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Abstract

One of the most fascinating aspects of recent endeavours in theoretical
cosmology has been the investigation of the quantum effects of scalar fields in
field-spaces with non-trivial geometries, in the early universe. The objective of
this thesis is the presentation of a series of original research topics that result
from such considerations.

The first part of this work explores an extension to Starobinsky’s model of
stochastic inflation. The functional integral describing the stochastic dynam-
ics of a spectator field during inflation is reviewed. Comparisons are drawn
between the diagrammatic expansion resulting from action and the one ob-
tained directly from a perturbative solution of the corresponding Langevin
equation. The Feynman rules for computing arbitrary temporal n-point func-
tions are stated and illustrative computations are presented. The role played
by the functional Jacobian determinant in the path integral is given increased
attention. Multiplicative noise is also briefly considered; allowing the field
to contribute to the expansion rate introduces additional vertices and exciting
insights on the dependence of observable results on the discretization prescrip-
tion are motivated.

The second part presents a covariant under field redefinitions Effective
Field Theory proposed towards the resolution of the existing tension of con-
formal frame dependence. We are motivated by the meta-stability of the Higgs
vacuum which, in the early universe, can lead to complications. It is shown,
here, that the effective Higgs potential at large field values can be derived
in a way that is independent of the choice of conformal frame for the space-
time metric, resulting in unambiguous answers to questions about physical
observables (eg.vacuum stability). This approach leads to new relations for
the evolution of the coupling coefficients with the energy scale and motivates
improved limits on the allowed values of the Higgs-curvature coupling.

The third part investigates the dynamics of a multifield inflation model
with curved field-space. Abandoning the assumption of a single inflaton, which
is both unphysical and not motivated by higher energy theories, results in
the introduction of a scalar multiplet, with non-trivial kinetic terms. The
recently proposed and topical Hyperinflation model is reviewed and a concise
treatment of the evolution of the background and the quantum perturbations
is introduced. Thus, bounds for the cosmological observables are established
and comparisons with experimental data are drawn, resulting in restrictions

in the admissible values of the field-space curvature parameter.
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Part 1

Introduction



Chapter 1. Introduction to Cosmology and Inflation

1.1 Preface

The quantum properties of scalar fields play a central role in modern cosmological
investigations. From the theoretical prediction [4H8] and subsequent experimental obser-
vation [9, [10] of the Higgs field, to the seminal work on inflation [I1HI3| scalar fields have
been shown to be cornerstones in the contemporary interplay between particle physics
and cosmology. In this thesis we investigate various quantum effects of scalar fields in the
early universe, with increased attention to the role played by non-trivial kinetic terms,
giving rise to a curved field space.

In the first chapter we aim to offer a concise overview of the fundamentals of the
Cosmological Standard Model, and its shortcomings, present the resolution proposed by
the inflationary scenario and review the fundamentals of cosmological perturbation theory.

In the second chapter, we focus on the low-energy limit of a minimally-coupled, light
scalar field in de Sitter. The breakdown of standard perturbative methods, resulting from
infrared divergences, motivates the use of alternative techniques for the computation of
arbitrary temporal n-point functions. Utilising the technology of stochastic inflation we
produce Feynman Rules for Stochastic Inflationary Correlators [I], perform illustrative
computations that improve the accuracy of the expectation values of two-point and four-
point functions, and manifestly show the equivalence between the diagrammatic and path-
integral solutions to all orders. Finally, we briefly consider the case of backreaction.

In the third chapter we shift our attention to the high-energy behaviour of a specta-
tor scalar field in de Sitter. We treat General Relativity as an Effective Field Theory
of quantum gravity and introduce an effective action that is covariant under field trans-
formations. This approach allows us to treat the ultra-violet divergences and obtain,
unambiguously, the covariant 1-loop Gravitational Corrections to Higgs Potentials [2].
Hence, we present new relations for the evolution of the coupling coefficients with the
energy scale and motivate improved limits on the allowed values of the Higgs-curvature
coupling.

In the fourth chapter, we abandon the assumption of single-field, slow-roll inflation and
examine a model of multifield inflation. The dynamics of the inflaton field, which is taken
to evolve in a 2-dimensional hyperbolic field space, and its perturbations are investigated
and tight Observational Constraints on Hyperinflation [3] potentials are established.

Lastly, we conclude this thesis by summarising our results and offering some remarks

and directions for potential future work.
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1.2 Introduction to Cosmology

Cosmogony is a topic whose importance can only be surpassed by its antiquity. The
great successes of the past century, from General Relativity and the (Cosmological) Stan-
dard Model to Quantum Field Theory and Inflation have widened our horizons and given
us glimpes of the primordial universe. This short introduction does not aim to paint the
entire picture of our understanding of the primordial forces that brought our universe into
being, but rather put the original research presented in the following chapters in context.
For a truly detailed and thorough exposition to the physics of the early universe, the

interested reader is referred to [I4HI9] and references therein.

1.2.1 Cosmological Fundamentals

This subsection reviews the basics of the Cosmological Standard Model and its short-

comings. A more detailed exposition on the topic can be found in any textbook or lecture
note series [16, 17, 20].

FLRW Metric

Observational evidence from surveys of the Cosmic Microwave Background suggests
that the observable universe appears, on large scales, isotropic [21] and homogeneous|22],
respecting translational and rotational invariance. Adopting such an assumption mo-
tivates the definition of the Friedman-Lemaitre-Robertson-Walker (FLRW) space-time

metric with line element,

2

2 _ 2 2
ds® = —dt* + a*(t) T2

+ 7% (df? + sin® 0d¢?) | , (1.1)

where a is the cosmic scale factor, ¢ is the cosmic time, {r, ¢, 0} are the comoving polar
coordinates describing the 3-dimensional spatial hypersurface and k is the curvature pa-
rameter, taking negative, zero and positive values for a hyperbolic, Euclidean and elliptic
space, respectively. Physical distances are given by R(t) = a(t)r. An important quantity

for the description of an expanding space is the Hubble parameter H:

H=-, (1.2)

Il
2 e

that obtains a positive value for an expanding and a negative value for a collapsing
universe. Here and in the rest of the thesis (unless explicitly stated), we utilise natural
units, setting ¢ = h = 1. Hence, the Hubble parameter sets the characteristic time-scale
t ~ H~! and length-scale d ~ H~! in the homogeneous universe. Causal cosmological
processes taking place in this expanding background should occur in time intervals a lot

smaller than a Hubble time and over spatial distances a lot smaller than a Hubble length.
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Horizons

Depending on the sign of the line element, the separation of two events in the FLRW
space-time is characterised as time-like, when ds? < 0, light-like, when ds? = 0 or space-

like, when ds? > 0. Defining conformal time as
dt
- | — 1.3
= [ (1.3
the radial propagation of light is given, using (1.1]), by
ds* = a*(n) (—dn*+dl?). (1.4)

This, readily motivates the definition of the comoving particle horizon: The mazimal

comoving distance traversed by light between an initial time t; and some later time t.

t dtl
lpa(n) =mn—mni —/ti preak (1.5)
with ¢; often taken to be the initial singularity ¢; = 0.

Rescaling, one obtains the physical horizon dy(t) = a(t) lpy(t) which has a manifestly
physical meaning: Since light has not had the time to traverse a distance larger than dg (),
events separated by such a distance have never been in causal contact. Furthermore, the
comoving particle horizon of an expanding universe, that follows the description of the
traditional Big Bang scenario, is always increasing. Hence, regions that are contemporarily
causally connected may have been independent in the past, which comes in contrast with
the observed homogeneity and isotropy. We will return to this when we discuss the

shortcomings of the Cosmological Standard Model.

Dynamics

The content of the universe defines the dynamics of the scale factor a(t). Starting from
the Einstein field equations, with Mp; being the Planck mass M2, = (87G)~"

1 _
G = Ry = 500 R = Mp! Ty, (1.6)

where R, and R are the Ricci tensor and scalar, respectively.
The matter content of the universe can be described by a perfect cosmological fluid

with energy momentum tensor

T,uzx = (lo +p> Uy, Uy +pg,uua (17)

where p is the energy density, p the isotropic pressure and u,, the unit timelike four-velocity

of the fluid, as measured by a comoving observer in a local inertial frame.
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Thus, the Einstein field equations (1.6)), can be re-written as the Friedmann equations:

1 k
H?(t) = -
. " (1.8)
H+4+H?=—-=—

with a and a signifying the first and second derivatives of the scale factor with respect to

cosmic time t. These can be combined to give the continuity equation:

d
d_i +3H (p+p) =0. (1.9)

Defining the equation of state parameter w = p/p, which takes values depending on
the type of fluid of interest (w = {0,1/3, —1} for dust, radiation and the cosmological
constant respectively) and integrating (1.9)), leads to

p ox a3+, (1.10)

Hence, the scale factor’s dependence on time, for w # —1, is

a(t) o t30+w) (1.11)
and for the particular case of the cosmological constant, w = —1,
a(t) oc e, (1.12)

Substituting the various components’ temporal dependence in (1.8, the Friedman

equation becomes

a'(to) @’ (to) _k
e A BTy

with the subscripts referring to radiation, dust (non-relativistic matter) and vacuum en-

H?(t) pr(to) + pm(to)

= 1.13
3M3, ( )

ergy, respectively. It is evident that if p, # 0 and k£ < 0, the vacuum energy density will
dominate irrespective of the initial values of the radiation, matter and vacuum energy
densities. Contemporary observational evidence [23] indicates that our universe has a
curvature parameter £k — 0, while currently being vacuum energy dominated. This era
was preceded by a period of matter domination which followed after the initial radiation
dominated state. The effect of the decoupling of photons from matter, in this early stage
in the universe’s history, left a thermal relic propagating in a transparent universe and is

being observed as the Cosmic Microwave Background.
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1.2.2 Shortcomings of Big Bang Cosmology

Despite the success of the FLRW metric and the Friedmann equation in describing the
dynamics of the early universe, there are numerous problems that require addressing. In
short, according to the Cosmological Standard Model, our universe could not have been
such that could foster life to observe it, unless it originally was very homogeneous, but not
too much and very spatially flat, but not completely. These very precise initial conditions

constitute the horizon and flatness problems.

1.3 Introduction to Inflation

In the early 1980’s a series of works [ITHI3| proposed Inflation, a period of exponential
expansion, driven by a scalar field approprietly named inflaton, which resolves a series of

initial condition problems that the Big Bang scenario posed.

1.3.1 Inflationary Fundamentals

Re-writing (L.5)) as a function of the scale factor, with the initial time being the sin-
gularity t; — 0
Y dwate) -t (L)
n = / dIna(t')] ———— 1.14
Ina(ts) a(t')Hla(t')]

na

we observe that despite two events separated by distances greater than 1/(aH) being in
no causal contact today, it is possible that they had been in causal contact in the early
universe if the comoving Hubble radius 1/(aH) was much larger, then; addressing the
horizon problem. Furthermore, re-writing the Friedmann equation for a non-flat

universe as

p 1
1— = 1.1
| 3H? Ml%l’ a?H?’ (1.15)

it is evident that the shrinking of the comoving Hubble radius, dynamically resolves the

flatness problem. This condition implies, further, an accelerated expansion,

d 1 a
—(aH)  =-— . 1.16
From the second Friedmann equation (|1.8)), defining € = —H/HQ,
a
—=H*(1—¢)=— 1.1
e ===~ (03 (117

acceleration is shown to correspond to the condition € < 1, as well as p < —%p. In Einstein
Gravity, the conditions of a shrinking comoving Hubble radius, an accelerated expansion
and negative pressure are satisfied by a universe dominated by a nearly constant (vacuum)
energy density. Alternatively, this role can be played by the potential of a scalar field.

In the simplest versions of inflationary models, the dynamics of these fields, which are
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minimally coupled to gravity, are expressed by the action:
4 1 1 v

with k2 = Mp? = 87G, R is the Ricci scalar and V(¢) includes all self-interaction terms.
The action (1.18)) can be split into the Einstein-Hilbert part

Spy = /d4x\/—_g2—}; (1.19)
and the scalar field part
Sy =— / d*z/—g ngauqsaygb +V(g)]. (1.20)
The equation of motion for the homogeneous part of the inflaton is
$+3Ho+Vy =0, (1.21)

and the energy-momentum tensor is given by

2 98 00, ¢
¢ = _2 "9 _ _ P
1., = NET % @ b = G { B + V(¢)] . (1.22)
The dynamics of the FLRW geometry are given by
, 1 /1.
H” = 3 §qb + V(o) (1.23)

and assuming spatial homogeneity for the inflaton, the equation of state becomes

ps ¢ —2V(9)

_¢ | (1.24)
P & +2V(9)

Wy =
For the aforementioned conditions of negative pressure, w, < 0, and accelerated expan-
sion, wy < —1/3, to hold, the potential energy needs to dominate over the kinetic term
q252 < V(¢). In order for the inflationary epoch to be sustained for long enough - so
that the comoving Hubble horizon shrinks adequately - the second time derivative must
be comparatively negligible, ¢ < [3H¢|, |Vs|. This is encoded in the definition of the

parameter )
e = ——2 (1.25)
H¢
Both parameters, ey defined above (1.17) and 7y, can be expressed in relation to the
scalar field potential V(¢):
Ml%l qu ’
= 2e 1.26
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and v
i) = 3 (V). (127

The smallness of these parameters ensures that the universe undergoes a phase of accel-
erated expansion, ¢ < 1, for long-enough time, || < 1. Under these conditions, the

field will “roll” slowly enough toward the minimum of its potential until these “slow-roll”

conditions ([1.26)) and ([1.27)) are violated [13].

The "slow-roll" regime,
o < V(9) and ¢ < [3H), [V, (1.28)

is then defined by the Hubble parameter being near-constant,

V(o)

H? ~ — constant (1.29)
the field velocity being given by
] i ¢
N ——C 1.30
¢ 3H (1.30)

and the scale factor evolving, in de Sitter-like fashion, exponentially with time, a(t) ~ et

1.3.2 Fundamentals of Cosmological Perturbation Theory

The Inflationary scenario, further to resolving the aforementioned problems of the Hot
Big Bang Model, provides a natural explanation for the observable CMB anisotropies and
the large-scale structure of the universe. Abandoning the assumption of homogeneity and
isotropy results in examining the vacuum fluctuations of the inflaton and metric fields,
which are predicted to manifest a near scale-invariant power spectrum, in direct agreement
with observational results [24]. In order to briefly present the key features of cosmological

perturbation theory, we begin by expanding the metric about the FLRW line element
(1.1), in conformal time 7

ds? = a2(77){ — (1 +2A) dn? + 20;Bda’dn + [(1 — 20) 6i; + 20,0, E] dx’dxj} (1.31)

with a being the scale factor and A, B,1, and F representing scalar fluctuations. The
lapse function A, specifically, represents the fluctuation in the proper time interval with
respect to the coordinate time interval.

Perturbing the inflaton around a homogeneous background ¢ — ¢ + d¢, substituting
into the Klein-Gordon equation , and utilising the Einstein field equations ,
results in the equation of motion for the inflaton perturbation d¢, to linear order in

perturbation theory, in Fourier space |25, 26]:

2 2

(5¢k+3H§¢k+ (; + V¢¢) 5¢k = —2V¢ Ak+¢ |:Ak + 3wk + ? <CL2Ek — CLBk>:| s (132)
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for a given comoving wavenumber k, with overdots signifying derivatives with respect to
cosmic time .

The energy and momentum components of the (perturbed) Einstein field equations
pose constraints on the metric perturbations appearing on the right-hand side of ,
resulting in

k2 1

3H <¢k + HAk) + 2 [¢k +H <a2 By — aBk)} = =3 [¢ <5¢k — (bAk> + Vs (5¢k}

(1.33)

The equation of motion for the perturbations (1.32)) can be significantly simplified by the

introduction of the Sasaki-Mukhanov variable [27],

¢

Qk = 00k + 77k, (1.34)

and the elimination of the metric perturbations, using (1.33)):

. . k2 1 as .
3H — 4+ Vo — ——50, | =¢° = 0. 1.35
Qx + Qk+L2+ % I t(Hcﬁ )]Qk (1.35)
Redefining the field variable as vy = a Qy, in the spatially flat gauge ¥ = 0, this equation

takes the simpler form

z

Z//
v + (k2 — —) v = 0, (1.36)

where primes denote derivatives with respect to conformal time 7, as in (1.3, and we
have defined the variable z as,
2? = 2e M}, a”. (1.37)

For the purpose of introducing the basic concepts relevant to this thesis, we focus, here,
on solutions of the Sasaki-Mukhanov equation ((1.36) for a test field in de Sitter, ¢ — 0,

leading to the further simplification,

2
vy + (k2 - 5) v = 0. (1.38)

We start by promoting the field v and its conjugate momentum v’ to quantum operators

b= [ o) ™ 4 v () e (1.39)
= o3 k\7) ax € Vxk (N)ay € .

and normalising them by demanding that
1

(i, vy ) = 7 (Vv — vgvy) = 1 (1.40)
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with the creation and annihilation operators satisfying canonical commutation relations

[ak, aﬂ,} — (27) o(k — K. (1.41)

Bunch-Davies Vacuum and Mode Functions

A vacuum state must be chosen for the fluctuations, so that the action of the an-
nihilation operator on it, annihilates the wave-function ax|0) = 0. This is customarily
taken to be the Minkowski vacuum of a comoving observer in the far past n — —oo, or
alternatively for £ > aH. The Mukhanov equation , then, becomes the equation of

motion of a simple harmonic oscillator

vp + kv = 0, (1.42)
resulting in the initial condition
efikn
lim v, = (1.43)

k>aH VoL

Returning to ({1.38)) we can see that an exact solution is given by

e~ hn < i ) 5 etkn ( i ) ( )
Vg = 1—— |+ I+-—. 1.44
VR R TV
Utilising ([1.40)) and imposing (1.43)), the values of the arbitrary parameters o and (3 are

fixed, leading to the Bunch-Davies mode functions

e 1.45
v = —— . :

Power Spectra and Observables

These definitions permit the determination of the power spectrum of the comoving
curvature perturbation, R = LU
¢ a

k =a(t.) H(t,), as

= %&b, at the time of the mode’s horizon crossing

_ n2r (HN\®(H 1.46
=o(k + k)~ (¢—) (%) (1.46)
272

=o(k+ k/)ﬁA%(k),

where we introduced the dimensionless power spectrum A% (k) and denoted the ensemble
average of quantum fluctuations as (...). This last quantity has proven vital for the

connection between inflationary models and observational results, as it probes the depen-

10
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dence of scalar quantum fluctuations to the wavelength scale, through the scalar spectral

ndex
_dInA?

~ dlnk’

with scale invariance corresponding to the value ny, = 1. A similar treatment of the

(1.47)

ng —

tensor fluctuations of the Einstein-Hilbert action straightforwardly leads, see [17], to the
realisation that each polarization mode obeys an equation of motion identical to that of
the scalar fluctuation. Hence, the dimensionless power spectrum for the tensor fluctuation

can be shown to be given by

2 (H.\’
AXk)=205(k) = —5 | — ) . 1.48
) = 28800 = 7 () (1.48)
It is customary to normalise the tensor fluctuations to the amplitude of scalar fluctuations

through the tensor-to-scalar ratio
A (k)
A3 (k)

which acts as a direct measure of the energy scale of the inflationary era, since with the

r (1.49)

measured value of A2 ~ 1077,

WMN(J;YM&WW%V (1.50)
0.01

Among the simplest inflationary models would be one driven by a light (m ~ 1075 Mp;),
minimally coupled to gravity, scalar field with a quadratic potential (V = 1/2m?¢?), in de
Sitter space. This model provides predictions for the tensor-to-scalar ratio and the spectral
index, evaluated at CMB scales Noyrp ~ 60 e-folds, of ng = 0.96 and r ~ 0.1, respectively,
bringing it in fascinating agreement with the latest results from the Planck collaboration
[28], which determine the observed scalar spectral index value ng = 0.9649 £ 0.0042 at
68% CL and the tensor-to-scalar ratio being bounded from above, as r < 0.056.

1.3.3 Infrared Divergence in de Sitter

Despite the clarity that the single-field, slow-roll inflationary scenario boasts, it is not
without issues. The exponential expansion that resolves the problems of the hot big
bang scenario results in the whole spectrum red-shifting rapidly. Given long enough time
almost all the higher modes of the inflaton will accumulate upon the zero mode, leading
to infrared divergences. To see this explicitly, assume a massless minimally-coupled test

scalar field in de Sitter and decompose it into spatial and temporal parts:

o7 = [ s o™ au(r) + ol 6500 (151)

where we have introduced a new time variable 7 = [ " dt’ /a3 (t') which greatly simplifies the

wave equation. Here ay and CLL are the annihilation and creation operators respectively,

11
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as in((1.41). The mode amplitude function ¢;(7) satisfies the equation of motion (1.21]),

which with respect to 7 takes the form
Grrr (T) + KPadp(7) = 0. (1.52)

Hence, the mode function in D spacetime dimensions and as a function of cosmic time ¢
is [29]

ou(t) = a=(77) 4(1—%)1{7{9) (ﬁ) . (1.53)

Here v = 12)(;:)6 and 7—[1(,1)(,2) is the Hankel function of the first kind. In de Sitter space,

€ =0, and in the small |k| limit, where

W () o YO () g L AT
H () ~ —HD (=) ~ ——T(v) <2> (1.54)
the two-point correlation function,
1 gt 4’k ik-(x—x') ® (1)
(o(x,1) o(x', 1)) = PR oi(1) i (1), (1.55)

can be seen to diverge in the infrared limit in four space-time dimensions. To see this,

one may start from the mode amplitude two-point function

¢k(t)¢* (t/) k=0, 4lv! (1 _ 6)‘2”‘ F2(|V|) {HCLH’CL’
k

|v]
' 47T(1 — e) [H aP-1 [’ a/D_1]1/2 k2 } (1 + O<k )) (1.56)

and observe that the leading term exhibits a k-dependence of k=2, Therefore, the two-

point correlation function evolves proportionally to
(6(x,7) $(x, 1)) ox / dl €0 |22 (14 O(R?)) (157)

It is evident that, in the case of a massless scalar in four-dimensional de Sitter |v| = %,
equation (1.57)) is logarithmically divergent. For a massive scalar, in de Sitter, for which

v = \/(%)2 — (%)2 [30], one can Taylor expand (1.56) around M?/H? << 1, to obtain

H? M? k

t—t’

2
which, at late enough times 7~ < e*%, is unsuitable for a perturbative treatment [31].

Furthermore, in the case of a massive scalar field with a quartic self-interaction po-
tential V(¢) oc A¢?, the perturbative expansion parameter, which will be shown to
be AH*/m?, leads to a break-down of perturbation theory for sufficiently small mass
m? < VAH?, irrespective of the smallness of the self-interaction coupling constant, A. We
will present new methods for treating these divergences and computing N-point correlators

for a light, minimally coupled inflaton in de Sitter (and beyond) in Chapter

12
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1.3.4 Beyond Minimally-Coupled Slow-Roll Inflation

There are various ways that the minimally-coupled slow-roll regime can be generalised,

by abandoning the assumptions that characterise it.

e Non-minimal coupling to gravity: The simple single-field slow-roll action (|1.18)
is characterised by the lack of direct coupling between the inflaton field and the
metric (minimal coupling). In general, the theory can be generalised with the in-
clusion of more involved terms (non-minimal coupling) between the inflaton and
the graviton, see for example the review [32], however, using a field redefinition,
non-minimally coupled theories can be written as minimally coupled ones. This
process is not without its own problems and ambiguities, especially in relation to
the potential metastability of the electroweak vacuum, in models in which the Higgs

is either the inflaton or a spectator field in de Sitter.

Ultraviolet divergence in de Sitter-Higgs Vacuum Metastability

Einstein’s General Relativity is well-known to be non-renormalisable [33-35] and ex-
hibits divergences in the UV limit, rendering standard perturbative QFT methods
ineffective for the description of the behaviour of fields during the inflationary era.
Assuming that the Standard Model of particle physics is reliable at high energies
can result in our vacuum being a long-lived metastable state. The Higgs potential
barrier that surrounds the local minimum, depends strongly on the effective Higgs
mass at high energies, and it is important that gravitational corrections are taken
into account. In the inflationary energy range, General Relativity can be treated as
an ‘Effective Field Theory’ of gravity. Assuming that inflation is driven by a weakly
interacting inflaton field, we examine the effect that gravitational corrections have

on the effective Higgs potential in Chapter

e Multifield Inflation The assumption that inflation is driven by a single scalar
field, despite leading successfully to agreements with observations, is not well-
motivated by high-energy theories. Both the search for non-Gaussian signatures
[36] and signs of isocurvature mode contribution in the CMB [28|, as well as -
more recently- developments in string cosmology [37H39] have motivated research
towards inflationary models with multiple fields [40, 41]. Abandoning the single-
inflaton ansatz, allows for the introduction of non-trivial kinetic terms, which can
be encoded as the metric of the internal field space. In such models, the end of infla-
tion can be delayed by this geometry, permitting steep potentials. The background

dynamics and quantum perturbations of such a model are explored in Chapter
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Chapter 2. Feynman Rules for Stochastic Inflationary
Correlators

2.1 Overview of the Chapter

In this chapter, we are focusing on the IR behaviour of a light, minimally coupled
scalar field in an inflationary background.

We begin with a short introduction to the motivation behind the Stochastic Inflation
formalism and an exposition of the literature that presents the methodology’s success
in encapsulating the long-wavelength behaviour of scalar fields in a curved spacetime,
simplicity, and effectiveness (as compared to the full QFT computation) in quantitatively
producing correlation functions, in agreement with perturbative techniques, and making
predictions beyond perturbation theory.

Furthermore, we introduce the core elements of the formalism, demonstrating the
methodology that permits the reduction of the IR dynamics of the full quantum system to
a one-dimensional, quasi-classical Langevin equation. After obtaining the Fokker-Planck
equation associated with the latter and showcasing its resemblance to the Schrédinger
equation, we elaborate on the functional integral formulation of the stochastic dynamics
of a spectator field during inflation, comparing its diagrammatic expansion to that ob-
tained directly from a perturbative solution of the corresponding Langevin equation. We
state Feynman rules for computing arbitrary temporal n-point functions and perform some
illustrative computations for a light scalar (m < Hy) subjected to quartic self-interaction
A\ ¢*, paying attention to the role played by a functional Jacobian determinant in the path
integral. We proceed to consider the case of backreaction, when the field contributes to
the expansion parameter making the stochastic noise multiplicative and adding additional
diagrams to the Feynman rules.

We close by noting challenges of the stochastic approach in providing results beyond
the leading order, when gravity is consistently included. This modification would not only
induce a backreaction, H — H(¢), but also result in a state-dependent window function,
altering the equation of motion. The use of mathematically equivalent prescriptions for
the determination of the sequence of the operation of the stochastic and potential forces
on the system (Ito, Stratonovich or arbitrary 0 < o < 1 prescription) appear to lead to
different results for physical quantities (statistical averages, correlators, etc.) - see [42]
and references therein. The consistent inclusion of gravity requires either a prescription-
invariant formalism, or the determination of a unique prescription, motivated by either a

first principles computation or through other, independent of the system, techniques.
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2.2 Stochastic Inflation: Classical System encompassing Quantum Behaviour

Inflation [ITHI3] has been shown to not only solve the zero-order problems of the Hot
Big Bang scenario, but also provide a simple mechanism for the generation of the observ-
able Large Scale Structure by placing a scalar field ¢ in a (quasi-) de Sitter spacetime
characterised by the Hubble rate H. Performing the mode expansion of the scalar field one
readily observes a conceptual difference in the dynamical interaction between the long-
and short-wavelength modes: whereas the equations of motion for the short-wavelength
(UV) modes receive minimal adjustment (as compared to those in Minkowski spacetime)
due to the existence of the background geometry, the long-wavelength (IR) modes will
have their dynamics significantly affected. From a mathematical point of view, in the
IR limit, a logarithmic divergence arises, pointing to the emergence of phenomena that
require the employment of non-perturbative methods. From a physical point of view, the
long-wavelength behaviour of quantum fields during inflation directly affects the physical
processes in the post-inflationary era, from when observational data are taken, determin-
ing the values of the measured cosmological parameters. It is evident, hence, that the IR
behaviour of scalar fields during inflation is well-worth examining.

A substantial amount of work has been carried out since Mukhanov and Chibisov [43]
pointed out the dramatical enhancement that inflation has on the quantum effects of
massless, minimally coupled scalars. Pioneers in the field have pointed out several meth-
ods to treat the interesting IR effects in curved spacetimes (for some excellent reviews
the interested reader is encouraged to see [44], [45] and references therein) and have show-
cased the significant simplification that the technology of Stochastic Inflation offers, in
calculating the leading order IR behaviour, in direct agreement with the full Quantum
Field Theoretic treatment |31, [46H49] as well as presenting the opportunity to go beyond
perturbation theory and obtain non-perturbative results [50].

It has been shown manifestly [49], to all loop orders, that the stochastic correlation
functions produced from a QFT calculation, truncated to leading IR order, agree with the
stochastic correlation functions found by Starobinsky [51] and Starobinsky and Yokoyama
[52]. Recently, various new methodologies have been developed for the computation of
scalar correlation functions in de Sitter, including the direct QFT approach (using the
Schwinger-Dyson equations) [53, [54] and the spectral expansion at the level of the Fokker-
Planck eigenvalue equation [55], extended beyond slow-roll [56], and applied in a 1/N
expansion for O(N)-symmetric systems [57, 58|. Lastly, we remark the novel approach
on the description of the equilibrium state and the out-of-equilibrium dynamics of scalar
fields in the static patch of de Sitter [59, [60], which offers intriguing insights to the effect
that the presence of the cosmological horizon has on the thermalisation process, from the

perspective of an inertial observer.
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2.3 Novel Diagrammatic Methods for Cosmological Stochastic Inflation

2.3.1 From the Curved Spacetime QFT to the Langevin Equation

Following the work of [51], 52] 6], let us consider a minimally coupled, massive real
scalar field @, subjected to a potential V(®) in a homogeneous and isotropic inflationary

universe with a spatially flat metric,
ds® = —dt* + a*(t) da® = a*(7) [—dr® + dx*] (2.1)

with ¢ and 7 denoting the cosmic and conformal times respectively and a(t) the scale
factor. The Klein-Gordon equation, in de Sitter, is given by
v2

2 _
OO +3HOD — s Via =0, (2.2)

with Vig = 0 V(¢) and H = % the Hubble parameter, where the dot indicates a deriva-
tive with respect to the cosmic time ¢. In the “slow-roll" regime (1.28)), in which the scalar
field rolls down a flat potential, the evolution of the scalar is slower than the characteristic

time H !, so the second time derivative can be omitted,

3HO® —a2(t)V?® +V,=0. (2.3)

Starobinsky’s [51] fascinating insight was to use the horizon length [ ~ 7 as a measure

in order to split the scalar field ®(z,t) into a short- and long-wavelength modes,
O(z,t) = Pp(x,t) + q(x, 1), (2.4)

by introducing a coarse-graining window function Wy (¢), which defines the short-wavelength

modes:

4, 1) = / % Wilt) €(x, 1)
(2.5)

d3k _ |
— / (2m)3 Wi (t) |Up(t) a5 + UT(2) QL eikx]

where ay and aL, the annihilation and creation operators respectively, with canonical
commutation relation [ay, a'] = (27)30(k — K').

Utilising the split and expanding the potential gradient around the perturbation
qas Vi (o+q) =V, (o) + dc‘l/—f q the Klein Gordon equation becomes:

BHOg —a V2 +0,V =—[3HO —a>V*+ V| a(x,t). (2.6)
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Remembering that £ is the perturbation field, which satisfies
[3H8t — &_2 V2 + ‘/,(75(75} f(X, t) = 07 (27)

identically, and focusing on the behaviour of the very long-wavelength modes ¢, for which
|k| — 0, it is evident that the contribution of the gradient on the left hand side of ([2.6)

can be neglected. Thus, we obtain a first-order, non-linear equation:

1 1

O+ Vi Vg = ~37 [BHO, —a>V? + Ve | a(x,1)
43k
=— / W@Wk(t)f(x, t) (2.8)
= Z(x,t),

where, in the second line, we used the fact that the Klein-Gordon operator annihilates
£(x, 1) and the fact that the window function is purely time-dependent.

Making the simplest choice for the window function, that of a Heaviside function
Ol|k| — ea H], makes the notion of the short-wavelength modes manifest: They are those
with wavenumber |k| > ea H, where € is a small constant.

With this choice for the Window function, simplifies substantially, since

0,0(k| —eca H) = ea(t) H*5(|k| — ea(t) H), (2.9)

resulting in a concrete definition of the noise term,

ca(t) H?
(2m)°”

with Uy, as in (2.5). These mode functions assume a set of normalised solutions, in four

E(x,t) = /d3k: S(|k| —ea H) |ax Uy e "5 + aly Ugeik'X] : (2.10)

spacetime dimensions [29],

Ult) = o~ H D (k) B2 (2.11)

where " is the Hankel function of the first kind, with subscript v = V9/4 —m?/H2.

For light scalar fields, v ~ 3/2, the mode function takes the much simpler form

Ui(t) = i <T — |ZT|) e ilkIT, (2.12)

V2N

Let us pause for a moment here and appreciate (2.8). It is true that both the short-
and long-wavelength modes have, formally, a quantum-mechanical operator nature, in
the sense that their commutators with their respective derivatives are non-trivial. At late

times, though, the commutator of the coarse-grained long-wavelength mode vanishes
9%, 1), 7(x, )] =1 = [6(x,8), d(x,8)] =i (t) ~ 0. (2.13)
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Furthremore, as it was stated in [52] and explicitly manifested in [50], introducing an
auxiliary field ¢, whose mode function only includes the leading infrared contribution of
@12)

U~ (2.14)

V2[kP

and replacing the scalar quantum field variable ¢ with it, results in obtaining the same

leading order behaviour as the QFT treatment, in the IR limit. Hence, one can use the
technology for obtaining the equation of motion (and the probability distribution function
in the next section) for the long-wavelength field , and, in essence, treat the resulting
equation quasi-classically. This is due to the fact that in the mode expansion of this

auxiliary field,

= @’k €a - il e g e kx of
o) = [ (G OlealtH — kil s [ a e mal] @19

—unlike a usual quantum field — there is a common multiplicative factor that accompanies
the creation and annihilation operators, resulting in their time dependence being identical.

Thus, the commutator of this auxiliary field and its time derivative vanishes,

[p(x,1), p(x,1)] =0, (2.16)

reflecting the late-time behaviour of the long-wavelength modes . It is exactly this
property, namely the commutativity of the auxiliary field variable and its derivative, that
permits one to treat as a quasi-classical equation for the long-wavelength modes, in de
Sitter; quasi- because the creation and annihilation operators ay and aL can take random
values. This classically commuting, random variable is often referred to as “stochastic”.
Therefore, it follows that the long-wavelength modes obey which is an inho-
mogeneous Klein-Gordon equation, where the force term, physically, can be interpreted
as being due to the jitter caused by the quantum fluctuations of the perturbations of
the background field (short-wavelength modes) crossing the horizon and giving the long-

wavelength modes a stochastic "kick".
We return to (2.10) to find the correlation of the noise term:

(Z(t1) - Z(t2)) = /d3xd3x’5(x —xX'WE(X, t1),2(X, t2))

ek K / /
(27T)3 W d[k| —ea(t) H] §[|K'| — ea(t') H]

H? i (kK H? i (KK
ook s 0+ o) e}
H?

= [L+2n(K])] ot — 1),

=ca(t)H* ca(t) HQ/dgx

(2.17)
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where (al ap) = (27%) 6(k — k) n(]k|) is the number operator and in the second to last
line we used the identity ¢ [f(z)] = e HL | §(x) to manifest the explicit time-dependence
of the delta function.

For a Bunch-Davies Vacuum [62], n(]k|) = 0, so the noise is J-correlated in time

3

(E(1) - 2(02) = g 00— 1), (2.18)

2.3.2 From the Langevin to the Fokker-Planck Equation

As was established in the previous subsection, the IR dynamics of a scalar field in
(quasi-)de Sitter, coarse grained over patches of physical size Ar ~ 1/H are described by
the stochastic (slow-roll) dynamical equation,

V/

O+ o

g = P AB@IE), (2.19)

where a prime denotes a derivative with respect to ¢, A satisfies

3
=L (2.20)

A2’

and &(t) is a Gaussian stochastic force term whose histories are weighted by a Gaussian
probability distribution functional such that, for any functional F[{(t)], the average over

realisations of (¢) is given by (N is a normalization constant)

(Fle(o) = N [ DeFigebime .21
implying d-correlation for the stochastic force,

(€0)8)) = o(t =) (2.22)

In contrast to the introductory discussion in the rest of this chapter we will keep
¢ = 1 but retain A so as to explicitly keep track of terms related to stochastic fluctuations
which are ultimately related to the quantum behaviour of the short-wavelength modes
during inﬂationﬂ In what follows we will study two cases: Initially we will treat H as a
constant, which results in the stochastic noise amplitude being independent of the field
variable, making the noise “additive", and ¢ is a spectator field in de Sitter. This approach
has been partially developed in previous publications [48], [49]. Followingly, we study the
field backreacting on the spacetime, making the ansatz that holds true, with the
minimal alteration that the noise amplitude becomes field-dependent through H — H(¢),

IThe units of various relevant quantities are therefore [¢] = [mass|'/?[time] /2, [A] =
[time]~3/2,  [€] = [time]7'/2, [V] = [mass|[time] =3 and [h] = [mass][time].
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making the noise “multiplicative". Hence, we assume slow roll such that

H? ~ ? (0), (2.23)

with de Sitter space given by the limit V' (¢) — V5.

Following the work of [63], any one dimensional stochastic equation of the form

O = f(x) + g(x) £(1), (2.24)

driven by a stochastic force £(t), with drift f(z), and diffusion coefficient D(z) = 5 ¢*(z),
can be associated with a Fokker-Planck equation, which describes the evolution of the

probability density function P(z,t) of the variable z(t), given by
0P (x,t) = 0; [=f(2) = ©(0)g(x) g'(x)] P, 1) + 07 [D(w) P(x,1)]. (2.25)

The introduction of the Heaviside function ©(¢) follows, mathematically, from the fact
that the stochastic noise £(t) is not a continuous function, but rather consists of a series
of d-function “kicks" of random sign, and the resulting ambiguity associated with the

computation of the integral

t+ot
J(t,0t) = lim ds g lx(s)] £(s), (2.26)

t—0 J,

which is addressed by the generalised definition

Jo(t,dot) = g[z(t) + ©(0)ox] /tt+ tds &(s) (2.27)

and reduces to the Ito, Stratonovich and isothermal conventions for ©(0) = {0, 3,1},
respectively.

Physically, the Heaviside function describes the sense in which the multiplicative noise
amplitude g [z(s)] is to be evaluated: before, after or at some mid-point time relative to
the effect of the stochastic “kick" that £(s) has on the system.

For our Langevin equation f(¢) = —2= and g(¢) = h'/2A[¢(t)] and the corre-
sponding Fokker-Planck equation

Vo1 oy 1
0P () =0y | 577 + 5 (1= 6(0)) [hA]" + A% 05| P(6,1). (2.28)

We give here a quick formal derivation as in [64], recalling that we are assuming the
Stratonovich convention ©(0) = % in order to freely apply the normal rules of calculus.
For a derivation in a general convention see [63].

Consider an arbitrary function F(¢¢) of the stochastic field ¢[(t)] = ¢¢(t), where the

subscript indicates that ¢, is a solution to the Langevin equation for a particular noise
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history £(t), and therefore a functional of it. Its average over different noise histories is

(Flo / DE F [ge(t)] e HI00 / 06 F(6)P(6.1). (2.29)

In the first equation we write the expectation value of F as an explicit average over the
noise histories ¢ while in the second we encode all {-dependence in a time dependent
probability distribution P(¢,t), which gives the probability that the arbitrary field ¢
takes the value associated with the solution of the Langevin equation with noise £(t), at

time ¢. Utilising the Langevin equation we have

S0 = (5 (g +024e) ). (2:30)

The term on the left-hand side can be written in terms of the probability distribution
P(¢,t) as

d oP
GF) = [aorie 5. (231)
The first term on the right-hand side is easy to deal with:
0
<5¢£f> /d¢8_¢fp__/d¢]:8¢(fp>' (2.32)

To address the last term we use

oF ! 2
5_ <_Ae—2fdt£(t) ) -
/ 55 Dobe
6(155 1 2
A£> / D¢ o < ) 2 JatEW® o 2.33
(5% e \9oc ") e ¢ (233
OF 0OF )
(irs) = (o (354) %)
e Ipe \ e 0§
where the first line is the statement of the functional total derivative lemma, the second
is the action of the differential operator on the argument, and in the last we used (2.29).
In (2.33) we encountered the term 5;25(%), which still needs to be determined. The
solution to the Langevin equation can be formally written as

o

Pe(t) = ¢elto) + / Ot — 7) [ (¢e(r)) + B2 Al(r)] £(7)] dr, (2.34)

to

from which we obtain that the variation to the stochastic field value at time t resulting

from the variation of the noise at a time ¢/, with 0t =t —t' > 0, is

dope(t)
o&(t)

{1 —6tO(t —t) [f'(t) + R 2A(t)] } =2 Alp®))O@t —t).  (2.35)
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In the coincident limit 6t — 0, (2.35) reduces to

00e(t) _ B2 A [6(1)] ©(0). (2.36)

0§ (t)

Substituting this relation in the last line of (2.33)), integrating by parts twice, and utilising

(2.29) we obtain

oOF 0 0
—A :/d ]—"—[A— WA gt @OP} 2.37
(5rAe) = [aoF 5 |4z (2 alo]0P) (2.37)
Putting everything together and noting that F is arbitrary we arrive at
oPo.t) _ 0 [V 9
o 09 {3H+®(O)h¢48¢¢41 P(o,1). (2.38)

It is evident that Eqs. and are identical, but only when the Stratonovich
convention ©(0) = 1/2 is assumed, which was to be expected as normal rules of calculus
were used to produce this Fokker-Planck equation.

The equilibrium solution reads

2 !
v 1me (A7)
3Hh,A2+ 2 A2 dep

_2f<
Peg(¢) = Ne (2.39)

V/
=NA! ei2fd¢3HhA27

where N is a normalization constant and in the second line we have used the Stratonovich
convention ©(0) =1/2 .

2.3.3 From Fokker-Planck to Schridinger

In this section, we transform the Fokker-Planck equation obtained above (2.28) to a
Schrodinger-like equation (for a detailed derivation the interested reader is directed to
Appendix . To do so, we redefine the probability as:

P(¢,t) = f(¢) P(¢,1), (2.40)

where the proportionality function f(¢) is given by

_f<3th/A2+2<2(o) <i2)/)d¢
fl¢)=N'e (2.41)
— MA'P2,

with M being an irrelevant constant (since we only care about ratios of the function f to

itself and its derivatives).
Applying the redefinition (2.40)) in (2.28]), leads to a Wick-rotated (t — —it) Schrédinger-
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like equation:

P(o,t) = HP(6,1), (2.42)

with Hamiltonian

~

H=U(p)+ % hA0;, (2.43)

which can be associated with the Euclidean action

FEucl Q'bQ
- styt= - [ at |5 - (o)

For the simple case of additive noise, where H is constant and all derivatives of H(¢)

(2.44)

and A vanish, the resulting potential has the form:

1V 1V 1
_U(¢):_§3H+§(3H) hA?’ (245)

As it is shown in Appendix |[A] the general case H = H(¢) is a lot more complicated.

2.4 The Stochastic Path Integral Formulation

In the previous section, we established the correspondence between the Fokker-Planck
and Schrédinger equations, obtained the path integral formulation associated with the
latter and showed in Appendix [A] after expanding the full potential for the case of
multiplicative noise, that the resulting expression for the action is extremely involved.

Instead of using the Euclidean action (A.8|), we follow here a different approach, which
revolves around the introduction of an auxiliary scalar field ). This permits us to utilise
the familiar machinery of the path integral formulation of quantum mechanics [65] to
obtain solutions for the evolution of the probability distribution function P(¢, t) associated
with the scalar field and described by the original Langevin equation , with the
inclusion of multiplicative noise.

In order to compute the expectation values of functions, O[¢(¢;)], of the scalar field
variable ¢(t;) at times ¢;, on solutions ¢, of the stochastic equation we can use the

functional generalisation of the identity

5(‘7: - 5170) = 5(f($))||f’($)|x0“, (246)

where zy is the solution to f(z) = 0, and write

(Olp(t:)]) = / DEDY O[o(t)] 8] — pe] e 2/ 46®?
/ (2.47)
= [ Do 0160015 [+ 77 - A1) Tlo) 340

24



Chapter 2. Feynman Rules for Stochastic Inflationary Correlators

The resulting Jacobian determinant is

T14) = Det[ ¢(¢+ hl/QAE)L:¢§

d ) V' .
:Da[<@6@_t)+<§ﬁ)__#ﬂA§>L%¢7
3

with A = 0.A4/0¢. An interesting point that should be noted here is that in (2.48) the

derivative is taken with respect to the scalar field variable ¢ and is then evaluated for

(2.48)

the particular field configuration ¢ = ¢¢. Then, the delta functional ensures that the
scalar field variable is set to the particular solution of the Langevin equation, for all such
solutions, hence the subscript is redundant and henceforth omitted.

The delta functional can be expressed via a functional Fourier integral as

¢+;/_H—h1/2A[¢( } / Dy (P ABOIEO) (9 49)

A convenient way to express the determinant J[¢] is via the use of anti-commuting fields

/ Depe e+ (i) - eae)e (2.50)

We can then perform the Gaussian integral over &, which leaves us with

¢ and ¢, as

(O]p(t)]) = / DYDDcDE Op(t;)] e, (2.51)

with the action given by

1 6V d V'
= [ dt |=hA*® —i — c| — — | —iphAA 2.52
S / [2./41# Z¢<dt+3H)+c(dt+<3H) iphAA" ) c| , (2.52)
and where we have used the anti-commutativity of ¢ and ¢ to remove one of the resulting
terms containing ¢céc = 0. Furthermore, assuming the slow roll relation (2.23)), the
stochastic action becomes

w (V) : (V)

- N . N /s /
it (6r ) ¢l + (62C) 1whAA" |c

1
S = /dt 57@4%2 — i1
(2.53)
Adding source currents
S — S —iJy— J — J.c— s, (2.54)

where J,. and .J; are Grassmann valued, one obtains a generating functional Z[J, J¢, J,, Jd,
which, when appropriately differentiated, provides the expectation values for the fields.
We remark on the importance (which will be manifest in section [2.5.1)) of the fact that,
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from (2.47) for Ol¢] — 1,
Z[J,0,0,0] = 1. (2.55)

In the following sections, we will take the potential to have the form

1m?
V(p)=Vo+ Viey=Vo+ §ﬁ¢2 + Vint, (2.56)
such that, utilising (1.29), one obtains
81G m? 8rG
2 gy2 2
H” = Hy + ——73¢"+ = Vine (2.57)
When we discuss Feynman rules we will choose, for concreteness, a quartic interaction
potential
1A
Vit = ——*. 2.58
T (2.58)

The slow-roll condition (1.27), along with observational constraints for the field per-
turbations, place bounds to the permissible values of the scalar field mass and the self-
interaction coupling [51],

m? _ H? A
— <2 <107t 2.59
h? ~ 20 h ™~ ’ ( )

motivating a hierarchy for the terms in the potential

m

2 A
Vo> —¢> > ¢ 2.60
0> = o° > h¢ (2.60)
Hence, the conditions of the field being "light", V" < H?, and subdominant compared to

the background, V(4 < Vj, are met. The implications of these bounds to the temporal

range of applicability of our approach will be explored at the end of the following section.
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2.5 Feynman Rules from the Path Integral

In this section, we derive Feynman rules directly from the path integral with action
(2.53), including a weak backreaction on the expansion rate H = H(¢) corresponding
to multiplicative noise in the Langevin equation. Starting from (2.53) and keeping the
leading order terms in the dimensionless quantity y = AGH§ /2 (which is Hg/ (2mM?)
in units where & = 1), the action in the exponent in the path integral (2.51)) becomes

s=5/ 02;_:{ (6t () (ngm _wﬁi%im) ( Zg)

+ &(—w) (iw + 1) é(w)} + Sint,

(2.61)

where we integrated by parts to make the kinetic term symmetric, went to Fourier space
dw ~ i
o) = [ 52 dw)e, (2:62

and defined 71 = ggg—HO, which has dimensions of inverse time. Sy, contains the interactions

T A AT
Sint :/dt{ - [18}5 HJ v - [671 HJ cge

m? 5 9 A
* {X 2h2HJ A {X AlhH,

2 A
— {z X hTHo] cppe — {z X 3!hHJ c¢¢3c+...}.

The first line in (2.63)) contains terms arising, in de Sitter, due to self interaction of ¢

while the second and third lines are the leading order gravitational terms, due to the

} ¢+ (2.63)

field’s backreaction on the spacetime geometry, with the ellipsis denoting terms of O(x?)

or suppressed by further factors of E—; and .
0
We define § (Xw;) = 27 6 (Xw;) and remark that the quadratic term of (2.61) involves

the matrix
0 W — i ,
Ay, = <_w/ i ZTHS > F(w' + w) (2.64)
whose inverse, defined through

d
Q—WAW,W CAZL =1 x 6w — W), (2.65)
T
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leads to the two point functions of the free scalar fields

(B)ow) (D) _ (i m) e
( ( i ) ( o )

)

otiv (2.66)
F G
= (W) G() d(w 4 w).
Gw) 0
Similarly, for the ghosts, we obtain
(e(W)e(w)) = — Z,w(S(w' +w). (2.67)
F(w) is the Fourier transform of the free field two-point function
dw ; ’ hH?) ’
Do) = | —F(w) et = —0_ hit=t 9
(@00(E) = [ GEF(w) e = b e (2.68)
whereas the ¢ — 1) correlator corresponds to the retarded Green function
/ dw iw(t—t') " ,—rh(t—t')
(G = [ oG w) ) = Bt — t)e 1) (2.69)

Obviously, setting w — —w, or exchanging t <> t', gives the advanced Green function.
Note that the 1 field always sits at an earlier time than ¢ in the correlators, imbuing
them with a directionality, unlike the F'(¢,¢") correlator which is symmetric in ¢ and ¢’
The ghost correlator also has a natural directionality and is simply related to the retarded
propagator G(w) = —iG(w). As we will see, it serves to maintain the normalization of
the generating functional . Finally, note that from (2.69), ©(0) = 5 and hence our
formalism implicitly imposes the Stratonovich convention for the stochastic process.
With the propagators described above and the interactions presented in , one
is led to a diagrammatic expansion for arbitrary temporal correlators (¢(t1)...o(t,))

dictated by the following Feynman rules:

e Diagrams are constructed using the propagators below

H3n
Fw) | g | ® ¢
G(w) (miiw) oAA—e
G(w) (mi—w) @ ---%---0

Table 2.1: Feynman rules for the free-field two point function F(w), the retarded propagator
G(w), and the ghost propagator G(w).

Each line is associated with a frequency w running along it. The directionality
associated with G is indicated by the wiggly-straight line with the two ends corre-
sponding to the v and ¢ fields respectively. If w runs from the wiggly to the straight
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end, it is counted as positive, whereas it is counted as —w if it runs from the straight
to the wiggly end. Alternatively, in configuration space the wiggly end corresponds
to the earlier time. In ghost lines, the arrow, flowing from ¢ to ¢, also indicates the
time direction and the sense in which a frequency associated to the line is counted

as positive.

e These propagators are joined together with vertices. In the case of a spectator
scalar subjected to a potential V(¢) = (A\/4!h) ¢*, in de Sitter, the vertices are

given in Table 2.2

A A
3EHO 3ﬁH0

A
1

Table 2.2: Feynman rules for the vertices of a spectator field in de Sitter with quartic self-
interaction and the ghost resulting from the Jacobian determinant.

Note that for a ¢" interaction there would be n — 1 straight legs in the left diagram
and n — 2 straight legs in the ghost diagram with the appropriate vertex factor.
There are also additional “gravitational vertices” stemming from the ¢-dependence
of the noise amplitude (multiplicative noise) in (2.53), shown in Table

1
A A
1 1

Table 2.3: Feynman rules for the vertices induced by multiplicative noise.

e Frequency conservation applies at each vertex.

e Running inside each closed loop is a frequency o which is integrated over with

do
27 ”

e All external points at times ¢; come with a straight leg
>

which attaches to a vertex on either a straight or a wiggly leg, creating the associated

F or G propagator.

e Each external line connecting to t; carries a frequency w;. It is counted as +w;
if it exits the diagram and —w; if it enters the diagram. The overall direction of
frequency flow is conventional. In addition to their F' or GG factors, external lines

:I:iwi

also carry an e*™ii factor.
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e Total frequency is conserved across the whole diagram and external frequencies

are integrated over with [ 22,
e Diagrams should be divided by their symmetry factor.

We now apply these rules to perform a few illustrative computations of correlation
functions by constructing the corresponding diagrams. We will focus here on the spectator
field case and will utilise the extra vertices to compute some of their contributions in
section

2.5.1 Partition Function

In the absence of external currents Jy, J. and Jz, the generating functional is unity
by construction, see (2.55). Therefore, all vacuum bubbles must vanish. Indeed, this is

achieved by cancellations from the ghost loops. The partition function is expanded as:

ZH%K)CA GG

One should note that the bubble stemming from the ¢ interaction (first bubble above),
cancels the one from the é¢?c (second bubble above). The other four order A\ bubbles
shown stem from multiplicative noise, when H = H(¢), and also cancel due to ghost
loops: the é¢ipc bubble cancels the one from ¢?¢? (third and fourth bubble above) and
the 1)2¢* bubble cancelling the one from é¢3c (fifth and sixth bubble above). The sym-
metry factors for ¢*y?, ¥?¢* and cygc are 3, 1 and 1,
cancellation persists to all orders and is a consequence of the inclusion of the determinant

respectively. This diagrammatic

J¢], expressed in terms of ghost fields, which ensures the correct normalization of the
delta functional. More precisely, the cancellations are due to the fact that G(w) = —iG(w),

the symmetry factors of the diagrams and the corresponding factors of ¢ in the vertices.

2.5.2 Two-Point Function

The tree-level contribution to the 2-point function (p(t1)¢(ts)),

t1 2
is simply an F-type propagator. Applying the rules and choosing the frequency to run

from right to left and defining o = %, we get:
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hA? do elmotti—tz) hH
t)o(t2)) O = F(t, ty) = | —— /— = 0 it 2.71

(B(1)6(12))”) = F(t1,12) [m} =i e ey
a well known result [52].
To first order in A, the contributing Feynmann diagrams are:
The Left Seagull

1 MH{h d ww(ti—t2)

QWQ‘ A=—— —04 _w 6 2 ) (2'72)
t1 to 2 24 4t 27 (7ﬁ+zw) (77‘1 +w2)

where the frequency was taken to run from right to left and the symmetry factor is %

The Right Seagull

§ 2 1 AHZh  [d iw(ti—t2)
B=—- 20t [ ‘ (2.73)
t1 to

2 24 drtp ) 2w (g 4 w?) (i — i)

where the assumptions made above, have been applied. Together they give

A+rB=—

5 iw(tl—tg)
AH; h/dw e (2.74)

2mt 4 ) o (m2_|_w2)2’
which is symmetric in t; <> t».

Two more diagrams can be formed at order A\ with the existing vertices, one including

a closed G propagator line

—MNH3 R [dw e(tt2)
C = U i —— Y0
® {D ® 24 4 2/27T (m2+w2)2 (0) (2.75)

t1 to

and the ghost-loop diagram

0(0), (2.76)

‘ : o= NH} h/dw eiw(ti—t2)

® -0 ® T 2urm 2| on (m2+w2)2

where ©(0) = % with the ghost loop acting to precisely cancel the retarded propagator
loop, as expected.ﬂ

2This is true for any assignment of a value for ©(0), not only for ©(0) = 1/2, as our formalism
implies here, reflecting the fact that for additive noise, H = Hy, results are independent of the stochastic
discretization prescription: Stratonovich, Ito or otherwise.
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Then, the first order in A\ contribution to the two point function is given by:

g B e

(2.77)

where At = t; — to.

NNLO de Sitter contributions
To second order in A, there are 3 distinct topologies of connected Feynman diagrams:

Sunsets, Seagulls and Cacti.

The Symmetric Sunset
Taking frequency w to run through the diagram from right to left and noting that the

diagram’s symmetry factor is 67 we have

1/ A 2 1 dw giw(ti—t2) ;2
"W@‘M_‘ ss=5 (izin) [ mon ™

/d_w elwti=ta) (pp? 4 %)
9 (87?2) 27 (2 +w?)” [(3)? + w?]

where the Zss(w) factor involves integrations from the two loops.

_(H3n\® [ dodp 1
ISS(W) - (47T2) /27.[. It (m2+0_2> <7ﬁ2+p2) (m2+(0+p+w)2)’ (279)

with ¢ running clockwise in the upper loop and p running anti-clockwise in the lower.

The Left Sunset
With frequency running, again, from right to left and including the symmetry factor >
we have

LS =1 <Z . )2 (th> / dw 1) i Tps(w)
2\ 3Hph) \ 4n? 21 (1 + w?) (i + iw)
t1 to _ NH{h / d_weiw(tl*tz) (1h — iw)(31h — iw)

TR ) B (g ) (@) + o)

(2.80)
where the loop integral, now, is given by
H3h dp do l
IES(W> = <_2> /_p_ 2 5 ) 5 ; ) (2'81)
4 2121 (n® + 02) (" + p?) (h + i (0 + p+ w))

with o and p running in the loops as above.
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The Right Sunset

1A COHSRY [ dw e“th) i Tpg(w)
RS = 2 ( 3th> (4#2 ) / 2m (mZ +w2) (1h — iw)
t 6 ) Tt _ NH{h / dw e =R) (3 4 dw) (31 + iw)
St (870’ 2 (% W) (3 + W]
(2.82)

where, as above,

B H2h @d_a 1
IRS(W)_(47T2) /27.‘_27T(m2_|_02)(m2+p2)(m_i<0+p+w))- (2.83)

We note the minus signs in the frequencies that enter the propagators, resulting from
their flow from the straight to the wiggly ends of the lines.

The Symmetric Double Seagulls

m = (1Y (Lt s
== — ’L —_— -
._»vw\/_. EA Hh 4 2T (i +w?)”
1 2NHTh iw(t -
4

/dw giw(ti—t2)
9 (8m2)° ) 27 (12 4 w2)?

(2.84)

The Left Double Seagulls

LD3—1< A )2< 1 H3h> /d_w gietti=t2) Haly2
D) TN G T )
131 lo = 1 2N H h /d_w ettt
4 9p? (8x2)° ) 27 (1 + w?) (1 + iw)?
(2.85)

The Right Double Seagulls

RDS — 1 )\ 2 Lth 2 / d_(,d eiw(t17t2) ]ZTOSZ}LLZQ
omo 4 SHh 20 Am? 27 (h — iw)? (m2 + w?)
_ 1 2XH{h ot —
4

1 to = —3/d_w elethte) -
9> (872) 27 (77‘12 + w?) (h — iw)
(2.86)

~
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The Left Cactus

A 2 d iw(ti—ty) ; Hih
LC == (Z ) IﬁC/_w € ' 22 472
2\ 3Hoh 2 (it i) (7)) o
~— ° 1 XNH[h / dw e t=t) (ph — jw) .
" & 2 07 (37 ) 20 (7 u2)?
where,
3 2
1 H3h [ do i 5o
Iece=5775 | 5= — ; (2.88)
2p 4n? | 27 (1h + io) (187 + 0?)
is the w-independent factor stemming from the loop integrations.
The Right Cactus
1 L \2 d iw(ti—ty) Hih
e - L (_> Tre / dw ¢ 7 i
2\ 3Hyh 2 (77‘1 + w2) (h — iw) (2.80)
o o 1 XH]h /dw eiwti=t2) (ph 4 jw) '
" . 2 o (87" ) 2 (g 1 2)’

with Zre = Zpe. This concludes the topologically different connected 2-point diagrams,
to second order in .
Cacti involving a closed G loop at their top are cancelled by the corresponding closed

ghost loops. Hence, adding up the O(\?) contributions to the two-point function

h A2 N 12TA%R]? [ doehoti—to) | 4 32
(@) _ _ Ll
(e(t)o(t)) 21 { 3HHJ {27/12] / 21 (1 + 02)2 2 [ L+ 1+ 02 * 9+ 02
2
:Z;l@ Q5 (B + 187 At] + 15) 81 4 9IS (2.90)

where () = [— 3h’\HO] . [%] is the expansion parameter.

It is clear from these results that, for temporal correlators, the relevant expansion
A A2
6112 Hp’

so long that |Q| < 1 or ’;;”—22 > VA H?. This condition is well within the bounds placed

by the slow-roll approximation, m?/h? < H? see (2.59). The aforementioned results
(2.71), (2.77) and (2.90) agree with, at the coincident limit |At| — 0, and generalise the

results of [48]. Tt is easy to see that, for large temporal separation, the dominant term

parameter is |Q| = as noted in [48, 55, [66], and is a reasonable expansion parameter

at each order in the perturbative expansion depends on the combination @ 7 At. This
1

Qi

is irrelevant in this context, since fields separated by a physical time interval |At| >

indicates a breakdown of this approximation for |At| > Nevertheless, this restriction

1
n
become -essentially- uncorrelated, due to the exponential e~72! [48].
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Resumming the two-point correlation function, up to second order in the expansion
parameter, leads to an intriguing comparison between our approach and the spectral ex-

pansion method [55], in the limit |Q] < 1. We start by defining Z = 2% and rearranging

Y.
the sum of (271), (77) and (Z90):

(GOSN = 20 |1 LA L (%) L ]

+ Z e A % {1 + g (%2> +.. ] (2.91)

2 2
+ Z e~MIA <%) 3| At] + éZ (9) e~ SmIAt

2

with dots indicating higher order terms expected to appear when higher order in A cor-
rections to the two-point function are summed. Focusing on the first line of (2.91)), we
—lQllat : ,

0 The coefficient |Q|1/2 is

the first order in ) correction to the lowest non-trivial eigenfunction of the spectral ex-

readily recognise the first terms of the exponential e

pansion method [55]. The last term manifests the dependence of the expansion on the
third eigenvalue (to zeroth-order), verifying through an independent computation that,
as expected, only the odd eigenvalues contribute to the two-point function due to the
¢ — —¢ symmetry of our potential.

Lastly, the prefactor Z introduced above is in exact agreement with the one obtained
through the spectral expansion method, solidifying our confidence in the approach adopted
in this work.

It is worth noting that, by utilising de Sitter invariance, the temporal correlator can
provide the spatial 2-point function (¢(r;)¢(r2)), a quantity of more direct observational
interest, by replacing [48, 52, 55| 67]

m|At| — 2% In (aH|ry —r3)) (2.92)

in the expressions (2.77) and (2.90), where ¢ is some arbitrary time of interest. This applies

when equilibrium has been reached, an assumption implicit in all presented computations.
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2.5.3 Four-Point Function

The Feynman rules can easily be applied to compute any higher point function at
arbitrary times. For illustration we compute here the tree-level and one-loop connected
4-point functions, the latter of which are given by “candy” diagrams. The existence of F'

and G lines introduces different topologies that contribute to the final result.

Tree-Level Contribution to the Four-point Function

Utilising the Feynman rules of Tables[2.1]and 2.2 and assigning incoming frequencies w;
and ws to the F and G lines attached to t; and t3, respectively, and outgoing frequencies

wy and wy to the F' lines connected to t» and t4 one obtains for the O(A\!) four-point

function:
—tw1t1 +Hiwate —twstz+iwgty I{OS}‘I 3 y
> i\ / dwydwydwsdw, € ) !
3 = .
b g 3h Hy @m)* (i + wd) (17 + wd) (nh — iws) (1 + w?)
- F (w1 + w3 — wy — wy)
)\ (hHg)g H dwz efiwlt1+iw2t27iwgt3+iw4t4 ('Ifl + 2&)3)
b b iy \ar2 ) | (on)’ L (72 + )

cP(wr + ws — wy — wy).
(2.93)

The total tree-level contribution to the four-point function can be obtained trivially by
shifting the position of the retarded propagator to the other three options, and summing.

The terms linear to w in the numerator vanish due to the d-function. Hence, one obtains:

ANih (H3R\ dw; .
Ptotalz m (_0> HZ - HF<wz) 622(witi)5(2wi)

" 3hH, \ 42 (27)*
T i ] St s

do 1 s
=577 [ g fme e

with Z defined above (2.91) and @, the expansion parameter, defined underneath (2.90)

One Loop F- Candies

For the first set of diagrams we choose to connect t; to t3 without having to go through
the loop. There are four such diagrams, differing in the distribution of external F' and G
lines, shown below. For each diagram the symmetry factor is 1/2 due to the internal F'

propagators.
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t1 to ty (>
l3 ty | t3 7
1] ta | 1 (23
t3 ta ts (17}

Table 2.4: The Feynman diagrams contributing to the one-loop four-point function including
F-propagator loops.

Focusing on the upper left diagram, we assign incoming frequencies w; and ws to the F'
and G lines attached to ¢; and t3, respectively, and outgoing frequencies wy and w, to the
F and G lines connected to t5 and ¢4, while we assign frequency o to run counter-clockwise
in the loop. Applying the rules we have for this “candy” diagram

3 2
—twit1 +iwats—twsts+iwaty th :2
(& Iz 1

1/ ix \? [ dwidwsdwsdw,
705 (%_H)/ @2t (7 + wd) (1 + wB) (i — iws) (7 + )

- Tre, (w1, ws) F(wa + wy — wy — ws)

. ‘ , . 2
> (s )/ Ay T (GR) G i) o — )
2

3hH, (2m)* (1 + wb) (1* + wB) (1 + w3) (1 + w})
- Tre, (w1, ws) #(wy + wy — wi — w3),

(2.95)

where the loop integral is

Tre, (w1, w3) = (Zlif)Q / Z_Z (n® + 02) (1 Ji (wi +ws +0)°)

(2.96)

N2:HANR! 1

- <W) 1 drp® + (w; + ws)?
The other three diagrams are obtained by shifting the placement of the G lines. It is easy
to see that the top right diagram (FCs) is obtained by replacing (74 + iws) (170 — iwy) —
(1 + iw1) (174 — iws) in the numerator of (2.93)), the bottom left (FCs) by (14 + iws) —
(1A + iwy) and the bottom right (FC4) by (1A —iws) — (174 — iws). Remarkably, adding

up all the diagrams results in cancellations, leading to
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A dw; "
Z‘FC tlat27t37t4) m (3hH0) Hzﬂ' 1 HF ZZ(WltZ)ﬁ(ZWi), (297)

where we redefined the signs of all the frequencies, which is possible since F'(w) is even.
The other two possibilities, connecting t; to t5 or t; to t4 without going through the

loop, give an identical result and therefore the sum of all F-Candy diagrams contributes

‘Fc(tly t27 t37 t4> 2; (?)hAH ) / H de H F Zz(witi)ﬁ(zwl'). (298)
0 i

One Loop G-Candies

The other set of contributing one-loop diagrams consists of G-candies, in which one of
the internal loop propagators is of G-type. We choose the external times to be connected

as seen below,

1 (2 t1 (2
ts ty | t3 t
t (23 t1 to
ts ty | 3 t

Table 2.5: The Feynman diagrams contributing to the one-loop four-point function including
G-propagator loops.

and compute the top left diagram of this group. Assigning incoming frequencies w; and
w3 (to t; and t3 respectively), outgoing we and wy (to ty and t4), frequency o running
counter-clockwise in the loop, and noting that the symmetry factor is, now, unity (no

possible exchange of F-lines in the loop), we have

2 .
gcl — 1 |: )\ :| / dwl dCL)Q d(A)3 dW4 efiwltl+iUJ2t27’L’W3t3+iOJ4t4 m + w1

2 [ 3h Hy (2m)* (2/n) — i(wy —ws) (2.99)
- F(wy) F(w2) F(ws) Fwy)d(—wi + wa — ws + wy),
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where we directly included the loop integral

H3h

do 7 T
Tee. = | — L 2.100
g1 /2#(0‘1—i(0+w1—w2))m2+02 ( )

The other 3 diagrams are obtained by performing the appropriate permutations, as above,

leading to a total of

1 A ? Hz dw; i(—w1 t1twa ta—ws ta+wa ta)
2.9= 55 | | oy € LIt o =)

[ T+ iw n M — iws N 1 + iws Th — i
(2/n) +i(wr —w2)  (2fn) +i(wi —w2)  (2M) —i(wi —wa)  (2M) —i(wr — wy)

1 A I du)Z (=
= ’L witi F i E i
7 {3711{0] / H wi)f(2ew)

+

(2.101)

where in the last equation, the relevant transformations (w; — —w;, i = 1,2) have been
performed. As in the case of F-candies, the other two possibilities, i.e. connecting ¢; to
ty or t; to ty without going through the loop, give an identical result and therefore all

G-Candy diagrams contribute

et totst) = o (o) [ (ot ILFe)e™ 5. pao)

Finally, adding the sums of F- and G-candies results in:

9 A\ [T dws S
Z(tl,t27t3,t4) = % (3hHO) (27‘(’)4 . 5(2&)@)6 (B ts) HF(wl)

R L
(2.103)

From the expressions (2.71)),(2.77)) (2.90)),(2.94)) and (2.103]), we can infer the general form

of the contribution to the N-point function, up to the m-th order in A, formulated as a

conjectured diagram (C.D.):

w\z

H dU’ H f(0) - §(Soy) elPEoit) (2104

2
C.D.(tl,tg, .. ) - N [M‘|

U

where A is a constant resulting from the loop integrals and f(o) is a function of the

dimensional parameter o = % which depends on the diagram topology. Ultimately, the

expansion parameter is |Q| =

2 . . . . .
= &TAH, consistent with our 2-point function observations.
0
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2.6 Stochastic Diagrams from the Langevin Equation in Pure de Sitter

In this section, we compute the 2-point and 4-point functions to order \? directly from
the Langevin equation for the potential . We demonstrate how this perturbative
solution can be represented graphically as ‘tree’ diagrams and manifestly show that they
are identical to those obtained in section [2.5] Nevertheless, this graphical representation
requires a non-insignificant amount of labour, compared to the direct application of the
Feynman rules stated previously. Therefore, this section not only validates the previous
computations, but also demonstrates the efficiency of using the Feynman rules stated in

section [2.5] compared to working with the direct solution of the Langevin equation.
We start by rewriting (2.19)), as

; A 3 _ £1/2
O+ 1hé + g’ = HPPALQ), (2.105)

where, for simplicity, we ignore in this section any dependence of A on ¢. Expanding the
solution ¢(t) = G0y + ¢1) + d2) + ... to different orders in A and, accordingly, splitting

the Langevin equation (|2.105)) into different orders results in:

by + o) = KAL) (2.106)
: A
¢<1)+m¢(1)+m¢?0) = 0 (2.107)
- A
¢(2>+7ﬁ¢<2>+m(3¢?0)¢<1)) = 0 (2.108)

By defining the Fourier transform as in (2.62)), we directly obtain in Fourier space and to

order O(\?)
1

:m+iw

Fourier transforming the cubic term in (2.107)),

b0 (w) WPAE(w) = GRw)h P Ag(w). (2.109)

dw dw' dw"” ‘ S
(ﬁ?o)(t) = / % ¢(0)(W> (b(O)(W/) (b(O)(W”) ez(erw +w )t7 (2110)

the first order equation reads, in Fourier space,

(1 + iw) P (w)
"6 3?1 Hy / dWI(CZZ:§3dW35(W1 + ws + w3 — w)go(w1)Po(w2)Po(w3)
A <h1A>3 (2.111)
’ dw, dw, d
T 6-3h Hy / wl(Q:;s wgé(wl—i-a&—l—m;—w)

G (w)€(wr) G (wa)€ (wa) G (ws)€(ws)
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and therefore the O(\!) solution is straightforwardly obtained, as

b)) = —%G% [ e e+ =) o)
- G (w1)€(wr) GF(w2)€(wa) G (ws)E(ws).
Likewise, the O()\2) solution reads
bente) = 2 A
[T A TR e i ) ] 4 =)
GR)EW]) GRuh)E(wh) GR(wh) GRwn)E(n) GR(ws)é(wn) GR(ws)é(ws).
(2.113)

These results can be represented in a graphical way as ‘tree’ graphs, as in Table [2.6]

—  XGRw)
Do) (W) G
G (w1)
GR W9
Py(w) ()
o) (@) )
P)(w)

Table 2.6: Graphical representation of the solutions of the stochastic differential equations, up to
O(A\?). Crosses represent ¢ sources while lines stand for retarded propagators G, which evolve
the sources to build up the field or, equivalently, its Fourier transform at frequency w. Note that
different crosses can be thought of as injecting different frequencies in the tree and each vertex
conserves the total frequency flowing in and out of it. Higher orders can be obtained similarly,
as increasingly complex "trees".
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2.6.1 Diagrammatic Computation of the Two-Point Function

Let us, now, look again at the two-point function (p(w)d(w’)) and expand it, as above,

up to 2nd order in \.

<¢(W)¢(w/)> = <(¢(0) (w) + ¢(1)(w) + ¢(2) (w) + .. ) (¢(0) (w’) + ¢(1)(w’) + (b(g) (w’) + .. )>
= () (W) (W)
+ () (W)da) (W) + (P (@) 0y (W)
+((0) (W)de) (W) + (D) (@) () (W) + () (W) (W) +
(2.114)
Substituting from , the Oth order, in A, correlator is given as
, hH3 1 ,
(60 (W) (W)) = 4w;7ﬁ24—w25@d*_w)’ (2.115)
where the Fourier transform of ¢ and have been used to obtain
EW)E(W) = flw +w). (2.116)

The operation of taking the expectation value on the product of noise terms can be

graphically represented as

% °
Py (—w) P(0)(w)

i.e. to obtain correlators two crosses can be joined together producing an F'-line with

frequency w flowing across it.

O(\) Contributions

For the O(A') contribution to the correlator, we have

(0 >—/dw?lmw”@@ W) (@)
A {E@E @) (€ wn)élws))
+ (E(@)E (wn)) (Elwn)é(ws))
 (E@)E(ws)) (g (wa)) |
- G (w1) G () G (ws) Flwr + wy + w3 — W),

(2.117)
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where Wick’s theorem was used to expand (£(w)&(w1)&(w2)€(ws)). This leads to

NH] h dw 1 1 : /
NN — tw(t—t")
<¢(0)(t)¢(1)(t )> (87r2) 3 ] 2 5 = e , (2.118)

and the Fourier space correction to the two-point function is

AHZ R 1 1
(872) 3phip® + wW2ih —iw’

In order to obtain the term, <¢(0) (), ¢(1)(t)>, one may observe that changing ¢ <> t/

Alw) = —

(2.119)

(or equivalently, w <> w’) in equation (2.117)), results in the expression in question,

)\H5h dw 1 1
e an ) 2wttt

(90 (), 00 (1)) = gelt=t) (2.120)

Hence, in Fourier space,

\H{ T 1 1
(872)? ipafp® + w2ih +iw

A(w) = — (2.121)
Finally, adding (2.119) and (2.121)) results in the O()) contribution to the two-point
function

2\H] R 1
Fi(w) = — 0 (2.122)

3 (577 [ + 7]
which, as expected, is exactly equivalent to (2.77). This result can be obtained graphically
by joining all the crosses in the "trees" representing ¢(p) and ¢(1), depicted in Table [2.7]

GE(w) G (wy)
EUOIIR — —X Gf(w)
by (w) Giw) oW | dow)  GHw) b1)(w)
G®(ws) G®(ws)

Table 2.7: Graphical representation of the contributing terms to the 2-point function, up to

ON).

Py (w) o) (—w) | do)(~w) by (W)

as seen below

One can easily see that the resulting diagrams are equivalent to those obtained in section
2.5 directly using the Feynman rules by noting that a crossed line in this formalism

equates to a straight F-line and a straight line here equates to a straight-jagged line in
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the path integral formalism.

tlo—&otg tlﬁQ/—otQ

This correspondence is true to all orders and for all such diagrams.

O()\?) Contributions

The terms that contribute to O(X?) can be seen in (2.114) to be (@) (w)de) (W),
<¢(2) (wW)d(o0) (w’)> and <¢(1)(w)¢(1)(w’)>. Having calculated ¢g)(w),¢n)(w) and ¢2)(w) in
(2.109), (2.112) and (2.113) respectively, we determine the NNLO correction to the two-

point function as follows:

N hH\® :
(60 (W)duy (W) = (67 3112) <4§2) G (w) G (W)

./dwldwldwldw’ldwédwég
(27)°
F G (w1) G (wn) G (w3) G (w]) G (w)) G (wh)

(€(wn) - Elw2) - E(ws) - E(wy) - €(wh) - E(wy)) -

Py (w) ‘% }‘ Py (W)

Table 2.8: Graphical representation of the <¢(1)(w)¢(1)(w’)> terms contributing to the expecta-
tion value of the two-point correlator, at 2-loop order.

(w1 + wo + w3 — w) F(W) + wh + wh — W)

(2.123)

Using Wick’s theorem, it is evident that there are 15 terms of different pairs in
<§(w1) E(ws) - E(ws) - E(W)) - E(wh) - ¢(wh)). The diagrammatic presentation of those (or
alternatively, the symmetries of the integrals and the delta functions) demonstrates that
there are only two topologically inequivalent ways for these 15 terms to be organised: 6

"Symmetric Sunset" diagrams and 9 "Symmetric Double Seagull" diagrams.
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The Symmetric Sunset

A\’ (hH? e Hzldwzdw
88_6(671-31?0) (4w2>G )& /

F(wr + we + ws — w)(w] + wy + ws — W)
5_69_52 LG (wr) G (w2) G (wy) G (w)) G (wh) GM(wh)

- Pwr + wp)d(wa + wh)d(ws + wh)

 AH]hK 1

Cop® (372 (% + @) [(3h)? + w?]

(2.124)
The Symmetric Double Seagull

A\’ (hH? Ry Hzldwldw
88_9(671-3]{0> (47r2>G )& /

- F(wr 4 wa + ws — w)F(W) + wh +wy — W)
OQ)(QQ -G (wr) G (ws) G (ws) G (w)) G (wh) G (wh)
t ta - F(wr 4 wa)f(ws + wWi)d (W) + wp)

. XHIh 1
1877LL2 (87'('2)3 (ULLZ +w2)27

in exact agreement with (2.78)) and (2.84).

Furthermore, there are two more second-order in A contributions:

(2.125)

(6000 ) ~G") | | | raw

/ Hl 1 dwzdw $wy + wo + ws — wh)F(W) + wy + ws — w) (2.126)
(wl)GR(M2)GR(W3)GR(W1)GR(WQ)GR(%)
and its w — w’ symmetric.
*»—-=e= L — 4
b2)(w) P (W) | do(w) P2y (w')

Table 2.9:  Graphical representation of the (¢ (w)d()(w’)) and () (w)d)(w')) terms con-
tributing to the expectation value of the two-point correlator, at 2-loop order.

The 15 different ways which <5(w1) CE(ws) - E(ws) - E(W)) - E(wh) - §(w§)> can be ex-
panded out into, split (2.126) into 3 topologically different diagrams: 3 "Right Double
Seagulls", 6 "Right Sunset" and 6 "Right Cactus" diagrams (and the corresponding "Left"

ones for the w — w’ symmetric).
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The Right Double Seagulls

RDS — 3. 2)\2hH7 )G (w /H dwzdw
27 - (87T2)
$(wy + wo + ws — wh)F (W) + wh + wh —cu)
,_,(Q C) SO O GMen) GM ) G G
bt b2 P(w] 4+ wh)(wr + w3)F(wr + w)
1 2XH[h 1
4 oop? (872)° (1 +w?) (1 — iw) (1 — iw)
(2.127)
The Right Sunset
RS —6. /\QIiH7 )G (w /Hz 1dculdw
27 - (8%2)

o, e
t1 to . H GR(wi) GR(Q_);) 6(w’1 + wé)ﬁ(wl + W3)6(w2 4 w)

i=1

_ NHh (1h + iw) (31h + iw)
9’ (872)° (1% + w?)? [(3h)% + w?]

(2.128)
The Right Cactus

Re— 6. 2 BHE cns o, /Hz L ded
27 - (87r2)

HOS ) (2-)

t h .H(;R(wi) GR (W) $(w + wh)F(we + ws)d (W) + wi)

_ N H{ h (1h + iw)
A7 (570 (4 + )’

(2.129)

All are, of course, in direct one-to-one agreement with their path-integral counterparts

(2.82),(2.86) and (22.89)). It is obvious to see, taking w — —w (or equivalently, exchanging
t, with t3), that the time-symmetric diagrams (2.80), (2.85) and (2.87) are, again, in

one-to-one agreement with their diagrammatic counterparts.
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2.6.2 Diagrammatic Computation of the Four-Point Function

The same principles that led to the computation of the two-point function to tree-
level (2.115]), one-loop (2.122)), and two-loop order (2.124) - (2.129) can be applied for

the computation of the four-point function. Again, it is shown that there is a one-to-one

correspondence between the two approaches.

Tree-Level Contribution to the Four-point Function

The tree-level contribution to the four-point function is given by :

(D(1)(t2)D(ts)d(t4))° N = (B1(t1)do(t2)Po(t3)do(ta)) + (Po(t1)dr (ta)do(ts)o(ta))

+ (o(t1)po(ta)d1(ts)do(ta)) + (Po(t1)do(ta)do(ts)r(ta)) -
(2.130)

We start by computing (do(t1)do(t2)¢1(t3)po(ts)) and obtain the other three by symmetry.

_6/1‘[1 1de _ dw!, .(_ A ) (42)° st
t (8 6 - 3h Hy

$(wr + wh) 5(w2 + wh) F(wa + wh) F(w) + wh + wh — ws)
GR(Wl)GR(WZ)GR(W3)GR(W4) 'GR(WQ)GR(WQ)GR(WQ)

t3 t4 <hH3) /Hz 1dw7, ZW3> 5(21 wl) eiEwiti
" 3hH, \ 4n? [Tiei (7 + ) |

We note the factor of 6 stemming from the Wick contractions of the stochastic noise

(2.131)

terms (diagrammatically, each anchored external time with associated frequency wy,ws
and ws, respectively, can be connected with each of the three prongs wi, w) and wj, giving
rise to a factor of 3; the other two prongs left have two different possible configurations,
leading to the quoted multiplicative factor). Furthermore, after performing the substi-
tutions t; — —t; and t3 — —t3 (so that the diagrammatic expansion is in agreement
with the Feynman rules stated underneath Table , the aforementioned result is in
agreement with the path integral result and therefore (due to the symmetry of the
integrals and the overall -function) the total tree-level contribution of the diagrammatic

approach is shown to agree with (2.94)).

Diagrammatic O(\?) Contribution to the Four-Point Function

The one-loop (O(A?)) correction to the four-point vertex can, also, be calculated di-
rectly from the solutions of the stochastic differential equations. The one-loop four-point

function can be expanded as follows:
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(6(t1)0(t2)B(ts)3(12)) °) = (9o (t1)d0(t2) 1 (t3)1 (£4)) + (1 (81) 1 (£2)0 (£) o t4))
+ (Do(t1)P1(t2)d1(t3)Po(ta)) + (1(t1)Po(t2)Po(t3)P1(ta))
+ (D1(t1)Po(t2)P1(t3)Po(ta)) + (o(t1)P1(t2)Po(ts)P1(ta))
+ (92(t1)do(t2)Po(t3)do(ta)) + (do(tr)P2(t2)do(ts)Po(ta))
+ (Po(t1)Po(ta)d2(ts)do(ta)) + (Do(t1)do(t2)do(ts)Pa(ts)) -

(2.132)

We note that these contributions can be grouped, depending on their correspondence to
topologically different diagrams. The terms in the first, second and third line will be
shown to represent F-Candies and those in the last two, as G-Candies. The final results,

as expected, are shown to be identical to the computations of section (2.5.3)).

One Loop F-Candies

The diagrams containing an F-loop can be separated depending on their topology in
"Horizontal", "Vertical" and "Knotted" Candies. We explicitly show the calculation of

the first type and present the result of the computation of the rest.

In order to calculate the first term of (2.132), (¢o(t1)do(t2)1(t3)d1(t4)), we anchor the
incoming particles as states { and the outgoing as 3 :

dwy dwy dws dw, dw' dwl, dwl dioy dis dios
(27)10

X \2 (HERN\® . . 3

- F (@3 + wh) F(@n + wa) Fw) + wh + wy — ws)
: 5(@1 + Wy +ws — w4)GR<W1)GR(W2)GR(W3)GR(W4)
- G (w)) G (wh) G (wh) G (@1) G (@2) G (w3)

(AN (HnY /dwldwgdw3d¢u4 i wit)
~ \IsHR) dr? Cr) @AP (o + w)?

. GR((A)l)GR(—wl)GR(WQ)GR(—WQ)GR(CL)?,)GR(WZL)%(EWZ‘).
(2.133)

(Go(t1)do(t2) 1 (t5)61 (1)) =18 /

The origin of the factor of 18 comes from the topologically equivalent Wick contractions:
There are 3 distinct choices for ¢; to be linked to any of the three prongs of ¢3 and the
same holds for ¢, and ¢4 (resulting in a factor of 9). The two left over prongs of each of
t3 and t4 can form a loop in two different ways (resulting in a multiplicative factor of 2).
Hence, there are 18 different Wick contractions of the eight &s that preserve the structure
of the external times as described earlier. The last line of reproduces the path

integral result (2.95)).
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Performing the following permutations (1 <+ 3,2 <> 4), (1 <> 3), (2 <> 4) and adding

the individual diagram contributions, results in:

(Po(t1)o(t2)P1(tz)Pr(ta)) + (P1(t1) @1 (t2)do(ts)do(ta))
(@1(t1)do(t2)Po(ts)d1(ta)) + (Po(ti)d1(ta)d1(ts)@o(ta))

1 A dwy de d(JJg dwy SiS(witi)
2 [%HJ / [[re f (i)

(2.134)

in exact agreement with the path integral method result (2.97).

1] (23 ty (23
l3 ty | 13 (7
3] (23 t to
tg t4 t3 t4

Table 2.10: The ‘tree’ diagrams contributing to the one-loop four-point function including F-
propagator loops, with "horizontal" topology.

Furthermore, choosing to connect one of the prongs of the ¢x)(t1) with ¢g(t2) results

n

in the formation of the "vertical candy" diagrams, depicted in Table 2.11] Similarly to

the "horizontal candy" diagrams, the sum of the four vertical ones, leads to:

1 A 17 [ dwn de dw3 dw, ——
= — F(w;) e®@itdg (Yw,) . 2.135
2V =5y LmHo] / [17 $ (Z) (2.135)
tl t2 tl t2 tl tg tl tQ
t3 ty t3 ty t3 ty t3 ty

Table 2.11: The ‘tree’ diagrams contributing to the one-loop four-point function, including F-
propagator loops, with "vertical" topology.
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Lastly, the knotted candies give

1 )\ dw1 dCUQ dCU3 d(,U4 »
§ K= — F(w;) et g ($uw,) . 2.1
: 20 {371}10} / H wi) Jor) (2.136)

Ultimately, adding up all the contributions we obtain for the sum of the F-Candies:

3 p) dwy de dw3 dw, oiSwiti) ,
o] [t

i

One Loop-G Candies

The four last contributions in form a different type of correction to the four-
point vertex. Here, one of the three prongs of the ¢,(t) closes in with one of three ¢q(t)
prongs. This will lead to diagrams in which one of the internal loop propagators is F' and
one that is G in the language of section [2.5]

Starting with A = (pa(t1) o0 (t2)Po(ts)po(ts)),

A 363 ( A )z <H3h) / [T, dw; T 1dw [Ty 421 st

18 Hy h 472 27)10
SP(w] 4+ @) F(we + Do) Fws + D3) flwh + ng)
(@1 + @ +¢D3 — wWi)F(w) 4wy +wy — wi)
4

HGR w;) HGR ;)H GR@

) () Moot

. GR(CUQ> GR( CUQ) GR(Wg) GR CU3) GR(CU4) GR( )6(20}1)
The other three diagrams are obtained by performing the following permutations:

(2.138)

B=A, (1< 3)
C=A (1234 (2.139)
D=A (14,2 3)

Then, the sum of the four diagrams, as expected from ([2.101]), is:

F=A+B+C+D

3 A\ (H3R\* Hdwl St
=305 (18H0 ) (47r2 ) (2 HF i)
[ T — iwy N T — iws N 77‘1—2w2 N Th — iwy
(2m) +i(wy +ws)  (2/) Fiwa +ws)  (2m) +i(wr +ws)  (2Mm) +i(wr + ws)

3 A H dwz E
= l witi F i Z i
7 [3711{0} H wi) (M)

(2.140)
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Chapter 2. Feynman Rules for Stochastic Inflationary Correlators

Here, the multiplicative factor of 36 is due to the Wick contractions as follows: There
are 3 «; prongs that can form the Gf-loop with one of the two w] prongs, giving rise to
a factor of 6. The two left over of the w; are interchangable (resulting in a factor of 2)
and lastly, there is a single way to connect the remaining w} prong with any one of ws, w;
or wy, giving a horizontal, vertical or knotted G-candy, respectively (another factor of 3).

Hence, the total one-loop correction to the 4-point vertex is:

9 [ A\’ [ dw dwydws dw, .
S : “itt) TT F(w; 2.141
2 (SHHO) / oy [[ 7 214

as previously found in (2.103]).

2.7 Backreaction Contributions to the Two-Point Correlators

In this section, we compute corrections stemming from the ¢ dependence of the multi-
plicative noise amplitude, A o< H3(¢). We note that we neglect any new vertices that are
further suppressed by z—g or A\. Furthermore, we have not computed corrections to the
noise amplitude due to the modified behaviour of the scalar modes as they exit the hori-
zon, which are presumably suppressed by similar factors. This computation, therefore,
serves as an illustration of the new types of vertices that arise due to the gravitational
backreaction of the field ¢, but should also contain the leading order result. The new
contributions are easy to compute in the path integral formalism where a new set of ver-
tices appears, see section [2.5] These new vertices alter the two-point function, to leading

order, are given as follows:

- - 3°hH3 d iw(tz—t1)

R (~‘ Re (s‘ I(tth) 77/7‘ OX/_W e i

\ H \ H 472 2 (m2 —i—w2)
—ANA——e A —e
ty ty  t to _3hHjx dg pirho (ta—t1)

S E Amtip T (14 02)?

3 [hA2
o@»—o ==X { AO} (14 1h|A(t)]) e 1A

(2.142)

)\ﬁng/dw giw(ta—t1)

popy o ARHo X fdw e TR

j( 1, 2) (871'2)2 o (Tﬁ2 +w2)2

" b " _ ARH [ ot
822’ ) 21 (14 02)?

R TN R TN B _§ B Y h.Ag h.Ag
.\‘ 'l .“ 'l - 8 X 3h HO m 2 TﬁQ
h ( ) kooh Z ) 2 X (L plA(0)]) e

(2.143)
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3 tw(ta—t1)
it = 5 (Zf?o) /%ﬁ
._«/Qﬁ_. _ Sy [ d T 1y
t b (47r2)217‘L2 2r (14 0?)
:%x hAG ] i

The symmetry factor of the last two sets of diagrams is 1/2. Lastly, there is a single

diagram with two scalar loops:

\NhH? dw et@t2—t)
K(ti,ta) = —OXQ e T T oy
(8n2)240p" J 27 (1" + w?)

1 XMhHjx [ doenotzt)

4 (8m2)2p® ) 21 (1+0?)

t1 to ) )
6% | 30Hy| | ;| 202 ’
(2.145)
with symmetry factor 1/8 and noting that A% = %, throughout.

Summing the aforementioned contributions, leads to the first order (in the interaction
vertices described in Table [2.3)) correction to the two-point function

3 hA2 1 1 3
BR.OW — TX {%} e PIAY {1 + SrhlAt (1 - 5@) - gQ] (2.146)

where At = t; — t5 and ( is the expansion parameter associated with self-interaction in
de Sitter, as in (2.90)).

We observe that, in this case, ghost loops do not, always, cancel closed G loops due
to non-matching numerical factors in the new vertices. We comment on this feature in
the final section. It is important to note that the above comment does not apply to the
bubble diagrams in the partition function; they still cancel as described in (2.70)). This is

also true for the following diagram

- dCL)Q FLAQ
e ‘\ O<t17t2) :/ o (m? —|—OUJ2)
1

° 05 e o ° : :
t o 1 ta % i XA _'_ﬁ —2X A :
h Hy 2 hHy
(2.147)
as was expected from observing that the symmetry factor (1/2) of the second diagram

0(0)?

above cancels the factor of two which differentiates the two vertices. Similar cancellations
are expected to occur at higher orders and caution is necessary. This computation serves

as a correction and addition to the work originally presented in [I].
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Chapter 2. Feynman Rules for Stochastic Inflationary Correlators

2.8 Conclusion and Motivation for Further Work

In this work, we elaborated on the path integral representation of the Langevin equation
describing the infrared behaviour of a spectator scalar field, in de Sitter. Elaborating on
this methodology, we obtained simple Feynman rules that allow for the straightforward
computation of arbitrary unequal-time correlators of the field. Such quantities can also be
computed via a perturbative expansion applied directly to the Langevin equation. As we
demonstrated, the two approaches are equivalent but the former offers a more streamlined
and efficient way to the final result, circumventing a lot of the steps necessitated by the
latter that involve (a) breaking down the solution for ¢ in different orders, represented
by the ‘tree’-like graphs of section and (b) computing expectation values of their
products by glueing the "trees" in all possible ways across their crossed tips. These steps
become increasingly complex with the number of fields in the desired correlator, and with
perturbative order. On the contrary, the Feynman rules directly build any correlator out
of two propagators and a small, fixed number of vertices. We expect that their utility will
become even clearer when more than one field is involved. Our results agree with and
generalise existing computations in literature [48] that follow similar methods.

Additionally, in the small perturbative parameter limit |Q] < 1, our work accurately
reproduces the first non-vanishing eigenvalues of the spectral expansion approach [55] be-
yond the zeroth-order in |@|, as well as the zeroth-order coefficients exactly. Further
investigation is required to establish the correspondence between the two methodologies,
to higher order in the expansion parameter, motivating an intriguing potential research
pursuit.

Furthermore, we briefly considered backreaction by including the dependence of the
noise amplitude on ¢, making the noise multiplicative, and calculated new contributions
to the two-point functions. In this case, the direct Langevin equation approach would
have proven substantially more involved.

Our Feynman rules necessitated the introduction of ghost fields that contribute closed
loops in the diagrams. In the case of additive noise, H = Hy, ghost loops act to cancel
closed GG loops. Such loops do not appear in the perturbative solution of the Langevin
equation, indicating that ghosts are essential in ensuring that the Feynman diagrams give
the correct result. In the case of backreaction, with H = H(¢), the contributions from
ghost loops and closed G loops do not always add up to zero and hence may contribute
to the final result. This is a manifestation of the well known fact that when the noise is
multiplicative, results depend on the discretization prescription of the Langevin equation
which, in a continuum description, translates to the choice of the value of ©(0) [63]. Our
formalism naturally picks the midpoint value ©(0) = %, corresponding to the Stratonovich
prescription. Other prescriptions would also be possible to implement in a simple manner
by adding appropriate “spurious force” terms to the potential.

Here, we made the ansatz that the inclusion of backreaction in the original Quantum
Field Theory introduces a minimal effect in the form of the equation of motion, ,
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solely modifying the noise from additive to a state-dependent multiplicative one. Re-
membering that this equation was obtained by adopting a window function in order to
perform the split between the "long" and "short" wavelength modes, we observe that this
window will depend on the field value, when we let H = H(¢). This will, consequently,
result in a state-dependent window function, which will lead to further modification in
the obtained equation of motion. Further investigation of these effects is necessary for
the proper treatment of scalar fields in realistic spacetimes.

For the time being, it is unclear which prescription would be appropriate when grav-
ity is consistently included, with different prescriptions leading to different results for
the correlators - albeit suppressed by powers of x = hGH;/2w. It is remarked in [G8]
that this theoretical uncertainty should be commensurable to corrections to the leading
stochastic picture. However, such corrections are now accessible and the uncertainty be-
comes relevant for investigations beyond the leading stochastic description. As stressed in
[69], the correct prescription for modelling dynamics via a stochastic differential equation
can only be decided by either a first principles computation or other external physical
considerations - mathematically all prescriptions (©(0) € [0,1] in a continuum descrip-
tion) are equally admissible. In our case, the stochastic action entering the path integral
must be a truncated version of the full underlying QFT action in the Schwinger-Keldysh
formulation (see [46] for the spectator field case) and therefore, a particular prescription
must be chosen from the underlying dynamics. Since no determinants appear in the QFT
path integral, the Ito prescription seems favoured, but this will need to be verified via a
concrete computation. A similar reduction to that described in [46], including gravita-
tional degrees of freedom, for which a QFT path integral has been derived [70], as well as
its comparison to the stochastic AN formalism [68, [[TH73] would also be an interesting

future research pursuit.
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Chapter 3. Covariant One-Loop Gravitational Corrections to
the Effective Higgs Potential in de Sitter

3.1 Overview of the Chapter

In this chapter, we are motivated by the meta-stability of the Higgs vacuum at high
energies, but still below the Planck mass M,, during inflation. We begin by outlining the
motivation for the computation presented here and by providing some general introductory
clarifications for manipulating quantum fields in curved field space. Furthermore, we
introduce the field-space covariant one-loop correction to the effective action for the Higgs-
Gravity sector, treating General Relativity as an Effective Field Theory of gravity and
obtain the relevant operators in de Sitter spacetime. Utilising heat kernel methods on the
Sy sphere, we find the zeta-function-regularised contributions to the beta functions and
consequently obtain new and improved results for the running couplings of the one-loop

effective potential.

3.2 Introduction

Extrapolation of the Standard Model of particle physics to high energies leads to
the remarkable conclusion that our vacuum may be a long-lived metastable state, in
which the Higgs field sits at a local minimum of the Higgs potential surrounded by a
potential barrier of width somewhere in the range 10'° — 10 GeV [74H76]. This raises an
interesting question about initial conditions, because if the Standard Model is correct at
these energies, then somehow the Higgs field had to evolve into this metastable vacuum
state during the early stages of the universe [77].

The Higgs potential barrier depends strongly on the effective Higgs mass at high en-
ergies, and it is quite possible that gravitational corrections may be important. In the
relevant energy range, there is no reason to abandon General Relativity as an ‘Effective
Field Theory’ description of gravity [78]. There are two contributions to the effective
Higgs mass, the ordinary mass and the one due to the coupling ¢ RH'H, between the
Higgs field H and the space-time curvature R |79, 80] . We will assume that inflation
is driven by an inflaton field, not the Higgs field, which is assumed weakly interacting
and makes no contribution to the Higgs potential. The curvature coupling increases the
height of the potential barrier around the metastable minimum if ¢ R is positive, and has
the opposite effect when £R is negative, making Higgs stability sensitive to the value of £
[77, 81 [82].
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Placing the Higgs decay into a cosmological context [83], introduces an ambiguity
in how we define the spacetime geometry. In particular, we can perform a conformal
re-scaling of the metric which removes the curvature-coupling term, transforming the
theory from the original Jordan frame to the Einstein frame. It has been noted that
quantum calculations can sometimes lead to different results when done in the Jordan
or the Einstein frame [84] [85]. This is a puzzle, because we want to avoid a situation in
which the physical properties of the Higgs field (for example the stability of its vacuum)
are frame-dependent. The contradiction would be best resolved by having an approach to
quantisation that is consistent irrespective of the choice of the spacetime metric |86-89).
We here present a covariant quantisation scheme, through which the inflationary regime
properties of the Higgs vacuum can be addressed unambiguously.

The basic tool we use is an effective action, which is covariant under field transforma-
tions [90H94]. This is a stronger requirement than general covariance or covariance under
spacetime coordinate transformations. The idea of a field-space covariant Quantum Field
Theory (hereafter called covariant) is illustrated by the diagram in Eq.. Quantisa-
tion followed by a field redefinition should give the same result as starting with a field

redefinition and then quantising, i.e. the diagram should commute.

/

@ ©
! ! (3.1)
Lle] — T¢]

_>

Demanding covariance of the effective action guarantees covariance of the effective field
equations. Without covariance, there is a different quantum field theory for each choice of
field variables. Imposing covariance has another virtue. In the standard QFT approach,
the solutions of the effective field equations depend on the choice of the gauge-fixing
terms, that are added to the classical Lagrangian to fix the gauge freedom. However,
in the covariant approach, the solutions to the covariant effective field equations are
independent of these gauge-fixing terms.

Covariant approaches are widely used to quantise non-linear sigma models [95] 96|, but
they are very rarely used for gauge theories. One reason they are not widely used is that
the gauge-fixing dependence of the usual effective action is not considered problematic,
since the dependence goes away ‘on-shell’; i.e. the action takes the same value at solu-
tions to the effective field equations [97-HI00]. Furthermore, it is easy to show that the
Jordan and FEinstein frame Higgs theories have equivalent perturbative expansions when
the background fields are on-shell and the Higgs field is small [I0T].

Using a covariant approach retains the gauge-fixing and frame independence off-shell,
for any value of the Higgs field. On the other hand, covariant approaches are not totally
unambiguous, because there are two versions of the covariant effective action: T'[p*, ¢]
which generates the 1-particle-irreducible (1PI) diagrams but depends on an extra field

©* [102], and the DeWitt effective action I'[¢] which does not generate 1PI diagrams
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[103]. Fortunately, both generate the same effective field equations, and they agree on-
shell. They are therefore equivalent for determining the effective potential, so we will use
the simpler DeWitt effective action.

Higgs vacuum decay is an example of a situation where the effective action and the
classical action lead to very different qualitative behaviour [T04H107|. Another example is
Coleman-Weinberg theory of massless electrodynamics, where quantum corrections to the
effective action lead to symmetry breaking. In these situations, we use the solutions of
the renormalisation group (RG) corrected field equations with running coupling constants
to determine the vacuum state or to calculate tunnelling amplitudes [108]. Note that we
use ‘on shell’ to refer to fields that satisfy the effective field equations rather than the
classical field equations.

We will investigate whether covariant and non-covariant approaches to the effective
action give different physical results by doing specific calculations of the running couplings
in the Higgs effective potential.

The renormalisation group corrected potential used here is constructed as follows. The
DeWitt effective action for the modulus of the Higgs field ¢ is written as a functional
I'(9i, #, 9w, 1tr), wWhere g; are running couplings depending on pp, the renormalisation
scale. At one-loop order, the explicit dependence on the renormalisation scale has contri-
butions from all types of fields in the standard model. These contributions are determined
by perturbation theory and depend on a set of second order differential operators A™(¢)
[109]. Following Coleman and Weinberg [108], the § functions (5,, = dg;/dIn(pr)) can
be obtained by comparing coefficients in the renormalisation group equation for the La-

grangian,
oL 1

or or )
;ﬁi 90 %56 ~ Va9 g = 16 > (F)ba(A"), (3.2)

where the sign is positive for bosons and negative for fermions and ghosts. Renormalisa-
tion of the fields is responsible for the anomalous dimensions 4 = d1n \/Zy/dIn(pg) and
vy = dIn\/Z,/dIn(ug), where we are using the sign conventions of [I07]. The functions
by are polynomial combinations of coefficients in the operators A". General expressions
for by are known for many types of operators on arbitrary spacetime backgrounds (e.g.
[110, 11T]). Since the theory we are dealing with is not renormalisable, the Lagrangian,
which has an infinite series of terms, has to be truncated at some inverse power of the
cut-off scale of the theory, which we naturally take to be the Planck mass. At one-loop,
the by coefficient gives us terms up to order Mp_4.

A change of variable from ugr to ¢t = In(¢/ur) changes the functional form of the

couplings in the effective action from g¢;(ug) to ¢i(t),

I'(gi(t), ¢'(t), 9, (1), 1) = T(9i(1tr), (1R, Gy (1R, 11R)- (3.3)

The RG corrected Lagrangian is defined by the leading term, £'(g;(t), ¢'(t), g,,,(t)). The

dependence of the parameters on the Higgs field modulus ¢ is determined by the renor-
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malisation group, which implies

dg; _ Bi(g;) (3.4)
dt 1+ 7(95) '
subject to boundary conditions fixed at a given (low energy) mass scale M.

The first thing to note about the Coleman-Weinberg method for calculating the (-
functions is that it relies on the functional form of the effective action. Therefore a
knowledge of the effective action, which is only valid for solutions to the background field
equations, is not sufficient. The covariant effective action gives us an unambiguous off-
shell formulation and a unique set of beta functions. In order to construct this covariant
effective action we make use of the non-trivial geometry of the space of metrics and fields.
In the general case of a gauge theory with fields ¢! and action S[p], the covariant operator
Ay, for the field fluctuations is given by [90, O]

2
Ay = —% + FKU% + A R0 R 1ale], (3.5)
where R, are the gauge group generator vector (R, = R, ;) components.

The innovation of Vilkovisky and DeWitt was to put the second functional derivatives
into covariant form by introducing a field-space connection V; with connection coeffi-
cients ' ;;. The connection ensures that the effective action is covariant under field
redefinitions. In the Landau gauge limit, A, — 0o, the connection coefficients reduce to
the Levi-Civita connection coefficients, for the local metric, on the space of fields. The
final term in is a gauge-fixing term. Details of the covariant approach are given in
section

The connection term vanishes when the background field satisfies the classical field
equations i.e. 65/dp! = 0, and then non-covariant and covariant effective actions agree.
However, we might expect differing results when the background satisfies the quantum
corrected field equations. The beta-functions and the renormalisation group corrected
effective Lagrangians defined using non-covariant and covariant approaches need not be
the same.

In sections and we will calculate the beta-functions for the Higgs potential
parameters, in both covariant and non-covariant form, and present the differences between
the beta-functions obtained in the Einstein, Jordan and covariant frames. As is well
known, from standard scalar-gravity theory, the beta-function for the curvature coupling
Be o< 6§ —1 in the Jordan frame. This result cannot hold in a covariant approach, because
¢ vanishes in the Einstein frame, and consequently the covariant 3¢ cannot depend on § Il-]
As expected, when we do the calculation, the non-covariant results are frame dependent
whilst the covariant results are frame independent. However, the combination u? + £R,

which acts as an effective Higgs mass, and the Higgs self-coupling A have the same scale

'In fact, & appears as a correction to the mass in the Einstein frame, and contributes to Bp2.
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behaviour in the non-covariant and covariant approaches. The leading behaviour of the
renormalisation group effective potential is therefore frame independent, and differences
arise only in terms that are suppressed by factors of M~ 4. Our results for the properties of
the Higgs vacuum, using the renormalisation group corrected potential, hence, are similar
to those found previously [79].

In section [3.5 we will explore some of the consequences of the covariant approach. One
of these is that field redefinitions mix some of the parameters of the theory, and respect-
ing covariance leads to a set of relations between the beta functions for these parameters.
These relations can be used, for example, to completely determine the dependence of the
beta-functions on the curvature coupling £&. Another consequence of using a covariant ap-
proach is that the path integral is independent of the gauge-fixing terms in the Lagrangian.
Therefore, physical observables that depend on the quantum field action (for example, the
quantum tunnelling rates) will be computed unambiguously. In non-covariant approaches,
this issue is non-trivial, and independence has only been demonstrated explicitly when
the true vacuum is not radiatively generated 112, 113].

This chapter focuses on the UV behaviour of the quantum theory and how it affects
the Higgs potential in de Sitter space. In many ways, though, the IR behaviour of Higgs
fields in de Sitter space is a more interesting subject. It has become apparent, initially
from stochastic theory [47, 52, 114], 1T5] and also from infrared expansions [116} 117], that
a self-coupled massless scalar field in a de Sitter invariant state acquires a mass squared of
order A\'/2H?, where H is the expansion rate. This limits the applicability of our results
for small curvature coupling. Tt also means that, when integrating the renormalisation
group equations for the effective mass in de Sitter space, we start with this IR mass,

rather than the low energy Higgs mass.

3.3 Covariant Effective Actions

In this section, after a concise introduction to the geometrical interpretation of a curved
field space and some fundamentals on the effective action, we give an exposition to the
field-space covariant effective action, following DeWitt [118], and present two methods for
evaluating its one-loop contribution. Furthermore, we show specifically, that the Landau
gauge-fixing limit and the decomposition into gauge-fixed and pure gauge modes lead to

equivalent results for the one-loop effective potential.

3.3.1 Field Space Generalities

In field space, the background fields define coordinates, the components of which are
denoted here by capital Latin indices I, .J,... (the interested reader is directed to Ap-
pendix B[ ). The gauge sub-space parameters will be specified by using Greek indices
a, f,.... DeWitt condensed notation [91] is used throughout, with the indices I,.J ...

and «a, ... representing all field variables associated with the field in question (for ex-
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ample ®’ — ®Z(z)) and contractions over I,.J,...,a,3... incorporating the Einstein
convention (summation over repeated tensor indices), but also integration over space-

time. Hence, the inner product, for example, becomes
VD =VIG,; D’ = /d"x d"x' VE(z) Gz (x, 2" ) D*(2), (3.6)

where in the last equation, we write the integration over spacetime explicitly and employ
only the Einstein summation over the indices Z, 7 .... For clarity, we present in Table
B.1] a comprehensive list of all the different types of indices used in this chapter, along

with their implicit summations.

Index Type Component Type Summation Convention

Uy Vs Spacetime Coordinate  Einstein

iy Higgs (Scalar) Field Einstein

,J,... Field Space Coordinate FEinstein

I,J, ... Field Space Coordinate FEinstein & Spacetime Integration
a, B, .. Gauge Group Indices Einstein & Spacetime Summation

Table 3.1: Tensor component indices, the type of tensor they refer to and their respective implicit
summation conventions.

In this context, any tensor field ¢!, depending on some spacetime coordinate z* de-

fined on a curved spacetime background with integral measure du = d"z |g|'/?, can be
represented with the aid of the biscalar Dirac d-distribution, as
o = %)= [ duty)8(2.9) 8567 0) (37)

The partial variation of a functional of ¢, F'[¢], with respect to ¢ follows by expanding

it in powers of the variation of ¢. To first order, one obtains

OF (9]
6¢7 (z)

which leads, identically, to the definition of the field-space Dirac J-distribution.

OF [¢]

507 5o, (3.8)

507 (y) =

5F] = / dyu()d(z, y)

0" ¢*(x)
0¢7 397 (y)

l9(y)['/? 6% 7 6(x,y) = 6. (3.9)

A field-covariant effective action can be constructed whenever there exists a covariant
notion of the distance between two field configurations. Formally, this means that we have
a Riemannian geometry on the space of fields ¢! and geodesics can be defined |90, 91], 93].
This approach allows us to interpret geometrically the ordinary field displacement ¢! —¢?,

which is sensible in a flat field-space with Cartesian coordinates, as a vector and generalise
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this notion. The geodetic interval o[¢, ] is defined as

oo, @] = = [length of geodesic from ¢ to ]’ (3.10)

1
2
hence, the covariant tangent vector to the geodesic from ¢ to ¢! is given by —o!(¢, p),

with
)

3¢’

and can be regarded as the natural extension of the flat-space coordinate difference in

o6, ] = G" 9] —0l¢, ¢, (3.11)

general geometries. The local field-space metric G;; can also be used to define a field-

space invariant volume measure D¢ for functional integration.

3.3.2 Effective Action Generalities

The effective action is a fascinating tool for the computation of the quantum properties
of interacting fields theories, especially when attention is paid to the intrinsic properties of
fields - like correlation functions, potential minima, etc - rather than their particle states.
We briefly review some basic notions on the subject for the sake of completeness and refer
the interested reader to excellent expositions of the topic [93] 102 107, 119].

Starting from the classical Lagrangian, £(¢) and adding a source term Jz(z) with
linear dependence to the classical field, on a curved space-time background with volume
element dy = |g|*/? d*x (focusing on situations where both the initial and final states of
the system are approximate vacuum states and ignoring particle production), results in

the definition of the ground state amplitude
Z[g, J] = "ol = / Do 71991, (3.12)

The generating function, here, apart from being a function of the external source J, is

also a function of the metric g,,,

119.¢) = Slg. o] + [ du(o) Jr(a)o (). (3.13)
Let us define the effective field 7,
o) = T = (@), .14

as the expectation value of ¢Z(x), which is, manifestly, a functional of Jz. The effective

action can, then, be defined as

Mlg. ¢ = WIJ) / dyu() Jo() F(x) = WIT) — Jrg (3.15)
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resulting in

oiTloe] _ / Dop eSlo:d1+1 ] dule)Iz(2) ((2) - ()

(3.16)
_ /D [5g0] ez’S[cer&pHi Jl&pl’
with the source term given by
'y, ¢]
= — . 1
To(w) =~ 515 (3.17)

This is the implicit definition of the effective action.
An alternative method for obtaining the effective action revolves around the expansion

of the classical action about the background field ¢! — ! + d¢!,

1
Sslg, o+ 60 = Slg, ¢l + Silg, 0] 6" + 3 5! Arsop?, (3.18)

with Ar; being the second variation operator. In this context, I'[g, »] = S[g, ¢] + O(1)
and the source current (3.17)) is obtained perturbatively by

Ji(z) = =S 1lg, ¢] + O(1). (3.19)

Therefore, the linear to the variation dp term in , can also be treated perturbatively;
its effect is such that, taking into account, one obtains (0¢!);=0, resulting in the
effective action acting as the generator of 1PI irreducible diagrams [102].

In the attempt to construct a field theory that is independent of field redefinitions,
a property demanded for any physical theory, one stumbles across the term in (3.16)
St = ¢F — ©? which is not a covariant quantity. What is more, the effective theory
obtained for gauge theories using the Faddeev-Popov method renders the aforementioned
approach not only background, but also, gauge condition dependent.

The resolution to this is the introduction of a field-reparametrisation covariant function
of the background field ¢. Choosing 6¢* — o as in (3.11)), leads to the Vilkovisky-DeWitt
effective action, which does not suffer from the aforementioned constraints and will be our
starting point in calculating the running of the parameters of the gravity-Higgs effective

potential.

3.3.3 Construction of the Effective Action

Our starting point is the covariant action of Burgess and Kunstatter [93] [102], defined
implicitly by,

This expression depends on the effective field ¢! and an arbitrary expansion point .
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The effective action generates effective field equations for ¢!, in the sense that

~

where a[cp,qg] is the geodesic distance and QZSI is the field operator. In the covariant
approach, unlike , the effective field does not coincide with the expectation value of
the field operator ¢! # ('), but instead ¢’ is the classical field with minimal invariant
distance to the quantum field. Making use of the fact that the effective field equations
do not depend on the expansion point ¢,, we choose ¢l = !, which defines the DeWitt
effective action [93] 103],

Lle] =T, ¢]. (3.22)

Just as in the introduction, this implicit definition of the effective action is not really
illuminating for the purpose of doing explicit calculations. It has been elaborately mani-
fested that there is an equivalent to , in the covariant sense, which can be obtained by
expanding the classical action in powers of the operator ¢/ = (7[p., o] — o’ [p., ¢]) covari-
antly. The Vilkovisky-Dewitt choice results in ¢! = o[p, ¢], so utilising the background
field expansion for the classical action, naively, is identical to the covariant variation of the
action, as expected from drawing similarities to Non-Linear Sigma Models (see Appendix
[B). The DeWitt effective action generates the effective field equations using 9;[¢] = 0.

Finally, and in similarity to (3.18)), the covariant effective action can be expanded as:

S[QD,CI] :S[QO]‘FCIa]S[QO}—|—%<1A7]]<J—|—, (323)

where now the second variation operator will include not only the covariant variation of
the classical action, but also contributions stemming from the quantum treatment of any
gauge symmetries of the classical Lagrangian, with condensed notation used throughtout.

The proper treatment of gravity as an effective quantum theory, demands that the
gauge symmetry of the classical Lagrangian needs to be taken into account. The group
in question, here, is invariance under general coordinate transformations (group indices
a, 3 ... and spacetime coordinate indices yu, v, ... both refer to gauge group tensor compo-
nents; the difference being that the former include the implicit integration over spacetime,
whereas the latter do not). Let x# — x* + de*, where de* are the inifintesimal group pa-

rameters. Then, under the group operation, the fields tranform as
(5||gm, = QV(#éey) and (Sugbi = JeV quu (3.24)

Geometrically, in the field-space spanned by field variations, there will be a subspace

defined by infinitesimal gauge transformations of the field ¢! of the form

51" =l — o' =R e = /dx’ RE . (z,2) 6e (), (3.25)
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where, as before, Je® represent the gauge group parameters, and R, are the group gener-
ator vector (R, = R, J;r) components which leave the action invariant, i.e. RI,0;S =0.
The gauge is fixed using a gauge-fixing functional x*[¢, |, and then the path integral is

modified as,

1 h
Sl = Slel + 5r0sx X" + ZtrIn Q7. (3.26)

This introduces a metric y,4 on the space of gauge parameters and a ghost operator
Q% = (Orx")R%5. (3.27)

Next, the procedure developed by Vilkovisky and DeWitt [90] generates the geometry in

field space, which guarantees that the effective action is:
1. Covariant under field redefinitions of ¢?;
2. Independent of the choice of gauge fixing functional x“;
3. Independent of the metric v,p.

The field-space geometry includes a local field-space metric G;; and a non-local field
space connection V;. The metric allows an orthogonal decomposition of field variations
into pure gauge and gauge-fixed directions. Projection in the pure-gauge direction can be

done using

M, =RIZNER (3.28)

where indices are lowered using the metric tensor in the usual way and the normalisation

factor appearing here is
NP = (RN Rig)™. (3.29)

This projection operator acts trivially on pure-gauge variations, o J0p7 = 8" The
orthogonal projection, in the gauge-fixed direction, is the DeWitt projection IT = I — II.
The local metric also generates a Levi-Civita connection in field space, denoted by Dy,

for example

D;D;S = 0;0;8 — T ,0k5S. (3.30)

In a gauge theory, the Vilkovisky-DeWitt connection V; is not equal to the Levi-Civita
connection, but it is related to it by the fixed-gauge (physical) sub-space projection op-

erator,

VIV,;S =T (DX DL S)TTE. (3.31)

The one-loop correction to the covariant effective action obtained from a geodesic
expansion of the fields in the path integral, with the inclusion of the gauge-fixing and

ghost Lagrangians, is

r® = %tr In {II(D'D,; )T+ (8'x*)(9sxa)} — Etr In Q3. (3.32)
]
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3.3.4 Fixring the Gauge

The non-locality of (3.32), which stems from the non-locality of the connection in the
covariant variation of the classical action, is one of the disadvantages of the covariant
approach. Nevertheless, it can be dealt with, to one-loop accuracy.

For an actual calculation, we can reduce the amount of work by choosing a convenient
gauge-fixing functional, in particular the R, gauges in which 0;x“ = )\é/ 27%]‘“, where )\,

is a constant gauge-fixing parameter. The one-loop effective action is then
(1) h I e h 1/2pZTa
It = —-trin {I(D'D;SM+ AR Rga} — —trin {\*R* R4} . (3.33)
1 1

If the covariant derivatives in (3.30)) are replaced by ordinary functional derivatives, and
the projections are dropped, then the result is a non-covariant effective action contribution
I,

nc

T = %tr In {0'0;5 + AR R0} — %_Ltr In {\)*R™Rys} . (3.34)

If the background fields are ‘on shell’, specifically when 0;5 = 0, then the connection V; —
Or, and the covariant and non-covariant results coincide, 'V = Fl(fc Most calculations
are done on shell, and Eq. is the traditional route to the evaluation of the effective
action.

The off-shell result can be simplified in two equivalent ways. Firstly, it will be

shown, by interpreting the logarithms in a particular way, described below, that
(1) h I h I
It = —-trin {I(D'D,5)11} - 5;trin {R""Rys} . (3.35)
1 1

If we have n fields and m gauge variations, then there are n — m non-gauge fields but
there are n — 2m degrees of freedom. The ghost contribution accounts for the difference

between these two. Secondly, using the Landau gauge, A\, — oo,

re = Jim %tr I {D'D;S + AR R0} — thr In {\*RIR s} . (3.36)
This appears to be more complicated, but the advantage of this method is that removing
the projection operators, leaves an operator that is explicitly local in spacetime, making
it suitable for adiabatic expansion techniques.
For simplicity, we define the functional traces using Euclidean methods (see Appendix
[d) with
trin Ay = —i¢’(0, A) — ¢ (0, A) In 3, (3.37)

where A is a positive definite operator obtained from the Lorentzian operator Aj by
analytic continuation of the time-like coordinate. This limits us to metrics with a valid
analytic continuation. The generalised zeta-function is defined by (s, A) = trA=* and ug

is the renormalisation scale. We can read off the scaling of the Fuclidean effective action
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I'g from (3.36)):
ary . , I e
PR e h lim {=¢(0,D"D;S + AR R 70) + 2¢ (0, A} *R™Ry5) } . (3.38)

In Landau gauge, the operators are local, and it is possible to prove that (0, A) can be

expressed in terms of a local adiabatic expansion coefficient by(A),

C(07 A) =

T / bo(A)|g|V2d . (3.39)

Eq. is the origin of the renormalisation group equation (3.2)) we gave in the intro-
duction. For Laplace type operators A = —V? + FE, the expansion coefficient by(A) is an
invariant polynomial combination of the spacetime curvature and derivatives of E. In Ref.
[120], it was shown that the expansion coefficients remain polynomial for some classes of
non-Laplacian operators relevant to the covariant effective action. In these cases, we can
use by(A) to read off the rescaling behaviour of the terms in the effective potential or the
effective Lagrangian using the renormalisation group equation ({3.2)).

To obtain the two representations of the covariant effective action given earlier, we first

split o — (¢1,67) into non-gauge and pure-gauge directions. We decompose the operator
DID,S as

DD,S=Aa=" ). (3.40)
cd

Similarly,

00
R“R,, =B = . 3.41
e (00) oo

Eq.(3.35) follows from this decomposition when we set A\, = 1, in the one-loop result
(3.33). Noting (as will manifestly be shown later after the decomposition of the operators

in a harmonic basis) that the non-zero eigenvalues of RI*R ;, and R!®R ;s are identical,
h h h h h

'V = —trlna+ —trlnb— —trlnb= —trlna — —trinb. (3.42)
21 2 1 21 2

This recovers Eq. (3.35)).

In order to obtain the Landau gauge representation, eq.(3.36]), we start with the gen-

eralised zeta-function ((s, A),

1 oo
C(S, A + )\gB) = m /0‘ dt tsfltr (67<A+)\gB)t) . (343)
If we rescale \jt — ¢,
)‘578 = s—1 —(B+X2; AR
C(s,A+\,B) = () J, dtt™ tr (e g ) (3.44)
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and separate the diagonal and non-diagonal parts,

—1 A ta 0 0 A le
tr (e Btra ) — [ exp [— | 77 t|exp | — 9 el |,
' <e ) P 0 baxtd) | T\t o
(3.45)

it is clear that only the even powers of )\;1 survive in the second exponential due to the
trace. Of these, only the leading term survives in the large A, limit, and after rescaling ¢

back, we are left with
C(s, A+ XgB) = ((s,a) + X, °Cs, b+ A ') + O(N, 7). (3.46)
We use analytic continuation to s = 0 and then, in the limit A\; — oo,

C(0,A+ A \,;B) ~ ((0,a)+¢(0,b) (3.47)
C’(O, A+ N\B) ~ ¢'(0, a) + C’(O, b) — ¢(0,b) In A,. (3.48)

Hence, the terms on the right hand side of (3.36) are

h h 1 h h
m _ 2pl — = _
/\ilinoo Z,tr In{A+ \,B} Z_tr In {\;/?b} 22_tr Ina 5 trinb. (3.49)
Therefore the Landau gauge result (3.36) is equal to (3.42), which is equal to the gauge
decomposition (3.35)).

3.4 The Gravity-Higgs Effective Field Theory

Having established that the object of interest, namely the first order correction to
the effective action, is well-described, despite the non-locality of the action, we return to
(3.23) and obtain the operators that contribute to it, specifically, the covariant second

variation of the action, the gauge-fixing and ghost operators.

3.4.1 Jordan Frame Lagrangian

We take the point of view that the gravity-Higgs sector is a low-energy Effective
Field Theory for the spacetime metric g,, and the Higgs doublet field H, in which non-
renormalisable terms are assumed to be suppressed by inverse powers of the reduced
Planck mass, k = M = (87G)"/? [78]. For questions relative to this energy regime (for
example in the case of Higgs instability, which sets in at a scale below the Planck mass),
the renormalisable couplings will be expected to play the most important role. During
inflation, we suppose that the vacuum energy is dominated by an inflaton field and takes
some fixed value Vj, and then the expansion rate in the Higgs vacuum is determined by
the Friedmann equation H? = £2V}/3.

For convenience, we replace the Higgs doublet by a set of four real scalars ¢?, denoting
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the gauge invariant magnitude of the field by ¢ and the projection along the pure-gauge
direction by c% The Lagrangian density for the gravity-Higgs sector £, with non-minimal

coupling is

£4(9,6) = ~5 5 UORO) o + 364(6) ¢ 0,60,00 o + V(6) o], (350)

where 0, denotes an ordinary spacetime derivative. The non-minimal coupling terms are
contained in the function U(¢) multiplying the Ricci scalar R.

Each one of the scalar functions in the Lagrangian has an expansion in powers of x,

Vig) = W+ %u2¢2 + }lw‘* + éAGH%G 4+ ... (3.51)
Gij(0) = i + ar®0ubd* o’ + BR?0;;0° + ... (3.52)
U(d) = 1-E&%¢" +.... (3.53)

Most of the results we obtain have been truncated to O(k?¢?). We will use a wave function
renormalisation to keep the leading order behaviour in R and G; fixed. The anomalous
dimensions will be denoted by 7, and v, respectively. This keeps the effective Planck scale
fixed. Note that it is not possible to eliminate both coefficients o and [ by redefinitions

of ¢ if G;; has a non-vanishing curvature tensor.

3.4.2 Conformal Transformation to the Einstein Frame

One of the questions we address is the effect of conformal rescaling of the metric from
the original Jordan Frame to the Einstein frame to remove the ¢ term in the original
Lagrangian. We transform the metric as g, = U(¢) g,- Then, the Lagrangian density

in the Einstein frame becomes

1 | o
Ly(98,¢) = —@R(QE) lg8]"? + 5GEii(9) 9 0,00, |gp|"* + Vi(0) |gp'?,  (3.54)
where
Vi(¢) = U?V(¢) (3.55)
_ 3 .., 0UQoU
Grij(9) = UT'Gy+5r U QagbiaTsj' (3.56)

In a covariant theory it should be possible to calculate the beta functions by transforming
to the Einstein frame, rescale the effective action, and transforming back to the Jordan
frame.

If we expand the Einstein frame theory in powers of s, we have relationships between
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the sets of Einstein frame and Jordan frame parameters,

pa = 44KV, (3.57)
Mg = A+4ER*? (3.58)
e = §-¢. (3.59)

Note that we have used a different & for the conformal transformation. Since we have
adopted a covariant quantisation approach, these relations also hold for the running cou-
plings up to field renormalisation factors. We differentiate the relations with respect to

the renormalisation scale keeping &’ fixed, and then set £’ = £ at the end,

B2 (0 Ag, 1, .) = B\ 1. ) +4Er> By, (6N, 12, ... (3.60)
B/\(O’ AE?MQE’) = BA(€7A7M27--')+4£I{26~;L2(§7Aau2a"‘) (361)

The beta functions B include anomalous dimension factors, for example

Be = Be — 276€ — 146, (3.63)

and similarly for the rest of the coupling coefficients. These relations can be used to
evaluate covariant beta functions for non-trivial curvature coupling if we have results for
minimal coupling. We note that for the scalar-gravity theory, the anomalous dimensions
7 vanish to one loop order v = O(\?), [121].

Already, an unexpected result follows from , namely that the one-loop 3¢ for
gravity-Higgs theory is independent of ¢ at order x°, see Table 3.2l We remark that this
is due to the fact that the wave function renormalisation is order 2 in this theory. This is
unlike the result obtained from the quantum theory of scalar fields on a curved background
gives ¢ o< 6§ — 1 [122]. The £ dependence must cancel when we include quantum gravity
and require field-covariance of the gravity-Higgs effective action [89]. Subsequent results

will confirm this using explicit calculations.

3.5 Expansions of the Gravity-Higgs Action

From the previous section, it is clear that in order to obtain the beta functions for
the gravity-Higgs effective action, one needs to compute the contributions to the heat
kernel coefficients from the covariant second-variation operator appearing in . This
is achieved by obtaining the (non-covariant) second order variations of the action, adding
the contribution of the Vilkovisky-DeWitt corrections (3.30), as well as the contribution
of the gauge-fixing Lagrangian. Hence, one reads off the field-space metric G;; (as the
coefficient of the highest order derivative term in the action, following Vilkovisky [123]),

the projection operator P*’;; (as the coefficient of the non-minimal part of the operator),
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and a potential term V;; (involving no derivatives). Subsequently, these operators can be
projected onto a harmonic basis on Sy, and diagonalised. Lastly, the ghost action needs
to also be taken into account, similarly, so that we are only left with the physical degrees
of freedom in the zeta-function calculation. Most of the details have been left out because
these are already covered in the literature, particularly in the work of Barvinsky [124-H126],
however, we attempt to make appropriate clarifications wherever necessary. We use the
Jordan frame Lagrangian and then the covariant formulation can be checked by verifying
the relations between the beta functions given in Egs. ([3.60)-(3.62).

The easiest, and most intuitive, method for obtaining the aforementioned operators is
to expand the action using the background field method ¢! — ¢! + 7! and subsequently
vary with respect to the field perturbations 7!, which define the coordinates of the field-

space. Hence, we combine the metric and scalar directions, rescaled so as to have the

1 5{]
I e 2K HY
n = ( 50 ) (3.64)

Variations of functionals in field space, then, are taken as

same dimensions, as

0S 0S 0S
05 = 55 = (55,7 50087 369

The second-order variation of the sum of the gravity-Higgs and gauge-fixing actions,

S = Sy + Sgs, will be decomposed as a generic second order, self-adjoint differential

operator,

_D]DJS == —(9[(9JS + FK]J 8}(5

(3.66)
= —GrV? = (P ;V Vs — (A", VY, + VA ) + Ery.

Here, G;; is the field space metric, P*’, combines non-minimal derivative terms and
projects out the gauge-fixed directions, A", ; o< V,¢’ combines first order terms (and will
vanish when the background fields are taken to be constant), E;; is an effective mass
term and ( is a gauge-fixing parameter. The metric is used to construct the Levi-Civita

connection by the usual expression,

1
Iy = §QIL (OkGrs + 056Gk — 019K ) - (3.67)

When writing down local operators like G;; we usually omit delta function terms.
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3.5.1 First Order Variations

The first order variation of the action defines the background field equations for the
gravitational and Higgs fields, which will be denoted by F* and Fj,

12k 4S8
FWv—=__—_"_ __— UG — UM + ¢g"U", — k*T", 3.68
2/55 (09 90 (3.68)
Foo L 0% _ —LRU@' — D (G V* ') + Vi, (3.69)

CVEs0e) 2w
where D, is a covariant derivative for the Higgs-field-space metric G,
Dub6' = V,80' + T 4(0,07)56". (3.70)
and T" is the scalar field stress-energy tensor,
. . 1 . .
™ = Gi;V'e' NV ) — g (éGijV“qbZVugzﬁ] + V) . (3.71)

Here, F'*” has been scaled so that F*” = 0 resembles the usual Einstein equation in

the minimal coupling limit U — 1.

3.5.2 Second Order Variations

In the rest of this chapter the background scalar field will be assumed constant, for
simplicity. Here, we follow and generalise the work of Barvinsky [125] in order to obtain
the (non-covariant) second order variation of the action, —0;0,5,, by taking functional

derivatives of the first order variations:

1 828 1 2K 5(1(%|9i1/2) 5(F“(”|g,|)1/2)
- 818JSQ = T T N IsT o 21.1/2 2,{(?1(;%01/2 5 g&z};/z : (372)
Vo onton’ gl el s

Then, after performing the computation, we observe that (3.72)) is shown to have

derivative terms,

<_Ug(w)(pa)v2 4 Upocﬁ(w/)(pa)vavﬂ _fi_lU’j(vaV — ng?)

1/2
—k7U(VPVT — gP7V?) — GV ) g%, (3.73)

and a potential term,

E(MV)(PJ) kg™ V.
Eyp=("" AR RV (3.74)
/igp VZ Vz‘j — sRk Uﬂ'j

) 2
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Two important tensors in the kinetic terms (3.73)) are the DeWitt metric,
(wv)(po) 1 Hp VO Ko vp w o po
g =599 +9"79" = 9"9"”), (3.75)

and another tensor, which will also appear in the gauge-fixing terms below,

Pasu)eo) — g o@ ) 4(59)(pe), (3.76)

The mass-like gravity terms are

Ee0) — _2URM 4+ QURM " + URY ¢*° + Ug" Ry — AURL ¢ — 257V g (0o,

(3.77)

with overdots over indices indicating symmetrisation in those indices, and a subscript T’

denotes the trace-free part of the tensor. The terms have been organised this way to

isolate those that vanish when the differential operator is applied to transverse traceless
perturbations, and those which remain.

Since we want the effective action to respect the original symmetry of the classical

action under general coordinate redefinitions, z# — x* + ¢, a gauge-fixing method needs

to be implemented. Hence, following Barvinski [124], we take
Ler = =AgUgapx“x”, (3.78)

where the generators of the gauge-group are taken as

1 — o' 7
¥ =R = %(gWW)vBégw —U'U;Ve5¢Y). (3.79)
The addition of the gauge-fixing Lagrangian, results in a contribution to the second vari-

ation,

Upaﬁ(/w)(po*)vavﬁ _H—lUjg(;w)(aB)vavﬂ

/2 3.80
VDA VR v sk PUTULU,V? ) ’ o

— 0105555 = =)y (

We have enough information now to obtain the field-space metric G;;. We will do this by

requiring the operator to have Laplacian form in the gauge-fixed directions, i.e.

— (010,8y) nt = -G, V? 771 + Erg ﬁia (3.81)

when y*(n!) = 0. It is important to note that we are only interested in the action of the
second variation operator on the gauge-fixed directions due to the projection operators
acting in . Hence, since variations of the gauge-fixing term vanish when applied to
the gauge-fixed directions, an arbitrary amount of 9;0,;5, can be added to the differential
operator. However, (0;0;S,)+\; ' (910,S4¢), which results in ¢ = 0 in (3.66), is the unique

combination of the second order variations that results in a Laplacian form. The coefficient
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of —V? in this combination is therefore the field-space metric, and this gives

U q(#)(po) L1y i
Grs = 1g—1 po 21 -2 j—gl lgl"2. (3.82)
5k Uﬂg GZ‘J’ + 5/? U UJUJ’

We also obtain exactly the same result using 0;x® = )\;/27210‘ for the R¢ gauges as
in section . This is a special feature of the gauge fixing term (3.79)), and for other
choices it becomes necessary to combine information from both gauge-fixed and pure

gauge directions to obtain the metric. For future reference, the inverse metric is given by

gIJ — (U_lg(MV)(PU) + }LK_QU_IkaUykW_Iguugpo _%5_1W_1U’jg/w ‘g‘_1/27

—%H’1W’1U’igpa G — %W’lﬁ’QU’iU’j
(3.83)
where W = U + 32U 'U,U".
Finally, comparing to the expression ([3.66]), we can also read off the tensor P*;;,

pad U Ppeblw)eo) =1y g)(ab) g7 (3.84)
M\ cewgened Lergg, |0 '

The variations are considerably simpler in the Einstein frame U = 1. Indeed, one of
the motivations for considering covariant approaches is to ensure that the Einstein frame

result can always be used reliably.

3.5.3 Vilkovisky-DeWitt Corrections

The Levi-Civita connection is given by the usual expression (3.67). The connection
converts the scalar derivatives V;; into covariant derivatives V,;;, and adds extra terms
to the differential operator . For simplicity, we just quote the terms in the matrix
components that contribute up to O(x?), and take the spacetime curvature R to be of
order % and the scalar derivatives V; of order k. The contributing non-trivial Christofel

symbols are

1
I‘111 = F(ef)(ab)(Cd) - 4 U |:2 Gef gab ged + 6e(a 5f0) gbd + 66((1 5fd) gbc ( )
3.85
+ 6e(b 6fc) gad + 5e(b 6fd) gac]7

1 , 1 ,
Iy =Tiepyij = 5 1 Ges (Gij+ £72Uy;) and TP =T, = 5 1 9es G* Gij.  (3.86)
Then, the VAW contribution to the effective action becomes,

Ep () ) —%1/1(2‘/,3- — K72RU ;) g™ ) (3.87)

——IQ(QVZ‘ — IiiQRUVi)ng %(GU + K72U;ij>(R — 4/12‘/)
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where 1 1
B0 = 2U g Ry” — SURY 9" — SUg" Ry (3.88)

Eq. is exact in the minimally coupled case U = 1.

In the non-minimally coupled case, when the Levi-Civita connection term is
combined with the mass terms from the second variation of the action , we see
that the curvature coupling terms U,;;R cancel. In particular, the 26k*R term, which
would contribute the { dependence to the beta-function 3¢ has been cancelled off by the
Vilkovisky-DeWitt corrections, verifying the claim made at the end of , explicitly.

3.6 Gravity-Higgs Mode Expansions

We have obtained the operators for the gravity-Higgs action in a completely field-
covariant formalism. Therefore, we can reduce the dimensionality of the scalar field-space
from four to one, so long as the non-trivial nature of the scalar field-space metric G;; is
taken into account, appropriately. Transforming the action to its Euclidean counterpart,
the spacetime background becomes S;. Through this simplification we can compute the
coefficients of the heat kernel coefficient 35 for the simpler system of a single scalar field
non-minimally coupled to gravity on the sphere by expanding the fields in a basis of 5}

harmonics.

3.6.1 Covariant Gravity-Scalar Model

We argued in section 3.3 that the scaling behaviour of the gravity-scalar effective action
can be expressed in terms of spacetime invariant tensor combinations. General
expressions for these combinations are known from heat kernel methods for a wide range
of second order operators [110, 120], but there are some non-Laplace type operators where
the general results are not yet available. Furthermore, it can be very cumbersome applying
these general results. A more practical approach, and one permitted by the field-space
covariant approach followed in this work, is to use a direct evaluation of the generalised
zeta function on a simple manifold for a simple operator, for example gravity with a single
scalar field on the sphere [109, 127], and read off the relevant coefficients (see Appendix

and in particular (C.21)-(C.24))).

On the sphere Sy, the curvature is given in terms of the Ricci scalar,

1
R,uupcr = ER (g,upglxo - g,ucrgup) ) (389)

and the radius of the sphere is \/12/R. The Euclidean Lagrangian of a single constant
scalar background field ¢ with non-minimal coupling to gravity is given by

Lo = SKO)(Vo) +V(9) — 5 sU@)R (3.90)

74



Chapter 3.  Covariant One-Loop Gravitational Corrections to the Effective Higgs
Potential in de Sitter

The second variation operator for the Euclidean theory (including the gauge-fixing term
)\gRlaRJQ), is

DDy (S + Syp) = =6V + (N, — DVRIR 0 + E 5, (3.91)

where the general expressions for R/*R ;, and E'; were given in section [3.5] Then, the

heat-kernel coefficient is given as [88]

bo(A) = ay ViV + o K2V, VF + as 52V V' + au k'V? + a5 RV,' + ag > RV + O(R?).

(3.92)
For a single field, we replace V; by V' and V,;; by the covariant derivative associated with
the scalar field space metric K(¢),

V"' = KY2(KV2vY. (3.93)

3.6.2 Orthonormal Harmonic Basis Expansion

The differential operators can be diagonalised by expanding the fields in a basis of Sy
orthonormal harmonics: scalar modes h°, transverse vector modes RV, and transverse-
traceless tensor modes h',,. Transverse modes are divergence free, V#h", = 0 and
V“hTW = (. The eigenvalues of —V? for the respective modes are \g, Ay and A\p. Modes
can be traded up into higher rank tensors by applying derivatives to the basic set of
harmonics. The general decomposition of the metric plus scalar field into the basis of

harmonic functions and their derivatives is given by mode sums with coefficients z?,

Ogu =26 Y {a'hl, + 20V (1Y) + 2V, 0 + g, b}
modes (394)

5¢z _ Z I5h5,

modes

where V,, = V,V, — }lg,wv? In the ghost and gauge sector, there is a similar decom-
position,
co=> {u'h"u+y’V,h} . (3.95)

modes
The eigenvalues of the derived modes change due to non-commutation of the covariant

derivatives, for example
= V2(Veh'y) = (W = 5R) Vh's) (3.96)

The derived modes are not normalised, but their normalisation can be deduced from the

original harmonic, for example

4 / Vb ) VERY g 2dt e = 2 (A — LR). (3.97)
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The action of the operators and products in the harmonic basis, for a given set of eigenval-
ues, can be represented now by 5 x 5 matrices, for the full field space, and 2 x 2 matrices
for the induced gauge-subspace metric, as defined in ([3.26)).

The eigenvalues of the matrix A = II(—=V? + E)II and the ghost matrix @ are used
to obtain the zeta functions needed for the heat kernel methods in the next section and,
consequently, the beta functions. These matrices are given explicitly, albeit with the
inclusion of only those terms from the expansion of the non-minimally coupling that are
relevant in our approximation, as in (3.87]).

The Laplacian,

A7 0 0 0 0
0 Av—3R 0 0 0
-V, =10 0 As—2R 0 0 (3.98)
0 0 0 As 0
0 0 0 0 As
The field-space metric (3.82]),
U 0 0 0 0
0 2U(\v —1R) 0 0 0
gIJ - 0 0 %U/\5()\S — %R) 0 0 . (399)
0 0 0 —4U —2rU’
0 0 0 —2:U" K + 35°U"/U
The non-covariant mass matrix (3.74), writing m3. = 2UR — 25?V/,
ma. 0 0 0 0
0 2m3(A\v — 1R) 0 0 0
Egs=10 Smids(As —3R) 0 0 . (3.100)
0 0 8Kk2V 4KV’
0 0 4kV' V" — S5 RU”
The covariant mass matrix including the connection terms ((3.87),
m2. 0 0 0 0
0 2m3(A\v —1iR) 0 0 0
E=10 0 Smids(As — 3 R) 0 0 ,
0 0 8KV 25V’ + Kk IRU’
0 0 26V + kIRU’ M?
(3.101)

where M? =V" — 2k*2KV + %KUR —-2VU".
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The gauge transformation matrix

0 0
1 0
Rl.=10 2 (3.102)
0 —lag
0 0
The (unnormalised) pure-gauge projector (3.76), P'; = GI5 PPy ;V V5,
0 0 0 0 O
0 Av—% 0 0
Py =RI.R =10 0 s — %) 2 0 (3.103)
0 0 =3 —%) -2 0
0 0 0 0 O
The diagonalisation of which, is
0 0 0 0 0
0 xnv—-% 0 00
pPly=10 0 A% 00 (3.104)
0 0 0 0 0
0 0 0 00

The gauge-fixed direction projection matrix, Il ; = §7 ;—RI NR ;5 = §1 ; —[p P PX,

As — 3R 0 0 0 0

. 0 0 0 0 0
I, SV 0 0 ~1)g ) 0 (3.105)

S 5 .
’ 0 0 As(As —3R) 3(A\s — 3R) 0
0 0 0 0 As — iR
The ghost operator,
Av — iR 0

O =RIVR5 = 4 . 3.106
Q% 18 ( 0 - %R) (3.106)

The ghost metric as defined in ([3.35) is obtained, following [02], as the coeffiecient of the

highest derivative term in the ghost Lagrangian,

2U 0
af = . 3.107
Yap ( 0 2U)\s> ( )

Hence, it is shown that the non-trivial eigenvalues of (3.104) and those of the ghost
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operator are identical. This property was used in in order to establish the
equivalence of the two expressions of the one-loop effective action and (3.30).
Here, we would like to stress an important point. The matrices DD, (Sg + Syf) are
not positive definite, since the field-space metric G  is not, so there are directions which
decrease the Euclidean action and invalidate the path integral approach. This is the
famous conformal mode problem of Fuclidean quantum gravity. However, the matrices
representing IID;D;Spll, and DDy (Sk + S,¢) for sufficiently large A, are both positive
definite and the path integral can be defined. This is the solution to the conformal mode

problem of Euclidean quantum gravity referred to in Ref. [120].

3.7 Gravity-Higgs [-functions

The renormalisation scale dependence of the one-loop effective action (C.9) can be
calculated in two different ways, and the comparison gives a check on the accuracy of the

result. The first way is by gauge decomposition,

dr'y
dug

IR = —( (0,II(D'D,;S)) + ¢ (0, R"*R5) - (3.108)

The second version is in Landau gauge ({3.38)),

(1)
MR C;zi = AEE;O {=¢(0,D"DsS + AR Ry0) +2¢ (0, \)*R"*Ry5) } - (3.109)

In each case, the eigenvalues, which are the same for either method, are evaluated by
diagonalising the matrices and can be associated (see Appendix with the generalised

zeta functions, which are defined for s > 2 by the series,
((s,A) =D A (3.110)
A

Spherical harmonic eigenvalues are all quadratic polynomials in a single ‘angular momen-
tum’ index n. After diagonalisation, the operator eigenvalues are algebraic functions of
the spherical harmonic eigenvalues, but standard zeta-function methods can be modified
to analytically continue and evaluate (0, A) [128].

We will use the transverse-traceless tensor sector I = J = 1 as an example to showcase
the methodology followed and obtain ¢(0,1I D’ ;1I), for each component of the gravity-
scalar and ghost Lagrangians. Hence, the first eigenvalue of the operator A = IT(—V? +
E)II, which involves the transverse-traceless tensor term in the Laplacian (3.98)), using
the inverse of the field-space metric to raise the indices of the covariant mass matrix

(3.101)), is given as

M= A+ U 'md (3.111)

The tensor eigenvalues are given in appendix [C| and after analytic continuation using
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(C.19), we find

1 m2 mi
0,(D?’SY) = —— +20—L% + 60—L_.
C( 7( ) 1) 18 + UR + U2R2

Contributions to the beta-functions from the transverse-traceless tensors can be obtained,

following (3.2), using (3.91) from (C.10),

(3.112)

dcd by
- 3.113

where the contribution to the adiabatic expansion coefficient by from the transverse-

traceless modes can be extracted from (3.39))

T 1672

R2
> = Vohme 5, ° (D*S)'1) = 55 €(0, (D)), (3.114)

After substituting for m?, see above (3.100]), the tensor mode contribution to by becomes

719 , 25K*RV k1?2
R S 0T (3.115)

T
b2 =
Similarly, one computes the adiabatic expansion coefficient contributions for the rest of the
vector and scalar modes and ghosts and, using (3.2), obtains the associated S-functions.

For example, with U = 1 — £k%¢?, we have a contribution to ¢ from expanding the

second term of (3.115)) in powers of k,

50
Be — 294€ — 7,€ = 2 coeff (by, Rp?) = ?#vo + O(K°). (3.116)
Other contributions to the beta functions can be obtained in a similar way from the
matrices given in (3.6) and the interested reader is directed to Appendix
We will, now, give results for the contributions to the beta functions from the Higgs

background direction, and the gravitational sector with which it mixes.

Jordan frame Einstein frame
16720 (6 — 1)\ —A
16726, (TN 6(u® + 4ER2Vo)A
167282 + 462 VoBe)  6(p? 4+ 4ER2Vo)A — ANk2Vy  6(u? + 4ER2 Vo)A — 4Ak2V,
Covariant

1672 2

16723, 6(p2 + 4ER2Vo)A — 120K2V,

167282 + 46 Vofe)  6(p? 4+ 4ER2 Vo)A — 4Ak21

Table 3.2: S—functions for the curvature coupling and the mass of a gravity coupled scalar field
at leading order for small k*Vj. The Jordan frame result has been calculated directly from the
original action. The Einstein frame result is obtained by transforming the action to the Einstein
frame. The covariant result uses a geodesic expansion in field space and is independent of the
frame used. The renormalisation group flow of the effective mass, u? 4+ 4k2Vp€, is the same for
each of these approaches.
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Jordan frame Covariant
16m23,  18\2 18)2
167285 90ANg — 18M3(2 — 8 + 18£%)  90ANg — 18A2(1 — 7€ + 24£32)
16m2y,  —ik2p® + 263 (2 — 4R2Vh) 3?4 4ER7Vo)R? — 2RV

Table 3.3: S—functions for the quartic scalar self-coupling A and the sixth order scalar self-
coupling \g of a gravity coupled scalar field at leading order for small x*V;. The wave function
renormalisation of the metric, 4, is given at order xk*Vy. The Jordan frame results have been
calculated directly from the original action. The Einstein frame results are obtained by trans-
forming the action to the Einstein frame. The covariant result uses a geodesic expansion in field
space and is independent of the frame used.

A few comments are in order. Tables[3.2]and [3.3show results at leading order for small
k*Vp, assuming that the curvature R and the mass squared u? are of order x2V;. These
choices are well-motivated in inflationary energy scales, considering the curvature of the
-de Sitter- universe, R ~ 4x2Vj, and where the Higgs mass is negligible. Contributions
to the beta functions from the gravitational perturbations, like the transverse traceless
tensor modes discussed above, enter only at order k%V}, in agreement with the conclusion
of Ref. [I0I]. However, quantum gravitational corrections do have an effect at leading
order through the Vilkovisky-DeWitt connection terms, in the operators.

The first thing to notice in Table is the absence of ¢ terms for 3¢ in the Einstein
frame and the covariant results. The reason for this, in the Einstein frame, is obvious
since the ¢ Rg? term has been eliminated by the conformal transformation, and & appears
in the Einstein frame scalar potential V;/U? instead. The absence of £, in the covariant
results, follows from the beta-function relations (3.60)-(3.62). In the explicit calculation,
the leading order contribution to f¢ from RU”, in the mass matrix (3.101)), cancels with
the Vilkovisky-DeWitt correction.

In Table we see that the renormalisation group flow of p? + 4k2V4€, is the same
in all the different approaches. In the relevant energy range, in de Sitter, R ~ 4x?V},
and the effective square mass of the Higgs field pu? + R ~ p? + 4x%Vp€. This is the
crucial combination, with a covariant meaning, for addressing questions regarding physical
observables.

The non-covariant formulation in the Jordan or the Einstein frame therefore gives
the same outcome for the effective mass renormalisation group flow, as the covariant

formalism, at least for small values of k*Vj.

3.8 Gauge Bosons, Goldstone Modes and Fermions

Having obtained the one-loop effective potential contributions from the Gravity-Higgs
sector of the action, we proceed with the inclusion of results for the gauge boson, Gold-
stone mode and fermion contributions to the effective action for the scalar field on a curved

spacetime background. These computations go beyond the topic of this thesis (the inter-
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ested reader is advised to review the relevant section of [2] and references therein). This
subsection is included for completeness and the results are quoted from existing literature
[121] 129]. In this case, there are no background gauge fields and the gauge modes de-
couple from the graviton and scalar modes of the previous section. Quantum gravity still
has an effect via the Vilkovisky-DeWitt connection term. Irrespective of the computation
frame, the beta function results can be translated between the Jordan and the Einstein

frame using the beta-function relations (3.60))-(3.62)).

The gauge-Goldstone mode Lagrangian, which we use is
1 1 , ,
Ly =~ Fa P |92 = 55(D,0) (D"0)1lgl* — V(9)lgl/2 (3117)

where D,¢ = V, ¢ — gA,,T%¢ is the spacetime-gauge group covariant derivative [121],
with 7% = /2 the SU(2) symmetry generators involving the Pauli matrices 0%, and §;;
is orthogonal to the background Higgs direction used in the previous section, as in (3.52]).

In the covariant approach, there are connection terms in the differential operator
DD, S because the field-space metric G;; depends on the spacetime metric, leading to
a connection coefficient I';;, with K in the metric direction. The contribution to the

operator is Fry = I'f;,0k9,

~G — K Vg 0
Erp = i i 172 3.118
r1J ( 0 %(R B 4/<¢2V)> 9] ( )

where G, + k*V g, = 0 is the Einstein equation when ¢ is constant.

The scaling behaviour of the one-loop action can be found as before by taking the
spacetime background to be the Euclidean four-sphere. An important new consideration,
for the gauge boson beta-functions, is the Higgs field wave function renormalisation at
one-loop,

3
167y = —Z—lgﬁm + O(k*Vp), (3.119)

where g2, = 3¢° + g’*. We note that the inclusion of the wave function renormalisation
which, unlike the Gravity-Higgs case, here enters at order O(k°) resulting in the ¢ de-
pendence in 3¢ in Table . The leading term is simply the flat space result in Landau
gauge.

Results are given in Tables [3.4] and The covariant S-functions are independent of
frame, and differ from the non-covariant expressions. As before, the two approaches agree
for the effective square mass, p?+4r2Vp€. There are differences in the sixth order coupling
X6, but this only enters the Higgs field equations at O(k?Vj;). Therefore, we conclude that
the covariant 1-loop effective Higgs potential, at leading order and for small x*V}, and its

non-covariantly computed counterpart lead to the same physical observables.
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Jordan frame

167 ¢ —1(66 = 1)gioe + (66 — 1)A
16723,,2 —31P gL, + B
167%(B,2 + 4k°VoBe)  [6pF — 4r°VoIA — 5 [uf — 26°Vol g
Covariant
1672 3¢ —2(66 — 4) g2, + 2A
16725,,2 —31® — (8¢ — 6)w?Volgp, + 6[p® + (4€ — 2)R* Vo] A
1672 (B2 + 46*VofBe) (6 — 4RVl A — %[M% — 26%V5] gy

Table 3.4: W and Z vector boson contributions to the f—functions for the curvature coupling
and the mass of a gravity-coupled scalar field at leading order in x*Vy. The Jordan frame
result has been calculated directly from the original action. The covariant result uses a geodesic
expansion in field space and is independent of the frame used. The renormalisation group flow
of u% = p? + 4k*Vp€ is the same for each of these approaches.

Jordan frame Covariant
167°6y  60° = Mgy + 52291 6N = Age + 530 9"
167205 18X — 2 X692, 18\ — 36050t + 3EAGEy — TAGior +9(26 — 1)A?
1672y, (66 — 1)r?*u? 2r% 1% — 2R

Table 3.5: W and Z vector boson contributions to the §—functions for the quartic scalar self-
coupling, A, and the sixth order scalar self-coupling, Ag, of a gravity-coupled scalar field at
leading order in x%Vj. The metric wave function anomalous dimension is given to order x*Vj.
The covariant result uses a geodesic expansion in field space and is independent of the frame
used.

The core of the covariant formalism lies in the treatment of the fields that describe the
system in question as coordinates on a manifold. Hence, the requirement of symmetry
under field redefinitions is translated to diffeomorphism invariance of the field space and
differential geometry provides the technology that permits the formulation of theories
with actions that are manifestly reparametrization invariant. This is possible when only
bosonic degrees of freedom are included, as in the case of the gravity-scalar action. The
generalisation of the covariant approach to fermion fields, however, is highly non-trivial
due to mathematical description of fermionic fields, namely their anticommutativity and
their equations of motion. The former property requires that the field manifold must
be generalised to a supermanifold, namely one in which (some of) the coordinates are
Grassmanian. The latter relates to the fact that the equations of motion for fermionic
fields are first order - in contrast with the Klein-Gordon equation of the scalar fields.
Furthermore, as shown in Appendix [B| the equation of motion of free bosonic degrees
of freedom constitutes the geodesic deviation equation of the induced space. Hence, one
is motivated to introduce a different definition for the metric of a space that includes

fermionic fields and a radically different treatment is, therefore, necessary. The interested
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reader is referred to [12I] for a detailed exposition of the treatment of fermion fields in
curved spacetime and to [130] and references therein, for a frame-covariant approach and
details on the supermanifold structure. Here, we take the minimalist approach and leave
off any extra contributions to the effective action that originate from the inclusion of
fermionic degrees of freedom. The results are then checked for consistency against the
covariant beta function relations (3.60)-(3.62).

The wave-function renormalisation at one-loop is 1672y, = 3y®>. The beta functions
are quoted from pre-existing literature [131], but we repeat them here for completeness.

Using the renormalisation group equation (3.2]) we obtain,
16776¢ = (66 — 1)y?, 167°8,2 = 6y°1i°, 16726y = —6y* + 1202 (3.120)

There is no contribution to 85 and 7, at one-loop order.

3.9 The Gravity-Scalar Running Couplings

We return to (3.51) and (3.53) and truncate them to O(x?), remembering that the

sixth order coupling enters the Higgs field equations at O(x*). In particular, we take

2 1 1
Vg = §u§ﬁ(¢) ¢ + 1hen(9) ¢, (3.121)

where the effective mass is given by the combination p?; = p? + 126H?. The effective
couplings are obtained by solving the renormalisation group equations . It is worth
noting that despite the fact that the effective potential is independent of the renormal-
isation group scaling parameter pg, the 1-loop approximation is not. This leads to the
need to establish a criterion for the appropriate definition of the renormalisation scale
[132] and one such criterion has been suggested in [133], and further implemented in
[121]. It defines pg implicitely, such that the one-loop correction to the Renormalisation
Group Improved effective potential vanishes. Furthermore, it has been proposed (see [79]
and references therein) that a simple definition that takes into account the non-trivial
space-time curvature,
pr=ad* +bR (3.122)
with a, b constants, despite not leading to the cancellation of the one-loop logarithms in
the RGI, offers computational advantages. In this work, in order to retain familiarity
with standard renormalisation group methods [93], we have simply chosen ur = ¢ and
not included these recent results. In a completely covariant treatment, one should treat
the renormalised field as a non-linear mapping into field space ¢r = ¢r(¢, ur) taking into
account the appropriate, for a curved space-time background, definition for ug.
Initial conditions for the running couplings are set at some chosen point. We take this
point to be ¢ = 170GeV, close to the top quark mass. Combining the results from the

tables of beta functions and replacing the vacuum energy by the expansion rate, H, gives
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2
167 4T — 19 (42— 2H) N~ ] (4 — OF) gl + 6 (i — 2H) 2. (3123)

The value of the Gravity-Higgs coupling is known from experiments at energies less
than 1TeV. The best available values of the Higgs and top quark masses imply that
A(170GeV) = 0.12577 [74]. These experiments are, essentially, at zero vacuum energy
Vo = 0, but since there is no dependence on the vacuum energy Vj in 5, we can take the
experimental values over to the early universe where V; is large.

The value of p? for the Higgs field, as determined in the laboratory, is negligible
compared to the value of (R in the inflationary universe, but here we have to take care
because of subtleties in the properties of light fields in de Sitter space [134]. We already
see a hint of this in the covariant beta-function, which is large, of order H?/3. In the
Euclidean approach to quantum field theory, the infrared problems lead to a breakdown
of perturbation theory (as shown in (1.58)) for u2; < AY2H? [117], so our treatment will
only be valid above this bound. Stochastic approximations imply that the light Higgs field
develops a mass p2; ~ 0.3534\/2H? [47, 46, 52 [I17]. If we assume p?(170GeV) < H?,
then a lower limit for de Sitter space of £(170GeV) > 0.029\'/2 is set. We can say nothing
about curvature couplings smaller than this, because the techniques required for dealing
with loop corrections with smaller effective mass scales are quite different from the ones
we use here [134] [135].

The effective couplings, using (3.123)), are plotted in Figure 3.1} The standard model
couplings A, g, ¢’ and y have been evolved simultaneously using the two-loop flat space (-
functions given in [77]. The value of the top quark mass, m;, sets the scale of the Yukawa
coupling y and this has a significant effect on the running of the Higgs self-coupling, A,
and the value of the field where it vanishes. The location of the point A = 0 is not fixed
very accurately by the renormalisation group corrected potential; including other two-loop
effects results in raising A(170GeV) by 0.2%.
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Figure 3.1: On the left, running couplings A and A\g (which appears as an O(x?*) correction in
Verr), with my; = 173.4GeV. On the right, the effective mass squared ugﬂ = p? + 12H?¢. The
initial conditions are A\(170GeV) = 0.128, \s(170GeV) = 0.1 and 12(170GeV) = 0.
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The determination of the running couplings permits the description of the dependence
of the one-loop effective potential on the Higgs field value ¢. Depending on the value of
the curvature coupling parameter, &, the potential exhibits a substantially different field

dependence, manifested in Figure |3.2]

— H=10°GeV m; =173.4 GeV
104 === H=0

T T T
108 108 101 10"
¢ (GeV)

T
102 10*

Figure 3.2: The effective Higgs potential plotted as a function of the Higgs field for u? = 0 and a
range of curvature coupling, £, values at 170GeV. There is a single maximum for large expansion
rate, H, or curvature coupling, £, but new maxima and minima appear for small values of H
and &.

Note that for small initial values, the effective mass becomes negative at Higgs field
values below the Planck scale. This can further alter the shape of the Higgs potential
and can even give rise to a second maximum. This is illustrated by the potential plots in
Figure A combination of small initial p%; and small expansion rate H leads to twin
maxima. It is sometimes possible for the Higgs field to tunnel to the lower maximum,
roll down the potential, and then tunnel up to the larger maximum. This combination
is less likely than the single tunnelling event, however, for small curvature coupling, the
field could become trapped between the two maxima during inflation, and return to the
present vacuum state after inflation.

The determination of physical observables, depending on the effective potential (e.g.
the stability of Higgs vacuum) is independent of the conformal frame. This is the main

result of this work.
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3.10 Conclusion and Motivation for Further Work

The Gravity-Higgs action provides an exciting laboratory for trying out ideas in (ef-
fective) quantum gravity. One of the issues quantum gravity raises is how to define the
spacetime geometry when scalar and metric backgrounds are allowed to mix freely. We
presented a methodology that is fully covariant under such field redefinitions (and has,
subsequently, been explored further in [136]) and remarked its applicability. This descrip-
tion allows a complete physical equivalence between the different conformal frames. On
the other hand, non-covariant approaches can still lead to correct results, on scales below
the Planck mass, as long as appropriate care is taken. Our analysis has led us to advo-
cate the use of the effective mass pu? + £R, since it is a combination that has a covariant
meaning, and then the simpler Einstein frame can always be used.

In particular, we have found that it is always possible to work consistently in a frame
in which the curvature coupling vanishes. The dependence on the curvature coupling in
other frames can be recovered from relations like those given, for the beta function, in
section [3.4.2]

In one respect, the approach adopted, here, has not been as general as it could, and
maybe should, be. The covariant effective action has been used, but field redefinitions have
not been fully integrated with the renormalisation group. In a fully general treatment, the
renormalised field ¢r = Z(ur) ¢ should become a non-linear mapping into field space,
or = Or(d, ur), with ugr taken appropriately for a curved background consideration.
We have not attempted this, in order to retain as much familiarity with conventional
renormalisation group methods as possible.

Furthermore, at the end of we commented on the couplings o and /3 in the
kinetic terms. Those proved to not contribute in the approach followed here, which
focused on the treatment of the effective potential. Their contribution to the heat kernel
coefficients is expected to shift the numerical results, when the entirety of the one-loop
effective action is taken into account.

Finally, we should point out that we have used existing non-covariant results for the
standard model beta functions, which are not associated with the spacetime curvature.
This could cause problems if the running couplings depend on gauge parameters. In fact,
the ‘g?\’ terms in 3y are dependent on gauge parameters [137]. The field value at which
the quartic Higgs coupling becomes negative is not protected by any Nielsen identities
and may well be gauge parameter dependent. We leave such investigations as a potential

future research project.
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4.1 Overview of the Chapter

In this chapter, we turn our attention to a topical variant of multifield inflation, namely
Hyperinflation, and investigate the constraints on the model’s parameters placed by ob-
servations.

We draw inspiration from the numerous multifield inflation models and thoroughly ex-
amine the background field evolution and the linearised perturbations of a model with a
two-dimensional hyperbolic field-space and an exponential potential that admits a scaling
solution. We start by reviewing the background dynamics and manifestly showcase the
parameter values for which the gradient and hyperbolic solutions are stable and unstable.
We then obtain the evolution for the linear perturbations of the fields and numerically
evaluate the power spectrum and the spectral index for a range of values of the geomet-
rically normalised Killing direction velocity, vy, of the hyperbolic solution. We find that
observational results place tight bounds on its permissible values within the narrow re-
gion of 0.74 x 1072 < y < 0.94 x 1072 and 0.1603 < y < 0.1774, corresponding to a
very narrow range of admissible potential slopes 0.54 x 107% < p — 3 < 0.88 x 10~* and
0.025 < p — 3 < 0.031. Ultimately, working in the small ey regime we find that there is
a maximal value for the slow-roll parameter allowed by observations.

We close by motivating the use of the obtained potential bounds in order to obtain the
stochastic Langevin equation for both field-space directions, which will permit the com-
putation of arbitrary N-point functions in the large-wavelength limit and any potentially

emerging non-Gaussianities (preliminary work for which has been included in Appendix

4.2 The Motivation for Multifield Inflation

Since its inception, Inflation [IIHI3| has been extensively tested both theoretically and
observationally. The model’s striking successes, but also its shortcomings, have resulted in
a multitude of subsequent developments in model building, starting from single-field slow-
roll chaotic inflation [138] (for an excellent review, see [17]) to more complex multifield
models [I39-142].

On physical grounds, extended research on multifield inflation models was motivated
in the late '90s and early "00s [25], 143-145], due to the expectation that advanced obser-

vational probes [23] 28] 146] would detect signals indicating the existence of isocurvature
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perturbations and non-Gaussianity in the primordial universe.

On theoretical grounds, one of the most sought-after objectives, recently, has been
the embedding of the inflationary scenario, as an effective low energy limit, in a more
fundamental high energy theory - such as String Theory [19, 147]. Recent investigations
have resulted in de Sitter space being excluded as a String Theory vacuum [I48], placing
single-field slow-roll inflationary models in the Swampland [T49-151], with the subsequent
introduction of the corresponding Conjectures [37, [148]. These considerations indicated
that the Swampland constraints would favour multifield inflationary models with poten-

tially non-trivial kinetic terms [38], 39].

4.2.1 Hyperinflation

A model dubbed Hyperinflation [152] has become topical in recent years due to its
capacity to evade the Swampland while making predictions in agreement with observa-
tions. In its introduction, Brown presents the model and its connection to Spinflation
[139], showcasing how Hyperinflation can produce a large number of e-folds, even for
steep potentials, therefore relaxing the constraint for a slow-roll regime. Furthermore,
the model is demonstrated to have the ability to seed the observed Large Scale structure
through adiabatic perturbations, all the while motivating the existence of Hyperinflation
signatures, in the form equilateral non-Gaussianity. These qualitative statements were
detailed quantitatively in [I53], and both the background and perturbation dynamics
of the fields were studied, resulting in analytical expressions for cosmological parame-
ters being presented in the slow-varying approximation. More recently, Hyperinflation
was generalised to models with an arbitrary number of fields and for various potentials,
even non-rotationally symmetric ones [154], and was established as being able to lay the
groundwork for observationally viable models that satisfy the Swampland Conjectures
[155]. Lastly, the original statement by Brown in [I52] that Hyperinflation is an attractor
in the regime that slow-roll is a repeller [I56HI58| was extensively studied in the context

of dynamical attractors [159].

4.3 Model Description and Background Field Considerations

4.3.1 Fundamentals

The model we consider involves a scalar doublet with a hyperbolic H? field-space
geometry, minimally coupled to gravity and normalised by the field-space scale, My,
©* = ¢*/Mpy. The action is given by:

1

S=3 / d°z /=g [M} R — My Gap(0)0,0" 00" g™ — 2MEV (e™)],  (4.1)

where V(p®) is the scalar field potential. Here, we adopt the notation that latin indices

{a,b,..} = {1,2} correspond to directions in field-space with metric G,;,, while greek
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letters {u,v,..} = {0,...,3} correspond to spacetime indices and are associated with a

Friedman-Lemaitre-Robertson-Walker spacetime metric, with line element
ds® = g"datdz” = —dt* + a(t)6;;dx'da? | (4.2)

describing a homogeneous and isotropic universe. As usual, the Hubble parameter is
defined as H = a/a.
Varying the action with respect to the doublet and the metric leads to the field equa-

tions of motion and the Einstein equation,

D'Dy, " — G V=0
(4.3)

1
M;? Gpa + M]2{ (égpa gab (;Davu Spba'u +gp0 V- gab (;Dayp 901)70) = 07

where G, is the Einstein tensor. Here, we have introduced the covariant derivative
D,V =0,V* +T%.0,¢" Ve, (4.4)

associated with the spacetime metric g,,, acting on a field-space vector V¢ [pb(z#)]
through the pushforward operator [(9*]““ = “,,, which relates spacetime-tensors with
those defined on the field-space manifold, D* = ¢® ,D*.

When homogeneity and isotropy are imposed, equations (4.3) reduce to:

Dtattp“ +3 H 8,590“ + gab ‘/,b = O, (45)
1
3H? = K2 (anb p 00 + V) , (4.6)
1
0 H = —51429@1, at‘PaatSOb (4-7)

where we have defined the hierarchy parameter x> = Mg /M2, given by the ratio of the
hyperbolic field space scale to the Planck mass.

Despite the fact that higher dimensionality (d > 2) field spaces can give rise to a
plethora of interesting realisations, and have been argued to even take inflation out of
the Swampland [154], we choose to restrict ourselves to a two-dimensional manifold, as
it provides a sufficiently illustrative stage for showcasing the intriguing effects that result
from non-trivial geometry. Focusing on the hyperbolic inflation scenario [152] 153 [159],
in which the field-space, with canonical coordinates ¢' = p and p? = ¢, has a transitive

isometry, in the sense of shifts in the ¢? direction, leads to a metric of the form

10
ol 0] ¥

One parametrisation of the hyperbolic field space is the Poincare half-plane defined by
f(p) = sinh(p). For large radial-direction field values, p > 1, the field-space metric
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function becomes f(p) = sinh(p) ~ e.
For the metric (4.8]), the Ricci scalar and the non-vanishing Christoffel symbols, prove

to be
92f(p)

flp)

We choose an exponential potential that respects the isometry of the field space and

I, =—fp), Ti,=1  R=-2

(4.9)

depends only on the “radial” direction,
Vip) = Vye PP, (4.10)

where p is a positive constant. The potential gradient in the a direction is denoted by p,,

L, 0(InV)
O

Pa = K <411>

Following the work of [159], the Klein-Gordon equations (4.5) can take the form of an

autonomous system for the normalised field-space coordinates ¢ and their velocities v®,

(4.12)
v" =— (3 —eg)(v* +p*) — T, o v,

where the velocities v* = dp®/dN = ¢ are obtained with respect to the e-fold number
dN = Hdt. Here, ey = —H/H2 is the rate of change of the Hubble parameter, which
can be written, using (4.7)), as

€y = 5/12 Vg U, (4.13)

and its evolution equation is given by
ey = —(3 —en) (2% — pa ). (4.14)

It is useful, here, to define the coordinates (x,y) = (v°, f(p) v?), namely the projections
of the field-space velocity orthogonal to and along the Killing direction k, = (0, f(p)). In
these coordinates, the autonomous system (4.12)) becomes:

o' =—(3—en)(@+p,) +y°

/ (4.15)
y=—QB-ex+a)y,
and (4.13)) takes the useful form
1
€q = 5/12 (® + 7). (4.16)
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4.3.2 Background Field and Linear Stability in de Sitter
Scaling solutions, by definition, satisfy €¢j; = 0. Therefore, from (4.14) we observe that

1
€n = —5/12]0&11“. (4.17)

Hence, the system (4.12]) admits two types of scaling solutions:

e The gradient solution: In this case, (z,y) = (—p,,0). To examine the stability of

this solution we obtain the local Lyapunov exponents (the eigenvalues of the matrix
J for the linearised system (x%)" = J4 2%), as (A1, \s) = (=3,p — 3). Solving the

linearised system, one obtains

| (4.18)

For p < 3, the angular velocity vanishes exponentially fast, irrespective of any initial
value, while the radial velocity approaches the critical point value, x = —p,. Thus,
this solution is stable. This can be explicitly seen from the phase space diagram
Figure [f.1|left). For steeper potentials, p > 3, the gradient solution, depicted as
dashed black, red and purple lines in Figure |4.1{right), are unstable and for any non-
trivial initial value of y, the system diverges from the gradient solution critical point
(z,y) = (—py,0) and evolves exponentially fast towards the hyperbolic solution

critical point.

gradient solutions, p < 3 p>3
2455 25
\\
i \ /7
f__,” \\I \\ 15 !f 15
//"”HF’FF—._-HH\L\ \\ /7
i ——p ]
% k= I !
/
oo - /’!/f]7 os
/ ff ; ) I
[ | [
J ! [ , |1
=3 -4 -3 =2 il 0 -5 -4 -3 -2 -1 0
X X

Figure 4.1: Phase diagram of [z(t), y(¢)], with initial conditions away from the critical point, for
various values of the potential gradient p. For p < 3, the system evolves to the gradient solution,
while for p > 3 the system will evolve towards the hyperbolic solution, irrespective of the initial
conditions. On the right panel, dashed lines commence with zero angular velocity, y = 0, and
evolve to the Hyperbolic solution. The red solid line corresponds to a potential with p = 3.
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e The hyperbolic solution: Here, the system is allowed to assume velocity in both

directions and consequently, evolves towards the critical point

(2, Y) tryper = (—3, +/3p— 9) . (4.19)

This solution is only admissible if p > 3, to ensure positivity of the argument of the

square root. The local Lyapunov exponents, in this case, are

- ;/1 - §y2) (4.20)

and depending on the value of p, the critical point falls under one of the following

l\DIOO

(A1, A2) = ——+— -q

categories:

—For3<p<33hor0<y< f , the eigenvalues are real and A\; # Ay < 0,
so the system evolution, represented as the solid black line of Figure leads

towards the critical point that is a stable node Figure [4.2a

— Forp > 3.3750ry > 32 the eigenvalues are complex conjugates with negative
real part and therefore the system, which is represented by the solid purple line
in Figure when perturbed, will spiral towards this stable focus, as portrayed
in Figure 4.2c¢

Shifting the hyperbolic field-space curvature function argument by a constant,
does not alter the dynamics. Hence, after redefining f(p) = /P70 and
using the linearised expression for p — p(0) &~ —3N we see that in both the

aforementioned cases the solutions evolve towards the hyperbolic solution as:

p =p(0) — 3N — DN _ 2 N
B B (4.21)
6 =6(0) + L 4 L gy,

with (p1, p2) = (3+ A1, 3+ A2).

— Forp =337 ory = 3\f there is a single eigenvalue, A = —%. Using the
linearised solution for p — ,0(0)7 again, we observe that the field follows the tra-
jectory represented as the solid red line in Figure [4.1] towards the critical point,
that is an improper stable node, depicted in Figure 4.2b| and the hyperbolic
solution takes the form

2
p=p(0) —3N — 3 (LN + o) eV

11/3 3
» =0¢(0) + — [(—N - 1) ¢+ 502} eV + %63]\/.
)

(4.22)
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p=3.01 p=3.375 p=3375

-4 -3 3 A 0 -5 -4 23 -2 -1 0 -5 -4 -3 -2 £ 0
X X X

(a) For 3 < p < 3.375 the (b) For p = 3.375 the critical (c) For p > 3.375,the critical
critical point is a stable node. point is improper stable node point is a stable focus.

Figure 4.2: Phase diagrams for the hyperbolic solution for various values of the potential gradient,
.

Finally, as is manifest from the linearised equations, the system close to the critical
points evolves towards the minimum of the potential p = 0, until the condition p > 1

ceases to hold, that is when the approximation f(p) = sinh(p) ~ e” stops being valid.

(x
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Figure 4.3: Evolution into the homogeneous hyperbolic solution for p = 3.01,
with the vertical axis denoting the elapsed number of e-folds from the begin-
ning of the trajectory.

4.4 Linear Perturbations

Having thoroughly explored the dynamics of homogeneous field configurations and their
attractor scaling solutions, we now turn to the study of small amplitude inhomogeneities
around the background described by the hyperbolic solution. Since it is well motivated
that x* = Mpz/M? < 1 [152], we will be dropping O(ey) terms in the linearised per-
turbation equations - see . Hence, for the rest of the chapter, we will be ignoring
spacetime metric fluctuations and their effect on the dynamics of the perturbations of the

scalar fields.
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4.4.1 Linear Perturbation Analysis

Assuming a general coordinatisation of the field manifold, we can always split the field

coordinates as
@t x) = ¢"(t) + q“(t, %), (4.23)

where the background field, ¢*(t), will be taken to follow the hyperbolic solution discussed

above. The equations of motion for the perturbations ¢%, then, read [137]
D, D" + G?¢* Dy Vy +Riq 470, ¢° 0" ¢° = 0. (4.24)

Projecting these equations along and orthogonal to the Killing (angular) direction, and
using the results from (4.9)), leads to the following equations of motion for the geometrically
normalised field perturbations (r,q) = (¢!, f(p) ¢?),

P+ 3H7T —a *Vir — 2H*y*r — 2Hyq + 2H* zy g =0 (4.25)
G+3H¢—a*Vig+2Hyi+3H*qp— H* (2° + y*) ¢ =0. (4.26)

The fluctuations of the field multiplet can be expressed as a mode expansion in Fourier

space

a d3k a 1k-x *Q —ik-x
q (X7t):/W [U [k, t) al e X+ U (k,t) ol ek ] : (4.27)

noting that each multiplet member receives contributions from all creation/annihilation

operators via the mode matrix U%(k,t). The normalisation is chosen such that the

creation /annihilation operators satisfy
[aﬁ, aﬂ = 21)* 617 5(k — K). (4.28)

The mode matrix involves four complex entries (obviously N? for an N-dimensional mul-
tiplet), but since the different fields are initially uncorrelated and evolve independently
on small scales, there are only two independent modes corresponding to an initial con-
dition where U%; oc 6%;. Later evolution, around and after horizon exit, mixes all the
components of the matrix U. Below we will use two sets of modes, denoted by the index
1. We choose these depending on whether the field initially fluctuates along the adiabatic

or isocurvature direction, which we now describe.

4.4.2 Local Orthogonal Basis

In the case of multiple fields, the assumption that the fluctuations will be purely
adiabatic, i.e. expressible as a time-shift in the background scalar field d¢ = éét(t,x),
as is the case in single-field inflation, is not well-motivated. Geometrically, the fields can
fluctuate in the direction orthogonal to the direction of the background field evolution.

Physically, the adiabatic heritage of the inflationary modes will be bequeathed by the
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radiation era density perturbations of the photons (7), neutrinos(v), baryons (b) and cold

dark matter particles (c) after the field decays [25], resulting in

) op, 0 )
ot = Lo - O O Ol (4.29)
Py Pv Pb Pe
or, using the continuity equation (1.9)),
30py _ 30py _ dpe _ Oy (4.30)

4/77 _4)011 pC pb

Deviation from this behaviour, e.g. %%’—” — % # 0, can indicate the existence of isocur-
vature perturbations.

Therefore, it is useful to introduce the adiabatic direction along the background field
trajectory and the isocurvature direction that is normal to the former |25, 160]. These
are defined by unit vectors é, and é,, with components

X @ ; 1 b
(é5)" = e and (és)" = TG € €. Gbe, (4.31)
where 6 = /G0 P is the background field velocity. This introduces a local orthogonal

basis, related to the original coordinate basis, through the zweibeins

5 L £ 5 z Y 5
€s P I o T Fo) G
with o/ = /22 +y2 =0/H.

In this basis, the covariant derivative is given by

DV =0,V + 1 Ve, (4.33)

with J' being the - non-symmetric in the lower two indices - zweibein basis connection. The
analytic form of this connection can be obtained in relation to the Christoffel connection

associated with the original coordinate basis, I'}, via
a K AT 5 apJ N 5 a
Vi = &5 el /T — e 0r(eg), (4.34)

where the capital indices are related to the coordinate basis and the lower-case ones to
the zweibein, and é!, are components of the transformation matrix (4.32)). In this basis,

the only non-vanishing connection components are:

e
P =2 and 12, = = (4.35)

O./
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Having established the relation between the two bases, we can obtain equations (4.25)
and (4.26]) in the zweibein basis, as

L 2
ij”+3Hq"’+<a) ¢ +6H*yq*+2Hyq =0
2 (4.36)
¢ +3HG + (5) ¢ —2H*y*¢° —2Hyq" =0,

where we used [{4.27), ¢°(k,t) = [ gjﬁ U?;(k,t) al e®* + c.c. and similarly for ¢°. In-

troducing the time variable z = Ht + In(H/k), the equation of motion for the modes

becomes:

02q° +30.¢° + e *¢° +6yq° +2y0.¢° =0

) » (4.37)
02 +30.¢°+e ¢ —29y°¢* — 2y 0.¢° = 0.

Note that our time variable z is simply the number of e-folds up to a k-dependent shift
and that all modes experience the same time evolution, only shifted in time, with z = 0
denoting horizon exit for each mode. In the limit of radial motion, y — 0, the effect of the
field-space curvature vanishes and the fields decouple. In this limit, we obtain the one-
dimensional equations of motion, the solution of which are the positive frequency k-modes
for a massless, minimally coupled scalar field in de Sitter, which define the Bunch—Davies

vacuum state [62] and assume a set of normalised solutions, in four spacetime dimensions

[29], given in ([53),

= e G ()t Hapa(l), (439)

where n = —e™%.

4.4.3 Adiabatic and Isocurvature Perturbation Power Spectra

Deep inside the horizon, where the spatial gradient term of equations (4.37) dominates,
the modes decouple and evolve independently, unaffected by the mixing induced by the
field space curvature. As discussed above, we take our two sets of modes to be defined,

as z — —o00, by

Ua[ — Uk 5(1[’ (439)

where now a = (o, s) denotes the adiabatic and isocurvature directions. We define the

rescaled modes U as

U, (4.40)
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The field perturbation power spectra can, then, be written as
3

k .
7”%ht%=§;a/d%w‘**@%t0mﬂux»

H2 ax
:§4Z%W)
1

To obtain the modes, we solve equations (4.37)) twice, once with ¢* = U% and initial
conditions (U%; — uy, ,U®; — 0), and once with ¢* = U% and initial conditions (U7 —

(4.41)

0,U% — wuyg). In practice, the calculation starts at a sufficiently large, negative z such
that the two equations are effectively decoupled. Subsequently, we solve them for z = 60
e-folds after horizon exit, defining the longest mode of interest. The evolution of the

modes can be seen in figure [4.4]

064

0 10 20 30 40 50 60 0 10 20 30 40 50 60
0N 5N
1=005 1=01 y=02 | [

y=10 y=002 v=05 y=01 y=02]

Figure 4.4: Time evolution of the adiabatic (left) and entropic (right) modes, for various values
of y. The horizontal semi-axes’ origin corresponds to the time of horizon exit for a mode with
wavenumber k that is followed for further 60 e-folds. Increasing values y, or the potential slope
p, lead to a faster increase of the adiabatic perturbation and decrease of the isocurvature one.

To corroborate the superhorizon behaviour of the linearised field perturbations, as
obtained by the numerical solution presented above, we have also followed the evolution
of two “separate universes” that start off at slightly displaced points in field-space. Figure
shows one such configuration, where two solutions of the background equations with
neighbouring initial conditions are allowed to evolve, while depicting their difference in
field-space, at equal times. In this particular example, we see that an initially dominant
entropic perturbation feeds into an initially subdominant adiabatic one and decays while
the adiabatic perturbation, corresponding to a time shift of a single background solution,
eventually evolves towards a small, constant value. It is noteworthy, however, to remark

that this only occurs after an observationally inaccessible number of e-folds.
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Evolution of Petrurbations
g -

Figure 4.5: Evolution of the linearised field perturbations with parameter p = 3.01 or y =~ 0.17.
The adiabatic (tangent to the trajectory) perturbation approaches a small constant value. It is
worth noting that the apparent shrinkage is due to the choice of coordinates.

The power spectra are easy to obtain as a function of the wavenumber, £, since all
k-modes follow the same evolution, only time-shifted by ¢t — ¢ + H~*In(H/k). This is, of
course, a consequence of the hierarchy of the energy scale of the scalar field background
My < Mp, which leads to the Hubble parameter H being treated as a constant. In
general, for a time-dependent value of H, each mode would cross the horizon at a different
amplitude and their subsequent temporal evolution, after horizon crossing, would vary.
This would render this identification inaccurate. We plot the power spectra for hyperbolic

scaling attractors, characterised by different values of y, in Figure [4.6]

1000 - X

0.1
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Figure 4.6: The adiabatic P, and entropic Ps power spectra at time ¢ for various values of y,
where k* is the wavenumber of the mode exiting the horizon at that time and In (k./k) = 60
represents the wavenumber corresponding to the scale of the universe today.

98



Chapter 4. Observational Constraints on Hyperinflation

We utilise the numerically evaluated adiabatic power spectrum matrix component P

and plot the adiabatic spectral index,

ad

wt_ oy, I[P

‘ FOR (4.42)

along with the 68% confidence range for its value from the Planck collaboration 28] (green
band n, = 0.9649 + 0.0042) in Figure Hence. it is manifest that the observationally
obtained range places very tight bounds to the permissible values for y, restricting them
t0 0.74 x 1072 < 3y < 0.94 x 1072 and 0.1603 < y < 0.1774, severely constraining this
family of hyperinflation models to those with exponential potential parameters in the
ranges 0.54 x 10* < p —3 < 0.88 x 10~* and 0.025 < p — 3 < 0.031.
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Figure 4.7: The adiabatic spectral index, ng as a function on y. The green band corresponds to
observationally permitted values.

v

Finally, we look at the tensor-to-scalar ratio. We have, at horizon crossing,

P(k)  Ak* "¢,  Bey AR 5
- vr e e e P (4.43)

r =

where U? = >, U7* U7 and we have only taken the adiabatic perturbations into account,
as the contribution of the isocurvature ones is negligible. The Planck collaboration [2§]
set the observational bound for the tensor-to-scalar ratio to r < 0.10. Hence, taking into
account that in the first few e-folds after horizon crossing U? < 1 and using (({£.19)), we

obtain bounds for the parameter of the exponential potential,

x*p < 0.01. (4.44)
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This, in turn, results in limits for the permitted values for the Hubble parameter ey:

€EH = %/‘i? [$2 + yﬂ

_ gﬁz » (4.45)

< 0.015,

~

in close agreement with [I53]. Furthermore, the tight observational bounds on the value

of the exponential parameter (see above Table provide a numerical estimate for the

hierarchy parameter x* ~ 0.2/9 improving the condition set in [I53] that x? < 2/9.

Equation shows that our original ansatz of small ey is observationally consistent.
We remark that the definitions of the Hubble slow-roll parameter ey = —H/HQ, given

by , and that of the potential slow-roll parameter

L VeV, 1

_ 2 a b
v: 51‘43 P Gap P, (4-46)

1
€y 5:%
are inequivalent in multifield models and can differ substantially [39]. Equation (4.46) is
covariant. Therefore, using (4.32)) to transform from the convenient local orthogonal basis

(0,s) to (p,p), one readily obtains

2
1,5 =

e — 4.4
1.2 + y2 ( 7)

Due to the characteristics of our particular model, namely that we consider scaling
solutions and use a potential that respects the field-space isometries (and subsequently
resulting in (4.47) receiving contributions only from the radial direction), it is evident
that the two slow-roll parameters coincide,

L

9
v=gH p23—p =eg < 0.015. (4.48)

Finally, this indicates that this type of exponential potential hyperinflation models,
which is the simplest type of those that are not observationally excluded (as opposed
to those with a power-law potential [I53]), cannot elevate (hyper)inflation out of the
Swampland unless the requirement of the conjecture is relaxed beyond ey ~ O(107!) as
originally argued in [I54]. This conclusion can be made more robust by extending our

analysis beyond the small ey regime.
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4.5 Conclusion and Motivation for Further Work

In this work, we have reviewed Hyperinflation with an exponential potential and used
observational results to constrain the model’s parameter space. Adopting a hierarchy of
scales, My < ¢ < Mp, results in the slow-roll parameter ey being negligible, while its
time derivative vanishes in the hyperbolic attractor solution. This results in the equations
of motion for the background field taking the form of an autonomous system. After
solving the linearised equations, we have manifestly shown the dynamical patterns that
describe the behaviour of the system for various values of the exponential parameter p.
Additionally, the linear stability of the background has been manifestly demonstrated and
two different regimes have been distinguished: For p < 3, the gradient solution is a stable
attractor and for p > 3, where the gradient solution is a repeller, the hyperbolic solution
dominates.

Furthermore, by introducing a local orthogonal basis, we obtained the equations of
motion of the adiabatic and isocurvature perturbations and noted their highly coupled
behaviour that is due to the field-space curvature. We proceeded to solve these numerically
and described the dynamics of the perturbations, noting their behaviour after horizon
crossing: The adiabatic perturbations grow with the parameter y, which is associated
with the field-space curvature, and the entropic ones rapidly decay.

Finally, after producing the adiabatic and entropic power spectra, we compared the
resulting adiabatic spectral index and tensor-to-scalar ratio with recent observations, plac-
ing tight bounds to the permissible values of the exponential potential parameter p, also
setting an upper limit for the slow-roll parameter, € ~ O(1072). Our results are shown to
agree with, and improve on, similar results in the literature [152],[153].

Hyperinflation is a regime that could shine light on intriguing aspects of inflationary
cosmology. It has been shown in [161] that this model is a specific case of side-tracked
inflation, namely the attractor phase emerging from geometrical destabilisation [156].
Brown [152], in his original paper, notes that the model can give rise to equilateral non-
(Gaussianities and substantial work has been carried out for the computation of such
quantities in a general class of multifield models with a curved field-space [162H166]. We
leave the derivation of the relevant stochastic equations and the computation of the arising

non-Gaussianity, utilising the stochastic formalism for future work.
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In this closing chapter, we summarise the results of the presented research works. We
start by reviewing each of the covered topics and after commenting on relevant past and
contemporary projects, we motivate their potential future extensions.

In Chapter we elaborated on the path integral representation for the Langevin
equation describing the infrared behaviour of a spectator scalar in de Sitter. The simple
Feynman rules derived, allow for the straightforward computation of arbitrary unequal-
time correlators of the field. These quantities can also be obtained from the perturbative
expansion of the Langevin equation. As demonstrated, the two approaches are equivalent,
but the former offers computational advantages and increased efficiency, as opposed to
the latter that involves a separation of the Langevin equation solution in different orders,
represented by the ‘tree’ graphs of section and the evaluation of expectation values
of their products. This last step becomes increasingly complex with the number of fields
in the desired correlator and with perturbative order, as all possible ‘tree’ configurations
need to be taken into account. The proposed Feynman rules, on the other hand, directly
build any correlator out of two propagators and a small, fixed number of vertices resulting
in a conjectured form for the arbitrary N-point function, to the m-order.

Furthermore, the case of minimal backreaction was studied. We included the depen-
dence of the noise amplitude on ¢, making the noise multiplicative, and new contributions
to the two-point functions were calculated. Hence, we demonstrated the comparative su-
periority of the Feynman rule method, in an example in which the perturbative solution
of the Langevin equation would have proven substantially more involved.

Increased attention was paid to the role of the functional Jacobian determinant in the
path integral, in the form of a ghost Lagrangian. The ghost fields introduced, contribute
closed loops in the diagrams. In the case of additive noise H = Hy, ghost loops act to
cancel the ill-defined closed G loops. The perturbative Langevin solution is free from such
structures, so ghosts are essential in ensuring that Feynman diagrams lead to the correct
result. In the case of multiplicative noise H = H(¢), the contributions from the ghost
and closed G loops do not vanish and hence, contribute to the final correlator. This was
expected, as it constitutes the manifestation of the dependence of N-point correlators on
the discretisation prescription of the Langevin equation, when the noise is multiplicative.
In a continuum description, this property translates to the choice of the value of ©(0)
[63]. The methodology followed results in our formalism naturally picking the midpoint
value ©(0) = %, corresponding to the Stratonovich prescription.

It is manifest, when gravitational backreaction is included, that different discretisation
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prescriptions lead to different results for the correlators, albeit suppressed by powers of the
backreaction coupling. This theoretical uncertainty has been noted [68] to be proprional
to corrections to the leading stochastic picture. From a purely mathematical perspec-
tive, all prescriptions (©(0) € [0,1] in a continuum description) are equally admissible,
therefore the "correct" - in the sense that it reproduces results in agreement with the
full QFT - prescription for modelling inflationary scalar field dynamics via a stochastic
differential equation, requires either a first principles computation or other external to
the model justifications, as stressed in [69]. In our approach, the underlying dynamics
dictate the choice for the discretisation prescription, since the path integral derived from
the stochastic equation must be a truncated version of the full underlying action, in the
Schwinger-Keldysh formulation. The lack of functional determinants in the QFT path
integral, indicates that the Ito prescription seems favoured, but a concrete computation
is necessary for the verification of this expected result.

In Chapter [3| we shifted our focus to the UV limit of scalar fields in de Sitter. The
gravity-Higgs sector has been shown to be fertile soil for testing out ideas in (effective)
quantum gravity. The quantisation procedure of gravity, raises intriguing concerns on
how spacetime geometry is to be defined when scalar and metric backgrounds are allowed
to mix freely. The ambiguity stemming from the use of different conformal frames, Ein-
stein or Jordan, and the different results obtained with each approach, has resulted in
controversy in literature. Our treatment indicates that applying a methodology, which is
fully covariant under field redefinitions is perfectly feasible and leads to unambiguous re-
sults about physical observables, manifesting a complete physical equivalence between the
different conformal frames. On the other hand, on scales below the Planck mass, where
quantum gravitational effects are suppressed, non-covariant approaches can still lead to
correct results. Our analysis has led us to advocate the use of the frame-independent
effective mass p? + R, and - provided appropriate attention is paid to the intricacies
associated with the conformal transformation - the simpler Einstein frame, in which the
curvature coupling vanishes, can always be used. The curvature coupling dependence in
the Jordan frame can be recovered from relations similar to the beta function ones given
in section [3.4]

The methodology followed is not as general as it could. The covariant effective action
has been used, but field redefinitions were limited to the form ¢r = Z(ug)p, whereas
in a fully general treatment, the renormalised field transformation should, a prior: take
the form of a non-linear mapping into field space, ¢r = ¢r(¢, ugr). Furthermore, at
the end of subsection [3.4.1 we commented on the importance of the couplings in the
kinetic terms, which despite not contributing to our approach, are expected to affect
results when the entirety of the one-loop effective action, rather than simply the one-loop
effective potential, is taken into account. Nevertheless, our approach can provide a strong
basis for a potential future research endeavour.

Additionally, we remarked the use of existing non-covariant results for the standard
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model beta-functions, which are not associated with the spacetime curvature. The de-
pendence of the running couplings on gauge parameters, as noted in [137], can prove to
be problematic, motivating the need for further research in gauge-parameter dependence
for Higgs instability in flat space.

Lastly, in Chapter [4 we reviewed and extended the topical “Hyperinflation" model
with an exponential potential, explored its dynamics and, imposing physical observational
bounds, constrained its parameter space. We adopted a scale hierarchy My < ¢ < Mp
which resulted in the slow-roll parameter ey being negligible, while its time derivative
vanishes in the hyperbolic attractor solution. After linearising the autonomous system of
background field equations of motion, we studied in detail the dynamical patterns that
describe the evolution of the fields for various values of the exponential parameter p.
Furthermore, the linear stability of the background has been, manifestly, demonstrated
and two different regimes have been distinguished. The introduction of a local orthogonal
basis leads to distinctly different equations of motion for the adiabatic and isocurvature
perturbations, while their highly coupled behaviour, due to the field space curvature,
requires non-analytical manipulations. Our numerical solutions lead to a clear description
of the dynamics of the perturbations, distinguishing their behaviour after horizon crossing;:
The adiabatic perturbations grow with the field-space curvature parameter y while the
entropic ones, rapidly, decay. Finally, after producing the adiabatic and entropic power
spectra, the resulting adiabatic spectral index and tensor-to-scalar ratio were contrasted
against contemporary observational values, highlighting the narrow permissible range of
the exponential potential parameter p, and consequently, restricting the upper limit for
the slow-roll parameter ez to O(1072).

The investigation of the theoretical and phenomenological implications of inflation-
ary models with elaborate field-space structure is a fascinating contemporary topic. The
introduction of non-minimal coupling has been shown to raise questions regarding the
proper conformal frame, in which the action should be expressed, demanding the devel-
opment of descriptions that respect covariance under field redefinitions. The dynamics of
the low-energy sector of inflationary models, which is more significantly affected by the
existence of the underlying spacetime curvature, can be described by application of the
stochastic formalism. Furthermore, the consistent inclusion of gravity has been hindered
by the uncertainty that pertains to the appropriate choice of descritisation prescription.
Eventually, these obstacles can be surpassed by constructing a prescription-independent,
fully field-space covariant methodology and steps towards that direction have, very re-
cently, been made [42]. Tt would be of particular interest to investigate and elaborate on
this formalism and use it to study observationally relevant quantities and even discover,

potentially, qualitatively new phenomena.
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Appendix A. Schrodinger-like Probability Equation

This appendix aims to manifestly demonstrate the comparative advantages of the aux-
iliary field action used in subsection as opposed to the Euclidean action obtained from

the Schrodinger-like equation associated with the original the Fokker-Planck equation.
Expanding ([2.28)) and applying the redefinition (2.40)), leads to

£(6) P(6,1) = [F(6) C1(9) + f(9) Ca(0) + £(6) Cs(@)] P(6,1)

N . (A.1)
+[f(0) C2(9) +2f(9) C5(0)] P(0,1) + f(¢) Cs(0) P(, 1),
where, we have defined the parameters
C, = B/—},I} / + [1 — 6(0)] h(A)? + [1 — 6(0)] hAA"
Vv 2/ A2
Cr= a5 [2-6(0)] B () A2
C3 = %hAQ.

Using the relations for the first and second derivative of the transformation function,

o) = t0) |-G 2 - 00 - 5] (A3
and
£'6) = £(9) { Sre—eo)+ ol - 2e-eo) |5 - ()
(A4)

v 4V'H'
B <3hHA2 ; 3hH2A2)
one, readily, observes that the coefficient of P’ vanishes, resulting in a Wick-rotated

(t — —it) Schrodinger-like equation,

£ o £

PO = |6t & 722+ 6 5

] P(6.t) +Cs P

P(6,t) =H P
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Appendix A. Schrédinger-like Probability Equation

with Hamiltonian,

e f(9) (A.6)

[Cl + C2
=U ‘f‘ C38§),

where the potential U(¢) is given by
L[vY 1 (VN V' H
— || = ~ ) —Za-— -2
(o) =3 {3}11 2h A2 (3]—]) ;=003 7

- G e (- ()

To verify the accuracy of the correspondence between the path integral approach of

(A7)

the Schrédinger and the Fokker-Planck equations, we write the one-dimensional Euclidean

action associated with the former:

~styt =~ [ at[pi- 7]
—/dt [% —U(e)]| .

For the case of additive noise, when the Hubble parameter H is constant, all derivatives

of H(¢) and A, in (A.7) vanish, resulting in

1y VL
00 =337 +3 (31) we (49)

in direct agreement with [I67], in which the same action has been obtained from the

(A.8)

Fokker-Planck equation associated with the original Langevin.

The corresponding action, including the entirety of , despite a prior: being ex-
pected to give the correct results, is computationally, a lot more complicated than its
auxiliary field method counterpart ([2.52)).
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Appendix B. Field space Geometry

In this appendix, we provide a visual aid to the treatment of fields in a curved field
space and showcase the equivalence between the covariant background field expansion
and the addition of the DeWitt term, for the simple case of a Non-Linear Sigma Model,
as an example of the methodology used in chapter [3 We proceed to obtain the equa-
tions of motion for the perturbations, which were used in chapter [l These subjects are
well-documented in the literature in a mathematically rigorous manner, however, a more

intuitive exposition may be useful and instructive.

B.1 Covariant Background Field Expansion

¢

5[
o

Let ¢! denote the coordinates of a point in a D-dimensional Riemannian manifold M
and ¢!_, a point around which we choose to expand. Define a geodesic s!(t) depending
on the affine parameter ¢, extending from this point to another point in its neighborhood
(such that they are connected by a single geodesic ) ¢I_, = ¢I_, + d¢!(t). For any point

s!(t), the geodesic equation demands that

)+ T (s)87(t) %) =0 (B.1)

be true, with the overdot representing differentiation with respect to the affine parameter.

Expanding the geodesic around ¢}, one obtains:

[e.9]

1
Zm o 1 (B.2)

n=0
with [s }It 0
origin t = 0. With ¢! = s|t:0 being the tangent to the geodesic vector, at the origin, the

denoting the n-th derivative of the geodesic components evaluated at the

geodesic expansion can be obtained recursively to any order using (B.1), as
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Appendix B. Field space Geometry

[s"]" (t) = CF, ;. (s) 87 (t)...8/V (1), (B.3)

where the coefficients C'j, _; ~are obtained by varying (B.1) with respect to the affine
parameter t. For example, the first two terms are

C§K(5) = _FgK

I I 1 M 1, M (B'4)
Cixr(s) = _FJK,L - §FJM U — §FKMFLJa

where '] is the Christoffel connection associated with the metric Gr; of the field space
manifold M. After computing the coefficients in (B.2)), we can expand the coordinates of

the end-point of the geodetic interval ¢|It:1 = 3@:1 = qﬁﬁzo + 01 (t), or

89/ = €1 — ST € (5.5

where dots signify higher order corrections in the, appropriately small for the ansatz of

vicinity to the origin to be satisfied, vector £7.

B.2 The NLSM Perturbation Equation of Motion

The classical action of a Non-Linear Sigma Model, is given by

1

S 5 / dPx /=g Gr;(9) 9" 0,0 0,97 (B.6)

with ¢g"” being the D-dimensional spacetime metric and G;; being the field space metric.

Expanding the action in orders of d¢’, up to the second order, we obtain:

05 1 528

= 1 —— sl = Iy - =
S_S\(Sd):()_'_ |(5¢705¢ +25[5¢I]5[5¢]]|6

I J
4] oi—o 601067, (B.7)

Substituting (B.5)) in the first order variation of the action, leads to

1
68 = / dPz\/—g {QQU,K 6% 0,0" 0,07 g +guau6¢fay¢"g“”} B5)
= 5,58 +6,5¢,

which includes terms of both first and second order in . Furthermore, the second variation

of the action becomes
1 1
028 = / V=g g“yde lég]J,KLgKgL 3u¢lau¢J + §QJJ,K§K(9;L§I&/¢J

1
+ §gIJ,K§Ka,M¢]aV§J + gIJ,KfKauflauﬁbj + gfjauﬁlaugj :
(B.9)
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Appendix B. Field space Geometry

Grouping these contributions in powers of £ we obtain
S(©)le=o = Sie=0) + A1S¢ + ApS<, (B.10)
where A;S¢" = 6,5¢" and

A, SE E% [525 i 251552]
2 (B.11)
-3 / 403/ 5 [ (~Rugaa ) 0,0" 06" + Gy D, €D €]

where we have introduced the action of the covariant, with respect to the spacetime metric

G, derivative on the tangent to the field space manifold vector £ [¢(x")], as
D" =V, + ¢%,, T5.8° (B.12)

B.2.1 The Vilkovisky-de Witt Term

Returning to the background field expansion, from (B.8) one can take the §,S¢*, namely
the terms of the first order variation of the action that are second order in . These prove
to be:

5&@:/QCM%{%%WM%Ww@¢%+%w%Wﬁ¢}

cu - (B.13)
= [vEarsget{ Sun 0,0, |

Similarly, expanding the first order variation (B.8]) and keeping the terms linear in & we

obtain
1 1
5 = [ aPoy=g { éGab,céascamaam”gW+Gabﬁu5¢“av¢bgw}

(B.14)

= / dDa:\/_—g{ — G D" (auqsa)gb}.
Hence, we conclude, using the background expansion method, that the covariant second
order in ¢ variation of the action is given by the naive second order variation, corrected
by the Vilkovisy-deWitt term

« 015¢

A]AJS£2 = 515‘]562 — FIJ(%T' (B15)

B.2.2 Perturbation Equation of Motion

Integrating (B.11]) by parts, it is straightforward, to obtain the equation of motion for
the perturbation &9,

(Rocaa ) ,6" 06" + Goa D" D, €° = 0, (B.16)
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Appendix B. Field space Geometry

which was used in (4.24)).

This result can also be obtained from purely geometrical considerations. Treating ¢®
as coordinates of a point in field space, the fiducial geodesic for the tangent vector V#¢*
is:

V, VFo® + T 0,¢° 0"¢°¢ = 0. (B.17)
Performing a parallel transport of the coordinate ¢® along the vector £* as ¢'* — ¢* + £°

results in a perturbation of the fiducial geodesic
V. VEG" + Y,V + T [ 4 €] [20,0° VHES + 9,0°0"¢° + O(€%)] = 0. (B.18)

Expanding the connection around ¢

The(¢+8) =T5u(9) + Tha€”, (B.19)
and using (B.17)), (B.18) becomes
V. (VHEY) + 2T, 0,0°V . + T 4 £70,8° 0 ¢° = 0. (B.20)

In order to determine the second spacetime-covariant derivative of the field space vector
&%, we start by expanding the action of the total covariant derivative, which acts on both

field space and spacetime indices, on a vector [V*]%,
Dy [VV]* = 9,V + T VA" + T3 [VY]°0,0°. (B.21)
Hence, for the field space vector £%, utilising (B.17]), we have

D, D" §" =V, (D"€") + 5, D"€"0,,6°
=V, (V9€") + T4 £ 0,0'0" " +2 T3V, 0"° (B.22)
+ FZC gb [_chih au¢g a,ugbh} + FZCFZd€d8M¢e a“¢ca

and using (B.20)) we, finally, obtain the expected result (B.16]),

D, D' =RE 40,80 ¢ (B.23)
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Appendix C. Zeta-function Evaluation

We review and extend the basic tools of heat kernel methods needed for the evaluation
of the zeta function, and subsequently, using the renormalisation group equation (3.2,
the beta functions for the Gravity-scalar model .

We may start by showcasing the basic concepts of functional Gaussian integration.
Let A;; be a diagonalisable, non-degenerate matrix with real eigenvalues. Then, the
Gaussian integral can be defined throughout the space with volume element dyu described

by coordinates z¢, as
P(A) :/due(éx“wzj)

= (2mi)"? det(A)~V/2.

Where, in the first line, a coordinate transformation permits the diagonalisation of the
matrix A;;, resulting in a set of real eigenvalues the product of which leads to the deter-
minant in the last line.

We now return to and utilise and the definition of the functional integral.
Hence, the effective action (3.16) is straightforwardly obtained [93] as

h A
Ty, ) = il + 5 ndet (). (€2)
2 Hr
leading to (3.33)),
r® = ﬁ,tr In %, (C.3)
21 5

or, alternatively, using a Wick-rotation to imaginary time, transforming the spacetime
background to a Euclidean space with positive signature, the one-loop correction to the

Euclidean effective action becomes

h A

'Y = Zirln = C.4
E 2 T nlu% ( )

This analytic continuation results in the invariant volume element becoming imaginary,

but this can be resolved by defining the one-loop correction to the effective action as
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Appendix C. Zeta-function Evaluation

F(El) — iT'(M. Using a gradient expansion of the effective action,

rolo] = [ du Ezw) (Vo + V()| + ..., (©.5)

or, to one-loop accuracy and for constant background fields,
FS)M = VW(¢) x spacetime volume. (C.6)

At this point, we introduce the Riemann (-function. For an operator A with a discrete

set of eigenvalues, \,,
((s,A) =D A" (C.7)
n=0

Extending this definition to operators with an infinite number of eigenvalues is well mo-

tivated, as we describe below. We define, in general
((s,A) =tr (A™). (C.8)

It must be noted that, this sum only converges when 2s > D, where D is the number
of spacetime dimensions, however, this limitation can be removed through the process of
analytic continuation in the complex s-plane. It is crucial for this type of regularisation
that the (-function is analytic at the point s = 0.

With these in mind, one can define the one-loop correction to the effective action,

A
QFS) = Indet e = —('(0,A) = ¢(0,A) log pi,. (C.9)
R

It is easy to see, that in the case of finite eigenvalues, this formula would be an identity
resulting from trivial algebraic calculations following from and . In the case
of infinite eigenvalues, the regularisation procedure defined by allows one to obtain
finite results.

Varying with respect to the renormalisation scale g and using in Sy, it is

clear that
dv® B ¢(0,A) R?

PR e = 1672 24

Having obtained the eigenvalues for the operator Ay, given in (3.91)), in the harmonic

basis, we proceed to evaluate ((0,A). Generalised zeta-functions for the operator eigen-

(C.10)

values on a four-sphere can be evaluated by using a standard binomial expansion method
[127, 128]. Eigenvalues of the Laplacian are quadratic in n, but after diagonalisation of
our operators some of the eigenvalues are non-polynomial, and a modification of the usual
techniques is required.

The operators obtained in section [3.6.2] act on scalar, vector and tensor fields on a

four-dimensional de Sitter space. Their eigenvalues and degeneracies can be related to
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Appendix C. Zeta-function Evaluation

the Laplacian eigenvalues, A, = (n + v)? through:

R /-
An = D ()\n—a> : gn =b(n +v)* +c(n +v), (C.11)
where n = 0,1,2..., and the parameters v,a,b and ¢ depend on the type of tensor

according to Table [C.1]

v ooa b c

3 9 1 1
Scalar 5 J+4+q 3 5
Vector g % +q 1 —%

717 5 125
Tensor 5 T +q 3 B

Table C.1: Numerical values of Laplace-like operator eigenvalue parameters. Here, q are dimen-
sionless parameters of the model and are functions of the background field and the Ricci scalar
R.

The eigenvalues ), obtained after diagonalisation of the - projected to the physical sub-
space - operator 117, GEM Ay TTF ; are algebraic functions of the Laplacian eigenvalues

M\, and can be expanded for large n as power series
1
An:ER[(n+u)2+A+B(n+y)‘2+...}. (C.12)

We proceed by replacing A~ ¢ in the zeta-function with its binomial expansion,

-y (%) - {c 0+ 0)02) s A+ w) 02 4]

+b [(n +1)6872) — s A(n 4 1)) — (n + v)~1+2) Bg

1) A2
y et DA <n+u>—<28+1>+...]},

(C.13)

and then the sums of powers of n+v can be replaced by the Hurwitz zeta-function (y (s, v),

o0

Cu(s,v) = Z(n +v)7°. (C.14)

n=0

The Hurwitz zeta-function has an analytic extension with a pole at s = 0 with residue 1,

a Laurent series expansion,

Cu(s,v) = + U (A) + O(s), (C.15)

s—1
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Appendix C. Zeta-function Evaluation

where W(A) is the digamma function, and for values s = —1 and s = —3 takes the form

of Bernoulli polynomials,

Cu(—1,v) = —%Bg(y), Cu(—3,v) = —334(1/). (C.16)

After rearranging the summations, we arrive at an expression for the zeta function,

(6= (13) 076+l (17

where

f(s) =Cu(2s —3,v) — sACu(2s + 1,v) — sBCy(2s + 1,v) + %s(s + 1A (25 +1,v) + ...

g(s) =Cu(2s — 1,v) — sACg(2s + 1,v) + ... .

(C.18)
All of the terms denoted by ... vanish at s = 0 and we are left with
1 1 b
((0) = —5eBy(v) — 7bBu(v) - gA - (2B - A2, (C.19)

The zeta-function sum is always taken from n = 0, but some of the derived modes are
identically zero for some n. These exceptions are handled by subtracting the contributions

of the N(h) non-existent modes,

s—0

¢(0) = lim (Z gnA;S> — N(h). (C.20)

For example, the gradient of a constant scalar mode does not give a valid vector mode,
resulting in N(V,h%) = 1. Furthermore, for the vector case, there is a zero-eigenvalue
mode with multiplicity N(V(Mh,‘j/)) = 10, that needs to be excluded [109], as well as
N(V,,h®) = 6, vanishing tensor modes.

Hence, we obtain the ((0) contribution of the scalar, tensor, and ghost eigenvalues for
the simple scalar-gravity operator (3.91)) as a function of the parameters in Table and

the functions A and B (which are dependent on the scalar potential and its derivatives),

C(O)total = Cscalar(o) + Ctensor(o) -2 Cghost (O)
= 7 (33651 V? — 48K* V V" + 12V, VIV — 367 V;V 7] (C.21)

1 .
+5 8V, —208K*V) + O(R?).
Then, we obtain the heat kernel coefficient on Sy, from ((3.39))

L ba(A) = ¢(0)Volumes, — ¢(0) —— 2
1672 27~ OIS = S T6r2 24

(C.22)
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Appendix C. Zeta-function Evaluation

and comparing with the general expression (3.92) we find, for the single scalar case N=1,

1
ay = 5 a9 = —5 az = -2 (023)
1 1
(l4:2N+12 CL5:§ CLGZ—g (24—2N)7 (024)

in agreement with [88].
Finally, expanding the heat kernel coefficient by(A) in powers of ¢ and truncating up

to order k2, we find the coefficients

(Bl =ty i [ Ve~ By v ¢
= 161”2 [31° A + 3K2A (46 V) — 267 x 3AVy + O(k")] ¢° (C.25)
()|t = g Vil = g A Rg? (©.26)
ba(A)gs = # % 12V Vi | gu = 1617T2 gw* (C.27)
ba(A)go = # };;j %vﬂj Vil go — %22 ViV o — 48KV V| go
+ %vj\qﬁﬁ
= 1617T2 [15A A6 — 3A% + 21N*¢ — T20%¢%] K% ¢°. (C.28)

Expanding (3.2)) as in the example, (3.116]) and remembering that the anomalous dimen-
sions vanish to one loop order v = O(A?) [121], the covariant S-functions of Tables
and [3.3] follow trivially.
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Appendix D. Stochastic Noise Kernel for Hyperinflation

Utilising the modes obtained numerically in section we obtain the noise kernel of
the covariant second-order Langevin equation associated with the two-dimensional hyper-
bolic field space of section We pay attention to two cases of coarse-graining window
functions, namely the Heaviside and a new type, which we name ‘chintz’. We close by
demonstrating the temporal evolution of the noise kernel for observationally permitted
values of the field-space curvature parameter y. This preliminary work is part of a follow-
up paper to [3]. The interested reader is directed to the detailed publication [42] and

references therein.

D.1 Noise Kernel for the Heaviside Coarse-Graining Window

It was covered in Chapter [2] that a scalar field ®* can be split into a quasi-classical
long-wavelength field ¢, coarse-grained over scales of the order of the Hubble length
Ar ~ 1/H with a window function W}, and a short-wavelength quantum perturbation ¢*
that satisfies the perturbed de Sitter Klein-Gordon equation. The mode expansion for the
short-wavelength field, which includes only modes of wavenumber larger than the Hubble

wavenumber kg, in Fourier space is given by

(1) = / % Wi(t) €(z 1)

dSk i k-x a —ikx
q*(z,t) :/W Wi(t) U (K, t) al e’®2 + U (k,t)al"e E*},

(D.1)

with [al,a,"] = 677 6(k — k). The split between long- and short-wavelength modes (2.4)

results in the perturbed equations of motion

0, 0" " +1', 0" + T, 09" ¢+ V= — [D“D“qa + R4 a0, ¢ 0" + ¢ Dy Vy gab] .

(D.2)
Using (4.24) and the fact that £ annihilates the perturbed Klein-Gordon equation, one
obtains the covariant form of the second-order Langevin equation for the long-wavelength
field, ¢, as
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D, D' +V,, G* = [af + 3%@ — a‘QV] ¢ + T 0,¢"0"¢° + V,, G

= — [D,D"q" + R,y "0, 9" 0*9° + ¢"Dy Vy, G*°)

- [ {0 o) (= el (03
+ 2D, Wi(t) D“g“}
= =%z, t).

Had we known the analytic expression for the perturbation doublet mode functions U%,
this equation would result in a Langevin equation that could be solved, either perturba-
tively or by exponentiation into a path integral, as in section [2| Nevertheless, we can still
produce some general expressions before resorting to numerics.

The most straightforward and widely used [48, [50, 52] choice for a coarse graining
window is the Heaviside function, O(|k|—ea H). Then, one needs to compute the covariant

derivatives appearing in (D.3) acting on the Heaviside
D,O(k|—eaH)=0,0(k| —eaH) (D.4)
D,D"O(k| — ea H) = 020(/k| — ca H) + 3%@ O(k| — ca H) — a 2V2O(k| — ea H)

— 920(|k| — ca H) +3g@t@(\k| —eaH). (D.5)

Here, all spatial derivatives vanish, since O(|k| — ea H) is only time-dependent.

With these considerations, we obtain a covariant definition for the noise kernel vector,

—a dSk a —1k-x I a* 1k-x
=(0.t) = [ e = /) [ah 27 (kD= i 275D ] (D
where
a —2¢ a 2e Ui da a ik-x 62 kb —ikx 770
n = —ﬁ is the conformal time and U9 (k) are the mode functions that satisfy (4.24]).

Having obtained the covariant expression for the noise kernel vector =, the last step

is expressing the noise amplitude with respect to the Fourier space projection operators

(D7),

2 3
— _ n°a d°k
< EY 1, t), E0(20, 1) > = ——

(‘1.1 1) ('TQ 2) B (271')3

O(|k| —€/n)o(t =)

{Z’}“Zlb e EEE) (k) | 2,027 + Z>;“Zf"} e—“f'@—f’)},

(D.8)
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where (al a)) = (27)3677 6®) (k— k') n(|k|). For a Bunch-Davies Vacuum [62], n(|k|) = 0,

— —_ 205 d3k *a —ik-(z—z'
< Zay, 1), B (@, t) > = L2 Okl = /) 221" e e (e~ )
= D%(x,2',n)o(t —t'). (D.9)

D.2 Noise Kernel for the Chintz Coarse-Graining Window

Having obtained numerically the linearised perturbation functions U% in (4.4.3) we
could plug them into the results for the Fourier-space projection operators , from
which the noise kernel components follow. Here, we decide to choose a smarter
coarse-graining window function, drawing inspiration from [144], which results in more
manageable Fourier space projection operators.

We introduce the coarse-graining window function ‘chintz’ as

: o[ Bk o
Wit t',x,y) 2(5(t—t)/ 2 Wi(t) e’ Cy)

Wt = (1- (Ef—}}) o[ (o)

and return to the equation of motion for the short wavelength mode (D.3]). Hence, we

obtain

(D.10)

D, D¢ + V., G

[af + 3%@ - aZV} ¢° + T 9,8°0"¢° + V,, G
d’k | - R (D.11)
2 I r7a —ikx T *a _1k-x .
[ o [4]) re ot
=4(x,t).

This é-function is somewhat ugly, but it can be massaged into something a lot more

5 (m L%'LID = k|6 (k| — acH), (D.12)

resulting in the corresponding noise correlation function

reasonable

&’ ||
—=a =br ! ¢/ _ 3 - oy
< Z(x, 1), 2K, ) > = H /(%)3 K[ S((K| — € 0 H)S(t — t')

{ZIaZ*Ib €—i|k|-(x—x/) + n(|k|) [ZIaZ*bI + Z»}aZIbi| 6—ik-(x—x’)}
= D%(x,x',t)6(t — ), (D.13)

where the Fourier space projection operators are given, for this window function, as
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an expression far more appealing and easily manageable than the one associated with the
sharp Heaviside window (D.7)).
Remembering the normalisation (4.40]), we obtain the expression that relates the pro-

jection operators to the perturbation mode functions

H H
“C=|—=| 2D, U4 +3U" E|:—:| Q. D.15

I |: \/F:| ( I I) \/ﬁ I ( )
The rescaled projection operators (2%, are here given analytically with respect to their
associated partial derivatives in the original (¢!, ¢?) coordinate system. It is evident that
in the zweibein basis there is no field-geometrical contribution in the entropic direction as
the background field velocity in that direction vanishes. Therefore, the rescaled Fourier

operators read

Q% =20,UY +2yU% +3U", (D.16)
O, =20,U% +3U7%. (D.17)

Making the assumption of a Bunch-Davies vacuum, n(|k|) = 0, the stochastic noise

kernel (D.13) becomes

k|?d|k| 2 sin (|k|r)
D®(z, 2’ t :H3/| k| 6 (k| —ea H) ——2 79737,
(@.4',) o Kl 0k —ca i) SR (7 737
_ H?® sin (ea Hr) (K] (D.18)

212 ea Hr

where K% = Q2 Q" is obtained from the numerical evaluation of U% and the definition
of Q*; (D.17).

A direct verification of the validity of this approach can be obtained in the y — 0
limit, in which the fields decouple, evolving independently just as in the single-field case.
Then, the noise kernel for both the adiabatic and entropic directions should reproduce

the well-known single-field result [61]

9H® sin(eaHr)

Ty e Bt — 1), (D.19)

< Ea(xvt)a Ea(xlvt/) > |a:(0',s) =

Substituting the numerically obtained value for the noise kernel, K7 and K**, in (D.18),
in the flat field-space limit, produces a result in agreement to the theoretically predicted
value to the fourth decimal place, even as early as a few e-folds after horizon crossing, for
each mode (depicted as the black line in Figure . Hence, this serves as an adequate
indication that this approach is a good starting point for the numerical computation of
solutions of the second order Langevin equation and, subsequently, arbitrary stochastic
N-point functions in curved field-space.

We close by demonstrating explicitly the temporal evolution of the noise kernel K@

components for various observationally permitted, as per section 4.4.3| values of the field-
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space curvature parameter y.

1 1 2 3 -1 0 1 5 3 -1 1 2 3
& & av
[— y=0 — y=007 — y=009 — y=016 =017 [— y=0 — y=007 — y=009 — y=016 v=017] [—2y=0— y=007 — y=009 — y=016 y=017]

(a) K°°. (b) K7 (c) K.

Figure D.1: Temporal evolution of the noise kernel components, in the first few e-folds after
horizon exit for various observationally permitted values of y. In the flat field-space limit, the
adiabatic and entropic directions appear to evolve independently, assuming the single-field value
just a few e-folds after horizon crossing. For non-trivial field-space curvature, the modes mix
resulting in amplification of the adiabatic mode.
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