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Abstract

The flame propagation in droplet-laden mixtures is of considerable importance in automotive
engines, gas turbines, and accidental explosions. Despite the practical importance of turbu-
lent combustion of droplet-laden mixtures, it remains one of the most challenging topics in
thermo-fluid mechanics due to the involvement of complex interactions of evaporation, heat
and mass transfer, fluid dynamics, and combustion thermochemistry. Thorough knowledge
of these interactions, which occur over a wide range of scales, is necessary for fundamental
understanding and modelling of turbulent spray flames. In this thesis, three dimensional com-
pressible Direct Numerical Simulations (DNS) of spherically expanding and V-shaped flames
propagating in droplet mists are considered for a fundamental physical understanding of the
flame structure and flame speed statistics in turbulent spray flames. Simulations with modified
single-step Arrhenius type chemical mechanism have been conducted for a range of different
droplet diameters, overall equivalence ratios, and turbulence intensities. The influence of li-
quid droplets has been investigated by comparing the statistics for spray flames to those for the
corresponding gaseous premixed spherically expanding flames with statistically similar initial
turbulent flow conditions. It has been found that flame-droplet interaction promotes droplet-
induced flame wrinkling for laminar flame kernels, and this strengthens with increasing overall
equivalence ratio and droplet diameter. However, the effects of droplet-induced flame wrink-
ling cannot be readily distinguished from flame wrinkling due to fluid motion for turbulent
spherically expanding spray flames. The combustion has been found to take place predomin-
antly under fuel-lean mode in comparison to the overall equivalence ratio for all droplet sizes
and this tendency strengthens with increasing droplet diameter due to slow evaporation of large
droplets. Furthermore, increasing turbulence intensities enhances the availability of fuel-lean
mixture. The statistics of the Surface Density Function (SDF = magnitude of the reaction
progress variable gradient) and the strain rates, which affect the behaviour of SDF have been
analysed for spherically expanding spray flames. Flame thickening has been observed for large
droplets and at high turbulence intensities due to the predominance of fuel-lean combustion.
Droplet size and turbulence intensity significantly affect the behaviour of scalar gradients and
the infinitesimal distance between non-material surfaces. The flame propagation behaviour in
droplet-laden mixtures has been analysed in terms of the statistics of density-weighted dis-
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placement and consumption speeds. Flame topologies associated with flame self-interaction
events have been discussed along with the small-scale scalar geometries of flame isosurfaces.
The presence of droplets, turbulence intensity and droplet diameter have been found to con-
siderably alter the distributions of flame topologies. Additionally, flame-droplet interactions
have been investigated in detail based on the source terms associated with two-phase coup-
ling arising from droplet evaporation in various gaseous carrier phase transport equations and
the modelling implications of the statistical behaviour of flame-droplet interactions have been
addressed. Furthermore, hypothetical inertialess droplet motion is considered to identify the
influence of droplet inertia on the combustion characteristics and the evolution of the flame
surface area. The number density of droplets within the flame is greater for the inertial droplet
cases than the corresponding inertialess droplet cases and this leads to higher availability of
obtaining stoichiometric mixture in the flame. Finally, a comparison between the spherically
expanding and V-shaped spray flames reveals that flame curvature, density-weighted displace-
ment speed, and consumption speed varies considerably with droplet diameter in the case of
spherically expanding spray flame cases, whereas the effects of droplet diameter are relatively
weaker in V-flames. Simulations of V-shaped flames propagating in droplet mists for different
mean inflow velocities indicate that reacting mixture composition significantly varies with the
mean inflow velocity which also plays an important role in determining the flame structure
and burning rate statistics.
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Chapter 1

Introduction

This chapter begins with a brief explanation of the importance of multi-phase combustion.
Next, simulation techniques for turbulent combustion are presented, and finally, the research
aims and thesis layout are discussed.

1.1 Motivation

Liquid fuels play a pivotal role in the global energy system with the largest consumption
share. Major energy consumers, including transportation and industrial sectors, principally use
liquid fuels due to their high energy density and storage stability. Despite vigorous debates
and concerns on limited fossil fuel resources in the late twentieth century, fossil fuels have
survived as the primary contributor to the global energy mix thanks to the advancements in
combustion systems. It is also reported that remaining fossil fuel reserves are sufficient to
meet the majority of worldwide energy demand in the upcoming decades [10], and demand for
liquid fuels is expected to grow as combustion technologies advance [11]. Furthermore, liquid
biofuels have emerged as renewable alternative fuels with low carbon content. Combustion of
liquid biofuels has received particular attention due to the practical applicability of fossil fuel
and biofuel mixtures to generic combustion systems [12–15]. Thus, combustion performance
of liquid fuels will be an essential element in achieving a sustainable energy concept in the
foreseeable future. Moreover, energy security and global climate change have become major
focuses of the world in the context of global energy strategies, so it is essential to improve
efficiency and reduce pollutant emission levels for existing systems along with designing novel
technologies.

Liquid fuels are generally introduced to combustor as dispersed liquid droplets following
an atomisation process. Dispersed liquid droplets evaporate, create gaseous fuel to be mixed
with air, and eventually combustion occurs in a turbulent environment as in several engineering
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devices such as gas turbines, liquid rocket engines, and internal combustion (IC) engines.
Turbulent combustion of sprays involves evaporation of liquid droplets, mixing of fuel vapour
with the surrounding air, and interaction of droplets with the flame and flow field, differently
from turbulent premixed combustion. The strong coupling of these complex processes needs
a detailed understanding of underlying physics to develop energy-efficient and environment-
friendly systems.

Efforts to control and use combustion for the benefit of mankind can be dated back over a
number of millenniums. Remarkable progress in the combustion field has been made with the
development of internal combustion engines in the last century. Furthermore, advanced com-
putational and experimental techniques have been accessible and this has led to the rise in new
approaches to solve complex problems. In particular, Computational Fluid Dynamics (CFD)
has become a key approach for both industrial applications and academic research which in-
volves the solution of governing equations of fluid motion numerically. CFD methodologies
can be useful for the purpose of fundamental understanding of complex fluid flows, including
turbulent reacting flows. However, it was stated by Bilger [16] that computational modelling
in combustion science requires significant advancement to become comparable to numerical
methodologies for other thermal systems. It is apparent that a special attention on combustion
modelling needs to be devoted for optimising the performance of energy systems involving
combustion.

1.2 Computational Approaches for Turbulent Combustion
Analysis

Computational fluid dynamics (CFD) approach was first adopted for aerodynamic applications
in the 1960s [17]. As CFD is a promising tool to analyse problems which are either difficult or
expensive to investigate experimentally, application of computational simulations expanded in
various disciplines ranging from combustion to meteorology. Advances in CFD are strongly
linked with the available computational power. Continued progress in computer technology,
particularly in execution and storage performance, has strengthened the role of CFD in design
and optimisation of engineering flow problems. CFD methods to simulate turbulent flows can
be principally classified based on numerical accuracy and complexity as Direct Numerical
Simulations (DNS), Large Eddy Simulations (LES) and Reynolds Averaged Navier-Stokes
(RANS) simulations.

Turbulent combustion involves a range of different flow and chemical scales. Therefore, it
stands as a complicated problem for computational modelling due to its multiscale nonlinear
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Figure 1.1: A schematic diagram of turbulent energy spectrum E(κ) with wave number κ

showing the capabilities of different simulation techniques [18].

nature [19] and strong interactions between different processes (e.g. chemical reaction, turbu-
lence, mixing and phase change for multi-phase combustion) [20]. Various simulation meth-
ods with abilities to resolve different levels of flow have been developed to overcome these
computational challenges. DNS plays a key role in terms of obtaining fundamental physical
insight into complex turbulence-chemistry interaction processes and utilises this information
for the development of high-fidelity turbulent combustion models. On the other hand, RANS
simulation has significantly contributed to analysis of industrial combustion applications for
more than the last four decades. Nowadays, LES is gaining popularity in both industry and
research for physically and geometrically complex combustion problems with the support of
the advancement of computational power. Resolution requirements for different simulation
approaches are summarised in Fig. 1.1 based on a schematic diagram of turbulent energy
spectrum E(κ), where κ is the wave number magnitude, and turbulent kinetic energy is ob-
tained as k =

∫
∞

0 E(κ)dκ . It is clear from Fig. 1.1 that the grid size in RANS △x is in the
order of integral length scale lt . This indicates that the entire range of turbulent kinetic energy
(k =

∫
∞

0 E(κ)dκ ≈
∫ π/η

2π/l E(κ)dκ [21]) remains unresolved in the context of RANS simulations
and modelling is necessary to approximate the unresolved physics. The grid spacing of LES
△x is approximately equal to the filter size of LES △ which ranges between integral length
scale lt and Kolmogorov length scale η . LES can capture the contribution of the turbulent
large scales, while the effects of smaller scales need to be modelled. The grid size of DNS
△x is required to be smaller than Kolmogorov length η which means that almost the whole
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range of turbulent kinetic energy (k =
∫

∞

0 E(κ)dκ ≈
∫ π/η

0 E(κ)dκ [21]) is resolved but only
the viscous dissipation of kinetic energy remains unresolved in DNS.

1.2.1 Direct Numerical Simulations (DNS)

Direct numerical simulation (DNS) is considered as the most accurate approach for simulat-
ing turbulent reacting flows as the conservation equations of mass, momentum, energy and
species are solved without employing any filtering or averaging operation. DNS can capture
micro-scale interactions between fluid dynamics and chemistry while resolving all relevant
continuum scales (i.e. flame structures, Kolmogorov length, and time scales) on the grid
without closure models for combustion and turbulence [22, 23]. Therefore, DNS can reveal
detailed and highly precise information about the reacting flow field with a level of spatial and
temporal resolution which can be considerably challenging to extract from an experiment. The
fundamental information obtained from DNS database can be used for comprehensive invest-
igation of the underlying physics of turbulent combustion and also for assessing and validating
closure models for LES and RANS approaches.

DNS of turbulent combustion is the most demanding method in terms of computational
cost due to high temporal and spatial resolution requirements imposed by small time and
length scales of flow and flame structures. Computational requirements for DNS of homogen-
eous non-reacting turbulent flows can be determined based on turbulent Reynolds number as:
NDNS ∼ Re9/4

t , where N is the total number of grid points for a 3D simulation. The range of
attainable Reynolds numbers for DNS is limited with the availability of computational power
and performing DNS at realistic Reynolds numbers still remains prohibitively expensive. In
the case of DNS of turbulent combustion, time and length scales of chemical reaction, which
can sometimes be smaller than the Kolmogorov scales, need to be resolved. Additionally, a
number of scalar transport equations require to be solved for chemically reacting flows de-
pending on the chemical mechanism adopted for the simulation, and thus DNS of turbulent
reacting flows is principally used for the purpose of research and is conducted usually for
simple geometries (e.g. planar, spherical and V-shaped flames). The parameter range that can
be achieved using DNS was illustrated by Poinsot and Veynante [24] on a combustion regime
diagram, as shown in Fig. 1.2. It can be seen from Fig. 1.2 that in spite of high computational
cost, DNS can be conducted for a broad range of operating conditions for piston engines and
a relatively small range of operating conditions for gas turbines.

Some simplifications and assumptions are often applied to DNS of turbulent combustion
flows to optimise the computational cost for a parametric study or to isolate an important
component of fundamental physics which is not possible with experiments. Petascale super-
computers have lately become available and enabled the computations of three dimensional
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Figure 1.2: Limitations of direct numerical simulation tool for turbulent combustion applica-
tions in relation with practical combustion systems by Poinsot and Veynante [24].

DNS at laboratory scales with complex chemical mechanisms [22]. However, such simula-
tions at large physical scales with complex mechanism are still not affordable for extensive
parametric studies. Therefore, reduced or single step chemical schemes are typically con-
sidered based on the problem being investigated. Similarly, simplified assumptions for the
temperature-dependent transport properties such as viscosity, thermal conductivity, and mass
diffusivity are commonly made to avoid the added complexity in momentum, heat, and mass
transfer mechanisms.

Another important challenge associated with DNS of turbulent combustion is the specific-
ation of the appropriate boundary conditions. Derivation of exact boundary conditions which
ensure well-posedness is possible for Euler equations, but it remains a difficult task for Navier-
Stokes equations due to insufficient theoretical understanding. Hence, boundaries are conven-
tionally treated as periodic or impenetrable walls in the DNS of reacting flows. Nevertheless,
inflow and outflow boundary conditions are required to be imposed for practical applications
such as bluff body and Bunsen flames. In addition, acoustic and numerical waves interacting
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with non-periodic boundaries can cause unphysical flow structures and an accurate control of
these waves at open boundaries is of considerable importance for turbulent combustion simu-
lations. Efforts have been devoted to develop precise and stable boundary conditions [25–27]
based upon the pioneering study by Poinsot and Lele [28] who proposed the Navier-Stokes
Characteristic Boundary Conditions (NSCBC) approach.

1.2.1.1 Dispersed phase treatments in the concept of DNS of turbulent multi-phase
combustion

DNS of single phase combustion is established on an Eulerian grid description while in nu-
merical solution of multi-phase combustion, liquid droplets in dispersed phase can either be
tracked with a Lagrangian representation or be treated as a continuum by using Eulerian ap-
proach.

Figure 1.3: Illustration of point-source and resolved-surface approaches [29].

Lagrangian representation of the dispersed phase involves tracing of an individual droplet
or a cluster of droplets while they travel in space and time. This flow configuration is re-
ferred to as Eulerian-Langrangian formulation in the literature. Lagrangian description of the
liquid phase can be conducted with the particle-source approximation or the resolved-surface
approach [29]. The particle-source approach is widely employed for the analysis of turbulent
spray flames in dilute or very dilute regions which consist of only well-formed small spher-
ical droplets [30]. Each individual droplet is presented as a sub-grid point source without
resolving the quantities inside the droplet as shown in Fig. 1.3. Therefore, this approach is ap-
propriate for simulations with droplets smaller than the Kolmogorov length scale (i.e. d ≪ η).
The particle-source approach provides an accessible alternative to fully resolved techniques in
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terms of computational cost while predicting relevant phenomena with acceptable accuracy.
On the other hand, the resolved-surface approach requires a high resolution of the continu-
ous phase flow motion at the vicinity of each droplet which is then numerically coupled to
the droplet surface [29]. Droplet position is ultimately advanced by the Lagrangian transport
equation based on this momentum interaction. Thus, the grid resolution at the droplet surface
needs to be sufficiently fine (i.e. d ≫△x) to obtain a detailed stress distribution. The resolved-
surface approach remains unfeasible for a large number of droplets due to the high resolution
requirement around each droplet which yields a prohibitive computational cost. Point-source
and resolved-surface approaches are schematically shown in Fig. 1.3.

Eulerian description of the liquid phase considers the dispersed phase as a continuum,
and thus the liquid phase can be discretised using the same numerical scheme with the carrier
gaseous phase [30]. This flow structure is reported as the Eulerian-Eulerian approach in the
literature. The Eulerian framework can be categorised into mixed-fluid and separated-fluid
techniques [29]. In the context of the mixed-fluid approach, liquid concentration is expressed
as volume or mass fractions while the local relative velocities and temperature between two
phases are assumed negligible. Navier-Stokes equations are solved as a single set for the flow
mixture which are inherently two-way coupled. Applicability of the mixed-fluid treatment
is limited with sufficiently small droplets which can exactly follow the local gaseous phase
velocity [30]. On the other side, in separated-fluid approach, gaseous and liquid phases are
assumed as two separate continuum which in turn results the solution of two sets of Navier-
Stokes equations for each phase where source/sink terms are used for the coupling between
two phases. Since the local relative velocities and temperature are considered, this approach
can be performed for the analysis of large droplets. However, it is worth noting that computa-
tion of a larger number of conservation equations leads to a higher computational cost for the
separated-fluid approach in comparison to the mixed-fluid method.

1.2.2 Large Eddy Simulations (LES)

Practical turbulent flow problems can be solved using Large Eddy Simulation (LES) without
the high computational cost associated with DNS but with a higher level of accuracy than that
offered by RANS [31]. The underlying concept of LES is based upon the idea that the ma-
jority of turbulent kinetic energy is contained in large scale flow structures which are strongly
affected by flow and boundary conditions. On the contrary, small scales are considered as
flow-independent and nearly universal which enables small scales to be applicable for sub-grid
modelling. Hence, the Large Eddy Simulation technique eliminates the necessity to resolve
small scale structures of turbulent reacting flows by applying an appropriate filtering in spec-
tral or physical space. The coupling between small flow structures and large scales is provided



8 Introduction

by closure models in LES governing equations using relevant sub-grid-scale (SGS) models.
As a result of the three-dimensional and unsteady nature of simulations, the LES approach
is capable of predicting the flows especially with large-scale unsteadiness (e.g. combustion
instabilities and swirling flows [24, 32]) with a higher accuracy than RANS.

Large Eddy Simulations demand less computational resources in comparison to DNS, but
still remain computationally expensive compared with RANS. Furthermore, in non-reacting
flows, a part of turbulent kinetic energy spectrum is resolved by LES grid, and thus it of-
fers more precise predictions than RANS. Thus, the accuracy of non-reacting flow LES is not
strongly dependent on sub-grid turbulence modelling as in the case of RANS. As micro mix-
ing and chemical reaction are associated with small scales, these scales are not resolved in the
context of LES of reacting flows. Thus the LES of combustion needs closure models for micro
mixing and filtered chemical reaction rate and, therefore, the accuracy of LES for combustion
depends strongly on the precision of the model used. Validation of closure models for the
filtered reaction rate term is one of the areas of ongoing research and DNS data have contrib-
uted significantly to the validation of existing models and the development of advanced new
models. Although, simulations of practical combustion systems using LES method remains
computationally expensive, recent LES of real engines [33] demonstrate the potential of this
method for the analysis of practical combustion devices.

1.2.3 Reynolds Averaged Navier-Stokes (RANS) Simulations

The Reynold averaged Navier-Stokes (RANS) approach is the most popular and the least com-
putationally intensive method for the simulation of turbulent flows. Instantaneous governing
equations for mass, momentum, energy, and scalars are averaged using time or ensemble aver-
aging depending on the reacting flow configuration in the context of RANS modelling. Since
RANS simulations consider a set of averaged transport equations, all length and time scales
of turbulent motion and chemical reaction remain unresolved, and models that can capture the
statistical moments of turbulent fluctuations are required.

Modelling of the Reynolds stresses, the mean reaction rate, and the turbulent heat and spe-
cies fluxes has attracted significant interests in the turbulent reacting flow community. Various
versions of the k−ε model [34] are usually employed to close the Reynolds stresses by solving
the additional averaged transport equations for the turbulent kinetic energy k and its dissipation
rate ε . It is worth mentioning that the k− ε model was developed originally for non-reacting
flows which poses some limitations for its application in reacting flow problems [24]. Highly
non-linear dependency of the mean reaction rate on temperature and mass fractions creates
the major challenge for the modelling of this term. Traditional moment closure approaches
based on Taylor series expansion can not be employed for modelling the mean reaction term.
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Therefore, alternative procedures using geometrical description based on flame surface area
and turbulent mixing rates have been developed for modelling reaction rate closures. Fur-
thermore, the classical gradient assumptions, which are extensively used for the modelling of
turbulent fluxes of heat and species in non-reacting flows, are reported [35–40] to fail under
some conditions in turbulent combustion problems due to counter-gradient turbulent transport.

Simulations of turbulent combustion in practical scales and operating conditions can be
achieved using RANS based methods. Furthermore, RANS simulations provide the mean
values of quantities with coarser grids relative to LES and DNS which enables the RANS
approach to become the cheapest alternative in turbulent combustion simulation techniques.
Thus, the RANS method is widely adopted in commercial combustion codes. However, the
accuracy in RANS simulations strongly relies on the robustness of the closure models em-
ployed.

1.3 Research Aims and Objectives

Numerical analysis of turbulent combustion of droplet-laden mixtures is performed using the
direct numerical simulation (DNS) technique with point source assumption for the liquid
phase. The DNS method has become a standard tool for the analysis of turbulent reacting
flows which involves the solution of Navier-Stokes equations without using any turbulence
model. Understanding of fundamental turbulent flame behaviour can be improved with com-
prehensive and accurate DNS data which also helps to develop high-fidelity models based on
physical information extracted from DNS data. Eulerian-Lagrangian formulation is adopted
for the treatment of multi-phase flow and this is referred to as the carrier phase DNS in the rest
of this thesis. Liquid droplets in the dispersed phase are assumed as sub-grid point sources in
the context of the Lagrangian approach. The carrier phase DNS technique has commonly been
employed to investigate the complex phenomena in multi-phase combustion [41–48]. Thus, it
has reached sufficient maturity for the analysis of the combustion of dilute sprays.

To date, most DNS analyses on flame propagation in droplet-laden mixtures have been
conducted for planar or jet flame configurations [41, 42, 47–56]. However, in many applic-
ations (e.g., automotive engines, accidental explosions), the flame is initiated as a spherical
kernel, and it has been found that the evolution of spherically expanding premixed flames is
fundamentally different from statistically planar turbulent premixed flames [57–61]. A similar
conclusion was also drawn based on the experimental analysis of turbulent spray flames [62].
DNS of spherically expanding flames in droplet mists is yet to be reported in the existing lit-
erature. Therefore, DNS of spherically expanding spray flames propagating into fuel-droplet
mists has been conducted in this thesis for a range of different initial droplet diameters, tur-



10 Introduction

bulence intensities and for various overall equivalence ratios (i.e. fuel-lean, stoichiometric,
fuel-rich). The present study focuses on the following aspects in turbulent droplet-laden mix-
tures:

- Simulation of turbulent combustion of monodisperse droplet-mist mixtures in spherically
expanding flame kernels.

- A detailed parametric analysis to investigate the effects of droplet diameter, overall equi-
valence ratio (i.e. gaseous+liquid) and root-mean-square of turbulent velocity on the flame
structure, evolution of burning rate and flame surface area, flame topologies and flame speeds
in turbulent droplet-laden mixtures.

- A comparison between droplet cases and the corresponding premixed gaseous spher-
ically expanding flames to reveal the impact of the presence of liquid fuel droplets on the
aforementioned aspects.

- Analysis of the statistical behaviour of the coupling between the Eulerian (i.e. gaseous
carrier phase) and Lagrangian (i.e. droplets) phases in the conservation equations of mass,
momentum, energy, reaction progress variable and mixture fraction in the gaseous phase for
spherically expanding flames propagating into droplet-laden mixtures.

- Investigation of the effects of droplet inertia on the flame evolution and reaction zone
structure for spherically expanding spray flames.

- DNS of turbulent V-shaped spray flames to assess the influence of flame configuration
on the flame behaviour.

- Discussion of the implications of the above physical information in the context of mod-
elling of turbulent combustion in droplet-laden mixtures.

1.4 Thesis Outline

This PhD thesis will follow the structure summarised in Fig. 1.4. This chapter gives the ne-
cessary introduction to the broad area of computational analysis of turbulent reacting flows.
Chapter 2 describes the relevant governing equations for liquid and gaseous phases and dis-
cusses the necessary assumptions for chemical mechanism and thermophysical properties.
This will be followed by Chapter 3 where a brief summary of the findings from existing stud-
ies on flame propagation in droplet-laden mixtures and spherically expanding gaseous flame
evaluation is presented. In Chapter 4 and 5, the effects of droplet diameter, turbulence intens-
ity and overall equivalence ratio on flame-droplet-turbulence interactions are discussed along
with the statistics of burning rate, flame wrinkling and flame speeds. Flame topologies are
also introduced in Chapter 4 and statistics of flame topologies are examined. Chapter 6 deals
with the impact of droplet inertia on the reaction zone structure in turbulent spray flames, and
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focuses on the statistical analysis of two phase coupling. Turbulent V-shaped flames propagat-
ing into droplet-laden mixtures are considered to investigate the effects of large-scale flow
geometry on flame propagation in droplet-laden mixtures in Chapter 7. Finally, Chapter 8
summarises the main findings of this investigation and identifies avenues of further research.

Figure 1.4: A flow chart of the current thesis outline





Chapter 2

Mathematical Background and
Numerical Methodology

This chapter provides an overview of the governing equations for analysing the turbulent com-
bustion of droplet-laden mixtures, along with the assumptions that are made for the current
analysis. Subsequently, a brief introduction of numerical methodology and initialisation of the
turbulent flow fields and reacting scalar fields is presented.

2.1 Mathematical Background

2.1.1 Problem Description

Direct Numerical Simulations of laminar and turbulent n-heptane spray flames are performed
in two different configurations and a short description of the corresponding cases is given
below. A three-dimensional compressible DNS code SENGA+ [42–44, 46–48] is used to
generate the data based on a modified single-step irreversible chemical reaction.

• Spherically expanding flames propagating in fuel droplet-mists: A perfectly spherical
kernel flame is allowed to propagate through a fuel droplet-mist from the centre of the
cubic domain with partially non reflecting outflow boundaries in all directions as shown
in Fig. 2.1.

• V-shaped flames propagating in fuel droplet-mists: Fuel is supplied in the form of liquid
droplets at the inlet boundary which is placed on the left-hand side of the domain as
illustrated in Fig. 2.1. Boundary conditions in the stream-wise direction (x−direction)
are considered to be inflow and outflow whereas the remaining (i.e. y and z) directions
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Figure 2.1: Description of computational domain (a) Spherically expanding spray flame (b)
V-shaped spray flame

are assumed to be periodic. A flame holder is placed a certain distance from the inlet
boundary following the previous study by Dunstan et al. [63, 64].

2.1.2 Governing Equations

2.1.2.1 Gaseous phase governing equations

Standard compressible Navier-Stokes equations for reactive flows are solved in an Eulerian
frame of reference for the carrier gaseous phase, and these equations for mass, momentum,
energy and species can be expressed in Cartesian tensor notation in the following manner:

∂

∂ t
ρ +

∂

∂xk
ρuk = Γm (2.1a)

∂

∂ t
ρui +

∂

∂xk
ρukui =− ∂

∂xi
P+

∂

∂xk
τki + Ṡuk (2.1b)

∂

∂ t
ρE +

∂

∂xk
ρukE =− ∂

∂xk
Puk +

∂

∂xk
τkiui −

∂

∂xk
qk + Ṡe (2.1c)

∂

∂ t
ρYα +

∂

∂xk
ρukYα = ẇα − ∂

∂xk
ρVα,kYα + ṠYα

, where α = 1,2, ...,N (2.1d)

In the above equations, ρ denotes gas density, u j indicates the jth component of fluid velocity.
Γm =−(1/△V )∑d dmd/dt is the source term in the mass conservation equation due to evap-
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oration of liquid droplets, while △V is the cell volume and md = (1/6)ρdπa3
d is the droplet

mass, with ρd and ad being liquid density and droplet diameter, respectively. Additionally, P
is pressure, E indicates the stagnation internal energy, Yα is the mass fraction of species α in
reacting mixture which contains N number of species in total with a reaction rate ẇα . τki is
the viscous stress tensor defined by:

τki = µ

(
∂uk

∂xi
+

∂ui

∂xk

)
− 2

3
µ

∂u j

∂x j
δki (2.2)

where µ is the dynamic viscosity and δki is the Kronecker Symbol (δki = 1 for k = i, otherwise
δki = 0). Pressure can be expressed following a perfect gas equation of state:

P = ρR0T̂
N

∑
α=1

Yα

Wα

(2.3)

where R0 is the universal gas constant, T̂ is the temperature and Wα is the molecular weight of

species α . The compatibility condition of the species mass fraction is
N
∑

α=1
Yα=1. The caloric

equation of state is defined as:

E =CvT̂ +
1
2

ukuk+
N

∑
α=1

h0
αYα (2.4)

where Cv is the mixture heat capacity at constant volume and h0
α is the enthalpy of formation

of species α . The heat flux vector qk is defined as:

qk =−λ
∂ T̂
∂xk

+ρ

N

∑
α=1

hαVα,kYα (2.5)

where hα =
T∫
T0

Cp,αdT̂ +h0
α is the enthalpy of species α with Cp,α being the mass heat capacity

at constant pressure of species α and Vα,k is the kth component of the diffusion velocity Vα of

species α . The compatibility condition of the diffusion velocity is given as:
N
∑

α=1
ρVα,kYα = 0.

The chemical reaction rate ẇ of species α for a reaction mechanism with N species and M
step is given as:

ẇα =Wα

M

∑
m=1

[
(υ ′′

α,m −υ
′
α,m)AmT̂ nmexp

(
−

Eac,m

R0T̂

) N

∏
β=1

(
ρYβ

Wβ

)υ ′
β ,m
]

(2.6)

In the above expression, for a given step m, stoichiometric coefficients corresponding to react-
ant and product are denoted by υ ′

α,m and υ ′′
α,m, respectively, nm is the temperature exponent,
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the frequency factor is represented by Am, while Eac,m indicates the activation energy. Lastly,
the coupling between liquid and gaseous phases is provided by additional source terms in the
gaseous phase transport equations which are tri-linearly interpolated from the droplet’s sub-
grid position

→
xd , to the eight surrounding nodes. The droplet source terms for momentum,

energy and species mass fraction transport equations are expressed as:

Ṡuk =−
(

1
△V

)
∑d

d(mduk,d)

dt
(2.7a)

Ṡe =−
(

1
△V

)
∑d

d(mdE)
dt

(2.7b)

ṠYα
=−

(
1

△V

)
∑d

d(mdYα)

dt
(2.7c)

2.1.2.2 Liquid phase governing equations

A Lagrangian approach is adopted to simulate droplets dispersed within the carrier gaseous
phase which is described using an Eulerian formulation to solve compressible Navier–Stokes
equations as explained in the previous section. Fluid movement and temperature gradient
inside the droplets are neglected, and droplet collision, agglomeration and microexplosion
effects are assumed small [65]. Thus, only drag force drives the droplet momentum. The
transport equations of position

→
xd , velocity,

→
ud , diameter, ad and temperature, Td of the indi-

vidual droplet d are given following the approach proposed by Reveillon and Vervisch [51]:

d
→
xd

dt
=

→
ud (2.8a)

d
→
ud

dt
=

→
u (

→
xd, t)−

→
ud

τu
d

(2.8b)

da2
d

dt
=

−a2
d

τ
p
d

(2.8c)

dTd

dt
=

T̂ (
→
xd, t)−Td −BdLv/CG

p

τT
d

(2.8d)
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where Lv is the latent heat of vaporisation, and τu
d , τ

p
d and τT

d are relaxation timescales for
droplet velocity, diameter and temperature, respectively, which can be expressed as [43, 44,
47, 48, 51]:

τ
u
d =

ρda2
d

18Cuµ
(2.9)

τ
p
d =

ρda2
d

4µ

Sc
Shcln(1+Bd)

(2.10)

τ
T
d =

ρda2
d

6µ

Pr
Nucln(1+Bd)

CL
p

CG
p

(2.11)

where Sc is the Schmidt number, Pr is the Prandtl number, CL
p is the specific heat for the liquid

phase, Cu,d = 1+Re2/3
d /6 [66] is corrected drag coefficient. Here Red is the droplet Reynolds

number, Bd is the Spalding mass transfer number, Shc and Nuc are the corrected Sherwood
and Nusselt numbers, which are defined as [43, 44, 47, 48, 51]:

Red =
ρ | →u (→xd, t)−

→
ud | ad

µ
(2.12)

Bd =
Y s

F,d −YF(
→
xd, t)

1−Y s
F,d

(2.13)

Shc = Nuc = 2+
0.555RedSc

(1.232+RedSc4/3)1/2 (2.14)

where
→
u (

→
xd, t) indicates the gaseous phase velocity at droplet position and Y s

F represents the
fuel mass fraction YF at the surface of the droplet, is given by:

Y s
F,d =

(
1+

Wair

WF

[
P(

→
xd, t)
Ps

F
−1

])−1

(2.15)

Here, Wair and WF are respectively the molecular weight of air and fuel, P(
→
xd, t) denotes the

gas pressure at the droplet position and the partial pressure of the fuel vapor at the droplet
surface Ps

F is obtained by the Clausius–Clapeyron equation as:

Ps
F,d = Pre f exp

(
Lv

R

[
1

T s
re f

− 1
T s

d

])
(2.16)
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where T s
re f is the boiling point of the fuel at pressure Pre f , R is the gas constant of the fuel and

T s
d is assumed to be Td .

For the current study, a drag correction coefficient (Cu,d = 1+Re2/3
d /6) is used for large

values of the droplet Reynolds number (i.e., Red ≫ 1). The same procedure was employed in
many previous analyses for spray combustion simulations [51, 53–55, 67]. Here, the droplet
Reynolds number Red remains either of the order of unity or smaller than unity (i.e., Red ≤ 1)
in most (95%) locations (especially in the vicinity of the flame), and therefore, the exact nature
of the corrections to the drag coefficient is not expected to have a significant influence on the
simulation results. Accordingly, a simple drag coefficient correction has been considered in
this analysis. Alternative empirical drag coefficients, including the blowing velocity at the
droplet surface, were preferred in some previous analyses [49, 52, 68–70], but the nature of
empiricism is likely to have higher order effects for small values of Red when DNS is carried
out for the carrier phase and the droplets are considered as sub-grid point sources.

2.1.3 Boundary Conditions

Specification of appropriate boundary conditions is of significant importance for the DNS
of unsteady compressible reacting flows due to the numerical and acoustic waves involved
to the solution [71]. The coupling between acoustic waves and combustion can influence
the behaviour of the flame front. Furthermore, numerical waves introduced by the discret-
isation scheme employed at the boundaries can cause unphysical oscillations. The methodo-
logy known as Navier-Stokes Characteristic Boundary Conditions (NSCBC) offers well-posed
boundary conditions aiming to suppress numerical instabilities and artificial wave reflections
at the boundary [28]. The NSCBC technique is discussed in detail by Poinsot and Lele [28]
and a brief description of the methodology is provided here.

Poinsot and Lele [28] classified the boundary conditions into two categories in order to
apply the NSCBC formulation to reacting flow problems. Physical boundary conditions in-
volves the imposition of the desired physical behaviour of one or more of the dependent vari-
ables at the boundaries. Fixed outlet pressure specification at subsonic outflow boundaries
can be given as an example for the application of physical boundary conditions. However,
for most cases, the number of physical boundary conditions imposed to solve the problem
remains less than the number of primitive variables. Hence, the variables which can not be
explicitly specified by using physical boundary conditions requires the numerical solution of
conservation equations at the boundaries. This approach is called as numerical (soft) bound-
ary conditions. The NSCBC method principally extends the Euler Characteristic Boundary
Conditions (ECBC) to the Navier-Stokes equations. Thus, the NSCBC approach adopts the
well-posed ECBC procedure for the description of physical boundary conditions in a manner
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that the Euler conditions (i.e. inviscid conditions) are imposed for the relevant variables, then
additional expressions (i.e. viscous conditions) are supplied for the mechanisms which are
specific to Navier-Stokes equations such as viscous dissipation and thermal diffusion. The nu-
merical boundary conditions are established based on a local one-dimensional inviscid (LODI)
approximation for the wave crossing the boundary in either direction.

In the context of LODI analysis, a locally one-dimensional conservative equation system
can be written in the following generic form:

∂ψ∗

∂ t + ∂Fi
∂x +C′′

i = 0 where i = 1 to n (2.17)

where ψ∗ = {ρ,ρuk,ρE,ρYα}T represents the conservative variable vector, Fi indicates the
representative flux vector and C′′

i is a non-homogeneous term without derivatives. Eq. 2.17
can be recast based on the dependent variables ψi to obtain:

∂ψi

∂ t
+Ai j

∂ψ j

∂x
+Ci = 0 (2.18)

The relation between Eqs. 2.17 and 2.18 yields the expressions below:

∂ψ∗

∂ t = Pi j
∂ψ j
∂ t where Pi j =

∂ψ∗
i

∂ψ j
(2.19)

∂Fi

∂ t
= Qi j

∂ψ j

∂ t
where Qi j =

∂Fi

∂ψ j
(2.20)

where Ai j = P−1
i j Qk j and Ci = P−1

ik C′′
k , while Ai j, Pi j and Qi j being the components of the n×n

matrices. The matrix Ai j has n linearly independent eigenvectors which yield to the following
relation SikAkpSp j = Λi j where Si j is eigenvector matrix and Λi j is diagonal matrix with Λi j=i

being equal to the eigenvalues λi. Considering the eigenvector matrix Λi j, Eq. 2.18 can be
rearranged as:

Si j
∂ψ j

∂ t
+ΛikSk j

∂ψ j

∂x
+Si jC j = 0 (2.21)

Following this, a new vector −→ς can be constructed such that:

dςi = Si jdψ j +Si jC jdt (2.22)

which leads to further recast Eq. 2.21 in the following forms:

∂ςi
∂ t +Λik

∂ψk
∂x = 0 and ∂ςi

∂ t +λi
∂ψi
∂x = 0 (2.23)

Eq. 2.23 indicates a set of wave equations with a characteristic velocity λi and a wave amp-
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Figure 2.2: Schematic of the wave amplitude variations Li interacting with the inflow and
outflow boundaries.

litude variation Li = ΛikSk j(∂ψ j/∂x). The LODI scheme not only ensures the well-posedness
of the problem by imposing the numerical boundary conditions but also provides the derivat-
ives normal to the boundary. The NSCBC approach uses the equivalent formulations of Li in
place of such derivatives. These Li expressions represent the different characteristic physical
waves which interact with the boundary under inviscid flow conditions. The Li formulations
can be obtained by carrying out a characteristic analysis of three dimensional extension of
Eqs. 2.17-2.23 [72]. The wave amplitude variations crossing the inlet and outlet boundaries
are schematically illustrated in Fig. 2.2.

Following the procedure briefly presented earlier, the LODI system can be obtained in
terms of primitive variables:

∂

∂ t



ρ

P
u1

u2

u3

Yα


+



[
L2 +

1
2(L5 +L1)

]
/a2

(L5 +L1)/2
(L5 −L1)/2ρa

L3

L4

L5+α for α = 1,N


=



0
0
0
0
0
0


(2.24)

Furthermore, the wave amplitude variations Li (1 ≤ i ≤ 5+N) which corresponds to the tem-
poral rate of change of the amplitudes of the different acoustic, convective, or entropy waves



2.1 Mathematical Background 21

can be expressed considering the x1- direction normal to the boundary [24, 72]:

L =



L1

L2

L3

L4

L5

L5+i


=



λ1

(
∂P
∂x1

−ρa∂u1
∂x1

)
λ2

(
a2 ∂ρ

∂x1
− ∂P

∂x1

)
λ3

∂u2
∂x1

λ4
∂u3
∂x1

λ5

(
∂P
∂x1

+ρa∂u1
∂x1

)
λ5+α

∂Yα

∂x1
for α = 1,N


(2.25)

In the above equation, the characteristic wave velocities λi can be written in the following
manner:

λ1 = u−a, λ2 = λ3 = λ4 = λ5+i = u, λ5 = u+a (2.26)

where the velocities of sound waves travelling in the negative and positive directions x1- dir-
ection are represented by λ1 and λ5, the velocity of entropy advection is denoted with λ2, the
velocities that correspond to the advection in the x2- and x3- directions are given by λ3 and λ4,
respectively, while λ5+i is the velocity for the species advection. Lastly, a is the local speed of
sound defined by a2 = γP/ρ with γ =CG

p /CG
v being the ratio of specific heat.

The NSCBC procedure can be carried out to implement a broad range of different bound-
ary conditions. However, the boundary conditions only adopted in the current thesis will be
briefly explained in the following sections for the sake of brevity.

2.1.3.1 Inlet boundary condition

In the present thesis, an inlet boundary condition is specified on the left side of the streamwise
direction for the simulations of V-shaped flames propagating in fuel droplet-mists, while the
other end of the streamwise direction being outlet and the rest is taken to be periodic. Unsteady
velocity signals are introduced at the inlet plane to maintain the turbulence in the domain
throughout the simulation time following the methodology discussed by Chakraborty and Cant
[73]. For this purpose, a three-dimensional incompressible velocity field is generated using
the Batchelor-Townsend energy spectrum, as described later in this chapter. This velocity field
is then scanned by a plane in order to apply the velocity fluctuations to the inlet face of the
domain. At the inlet plane, density ρ , mass fractions of species Yα and all components of the
turbulent flow fluctuations ui are imposed following the LODI procedure as explained in the
previous section. The wave amplitude variations specified at the inlet boundary are given as
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below:

L1 = (u1 −a)
(

∂P
∂x1

−ρa
∂u1

∂x1

)
(2.27)

L3 =−∂u2

∂ t
(2.28)

L4 =−∂u3

∂ t
(2.29)

L5 = L1 −2ρa
∂u1

∂ t
(2.30)

L5+α =−∂Yα

∂ t
(2.31)

L2 =−1
2
(L1 +L5)−a2 ∂ρ

∂ t
(2.32)

2.1.3.2 Partial non-reflecting outlet boundary condition

In the current thesis, all sides of the cubic domain in which computing spherically expand-
ing turbulent flames in droplet-mists are assumed as partial non-reflecting outlet boundaries.
Employing the perfectly reflecting outlet boundaries for the simulations of compressible flows
can lead to inaccurate results, on the contrary drifting of the mean pressure can be observed
by using the perfectly non-reflecting outlet boundaries. Therefore, partially non-reflecting
boundary conditions is adopted which provide the controlled acoustic wave reflections which
conveys the pressure information from the outside flow through the outlet.

Characteristic waves with the wave amplitudes L2, L3, L4, L5 and L5+α leave the domain
at the partially non-reflecting boundary whereas the wave with L1 reaches the boundary from
outside of the domain. Thus, it is appropriate to control the mean pressure over the wave
amplitude L1 to sustain well-posedness of the simulation. Hence, the local pressure value at
the outlet can be maintained to a value close to P∞ by the reflected waves, if this pressure
value deviates from P∞. The amplitude of entering wave L1 can be expressed in the following
manner:

L1 = K(P−P∞) (2.33)
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Here, K is a constant which is defined by Rudy and Strikwerda [74] as below:

K = σ(1−Ma2
max)a/L (2.34)

where Mamax is the maximum Mach number in the flow and σ is the relaxation parameter.
Setting the relaxation parameter σ to zero leads the amplitude of incoming waves to 0, which
indicates a perfectly non-reflecting condition. On the other side, a large value of σ allows the
strong reflections from the outlet boundary. In the current analysis, the relaxation parameter
σ is chosen as 0.25. In addition to this, viscous conditions should be specified for the analysis
of turbulent reacting flows as:

Derivatives of the tangential viscous stresses: ∂τ12
∂x1

= 0, ∂τ13
∂x1

= 0 (2.35)

Derivatives of the normal heat flux (i.e. q1 =−λ∂ T̂/∂x1) : ∂q1
∂x1

= 0 (2.36)

Derivatives of the scalar fluxes (i.e. Mα1 =−ρDα∂Yα/∂x1) : ∂Mα1
∂x1

= 0 (2.37)

2.1.4 Chemical Mechanism

A modified single-step Arrhenius-type irreversible chemical reaction [75] is used for the cur-
rent analysis for the purpose of a detailed parametric analysis:

1 unit mass of Fuel + s unit mass of Ozidiser → (1+ s) unit mass of Products (2.38)

where s is the mass of the oxygen consumed per unit mass of fuel consumption. Based on the
modified Arrhenius-type chemical mechanism, the fuel reaction rate can be expressed as:

ẇF =−ρB∗YFYOexp
(
− β (1−T )

1−αhr(1−T )

)
(2.39)

where YO is the oxygen mass fractions. The heat release parameter αhr, the normalised pre-
exponential factor B∗, the nondimensional temperature T and the Zel’dovich number β , can
be given as follows:

αhr =
τ

τ +1
(2.40)
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B∗ = B.exp
(
− β

αhr

)
(2.41)

T =
T̂ −T0

Tad(φg=1)−T0
(2.42)

β =
Eac(Tad(φg=1)−T0)

R0T 2
ad(φg=1)

(2.43)

Here, τ = (Tad(φg=1)−T0)/T0 is a heat release parameter, T0 is the unburned gas temperature,
Tad(φg=1) is the adiabatic flame temperature for the stoichiometric mixture. According to the
model of Fernández-Tarrazo et al. [75], the activation energy Eac and the heat of combustion
can be calculated based on the gaseous equivalence ratio φg = FAR/(FAR)st where FAR and
(FAR)st are the actual and stoichiometric fuel-air ratios in the gaseous mixture, respectively.
The Zel’dovich number β , is defined as β = 6 f (φg), where f (φg) is a function of gaseous
phase equivalence ratio φg:

f (φg) =


1.0+8.250(φg −0.64)2, φg ≤ 0.64

1.0, 0.64 < φg

1.0+1.443(φg −1.07)2, φg ≥ 1.07

≤ 1.07 (2.44)

The heat release per unit mass of fuel H(φg) =
[(

Tad(φg)−T0

)
CG

p

]
/
[
YF,0(φg)−YF,b(φg)

]
is

given by H(φg)/H(φg=1) = 1 for φg ≤ 1 and H(φg)/H(φg=1) = 1−αH(φg −1) for φg > 1, while
αH = 0.18, YF,0(φg) and YF,b(φg) are the fuel mass fractions in the unburned and burned gases,
respectively, for a premixed flame of equivalence ratio φg [75].

The modified single-step Arrhenius-type irreversible chemical reaction is adopted for the
current study for the purpose of computational economy because three-dimensional DNS sim-
ulations with detailed chemistry are extremely expensive for a parametric analysis involving
three initial droplet diameters, three different overall equivalence ratios, three different flow
conditions and two different flame configurations as carried out in this study. The modified
single-step chemical mechanism used for this analysis provides realistic equivalence ratio de-
pendence of unstrained laminar burning velocity, especially for fuel-rich mixtures involving
hydrocarbon fuels. It has been shown in Fig. 1 in Tarrazo et al. [75] that the mechan-
ism compares favourably with both experiments and detailed chemistry simulations for all
hydrocarbon-air flames. It has been demonstrated by Swaminathan and Bray [76] based on
experimental data that the normalised laminar burning velocity Sb(φg)/

[
Sb(φg)

]
max

dependence
of equivalence ratio φg is not sensitive to the choice of fuel for hydrocarbon-air mixtures. For
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Figure 2.3: Variations of the (a) normalised laminar burning velocity Sb(φg)/
[
Sb(φg)

]
max

and

(b) normalised adiabatic flame temperature Tb(φg) =(Tad(φg)−T0)/(Tad(φg=1)−T0) with equi-
valence ratio φg for n-heptane obtained from modified single step chemistry [75], detailed
chemical mechanism [79] and experimental [78] data.

further information on this behaviour in hydrocarbon-air flames, the interested readers are
directed to Malkeson and Chakraborty [77].

Comparisons between the laminar burning velocity Sb(φg) of n-heptane from experiments
[78], simulations with detailed chemical mechanism [79] and modified single step chemistry
used in this study are presented in Fig. 2.3a. It is shown that the modified single-step chemistry
by Tarrazo et al. [75] captures the realistic variation of laminar burning velocity with a gaseous
equivalence ratio φg in the context of the thermo-chemistry used in this study. Moreover,
the dependence of adiabatic flame temperature Tb(φg) to gaseous equivalence ratio φg for a
detailed chemical mechanism and the modified single-step mechanism is given in Fig. 2.3b.
Similarly, there is no significant difference between the profiles obtained from the modified
single step and multi-step detailed chemical mechanisms [79]. The small differences between
the variations of Sb(φg)/

[
Sb(φg)

]
max

and Tb(φg) between the different chemical mechanisms and
experimental data [78] arise due to the differences in the treatments of molecular transport
characteristics.

Previous simple chemistry DNS analyses [57, 59, 80–83] have been found to capture cor-
rectly the flame propagation statistics extracted from detailed chemistry DNS data [84–89] for
turbulent premixed flames and this holds true in particular for curvature effects. Nevertheless,
the present findings based on moderate turbulence intensity and simple chemical mechanism
need to be validated further for higher values of turbulent Reynolds number (and consequently
different Da and Ka) in the presence of detailed chemistry and transport.
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2.1.5 Non-Dimensional Numbers

Non-dimensional forms of gaseous governing equations are solved in the context of the current
DNS study by using reference values of principal variables (i.e. u0, l0, t0,ρ0 and T0) which are
presented below:

• The unstrained laminar burning velocity of the stoichiometric mixture Sb(φg=1) is con-
sidered as reference velocity u0.

• The reference length scale l0 is taken to be a function of the thermal flame thickness of
the stoichiometric mixture δst (see Eq. 2.45).

• Reference time t0 can be obtained with l0/u0.

• Unburned gas density ρ0 is considered as reference density.

• Unburned gas temperature T0 is considered as reference temperature.

The thermal flame thickness of the unstrained stoichiometric laminar premixed flame is estim-
ated by:

δst =
Tad(φg=1)−T0

max | ∇T̂ |L
(2.45)

The reference pressure P0 is assumed as P0 = ρ0u2
0 which represents dynamic rather than

thermo-chemical effects. Further reference values for the transport quantities involving dy-
namic viscosity µ , thermal conductivity λ , the density-weighted mass diffusivity ρD and the
gaseous specific heats at constant pressure and volume CG

p and CG
v are taken to be constant

and independent of temperature for the current study. Soret and Dufour effects are neglected
for the present analysis. In addition, non-dimensional parameters employed in this study are
listed as follows:

• Re = (ρ0u0l0)/µ , Reynolds number describes the ratio of inertial force to viscous force.

• Pr = (µCG
p )/λ , Prandtl number represents the relative importance of momentum diffu-

sion to thermal diffusion.

• Sc = µ/(ρD), Schmidt number compares momentum diffusion versus mass diffusion,
with D being the mass diffusion coefficient.

• Ma = u0/a0, Mach number provides the ratio of fluid velocity to the speed of sound in
the same fluid.
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• Le = λ/(ρCG
p D), Lewis number describes the ratio of thermal diffusivity to mass dif-

fusivity.

Following the aforementioned non-dimensionalisation operations, governing equations for the
carrier phase can be rewritten in non-dimensional form in the following manner:

∂

∂ t+
ρ
++

∂

∂x+k
ρ
+u+k = Γ

+
m (2.46a)

∂

∂ t+
ρ
+u+i +

∂

∂x+k
ρ
+u+k u+i =− ∂

∂x+i
P++

1
Re

∂

∂x+k
τ
+
ki + Ṡ+uk

(2.46b)

∂

∂ t+
ρ
+E++

∂

∂x+k
ρ
+u+k E+ =−(γ −1)Ma2 ∂

∂x+k
P+u+k +

1
Re

(γ −1)Ma2 ∂

∂x+k
τ
+
ki u+i

+
τ

RePr
∂

∂x+k

[
∂T
∂x+k

]
+ Ṡ+e (2.46c)

∂

∂ t+
ρ
+Yα +

∂

∂x+k
ρ
+u+k Yα = ẇ+

α − 1
ReSc

∂

∂x+k

[
ρD

∂Yα

∂x+k

]
+ Ṡ+Yα

, where α = 1,2, ...,N

(2.46d)

where the non-dimensional quantities can be given by:

ρ+ = ρ

ρ0
, u+j =

u j
u0
, P+ = 1

γMa2 ρ+(1+ τT ), E+ = 1
γ
(1+ τT )+ 1

2(γ −1)Ma2u+j u+j
(2.47a)

Γ+
m = Γl0

ρ0u0
, Ṡ+uk

=
Ṡuk l0
ρ0u2

0
; Ṡ+e = Ṡel0

ρ0CG
p T0u0

; Ṡ+Yα
=

ṠYα l0
ρ0u0

(2.47b)

2.1.6 Reacting Mixture Variables

The evaporation process of dispersed liquid droplets in air yields an inhomogeneous react-
ing mixture ahead of the flame front. Coexistence of premixed and diffusion combustion in
spray flames [51, 90] enhances the complexity in understanding and modelling of combustion
of droplet-laden mixtures. The variables such as mixture fraction, flame index and reaction
progress variable are useful for describing combustion process in droplet-laden mixtures.
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2.1.6.1 Mixture fraction

The mixing between fuel vapour and oxidiser is obtained by molecular diffusion and disper-
sion induced by turbulent motion following the liquid droplet evaporation. The local mixture
composition can be quantified using the mixture fraction which can be expressed in terms of
the local mass fractions of the fuel YF and the oxidiser YO as [91, 92]:

ξ =
YF −YO/s+YO∞/s

YF∞ +YO∞/s
(2.48)

where YO∞ is the oxygen mass fraction in air and YF∞ is the fuel mass fraction in the pure fuel
stream. Equivalence ratio φ can be rewritten based on the mixture fraction ξ [93]:

φ = ξ

1−ξ

(1−ξst)
ξst

while ξst =
YO∞

sYF∞+YO∞
(2.49)

This indicates that the mixture fraction can be expressed as a normalised form of equivalence
ratio.

2.1.6.2 Flame index

The mode of combustion can be characterised by the flame index which distinguishes pre-
mixed and diffusion modes of combustion [70, 94–96]. In this thesis, a normalised flame
index FI is used following the definition by Yamashita et al. [94]:

FI =
(∇YF ·∇YO)

(|YF ||YO|)
(2.50)

The FI takes a positive value for a premixed mode of combustion while FI is negative for
non-premixed combustion mode, as depicted in Fig.2.4.

Figure 2.4: Premixed and non-premixed combustion modes
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2.1.6.3 Reaction progress variable

It is useful to define a reaction progress variable c, based on oxygen mass fraction YO and
mixture fraction ξ in the following manner in order to identify the reaction zone for turbulent
combustion of droplet laden mixtures [43–45, 47, 48]:

c =
(1−ξ )YO∞ −YO

(1−ξ )YO∞ −max
(

0, [ξst−ξ ]
ξst

)
YO∞

(2.51)

The reaction progress variable increases monotonically from zero in unburned reactants to
unity in burned products, while allowing an appropriate tracking for the position where the
chemical reaction takes place.

The transport equation of the reaction progress variable, c can be obtained by using the
transport equations for oxidiser mass fraction YO and mixture fraction ξ as [47, 48]:

∂ (cρ)

∂ t
+∇ · (ρ−→u c) = ∇ · (ρD∇c)+ ẇc + Ȧc + Ṡ∗c (2.52)

where ẇc represents the reaction rate of reaction progress variable, Ȧc is the cross-scalar
dissipation term associated with mixture inhomogeneity and Ṡ∗c = Ṡliq,c +Γmc indicates the
source/sink term arising due to droplet evaporation.

The reaction rate of the reaction progress variable ẇc can be expressed as [47, 48]:

ẇc =

− ξst ẇO
YO∞ξ (1−ξst)

, ξ ≤ ξst

− ẇO
YO∞(1−ξ )

, ξ > ξst
(2.53)

where ẇO denotes the reaction rate of oxidiser. The terms associated with mixture inhomo-
geneity Ȧc and droplet evaporation Ṡliq,c are given as [47, 48]:

Ṡliq,c =

− ξst
YO∞ξ 2(1−ξst)

[
ξ ṠO +(YO∞ −YO) Ṡξ

]
, ξ ≤ ξst

− 1
YO∞(1−ξ )2

[
(1−ξ )ṠO +YOṠξ

]
, ξ > ξst

(2.54)

Ȧc =


2ρD

ξ
∇c ·∇ξ , ξ ≤ ξst

−2ρD
(1−ξ )

∇c ·∇ξ , ξ > ξst
(2.55)

In Equation 2.54, Ṡ∗
ξ
= Ṡξ +Γmξ is the droplet source term in the mixture fraction transport

equation given by:

∂ (ξ ρ)

∂ t
+∇ · (ρ−→u ξ ) = ∇ · (ρD∇ξ )+ Ṡ∗

ξ
(2.56)
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where Ṡξ is expressed as: Ṡξ = (ṠF − ṠO/s)/(YF∞ +YO∞/s) while ṠF = Γm(1−YF) and ṠO =

−ΓmYO being the droplet source/sink terms in the mass fraction transport equations for fuel
and oxygen, respectively.

2.1.7 Flame Speed Definitions

Propagation mechanism of the flame surface is an essential component of combustion theory.
Therefore, various concepts have been adopted to define and quantify flame propagation rates
in terms of different flame speeds. The definitions of flame speed presented here are limited
only for those utilised in the context of the current study.

The laminar burning velocity Sb(φg) is the velocity at which a premixed flame front propag-
ates with respect to the unburned gas mixture in the direction normal to the flame surface
[24, 93]. Considering a one dimensional steady state planar laminar premixed flame configur-
ation, Sb(φg) can be quantified with the integration of the fuel reaction rate from the unburned
gas mixture (i.e. x →−∞) to burned gas mixture (i.e. x →+∞) as follows [24]:

Sb(φg) =− 1
ρ0(YF,0 −YF,b)

∫ +∞

−∞

ẇFdx (2.57)

The displacement speed Sd measures the movement of a chosen scalar isosurface (e.g.
temperature, fuel mass fraction or reaction progress variable) normal to itself with respect
to an initially coincident material surface [86, 97, 98]. An expression for Sd can be derived
utilising the kinematic form of reaction progress variable transport equation:

∂c
∂ t

+u j
∂c
∂x j

= Sd | ∇c | (2.58)

Sd =

[
∇ · (ρD∇c)+ ẇc + Ȧc + Ṡliq,c

]
ρ | ∇c |

= Sn +St +Sr +Sz +Ss (2.59)

where Sn, St and Sr are the normal diffusion, tangential diffusion, reaction components, and
Sz and Ss are the contributions due to cross-scalar dissipation term and droplet evaporation,
respectively, which are defined as:

Sn =
→
N·∇(ρD

→
N·∇c)

ρ|∇c| ; St =−2Dκm; Sr =
ẇc

ρ|∇c| ; Sr =
Ȧc

ρ|∇c| ; Ss =
Ṡliq,c
ρ|∇c|

(2.60)

where
−→
N = −

−→
∇ c/ |∇c| is the local flame normal vector pointing toward reactants as an ele-

ment of flame surface and κm = ∇ · −→N /2 is the local flame curvature. It can be seen from
Eqs. 2.60 that a change in density ρ can affect the displacement speed Sd and its components
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(i.e. Sn, St , Sr, Sz, Ss). Thus, it is worthwhile to consider density-weighted displacement speed
S∗d = ρSd/ρ0 and its components: S∗r = ρSr/ρ0, S∗n = ρSn/ρ0, S∗t = ρSt/ρ0, S∗z = ρSz/ρ0, and
S∗s = ρSs/ρ0.

The consumption speed determines the speed at which the flame burns the reactants based
on the reaction rate of reaction progress variable:

Sc =
1
ρ0

∫
ẇcd−→n (2.61)

where d−→n is the elemental distance in the local flame normal direction.

2.2 Numerical Implementation

Simulations have been conducted using a three-dimensional compressible DNS code SENGA+
[42–44, 46, 99, 100], which solves the standard conservation equations of mass, momentum,
energy and species of the gaseous phase in non-dimensional form. A uniform Cartesian grid
is used for the purpose of spatial discretisation. The spatial differentiation is performed using
a 10th order central difference scheme for the internal grid points, but the order of differenti-
ation gradually decreases to a one-sided 2ndorder scheme at the non-periodic boundaries. An
explicit low-storage 3rd order Runge-Kutta scheme is [101] employed to calculate the time
advancement. For spherically expanding flames propagating into droplet-laden mixtures, par-
tially non-reflecting outflow boundary condition is assumed according to the Navier-Stokes
Characteristic Boundary Conditions (NSCBC) technique which is described in detail by Poin-
sot and Veynante [24]. For V-shaped flames propagating into droplet-laden mixtures, in-
flow and outflow boundary conditions are specified in the stream-wise direction (x−direction)
whereas the remaining (i.e. y and z) directions are assumed to be periodic.

2.2.1 Resolution of Scales

Computation of turbulent flames propagating into droplet-laden mixtures using carrier phase
DNS must fulfil the fundamental requirements listed below:

• The domain length L should be chosen sufficiently large which ensures containment of
enough large scales for the purpose of statistically converged results (L > 5lt)

• The grid size △x should be fine enough to allow the resolution of the smallest flow scale
(△x ≤ η)
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• The grid size △x should be chosen sufficiently fine which ensures the resolution of the
inner structure of the flame (△x ≪ δth)

• The droplet diameter ad should be chosen well below the smallest flow scale to allow
the point source assumption treatment for the liquid phase (ad ≪ η)

Here δth = (Tad − T0)/max | ∇T̂ |L denotes thermal flame thickness. The basic resolution
conditions of the largest and smallest flow scales yield a typical grid size △x = L/(N − 1)
for a cubic computational domain with the length of L (or the shortest length in a rectangular
domain) on which has N grid points.

The smallest length scale of the turbulence (i.e. Kolmogorov scale) requires to be captured
in the context of DNS of non-reacting turbulent flows. Velocity fluctuation u′ and integral
length scale lt can be used to describe the turbulent flow. Based on the above considerations,
the length of the domain should meet at least of the order of lt ( L = (N −1)△ x ≥ lt) and the
grid size should remain smaller or equal to the Kolmogorov length scale △x ≤ η . Thus, the
number of grid points required in one direction can be linked to turbulent Reynolds number
Ret based on the Kolmogorov cascade approach (i.e. η ∼ Re3/4

t ) as: N − 1 > Re3/4
t . This

suggests that turbulent Reynolds number Ret is a crucial feature for non-reacting turbulent
flows on determining the computational cost of DNS.

Besides the resolution of flow scales, inner flame structure needs to be resolved on the
grid for DNS of turbulent combustion. Resolution practice for the chemical scales is strongly
dependent on the chemical reaction mechanism employed in the DNS. A single step modified
irreversible Arrhenius mechanism, which requires at least ten grid points in the thermal flame
thickness δth, is adopted for generation of the DNS database used in the this thesis. The length
of the domain L can be rephrased in terms of the thermal flame thickness δth as follows:

L ≈ (N −1)
Q

δth (2.62)

where Q denotes the elementary grid number in the thermal flame thickness (Q ≈ 10). Apply-
ing the criteria that the integral length scale lt should be smaller than the length of the domain
L leads an upper limit for lt :

lt
δth

<
L

δth
<

N −1
Q

(2.63)

Alternatively, Eq. 2.63 can be rearranged by using the diffusive flame thickness δD ∼ ν/Sb

and the product of the Ret and Da:

RetDa ∼ l2
t Sb

νδD
∼
(

lt
δD

)2

<

(
N −1

Q

)2

(2.64)
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where ν is kinematic viscosity and Da = ltSb/u′δth indicates the Damköhler number which
relates the flow time scale lt/u′ to the chemical time scale δth/Sb.

2.2.2 Initialisation of Turbulent Flow Field

The turbulence initialisation procedure in DNS intends to develop a good approximation of
the solutions of Navier-Stokes equations, which in turn, avoids strong initial transients and
excessive time spent to generate a precise turbulent solution. It is an appropriate approach to
establish a numerical initial approximation when the closed form of a Navier-Stokes solution,
or sufficiently detailed experimental data are unattainable [102]. Therefore, a homogeneous,
isotropic, incompressible, turbulent and periodic velocity field with a specified energy spec-
trum is used for the purpose of turbulent flow field initialisation in the present analysis.

The Fourier space formulation is employed to generate the velocity field û which is then
inverse Fourier transformed into real space [102]. Furthermore, this numerical approximation
follows a pseudo-spectral scheme according to the methodology proposed by Rogallo [103].
The continuity condition for incompressible flow:

∇ ·−→u = 0 (2.65)

can be rewritten in Fourier space as:

−→
κ · û = 0 (2.66)

where −→
κ is the linear wave number vector and û is the Fourier transform of the real-space

velocity vector −→u . Equation 2.66 clearly states that û is orthogonal to −→
κ and the Fourier-

space velocity vector û does not have a component in the direction of the wavenumber vector.
Therefore, û can be expressed as:

û = α(κ)−→e 1 +β (κ)−→e 2 (2.67)

where κ denotes the magnitude of the linear wave number vector −→κ , the system of unit basis
vectors are indicated by −→e 1, −→e 2 and −→e 3, while −→e 3 being aligned with −→

κ and −→e 1 is chosen
arbitrarily in such a manner that it is normal to −→e 3. In addition, the complex functions α(κ)

and β (κ) are calculated using the random phase, such that their magnitudes at each Fourier
mode are considered to be adjusted with the average energy described by the energy spectrum
E(κ). Accordingly, α and β can be expressed as follows:

α(κ) =

√
E(κ)
2πκ2 eiθ1cosϕ (2.68a)
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B(κ) =

√
E(κ)
2πκ2 eiθ2sinϕ (2.68b)

Here, θ1, θ2 and ϕ are uniformly-distributed random angles. For the analyses in the current
thesis, the E(κ) is considered to follow a commonly used procedure in DNS proposed by
Batchelor and Townsend [104] which is indicative of decaying isotropic turbulence:

E(κ) = c0
κ4

κ5
0

e−2(κ/κ0) (2.69)

where c0 denotes a multiplier and κ0 is the wavenumber associated with the peak energy.
Here, the term κ4 represents strictly the incompressible limit for low wavenumbers, whereas
Gaussian tail causes a rapid roll-off of the energy at high wavenumbers [104]. Quantit-
ies of interest, such as turbulent kinetic energy k = ⟨u′iu′i/2⟩ and its dissipation rate ε =

⟨ν(∂u′i/∂x j)(∂u′i/∂x j)⟩ can be expressed in the framework of the Batchelor and Townsend
spectrum:

(i) turbulent kinetic energy over the entire domain of initialisation:

k
3
2

u′
2
=

3
32

√
π

2
c0 (2.70)

(ii) dissipation rate of turbulent kinetic energy over the entire domain of initialisation:

ε =
15
16

√
π

2
π

2
νc0κ

2
0 (2.71)

Here, ⟨· · ·⟩ indicates the averaging operation over the entire domain of initialisation and u′

is the root-mean square (rms) of the velocity fluctuations. Based on Eqs. 2.70 and 2.71, the
different length scales can be obtained as follow :

Longitudinal integral length scale:

L11 =
1√

2πκ0
(2.72)

Taylor length scale:

λ =

√
10νk

ε
=

√
1

2π2κ2
0

(2.73)
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Kolmogorov length scale:

η =

 ν2

15
16

√
π

2 π2c0κ2
0

1/4

(2.74)

In this thesis, an incompressible, homogeneous and isotropic turbulence flow field is used
to simulate turbulent flames propagating in droplet-laden mixtures. This approximation for
the turbulent flow field implies the invariance of all statistics under translations, rotations
and reflections of the coordinate system. The homogeneous and isotropic turbulence concept
has been widely adopted by the turbulent combustion community due to its practicality and
validity over a wide range of applications [42, 54, 105–107]. Thus, the homogeneous and
isotropic turbulent flow assumption has provided a considerable understanding of turbulence-
flame interaction.

The initial turbulent flow field is generated by using a Fourier spectral method following
the procedures described by Orszag [108] and Rogallo [103] with the Batchelor–Townsend
spectrum [104]. A single realisation of the turbulent flow field is obtained by assigning the
random phase angles given in Eq. 2.56. Therefore, employing a different value for a phase
angle from the previous analysis provides a turbulence flow field that is statistically identical
but locally different from the previous initial flow field. In this study, for the purpose of
turbulent flow initialisation, a single value has been defined for a random phase angle for all
cases. However, a different realisation of initial turbulent velocity is not expected to cause
a significant change in statistics of flame propagation presented in this study, as the initial
turbulence flow field remains statistically identical (i.e., the same L11 and u′). It is worth
mentioning that studies by Papapostolou et al. [109] and Turquand d’Auzay et al. [110],
which demonstrated that the flame propagation statistics in both premixed and droplet-laden
mixtures are not qualitatively affected by the realisation of the initial turbulence flow field, but
the outcome of the ignition phenomenon depends on the turbulent flow realisation due to its
stochastic nature. However, the analysis presented in this thesis does not deal with the ignition
phenomenon and focuses principally on flame propagation statistics, and therefore, a choice
of different initial turbulent flow realisation is unlikely to affect the qualitative nature of the
findings reported in this thesis. Moreover, it is not computationally practical to carry out a
large parametric analysis conducted in this thesis for more than one turbulent flow realisation
using DNS. This approach was adopted in several analyses by several authors [64, 111–113]
in the past.
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2.2.3 Initialisation of Reacting Gaseous and Liquid Phases

2.2.3.1 Spherically expanding flames propagating in fuel droplet-mists

Simulations of the spherically expanding turbulent spray and premixed flames have been con-
ducted within a cubic box with Lx = Ly = Lz = 84.5δz (119δz only for the cases with initial
u′/Sb(φg=1) = 10) in each direction where δz = αT 0/Sb(φg=1) is the Zel’dovich flame thickness
with αT 0 being the thermal diffusivity in the unburned gas. The domain is discretised using a
uniform Cartesian grid of 5123 (7203 only for the cases with initial u′/Sb(φg=1) = 10) which
ensures about 10 grid points within the unstrained laminar thermal flame thickness δst of the
stoichiometric mixture. The partially non-reflecting boundary conditions are specified for all
faces of the simulation domain using the Navier-Stokes Characteristic Boundary Conditions
(NSCBC) technique [28].

For the purpose of initialisation, 1D steady-state laminar spray flame solutions are gener-
ated for three different initial values of droplet diameter ad (i.e. ad/δst = 0.04,0.05 and 0.06)
and for overall equivalence ratios φov (i.e. φov = 0.8,1.0 and 1.2) using COSILAB [114] fol-
lowing Neophytou and Mastorakos [115]. These 1D steady state solutions are then specified
in the radial direction from the centre of the domain. These initialised scalar fields are al-
lowed to evolve in such a manner in a quiescent environment so that the spherical flame can
evolve and adjust itself. This phase has been continued until the radius of fully burned gas
region (i.e. the region corresponding to reaction progress variable c value greater than 0.99)
r0 reaches 2δst (i.e. r0/δst = 2.0). It is recognised that the energy content for a stoichiomet-
ric premixed spherical flame with radius r0 = 2δst is different from a spherical droplet flame.
However, for the purpose of comparison, the initial burned gas (i.e., c ≥ 0.99) radius for
all cases considered here is taken to be r0/δst = 2.0. Standard values have been considered
for the ratio of specific heats (γ = CG

p /CG
v = 1.4) and Prandtl number (Pr = µCG

p /λ = 0.7).
The unburned gas temperature T0 is taken to be 300K which implies a heat release parameter
τ = (T(ad(φg=1)−T0)/T0 of 6.54 and an atmospheric pressure condition is considered for this
analysis.

For turbulent simulations, the turbulent velocity field is superimposed on the laminar
spherical flames with r0/δst = 2.0. A standard pseudo-spectral method, as described in the
previous section (see section 2.2.2) [103], has been used to initialise turbulent velocity fluctu-
ations by an incompressible homogeneous isotropic velocity field. The turbulent flame sim-
ulations are performed for initial values of normalised root-mean-square (rms) turbulent ve-
locities u′⁄Sb(φg=1) = 4.0,8.0 and 10.0 with a non-dimensional longitudinal integral length-
scale of L11/δst = 2.5 and have been continued for at least 2.1 chemical time scale (i.e.
2.1tchem = 2.1αT 0/S2

b(φg=1), which corresponds to about 2.0, 4.0 and 5.0 initial eddy turnover
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times (i.e. L11/
√

k ) for u′⁄Sb(φg=1) = 4.0,8.0, and 10.0 cases, respectively. By this time u′ has
decayed by about 40,50 and 54 for initial u′⁄Sb(φg=1) = 4.0,8.0 and 10.0 cases, respectively,
and at that stage turbulent kinetic energy and its dissipation rate no longer change signific-
antly with time. The simulation time used in this analysis remains comparable to a number
of recent DNS analyses [43–46, 57, 59–61, 99, 100], which significantly contributed to the
fundamental understanding of turbulent combustion. The initial turbulent Reynolds number
Ret = ρ0k2/µ0ε based on turbulent kinetic energy k and its dissipation rate ε for the turbulent
cases considered here remains about 68, 135 and 170 for u′⁄Sb(φg=1) = 4.0,8.0 and 10.0 cases,
respectively.

The initial droplet number density ρN varies between 1.38 ≤ (ρN)
1/3δst ≤ 2.34 in the

unburned gas depending on the value of droplet diameters considered here, and the liquid
volume fraction remains well below 0.01%, which ensures the dilute spray regime as described
later in Chapter 3, section 3.1. The droplet diameter remains smaller than the Kolmogorov
length scale η for all cases and ad/η ranges between 0.15 and 0.45. The Stokes number
St = τu

d

√
k/L11 = ρda2

d

√
k/(18CuµL11) (where τu

d = ρda2
d/18Cuµ is the particle time scale

and L11/
√

k is the turbulent time scale) for the largest droplet remains smaller than 0.18 in
the turbulent cases considered here. Alternatively, the Stokes number St ′ = τu

d S2
b(φg=1)/αT 0 =

ρda2
dS2

b(φg=1)/(18CuµαT 0) can be calculated based on chemical time scale αT 0/S2
b(φg=1) and

the maximum value of St ′ remains smaller than 0.3 for the largest droplets considered in this
analysis. The mean normalised inter-droplet distance sd/η varies between 2.47 and 6.53.

2.2.3.2 V-shaped flames propagating in fuel droplet-mists

The computational domain for the V-shaped flames propagating in droplet-laden mixtures is
taken to be a cube of Lx = Ly = Lz = 30δst and is discretised by a uniform Cartesian grid of
3843, which ensures about 10 grid points within δst . Boundary conditions in the stream-wise
direction (x−direction) are assumed to be inflow and outflow according to the NSCBC tech-
nique [28], whereas the remaining (i.e. y and z) directions are taken to be periodic. COSILAB
[114] is utilised to obtain 1D laminar steady state spray flame solutions, which in turn have
been used to initialise the reacting flow field for three different initial values of droplet dia-
meter ad (i.e. ad/δst = 0.04,0.05 and 0.06) for an overall equivalence ratio φov of unity (i.e.
φov = 1.0). The flame holder with a radius of 0.3δst is placed at approximately 10δst from the
inlet plane. The reactant mass fractions (i.e. YF and YO ) and the non-dimensional temperature
of gaseous phase T are imposed using a Gaussian weighting function g(r) = Aexp[−r2/2ς2]

at the flame holder following Dunstan et al. [63, 64] where A and ς are adjustable con-
stants to obtain the desired flame holder radius (i.e. r = 0.3δst). The ratio of specific heats
(γ = 1.4) and Prandtl number (Pr = 0.7) are taken to have standard values. The statistics are
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presented at three different axial distances (i.e. position A,B and C) from the flame holder (i.e.
9δst ,13δst and 17δst ) after 2.0t f low, where t f low = Lx/umean is the flow through time.

The V-flame is subjected to a moderate level of inlet turbulence (i.e. u′⁄Sb(φg=1) = 2.0),
with two different mean inlet velocities of umean⁄Sb(φg=1) = 5.0 and 10 and a normalised lon-
gitudinal integral length scale of L11/δst = 2.5. A plane is scanned through a frozen field of
homogeneous isotropic turbulence to specify turbulent velocity fluctuations at the inlet plane
with the help of Taylor’s hypothesis. Interested readers are referred to Chakraborty and Cant
[73] and Dunstan et al. [63, 64], for further discussion on inlet boundary condition specific-
ation. The turbulent Reynolds number Ret for the flames considered here is about 35.0. It
is admitted that the value of Ret remains small but comparable to experiments by Vena et al.
[116, 117] (where u′ at the inlet varied from 0.19m/s to 0.33m/s, the hydraulic diameter of
the burner exit is 0.024m, the integral length scale can be estimated as 7% of the hydraulic
diameter, and the kinematic viscosity is given by 1.8× 10−5m2/s). Moreover, the turbulent
Reynolds number Ret value of these simulations remains comparable to turbulent premixed V-
flame simulations of Dunstan et al. [63, 64]. However, these V-shaped spray flame simulations
are considerably more expensive than turbulent premixed V-flame DNS [63, 64] because indi-
vidual droplets are tracked in addition to accounting for gaseous phase combustion. A small
value of u′⁄Sb(φg=1) is considered in this study because the analysis of the flame-droplet inter-
action is one of the focal points of this study and the flame-droplet interaction (e.g. curvature)
induced by droplets is eclipsed by flame-turbulence interaction for large values of u′⁄Sb(φg=1)

[118, 119].
Fuel is supplied in the form of liquid droplets at the inlet which is placed on the left-hand

side of the domain. Liquid fuel droplets, distributed randomly but statistically uniform in space
at the inlet plane, are introduced with a temperature of T0 = 300K. The mass flux of liquid
fuel at the inlet plane is estimated based on the values of umean and φov. The initial droplet
number density ρN ranges between 1.23 ≤ (ρN)

1/3δst ≤ 1.85 in the unburned gas depending
on the value of droplet diameters considered here, and the liquid fuel spray is assumed in
the dilute spray regime with a liquid volume fraction less than 0.01%. As the resolution
requirements restrict the application of the point source assumption for large droplets, the
ratio of initial droplet diameter to the Kolmogorov length scale is ad/η = 0.09,0.11 and 0.13
for the cases of ad/δst = 0.04,0.05 and 0.06, respectively for the inlet turbulence intensity (i.e.
u′/Sb(φg=1) = 2.0) considered here. The Stokes number St and the alternative Stokes number
are obtained as smaller than 0.13 and 0.27, respectively. The mean normalised inter-droplet
distance sd/η remains in the range of 1.64 ≤ sd/η ≤ 2.47 for the inlet turbulence intensity
considered here.

For both configurations, a group number G = 3(1+ 0.276Re1/2
d Sc1/3)LeN2/3(ad/sd) can
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be used to distinguish between individually burning droplets (G ≪ 1.0) and external sheath
combustion (G ≫ 1.0). All droplet cases considered in the current study come under the
category of external sheath combustion (i.e. G remains much greater than unity). In the case
of the small value of G, pyrolysis takes place at the fuel-rich core due to extremely high
temperature, whereas the temperature values in the external sheath combustion are usually
not high enough to give rise to a significant amount of pyrolysis [92]. For the present study,
the burned gas temperature remains either comparable or smaller than the adiabatic flame
temperature of the stoichiometric mixture, and thus the effects of pyrolysis are expected to
be minimal. Moreover, thermochemistry for the present analysis involves a modified single-
step Arrhenius-type chemical mechanism for the computational economy, and this chemical
mechanism is not adequate for the analysis of the pyrolysis process. A similar assumption
was made in several previous analyses [42–46, 54, 56, 67] and the same approach has been
adopted here. A recent DNS analysis by Zhou et al. [120] demonstrated, with the help of
the Kerstein-Law parameter, that either group combustion or individual burning is unlikely to
occur under conditions which are comparable to the conditions analysed here.

For the purpose of simplicity, the Lewis numbers (Lei = αi/Di for the species i) of all
species are considered to be unity in simulations of both spherically expanding and V-shaped
spray flame configurations and all species in the gaseous phase are assumed to be perfect gases
following several previous studies [42–44, 51, 67]. In principle, it is not necessary to consider
the unity Lewis number for these simulations although most previous analyses made this as-
sumption. The DNS code used for this analysis was used several times for non-unity Lewis
number turbulent premixed flames and interested readers are referred to Alqallaf et al. [121]
and references therein for the relevant information. However, the initialisation of spherical
flames with non-unity Lewis number is computationally expensive. The spherical flames with
Le < 1 expand rapidly due to thermo-diffusive instabilities, so keeping the flame within the
computational domain for a meaningful timespan becomes extremely computationally expens-
ive. Moreover, a non-unity Lewis number complicates the expression used for the corrected
Sherwood number Shc which is used for dispersed phase modelling. Furthermore, the thermo-
diffusive effects induced by non-unity Lewis number significantly affect the burning rate and
flame wrinkling statistics, and thus it becomes difficult to isolate the effects of flame wrinkling
induced by droplets and fluid turbulence from the ones due to differential diffusion of heat and
mass. Thus, all the species are considered to be of unity Lewis number for this analysis for
the purpose of simplicity so that the effects of droplet-induced flame wrinkling effects can be
analysed in absence of the additional complexities induced by differential diffusion of heat
and mass. In spite of the unity Lewis number assumption, the present thermo-chemistry cap-
tures the variations of normalised unstrained laminar burning velocity Sb(φg)/

[
Sb(φg)

]
max

and
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adiabatic flame temperature Tb(φg) =(Tad(φg)−T0)/(Tad(φg=1)−T0) with gaseous equivalence
ratio φg reasonably accurate when compared to detailed chemistry calculations [79] and ex-
perimental data [78], as shown in Fig. 2.3. The small differences between the variations of
Sb(φg)/

[
Sb(φg)

]
max

and Tb(φg) between the different chemical mechanisms and experimental
data arise due to the differences in the treatments of molecular transport characteristics.

Due to the high volatility of n-heptane, the size of droplets decreases significantly (≥ 50%)
by the time they reach the reaction zone. As a result, the flame interacts with the droplets,
which are much smaller in reality than the initial size of the droplets. Thus, the assumption of
sub-grid evaporation is not expected to affect the statistics of flame-droplet interaction, which
is the subject of this analysis. It is worth noting that a recent analysis by Haruki et al. [122]
demonstrated that the point source assumption accurately captures the evaporation character-
istics obtained from fully resolved multiphase simulations for droplets with sizes smaller than
the Kolmogorov length scale. The Eulerian approaches, which resolve both gaseous and li-
quid phases, also have some limitations (e.g., capturing polydispersity and droplet crossing).
de Chaisemartin et al. [123] compared the combustion of polydisperse droplets in a two di-
mensional free jet using carrier phase DNS with point source and fully Eulerian phase DNS.
The results by de Chaisemartin et al. [123] showed a good agreement between gaseous fuel
mass fraction fields obtained from these two approaches. These authors also reported that
simulations with the full Eulerian approach were 10 times more expensive than those with the
point source approach and a huge parallelisation capability for 3D simulations is needed for
the Eulerian phase DNS for sprays. Moreover, combustion simulations involving the fully re-
solved dispersed phase are currently in a primitive stage and need further validation to be used
on a routine basis. Thus, a point source assumption for the dispersed phase (i.e., droplets) has
been considered in this analysis.

The primary resolution requirements for the carrier phase DNS of turbulent spray flames
are explained in Section 2.2.1 earlier in this chapter. In accordance with the requirements for
reacting flow DNS, the domain length of spherically expanding flame configuration contains
around 16 longitudinal integral length scales (i.e. Lx = Ly = Lz = 16L11) whereas V-shaped
flame configuration has a domain length of Lx = Ly = Lz = 12L11. Furthermore, the grid spa-
cing △x remains smaller than the Kolmogorov length scale for both spherically expanding (i.e.
η > 1.25△x) and V-shaped (i.e. η > 4△x) flame configurations. Simulations have been car-
ried out for different initial droplet diameters which are chosen smaller than the Kolmogorov
length scale so that the point source approximation can be safely applied. Therefore, the ratio
of initial droplet diameter to the Kolmogorov length scale remains smaller than 0.45 for the
spherically expanding flame configuration, and 0.13 for the V-shaped flame configuration. In-
ner flame structures are resolved by ensuring around 14 elementary grid points (i.e., Q = 14)



2.2 Numerical Implementation 41

Figure 2.5: (a) |∇c|× δth and (b) Sb(φg=1)/{Sb(φg=1)}max for the one-dimensional unstrained
stoichiometric premixed planar flame with δth = 10△x (solid black line), δth = 13△x (dashed
red line) and δth = 20△x (green triangle)

in the thermal flame thickness δth. However, a grid-independence test has been performed for
a one-dimensional unstained stoichiometric premixed planar flame case in order to be sure
that statistics of flame propagation are not sensitive to the change in grid spacing. Figure 2.5
shows the distribution of |∇c|×δth across the one-dimensional domain after simulations reach
a steady-state for the cases with Q = 11,14 and 21. The quantity |∇c| plays an important role
in the evaluation of the flame propagation and it is clear from Fig. 2.5 that grid-independence
is obtained with the chosen grid spacing. Moreover, Fig. 2.5 shows that the evolution of
laminar flame speed in time exhibits nearly the same trend for the cases with different grid
spacing. An increase in the grid points across the thermal flame thickness from 11 to 21 leads
to a 0.5% change in laminar flame speed.





Chapter 3

Literature Review

This chapter is devoted to an extensive review of the investigations on turbulent spray com-
bustion while presenting findings of pioneering studies along with the on-going researches in
the field. The present chapter will focus on the analysis of turbulent spray flames in line with
the scope of the current thesis, and thus the studies on non-reacting droplets are excluded from
the discussion.

3.1 Fundamental Concepts in Spray Combustion

Liquid fuels are mostly utilised as sprayed liquid droplet-mists into a combustion chamber
in order to enhance the surface area, thereby augmenting heat and mass transfer rates which
affect the evaporation process and subsequently the combustion characteristics. The simula-
tion and modelling of turbulent flames propagating into droplet-mists is a challenging task
because spray combustion involves a wide range of different phenomena, which are strongly
coupled, including atomisation, collision, phase change, mixing, heat transfer, turbulence and
chemical reaction. In the DNS of turbulent combustion, atomisation and droplet collision are
generally neglected due to their highly complex nature and droplets are initially assumed at-
omised. Understanding the fundamental physics on the interactions between flame, droplets
and turbulence is essential to establish a framework for the challenges and complexities in
turbulent spray combustion. The diagram in Fig. 3.1 summarises some major interactions
in turbulent spray flames following Jenny et al. [30]. In gaseous combustion, turbulent flow
gives rise to dispersion at large scales (macro-mixing), and this is followed by mixing at small
scales and eventually mixing occurs at the molecular level (micro-mixing). Moreover, heat
release due to combustion and thermal expansion alter the underlying turbulence flow field.
In the context of spray flame, droplet and surrounding gas motions have an impact on each
other due to momentum exchange between liquid and gaseous phases. A local velocity differ-
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ence between liquid and gaseous phases develops due to the differences in inertia between the
droplet and carrier phase and this relative velocity plays a key role on the evaporation charac-
teristics of droplets. Additionally, evaporation rate and turbulence are linked through macro-
and micro-mixing. The flame structure in spray flames is strongly affected by the evaporation
rate and micro-mixing. Furthermore, a high temperature region close to the flame promotes a
faster evaporation rate which is coupled with micro-mixing in the gaseous phase. The general
features of processes involved in turbulent spray flames can briefly be discussed based on the
review by Jenny et al. [30].

Figure 3.1: Schematic diagram of flame droplet turbulence interaction. Reproduced from
Jenny et al. [30]

Liquid atomisation refers to the process of generating a fine spray which includes the dis-
integration of injected liquid fuel into small droplets. The atomisation characteristic controls
the droplet size and distribution and plays a crucial role for spray combustion [124]. The
droplet break-up behaviour is related to aerodynamic parameters and capillary forces due to
surface tension [125]. The spray formation process can be evaluated into two major phases:
primary and secondary atomisation, as shown in Fig. 3.2. Primary atomisation involves the
initial break-up to ligaments and large blobs of the continuous liquid body. The shear rate
between gas and liquid phases are dominant in the primary breakup region which is governed
by Kelvin-Helmholtz instabilities. Small droplets are formed in the secondary breakup region
as a result of Rayleigh-Taylor instability which occurs due to density differences between two
fluids [126]. The transition of ligaments to different secondary breakup modes is characterised
by the nondimensional numbers known as Weber (i.e. the ratio of the hydrodynamic forces
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to the surface tension) and Ohnesorge (i.e. the ratio of liquid viscous forces to the surface
tension) [127, 128].

Flow regimes can be divided into three categories based on the volume fraction of the
dispersed phase, as illustrated in Fig. 3.2. A dispersed phase volume fraction greater than 10−3

represents the dense regime where droplet collision and coalescence can reach considerable
frequecy. Dilute regime is described by dispersed phase volume fraction within the range of
10−6 and 10−3 and droplet collision can be neglected. In the very dilute regime, dispersed
phase volume fraction is below 10−6 and the effects of gaseous phase turbulence dominates
over those of the liquid phase [30].

Figure 3.2: Structure of flow regimes and spray atomisation. Adapted from Jenny et al. [30]
and Gutheil [129].

Dispersion of droplets in a stream of turbulent gaseous medium takes place due to two way
momentum coupling. Moreover, the gaseous turbulence field is influenced by the presence of
the dispersed liquid phase. Turbulence modulation and preferential droplet concentration are
essential aspects to understand the dynamic interactions between the carrier and dispersed
phase turbulence [130]. In the context of turbulence modulation, coupling of different mech-
anisms is possible [131]: (i) enhanced dissipation associated with large liquid droplets, (ii)
transport of kinetic energy to the carrier phase from liquid droplets and (iii) formation of
wakes and vortex shedding behind the particles. These mechanisms occur over a broad range
of length scale and liquid droplets can simultaneously augment and suppress the turbulence
intensity of the carrier phase [132]. Furthermore, carrier phase turbulence can drag liquid
droplets into the zones which are away from the centre of vortices. This phenomenon is called
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preferential droplet concentration and leads to a high concentration of liquid droplets at con-
vergence zones between multiple vortices [133]. Stokes number St, expresses the ratio of char-
acteristic particle timescale to turbulent timescale, and is a critical parameter in preferential
droplet concentration. Droplets with St ≪ 1 can entirely respond to carrier phase turbulence
motion whereas for the case of St ≫ 1, droplets exhibit a slow response to turbulent eddies.
At moderate values of Stokes number (i.e. St ≈ 1 ), liquid droplets tend to be drawn away
from the core of turbulence eddies, which indicates the development of preferential droplet
concentration.

Evaporation and micro-mixing determine the character of reacting gaseous mixture for
spray combustion. Reacting mixture composition ahead of the flame consequently affects
reaction rate and flame propagation rate, and thus, evaporation and micro-mixing should be
precisely represented for the accurate prediction of spray flame behaviour. The evaporation
pattern for droplets under different scenarios was described by Reveillon and Demoulion [53]
as given in Fig. 3.3. Liquid droplets rapidly evaporate in the fist scenario, as they are distrib-
uted in a region with low fuel vapor. At scenario 2, however, droplets with smaller inter-droplet
spacing have a lower evaporation rate due to the richer vapor concentration in the vicinity of
droplets in comparison to the first case. Lastly, droplets subjected to turbulence flow travel
from high vapor concentration region to a place where vapor concentration is low [30, 53].

Figure 3.3: Schematic illustration of liquid droplet evaporation for different scenarios [30]

Combustion in droplet laden mixtures is reviewed in the following sections based on the
previous studies on spray flame structure.
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3.2 A Basic Droplet Combustion Model: Single Droplet Com-
bustion

The endeavours to understand spray combustion in practical engineering devices have started
with the modelling of a single droplet burning in an oxidising atmosphere. The single droplet
combustion model provides a basis for the analysis of complex spray combustion problems.
In the context of single droplet combustion, a spherical cold liquid fuel drop is suspended
in a hot quiescent oxidant medium as illustrated in Fig. 3.4. Heat is conducted from the hot
ambient gas to the liquid droplet which leads to heating up the droplet and its evaporation. Fuel
vapour diffuses from the droplet surface to its surrounding due to the concentration gradient
between ambient and droplet surface. The evaporation rate is controlled by heat and mass
transfer mechanisms, and initially remains slow for the cold droplet, but increases, as the
droplet heats up. Droplet ignition (by forced or auto-ignition) creates a spherical diffusion
flame around the liquid droplet as shown in Fig. 3.4. It is worth noting that a non-spherical
flame can be formed in the case of a relative velocity between the droplet and surrounding
gas (i.e. convection effect). Chemical reaction occurs at locations where the stoichiometric
mixture is obtained where the outwardly-diffusing fuel vapour and inwardly-diffusing oxidiser
is achieved. Infinitely very thin flame sheet divides the flow field into two regions. The heat
released during the combustion is transferred to these two regions and also into the liquid fuel
droplet. It is assumed that a stable diffusion flame is established following the ignition and the
temperature distribution within the droplet is uniform with a constant surface temperature.

Godsave [136] described the linear relation between the square of the droplet diameter
and evaporation time considering the quasi-steady assumption with constant transport proper-
ties and a Lewis number of unity. This simplest possible model for droplet evaporation and
combustion is named as d2 law:

d2 = d2
0 −Ket (3.1)

where d0 is the initial droplet diameter, d is the droplet diameter after the evaporation time
t and Ke denotes the evaporation coefficient. The validity, limitations and possible modific-
ations of d2 law based on the experimental studies were extensively discussed and reviewed
by Williams [137], Faeth [138] and Law [134]. Furthermore, Spalding [139] introduced a
mass transfer number to estimate the evaporation rate based on the single droplet combustion
approach. It is also referred to as Spalding number and defined as:

Bd =
Y s

F −YF,∞

1−Y s
F

(3.2)
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Figure 3.4: Schematic description of single droplet combustion model [134, 135].

where YF,∞ represent the fuel mass fraction in the ambient gas.

3.3 Combustion Regimes

3.3.1 The Regimes of Premixed Turbulent Combustion

In general, a premixed flame can be characterised by three distinct zones called the preheat
zone, reaction zone and equilibration zone. The preheat zone contains unburned mixture in
which the temperature increases due to thermal diffusion from the reaction zone. A chemical
reaction occurs at a negligible level as the temperature of reactants remains too low in com-
parison to the activation temperature of the chemical reaction [140]. The reaction zone is a
very thin region with the temperature high enough to overcome the activation energy of the
reaction, and thus, the chemical reaction mainly takes place in this region. Finally, the tem-
perature reaches the highest level in the equilibration zone as a result of the large amount of
heat release. In the equilibration zone, chemical equilibrium is achieved whereas the reaction
is much slower compared to the reaction zone [140].

Chemical reaction in turbulent premixed combustion often occurs much faster than fluid-
dynamic processes, and this originates from the existence of the shorter chemical time scales
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Figure 3.5: A regime diagram for turbulent premixed combustion [93].

than the turbulence time scales [18]. In such conditions, the chemical reaction is assumed to
take place in a thin layer, namely the flamelet, which separates the unburned mixture from
that of fully burned products. The flamelet concept is an essential element of formulating the
turbulent premixed combustion and this assumption enables the entire turbulent combustion
analysis to be modelled as a two-fluid problem. Furthermore, this approach suggests the de-
scription of the flow properties in the fresh and burnt gases in terms of burning rate and flame
surface. Additional simplifications are possible with the consideration that the flamelets retain
the local structure of a strained and curved laminar flame. This allows a practical approxima-
tion of the reactant consumption rate in turbulent premixed flames to that of strained laminar
flames. Hence, the analysis of the chemical reaction can be decoupled from the turbulence
flow field calculations. However, further separate laminar flame calculations are required in
order to capture the variations in local flame speed due to the chemical effects [141]. Turbulent
motions give rise to the straining and wrinkling of laminar flamelets. As strong assumptions
are considered for the application of the flamelet approach, it is instructive to frame the valid-
ity and the limitations of flamelet concept on a regime diagram. Flame structures are mapped
onto two-dimensional diagrams based on the normalised velocity (i.e. u′/Sb) and length (i.e.
L11/δth) scales (or Damköhler and Reynolds numbers). These diagrams are also called Borghi
diagrams [142] and a typical regime diagram proposed by Peters [93] is illustrated in Fig. 3.5.
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Figure 3.5 presents the boundaries of different combustion regimes based on the non-
dimensional numbers: the turbulent Reynolds number Ret , turbulent Damköhler number Da
and the Karlovitz number Ka. Here, the turbulent Damköhler number is the ratio of turbulent
time scale te = lt/u′ to the chemical time scale tchem = D/S2

b and can be given as:

Da =
te

tchem
=

(lt/u′)
(D/S2

b)
(3.3)

Karlovitz number Ka provides the ratio of the chemical time scale tchem to the Kolmogorov
time scale tη = (v/ε)1/2, and the assumptions of equal diffusivity for all reactive scalars and
unity Schmidt number (i.e. Sc = v/D = 1) lead to the following expression:

Ka =
tchem

tη
∼

δ 2
th

η2 ∼
v2

η

S2
b

(3.4)

where vη = (vε)1/4 is the Kolmogorov velocity scale. The Kolmogorov length scale η can be
written based on the overall turbulent kinetic energy dissipation rate ε and kinematic viscosity
v by the following equation:

η =

(
v3

ε

)1/4

(3.5)

where the turbulent kinetic energy dissipation rate ε can be scaled as ε ∼ u′
3
/lt under the

assumption of local equilibrium. Lastly, the turbulent Reynolds number Ret can be related
with non-dimensonal numbers Da and Ka as:

Ret = Da2Ka2 (3.6)

According to the regime diagram shown in Fig. 3.5, laminar flame regime is bordered by the
line of unity turbulent Reynolds number. Wrinkled flame regime is identified with low turbu-
lence intensities (i.e. u′ < Sb) and Karlovitz numbers (i.e. Ka < 1). Under these conditions,
the turbulent flame exhibits a thin quasi-laminar flame front, which is moderately wrinkled by
the turbulent motions. When the turbulence intensity becomes higher (i.e. u′ > Sb) while Kar-
lovitz numbers remain under unity, flame front is severely wrinkled. Large-scale interactions
of flame fronts can lead to the formation of reactant and product pockets, and therefore, this
type of flames is also described as wrinkled flames with pockets. Furthermore, the criterion
of Ka < 1 presents a laminar flame thickness δth smaller than the all turbulence length scales,
including the Kolmogorov scale η (i.e. δth < η) which indicates that the inner structure of
the flame is not disturbed by the turbulence field. Alternatively, Ka = 1 line introduces a limit
for the Klimov–Williams criterion which determines whether a laminar flamelet can occur in
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a premixed turbulent combustion. If the Karlovitz number reaches values above unity (i.e.
Ka > 1), the Kolmogorov length scale η becomes small enough in comparison to the flame
thickness (i.e. η < δth) to penetrate the inner flame structures. Peters [143] introduced another
characteristic thickness for the reaction zone (i.e. δr) in order to identify the level of penet-
ration of small eddies into flame. Thus, an alternative Karlovitz number Kar can be defined
assuming the reaction zone thickness being typically one tenth of the overall thermal thickness
(i.e. δr ∼ δth/10), and which relates two Karlovitz numbers as Kar/Ka ∼ 1/100. Hence, thin
reaction zone is specified based on the inequalities of 1 < Ka < 100 and Ret > 1. In the thin
reaction zone, the flame is subjected to thickening by unsteady fluctuations due to penetration
of energetic turbulent eddies to the preheat zone. However, the reaction zone is still smaller
than the Kolmogorov length scale (i.e. δr < η), and thus, the reaction zone remains unbroken
by turbulent motions. For the reaction zone Karlovitz numbers greater than unity Kar > 1 and
Ret > 1, combustion occurs in the broken reaction zones regime where both preheat and reac-
tion zone are perturbed by turbulent eddies. Turbulent motion can cause thickening, stretching
and extinction in the broken reaction zones regime [19].

3.3.2 The Regimes of Spray Combustion

Classification of spray combustion is a complex task as several characteristic parameters, such
as droplet size, number density of droplets, inter droplet spacing, flame structure and flow
features are involved in the process. Particular attention has been given for the description
of spray flames using the combustion regime diagrams. The earliest attempt to create an
extensive spray combustion regime diagram was made by Chiu and co-workers [144, 145].
The concept of group combustion of droplet clusters which is notably related to practical
combustion systems was proposed. A spherical liquid droplet cloud dispersed in hot oxidiser
was considered to investigate the spray flame propagation behaviour. Flame location in the
droplet cloud was used to distinguish the different spray flame morphologies and a combustion
regime diagram was introduced based on the group combustion number G as shown in Fig.
3.6.

The group combustion number G describes the relation between the characteristic speed
of evaporation and the molecular diffusion speed [145] and it can be given by:

G = 3(1+0.276Re1/2
d Sc1/3)LeN2/3

p (ad/sd) (3.7)

where Np is the total number of droplets in the cloud and sd is the average inter droplet spacing.
At very low group combustion number values (i.e. G < 10−2), droplets are dispersed dilute
enough so that preheated oxidiser can reach around each droplet, and thus all droplets are
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Figure 3.6: Group combustion modes depicted on spray combustion regime diagram [92, 145,
146]

surrounded by a separate flame. This is called the single droplet combustion regime. The
region corresponding for 10−2 < G < 1 is named the internal group combustion regime where
a diffusion flame encloses the droplets located in the core. This main flame is developed at
the layer where evaporated fuel in the centre of the cloud meets with the oxidiser diffusing
inwardly. Beyond the main flame, droplets outside of the core burn individually. If G further
enhances, the main flame location moves outwards and eventually the flame envelops the entire
droplet cloud with a certain stand off distance. This region in the diagram (i.e. 1 < G < 102)
is known as the external group combustion regime. For large values of the group combustion
number (i.e. G > 102), densely packed droplets form the non-evaporating core at the centre of
the droplet cloud due to the lack of heat diffusion into the centre. In this case, only a thin layer
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of droplets at the outer edge of the cloud evaporates and the flame is established at a stand of
distance from the periphery of the droplet cloud. This type of spray flames are classified into
external sheath combustion regime.

Alternatively, Borghi [147, 148] categorised spray flames by including the two character-
istic parameters τv/τ f (i.e. the ratio of evaporation time τv to flame time τ f ) and sd/δth (i.e.
the ratio of inter droplet spacing sd to flame thickness δth) to the analysis. Borghi considered
laminar combustion of homogeneously distributed polydisperse droplets and the regime dia-
gram proposed by Borghi can be seen in Fig. 3.7. In the case of a smaller evaporation time
than flame time (i.e. τv/τ f < 1), droplets complete their evaporation before reaching the reac-
tion zone. Thus, a propagating premixed flame is formed due to the locally premixed mixture
ahead of the reaction zone. This type of combustion mode is called prevaporised flames. Some
droplets can penetrate to the reaction zone if the evaporation rate is sufficiently slow for the
flames with a thickness larger than inter droplet distance (i.e. δth > sd). Interaction of droplets
with the reaction zone leads to a thick flame. Droplets which survive beyond the primary
partially premixed flame front can create a secondary reaction zone there. Flame morpho-
logy of this secondary reaction zone is classified pocket, percolation and group combustion
regimes according to the separation number S=sd/r f , where r f is a characteristic diffusion
flame radius, as illustrated in Fig. 3.7.

Reveillon and Vervisch [51] considered the global liquid equivalence ratio as a key para-
meter in addition to those used in Borghi’s analysis. It is stated that the global liquid fuel/air
mass ratio can affect the local flame structure through the local mixture composition. Spray
combustion regimes were investigated in three main categories as external combustion, group
combustion and hybrid combustion using carrier phase DNS [51]. Figure 3.8 shows the char-
acteristic flame structures identified by Reveillon and Vervisch [51]. The external combustion
regime consists of a single (closed external) or two (open external) continuous flames which
engulf the droplets and the evaporated gaseous fuel. Flames in the external combustion regime
exhibit predominantly premixed behaviour. In the context of group combustion, droplets burn
in clusters enveloped by separate flames. Rich premixed and diffusion flames can be formed
together in the corresponding regime. External and group combustion modes are combined
in the hybrid combustion regime so that premixed flames develop around the droplet clusters
while the rest of the droplets form a continuous diffusion flame.

3.4 Flame Propagation in Droplet-Laden Mixtures

Over the past decades, a series of experimental [62, 118, 119, 132, 149–154], analytical [155–
157] and also numerical [41–52, 54–56, 67, 68] studies have focused on turbulent spray com-
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Figure 3.7: Borghi’s regime diagram for laminar spray flames where S represents the separa-
tion number [147].

bustion. However, relatively limited effort [43, 46, 62, 118, 119] has been directed to the
analysis of spherical flame propagation into turbulent droplet-laden mixtures.

The pioneering experimental analysis by Burgoyne and Cohen [149] indicated that the
burning velocity and flammability limits of tetralin aerosols depend strongly on the droplet
diameter. Suspensions of small droplets (diameter of 10µm and below) behave similar to a
gaseous mixture, whereas large droplets (with diameter of 40µm and above) burn individu-
ally and can ignite other droplets around them. Ballal and Lefebvre [151] experimentally
demonstrated that the burning velocities of iso-octane droplet-mist with overall fuel-lean and
stoichiometric mixture composition increase with decreasing droplet diameters. It was also
reported that the evaporation rate influences the flame propagation rate in the case of large
droplets higher than those of small droplets. Hayashi et al. [118] experimentally observed
that small droplet sizes of about 7µm diameter create a smooth and continuous flame front
but for the large droplet sizes of about 20µm diameter, the flame front is rugged, undulated
and thickened because of the locally heterogeneous mixture composition and burning rate. It
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Figure 3.8: Spray combustion modes proposed by Reveillon and Vervisch [51] where solid
lines represent the premixed burning and dashed lines indicate diffusion burning.

was suggested that the large fuel droplets of n-octane can augment the burning velocity under
some conditions and these effects are negligible for small droplet sizes. The evaporation char-
acteristics of the large propane droplets with a wide range of sizes (400−1000µm diameter)
was investigated as a function of mass fraction by Szekely and Faeth [153] and Faeth [132]
in a turbulent environment. Mizutani and co-workers [62, 150] indicated that in spherically
expanding flames, droplets may affect the rate of burning differently from the open burner
flames. Lawes and Saat [119] carried out a series of experiments to reveal the difference in
the flame structure and burning rates between iso-octane spray and premixed combustion. It
was observed by Lawes and Saat [119] that the spray flame is more wrinkled than the gaseous
flame under low turbulence intensity but no significant difference between gaseous and spray
flame structure have been found under high turbulence intensity. All the aforementioned ex-
perimental investigations have revealed that the flame speed of spray flames depends on the
complex interaction of droplet diameter, equivalence ratio and turbulence intensity.

The flame-droplet interaction was also analytically addressed by Polymeropoulos [155]
who found that the burning velocity assumes a maximum value at a certain droplet diameter.
Silverman et al. [157] developed an expression for laminar burning velocity of premixed
polydisperse spray flames by analysing the combustion structure in a number of distinct zones.
Figure 3.9 [115, 157] illustrates different zones of laminar freely propagating premixed spray
flame on the temperature profile. It is stated that droplets evaporate in the first two region of the
flame ahead of the homogeneous reaction zone. Evaporation occurs at constant temperature
conditions in the primary evaporation zone whereas temperature increases in the heating zone
due to the heat release from the flame. An effective equivalence ratio is defined to deduce
the local composition of gaseous mixture which burns at the homogeneous reaction zone.
Although the overall equivalence ratio, which is calculated based on the total gaseous and
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Figure 3.9: Schematic representation of different flame zones of one dimensional laminar
premixed spray flame on the temperature profile [115, 157]

liquid fuel mass, is fuel-rich (φov > 1), the effective equivalence ratio can be fuel-lean (φe f f <

1) due to the slow evaporation rate of droplets with large diameter or low volatility. These
liquid droplets with a slow evaporation rate can continue their evaporation in the droplets
burning zone and can burn here individually (or in clusters) if the effective equivalence ratio is
sufficiently lean in the homogeneous reaction zone so that the post flame zone contains enough
hot oxidiser for burning. After consuming all oxidiser in the the post flame zone, surviving
droplets continue to evaporate in the secondary evaporation zone. They also observed that
initial Sauter mean diameter (SMD) is not enough to characterise polydisperse sprays because
flames in different initial distributions with the same SMD behave differently. Greenberg et al.
[156] proposed an analytical model in order to capture the enhancement of burning velocity
due to the distortion created by droplets on the flame front. Flame stretch was modelled for
spherically expanding polydisperse spray flames for the first time by Greenberg and Kalma
[158] who also accounted for the effects of finite-rate evaporation and droplet drag [159]. It
was indicated that droplet evaporation rate plays an important role on the flame extinction.

With the advancement of high-performance computing, several researchers have used
the carrier phase DNS to investigate the combustion of spray flames [41–48, 50–52, 54–
56, 67, 68]. Miller and Bellan [49] carried out DNS to investigate a three-dimensional planar
gas mixing layer growth and development for different initial liquid mass loading ratios, ini-
tial Stokes numbers and initial droplet temperatures. It was proposed that the initial Stokes
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number has no significant influence on the evolution of the mixing layer and an increase in
the mass loading ratio of the droplets leads to an attenuation of the growth rate of the mixing
layer. Wang and Rutland [67] and Schroll et al. [42] analysed the autoignition of n-heptane
fuel droplets using DNS and the ignition delay has been found to increase with increasing
equivalence ratio. Reveillon and Vervisch [50], Reveillon and Demoulin [53], Sreedhara and
Huh [54], and Luo et al. [41] used the carrier phase DNS to explore the interactions between
turbulent motion and spray combustion, which was subsequently used for different aspects of
modelling turbulent spray flames. Wandel et al. [43], Wandel [44], Neophytou et al. [45, 46]
and Papapostolou [109] applied DNS to analyse forced ignition in turbulent droplet-laden
mixing layers and confirmed previous experimental observations by Ballal and Lefebvre [151]
that large droplet diameters adversely affect the chance of successful ignition due to the lack
of available gaseous fuel arising from a slow evaporation rate. A comprehensive DNS invest-
igation of the influences of equivalence ratio, fuel droplet size and radiation on jet spray flames
has been conducted by Fujita et al. [56]. It was found that the high temperature region moves
from the jet centre to the outer jet edges as the equivalence ratio increases, and an increase in
droplet diameter leads to a decrease in the gas temperature in the central downstream region
(shown in Fig. 3.10).

Wandel [44] performed a three-dimensional DNS based analysis of localised forced ig-
nition of n-heptane liquid fuel droplets and suggested that the dissipation rate of reaction
progress variable c can be a quantitative indicator to determine whether a flame will globally
extinguish after being ignited by the spark. Neophytou et al. [46] demonstrated that the struc-
ture of spray kernel flames obtained after spark ignition of n-heptane droplet-laden mixtures
can be significantly different from that of a pure gaseous flame. Recently, Wacks and co-
workers [47, 48] have analysed the effects of initial droplet diameter, overall equivalence ratio
and turbulence intensity on statistically planar turbulent flame propagation into fuel-droplet
mists. It has been shown that the gaseous phase combustion takes place predominantly under
fuel-lean mode, even for fuel-rich overall equivalence ratios, and this trend strengthens with
increasing droplet diameter because of the high evaporation time scale of large droplets. Flame
propagation in spray combustion has been analysed in terms of displacement speed statistics
in Refs. [47] and [48] and it was indicated that the mean density-weighted displacement speed
of turbulent spray flames remains smaller than the unstrained laminar burning velocity of a
stoichiometric mixture due to the predominance of the fuel–lean mode of combustion [47].
Furthermore, spray flames under turbulent conditions show a thicker flame structure than the
corresponding turbulent stoichiometric premixed flames and this tendency strengthens with
increasing droplet diameter [48].

Edge flame is an essential concept for partially premixed conditions. Edge flame structure
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Figure 3.10: Distributions of instantaneous gas temperature for jet spray flames for (a) φ = 0.6,
(b) φ = 2.0 with smaller droplet size, (c) φ = 2.0 with larger droplet size and (d) φ = 10.0
[56].

is being associated with the ignition, extinction and stabilisation of diffusion flames [92] and
there has been a particular attempt for understanding the edge flame formation in these funda-
mental combustion phenomena [160–164]. The importance of the edge flame propagation for
the ignition of mono-disperse liquid droplets has been highlighted in a recent study by Papa-
postolou et al. [164]. It was revealed that droplet size and overall equivalence ratio affect the
propagation of edge flame through the inhomogeneous mixture created in the gaseous phase.

All the aforementioned studies on turbulent combustion in droplet-laden mixture revealed
the complex interactions between droplets, flame and flow field. Equivalence ratio, droplet
diameter and turbulence intensity play key roles on combustion characteristics and are not
straightforwardly understandable, and need to more investigation for a fundamental under-
standing.
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3.5 Spherically Expanding Gaseous Premixed Flame Propaga-
tion

A brief background for the evolution of gaseous spherical flames is provided in this section in
order to gain fundamental physical insights into the impact of presence of liquid fuel droplets
on the flame propagation. Gaining awareness about the physical parameters affecting the
propagation of gaseous spherical kernels would be helpful to compare the behaviour of spher-
ically expanding spray and gaseous premixed flames.

Laminar burning velocities of spherically expanding flames were measured by Bradley et
al. [165] for a various range of initial pressure and temperature. Experiments for iso-octane–
air and iso-octane–n-heptane–air mixtures showed that burning velocity decreases with in-
creasing pressure and increases with temperature. It was also observed that flames at higher
pressure and temperatures are more likely to develop a cellular structure which leads to an
increase in flame speed. Thermo-diffusive instabilities arising from non-unity Lewis number
(i.e. differential diffusion of heat and mass) were experimentally shown to enhance burning
rate in spherically expanding turbulent premixed flames [166–168]. Three-dimensional DNS
analysis was carried out by Thevenin et al. [169] to investigate the evolution of premixed
methane/air flame kernels under homogeneous isotropic turbulence flow conditions. Consid-
erable differences between two- and three- dimensional simulations identified and qualified for
the statistical behaviour of flame surface area, stretch rate and flame front curvature. Jenkins
and Cant [170] observed that large turbulence intensity leads to severe wrinkling on premixed
kernel flame. For large turbulence intensities, flame kernel gets strongly distorted from its
spherical shape. Discontinuities can appear in the flame surface and local flame separations
can be observed.

DNS of flame kernels with detailed chemical mechanism were performed to investigate the
structure of the flame front [171, 172]. The growth rate of the flame surface area and the global
flame stretch rate were found to be larger at higher Reynolds number [172]. Although the mean
values of flame curvature remain comparable for different turbulence intensities, the spread of
flame curvature was observed to be affected by variations of Reynolds number [172]. Further-
more, flame stretch and curvature were used to predict local burning velocities of spherically
expanding turbulent premixed flames in the corrugated flamelet regime [171]. On the other
side, Hult et al. [173] and Gashi et al. [174] focussed on the evolution of the premixed flame
kernels and obtained qualitatively good agreement between the DNS data based on simple
chemical mechanism and the experimental measurements. The flame curvature influences the
displacement speed of a flame through the tangential diffusion component. Klein et al. [57, 58]
revealed that the initial radius of the kernel flame is closely linked with the minimum ignition
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energy and quantified a critical initial radius exists for self-sustained propagation of turbulent
premixed flame kernels. Flame locally propagates in the opposite direction to the local flame
normal and ultimately quenches when it has a smaller radius value than critical radius (see
Fig. 3.11). Moreover this critical kernel radius has been reported to increase with turbulent
intensity. A spectral regime diagram based on flame-vortex interactions enables characterising
fundamental mechanisms that control the coupling between turbulence and combustion. As
turbulence interacts with a curved and stretched flame in the case of spherically expanding
flame configuration, Echekki and Kolera-Gokula [175] developed a spectral regime diagram
for kernel-vortex interactions. Important differences between the characteristics of planar and
kernel flames were highlighted due to the strong influence of flame curvature on the interac-
tions between flame and turbulence.

Figure 3.11: Isosurfaces of reaction progress variable c = 0.9 (red), 0.3 (orange), 0.1 (beige)
after (a) 0.0 (b) 1.0 and (c) 2.0 eddy turnover times [58]

Dunstan and Jenkins [176] related the global flame growth to the evolution of global flame
surface area of the kernel flames. The global fuel consumption rate was reported to diminish
with increasing turbulence intensity although there was an enhancement in flame surface area.
It was noted that global burning rate reduces due to the greater heat transfer away from the
reaction zone by turbulent diffusion. Flame propagation statistics of spherical flames were
compared with those of corresponding planar flames under the same flow and thermochem-
ical conditions [177]. The planar flames were observed to reach a steady propagation while
spherical flames exhibit a continuous acceleration of propagation.



Chapter 4

Statistical Analysis of
Flame-Droplet-Turbulence
Interaction-Part I: Effects of Turbulence
Intensity

This chapter attempts to reveal physical fundamental insight into the flame propagation over a
wide range of parameters, including droplet diameter and turbulence intensity. Flame propaga-
tion characteristics in spherically expanding spray flames are discussed based on flame wrink-
ling, reaction zone structure, and burning rate. Particular attention is given to the statistics of
the reactive scalar gradient and flame-flame interaction which play important roles on flame
propagation behaviour and its modelling.

4.1 Flame-Turbulence Interaction

Three dimensional DNS of spherically expanding n-heptane spray flames with a modified
single step Arrhenius chemical mechanism are performed to investigate the influence of tur-
bulence intensity on flame-droplet-turbulence interactions. A detailed description of initial
simulation parameters is provided in Chapter 2. However, the simulation parameters used in
Sections 4.1-4.5 have also been summarised in Table 4.1 for the sake of clarity in the results
chapters.

The instantaneous non-dimensional temperature T , normalised gaseous fuel mass fraction,
YF/YFst and reaction progress variable c fields at the central x−y mid-plane at t = 2.1tchem are
shown in Figs. 4.1-4.3 for both laminar and turbulent flow conditions, respectively. It can be
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Table 4.1: Simulation parameters considered in Section 4.1.

Parameter Value
ad/δst 0.04,0.05 and 0.06

φov 1.0
u′⁄Sb(φg=1) 0.0,4.0 and 8.0

L11/δst 2.5
Pr 0.7
Le 1.0

γ =CG
p /CG

v 1.4

seen from Fig. 4.1 that the contours of c remain perfect circles for the laminar stoichiometric
premixed flame case, indicating that the flame grows as a perfect sphere. By contrast, the
contours of c for laminar droplet kernels are not perfectly circular because these flames do
not remain perfectly spherical due to flame-droplet interaction. The above observations are
consistent with the previous experimental findings of Hayashi et al. [118] and Lawes and
Saat [119]. Figures 4.2 and 4.3 show that the droplet-induced flame wrinkling cannot be
distinguished from turbulence-induced flame deformation for both premixed and droplet cases.

In both laminar and turbulent cases, the droplets reduce in size due to evaporation as they
approach the flame and eventually disappear as a result of complete evaporation (examples
are shown in the insets of Figs. 4.1-4.3, see 1stcolumn and 2nd row). During the evaporation
process, droplets extract latent heat from the surrounding gaseous phase and this contributes to
the local reduction in the temperature of the burned gas region in the droplet cases in compar-
ison to the corresponding gaseous premixed flame cases, and this effect is prominent for large
droplets (see 1st column of Figs. 4.1-4.3). However, the evaporation rate was not sufficient to
provide stoichiometric mixture ahead of the flame in all the droplet cases considered here (see
2nd column of Figs. 4.1-4.3), and thus, the combustion of predominantly fuel-lean mixture
(YF/YFst < 1.0) also acts to bring down the burned gas temperature in comparison to that in
the stoichiometric premixed flame. For the initial ad/δst = 0.04 case, the evaporation rate is
greater than in the other droplet cases, and thus droplets evaporate either mostly ahead of or
within the flame in this case but for the initial ad/δst = 0.05 and 0.06 cases droplets penetrate
the flame and continue to evaporate in the burned gas region and unburned fuel pockets can be
found within the burned gas kernel in these cases (significantly fuel-rich pockets in the burned
gas can be discerned in the ad/δst = 0.06 case in Figs. 4.1-4.3).

Under high turbulence intensity, the flames become severely wrinkled and move away
from the centre of the domain and the out of plane movement leads to broken contours of T,
YF/YFst and c in Fig. 4.3 for both premixed and droplet cases. The strong turbulent motion
also carries the droplets across the flame and increases the availability of droplets in the burned
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Figure 4.1: (Left to right) Distribution of T , YF/YFst (magenta lines show c = 0.1,0.5,0.9
contours from outer to inner periphery) and c (white lines show c = 0.1,0.5,0.9 contours from
outer to inner periphery) on the central x− y mid-plane for laminar flames. Black dots show
the droplets residing on the plane (not to scale). All figures correspond to t = 2.1tchem.
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Figure 4.2: (Left to right) Distribution of T , YF/YFst (magenta lines show c = 0.1,0.5,0.9
contours from outer to inner periphery) and c (white lines show c = 0.1,0.5,0.9 contours
from outer to inner periphery) on the central x− y mid-plane for turbulent flames with initial
u′⁄Sb(φg=1) = 4.0 at t = 2.1tchem. Black dots show the droplets residing on the plane (not to
scale).
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Figure 4.3: (Left to right) Distribution of T , YF/YFst (magenta lines show c = 0.1,0.5,0.9
contours from outer to inner periphery) and c (white lines show c = 0.1,0.5,0.9 contours
from outer to inner periphery) on the central x− y mid-plane for turbulent flames with initial
u′⁄Sb(φg=1) = 8.0 at t = 2.1tchem. Black dots show the droplets residing on the plane (not to
scale).
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gas side. This tendency is particularly dominant for large droplet cases. The effects of droplets
on c-contour lines (see 3rd column of Figs. 4.1-4.3) are evident for both laminar and turbulent
cases and the flames exhibit instances of local flame thickening for large droplet cases. This
tendency is particularly evident under high turbulence intensity cases.

The initial values of Damköhler and Karlovitz numbers (i.e. Da(φg=1) = L11S2
b(φg=1)/u′αT 0

and Ka(φg=1) = (u′/Sb(φg=1))
1.5/(L11Sb(φg=1)/αT 0)

−0.5) for the premixed case with initial
u
′
⁄Sb(φg=1) = 4.0 are 1.31 and 3.49 respectively. The values of Da(φg=1) and Ka(φg=1) are

0.65 and 9.88 respectively for the premixed case with initial u
′
⁄Sb(φg=1) = 8.0. The value of

Damköhler (Karlovitz) number for the droplet cases is likely to be smaller (greater) than the
corresponding premixed flame cases because of predominantly fuel-lean burning (which im-
plies that the chemical time scale is likely to be larger than αT 0/S2

b(φg=1) because of smaller
burning velocity). These Damköhler and Karlovitz number values are representative of the
distributed burning regime, and thus all the cases exhibit local flame thickening and these
tendencies are particularly strong for droplet cases due to small (large) values of Da (Ka).

4.2 Flame Wrinkling

The influences of the droplets on the flame surface are evident from Fig. 4.4 where the in-
stantaneous c = 0.5 isosurfaces are coloured by local values of flame curvature κm ×δst . The
local curvature κm is defined as κm = ∇ ·−→N /2 where

−→
N =−∇c/|∇c| is the local flame normal

vector. According to these definitions, the flame normal vector points towards the reactants
and an element of flame surface, which is convex (concave) to the reactants, has a positive
(negative) curvature. Fig. 4.4 shows dimples (i.e. droplet-induced curvatures) on c = 0.5
isosurfaces in both laminar (1st row) and turbulent (2nd and 3rd rows) droplet cases, which are
completely absent in the laminar premixed flame.

The droplet-induced flame deformation can be quantified with the help of the Probability
Density Functions (PDFs) of κm shown in Fig. 4.5 for c = 0.1,0.5 and 0.9 isosurfaces. The
curvature PDFs of the laminar droplet cases show a spread of curvature values due to flame-
droplet interaction, whereas the PDF of κm is a delta function for the laminar premixed flame,
owing to its perfect spherical shape. The PDFs in the turbulent cases show higher probability
of finding positive values (i.e. flame surface convex to the reactants) than obtaining negative
curvatures (i.e. flame surface concave to the reactants) but the droplet cases exhibit wider κm

distributions than the premixed case because of the droplet-induced curvatures. The widening
of curvature PDFs is particularly prominent for larger droplets, especially in the burned gas
region for both laminar and turbulent flames. The large droplets can survive longer than others
due to their slow evaporation and as a result they can interact with the flame towards the burned
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Figure 4.4: Instantaneous view of c = 0.5 isosurface coloured with local values of κm×δst for
laminar (1st row) and turbulent (2nd and 3rd rows) flames at t = 2.1tchem.

gas side of the flame front. The same tendency was also experimentally observed [118, 119],
but these effects were more magnified in Lawes and Saat [119] due to the presence of thermo-
diffusive and hydro-dynamic instabilities.

The magnitude of the inner product of the local flame normal
−→
N and the unit radial vector

−→r from the centre of the mass of the flame kernel can be used to quantify the extent of flame
wrinkling. The angle between these two unit vectors (

−→
N and −→r ) is equal to zero (or the

projection |−→N ·−→r | equals to |cosθ |= |−→N ·−→r |= 1.0) for a perfectly spherical flame. A greater
extent of flame wrinkling leads to a higher extent of deviation of the projection |−→N ·−→r | from
1.0. The PDFs of |−→N · −→r | are shown for c = 0.1,0.5 and 0.9 isosurfaces in Fig. 4.6. It
can be seen from Figs. 4.6a-c that PDFs of |−→N · −→r | become a delta function at |−→N · −→r | =
1.0 for the laminar premixed flame case due to its perfect spherical shape. The PDFs of
|−→N · −→r | for the laminar droplet flames assume peak value at 1.0 but they also show finite
probability of having |−→N · −→r | < 1.0, indicating imperfect spherical shape as apparent from
Fig. 4.4 due to droplet-induced flame wrinkling. A careful examination of the PDFs of |−→N ·−→r |
for laminar cases reveals that the extent of deviation of |−→N · −→r | from 1.0 is the highest for
ad ⁄δst = 0.06 amongst all the droplet cases considered here. However, there is no significant
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Figure 4.5: PDFs of κm × δst for c= (a,d,g) 0.1, (b,e,h) 0.5 and (c,f,i) 0.9 isosurfaces for the
premixed stoichiometric flame ( ) and for all droplet cases with initial ad/δst = 0.04 ( ),
0.05 ( ), 0.06 ( ) for laminar (dashed line) and turbulent (solid lines). Same colour keys
are used in Figs. 4.6-4.8,4.11-4.13,4.15 and 4.16.

difference between the extent of flame wrinkling of the premixed and droplet turbulent flames
with the initial u′⁄Sb(φg=1) = 4.0 where the wrinkling by turbulence eclipses the wrinkling
due to the flame-droplet interaction, which is consistent with previous experimental findings
[118, 119]. Additionally, increasing turbulence intensity leads to a significant increase in the
extent of wrinkling for premixed flame, and this is reflected in the greater extent of deviation
of |−→N ·−→r | from 1.0 for the premixed case than the droplet cases at high values of u′⁄Sb(φg=1).
This behaviour originates due to the differences in flame surface area between the premixed
and droplet flame cases.

The extent of flame wrinkling plays a key role in determining the growth rate of flame
surface area in expanding flame kernels, and the temporal evolutions of flame area normalised
by its initial value A/A0 (where A is evaluated by the volume-integral A =

∫
V |∇c|dV ) for all

cases considered here are shown in Figs. 4.7a-c, which reveal that laminar droplet cases have
higher A/A0 than the laminar stoichiometric premixed flame. Flame surface area A, of small
droplets under laminar conditions reaches nearly eightfold of its initial flame surface area and
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Figure 4.6: PDFs of |−→N ·−→r | on c = 0.1 (a,d,g), 0.5 (b,e,h) and 0.9 (c,f,i) isosurfaces. See Fig.
4.5 caption for the colour keys.

this ratio is around 5 for laminar premixed flame. However, the turbulent droplet case with ini-
tial ad ⁄δst = 0.04 and u′⁄Sb(φg=1) = 4.0 (see Fig. 4.7b) shows a marginally higher value of A/A0

than the turbulent stoichiometric premixed flame, whereas turbulent droplet cases with initial
ad ⁄δst = 0.05 and 0.06 exhibit A/A0 values smaller than the corresponding premixed flame
case for u′⁄Sb(φg=1) = 4.0. The value of A/A0 in the premixed flame is greater than all droplet
cases for initial turbulence intensity of u′⁄Sb(φg=1) = 8.0 (see Fig. 4.7c). Moreover, A/A0 de-
creases with increasing droplet diameter for both laminar and turbulent cases. However, it
is worth noting that A0 values are different for the cases considered here and A0 (i.e. flame
surface area A =

∫
V |∇c|dV of a spherical laminar flame of initial burned gas radius r0 = 2δst)

for ad ⁄δst = 0.04,0.05 and 0.06 cases have been found to be 0.53, 0.57, 0.66 times the value
for the stoichiometric laminar premixed flame A(0,pre), respectively. The temporal evolution
of A/A(0,pre) for all the laminar and turbulent cases are shown in Figs. 4.7d-f, which indicate
that A/A(0,pre) in droplet cases remains smaller than the stoichiometric premixed flame case
for both laminar and turbulent conditions. In order to explain this difference in A/A(0,pre) val-
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Figure 4.7: (a-c) Temporal evolution of normalised flame surface area A/A0; (d-f) Temporal
evolution of flame surface area normalised by initial value of premixed flame A/A0,pre; (g-i)
PDF of |∇c|×δst on c = 0.5. See Fig. 4.5 caption for the colour keys.

ues between the cases considered here, the PDFs of |∇c|× δst are exemplarily shown in Fig.
4.7g-i for c = 0.5 isosurface (same qualitative trend is observed for other c isosurfaces) for
all cases considered here. Figures 4.7g-i show that the droplet cases exhibit greater probab-
ility of finding small values of |∇c| than the corresponding premixed flame cases except for
the laminar case with ad ⁄δst = 0.04, and the probability of finding smaller values of |∇c| is
greater for ad ⁄δst = 0.06 cases than in ad ⁄δst = 0.05 cases. This along with smaller volume
over which |∇c| assumes non-zero values (see Fig. 4.1 for the region with 0.01 ≤ c ≤ 0.99)
gives rise to smaller A/A(0,pre) in the droplet cases with ad ⁄δst = 0.05 and 0.06 in compar-
ison to the corresponding premixed case. It is worth noting that the volume over which |∇c|
assumes non-zero values is smaller in the laminar droplet flame with ad ⁄δst = 0.04 than in
the corresponding laminar premixed flame. This leads to smaller values of A/A(0,pre) and A0

in the laminar droplet flame with ad ⁄δst = 0.04 than in the corresponding laminar premixed
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Table 4.2: Normalised flame speed SA/Sb(φg=1), which quantifies the growth rate of flame
surface area A.

Laminar u
′
/Sb(φg=1) = 4 u

′
/Sb(φg=1) = 8

ad/δst = 0.04 5.460 7.956 9.154
ad/δst = 0.05 4.871 6.928 7.228
ad/δst = 0.06 4.687 6.777 7.312

Premixed 5.423 10.445 16.000

flame despite exhibiting greater probability of obtaining higher |∇c| value in comparison to
the premixed laminar flame. The integral that yields A0 value is influenced by the magnitude
of |∇c| and the volume over which |∇c| assumes non-zero values. The smaller magnitudes
of |∇c| in laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06 in comparison to those in
the corresponding premixed case are principally responsible for yielding smaller values of A0

than A(0,pre) despite all cases having same initial burned gas radius r0 = 2δst . Thicker flame
(i.e. larger flame volume) in the laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06, in
comparison to the corresponding droplet case with initial ad ⁄δst = 0.04 gives rise to greater
values of A0 than the corresponding value in the ad ⁄δst = 0.04 case despite exhibiting higher
probability of showing smaller values of |∇c| and identical values of r0. The probability of
finding local high values of |∇c| is greater in turbulent cases than in the corresponding laminar
case for both droplet and premixed flames, which is consistent with higher values of A/A(0,pre)

under turbulent conditions in Figs. 4.7d-f.
The rate of flame surface area growth can be estimated by a flame speed SA, which is

defined as SA = drA/dt where rA =
√

(A/4π) is an equivalent radius based on flame surface
area. The value of SA is estimated by using the slope of the linear part of temporal evolution
of rA and this slope remains unchanged since halfway through the simulation. The evaluated
values of SA are summarised in Table 4.2, which indicates that the laminar droplet case with
initial ad ⁄δst = 0.04 grows slightly faster than the spherically expanding stoichiometric laminar
premixed flame but SA for laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06 are found
to be smaller than that in the premixed case. However, turbulent stoichiometric premixed
cases exhibit greater values of SA than the droplet cases. The value of SA tends to decrease
with increasing ad ⁄δst for droplet cases. Furthermore, SA increases with increasing u′⁄Sb(φg=1).
All the above conclusions are consistent with the observations made from Figs. 4.7a-c, but
Table 4.2 provides quantifications of the effects of droplet size and turbulence intensity on the
growth rate of flame surface area.

A comparison between YF/YFst fields in Fig. 4.1-4.3 (2nd column) reveals that combustion
predominantly takes place under fuel-lean mode (i.e. YF/YFst < 1 ) for all laminar and turbu-



72
Statistical Analysis of Flame-Droplet-Turbulence Interaction-Part I: Effects of Turbulence

Intensity

Figure 4.8: (a-c) PDF of φg in the region corresponding to 0.01 ≤ c ≤ 0.99; (d-f) PDF of
non-dimensional temperature T in the region corresponding to c ≥ 0.99. See Fig. 4.5 caption
for the colour keys.

lent droplet cases in spite of having an overall equivalence ratio of φov = 1.0. The PDFs of
gaseous phase equivalence ratio φg for 0.01 ≤ c ≤ 0.99 are shown in Fig. 4.8a-c, which shows
a considerable variation of φg within the flame. Although the PDF of φg in Fig. 4.8b peaks
at 1.0 for the ad ⁄δst = 0.04 case under turbulence conditions with initial u

′
⁄Sb(φg=1) = 4.0, the

probability of finding a fuel-lean (i.e. φg < 1) mixture overwhelms the availability of φg ≥ 1
mixtures. This tendency strengthens further for the ad ⁄δst = 0.05 and 0.06 cases. Moreover,
it is evident from Fig. 4.8c that an increase in turbulence intensity enhances the likelihood of
finding fuel-lean mixtures. The turbulent mixing strengthens with increasing u′ which enables
turbulent transport of gaseous fuel from the evaporation sites to distant locations which would
have not been possible for either laminar or smaller values of u′. This reduces the probability
of finding localised fuel-rich pockets and increases the possibility of obtaining fuel-lean mix-
tures in the droplet cases for an initial turbulence intensity of u′⁄Sb(φg=1) = 8.0 in comparison
to the corresponding laminar and u′⁄Sb(φg=1) = 4.0 droplet cases. The predominant fuel-lean
mode of combustion and the extraction of latent heat by droplets reaching the burned gas
act to reduce the burned gas temperature, and this can be substantiated from the PDFs of T ,
shown for the region corresponding to c ≥ 0.99 in Fig. 4.8d-f, which indicate that there is a
considerable probability of finding T < 1.0 in the burned gas for the droplet cases whereas
the corresponding PDF for the stoichiometric premixed flames (both laminar and turbulent)
is a delta function at T = 1.0. However, the non-dimensional burned gas temperature for the
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droplet cases also shows small finite probabilities of obtaining T ≥ 1.0 even when the peak
value of the gaseous equivalence ratio PDF is obtained at φg < 1 (e.g. see ad ⁄δst = 0.05 and
0.06 cases under turbulent conditions in Fig. 4.8a-c). In order to explain this behaviour, it
is necessary to understand the reaction zone structure in the spherically expanding droplet
flames.

4.3 Reaction Zone Structure

The mode of combustion can be distinguished with the help of the flame index FI, which
is defined as FI = (∇YF · ∇YO)/(|∇YF ||∇YF |) [94]. The flame index FI assumes positive
(negative) values for premixed (non-premixed) mode of combustion. The percentages of heat
release rate arising from premixed and non-premixed modes of combustion are shown in Fig.
4.9 for laminar and turbulent droplet cases. The total heat release rate is calculated with
HRtotal =

∫
V Hφ |ẇF |dV [47] where Hφ indicates the heat release per unit mass of fuel (see

section 2.1.4) and is defined using the approach developed by Tarrazo et al. [75].
It is evident from Fig. 4.9 that the cases with small droplets show that heat release pre-

dominantly arises from the premixed mode of combustion. The contribution of premixed
(non-premixed) mode of combustion to the overall heat release rate decreases (increases) with
increasing droplet diameter due to slow evaporation rates. Furthermore, turbulent cases show
a higher contribution of non-premixed combustion mode to total heat release rate than the
corresponding laminar droplet cases. Turbulence not only mixes the gaseous fuel with the
surrounding air but also transports droplets. As evident from Figs. 4.2 and 4.3, more droplets
can penetrate towards the burned gas side of the flame under turbulent conditions than in the
corresponding laminar cases and this effect is particularly prevalent for large droplets. These
droplets evaporate and release gaseous fuel in the burned side and some of that fuel diffuses
back to the unburned gas side to form local diffusion (i.e. non-premixed) flames, which also
contribute to the overall heat release. This trend can be seen from the c isosurfaces coloured by
FI for ad/δst = 0.06 under laminar and high turbulence intensity conditions in Fig. 4.10. For
c = 0.5 and 0.9 isosurfaces, the flame index FI predominantly assumes positive values, indic-
ating the dominance of premixed mode but local islands of non-premixed mode (FI < 0) can
also be discerned. However, this behaviour is reversed on the unburned gas side (e.g. c = 0.1)
of the flame front. In this configuration, the fuel in the gaseous phase originates from the
evaporation of droplets and the evaporated fuel mixes with air as it burns on the unburned gas
side of the flame front, and thus the flame index FI assumes predominantly negative values.

For a detailed investigation on flame index and reaction rate of c across the flame, the
mean values of FI and the normalised reaction rate of progress variable ẇc × δst/ρ0Sb(φg=1)
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Figure 4.9: Percentage of heat release arising from premixed (FI > 0) and non-premixed
(FI < 0) modes of combustion for all droplet cases with initial ad/δst = 0.04 (△), 0.05 (⃝),
0.06 (×).

Figure 4.10: Distribution of flame index (FI) on different c isosurfaces (c = 0.9,0.5 and 0.1
left to right) for ad/δst = 0.06 case for laminar flow and initial u

′
⁄Sb(φg=1) = 8.0 conditions.
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Figure 4.11: Variations of the mean values of flame index FI and normalised reaction rate of
reaction progress variable ẇc×δst/ρ0Sb(φg=1) conditional upon c. See Fig. 4.5 caption for the
colour keys.

conditional on c are shown in Fig. 4.11, where ẇc is defined earlier in Chapter 2 with Eq.
2.53. It is evident from Figs. 4.11a-c that low values of c are associated with negative values
of FI, whereas the flame index is predominantly positive for c ≥ 0.3. However, the mode
of combustion becomes predominantly non-premixed (FI < 0) around c ≈ 1.0. This non-
premixed mode of combustion originates from the diffusion of oxidiser from the unburned
gas side and diffusion of gaseous fuel from post-flame evaporation for the droplets which
escape through the flame on the burned gas side. The transport and mixing of evaporated
fuel from the droplet sites to the surrounding gaseous mixture strengthens with increasing
turbulence intensity, and thus the extent of non-premixed combustion increases with increasing
u′/Sb(φg=1). A comparison between FI and ẇc distributions in Fig. 4.12 indicates that the
premixed mode of combustion (i.e. FI > 0) is obtained in the reaction zone where the mean
value of ẇc conditional upon c assumes large values.

The probability of obtaining fuel-lean mixture increases for increasing ad/δst due to de-
creasing evaporation rates (see Fig. 4.8). This leads to decreases in the peak mean value of ẇc

conditional upon c with increasing droplet size for both laminar and turbulent cases. The mean
value of ẇc conditional upon c peaks approximately at c = 0.75 for all premixed cases but this
location for droplet cases moves towards the burned gas side for all droplet cases with increas-
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Figure 4.12: Variation of normalised mean heat release, HR∗ = Hφ |ẇF | ×
δst/(CG

p T0ρ0Sb(φg=1)) with c for droplet cases. Total mean heat release ( ), mean
heat release arising from premixed (FI > 0) combustion mode ( ) and non-premixed
(FI < 0) combustion mode ( ).

ing turbulence intensity and the peak value decreases with increasing droplet diameter. For
the present thermo-chemistry, the activation energy (or Zel’dovich number β , see Eq. 2.43)
does not change and remains the same as the stoichiometric mixture for fuel-rich mixtures
in the equivalence ratio range of 1 < φg < 1.07 (see eq. 2.44) [75]. Thus, the considerable
availability of fuel-rich mixture with 1 < φg < 1.07 in the laminar droplet case with initial
ad ⁄δst = 0.04 (see Fig. 4.8) leads to a higher peak mean value of ẇc conditional upon c than
in the stoichiometric laminar premixed flame case. However, the probability of finding less
reactive mixtures corresponding to φg < 1.0 and φg > 1.07 increases with increasing u′/Sb(φg).
This leads to a decrease in the peak mean value of ẇc conditional upon c in the turbulent
droplet cases in comparison to that in the corresponding turbulent stoichiometric spherical
premixed flame.

It can be seen from Fig. 4.11d-f that the peak mean value of ẇc for the droplet cases
decreases with increasing u′/Sb(φg=1). This behaviour can be explained with the help of the
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Figure 4.13: Variation of mean flame index FI and normalised reaction rate of reaction pro-
gress variable ẇc × δst/ρ0Sb(φg=1) conditional upon mixture fraction ξ in the region corres-
ponding to 0.01 ≤ c ≤ 0.99. The red dashed line shows the value of the stoichiometric mixture
fraction.

variations of the mean normalised heat release rate HR∗ = Hφ |ẇF | × δst/(CG
p T0ρ0Sb(φg=1))

conditional upon c for the droplet cases, which are shown in Fig. 4.12. It can be seen from
Fig. 4.12 that the mean value of HR∗ arising from the premixed mode of combustion remains
greater than that from the non-premixed mode of combustion for all droplet cases and this
tendency is particularly strong for the cases with small droplet diameter. This is consistent with
the observations made earlier from Fig. 4.9. The peak mean value of HR∗ for the premixed
mode of combustion takes place close to c = 0.75, whereas the peak mean value of HR∗ for
the non-premixed mode of combustion takes place towards the burned gas side of the flame.
The maximum heat release for non-premixed combustion takes place at the stoichiometric
mixture (i.e. ξ = ξst) which occurs for a reaction progress variable value close to unity (i.e.
c ≈ 1.0), which is consistent with previous findings by Wacks et al. [47]. The value of the
reaction progress variable, where the peak location of HR∗ is obtained, changes depending on
the contribution of the non-premixed mode of combustion to the total HR∗.

Figure 4.13 shows the variation of mean values of flame index FI and reaction rate ẇc

conditional on mixture fraction ξ in the region corresponding to 0.01 ≤ c ≤ 0.99. It can be
seen from Fig. 4.13a-c that FI is predominantly negative for ξ < ξst . In this configuration,
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the fuel in gaseous form is obtained only upon the evaporation of the droplets. Thus, the
bulk of the fuel-lean mixture is obtained when fuel vapour diffuses to the surrounding air
from evaporation sites. The evaporation rate is high for small droplets and there are more
evaporation sites for small values of ad for a given value of φov. The combination of these
effects leads to an increased probability of having positive values of FI for small droplet cases
in the gaseous mixture where some fuel is already present. Accordingly, mean FI values
remain positive for ξ > 0.05 in the case of ad ⁄δst = 0.04 irrespective of flow conditions. A
similar behaviour has been observed for the laminar droplet case with ad ⁄δst = 0.05. However,
the mean value of FI assumes negative value close to ξ ≈ ξst for the laminar case with ad ⁄δst =

0.06 and also for the turbulent cases considered here for ad ⁄δst = 0.05 and 0.06 because of the
diffusion flame formed at the stoichiometric mixture. The signature of the diffusion flame at
ξ = ξst can be seen as a kink at ξ = ξst in the profiles of the mean values of ẇc conditional
upon ξ , which are presented in Figs. 4.12d-f. A comparison between Figs. 4.13a-c with Figs.
4.13d-f reveals that high mean values of ẇc conditional on ξ originate due to the rich premixed
mode of combustion. It has been found that the maximum mean value of ẇc conditional
on ξ is obtained at around ξ ≈ 0.07 for all flow conditions. It is worth noting that ξ ≈
0.07 corresponds to a gaseous phase equivalence ratio φg = ξ (1−ξst)⁄[(1−ξ )ξst ]≈ 1.07 for
which the highest laminar burning velocity Sb(φg) is obtained for this thermo-chemistry [75].
A decrease in droplet size for a given φov gives rise to an increase in the number of droplets
and these small droplets evaporate more readily than large droplets owing to their high surface
to volume ratio. The extraction of latent heat at the evaporation sites tends to reduce the gas
temperature, which in turn acts to increase the number of samples with small values of c for a
given mixture fraction ξ value with decreasing ad ⁄δst (not shown here but the mean value of
c conditional upon ξ decreases with decreasing ad ⁄δst), and this leads to a reduction of mean
value of ẇc conditional upon ξ . This effect is more prominent for large values of u′/Sb(φg=1)

(e.g. initial u′/Sb(φg=1) = 8.0 case) because the enhanced mixing of fuel from the evaporation
sites increases the Spalding number Bd , which in turn increases evaporation rate of droplets.
It is worth noting that the profile of the mean value of HR∗ conditional on ξ is qualitatively
similar to the variation of mean reaction rate ẇc conditional on mixture fraction and thus is
not shown here for the sake of conciseness. A comparison between Figs. 4.12 and 4.13d-f
confirms that non-premixed mode of combustion occurs at c ≈ 1.0 where mixture fraction is
close to its stoichiometric value ξ ≈ ξst .

For a diffusion flame formed at φg ≈ 1.0 (i.e. ξ ≈ ξst), the corresponding burned gas
temperature is expected to be T ≈ 1.0 under globally adiabatic condition with unity Lewis
number for all species. Moreover, the premixed mode of combustion also takes place for
φg ≈ 1.0, which yields a burned gas temperature corresponding to T ≈ 1.0. It can be seen
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Figure 4.14: Variations of mean values of (a-c) ∇
−→u ×δst/Sb(φg=1) and (d-f) |∇c|×δst condi-

tional upon c at t = 2.1tchem.

from Figs. 4.1-4.3 that some droplets penetrate the flame front, evaporate at the burned gas
side, and generate locally fuel-rich pockets, whereas the unused oxidiser diffuses from the
unburned gas side to the burned gas side from the fuel-lean zones. Instances of heat transfer to
the gaseous phase from high temperature droplets give rise to a small probability of obtaining
T ≥ 1.0 upon completion of combustion of the evaporated fuel.

The reaction rate and heat release variations have implications on the statistical behaviours
of the magnitude of gradient of reaction progress variable |∇c| and also on thermal expansion
due to heat release which can be quantified in terms of dilatation rate ∇ · −→u . It can be seen
from Fig. 4.14 that both ∇ · −→u × δst/Sb(φg=1) (see Figs. 4.14a-c) and |∇c| × δst (see Figs.
4.14d-f) conditional upon c show a decreasing trend with increasing droplet size, which is
qualitatively consistent with the variations of mean value of ẇc conditional upon c (see Fig.
4.11). For the premixed flame cases, there is no considerable effect of turbulence intensity on
mean values of ∇ ·−→u ×δst/Sb(φg=1) conditional upon c. However, normalised mean dilatation
rate ∇ · −→u × δst/Sb(φg=1) in the droplet cases decreases with increasing turbulence intensity
and droplet diameter because of the reduction in heat release rate (see Fig. 4.12 and 4.13d-
f) as a result of predominant fuel-lean burning. The mean value of ∇ · −→u × δst/Sb(φg=1) for
turbulent premixed flames remains greater than those for turbulent droplet cases and the same
trend has been observed for laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06. However,
the laminar droplet case with initial ad ⁄δst = 0.04 shows higher peak mean value of ∇ ·−→u ×
δst/Sb(φg=1) than in the premixed flame, which is consistent with the higher mean value of ẇc
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conditional upon c for this droplet case (see Fig. 4.11).
The variation of the mean value |∇c|×δst conditional upon c exhibits a peak value close to

c ≈ 0.6 for premixed cases, whereas its location shifts to c ≈ 0.65 for droplet cases. The peak
mean value of |∇c|×δst for the premixed flames increases with increasing turbulence intensity.
The peak mean value of |∇c| can be taken as a measure of the inverse of flame thickness
(i.e. δ ∼ 1/max|∇c|) [77, 178–180], and thus, Figs. 4.14d-f indicate a thinning in flame
thickness with increasing turbulence intensity for premixed flame cases. This is consistent
with findings from several previous analyses and interested readers are referred to Sandeep et
al. [179] and Chakraborty et al. [180] for further discussion in this regard. However, the peak
mean value of |∇c|× δst decreases with increasing ad ⁄δst and u′/Sb(φg=1) in turbulent droplet
cases, which suggests that the flame tends to be thicker as turbulence intensity and droplet
size are enhanced. This is consistent with the predominance of fuel-lean combustion for large
values of turbulence intensity and droplet size, and thus the flame thickness is expected to
increase with decreasing φg in fuel-lean gaseous mixtures. The flame thickening in droplet
cases in comparison to the corresponding stoichiometric premixed flame is obtained for all
turbulent cases, and also for laminar flames with initial ad ⁄δst = 0.05 and 0.06. However, the
laminar droplet case with initial ad ⁄δst = 0.04 shows higher peak mean value of |∇c| × δst

than in the premixed flame, which is consistent with the higher mean value of ẇc conditional
upon c for this droplet case (see Fig. 4.11) due to the considerable availability of 1 < φg <

1.07, as discussed earlier. For this thermo-chemistry, the laminar burning velocity Sb(φg) and
the characteristic flame thickness δ ∼ αT 0/Sb(φg) attain their maximum and minimum values
respectively for φg ≈ 1.07 [75]. Thus, the significant presence of 1 < φg < 1.07 in the flame
in the laminar droplet case with initial ad ⁄δst = 0.04 gives rise to the thinner flame than in
the stoichiometric premixed spherical laminar flame. This has implications on the overall
flame area A =

∫
V |∇c|dV and volume of the burned gas (i.e. volume of gas with c ≥ 0.99)

as it gives rise to smaller values of A in the droplet flame with initial ad ⁄δst = 0.04 than in
the corresponding stoichiometric premixed spherical flame even though the mean value of
|∇c|× δst is greater in this droplet case (see Fig. 4.14). This arises because the volume over
which |∇c| assumes significant values in this droplet case (i.e. ad ⁄δst = 0.04) is smaller than
the corresponding volume in the premixed flame case. The same reason is responsible for
yielding smaller value of A0 in the droplet case with initial ad ⁄δst = 0.04 than in the laminar
stoichiometric premixed spherical flame even though the burned gas radius is the same (i.e.
r0 = 2δst) for both cases.
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4.4 Extent of Burning

A combination of fuel-lean combustion and the predominant probability of obtaining reduced
burned gas temperature adversely affects the growth rate of spherically expanding flames. This
can be verified from Fig. 4.15a-c which show temporal evolution of the volume-integrated
fuel reaction rate magnitude ΩF =

∫
V |ẇF |dV normalised by its initial value (i.e. ΩF/ΩF0 =∫

V |ẇF |dV/ [
∫

V |ẇF |dV ]t=0).
Figures 4.15a-c show that ΩF/ΩF0 increases rapidly with time for all cases, but under

turbulent environment, the growth rate is the highest for the premixed case and ΩF/ΩF0 de-
creases with increasing droplet diameter under both laminar and turbulent conditions. How-
ever, ΩF/ΩF0 in the laminar droplet cases is found to be greater than in the laminar stoi-
chiometric premixed flame. The growth rate of ΩF/ΩF0 is found to be qualitatively consist-
ent with the evolution of A/A0, as shown in Fig. 4.7a-c. However, it is worth noting that
ΩF0 values (i.e. ΩF of a spherical laminar flame of initial radius r0 = 2δst) are not the same
as shown in Fig. 4.15d-f and ΩF0 for ad/δst = 0.04,0.05 and 0.06 cases have been found to
be 0.564, 0.567, 0.57 times the ΩF0 value (i.e. ΩF0,pre) for the stoichiometric laminar pre-
mixed flame, respectively. Thus, ΩF/ΩF0,pre in the droplet cases remains smaller than the
stoichiometric premixed flame, and it decreases with increasing ad under both laminar and
turbulent conditions. It is worth mentioning that the temporal evolution of Ωc =

∫
V ẇcdV and

Ωc/Ωc0 are qualitatively similar to ΩF and ΩF/ΩF0, respectively. The temporal evolutions

of S =
[
ρ0Sb(φg=1)

]−1 ∫
V ẇcdV/

∫
V |∇c|dV are shown in Fig. 4.16a-c, which shows that S re-

mains close to unity in the premixed flame under both laminar and turbulent conditions. The
departure of S from a unity value (i.e. S < 1) for spherical stoichiometric premixed flames
takes place due to the non-zero stretch rate effects induced by non-zero mean flame curvature.
This behaviour is consistent with previous findings by Klein et al. [57] for statistically spher-
ical turbulent premixed flames and detailed explanations for this behaviour have been provided
in Refs. [57, 59–61] and thus are not repeated here. Figures 4.16a-b show that the values of
S for the initial ad/δst = 0.04 cases remain comparable to the stoichiometric premixed flame
but S decreases with increasing initial droplet size, which is qualitatively consistent with the
experimental findings of Lawes and Saat [119]. Under high turbulence intensity (e.g. initial
u′⁄Sb(φg=1) = 8.0 case), S for the droplet case (Fig. 4.16c) diminishes and stays at considerably
lower values compared with other flow conditions (i.e. the initial u′⁄Sb(φg=1) = 0.0 and 4.0).
The product formation rate per unit flame surface area in the large droplet cases is smaller than
that in the stoichiometric premixed flame case. This can be verified from Figs. 4.16d-f, which
show a reduction of the volume of the gas with c ≥ 0.99 (i.e. Vb) with increasing droplet size
and the highest Vb is obtained for the gaseous premixed flame. It is evident from Figs. 4.16d-f
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Figure 4.15: Temporal evolutions of (a-c) volume integrated fuel reaction rate magnitude
normalised by its initial value ΩF/ΩF0; (d-f) volume integrated fuel reaction rate magnitude
normalised by ΩF0 value (i.e. ΩF0,pre) for the stoichiometric laminar premixed flame.

Figure 4.16: Temporal evolutions of (a-c) the ratio of volume-integrated product formation
rate to the flame surface area S; (d-e) volume Vb/(4πr3

0 ⁄3) of the region with c ≥ 0.99.
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Table 4.3: Normalised flame speed SB/Sb(φg=1), which quantifies the growth rate of the burned
gas volume Vb.

Laminar u
′
/Sb(φg=1) = 4 u

′
/Sb(φg=1) = 8

ad/δst = 0.04 5.336 5.703 5.770
ad/δst = 0.05 4.899 4.338 4.589
ad/δst = 0.06 4.906 3.733 4.077

Premixed 5.496 6.626 9.951

that the difference of Vb between premixed and spray flame widens with increasing turbu-
lence intensity and this difference for high turbulence intensity (e.g. initial u′⁄Sb(φg=1) = 8.0
case) originates due to the smaller S in droplet flames than in the corresponding stoichiometric
turbulent premixed case.

The rate of growth of the burned gas volume can be estimated by a flame speed SV , which is
defined as SV = drV/dt where rV = (3Vb/4π)(1/3) is an equivalent radius based on burned gas
volume. The value of SV is estimated by using the slope of the linear part of temporal evolution
of rV and this slope remains unchanged since halfway through the simulation. The evaluated
values of SV are summarised in Table 4.3, which reveals that the growth of burned gas volume
for the stoichiometric premixed flame and the droplet case with initial ad ⁄δst = 0.04 increases
with increasing turbulence intensity. However, the values of SV/Sb(φg=1) for the droplet cases
with initial ad ⁄δst = 0.05 and 0.06 remain smaller than the corresponding laminar case values
for initial u′⁄Sb(φg=1) = 4.0, whereas SV/Sb(φg=1) under initial u′⁄Sb(φg=1) = 8.0 in these droplet
cases assumes values comparable to that under the laminar condition. Although the ratio of
volume-integrated product formation rate to the flame surface area S decreases with increasing
u′⁄Sb(φg=1) for the ad ⁄δst = 0.05 and 0.06 (see Figs. 4.16a-c), this effect is countered by the
higher growth rate of flame surface area (see Table 4.2) with increasing u′⁄Sb(φg=1). These two
counter-acting effects lead to a non-monotonic variation of SV with increasing u′⁄Sb(φg=1) for
the droplet cases with initial ad ⁄δst = 0.05 and 0.06.

4.5 Statistics of Reactive Scalar Gradient

The statistics of the reactive scalar gradient play a significant role in the analysis and modelling
of flame-turbulence interaction. The magnitude of the reaction progress variable gradient |∇c|
is alternatively known as the Surface Density Function (SDF) [181, 182], and its transport
equation takes the following forms [47, 180, 183–190]:

∂ |∇c|
∂ t

+ v j
∂ |∇c|
∂x j

=−
(

aN +N j
∂Sd

∂x j

)
|∇c| (4.1)
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∂ |∇c|
∂ t

+
∂ (v j|∇c|)

∂x j
=−(aT +2Sdκm) |∇c| (4.2)

where the jth component of the flame propagation velocity is given by ν j = u j +SdN j and the
flame normal strain rate is stated as aN = NiN j∂ui⁄∂x j. The fractional temporal changes of
the infinitesimal normal distance between two neighbouring c isosurfaces (1/∆xN)(d∆xN ⁄dt)
and the surface area element (1/A)(dA⁄dt) are related to the flame normal strain rate, aN and
tangential strain rate, aT = ∇ ·−→u −aN = (δi j −NiN j)∂ui⁄∂x j as [183, 184, 186, 187]:

(1/∆xN)(d∆xN ⁄dt) = aN +∂Sd/∂xN = ae f f
N (4.3)

(1/A)(dA⁄dt) = aT +2Sdκm = ae f f
T (4.4)

where ∇ · −→u is dilatation rate, and d( )⁄dt = ∂ ( )⁄∂ t + v j∂ ( )⁄∂x j is the total derivative based
on ν j = u j +SdN j. In Eqs. 4.3-4.4, ae f f

T and ae f f
N represent the effective tangential strain rate

(alternatively stretch rate [183, 184]) and normal strain rate, respectively [47, 179, 180, 186–
190].

The SDF and its evolution are of fundamental importance because of its close relation
to the generalised Flame Surface Density (FSD) Σgen = |∇c| [191] (with overbar represent-
ing Reynolds averaging/filtering operation, as appropriate) and Scalar Dissipation Rate (SDR)
Nc = Dc|∇c|2 [192] (where Dc is the reaction progress variable diffusivity). Moreover, the
SDF plays a key role in the analysis of pocket formation [182] and the inverse of the peak
value of the SDF can be taken as a measure of flame thickness [180, 189, 193]. The statist-
ical behaviour of the SDF and different terms of its transport equation have been extensively
studied for turbulent premixed flames from various viewpoints [89, 179, 185, 190, 193–197].
In comparison to purely gaseous premixed turbulent flames, relatively limited effort has been
directed to the similar analyses for turbulent flame propagation in droplet-laden mixtures [47]
in spite of its relevance in compression ignition and direct injection engines. The evolution of
the SDF in droplet-laden mixtures is more complex than in turbulent premixed flames due to
the simultaneous interactions of turbulence, flame and droplets. A recent analysis by Wacks et
al. [47] focussed on the SDF evolution for statistically planar flames propagating into droplet-
laden mixtures for different turbulence intensities, droplet sizes and overall (liquid+gaseous
phases) equivalence ratios and important differences between gaseous premixed and droplet-
laden cases were reported. Moreover, most of the aforementioned analyses on the statistical
behaviours of the SDF and its transport characteristics have been carried out for statistically
planar flames but the SDF statistics in spherically expanding turbulent premixed flames can
be different from those in statistically planar flames [59–61]. Mizutani and Nishimoto [62]
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Figure 4.17: Profiles of mean values of Si/Sb(φg=1) (where i = d,r,n) conditional upon c for
initial ad ⁄δst = 0.04,0.05 and 0.06 (1st -3rd rows), for laminar ( ), initial u′⁄Sb(φg=1) = 4.0
( ) and 8.0 ( ) cases.

demonstrated that the burning characteristics of spherically expanding droplet-laden flames
could be significantly different to the corresponding planar flames. However, the statistics of
the SDF and the strain rates, which affect the SDF evolution, are yet to be analysed for tur-
bulent spherically expanding flames in droplet-laden mixtures. The current analysis addresses
the aforementioned gap in the existing literature by analysing the statistical behaviours of the
SDF and different strain rates, which affect its evolution. For this purpose, spherically expand-
ing flames propagating into mono-sized fuel-droplets for a range of different initial droplet dia-
meters (i.e. ad/δst = 0.04,0.05,0.06) and turbulence intensities (i.e. u′⁄Sb(φg=1) = 0.0,4.0,8.0)
at an overall equivalence ratio of unity has been considered. Thus, the main objectives of this
section are: (a) to demonstrate and explain the effects of turbulence intensity and droplet
diameter on the strain rates, which affect the evolution of the SDF in turbulent spherically
expanding flames in droplet-mists, (b) to indicate the implications of the above physical in-
formation in the context of modelling of turbulent combustion in droplet-laden mixtures.
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Figure 4.18: Profiles of mean values of Si/Sb(φg=1) (where i = t,z,s) conditional upon c for
initial ad ⁄δst = 0.04,0.05 and 0.06 (1st-3rd rows). See Fig. 4.17 caption for the colour keys.

Equations 2.60,4.1-4.4 indicate that the flame curvature affects the displacement speed
behaviour, which in turn influences the evolution of |∇c|. The variations of the mean val-
ues of normalised displacement speed and its components Si/Sb(φg=1) (where i = d,r,n, t,z,s)
conditional upon c are shown in Fig. 4.17 and Fig 4.18, respectively, which reveal that
Sd/Sb(φg=1) increases from the unburned to the burned gas side due to density drop as a result
of thermal expansion. Figure 4.17 further shows that the mean value of the reaction compon-
ent Sr/Sb(φg=1) remains positive but its magnitude increases from the unburned to the burned
gas side of the flame, whereas the mean normal diffusion component Sn/Sb(φg=1) assumes
small positive and large negative values towards the unburned and burned gas sides of the
flame front respectively. The mean contributions of Sz and Ss remain smaller in magnitude
than those of Sr and Sn. The mean contribution of tangential diffusion component of dis-
placement speed St/Sb(φg=1) = −2Dκm/Sb(φg=1) remains negative throughout the flame due
to predominantly positive values of curvature κm and the magnitude of the mean negative
value increases with decreasing mean radius of the flame kernel. The magnitude of negative
mean value of St/Sb(φg=1) for the initial ad ⁄δst = 0.06 case remains considerably greater than
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in the corresponding cases with initial ad ⁄δst = 0.04 and 0.05 cases because of the smaller
mean flame radius. The statistics of Sd and its components influence the statistical behaviours
of N j∂Sd/∂x j and 2Sdκm.

The mean values of {∇ · −→u ,aN ,aT = ∇ · −→u − aN}×δst/Sb(φg=1) conditional upon c are
shown in Fig. 4.19, which shows that the mean value of ∇ ·−→u remains positive and the mean
value decreases with increasing ad and u′/Sb(φg=1). It has already been shown in Fig. 4.8 that
the probability of fuel-lean combustion increases with increasing ad and u′/Sb(φg=1). This re-
duces the strength of thermal expansion in the large droplet cases, and this effect is further aug-
mented for high values of u′/Sb(φg=1), and this is reflected in the reduced magnitude of dilata-
tion rate ∇ ·−→u . The normal strain rate aN can be expressed as: aN = (eαcos2θα +eβ cos2θβ +

eγcos2θγ) where eα ,eβ and eγ are the most extensive, intermediate, and most compressive
principal strain rates, and θα ,θβ and θγ are the angles between ∇c and the eigenvectors cor-
responding to eα ,eβ and eγ , respectively [179, 180, 189, 190, 194]. The reactive scalar gradi-
ent ∇c aligns with the eigenvector associated with eα (i.e. cos2θα ≈ 1) when the strain rate
induced by flame normal acceleration dominates over turbulent straining [61, 194, 195]. By
contrast, ∇c aligns with the eigenvector associated with eγ (i.e. cos2θγ ≈ 1) when turbulent
straining overwhelms the strain rate due to flame normal acceleration [61, 194, 195]. As
combustion takes place increasingly in fuel-lean mode with increasing ad , the flame normal
acceleration weakens with increasing droplet size, which also decreases the extent of collin-
ear alignment between ∇c and the eigenvector associated with eα . However, in all cases, ∇c
aligns with the eigenvector associated with eα in the reaction zone where the effects of heat
release are strong, and thus aN assumes positive values in this region. However, the extent of
collinear alignment with the eigenvector associated with eα decreases with increasing droplet
size and turbulence intensity. Thus, ∇c aligns with the eigenvector associated with eγ on both
unburned and burned gas sides of the flame for the cases with high turbulence intensities and
accordingly aN assumes negative values in these regions. The relative magnitudes of ∇ · −→u
and aN determine the variation of aT = ∇ · −→u − aN across the flame. In the laminar flames,
aT decreases from the unburned to the burned gas side of the flame, whereas this behaviour
is less prominent for the turbulent cases and the mean value of aT increases with increasing
turbulence intensity because of small mean values of aN for large u′/Sb(φg=1) values.

The profiles of the normalised mean values of the normal strain rate induced by displace-
ment speed and its components ∂S+i /∂n=N j∂Si/∂x j×δst/Sb(φg=1) (where i= d,r,n, t+z+s)
conditional upon c are shown in Fig. 4.20. The mean value N j∂Sr/∂x j ×δst/Sb(φg=1) assumes
negative values throughout the flame because Sr predominantly increases from the unburned
to the burned gas side of the flame. By contrast, N j∂Sn/∂x j × δst/Sb(φg=1) assumes positive
values towards the burned gas side, which is consistent with the behaviour of Sn across the
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Figure 4.19: Profiles of mean values of ∇ ·−→u ,aN ,aT = ∇ ·−→u −aN ×δst/Sb(φg=1) conditional
upon c for initial ad ⁄δst = 0.04,0.05 and 0.06. See Fig. 4.17 caption for the colour keys.
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Figure 4.20: Profiles of mean values of N j∂Si/∂x j × δst/Sb(φg=1) (where i = d,r,n, t + z+ s)
conditional upon c for initial ad ⁄δst = 0.04,0.05 and 0.06. See Fig. 4.17 caption for the colour
keys.

flame (see Fig. 4.17). The magnitudes of mean values of N j∂Sr/∂x j and N j∂Sn/∂x j remain
much greater than the mean contribution of N j∂S(t+z+s)/∂x j. For the laminar case, negative
contributions of N j∂Sr/∂x j dominate over positive contributions of N j∂Sn/∂x j to yield pre-
dominantly negative mean values of N j∂Sd/∂x j within the reaction zone but positive values
can be discerned on both unburned and burned gas sides. However, an opposite behaviour is
observed for turbulent cases and the mean contribution of N j∂Sd/∂x j assumes higher positive
values for greater values of u′/Sb(φg=1).

The variations of the normalised mean values of the tangential strain rate induced by
displacement speed (or curvature stretch rate) (2Siκm)

+ = 2Siκm × δst/Sb(φg=1) (where i =
d,r+n+ z+ s, t) conditioned upon c are shown in Fig. 4.21. It has been found that the mean
value of 2Sdκm × δst/Sb(φg=1) assumes mostly negative values throughout the flame except
for the laminar case with initial droplet size of ad ⁄δst = 0.04. Figure 4.21 further shows that
the mean values of 2Stκm ×δst ⁄Sb(φg=1) =−4Dκ2

m ×δst ⁄Sb(φg=1) dominate over the mean val-
ues of 2Sr+n+z+sκm ×δst ⁄Sb(φg=1) to yield negative mean value of 2Sdκm ×δst/Sb(φg=1) for all
cases except for the laminar case with initial droplet size of ad ⁄δst = 0.04. Small droplets in
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Figure 4.21: Profiles of mean values of 2Siκm × δst/Sb(φg=1) (where i = d,r + n+ z+ s, t)
conditional upon c for initial ad ⁄δst = 0.04,0.05 and 0.06. See Fig. 4.17 caption for the colour
keys.

the initial ad ⁄δst = 0.04 laminar case evaporate rapidly and do not impart much influence on
flame wrinkling. The droplets in the initial ad ⁄δst = 0.05 and 0.06 cases induce considerable
flame wrinkling due to flame droplet interaction under laminar conditions (see Figs. 4.4-4.7).
Furthermore, it has been shown in the previous section (see the discussion regarding Tables
4.2 and 4.3) that the flame radius decreases with increasing droplet size for the cases con-
sidered here. For the above reasons, the contribution of 2Stκm = −4Dκ2

m remains small for
the droplet cases with initial droplet size of ad ⁄δst = 0.04, whereas this contribution plays a
more significant role in the laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06 because
of the smaller flame radii and larger extent of flame wrinkling in these cases. Thus, the mean
curvature stretch remains predominantly positive due to spherical positive curvature in the
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Figure 4.22: Profiles of mean values of
{

ae f f
N ,ae f f

T

}
× δst/Sb(φg=1) conditional upon c for

initial ad ⁄δst = 0.04,0.05 and 0.06. See Fig. 4.17 caption for the colour keys.

Figure 4.23: Temporal evolution of normalised flame surface area A/(4πr2
0) for initial ad ⁄δst =

0.04,0.05 and 0.06. See Fig. 4.17 caption for the colour keys.
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laminar case with initial ad ⁄δst = 0.04, whereas it assumes negative values for the laminar
cases with initial ad ⁄δst = 0.05 and 0.06. The extent of flame wrinkling increases with increas-
ing u′/Sb(φg=1), which widens the range of curvature κm values and increases the mean values
of κ2

m and 2Stκm =−4Dκ2
m.

The mean values of normalised effective normal and tangential strain rates (i.e.
{

ae f f
N ,ae f f

T

}
×δst/Sb(φg=1)) conditioned on c are shown in Fig. 4.22, which indicates that the mean values

of ae f f
N show an increasing trend with turbulence intensities for all initial values of ad con-

sidered here. Moreover, the mean value of ae f f
N remains positive in turbulent cases, which

suggests that ae f f
N promotes thickening of the flame in a mean sense, which is consistent with

the observations made from Fig. 4.7. The mean value of ae f f
T remains mostly negative for

all the cases except for the laminar case corresponding to initial ad ⁄δst = 0.04. In the initial
ad ⁄δst = 0.04 case, predominantly positive mean values of 2Sdκm along with positive mean
values of aT give rise to the net positive mean value of ae f f

T , but for other cases, the negat-
ive mean values of 2Sdκm dominate over positive mean values of aT to yield negative mean
values of ae f f

T . The negative mean values of ae f f
T due to predominantly negative mean values

of 2Sdκm indicate smoothening of the wrinkled flame front due to flame propagation. The
decreasing trend of ae f f

T with increasing droplet size is consistent with the evolution of the
normalised flame surface area A =

∫
V |∇c|dV/(4πr2

0) (where r0 = 2.0δst) shown in Fig. 4.23,
which suggests that the normalised flame area A/(4πr2

0) drops with an increase in ad . Further
discussion of the effects of droplet size and turbulence intensity on flame surface area and
overall burning rate for the cases considered here can be found in Sections 4.2 and 4.4 and
thus is not repeated here.

4.6 Flame-Flame Interactions in Spherically Expanding Tur-
bulent Spray Flames

The concept of local flame structures based on the scalar fields, such as reaction progress vari-
able, is pivotal to the fundamental understanding of flame propagation statistics due to its role
in flame surface generation and overall burning rate. The relationship between geometrical
structures and the gradient of scalar fields in turbulent flows was considered in the pioneering
analysis by Gibson [97]. Moffatt [198] described the topological structures using the critical
points as elliptic or hyperbolic according to the signature of the eigenvalues of the scalar Hes-
sian tensor. The flat and tile-like topologies have been found to be predominant structures for
both passive scalar mixing [199] and turbulent premixed combustion [170, 200, 201].

The flame topologies play a key role in characterising the flame-flame interaction (FFI)
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Table 4.4: Simulation parameters considered in Section 4.6.

Parameter Value
ad/δst 0.04,0.05 and 0.06

φov 1.0
u′⁄Sb(φg=1) 4.0,8.0 and 10.0

L11/δst 2.5
Pr 0.7
Le 1.0

γ =CG
p /CG

v 1.4

events in turbulent combustion processes [111, 202–208]. Several different approaches have
been used in the literature to identify FFI, including critical point theory (e.g. [111, 202, 203]),
automatic feature extraction technique based on complex wavelet transform (e.g. [204, 205])
and Minkowski functional (e.g. [206, 207]) based techniques. A recent experimental investig-
ation [208] focussed on the influences of flow features on the FFI events for turbulent premixed
flames in dual Bunsen burner configuration. In comparison to the existing body of literature on
FFI in turbulent premixed combustion, relatively limited information is available on this topic
for turbulent flames propagating into droplet-laden mixtures. It has already been reported both
experimentally and numerically that in addition to flame-turbulence interaction, the complex
interaction of flame and droplets induces wrinkling on the flame surface in turbulent spray
combustion. This section aims to broaden the current knowledge of flame self-interactions
(FSI) by focusing on turbulent flames propagating into droplet mists. In the current analysis,
the critical point theory approach adopted in Griffiths et al. [202] and Trivedi et al. [111, 203],
has been used. The main objectives of this section are to analyse the influences of turbulence
intensity and droplet diameter on the behaviour of the FSI events in turbulent spherically ex-
panding flames propagating into droplet-mists and compare these statistics with corresponding
spherically expanding turbulent premixed flames. Simulation parameters used in Section 4.6
are listed in Table 4.4.

As the gradient of c vanishes at the critical points in the flame, the Taylor series expansion
around a critical point can be written as [202, 203]:

c(a+x) = c(a)+(xT/2)H
=
(c(a))x+ ... (4.5)

The topologies can be obtained with the eigenvalues of the Hessian H
=
(c). The shape factors

θ and ϕ can be defined based on the eigenvalues (λ1 > λ2 > λ3) of the Hessian H
=
(c) as
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Figure 4.24: Various types of FSI topologies characterised by shape factors. The sign of
eigenvalues of H

=
(c) is shown in each quadrant with the black line indicating the change in the

sign of eigenvalues. The examples (where c increases from green to red) FSI events are taken
from the droplet case with initial u′⁄Sb(φg=1) = 4.0 and ad ⁄δst = 0.06.

[202, 203]:

θ =
6
π

arctan

(
(λ1 −2λ2 +λ3)/61/2

(λ1 −λ3)/21/2

)
(4.6)

ϕ =
2
π

arctan

(
(λ1 +λ2 +λ3)cos(θπ/6)/31/2

(λ1 −λ3)/21/2

)
(4.7)

The FSI topologies in θ −ϕ space are shown in Fig. 4.24 where the sign of eigenvalues
of H

=
(c) changes from (−−−) to (−−+) to (−++) and to (+++), moving from left to

right with the black line indicating the change in the sign of the eigenvalues. Eigenvalues with
the sign of (−−−) correspond to burned mixture pockets (BPs) (see the LHS of Fig. 4.24)
whereas eigenvalues with the sign of (+++) show unburned mixture pockets (UPs) (see the
RHS of Fig. 4.24). Tunnel formation (TF) and tunnel closure (TC) topologies are represented
by eigenvalues with the sign of (−−+) and (−++), respectively. TF grows cylindrically
outward, whereas TC is a cylindrical flame topology and propagates inwards (see Fig. 4.24).
The examples shown in Fig. 4.24 are taken from the droplet cases considered in this analysis.
The singular points have been identified using the methodology used in Ref. [202] and thus
is not repeated here. The statistics of FSI are conditioned on the reaction progress variable
range given by 0.01 ≤ c ≤ 0.99; therefore, the identification of FSI topologies is restricted in



4.6 Flame-Flame Interactions in Spherically Expanding Turbulent Spray Flames 95

a manner where combustion takes place.
It is clear from instantaneous fields of c given in Figs. 4.1-4.3, that the interaction between

the flame and the turbulence leads to strongly wrinkled c isosurfaces for all cases, and the
extent of wrinkling increases with increasing u′ for both premixed and droplet cases. It has
been shown in Section 4.3 that the heat release rate for these flames takes place predominantly
in premixed mode but non-negligible contribution is also obtained from the diffusion mode
of burning, and such cases have previously been referred to as premixed sprays by several
authors [150, 156, 157]. This diffusion burning mode in these cases are captured in the region
given by 0.01 ≤ c ≤ 0.99 (see Section 4.3) and the definition of c used here can be applied to
edge flames [164]. Therefore, the topologies of FSI in these flames can be identified based on
the geometric properties of c isosurfaces. As the FSI is the focus of this study, the deformation
of c isosurfaces in Figs. 4.1-4.3 should be distinguished from the FSI events, which creates
either a UP/BP or TF/TC topology.

Figure 4.25 shows the frequency of the FSI topologies for different values of c. The to-
pologies associated with the FSI events have predominantly been found close to the burned
gas region corresponding to 0.975 ≤ c ≤ 0.99 for all turbulent premixed flames considered
here. Figure 4.25 shows that TF has the highest frequency in all turbulent premixed gaseous
cases, whereas the occurrence of UPs is rare in these cases. This behaviour is consistent with
previous investigations on the FSI events in turbulent premixed gaseous flames [111, 202] in
which a rapid consumption of UPs was provided as the reason for the lack or low occurrence
of UPs at the time when the statistics were extracted.

The presence of liquid droplets leads to significant changes in the distribution of the FSI
topologies across the flame. In the initial u′⁄Sb(φg=1) = 4.0 case, the FSI events start to become
visible towards the reaction zone (i.e. c = 0.8 where the maximum heat release is obtained
for this thermo-chemistry) and this tendency is particularly prevalent for large droplets (e.g.
initial ad ⁄δst = 0.06). Slower evaporation rate for larger droplets enhances the frequency of
flame-droplet interactions, which leads to more wrinkled flame surfaces on the burned gas
side of flame front for low turbulence intensities. It has been discussed earlier in Section 4.2
that large droplet cases exhibit a wider distribution of flame curvature on the burned gas side.
However, under high turbulence intensities (e.g. initial u′⁄Sb(φg=1) = 8.0 and 10.0 cases), the
FSI events occur predominantly in the preheat zone corresponding to c ≤ 0.5.

The initial values of Damköhler and Karlovitz numbers for the premixed case with initial
u′⁄Sb(φg=1) = 4.0 are 1.31 and 3.49, respectively. The values of Da(φg=1) and Ka(φg=1) are
0.65 and 9.88 (0.52 and 13.88) respectively for the premixed case with initial u′⁄Sb(φg=1) = 8.0
(u′⁄Sb(φg=1) = 10.0). As discussed earlier in section 4.1, all the cases considered here represent
the thickened flame regime, hence the contours of c representing the preheat zone (i.e. c< 0.5 )
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Figure 4.25: Histograms of the number of samples of four FSI topologies: burned mixture
pocket (BP (- - -) �), tunnel formation (TF (- - +) �), tunnel closure (TC (- + +) �) and
unburned mixture pocket (UP (+ + +) �) for different values of c.
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are found to be more deformed than the ones representing the reaction zone (i.e. 0.7< c< 0.9)
in the cases shown in Figs. 4.1-4.3, where this behaviour is particularly prevalent for turbulent
droplet cases. This tendency strengthens with increasing u′ due to an increase in the Karlovitz
number. The flame deformation is compounded by the wrinkling induced by droplets and
their latent heat extraction from the flame surface. As a result of the combination of the
aforementioned mechanisms, the FSI events in the droplet cases have been observed over a
larger range of c than in the corresponding premixed turbulent flames (see Figs. 4.1-4.3).
Figures 4.1-4.3 further show that TF/TC topologies have the largest frequency for all droplet
cases except for the initial u′⁄Sb(φg=1) = 4.0 case, where UPs are predominantly observed.

The local flame surface geometries can be categorised based on the local mean curvature
κm = (κ1 + κ2)/2 and Gauss curvature κg = κ1κ2 [199, 200], where κ1 and κ2 are the two
principal curvatures. The region given by κg > κ1κ2 is unrealisable because it leads to com-
plex principal curvatures. In the above definitions, positive values of κg imply elliptic cup-
like topologies while negative κg values represent hyperbolic saddle geometries. A negative
(positive) value of κm indicates the flame surface in question remains concave (convex) to
the reactants. The locations where κg vanishes exhibit tile convex (concave) geometries for
κm > 0 (κm < 0) or flat topologies for κm = 0. The scatters of the different FSI events in
the region corresponding to 0.01 ≤ c ≤ 0.99 in the κm − κg plane are shown in Fig. 4.26
for all cases considered here. Note that the UPs (e.g. geometries propagating inwards) are
associated with concave cup-like topologies, whereas BPs (i.e geometries propagating out-
wards) are representative of convex cup-like topologies. Furthermore, Fig. 4.26 shows that
TF/TC topologies are associated with hyperbolic saddle geometries. The distribution of the
FSI events in Fig. 4.26 reveals that the UPs are predominantly obtained for turbulent droplet
cases with initial u′⁄Sb(φg=1) = 4.0. By contrast, TF/TC events are predominantly obtained for
turbulent droplet cases with high turbulence intensities (e.g. initial u′⁄Sb(φg=1) = 8.0 and 10.0).
It has been shown earlier in Section 4.3 that the contribution to overall heat release rate due
to non-premixed combustion increases with increasing u′⁄Sb(φg=1) for the droplet cases con-
sidered here and the high burning rate of the stoichiometric mixture (where the non-premixed
combustion is obtained) makes the occurrence of UPs less likely for high u′.

A comparison between the droplet cases with the corresponding gaseous premixed cases
in Figs. 4.25 and 4.26 reveals important differences in the topology distributions for FSI. Most
of the FSI events for the gaseous premixed flames occur towards the burned gas side, although
the frequency of finding these events on the unburned gas side increases with decreasing (in-
creasing) Da (Ka), which is consistent with previous findings [111, 202]. However, the TF
events towards the burned gas side remain the major FSI topology for all the premixed cases
considered here, and this behaviour is found to be consistent with previous findings for tur-
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Figure 4.26: Scatter of κg × δ 2
st with κm × δst in the region 0.01 ≤ c ≤ 0.99 for turbulent

premixed gaseous and droplet cases with initial u
′
⁄Sb(φg=1) = 4.0,8.0,10.0. Scatter is coloured

by the different types of topologies associated with the FSI events.
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Figure 4.27: Instantaneous view of c = 0.5 isosurface coloured with κm × δst for turbulent
premixed (1st column) and droplet cases with initial ad ⁄δst = 0.04 (2nd column) and 0.06 (3rd

column) for initial u′⁄Sb(φg=1) = 4.0.

bulent premixed gaseous flames [111, 202]. Although most FSI events occur on the product
side of the flame front in the laminar (not shown here) and turbulent droplet cases with small
turbulence intensity (e.g. initial u

′
⁄Sb(φg=1) = 4.0 case), these FSI events are predominantly

representative of UPs in contrast to TF/TC topologies in the premixed cases. In order to ex-
plain this behaviour, it is useful to consider instantaneous views of c isosurfaces coloured by
local values of κm×δst , which are exemplarily shown for c = 0.5 in Fig. 4.27 for the premixed
flames and droplet cases with initial ad ⁄δst = 0.04 and 0.06 and u′⁄Sb(φg=1) = 4.0. Figure 4.27
shows that dimples with large negative values of κm × δst (note that UPs are associated with
negative values of κm, see Fig. 4.26) appear on c = 0.5 isosurfaces in turbulent droplet cases,
which are completely absent in the corresponding premixed flames. The evaporation of small
droplets is mostly completed in the preheat zone (e.g. c < 0.5) of the flame but large droplets
can survive longer within the flame (i.e. 0.01 ≤ c ≤ 0.99) and interact with the flame surface,
giving rise to flame deformation while releasing fuel vapour as a result of evaporation. This
leads to dimples on the flame surface under laminar and low turbulence intensity (e.g. initial
u′⁄Sb(φg=1) = 4.0 cases) conditions, which may give rise to UPs on c isosurfaces.

These dimples may cause the occurrence of UP type FSI events for the droplet cases, es-
pecially under laminar and low turbulence intensity (e.g. initial u′⁄Sb(φg=1) = 4.0 cases) condi-
tions. Moreover, the frequency of finding dimples increases with increasing droplet diameter,
as large droplets survive longer within the flame because of their slower evaporation rate and
bigger size. The mean flame displacement speed in droplet cases is smaller than the corres-
ponding premixed flames due to the predominantly fuel-lean mode of combustion in droplet
cases (see Section 5.5). Thus, the UPs in droplet cases are also relatively slowly consumed in
comparison to the corresponding premixed gaseous flames. Consequently, the UPs in droplet
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cases are more stable than in the corresponding premixed flame cases. Figure 4.26 shows
that the frequency of finding UPs increases with increasing ad/δst for initial u′⁄Sb(φg=1) = 4.0
cases. However, the FSI topologies associated with TF/TC and BPs, which are characteristic
of flame-turbulence interaction in premixed turbulent flames [111, 202], increasingly play im-
portant roles with increasing u′⁄Sb(φg=1) for the droplet cases. Accordingly, the frequency of
finding UPs decreases with increasing u′⁄Sb(φg=1) for the droplet cases. However, the distribu-
tion of the FSI events across the flame front in the droplet cases remains significantly different
to the corresponding turbulent premixed flames. Unlike premixed flames, these events in the
droplet cases occur towards the unburned gas side of the flame for high turbulence intensities
(e.g. initial u′⁄Sb(φg=1) = 8.0 and 10.0 cases) because the droplets penetrate into the flame due
to turbulent fluid motion and induce FSI events but they eventually evaporate as the burned
gas side is approached. As the large droplets evaporate slowly, they exhibit high frequency of
the FSI events on the unburned gas side for the droplet cases under high turbulence intensities
(e.g. initial u′⁄Sb(φg=1) = 8.0 and 10.0 cases). It has been previously reported [111, 202] that
the likelihood of obtaining FSI on the unburned gas side of the flame increases with decreasing
(increasing) Da (Ka) for premixed turbulent flames. The characteristic value of Da (Ka) de-
creases (increases) significantly with increasing u′⁄Sb(φg=1) and this effect is particularly strong
in the droplet cases because of the greater likelihood of fuel-lean gaseous phase combustion
(see Fig. 4.8). Thus, the increased frequency of finding the FSI events towards the unburned
gas side in the droplet cases for large turbulence intensities could be linked with the small
(large) values of characteristic Da (Ka) in these cases.

The differences in the topology distributions for the FSI events between droplet and pre-
mixed flames have several important implications. The differences in frequency and distribu-
tion of the FSI events in the droplet cases in comparison to the premixed flames suggest that the
flame surface area annihilation due to FSI is likely to be different in droplet cases when com-
pared to the corresponding gaseous premixed flames. This may lead to a different variation of
flame surface area with increasing u′ in the droplet cases than in the corresponding gaseous
premixed flame cases, which has been demonstrated earlier in Section 4.2. Furthermore, the
qualitative differences in flame topology distributions for the FSI events between spray and
premixed flames suggest that the existing closures (e.g. Flame Surface Density methodology
[184, 209]), which depend on the flame surface topology, may need significant modifications
to make them applicable for flames propagating into droplet-laden mixtures. Moreover, any
such attempt to extend the flame surface based modelling methodology for spray flames needs
to include the effects of φg and ad .
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4.7 Summary of Key Findings

Effects of turbulence intensity on flame-droplet-turbulence interactions have been investigated
for spherically expanding n-heptane spray flames based on three-dimensional DNS simula-
tions. Some important results are listed below:

• Having higher surface to volume ratio, small droplets evaporate quicker compared to
large droplets. Hence small droplets with initial ad ⁄δst = 0.04 mostly complete their
evaporation ahead of the reaction zone. On the contrary, large droplets with initial
ad ⁄δst = 0.05 and 0.06 can survive longer in the flame and continue to evaporate across
the flame. Thus, unburned fuel pockets can be formed in the burned gas region and the
temperature of the burned gas region drops locally due to the latent heat of evaporation.

• The flame-droplet interaction gives rise to dimples on the flame surface for both laminar
and turbulent droplet cases whereas premixed gaseous flames have a smooth surface.
Although the droplet-induced flame wrinkling is partially masked by the flow-induced
flame wrinkling at increasing turbulence intensities, wider distributions of curvature
PDFs for droplet cases provide a clear indication of droplet induced flame deformation.
Furthermore, the growth rate of flame surface area is found to diminish with increas-
ing droplet diameter while higher turbulence intensities enhance the flame surface area
generation.

• Premixed mode of combustion is responsible for the significant part of overall heat
release rate and the contribution of premixed mode of combustion to overall heat release
rate decreases with increasing droplet diameter and turbulence intensity. Additionally,
mean heat release associated with premixed combustion attains its maximum value at
around c = 0.75 where the peak value of reaction rate of progress variable is found. The
maximum mean heat release arising from non-premixed combustion is obtained close
to the burned gas region (i.e. c ≈ 1.0) at the stoichiometric mixture.

• The gaseous mixture composition in the flame is found to be principally fuel-lean and
this tendency strengthens with increasing droplet diameter and turbulence intensities.
Thus, burned gas volume and the product formation rate per unit flame surface area
decreases with increasing droplet diameter and turbulence intensity.

• Spray flames becomes thicker for the cases with large droplet diameters and high turbu-
lence intensities due to the greater extent of fuel-lean combustion. The mean displace-
ment speed assumes positive values across the flame for all droplet cases. The mean
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behaviour of displacement speed is primarily governed by reaction, normal and tangen-
tial diffusion components, while the mean values of the contributions due to cross-scalar
dissipation term and droplet evaporation remain weak in comparison to other compon-
ents.

• As thermal expansion declines due to predominantly fuel-lean burning of reacting mix-
ture, dilatation rate diminishes with increasing droplet diameters and turbulence intens-
ities. Moreover, the mean tangential strain rate takes positive values which originate the
relative magnitude of dilatation rate and normal strain rate. The positive mean values of
normalised effective normal strain rate in turbulent droplet cases indicate flame thicken-
ing, while the negative mean values of normalised effective tangential strain rate, which
originates predominantly negative mean values of 2Sdκm, implies smoothening of the
wrinkled flame front due to flame propagation.

• The flame self interaction events mainly occur close to the burned gas region for tur-
bulent premixed flames and droplet cases with initial u′⁄Sb(φg=1) = 4.0. Tunnel forma-
tion is the most commonly observed flame self interaction event in turbulent premixed
flames whereas flame-droplet interactions lead to frequent occurrence of unburned mix-
ture pockets in the droplet cases with small turbulence intensities. However, the flame
self interaction events are predominantly observed in the preheat zone for the droplet
cases with high turbulence intensities.



Chapter 5

Statistical Analysis of
Flame-Droplet-Turbulence
Interaction-Part II: Effects of Overall
Equivalence Ratio

This chapter mainly focuses on the effects of overall equivalence ratio on the flame structure
and combustion characteristics. The statistical behaviour of spherically expanding turbulent
spray flames is analysed along with flame wrinkling, flame surface area, and volume of the
burned gas. Furthermore, flame propagation statistics are characterised in terms of displace-
ment and consumption speeds. The flame surface topologies and the statistical characteristics
of various flame speeds for different droplet diameters and overall equivalence ratios are dis-
cussed in detail later in this chapter.

5.1 Flame-Turbulence Interaction

Laminar and turbulent spherically expanding n-heptane flames in mono-sized fuel droplet-
mists have been simulated for a range of different overall equivalence ratios and droplet dia-
meters using three-dimensional DNS. Parameters used for the simulations in this chapter are
provided in Table 5.1. Figures 5.1-5.3 show the instantaneous distributions of reaction pro-
gress variable c, normalised gaseous fuel mass fraction YF/YFst , and non-dimensional tem-
perature T fields, respectively, at the central x− y mid-plane at t = 2.52αT 0/S2

b(φg=1) under
laminar and turbulent flow conditions (with initial u′⁄Sb(φg=1) = 4.0) and for overall equival-
ence ratios φov = 0.8,1.0, and 1.2. The droplets residing on the x− y mid-plane are shown by
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Table 5.1: Simulation parameters considered in Chapter 5.

Parameter Value
ad/δst 0.04,0.05 and 0.06

φov 0.8,1.0 and 1.2
u′⁄Sb(φg=1) 0.0 and 4.0

L11/δst 2.5
Pr 0.7
Le 1.0

γ =CG
p /CG

v 1.4

black dots in Figs. 5.1-5.3. It is worth noting that these droplets are individually tracked in a
Lagrangian manner and they are not meant to indicate individual droplet burning. For globally
stoichiometric (i.e. φov = 1.0) droplet cases, unburned fuel pockets can appear in the burned
gas region notably for large droplets. However, these unburned fuel pockets are obtained for
all droplet sizes for φov = 1.2 under both laminar and turbulent conditions. Unburned fuel is
mostly found ahead of the flame for the droplet cases with φov = 0.8 due to small number dens-
ity of droplets. The latent heat of evaporation induces local temperature drop in the burned
gas region for φov = 1.0 and φov = 1.2 (see Figs. 5.1 and 5.3) and this tendency is particularly
prominent for large droplets (e.g. ad ⁄δst = 0.06). However, the burned gas temperature in-
creases with increasing droplet diameter for φov = 0.8 and the burned gas temperature for the
initial ad ⁄δst = 0.04 case is found to be similar to that in the corresponding fuel-lean premixed
case under both laminar and turbulent flow conditions. It can be seen from Fig. 5.3 that the
burned gas temperature for φov = 0.8 cases is smaller than that in the corresponding φov = 1.0
cases due to predominantly fuel-lean combustion. The burned gas temperature for φov = 1.2
cases is also found to be marginally smaller than but comparable to that in the corresponding
φov = 1.0 cases. This can be explained from the Burke-Schumann relation for the burned gas
temperature, which indicates that the drop of the burned gas temperature for φg = 0.8 is expec-
ted to be greater than that in case of φg = 1.2. A comparison between Figs. 5.1 and 5.2 reveals
that the fuel mass fraction in the unburned gas remains smaller than the corresponding value
in the premixed flame case, which indicates that the evaporation of droplets is not sufficient to
supply as much fuel in the gaseous phase as in the corresponding premixed flame case. Thus,
the gaseous phase combustion in droplet cases takes place mostly under leaner conditions than
in the corresponding premixed flame cases.

It can further be seen from Figs. 5.1-5.3 that the laminar premixed flames remain perfectly
spherical but laminar spray flames exhibit weakly wrinkled c isosurfaces especially for large
droplets (i.e. ad ⁄δst = 0.06). This tendency strengthens with increasing φov. For laminar
globally stoichiometric (i.e. φov = 1.0) spray flames, flame-droplet interaction can be seen
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Figure 5.1: Distribution of c (white lines show c = 0.1,0.5,0.9 contours from outer to inner
periphery) on the central x− y mid-plane for laminar (a) and turbulent (b) flames with φov =
0.8, 1.0 and 1.2. Black dots show the droplets residing on the plane (not to scale). All figures
correspond to t = 2.52αTo/S2

b(φg=1).
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from imperfectly spherical c isosurfaces. This is prominently evident in the cases with φov =

1.2 because of the availability of larger number of droplets. Moreover, it can be discerned from
the c contours in Figs. 5.1 and 5.2 that all cases exhibit instances of local flame thickening and
this tendency is particularly prevalent for droplet cases especially for φov = 0.8. The initial
values of Damköhler number for the premixed flames with φg = 0.8, 1.0, and 1.2 with initial
u′⁄Sb(φg=1) = 4.0 are 0.473, 1.31, and 0.93, respectively. The corresponding values of the
Karlovitz number are 9.70, 3.50, and 4.85 for φg = 0.8, 1.0, and 1.2, respectively. According
to the Damköhler and Karlovitz number values for the premixed gaseous flames, combustion
take places in the distributed burning regime for all cases considered in this section, and thus
they exhibit local flame thickening and these tendencies are particularly strong for droplet
cases due to small (large) values of Da (Ka).

5.2 Flame Wrinkling

The flame-droplet interaction can be discerned from Fig. 5.4 where the instantaneous c = 0.5
isosurfaces are coloured by local values of flame curvature κm × δst for the cases considered
here. Dimples can be seen from Fig. 5.4 for ad ⁄δst = 0.05 and 0.06 droplet cases under
laminar conditions for φov = 0.8, whereas the c = 0.5 isosurface is a smooth sphere in the
corresponding premixed flame case. However, the c = 0.5 isosurface for the laminar droplet
case with initial ad ⁄δst = 0.04 for φov = 0.8 does not show dimples but also does not remain
spherical. A similar qualitative trend is observed for the turbulent droplet cases for φov = 0.8
where the droplet-induced flame wrinkling increases with increasing droplet diameter. For
φov = 1.0 and 1.2, dimples on the c = 0.5 isosurface due to flame-droplet interaction can
be seen for both laminar and turbulent cases. A comparison between laminar φov = 1.0 and
φov = 1.2 cases reveals that evaporation of clustered droplets creates large distributed dimples
for the φov = 1.2 cases in contrast to small densely packed dimples in the φov = 1.0 cases.
This difference is eclipsed by the flow-induced flame wrinkling in turbulent φov = 1.0 and
1.2 cases. The droplet-induced flame wrinkling can be quantified in terms of the PDFs of
κm which are given in Fig. 5.5 for c = 0.1,0.5, and 0.9 isosurfaces for all cases considered
here. The perfect spherical shape of laminar premixed flames leads to delta functions for the
curvature PDFs but laminar droplet cases exhibit a distribution of curvature values, which is
indicative of droplet-induced flame wrinkling. The extent of droplet-induced flame wrinkling
is the smallest (largest) for the initial droplet size of ad ⁄δst = 0.04 (ad ⁄δst = 0.06) for φov = 0.8
(φov = 1.2). The combination of small number density of droplets and rapid evaporation of
small droplets gives rise to a weak laminar flame front deformation for ad ⁄δst = 0.04 in the
case of φov = 0.8. The number density of droplets increases with increasing φov for a given
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Figure 5.2: Distribution of YF/YFst (magenta lines show c = 0.1,0.5,0.9 contours from outer
to inner periphery) on the central x−y mid-plane for laminar (a) and turbulent (b) flames with
φov = 0.8, 1.0 and 1.2. Black dots show the droplets residing on the plane (not to scale). All
figures correspond to t = 2.52αTo/S2

b(φg=1).
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Figure 5.3: Distribution of T on the central x− y mid-plane for laminar (a) and turbulent (b)
flames with φov = 0.8, 1.0 and 1.2. Black dots show the droplets residing on the plane (not to
scale). All figures correspond to t = 2.52αTo/S2

b(φg=1).
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value of ad ⁄δst and accordingly the extent of droplet-induced deformation of laminar flame
increases with an increase in φov. This is reflected in the widening of the PDF of κm×δst with
increasing φov for a given value of ad ⁄δst in the laminar droplet cases. The evaporation rate
decreases with increasing ad ⁄δst , and thus the large droplets survive relatively longer within
the flame. Therefore, the laminar flame front deformation is greater in extent for larger values
of ad ⁄δst for a given value of φov. This can be substantiated by the narrower PDFs of κm ×δst

in droplet cases for smaller values of ad ⁄δst for a given value of φov. The signature of droplet-
induced flame wrinkling is less obvious from the curvature PDFs for turbulent flames although
the turbulent droplet cases show wider curvature PDFs than in the corresponding turbulent
premixed cases for φov = 1.0 and 1.2. The PDFs of κm×δst for the droplet cases with φov = 0.8
are comparable to the curvature PDFs for the corresponding turbulent premixed flame case.

The PDFs of |−→N ·−→r | are shown for c = 0.1,0.5 and 0.9 isosurfaces in Fig. 5.6. The PDFs
of |−→N · −→r | are represented by delta functions at |−→N · −→r | = 1.0 for laminar premixed flames
irrespective of the equivalence ratio values. Although the PDFs of |−→N ·−→r | for laminar droplet
cases show peak values at 1.0, these cases show finite probability of finding |−→N ·−→r | < 1.0
which is an indication of an imperfect spherical shape. A further investigation for laminar
spray flames shows that the extent of departure from the perfectly spherical shape increases
with the increasing droplet size and also with increasing overall equivalence ratio. The extent
of departure from a perfectly spherical shape in turbulent cases is greater than laminar flames
for both premixed and droplet cases. The probability of finding a perfectly spherical flame
surface (i.e. |−→N ·−→r | = 1.0) in turbulent droplet cases is smaller than the corresponding tur-
bulent premixed flame case for φov = 1.2, whereas the probability of finding |−→N ·−→r | = 1.0 is
comparable for turbulent premixed and droplet cases for φov = 0.8 and 1.0. It has been dis-
cussed in the context of Fig. 5.5 that the flame front deformation due to droplets is relatively
stronger for φov = 1.2 than for φov = 0.8 and 1.0. As a result of this, the flow-induced flame
deformation does not completely eclipse the droplet-induced wrinkling effects in φov = 1.2
droplet cases and some of the effects of flame wrinkling induced by droplets can be discerned
for initial u′⁄Sb(φg=1) = 4.0, but for this turbulence intensity droplet-induced wrinkling effects
are masked by flame wrinkling due to turbulence for φov = 0.8 and 1.0. It has been found that
the PDFs of |−→N ·−→r | remain mostly insensitive to the value of ad ⁄δst for a given value of φov in
turbulent droplet cases considered here.

The extent of flame wrinkling plays a key role in determining the growth of flame surface
area. Figure 5.7a shows the temporal evolutions of flame surface area normalised by its initial
value for all cases with different overall equivalence ratios φov = 0.8,1.0 and 1.2. The value
of A/A0 decreases with increasing ad/δst for the droplet cases with φov = 1.0 and 1.2 under
both laminar and turbulent flow conditions, but the droplet cases with φov = 0.8 behave in
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Figure 5.4: Instantaneous view of c = 0.5 isosurface coloured with local values of κm×δst for
the cases with φov = 0.8 (1st and 2nd rows), φov = 1.0 (3rd and 4th rows) and φov = 1.2 (5th and
6th rows) at t = 2.52αTo/S2

b(φg=1).
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Figure 5.5: PDFs of κm × δst for c = 0.1,0.5 and 0.9 isosurfaces for the premixed flame
with φov = 0.8 ( ), φov = 1.0 ( ), φov = 1.2 ( ) and for all droplet cases with initial
φov = 0.8 ( ), φov = 1.0 ( ), φov = 1.2 ( ) for laminar (a) and turbulent (b) conditions.
Same colour keys are used in Figs. 5.6-5.8,5.10-5.12.
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Figure 5.6: PDFs of |−→N .−→r | for c = 0.1, 0.5 and 0.9 isosurfaces for laminar (a) and turbulent
(b) conditions. See Fig. 5.5 caption for the colour keys.
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the opposite manner. Under laminar conditions, A/A0 in droplet cases increases faster than
the corresponding gaseous premixed flame for φov = 0.8 and 1.0. By contrast, A/A0 for the
laminar droplet case with initial ad ⁄δst = 0.04 remains comparable to that for the correspond-
ing laminar premixed flame for φov = 1.2, whereas the growth rates of A/A0 for the laminar
droplet cases with initial ad ⁄δst = 0.05 and 0.06 have been found to be smaller than that in the
corresponding laminar premixed flame for φov = 1.2. Under turbulent condition, A/A0 values
for the droplet cases with initial ad ⁄δst = 0.05 and 0.06 have been found to be smaller than the
corresponding gaseous premixed flame for φov = 1.0 and 1.2, whereas A/A0 in droplet cases
assumes higher values than the corresponding turbulent premixed flame for initial ad ⁄δst = 0.04
for φov = 1.0 and 1.2, and for all droplet diameters considered here for φov = 0.8. The differ-
ence in A/A0 values between droplet and premixed gaseous flames decreases under turbulent
conditions for a given set of values of φov and ad ⁄δst . This is consistent with the observations
from Figs. 5.5 and 5.6, which indicate that the effects of flame wrinkling due to droplets play
a marginal role in determining the overall flame front corrugation and flame area generation
under turbulent conditions.

It is important to understand that the initial value of flame surface area A0 (i.e.
∫

V |∇c|dV )
for spherical flames with the burned gas radius r0 = 2δst is not the same for all cases con-
sidered here. As the distribution of |∇c| (i.e. the magnitude of |∇c| and the volume over
which |∇c| assumes non-zero values) varies from one case to another, the values of A0 for
these cases have been found to be different in spite of having the same burned gas radius
r0 = 2δst . In order to provide a comparison between the actual flame surface areas of different
cases, the temporal evolutions of flame surface area A normalised by the initial value for the
stoichiometric laminar premixed flame kernel (A0,pre)st (i.e. A/(A0,pre)st) for all cases con-
sidered here are shown in Fig. 5.7b. It can be clearly seen from Fig. 5.7b that A/(A0,pre)st

for the premixed stoichiometric flame assumes the highest value among the cases considered
here under both laminar and turbulent conditions. Figure 5.7b shows that A/(A0,pre)st values
for the droplet case with initial ad ⁄δst = 0.04 are marginally smaller than that in the gaseous
premixed flame for φov = 0.8 under both laminar and turbulent conditions. This is consist-
ent with the earlier observations from Figs. 5.5 and 5.6, which demonstrated that the flame
front distortion for the φov = 0.8 droplet case with initial ad ⁄δst = 0.04 is comparable to the
corresponding premixed flame. However, A/(A0,pre)st values for φov = 0.8 droplet cases with
initial ad ⁄δst = 0.05 and 0.06 have been found to be greater than the corresponding premixed
flame cases under both laminar and turbulent conditions. The laminar and turbulent droplet
cases with φov = 1.0 exhibit smaller values of A/(A0,pre)st than the corresponding premixed
flame cases and the value of A/(A0,pre)st decreases with increasing droplet size. In the case
of φov = 1.2, the laminar and turbulent droplet cases with initial ad ⁄δst = 0.04 show greater
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Figure 5.7: (a) Temporal evolution of normalised flame surface area A/A0; (b) Temporal
evolution of flame surface area normalised by initial value of stoichiometric premixed flame
A/(A0,pre)st . See Fig. 5.5 caption for the colour keys.
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Table 5.2: Normalised flame speed SA/Sb(φov), which quantifies the growth rate of flame sur-
face area A.

φov = 0.8 φov = 1.0 φov = 1.2
ad ⁄δst Laminar u′⁄Sb(φg=1) = 4.0 Laminar u′⁄Sb(φg=1) = 4.0 Laminar u′⁄Sb(φg=1) = 4.0
0.04 3.30 3.48 5.46 7.96 6.17 10.12
0.05 3.90 5.30 4.87 6.93 5.60 8.48
0.06 4.57 5.97 4.69 6.78 5.17 7.59

Premixed 3.18 4.10 5.42 10.44 5.83 8.15

value of A/(A0,pre)st than the corresponding premixed flames with an equivalence ratio of 1.2.
The values of A/(A0,pre)st for the laminar and turbulent φov = 1.2 droplet cases with initial
ad ⁄δst = 0.05 and 0.06 have been found to be comparable to the values obtained for the cor-
responding premixed flames. The A/(A0,pre)st values for turbulent flames are greater than
the values obtained in the corresponding laminar flames due to flame surface area generation
under turbulence.

The variation of flame speed based on the flame surface area, SA with droplet diameter
and overall equivalence ratio is shown in Table 5.2, which indicates that the presence of
droplets enhances the normalised flame speed SA/Sb(φov) for φov = 0.8 except for the initial
ad/δst = 0.04 case under turbulent conditions. However, for φov = 1.0, only the small droplets
with initial ad/δst = 0.04 under laminar conditions demonstrate higher SA/Sb(φov) than the cor-
responding laminar premixed flame and this tendency is evident for both laminar and turbulent
conditions for φov = 1.2. Normalised flame speed SA/Sb(φov) increases with increasing droplet
diameter for φov = 0.8, whereas it shows just the opposite trend for φov = 1.0 and 1.2. These
findings are consistent with the observations made from Fig. 5.7, but Table 5.2 provides quant-
itative measure of the effects of φov and ad on the flame surface area evolution in spherically
expanding turbulent spray flames.

It is instructive to look into the statistical behaviours of the equivalence ratio in the gaseous
phase φg and the magnitude of reaction progress variable gradient |∇c| in order to explain the
A/(A0,pre)st and SA/Sb(φov) behaviours shown in Fig. 5.7 and Table 5.2, respectively.

5.3 Reaction Zone Structure

The PDFs of gaseous phase equivalence ratio φg within the region given by 0.01 ≤ c ≤ 0.99
for all cases considered here are shown in Fig. 5.8. Although a peak of the φg-PDF can be
discerned at φg ≈ φov in Fig. 5.8, there is a significant probability of finding fuel-air mixtures
with φg < φov and φg > φov. However, the probability of finding φg < φov supersedes the
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Figure 5.8: PDF of φg in the region corresponding to 0.01 ≤ c ≤ 0.99. See Fig. 5.5 caption
for the colour keys.

probability of obtaining φg > φov for all values of φov and ad ⁄δst , which is consistent with the
observations made from Fig. 5.2. The evaporation rate is slower for larger droplets, and thus
the probability of finding φg < φov increases with increasing ad ⁄δst . Moreover, evaporation of
droplets produce localised fuel-rich pockets, which are more frequent for larger droplets due
to slower evaporation. Thus, the width of the PDF increases with increasing droplet diameter
for both laminar and turbulent cases. In turbulent flows, the evaporated fuel is transported to
the locations far from the evaporation sites by the dispersion process due to turbulent fluid
motion, and this increases the probability of finding φg < φov in turbulent droplet cases. It can
especially be seen from Fig. 5.8 that combustion takes place predominantly in fuel-lean mode
for the turbulent cases for all values of φov and ad ⁄δst considered here.

It can be seen from Fig. 5.8 that a mild peak of the φg-PDF is obtained at φg = 1.0 for
φov = 1.0 and 1.2 cases. This can be explained in terms of the mode of combustion, which can
be characterised by the flame index FI [94].The percentages of heat release rate arising from
the premixed and non-premixed modes of combustion are shown in Fig. 5.9 for laminar and
turbulent droplet cases. For laminar φov = 0.8 droplet cases, the total heat release rate arises
due to the premixed mode of combustion. For laminar φov = 1.0 and 1.2 droplet cases, heat
release rate arises also predominantly due to the premixed mode of combustion but a non-
negligible percentage of total heat release rate is obtained from the non-premixed mode of
combustion. The contribution of the non-premixed mode of combustion to the overall heat re-
lease drops with increasing droplet diameter. Moreover, the contribution of the non-premixed
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Figure 5.9: Percentage of heat release arising from premixed (FI > 0) and non-premixed
(FI < 0) modes of combustion for all droplet cases with initial ad/δst = 0.04 (△), 0.05 (⃝),
0.06 (×).

mode of combustion is relatively smaller in the laminar φov = 1.2 case than in the laminar
φov = 1.0 case. The slower evaporation of droplets induces greater mixture inhomogeneity
for cases with larger droplets, which eventually gives rise to a greater extent of non-premixed
combustion contribution to the overall heat release. The non-premixed flame is formed at the
stoichiometric mixture (i.e. φg = 1.0) and the likelihood of obtaining φg = 1.0 is greater in
the laminar φov = 1.0 case than in the laminar φov = 1.2 case (see Fig. 5.8). Thus, the per-
centage contribution of non-premixed combustion to the total heat release rate is greater in the
φov = 1.0 cases than in the φov = 1.2 cases.

The total heat release rate arises due to the premixed mode of combustion for the φov = 0.8
droplet case for small droplets with initial ad ⁄δst = 0.04. However, a non-negligible contribu-
tion to the overall heat release rate in the φov = 0.8 droplet cases comes from the non-premixed
mode of combustion for droplet diameters with initial ad ⁄δst = 0.05 and 0.06. Droplets with
φov = 0.8 mostly complete their evaporation on the unburned gas side (see Fig. 5.2) and create
fuel-lean mixture ahead of the flame under laminar flow conditions. However, under turbulent
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conditions, some droplets penetrate into the burned gas side without complete evaporation,
where they evaporate relatively readily and create unburned fuel pockets. The evaporated fuel
vapour diffuses back from the burned gas side and mixes with the excess unused air to form
the pockets of stoichiometric mixture where non-premixed flame can be obtained. Turbulence
promotes and increases the contribution of a non-premixed combustion for the droplet cases
with φov = 1.0 and 1.2. The turbulent fluid motion disperses evaporated fuel from the droplet
sites to the surrounding gaseous mixture, which increases the mixing rate between the evapor-
ated fuel and the surrounding air and the probability to obtain locally stoichiometric mixture
to support non-premixed combustion.

The distributions of φg and c determine the statistical behaviours of |∇c| as the flame thick-
ness δ(φg) scales as: δ(φg) ∼ (1/(max|∇c|L))∼ αT 0/Sb(φg). While the laminar burning velocity
Sb(φg) attains its maximum value (i.e. a value slightly greater than Sb(φg=1)) for φg ≈ 1.10 for
the present thermo-chemistry [75], it can be expected that the flame thickness is greater than
the stoichiometric premixed flame for φg < 1 and φg ≫ 1.10. Thus, |∇c| distribution with
c (e.g. the value of max|∇c|L and the value of c at which this maximum value is obtained)
is expected to be different depending on φg. The PDFs of |∇c|× δst for c = 0.1,0.5, and 0.9
isosurfaces for all laminar and turbulent cases are shown in Figs. 5.10a and 5.10b, respectively.
It can be seen from Fig. 5.10a that the droplet cases with φov = 0.8 show greater values of
|∇c| than the corresponding premixed flame. The laminar φov = 1.0 and 1.2 droplet cases with
initial ad ⁄δst = 0.04 show higher probability of finding greater values of |∇c| than that in the
corresponding premixed cases. A similar qualitative trend has been observed for c = 0.1 and
0.9 in the laminar φov = 1.0 droplet case with initial ad ⁄δst = 0.05. The likelihood of having
both greater and smaller values of |∇c| than that in the corresponding premixed case is almost
the same at c = 0.5 in the φov = 1.0 and 1.2 laminar droplet cases with initial ad ⁄δst = 0.05.
By contrast, |∇c| for the laminar φov = 1.0 and 1.2 droplet cases with initial ad ⁄δst = 0.06
assumes smaller values than that in the corresponding premixed flame case for c = 0.5 and 0.9
but the converse is true for c = 0.1. It can be seen from Fig. 5.10b that the turbulent droplet
cases with φov = 1.0 and 1.2 exhibit greater likelihood of smaller magnitudes of |∇c| than
the corresponding premixed turbulent flames and this tendency becomes more prevalent for
larger droplet diameters due to the predominant availability of fuel-lean mixtures as a result of
slower evaporation of droplets. However, the PDFs of |∇c| for the turbulent φov = 0.8 droplet
cases with initial ad ⁄δst = 0.04 are comparable to the corresponding premixed flame, and this
remains valid for c = 0.1 in the cases with initial ad ⁄δst = 0.05 and 0.06. The φov = 0.8 droplet
cases with initial ad ⁄δst = 0.05 and 0.06 exhibit wider PDFs for c = 0.5 and 0.9 with greater
likelihood of obtaining greater values of |∇c| than the corresponding premixed flame cases.

The integral, which yields the flame surface area, A is influenced by the magnitude of
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Figure 5.10: PDFs of |∇c| × δst on c = 0.1, 0.5 and 0.9 isosurfaces under laminar (a) and
turbulent (b) conditions. See Fig. 5.5 caption for the colour keys.
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|∇c| and the volume over which |∇c| assumes non-zero values. For φov = 0.8, mostly higher
magnitudes of |∇c| of the droplet cases with initial ad ⁄δst = 0.05 and 0.06 are responsible for
yielding greater values of flame surface area A than in the corresponding premixed flames.
However, the smaller volume of the region where large magnitudes of |∇c| are obtained in
the φov = 0.8 droplet case with initial ad ⁄δst = 0.04 is responsible for yielding slightly smaller
value of flame surface area A than that in the corresponding premixed flames.

The predominance of smaller magnitudes of |∇c| in the laminar φov = 1.0 droplet cases
with initial ad ⁄δst = 0.05 and 0.06 in comparison to those of the corresponding premixed case
are principally responsible for yielding smaller values of A0 than A0,pre in spite of all cases
having same initial burned gas radius (i.e. r0 = 2δst). Figures 5.10a and b show that the
φov = 1.0 droplet cases exhibit greater probability of finding small values of |∇c| than the
corresponding premixed flame cases except for the laminar droplet flame case with ad ⁄δst =

0.04, and the probability of finding smaller values of |∇c| is greater for initial ad ⁄δst = 0.06
droplet cases than in the cases with initial ad ⁄δst = 0.05. This along with smaller volume
over which |∇c| assumes non-zero values (see Fig. 5.1 for the region with 0.01 ≤ c ≤ 0.99)
gives rise to smaller A/(A0,pre)st in the φov = 1.0 droplet cases with ad ⁄δst = 0.05 and 0.06
in comparison to the corresponding premixed case. Thicker flame (i.e. larger flame volume)
in the φov = 1.0 laminar droplet cases with initial ad ⁄δst = 0.05 and 0.06 in comparison to
the corresponding droplet case with initial ad ⁄δst = 0.04 gives rise to greater values of A0 for
larger droplet diameters in spite of higher probability of obtaining smaller values of |∇c| and
identical values of r0. In the φov = 1.0 laminar droplet cases with initial ad ⁄δst = 0.05 and
0.06, the smaller magnitude of |∇c| is principally responsible for yielding smaller value of A0

than (A0,pre)st in spite of all cases having same initial burned gas radius r0 = 2δst . Although
the probability of finding smaller values of |∇c| in the φov = 1.2 droplet cases with initial
ad ⁄δst = 0.05 and 0.06 is greater than the corresponding premixed flame cases, the thicker
droplet flames yield flame surface areas A, which are comparable to the values obtained for
the φov = 1.2 premixed flame cases subjected to similar flow conditions. Higher probability of
finding greater values of |∇c| in the φov = 1.2 droplet cases with ad ⁄δst = 0.04 than that in the
corresponding premixed cases is principally responsible for giving rise to greater values of A
than in the corresponding premixed flame cases.

The probability of finding local high values of |∇c| is greater in turbulent cases than in
the corresponding laminar case for both droplet and premixed flames, which is consistent
with higher values of A/(A0,pre)st in turbulent flames. It can be seen from Fig. 5.10 that the
probability of finding greater magnitude of |∇c| increases with increasing ad for droplet cases
for φov = 0.8 because of the greater availability of more reactive mixture than φg ≤ 0.8 (see
Fig. 5.8). This is principally responsible for an increase in flame surface area with increasing
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droplet diameter for φov = 0.8. By contrast, slower evaporation of larger droplets for φg = 1.0
and 1.2 gives rise to higher probability of fuel-lean mixtures and smaller magnitudes of |∇c|.
This in turn is principally responsible for a decrease in flame surface area with increasing
droplet diameter for φg = 1.0 and 1.2.

5.4 Extent of Burning

The effects of φov and ad on evaporation characteristics affect not only the mixture compos-
ition in the gaseous phase and flame surface area but also influences the extent of burning.
This can be substantiated from Fig. 5.11a where the temporal evolutions of the volume-
integrated fuel reaction rate magnitude ΩF =

∫
V |ẇF |dV normalised by its initial value (i.e.

ΩF/ΩF0 =
∫

V |ẇF |dV/ [
∫

V |ẇF |dV ]t=0 ) are shown for all cases considered here. It can be seen
from Fig. 5.11a that ΩF/ΩF0 increases rapidly with time for all cases considered here. The
φov = 0.8 droplet cases exhibit smaller values of ΩF/ΩF0 than in the corresponding fuel-lean
premixed flames for both laminar and turbulent conditions. The value of ΩF/ΩF0 decreases
with increasing droplet diameter under both laminar and turbulent conditions for φov = 1.0.
However, ΩF/ΩF0 in the laminar φov = 1.0 droplet cases has been found to be greater than in
the corresponding premixed flame, whereas ΩF/ΩF0 values for turbulent droplet cases have
been found to be smaller than the corresponding premixed flames. The values of ΩF/ΩF0 in-
crease with decreasing droplet size for φov = 1.2 and ΩF/ΩF0 values for droplet cases remain
smaller than the corresponding premixed flames under both laminar and turbulent conditions
except for the cases with initial ad ⁄δst = 0.04. Since initial values of volume integrated fuel
reaction rate ΩF0 are different for all cases, the temporal evolutions of ΩF/

(
ΩF0,pre

)
st are

presented in Fig. 5.11b to gain a better understanding of the relative magnitudes of ΩF . It
can be seen from Fig. 5.11b that ΩF/

(
ΩF0,pre

)
st for all the φov = 1.0 droplet cases is smaller

than the corresponding stoichiometric premixed flames. The presence of droplets enhances
the value of ΩF/

(
ΩF0,pre

)
st in comparison to premixed flame for φov = 0.8 in the droplet

cases with initial ad ⁄δst = 0.05 and 0.06 for both laminar and turbulent conditions, but the
values of ΩF/

(
ΩF0,pre

)
st for the droplet case with initial ad ⁄δst = 0.04 have been found to be

comparable to the values obtained for the corresponding premixed flames. The enhancement
of ΩF/

(
ΩF0,pre

)
st due to droplets for φov = 1.2 has been found for both laminar and turbu-

lent cases with ad ⁄δst = 0.04, but just the opposite trend is observed for the droplet cases with
initial ad ⁄δst = 0.05 and 0.06.

The dependences of ΩF/
(
ΩF0,pre

)
st on φov and ad are determined by their influences on

flame surface area and the volume-integrated reaction rate of progress variable to the flame
surface area. The influences of φov and ad on flame surface area A have already been shown
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Figure 5.11: Temporal evolutions of (a) volume integrated fuel reaction rate magnitude norm-
alised by its initial value ΩF/ΩF0; (b) volume integrated fuel reaction rate magnitude norm-
alised by ΩF0 value (i.e. ΩF/

(
ΩF0,pre

)
st) for the stoichiometric laminar premixed flame. See

Fig. 5.5 caption for the colour keys.
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in Fig. 5.7b and thus the temporal evolutions of the volume-integrated reaction rate of pro-

gress variable to the flame surface area S =
[
ρ0Sb(φg)

]−1 ∫
V ẇcdV/

∫
V |∇c|dV for all cases con-

sidered here are shown in Fig. 5.12a. In all cases S deviates from unity due to the stretch rate
induced by mean positive curvature of statistically spherical flames, which has been discussed
elsewhere [57, 60] and will not be elaborated here. Figure 5.12a shows that S for the droplet
cases assumes greater values than the corresponding premixed flames for φov = 0.8 and the
values of S for droplet cases with initial ad ⁄δst = 0.05 and 0.06 are found to be greater than the
cases with initial ad ⁄δst = 0.04. The possibility of obtaining more reactive (i.e. φg > φov = 0.8)
fuel-air mixtures is relatively greater for the cases with initial ad ⁄δst = 0.05 and 0.06 than in
the cases with initial ad ⁄δst = 0.04 (see Fig. 5.8) and this contributes to the higher values of
the volume-integrated reaction rate of progress variable per unit flame surface area for the
cases with initial ad ⁄δst = 0.05 and 0.06. For φov = 1.0 and 1.2, the values of S for the initial
ad/δst = 0.04 cases remain comparable to that in the corresponding premixed flames but S
decreases with increasing initial droplet size. The probability of finding less reactive fuel-lean
mixture for φov = 1.0 and 1.2 droplet cases increases with increasing ad ⁄δst due to slower evap-
oration of larger droplets. This contributes to the smaller values of S in the φov = 1.0 and 1.2
droplet cases and also decreasing trend of S with increasing ad ⁄δst .

The combined influences of φov and ad ⁄δst on A and S ultimately determine the extent of
burning which can be quantified in terms of the volume of the burned gas with c ≥ 0.99 (i.e.
Vb). The temporal evolution of the normalised burned gas volume Vb/(4πr3

0/3) for all cases
considered here is shown in Fig. 5.12b. The combination of the larger values of A and S than
the premixed flame for φov = 0.8 gives rise to an increase in the burned gas volume in compar-
ison to the corresponding premixed flame for the droplet cases with initial ad ⁄δst = 0.05 and
0.06. The burned gas volume for the φov = 0.8 droplet cases with initial ad ⁄δst = 0.04 remains
comparable to the corresponding premixed flame cases. The smaller values of S and A yield
smaller burned gas volume in the φov = 1.0 and 1.2 droplet cases with initial ad ⁄δst = 0.05
and 0.06 in comparison to that in the corresponding premixed flames. The smaller value of
S in the φov = 1.0 droplet cases with initial ad ⁄δst = 0.04 than in the corresponding premixed
flames dominates over greater flame surface area for the droplet cases to yield a smaller burned
gas volume in comparison to that in the premixed flame cases. The combination of the lar-
ger values of A and S in the laminar φov = 1.2 droplet case with initial ad ⁄δst = 0.04 than
the corresponding laminar premixed flame gives rise to an increase in burned gas volume in
comparison to the corresponding premixed flame for the droplet cases. Thus, the burned gas
volume drops with increasing ad ⁄δst for φov = 1.0 and 1.2. It can be seen from Fig. 5.12b that
the largest burned gas volume is obtained for the stoichiometric premixed flame case for both
laminar and turbulent conditions analysed in this section. Moreover, it can be seen from Fig.
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Figure 5.12: Temporal evolutions of (a) the ratio of volume-integrated product formation rate
to the flame surface area S and (b) normalised volume Vb/(4πr3

0/3) of the region with c≤ 0.99.
See Fig. 5.5 caption for the colour keys.
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Table 5.3: Normalized flame speed SV/Sb(φov), which quantifies the growth rate of the burned
gas volume Vb.

φov = 0.8 φov = 1.0 φov = 1.2
ad ⁄δst Laminar u′⁄Sb(φg=1) = 4.0 Laminar u′⁄Sb(φg=1) = 4.0 Laminar u′⁄Sb(φg=1) = 4.0
0.04 3.03 1.03 5.34 5.70 6.43 6.63
0.05 2.97 3.45 4.90 4.34 5.81 5.00
0.06 4.07 2.10 4.91 3.73 5.21 4.14

Premixed 3.55 2.32 5.50 6.63 6.25 7.28

5.12b that the burned gas volume increases under turbulent conditions for φov = 1.0 and 1.2
irrespective of ad ⁄δst values principally due to greater amount of flame area generation under
turbulence than in laminar conditions. The value of S under turbulent condition decreases in
comparison to the laminar flame value for φov = 0.8 because the stretch rate effects due to
curvature are expected to be stronger in these cases due to high Karlovitz number values [93].
The small values of S dominate over increased A under turbulent conditions to give rise to a
reduction in the burned gas mass under turbulent conditions for φov = 0.8 cases except for the
droplet case with initial ad ⁄δst = 0.06 where the enhancement of flame surface area dominates
over reduced S to yield an enhanced burned gas volume under the turbulent condition analysed
here.

The evaluated values of normalised flame speed SV/Sb(φg) are summarised in Table 5.3.
It can be seen from Table 5.3 that the growth of burned gas volume for the droplet cases
remains mostly smaller than the corresponding premixed flames. However, for φov = 0.8, large
droplets with initial ad/δst = 0.05 and 0.06 show greater SV/Sb(φg) values compared with the
corresponding premixed flames with the same φov under laminar and turbulent conditions and
for φov = 1.2, burned gas volume can grow faster for small droplets with initial ad/δst = 0.04
than the corresponding premixed flame under laminar conditions. Furthermore, turbulence
significantly affects the normalised flame speed SV/Sb(φg) and increases the growth rate of
burned gas volume for large droplets with φov = 0.8 and for small droplets with φov = 1.0
and 1.2. The enhancement of the extent of burning with increasing droplet size for overall
fuel-lean mixtures is consistent with previous experimental findings by Hayashi et al. [118]
and Lawes and Saat [119]. Furthermore, the enhanced extent of burning for overall fuel-rich
mixtures for small droplets is also qualitatively consistent with experimental observations by
Hayashi et al. [118] and Lawes and Saat [119].
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5.5 Flame Speed Characteristics of Spherically Expanding
Turbulent Spray Flames

The local flame propagation can be characterised with the help of different flame speeds, which
focus on different aspects of the underlying combustion physics. The displacement speed Sd

and consumption speed Sc are two widely used flame speeds, which are often used to identify
the flame propagation characteristics [57–59, 80, 113, 210–213]. The displacement speed Sd

indicates the speed with which the flame surface moves normal to itself with respect to an
initially coincident material surface and is dependent on both chemical reaction rate and mo-
lecular diffusion rate within the flame [57–59, 80, 210]. By contrast, the consumption speed
Sc is related to the integrated reaction rate in the flame normal direction [113, 210–213]. How-
ever, experimental evaluation of local displacement and consumption speeds (i.e. Sd and Sc) is
a challenging task for three-dimensional flame surfaces under turbulent conditions. The chal-
lenges associated with the precise evaluation of flame speed were discussed by Abdel-Gayed
et al. [166] for statistically spherical turbulent premixed flames. Nwagwe et al. [214] analysed
the growth of the burned gas kernel by considering a mean radius of the flame for the purpose
of an effective comparison between numerical and experimental data. Considerable uncer-
tainty still exists about the experimental evaluations of flame speeds for spherically expanding
turbulent flames. Therefore, a number of different experimental approaches [212, 213, 215]
have been suggested for the flame speed evaluations, which need further validation.

The advances in high performance computing have enabled DNS of turbulent reacting
flows, which offer three-dimensional spatially and temporally resolved information for reliable
evaluations of Sd and Sc. Poinsot et al. [210] used two-dimensional laminar simulations of
Bunsen burner premixed flames to compare the statistics of Sd and Sc, and revealed that flame
curvature significantly influences the statistics of displacement speed in turbulent premixed
flames [57–59, 73, 80, 81, 83–88], whereas the consumption speed remains unaffected by
flame curvature for unity Lewis number flames. These findings have subsequently been veri-
fied for turbulent statistically planar premixed flames [113, 211]. The strain rate and curvature
dependences of displacement speed for statistically planar premixed turbulent flames have
been investigated in detail based on both detailed chemistry DNS [84–89] and simple chem-
istry DNS [57–59, 73, 80–83] data and it has been found that local displacement speed shows
negative correlation with curvature in the absence of significant differential diffusion of heat
and mass. The combined reaction and normal diffusion components of displacement speed Sd

have been found to be negatively correlated with tangential strain rate aT , whereas the tangen-
tial diffusion component of Sd correlates positively with aT [57, 59, 73, 80–82]. These two
correlations ultimately determine the tangential strain rate dependence of displacement speed
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in statistically planar premixed turbulent flames [57, 59, 73, 80–82]. The statistics of displace-
ment speed and scalar gradient in statistically spherical turbulent premixed flames can be con-
siderably different from the corresponding statistically planar premixed flames [58, 60, 80].
These differences originate because of the strain rate and curvature dependences of reactive
scalar gradient in the presence of mean positive curvature in spherically expanding flames.
The differences in flame speeds and their curvature and stretch rate dependences between the
statistically planar and spherical flames also depend on the mean flame radius [59, 60, 80].
Similarly, it has also been reported by Mizutani and Nishimoto [62] that propagation of stat-
istically spherical flames expanding in droplet-laden mixtures can be considerably different
from statistically planar spray flames.

In addition to chemical reaction rate and molecular diffusion rate, turbulent flame propaga-
tion in droplet-laden mixtures is affected by the additional physical mechanisms arising from
evaporation and partial mixing of evaporated fuel with the surrounding air. Flame struc-
ture and flame propagation characteristics have been analytically [155–157], experimentally
[149, 151, 153], and numerically [47, 48, 51–56, 68] investigated for statistically planar and
jet spray flames. Moreover, the ignition performance of droplet-laden mixtures has been re-
ported for a range of overall equivalence ratios and droplet diameters using the carrier phase
DNS [42–46, 135]. Wacks et al. [47] and Wacks and Chakraborty [48] carried out three-
dimensional DNS with a modified single step Arrhenius chemical mechanism to analyse the
influences of droplet diameter and overall equivalence ratio on the flame speed statistics for
statistically planar flames propagating in droplet-laden mixtures. It has been demonstrated by
Wacks et al. [47] and Wacks and Chakraborty [48] that the magnitudes of the components of
density-weighted displacement speed due to mixture inhomogeneity and droplet evaporation
are small compared to the reaction and normal diffusion components. However, the analyses
of Wacks et al. [47] and Wacks and Chakraborty [48] were conducted for statistically planar
flames, and thus it needs to be assessed if the previously drawn conclusions for statistically
planar flames are also valid for spherically expanding flames.

The DNS of spherically expanding flames propagating into turbulent mono-sized droplet-
laden mixtures have been utilised in this section to analyse the statistical behaviours of dis-
placement speed Sd and consumption speed Sc for different initial droplet diameters and over-
all equivalence ratios (i.e. φov = 0.8,1.0 and 1.2). In this respect, the main objectives of
the current analysis are: (a) to demonstrate and explain the effects of initial droplet diameter
and the overall equivalence ratio on displacement speed and consumption speed statistics in
spherically expanding turbulent flames propagating into initially mono-sized droplet-laden
mixtures, (b) to relate displacement and consumption speeds with the rates of flame area gen-
eration and the burned gas volume in spherically expanding turbulent spray flames.
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Figure 5.13: Instantaneous view of c = 0.8 isosurface coloured with normalised (a) mean
curvature κm × δst and (b) Gauss curvature κg × δ 2

st for premixed gaseous (1st column) and
droplet (2nd-4th columns) cases with initial φov = 0.8 (1st and 4th rows), φov = 1.0 (2nd and 5th

rows) and φov = 1.2 (3rdand 6th rows) at t = 2.52αT 0/S2
b(φg=1).
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In order to illustrate the effects of flame-droplet interaction, the instantaneous views of
the c = 0.8 isosurface (where the maximum value of the reaction rate of reaction progress
variable ẇc is obtained and thus is considered to be the flame surface for the rest of this
section) are shown in Fig. 5.13 where the isosurfaces are coloured by the local normalised
values of mean curvature κm × δst and Gauss curvature κg × δ 2

st [199]. The quantities κg and
κm can be used to identify flame surface topologies. For example, negative (positive) values
of κm with positive values of κg represent cup concave (convex) topologies and negative κg

values indicate hyperbolic saddle geometries. A zero value of κg implies either tile convex
(for κm > 0) or tile concave (for κm < 0) or flat surface (for κm = 0) topologies.

It can be seen from Fig. 5.13a that the premixed gaseous cases exhibit a smooth flame
surface structure with moderate positive and negative values of κm ×δst for all values of equi-
valence ratio. Spray flames show a qualitatively similar behaviour as that of the premixed
gaseous flames for φov = 0.8, but dimples can be seen on the flame surface for the spray cases
with φov = 1.0 and 1.2. These dimples originate due to flame-droplet interaction and similar
droplet induced flame wrinkling was reported in experiments by Hayashi et al. [118], Lawes
and Saat [119] and Thimothée et al. [216]. Flame morphology in laminar spherically ex-
panding spray flames was compared with laminar gaseous premixed flames by Thimothée et
al. [216]. It was observed by Thimothée et al. [216] that gaseous premixed flames exhibit a
smooth flame surface, whereas the presence of droplets induces deformation of spray flame
surfaces. They also demonstrated that the droplet-induced flame wrinkling strengthens with
increasing overall equivalence ratios and droplet diameter, which is qualitatively consistent
with the present numerical findings. The spray flames for φov = 1.0 exhibit dimples with
small radii of curvature, which is reflected in their large negative mean curvature values. The
dimples on the flame surface of spray flames with φov = 1.2 are shallower than the corres-
ponding φov = 1.0 cases because of the greater likelihood of more droplets interacting with
the flame surface due to larger number density in the φov = 1.2 cases.

The most probable value of normalised Gauss curvature κg × δ 2
st remains mostly close

to zero in the gaseous premixed cases, which indicates the dominance of tile type flame to-
pologies. This is found to be consistent with previous findings by Jenkins and Cant [170].
Moreover, the flame surface in the spray cases shows considerable probability of finding neg-
ative κg × δ 2

st values, which implies saddle convex or concave topologies depending on the
sign of κm ×δst .

The effects of flame-droplet interaction on flame wrinkling and flame topologies can be
quantified with the help of the joint PDFs between κg ×δ 2

st and κm ×δst , which are presented
in Fig. 5.14. The boundary of κg = κ2

m is shown by the parabola in black in Fig. 5.14. The
spread of the κg × δ 2

st and κm × δst values in the joint PDFs for the droplet cases is greater
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Figure 5.14: Joint PDFs of normalised mean curvature κm × δst and normalised Gauss
curvature κg × δ 2

st on c = 0.8 isosurface for premixed and spray flames with different over-
all equivalence ratios (1st-3rd columns).
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Table 5.4: Normalised burning rate Ω† and normalised flame surface area A† values for the
cases considered in this chapter. GP in the table header refers to the gaseous premixed flame
case.

φov = 0.8 φov = 1.0 φov = 1.2
ad ⁄δst 0.04 0.05 0.06 GP 0.04 0.05 0.06 GP 0.04 0.05 0.06 GP

Ω† 2.66 5.97 6.58 3.80 34.15 25.45 23.59 66.02 32.70 23.28 17.47 27.66
A† 8.03 13.48 15.25 10.45 42.29 35.01 34.97 71.81 42.89 34.42 30.22 30.59

than the corresponding premixed flame cases. This is indicative of the droplet-induced flame
wrinkling in the droplet cases, which is consistent with the observations made from Fig. 5.13.
Figure 5.14 shows that the likelihood of obtaining κm > 0 is greater than that of κm < 0 for all
cases considered here because these spherically expanding cases are expected to exhibit flame
surface elements, which are predominantly convex to the unburned mixture. The cases with
φov = 0.8 show a higher probability of finding cup convex topologies than the corresponding
φov = 1.0 and 1.2 cases because of the smaller mean flame radius and burned gas volume
due to mostly fuel-lean combustion for φov = 0.8 (see Fig. 5.2). Moreover, the probability
of finding saddle topologies increases with increasing droplet size for all values of overall
equivalence ratio due to the increased extent of droplet-induced flame wrinkling. However,
the flame surface in large droplet cases (i.e. initial ad ⁄δst = 0.05 and 0.06) for φov = 0.8
exhibits predominantly convex saddle topologies, whereas the flame surfaces in φov = 1.0 and
1.2 cases exhibit considerable probability of finding negative saddle topologies due to the
significant extent of wrinkling arising from the interaction with the high number density of
droplets.

The droplet-induced flame wrinkling acts to increase flame surface area in spherically
expanding flames propagating into droplet mists. The variations of normalised burning rate Ω†

and flame surface area A† for different initial droplet diameters and overall equivalence ratios
are listed in Table 5.4. The normalised burning rate Ω† and flame surface area A† are evaluated
as Ω† = (1/(ρ0Sb(φg=1)4πr2

0))
∫

V ẇcdV and A† = (1/4πr2
0)
∫

v |∇c|dV , respectively. It can be
seen from Table 5.4 that flame surface area and volume integrated burning rate for the spray
flame cases with large droplets (i.e. initial ad ⁄δst = 0.05 and 0.06) are found to be greater than
the corresponding gaseous premixed flame case for φov = 0.8 and this tendency strengthens
with increasing ad/δst . However, both Ω† and A† values for the initial ad ⁄δst = 0.04 case for
φov = 0.8 are smaller than the corresponding gaseous premixed flame case. By contrast, both
Ω† and A† increase with decreasing ad/δst for φov = 1.0 and 1.2 and these values for the spray
flame cases with φov = 1.0 are found to be smaller than the corresponding gaseous premixed
flame cases.
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The evaporation rates are high for small droplets, and thus the evaporated gaseous fuel
gets more time to mix with the surrounding air before combustion than in the case of larger
droplets. Moreover, the extent of droplet-induced flame wrinkling and flame area generation
increases with increasing droplet size. For φov = 0.8 cases with initial ad ⁄δst = 0.04, the
droplet-induced flame wrinkling remains weak (see Figs. 5.13 and 5.14) and combustion
takes place in a gaseous mixture with overwhelming probability of finding φg < 0.8 in spite
of rapid evaporation of small droplets (see Fig. 5.14). This gives rise to both smaller burned
gas volume and accordingly smaller flame surface area in the case with initial ad ⁄δst = 0.04
and the corresponding gaseous premixed flame case for φov = 0.8. However, relatively slower
evaporation rate in the φov = 0.8 cases with initial ad ⁄δst = 0.05 and 0.06 in comparison to
the initial ad ⁄δst = 0.04 case, gives rise to the higher probability of finding more reactive fuel-
air mixture than φg > 0.8 within the flame (see Fig. 5.8) and this tendency strengthens with
increasing droplet diameter. This along with the increasing extent of droplet-induced flame
wrinkling with increasing ad ⁄δst gives rise to the increasing trends of Ω† and A† with increasing
droplet size for φov = 0.8. It can be seen from Fig. 5.8 that gaseous phase combustion takes
place predominantly under fuel-lean mode in the φov = 1.0 and 1.2 cases (see Fig. 5.8) and this
tendency strengthens with increasing droplet size because of the slow evaporation rate of large
droplets. This gives rise to overwhelming probability of combustion of less reactive gaseous
fuel-air mixture in the droplet cases in comparison to the corresponding gaseous premixed
flame cases for φov = 1.0 and 1.2, and this tendency strengthens further with increasing droplet
size. This, in turn, gives rise to smaller value of the burned gas volume for droplet cases than
the corresponding premixed flame cases, and thus Ω† shows a decreasing trend with increasing
ad ⁄δst for φov = 1.0 and 1.2 cases. This decrease in burned gas volume with increasing ad ⁄δst

overcomes the effects of increased droplet-induced flame surface wrinkling for larger droplets
and gives rise to a decreasing trend of A† with increasing ad ⁄δst for φov = 1.0 and 1.2 cases.

The effects of ad ⁄δst and φov on Ω† and A† are the outcomes of the variations of flame
propagation characteristics in response to the changes in droplet diameter and overall equival-
ence ratio, which will be discussed next in this section.

The statistical behaviour of S∗d is governed by ẇc, Ṡliq,c, Ȧc and ∇ ·(ρD∇c) which appear on
the right side of the transport equation of the reaction progress variable, c (see Eq. 2.52). The
mean values of the terms ẇc, Ṡliq,c, Ȧc and ∇ ·(ρD∇c) conditional on c are shown in Fig. 5.15.
The molecular diffusion term ∇ ·(ρD∇c) is the only term whose mean value plays a significant
role in the preheat zone (i.e. c < 0.5) and the mean value of ∇ · (ρD∇c) remains positive in
the preheat zone (i.e. c < 0.5) for both gaseous premixed and droplet cases. However, in both
gaseous premixed and droplet cases the mean value of ∇ · (ρD∇c) assumes negative values in
the reaction zone (i.e. 0.9 ≤ c ≤ 0.5) and also towards the burned gas side of the flame. The
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Figure 5.15: Variations of mean values of ẇc (continuous line), ∇ · (ρD∇c) (continuous line
with star marker), Ȧc (dotted line) and Ṡliq,c (circle marker with black edges) conditional on c
for droplet cases with initial ad ⁄δst = 0.04 (orange colour), 0.05 (purple colour) and 0.06 (green
colour) and also for the gaseous premixed case (black colour). All terms are normalised by
δst/ρ0Sb(φg=1).

mean reaction rate ẇc assumes deterministically positive values, and its peak value is obtained
at around c = 0.8 for both gaseous premixed and droplet cases. This justifies the choice of
the c = 0.8 isosurface as the flame surface in this analysis. The positive mean value of ẇc

and negative mean value of ∇ · (ρD∇c) remain in approximate equilibrium in the reaction
zone. The mean values of the terms associated with droplet evaporation Ṡliq,c and mixture
inhomogeneity Ȧc remain much smaller in magnitude in comparison to the magnitudes of the
mean values of ẇc and ∇ ·(ρD∇c) throughout the flame irrespective of the values of ad ⁄δst and
φov. The same behaviour in terms of relative magnitudes is obtained when the mean values of
ẇc, Ṡliq,c, Ȧc and ∇ · (ρD∇c) conditional on ξ are considered, which are not presented here
for the sake of brevity. The highest magnitude of the mean values of ẇc and ∇ · (ρD∇c) are
obtained for ξ ≈ ξst when their mean values are evaluated conditional on ξ . The mean values
of ẇc conditional on ξ for φov = 1.0 are presented in Fig. 4.13 and thus are not presented here
and qualitatively similar behaviour has been observed for φov = 0.8 and 1.2.

It can be seen from Fig. 5.15 that the mean value of ẇc decreases with increasing ad for
φov = 1.0 and 1.2 cases and in these droplet cases the mean value of ẇc remains smaller than
the corresponding gaseous premixed flame case. By contrast, the cases with large droplets (i.e.
initial ad ⁄δst = 0.05 and 0.06) exhibit higher peak mean values of ẇc than the corresponding
premixed flame case for φov = 0.8 and the peak mean value of ẇc increases with increasing
ad ⁄δst . However, the peak mean value of ẇc remains smaller than the corresponding premixed
flame case for initial ad ⁄δst = 0.04 for φov = 0.8. The mean behaviour of ẇc is qualitatively
consistent with the behaviour of Ω†reported in Table 5.4. As the peak (negative) magnitude
of the molecular diffusion rate ∇ · (ρD∇c) is obtained in the reaction zone where it remains in
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approximate equilibrium with the mean reaction rate ẇc, the variations of the peak magnitudes
of ∇ · (ρD∇c) in response to the changes of ad ⁄δst and φov are qualitatively similar to those
obtained for the mean values of ẇc.

The PDFs of displacement speed S∗d/Sb(φg=1) and its components S∗i /Sb(φg=1) where (i =
r,n, t,z+s) on c= 0.8 isosurface are shown in Fig. 5.16. A comparison of the PDFs S∗d/Sb(φg=1)

between premixed gaseous and droplet cases reveals that premixed gaseous flames with φov =

1.0 and 1.2 exhibit higher probability of obtaining positive S∗d/Sb(φg=1) than in droplet cases.
In all cases a finite probability of finding negative S∗d/Sb(φg=1) is observed, which suggests that
locally the flame moves opposite to the flame normal direction instead of propagating into un-
burned gases. The negative values of S∗d/Sb(φg=1) are expected in these flames according to the
scaling analysis by Peters [93] because all these cases represent Ka > 1 combustion. As the
Karlovitz number values are expected to be higher in the droplet cases than the corresponding
gaseous premixed flame because of predominantly fuel-lean combustion, the probability of
finding negative S∗d/Sb(φg=1) has been found to be higher in these droplet cases. Moreover,
the mean values of S∗d/Sb(φg=1) of the premixed gaseous flames with φov = 1.0 and 1.2 re-
main greater than the droplet cases. Furthermore, the probability of finding positive values of
S∗d/Sb(φg=1) decreases with increasing ad ⁄δst . In the case of φov = 0.8, the PDFs of S∗d/Sb(φg=1)

for the gaseous premixed flame and the initial ad ⁄δst = 0.04 case remain comparable but the
PDFs of S∗d/Sb(φg=1) for the initial ad ⁄δst = 0.05 and 0.06 cases show higher probability of
finding positive S∗d/Sb(φg=1) than the corresponding premixed flame case. This suggests that
the flame kernel propagates faster for increasing droplet diameter for φov = 0.8 and can exhibit
faster propagation rate than the corresponding premixed flame. By contrast, the propagation
rate of the droplet cases remain smaller than the corresponding premixed flames for φov = 1.0
and 1.2, and the propagation rate decreases with increasing diameter. These findings are con-
sistent with the trends of Ω† and A† reported in Table 5.4.

It is necessary to analyse the statistical behaviours of the different components of displace-
ment speed (see Eq. 2.60) in order to explain the origin of its negative value, and to isolate
different physical mechanisms, which lead to the differences in flame propagation between
gaseous premixed and droplet flame cases. The PDFs of S∗r/Sb(φg=1) and S∗n/Sb(φg=1) exhibit
positive and negative values, respectively in the reaction zone, and they exhibit wider dis-
tributions for droplet cases than the corresponding premixed flame cases. The variations of
equivalence ratio give rise to a large spread of values of ẇc and |∇c| on a given c isosur-
face, which contribute to the larger spreads of the values of S∗r/Sb(φg=1) and S∗n/Sb(φg=1) in the
droplet cases than in the corresponding premixed cases. The PDFs of normalised tangential
diffusion component of displacement speed S∗t ⁄Sb(φg=1) = −2ρDκm/ρ0Sb(φg=1) exhibit pre-
dominantly negative values for all cases due to the predominance of positive κm (i.e. convex
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Figure 5.16: PDFs of S∗i /Sb(φg=1) (1st-5th rows) where (i= d,r,n, t,z+s) on c= 0.8 for droplet
cases with initial ad ⁄δst = 0.04 ( ), 0.05 ( ) and 0.06 ( ) and for premixed gaseous
case ( ).
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flame topologies), as shown in Fig. 5.14. The PDFs of S∗t ⁄Sb(φg=1) for the droplet cases are
wider than the corresponding premixed flames because of wider curvature distributions (see
Fig. 5.14) arising from droplet-induced flame wrinkling. The positive S∗r/Sb(φg=1), and negat-
ive S∗n/Sb(φg=1) and S∗t ⁄Sb(φg=1) values at c = 0.8 are consistent with the mean variations of ẇc

and ∇ · (ρD∇c) shown in Fig. 5.15.
It can be seen from Fig. 5.16 that the probability of finding high positive (negative) values

of S∗r/Sb(φg=1) (S∗n/Sb(φg=1)) decreases with increasing ad for φov = 1.0 and 1.2 cases and in
these droplet cases the mean and most probable values of S∗r/Sb(φg=1) and the magnitude of
the mean and the most probable S∗n/Sb(φg=1) remain smaller than the corresponding gaseous
premixed flame case. By contrast, the cases with large droplets (e.g. initial ad ⁄δst = 0.05
and 0.06 cases) exhibit higher probability of finding positive (negative) values of S∗r/Sb(φg=1)

(S∗n/Sb(φg=1)) than the corresponding premixed flame case for φov = 0.8 and the most probable
value of S∗r/Sb(φg=1) and the magnitude of the most probable negative value of S∗n/Sb(φg=1)

increases with increasing ad ⁄δst .
The PDFs of the normalised values of the components associated with droplet evaporation

and mixture inhomogeneity S∗(z+s)/Sb(φg=1) are presented together in Fig. 5.16. The PDFs of
S∗(z+s)/Sb(φg=1) peak around zero (i.e. the most probable value remains close to zero) for all
droplet cases but a long tail is observed for positive values for large droplets (i.e. initial ad ⁄δst =

0.05 and 0.06 cases). This is also consistent with the observations made from Fig. 5.15,
which revealed that the magnitudes of the mean values of the terms associated with droplet
evaporation Ṡliq,c and mixture inhomogeneity Ȧc remain much smaller than the magnitudes of
the mean values of ẇc and ∇ · (ρD∇c) for all values of ad ⁄δst and φov. This is also found to
be consistent with the previous findings by Wacks et al. [47] in the case of statistically planar
flames propagating into droplet-laden mixtures.

It can be inferred from Fig. 5.16 that locally negative values of S∗d/Sb(φg=1) are obtained
when the negative values of S∗(n+t)/Sb(φg=1) overcome the positive contribution of S∗r/Sb(φg=1).
However, in all cases the probability of finding positive values of S∗d/Sb(φg=1) supersedes that
of finding negative values, which suggests that the flame kernels grow in size with time for all
cases considered here in spite of local instances where the flame retreats into the burned gas
instead of propagating into the unburned gas.

The PDFs of normalised consumption and displacement speeds (i.e. Sc/Sb(φg=1) and
S∗d/Sb(φg=1)) are compared in Fig. 5.17 for all cases considered here. It can be seen from
Fig. 5.17 that the consumption speed remains deterministically positive, whereas the PDF
of S∗d/Sb(φg=1) exhibits finite probability of finding negative values although the mean value
remains positive for all cases (see Fig. 5.16). As the consumption speed Sc is principally de-
termined by ẇc (see Eq. 2.61), the variations of Sc/Sb(φg=1) in response to the changes of ad ⁄δst
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Figure 5.17: PDFs of S∗d/Sb(φg=1) ( ) and Sc/Sb(φg=1) ( ) on c = 0.8 for premixed
gaseous case (1st row) and for droplet cases with initial ad ⁄δst = 0.04 (2nd row), 0.05(3rd

row) and 0.06 (4th row). The value of Sb(φg=φov)/Sb(φg=1) is shown by the vertical cyan line.
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Table 5.5: Correlation coefficients for S∗d − Sc, Sc −κm, Sc − aT , S∗d −κm and S∗d − aT on the
c = 0.8 isosurface for all cases considered here. GP in the table header refers to the gaseous
premixed flame case.

S∗d −Sc Sc −κm Sc −aT S∗d −κm S∗d −aT

φg = 0.8

GP -0.23 0.258 -0.14 -0.87 0.508
ad ⁄δst = 0.04 0.109 0.116 0.020 -0.83 0.508
ad ⁄δst = 0.05 0.382 0.091 0.162 -0.597 0.378
ad ⁄δst = 0.06 0.330 0.132 0.090 -0.457 0.304

φg = 1.0

GP 0.070 0.004 -0.053 -0.849 0.614
ad ⁄δst = 0.04 0.209 0.254 -0.015 -0.592 0.321
ad ⁄δst = 0.05 0.258 0.285 0.118 -0.473 0.302
ad ⁄δst = 0.06 0.281 0.298 0.129 -0.342 0.263

φg = 1.2

GP -0.0687 0.0983 -0.077 -0.912 0.650
ad ⁄δst = 0.04 0.302 0.438 -0.036 -0."4 0.448
ad ⁄δst = 0.05 0.337 0.413 0.118 -0.319 0.389
ad ⁄δst = 0.06 0.362 0.412 0.215 -0.255 0.357

and φov are qualitatively similar to those obtained for S∗r/Sb(φg=1) (see Fig. 5.16). However,
it can be seen from Fig. 5.17 that the probability of finding positive values of Sc/Sb(φg=1) is
greater than that in the case of S∗d/Sb(φg=1) for all cases considered here. Furthermore, the most
probable value of Sc/Sb(φg=1) remains greater than S∗d/Sb(φg=1) for all cases. Moreover, the
most probable values of S∗d/Sb(φg=1) remain smaller than Sb(φg=φov)/Sb(φg=1), whereas the most
probable values of Sc/Sb(φg=1) are found to be comparable to Sb(φg=φov)/Sb(φg=1) for all cases
considered here. In the case of unity Lewis number spherically expanding premixed flames,
the net positive stretch rate acts to decrease S∗d/Sb(φg=1) in comparison to Sb(φg=φov)/Sb(φg=1)

but Sc/Sb(φg=1) remains unaffected [24]. The stretch rate effects on S∗d/Sb(φg=1) are further
augmented by the higher value of Ka due to the presence of predominantly fuel-lean mixtures
in the reaction zone for the droplet cases considered here. Figure 5.17 further reveals that
there is considerable difference between the statistical behaviours and magnitudes of Sc and
S∗d , which is consistent with previous findings [210, 211] in the case of statistically planar
premixed turbulent flames. This can be substantiated from the contours of joint PDFs of
Sc/Sb(φg=1) with S∗d/Sb(φg=1) on c = 0.8 shown in Fig. 5.18. It can be seen from Fig. 5.18
that Sc/Sb(φg=1) and S∗d/Sb(φg=1) are weakly negatively correlated for the φg = 0.8 gaseous
premixed case, whereas this correlation remains weak with no clear trend for the premixed
cases with φg = 1.0 and 1.2. The correlation between Sc/Sb(φg=1) and S∗d/Sb(φg=1) remains
weakly positive for all droplet cases.

It is worthwhile to note that the consumption speed has been found to be weakly correlated
with curvature κm and tangential strain rate aT = (δi j −NiN j)∂ui/∂x j for all premixed flame
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Figure 5.18: Contours of joint PDF of Sc/Sb(φg=1) and S∗d/Sb(φg=1) on c = 0.8 isosurface for
premixed gaseous cases (1st row) and droplet cases with initial droplet diameters ad ⁄δst = 0.04
(2nd row), 0.05 (3rd row) and 0.06 (4th row).
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Figure 5.19: Mean values of Sc/Sb(φg=1) and S∗d/Sb(φg=1) on c = 0.8 isosurface along with
alternative flame speeds S∗A/Sb(φg=1) and S∗V/Sb(φg=1) for the cases with φov = 0.8, 1.0 and 1.2.
The value of Sb(φg=φov)/Sb(φg=1) is shown by the horizontal black dashed line.

cases considered here and this can be substantiated from the correlation coefficients listed in
Table 5.5. By contrast, S∗d is negatively correlated with κm, whereas a positive correlation is
obtained between S∗d and aT for the premixed flame cases, as demonstrated by the correla-
tion coefficients listed in Table 5.5. The physical explanations behind these correlations have
been provided elsewhere [58, 59, 80] and thus are not repeated here. Moreover, it has been
demonstrated in Refs. [58, 59] that the strength of the displacement speed correlations with
tangential strain rate and curvature depends on the mean flame radius. Furthermore, the effects
of heat release and turbulence evolution within the flame are different for different equivalence
ratios, which along with the difference in mean flame radius give rise to differences in cor-
relation strengths of S∗d with κm and aT between φg = 0.8, 1.0 and 1.2 premixed turbulent
cases. For the droplet cases, aT and κm dependences of S∗d remain qualitatively similar to
the corresponding premixed flames. However, in the droplet cases, the variation of φg on a
given c isosurface gives rise to several qualitatively similar correlation branches with differing
strengths. As a result, the net correlations of S∗d with κm and aT in droplet cases are weaker
than the corresponding premixed flame cases, and these correlations weaken with increasing
droplet diameter as this increases the extent of φg variations on a given c isosurface (shown
in Fig. 5.8). The combination of weak κm and aT dependences of Sc and relatively stronger
curvature and strain rate correlations with S∗d gives rise to weak interrelation between Sc and
S∗d for all cases. These correlations should not be associated with any physical mechanism
because of the small magnitudes of the correlation coefficients irrespective of their signs.

The flame speeds SA and SV provide a measure of growth rate of flame surface area and
burned gas volume. Figure 5.19 shows the variations of S∗A⁄Sb(φg=1) = ρbSA⁄(ρ0Sb(φg=1)) and
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S∗V ⁄Sb(φg=1) = ρbSV ⁄(ρ0Sb(φg=1)) along with the mean values of normalised consumption speed
Sc/Sb(φg=1) and density-weighted displacement speed S∗d/Sb(φg=1) on the c = 0.8 isosurface
for different values of normalised initial droplet diameter ad/δst and the overall equivalence
ratio φov, where ρb = mb/Vb is the burned gas density with mb being the burned gas mass with
c ≥ 0.99. It is evident from Fig. 5.19 that the mean value of Sc/Sb(φg=1) remains greater than
S∗d/Sb(φg=1) for all values of φov and ad/δst , which is consistent with the findings from Fig.
5.18.

The presence of droplets enhances the normalised flame speed S∗A/Sb(φg=1) for φov = 0.8
except for the initial ad/δst = 0.04 case under turbulent conditions. Normalised flame speed
S∗A/Sb(φg=1) increases with increasing droplet diameter for φov = 0.8, whereas it shows just the
opposite behaviour for φov = 1.0 and 1.2. For φov = 0.8, large droplets with initial ad/δst =

0.05 and 0.06 show greater S∗V/Sb(φg=1) values than that in the case with initial ad/δst =

0.04. Moreover, S∗V/Sb(φg=1) in the case of initial ad/δst = 0.05 for φov = 0.8 has been found
to be greater than that in the corresponding premixed flame case. Furthermore, turbulence
significantly affects the normalised flame speed S∗V/Sb(φg=1) and augments the growth rate of
burned gas volume for large droplets with φov = 0.8 and for small droplets with φov = 1.0
and 1.2. The enhancement of the extent of burning with increasing (decreasing) droplet size
for overall fuel-lean (fuel-rich) mixtures is qualitatively consistent with previous experimental
findings [119]. The physical explanations for the aforementioned variations of S∗A/Sb(φg=1)

and S∗V/Sb(φg=1) with ad/δst and φov have been provided in Sections 5.2 and 5.4 and thus are
not repeated here.

The horizontal dashed black line in Fig. 5.19 provides the value of Sb(φg=φov)/Sb(φg=1),
which reveals that S∗A and S∗V remain smaller than Sb(φg=0.8) in all cases with φov = 0.8, whereas
in the φov = 1.2 cases S∗A assumes greater values than Sb(φg=1.2) but S∗V remains smaller than
Sb(φg=1.2). However, premixed gaseous case and small droplets with φov = 1.0 exhibit higher
S∗A values than Sb(φg=1). In premixed gaseous cases with φov = 1.0 and 1.2, S∗V remains com-
parable with Sb(φg=φov). The mean values of S∗d and Sc tend to be smaller than Sb(φov=φg) for all
droplet cases irrespective of the values of φov and ad , which is consistent with the observations
made from Fig. 5.17. However, the extent of deviation of S∗d from Sb(φov=φg) is greater than the
difference between Sb(φov=φg) and Sc, which is also consistent with theoretical expectations for
positively stretched flames [24].

It can be seen from Fig. 5.19 that the magnitudes of S∗A/Sb(φg=1) and the mean value
of Sc/Sb(φg=1) remain comparable for all cases considered here irrespective of the values of
ad/δst and φov. Moreover, the magnitudes of S∗V/Sb(φg=1) and the mean value of S∗d/Sb(φg=1)

assume comparable values for all cases considered here except for the large droplets (e.g. ini-
tial ad ⁄δst = 0.06) for φov = 0.8, and the agreement between the mean values of S∗d/Sb(φg=1) and
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S∗V/Sb(φg=1) improves with increasing droplet size for φov = 1.0 and 1.2. Thus, the findings
of Fig. 5.19 suggest that the evaluation of S∗A may provide an approximate quantitative es-
timation of the mean value of Sc, but approximating the mean density-weighted displacement
speed is a more challenging task. However, the mean density-weighted displacement speed
can be approximately estimated by S∗V for large droplets in the case of overall stoichiometric
and fuel-rich mixtures.

5.6 Summary of Key Findings

Three dimensional DNS of spherically expanding flames propagating into n-heptane droplet-
laden mixtures have been carried out to analyse the influences of overall equivalence ratio on
flame-droplet-turbulence interactions. The main findings are listed below:

• The burned gas temperature for laminar and turbulent globally fuel-lean droplet cases
with initial ad ⁄δst = 0.04 is found to be comparable with the the corresponding fuel-lean
premixed cases while local temperature drop exists for laminar and turbulent globally
stoichiometric and fuel-rich droplet cases with initial ad ⁄δst = 0.04.

• As a result of smaller number density of droplets, the appearance of dimpled flame sur-
face fades in globally fuel-lean droplet cases in comparison to globally stoichiomet-
ric droplet cases. However, droplet induced flame deformation evolves from small
densely packed dimples in the globally stoichiometric droplet cases into large distrib-
uted dimples in the globally fuel-rich droplet cases due to the evaporation of clustered
droplets. For a given droplet diameter, the cases with initial φov = 1.0 exhibit the highest
flame area generation ratio while the cases with initial φov = 0.8 remain the lowest in
the cases considered in this study.

• Evaporated liquid droplets generate overwhelmingly lean mixture in the flame compared
to the corresponding premixed gaseous case (i.e. φg < φov). The greatest probability of
obtaining the stoichiometric mixture composition is observed in the laminar and turbu-
lent globally stoichiometric droplet cases for all droplet diameters. Thus, the proportion
of heat release arising from non-premixed mode of combustion is higher in globally
stoichiometric droplet cases than in the globally fuel-lean and -rich droplet cases.

• The extent of burning is examined in terms of the temporal evolutions of the volume-
integrated fuel reaction rate magnitude normalised by its initial value ΩF/ΩF0. The val-
ues of ΩF/ΩF0 for the droplet cases with initial φov = 0.8 are found to be significantly
smaller than those with initial φov = 1.0 and 1.2. The discrepancy between globally
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fuel-lean and stoichiometric droplet cases diminishes with increasing droplet diameter
for both under laminar and turbulent flow conditions.

• The temporal behaviour of the burned gas volume shows an important dependence
on the overall equivalence ratio. Under both laminar and turbulent conditions, large
droplets with initial φov = 0.8 have greater burned gas volume than small droplets while
an opposite trend is observed for large droplets with initial φov = 1.0 and 1.2.

• Flame-droplet interactions considerably affect the distribution of the flame topologies in
spray flames. Tilelike local geometries associated with small values of Gauss curvature
are found as prevalent feature in premixed gaseous flames. However, droplet cases
show a high availability of saddle topologies which occur at negative values of Gauss
curvature.

• Under globally fuel-lean conditions, the peak mean value of reaction rate for large
droplets with initial ad ⁄δst = 0.05 and 0.06 becomes greater than the corresponding pre-
mixed flame cases and it declines with decreasing droplet diameter. Contrary to this,
the droplet cases with initial φov = 1.0 and 1.2 exhibit lower peak mean values than the
corresponding premixed flame cases.

• The higher probability of finding positive values of density-weighted displacement speed
indicates greater propagation rate for large droplet cases with initial φov = 0.8 in compar-
ison to the corresponding premixed flame. For the cases with initial φov = 1.0 and 1.2,
spray flames propagates slower than the corresponding premixed flames as a result of the
greater availability of negative values of of density-weighted displacement speed. Fur-
thermore, the most probable values of density-weighted displacement speed are found
smaller than the laminar burning velocity while the most probable values of consump-
tion speed assume comparable values with the laminar burning velocity for all cases.





Chapter 6

Effects of Inertia and Two-Phase
Coupling

This chapter discusses the possible impacts of droplet inertia on the evolution of reacting
mixture composition, flame surface area and burned gas volume by comparing inertial and
hypothetical inertialess droplet cases. In addition to this, the interaction between liquid and
gaseous phases is examined based on the source terms due to two-phase coupling arising from
droplet evaporation in different governing equations for the gaseous carrier phase.

6.1 Effects of Inertia

The properties of liquid fuel droplets in the presence of a combustible gaseous medium play
pivotal roles in the combustion processes in droplet-laden mixtures because the size and num-
ber density of the droplets may significantly affect the burning characteristics [43, 47, 118,
119, 149, 151, 155, 159, 217–219]. The dynamic motion of liquid droplets in the carrier
gaseous phase determines the mixture composition and flame-droplet interactions, which play
key roles in the combustion processes in droplet-laden mixtures. Jog et al. [217] demonstrated
the impacts of droplet motion on the flame structure and its modelling for n-heptane droplets.
Atzler et al. [218, 219] experimentally investigated the effects of droplet inertia in globally
stoichiometric laminar spherically expanding spray flames. It has been proposed that a lag
between the droplet and gaseous phase velocities may lead to the local enrichment of fuel
vapour in the reaction zone, which can give rise to flame oscillation under some conditions
[218, 219]. A similar trend was reported by Lawes and Saat [119] for spherically expanding
spray flames indicating that droplet inertia yields a larger equivalence ratio locally for overall
fuel-lean mixtures.
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Table 6.1: Simulation parameters considered in Section 6.1.

Parameter Value
ad/δst 0.04,0.05 and 0.06

φov 1.0
u′⁄Sb(φg=1) 0.0,4.0 and 8.0

L11/δst 2.5
Pr 0.7
Le 1.0

γ =CG
p /CG

v 1.4

Flame propagation statistics of spherically expanding turbulent spray flames have been
discussed in several experimental [118, 119] and numerical [43–46, 164] studies. However,
a systematic understanding of the effects of droplet inertia on the combustion characteristics
is still lacking. The purpose of this section is to analyse the influences of droplet inertia on
turbulent flame propagation for spherically expanding flames propagating into mono-sized
droplet mists with an overall equivalence ratio of unity. The main objective of the current
analysis is to compare the reaction zone structure and the evolution of flame surface area and
burned gas volume between the actual droplet movement and hypothetical inertialess droplet
motion (where the droplets are assumed to have mass but they follow the fluid velocity and
thus does not have any acceleration because the relative velocity between particles and the
carrier gaseous phase vanishes) under the same flow conditions so that the effects of droplet
inertia on flame structure and burning rate under laminar and turbulent conditions can be
understood in isolation. For these hypothetical inertialess droplet simulations, d−→x d/dt = −→u
and d−→u d/dt = 0 are considered for numerical experiments and the rest of the expressions for
the liquid transport equations (see Eqs. 2.8c and 2.8d) remain unchanged. Parameters used
for the simulations in this section are given in Table 5.1

The instantaneous fields of c on the central x − y mid-plane for laminar and turbulent
flames with initial ad ⁄δst = 0.06 are exemplarily shown in Fig. 6.1 for both inertialess and
inertial droplets. Figure 6.1 shows that the droplets decrease in size due to evaporation as they
approach the flame for both cases. It can be discerned from Fig. 6.1 that the spatial distribu-
tions of droplets are significantly different between inertial and inertialess cases. Moreover,
the burned gas region in the inertialess case has been found to be smaller than that obtained for
inertial droplets. It is possible to have a smaller burned gas region on a given two-dimensional
central mid-plane due to out of plane flame movement but it will be shown later that the
burned gas volumes in the inertialess droplet cases have indeed been found to be smaller than
in the corresponding inertial droplet cases. Furthermore, inertial droplet cases exhibit larger
number density of droplets within the flame than in the cases with inertialess droplets (e.g.
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number density of droplets in the region given by 0.01 ≤ c ≤ 0.99 in the inertialess droplet
cases shown in Fig. 6.1 is 0.86, 0.89 and 0.98 times of the corresponding values for the in-
ertial droplet cases under laminar and turbulent conditions with initial u′⁄Sb(φg=1) = 4.0 and
8.0, respectively and the same qualitative behaviour is observed for other values of ad ⁄δst).
This behaviour is consistent with the experimental observations [119, 218, 219], which sug-
gest that droplets do not couple with gas velocity due to their inertia and therefore can be
entrained in the reaction zone. Figure 6.1 reveals that more droplets escape through the flame
into the burned gas region due to fluid motion in the inertial droplet cases compared to the
corresponding inertialess droplet cases.

As more droplets enter into the flame for inertial droplets, they evaporate due to high tem-
perature and supply fuel vapour in the gaseous phase, which yields a higher value of gaseous
equivalence ratio φg within the flame. This can be substantiated from Fig. 6.2 where the PDFs
of φg in the region corresponding to 0.01 ≤ c ≤ 0.99 for inertialess (dashed lines) and inertial
(solid lines) droplet cases with initial ad ⁄δst = 0.04,0.05 and 0.06 are shown. The PDFs of φg

in the cases with inertial droplets exhibit a peak at φg = 1.0 due to the diffusion mode of burn-
ing in spite of overwhelming probability of finding fuel-lean gaseous mixture (i.e. φg < 1.0)
because the evaporation of droplets is not sufficient to produce φg = 1.0 mixture even though
φov remains unity. The probability of finding φg < 1.0 mixture within the flame increases with
increasing u′⁄Sb(φg=1) because the evaporated fuel is more readily dispersed from the evap-
oration sites and mixes with surrounding air for large values of u′⁄Sb(φg=1) and this trend is
observed for both inertial and inertialess droplets. Figure 6.2 reveals that the probability of
finding φg < 1.0 is greater for the inertialess droplet cases than in the inertial droplet cases and
the peak of the PDF at φg = 1.0 is absent for the inertialess cases with initial u′⁄Sb(φg=1) = 8.0.
Moreover, local pockets of φg > 1.0 are obtained all the inertial droplet cases, which arise due
to evaporation of fuel vapour from a cloud of droplets in the regions of low mixing rate within
the flame but the low number of density of inertialess droplets within the flame eliminates the
probability of finding φg > 1.0 within the flame. This behaviour is qualitatively similar to the
previous experimental findings [119, 218, 219] where a lag between the droplet and gaseous
phase velocities was conjectured to responsible for richer mixtures than expected in the re-
action zone. It becomes prohibitively expensive to match the exact experimental conditions
in DNS, but it has been demonstrated in previous section (see Fig. 4.7) that the variations in
flame surface area and burned gas volume during early stages of flame kernel development in
response to the droplet diameter for the inertial droplet cases considered here are in qualitative
agreement with experimental results [119].

The initial values of Damköhler and Karlovitz numbers for a stoichiometric premixed
flame with initial u′⁄Sb(φg=1) = 4.0 (8.0) are 1.31 and 3.49 (0.65 and 9.88), respectively.
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Figure 6.1: Distribution of c (blue lines show c = 0.1,0.5 and 0.9 contours from outer to inner
periphery) on the central x− y mid-plane for laminar (1st column) and turbulent flames with
initial u′⁄Sb(φg=1) = 4.0, 8.0 (2nd −3rd columns) for inertial (1st row) and inertialess (2nd row)
droplet cases with initial ad ⁄δst = 0.06. Pink dots show the droplets residing on the plane (not
to the scale). Figures 6.1-6.5 correspond to t = 2.1αT 0/S2

b(φg=1).

Figure 6.2: PDFs of gaseous equivalence ratio, φg in the region corresponding to 0.01 ≤ c ≤
0.99 for laminar and turbulent inertial (solid line) and inertialess (dashed line) droplet cases
with initial ad ⁄δst = 0.04 ( ), 0.05 ( ) and 0.06 ( ).
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The predominance of fuel-lean combustion in all the droplet cases implies that the charac-
teristic values of Damköhler number Da(φg) (Karlovitz number Ka(φg)) are likely to smal-
ler (greater) than the values obtained for a gaseous stoichiometric premixed flame and this
tendency strengthens further with increasing u′⁄Sb(φg=1) due to greater likelihood of obtaining
φg < 1 within the flame. This further indicates that combustion predominantly takes place in
the thickened flame regime with Da(φg) < 1 and Ka(φg) > 1 for all cases but this tendency is
more prevalent in the case of inertialess droplets because of the greater availability of φg < 1
mixtures. In the thickened flame regime, turbulent eddies are likely to cause disturbance to
the flame structure leading to local flame thickening, which can be discerned from Fig. 6.1.
The combination of the predominant fuel-lean combustion (because the flame thickness scales
as δ ∼ αT 0/Sb(φg) ) and burning in the thickened flame regime leads to a thicker flame in the
case of inertialess droplets than in the case of inertial droplets. This can be substantiated from
Fig. 6.3 where the mean values of |∇c| × δst conditional upon c are presented for different
ad ⁄δst for both laminar and turbulent flow conditions. The peak mean value of |∇c| provides
a measure of the inverse of the flame thickness (i.e. |∇c|max ∼ 1/δ ) [193] and Fig. 6.3 shows
that the peak mean values of |∇c|×δst for the inertialess droplet cases remain smaller than the
corresponding inertial droplet cases. The peak mean value of |∇c| × δst also decreases with
increasing ad ⁄δst due to the greater likelihood of fuel-lean combustion for larger droplets. The
effects of u′⁄Sb(φg=1) on the behaviours of |∇c| × δst for the inertial droplet cases considered
here have been discussed in the previous section (see Section 4.1) and thus will not be repeated
here. Figure 6.3 shows that the influences of u′⁄Sb(φg=1) on the mean behaviour of |∇c|× δst

for the inertialess droplets remain qualitatively similar to those for inertial droplets.
The combination of smaller number density of droplets and predominant fuel-lean com-

bustion in the inertialess droplet cases has implications on the droplet-induced flame wrink-
ling. The droplet-induced flame wrinkling can be illustrated by the PDFs of κm×δst which are
exemplarily shown for c = 0.8 isosurface in Fig. 6.4 for the laminar, initial u′⁄Sb(φg=1) = 4.0
and 8.0 cases for droplets with initial ad ⁄δst = 0.04,0.05 and 0.06. For a perfectly spherical
flame, the PDF of κm × δst is expected to be a delta function, but the droplet-induced flame
wrinkling leads to a range of curvature values in the droplet cases even under laminar condi-
tions. Figure 6.4 shows that the width of the curvature PDFs increases with increasing ad ⁄δst

for the laminar case as the large droplets take more time to evaporate and thus survive longer
within the flame to induce flame wrinkling. The widening of κm × δst PDFs with increas-
ing ad ⁄δst becomes less apparent in turbulent cases because the flame wrinkling induced by
fluid motion increasingly eclipses the flame deformation induced by droplets with increas-
ing u′⁄Sb(φg=1), which is consistent with previous experimental findings [118, 119]. However,
κm×δst PDFs for the inertialess droplet cases show higher peaks (or smaller widths) than that
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Figure 6.3: Variation of the mean values of |∇c|×δst conditional on c for all cases. See Fig.
6.2 caption for the colour keys.

Figure 6.4: PDFs of κm ×δst for c = 0.8 isosurface for all cases. See Fig. 6.2 caption for the
colour keys.

in the corresponding inertial droplet cases. Figure 6.4 shows that all cases exhibit the over-
whelming probability of finding κm > 0, which is expected for spherically expanding flames.
However, the probability of finding κm < 0 increases with increasing u′⁄Sb(φg=1).

The greater likelihood of φg < 1 in the inertialess droplet cases also has implications on
the flame structure. Figure 6.5 demonstrates the contributions of premixed and non-premixed
mode of combustion to the total heat release rate. Laminar cases exhibit a higher contribution
of premixed mode to the total heat release rate than those in turbulent flow conditions because
of the weaker mixing rate under laminar conditions (see Fig. 6.2). The percentage of overall
heat release rate arising from the non-premixed mode of combustion strengthens with increas-
ing ad for both inertial and inertialess droplets due to the slow evaporation of large droplets.
The diffusion flame stabilises at the stoichiometric mixture, and thus the reduced availability
of φg = 1.0 mixture within the flame for inertialess droplets (see Fig. 6.2) leads to the smaller
extent of heat release due to the non-premixed mode of combustion in comparison to the iner-
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Figure 6.5: Percentage of heat release arising from premixed (FI > 0) and non-premixed
(FI < 0) modes of combustion for inertial (solid line) and inertialess (dashed line) droplet
cases with initial ad/δst = 0.04 (△), 0.05 (⃝), 0.06 (×).

tial droplets. Although there can be local occurrences of edge flame propagation, heat release
in these cases takes place predominantly under premixed mode, and therefore such cases were
referred to as premixed sprays in previous studies [150, 156].

As the rate of heat release is the highest for the stoichiometric mixtures, the reduced ex-
tent of heat release rate due to non-premixed combustion in the case of inertialess droplets
gives rise to smaller extent of burning in comparison to the inertial droplet cases. This can
be substantiated from Figs. 6.6 and 6.7 where the temporal evolutions of flame surface area
A =

∫
V |∇c|dV (normalised by 4πr2

0) and volume of the gas with c ≥ 0.99 normalised by
4πr3

0/3 (i.e. Vb/[(4πr3
0)⁄3] ) are shown, respectively. Figures 6.6 and 6.7 reveal that A/4πr2

0

and Vb/[(4πr3
0)⁄3] for inertialess droplets assume smaller values than those obtained for iner-

tial droplets. It can further be seen from Figs. 6.6 and 6.7 that both A and Vb decrease with
increasing ad in spite of higher percentage of heat release due to non-premixed combustion
for larger droplet diameters (see Fig. 6.5). This behaviour arises due to the reduced burn-
ing rate as a result of high probability of finding fuel-lean mixtures within the flame due to
slow evaporation rate for large droplets (see Fig. 6.4). Figure 6.6 reveals that the temporal
evolution of A/4πr2

0 for the cases with inertialess droplets follows a similar behaviour at early
stages of kernel development but the trend changes considerably at later times. The temporal
evolution of A/4πr2

0 for the initial u′⁄Sb(φg=1) = 8.0 case especially shows a decreasing trend
for large inertialess droplets (e.g. initial ad ⁄δst = 0.05 and 0.06) at t > 1.20αT 0/S2

b(φg=1) and

this decreasing trend is observed also for Vb/[(4πr3
0)⁄3] for the inertialess droplets with initial

ad ⁄δst = 0.06 for the initial u′⁄Sb(φg=1) = 8.0 case.
The inertialess droplets track the fluid velocity, which is directed from the centre of the

kernel towards the unburned gas. This leads to depletion of droplets from the flame with time
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Figure 6.6: Temporal evolution of normalised flame surface area A/4πr2
0. See Fig. 6.2 caption

for the colour keys.

Figure 6.7: Temporal evolution of burned gas volume Vb/(4πr3
0/3) of the region with c≥ 0.99.

See Fig. 6.2 caption for the colour keys.
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and thus reduces the availability of evaporated fuel within the burned gas, which is further
aided by faster dispersion of evaporated fuel vapour from sparsely distributed evaporation
sites due to higher rate of mixing for larger values of u′⁄Sb(φg=1). Thus, the reduced number
density of the droplets within the flame for slowly evaporating large inertialess droplets (e.g.
initial ad ⁄δst = 0.05 and 0.06 cases) under strong diffusion of fuel vapour from the evaporation
sites for large values of u′⁄Sb(φg=1) gives rise to a reduction in the mean value of φg within the
flame as time progresses and eventually the mixture within the flame becomes so fuel-lean
that the heat release rate is superseded by the heat transfer from the flame kernel. Under these
conditions, the flame kernels for large inertialess droplets (e.g. initial ad ⁄δst = 0.05 and 0.06
cases) under high turbulence intensity (e.g. initial u′⁄Sb(φg=1) = 8.0 case) shrink instead of
growing with time. This is responsible for decreasing trends of A/4πr2

0 and Vb/[(4πr3
0)⁄3] for

large turbulence intensity at late times (i.e. t > 1.20αT 0/S2
b(φg=1)), which may lead to eventual

flame extinction.

6.2 Statistics of Two-Phase Coupling in Turbulent Spheric-
ally Expanding Flames in Fuel-Droplet Mists

Turbulent combustion of droplet-laden mixtures involves complex interactions between com-
bustion, heat transfer, droplet evaporation and fluid turbulence. A thorough knowledge of the
interaction between liquid droplets and carrier gaseous phase is necessary for the purpose of
the fundamental understanding and modelling of turbulent spray flames. The experimental
observations for spherically expanding spray flames revealed that the interactions between
flame, turbulence and droplets are strongly affected by droplet diameter and overall equival-
ence ratio [119]. The coupling between dispersed and carrier phases plays a fundamental role
in predicting the transport of mass, momentum and energy in the carrier gaseous phase for
reacting [50] and non-reacting [220] turbulent multi-phase flows. DNS provide an important
opportunity to analyse the statistical behaviours of the contributions in the carrier phase due
to its coupling with the dispersed phase in droplet-laden mixtures thanks to recent advance-
ments in high-performance computing [41, 44, 45, 47, 50, 105, 220]. Baba and Kurose [70]
used a DNS database as a reference to validate a modified flamelet/progress variable approach
for gaseous and spray flames. Gaseous phase total enthalpy was found to be affected sig-
nificantly by the heat and mass transfer from the dispersed liquid phase. It was suggested
that new combustion models are needed for more accurate prediction of gaseous temperature
in case of spray combustion. Sreedhara and Huh [54] proposed a simple linear model for
the conditional evaporation rate and compared the model with DNS data for n-heptane spray
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Table 6.2: Simulation parameters considered in Section 6.2.

Parameter Value
ad/δst 0.04,0.05 and 0.06

φov 0.8,1.0 and 1.2
u′⁄Sb(φg=1) 4.0

L11/δst 2.5
Pr 0.7
Le 1.0

γ =CG
p /CG

v 1.4

flames. They found that droplet size and velocity play a vital role on the flame character-
istics. Wang and Rutland [67] reported that the overall equivalence ratio plays a key role in
the spray flame behaviour and in the modelling of evaporation, reaction and scalar dissipa-
tion rates. Previous DNS analyses ([99, 100]) indicated that the gaseous phase combustion
takes place predominantly in fuel-lean mode even for the overall fuel-rich fuel-air mixtures
because of the differences in time-scales for evaporation and chemical reactions, which, in
turn, influence the resulting combustion and mixing processes. A thorough understanding of
the aforementioned behaviour and its influence on the subsequent combustion processes ne-
cessitate a detailed analysis of the interaction between liquid and gaseous phases, which serves
as the motivation for the current analysis. To meet this objective, the statistics of liquid and
gaseous phase interactions in turbulent combustion of droplet-laden mixtures is considered in
the current analysis. In this respect, the main objectives are (a) to reveal the influences of
overall equivalence ratio and droplet diameter on the terms arising from coupling between the
Eulerian (i.e. gaseous carrier phase) and Lagrangian (i.e. droplets) phases in the conservation
equations of mass, momentum, energy, reaction progress variable, and mixture fraction in the
gaseous phase for spherically expanding flames propagating into droplet-laden mixtures, (b)
to explain the observed behaviours of the aforementioned influences based on physical prin-
ciples and indicate their modelling implications. Table 6.2 summarises the parameters used
for the present simulations.

The statistically spherical flames in mono-sized droplet-mists are exemplarily visualized
in Fig. 6.8 by reaction progress variable isosurface c = 0.5 for φov = 0.8,1.0 and 1.2 in the
case of the largest droplet diameter (i.e. ad ⁄δst = 0.06). It can be seen from Fig. 6.8 that
the flames surrounded by liquid n-heptane droplets (shown by green spheres) are wrinkled
principally due to turbulent fluid motion. A lean overall equivalence ratio (i.e. φov = 0.8)
yields a smaller droplet number density in comparison to stoichiometric overall equivalence
ratio (i.e. φov = 1.0) and this implies relative smaller availability of evaporated fuel in the
gaseous carrier phase than in the case of φov = 1.0. Hence, the case with φov = 0.8 has a



6.2 Statistics of Two-Phase Coupling in Turbulent Spherically Expanding Flames in
Fuel-Droplet Mists 155

Figure 6.8: Instantaneous isosurfaces of reaction progress variable c = 0.5 for φov = 0.8,1.0
and 1.2 cases with initial ad ⁄δst = 0.06 at simulation time of 2.1tchem. Green spheres represent
liquid droplets (not to the scale).

smaller volume of c ≥ 0.5 than the corresponding φov = 1.0 and 1.2 cases.
As droplets interact with the spherically expanding flame, they get heated and create

gaseous fuel in their surroundings as a result of evaporation. This process leads to an in-
homogeneous combustible gaseous fuel-air mixture in the domain. Liquid droplets shrink in
size as they move through the flame and some droplets escape through the flame due to tur-
bulent fluid motion and finally evaporate in the fully burned gas region. The gaseous phase
equivalence ratio φg in the unburned gas remains smaller than the overall equivalence ratio φov

for all droplet diameters but this trend is more prominent for larger droplets (see Fig. 5.2). Oc-
currences of locally fuel-rich/lean regions within the flame are strongly dependent on droplet
size and number density of droplets and this behaviour of evaporating droplets can be sub-
stantiated from the PDFs of normalised gaseous equivalence ratio φg/φov, which are shown in
Fig. 6.9 for different c ranges. It can be seen from Fig. 6.9 that the gaseous phase equivalence
ratio φg remains smaller than the overall equivalence ratio φov throughout the flame but this
tendency is particularly prevalent towards the unburned gas side of the flame (i.e. small values
of c). Furthermore, Fig. 6.9 shows that the probability of finding φg < φov increases with
increasing droplet diameter due to slow evaporation of large droplets. This is reflected in the
decreasing trend of the mean value of φg/φov with increasing ad . The most probable value of
the gaseous equivalence ratio φg remains close to the overall equivalence ratio φov for small
droplets with initial ad ⁄δst = 0.04 due to the high evaporation rate of small droplets. It can be
discerned from Fig. 6.9 that both the most probable and mean values of φg/φov also mildly
increase with increasing values of c due to complete evaporation of some of the droplets which
enter into the flame structure. However, Fig. 6.9 shows that there is also a finite probability
of finding φg⁄φov > 1.0 for all cases but this tendency strengthens for large droplets towards
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Figure 6.9: PDFs of φg/φov on different c ranges for different initial droplet radii ad ⁄δst = 0.04
( ), 0.05 ( ) and 0.06 ( ) cases and for different overall equivalent ratios φov = 0.8
(1st column), 1.0 (2nd column) and 1.2 (3rd column).
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Figure 6.10: PDFs of ∆Uslip on different c ranges for different φov = 0.8 ( ), 1.0 ( ) and
1.2 ( ) cases and for different initial droplet radii ad ⁄δst = 0.04, 0.05 and 0.06 with initial
turbulence intensity u′/Sb(φg=1) = 4.0.

the burned gas side of the flame, which can also be seen in the φg distributions shown in Fig.
5.2. For example, slow evaporation of large droplets with initial ad ⁄δst = 0.06 can generate
locally fuel-rich pockets in the reaction zone when the evaporated fuel vapour from isolated
evaporation sites does not mix sufficiently with the surrounding air. However, this trend is
less prominent in the cases with initial ad ⁄δst = 0.04 due to faster evaporation of droplets and
larger number density of evaporation sites than in the initial ad ⁄δst = 0.06 case for a given
value of φov. This tendency progressively weakens with increasing φov and can be seen most
prominently for φov = 0.8 because of small number density of droplets. The above discussion
suggests that the evaporation characteristics of droplets play a key role in the mixture distribu-
tion and subsequent combustion in the gaseous phase. Thus, it is worthwhile to consider the
effects of droplets on the evolutions of key quantities in the gaseous carrier phase.

It can be appreciated from Eqs. 2.7a-2.11 that the velocity difference between the droplets
and the surrounding carrier gas (known as slip velocity) is likely to affect the momentum
transport of the gaseous carrier phase and also the droplet movement. Therefore, it is worth-
while to examine the statistical properties of the normalised magnitude of the slip velocity,
∆Uslip = |−→u (−→x d, t)−−→u d|/Sb(φg=1). The PDFs of the normalised slip velocity △Uslip =

|−→u (−→x d, t)−−→u d|/Sb(φg=1), are presented in Fig. 6.10 for different regions within the flame.
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Figure 6.11: PDFs of non-dimensional temperature difference between droplets and sur-
rounding gaseous phase T on different c ranges for different φov = 0.8, 1.0 and 1.2 cases and
for different initial droplet radii ad ⁄δst = 0.04, 0.05 and 0.06 with initial turbulence intensity
u′/Sb(φg=1) = 4.0. See Fig. 6.10 caption for the colour keys.

These PDFs are computed using samples from the droplet positions for different ranges of re-
action progress variable, c across the flame. It can be seen from Fig. 6.10 that the probability
of obtaining higher magnitude of ∆Uslip increases with increasing droplet diameter because
larger droplets are subjected to stronger inertial effects which yield a deviation of droplet
velocity from gaseous phase velocity. This behaviour also influences the distribution of the
gaseous equivalence ratio. The maximum value of ∆Uslip remains close to unity for all values
of φov in the cases with the initial droplet diameter ad ⁄δst = 0.04 except for the rear end of
the reaction zone (i.e. 0.7 ≤ c < 0.9) in the φov = 0.8 case due to the combination of a small
droplet number density and relatively rapid evaporation of small droplets. Furthermore, the
PDFs of ∆Uslip peak at zero value for the initial droplet diameter ad ⁄δst = 0.04, whereas the
peak PDF values are obtained at non-zero values of ∆Uslip for droplets with initial diameters of
ad ⁄δst = 0.05 and 0.06. For larger droplets (i.e. initial ad ⁄δst = 0.06 cases) the PDFs of ∆Uslip

show a wider distribution in the flame but the distributions of ∆Uslip remain mostly insensitive
to the variations of φov.

It is possible for some droplets to penetrate into the flame structure and even escape into
the burned gas. This implies that there is a temperature difference between the gaseous phase
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and droplets. The statistical behaviour of the droplet temperature in turn affects the source
term arising from two-phase coupling in the energy conservation equation (see Eq. 2.7b).
Figure 6.11 shows the PDFs of non-dimensional temperature difference between the droplets
and surrounding gaseous phase, T = (T̂ −Td)/(Tad(φg=1)−T0) for different ranges of c. In
the preheat zone (i.e. 0.1 ≤ c < 0.5), T remains smaller than 0.5 for all cases considered in
this section. As droplets move further towards the reaction zone, the most probable values
of T increase for the initial ad ⁄δst = 0.05 and 0.06 cases for all values of φov and also for the
initial ad ⁄δst = 0.04 case for φov = 1.0 and 1.2, which suggests that the droplets in these cases
may not fully evaporate even when the reaction zone is approached and this eventually gives
rise to predominantly fuel-lean mixture within the flame. In the initial ad ⁄δst = 0.04 case for
φov = 0.8, the PDF of T at the rear end of reaction zone is found to be narrower and the most
probable value of θ has been found to be smaller than those in the corresponding φov = 1.0
and 1.2 cases. Due to smaller number density, the number of droplets which survive in the
reaction zone, and the gaseous phase equivalence ratio φg remain small in the φov = 0.8 case
with initial ad ⁄δst = 0.04 in comparison to those in the corresponding φov = 1.0 and 1.2 cases.
This leads to smaller burned gas temperature (see Fig 5.3) and consequently smaller most
probable value and narrower PDF of T in the φov = 0.8 case with initial ad ⁄δst = 0.04 than in
the corresponding φov = 1.0 and 1.2 cases.

The slip velocity and temperature difference between droplets and the gaseous carrier
phase, in turn, affect the evaporation rate through the temperature dependence of the Spalding
number Bd , which plays a key role in the evolution of droplet diameter. The source terms
associated with two-phase coupling arising from droplet evaporation in the gaseous phase
conservation equations provide physical insights into the flame-droplet interactions, which is
important for the purpose of understanding the contributions of droplets to the Eulerian phase
transport equations of mass, momentum, energy and scalars such as mixture fraction and re-
action progress variable.

Scatter plots of the normalised source term in the mass conservation equation Γm ×δst/ρ0

Sb(φg=1) with reaction progress variable c coloured by normalised source terms in momentum
transport equations {Ṡu1, Ṡu2, Ṡu3}× δst/ρ0S2

b(φg=1) (see Eq. 2.7a) are shown in Fig. 6.12.
The mean values of Γm × δst/ρ0Sb(φg=1) conditional on c are shown by the black lines. The
φov = 0.8 cases exhibit negligible droplet contributions on the burned gas side due to small
number density. It can be seen from Fig. 6.12 that the scatter increases with increasing φov

due to the increases in the number of evaporation sites. The small droplets evaporate rapidly,
and thus the droplets with initial ad ⁄δst = 0.04 mostly evaporate towards the unburned gas
side of the flame front. Although the evaporation rate increases with decreasing diameter for
individual droplets, the large droplets survive longer within the flame due to their larger size
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Figure 6.12: Scatter of Γm × δst/ρ0Sb(φg=1) as a function of c coloured with (a) Ṡu1 ×
δst/ρ0S2

b(φg=1), (b) Ṡu2 × δst/ρ0S2
b(φg=1) and (c) Ṡu3 × δst/ρ0S2

b(φg=1) for different values of
φov. Black line shows the variation of the mean values of Γm ×δst/ρ0Sb(φg=1) conditional on
c in Figs.6.12-6.16.
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Figure 6.13: Scatter of Γm × δst/ρ0Sb(φg=1) as a function of c coloured with Ṡe ×
δst/ρ0CpT0Sb(φg=1) for different values of φov.

and slow evaporation rate. Thus, the mean values of Γm × δst/ρ0Sb(φg=1) conditional on c
within the flame for initial ad ⁄δst = 0.05 and 0.06 cases remain greater than that in the initial
ad ⁄δst = 0.04 case. This trend is particularly prominent for large values of c due to high values
of temperature associated with these samples.

Figures 6.12a-c demonstrate that strong negative and positive contributions of {Ṡu1, Ṡu2, Ṡu3}
× δst/ρ0S2

b(φg=1) are found predominantly in the unburned gas region where high values of
Γm × δst/ρ0Sb(φg=1) exist for the initial ad ⁄δst = 0.04 cases for φov = 0.8. However, local oc-
currences of large positive and negative values of {Ṡu1 , Ṡu2, Ṡu3}×δst/ρ0S2

b(φg=1) are obtained
throughout the flame front for φov = 1.0 and 1.2 cases but this tendency, especially towards
the burned gas side, strengthens for larger droplet cases (i.e. initial ad ⁄δst = 0.05 and 0.06
cases). In spite of local occurrences of high positive and negative values of {Ṡu1 , Ṡu2, Ṡu3}×
δst/ρ0S2

b(φg=1), the most probable value of these terms {Ṡu1, Ṡu2, Ṡu3}×δst/ρ0S2
b(φg=1) remains

generally positive.
Scatter plots of Γm×δst/ρ0Sb(φg=1) with c coloured by the normalised source term associ-

ated with two-phase coupling in the energy conservation equation (i.e. Ṡe×δst/ρ0CpT0Sb(φg=1),
(see Eq. 2.7b)) are shown in Fig. 6.13 as a function of reaction progress variable c. Figure 6.13
shows that Ṡe × δst/ρ0CpT0Sb(φg=1) assumes predominantly negative values in the unburned
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Figure 6.14: Scatter of Γm × δst/ρ0Sb(φg=1) as a function of c coloured with the terms (a)
Ṡe,1 × δst/ρ0CpT0Sb(φg=1) and (b) Ṡe,2 × δst/ρ0CpT0Sb(φg=1) which constitute the total nor-
malised source term associated with droplet evaporation in the energy transport equation
Ṡe ×δst/ρ0CpT0Sb(φg=1) = (Ṡe,1 + Ṡe,2)×δst/ρ0CpT0Sb(φg=1).
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gas side whereas the trend changes in burned gas to positive values. This behaviour can be
explained in the following manner. The source term associated with droplet evaporation in the
energy transport equation can be rearranged as:

Ṡe =−(1/V )

[
∑
d

CL
pTd(dmd/dt)+∑

d
CL

pmd(dTd/dt)

]
(6.1)

Here, droplet diameter and temperature are two important parameters which have influences
on the sign of contribution. The evaporation of droplets leads to (dmd)⁄dt < 0, which acts
to give rise to a positive value of Ṡe. Therefore, a negative value of Ṡe is obtained when
(dTd ⁄dt) is positive (i.e. dTd ⁄dt > 0) and positive ∑d CL

pmd(dTd/dt) dominates over negat-
ive ∑d CL

pTd(dmd/dt). In order to understand behaviour of Ṡe across the flame, it is use-
ful to consider the contributions of its two components Ṡe,1 = −(1/V )∑d Cl

pTd(dmd/dt) and
Ṡe,2 = −(1/V )∑d CL

pmd(dTd/dt). Accordingly, the scatter of Γm × δst/ρ0Sb(φg=1) as a func-
tion of c are coloured by the terms Ṡe,1 ×δst/ρ0CpT0Sb(φg=1) and Ṡe,2 ×δst/ρ0CpT0Sb(φg=1) in
Figs. 6.14a and 6.14b, respectively. Towards the unburned gas side negative Ṡe,2 overwhelms
positive Ṡe,1 (see Fig. 6.14) to yield predominantly negative values of Ṡe. It can be seen from
Figs. 6.12 and 6.13 that Γm = −(1/V )∑d(dmd ⁄dt) remains positive and its magnitude in-
creases from the unburned to burned gas side for φov = 1.0 and 1.2 cases and it is not clearly
evident for φov = 0.8 because droplets are not present towards the burned gas side due to small
number density. The large positive values of Γm = −(1/V )∑d(dmd ⁄dt) and relatively large
values of Td towards the burned gas side lead to predominantly positive values of Ṡe,1 (see Fig.
6.14a), which eventually leads to positive values of Ṡe towards the burned gas side. However,
on the unburned gas side, the magnitudes of Γm = −(1/V )∑d(dmd ⁄dt) (and therefore Ṡe,1)
remain small in magnitude (see Fig. 6.14a), and thus the positive value of dTd ⁄dt is respons-
ible for negative values of Ṡe,2 and Ṡe (see Fig. 6.14b). However, it is possible to have locally
negative values of dTd ⁄dt on both unburned and burned gas side of the flame. It has already
been discussed and can also be seen from Fig. 5.3 that some of droplets escape through the
flame and reach the burned gas side due to turbulent fluid motion and get heated up. Some of
these droplets are brought back into the relatively cold gases from the burned gas by turbulent
vortical motion, and heat transfer can locally take place from these hot droplets to the locally
cooler carrier gaseous phase (in other words dTd ⁄dt < 0 and locally positive values of Ṡe,2 in
Fig. 6.14b), and this tendency strengthens with increasing φov as the possibility of droplets
reaching the high temperature zone, escaping through the flame and eventually coming back
to low temperature gas, increases with increasing number density. This locally negative (pos-
itive) value of dTd ⁄dt(Ṡe,2) also acts to promote positive values of Ṡe towards the burned gas
side of the flame.
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Figure 6.15: Scatter of Γm×δst/ρ0Sb(φg=1) as a function of c coloured with Ṡ∗c ×δst/ρ0Sb(φg=1)
for different values of φov.

It has been demonstrated in Eqs. 2.52 and 2.56 that the evaporation rate (in the other words
the source term in the mass conservation equation in the gaseous phase) affects the evolution
of reaction progress variable and mixture fraction and therefore it is worthwhile to examine
the effects of two-phase coupling on reaction progress variable and mixture fraction transport
equations. The scatter plots of Γm ×δst/ρ0Sb(φg=1) with c coloured by the normalised source
terms due to droplet evaporation in reaction progress variable (see Eq. 2.52) and mixture frac-
tion transport equations (see Eq. 2.56) are shown in Figs. 6.15 and 6.16, respectively. Figure
6.15 reveals that droplet evaporation has limited influence on the transport equation of c and
relatively high magnitudes of negative Ṡ∗c are obtained only at the leading edge of the flame
front. It has been demonstrated earlier that the magnitude of the mean value of Ṡliq,c remains
small in comparison to those of ∇ · (ρD∇c) throughout the flame (and also ẇc in the reaction
zone) (see Fig. 5.15) and combustion in these cases takes place predominantly in premixed
mode. The high probabilities of small values of Γm × δst/ρ0Sb(φg=1) within the flame, which
is further damped on multiplication with c and the small magnitudes of Ṡliq,c [47] lead to small
magnitudes of Ṡ∗c irrespective of φov and ad . This suggests that the reaction progress variable
evolution in the carrier gaseous phase in these flames resembles to the progress variable evol-
ution in stratified mixtures and the evaporation affects the reaction progress variable transport
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Figure 6.16: Scatter of Γm×δst/ρ0Sb(φg=1) as a function of c coloured with Ṡ∗
ξ
×δst/ρ0Sb(φg=1)

for different values of φov.

principally through the reaction rate of the resulting inhomogeneous mixture but not through
Ṡ∗c . Therefore, the modelling of reaction progress variable evolution employed for turbulent
stratified flames can be utilised for the kind of droplet-laden flames considered here and Ṡ∗c can
be ignored from the reaction progress variable evolution without incurring significant errors.

Figure 6.16 shows that Ṡ∗
ξ

remains small for most of the samples within the flame front
but large magnitudes of Ṡ∗

ξ
are associated with large values of Γm and this trend strengthens

with increasing droplet diameter for a given overall equivalence ratio. It is worthwhile to note
that the variation of mixture fraction ξ provides a measure of mixture inhomogeneity. The
extent of mixture inhomogeneity increases as a result of evaporation, which is reflected in
the increasing trend of Ṡ∗

ξ
with increasing Γm. This is consistent with previously mentioned

locally fuel-rich pockets in the reaction zone for large droplets (e.g. initial ad ⁄δst = 0.06 cases)
with overall lean equivalence ratio φov = 0.8, whereas this behaviour is not observed for small
droplets with initial ad ⁄δst = 0.04 due to faster evaporation of droplets. The simultaneous
occurrence of large magnitudes of Ṡ∗

ξ
and Γm suggests that the possible model expressions for

these quantities cannot be independent of each other.
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6.3 Summary of Key Findings

The dynamic motion of liquid droplets in terms of droplet inertia and the implications of the
two-phase coupling have been analysed for turbulent spherically expanding flames propagat-
ing into droplet-laden mixtures using three dimensional DNS. The main findings can be sum-
marised as follows:

• Evaporation of inertial droplets leads a reacting mixture which has a greater likelihood
of obtaining stoichiometric composition in the flame compared to that of inertialess
droplets. Locally fuel-rich pockets are barely formed within the flame for the cases with
inertialess droplets due to the presence of smaller number of droplets within the flame.

• As the number density of droplets within the flame is greater for inertial droplet cases
than the corresponding inertialess droplet cases, the degree of droplet-induced flame
wrinkling enhances in inertial droplet cases and this is quantified with the broader PDFs
of flame curvature for inertial droplet cases.

• The flame front becomes thicker in the inertialess droplet cases in comparison to the cor-
responding inertial droplet cases. The reduced availability of stoichiometric mixture in
inertialess droplet cases induces the decline of the percentage of heat release rate asso-
ciated with non-premixed combustion. Furthermore, flame surface area and burned gas
volume for the inertialess droplet cases are found to be smaller than the corresponding
cases with inertial droplets.

• The effect of overall equivalence ratio on the slip velocity is found to be insignificant for
the cases considered in this thesis. However, the broader spread of slip velocity in the
cases with large droplets indicates the importance of droplet diameter on the behaviour
of slip velocity.

• The evaporation rate is expressed based on the source term in the mass conservation
equation in the gaseous phase and the mean evaporation rate of large droplets remains
greater than that of small droplets in the region close to the burned gas side.

• The rapid evaporation of droplets in the reaction zone leads high values of dmd/dt
in magnitude which yields positive contribution of the source term associated with two-
phase coupling to the energy conservation equation along with the relatively large values
of droplet temperature.

• The source terms arising due to droplet evaporation considerably contribute to the mass,
momentum, energy and mixture fraction conservation equations in the gaseous phase,
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but the contribution of droplet evaporation is found to be relatively modest for the reac-
tion progress variable transport equation.





Chapter 7

Effects of Configuration: V-Shaped Spray
Flames

This chapter investigates the gaseous phase combustion behaviour in a V-shaped flame config-
uration where fuel is supplied in the form of liquid droplets such that an overall equivalence
ratio of unity is maintained in the unburned gas. The gaseous premixed V-shaped flames with
the same flow conditions are utilised to compare the flame propagation in V-shaped spray
flames with that in the corresponding gaseous premixed flame cases. Furthermore, the beha-
viours of some important features of spray combustion including flame wrinkling, the com-
position of reacting mixture and flame propagation in V-shaped spray flames are compared to
those in spherically expanding spray flames.

7.1 Flame-Droplet-Turbulence Interaction

The V-shaped flame is one of the most commonly used laboratory-scale configurations, which
has been extensively investigated in previous experimental [116, 117, 221–228] and numer-
ical [63, 64, 229–232] studies. Smith and Gouldin [221] proposed an experimental methodo-
logy to measure turbulent flame speed in V-shaped turbulent methane-air flames with different
equivalence ratios and turbulence intensities. Veynante et al. [222, 223] used experimental
data of turbulent premixed propane-air V-flames to analyse the flame surface density transport
statistics. Gouldin [224] and Shepherd [225] investigated the burning and flame propagation
rates by measuring the flame surface area in turbulent premixed V-shaped flames. Shepherd
[225] compared a stagnation point flame with a V-shaped flame and identified important dif-
ferences in flame structure and burning rate between the two flames. A similar conclusion was
drawn by Dunstan et al. [63] based on DNS. Sattler et al. [226] observed a linear increase
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in the mean flamelet area with downstream distance by taking measurements at several axial
distances from the stabilizing rod for turbulent premixed methane/air V-flames. The flame
topology and flame brush thickness for turbulent V-flames at different turbulence intensities
have been experimentally investigated by Kheirkhah and Gulder [233]. Vena et al. [116, 117]
experimentally analysed flame topology and heat release rate statistics for turbulent V-flames
for stratified iso-octane/air mixtures. It was shown by Vena et al. [116] that equivalence ratio
gradients have significant effects on flame wrinkling in comparison to the corresponding fully
premixed reference flame. Sponfeldner et al. [227] concentrated on the statistical behaviours
of principal strain-rates and the local flamelet normal vector in their experimental analysis of
turbulent premixed V-flames.

Detailed and parametric analyses of V-shaped flames based on DNS emerged with the
advancements of high-performance computers. Alshaalan and Rutland [229] performed a
three-dimensional DNS analysis with a single-step chemical mechanism to analyse the adia-
batic and non-adiabatic flame-wall interactions in a V-flame configuration. Domingo et al.
[230] utilised two-dimensional DNS and LES of turbulent premixed V-flames for the develop-
ment and validation of FSD-PDF closures in the context of LES. Bell et al. [231] carried out
three-dimensional DNS for a laboratory-scale turbulent premixed V-shaped flame and repor-
ted a good agreement in the mean flame structure and the mean axial and transverse velocities
between the DNS results and experimental data. Wu et al. [232] investigated the ignition and
propagation of a V-shaped premixed ethylene-air turbulent flame using LES and an increase
in flame angle is observed relative to the laminar cases. Dunston et al. [63, 64] performed an
extensive three-dimensional DNS analysis with single-step chemistry for premixed V-flames
under different turbulence intensities. The expression derived for the turbulent displacement
speed showed a similar trend with the turbulent consumption speed in the downstream of the
flame. However, qualitative differences between the turbulent displacement and consumption
speeds originate due to turbulent and molecular diffusion [63].

Despite significant practical relevance of turbulent combustion of droplet-laden mixtures,
the V-flame configuration has rarely been used [228] for the analysis of spray combustion.
Letty et al. [228] carried out experiments to understand the combustion behaviour of V-shaped
flames in heptane droplet-laden mixtures. They compared temperature distributions between
droplets and gaseous phase mixture and indicated that the presence of droplets significantly
alters the temperature of the gaseous mixture. However, the flame propagation statistics for
droplet-laden mixtures in a V-shaped flame configuration are still incompletely understood
due to the complex interaction between droplets, flame and the background fluid flow. To
address this gap in the existing literature, three-dimensional carrier phase DNS simulations
with modified single-step chemistry have been performed in this section for three different
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Table 7.1: Simulation parameters considered in Chapter 7.

Parameter Value
Initial droplet diameter, ad/δst 0.04,0.05 and 0.06
Overall Equivalence ratio, φov 1.0

Heat release parameter, τ = (Tad(φg=1)−T0)/T0 6.54
Unburned gas temperature at the inlet, T0 300 K
Mean velocity at the inlet, umean/Sb(φg=1) 5.0 and 10.0

Inlet turbulence, u′⁄Sb(φg=1) 2.0
Integral length scale, L11/δst 2.5

Prandtl number, Pr 0.7
Lewis number, Le 1.0

Ratio of specific heats, γ =CG
p /CG

v 1.4
Stokes number, St 0.13

droplet diameters for an overall equivalence ratio of unity in the unburned droplet-laden mix-
ture. The important simulation parameters used in this chapter are summarised in Table 7.1.
In this respect, the main objectives of this analysis are: (i) to demonstrate the evolution of the
gaseous reacting mixture composition within the flame at different axial locations from the
flame holder for V-shaped flames propagating in droplet-laden mixtures, (ii) to explain the in-
fluences of droplet diameter and mean inflow velocity on the reaction zone structure and flame
propagation characteristics at different axial locations from the flame holder and to explain the
differences in flame structure arising from supplying the fuel in liquid form by comparing to a
turbulent gaseous stoichiometric premixed V-shaped flame, (iii) to indicate implications of the
above findings in the context of modelling of turbulent combustion of droplet-laden mixtures.

The contours of reaction progress variable c, gaseous equivalence ratio φg and fuel reaction
rate magnitude |ẇF |×δst/ρ0Sb(φg=1) on the central x− y mid-plane at t = 2.0t f low are shown
in Fig. 7.1 for initial droplet diameters ad ⁄δst = 0.04,0.05,0.06 with a mean inlet velocity of
umean⁄Sb(φg=1) = 5.0. The droplets residing on the plane are illustrated by grey dots. It can be
seen from the reaction progress variable distributions shown in Fig. 7.1 that the background
fluid turbulence creates wrinkling on the flame surface. It is worth noting that fuel is supplied
in the form of liquid droplets at the inlet which is placed on the left-hand side of the domain.
Liquid fuel droplets, distributed randomly but statistically uniform in space at the inlet plane,
are introduced with a temperature of T0 = 300K. The mass flux of liquid fuel at the inlet plane
is estimated based on the values of umean and φov. These droplets shrink in size due to evapor-
ation as they approach the flame (see insets in Fig. 7.1) and the combustion of the evaporated
gaseous fuel sustains the V-shaped flame. It can be seen from Fig. 7.1 that small droplets with
initial ad ⁄δst = 0.04 mostly complete their evaporation by halfway in the streamwise direction
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Figure 7.1: Instantaneous distributions of (a) reaction progress variable c (b) gaseous equival-
ence ratio φg and (c) fuel reaction rate magnitude |ẇF | × δst/ρ0Sb(φg=1) on the central x− y
midplane for initial ad ⁄δst = 0.04,0.05,0.06 at t = 2.0t f low. Blue lines show c = 0.1,0.5 and
0.9 contours from outer to inner periphery and grey dots show the droplets residing on the
plane (not to scale).
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due to their high evaporation rate, whereas large droplets with initial ad ⁄δst = 0.05 and 0.06
survive longer due to their lower evaporation rate and interact more with the flame than smal-
ler droplets. Although an overall stoichiometric fuel-air mixture is provided in the unburned
gas (note that fuel in the gaseous phase is absent at the inlet), the evaporation ahead of the
flame is not sufficient to produce a gaseous stoichiometric mixture (i.e. φg = 1.0) and this
tendency is particularly prevalent for the case with initial ad ⁄δst = 0.06. Although the gaseous
phase combustion in V-flames takes place under φg < 1.0 for all droplet cases, the likelihood
of finding fuel-air mixture corresponding to φg ≈ 1.0 is comparatively higher for the initial
ad ⁄δst = 0.04 case. This behaviour arises due to the faster evaporation of smaller droplets.
Some of the droplets penetrate the flame structure in the ad ⁄δst = 0.06 case and they eventu-
ally evaporate in the reaction zone and in the burned gas to produce local islands of fuel-rich
(i.e. φg > 1.0) mixtures. It is worth noting that the evaporation of droplets leads to higher
availability of fuel vapour, which in turn gives rise to local islands of high reaction rate mag-
nitude |ẇF |× δst/ρ0Sb(φg=1) as can be seen from Fig. 7.1c where the magnified views of the
regions with φg ≈ 1.0 are shown. The latent heat of evaporation Lv affects the temporal evol-
ution of droplet temperature dTd ⁄dt through the Spalding number Bd . Most droplets complete
their evaporation process in the reaction zone, and thus the latent heat of evaporation acts to
reduce the temperature and reaction rate magnitude, but the availability of the fuel vapour due
to evaporation tends to increase reaction rate magnitude. The relative strengths of these two
competing effects determine the net effect of the latent heat on the reaction zone. However,
the extraction of the latent heat reduces the temperature of the gas within the preheat zone
which acts to reduce the most probable burned gas temperature in comparison to the adiabatic
flame temperature of the stoichiometric mixture. This was discussed earlier by Nakamura et
al. [52] and Wacks et al. [47] and the qualitatively similar behaviour has been observed in the
flames considered here and thus are not explicitly shown here.

In order to illustrate the composition of the gaseous phase mixture within the flame, the
PDFs of the gaseous phase equivalence ratio φg within the region given by 0.01 ≤ c ≤ 0.09
at three different axial locations (i.e. at distances x⁄δst = 9,13 and 17 from the flame holder,
which are indicated as locations A,B and C, respectively) are presented in Fig. 7.2. It is evident
from Fig. 7.2 that combustion predominantly takes place under fuel-lean mode for all locations
and droplet diameters. However, the cases with small droplets (i.e. initial ad ⁄δst = 0.04 and
0.05 cases) show a considerable likelihood of finding φg ≈ 1.0, especially at locations B and
C. Furthermore, the PDF of φg for large droplets with initial ad ⁄δst = 0.06 shows a mild peak
at φg = 1.0 at all locations but the probability of obtaining φg < 1.0 remains greater than that
of finding φg ≥ 1.0 in all cases. The probability of having a fuel-lean mode of combustion
decreases in the downstream direction due to the increased availability of fuel vapour as a



174 Effects of Configuration: V-Shaped Spray Flames

Figure 7.2: PDFs of φg in the region corresponding to 0.01 ≤ c ≤ 0.99 at different locations
A,B and C (top to bottom) for initial ad ⁄δst = 0.04 ( ), 0.05 ( ) and 0.06 ( ).



7.1 Flame-Droplet-Turbulence Interaction 175

result of evaporation of droplets. For example, the droplet number density ρ1⁄3
N δth in the region

corresponding to 0.01 ≤ c ≤ 0.99 drops by 30%, 4% and 1.14% at location C in comparison
to location A for the cases with initial ad ⁄δst = 0.04,0.05 and 0.06, respectively. Therefore,
the flame at plane A is leaner than in plane C, which can be substantiated from the fact that
the time-averaged values of φg for ad ⁄δst = 0.04 are 0.88,0.89 and 0.90, for ad ⁄δst = 0.05
are 0.83,0.85 and 0.87, for ad ⁄δst = 0.06 are 0.74,0.77 and 0.79, at locations A,B and C,
respectively. It is worth noting that the PDFs of φg in Fig. 7.2 are shown only for 0.01 ≤ c ≤
0.99. Furthermore, a comparison between Figs. 7.1a and 7.1b reveals that it is possible that
there are local islands of highly fuel-rich mixtures in the fully burned regions. This highly
fuel-rich mixture composition is formed because of the mixing of evaporated vapour from the
neighbourhood of a droplet and also due to small number of droplets which escape through the
flame due to turbulent motion and complete the evaporation in the high temperature zone in
the region with c = 1.0. Some of these unburned fuel-pockets eventually diffuse into the flame
and mix with the air diffusing from the unburned gas side to give rise to local diffusion mode
of burning, which will be discussed later in this chapter. Moreover, a close inspection of Fig.
7.2 reveals that the peak value of the PDF of φg at location C is found close to φg = 1.0 (i.e.
most probable value of φg is going to be close to 1.0). This clearly indicates that the PDF of φg

within the flame is likely to see a peak at φg = 1.0 and a mean value of φg close to unity in the
case of ad ⁄δst = 0.04 at a location which is further away from the flame holder than the location
C. This behaviour can also be discerned from the distributions of φg in Fig. 7.1b. It is worth
noting that the fuel-lean nature of the gaseous reacting mixture is qualitatively consistent with
the previous findings for laminar flame calculations [115], statistically planar turbulent spray
flames [48] and spherically expanding turbulent spray flames (see Section 4.2). Thus, this fuel-
lean nature of the gaseous phase combustion for globally stoichiometric (i.e. φov = 1.0) spray
flames has been found to be mostly independent of the flame configuration but is influenced
by the liquid droplet size, turbulence intensity and number density of liquid droplets [1, 48].
However, droplets interact with both statistically planar and spherically expanding flames at
all stages of their propagation into the unburned gas but in turbulent V-spray flames, droplets
travel in the mean flow direction during the evaporation process. As a result, the frequency
of flame-droplet interaction decreases and the mean value of φg increases in the downstream
direction.

It is worth noting that droplets do not evaporate instantly and the evaporated fuel vapour
does not immediately homogeneously mix to produce a mixture with φg = 1.0 even when the
overall equivalence ratio φov takes a value of 1.0. Thus the limiting case for small diameter is
a gaseous stratified mixture flame but not a premixed flame, but this stratification cannot be a
priori characterised. It has been shown in previous analyses on stratified combustion [77, 234]
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Table 7.2: Variation of the mean droplet diameter normalised by its initial value ad,m/ad in
the unburned gas region at locations A,B and C.

ad/δst 0.04 0.05 0.06

A
0 ≤ c < 0.1 0.36 0.60 0.74

0.1 ≤ c < 0.3 0.25 0.45 0.64
0.3 ≤ c < 0.5 Absent 0.33 0.54

B
0 ≤ c < 0.1 0.29 0.54 0.70

0.1 ≤ c < 0.3 0.20 0.39 0.59
0.3 ≤ c < 0.5 Absent 0.29 0.49

C
0 ≤ c < 0.1 0.23 0.49 0.67

0.1 ≤ c < 0.3 0.15 0.32 0.54
0.3 ≤ c < 0.5 Absent 0.27 0.43

that the burning rate and flame front thickness for stratified mixture with a mean equivalence
ratio of φg = 1.0 can be smaller than in the stoichiometric premixed flames due to smaller
burning rates of φg < 1.0 and φg > 1.0 mixtures.

The mean droplet diameters for 0 ≤ c < 0.1, 0.1 ≤ c < 0.3 and 0.3 ≤ c < 0.5 at locations
A,B and C are shown in Table 7.2. It is worth noting that only few droplets survive for
c > 0.5 so the statistical average based on limited samples are not meaningful. It can be
seen from Table 7.2 that the mean droplet size decreases due to evaporation as c increases
but the differences in the mean droplet diameter increase within the flame because smaller
droplets evaporate faster. It can also be seen from Table 7.2 that the mean droplet size in
the region corresponding to 0 ≤ c < 0.1 remains comparable to the initial values of ad/δst

for large droplets, whereas smaller droplets are mostly evaporated when they reach location
A as shown in Fig. 7.1. The evaporation process before reaching the location A leads to
significant diameter differences between the cases with different droplet diameters in the V-
flame configuration. Therefore, the mean droplet sizes in the zones corresponding to 0 ≤ c <
0.1, 0.1 ≤ c < 0.3 and 0.3 ≤ c < 0.5 consist of a wide spread of droplet diameter at location
A due to high (low) evaporation rate of small (large) droplets.

The Damköhler and Karlovitz numbers for the stoichiometric gaseous mixture based on
the inlet values of u′⁄Sb(φg=1) and L11⁄δst are 1.25 and 1.79, respectively. The predominant
likelihood of fuel-lean combustion in these droplet V-flame cases is expected to increase the
Karlovitz number and decrease the Damköhler number of the underlying combustion process
in comparison to Da(φg=1) and Ka(φg=1), respectively. The local Damköhler number can al-

ternatively be estimated by DaL = LturbS2
b,ξ/urmsαT 0 with Lturb = k̃1.5/ε̃ and urms =

√
2k̃/3

being local turbulent length scale and root-mean-square velocity with k̃ and ε̃ being the Favre-
averaged turbulent kinetic energy and its dissipation rate, respectively. Here Sb,ξ is the lam-
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Figure 7.3: PDFs of c conditional on c̃ = 0.1,0.5 and 0.9 at different locations A,B and C (top
to bottom) for initial ad ⁄δst = 0.04, 0.05 and 0.06 with a mean inlet velocity of umean⁄Sb(φg=1) =
5.0. See Fig. 7.2 caption for the colour keys.

inar burning velocity corresponding to φR = ξ̃ (1 − ξst)/[ξst(1 − ξ̃ )]. The local values of
the Damköhler number are exemplarily provided at the location corresponding to c̃ = 0.5,
which for ad ⁄δst = 0.04 are 0.79, 0.92 and 1.09, for ad ⁄δst = 0.05 are 0.49,0.71 and 1.00, for
ad ⁄δst = 0.06 are 0.27,0.40 and 0.62, for the premixed case are 3.66,3.93 and 3.99 at locations
A,B and C, respectively. Similarly, the corresponding values of the local Karlovitz number
(KaL = (urms/Sb,ξ )

1.5(LturbSb,ξ/αT 0)
−0.5) based on k̃, ε̃ and Sb,ξ values at the location cor-

responding to c̃ = 0.5 for ad ⁄δst = 0.04 are 1.79,1.74 and 1.79, for ad ⁄δst = 0.05 are 2.60,2.18
and 1.87, for ad ⁄δst = 0.06 are 4.12,3.33 and 2.75, for the premixed case are 3.77,3.39 and
2.91 at locations A,B and C, respectively. According to these estimated values of DaL and
KaL, combustion takes places in the thin reaction zones regime [93]. The expression "thin re-
action zones regime" refers to a condition where the reaction zone thickness remains smaller
than the Kolmogorov length scale, and thus the reaction processes remain quasi-laminar. In
this sense, the reaction occurs in a thin region in comparison to the dissipative length scale
of turbulence. The differences in DaL and KaL values between gaseous premixed and droplet
flames arise due to the differences in respective Sb,ξ , k̃ and ε̃ values originating from mix-
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ture composition and also due to the difference in turbulence evolution within the flame front.
This behaviour can be further illustrated by the PDFs of reaction progress variable c on the
isosurfaces of the Favre-averaged reaction progress variable c̃ = 0.1,0.5 and 0.9 at locations
A,B and C, which are shown in Fig. 7.3, whereas the contours of c̃ = 0.1,0.5 and 0.9 for the
cases considered here are shown in Fig. 7.4a. In this thesis, the Favre averaging is carried out
by averaging in time (i.e. over flow through time t f low) and space (i.e. spanwise z-direction).
For high values of Damköhler number (i.e. Da(φg) ≫ 1), the PDFs of c are expected to be
bimodal with impulses at c = 0.0 and c = 1.0 [235], but Fig. 7.3 shows that the PDFs of c do
not remain bimodal (in fact the PDFs are nearly monomodal in some instances for the cases
considered here) and the probability of finding reacting mixture (i.e. 0.0 < c < 1.0) remains
significant for all locations irrespective of the value of c̃. The departure of the PDFs of c from
the bimodal distribution with impulses at c = 0.0 and c = 1.0 provides the signature of low
Damköhler number combustion (i.e. Da(φg) < 1) for the cases considered in this section. This
suggests that combustion in these V-shaped flames takes place in the thickened flame regime
and this behaviour is prominent for the case with initial ad ⁄δst = 0.06, where local occurrences
of flame thickening can be discerned from Fig. 7.1. Moreover, the appearance of the morpho-
logy of these V-flame surfaces has been found to be qualitatively similar to the experimental
visualisations of premixed V-flames in the thickened flame regime [233]. The turbulent Reyn-
olds number remains moderate for all cases considered in this section. Turbulence decays
within the flame and kinematic viscosity increases with increasing c as a result of temperature
rise. This clearly suggests that the flame is weakly turbulent, and the effects of intermittency
are expected to be prevalent in these flames. As a consequence, the internal flame structure
remains quasi-laminar in nature but the combination of Da < 1 and weak turbulence suggests
that the local occurrences of flame-front thickening take place due to penetration of occasional
turbulent eddies within the preheat zone and thus the preheat zone is perturbed, but the reac-
tion zone remains quasi-laminar. This is consistent with the aforementioned Karlovitz number
values suggesting the thin reaction zones regime combustion [93] in the cases considered in
this section.

7.2 Flame Brush Thickness and Flame Angle

It can be seen from Fig. 7.4 that the distance between c̃ = 0.1 and 0.9 isosurfaces (i.e.
δT (0.1−0.9)) at a given x-location increases in the downstream direction from the flame holder,
which is consistent with turbulent diffusion theory [21, 93, 236, 237]. This behaviour is qual-
itatively similar to turbulent premixed V-flame simulations [63, 64, 233]. The flame brush
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Figure 7.4: (a) Contours of c̃ = 0.1 (solid line), 0.5 (dashed line) and 0.9 (dotted line) contours
for gaseous premixed ( ) case and droplet cases with initial droplet diameter ad ⁄δst = 0.04
( ), 0.05 ( ) and 0.06 ( ). The dashed purple lines show the sampling locations
(A,B,C from left to right), and the dotted black line shows the flame centre, (b) Distributions
of c̃ at the bottom half of the domain for initial ad ⁄δst = 0.04 (1st row), 0.05 (2nd row) and 0.06
(3rd row) with a mean inlet velocity of umean⁄Sb(φg=1) = 5.0. Black lines show the contour lines
of c̃ = 0.1,0.5 and 0.9 from outer to the inner periphery and red lines are tangents to contour
lines at locations A,B and C (left to right).
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Table 7.3: Flame brush thickness at locations A,B and C for the gaseous premixed flame
case (GP) and spray flames with different droplet diameters for a mean inlet velocity of
umean⁄Sb(φg=1) = 5.0.

ad/δst GP 0.04 0.05 0.06
δT (0.1−0.9)/δst at A 3.14 3.45 3.38 3.23
δT (0.1−0.9)/δst at B 3.34 4.13 4.00 3.75
δT (0.1−0.9)/δst at C 3.70 4.50 4.40 4.06

δT,c̄/δst at A 3.04 3.50 3.33 3.18
δT,c̄/δst at B 3.12 4.27 4.12 3.83
δT,c̄/δst at C 3.35 4.79 4.97 4.35
δT,c̃/δst at A 2.47 2.82 2.69 2.72
δT,c̃/δst at B 2.34 3.28 3.12 3.09
δT,c̃/δst at C 2.37 3.84 3.62 3.45

thickness δT,c̃ at a given location can be quantified as:

δT,c̃ = 1/max|∇c̃| (7.1)

Alternatively, a flame brush thickness δT,c can be defined as:

δT,c̄ = 1/max|∇c̄| (7.2)

The values of δT (0.1−0.9)/δst , δT,c̃/δst and δT,c̄/δst are reported in Table 7.3 for locations
A,B and C. It can be seen from Table 7.3 that the values of δT,c̄/δst and δT (0.1−0.9)/δst for the
droplet cases remain close to each other, but the value of δT,c̃/δst remains smaller than δT,c̄/δst

and δT (0.1−0.9)/δst . A comparison with the corresponding gaseous premixed flame indicates
that the flame brush is thicker in droplet cases than in the premixed gaseous case. It has been
shown in Fig. 7.2 that spray flames experience considerable amount of fuel-lean (i.e. φg < 1.0)
mixture, and the flamelet thickness (∼ αT 0/Sb(φg)) is expected to be greater, whereas laminar
burning velocity Sb(φg) is smaller than the corresponding values for the stoichiometric pre-
mixed flame. Thus, the spray flames experience higher values of turbulence intensity u′/Sb(φg)

and are expected to show greater values of flamelet thickness and a combination of these gives
rise to greater values of flame brush thickness in the spray flames than in the stoichiometric
premixed flames, which can be substantiated from Table 7.3. It is worth noting that the evol-
ution of turbulence (i.e. rms turbulent velocity and length scale) within the spray flames for
different droplet sizes are likely to be different, which plays a role in determining the flame
brush thickness [238]. For example, the decay of turbulence across the flame is likely to be
less rapid for large droplets in comparison to small droplets because the effects of heat release
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Table 7.4: Flame angle θ for c̃ isosurfaces at locations A,B and C for the gaseous premixed
flame case (GP) and spray flames with different droplet diameters for a mean inlet velocity of
umean⁄Sb(φg=1) = 5.0.

ad/δst GP 0.04 0.05 0.06
Flame angle θc̃=0.1 for c̃ = 0.1 at A 16.06° 20.47° 20.42° 18.88°
Flame angle θc̃=0.1 for c̃ = 0.1 at B 13.56° 15.76° 16.12° 14.80°
Flame angle θc̃=0.1 for c̃ = 0.1 at C 17.12° 15.46° 16.58° 17.00°
Flame angle θc̃=0.5 for c̃ = 0.5 at A 14.66° 14.66° 14.49° 11.72°
Flame angle θc̃=0.5 for c̃ = 0.5 at B 7.21° 12.07° 12.06° 15.44°
Flame angle θc̃=0.5 for c̃ = 0.5 at C 10.95° 13.04° 14.37° 14.99°
Flame angle θc̃=0.9 for c̃ = 0.9 at A 13.46° 9.82° 11.20° 11.62°
Flame angle θc̃=0.9 for c̃ = 0.9 at B 10.57° 9.31° 9.96° 9.49°
Flame angle θc̃=0.9 for c̃ = 0.9 at C 10.54° 9.62° 10.22° 12.18°

are likely to be weaker due to burning of leaner mixtures. Therefore, the flame brush thickness
for spray flames is not dictated only by the droplet diameter but also by the length scale and
turbulence intensity within the flame brush, which is beyond the scope of this analysis. It is
also worth noting that a premixed flame is not the limiting case of the small droplet diameter
so it should not be expected that the premixed flame is going to follow the trend shown by the
spray flames.

The change in the flame brush thickness in the flow direction indicates that the angles
made by the tangent on the c̃ = 0.1,0.5 and 0.9 contours with the mean flow direction (i.e.
x-direction) are expected to be different, which can also be verified from Table 7.4 where the
angles θc̃=0.1, θc̃=0.5 and θc̃=0.9 for c̃ = 0.1,0.5 and 0.9 isosurfaces are also listed for locations
A,B and C. The angles θc̃=0.1, θc̃=0.5 and θc̃=0.9 are evaluated by using the slope of the tangents
at locations A,B and C on the contour lines of c̃ = 0.1,0.5 and 0.9, as shown in Fig. 7.4b.

It can be seen from Fig. 7.4 that the contours of c̃ are mildly curved for the cases con-
sidered in this section. However, this trend weakens with increasing c̃ value, which can be
substantiated from θc̃=0.1, θc̃=0.5, θc̃=0.9 values listed in Table 7.4. The flame angle θc̃=0.9 for
droplet cases is found to be smaller than that for the gaseous premixed case, whereas the flame
angle θc̃=0.1 for droplet cases remains larger than that for the gaseous premixed case at most
locations. These differences originate as a result of the differences in flame brush thicknesses
reported in Table 7.3, which in turn originate due to the differences between the composition
of the gaseous mixture within the flame and the evolution characteristics of turbulence within
the flame brush. It can be seen from Table 7.4 that θc̃=0.1 changes appreciably with the axial
distance and a similar qualitative trend is observed for θc̃=0.5 but the variation of θc̃=0.5 in the
axial distance is much weaker than that of θc̃=0.1. Moreover, θc̃=0.9 does not change much in
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Figure 7.5: PDFs of φg conditional on c̃ = 0.1,0.5 and 0.9 isosurfaces at different locations
A,B and C (top to bottom) for initial ad ⁄δst = 0.04, 0.05 and 0.06 with a mean inlet velocity of
umean⁄Sb(φg=1) = 5.0. See Fig. 7.2 caption for the colour keys.

the axial direction for the cases considered in this section. In order to explain this behaviour,
the PDFs of φg on c̃ = 0.1,0.5 and 0.9 isosurfaces at different axial locations are shown in
Fig. 7.5. It is evident from Fig. 7.5 that the PDFs of φg are considerably different for differ-
ent droplet diameters with higher probabilities of finding fuel-lean mixture for bigger droplet
diameters. However, Fig. 7.5 shows that the mean value of φg increases in the downstream
direction but the difference in the PDFs of φg decreases with increasing c̃, and with the axial
distance because of the increased extents of droplet evaporation. Thus, the increase in the
mean value of φg in the downstream direction is most prominent for c̃ = 0.1, which gives
rise to its curved contours and relatively significant variations of θc̃=0.1 in the axial direction.
Figure 7.5 reveals that the mean φg values for c̃ = 0.9 contours do not change appreciably in
the downstream direction, and therefore, the contours of c̃ = 0.9 remain straight for the cases
considered here. Moreover, the gaseous equivalence ratio φg values remain comparable for
c̃ = 0.5 and 0.9 for different droplet diameters, and therefore, these contours almost coincide
with each other for different values of ad/δst . It is worth noting that the variation of the PDFs
shown in Fig. 7.5 in the flow direction remains weaker than that in Fig. 7.2. In Fig. 7.5, the
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PDFs of φg are shown for a given c̃ = ρ̄−1 ∫ 1.0
0 ρcP(c)dc isosurface where P(c) is the PDF of

c and ρ̄ is the mean density. Thus φg from different c values contribute to this and the gaseous
phase equivalence ratio φg values for small values of c are expected to be small. Consequently,
the PDFs of φg from locations A to C in Fig. 7.5 do not change as much as the PDFs in Fig.
7.2 change from the location A to location C.

7.3 Reaction Zone Structure

The flame angles and flame brush thicknesses are dependent on the reacting mixture composi-
tion in the gaseous phase, flame wrinkling and flame propagation rates. Thus, it is worthwhile
to examine the statistical behaviours of gaseous equivalence ratio φg, flame curvature κm,
mode of combustion and local consumption and density-weighted displacement speeds (i.e.
Sc and S∗d).

The presence of droplets significantly affects the flame morphology and induces flame
wrinkling due to flame-droplet interaction [119]. In order to understand the flame-droplet
interaction, the instantaneous views of c = 0.5 isosurfaces, coloured by local values of flame
curvature κm × δst for all cases considered in this section are shown in Fig. 7.6. It can be
seen from Fig. 7.6 that the flame surface remains smooth for the gaseous premixed flame
case, and also for the droplet case with small droplets, which evaporate rapidly ahead of
the flame and do not significantly interact with the flame surface. By contrast, the flame
surfaces are significantly affected by large droplets and exhibit dimples in addition to the flame
wrinkles induced by the turbulent flow field. The occurrences of flame-droplet interaction
events increase in the downstream direction for larger droplets because they can survive longer
in the domain due to their lower evaporation rate and bigger size.

The PDFs of local normalised flame curvature κm×δst of the c= 0.8 isosurface at different
planes (i.e. A,B and C) for all droplet cases and the gaseous premixed flame case considered
in this section are shown in Fig. 7.7. The PDFs of κm × δst peak at around zero value and
show similar widths for all droplet cases at locations A,B and C. However, the width on
the PDF of κm ×δst marginally increases with increasing ad/δst , which bears the signature of
droplet-induced flame wrinkling for larger droplets. This behaviour is consistent with previous
computational findings for spherically expanding spray flames (see Section 4.2) for weak tur-
bulence intensities. Furthermore, a comparison between gaseous premixed and droplet cases
reveals that PDFs of κm × δst for spray flames have a wider distribution at planes A and B
where droplet-flame interactions mainly occur. However, the difference in the distributions
of κm × δst between spray and gaseous premixed flame cases decreases in the flow direction
because droplets increasingly evaporate in the axial direction and flame-droplet interaction
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Figure 7.6: Instantaneous views of c= 0.5 isosurface coloured with κm×δst values for gaseous
premixed and spray flames with initial ad ⁄δst = 0.04,0.05,0.06 at t = 2.0t f low.
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Figure 7.7: PDFs of κm ×δst of the c = 0.8 isosurface at locations A,B, and C (top to bottom)
for gaseous premixed ( ) and V-shaped spray flames with initial ad ⁄δst = 0.04, 0.05 and
0.06. See Fig. 7.2 caption for the colour keys.
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Figure 7.8: Percentage of heat release arising from premixed (for initial ad ⁄δst = 0.04 (�),
0.05(�), 0.06 (�)) and non-premixed (for initial ad ⁄δst = 0.04 (�), 0.05 (�), 0.06 (�)) modes
of combustion at locations A,B and C (left to right).

becomes less frequent. The differences in the widths of κm ×δst PDFs are consistent with the
differences in flame brush thicknesses for different droplets.

The percentages of heat release rate arising from the premixed and non-premixed modes
of combustion are demonstrated in Fig. 7.8 for all droplet cases considered in this section at
locations A,B and C. Figure 7.8 indicates that for all cases heat release mostly takes place
under premixed mode at all locations. Thus, the gaseous phase combustion in these cases
takes place mostly in stratified mixtures. However, it can be discerned from Fig. 7.8 that the
percentage of overall heat release due to non-premixed combustion is greater in extent in the
case with initial ad ⁄δst = 0.06 than the corresponding cases with initial ad ⁄δst = 0.04 and 0.05.
A careful examination of Fig. 7.2 reveals that there is a small peak at φg = 1.0 in the PDFs
of φg for the initial ad ⁄δst = 0.06 case, which originates due to the non-premixed mode of
combustion. Due to slow evaporation rate of large droplets with the initial ad ⁄δst = 0.06 case
gives rise to higher likelihood of obtaining local islands of high and low fuel concentration than
the other corresponding cases with smaller droplets, and this gives rise to the strengthening
of the non-premixed mode of combustion in the case of large droplets (e.g. cases with initial
ad ⁄δst = 0.06). A small number of droplets in the case of large droplet diameter (e.g. cases
with initial ad ⁄δst = 0.06) escape through the flame due to turbulent motion and complete the
evaporation in the high temperature zone in the region with c = 1.0. Some of these unburned
fuel-pockets eventually diffuse into the flame and mix with the air diffusing from the unburned
gas side to give rise to local diffusion mode of burning.
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7.4 Statistical Analysis of Flame Speeds

As the heat release takes place predominantly under premixed mode, it is necessary to analyse
the flame propagation statistics for the flames considered in this section. For this reason, it is
worthwhile to analyse the terms on the right-hand side of the transport equation of reaction
progress variable c (see Eq. 2.52), as they govern the statistical behaviours of density-weighted
displacement speed S∗d . The mean values of the terms ẇc, Ṡliq,c, Ȧc and ∇ ·(ρD∇c) conditional
on c for locations A,B and C are shown in Fig. 7.9. The terms contributing to the flame
displacement speed Sd are ensemble averaged for a given value of c for 30 equally spaced bins
of c between 0.01 and 0.99, and these values are subsequently time-averaged before presenting
in Fig. 7.9. The same approach was adopted in several previous analyses [45, 46, 73, 81, 82,
191].

Figure 7.9 suggests that the mean molecular diffusion term ∇ · (ρD∇c) takes positive val-
ues in the preheat zone (i.e. c < 0.5), whereas it assumes negative values and remains in ap-
proximate balance with the positive mean value of ẇc in the reaction zone (i.e. 0.5 ≤ c ≤ 0.9)
for both gaseous premixed and spray V-shaped flames. It is evident from Fig. 7.9 that the
mean values of ẇc for droplet cases are smaller than the gaseous premixed case. This trend
originates due to slower burning of stratified mixtures with φg < 1.0 and φg > 1.0 in the
droplet cases than in the stoichiometric (i.e. φg = 1.0) premixed flame. The mean values
of ẇc decreases with increasing droplet diameter due to the increased propensity of fuel-lean
burning in the gaseous phase. Furthermore, the mean values for all terms show similar trends
at locations A,B,C for all droplet diameters. The mean values of the terms arising due to
droplet evaporation Ṡliq,c and mixture inhomogeneity Ȧc remain much smaller in magnitude
in comparison to the magnitudes of the mean values of ẇc and ∇ · (ρD∇c) throughout the
flame, which is consistent with previous findings for statistically planar [47] and spheric-
ally expanding (see Section 5.5) flames. It can further be seen from Fig. 7.9 that the mean
value of ρSd|∇c| = [∇ · (ρD∇c)+ ẇc + Ṡliq,c + Ȧc] remains smaller than the mean value of
ρ0Sb(φg=1)|∇c| for all cases considered here in spite of having an overall equivalence ratio of
unity (i.e. φov = 1.0) in the unburned gas. This suggests that the surface-weighted value of
density-weighted displacement speed (i.e. ratio of averaged/filtered values of S∗d|∇c| and |∇c|)
[191, 239] in all cases remains smaller than Sb(φg=1) due to the predominance of the fuel-lean
mixture within the flame in spite of having φov = 1.0 in the unburned gas. Figure 7.9 also
reveals that the mean value of ρ0Sb(φg=1)|∇c| decreases with increasing droplet diameter. The
inverse of the maximum mean value of |∇c| provides a measure of the flamelet thickness (i.e.
δ ∼ 1/max|∇c|) at a given location. The smaller peak mean value of ρ0Sb(φg=1)|∇c| for lar-
ger droplets indicates a thicker flame because ρ0Sb(φg=1) remains the same for all cases. As
the probability of finding fuel-lean mixture increases for larger droplets, the small values of
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Figure 7.9: Variations of mean values of ẇc (solid line), ∇ · (ρD∇c) (line with star marker),
Ȧc (dotted line), Ṡliq,c (triangle marker), ρSd|∇c| (dashed line) and ρ0Sb(φg=1)|∇c| (circle)
conditional on c for premixed gaseous ( ) and droplet cases with initial ad ⁄δst = 0.04 ( ),
0.05 ( ) and 0.06 ( ) at locations A,B,C (top to bottom). All terms are normalised by
δst/ρ0Sb(φg=1).
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Figure 7.10: The mean values of Sc/Sb(φg=1), S∗d/Sb(φg=1), Sc/Sb(⟨φg⟩) and S∗d/Sb(⟨φg⟩) on the
c = 0.8 isosurface at locations A−C.

Sb(φg) are more likely for larger droplets and accordingly flamelet thickness (which scales as
δ ∼ αT 0/Sb(φg)) increases with increasing droplet diameter. Thus, the occurrences of local
flame thickening for large values of ad ⁄δst showed in Fig. 7.1 is consistent with the observa-
tions regarding local flame thickening for large droplets.

The aforementioned behaviours of ∇ · (ρD∇c), ẇc, Ṡliq,c and Ȧc affect the statistical be-
haviours of S∗d , whereas ẇc and the flame thickness determine the behaviour of consumption
speed Sc. The normalised mean values of consumption speed Sc/Sb(φg=1) and Sc/Sb(⟨φg⟩) and
density-weighted displacement speed S∗d/Sb(φg=1) and S∗d/Sb(⟨φg⟩) evaluated on the c = 0.8

isosurface at locations A,B and C are shown in Fig. 7.10 where
〈
φg
〉

is the averaged equi-
valence ratio on the c = 0.8 isosurface at this location and Sb(⟨φg⟩) is the laminar burning

velocity corresponding to
〈
φg
〉
. As the consumption speed Sc is directly dependent on ẇc,

the mean values of Sc/Sb(φg=1) show a qualitatively similar trend as the mean values of ẇc.
Therefore, the mean values of consumption speed for the gaseous premixed V-shaped flame
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Table 7.5: Time averaged normalised values of As =
∫

V |∇c|dV , Ap,c̃,

ΩF =
∫

V |ẇF |dV/ρ0δ 2
stSb(φg=1), S =

∫
V ẇcdV/

[
ρ0Sb(φg=1)

∫
V |∇c|dV

]
, S′ =∫

V ẇcdV/
[
ρ0Sb(φ f )

∫
V |∇c|dV

]
for the gaseous premixed flame case (GP) and spray

flames with different droplet diameters.

ad ⁄δst GP 0.04 0.05 0.06
As/δ 2

st 1797 1722 1684 1708
Ap,c̃=0.1/δ 2

st 1600 1494 1499 1498
Ap,c̃=0.5/δ 2

st 1495 1404 1408 1413
Ap,c̃=0.9/δ 2

st 1432 1350 1354 1358
ΩF 118 75 68 58
S 1.06 0.77 0.71 0.60
S′ 1.00 1.00 1.11 1.41

case assume considerably greater values than those for droplet cases. However, the mean val-
ues of S∗d/Sb(φg=1) remain different from the mean values of Sc/Sb(φg=1) due to the combined
influences of Ṡliq,c, Ȧc, ∇ � (ρD∇c) and ẇc (but predominantly due to ∇ · (ρD∇c) and ẇc). The
mean values of S∗d/Sb(φg=1) for a given value of ad ⁄δst remain comparable at locations A,B
and C but slight variations can be discerned between the mean values corresponding to these
locations. The mean values of S∗d/Sb(φg=1) remain close to unity for the gaseous premixed
case. Moreover, the mean values of Sc/Sb(φg=1) show decreasing trends with increasing ad ⁄δst

because of the greater likelihood of obtaining fuel-lean mixtures for larger droplets (see Figs.
7.2 and 7.5).

Another alternative way to present the mean values of consumption and density-weighted
displacement speeds is to normalise them with respect to the laminar burning velocity Sb(⟨φg⟩)
for the mean equivalence ratio

〈
φg
〉

within the flame. However, the value of Sb(⟨φg⟩) changes
from one location to another, and therefore, the relative magnitudes of Sc and S∗d cannot be
assessed from the values of Sc/Sb(⟨φg⟩) and S∗d/Sb(⟨φg⟩). The values of Sb(⟨φg⟩) remain smaller
than Sb(φg=1) for all the droplet cases considered here and this tendency is most prominent for
large droplet diameters (e.g. initial droplet size of ad ⁄δst = 0.06). This can be seen from the
wider PDFs of φg with increasing ad/δst in Figs. 7.2 and 7.5, and therefore, the probability of
obtaining burning more reactive φg(≈ 1.0) >

〈
φg
〉

mixture increases with increasing droplet
size in the droplet cases. This leads to increasing trends of Sc/Sb(⟨φg⟩) and S∗d/Sb(⟨φg⟩) with in-
creasing ad/δst in contrast to the variations of Sc/Sb(φg=1) and S∗d/Sb(φg=1), and this behaviour
is more prominent at location A than in locations B and C since the leaner combustion yields
small laminar burning velocities at location A.

The time-averaged values of flame surface area As, the normalised volume integrated fuel
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reaction rate magnitude ΩF (the volume integrated reaction progress variable reaction rate
Ωc =

∫
V ẇcdV/ρ0δ 2

stSb(φg=1) shows the same qualitative trend and thus is not shown here)
and the normalised ratio of volume-integrated product formation rate to the flame surface
area S =

∫
V ẇcdV/

[
ρ0Sb,st

∫
V |∇c|dV

]
are listed in Table 7.5, which shows that As remains

comparable for all cases with different initial droplet diameter. The probability of finding
smaller values of |∇c| is greater in the case with initial ad ⁄δst = 0.05 than in the case with
initial ad ⁄δst = 0.04, which contributes to the smaller flame surface area As for the initial
ad ⁄δst = 0.05 case than that in the ad ⁄δst = 0.04 case. Although the probability of finding
smaller values of |∇c| is greater in the case with initial ad ⁄δst = 0.06 than in the case with
initial ad ⁄δst = 0.05, but the larger droplets in the initial ad ⁄δst = 0.06 case lead to more flame-
wrinkling and increase the total flame volume to yield a flame area which is greater than that in
the initial ad ⁄δst = 0.05 case but still smaller than in the initial ad ⁄δst = 0.04 case considered in
this section. Furthermore, the time-averaged flame surface area of gaseous premixed V-shaped
flame remains slightly larger than those for droplet cases.

The time-averaged value of ΩF decreases with increasing ad ⁄δst as the probability of fuel-
lean combustion increases with increasing droplet size, which is consistent with the decreasing
trend of the mean values of ẇc with increasing ad (see Fig. 7.9). The integral

∫
V ẇcdV can be

expressed as:
∫

V ẇcdV ≈ ρ0ScAs and therefore Sc < Sb(φg=1) from Fig. 7.10 implies that S =∫
V ẇcdV/

[
ρ0Sb(φg=1)

∫
V |∇c|dV

]
is expected to be smaller than unity for the cases considered

in this section. The reduction of
∫

V ẇcdV dominates over the increase in flame surface area
As for large droplets and ultimately gives rise to a decreasing trend of S with increasing ad ,
which is also consistent with the decreasing trends of Sc/Sb(φg=1) with increasing ad ⁄δst . It can
be seen from Table 7.5 that the ratio S stays close to unity for the gaseous premixed V-shaped
flame, since the mean values of ẇc+∇ ·(ρD∇c) and ρ0Sb(φg=1)|∇c| remain close to each other
(see Fig. 7.9).

It has been demonstrated in Fig. 7.8 that most of the heat release in these flames takes
place due to the premixed mode of combustion. It has been demonstrated in several previous
analyses that the equality between the enhancements of burning rate and flame surface area
in turbulent premixed flames with respect to their laminar counterparts (which is commonly
referred to as Damköhler’s first hypothesis) remains valid for statistically planar turbulent pre-
mixed flames even for the thickened flame regimes (i.e. for small (large) values of Damköhler
(Karlovitz) number) [240–242] even though Damköhler’s first hypothesis[243] was origin-
ally proposed for large values of Damköhler number (i.e. Da≫1). As the combustion in
these spray flames takes place in the thickened flame regime, it is worthwhile to assess if
Damköhler’s first hypothesis remains valid for these flames.

Figure 7.9 implies that the mean value of
[
Ṡliq,c + Ȧc

]
remains much smaller than the mean
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value of ρ0S∗d|∇c|. As
∫

V ∇ · (ρD∇c)dV = 0, the integral
∫

V ẇcdV can be approximated as:∫
V

ẇcdV ≈ ∑⟨ρSd|∇c||c = c∗⟩Vc=c∗ (7.3)

where ⟨Q|c = c∗⟩ is the mean value of a general quantity Q conditional upon c = c∗ and Vc=c∗

is the volume of the samples corresponding to c = c∗. It can be seen from Fig. 7.9 that the
mean value of ρSd|∇c| remains smaller than ρ0Sb(φg=1)|∇c| which leads to S < 1.0 for all
cases. According to Damköhler’s first hypothesis [243], the enhancements of burning rate and
flame surface under turbulence are proportional to each other, which implies a unity value of
S (i.e. S = 1.0) [244]. Thus, the non-unity values of S indicate a departure from Damköhler’s
first hypothesis and suggest that Damköhler’s first hypothesis in its original form is not valid
for turbulent spray flames. It can further be seen from Table 7.5 that S remains smaller than
unity for all the droplet cases but S′ =

∫
V ẇcdV/

[
ρ0Sb(φ f )

∫
V |∇c|dV

]
(where φ f is the volume-

averaged gaseous phase equivalence ratio in the region corresponding to 0.01 ≤ c ≤ 0.99)
values are closer to unity and greater than the value of S =

∫
V ẇcdV/

[
ρ0Sb(φg=1)

∫
V |∇c|dV

]
because Sb(φ f )/Sb(φg=1) remains smaller than unity. However, Table 7.5 suggests that the
departure of S′ from 1.0 can also be significant for the large droplets (e.g. initial droplet
size of ad ⁄δst = 0.06), and thus the conclusions regarding Damköhler’s first hypothesis in its
original form do not change if S′ is used.

It is possible to define a turbulent burning velocity ST as: ST =
∫

V ẇcdV/(ρ0Ap,c̃) =

S(As/Ap,c̃)Sb(φg=1) where Ap,c̃ is the flame area of the c̃ isosurface with respect to which
ST is evaluated. The values of Ap,c̃=0.1, Ap,c̃=0.5 and Ap,c̃=0.9 for the cases considered in this
section are listed in Table 7.5. It is evident from Table 7.5 that As and Ap,c̃ assume compar-
able values for different values of ad , and thus a decreasing trend of S with increasing droplet
diameter gives rise to a reduction in turbulent burning velocity ST with an increase in droplet
diameter. This can be substantiated from Table 7.6 where ST/Sb(φg=1) for the c̃ = 0.1 and 0.5
isosurfaces are presented. It is also worth noting that ST/Sb(φg=1) remains smaller than unity
(i.e. ST/Sb(φg=1) < 1.0) for the droplet cases considered here but it should be considered that
the normalised laminar burning velocity Sb(⟨φg⟩)/Sb(φg=1) for the mean gaseous phase equi-
valence ratio ranges between 0.78− 0.83, 0.67− 0.76, 0.47− 0.57 between locations A to C
(with higher value at location C) for initial values of ad ⁄δst = 0.04, 0.05 and 0.06, respectively.
This suggests that ST/Sb(⟨φg⟩) remains greater than unity for all cases as given in Table 7.6,
and thus the overall burning rate gets enhanced under turbulence and this augmentation is the
most prominent for the case with the largest droplets as this case experiences the largest value
of ST/Sb(⟨φg⟩) among the flames considered here. It can be seen from Table 7.6 that turbulent
burning velocity ST for the gaseous stoichiometric turbulent premixed flame assumes values
greater than the corresponding laminar burning velocity (i.e. ST ⁄Sb(φg=1) > 1.0). This further
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Table 7.6: Turbulent burning velocity ST based on the surface area for c̃ = 0.1 and 0.5 isosur-
faces for the gaseous premixed flame case (GP) and spray flames with different droplet dia-
meters for a mean inlet velocity of umean⁄Sb(φg=1) = 5.0.

ad ⁄δst GP 0.04 0.05 0.06
ST,c̃=0.1/Sb(φg=1) 1.19 0.88 0.80 0.69

ST,c̃=0.1/Sb,(⟨φg⟩,A) - 1.13 1.19 1.47

ST,c̃=0.1/Sb,(⟨φg⟩,B) - 1.10 1.13 1.30

ST,c̃=0.1/Sb,(⟨φg⟩,C) - 1.06 1.05 1.21

ST,c̃=0.5/Sb(φg=1) 1.27 0.94 0.85 0.73
ST,c̃=0.5/Sb,(⟨φg⟩,A) - 1.21 1.27 1.55

ST,c̃=0.5/Sb,(⟨φg⟩,B) - 1.18 1.20 1.38

ST,c̃=0.5/Sb,(⟨φg⟩,C) - 1.13 1.12 1.28

suggests that the values of ST ⁄Sb(φg=1) for spray V-flames are smaller than the corresponding
turbulent premixed gaseous flame and ST ⁄Sb(φg=1) decreases with increasing droplet diameter.

7.5 Effects of Mean Inflow Velocity

A comparison of gaseous mixture composition for the droplet cases with umean⁄Sb(φg=1) = 5.0
and 10 can be made for different initial droplet diameters (i.e. ad ⁄δst = 0.04,0.05,0.06) from
the distributions of gaseous phase equivalence ratio in the mid-plane presented in Fig. 7.11.
Gaseous equivalence ratio in the unburned gas region can reach at stoichiometric value (i.e.
φg = 1.0) for small droplet cases with initial ad ⁄δst = 0.04 due to their high evaporation rates,
however, φg mostly remains smaller than unity (i.e. φg < 1.0) for large droplet cases with
initial ad ⁄δst = 0.05 and 0.06 as a result of their slow evaporation rates. Furthermore, in case
of umean⁄Sb(φg=1) = 5.0, small droplets mostly complete their evaporation by halfway in the
streamwise direction, but the residence time of small droplets is not sufficient for a completed
evaporation for the case of umean⁄Sb(φg=1) = 10.0. As residence time of droplets is inversely
linked with the mean flow velocity, mixture composition for all droplet sizes tends to be leaner
for a higher umean⁄Sb(φg=1) due to shorter mean advection time in comparison to the evaporation
timescale.

The effects of mean flow velocity on the composition of the gaseous phase mixture within
the flame can be illustrated by the PDFs of the gaseous phase equivalence ratio φg within
the flame characterised by 0.01 ≤ c ≤ 0.99. It can be seen from Fig. 7.12 that combustion
predominantly occurs under fuel-lean mode at all locations for both mean inflow velocities.
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Figure 7.11: Instantaneous fields of gaseous equivalence ratio, φg on the central x-y midplane
for initial ad ⁄δst = 0.04,0.05,0.06 with umean⁄Sb(φg=1) = 5.0 (1st row) and 10 (2nd row) at
t = 2.0t f low. White lines illustrate c = 0.1,0.5 and 0.9 contours from outer to inner periphery
and the droplets residing on the plane are indicated by grey dots (not to scale).

Although, evaporation of small droplets (i.e. initial ad ⁄δst = 0.04 case) yields comparable φg

distributions at locations B and C for both mean flow velocities, the PDF of φg at location
A shows a higher probability of obtaining φg < 1.0 for the case with umean⁄Sb(φg=1) = 10.0
than in the case of umean⁄Sb(φg=1) = 5.0. The differences in distributions of φg between the
cases with umean⁄Sb(φg=1) = 5.0 and 10.0 become prominent for large droplet cases with ini-
tial ad ⁄δst = 0.05 and 0.06. The probability of finding gaseous mixtures with φg < 1.0 has
been found to be greater for the umean⁄Sb(φg=1) = 10.0 cases than in the umean⁄Sb(φg=1) = 5.0
cases, whereas the probability of finding φg ≥ 1.0 remain comparable for both mean inflow
velocity conditions. This behaviour is a result of combined effect of shorter residence time
of droplets for large mean velocities and the evaporation characteristics of droplets within the
flame. It can be seen from Fig. 7.11 that droplets can be found in the unburned gas through-
out the simulation domain for the initial ad ⁄δst = 0.04 case for umean⁄Sb(φg=1) = 10.0, whereas
the droplets with the same initial diameter almost complete their evaporation process by the
middle of the simulation domain for umean⁄Sb(φg=1) = 5.0 . This tendency is less prominent in
the large droplet cases (e.g. initial ad ⁄δst = 0.05 and 0.06 cases) due to their slow evaporation
rates. An increase in the mean inflow velocity reduces the residence time of the droplets in
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comparison to their evaporation time, and therefore, the droplets can traverse farther in the
axial direction without completing their evaporation process for large values of umean⁄Sb(φg=1),
and consequently in these cases less fuel vapour becomes available in the gaseous phase than
in the cases with smaller mean flow velocity. Furthermore, large droplets, which reach at
the flame and escape through the flame without complete evaporation, eventually evaporate
completely in the high temperature zone in the burned gas (i.e. c ≈ 1.0). The resulting evap-
orated fuel vapour diffuses from the high temperature burned gas region into the flame and
mixes with the excess air diffusing from the unburned gas side to give rise to local pockets of
stoichiometric mixture (i.e. φg = 1.0) where diffusion mode of combustion is obtained. The
predominance of fuel-lean combustion in the gaseous phase for higher mean inflow velocity
cases can be verified by comparing the time-averaged values of φg given for ad ⁄δst = 0.04 with
umean⁄Sb(φg=1) = 5(10) are 0.88(0.84), 0.89(0.87) and 0.90(0.88), for ad ⁄δst = 0.05 with
umean⁄Sb(φg=1) = 5(10) are 0.83(0.75), 0.85(0.77) and 0.87(0.79), for ad ⁄δst = 0.06 with
umean⁄Sb(φg=1) = 5(10) are 0.74(0.66), 0.77(0.69) and 0.79(0.70) , at locations A,B and C,
respectively. These values further indicate that tendency of fuel-lean nature of combustion
decreases in the downstream direction due to increased availability of fuel vapour as a result
of evaporation of droplets, which is consistent with the observations of previous section (see
Section 7.1).

The local Damköhler number values based on Sb,ξ̃ at the location corresponding to c̃ =

0.5, which for ad ⁄δst = 0.04 with umean⁄Sb(φg=1) = 5(10) are 0.79(0.75), 0.92(0.94) and
1.09(1.27), for ad ⁄δst = 0.05 with umean⁄Sb(φg=1) = 5(10) are 0.49(0.26), 0.71(0.57) and
1.00(0.73), for ad ⁄δst = 0.06 with umean⁄Sb(φg=1) = 5(10) are 0.27(0.07), 0.40(0.14) and
0.62(0.26) at locations A,B and C, respectively. The local Damköhler number DaL for the
premixed case with umean⁄Sb(φg=1) = 5(10) are 3.66(0.73),3.93(0.93),and 3.99(1.14) at loc-
ations A,B and C, respectively. Similarly, the corresponding values of the local Karlovitz
number values based on Sb,ξ̃ at the location corresponding to c̃ = 0.5 for ad ⁄δst = 0.04 with
umean⁄Sb(φg=1) = 5(10) are 1.79(1.16), 1.74(1.09) and 1.79(1.06), for ad ⁄δst = 0.05 with
umean⁄Sb(φg=1) = 5(10) are 2.60(3.05), 2.18(2.08) and 1.87(1.96), for ad ⁄δst = 0.06 with
umean⁄Sb(φg=1) = 5(10) are 4.12(7.98), 3.33(5.37) and 2.75(3.96) at locations A,B and C,
respectively. The corresponding values for the premixed case with umean⁄Sb(φg=1) = 5(10)
are 3.77(1.82),3.39(1.82),and 2.91(1.82) at locations A,B and C, respectively. According
to these estimated values of DaL and KaL, the gaseous phase combustion nominally takes
places in the thin reaction zones regime [93]. The predominance of low Damköhler number
combustion can be substantiated from the PDFs of reaction progress variable c for different
values of Favre average values of reaction progress variable c̃. Figure 7.13 shows the PDFs of
reaction progress variable c for the Favre-averaged reaction progress variable values c̃ = 0.1,
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Figure 7.12: PDFs of φg in the region corresponding to 0.01 ≤ c ≤ 0.99 at different locations
A,B and C (top to bottom) for initial ad ⁄δst = 0.04, 0.05 and 0.06 with umean⁄Sb(φg=1) = 5.0
(continuous line) and 10.0 (dashed line). See Fig. 7.2 caption for the colour keys.
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Figure 7.13: PDFs of c conditional on c̃ = 0.1, 0.5, 0.9 at different locations A,B and C (top to
bottom) for initial ad ⁄δst = 0.04, 0.05 and 0.06 with umean⁄Sb(φg=1) = 5.0 (solid line) and 10.0
(dashed line). See Fig. 7.2 caption for the colour keys.

0.5 and 0.9 at locations A,B and C, whereas the contours of c̃ = 0.1, 0.5 and 0.9 for the cases
considered here are shown in Fig. 7.14. The PDFs of c are supposed to show a bimodal
distribution with peaks at c = 0.0 and c = 1.0 for high values of Damköhler number [235].
However, Fig 7.13 reveals that the PDFs of c do not exhibit bimodal distribution for the most
cases considered in this study. The departure of PDF of c from bimodal distribution with im-
pulses at c = 0.0 and c = 1.0 shows the tendency of low Damköhler number combustion for
the cases considered in this section. Figure 7.13 further demonstrates that the PDFs of c for the
cases considered here show mostly mono-modal distributions and this tendency strengthens
with increasing mean inflow velocity.

The small values of Damköhler number and high values of Karlovitz number are indicative
of the thickened flame regime of combustion [93] and local occurrences of flame thickening
can be discerned from the contours of c in Fig. 7.11. This along with the flame wrinkling de-
termines the flame brush thickness in the V-flame cases considered in this analysis. The flame
brush thickness δT (0.1−0.9) can be defined as the distance between c̃ = 0.1 and 0.9 isosurfaces
for a given location, as shown in Fig. 7.14. The values of flame brush thickness, δT (0.1−0.9)/δst
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Figure 7.14: Contours of c̃ = 0.1 (solid line), 0.5 (dashed line) and 0.9 (dotted line) contours
for gaseous premixed ( ) case and droplet cases with initial droplet diameter ad ⁄δst = 0.04
( ), 0.05 ( ) and 0.06 ( ) with umean⁄Sb(φg=1) = 5.0 (left) and 10.0 (right). The
dashed grey lines show the sampling locations (A,B,C from left to right), and the dotted black
line shows the flame centre.

for V-flame cases under droplet-laden mixtures are presented and compared to the correspond-
ing stoichiometric turbulent premixed gaseous flame cases in Table 7.7. It can be seen from
Table 7.7 that the flame brush thickness δT (0.1−0.9)/δst increases in the downstream and de-
creases with increasing droplet diameter for the cases with low mean flow velocity. On the
contrary, flame brush becomes wider for large droplet cases with umean⁄Sb(φg=1) = 10.0. Ac-
cording to turbulent diffusion velocity, flame brush thickness for a V-shaped flame is correl-
ated with the distance from flame holder and flow parameters (i.e. bulk mean velocity umean,
root-mean-square u′ and integral length scale lt) [233, 237, 245]. Kheirkhah and Gulder [233]
demonstrated the effects of equivalence ratio on flame brush thickness under different flow
conditions (i.e. u′/umean) for V-shaped premixed flames. The flame brush thickness can altern-
atively be estimated using the expressions: δT,c̃ = 1/max|∇c̃| and δT,c̄ = 1/max|∇c̄|. Reported
values of δT,c̃ and δT,c̄ in Table 7.7 exhibit qualitatively similar trends as that of δT (0.1−0.9) in
response to the changes in flow conditions and droplet diameter. The values of flame brush
thickness of gaseous premixed V-shaped flames with umean⁄Sb(φg=1) = 10.0 remain comparable
to those of small droplet case while the gaseous premixed flame has a thinner flame brush than
in the droplet cases for umean⁄Sb(φg=1) = 5.0.

The flame brush thickness depends both on the Zel’dovich thickness δ(φ) ∼ αT 0/Sb(φ),
and also on the flame wrinkling which is dependent on L11/δ(φ) [238]. This suggests that
δ(φ) (resp. L11/δ(φ)) is expected to increase (resp. decrease) with increasing droplet diameter
due to greater likelihood of fuel-lean combustion (where φg < 1.0 and Sb(φ) < Sb(φg=1)) for
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Table 7.7: Flame brush thickness at locations A,B and C for the gaseous premixed flame case
(GP) and spray flames with different droplet diameters.

ad ⁄δst GP 0.04 0.05 0.06
u m

ea
n/

S b
(φ

g=
1)
=

5.
0

δT (0.1−0.9)/δst at A 3.14 3.45 3.38 3.23
δT (0.1−0.9)/δst at B 3.34 4.13 4.00 3.75
δT (0.1−0.9)/δst at C 3.70 4.50 4.40 4.06

δT,c̄/δst at A 3.04 3.50 3.33 3.18
δT,c̄/δst at B 3.12 4.27 4.12 3.83
δT,c̄/δst at C 3.35 4.79 4.97 4.35
δT,c̃/δst at A 2.47 2.82 2.69 2.72
δT,c̃/δst at B 2.34 3.28 3.12 3.09
δT,c̃/δst at C 2.37 3.84 3.62 3.45

u m
ea

n/
S b

(φ
g=

1)
=

10
.0

δT (0.1−0.9)/δst at A 2.01 2.08 2.35 2.45
δT (0.1−0.9)/δst at B 2.27 2.31 2.66 2.77
δT (0.1−0.9)/δst at C 2.51 2.56 2.84 2.93

δT,c̄/δst at A 1.90 1.96 2.19 2.29
δT,c̄/δst at B 2.28 2.21 2.62 2.63
δT,c̄/δst at C 2.63 2.46 2.85 2.84
δT,c̃/δst at A 1.62 1.72 1.96 2.09
δT,c̃/δst at B 1.87 1.90 2.23 2.29
δT,c̃/δst at C 2.13 2.09 2.44 2.46

larger droplets. The smaller extent of flame wrinkling due to smaller values of L11/δ(φ) as a
result of higher likelihood of fuel-lean combustion for larger droplets overcomes the effects
of the thickening of the flame front for small values of umean⁄Sb(φg=1). This gives rise to a
decrease in flame brush thickness with increasing ad/δst for umean⁄Sb(φg=1) = 5.0. However,
the greater likelihood of the thickening of flame front due to the predominance of fuel-lean
combustion in the case of large diameters overcomes the effects of weakened flame wrinkling
for small values of L11/δ(φ) for umean⁄Sb(φg=1)= 10.0 cases, which is reflected in the increasing
trend of flame brush thickness with increasing droplet diameter. The changes in flame brush
thickness in the mean flow direction lead to the variation of flame angle for V-shaped flames.
Furthermore, slightly curved nature of c̃ isosurfaces yields to significant differences in flame
angle in the mean flow direction from location A to C. The contours of Favre averaged reaction
progress variable presented in Fig. 7.14 also demonstrate that the variations of mean inflow
velocity and droplet diameter give rise to significant differences in the angles made by the
tangent on the c̃ = 0.1, 0.5 and 0.9 contours with the mean flow direction (i.e. x-direction).
The angles θc̃=0.1, θc̃=0.5 and θc̃=0.9 for c̃ = 0.1, 0.5 and 0.9 isosurfaces are provided in Table
7.8 for locations A,B and C where these angles are calculated using the slopes of the tangent
on the respective c̃ isosurfaces at a given axial location. It can be seen from Fig.7.14 that
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Table 7.8: Flame angle θ (i.e. the angle the tangent on the c̃ isosurface at a given location
makes with the midline) for c̃ isosurfaces for the gaseous premixed flame case (GP) and spray
flames with different droplet diameters.

ad ⁄δst GP 0.04 0.05 0.06

u m
ea

n/
S b

(φ
g=

1)
=

5.
0

Flame angle θc̃=0.1 for c̃ = 0.1 at A 16.06° 20.47° 20.42° 18.88°
Flame angle θc̃=0.1 for c̃ = 0.1 at B 13.56° 15.76° 16.12° 14.80°
Flame angle θc̃=0.1 for c̃ = 0.1 at C 17.12° 15.46° 16.58° 17.00°
Flame angle θc̃=0.5 for c̃ = 0.5 at A 14.66° 14.66° 14.49° 11.72°
Flame angle θc̃=0.5 for c̃ = 0.5 at B 7.21° 12.07° 12.06° 15.44°
Flame angle θc̃=0.5 for c̃ = 0.5 at C 10.95° 13.04° 14.37° 14.99°
Flame angle θc̃=0.9 for c̃ = 0.9 at A 13.46° 9.82° 11.20° 11.62°
Flame angle θc̃=0.9 for c̃ = 0.9 at B 10.57° 9.31° 9.96° 9.49°
Flame angle θc̃=0.9 for c̃ = 0.9 at C 10.54° 9.62° 10.22° 12.18°

u m
ea

n/
S b

(φ
g=

1)
=

10
.0

Flame angle θc̃=0.1 for c̃ = 0.1 at A 16.7° 13.8° 14.1° 13.4°
Flame angle θc̃=0.1 for c̃ = 0.1 at B 12.0° 9.9° 10.1° 9.5°
Flame angle θc̃=0.1 for c̃ = 0.1 at C 12.7° 11.9° 10.1° 9.7°
Flame angle θc̃=0.5 for c̃ = 0.5 at A 14.0° 11.5° 11.0° 10.7°
Flame angle θc̃=0.5 for c̃ = 0.5 at B 9.7° 8.2° 8.1° 7.3°
Flame angle θc̃=0.5 for c̃ = 0.5 at C 11.0° 9.7° 9.4° 8.6°
Flame angle θc̃=0.9 for c̃ = 0.9 at A 12.4° 9.8° 8.8° 8.8°
Flame angle θc̃=0.9 for c̃ = 0.9 at B 8.7° 7.2° 6.8° 6.3°
Flame angle θc̃=0.9 for c̃ = 0.9 at C 9.4° 7.7° 7.9° 6.8°

flame angles decrease with increasing mean inflow velocity, as expected, and the flame angles
θc̃=0.1, θc̃=0.5 and θc̃=0.9 for gaseous premixed flame are greater than those for droplet cases for
umean⁄Sb(φg=1) = 10.0 but the opposite trend is mostly observed for umean⁄Sb(φg=1) = 5.0 except
for the flame angle θc̃=0.9 in the case of small droplet diameters. This behaviour originates
due to differences in the evolution of the flame brush thickness in the mean flow direction
(see Table 7.7). The flame angles at a given plane remain comparable for different droplet
diameters for both mean inflow velocities considered in this section.

The variation of flame angle in the mean flow direction for different droplet sizes is con-
sistent with the evolution of the distribution of reacting mixture composition at various c̃
isosurfaces. Figure 7.15 shows the PDFs of gaseous equivalence ratio on c̃ = 0.1, 0.5 and
0.9 isosurfaces at different axial locations for both mean inflow velocities. Figure 7.15 indic-
ates that the variation of the mean inflow velocity causes significant differences in the PDFs
of φg at c̃ = 0.1. Evaporated fuel in droplet cases with higher mean flow velocity burns leaner
mixture at c̃ = 0.1 than that with lower mean inflow velocity and the differences between
the PDF profiles for different mean velocities decrease in the mean flow direction from A
to C for c̃ = 0.1. Additionally, φg distribution for c̃ = 0.5 becomes comparable for a given
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Figure 7.15: PDFs of φg conditional on c̃ = 0.1, 0.5 and 0.9 isosurfaces at different locations
A,B and C (top to bottom) for initial ad ⁄δst = 0.04, 0.05 and 0.06 with umean⁄Sb(φg=1) = 5.0
(continuous line) and 10.0 (dashed line). See Fig. 7.2 caption for the colour keys.

droplet diameter with different mean inflow velocities at all locations considered in this sec-
tion. On the contrary, PDFs of φg for higher mean inflow velocity cases attain a peak value at
φg ≈ 1.0 towards the burned gas side of the flame brush (e.g. c̃ = 0.9) which implies that spray
flames with umean⁄Sb(φg=1) = 10.0 show greater probabilities of having stoichiometric mixture
towards the burned gas side of the flame brush than in umean⁄Sb(φg=1) = 5.0 cases. Droplets
with a mean flow velocity umean⁄Sb(φg=1) = 10.0 travel greater distances within the flame brush
before completing their evaporation than in the case of umean⁄Sb(φg=1) = 5.0. As a result, the
droplets for umean⁄Sb(φg=1) = 10.0 cases on average are bigger in size towards the unburned
gas side of the flame brush than in the cases with umean⁄Sb(φg=1) = 5.0 Therefore, droplets can
penetrate further into flame brush before complete their evaporation in the high temperature
region for umean⁄Sb(φg=1) = 10.0 cases than in the corresponding umean⁄Sb(φg=1) = 5.0 cases.
Consequently, umean⁄Sb(φg=1) = 10.0 cases exhibit higher probability of φg ≈ 1.0 towards the
burned gas than in the corresponding umean⁄Sb(φg=1) = 5.0 cases.

The droplets, which penetrate the flame, give rise to droplet-induced wrinkling on the
flame surface. In order to demonstrate this, c = 0.5 isosurfaces coloured by local values of
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Figure 7.16: Instantaneous views of c = 0.5 isosurface coloured with κm × δst values for
gaseous premixed and spray flames with initial ad ⁄δst = 0.04,0.05,0.06 for umean⁄Sb(φg=1) =

5.0 (1st row) and 10.0 (2nd row) at t = 2.0t f low.

flame curvature κm × δst are exemplarily shown in Fig. 7.16. It is evident from Fig. 7.16
that flame surfaces for the gaseous premixed flames remain smooth irrespective of the mean
inflow velocity and exhibit wrinkles induced by the turbulent fluid motion. Furthermore, small
droplets with umean⁄Sb(φg=1) = 5.0 rarely interact with the flame because they mostly evapor-
ate before reaching the flame surface. However, a decrease in advection time in comparison
to the evaporation timescale with increasing umean⁄Sb(φg=1) enhances the number of droplets
interacting with the flame farther in the mean flow direction. This leads to greater propensity
to obtain dimples on the flame surface for cases with higher mean inflow velocity. Moreover,
flame wrinkling as a result of the dimples arising from flame-droplet interaction increases with
increasing droplet diameter due to the slow evaporation rate of large droplets for a given mean
inflow velocity. The larger droplets survive longer in the mean flow direction because of their
slower evaporation rate, and thus the dimples become denser for larger droplet diameters and
higher mean inflow velocities. This behaviour is consistent with previous experimental [119]
and numerical (see Section 4.1) findings for spherically expanding flames propagating into
droplet-laden mixtures.

The aforementioned droplet-induced flame surface deformation can be quantified with the
help of the PDFs of flame surface curvature κm. Figure 7.17 shows the PDFs of local norm-
alised flame curvature κm × δst on the c = 0.8 isosurface at different planes (i.e. A,B and C)
for all droplet cases and the corresponding gaseous premixed flame cases considered in this
section. Although the PDFs of local normalised flame curvature κm × δst are shown only for
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c = 0.8 isosurface in Fig. 7.17, they show qualitatively similar behaviour for other values of c
and thus are not presented for the sake of brevity. Figure 7.17 reveals that the PDFs of κm as-
sume peak value at zero curvature at all locations for both gaseous premixed and droplet-laden
flames. For droplet cases, the PDF profiles of κm × δst broaden both for negative and posit-
ive values in comparison to the corresponding gaseous premixed flames due to flame-droplet
interactions. The PDFs of κm × δst for droplet cases widen with increasing mean inflow ve-
locity, whereas an opposite trend is observed for gaseous premixed flames because the flame
becomes increasingly narrow for increasing mean inflow velocity. It can be seen from Figs.
7.11 and 7.14, and Table 7.8 that the flame angle shrinks with increasing umean⁄Sb(φg=1), and
thus the gaseous premixed flames shows greater range of both positive and negative curvature
values in the case of smaller mean inflow velocity because of greater likelihood of the flame
interaction with a range of different turbulent flow conditions. It has already been explained
earlier that the greater availability of droplet within the flame brush increases the possibility
of flame-droplet interaction for higher mean inlet velocities and this yields wider distributions
of κm × δst for all the droplet cases at all locations (i.e. A,B and C) with a higher possibility
of finding negative and positive tails. Differences in PDF of κm between two mean inflow
velocities for a given droplet diameter increase in the streamwise direction from A to C, since
some of the droplets complete their evaporation before reaching the flame, especially farther
in the streamwise direction for lower mean inflow velocity cases. Moreover, the widening of
κm × δst of droplet flame cases in comparison to the corresponding gaseous premixed flames
increases with increasing droplet diameter because these droplets survive longer within the
flame due to their slower evaporation rates and thus induce greater extents of flame-droplet
interaction.

The wrinkling of c-isosurfaces in these flames, in turn, have implications on the burn-
ing rate statistics in premixed flames. Figure 7.18 shows the percentages of heat release rate
arising from the premixed and non-premixed modes of combustion for all droplet cases con-
sidered in this section. It is evident from Fig. 7.18 that the premixed mode of combustion is the
dominant contributor to the total heat release for all droplet cases at all locations considered
in this section. However, the percentage of heat release associated with non-premixed com-
bustion reaches non-negligible levels for large droplet cases particularly at higher mean inflow
velocity. The slow evaporation of large droplets gives rise to the extent of mixture inhomo-
geneity in the gaseous phase and this increases the likelihood of non-premixed combustion for
larger droplet cases. In the case of higher mean flow velocity, larger number of droplets pass
through the flame and eventually evaporate in the burned gas region (i.e. c ≈ 1.0) generating
locally fuel-rich regions. Unburned fuel vapour from these fuel-rich pockets in the burned gas
region eventually diffuses into the flame and mixes with the air diffusing from the predomin-
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Figure 7.17: PDFs of κm×δst of the c = 0.8 isosurface at locations A,B and C (top to bottom)
for gaseous premixed ( ) and V-shaped spray flames with initial ad ⁄δst = 0.04, 0.05 and
0.06 for umean⁄Sb(φg=1) = 5.0 (continuous line) and10.0 (dashed line). See Fig. 7.2 caption for
the colour keys.
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Figure 7.18: Percentage of heat release arising from premixed (for initial ad ⁄δst = 0.04 (�),
0.05 (�), 0.06 (�)) and non-premixed (for initial ad ⁄δst = 0.04 (�), 0.05 (�), 0.06 (�)) modes
of combustion for umean⁄Sb(φg=1) = 5.0 (1st row) and 10.0 (2nd row) at locations A,B and C (left
to right).

antly fuel-lean unburned gas side to give rise to local diffusion mode of burning. Therefore, the
extent of heat release due to the non-premixed mode of combustion increases with increasing
umean⁄Sb(φg=1). As non-premixed combustion occurs where stoichiometric mixture is obtained,
the mild peaks at φg ≈ 1.0 in the PDFs of φg in Fig. 7.12 are predominantly associated with
the non-premixed mode of combustion in these droplet cases.

With the information that heat release predominantly takes place in premixed mode, it is
worthwhile to analyse the flame propagation statistics in terms of density-weighted displace-
ment speed S∗d and consumption speed Sc. Therefore, it is instructive to analyse the mean
behaviour of the terms, which drive the statistical behaviour of density-weighted displace-
ment speed S∗d . Figure 7.19 shows the mean values of the terms ẇc, Ṡliq,c, Ȧc and ∇ · (ρD∇c)
conditional on c for locations A,B and C for the cases with different mean inflow velocities.
Figure 7.19 indicates that the mean molecular diffusion term ∇ · (ρD∇c) assumes positive
values towards the preheat zone (i.e. c < 0.5) but becomes negative in the reaction zone (i.e.
0.5 ≤ c ≤ 0.9) in contrast with the positive mean values of ẇc for all cases considered in this
section. Furthermore, since stratified mixtures with φg < 1.0 and φg > 1.0 burn slower in
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the droplet cases than in the stoichiometric (i.e. φg = 1.0) premixed flame, the mean values
of ẇc for droplets cases is expected to be smaller than the gaseous premixed case. Over-
whelmingly leaner combustion trend in the case of larger droplets reduces to the mean values
of ẇc with increasing ad and the differences in the mean values of ẇc between the gaseous
premixed and droplet cases are greater for umean⁄Sb(φg=1) = 10.0 than those of the cases with
umean⁄Sb(φg=1) = 5.0 due to the predominance of fuel-lean combustion for higher inflow velo-
cities (see Figs. 7.12 and 7.15). Although, the mean values of terms associated with droplet
evaporation Ṡliq,c and mixture inhomogeneity Ȧc are negligible compared with the magnitudes
of the mean values of ẇc and ∇ · (ρD∇c) throughout the flame in the cases with lower mean
flow velocity, these mean values (i.e. Ṡliq,c and Ȧc) slightly increase for higher mean inflow
velocity cases. Figure 7.19 further shows that the mean value of ρSd|∇c| remains comparable
with the mean value of ρ0Sb(φg=1)|∇c| for the gaseous premixed V-flames with different mean
flow velocities. However, the mean values of ρSd|∇c| = [∇ · (ρD∇c)+ ẇc + Ṡliq,c + Ȧc] have
been found to be smaller than those of ρ0Sb(φg=1)|∇c| for all droplet cases considered in this
section. It can also be observed from Fig. 7.19 that the statistical behaviours of ρSd|∇c| and
ρ0Sb(φg=1)|∇c| are not significantly influenced by the variation of the mean inflow velocity for
V-shaped flames. A decreasing trend of ρ0Sb(φg=1)|∇c| with increasing droplet diameter and
mean inflow velocity for droplet cases suggests that the flame thickens with increasing droplet
diameter and mean inflow velocity due to increased propensity for fuel-lean combustion. As
the premixed combustion takes place in the flamelet regime, the background turbulent mo-
tion does not affect the flame structure and as a result the mean values of ẇc, ∇ · (ρD∇c) and
ρ0Sb(φg=1)|∇c| are not affected by the mean inflow velocity.

Although the statistical behaviour of density-weighted displacement speed S∗d is strongly
linked with the evolution of the aforementioned terms (i.e. ∇ · (ρD∇c), ẇc, Ṡliq,c, Ȧc), con-
sumption speed Sc is dependent only on ẇc and the flame thickness. Figure 7.20 shows the
normalised mean consumption speed Sc/Sb(φg=1) and density-weighted displacement speed,
S∗d/Sb(φg=1) calculated on c = 0.8 isosurface at locations A,B and C for both mean inflow
velocities. A decreasing trend in Sc/Sb(φg=1) is observed for increasing droplet diameter for
both inflow velocities. In addition, Sc/Sb(φg=1) for the premixed gaseous flame cases is found
to be greater than droplet cases for both mean inflow velocities, which is consistent with the
behaviour of the mean ẇc presented in Fig.7.19. However, the mean value of Sc/Sb(φg=1) for
droplet cases increases with increasing mean inflow velocity. It is important to note from Fig.
7.19 that the mean values of ẇc and |∇c| conditional upon c do not change with increasing
umean⁄Sb(φg=1) irrespective of the location for premixed flames, and therefore, Sc/Sb(φg=1) re-
mains mostly unaffected by the location and mean inflow velocity for gaseous premixed flame
cases. It has already been demonstrated in the context of the discussion of Fig. 7.19 that the
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Figure 7.19: Variations of mean values of ẇc (solid line), ∇ ·(ρD∇c) (line with circle marker),
Ȧc (dotted line), Ṡliq,c (triangle marker), ρSd|∇c| (dashed line) and ρ0Sb(φg=1)|∇c| (cross)
conditional on c for premixed gaseous ( ) and droplet cases with initial ad ⁄δst = 0.04 ( ),
0.05 ( ) and 0.06 ( ) for umean⁄Sb(φg=1) = 5.0 (1st column) and 10.0 (2nd column) at
locations A,B,C (top to bottom). All terms are normalised by δst/ρ0Sb(φg=1).
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Figure 7.20: The mean values of Sc/Sb(φg=1) and S∗d/Sb(φg=1) on the c = 0.8 isosurface at
locations A−C for the cases with umean⁄Sb(φg=1) = 5.0 (1st column) and 10.0 (2nd column).

flame thickens and the mean value of ẇc decreases with increasing umean⁄Sb(φg=1) and droplet
diameter, and this reduction in mean reaction rate magnitude with increasing droplet diameter
is responsible for the decreasing trend of Sc/Sb(φg=1) with increasing ad . Although the mean
value of ẇc conditional upon c for droplet cases decreases with increasing umean/Sb(φg=1) as
a result of greater likelihood of obtaining fuel-lean mixture in the gaseous phase (see Figs.
7.12 and 7.15), the increase in flamelet thickness for fuel-lean combustion contributes to the
increase in the value of the integral

∫
ẇcdn, which is reflected in the increase in Sc/Sb(φg=1)

with increasing the mean inflow velocity. The mean values of Sc/Sb(φg=1)and S∗d/Sb(φg=1) for
the gaseous premixed flames remain identical at close to unity for different mean flow velocit-
ies. Moreover, the mean values of S∗d/Sb(φg=1) for the droplet cases with umean⁄Sb(φg=1) = 5.0
remain comparable. By contrast, the mean values of S∗d/Sb(φg=1) for the droplet cases with
umean⁄Sb(φg=1) = 10.0 slightly increase with increasing droplet diameter at locations A and B.
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Table 7.9: Time averaged normalised values of As =
∫

V |∇c|dV , Ap,c̃, ΩF =∫
V |ẇF |dV/ρ0δ 2

stSb(φg=1), S =
∫

V ẇcdV/
[
ρ0Sb(φg=1)

∫
V |∇c|dV

]
and turbulent burning velo-

city ST based on the surface area for c̃ = 0.1 and 0.5 isosurfaces for the gaseous premixed
flame case (GP) and spray flames with different droplet diameters..

ad ⁄δst GP 0.04 0.05 0.06

u m
ea

n/
S b

(φ
g=

1)
=

5.
0 As/δ 2

st 1797 1722 1684 1708
Ap,c̃=0.1/δ 2

st 1600 1494 1499 1498
Ap,c̃=0.5/δ 2

st 1495 1404 1408 1413
Ap,c̃=0.9/δ 2

st 1432 1350 1354 1358
ΩF 118 75 68 58
S 1.06 0.77 0.71 0.60

ST,c̃=0.1/Sb(φg=1) 1.19 0.88 0.80 0.69
ST,c̃=0.5/Sb(φg=1) 1.27 0.94 0.85 0.73

u m
ea

n/
S b

(φ
g=

1)
=

10
.0 As/δ 2

st 1554 1490 1526 1665
Ap,c̃=0.1/δ 2

st 1487 1419 1422 1425
Ap,c̃=0.5/δ 2

st 1436 1370 1372 1374
Ap,c̃=0.9/δ 2

st 1385 1336 1336 1337
ΩF 102 64 59 53
S 1.05 0.74 0.68 0.56

ST,c̃=0.1/Sb(φg=1) 1.10 0.78 0.73 0.65
ST,c̃=0.5/Sb(φg=1) 1.14 0.80 0.76 0.68

The time-averaged values of flame surface area As =
∫

V |∇c|dV , the normalised volume-
integrated fuel reaction rate magnitude ΩF =

∫
V |ẇF |dV/ρ0δ 2

stSb(φg=1) and the normalised
ratio of volume-integrated product formation rate to the flame surface area S =

∫
V ẇcdV/[

ρ0Sb(φg=1)
∫

V |∇c|dV
]

are reported in Table 7.9 for V-shaped flames with umean⁄Sb(φg=1) = 5.0
and 10.0. Table 7.9 reveals that As increases with increasing droplet diameter for the cases
with higher mean inflow velocity while As values remain comparable for droplet cases with
lower mean inflow velocity. It can further be observed that for lower mean inflow velocity
case, As of the gaseous premixed case is larger than those of the droplet cases with initial
ad ⁄δst = 0.04 and 0.05, however, this value remains smaller than that for the case with initial
ad ⁄δst = 0.06 in the case of umean⁄Sb(φg=1) = 10.0. This behaviour originates due to greater
extent of droplet-induced flame wrinkling for large droplet cases. The relative magnitudes
of flame area of a given c̃ isosurfaces for droplet and gaseous premixed flame cases follow
the same qualitative trend as that of As irrespective of the mean inflow velocity. The increase
in the mean flow velocity yields smaller values of ΩF for all droplet cases due to higher
probability of finding φg < 1 in the reacting mixture composition in these cases. Furthermore,∫

V ẇcdV changes in proportion to that of flame surface area As for the gaseous premixed flames
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according to Damköhler’s first hypothesis [243], and therefore, S remains close to unity in
these cases. A marginal change is observed in S =

∫
V ẇcdV/

[
ρ0Sb(φg=1)

∫
V |∇c|dV

]
values

when the mean flow velocity increases. However, S < 1 in the droplet cases is indicative of
fuel-lean combustion because a laminar stoichiometric premixed flame is expected to have
S = 1. The increased propensity of fuel-lean combustion leads to a slight decrease in S with
increasing umean⁄Sb(φg=1).

Table 7.9 presents the normalised values of ST and Ap for the c̃ = 0.1 and 0.5 isosurfaces.
Table 7.9 clearly reveals that the values of Ap,c̃ remain comparable to those of As for different
mean inflow velocity cases. Turbulent burning velocities ST/Sb(φg=1) for the c̃ = 0.1 and 0.5
isosurfaces decrease with increasing ad depending upon the decrease in S. Moreover, it can
be seen from Table 7.9 that the turbulent burning velocity for droplet cases decreases with
increasing mean inflow velocity and this behaviour arises due to increased probability of fuel-
lean combustion with an increase in umean⁄Sb(φg=1) (see Figs. 7.12 and 7.15) . Furthermore, it
can be seen that the gaseous premixed flame cases exhibit higher values of ST than the droplet
cases and an increase in the mean inflow velocity leads to a marginal decrease in turbulent
burning velocity as a result of small changes in S values.

7.6 Summary of Key Findings

Three-dimensional carrier phase DNS of V-shaped n-heptane spray flames have been per-
formed to investigate the influences of mean inflow velocity and droplet diameter on the
burning rate and flame structure at different axial locations from the flame holder. The key
outcomes are listed below:

• For the cases with umean/Sb(φg=1) = 5.0, most of the small droplets are fully evaporated
when they reach around halfway in the streamwise direction. Thus, the gaseous mixture
composition in the unburned gas region can attain the stoichiometric value, whilst the
gaseous equivalence ratio within the flame is found predominantly smaller than unity
similar to the spherically expanding spray flame cases addressed in Chapter 4. How-
ever, in case of umean/Sb(φg=1) = 10.0, shorter residence time prevents the completed
evaporation of small droplets and this leads a leaner combustion for all droplet sizes.
Furthermore, the mean values of gaseous equivalence ratio increases in the downstream
direction and this behaviour strengths for large droplets.

• Greater residence time for the cases with umean/Sb(φg=1) = 5.0, allows small droplets
complete their evaporation before reaching the flame front. Thus, the extent of droplet-
induced flame wrinkling is found to be significantly smaller than in the cases with high
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mean inflow velocity. Moreover, the total flame surface is found to be comparable
for droplet cases with umean/Sb(φg=1) = 5.0, while it shows a considerable growth with
increasing droplet diameter for the cases with umean/Sb(φg=1) = 10.0.

• Increasing droplet diameter enhances the flame front thickness for the cases with higher
mean inflow velocity due to the greater availability of fuel-lean gaseous mixture within
the flame. However, the cases with umean/Sb(φg=1) = 5.0 show an opposite tendency
where the thickening of the flame front is suppressed by the reduced extent of flame
wrinkling.

• The dependence of the mean behaviour of the reaction rate of reaction progress variable
on droplet diameter is found similar in V-shaped spray flames to those in spherically ex-
panding spray flames. However, the mean value of the reaction rate of reaction progress
variable assumes comparable values at different axial locations for all droplet cases and
it is insensitive to variations in the mean inflow velocity.

• The main part of heat release originates due to the premixed mode of combustion as
it does in spherically expanding turbulent spray flames, but the role of non-premixed
combustion combustion reaches considerable levels at higher mean inflow velocities
particularly for large droplet cases and the increasing occurrence of droplet-flame inter-
actions enhances the contribution of non-premixed combustion to the total heat release
at the locations closer to the flame holder.

• The mean values of consumption speed show a decreasing trend with increasing droplet
diameter regardless of the mean inflow velocity due to the leaner combustion in large
droplet cases. The mean density weighted displacement speed in the cases with umean/

Sb(φg=1) = 5.0 exhibits comparable values for different droplet diameters whereas higher
mean inflow velocity enhances the mean values of density weighted displacement speed
for large droplet cases at all locations. Furthermore, for a given droplet diameter, the
mean values of consumption speed and density-weighted displacement speed remain
comparable at different axial distances from the flame holder for both mean inflow ve-
locities.





Chapter 8

Conclusions and Future Work

8.1 Conclusions

In this thesis, three-dimensional compressible Direct Numerical Simulations (DNS) of spher-
ically expanding n-heptane flames propagating into mono-sized fuel droplet-mists have been
performed. Chemical reaction has been described using a modified single-step Arrhenius-type
mechanism which allows to carry out an extensive parametric study with a reasonable com-
putational cost. Flame behaviour has been investigated under different conditions including
various droplet diameter ad , turbulence intensity u′ and overall (gaseous + liquid) equivalence
ratio φov to gain fundamental physical insight. In order to compare the spray flame statistics
with a corresponding premixed flame case, additional spherically expanding premixed flame
cases, with the same initial burned gas radius and statistically similar fluid flow conditions,
have been considered.

The influences of turbulent intensity, droplet diameter and overall equivalence ratio on the
reacting mixture composition, combustion characteristics and the evolution of flame surface
area and burned gas volume have been analysed for spray kernel flames. It has been found
that the flame-droplet interaction leads to flame wrinkling even under laminar conditions for
spherically expanding flames propagating into the droplet-mists and the effects of droplet-
induced wrinkling strengthen with increasing droplet diameter and overall equivalence ratio.
This effect is partially eclipsed by the flow-induced flame wrinkling in turbulent droplet cases,
but its imprint can be seen in the form of wider curvature PDFs for droplet cases in comparison
to the corresponding statistically spherical premixed flame cases. The presence of droplets
in the φov = 0.8 cases enhances the growth of flame surface area except for the cases with
initial ad ⁄δst = 0.04 under turbulent conditions. However, for φov = 1.0, only small droplets
with initial ad ⁄δst = 0.04 under a laminar flow field can grow faster than the corresponding
laminar premixed flame and for φov = 1.2, this tendency is obvious only for the turbulent case.
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The growth rate of flame surface area increases with increasing droplet diameter for φov =

0.8, whereas an opposite behaviour has been observed for φov = 1.0 and 1.2. Furthermore,
turbulence enhances the flame surface area generation for both premixed and droplet cases. It
has been observed that the gaseous phase mixture within the flame is predominantly fuel-lean
in comparison to the overall equivalence ratio for droplet cases with φov = 1.0 and 1.2, and
this tendency strengthens with increasing droplet diameter due to slow evaporation of large
droplets. However, mixing of evaporated fuel from droplet sites gives rise to local availability
of more reactive fuel–air mixtures than a homogeneous mixture corresponding to the overall
equivalence ratio of φov = 0.8, and this tendency strengthens with increasing droplet diameter.
Furthermore, high turbulence intensity promotes the availability of fuel-lean mixture. A major
part of the overall heat release in droplet cases arises due to the premixed mode of combustion.
However, the contribution of the non-premixed mode of combustion to the overall heat release
rate increases with high turbulence intensity, overall fuel-rich mixture composition and large
droplet sizes. A combination of predominant fuel-lean burning and extraction of latent heat
from the gaseous phase in the droplet cases leads to local reduction of burned gas temperature
in comparison to the adiabatic flame temperature of the stoichiometric mixture. The turbulent
droplet cases have been shown to exhibit greater propensity of obtaining smaller magnitudes
of the reaction progress variable gradient, dilatation rate, and product formation rate per unit
flame surface area than in the corresponding stoichiometric turbulent premixed flames. These
trends strengthen with increasing droplet size due to slow burning of predominant fuel-lean
mixture arising from slow evaporation of large fuel droplets. Thus, an increase in initial droplet
diameter and turbulence intensity adversely affects the evolution of burned gas volume and
flame surface area for the droplet cases with φov = 1.0. The burned gas volume for the droplet
cases with with φov = 1.0 grows slower than for the corresponding premixed flames. For
φov = 0.8, large droplets with initial ad/δst = 0.05 and 0.06 the flames show greater growth rate
of burned gas volume than with the corresponding premixed flame under laminar conditions.
For φov = 1.2, the burned gas volume grows faster for small droplets with initial ad/δst = 0.04
than the corresponding premixed flame under laminar conditions. Turbulence increases the
growth rate of burned gas volume for large droplets with φov = 0.8 and for small droplets
with φov = 1.0 and 1.2. The increase of the burned gas mass for large (small) droplets for
overall fuel-lean (fuel-rich) mixtures for flame propagation in droplet-laden mixtures is in
qualitative agreement consistent with previous experimental findings by Hayashi et al. [118]
and Lawes and Saat [119]. It has been shown that an increase in turbulence intensity leads
to flame thinning for the premixed flames considered here, whereas for droplet cases, the
flame becomes thicker under increasing turbulence intensity. Detailed physical explanations
have been provided for the aforementioned observed behaviours. The statistical behaviours of
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scalar gradient, flame index, and reaction rate in response to the variations of droplet diameter,
overall equivalence ratio and turbulence intensity discussed in Chapter 4 and 5 will be valuable
for the purpose of the modelling of combustion processes involving droplet-laden mixtures.

The statistical behaviours of the Surface Density Function (SDF) and the strain rates,
which affect its evolution, have been analysed using DNS data for different turbulence intens-
ities and droplet diameters for spherically expanding flames in droplet-laden mixtures with
an overall equivalence ratio of unity. The predominance of fuel–lean combustion for large
droplets and/or at high turbulence intensities acts to promote flame thickening. The increasing
extent of fuel–lean combustion for the cases with large droplets and high turbulence intensit-
ies leads to a decreasing trend in the mean values of displacement speed, dilatation rate and
normal strain rate. The relative magnitudes of dilatation rate and normal strain rate give rise
to positive mean values of tangential strain rate aT , and the mean value of aT increases with
increasing droplet size and turbulence intensity. The mean normal strain rate induced by flame
propagation assumes predominantly negative values but the magnitude decreases with increas-
ing turbulence intensity for all cases with an overall equivalence ratio of unity considered here.
The mean tangential strain rate induced by flame propagation (alternatively curvature stretch
rate) assumes negative values for the turbulent cases considered here. However, for the laminar
case with small droplets the curvature stretch rate assumes predominantly positive values due
to the reduced extent of flame deformation and relatively larger flame radius in comparison
to the laminar cases with larger droplet sizes. The mean effective normal strain rate remains
predominantly positive and increases with increasing turbulence intensity. By contrast, the
mean effective tangential strain rate (alternatively stretch rate) remains mostly negative as the
predominantly negative curvature stretch rate dominates over the mean positive fluid-dynamic
tangential strain rate except for the laminar case with small droplets where the mean values
of both fluid-dynamic tangential strain rate and curvature stretch rate are positive. The mean
effective tangential strain rate (alternatively stretch rate) shows a decreasing trend with in-
creasing droplet size, which gives rise to a smaller extent of flame surface area generation due
to turbulence for larger droplets. The aforementioned statistics of the SDF and strain rates,
which affect the SDF evolution, are of fundamental importance for the purpose of Flame Sur-
face Density (FSD) and Scalar Dissipation Rate (SDR) based closures. Thus, the effects of
droplet diameter and turbulence intensity should be explicitly accounted for in the FSD and
SDR modelling of turbulent flames propagating into droplet-laden mixtures.

The simulation data has been utilised to analyse the flame surface topology and the stat-
istical behaviours of different flame speeds under turbulent conditions for different droplet
diameters and overall equivalence ratios. It has been found that droplets significantly affect
the flame surface topology, as the presence of droplets leads to dimples on the flame surface
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for large droplet diameters and large droplet number densities (i.e. overall equivalence ra-
tio). However, turbulent gaseous premixed flames exhibit a smooth wrinkled flame surface
and this behaviour may prevail for droplet cases with overall fuel-lean equivalence ratios due
to the small number of droplets interacting with the flame. Besides dimples on the flame sur-
face, the spray flames show increased probability of finding saddle topologies in comparison
to the corresponding premixed gaseous flames. The mixture composition within the flame
and droplet-induced flame wrinkling significantly affect the statistical behaviours of both dis-
placement and consumption speeds. It has been found that the contribution of droplets on
the density-weighted displacement speed statistics comes principally through the reaction rate
of the mixture arising from mixing of evaporated fuel vapour with surrounding air, and the
curvature distribution induced by flame-droplet interaction. The contributions of cross-scalar
dissipation arising from mixture inhomogeneity and droplet evaporation remain weak in com-
parison to the reaction rate and molecular diffusion rate components of the density-weighted
displacement speed. It has been found that the probability of finding negative displacement
speed increases with increasing droplet diameter for φov = 1.0 and 1.2, whereas the consump-
tion speed remains deterministically positive due to its sole dependence on reaction rate of
reaction progress variable. It has been found that the consumption speed decreases with in-
creasing droplet diameter for φov = 1.0 and 1.2 and its mean value remains smaller than that in
the corresponding premixed gaseous flames. However, the mean consumption speed has been
found to be greater for large droplet cases with φov = 0.8 than in the corresponding premixed
gaseous flames. The mean value of consumption speed remains greater than the mean density-
weighted displacement speed for all cases considered here. In addition to consumption and
displacement speeds, two additional flame speeds have been considered, which are taken to
represent the growth rates of flame surface area and burned gas volume, respectively. These
flame speeds have been compared to the mean values of consumption speed and density-
weighted displacement speed. The flame speed, which represents the growth rate of flame
area, provides an approximate measure of the mean value of the consumption speed, whereas
the flame speed representing the growth rate of burned gas volume provides an approxim-
ate measure of the mean density-weighted displacement speed for large droplet diameters for
φov = 1.0 and 1.2.

Flame topologies associated with flame self-interaction events have been investigated for
turbulent spherically expanding flames propagating into mono-sized droplet-mists with an
overall equivalence ratio of unity. The flame self interaction (FSI) events have predomin-
antly been found close to the burned gas side in turbulent premixed gaseous flames for all
turbulence intensities, whereas this behaviour is observed for droplet cases only under small
turbulence intensities. However, tunnel formation/tunnel closure topologies are prevalent for
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the FSI events in turbulent gaseous premixed flames, whereas the unburned mixture pock-
ets are predominantly obtained for droplet cases under small turbulence intensities. The fre-
quency of obtaining the FSI events towards the preheat zone increases with increasing tur-
bulence intensity. The FSI events associated with tunnel formation/tunnel closure exhibit a
higher frequency than unburned mixture pockets/burned mixture pockets in all cases except
for the droplet cases under low turbulence intensities, which show a considerable amount of
unburned mixture pockets. The frequency of the FSI events increases with increasing u′ and
ad . The differences in qualitative nature and distributions of the FSI events between turbulent
droplet and gaseous premixed flames have important implications on the possible extension
of flame surface based modelling methodology for turbulent droplet combustion. Previous
simple chemistry DNS analyses [57–59, 73, 80–83] have been found to capture the flame
propagation statistics extracted from detailed chemistry DNS data [84–89] for turbulent pre-
mixed flames, and this holds true in particular for curvature effects. Nevertheless, the present
findings based on moderate turbulence intensity and simple chemical mechanism need to be
validated further for higher values of turbulent Reynolds number (and consequently different
Da/Ka) in the presence of detailed chemistry and transport.

The influences of droplet inertia on the reaction zone structure, flame surface area and
volume of the burned gas have been investigated for spherically expanding flames propagating
into mono-sized droplet-laden mixtures with φov = 1.0 using three-dimensional DNS. Simula-
tions for different initial mono-disperse droplet sizes and turbulence intensities have been con-
ducted for inertial and hypothetical inertialess droplets to isolate the effects of droplet inertia.
It has been found that the cases with inertial droplets show a higher probability of obtaining
stoichiometric mixture in the flame than those with inertialess droplets and the occurrence
of locally fuel-rich pockets within the flame is either rare or absent altogether for inertialess
droplets. This behaviour originates due to higher number density of droplets within the flame
for the inertial droplet cases than in the corresponding inertialess droplet cases where the fluid
velocity directed from the burned products to the unburned reactants carries the inertialess
droplets away from the flame. The higher number density of inertial droplets within the flame
induces greater extent of droplet-induced flame wrinkling than in the corresponding inertia-
less droplet cases, which leads to wider PDFs of flame curvature for inertial droplet cases. The
flame front in the inertialess droplet cases has also been found to be thicker than in the cor-
responding inertial droplet cases. As diffusion flame is obtained at the stoichiometric mixture,
the cases with inertialess droplets exhibit a smaller contribution of non-premixed combustion
to the total heat release rate due to the reduced probability of obtaining stoichiometric mix-
ture in the flame region. As the heat release rate is the highest for the stoichiometric mixture,
the combination of reduced availability of stoichiometric mixture and higher probability of
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obtaining fuel-lean mixture within the flame leads to reduced flame surface area and burned
gas volume for the inertialess droplet cases in comparison to the corresponding cases with
inertial droplets. This tendency strengthens further for high u′ and the cases with large in-
ertialess droplets under high u′ exhibit tendencies of eventual flame extinction. Point source
assumption is made for the droplets in this analysis, which limits the maximum droplet size
that can be analysed in this framework. Furthermore, the resolution of reaction layers around
individual droplets cannot be possible in the current numerical framework, and thus further
analysis using DNS based on resolved droplets will be necessary.

The DNS database of spherically expanding flames propagating into mono-sized fuel-
droplet mists for different overall equivalence ratios and droplet diameters has been considered
to analyse flame–droplet interaction in terms of the source terms associated with two-phase
coupling arising from droplet evaporation in various gaseous carrier phase transport equations.
It has been found that the slip velocity is significantly affected by the droplet size, whereas
the overall equivalence ratio does not have a significant impact on slip velocity. Temperat-
ure difference between liquid droplets and surrounding gaseous phase has been observed to
increase towards the burned gas side because of the high gaseous phase temperature in the
flame. Overall equivalence ratio, besides the droplet size, has been found to play an import-
ant role in flame–droplet interaction. Small droplets primarily evaporate in the preheat zone,
especially for the case with an overall fuel-lean mixture composition. However, large droplets
penetrate the flame structure and under some conditions escape through the flame and reach
the burned gas before the completion of their evaporation. Some of these heated droplets are
brought to the relatively cold gas due to turbulent motion and locally heat transfer takes place
from the droplet to the surrounding gas in contrast to the heat transfer from the hot gas to the
droplets which occurs predominantly on the unburned gas side of the flame. It has been found
that the contributions of the coupling between the Eulerian and Lagrangian phases have signi-
ficant influences on the mass, momentum, energy and mixture fraction conservation equations
in the gaseous phase, but this influence is relatively weak for the reaction progress variable
transport equation. Therefore, the source terms due to the coupling between the Eulerian and
Lagrangian phases need to be explicitly modelled for mass, momentum, energy and mixture
fraction evolutions in the context of Reynolds Averaged Navier-Stokes (RANS) and Large
Eddy Simulations (LES). By contrast, the existing modelling techniques for averaged/filtered
reaction progress variable evolution for turbulent-stratified flames are likely to be valid for
spray flames driven by a predominantly premixed mode of combustion similar to the ones
considered here. For these flames, the extra term arising from the coupling between the Eu-
lerian and Lagrangian phases in the reaction progress variable conservation equation can be
ignored without incurring any significant errors. The present analysis focuses only on the stat-
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istical behaviours of the source terms due to two-phase coupling in the conservation equations
of mass, momentum, energy and mixture fraction but their modelling is kept beyond the scope
of the present analysis. Modelling of these terms in the context of RANS and LES will form
the basis of future investigations.

V-shaped flames are often used as a laboratory scale experimental configuration for the
analysis of turbulent flames [116, 117, 222–228, 233]. The advancements of computational re-
sources have made it possible to carry out DNS of V-shaped flames [63, 64, 229–232, 246, 247]
due to its geometrical simplicity. The V-shaped flame offers a convenient configuration for the
evaluation of turbulent flame speed, flame brush thickness and Flame Surface Density (FSD)
in turbulent premixed flames. However, most of the above-mentioned analyses have been
conducted for turbulent premixed [222–227, 233] and stratified [116, 117] flames and this
configuration received relatively limited experimental [228] and computational attention for
turbulent spray flames despite the importance of flame propagation in droplet-laden mixtures
in automotive engines, gas turbines and accidental explosions. Thus, the mode of combustion,
droplet-induced flame wrinkling, mean behaviours of different terms of the reaction progress
variable transport equation, and flame propagation statistics for V- shaped flames in a droplet-
laden mixture of an overall equivalence ratio of unity have been investigated for different
droplet diameters using three-dimensional DNS data. The spray flame behaviour has been
compared with a turbulent gaseous stoichiometric premixed V-shaped flame under same flow
conditions. It has been found that the flame brush thickness is affected by both droplet dia-
meter and the axial distance from the flame holder and it increases with decreasing droplet
diameter and with increasing axial distance. Furthermore, the flame brush has been found
to be thicker in droplet cases than in the corresponding gaseous premixed flame case. The
predominance of finding fuel-lean mixture within the flame decreases in the downstream dir-
ection due to evaporation of droplets and this effect is particularly strong for large droplets.
The interaction of droplets with the flame surface gives rise to dimples on the reaction progress
variable isosurfaces. However, droplet-induced flame wrinkling contributes to the widening of
flame curvature PDFs, and also acts to increase the total flame surface area for large droplets.
The mean values of the reaction rate of progress variable decrease with increasing droplet
diameter. Furthermore, the mean value of the reaction rate of progress variable for a given
droplet diameter shows similar magnitudes at different axial locations for all droplet cases.
A similar qualitative trend has been observed for the axial distance dependences of the mean
values of consumption speed and density- weighted displacement speed for a given value of
droplet diameter. The mean values of consumption speed are found to decrease with increas-
ing droplet diameter because of the greater likelihood of fuel-lean combustion in large droplet
cases. By contrast, the mean density-weighted displacement speed remains comparable for
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all the droplet sizes considered here. Recent DNS analyses in statistically planar flames [47]
and spherically expanding flames (see Chapter 4) under both laminar and weakly turbulent
conditions revealed significant differences in flame curvature, density-weighted displacement
speed and consumption speed in response to droplet diameter, whereas the effects of droplet
diameter are relatively weaker in V-flames than in statistically planar and spherically expand-
ing flames. For the droplet cases with globally stoichiometric equivalence ratio, the mean
values of density-weighted displacement speed were found to exhibit a mild increase with
the increasing droplet diameter whereas the mean values of consumption speed showed a de-
creasing trend with the increasing droplet diameter. The statistically planar and spherically
expanding flames interact with droplets at all stages of their propagation into the unburned
gas but in turbulent V-spray flames, the droplets evaporate in the mean flow direction. There-
fore, the frequency of flame-droplet interaction decreases and the mean value of gaseous phase
equivalence ratio increases in the downstream direction in turbulent V-shaped spray flames.
It has been demonstrated that in turbulent droplet-laden V-shaped flames, the enhancement of
burning rate under turbulence cannot be equated to the enhancement of the flame surface area
with respect to the corresponding quantities under laminar conditions. Moreover, the turbu-
lent burning velocity has been found to decrease with increasing droplet diameter due to the
reduction in the volume-integrated reaction rate of reaction progress variable as a result of the
greater likelihood of finding fuel-lean gaseous mixture for larger droplets. The distance of
the flame holder from the inlet can also potentially have an influence on the results, but the
gaseous phase equivalence ratio remains small for the axial locations before the flame holder,
and thus it can reasonably be expected that the qualitative nature of the results are unlikely to
change with the variation of the distance of the flame holder from the inlet. However, further
study in this respect will be necessary. The aforementioned challenges will form the basis of
future investigations. Furthermore, V-shaped spray flame simulations have been carried out
under various mean inflow velocity conditions for different droplet diameters for an overall
equivalence ratio of unity. It has been found that reacting mixture composition in the flame
becomes leaner due to the shorter residence time of droplets in the case of higher mean inflow
velocity. Mean inflow velocity, alongside droplet diameter and the axial distance, affects the
flame brush thickness. The flame front thickens with increasing droplet diameter for the cases
with higher mean inflow velocity due to the predominance of fuel-lean gaseous mixture within
the flame. However, an opposite behaviour has been observed for the cases with lower mean
inflow velocity where the smaller extent of flame wrinkling dominates over the effects of the
thickening of the flame front. Liquid droplets interact with the flame and lead to dimples on the
flame surface. Under higher mean inflow velocity conditions, distribution of local curvature
values broadens as a result of the occurrence of significantly increased droplet-induced flame
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wrinkling. It has been demonstrated that the major part of total heat release arises from the
premixed mode of combustion. However, the contribution of non-premixed combustion to
the total heat release becomes stronger for larger droplets with higher mean inflow velocity
and this trend is relatively strong at the locations closer to the flame holder due to the greater
availability of droplets interacting with the flame. The mean values of the terms which govern
the statistical characteristic of displacement speed exhibit comparable magnitudes for differ-
ent mean inflow velocities irrespective of the distance from flame holder. The mean values
of consumption speed diminish with increasing droplet diameters for both mean inflow ve-
locities. Furthermore, under smaller mean inflow velocity conditions, the mean values of
density-weighted displacement speed have been found to be comparable for different droplet
diameters at all locations. This trend changes under higher mean inflow conditions and the
mean values of density-weighted displacement speed increase for larger droplet cases at the
locations close to the flame holder. The increased probability of fuel-lean combustion leads
to a decrease in turbulent burning velocity with increasing mean inflow velocity. The present
analysis has been conducted using a single step chemistry, and thus the investigation carried
out in this thesis needs to be extended for detailed chemistry DNS for further validation of the
current findings. Moreover, the physical mechanisms, which are responsible for the variations
observed based on two mean inlet velocities in this analysis are unlikely to change for a dif-
ferent value of umean/Sb(φg=1), and thus, the qualitative trends in response to the changes in
umean/Sb(φg=1) can be inferred from the results presented in this thesis. However, further ana-
lyses for different mean inflow velocities will be necessary for deeper physical understanding.

8.2 Future Work

The present thesis focused on providing a fundamental understanding on the behaviour of the
spherically expanding flames propagating into droplet-laden mixtures using three-dimensional
DNS based on a modified single-step Arrhenius chemical scheme. Although the results have
been presented and discussed for a broad range of parameters, there are aspects which are kept
beyond the current study and need to be addressed in the future studies. Some of the possible
research aspects are described below for future work:

• Although several previous analyses revealed that the flame speed statistics for turbulent
premixed flames obtained from simple chemistry [73, 81, 82] remain in good agreement
with the corresponding results obtained from a detailed chemical mechanism [86, 98],
further analyses in the presence of a detailed chemical mechanism will be necessary for
confirming the current findings and obtaining more comprehensive physical understand-
ing regarding the roles played by the intermediate species.
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• In the current DNS analysis, mono-sized liquid droplets have been considered in or-
der to identify the effects of droplet diameter on spray flame characteristics. However,
atomisation process leads to a polydispersed spray environment in practical combustion
systems. Further analyses involving the polydispersity of liquid fuel droplets will be
required for the simulations close to realistic combustion applications.

• Simulations of spherically expanding and V-shaped flames propagating in droplet-mists
have been performed for moderate Reynolds numbers and droplet diameters as it be-
comes extremely expensive in terms of computational cost to achieve high turbulence
Reynolds numbers with small droplet diameters using DNS approach. Therefore, fur-
ther assessment for gaining more extensive physical insight on the spray flame behaviour
will be needed for high turbulence Reynolds numbers and small droplet diameters.

• The present study considers liquid fuel droplets to be point-source particles in the concept
of the Lagrangian approach. In this context, the flow behaviour inside and vicinity of
the liquid droplets has not been resolved. Simulations with a fully resolved dispersed
phase description will provide valuable information to gain further insight on the spray
combustion. However, conducting such a detailed parametric analysis based on DNS of
fully resolved spray combustion requires vast amount of computational power.

• Numerical analysis of laboratory scale turbulent premixed flames based on DNS-like
simulation techniques [231] has become available using the recent strategies for effi-
cient algorithms. The rapid advancement in computational technologies is expected to
make high-fidelity simulations of laboratory scale spray combustion possible. Thus, the
fundamental flow aspects obtained in this study can be further assessed through DNS of
laboratory scale spray flames.
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