (Chapter

4)

dn Constants used for the n linear segments of the piecewise linear

power �ow approximation. (Appendix B)

EVschdl
it Parameter that represents the EV parking lot schedule.

If EVschdl
it = 1, then there are EVs at the parking lot. If

EVschdl
it = 0, then there are no EVs at the parking lot. (Chapter

4)

gij Conductance of line i – j. (Appendix B)

hn Constants used for the n linear segments of the piecewise linear

power �ow approximation. (Appendix B)

It Parameter that represents the time periods that the network is

expected to be disconnected from the main grid. For It = 1
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Nomenclature

the network is disconnected from the main grid. For It = 0 the

network is connected to the main grid. (Chapter 4)

m Number of budget of uncertainty combinations that are taken

into account by the BoU Algorithm. (Chapter 3)

mit Market price. This is the cost to import power from the main grid

which is connected to bus i at time t. In this thesis, the main grid

is connected to bus i = 1. (Chapter 4).

N Number of Monte Carlo iterations. N = 10 000 in this thesis.

(Chapter 3)

PFP
ij The real power �ow from bus i to bus j. (Chapters 3 and 4)

PFQ
ij The reactive power �ow from bus i to bus j. (Chapters 3 and 4)

PFloss
ij Upper limit of active network losses of branch i-j. (Appendix B)

rij Resistance of line i – j. (Chapters 3 and 4)

RDi Ramp-down limit for dispatchable generator at bus i. (Chapter

4)

RUi Ramp-up limit for dispatchable generator at bus i. (Chapter 4)

SOCSat,EV
i EV parking lot state of change, associated with the CC to CV

charging method for Li-ion batteries according to [2]. (Chapter

4)

SOCEV
arrival Arrival EV parking lot state of charge. (Chapter 4)

SOCEV
departure Departure EV parking lot state of charge. (Chapter 4)

tisl
end The time period that the network is expected to operate

connected to the main grid. (Chapter 4)

tEV
Max The time period that the EVs depart from the EV parking lot.

(Chapter 4)
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Nomenclature

tEV
Min The time period that the EVs arrive at the EV parking lot.

(Chapter 4)

tisl
start The time period that the network is expected to disconnect from

the main grid. (Chapter 4)

vref
it Voltage at slack bus.

Vsq
i Squared voltage magnitude at bus i at time t. (Chapters 3 and

4)

xij Reactance of line i – j. (Chapters 3 and 4)

� ij Random value of the expected parameter � ij that takes values

in the interval [� ij – �̂ ij, � ij + �̂ ij]. (Chapter 3)

mit The expected value of the market price. (Chapter 4)

Sets

Z The set of all integers.


 G The set of dispatchable generators.


 N The set of network nodes.


 Ren The set of renewable generators (which is solar PV in this

thesis.)


 T The set of all time periods within a 24-hour scheduling horizon.

In this thesis, there are 144 time periods within a 24-hour

scheduling horizon.

E The set of network branches.

Ji The set of columns of the ith optimisation problem constraint.

Symbols

, Lower, Upper limit symbols.
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Chapter 1. Introduction

1.1. Chapter summary

This chapter aims to provide a background and motivation behind the research of this

PhD thesis. This chapter is structured as follows.

• Section 1.2 discusses what are considered as DER in this thesis, the bene�ts of

optimising their operation in electricity distribution networks, and the motivation

of this research.

• Section 1.3 presents a brief literature review.

• Section 1.4 presents the aim and objectives of this PhD research.

• Section 1.5 lists the main contributions and conclusions of this research.

• Section 1.6 presents the structure of this thesis.

1.2. Background & Motivation

Climate change is a global emergency, pushing modern societies to bring rapid

changes across sectors, including the electricity sector. For example, in the UK1,

the government has set the ambitious goal of net-zero carbon emissions by 2050

[10]. In the electricity sector, the requirement to meet zero CO2 emissions, the

restructuring of the electricity business, and the various technological developments

in microgeneration, have set a new paradigm of power systems in modern societies

[11, 12, 1]. These technological developments, have brought advances in distributed

generation units (microturbines, fuel cells, etc.) and distributed storage devices

(energy storage systems, batteries, etc.), forming the broader class of distributed

energy resources (DER) [1].

In this thesis, Distributed Energy Resources (DER) are de�ned following the

de�nition by Ofgem 2 as, electricity generating plants that are connected to the

electricity distribution networks [13]. DER include solar panels, combined heat and

1UK stands for United Kingdom
2Ofgem stands for Of�ce of Gas and Electricity Markets . Ofgem is the regulator for Gas and Electricity

Markets in the UK. https://www.ofgem.gov.uk/
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1.2. Background & Motivation

power plants, energy storage systems, gas turbines, microturbines, batteries in electric

vehicles, and controllable loads [14, 15, 16, 17, 18].

The penetration of DER is expected to increase over the coming years. According

to the report of Ofgem in [13], the National Grid's3 Future Energy Scenario (2020)4

estimates that, by 2050 generators connected to electricity distribution networks could

hold up to 42% of the total generation capacity. DER can be used to increase the

penetration of renewable generation, to improve power system reliability, to provide

services in order to avoid expensive planning decisions, and can deliver energy in order

to balance the three elements of the so-called energy trilemma: energy security, energy

equity, and environmental sustainability [13, 19, 20]. However, the proliferation of DER

now and in the future, makes it clear that DER generation cannot be treated any more

as a negative demand [21], and that in order to achieve whole system bene�ts with

DER, a degree of coordination is required. The connection of DERs at medium or low

voltage distribution networks have increased the �exibility of network stakeholders over

the past decades, shaping new concepts for their coordination, including the concept

of active network management and the concept of microgrids [22].

Active network management aims to coordinate in an economic and sustainable

way DER while following the existing distribution network regulations [23]. Distribution

networks equipped with automation systems that allow the optimization, operation and

control of the network assets are called smart or active distribution networks, and

are operated by distribution system operators (DSO) [24, 25]. The outputs of the

day-ahead scheduling problem of smart distribution networks can be used as setpoints

for the real-time control of distributed energy resources, for the participation in the

day-ahead and real-time electricity markets, and for the provision of ancillary services

(e.g. frequency regulation [26]) [25].

Microgrids (MG) are medium or low voltage distribution networks with distributed

3National Grid is the Electricity System Operator in the UK. https://www.nationalgrideso.com/
4The UK government has set the goal of net-zero carbon emissions by 2050 [10]. There are various

ways to reach this goal. Therefore, a range of scenarios have been developed by the Great Britain

Electricity System Operator (GB ESO) and Distribution Network Operators (DNOs). These different

scenarios are called, Future Energy Scenarios (FES) by the GB ESO (https://www.nationalgrideso.

com/future-energy/future-energy-scenarios ), and Distribution Future Energy Scenarios (DFES) by

DNOs. For example, the DFES proposed by a DNO operating in the North of England called Northern

Powergrid, can be found in https://odileeds.github.io/northern-powergrid/2020-DFES/ .
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Chapter 1. Introduction

generation units, energy storage devices, and �exible loads [17]. A MG can be

operated in an autonomous or non-autonomous way, forming two modes of operation:

the islanded and the grid-connected mode. MGs apart from environmental and

economic bene�ts, also present a practical solution to enhance power system

resilience (which represents the ability of a power system to supply the demand in

the face of a high-impact low-probability (HILP) event), by decreasing the probability

of load shedding [27]. MG resilience merits are well-acknowledged by the academic

community, creating routes for a range of studies, including research on DER

coordination for the so-called resilience-oriented optimal scheduling problem (e.g.

[27, 8, 28, 29, 30, 31]) [32, 33].

The coordination of DER in active distribution networks and microgrids calls

for methods that schedule the operation of DER in advance, and that account for

two factors. First, technical constraints and parameters regarding the network and

the DER, and second, uncertainty, which is created by the difference between the

real-time and the forecasted values of some data used by these methods, such as

the electricity demand and the renewable generation. Taking into account technical

constraints regarding the network and the DER, aims to capture the characteristics

of the electricity distribution network, its topology, and the location of the DER across

the network. This has economic bene�ts, as it can reduce the network losses when

distributing the power from the point of generation to the point of consumption, but this

also provides a secure operation by respecting the constraints of the network. The

violation of the network constraints may lead not only to a more expensive operation,

but also to electricity customers experiencing power cuts.

Modelling uncertainty when considering optimal coordination of DER is equally

important [34, 18]. This thesis, focuses on uncertainty related to the lack of knowledge

of the exact value of some data that are used to coordinate the DER, which can occur

due to the fact that these values are forecasted. For example, the electricity demand,

the market price and the generation produced by renewable energy sources (such

as solar PV) [35]. In cases where DER form part of a microgrid and a scheduled

interruption from the main grid is expected (e.g. an upstream maintenance or a

foreseeable natural disaster like a hurricane [27, 8, 28]), the uncertainty in the time

and the duration of this interruption can also be formulated through the islanding event

4



1.3. Brief literature review

uncertainty (such as in the study [28]). Uncertainty is important to be considered

in the coordination of DER, to avoid the risk of renewable DER being curtailed, and

therefore use green energy as much as possible in order to supply the demand.

Failing to incorporate uncertainty in decision-making problems, can also result in

signi�cant changes in the outputs of the problem [36], which when coordinating DER

can manifest as an underestimation of the operational cost or violations of technical

constraints.

This work presents a model for the optimal scheduling problem of distributed

energy resources connected to electricity distribution networks, which addresses the

two aforementioned factors. The proposed model can be used for a range of concepts

which have been introduced for the coordination of distributed energy resources, such

as active network management and to schedule DER that form part of a MicroGrid.

In this PhD thesis, the scheduling time horizon is 24 hours, but the proposed model

can also be used for a longer or a shorter scheduling horizon. The outputs of the

model presented in this PhD thesis can be used as set points in a control problem

(for example, for a hierarchical control scheme [37], and control of active distribution

systems [38]). Apart from the direct use of the model outputs, the results of the

model proposed in this thesis could inform planning and design decisions of electricity

distribution networks with DER (e.g. [39, 40]). Some stakeholders that can bene�t

from the model and its outputs include, MG operators, system operators, electricity

distribution network or system operators, aggregators, and DER owners.

1.3. Brief literature review

Given the call for methods that perform DER coordination and the modelling

challenges that this bears, there is a broad range of methods in the literature that

propose methods for the optimal scheduling problem of DER connected to electricity

distribution networks. This section aims to provide a basic background on these

studies, which can be found in detail in the next chapter of this thesis.

There are relevant studies that do not take into account parameter uncertainty

([41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]), which is important

to be taken into account, in order to avoid the risk of renewable DER being curtailed

5
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and the violation of technical constraints. There are also publications that take into

account parameter uncertainty ([8, 57, 31, 58, 59, 60, 61, 62, 63, 26, 64, 65, 66,

67, 68, 27, 35, 69, 29, 30, 70, 71, 72, 28, 73, 74, 75, 76]), but either use stochastic

methods to handle uncertainty (which needs the knowledge of probability distributions

that requires well-known historical data, and can have limited application in large

problems [77]), or IGDT (which is a conservative method to handle uncertainty [78]),

and/or in terms of the power �ow model: 1) do not take into account power �ow

equations (which creates the risk of overloading network lines, i.e. violating voltage

or line current limits), 2) take into account an approximate power �ow model, 3)

incorporate a nonconvex power �ow model (which means that only a local optimal

solution can be guaranteed). Finally, there are studies that account for uncertainty

using robust optimisation and a second-order cone accurate power �ow model, that

either propose multi-stage problems (which require a decomposition method in order

to be solved, such as the column-and-constraint generation method [79], and therefore

have an additional computational load) ([80, 81, 82, 83]), or propose a model that uses

the probability density function of random variables: [84] (which may not always be

available, as explained above for stochastic optimisation problems).

The bene�ts for DER coordination using methods that accurately account for

technical constraints, that handle uncertainty deterministically (compared to methods

that require the knowledge of probability density functions of uncertain data), and that

can be solved using commercial optimisation solvers, have motivated the proposal of

the model presented in this thesis. The next sections present the aim & objectives,

and the main contributions of this thesis.

1.4. Aim and objectives

1.4.1. Aim

The aim of this work is to propose a model for the optimal day-ahead scheduling

problem of distributed energy resources connected to radial electricity distribution

networks.
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1.4.2. Research objectives

This PhD research has the following two research objectives.

Objective 1

To use a convex and accurate AC power �ow model, and study the impact of this AC

power �ow model on the optimal decisions made by the R-MISOCP model.

Objective 2

To use a method to tackle uncertainty, and study the impact of this method on the

optimal decisions made by the R-MISOCP model.

1.5. Main contributions

The contributions of this work are summarised below.

1. This thesis presents a robust mixed-integer second-order cone programming

model (R-MISOCP) for the optimal scheduling problem of DER connected to

radial electricity distribution networks. This model captures the bene�ts of both

convexity and robustness and can be solved using commercial optimisation

solvers. Convexity is achieved using the second-order cone power �ow model

(SOC-PF) model proposed in [85]. This formulation is an exact approximation of

the branch �ow model for radial networks, given that demand is formulated as

a variable which does not have an upper limit [85, 86]. Robustness is achieved

using the robust approach of [87] to tackle uncertainty, where uncertain data are

assumed to lie within a deterministic interval. Data uncertainty is considered

in market price, demand, renewable generation (PV generation), and islanding

duration. This robust approach allows the DSO and/or MG operator to control the

trade-off between tolerance of uncertainty and operational performance, using a

parameter � called the budget of uncertainty.

2. The performance of the R-MISOCP model has been evaluated through

computational experiments in a number of case studies informed by real-world

7
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data and operational scenarios. To evaluate the impact of the employed power

�ow model, a detailed comparison is provided between the R-MISOCP and

a model that uses a piecewise linear power �ow model (PWL-PF) which has

been used in relevant studies. To evaluate the impact of the employed robust

approach, a comparative study is provided between the proposed R-MISOCP

model and a fully robust (conservative) model, where operational performance is

assessed based on the cost of operation and load shedding.

In terms of the impact of the employed power �ow model, computational

experiments show that an AC power �ow model that fails to accurately account

for power �ow equations, can result in a signi�cant underestimation of both, the

operational costs and the curtailed demand, and violation of technical constraints.

Furthermore, the results of this research suggest that an accurate power �ow

formulation needs to be taken into account within the decision-making process (rather

than retrospectively), as there does not seem to exist a “corrective action” that can

be applied to the model that doesn't use an accurate power �ow model, in order to

extract the optimal DER schedules of the R-MISOCP model (which uses an accurate

power �ow model). This is found to hold even if the operational costs calculated by

the R-MISOCP and COMP model are very close, and for case studies with a low

and a high PV penetration. In terms of the impact of the employed robust approach,

computational experiments show that, for the modi�ed IEEE-33 bus network used in

research, the DSO and/or MG operator can adjust the budgets of uncertainty and

achieve a sizable reduction in the day-ahead operational costs, compared to a fully

robust (conservative) approach, while having a 0% probability of shedding additional

load than expected.

The model proposed in this thesis has been published as follows:

[1] N. -M. Zografou-Barredo , C. Patsios, I. Sarantakos, P. Davison, S. L. Walker and

P. C. Taylor, "MicroGrid Resilience-Oriented Scheduling: A Robust MISOCP Model,"

in IEEE Transactions on Smart Grid, vol. 12, no. 3, pp. 1867-1879, May 2021, doi:

10.1109/TSG.2020.3039713.
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1.6. Thesis Structure

In a nutshell, chapters 1-3 present the background and methodology for the proposed

R-MISOCP model, chapter 4 presents the proposed R-MISOCP model, and the

remaining chapters 5-7, present the computational experiments and conclusions of

this research. The content of the thesis chapters are described below and shown in

�gure 1.1.

� Chapter 1 - Introduction .

This chapter introduces this thesis and presents the aim and objectives of this

PhD research.

� Chapter 2 - Literature review .

This chapter presents relevant studies to this research.

� Chapter 3 - Methodology .

This chapter presents the two main blocks that compose the proposed

R-MISOCP model: the power �ow mathematical formulation and the method

used to deal with uncertainty.

� Chapter 4 - The R-MISOCP model .

Given that chapter 3 presented the main blocks of the R-MISOCP model, this

chapter aims to present the mathematical formulation of the proposed R-MISOCP

model.

� Chapter 5 - The impact of the accuracy of the power �ow model .

This chapter aims to study the impact of an accurate power �ow model on

the scheduling decisions made by the proposed R-MISOCP model, through

comparative studies with a model that does not use an accurate power �ow

model.

� Chapter 6 - The impact of uncertainty .

This chapter aims to study the impact of the employed method to deal with

uncertainty on the scheduling decisions made by the proposed R-MISOCP

model, through comparative studies with a fully robust (conservative) model.

9



Chapter 1. Introduction

Figure 1.1: Thesis structure.

� Chapter 7 - Conclusions & Future work .

This chapter aims to present the main conclusions made during this PhD

research, and to propose directions for future work.

� Appendix A - Data for the modi�ed IEEE-33 bus network .

This Appendix presents tables which contain data used for the electricity

distribution network and the distributed energy resources used in the

computational experiments of chapters 5 and 6.

� Appendix B - The Power �ow formulation used in the COMP model .

Chapter 5 presents a comparative study between the R-MISOCP model and

another model, which is referred to as the COMP model. This Appendix presents

the power �ow model used for the COMP model.

� Appendix C - Numerical results: Relaxation gap .

This Appendix presents the relaxation gaps for constraint (4.14h) of the proposed

R-MISOCP model for the computational experiments of section 5.3, chapter 5.

This constraint forms part of the power �ow equations, which have been used

according to the study in [85].
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Chapter 2. Literature review

2.1. Chapter Summary

This chapter aims to present some of the studies that are relevant with the work

proposed in this thesis, and is structured as follows.

• Section 2.2 presents relevant work to the work developed in this thesis.

• Section 2.3 presents the main conclusions of this chapter.

2.2. Relevant work

Due to the economic and environmental bene�ts of DER, there is a broad range

of research related to the coordination of DER connected to electricity distribution

networks [88, 89, 90]. Relevant studies to this thesis are presented below, starting

with a set of studies that does not incorporate a method to tackle uncertainty, and then

moving on to studies that take into account uncertainty.

Furthermore, a table in �gure 2.1 is shown below, in order to summarise the relevant

papers of this chapter. The papers are classi�ed according to the power �ow model

formulation that they use and the method used to tackle uncertainty.
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Figure 2.1: Classi�cation of relevant studies according to their power �ow model

formulation and method to tackle uncertainty.
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Chapter 2. Literature review

Some studies that are relevant to the research of this thesis, are listed below,

starting with a set of papers which do not incorporate a method to tackle uncertainty.

• The study in [41] models the day-ahead operation of a residential microgrid with

a vehicle-to-grid system, and does not take into account a method to tackle

uncertainty. As this work focuses on residential-level, it does not account for

power �ow equations, compared to the R-MISOCP model proposed in this thesis

which is intended for network-level studies.

• The study in [42], proposes an optimal energy management problem of active

elements of a smart distribution grid where network recon�guration is taken into

account. The proposed model is mathematically formulated as a mixed-integer

nonlinear programming problem, and is solved using a genetic algorithm.

Furthermore, it does not take into account a method to handle uncertainty; it

rather uses reserve resources to compensate for load and renewable generation

uncertainty.

• The study in [43] proposes a model for the optimal day-ahead scheduling

problem of active distribution networks. A three-phase unbalanced power �ow

model is used. The resulting model is nonlinear nonconvex, and is solved

using a novel Kriging model assisted modi�ed fuzzy adaptive particle swarm

optimization algorithm (KMA-MFAPSO) combined with constraints handling

technique. Therefore, the model proposed in this work is not convex, and a

method to incorporate uncertainty is not used.

• In the study of [44] a model for the optimal day-ahead scheduling problem is

proposed. This study takes into account a whole energy systems approach.

Three types of energy vectors are considered; electricity, gas and heat, where

the interconnection between energy vectors is incorporated using the energy

hub modelling method ([91]). Power �ow equations are incorporated using

three-phase electric network constraints, which resulted in a nonlinear model

which is solved based on genetic algorithm and a nonlinear interior point method.

This work does not take into account uncertainty in the proposed model.

• The study in [45], proposes a non-linear model for the optimal energy
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management problem of unbalanced three-phase microgrids. This work

does not take into account a method to tackle uncertainty.

• In [46], a mixed-integer second-order cone programming model for the optimal

scheduling of microgrids is proposed. This study does not take into account data

uncertainty.

• In [47], a framework to evaluate power system resilience is proposed. This is

formulated as a mixed-integer second-order cone programming problem, but a

method to consider uncertain data is not taken into account within the proposed

model.

• The study in [48], proposes a service restoration method of distribution networks

with an increasing PV penetration. This is mathematically formulated as a

mixed-integer second-order cone programming problem. Uncertainty is not

taken into account in this study.

• The study in [49] also proposes a multi-objective optimisation model for the

service restoration problem of distribution networks. This problem is formulated

using mixed-integer second-order cone programming. Uncertain data are not

considered in this model.

• In [50], a model for the online recon�guration of active distribution networks is

proposed in order to minimise DER curtailment while respecting the technical

characteristics of the network. A range of scenarios are examined in order to

account for uncertainty in the load and renewable generation (namely in solar

and wind generation), however, a method to tackle uncertainty is not taken into

account within the proposed model.

• In [51], proposes a load restoration model in order to improve the resilience of the

electricity distribution network in the face of extreme events, taking into account

the formation of microgrids and network recon�guration. This is formulated using

mixed-integer second-order cone programming. Uncertainty is not taken into

account in this study.

• The work in [52] proposes a mixed-integer second-order programming problem

to minimise network losses and eliminate voltage violations using reactive power
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optimisation and network recon�guration. To model power �ow equations, this

study expands the work of [85] (which is also used in this thesis) to also model

transformers. This work does not take into account uncertainty.

• The work in [53], proposes a MISOCP model for the optimal dispatch problem

of active distribution networks and incorporates dynamic thermal ratings of

transformers, which is out of the scope of this thesis. Uncertainty is not taken

into account in this study.

• In [54], a multi-objective mixed-integer second-order cone programming problem

is proposed for the energy management problem at electricity distribution

networks, where the cost of energy not supplied and energy procurement cost

are considered the competitive objectives. Uncertainty is not taken into account

in this study.

• In [55], a method for the optimal operation scheduling problem of recon�gurable

networked MGs is presented, taking into account the con�icting objectives

between the distribution system operator and the microgrid operator. This

is formulated as a bi-level optimisation problem which is re-formulated into a

MISOCP model. Uncertainty is not taken into account in this study.

• The work in [56], proposes a model for the decentralised economic dispatch

problem of an active distribution network with multiple microgrids. This is

mathematically formulated using mixed-integer second-order cone programming.

Data uncertainty is not taken into account in the proposed MISOCP method.

The papers presented above did not consider a method to tackle uncertainty.

However, the optimal DER scheduling problem has some data that are inherently

uncertain as their real-time values may differ from their forecasted values, such as

the demand and the renewable generation. There is a range of methods to handle

uncertainty in decision-making problems, including stochastic optimisation, robust

optimisation, and others. These methods are inherently different in nature and

therefore may serve different applications and problems [78].

The list below, presents a set of papers that incorporate a method to account for

uncertain data.
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• The study in [8], proposed a two-stage stochastic linear optimization model.

In this model, unintentional islanding, load, pool price, and EV schedule were

considered as random variables. Although power �ow equations were included

in the model, the formulation used did not have an accurate representation of

network losses, which can result in a more optimistic outcome regarding the

cost of operation. Additionally, the knowledge of the probability distributions

of random variables is required in stochastic optimization. The latter can be a

great advantage for a problem with well-known historical data. However, this is

a limitation for modelling islanding uncertainty due to an interruption of power

supply from the main grid, as this belongs to high-impact/low-probability events

(HILP) for which historical data is rare [92, 28].

• In [57], a model for the optimal operation of photovoltaics connected to a

three-phase active distribution network is proposed. The model is mathematically

formulated as a multi-objective stochastic optimization problem. The two

objectives of the problem are to minimize active power losses and minimize the

network maximum voltage unbalance. This is developed for three-phase active

and reactive power balance equations.

• The study in [31], presented a model to enhance resilience using islanded

operation of MGs focusing on the event of inadequate on-site generation to

feed all MG loads. The model was mathematically formulated as a nonlinear

programming problem. The proposed model was not formulated as a convex

model, which meant that only a local optimal solution was guaranteed.

Uncertainty in renewable generation and load forecasts are take into account

using their probability distribution.

• The papers in [58, 59] propose mixed-integer linear programming models for the

operation of active distribution networks, and use a linearised formulation of the

second-order cone power �ow equations. The method proposed in [58] uses a

stochastic method to tackle uncertainty related to wind speed, solar irradiance

and load demand, which requires their probability density function, and the study

in [59] also uses stochastic optimisation to tackle uncertainty.

• The studies in [60, 61] also propose a model for optimal operation of active
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distribution networks, where stochastic optimisation is used to tackle uncertainty.

• The study in [62] presents a model for the scheduling problem of distribution

networks within smart grids, which includes dynamic network recon�guration.

This is modelled using multi-objective optimisation, and the probability of a range

of scenarios is used to model uncertain data.

• The study in [63] presents a methodology for the optimal day-ahead and real-time

scheduling problem of multi-energy microgrids. This work considers combined

cooling, heating and power (CCHP) units and ice-storage air-conditioners, PVs,

wind turbines and energy storage systems. Uncertainty in wind and PV is taken

into account using the methods of Latin hypercube sampling (LHS) and scenario

reduction. A set of equations for the power �ow model is not taken into account.

• The study in [26] proposes an optimisation method for active distribution

networks, for the provision of ancillary services. The proposed model is

formulated as a multi-period chance-constrained optimal power �ow problem,

therefore requiring probabilistic information to form the chance constraints.

• In [64], a MISOCP model is proposed which uses chance-constrained

optimisation to deal with uncertainty, which proposes a direct and fast scenario

generation method and uses a seven-step probability distribution to model the

outputs of the renewable energy resources.

• The study of [65] presents a method for the optimal day-ahead scheduling

problem of future smart distribution networks. The proposed model is

mathematically formulated as a mixed-integer second-order cone programming

problem. Uncertainty in wind generation and demand is modelled using a

two-stage stochastic-robust optimisation approach. Power �ow equations are

modelled using a relaxed branch �ow model. This approach uses a combination

of stochastic and robust optimisation to model uncertainty, in order to avoid the

conservatism of robust optimisation.

• In [66], a model for the scheduling of an AC/DC hybrid distribution system

is proposed, and uses fuzzy chance-constrained programming to account for

uncertainty. The problem is formulated as a mixed-integer second-order cone
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programming model. This work requires information around the probability

distributions of the uncertain data to be formulated.

• The study of [67], proposed a stochastic MISOCP model for the security-constrained

energy management system (EMS) of microgrids. Demand and renewable

generation uncertainty are taken into account. This work uses stochastic

optimisation to handle uncertainty.

• In [68], a model for the both long-term planning and short-term operation of DER

in active distribution network is presented. This is mathematically formulated

using mixed-integer second-order cone programming, and uncertainty is

modelled using data-driven distributionally robust optimisation. This method

needs the knowledge of probability distribution of the given uncertain scenarios.

• The study in [27] proposed an operational framework for a MG which operated in

islanded mode for an extended period of time due to interruption of supply from

the main grid, and was introduced as the resiliency-oriented MicroGrid optimal

scheduling. The proposed operational framework was mathematically formulated

as a robust optimization problem. Power �ow equations were not included in

the model, and robustness was treated in a conservative fashion; assuming

maximum expected demand and minimum expected renewable generation at all

times.

• In [35], a model for the day-ahead participation of smart-home aggregators is

proposed. This model uses a robust approach to handle uncertainty which uses

budgets of uncertainty to control the conservatism of the solution. Since this

study proposes a home energy management system, power �ow equations are

not taken into account.

• The study in [69] presents a method for the optimal energy management problem

of microgrids under net-zero emissions, using robust optimisation to tackle

uncertainty and budgets of uncertainty to control the degree of conservatism of

the solution. The proposed model is nonconvex.

• The studies in [29, 30], presented resilient operation strategies for an AC/DC MG

and a multi-energy MG respectively. The proposed models were mathematically
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formulated as two-stage robust optimization problems. In these studies, power

�ow equations were not considered at all in the network model, which creates the

risk of overloading network lines, i.e. violating voltage or line current limits.

• In [70], a method for planning of future microgrids in order to mitigate the severe

consequences of extreme events is proposed. Robust optimisation is used to

tackle uncertainty, and power �ow equations were formulated using a linear

approximation.

• The paper in [71] proposes a mixed-integer linear programming model for the

operation of active distribution networks, and uses a linearised formulation of

the second-order cone power �ow equations. A two-stage robust approach with

uncertainty budgets is used to tackle uncertainty. This method uses the Pearson

autocorrelation and cross-correlation to account for the temporal and spatial

correlation which requires the knowledge of historical data.

• The study in [72], proposes a mixed-integer linear programming model to

enhance the resilience of active distribution networks. The IGDT method is used

to handle uncertainty, and a linear DistFlow model is used in order to account for

power �ow equations.

• The study in [28], presented a two-stage robust optimization model. Load, market

price, and the scheduled time of the MG islanding event were considered as

uncertain parameters in this model. Power �ow equations were approximated.

• In [73], an optimal economic schedule for microgrids is presented using model

predictive control. Power �ow equations are not considered in this work.

• The study in [74], proposes a method for island partitioning at distribution

networks in the face of extreme events. This is mathematically formulated as

a mixed-integer second-order cone programming model, where uncertainty is

modelled using two-stage robust optimisation model. Power �ow equations are

formulated using a linearised DistFlow model, and uncertainty is modelled using

an ellipsoidal uncertainty set.

• The study in [75], proposes a risk-averse energy management strategy in a

network with DER, taking into account network recon�guration. The information
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gap decision theory (IGDT) method is used to tackle uncertainty in renewable

generation, which is a non-probabilistic and non-fuzzy uncertainty method [93].

The proposed model is mathematically formulated as a mixed-integer nonlinear

programming problem which is nonconvex.

• The work in [76] proposes a methodology for the operation of active distribution

networks for the optimal use of the reactive power of DER, which are able to

provide spinning reserve to the transmission network. Power �ow equations are

modelled using the second-order cone power �ow model of [85]. IGDT is used

to take into account spinning reserve uncertainty. However uncertainty in other

data is not studied.

• In [80], a model for the day-ahead scheduling problem of microgrids is proposed.

This model is mathematically formulated as a tri-level optimisation, uses robust

optimisation to tackle uncertainty in renewable generation (namely wind and

solar), demand, and grid electricity price and an accurate second order cone

power �ow model. The resulting tri-level problem, which cannot be directly

solved by commercial solvers, is solved using a solution approach which includes

benders decomposition.

• The publication [81] proposes a two-stage robust optimisation problem for

reactive power optimisation in active distribution networks, where the wind

power uncertainty is taken into account. The column and constraint generation

method is used to solve this problem. This work compares the optimal decisions

and computational performance between the proposed two-stage model with a

deterministic approach.

• The study of [82] proposes a two-stage robust MISOCP model, and focuses on a

comparison of the results of the proposed model with its deterministic approach.

The robust approach of [82] does not include parameters that can control the

trade-offs between tolerance of uncertainty and operational performance. The

column and constraint generation method is used to solve this problem.

• The study in [83], proposes a data-driven robust multi-period distribution power

�ow model for the power management problem in active distribution systems with
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a high PV penetration. The proposed model is formulated using mixed-integer

second-order cone programming, and two-stage robust optimisation is used

in order to tackle uncertainty, and is solved using the column and constraint

generation algorithm.

• The study of [84] proposes a convex MISOCP model for the energy management

problem of microgrids and uses a robust optimisation approach to tackle

uncertainty. The robust approach of [84] assigns and uses the probability

density functions of the random variables, and takes into account uncertainty in

renewable generation (namely solar PV and wind turbines) and demand.

• The work in [94], proposes a multi-timescale scheduling method for active

distribution networks, where the proposed method is decomposed into the

day-ahead and real-time stage. Power �ow equations are formulated using

the second-order cone programming model of [85], making the �nal problem a

mixed-integer second-order cone programming model. The real-time stage is

the model-predictive control method which is introduced to reduce the impact of

renewable generation forecasting errors, however, real-time control is not within

the scope of this thesis.

• The paper [95], proposes a model for the microgrid planning problem, which

is formulated using robust second-order cone programming and takes into

account load uncertainty. The paper [96], presents a bi-level robust planning

method for active distribution networks, taking into account uncertainty in the

generation and the loads. The investment and operation levels are formulated

using mixed-integer second-order cone programming. However, planning and

investment decision-making is not within the scope of this thesis.

2.3. Conclusions

To conclude the above: there are relevant studies that do not take into account

parameter uncertainty ([41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]),

which is important to be taken into account, in order to avoid the risk of renewable DER

being curtailed and the violation of technical constraints. There are also publications
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that take into account parameter uncertainty ([8, 57, 31, 58, 59, 60, 61, 62, 63, 26,

64, 65, 66, 67, 68, 27, 35, 69, 29, 30, 70, 71, 72, 28, 73, 74, 75, 76]), but either use

stochastic methods to handle uncertainty (which needs the knowledge of probability

distributions that requires well-known historical data, and can have limited application

in large problems [77]), or IGDT (which is a conservative method to handle uncertainty

[78]), and/or in terms of the power �ow model: 1) do not take into account power

�ow equations (which creates the risk of overloading network lines, i.e. violating

voltage or line current limits), 2) take into account an approximate power �ow model,

3) incorporate a nonconvex power �ow model (which means that only a local optimal

solution can be guaranteed). Furthermore, there are relevant studies that account

for uncertainty using robust optimisation and a second-order cone accurate power

�ow model, that either propose multi-stage problems (which require a decomposition

method in order to be solved, such as the column-and-constraint generation method

[79], and therefore have an additional computational load) ([80, 81, 82, 83]), or propose

a model that uses the probability distribution function of random variables: [84] (which

may not always be available, as explained above for stochastic optimisation problems).

Finally, there are studies that use mixed-integer second-order cone programming, but

either focus on real-time control (e.g. [94]), or planning and investment decisions (e.g.

[95, 96]).

The next chapter presents the two methods used in this thesis in order to formulate

power �ow equations and to handle uncertainty.
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3.1. Chapter Summary

This chapter aims to introduce the two building blocks of the proposed R-MISOCP

model: the power �ow equations and the method to model uncertainty, and is

structured as follows.

• Section 3.2 presents the �rst building block of the R-MISOCP model of this

thesis, which is the convex power �ow model of [85, 86].

• Section 3.3 presents the second building block of the proposed model, which is

the robust optimisation approach of [87].

• Section 3.4 concludes this chapter.

3.2. The power �ow model

3.2.1. Mathematical formulation

The Optimal Power Flow problem is essential for a range of power systems

applications such as, economic dispatch, unit commitment, scheduling, demand

response, control, state estimation, and market clearing [97, 98]. Power �ow equations

capture the physical characteristics and constraints of the network under study, which

include the voltage limits, the branch current limits, the network topology, and the

resistance/reactance of the network lines. The �rst research towards the formulation

of the optimal power �ow problem was made in 1962 by J. Carpentier in [99], inspiring

a wide range of research around the optimal power �ow problem [98]. Since then,

there has been a wide range of research on the optimal power �ow problem at both

electricity distribution and transmission level [99, 100, 101, 98, 102, 103].

Power �ow equations can be categorized into two main formulations; the bus

injection model and the branch �ow model [98]. The bus injection model is the more

widely used for power systems analysis, and focuses on variables related to system

nodes, such as voltage, and power injections [98, 85]. The branch �ow model,

which is mainly used for radial distribution networks, focuses on the values of the

branch currents and branch powers [98, 85]. An analysis on the equivalence of the

bus injection and branch �ow model is presented in [104]. In the R-MISOCP model
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presented in this thesis, which aims to provide an optimal schedule for DER connected

to electricity distribution networks, power �ow equations have been modelled according

to the convex optimal power �ow formulation proposed in [85, 86], which is based on

the branch �ow model.

In [85], the nonconvex optimal power �ow problem is approximated using two

relaxation steps; the �rst is related to the angles of the voltage and the current, and the

second is related to the fact that the resulting problem is formulated as a conic (and

therefore convex) optimisation problem. In [85], it is shown that both relaxations are

exact under two conditions. First, if the network is radial. Second, if over-satisfaction

of the real/reactive demand is allowed. This means, that the optimisation problem is

formulated in a way so that the demand is a decision variable (not a �xed number)

which has a lower limit. Therefore, the following constraint (3.1) must hold:

DP/Q
it � DP/Q

it (3.1)

where, DP/Q
it is the real/reactive demand of the optimisation problem for bus i at time t,

and DP/Q
it its minimum limit.

The mathematical formulation of the power �ow model used in this work is

presented in equations (3.2a) - (3.2d) below as in [85], and is a second-order cone

power �ow model.

PFP
ijt =

X

k:(j,k)2E

PFP
jkt + rij I

sq
ijt + DP

jt – GP
jt , 8(i, j) 2 E, 8t 2 
 T (3.2a)

PFQ
ijt =

X

k:(j,k)2E

PFQ
jkt + xij I

sq
ijt + DQ

jt – GQ
jt , 8(i, j) 2 E, 8t 2 
 T (3.2b)

Vsq
jt = Vsq

it – 2 (rij PFP
ijt + xij PFQ

ijt) +
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2 + (xij)
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Isq
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In equations (3.2a)-(3.2d) above [85]: equation (3.2a) represents the real power

�ow from bus i to bus j (sending-end), equation (3.2b) represents the reactive power

�ow from bus i to bus j (sending-end), equation (3.2c) represents the squared voltage

on bus i, (3.2d) is the second-order cone equation which represents the squared

current from bus i to bus j, and therefore makes this power �ow model a second-order

cone power �ow formulation. The description of these symbols and equations

(3.2a)-(3.2d) is based on table I-NOTATIONS of [85].

3.2.2. Exactness of conic relaxation

According to [85], for the optimal power �ow (OPF) problem which uses equations

(3.2a)-(3.2d), both relaxation steps mentioned above are exact, given that the network

is radial and that over-satisfaction of loads is allowed (i.e. as shown in equation (3.1)).

This means, that in equation (3.2d) the equality holds when the optimal solution is

found. An extended analysis on the conditions of exactness for these PF equations is

shown in [85].

This set of power �ow equations has been used in this work where, apart from

the power �ow equations, there is an additional set of constraints which models the

technical characteristics of distributed energy resources. The theoretical property

regarding the exactness of the conic constraints (3.2d), numbered as constraint

(4.14h) in the proposed R-MISOCP model, has been con�rmed in this work for the

computational experiments of section 5.3, chapter 5, by calculating the relaxation

gaps of constraint (4.14h). The relaxation gaps for constraint (4.14h) of the proposed

R-MISOCP model are shown in Appendix C of this thesis.

3.3. Modelling under uncertainty

3.3.1. Robust approach: Mathematical formulation

Robust optimisation (RO) is an approach to optimisation under uncertainty, where the

solution is immunized against any realization of the uncertain data which belong to a

deterministic interval [105, 36, 106]. This means, that the solution of the problem will be

feasible for any value of the uncertain data within this interval. The motivation and goals
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of RO are twofold [105]. First, in RO, data uncertainty is not stochastic. For example,

the probability distribution function for the demand is not necessary to formulate a

robust optimisation problem, as it is in the case of stochastic optimisation. Second,

the RO formulation of an important class of optimisation problems (such as linear

and second-order cone programming problems [105, 107, 108]) is computationally

tractable. This second bene�t, is a result of the technological advances and in the

advances in the algorithms that solve convex optimisation problems (such as fast

interior point methods) [105, 109].

In the optimal day-ahead scheduling problem, being fully robust, i.e. considering

the worst possible case of uncertainty, may be too conservative, in the sense that too

much of the operational performance may be sacri�ced in order to tolerate any possible

perturbation of the uncertain data, such as a very high cost of operation. Therefore,

the robust approach of [87] is used for the R-MISOCP model proposed in this thesis.

Using the robust approach of [87], the trade-off between tolerance of uncertainty and

model performance can be controlled with a parameter, which is called the budget

of uncertainty [87]. This parameter allows the DSO and/or MG operator to control

the operational performance, while being robust against possible data perturbations

with a very high probability. The Greek letter � will be used as a symbol for the

budget of uncertainty throughout this thesis according to [87]. In this work, operational

performance is evaluated according to the value of the operational cost and the load

shedding levels (if load shedding takes place). Performance criteria are explained in

more detailed in the next subsection (3.3.2).

The underlying deterministic model of the R-MISOCP model of chapter 4 is

formulated as an MISOCP problem. The robust approach of [87] is employed to the

deterministic problem (3.3a)-(3.3e), where data uncertainty only exists in the linear

constraints (3.3b). Assume that the deterministic model is the following MISOCP

problem.

min cT x + dT ' + eT! (3.3a)

subject to
X

j

� ijxj +
X

j

� ij' j +
X

j

� ij! j � � i 8i (3.3b)

{ T' �





 #'








2
(3.3c)
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x � x � x, ' � ' � ' (3.3d)

x, ' continuous, ! binary (3.3e)

Assume that the coef�cients � ij are uncertain, and each entry is a bounded and

symmetric random variable � ij that takes values in [� ij – �̂ ij, � ij + �̂ ij] [87]. Employing the

robust approach of [87], the robust counterpart of problem (3.3a)-(3.3e) becomes as

follows.

min cT x + dT ' + eT! (3.4a)

subject to (3.3c)-(3.3d), and
"

X

j

� ijxj + max
{Si[ {ti}|Si � Ji,|Si|=b� ic,ti2Ji\Si}

� X

j2Si

�̂ ijyj + (� i – b� ic)�̂ itiyt

� #

+

X

j

� ij' j +
X

j

� ij! j � � i 8i
(3.4b)

x, ' , z, p, y continuous, ! binary (3.4c)

Following [87], the robust MISOCP becomes as follows.

min cT x + dT ' + eT! (3.5a)

subject to (3.3c)-(3.3d), and

hX

j

� ijxj + zi � i +
X

j

pij

i
+

X

j

� ij' j +
X

j

� ij! j � � i 8i (3.5b)

zi + pij � �̂ ij yj, –yj � xj � yj (3.5c)

z � 0, p � 0, y � 0 (3.5d)

x, ' , z, p, y continuous, ! binary (3.5e)
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where j 2 Ji, � i 2 [0, |Ji|], and zi, pij, yj decision variables that result from the robust

formulation of [87].

The following section presents the algorithm used in this research in order to choose

the value of the budgets of uncertainty for the R-MISOCP model which is presented in

chapter 4.

3.3.2. The Budget of Uncertainty (BoU) algorithm

In this thesis, the budgets of uncertainty are calculated using an algorithm which is

based on the thesis [110] and the publication [87]. It will be referred to as the budget

of uncertainty algorithm, or for simply BoU algorithm. The BoU algorithm is applicable

for problems that solve the optimal day-ahead scheduling problem for DER connected

to electricity distribution networks, and is not a generic algorithm to �nd the budgets of

uncertainty such as the methods presented in section 4 of the article [87].

The BoU algorithm calculates probabilistic information in order to evaluate the

suitability of the budgets of uncertainty for the DSO and/or MG operator according to

operational performance criteria. Two performance criteria are considered in this work:

the probability of underestimating the operational cost (PoU) and the probability of

load shedding (PLS). These two criteria are de�ned as follows. PoU is the probability

that the actual cost of operation, when considering data perturbations within the full

range of uncertainty, will exceed the day-ahead operational cost calculated by the

robust model. Respectively, PLS is the probability that the actual load shedding will

exceed the load shedding calculated by the robust model, again when considering

data perturbations in the full range of uncertainty. In these de�nitions, the actual cost

of operation refers to the cost of operation in real-time, and the robust model refers to

the proposed R-MISOCP model which is presented in chapter 4. The BoU algorithm

is explained with a numerical example below for more clarity. During the explanation

below there will be reference to �gure 3.1 which shows the BoU algorithm in the form

of a �ow chart.

Assume that the optimal scheduling problem for DER connected to electricity

distribution networks is formulated as in (3.5a)-(3.5e), and that the budget of

uncertainty � corresponds to the uncertain parameter � , such that � 2 [� ij – �̂ ij, � ij + �̂ ij]

and � 2 [0, 1]. This means that the BoU � can take any value within the range [0,1],
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such as � = 0.004, � = 1/3, � = 0.78. In a nutshell, the BoU algorithm calculates the

PoU and PLS that correspond to each one of the different values of this BoU � . This is

implemented using Monte Carlo simulations as follows.

First, a �nite number of values for the BoU � are chosen within the interval [0,1].

For example, the �ve following values can be chosen � 1 = 0, � 2 = 0.25, � 3 = 0.5, � 4 =

0.75, � 5 = 1 (shown in Step no. 1 of �gure 3.1). The R-MISOCP optimal DER

schedules are considered as �xed numbers in the power �ow model. Therefore, the

R-MISOCP optimal DER schedules are imported in the beginning of the BoU algorithm.

The R-MISOCP operational cost and load shedding are also imported at this point for

the calculation of the PoU and PLS (shown in Step no. 2 of �gure 3.1). Then, a set of

Monte Carlo simulations of N=10 000 loops is run for each one of these different BoUs

to calculate: 1) the number of times that the operational cost exceeds the day-ahead

cost of operation, and 2) the number of times that the actual load shedding exceeds

the day-ahead load shedding (shown in Steps no. 3 - 6 of �gure 3.1). The Monte Carlo

simulations basically represent the range of possible values that the uncertain data can

take during the actual (real-time) operation. Therefore, in each one of the 10 000 Monte

Carlo simulations, the value of the uncertain parameter � takes a random value within

the full range of uncertainty � 2 [� ij – �̂ ij, � ij + �̂ ij]. In this thesis, the random values of �

are calculated using the function unifrnd of MATLAB (shown in Step no. 4 of �gure 3.1).

Within the Monte Carlo simulations, the actual operation (i.e. the real-time operation)

is simulated by running a power �ow problem. In this thesis, the power �ow problem is

implemented using the runpf() function by the package MATPOWER [9] (shown in Step

no. 5 of �gure 3.1). When the N loops are completed, the DSO and/or MG operator is

presented with the calculated probabilistic metrics (PoU, PLS) in order to choose the

most suitable value for the budget of uncertainty (shown in Step no. 7 of �gure 3.1).

The next section provides a discussion regarding the two building blocks of the

R-MISOCP model of this thesis and concludes this chapter.
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Figure 3.1: Flow chart for the Budget of uncertainty algorithm.
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3.4. Conclusions and discussion

This chapter presented the methods used for the two building blocks of the R-MISOCP

model proposed in this thesis. These are the power �ow model of [85] and the method

to model uncertainty of [87]. Some points to discuss follow below.

The R-MISOCP model of this thesis uses AC power �ow equations which

are mathematically formulated using second-order cone power �ow model. The

second-order cone power �ow model used in this work (3.2a)-(3.2d), is exact an

approximation of the nonconvex branch �ow model under two conditions: 1) if the

network is radial, and 2) if over-satisfaction of the real/reactive demand is allowed

[85, 86]. The latter means that the optimisation problem is formulated in a way so that

the demand is a decision variable (not a �xed number) which does not have an upper

limit. As there will be no reference to DC power �ow formulations in this research, the

terms AC power �ow and power �ow are used interchangeably throughout this thesis.

Furthermore, this power �ow formulation takes into account network losses which are

represented in equation (3.2a) by the term [rij I
sq
ijt ] . In the computational experiments

of chapter 5, it is shown through a detailed comparative study between the R-MISOCP

model and a model that uses a piecewise linear power �ow formulation that does

not account for network losses, that losses signi�cantly affect the calculation of the

operational cost and optimal DER schedules.

In order to account for uncertainty in the market price, the demand and the

renewable generation, the robust approach of [87] is used in the R-MISOCP which

is presented in section 3.3 above. In this robust approach, the trade-off between

tolerance of uncertainty and model performance can be controlled with a parameter,

which is called the budget of uncertainty [87]. This parameter allows the DSO and/or

MG operator to control the operational performance, while being robust against

possible data perturbations with a very high probability. This probability is calculated

using the BoU algorithm presented in section 3.3.2 which is based on the thesis

[110] and the publication [87]. The BoU algorithm can be used for problems with one

or more budgets of uncertainty. In this thesis, the BoU algorithm is used in a case

where there are four BoUs (shown in the computational experiments of chapter 6).

Furthermore, the research hereby has used the PoU and PLS metrics as performance

criteria. Depending on the application and case study, this algorithm can easily be
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adjusted to evaluate the budgets of uncertainty against other criteria as well. For

example, calculate which is the probability that a network line will be overloaded. The

studies [87, 110] used the following metrics: probability of underperforming (PoU)

in [87], probability of success (PoS) in [110], and probability of constraint violation

(PoCV) [87, 110]. The next chapter presents the R-MISOCP model proposed in this

thesis which uses the two methods presented hereby.
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Chapter 4. The R-MISOCP model

4.1. Chapter Summary

This chapter presents the R-MISOCP model developed in this work and is structured

as follows.

• Section 4.2 presents the mathematical formulation for the underlying

deterministic problem of the proposed R-MISOCP model, and the mathematical

formulation for the R-MISOCP model.

• Section 4.3 provides a discussion and concludes the chapter.

4.2. Mathematical formulation

The following subsections present the mathematical formulation of the underlying

deterministic model, and the proposed robust model, respectively. In these models,

it is assumed that the distribution network has the following assets: energy storage

systems, dispatchable generators, an electric vehicle parking lot and renewable

generation.

4.2.1. The underlying deterministic model

The underlying deterministic model of the R-MISOCP model is presented in the model

(4.1)-(4.8) below. A description of these constraints is provided below.

� Objective function:

Constraint (4.1) is the objective function of the MISOCP deterministic optimization

problem. The objective function aims to minimize the operational cost. The cost

of operation includes: the DG generation cost (using DG cost functions), the

start-up/shut-down costs, the cost to buy power from the main grid, and the cost for

load shedding when there is insuf�cient generation to feed the demand.

min
X

i2 
 G

X

t2 
 T

�
bi P

DG
it + ai uit + cSUi

SUit + cSDi
SDit

�
+

X

i2 
 Slack

X

t2 
 T

mit PGrid
it +

X

i2 
 N

X

t2 
 T

cShed DPShed

it

(4.1)
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4.2. Mathematical formulation

where PDG
it , uit, SUit, SDit, PGrid

it , DPShed

it are decision variables, and bi, ai, cSUi
, cSDi

,

mit, cShed are parameters.

� Unit commitment constraints:

The set of constraints (4.2) represents unit commitment decisions.

uit – ui(t–1) � SUit, t > 1, 8i 2 
 G (4.2a)

ui(t–1) – uit � SDit, t > 1, 8i 2 
 G (4.2b)

uit � SUit, t = 1, 8i 2 
 G (4.2c)

–uit � SDit, t = 1, 8i 2 
 G (4.2d)

uit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.2e)

SUit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.2f)

SDit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.2g)

where uit, SUit, SDit are decision variables.

� Ramp up/down limits:

The set of constraints (4.3) represents ramp-up/down limits for the dispatchable

generators.

PDG
it – PDG

i(t–1) � RUi, t > 1, 8i 2 
 G (4.3a)

PDG
i(t–1) – PDG

it � RDi, t > 1, 8i 2 
 G (4.3b)

PDG
it � RUi, t = 1, 8i 2 
 G (4.3c)
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where PDG
it are decision variables, and RUi, RDi are parameters.

� DG limits:

Constraints (4.4) represent the upper and lower limits of the DG.

uit PDG
it � PDG

it � uit PDG
it , 8t 2 
 T, 8i 2 
 G (4.4a)

uit QDG
it � QDG

it � uit QDG
it , 8t 2 
 T, 8i 2 
 G (4.4b)

where uit, PDG
it , QDG

it are decision variables, and PDG
it , PDG

it , QDG
it , QDG

it are parameters.

� Power �ow equations [85]:

Constraints (4.5) represent the second-order cone power �ow model along with the

upper and/or lower limits of the demand, load shedding, renewable generation and

voltage.

PFP
ijt =

X

k:(j,k)2E

PFP
jkt + rij I

sq
ijt + DP

jt – GP
jt , 8t 2 
 T, 8(i, j) 2 E (4.5a)

PFQ
ijt =

X

k:(j,k)2E

PFQ
jkt + xij I

sq
ijt + DQ

jt – GQ
jt , 8t 2 
 T, 8(i, j) 2 E (4.5b)

vsq
jt = vsq

it – 2 (rij PFP
ijt + xij PFQ

ijt) + (r2ij + x2
ij ) Isq

ijt , 8t 2 
 T, 8(i, j) 2 E (4.5c)

PGrid
it = PFP

ijt, 8t 2 
 T, i = 1, 8(i, j) 2 E (4.5d)

QGrid
it = PFQ

ijt , 8t 2 
 T, i = 1, 8(i, j) 2 E (4.5e)
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GP
it =

X

i2 
 EV

�
PDch,EV

it + PCh,EV
it

�
+

X

i2 
 N

DP,shed
it +

X

i2 
 G

PDG
it +

X

i2 
 ESS

�
PDch,ESS

it – PCh,ESS
it

�
+

X

i2 
 Ren

PRen
it +

X

i2 
 Slack

PGrid
it , 8t 2 
 T, 8i 2 
 N

(4.5f)

GQ
it =

X

i2 
 Slack

QGrid
it +

X

i2 
 N

QDG
it , 8t 2 
 T, 8i 2 
 N (4.5g)

Isq
ijt + vsq

it �









h
2 PFP

ijt 2 PFQ
ijt (Isq

ijt – vsq
it )

i T









2
, 8t 2 
 T, 8(i, j) 2 E (4.5h)

PRen
it � PRen

it , 8t 2 
 T, 8i 2 
 Ren (4.5i)

DP
it � DP

it , 8t 2 
 T, 8i 2 
 N (4.5j)

0 � DP,shed
it � DP

it , 8t 2 
 T, 8i 2 
 N (4.5k)

DQ
it � DQ

it , 8t 2 
 T, 8i 2 
 N (4.5l)

0 � Isq
ijt � Isq

ijt , 8t 2 
 T, 8(i, j) 2 E (4.5m)

vsq
it � vsq

it � vsq
it , 8t 2 
 T, 8i 2 
 N (4.5n)

vsq
it = vref

it , 8i 2 
 Slack, 8t 2 
 T (4.5o)
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where PF{P,Q}
ijt , Isq

ijt , D{P,Q}
it , G{P,Q}

it , vsq
it , {P, Q}Grid

it , PDch,{EV, ESS}
it , PCh,{EV, ESS}

it ,

DP,shed
it , {P, Q}DG

it , PRen
it are decision variables, and rij, xij, PRen

it , D{P,Q}
it , Isq

ijt , vsq
it , vsq

it ,

vref
it are parameters.

� Main grid real and reactive power limits:

Constraints (4.6) present the main grid import limits for the real and reactive power.

0 � PGrid
it � PGrid

it , 8i 2 
 Slack, 8t 2 
 T (4.6a)

0 � QGrid
it � QGrid

it , 8i 2 
 Slack, 8t 2 
 T (4.6b)

where PGrid
it , QGrid

it are decision variables, and PGrid
it , QGrid

it are parameters.

� Energy Storage System model:

The energy storage system model is formulated by constraints (4.7).

SOCESS
it CESS,Max

i =

8
>>>>>>>><

>>>>>>>>:

SOCESS
i,initial C

ESS,Max
i + (� i P

Ch,ESS
it – PDch,ESS

it /� i) D� ,

t = 1, 8i 2 
 ESS

SOCESS
i(t–1) CESS,Max

i + (� i P
Ch,ESS
it – PDch,ESS

it /� i) D� ,

t > 1, 8i 2 
 ESS

(4.7a)

0 � SOCESS
it � 1, 8i 2 
 ESS, 8t 2 
 T (4.7b)

0 � PDch,ESS
it � uESS

it PDch,ESS
it , 8i 2 
 ESS, 8t 2 
 T (4.7c)

0 � PCh,ESS
it � vESS

it PCh,ESS
it , 8i 2 
 ESS, 8t 2 
 T (4.7d)

uESS
it + vESS

it � 1, 8i 2 
 ESS, 8t 2 
 T (4.7e)

uESS
it 2 {0, 1}, 8i 2 
 ESS, 8t 2 
 T (4.7f)
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4.2. Mathematical formulation

vESS
it 2 {0, 1}, 8i 2 
 ESS, 8t 2 
 T (4.7g)

where SOCESS
it , P{Ch,Dch},ESS

it , uESS
it , vESS

it are decision variables, and � i, D� ,

PDch,ESS
it , PCh,ESS

it , SOCESS
i,initial, CESS,Max

i are parameters.

� Electric Vehicle Parking lot constraints [8, 2]:

The EV parking lot is modelled as an aggregated EV, using the set of linear constraints

(4.8) based on [8, 2], where constraints (4.8a) represent the arrival and departure

state of charge. The EVs follow the CC to CV (Constant Current to Constant Voltage)

charging method for Li-ion batteries, presented in the Appendix of the study in [2].

SOCEV
it =

8
><

>:

SOCEV
arrival C

EV,Max
i , t = tEV

Min, 8i 2 
 EV

SOCEV
departure CEV,Max

i , t = tEV
Max, 8i 2 
 EV

(4.8a)

SOCEV
it = SOCEV

i(t–1) + (–� i P
Ch,EV
it – PDch,EV

it /� i) D� , 8i 2 
 EV, 8t 2 
 T (4.8b)

PEV
it = PDch,EV

it – PCh,EV
it , 8i 2 
 EV, 8t 2 
 T (4.8c)

PEV
it � PEV

it EVschdl
it , 8i 2 
 EV, 8t 2 
 T (4.8d)

PEV
it � PEV

it EVschdl
it

1 – SOCEV
it

1 – SOCSat,EV
i

, 8i 2 
 EV, 8t 2 
 T (4.8e)

PDch,EV
it � PEV

it uEV
it , 8i 2 
 EV, 8t 2 
 T (4.8f)

PCh,EV
it � PEV

it (1 – uEV
it ), 8i 2 
 EV, 8t 2 
 T (4.8g)

SOCEV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.8h)

PDch,EV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.8i)
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PCh,EV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.8j)

–PEV
it � PEV

it � PEV
it , 8i 2 
 EV, 8t 2 
 T (4.8k)

uEV
it 2 {0, 1}, 8i 2 
 EV, 8t 2 
 T (4.8l)

where SOCEV
it , P{Ch, Dch},EV

it , PEV
it , uEV

it are decision variables, and SOCEV
{arrival, departure},

� i, D� , PEV
it , EVschdl

it , SOCSat,EV
i , CEV,Max

i are parameters.

Finally, it is noted that in the model above, the constraints that have been used along

with the power �ow equations of [85, 86] are linear, and the underlying deterministic

MISOCP problem (4.1)-(4.8) is convex in terms of its continuous variables [111].

4.2.2. The R-MISOCP model

The robust formulation of the deterministic problem (4.1)-(4.8) above, is presented in

constraints (4.9)-(4.21) below. Constraints related to the unit commitment decisions,

ramp-up/down limits, the energy storage model and the electric vehicle parking lot are

not altered in the R-MISOCP problem. However, these constraints are re-written below

for completeness.

The objective of the R-MISOCP model is to minimize the cost of operation.

The cost of operation includes: DG generation cost (using DG cost functions),

start-up/shut-down costs, the cost to buy power from the main grid, and the cost for

load shedding when (during the times that the network operates disconnected from the

main grid) there is insuf�cient generation to feed the demand. Constraints represent:

the SOC-PF model, branch current limits, unit commitment decisions, ramp-up/down

limits, the ESS model, the EV parking lot model, and upper/lower limits of variables

(namely of �xed loads, curtailable loads, bus voltage, DGs and grid power).

The R-MISOCP model has binary and continuous decision variables. Binary

decision variables represent: unit commitment decisions, charging/discharging state

of the energy storage system (ESS), charging/discharging state of the electric vehicle

(EV) parking lot, and the state of connection between the distribution network and
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4.2. Mathematical formulation

the main grid (grid-connected/islanded). Continuous decision variables represent:

scheduling of network assets (DGs, charged/discharged power of ESS and EV parking

lot), imported power from the main grid, bus voltages, power �ows, line losses, ESS

state-of-charge, loads (�xed and curtailed), and auxiliary decision variables as a result

of the robust formulation.

As explained in section 3.3, chapter 3, robust optimisation according to [87] is used

to handle uncertainty, where uncertainty is formulated within a deterministic interval

that requires the mean and range of the uncertain data, and can be calculated using

historical and/or forecasted data [28, 77]. Data uncertainty is considered in the market

price, the demand, the renewable generation, and time and duration of an islanding

event (for example, due to an upstream maintenance or a foreseeable natural disaster

such as a hurricane [1, 27, 8, 28]). A description of constraints (4.9)-(4.21) is provided

below.

The objective function of the underlying deterministic problem is dropped to

the constraint (4.10), in order to model market price uncertainty. The value of the

R-MISOCP objective function is calculated by the right-hand side value of constraint

(4.10). Constraints (4.11) model the unit commitment decisions for the dispatchable

generators. Constraints (4.12) represent the dispatchable generator's ramp-up/down

limits, and constraints (4.13) the upper and lower limits of DG. Constraints (4.14) model

the power �ow equations, and take into account renewable generation uncertainty and

demand uncertainty. The energy storage system model is presented in constraints

(4.15). The electric vehicle parking lot is modelled in constraints (4.16).

Constraints (4.17) represent the market price uncertainty, where the budget of

uncertainty adjusts the time periods that the market price deviates from its forecasted

value, and therefore takes values in the interval [0, |
 T|]. In this thesis, |
 T| = 144 time

periods. Constraints (4.18) represent the demand uncertainty, where the budget of

uncertainty adjusts the percentage that the demand deviates from its forecasted value,

and takes values in the interval [0, 1]. Constraints (4.19) represent the renewable

generation uncertainty, where the budget of uncertainty adjusts the percentage that

the renewable generation deviates from its forecasted value, and takes values in

the interval [0, 1]. Constraints (4.20) present the constraints for the islanding event

uncertainty which are based on the study [28], where the budget of uncertainty adjusts
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the time periods that the network interruption deviates from its forecasted value, and

takes values in the interval [0, 
 I,Left + 
 I,Right]. The parameter 
 I,Left, represents the

maximum number of time periods that the network is predicted to operate disconnected

from the main grid before the time that the scheduled interruption is expected to start.

Respectively, the parameter 
 I,Right, represents the maximum number of time periods

that the network is predicted to operate disconnected from the main grid after the time

that the scheduled interruption is expected to end. In this thesis, 
 I,Left = 
 I,Right = 3

time periods. Finally, the main grid upper and lower limits are presented in constraints

(4.21), which have been modi�ed compared to the constraints (4.6) of the deterministic

problem above, in order to be in line with the decisions made by the islanding event

uncertainty.

The R-MISOCP model is presented below in equations (4.9)-(4.21).

Robust Mixed Integer Second Order Cone Programming model (the R-MISOCP

model):

min � (4.9)

subject to

� �
X

i2 
 G

X

t2 
 T

�
bi P

DG
it + ai uit + cSUi

SUit + cSDi
SDit

�
+

X

i2 
 Slack

X

t2 
 T

mit PGrid
it + zM � M +

X

i2 
 Slack

X

t2 
 T

pM
it +

X

i2 
 N

X

t2 
 T

cShed DPShed

it

(4.10)

Unit commitment constraints:

uit – ui(t–1) � SUit, t > 1, 8i 2 
 G (4.11a)

ui(t–1) – uit � SDit, t > 1, 8i 2 
 G (4.11b)

uit � SUit, t = 1, 8i 2 
 G (4.11c)
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–uit � SDit, t = 1, 8i 2 
 G (4.11d)

uit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.11e)

SUit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.11f)

SDit 2 {0, 1}, 8t 2 
 T, 8i 2 
 G (4.11g)

Ramp up/down limits:

PDG
it – PDG

i(t–1) � RUi, t > 1, 8i 2 
 G (4.12a)

PDG
i(t–1) – PDG

it � RDi, t > 1, 8i 2 
 G (4.12b)

PDG
it � RUi, t = 1, 8i 2 
 G (4.12c)

DG limits:

uit PDG
it � PDG

it � uit PDG
it , 8t 2 
 T, 8i 2 
 G (4.13a)

uit QDG
it � QDG

it � uit QDG
it , 8t 2 
 T, 8i 2 
 G (4.13b)

Power �ow equations [85]:

PFP
ijt =

X

k:(j,k)2E

PFP
jkt + rij I

sq
ijt + DP

jt + zD
t � D

t + pD
jt – GP

jt , 8t 2 
 T, 8(i, j) 2 E (4.14a)

PFQ
ijt =

X

k:(j,k)2E

PFQ
jkt + xij I

sq
ijt + DQ

jt – GQ
jt , 8t 2 
 T, 8(i, j) 2 E (4.14b)

vsq
jt = vsq

it – 2 (rij PFP
ijt + xij PFQ

ijt) + (r2ij + x2
ij ) Isq

ijt , 8t 2 
 T, 8(i, j) 2 E (4.14c)

PGrid
it = PFP

ijt, 8t 2 
 T, i = 1, 8(i, j) 2 E (4.14d)

QGrid
it = PFQ

ijt , 8t 2 
 T, i = 1, 8(i, j) 2 E (4.14e)
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GP
it =

X

i2 
 EV

�
PDch,EV

it + PCh,EV
it

�
+

X

i2 
 N

DP,shed
it +

X

i2 
 G

PDG
it +

X

i2 
 ESS

�
PDch,ESS

it – PCh,ESS
it

�
+

X

i2 
 Ren

�
PRen

it – zRen
t � Ren

t – pRen
it

�
+

X

i2 
 Slack

PGrid
it , 8t 2 
 T, 8i 2 
 N

(4.14f)

GQ
it =

X

i2 
 Slack

QGrid
it +

X

i2 
 N

QDG
it , 8t 2 
 T, 8i 2 
 N (4.14g)

Isq
ijt + vsq

it �









h
2 PFP

ijt 2 PFQ
ijt (Isq

ijt – vsq
it )

i T









2
, 8t 2 
 T, 8(i, j) 2 E (4.14h)

PRen
it � PRen

it , 8t 2 
 T, 8i 2 
 Ren (4.14i)

DP
it � DP

it , 8t 2 
 T, 8i 2 
 N (4.14j)

0 � DP,shed
it � DP

it , 8t 2 
 T, 8i 2 
 N (4.14k)

DQ
it � DQ

it , 8t 2 
 T, 8i 2 
 N (4.14l)

0 � Isq
ijt � Isq

ijt , 8t 2 
 T, 8(i, j) 2 E (4.14m)

vsq
it � vsq

it � vsq
it , 8t 2 
 T, 8i 2 
 N (4.14n)

vsq
it = vref

it , 8i 2 
 Slack, 8t 2 
 T (4.14o)
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Energy Storage System model:

SOCESS
it CESS,Max

i =

8
>>>>>>>><

>>>>>>>>:

SOCESS
i,initial C

ESS,Max
i + (� i P

Ch,ESS
it – PDch,ESS

it /� i) D� ,

t = 1, 8i 2 
 ESS

SOCESS
i(t–1) CESS,Max

i + (� i P
Ch,ESS
it – PDch,ESS

it /� i) D� ,

t > 1, 8i 2 
 ESS

(4.15a)

0 � SOCESS
it � 1, 8i 2 
 ESS, 8t 2 
 T (4.15b)

0 � PDch,ESS
it � uESS

it PDch,ESS
it , 8i 2 
 ESS, 8t 2 
 T (4.15c)

0 � PCh,ESS
it � vESS

it PCh,ESS
it , 8i 2 
 ESS, 8t 2 
 T (4.15d)

uESS
it + vESS

it � 1, 8i 2 
 ESS, 8t 2 
 T (4.15e)

uESS
it 2 {0, 1}, 8i 2 
 ESS, 8t 2 
 T (4.15f)

vESS
it 2 {0, 1}, 8i 2 
 ESS, 8t 2 
 T (4.15g)

Electric Vehicle Parking lot constraints [8, 2]:

SOCEV
it =

8
><

>:

SOCEV
arrival C

EV,Max
i , t = tEV

Min, 8i 2 
 EV

SOCEV
departure CEV,Max

i , t = tEV
Max, 8i 2 
 EV

(4.16a)

SOCEV
it = SOCEV

i(t–1) + (–� i P
Ch,EV
it – PDch,EV

it /� i) D� , 8i 2 
 EV, 8t 2 
 T (4.16b)

PEV
it = PDch,EV

it – PCh,EV
it , 8i 2 
 EV, 8t 2 
 T (4.16c)

PEV
it � PEV

it EVschdl
it , 8i 2 
 EV, 8t 2 
 T (4.16d)
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PEV
it � PEV

it EVschdl
it

1 – SOCEV
it

1 – SOCSat,EV
i

, 8i 2 
 EV, 8t 2 
 T (4.16e)

PDch,EV
it � PEV

it uEV
it , 8i 2 
 EV, 8t 2 
 T (4.16f)

PCh,EV
it � PEV

it (1 – uEV
it ), 8i 2 
 EV, 8t 2 
 T (4.16g)

SOCEV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.16h)

PDch,EV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.16i)

PCh,EV
it � 0, 8i 2 
 EV, 8t 2 
 T (4.16j)

–PEV
it � PEV

it � PEV
it , 8i 2 
 EV, 8t 2 
 T (4.16k)

uEV
it 2 {0, 1}, 8i 2 
 EV, 8t 2 
 T (4.16l)

Market price uncertainty [87] :

zM + pM
it � cmit yM

it , 8t 2 
 T, i 2 
 Slack (4.17a)

–yM
it � PGrid

t � yM
it , 8t 2 
 T, i 2 
 Slack (4.17b)

zM � 0 (4.17c)

pM
it � 0, 8t 2 
 T, i 2 
 Slack (4.17d)

yM
it � 0, 8t 2 
 T, i 2 
 Slack (4.17e)

� M 2 [0, |
 T|] (4.17f)
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Demand uncertainty [87] :

zD
t + pD

it � bd yD
it , 8i 2 
 N, 8t 2 
 T (4.18a)

–yD
it � DP

it � yD
it , 8i 2 
 N, 8t 2 
 T (4.18b)

zD
t � 0, 8t 2 
 T (4.18c)

pD
it � 0, 8i 2 
 N, 8t 2 
 T (4.18d)

yD
it � 0, 8i 2 
 N, 8t 2 
 T (4.18e)

� D
t 2 [0, 1], 8t 2 
 T (4.18f)

Renewable generation uncertainty [87] :

zRen
t + pRen

it � [pRen yRen
it , 8i 2 
 Ren, 8t 2 
 T (4.19a)

–yRen
it � PRen

it � yRen
it , 8i 2 
 Ren, 8t 2 
 T (4.19b)

zRen
t � 0, 8t 2 
 T (4.19c)

pRen
it � 0, 8i 2 
 Ren, 8t 2 
 T (4.19d)

yRen
it � 0, 8i 2 
 Ren, 8t 2 
 T (4.19e)

� Ren
t 2 [0, 1], 8t 2 
 T (4.19f)

Islanding event uncertainty [28]:

� I = 
 I,Left + 
 I,Right (4.20a)
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 I,Left =
X

t2 
 T

islLt (4.20b)


 I,Right =
X

t2 
 T

islRt (4.20c)

0 � 
 I,Left � 
 I,Left (4.20d)

0 � 
 I,Right � 
 I,Right (4.20e)

0 � (It + islLt + islRt ) � 1, 8t 2 
 T (4.20f)

X

t2 
 (T)

(It + islLt + islRt ) =
X

t2 
 T

It + � I (4.20g)

islLt + It � islLt+1 + It+1, t � (tisl
start + 
 I,Left + 1) (4.20h)

islRt + It � islRt+1 + It+1, t � (tisl
end – 
 I,Right – 1) (4.20i)

islLt = 0, 8t 2 
 T, t /2 [tisl
start – 
 I,Left – 1, tisl

start + 
 I,Left + 1] (4.20j)

islRt = 0, 8t 2 
 T, t /2 [tisl
end – 
 I,Right – 1, tisl

end + 
 I,Right + 1] (4.20k)

� I 2 [0, 
 I,Left + 
 I,Right] \ Z (4.20l)


 I,Left 2 Z (4.20m)


 I,Right 2 Z (4.20n)

islLt 2 {0, 1}, 8t 2 
 T (4.20o)
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islRt 2 {0, 1}, 8t 2 
 T (4.20p)

Main grid real and reactive power limits:

0 � PGrid
it � PGrid

it [1 – (It + islLeft
t + islRight

t )], 8i 2 
 Slack, 8t 2 
 T (4.21a)

0 � QGrid
it � QGrid

it [1 – (It + islLeft
t + islRight

t )], 8i 2 
 Slack, 8t 2 
 T (4.21b)

4.3. Discussion and conclusions

This chapter presented the mathematical formulation of the proposed R-MISOCP

model for the optimal day-ahead scheduling problem of DER connected to electricity

distribution networks. Some points to discuss follow below.

The inputs of the R-MISOCP model are the budgets of uncertainty (BoUs) and

the data that correspond to the network under study. The BoUs can be calculated

according to the BoU algorithm that is presented in Chapter 3. The outputs of the

R-MISOCP model are the decision variables that correspond to the DER optimal

schedules, the operational cost, and the remaining decision variables (such as

line current, branch �ows, etc.). To run the R-MISOCP model (4.9)-(4.21) for

business-as-usual case studies (where no network interruption from the main grid is

expected), the parameters It, tisl
start, tisl

end can be set equal to zero: It = 0, 8 t 2 
 T and

tisl
start = tisl

end = 0. Furthermore, the proposed R-MISOCP model can be reformulated to

a mixed-integer linear programming problem using the � -polyhedral approximation of

[112] with a very high accuracy. This ability can be found very useful, particularly for

studies where, mathematically, a linear model formulation is preferable.

Finally, the R-MISOCP model takes into account the following distributed energy

resources: dispatchable generators, photovoltaics, energy storage system and electric

vehicle parking lot based on the publication [8]. However, depending on the case study,

these assets can be removed or other assets can be included in the R-MISOCP model

without loss of generality. The next chapters, 5 - 6, present computational experiments

that have been conducted in this PhD research using the R-MISOCP model in order

to: a) demonstrate the impact that the accuracy of the power �ow modelling has on
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scheduling decisions, and b) study the effects of adjusting the budgets of uncertainty to

achieve reductions in operational cost while minimising the probability of load shedding.
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5.1. Chapter Summary

Chapter 5 is structured as follows.

• Section 5.2 presents the case study and modelling tools that have been used for

the computational experiments of this Chapter.

• In sections 5.3 and 5.4, computational experiments are performed in order

to demonstrate the impact that accuracy in power �ow modelling has on the

operational cost and the optimal scheduling decisions, and to demonstrate the

risks of scheduling DER without the use of an accurate power �ow formulation.

• Section 5.5 discusses the scalability of mixed-integer second-order cone

programming on electricity distribution problems according to the existing

bibliography.

• Section 5.6 concludes this chapter.

5.2. Case Study and Modelling Environment

The test network used in this chapter is a modi�ed IEEE 33 bus radial distribution

network. The topology of this network is according to [3]. The positioning of distributed

energy resources follows the one presented in article [8]. The network under study is

presented in �gure 5.1. Network data is extracted from [3]. The demand has been

modi�ed according to feeder data from the Customer-Led Network Revolution project

[4], and has been adjusted in the network buses according to the demand used in the

publication [3]. The PV generation represents data from the solar PV of the Urban

Sciences Building in Newcastle University UK [6] which has been modi�ed for the case

study of this research. The market price (which represents the cost to import power

from the main grid) is extracted from Elexon [5]. This data is shown in �gure 5.2.

Dispatchable generators, energy storage systems, and electric vehicle parking lot data

are extracted from the article [8], and the cost of the DGs is assumed to be equal to

54.66 £/MWh (which is a modi�cation of the DG cost presented in [8]).
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Figure 5.1: Test Network [1].

The current limits of all lines is assumed to be 400A (which has been set according

to the upper limits of the �rst 9 lines of the IEEE-33 network of the publication [113]).

DER and network data used in this research can also be found in tables C.1-A.3 of

Appendix A of this thesis. Data granularity is 10-minute time intervals over a 24-hour

scheduling horizon; i.e. 6� 24 = 144 periods. The 24-hour demand is 206 MWh.

Some computational experiments are performed for a network that is connected to

the main grid (grid-connected operation) and some are performed for a network that is

not (islanded operation), which operates in isolation from the rest of the grid between

17:00 and 20:00. The lower plot in �gure 5.2 shows the duration that the network will

be disconnected from the main grid using a transparent gray curtain.

Computational experiments are run using the GAMS IDE environment.

Optimisation problems are solved using the CPLEX and the MOSEK solver [114].

Figures and secondary codes are produced in MATLAB (MATLAB versions used are

R2017a, R2018a, and R2020b). Numerical experiments of the R-MISOCP need less

than 30 seconds to run, using a desktop with an Intel Core i5-6600 CPU at 3.30 GHz

and 32 GB of RAM. In the computational experiments of section 5.4, optimisation

models (namely the R-MISOCP, COMP and HYBR models) are solved using the

MOSEK solver and are run using a laptop with an Intel Core i7-7500 CPU at 2.70 GHz

and 16 GB of RAM. Finally, to provide an estimation of the problem size, according to
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Figure 5.2: Upper plots: Demand (left y-axis) [3, 4]. Market price (right y-axis) [5].

Lower plot: PV (renewable) generation (left y-axis) [6]. Duration of islanding event

(right y-axis). [1].

the statistics of the GAMS IDE environment, the R-MISOCP model of section 5.3, has

70 170 equations and 77 466 variables, out of which 2 162 are discrete variables.

5.3. A comparative study: Results and discussion

5.3.1. Introduction: The COMP model

The proposed R-MISOCP model uses the second order cone power �ow formulation

of [85]. In section 5.3, the R-MISOCP model is compared with an optimal scheduling

model that uses a piecewise linear power �ow formulation. The latter will be referred

to as the COMP model (as it is the model used in this COMParative study).

As this section focuses on the power �ow model formulation, the COMP model is

compared to the R-MISOCP model results for all � equal to zero. This means that

the expected values of the uncertain parameters are considered in this subsection

(uncertainty is not studied in this chapter, as it is the subject of chapter 6). The

COMP model is described by the same constraints to model DER as the R-MISOCP

model, but differs in the power �ow formulation; i.e. the COMP model does not include

equations (4.14a)-(4.14h).
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To preserve the comparison within day-ahead scheduling for DER connected to

electricity distribution networks, the power �ow model formulation of [8] is chosen for

the COMP model. The power �ow model of [8] is mathematically formulated as a

piecewise linear model according to [115], and the linearization follows the algorithm

proposed in [7]. The power �ow equations for the COMP model are formulated

following these studies (i.e. [8, 115, 7]). The assumption of [8], that the voltage angles

between adjacent buses (� i – � j) range within � 10� , is preserved. The power �ow

formulation used for the COMP model is presented in Appendix B of this thesis, in

equations (B.2a)-(B.2g).

In the remainder of section 5.3, subsections 5.3.2 - 5.3.4, discuss the impact that

the power �ow formulation has on the schedules and the operational costs produced

by the R-MISOCP and the COMP model. Subsection 5.3.5, also presents a discussion

regarding the schedules and the operational costs produced by the R-MISOCP and the

COMP model, but for a higher PV penetration compared to the one used in subsections

5.3.2 - 5.3.4.

5.3.2. Part I: Operational costs and network losses

Simulation results show that the COMP model underestimates the value of network

losses, compared to the R-MISOCP model (table 5.1). In particular, for a demand of

206 MWh, the R-MISOCP model calculates that the network losses are equal to 8.1

MWh, and the COMP model calculates that the network losses are equal to 0.0046� 0

MWh (table 5.1). Therefore, the R-MISOCP produces a generation mix that is 8.1 MWh

higher than the COMP model (or 3.9% of the total demand). The different calculation

in network losses has also resulted in the two models calculating different schedules

for the generation units and therefore different operational costs. More speci�cally,

the R-MISOCP operational cost is £12 925, whereas the COMP operational cost is

£11 443; which means, that the R-MISOCP is 11.47% more expensive than the COMP

model, for the network under study (table 5.1). This is elaborated below.

Network losses constitute practically an additional demand. This additional demand

causes: 1) extra generation and 2) extra load shedding during the islanding event.

Therefore, the network losses (which are incorporated in the R-MISOCP), manifest

themselves as: 1) extra generation cost, and 2) extra load shedding cost. These
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R-MISOCP COMP

Operational Cost £12 925 £11 443

Cost Difference (%) (12 925–11 443)
12 925 100% = 11.47%

Losses 8.05 MWh 0 MWh

Load shedding 1.89 MWh 0.2 MWh

Table 5.1: RESULTS: R-MISOCP AND COMP MODEL

two costs, account for a 11.47%� 12% cost difference between the R-MISOCP and

COMP model. Load shedding cost accounts for an � 8% of this 12%. The generation

cost (composed of the main grid and dispatchable generation), accounts for the

remaining almost 4% difference between the two models. This is expected, since

the load shedding cost is 600 [£/MWh], and the market price (used for the main grid

power) varies between 51.5 - 85.1 [£/MWh] and the DG cost is 54.66 [£/MWh]. A

detailed comparison between the two models in terms of their schedules and individual

operational costs for the main grid, the dispatchable generators and the load shedding

follows below.

5.3.3. Part II: Optimal schedules

In �gure 5.3, the main grid schedules for the R-MISOCP and COMP models are shown.

During times 00:00am-06:00am, when market price is low, both models draw high

levels of power from the main grid. However, a visible difference is observed between

the two models (particularly during 00:00am-06:00am), as the R-MISOCP schedules a

lower amount of power to be drawn from the main grid than the COMP model. During

the same period, the R-MISOCP model also prioritizes dispatching of the DGs as,

although they are more expensive, they are electrically closer to the load at the given

time window (�gure 5.4). This is a result of the R-MISOCP model having a more

accurate calculation of network losses.

Amongst all DGs, the schedule for DG at bus 8 differs signi�cantly between the two

models in the period 00:00am - 06:00am. This is attributed to the fact that bus 8 has a

high demand, and it is located before the DGs at buses 13 and 16 (see �gure 5.1).
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In particular, the demand during 00:00am-06:00am, at buses 8, 13, 16 and 25 is:

8.40 MWh 2.52 MWh, 2.52 MWh, and 17.63 MWh respectively. During the rest of the

day (i.e. from 06:00am onwards), the DG optimal schedules remain relatively similar

between the two models, due to three reasons. The DG cost is lower or very close to

the market price cost, the DGs have reached their upper limits (�gure 5.4, and table

A.1), and the demand is at its highest levels (�gure 5.2).

Figure 5.3: Left y-axis: Main grid power schedule: by the R-MISOCP model and the

COMP model. Right y-axis (green colour): The market price and the cost of the

dispatchable generators. The islanding event takes place between 17:00 and 20:00

(shown in transparent gray colour) [1].
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Figure 5.4: Dispatchable generation schedules by the R-MISOCP model (blue colour)

and the COMP model (red colour). The islanding event takes place between 17:00 and

20:00 (shown in transparent gray colour) [1].
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Figure 5.5 presents the ESS schedules for the R-MISOCP and COMP model. The

ESSs are at buses 19 and 26. Bus 19 and bus 26, are both located close to the main

grid bus (�gure 5.1); no other generator is located between the ESSs and the main

grid. ESS schedules also vary between the R-MISOCP and the COMP model, due to

the calculated losses especially when discharging. In the COMP model, the dominant

factor for dispatching the ESSs is market price. However, in the R-MISOCP model, the

ESS schedules are affected by the occurrence of the islanding event as well (especially

when discharging). This difference is noticeable between � 15:00 and 20:00 (i.e. before

and during the islanding event).

Figure 5.5 also presents the EV parking lot schedule for the R-MISOCP and the

COMP model. The EV parking lot is located at bus 25, and EVs arrive at 8:30am and

depart at 17:30, assuming that this parking lot is used within of�ce working hours. This

is shown with two thick vertical lines at �gure 5.5. Simulation results show that both

models schedule the EVs according to the market price. More speci�cally, both models

discharge the EVs when the market price is high: which is shown after 15:00 until

17:30. The R-MISOCP model mainly charges the EVs when the market price is low

(shown from around 12:00 midday until 15:00 with a blue line in the negative values

of �gure 5.5). However, the COMP model does not schedule EV charging between

8:30am and 17:30.
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Figure 5.5: Left y-axis: ESS and EV parking lot schedules by the R-MISOCP (blue

colour) and the COMP model (red colour). Right y-axis (green colour): The market

price. The islanding event takes place between 17:00 and 20:00 (shown in transparent

gray colour). Positive values: Discharge state. Negative values: Charge state. [1]

5.3.4. Part III: Comparing the main grid, the dispatchable generator and the load

shedding costs

The operational cost (for both models) is the summation of: the main grid cost, the

dispachable generators' cost, the load shedding cost, and the unit commitment cost.

This means that the operational cost is affected, and also affects the schedules
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produced by the generation units. These costs are shown in �gure 5.6 for both the

R-MISOCP and the COMP model. In these �gures, the left axis (blue colour) presents

the cumulative costs, and the right axis (red colour) presents the costs per time-step.

Figure 5.6: Results for both the R-MISOCP model and the COMP model. Left y-axis

Cumulative costs. Right y-axis: Costs per timestep. The islanding event takes place

between 17:00 and 20:00 (shown in transparent gray colour). [1]
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More speci�cally, the fact that the COMP model schedules more power from the

main grid (�gure 5.3) is re�ected on the cumulative main grid cost, shown in the �rst

plot of �gure 5.6. Furthermore, the R-MISOCP model uses the dispatchable generators

more than the COMP model, especially during 00:00am-06:00am (�gure 5.4), which is

also shown in the cumulative cost of DGs in the second plot of �gure 5.6.

The difference in the calculation of network losses also resulted in a lower level of

load shedding by the COMP model, compared to the R-MISOCP model (third plot of

�gure 5.6). In particular, for a demand of 33.89 MWh during the time of the islanding

(17:00 - 20:00), the R-MISOCP sheds 1.89 MWh and the COMP model sheds 0.2

MWh. As explained earlier, the network losses constitute practically an additional

demand. This additional demand results in the need of a higher generation. Therefore,

the R-MISOCP model needs to schedule DER to cover both the demand and network

losses to supply this demand. However, as the on-site generation does not suf�ce in

order to cover the demand plus the network losses, the R-MISOCP sheds more loads

than the COMP model during the islanding event.

For a load shedding cost of cShed
i,t =£600/MWh, the cumulative cost due to load

shedding, for both models, is shown in the third plot of �gure 5.6. Finally, the total

unit commitment cost throughout the 24-hour scheduling horizon is the same for both

models, and equal to £280.1. This is expected as, for both cases, DGs start-up at

00:00am and operate continuously throughout the day (�gure 5.4).

It is noted that the load shedding cost varies remarkably in the literature (for

example, from 475.18 [£/MWh] in [116], to 16 940 [£/MWh] in [117]). The value for this

research was chosen according to computational experimentation, in order for loads

not to be shed unless the generation cannot meet the demand, which is the cost for

load shedding also used in the thesis [118], i.e. 600 £/MWh 1.

1This can be found for the residential load presented in table 4.1 of page 61 in [118] which is 0.846

[$/kWh]. For a conversion of 1 GBP = 1.41 USD, this is 0.846 [$/kWh] = 846 [$/MWh] = 846[$/MWh]
1.41$/£ = 600

[£/MWh].
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5.3.5. A case study with a higher PV penetration

Finally, inspired by the upcoming changes in future electricity distribution networks,

one more set of results is presented hereby in order to test the impact of an accurate

power �ow model. In this experiment, the network is connected to the main grid at

all times, and the PV generation is 20 times higher than the one used in the set

of experiments above. This level of PV generation is chosen based on the 2050

Distribution Future Energy Scenario (DFES) for the city of Newcastle upon Tyne (UK)

by Northern Powergrid 2, and has been adjusted for the case study of this section.

For this set of experiments, �gures 5.7 and 5.8 present the optimal schedules

for both models. The main difference between the two models can be seen in the

schedules of the DG at bus 8 and the main grid (shown in the �rst plots of �gures 5.7

and 5.8), which is due to the fact that the R-MISOCP model takes into account network

losses, whereas the COMP model not (as explained in the discussion above for the

DG at bus 8 and the main grid). The ESS and the EV parking lot optimal schedules

(shown in �gure 5.8), have similar discharging patterns in both models. Discharging of

the ESSs and the EV parking lot takes place during the times that the market price is

high, and the charging when the market price is low. However, the two models do not

have similar charging schedules, which is particularly shown around 5:30am-7:00am

in the ESS charging schedules by the R-MISOCP model (blue line, in the negative

values of the ESS schedules of �gure 5.8), and around 8:30am-10:30am in the EV

charging schedule of the R-MISOCP model (blue line, in the negative values of the

ESS schedules of �gure 5.8).

2This DFES can be found in the website https://odileeds.github.io/northern-powergrid/

2020-DFES/, which was accessed on 25th June 2021.
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Figure 5.7: Left y-axis: Optimal schedules for the main grid and the dispatchable

generators by the R-MISOCP and COMP model. Right y-axis (gray colour): Market

price and the cost of the dispatchable generators. Islanding event (17:00-20:00):

shown in transparent gray colour.
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Figure 5.8: Left y-axes: ESS and EV parking lot optimal schedules by the R-MISOCP

(blue colour) and COMP (red colour) model. Last plot: EVs operate from 8:30-17:30

(shown with a light blue curtain). Right y-axes (gray colour): Market price and DG

cost.
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In terms of costs, the R-MISOCP model calculates that the operational cost

is £10 884 and the COMP model £10 423. These operational costs are closer

compared to the costs of the previous comparative study, as in this case study the

R-MISOCP model is 4.23% more expensive than the COMP model (compared to

the 12% difference that the two models had in the previous case study). A reduction

in the operational cost in this case study in both models (compared to the previous

experiments) is expected, since the penetration of PV generation is higher in than

the previous case study and has no cost. The smaller difference between the two

models is attributed to the fact that in this grid-connected case study no load shedding

took place. However, the COMP model does not account for network losses, and the

R-MISOCP calculates that the network losses are almost 7 MWh in this study where

PV penetration is high. This means that in the actual operation, where network losses

actually occur, the operational cost of the COMP model would be expected to be

higher than the current cost of £10 423, since network losses manifest themselves as

extra generation (this is also discussed in the next section).

In terms of the optimal DER schedules, this last set of computational experiments

shows that, there is not a direct connection between the optimal DER schedules

calculated by the R-MISOCP model (which accounts for network losses) and the

COMP model (which does not account for network losses), regardless of the proximity

of their operational costs. This shows that there does not seem to exist a “corrective

action” that can be performed on the optimal DER schedules calculated by the COMP

model in order to extract the R-MISOCP model results, and that an accurate power

�ow model needs to be taken into account within the decision-making process of the

optimal DER scheduling problem, rather than retrospectively.

To conclude, the computational experiments of this section show that the

incorporation of network losses in the power �ow model can impact both the

operational cost and calculation of generation schedules. For the network under

study in particular, this has resulted in the following main differences between the two

models. First, in terms of the operational costs, the R-MISOCP is 12% more expensive

than the COMP model, since accounting for network losses in the R-MISOCP results

in increased generation and increased load shedding. Second, in terms of the

day-ahead schedules, the COMP model schedules, are mainly driven by the cost
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of generation, whereas the R-MISOCP schedule calculations, apart from the cost

of generation, are also sensitive to the electrical location of the generation units.

Furthermore, the simulations of this section show that there does not seem to exist a

speci�c pattern between the optimal schedules calculated by a model that accounts for

network losses and one that doesn't, regardless of their operational costs. Therefore,

these experiments indicate that an accurate power �ow model needs to be taken into

account within the optimal DER scheduling problem, and not retrospectively using a

type of “corrective action” to the optimal schedules which did not account for network

losses.

5.4. The risk of constraint violations

The previous section presented a comparative study between two models, namely

the R-MISOCP and the COMP model, which are using different formulations to

represent the power �ow equations. The R-MISOCP model takes into account network

losses to calculate the optimal DER schedules, whereas the COMP model not. In

the previous section, the comparative study focused on the operational costs, the

optimal DER schedules, and the network losses calculated by these two models. This

section aims to extend these computational experiments and study: How would the

network operation be affected if the optimal DER schedules of the COMP model were

implemented in conditions where network losses are taken into account?

In order to test this, the optimal schedules calculated by the COMP model

(which does not account for network losses) are inserted as �xed parameters in the

R-MISOCP model (which accounts for network losses). Using the �rst case study

of section 5.3 (i.e. the case study of subsections 5.3.1-5.3.4), these are the optimal

schedules of the energy storage system (for both charging and discharging), the

electric vehicle parking lot optimal schedules (for both charging and discharging),

and the dispatchable generators. The R-MISOCP model that uses the COMP model

optimal schedules will be referred to as HYBR model, as it is a hybrid model which has

the mathematical formulation of the R-MISOCP model, and uses the COMP model

optimal DER schedules. Two sets of computational experiments are run for the HYBR

model. Scenario 1, runs a business-as-usual case study, i.e. where there is only
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grid-connected operational mode. Scenario 2, runs the �rst case study of the previous

section, i.e. where the network is expected to be islanded from 17:00 to 20:00.

Overall, in the computational experiments below it is shown that the R-MISOCP

model results in a technically better performing network compared to the COMP model.

In particular, it is shown that implementing the optimal DER schedules calculated by

the COMP model in conditions where network losses are taken into account, resulted

in violations of technical constraints and load shedding.

Scenario 1

Table 5.2 presents the operational cost, the network losses, and the load shedding

calculated by the COMP, the R-MISOCP model, and the HYBR model. It is shown, that

there is a signi�cant increase in the HYBR operational cost of 17.52% compared to

the R-MISOCP model, as the R-MISOCP model calculates a cost of £11 908, and the

HYBR model calculates cost of £14 437 (whereas the COMP model calculated that the

operational cost is £11 338). This is attributed to the fact that the HYBR model accounts

for network losses, whereas the COMP model doesn't, and therefore needs to produce

a higher generation. Also, even though in this scenario the network operates only in

the grid-connected mode, the HYBR model calculates load shedding which is equal to

4.58 MWh. This happened in order to avoid a violation of the line current constraints in

lines 1-2 and 2-3 of the network (the network topology is shown in �gure 5.1), as it is

explained below.

The computational experiments show that the HYBR model reaches the upper limits

of the line current in line 1-2 from � 00:00 to � 06:00, which is shown in �gure 5.9. The

upper plot of �gure 5.9 presents the line currents calculated by the initial R-MISOCP

model, and it is shown that they are not equal or close to reaching their upper limits

COMP R-MISOCP HYBR

Operational Cost £11 338 £11 908 £14 437

Losses 0 MWh 8.084 MWh 8.58 MWh

Load shedding 0 MWh 0 MWh 4.58 MWh

Table 5.2: SCENARIO 1: GRID-CONNECTED MODE
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Figure 5.9: Scenario 1 - Grid-connected mode. General Description: Line current for

all lines of the network in �gure 5.1. Lines 1-2 and 2-3 are shown with two thicker lines

for clarity. Upper Plot: R-MISOCP model results. Lower Plot: HYBR model results.

in any of the network lines. However, the HYBR model, in the lower plot of �gure 5.9,

reaches the upper limits of the line current in line 1-2 between � 00:00 until � 06:00.

Line 2-3, is also signi�cantly increased but does not reach its upper current limits (lines

1-2 and 2-3 are plotted with a thicker line compared to the other line currents). As

the COMP model results did not account for network losses, the optimal schedules for

the three sets of assets used in the HYBR model were calculated in order to satisfy

only the network loads. Therefore, the network losses would be supplied by the power

which is imported from the main grid. However, the upper limits of the line current for

line 1-2 do not allow all the required power from the main grid to be imported, and this

results in some loads being shed, which are equal to 4.58 MWh.

Scenario 2

In scenario 2, the network is islanded from 17:00 to 20:00. The COMP, the R-MISOCP,

and the HYBR model results for the operational cost, the network losses and the load

shedding are presented in table 5.3. It is shown that, in this scenario as well, there
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is a signi�cant increase in the operational cost of the HYBR model, compared to the

R-MISOCP model. In particular, the R-MISOCP model has an operational cost of

£12 925 and the HYBR model an operational cost of £15 877 (whereas the COMP

model calculated that the operational cost is £11 443). This is equal to an increase

of 18.59%. As in scenario 1 above, this is also attributed to the fact that the HYBR

model accounts for network losses, whereas the COMP model, whose DER optimal

schedules are used to run the HYBR model, doesn't account for network losses.

There is also a signi�cant increase in the load shedding, from 0.2 MWh in the COMP

model, to 7.21 MWh in the HYBR model. The R-MISOCP model has a higher amount

of load shedding compared to the COMP model, which occurs only during the period

that the network is islanded, and is equal to 1.89 MWh (but is still signi�cantly less than

7.21 MWh). The additional load shedding in scenario 2, also occurs in order to avoid

violation of the line current limits in line 1-2 (�gure 5.10). In the upper plot of �gure

5.10, it shown that the line currents calculated by the R-MISOCP model are not equal

or close to reaching their upper limits in any of the network lines. However, in the lower

plot of �gure 5.10, which shows the line current calculated by the HYBR model, the line

current limits are very high and equal to their upper limits between � 00:00-06:00.

To conclude, this section presents a comparative study in order to study the effect

of the optimal schedules that are calculated without taking into account network losses

in the operation of the network. In this comparative study, the R-MISOCP model results

are compared with the COMP model results, and with the HYBR model. The HYBR

model, is a hybrid model which has the mathematical formulation of the R-MISOCP

model but uses the COMP model optimal DER schedules. Two scenarios were tested:

one where the network is operating connected to the main grid, and one where the

network is operating is isolation from the main grid from 17:00-20:00. It is found that,

in both scenarios, the HYBR model not only had a higher operational cost compared

to the R-MISOCP model, but it also shed loads in order to avoid a violation of the

constraints set for the line currents. Also, the HYBR model has a signi�cantly higher

cost of operation compared to the R-MISOCP model, which in these computational

experiments was 17.52% higher when operating in grid-connected mode (scenario 1)

and 18.59% higher when the network was islanded between 17:00 and 20:00 (scenario

2).
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COMP R-MISOCP HYBR

Operational Cost £11 443 £12 925 £15 877

Losses 0 MWh 8.05 MWh 8.85 MWh

Load shedding 0.2 MWh 1.89 MWh 7.21 MWh

Table 5.3: SCENARIO 2: ISLANDED MODE FROM 17:00 TO 20:00

Figure 5.10: Scenario 2 - Islanded mode 17:00-20:00. General Description: Line

current for all lines of the network in �gure 5.1. Lines 1-2 and 2-3 are shown with two

thicker lines for clarity. Upper Plot: R-MISOCP model results. Lower Plot: HYBR

model results.

5.5. Model scalability

The simulations in this work are performed on the IEEE 33-bus electricity distribution

network which is a test network that has been widely used in relevant studies,

such as in [8, 28, 42, 50, 52]. However, models that are mathematically formulated

using mixed-integer second-order cone programming (MISOCP) can also be used in
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larger electricity distribution networks which would result in larger power distribution

problems. This has been shown by relevant studies in the literature that propose

models using MISOCP and have implemented their computational experiments on

cases ranging from 69- to 1300-bus distribution networks.

In particular, the study in [49] proposes an MISOCP model which is tested, apart

from the IEEE 33-bus network, on the IEEE 69-bus network. The study in [52] proposes

an MISOCP model and uses the IEEE 33-bus and the IEEE 123-bus network for

its computational experiments. The study in [48] proposes an MISOCP model and

uses a 135-bus network and a 540-bus distribution network. Finally, the study in [55]

proposes an MISOCP model, using the 84-bus 11.4 kV Taiwan Power Company (TPC)

distribution system, and the IEEE 119-bus and IEEE 1300-bus systems.

5.6. Conclusions

This chapter presents computational experiments for the Robust Mixed-Integer Second

Order Cone Programming model of this work for the optimal day-ahead scheduling

problem. The main focus of the computational experiments is to demonstrate the

impact of an accurate power �ow model on the operational cost and scheduling

decisions.

In terms of the operational costs, for the network under study, comparing the

proposed model with a model that uses a piecewise linear power �ow formulation

that does not take into account network losses, this underestimation is found to be

11.47%. In terms of the optimal DER schedules, it is shown that when network losses

are not taken into account, the scheduling decisions are mainly driven by the cost

of generation units, whereas, when accounting for network losses, the scheduling

decisions are sensitive to both the cost of on-site generators and their electrical

location within the network. Also, the computational experiments hereby suggest that

there does not seem to exist a “corrective action” that can be applied on the optimal

DER results which are calculated without considering network losses, in order to

extract the R-MISOCP model results, regardless of the proximity of the operational

costs between the COMP and the R-MISOCP model. This means, that the accurate

power �ow model needs to be taken into account within the decision-making process
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of the optimal DER scheduling, rather than retrospectively. Finally, it was shown

that taking into account an accurate power �ow model which accounts for network

losses in the optimal DER scheduling problem, is important in order to avoid constraint

violations, as network losses basically constitute an additional demand that could lead

to load shedding in order to respect the technical constraints of the network.
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6.1. Chapter Summary

Chapter 6 is structured as follows.

• Section 6.2 presents the case study and modelling tools that have been used for

the computational experiments of this Chapter.

• Section 6.3 presents numerical simulations which test the bene�ts of the

uncertainty modelling approach used in the R-MISOCP model for the optimal

day-ahead scheduling problem. In particular, it aims to present the impact of the

uncertain parameters on the operational cost and load shedding, by showing

results for a range of combinations for the budgets of uncertainty, and to present

a case study which shows how to choose the budgets of uncertainty.

• Section 6.4 discusses the scalability of robust mixed-integer second-order

cone programming on electricity distribution problems according to the existing

bibliography.

• Section 6.5 concludes this chapter.

6.2. Case Study and Modelling Environment

The test network used is the modi�ed IEEE 33 bus radial distribution network following

DER positioning of [8], presented in Fig. 5.1 of the previous chapter. Network data is

extracted from [119]. DGs, ESSs, EV parking lot data are extracted from [8]. The cost

of DGs is set to 54.66 [£/MWh] (which is a modi�cation of the DG cost presented in [8]).

This data is given in detail in Appendix A of this thesis. Data granularity is 10-minute

time intervals over a 24-hour scheduling horizon; i.e. 6� 24 = 144 periods. The nominal

values of the uncertain parameters are presented in Fig. 5.2; namely market price,

renewable generation, demand, and islanding event. Total 24-hour demand is 206

MWh. Market price, renewable generation (PV), and demand uncertainty are set to

� 10% [27]. The islanding event takes place at 5pm-8pm with an hour window of

uncertainty, i.e. (5pm� 30 minutes)-(8pm� 30 minutes). GAMS IDE environment and

the MOSEK solver are used for optimization problems [114]. Figures and secondary

codes are produced in MATLAB R2017a, R2018a and R2020b.
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In the following section, computational experiments are performed in order to study

the effects of adjusting the budgets of uncertainty to achieve reductions in operational

cost while minimizing the probability of load shedding.

6.3. Choosing the budgets of uncertainty

This subsection aims to show how the DSO and/or MG operator can choose the

budgets of uncertainty according to performance criteria. The aim of the R-MISOCP

model is to minimize operational costs. Operational costs include DG generation cost,

unit commitment costs, main grid import costs, and the cost for load shedding.

Load shedding takes place during the islanded operation if there is insuf�cient

on-site generation to supply the demand. The four sets of uncertain data with their

respective budgets of uncertainty are the following: market price with � M 2 [0, 144],

demand with � D
t 2 [0, 1], renewable generation (PV) with � RG

t 2 [0, 1], and islanding

duration with � I 2 {0, 6}. The upper limit of the auxiliary budgets of uncertainty used in

the islanding event uncertainty are set to 
 I,Left = 3 and 
 I,Right = 3.

For any value of the uncertain parameters within the boundaries de�ned by these

budgets of uncertainty, the DSO and/or MG operator is guaranteed that the actual

operational costs and load shedding will not exceed the predicted values calculated

by the R-MISOCP model. For example, if � D
t = 1, then it is guaranteed that for any

value of the demand between DP
it and DP

it + 10% DP
it 8i 2 
 B, t 2 
 T, the actual

operational costs and load shedding will not exceed the predicted values calculated

by the R-MISOCP model. Otherwise, if � D
t = 0, then no uncertainty in the values of

the demand is considered, and there is no guarantee that the actual operational costs

and load shedding will not exceed the predicted values calculated by the R-MISOCP

model.

The ranges of the budgets of uncertainty for market price, demand, and renewable

generation, depend on the number of uncertain parameters per constraint, as shown

in [87] or Chapter 3 of this thesis. For example, the budget of uncertainty for market

price takes values in � D
t 2 [0, 144], since there are up to 144 uncertain parameters

of the market price in each constraint (4.10) (as this study uses 10-minute data, that

result in 144 time steps). The range of the budget of uncertainty for the islanding event
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depends on the uncertainty in the duration of the islanding event, and represents the

number of uncertain time periods. For example, if � I = 6, the islanding event duration is

increased by six 10-minute time periods, i.e. the islanding event occurs between 16:30

and 20:30, instead of 17:00-20:00.

However, considering the upper limits of the budgets of uncertainty can lead to

conservative solutions. Therefore, the simulations below focus on how to adjust the

budgets of uncertainty in order to reach a desirable trade-off between: the level of

uncertainty considered, and the day-ahead operational cost and load shedding levels.

In this subsection, the appropriate levels of the parameters � are evaluated

according to the probability of underestimating operational cost (PoU) and the

probability of load shedding (PLS):

• PoU is the probability that the actual cost of operation, when considering data

perturbations within the full range of uncertainty, will exceed the day-ahead

operational cost calculated by the R-MISOCP model.

• Respectively, PLS is the probability that the actual load shedding will exceed the

load shedding calculated by the R-MISOCP model, again when considering data

perturbations in the full range of uncertainty.

In this work, loads are shed at a cost during the islanding period. However, the

DSO and/or MG operator can choose the budgets of uncertainty appropriately in order

to ensure that this will be limited while preserving an overall low operational cost. First,

the sensitivity of the optimal day-ahead operational cost and load shedding against

the four uncertain sets of data are tested. Optimal day-ahead operational cost and

load shedding range from: £12 925 with 1.89 MWh, which represents <1% of total

24-hour demand, when accounting for no uncertainties (all � =0); up to £16 551 with

5.89 MWh, which represents <3% of total 24-hour demand, when accounting for the

full range of uncertainty (fully robust case). Therefore, the DSO and/or MG operator is

presented with a signi�cant range of options regarding trade-offs between the tolerance

of uncertainty, and the day-ahead operational cost and load shedding levels.

According to table 6.1, two of the parameters that profoundly impact the day-ahead

cost of operation and the load shedding are: the � D
t for demand uncertainty, and � I for

islanding duration uncertainty. As � M and � RG
t do not largely affect the performance for
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� D
t � I � M � RG

t

Day-ahead Load shedding

operational cost [MWh]

0 0 0 0 £12 925 1.89

1 0 0 0 £15 670 4.53

0 6 0 0 £13 239 2.49

0 0 144 0 £13 024 1.89

0 0 0 1 £12 931 1.89

Table 6.1: MODEL SENSITIVITY TO BUDGETS OF UNCERTAINTY

this case, it is chosen to tolerate for these the maximum uncertainty, i.e. the maximum

budgets of uncertainty are assigned for these parameters.

The levels of PoU and PLS are calculated for 21 combinations of � D
t – � I using the

BoU algorithm presented in section 3.3.2, chapter 3 (tables 6.2-6.3). The PoU and

PLS are calculated by running 10 000 Monte Carlo simulations for each combination.

Each iteration of the Monte Carlo simulations runs a power �ow model where the

inputs are: the R-MISOCP schedules (for the DGs, ESSs, and EV parking lot), and

the random yields of demand spanning within its minimum and maximum limits (i.e.

DP
it � 10% DP

it 8i 2 
 B, t 2 
 T), for � I={0, 3 or 6}. PoU is calculated as the fraction

of the number of times that the actual operational cost (produced by the Monte Carlo

iterations) exceeds the R-MISOCP day-ahead operational cost, over the total number

of iterations. Similarly, PLS is calculated as the fraction of the number of times that

the load shedding (produced by the Monte Carlo iterations) exceeds the R-MISOCP

load shedding, over the total number of iterations. Power �ow simulations are run

using the software package of MATPOWER [9]. For the 21 combinations of � D
t – � I,

the R-MISOCP day-ahead operational cost and load shedding values are presented

in tables 6.4 and 6.5 respectively, and the PoU and PLS results in tables 6.2 and 6.3

respectively.
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� D
t � I = 0 � I = 3 � I = 6

(max)

0 49.71% 49.59% 50.97%

0.001 43.46% 42.29% 42.57%

0.005 16.94% 16.51% 16.43%

0.01 3.32% 2.75% 2.62%

0.02 0.01% 0.02% 0.01%

0.03 0% 0% 0%

1 (max) 0% 0% 0%

Table 6.2: POU (� M = 144, � RG
t = 1) [1]

� D
t � I = 0 � I = 3 � I = 6

(max)

0 49.51% 49.71% 50.61%

0.001 45.82% 44.46% 44.30%

0.005 27.52% 25.77% 24.41%

0.01 11.55% 9.77% 8.62%

0.02 0.81% 0.49% 0.27%

0.03 0% 0% 0%

1 (max) 0% 0% 0%

Table 6.3: PLS (� M = 144, � RG
t = 1) [1]

84



6.3. Choosing the budgets of uncertainty

� D
t � I = 0 � I = 3 � I = 6 (max)

0 £13 031 £13 169 £13 342

0.001 £13 039 £13 182 £13 351

0.005 £13 077 £13 222 £13 393

0.01 £13 123 £13 272 £13 445

0.02 £13 217 £13 371 £13 550

0.03 £13 310 £13 471 £13 657

1 (max) £15 849 £16 183 £16 551

Table 6.4: DAY-AHEAD OPERATIONAL COST (� M = 144, � RG
t = 1) [1]

� D
t � I = 0 � I = 3 � I = 6 (max)

0 1.88 MWh 2.15 MWh 2.49 MWh

0.001 1.89 MWh 2.17 MWh 2.50 MWh

0.005 1.93 MWh 2.20 MWh 2.54 MWh

0.01 1.97 MWh 2.25 MWh 2.59 MWh

0.02 2.05 MWh 2.34 MWh 2.69 MWh

0.03 2.13 MWh 2.44 MWh 2.80 MWh

1 (max) 4.52 MWh 5.17 MWh 5.89 MWh

Table 6.5: LOAD SHEDDING (� M = 144, � RG
t = 1) [1]
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In order to account for data perturbations in all the range of uncertainty, the DSO

and/or MG operator would operate the network in a fully robust case for a cost of

£16 551 (table 6.4), with a PoU=0% probability of exceeding this cost during the actual

operation (table 6.2), and a PLS=0% probability of shedding more loads than 5.89 MWh

(tables 6.3 and 6.5 respectively). However, by selecting � D
t =0.03, � I =0, � M =144 and

� RG
t =1 for the R-MISOCP model, it can be guaranteed that the load shedding will

not exceed 2.13 MWh (table 6.5) with a probability which is also 0% (table 6.3), for a

signi�cantly lower operational cost of £13 310, with an also 0% probability of exceeding

this cost during the actual operation (table 6.2).

These computational experiments result in the following two conclusions.

1. By adjusting the budgets of uncertainty, the DSO and/or MG operator can

achieve a £16 551–£13 310
£16 551 = 19.58% reduction in the day-ahead operational cost,

compared to a fully robust schedule. The data for this calculation has been

extracted from the values that have been highlighted in gray colour in table 6.4.

2. Moreover, the R-MISOCP model can guarantee 5.89MWh–2.13MWh
5.89MWh = 63.83%

lower load shedding compared to a fully robust schedule, while preserving a 0%

probability of additional load shedding during the actual operation. The data for

this calculation has been extracted from the values that have been highlighted in

gray colour in table 6.5.

Finally, the results of the Monte Carlo simulations are also visually presented in

�gures 6.1-6.4 below for four representative levels of the PoU: 49.71%, 16.51%, 2.62%,

and 0% (shown in tables 6.2 and 6.4). In particular, �gure 6.1, presents the results for

the budgets of uncertainty � D
t =0, � I =0, � M =144 and � RG

t =1. For these values,

the blue dots show the 10 000 different values that represent the actual operational

costs found by the Monte Carlo simulations. The day-ahead cost calculated by the

R-MISOCP model is shown with a red line, in the centre of the plot. This means

that around half of the actual (real-time) costs are above the operational cost which is

calculated by the R-MISOCP model (which is £13 031), and around half of these actual

(real-time) costs are below the operational cost which is calculated by the R-MISOCP

model (which is £13 031), which corresponds to the value of the PoU being: PoU =

49.71%.
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