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Abstract
The tetrablock is the set
E={rcC: 1—xzz—mw+aszw#0 whenever |z| <1, |w| <1}

The closure of & is denoted by €. A tetra-inner function is an analytic map
x from the unit disc D to €& whose boundary values at almost all points of
the unit circle T belong to the distinguished boundary b€ of £. There is a
natural notion of degree of a rational tetra-inner function x; it is simply the
topological degree of the continuous map x| from T to b€.

In this thesis we give a prescription for the construction of a general
rational tetra-inner function of degree n. The prescription makes use of a
known solution of an interpolation problem for finite Blaschke products of
given degree in terms of a Pick matrix formed from the interpolation data.
Alsalhi and Lykova proved that if = (21, x9,23) is a rational tetra-inner
function of degree n, then x1x5 — 3 either is equal to 0 or has exactly n zeros
in the closed unit disc D, counted with an appropriate notion of multiplicity.
It turns out that a natural choice of data for the construction of a rational
tetra-inner function # = (1, s, x3) consists of the points in D for which
1129 — x3 = 0 and the values of x at these points.

We also give a matricial formulation of a criterion for the solvability
of a pipiag-synthesis problem. The symbol ppi,, denotes an instance of the
structured singular value of 2 x 2 matrix corresponding to the subspace of
diagonal matrices in My,2(C). Given distinct points Aq, ..., A, € D and target
matrices Wy, ..., W,, € My,2(C) one seeks an analytic 2 x 2 matrix-valued
function F' on D such that

F\)=W; forj=1,..,n, and

Ipiag(F'(A)) < 1, for all A € D.
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Chapter 1

Introduction and historical

remarks

1.1 Introduction

The unit circle {z € C : |z| = 1} in C will be denoted by T', the open unit disc
{z € C: |z| < 1} will be denoted by D , the closed unit disc {z € C: |z| < 1}
will be denoted by D, and M,,,»,,(C) will be the set of complex m x n matrices.
The symmetrized bidisc I and the tetrablock £ have attracted considerable
interest in recent years [1, 3, 2]. The symmetrized bidisc I" is a domain in C?
defined as

D ={(z4+w,zw):|z| <1,|w <1} C C*

and the tetrablock & is a domain in C* defined as
E={w,m9,13€ C*: 1—x12 — 20w + 2320 # 0 Whenever |z| < 1, |w| < 1}.

An E-inner function is an analytic map z from the unit disc D to £ whose
boundary values at almost all points of the unit circle T belong to the dis-
tinguished boundary of £. The degree of z = (21, z2, x3) is defined to be the
topological degree of x|y as a continuous map from T to the distinguished
boundary of £. It was known to Nevanlinna and Pick that an n-point in-
terpolation problem for functions in the Schur class is solvable if and only
if it is solvable by a rational inner function of degree at most n. We shall
consider the analogue for rational tetra-inner functions of a problem about
rational inner functions ¢ from D to D solved by W. Blaschke [19]. By the
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1.2. Main results

Argument Principle, a rational inner function ¢ of degree n has exactly n
zeros in D, counted with multiplicitity. From this fact one deduces that ¢ is
a finite Blaschke product

n

A —q;
p(A) = Cjnlm
where |¢| = 1 and ay, ..., a,, are the zeros of ¢. In a similar way, we would
like to write down the general rational E-inner function of degree n. It was
shown in [12] that if z = (21, 72, 73) is a rational E-inner function of degree
n, then z125 — 3 has exactly n zeros in the closed unit disc D, counted with
multiplicity.

The royal variety

RE = {(Z‘l,[EQ,CCg) S E X3 = l‘l[EQ}

plays a special role in the function theory of £. For a rational E-inner function
x = (11,79, 23), the zeros of 125 — 23 in D are the points A € D such that
x(A\) € Re. We call them the royal nodes of z. If o € D is a royal node of z,
so that z(c) = (1,7, n7) for some 7, 7j € D, then we call 1, 7j the royal values of
x corresponding to the royal nodes of x. In this thesis we give a prescription
for the construction of a general rational tetra-inner function of degree n with
the aid of a solution of an interpolation problem for finite Blaschke products
(Theorem 1.2.7). The data for the construction of a rational tetra-inner
function z consists of the royal nodes and royal values of .

1.2 Main results

To describe our main results (Theorems 4.1.1, 4.2.5, 1.2.7) on the construc-
tion of a general rational tetra-inner function we need to recall some defini-

tions and results on the Blaschke interpolation problem.

Definition 1.2.1. [6, Definition 1.2] Let n > 1 and 0 < k < n. By Blaschke

interpolation data we mean a triple (o,n, p) where

(i) o = (01,09, ...,0,) is an n-tuple of distinct points of D such that o; € T
forg=1.. kando; €D forj=k+1,..,n;

2



1.2. Main results

(i) n = (m,m2,....nn) where n; € T for j =1,....k and n; € D for j =
k+1,...n;

(ii) p= (p1,p2;..., px) where p; > 0 forj=1,.. k.

Problem 1.2.2. (The Blaschke interpolation problem) For given Blaschke
interpolation data (o,m, p), find if possible a rational inner function ¢ on D
(that is, a finite Blaschke product) of degree n with the properties

olo;)=mn; forj=1,.,n (1.1)

and
Ap(oj) =p; forj=1,..k (1.2)

where Ap(e?) denotes the rate of change of the argument of ¢(e®) with
respect to 6.

There is a criterion for the existence of a solution of the Blaschke interpo-
lation problem, Problem 1.2.2, in terms of an associated “Pick matrix”, and
there is a parametrization of all solutions ¢ by a linear fractional expression
in terms of a parameter ( € T. There are polynomials a, b, ¢ and d of degree
at most n such that the general solution of Problem 1.2.2 is

aC+0b

T+ d

where the parameter ¢ ranges over a cofinite subset of T.

Definition 1.2.3. Letn > 1, and 0 < k < n. By royal tetra-interpolation
data with n nodes and k boundary nodes we mean a four-tuple (o,n,1,p)
where

(i) o = (01,09, ...,04) is an n-tuple of distinct points such that o; € T for
j=1,..,kando;eD forj=k+1,..,n;

(i) n = (m,m2,....nn) where n; € T for j =1,...k and n; € D for j =
k+1,...n;

(iii) 7 = O\, M2, ....1Mn) where ; € T for j = 1,...,k and ; € D for
j=k+1,...,n.

(IV) p= (Pl»ﬂ%---apk) where pj > 0 fO?"j = 17-'-ak-

3



1.2. Main results

Problem 1.2.4. (The royal tetra-interpolation problem) Given royal
tetra-interpolation data (o,n, 7, p), find if possible a rational E-inner function
x = (x1, 9, x3) of degree n such that

z(o;) = (n;,nj,mm;) forj=1,....n

and
A$1(Jj) = pPj fOT’j = 1, ceey k.

In [12] Alsalhi and Lykova gave description of rational E-inner function
x = (x1,x9,x3) of degree n. They showed that if such z = (21,29, 23) of
degree n are given, then there exist polynomials Ey, Fy, D such that

(i) deg(Er), deg(E»), deg(D) < n,

(ii) D(\) # 0 on D,

(iii) Ey(N) = E5™(N), for all A € T, where E3™(\) = A"Ey(=),

>l =

(iv) |E;(N)| < |D(MN)|on D, i =1,2,

~n — 1
(vii) 23 = 2= on D, where D™"()\) = A\"D(=).

>

Definition 3.3.3. Let © = (x1, 22, x3) be a rational tetra-inner function of

degree n. The royal polynomial of x is
Ry(A) = DQA)D™(A) = Er(N) Ex(A).

where E1, By and D are as described above.

Definition 3.3.8 . Let © = (11,12, 73) be a rational E-inner function such
that (D) € Rg and let R, be a royal polynomial of x. If o is a zero of R,
of order l, we define the multiplicity #o of o (as a royal node of x) by

o =



1.2. Main results

We define the type of x to be the ordered pair (n,k), where n is the sum of
the multiplicities of the royal nodes of x that lie in D, and k is the sum of
the multiplicities of the royal nodes of = that lie in T. We denote by R™F

the collection of rational E-inner functions of type (n, k).

Definition 1.2.5. [1, Definition 2.1] For z = (z1,2q,23) € C* and z € C

we define

Y(z,x) = % when x5z —1#0, (1.3)
and, for w € T,
Tyw —
v, (z) = ﬁ when  zow — 1 # 0. (1.4)

Note that when x3 = x125, then

Yo a) = T1w92 — 21 w1(222 — 1)

= :l‘l_
Toz — 1 Toz — 1

Definition 1.2.6. [6, Definition 3.10] Let (0,1, p) be Blaschke interpolation
data, with n distinct interpolation nodes of which k lie in T. Suppose that
Problem 1.2.2 s solvable. We say that

_ag+b
T+ d

is a normalised linear fractional parametrization of the solutions of Problem
1.2.2 4f

(i) a,b,c,d are polynomials of degree at most n;
(i) for all but at most k values of ¢ € T, the function

~a(A)C+b(N)

(N Hd(N) (1.5)

w(A)
15 a solution of Problem 1.2.2;

(iii) for some point T € T \{o1, ..., 0k},



1.2. Main results

(iv) every solution ¢ of Problem 1.2.2 has the form (1.5) for some ¢ € T.
The main theorem of this thesis is the following.

Theorem 1.2.7. For royal tetra-interpolation data (o,n,7,p) the following

two statements are equivalent:

(i) The royal tetra-interpolation problem (Problem 1.2.4) with data (o, 1,7, p)
is solvable by a rational E-inner function x such that x(D) ¢ R

(ii) The Blaschke interpolation problem (Problem 1.2.2) with data (0,7, p)
15 solvable and there exist x5, x5, x5 € C such that

75l =1, oyl <1, |25 <1, a7 =asas,
and . .
z5¢(0;) + 3d(o;)
z5c(o;) + d(oy)
where a,b,c and d are the polynomials in the normalized parametriza-

b
Zg—td of the solution of Problem 1.2.2.

The theorem follows from Theorems 4.1.1 and 4.2.5.
Theorem 4.1.1. Let © = (11,72, 23) be a rational E-inner function of type

=mn; forj=1,..n,

tion p =

(n, k) having distinct royal nodes 01,09, ...,0,, where 01,09, ...,0, € T and

Okl 0n € D, and corresponding royal values ny,..,n, and 1y, ...,n,, that

iS, I(O'j) = (T]j,ﬁj,njﬁj). Let P = Al'l(O'j) fOTj = 1,2, ,l{?

(1) There exists a rational function ¢ that solves the Blaschke interpolation
Problem 1.2.2 for (o,n, p) that is, such that deg(y) = n.

ploj) =mn; forj=1,..n (1.6)
and
Ap(oj) =p; forj=1,..k (1.7)
Any such function ¢ is expressible in the form ¢ = VY, ox for some
weT.

(2) There exist polynomials a, b, ¢, d of degree at most n such that a
normalized parametrization of the solutions of Problem 1.2.2 is

_ag+b

o+ d

for ¢ € T.

6



1.2. Main results

(3) For any polynomials a, b, ¢, d as in (2), there exist x5, x5, x5 € C such

that

lz5l =1, |27l <1, [23] <1, (1.8)
25 = 7515, (1.9)

and o0+ b

xia

— 1.10
1 xjc+d ( )

x5c + w3d
= < 1.11
2 xjc+d ( )

x5b + 30
=2 3 1.12
3 xjc+d ( )

Theorem 4.2.5. Let (0,1, p) be Blaschke interpolation data with n distinct
interpolation nodes of which k lie in T, and let (o,n,7,p) be royal tetra-
interpolation data, where n; € T,7 = 1,...,k andn; € D,j = k+1,...,n.
Suppose that Problem 1.2.2 with these data is solvable and the solutions ¢ of

Problem 1.2.2 have normalized parametrization

_ag+b
Tt d

Suppose that there exist scalars x5, x5, x5 € C such that
|~T§‘ =1, ‘xcl)l <1, |IB3’ <1, IB(; :_3.’13;,
and . .
z5c(0;) + x3d(0;)
zic(o;) + d(oy)

Then there ezists a rational tetra-inner function x = (1, xs,x3) given by,

=n; forj=1,..,n. (1.13)

_zfa(\) +b(N)
1N = ey T Ao (1.14)
_a5e(A) + 25d(N)
22N = = ) F A0 (1.15)
5(\) = 5h(A) + x5a(N) (1.16)

z5e(N) +d(N)
for A € D, such that



1.3. Basic materials

(i) = € R™*, and x is a solution of the royal tetra-interpolation problem
with the data (o,n,7,p), that is,

z(oj) = (n;,n5,mM;) forj=1,..,n,

and

Axy(oj) = p; forj=1,..k,

(i) for all but finitely many w € T, the function ¥, o x is a solution of
Problem 1.2.2.

The proofs of these theorems are given in Section 4.1 and Section 4.2
respectively.

The connection between the solution sets of the royal E-interpolation
problem and the Blaschke interpolation problem can be made explicitly with
the aid of ¥, functions.

Corollary 4.2.6. Let (0,1, p) be Blaschke interpolation data. Suppose that
x is a solution of Problem 1.2.4 with (o,n,7,p) for some; € D,j =1,....n,
and that x(D) ¢ Rg. For all w € T\{1,...,7}, the function p = ¥, o
x is a solution of Problem 1.2.2 with Blaschke interpolation data (o,n,p).
Conversely, for every solution ¢ of the Blaschke interpolation problem with

data (o,n,p), there exists w € T such that p =¥, 0x .

1.3 Basic materials

The complex conjugate transpose of a matrix A = (a;;);"

;=1 Will be written

A*, and so A* = (aj;), where aj; = ay; for all i, j.
Definition 1.3.1. [9, Definition 1] A finite Blaschke product is a function
B on D of the form

2 —
B(z)=c¢ —L forzeD,
1_[11 —Q;z

J]=

and for some ¢ € T and aq,as,...,a, € D. A Blaschke factor is a function

on D of the form B,(z) = 1a_—

z
—, where a € D.
az



1.4. 'The p-synthesis problem

Definition 1.3.2. Let Q be an open set in C and (X, ||.||x) be a Banach
space. Then we say a map [ : Q — X is analytic on Q) if, for every z, € €0,
there is f'(z,) € X such that

f(z2) = f(%)

Z— Zo

=0.
X

— f'(2)

lim
Z—Zo

Definition 1.3.3. Let Y be a domain in C*. For every domain §2 in C,
Hol(2,Y) is the space of analytic functions from Q to Y.

Definition 1.3.4. H*(D) is the Banach space of bounded analytic functions

f on D with supremum norm

1 lloe = sup [f(2)]-
zeD

1.4 The pu-synthesis problem

The structured singular value u(A) of a matrix A relative to a space of
matrices was introduced by J. C. Doyle and G. Stein in 1980 [23, 24]. The pu is
a refinement of the usual operator norm of a matrix. However, its behaviour
is different from the operator norm; p is not a norm in general. The pu-
synthesis problem is an interpolation problem for analytic matrix functions.
It is a generalization of the classical problem of Nevanlinna-Pick. For any
A € My (C) and for any subspace E of M;«(C) we define,

pep(A) = (inf {||X||: X € E,1 — AX is singular })™*,

where pug(A) = 0 in the case that 1 — AX is nonsingular for all X € F.
There are two extreme examples of u. If E = M, (C), then ug(A) = ||A]l.
Another example is when k£ = [ and F is chosen to be the space of the scalar
multiples of the identity matrix: then ugp(A) = r(A), where the spectral

radius r of a matrix A is given by
r(A) = max{|\| : A is an eigenvalue of A}.

Note that, for any E, ug(A) < [|A||. If £ =1 and E contains the identity
matrix, then pg(A) > r(A) [31]. In particular, there is a special case of the

9



1.5. Description of results by sections

p-synthesis problem which is the spectral Nevanlinna-Pick problem (see [10],

[11]):
Problem SNP Given distinct points Ai,...,\, € D and k x k matrices

Wy, ..., W,,, construct an analytic k X k matriz function F' on D such that

and
r(F(\) <1 forall A\ eD.

In this thesis we study the following p-synthesis problem which was intro-
duced in [1]. In this case E is the space Diag of 2 x 2 diagonal matrices

Diag:{ [Z O] :z,wEC},
0 w

and, for A € M2><2<C),
UDiag(A) = (inf{||X]|| : X € Diag,1 — AX is singular})’l.

where fipiag(A) = 0 in the case that 1 — AX is nonsingular for all X € Diag.
The [ipieg-synthesis problem: given distinct points Aq,..., A, € D and
target matrices Wy, ..., W,, € M,o(C) such that pipie(Wyi) <1, k=1,...,n,
find, if possible, an analytic 2 x 2-matrix-valued function F' on DD such that

F\j)=W; forj=1,..,n, and

Ipiag(F(A)) < 1 for all A € D.

1.5 Description of results by sections

In Chapter 2 we describe the results of Agler, Lykova and Young from [6].
In their paper they give an explicit construction of rational I'-inner functions
with the aid of a solution of an interpolation problem for finite Blaschke prod-
ucts. In Section 2.1 we state the criteria for the solvability of the Blaschke
interpolation problem from [6]. In Section 2.2, we show their construction of
the rational T-inner functions h = (s, p) of degree n with n zeros of s*> — 4p

10



1.5. Description of results by sections

prescribed. We state the royal I'-interpolation problem and the main theo-
rem in [6] which connects the solvability of the royal I'-interpolation problem
and the Blaschke interpolation problem.

In Chapter 3 we describe the tetrablock and its distinguished boundary
bE. In Section 3.2, for a rational £-inner function z = (z1, 79, 73) : D — &,
we consider the rational functions P, : D — D and Y, : D — D which are

given by
Yo\ =W, 0z()) = —2 1)), ay(Nw — 10 for all A € D.
Tow — 1
Yo\ = Tooz(\) = M(A), 21(\Nw — 1 #£ 0 for all A € D.
T1W —

respectively. We calculate the phasar derivatives of ¥, o x and T, o z. In
Section 3.3 we define rational tetra-inner functions x and royal polynomials
of x, and we introduce the notions of a royal node ¢ of x and royal values
1,7 corresponding to the royal node.

In Chapter 4 we show how to construct rational E-inner functions with
prescribed royal nodes and values. In this chapter, with the aid of a solu-
tion of an interpolation problem for finite Blaschke products, we construct
rational E-inner functions of degree n with the n zeros of z12y — x5 pre-
scribed. In Section 4.1 we prove Theorem 4.1.1 for the given Blaschke in-
terpolation data (o,n, p) which shows that the existence of a solution x for
the royal tetra-interpolation problem allows us to construct a solution for
the Blaschke interpolation problem including the support Lemma 4.1.2. In
Section 4.2 we prove Theorem 4.2.5 which gives us the construction of a
solution of the royal E-interpolation problem with data (o, 7,1, p) for some
n = (11,...,7,) in terms of a normalized parametrization of solutions of the
corresponding Blaschke interpolation problem with given Blaschke interpo-
lation data (o, 7, p). To prove Theorem 4.2.5, we start with some important
propositions in that section.

In Chapter 5 we summarize the steps in the solution of the royal &-
interpolation problem, and in Section 5.2 we give some examples of Problem
1.2.4.

In Chapter 6 we give a matricial formulation of the solvability criteria of
a Upiag-synthesis problem from [3].

11



1.6. Historical remarks

1.6 Historical remarks

The original Pick problem is the following. Given n distinct points Ay, ..., A\,
in the unit disk D and n points ws, ..., w, in D, find, if possible, an analytic
function ¢ : D — D such that

o(Aj) =w; forj=1,..n. (1.17)

A necessary and sufficient condition to solve this problem was found by G.
Pick in 1916 [16], and R. Nevanlinna in 1919 independently [18].

Theorem 1.6.1 (Pick). There is a function o in Hol(D, D) that satisfies the
interpolation conditions (1.17) if and only if the Pick matriz

(i=5%).
L= ),

s positive semi-definite. Moreover, the function  is unique if and only if
the Pick matriz has rank r strictly less than n. In this case, ¢ is a Blaschke

product of degree r.

The tetrablock is one of domains in C? which is connected to a pu—synthesis
problem.

In [1] Abouhajar, White and Young introduced the tetrablock £, and they
determined the distinguished boundary of £ and some geometric properties
of £. A Schwarz lemma for the tetrablock is one of the main results of this
paper. They explain the connection between £ and fipiag- synthesis.

In [33], it was shown that the tetrablock & is inhomogeneous. In this
paper, Young gave the full group of automorphisms of £. Also, he proved a
Schwarz lemma for the tetrablock.

In [26], Edigarian and Zwonek describe all complex geodesics in the tetra-
block passing through the origin. Their paper includes some extremals for
the Lempert function and some geodesics. The results in their paper may be
recognised as a continuation of [1].

In [25], the authors talk about Lempert theorem, which is the equality
between the Lempert function and the Carathéodory distance. They showed
that the Lempert theorem holds in the tetrablock, a bounded hyperconvex

domain that is neither C-convex nor biholomorphic to a convex domain.

12



1.6. Historical remarks

For the symmetrised bidisc and for the tetrablock, Brown, Lykova and
Young study in [22] the structure of interconnections between the matricial
Schur class, the Schur class of the bidisc, the set of pairs of positive kernels
on the bidisc subject to a boundedness condition, and the set of analytic
functions from the disc into the given inhomogeneous domain. They use the
theory of reproducing kernels and Hilbert function spaces in these connec-
tions. They also give a solvability criterion for the interpolation problem
that arises from the p-synthesis problem related to the tetrablock.

In [34] N. J. Young gave a criterion for the solvability of a 2 x 2 spec-
tral Nevanlinna-Pick problem with two interpolation points. The goal is to
construct an analytic 2 x 2 matrix function F' on the unit disc with a finite
number of interpolation constraints and a bound on supyepp(F'(A)), where p
is an instance of the structured singular value. This problem is equivalent to
the interpolation problems in Hol(ID,T"), where IT" is the closed symmetrised
bidisc.

In [5] the authors analyze the 3-extremal analytic maps from the unit
disc D to the open symmetrized bidisc G. These are the maps in Hol(ID, G)
whose restriction to any 3-point set yields interpolation data that are only
just solvable. In their paper, they identify a large class of 3-extremal maps
in Hol(D, G); they are rational functions of degree at most 4, and they are
G-inner functions. There are two qualitatively different classes of rational G-
inner functions of degree at most 4, that they call aligned and caddywhompus.
The aligned ones are 3-extremal. They give a method for the construction
of aligned rational G-inner functions. With the aid of this method, they
reduce the solution of a 3-point interpolation problem for aligned analytic
maps from D to G to a collection of classical Nevanlinna-Pick problems with

interior and boundary interpolation nodes.

During the last ten years, several more domains in C" were introduced in

the connection with a various p-synthesis problems.

The pentablock P is introduced in [4] by Agler, Lykova and Young. They
address the complex geometry of pentablock P. Their paper describes a
lot of characterisations of P, its distinguished boundary, and a 4-parameter
group of automorphisms of the pentablock P. They show the connections
between the new case of u-synthesis problem and the pentablock P. They
also introduced some linear fractional functions which play a significant role
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1.6. Historical remarks

in the paper. In [28], L. Kosinski showed that this group of automorphisms
is the full automorphism group of the pentablock.

In [35], Zapalowski studied the geometric properties of a large family
of domains which is called the generalized tetrablocks, related to the p-
synthesis. It contains both the family of the symmetrized polydiscs and the
family of the p; ,—quotients &,,n > 2, introduced recently by G. Bharali in
[15]. Zapalowski proved that the generalized tetrablock cannot be exhausted
by domains biholomorphic to convex ones. Moreover, it is shown in this paper
that the Carathéodory distance and the Lempert function are not equal on
a large subfamily of the generalized tetrablocks &,,n > 4. This paper has
also a number of geometric properties of the generalized tetrablocks &,.

In [8], the authors defined the norm-preserving extension property. A
set V' in a domain U in C" has the norm-preserving extension property if
every bounded analytic function on V has a analytic extension to U with
the same supremum norm. They prove that an algebraic subset of the open
symmetrized bidisc G has the norm-preserving extension property if and only
if it is either a singleton, G itself, a complex geodesic of G, or the union of the
set {(22,2%) : |z] < 1} and a complex geodesic of degree 1 in G. They also
prove that the complex geodesics in G coincide with the nontrivial analytic
retracts in G. They show that there exist sets in G which have the norm-
preserving extension property but are not analytic retracts of G. They give
applications to von Neumann-type inequalities for I'-contractions. They find
three other domains that contain sets with the norm-preserving extension
property which are not retracts: they are the spectral ball of 2 x 2 matrices,
the tetrablock and the pentablock.
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Chapter 2

The finite Blaschke
interpolation problem

2.1 Ciriteria for the solvability of the Blaschke

interpolation problem

The Blaschke interpolation Problem 1.2.2 (0,7, p) as described in [6] is an
algebraic variant of the classical Pick interpolation problem. One seeks a
Blaschke product of a given degree n satisfying n interpolation conditions,
rather than a Schur-class function, and one admits interpolation nodes in
both the open unit disc and the unit circle. There is a criterion for the
solvability of the Blaschke interpolation problem in terms of positivity of a
Pick matrix formed from the interpolation data.

Definition 2.1.1. The Schur class is the set of analytic functions S from
DtoD,S:D— D.

Definition 2.1.2. A function f : D — D is inner if it is an analytic map
such that the radial limit

lim f(r\) ezists and belongs to T

r—1-

for almost all A € T with respect to Lebesgue measure.
Definition 2.1.3. The Pick matrix associated with Blaschke interpolation
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2.1.  Criteria for the solvability of the Blaschke interpolation problem

data (0,1, p) is defined to be the n X n matriv M = [my;]7;_, with entries

Piy ifi=7<k.
mg = 4§ 1 —1m; .
! #, otherwise.
1— 0,05

Definition 2.1.4. The Pick matriv M = [my;]};_, is minimally positive if
M > 0 and there is no positive diagonal n X n matrixz D, other than D = 0,
such that M > D.

The following is a refinement of the Sarason Interpolation Theorem [32].

Theorem 2.1.5. [6, Theorem 3.3] Let M be the Pick matriz associated with
Blaschke interpolation data (0,1, p).

(i) There exists a function ¢ in the Schur class such that

o(oj)=mn; forj=1,...n, (2.1)

and the phasar derivative Ay exists and satisfies

Ap(o;) <p; forj=1,.. k, (2.2)
iof and only of M > 0;
(ii) if M is positive semi-definite and of rank r < n then there is a unique

function @ in the Schur class satisfying conditions (2.1) and (2.2) above,
and this function is a Blaschke product of degree r;

(iii) the unique function @ in statement (ii) satisfies

Ap(oj) =p; forj=1,..k, (2.3)

if and only if M is minimally positive.

In [6] the authors described their strategy for the construction of the
general solution of Blaschke interpolation problem (Problem 1.2.2). Their
strategy is to adjoin an additional boundary interpolation condition (1) = ¢
where 7 € T \ {01, ...,0%} and ¢ € T. This augmented problem will have a
unique solution. All the solutions of Problem 1.2.2 will be obtained in terms
of a unimodular parameter.
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2.1.  Criteria for the solvability of the Blaschke interpolation problem

Lemma 2.1.6. [6, Lemma 3.4] If C' is an n X n positive definite matriz, u is
annx 1 column, p = (C " u,u) and the (n+1) X (n+1) matriz B is defined
by

C u

*

uop

B—

then B is positive semi-definite, rank(B) = n and

The Pick matrix B, , of the augmented problem is the (n+ 1) x (n + 1)

matrix,
M,
Be,=|. ", (2.4)
uC,T pCﬂ—

where
per = (M ugr, ue 7).

and M is the Pick matrix associated with Problem 1.2.2, u¢, is the n x 1
column matrix defined by

Ue.r = . (25)
1-7p
1-op

3~

Theorem 2.1.7. [6, Proposition 3.6] If the Pick matriz M associated with
Problem 1.2.2 s positive definite then, for any 7 € T \ {o1,...,01} and
¢ € T, there is at most one solution ¢ of Problem 1.2.2 for which ¢(1) = (.

The jth standard basis vector in C" will be denoted by e;.

Theorem 2.1.8. [6, Proposition 3.7] If the Pick matriz M associated with
Problem 1.2.2 is positive definite, if T € T \ {o1,...,01} and ( € T and

(M uer,e;) # 0 (2.6)

forg=1,. . . |k, then there exists a unique solution ¢ to Problem 1.2.2
such that o(1) = (.
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2.1.  Criteria for the solvability of the Blaschke interpolation problem

The exceptional set Z, for Problem 1.2.2 is defined as
Z, ={¢e€T: for some j,1 < j <k, (M 'uc, e;) =0} (2.7)

Define n x 1 vectors xy and yy for A € D\{oy, ..., 0%} by

1 1
1-61 A 1-61)\
Ty = ) Yx = ) (28>
1 Mn
1—apA 1—G, A
so that
U¢,r = Tr — Cy‘r (29)

Theorem 2.1.9. [6, Proposition 3.8]
(i) For anyT € T\ {o1,...,08} if
(w7, M7 e;) = 0 = (y;, M~ e;) for some j,1<j <k,
then Z. =T.
(ii) There exist uncountably many T € T\ {04, ...,01} such that
(wr, M~lej) = 0= (y-,Me;)

does not hold for any j, 1 < j < k. Moreover, for such T, the set Z.

consists of at most k points.

Theorem 2.1.10. [6, Theorem 3.9] Let the Pick matriz M for Problem 1.2.2
be positive definite, and let T € T\{oy,...,01} be such that the set

Z, ={Ce€T :u, LM e for somej, 1 <j <k}
contains at most k points, where u¢ , is defined by equation (2.5).

(i) If ¢ € T\Z;, then there is a unique solution ¢, of Problem 1.2.2 that
satisfies o (1) = (.

(ii) There exist unique polynomials a,,b,,c., and d, of degree at most n

such that
a-(t) b(7)| |1 O
[CT(T) dT(’T)] B [O 1] (2.10)



2.1.  Criteria for the solvability of the Blaschke interpolation problem

and, for all ¢ € T, if ¢ is a solution of a Problem 1.2.2 such that
(1) = (, then

_ ar(A)C+b-(N)
p(A) = NN (2.11)

for all A € D.

(iii) If a, b, ¢, d are rational functions satisfying the equation

i ) 1
é(r) d(r) 0 1
and such that for three distinct points ¢ in T\Z,, the equation

ar(\)C+0:(N) _ a(A)¢ + b(A)
er(NC+d-(A)  EAN)C+ dN) (2.13)

holds for all A\ € D, then there exists a rational function X such that a
=Xa,, b =Xb,, ¢ = X¢, and d = Xd,.

In the light of Theorem 2.1.10, we can define what we mean by a parametriza-

tion of the solutions of a Blaschke interpolation problem.

Definition 2.1.11. [6, Definition 3.10] Let (0,7, p) be Blaschke interpolation
data, with n distinct interpolation nodes of which k lie in T. Suppose that
Problem 1.2.2 s solvable. We say that

_ag+b
P T« +d

s a normalised linear fractional parametrization of the solutions of Problem
1.2.2 if

(i) a,b,c,d are polynomials of degree at most n;
(i) for all but at most k values of ¢ € T, the function

~a(A)C+b(N)

P(A) = N+ dO)

(2.14)

s a solution of Problem 1.2.2;
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2.2. The Blaschke interpolation problem and the royal I'-interpolation
problem

(iii) for some point T € T \{o4, ..., 01},

[a(T) b(T)] _ [1 o].
c(t) d(7) 0 1|’

(iv) every solution ¢ of Problem 1.2.2 has the form (2.14) for some ¢ € T.
From Definition 2.1.11 and Theorem 2.1.10, we can obtain the following.

Corollary 2.1.12. [6, Corollary 3.12] Let (0,7, p) be Blaschke interpolation
data, with n distinct interpolation nodes. Suppose the Pick matrix M of
this problem is positive definite. There exists a normalized linear fractional

parameterization
_ag+b

T +d
of the solutions of Problem 1.2.2. Moreover

(i) at least one of the polynomials a,b,c,d has degree n,
(ii) the polynomials a,b, c,d have no common zero in C;

(iii) |¢| < |d| on D.

2.2 The Blaschke interpolation problem and

the royal ['-interpolation problem
Definition 2.2.1. The open symmetrized bidisc is the set
G={(z+w,2w):|z| <1, |w <1} C C* (2.15)
The closed symmetrized bidisc is the set
I'={(z+w,z2w):|z| <1,|lw <1} c C (2.16)

Definition 2.2.2. [3, Definition 3.2] The function ® is defined for (z,s,p) €
C? such that zs # 2 by
2zp — s

1
R S K Gy s

(2.17)
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2.2. The Blaschke interpolation problem and the royal I'-interpolation
problem

Theorem 2.2.3. [11, Theorem 2.3] G is polynomially convex but not convex.

The proof that I" and G are polynomially convex is found in [11]. Since
I is polynomially convex, there is a distinguished boundary bI" of I'. By [11,
Theorem 2.4],
bl' = {(z + w, 2w) : |z| = |w| = 1}.

It is shown there that, topologically, bI' is a Mobius band.

Definition 2.2.4. A T-inner function is an analytic function h : D — T’
such that, for almost all X € T (with respect to Lebesque measure) the radial
limit

lim A(r\) exists and belongs to b, (2.18)

r— 1—

In [6] the authors explicitly constructed the rational I-inner functions
h = (s,p) of degree n with n zeros of s> — 4p prescribed. They used a
solution of the associated Blaschke interpolation problem. They explain that
there is a a simple criterion for the existence of a solution of Problem 1.2.2

2

in terms of an associated “Pick matrix,” and there is parametrization of all

solutions of ¢ by a linear fractional expression in terms of a parameter ¢ € T.
The general solution of Problem 1.2.2 is
aC + b
- 2.19

where a, b, ¢ and d are polynomials of degree at most n and ( € T.

Problem 2.2.5. (The royal I'-interpolation problem) Given Blaschke
interpolation data (o,n,p) (Definition 1.2.1) with n interpolation nodes of
which k lie in T, find if possible a rational T-inner function h=_s,p) of degree
n such that

h(aj) = (_277]777]2) fOTj = 17 <y
and

Ap(o;) =2p; forj=1,.. k.

Theorem 2.2.6. [6, Theorem 1.5] For Blaschke interpolation data (o,m, p)

the following two statements are equivalent.

(i) Problem 2.2.5 with data (o,n, p) is solvable by a rational I'-inner func-
tion h such that h(D) ¢ Rr ;
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2.2. The Blaschke interpolation problem and the royal I'-interpolation
problem

(ii) Problem 1.2.2 with data (o,mn, p) is solvable and there exist sy, py € C
such that

|so] <2, |pol =1, s0= Sopo,
and
soa — 2b + 2pod = 0,

where a,b,c and d are the polynomials in the normalized parametriza-
tion (2.19) of the solutions of Problem 1.2.2 .

In the next chapters we will give the construction of a general rational
tetra-inner function with the aid of solutions of the associated Blaschke in-
terpolation problem.
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Chapter 3

The tetrablock £ and

tetra-inner functions

3.1 Introduction to the tetrablock

Definition 3.1.1. The open tetrablock is the domain

E = {(x1,72,73) € C°: 1—m12—mpw+a32w # 0 whenever |z| <1, |w| < 1},
(3.1)

Definition 3.1.2. The closed tetrablock is the domain

E ={(w1,m9,73) € C* : 1—m12—20w+ta32w # 0 whenever |z| < 1, |w| < 1}.
(3.2)

Observe that the closed tetrablock is the closure of the open tetrablock.
The tetrablock was introduced in [1], and it is related to the fipiag-synthesis

problem.

Theorem 3.1.3. [1, Theorem 2.9] &£ N R? is the open tetrahedron with
vertices (1,1,1),(1,—1,-1),(—=1,1,—-1) and (—1,—1,1).

The following definition is very important in the study of &£.

Definition 3.1.4. [1, Definition 2.1] For x = (21,29, 23) € C3 and z € C
we define

T3z — T1

Y(z,z) = when w92 —1#0, (3.3)

Toz — 1
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3.1. Introduction to the tetrablock

For w € T, let
Y, (z) = 397 hen Tow — 1 # 0. (3.4)
TowW —
Y(z,x) = % when 212 —1#0, (3.5)
D(z) = 8161118 W(z,z)| = |[V(., 2)||ge- (3.6)
Hence,
|.CE1 —fg$3|+|$1x2—$3| o |ZE2| <1
L =[x
D(ZL‘) - |£E1‘ if x129 = 23 (37>
o0 otherwise.

Note that, when x3 = x125, then

r1Toz —x1  wq(r22 — 1)
\}/ = = =
(Z,.TL') TozZ — 1 TozZ — 1 o

and
T(s,2) = T1TpZ — Ly zo(z12 — 1)

= T9.
Tz —1 1z — 1

Theorem 3.1.5. [1, Theorem 2.2] For z € C? the following are equivalent.
(i) z€&;
(i) [[W(,2)||gee < 1 andif z1x9 = x3 then |zo| < 1;
(iil) [T, 2)||lge < 1 andif zix9 = 3 then |z, < 1;
(iv) |71 — Toxs| + w120 — 3| < 1 — |22]%;
(V) |mg — Ty3| + |T1m2 — 23| < 1 — |21]?;
(vi) |z1|® = |22)?® + |23|* + 2|20 — Tyw3| < 1 and |zo| < 1;
(vil) —|z1]? + |22 + |x3]? + 2|21 — T2w3] < 1 and |z1| < 1;
(viii) |x1]? + |z2|? — |23]? + 2|z1m0 — 23] < 1 and |z3| < 1;
(ix) |zt — @oxs| + |22 — T1s| <1 — [as]?;
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3.1. Introduction to the tetrablock

(x) there exists a 2 x 2 matric A = [a;;] such that ||A|| < 1 and x =
(GH, asy, det A),

(xi) there exists a symmetric 2 x 2 matriz A = [a;;] such that ||A]| <1 and
xr = (an, a929, det A),

Theorem 3.1.6. [1, Theorem 2.4] For x € C? the following are equivalent.

(i) 1 =212 — 22w + x32w # 0 for all z,w € D;

(i) = € &;

(iii) ||Y(.,2)||ge~ <1 and if x1xe = w3 then |xs| < 1;

(iv) ||T(,2)||ge < 1 andif xix9 = 23 then |x;| <1;

(v) |z1 — Tows| + |z1m0 — 23] <1 — |22)% and if x5 = x129, then |z1] < 1;
(Vi) |zo — Fras| 4 2120 — 23] < 1 — |21)? and if 23 = z129, then |29 < 1;
(vil) |21]? = |@o|? + |23]? + 2|20 — 13| < 1 and |x5| < 1;

(viii) —|@q|® + |@a|® + |as|? + 2|z — B3| < 1 and |z1| < 15
(ix) |z1|® + |22|? — |23]* + 2|10 — 23] < 1 and |z3| < 1;
(x) |21 — Tows| + |22 — T3] <1 — |23)% and if |v3| = 1 then |2, < 1

(xi) there exists a 2 x 2 matriv A = [a;;] such that ||A|| < 1 and z =
(a11, agz, det A);

(xil) there exists a symmetric 2 X 2 matriv A = [a;;] such that ||A]| <1 and
x = (a1, ase, det A);

Theorem 3.1.7. [1, Theorem 2.9] £ is polynomially convez.

The royal variety of € is Rg = {(x1, 29, 23) € € : 13 = 1172}

Since £ is polynomially convex, there is a smallest closed boundary b€
of £, which is called the distinguished boundary of £. If there is a function
g € A(E) and a point p € & such that g(p) = 1 and |g(x)] < 1 for all
x € E\{p}, then p must be in b€ . We call p a peak point of £ and the

function g is called a peaking function for p.
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3.1. Introduction to the tetrablock

Theorem 3.1.8. [1, Theorem 7.1] For z € C3 the following are equivalent.
(1) z1 = Toxs, 23] =1 and |zo| < 1;

(i) either xixe # x3 and W(.,x) is an automorphism of D or zixy = x3

and |z1| = |xs| = |zs| = 1;
(iii) z is a peak point of &;
(iv) there exists a 2 x 2 unitary matriz U such that x = 7(U)

where
T CQXZ — CB U = [UZJ] — (un,ugg,det U),

(v) there exists a symmetric 2 X 2 unitary matriz U such that v = n(U);
(vi) = € bE;
(vii) z € € and |z3] = 1.
Corollary 3.1.9. [1, Corollary 7.2] b€ is homeomorphic to D x T.
For the map D x T — b€ : (29, 73) — (Tow3, T2, x3) is a homeomorphism.

Theorem 3.1.10. [1, Theorem 9.2| Let Ay, ..., A, be distinct points in D and

let
J J
Wi Wig

szl ]7 j:]‘7"'7n7

Wy Wy
be 2 x 2 matrices such that wl,wl, # det W; and
MDiag(VVj) < 17 j = 17 ey T0.

The following conditions are equivalent.

(i) There ezists an analytic 2 X 2 matriz function F' on D, such that
F\)=W; forj=1,..,n

and

SUD ipiag (F(A)) < 1; (3.8)
Aeb
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3.1. Introduction to the tetrablock

(i) there exists an analytic function ¢ € Hol(D, &) such that

d(\;) = (W), why,det W) forj=1,....n. (3.9)

Lemma 3.1.11. Let (21,7, 73) € € be such that x1xy # x3. For w € T,
W (21, 29, 23)| = 1 if and only if 2w(xy —Trx) = 1 — |21 [* + [aa]* — |2s]*,

Proof.

T3wW — Tq

‘\yw(l’l,"EQ,I‘g)‘ =1« =1

Tow — 1
& |wrs — 71|* = |mow — 12

© (wrg — 1) (@T3 — T1) = (2w — 1)(T20 — 1)

& |was|® — wrsTr — 11073 + |71 = |w]?|Te]? — Tow — Tow + 1
& |a3|* — 2Re(wwsTr) + |11)? = |22)? — 2Re(zow) + 1

& |z1]? — 2o + |z3]* — 2Re(wrs®7) + 2Re(wzy) = 1

& |11]? — |z2? + |23|° + 2Re(w(z9 — T1a3)) = 1

& 2Re(w(wy — T1a3)) = 1 — |21 + |22 — |23/ (3.10)

Since (1,12, 73) € €, by Theorem 3.1.6 (vii),
2wy — dyas| <1 — |21]? + |22|* — |23)?,
and |zz| < 1. Therefore,
2Re(w(xy—T173)) < 2|mo—T1a3| < 1=z |*+|m2)* —|23|* = 2Re(w (w2 —T123)).
Thus
2Re(w(wy — T1x3)) = 2|lw9 — Tyws| = 1 — |21 > + |22 — |23]*
Hence, for w € T, |¥,, (21, 22, x3)| = 1 if and only if

2w(Ty — Tw3) = 1 — |21 | + |2o|* — |23|*
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3.2. The phasar derivatives of ¥, ox and Y, o x

Definition 3.1.12. An E-inner function is an analytic function ¢ : D — &
such that the radial limit

lim @(r)) € b€

r—1-

for almost all A € T.

We will also use the terminology tetra-inner function for an £-inner func-

tion.

3.2 The phasar derivatives of ¥ ,ox and T ,ox

Recall, for x = (21,29, 23) € C* and w € T, we have defined

T3w — T T3w — T2

Y,(r)=—— and T _
«(7) Tow — 1 o(r) = Tw—1"

For a rational E-inner function x = (21,29, 23) : D — &£, we consider the

rational functions P, : D — D and Y, : D — D given by

Po(N) =W, 0z()) = “2 7T 2y(Nw—1#£0 for all A € D.
Tow — 1
T3wW — Tg

Yo(A) =Toz(A) = (A), 21(Mw—1#0forall A € D.

Tiw — 1
respectively. The phasar derivative is defined in Definition A.2.1.
Let us recall that o € T is a royal node for a rational tetra-inner function
x = (21, T9,x3) if x3(0) — z1(0)x2(0) = 0.
Lemma 3.2.1. Let © = (x1, 22, 23) be a rational tetra-inner function and let
o € T be a royal node of x. Then o is a zero of the function xs — x1xs of
multiplicity at least 2.
Proof. If A € T, we have z3(\) — z1(A)za(N\) = 0 if and only if A is a royal
node of x.

For A € T, since z is a tetra-inner function, by Theorem 3.1.8,

2N (@3 (V) = 21(Naz(N) = 23(Naz(V) — a3 (V) (21 (N (N)
= |s(V)* — 23(N) (22(N)23(A))22(N)
= 1—|zs(\)[*|z2(N)|?, since |25(A)] < 1on T,
= 1—|z(N)*>0.
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3.2. The phasar derivatives of ¥, ox and Y, o x

By assumption, z3(0) — x1(0)z2(0) = 0. Hence the function

F(0) = w3(e)(w3(e"”) — w1(”)w2(e”) = 1 — | (e”)* 2 0

has a local minimum at £ where o = ¢%. Therefore ¢ is a critical point of f,

and ;
prithe [22(e")[*)e = 0.
Thus,
0 = L~ ln(e))e
— d i0 0 0 0
= @(xs(e )(ws(€”) — a1(e”)ma(e”))e
= S EElrs() — 21 (e)as(e) ) + To(@) e (ms(e) — (e
— ]| fgrale )~ (el
= x3(e¥) {ieigmé(eig) — (21 (e®)ie 2l (e) + ieifx'l(eig)m(eig))} :
Note that |z3(e®)| = 1, hence x5(0) = z1(0)zy(0) + 2} (0)z2(0). Here we

have x3(0) — x1(0)z2(0) = 0 and (z3(0) — x1(0)x2(0)) = 0. Therefore o is
a zero of (x3 — x1x9) of multiplicity at least 2. O

Proposition 3.2.2. Let v = (21, 79, 23) be a rational E- inner function. Let
o € T be a royal node of x. Suppose x(o) = (n,7,n7), w € T and wn # 1
Then

A, ox)(o) = Azy(0).

Proof. Since x is a rational £-inner function, then for almost all A € T, z(\) €
b&, and, by Theorem 3.1.8, for almost all A € T, 21 (\) = zo(N)z3(\), [73(\)| =
1 and |z9(\)| < 1. By Proposition (A.2.2), for every z € T, and every ra-

tional inner function ¢,




3.2. The phasar derivatives of ¥, ox and Y, o x

For o € T such that z(0) € Rg and wij # 1,

AW, 02)(0) = A(wzs—z1)(0) — A(row — 1)(0)
 (en () (- 1))
(wxs — 1) (0) (row — 1)(0)
o (was(o) — (o) /
- wn—1 ( n a wx2(0)>

Since z3(0) € Rg, we have x3(0) = x1(0)x2(0), and, by Lemma 3.2.1, ¢ is a
zero of x3 — x1xy of multiplicity at least 2. Thus (23 — z122)'(0) = 0 and

23(0) = 21(0)75(0) + 22(0) 2 (0) = Nwy(0) + Gy (o). (3.11)

Thus, by equation (3.11), we have

AY, 0z)(0) = wﬁa— 1 (W(nx’g(a) + 77»;57/1(0)) —n0) (0)>
- wﬁa— 1 <WW2(U) : wnnxll(a)j gl ww’2<a>)
- - 0_ gwnxz(a) + :Ul(a)(c;n -1) - nwa(g))

O

Proposition 3.2.3. Let v = (11,79, 23) be a rational E- inner function. Let
o € T be a royal node of x. Suppose x(c) = (n,7,77), w € T and wn # 1.
Then

A(Y, ox)(0) = Azs(o).

Proof. Since x is a rational £-inner function, then for almost all A € T, x(\) €
b€, and, by Theorem 3.1.8 (i ), for almost all A € T, z; = Zoxs, |23| = 1 and
|zo| < 1. By Proposition (A.2.2), for every z € T, and every rational inner

function ¢,




3.3.  Rational tetra-inner functions and royal polynomials

For o € T such that z(0) € Rg, and wn # 1,

AT, 0x)(0) = Alwrs — 29

Since x3(0) € Rg, we have x3(0) = z1(0)x2(0), and, by Lemma 3.2.1, ¢ is a

zero of x3 — x1xy of multiplicity at least 2. Thus (23 — z122)'(0) = 0 and
w3(0) = 21(0)75(0) + w2(0)21(0) = nay(0) + 77 (0). (3.12)

Thus, by equation (3.12), we have

AT, o0z)(0) = wn"_ 1 (w(ﬁx’z(a) + ﬁ»;’l(a)) —25(0) _ <0)>
_ wna_ 1 (wnfva(a) + wﬁﬁﬁv’l(a) %) (o)
_ wna_ 1 (wnx’z(a) + I’l(a)wnﬁ— (o) nw:c3<a)>
_ wnﬁ_ 1 (iv’g(ff)(f;n - 1)>
_ . xééﬁ))

3.3 Rational tetra-inner functions and royal

polynomials

In this section we will show how to construct rational £-inner functions with
prescribed royal nodes and values. To describe this construction we need sev-
eral theorems and definitions from O. M. Alsalhi’s PhD thesis [12]. Detailed

proofs of these statements are given in [12].
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3.3.  Rational tetra-inner functions and royal polynomials

Theorem 3.3.1. [12, Theorem 4.3.1] Ifx = (21, 2o, x3) is a rational €-inner
function of degree n, then there exist polynomials E1, Eo, D such that

(i) deg(E1), deg(E), deg(D) <n,

(ii) D(\) # 0 on D,

(i) E1(A) = E5™(A), for all X € T, where EZ™(A) = \'Ey(=),

> =

(i) || < |DO)| on B, i =1,2,
(v) 21 =2 on D,

(vi) 2o =£2 on D,

(vii) 23 = 2% on D, where D~"(\) = A"D(=).

> =

Remark 3.3.2. Consider a rational E-inner function x = (x1, 2, 13). Let
Ey, Ey, D be as in Theorem 3.3.1, and let R,(\) be the polynomial defined by

Ru(A) = DA (—21(N)a2(A) + 23(N)).

Then, by Theorem 3.3.1,

B L[ D) Ei(N) Ea())
R.(\) = D()) ( D(\)  D(N) D()) )

= D(A)D™"(A) = E1(A) Ex(N).

Definition 3.3.3. Let x = (x1,x2,23) be a rational tetra-inner function of

degree n. The royal polynomial of x is
Ry(A) = D(A)D™"(A) — E1(N) E2(X),
where E1, Es, D be as in Theorem 3.3.1.

Remark 3.3.4. For a rational tetra-inner function x, since D(A\) # 0 on D,
zeroes of R, are zeroes of the function x3 — x1x9. As we defined above they

are called the royal nodes of z.
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3.3.  Rational tetra-inner functions and royal polynomials

Remark 3.3.5. Let 0 € D be a zero of R,(0). By Theorem 3.3.1, D(\) #
0 on D. Thus,

R,(0) = D(0)*(z3(0) — x1(0)22(0)) = 0 if and only if w3(0) = 1(0)ws(0).

Let x1(0) =n and x2(0) =17, then

z3(0) = z1(0)w2(0) = 7).
Therefore, if o € D is a royal node of x, then x(a) = (n,7,n7) for some
n,7n € D.

We call (n,n,n7) the royal value of = at o.

Lemma 3.3.6. Let x = (21, T, 73) be a rational E-inner function, and o € D
is a royal node of x. If o € T, then |x1(0)] =1 and |z2(0)| = 1.

Proof. Since x is E-inner function, by Definition 3.1.12, z(c) € b€ for o €
T. By Theorem 3.1.8, z1(0) = z5(0)zs(0) and |z3(0)| = 1,|zs(0)] < 1.
By assumption o is a royal node of . Thus by Definition 3.3.4, z3(0) =
x1(0)xo(0o) which implies that |z1(0)| = 1 and |zo(0)| = 1 since |z3(0)| =
1. [

Proposition 3.3.7. [12] Let = be a rational E-inner function of degree n and
let R, be the royal polynomial of x. Then R, is 2n-symmetric and the zeros
of R, on T have even order or infinite order.

Definition 3.3.8. Let x = (11,79, 23) be a rational E-inner function such
that x(D) ¢ Rg and let R, be the royal polynomial of x. If o is a zero of R,
of order £, we define the multiplicity #o of o (as a royal node of x) by

¢ if oD

#o o=
A if oeT.

We define the type of x to be the ordered pair (n,k), where n is the sum of
the multiplicities of the royal nodes of x that lie in D, and k is the sum of
the multiplicities of the royal nodes of x that lie in T.

Definition 3.3.9. We denote by R™* the collection of rational £-inner func-
tions of type (n, k).
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3.3.  Rational tetra-inner functions and royal polynomials

Definition 3.3.10. [12] The degree of a rational €-inner function z, denoted
by deg(x) is defined to be x.(1), where v, : Z = m(T) — 7 (bE) is the
homomorphism of fundamental groups induced by x when x is regarded as a

continuous map from T to bE.

Proposition 3.3.11. [12] For any rational €-inner function x, deg(x) is the
degree deg(x3) (in the usual sense) of the finite Blaschke product xs.

Theorem 3.3.12. [12] If z € R™F is non-constant, then the degree of x is
equal to n.

Theorem 3.3.13. [12] Let x be a non-constant rational E-inner function of

degree n. Then, either x(D) = Rg or (D) meets Rg exactly n times.

Proposition 3.3.14. Let © = (x1,x2, x3) be a non-constant rational E-inner

function and let w € T be such that wxs(N) — 1 # 0 for all A € D. Then the
wr3 — T

rational function ¥, o x = L has a cancellation at ¢ € D if and only

ToW —
if the following conditions are satisfied : ¢ € T, ¢ is a royal node of x and

w = 25(C).

Proof. Let ¢ € T be a royal node of x such that x(¢) = (1,7, n7). By Lemma
3.3.6,|nl =1and || =1. If w =7 € T, then

wr3(C) — x1(C) = 57777 —n =17

and
2(Qw—1=im—1=7>-1=0.

Thus, ¥, oz = wrs(V) = 21(A) has at least one cancellation at such ¢ € T.
To(Mw — 1

Conversely, by assumption ¥,, o z has a cancellation at ¢ € D, and so

(wxs — 21)(¢) = 0= (22w — 1)(()-

Therefore, zo(Q)w = 1 and wxs(() = x1({). Since z5({)w = 1, it implies
that 25(() =@ € T, so |72(¢)| = 1. Since x5 : D — D rational and analytic
function with |z2(¢)| = 1, by the maximum principle theorem, ¢ € T, or
72(A\) = w for all A € D. By assumption, wao(A) —1 # 0 for all A € D. Hence
the function x5 # w on D. Therefore, ¢ € T.
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3.3.  Rational tetra-inner functions and royal polynomials

Note
w3 () = 21(¢) = 2(C)3(¢) = 21(C)
= 13(C) = 21(¢)z2(¢)
Thus, ¢ € T is a royal node for z, and w = x2((). ]
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Chapter 4

Prescribing the royal nodes and
values

In this chapter we will show how to construct rational £-inner functions with
prescribed royal nodes and values, with the aid of a solution of an inter-
polation theorem for finite Blaschke products. The connection between the
solution sets of the royal E-interpolation problem and the Blaschke interpo-
lation problem can be made explicitly with the aid of the functions W,,. The

main aim of this chapter is to prove Theorem 4.1.1 and Theorem 4.2.5.

4.1 From the royal tetra-interpolation prob-
lem to the Blaschke interpolation prob-

lem

In this section we show that for the given Blaschke interpolation data (o, 7, p)
the existence of solution z for the royal tetra-interpolation problem (o, 7,17, p)
for some 7j; € D allows us to construct a solution for the Blaschke interpola-

tion problem.

Theorem 4.1.1. Let x = (z1, 72, 23) be a rational E-inner function of type
(n, k) having distinct royal nodes oy, 09, ...,0, where 01,09, ...,0, € T and
Okl - 0n € D and corresponding royal values ny,..,n, and 1My, ..., M, that
is, x(0j) = (nj,7;.m7;)- Let p; = Axi(oj) for j =1,2,.., k.
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

(1) There exists a rational inner function ¢ that solves the Blaschke inter-
polation Problem 1.2.2 for (o,n, p), that is, such that deg(p) = n,

p(oj)=mn; forj=1,..n (4.1)
and
Ap(o;) = p; forj=1,...k. (4.2)
Any such function @ is expressible in the form ¢ = ¥, o x for some
weT.

(2) There exist polynomials a, b, ¢, d of degree at most n such that a

normalized parametrization of the solutions of Problem 1.2.2 1is

aC +b
B T.
v o +d Ce

(3) For any polynomials a, b, ¢, d as in (2), there exist x5, x5, x5 € C such

that
lwgl =1, aff <1, o3| <1, (4.3)
75 = 755, (4.4)
and moreover,
xia+b
= 4.5
o xjc+d (45)
x5 + w3d
=3 27 4.6
2 xic+d (4.6)
x5b + 230
== 4.7
3 xjc+d (47)

Proof. (1) For w € T and for a given rational £-inner function z = (1, zy, 73)
D — &, we consider the rational function 1\, : D — D

T3w — T1
) = Wou() = BTy (15)
Then, if w # 71, ooy T
23(0j)w — 1(0;) _ myiw —n; wi; — 1 :
o)) = - _— = forj=1,..n
(o) Ta(0j)w — 1 fjw —1 1 Mjw — 1 3ot "

(4.9)

37



4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

We claim that, for w € T\{7i,...., 7}, the function ¢ = 1, is a solution of
Problem 1.2.2. Let us check that ¢ is an inner function from D to D. For

any A € T, o o)
wxz(A) — 21 (A
o) = () = LS

Since x is a rational E-inner function, z(\) € b€ for almost all A € T, and,
by Theorem 3.1.8, x1(A) = z2(A)z3(A\) and |z3(A)] =1 for almost all A € T.
Thus, for almost all A € T,

_ wrz(A) — 22N\ _ z3(\)(w — 22(N))

P =) To(AM)w — 1 o wm(N) -1
Hence, for A € T,
B w — xa(A)
Since |z3(A)| =1, |w| = 1 and |w — x9(N\)| = [0 — x2(N\)[, we have, for almost
all \e T,
w@—x(N)| | T—22(Nw | .
wra(N) =1 | | (1 —z2(MNw)|

Therefore, for almost all A € T, |p(A)] = 1. Hence ¢ is rational inner func-
tion.

The equation (4.9) shows that 1V, takes the required values at oy, ..., op,.
By Proposition 3.2.2,

AW, o0x)(0j) = Axy(0j) = p; for j=1,2,. k. (4.10)

It is also true that deg(\,) = n for w # 7, ...., . By Theorem 3.3.1, for a
rational E-inner function @ = (1,7, x3) such that deg(x3) = n and if D is
the denominator when xs is written in its lowest terms then z; and z5 can

also be written with denominator D. It follows that
deg(,,) = deg(z3) — #{cancellations between wzs —z; and xow —1} (4.11)

By Proposition 3.3.14, such cancellations can occur only at the royal nodes
o; € T,j=1,..,k, and then only when w = z5(0;) =17;,7 = 1,..., k. Hence
there are no cancellations in equation (4.11), and so deg(,,) = n.
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

(2) Since Problem 1.2.2 is solvable, its Pick matrix is positive definite and
so, by Theorem 2.1.10, there exist polynomials a, b, ¢, d of degree at most n
which parametrise the solutions of Problem 1.2.2. Let us choose a particular
such 4-tuple of polynomials, as described in Theorem 2.1.10. By Theorem
2.1.9, there exists 7 € T\{oq,...,01} such that the exceptional set Z, for
Problem 1.2.2 which defined as

Z, ={¢CeT: forsome j,1 <j <k, (M_lum,ej) =0} (4.12)

consists of at most k points. Fix such a 7 € T\{oy,...,04} such that Z,
consists of at most k points, then there exist unique polynomials a, b,, ¢, d;,
of degree at most n such that

a-(t) b(7)| |1 O
[CT(T) d.,-(T)] B [() 1] (4.13)
and, for all ¢ € T \ Z,, the function

_a+b,
T (v d,

is the unique solution of Problem 1.2.2 that satisfies ¢(7) = (. Moreover,

(4.14)

the general 4-tuple of polynomials that parametrises the solutions of Problem
1.2.2 is expressible in the form

(a,b,c,d) = (Xa;, Xb,, Xc;, Xd;) (4.15)

for some rational function X.

(3) For 7 € T \ {o1,...,01} as above, let 25 = z1(7), 25 = z2(7), 25 =
x3(7). Since x is tetra-inner, by Theorem 3.1.8, |23 = 1 and 2§ = x5x5. Since
7 is chosen not to be a royal node of z, || < 1, |z5| < 1. Thus the equations
(4.31) and (4.32) hold.

Lemma 4.1.2. Let 25,25, 25 € C such that
w5 =1, oy <1, fag] <1, (4.16)
z] = 1575, (4.17)

Let Z, define as in (4.12), let T € T\{o1, ..., 01} such that Z, consists of at
most k points, and let

= o o < o o -~ o o
g~ {7]1353 — Xy T3 — Xy NkTs — xl}
- = ) = PR = .
zym — 1 a5y — 1 xom — 1
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

If ( € T\ Z then the function

(2571 — 23)¢ + 23 — 1125

4.18
(2§ — x2)C + 2§02 — T3 (4.18)
is a solution for Problem 1.2.2 and satisfies (1) = (.
Proof. Observe that, by equation (4.8), for any w € T, P, (1) = U;gf)%u__ﬁ%,
2
which is well defined since |z3] < 1. We have, for ¢ € T,
wrg — 29 —C + 27
Pu(r) = (o UBTU o ZSHT
row — 1 x5 — Cxs
Hence, as long as
—C + l‘i - =
_— 4.19
xg I Cl,g 7é M, y ks ( )
the function
o) =N = b s (V)
*3-ca3
ANz — z3(\
Ig( )'::1 ‘f3( )C _xl()\)
_ T3 — 56
wa(N)ag —22(N)C
T3 — 256

z3(AN)zg — 23(N)¢ — 21 (N) 2§ + 21 (N)a5¢
T2(A)2] — 22(AN)¢ — 25 + 25¢
(21 (N5 — 23(A)¢ + 27w3(A) — 21 (M)
(@3 — 22(N))¢ + z{22(A) — 25 '
is a solution of Problem 1.2.2 which satisfies ¢(7) = (. Condition (4.19) can
equally be written as, for j = 1,2, ..., k,

[¢]

¢4 x] — Ty Nxy — X

L—asi; a3y — 1
or equivalently ¢ ¢ Z~. O

For ( € T\ (Z,UZ>) where Z7 is defined in Lemma 4.1.2, we have two
expressions for the unique solution of Problem 1.2.2 for which ¢(7) = (, to
wit the equations (4.14) and (4.18). Note that

w3 (1) — w3(7)  aws(T) — x1<r>x§] [x;xi — 25w — w]

x§ — xo(T) xjwo(T) — 23 x5 —xy  afry — af
10
= (xjz5 —x3 .
(z12y — 3) [O 1]
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

Since the set (Z,UZ") is finite, the linear fractional transformations in equa-
tions (4.14) and (4.18) are equal at infinitely many points, hence coincide.
On taking account of normalising condition we obtain

[aT bT] B 1 [x§x1 — T3 XT3 — T175

(4.20)

¢ d 7Ty — T3 | 2§ — X9 LTy — Ty

Suppose that a, b, c and d are polynomials that parametrise the solutions of
Problem 1.2.2; as in Theorem 4.1.1 (2). By the observation (4.15), there

exists a rational function X such that

Xa = x5my — x3, (4.21)
Xb = zixs — 123, (4.22)
Xc = x5 — o9, (4.23)
Xd = xjxy — x5, (4.24)

Let us find connections between x, 9, x3 and the polynomials a, b, ¢, d. Equa-
tions (4.23) and (4.24) for xo and X could be written as

X = x5
¢t 2 (4.25)
Xd—x{xy = —af.
Then, the solution of the system (4.25) is
x5 1
P i i G (4.26)
c 1 xjc+d
d —af
and
c x5
d —ux3 0 °d
To = 3 = x3i+ 2 . (427)
c 1 xic+d
d —af
Equations (4.21) and (4.22) give us the system
T9T1 — T3 = Xa (4.28)
—x5x; +xjrs = Xb.
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

Then, the solution of the system (4.28) is

o

0 ,.0

-1
xjc+d
. 1
Xa -l riagh—agh
° 1
Xb 3 xic+d
xl = =
ry —1 ry —1
o o] o o
—ZT3 Iy —Zx3 Ty
r92x5a — x5x5a + 25w5h — 25b
xic+d
- 0,,.0 o
LTy — L3
[} 0 .0 [¢] 0 .0 [¢]
ria(x§ry — x3) + b(wjzs — x35)
xic+d
- 0,,.0 o
xia+b
xic+d
and
0 .0 o
° 331332& - .273&
xic+d
5 Xa 0,.0L __ .0
2 . xja5b — x5b
o _ ot et s b
—x5 Xb 5 xic+d
T3 = =
o o
[¢] o [¢] o
—T3 I —T3 I
2925 — 525b + 2jrsTa — 15%a
ric+d
- 0,,.0 o
[¢] 0 .0 [e] o 0 .0 o
z3b(zixy — x3) + r3a(zir] — x3)
xic+d
- (e} (o] o]
L1Tg — T3
[¢] o
x5b + x50
xic+d
Thus x1, x2, x3 are given by equations (4.33), (4.34) and (4.35). The proof of
9 ) 9
Theorem 4.1.1 is complete. O

Note that we can also prove a result similar to Theorem 4.1.1, using the

function T, instead of W,,, where
T3W — Tg

To (21,22, 23) = T —1°
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4.1.  From the royal tetra-interpolation problem to the Blaschke
interpolation problem

which is defined for every (1, s, x3) in C? such that zw — 1 # 0. .

Theorem 4.1.3. Let © = (1,72, 23) be a rational E-inner function of type

(n, k) having distinct royal nodes oy, 09, ...,0, where oy,09,...,0, € T and

Oks1, .-, 0n € D and corresponding royal values ny,..,n, and 1y, ...,0,, that

is, ©(0j) = (nj,mj,m;m;). Let pj = Axa(o;) for j =1,2, . k.

(1)

There exists a rational inner function o that solves the Blaschke inter-
polation Problem 1.2.2  for (o,mn, p) that is, such that deg(p) = n.

ploj)=mn; forj=1,.n (4.29)

and
Ap(o;) =p; forj=1,.. k. (4.30)

Any such function o is expressible in the form ¢ = YT, o x for some
weT.

There exist polynomials a, b, ¢, d of degree at most n such that a
normalized parametrization of the solutions of Problem 1.2.2 is
aC+0b

_a+b T.
Y= wra ©°

For any polynomials a, b, ¢, d as in (2), there exist x5, x5, x5 € C such
that

lzgl =1, Jaff <1, Ja3] <1, (4.31)
77 = 7505, (4.32)
and moreover,
xia+b
= 4.33
o xjc+d ( )
xsc + x5d
S S 4.34
w2 xjc+d ( )
x5b + 25a (4.35)
L9 == ——, .
’ xjc+d
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4.2. From the Blaschke interpolation problem to the royal
tetra-interpolation problem

4.2 From the Blaschke interpolation problem

to the royal tetra-interpolation problem

In this section we will prove Theorem 4.2.5. This theorem shows that, if
Blaschke interpolation data (o,n, p) are given and the Problem 1.2.2 is solv-
able, then we are able to construct a solution for the royal tetra-interpolation
problem (o, 7,17, p), for some 77 = (1, ...,7,). We will start with some tech-

nical lemmas.

Lemma 4.2.1. Let a,b,c,d, x7,235,25 € C, and suppose that |x5| = 1,27 =
525, 15¢ # —d and |23 < 1,|z5] < 1. Let

r5c + r3d
Ty = ————.
xic+d
Then
(1) |xo| <1 if and only if |c| < |d|,
and
(2) |z2| <1 if and only if |c| < |d|.
Proof. (1)
2| <1 zietwad|
xic+d
& |ase+ a5df? < |zje+ d?
& (25c+ 25d) (x5 + 25d) < (29c + d)(25¢ + d)
& |25 e)? 4+ ziersd 4+ 5dase + |x5)P[d)]” < |29 ?|c]® + abed + dafe + |d)?
& e[ + 2Re(25casd) + [a3]*|d|* < |27]*|c]* + 2Re(a]ed) + |d|?
& e’ +Jz2Pld* — [21]Pc]* — [d]* <0 (since 27 = 2523)
& (L= [25) (el = 1d*) <0
& e| < d| (since (1 — |z9]*) > 0)
< e < d|.
(2) The same calculation leads to |xs| < 1 <= |¢| < |d|. O
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4.2. From the Blaschke interpolation problem to the royal
tetra-interpolation problem

Lemma 4.2.2. Let a,b,c,d, xy,25, 25 € C, and suppose that |x5| = 1,25 =
523, and x9c # —d, and |x5| < 1,|z5] < 1. Let

xja+b

e+d

Ir =

Then
lz1| < 1 if and only if |x9|*(la]* — |c[*) + (|b]* — |d|*) +2Re(z} (ab—cd)) < 0.
Proof.

xja+b

<1
xic+d

|LE1’ <1

lz5a 4+ b* < |25c+ dJ?

(z9a + b) (2@ + b) < (2S¢ + d)(x5¢ + d)

|29 |al® + 2}ab + zab + [b]* < |25*[e]* + afed + dafe + |d]?
|25 %|al* + 2Re(zab) + [b* < |2 [*|c|* + 2Re(}ed) + |d|?

|25 %|af* + 2Re(zab) + [b* — |5 *|c[* — 2Re(afed) — |d* < 0
252 |al® 4 [b]* — |5 — |d|* + 2Re(a5 (ab — ed)) < 0

252 (laf* = [¢*) + (|b]* = [d|*) + 2Re(25 (ab — cd)) < 0.

tt e e T

]

Proposition 4.2.3. Let a, b, ¢, d be polynomials in the indeterminate A and
suppose that x5, x5, x5 € C satisfy x5 # x5x5 and xjc # —d. Let rational

functions x1, x9, x3 be defined by

() = xja(A) + b(\) () = z5e(A) + 25d(N) () = 25b(A) + z3a(N)
A= wecoy +an) Y T Tese) 1 a0y P T Tase N 1 d()

(4.36)
and define a rational function ¢ in the indeterminate w by
wT3 — I]
= — 4.37
() = 252 (137)

Then, as rational functions in (w, \),

wrs(A) — z1(N) _ a(N)C(w) +b(N)
ro(Nw — 1 c(N)¢(w) +d(N)




4.2. From the Blaschke interpolation problem to the royal

tetra-interpolation problem

This algebraic relation has implications for rational maps from D to &.

Proof. Let xy1, x5, x3 be defined by equations (4.36).

Then

wrsb(A) + wrga(A)  zia(A) +b(A)

wrz(A\) — x1(N) x5e(X) + d(N)

x5c(A) + d(N)

To(AMw — 1 wrse(A) +wad(A)

z5c(N) + d(N)
wrsb(A) + wazsa(N) — xja(X) — b(N)

wa§e(A) +wrsd(N) — xe(N) — d(N)
a(A)(wzs — 25) + b(\) (wzy — 1

o

o]
[e]

)
cA)(wzs — %) + d(N) (wzy — 1)
) £ B0

wr3 — I
where ((w) = ———.
() wry —1

]

Proposition 4.2.4. Let a, b, ¢, d be polynomials having no common zero

in D, and satisfying |c| < |d| on D . Suppose that x5,x5, x5 € C satisfy

e # —d, 25| = 1,|z3] < 1,]25] < 1 and x5 = 2525. Let rational functions

x1, X9, x3 be defined by
xia(\) + b(\)

x5e(A) + 25d(N)

1= e ) YT e 0y
and let NG+ B
PN = oy

z5b(A) + x5a(N)

z9e(X) +d(A)
(4.38)

ZL’3<)\) =

(4.39)

(i) If, for all but finitely many values of X € D,

WM <1

(4.40)

for all but finitely many ¢ € T, then a5c + d has no zero in D and

x = (71,29, 3) is an analytic map from D to E.
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(ii) If, for all but finitely many ¢ € T, the function ¢ is inner, then either

z(D) C Rg or x = (21,22, x3) is a rational tetra-inner function.

Proof. (i) By hypothesis there is a finite subset E of D such that, for all
A € D\E, there is a finite subset F) of T such that the inequality (4.40)
holds for all ¢ € T\ Fy. We claim that the denominator ¢ + d of 1, x9, x3
has no zeros in D. Suppose that o € D is a zero of (z5c + d). Since |¢| < |d|
on D,

|[zic(a) +d(e)] = |d(e)] = [z7e(a)]
|d(a)] = |z7l]d(e)|
= (-l

v

Thus,
0 = [afe(a) + d(a)] = (1 - |a5)|d(a)].

Since |z9| < 1, (1 — |z5]) # 0, and so d(a) = 0, Then
0 = zic(a) + d(a) = zic(a)

implies that ¢(a) = 0.

Choose a sequence «; in D\E such that o; — «. For each j, for ¢ €
T\F();), we have [P (A)] < 1 on D\E. Hence for all but finitely many
¢ € T ( that is, for ¢ € T\ U; F(\)))
a(a;)¢ + b(y)
c(a;)¢ + d(a;)
Since ¢(a;)¢ + d(a;) — 0 uniformly almost everywhere for ¢ € T as j — oo,

the same holds for a(a;)¢ + b(e;). Hence a(aj) — 0 and b(c;) — 0. Thus
a(a) = b(a) = 0. Hence a,b, ¢, d all vanish at «, contrary to hypothesis. So

<1.

x5¢ + d has no zeros in D. Thus zy, 2, 73 defined by equations (4.38) are
rational functions having no poles in D.
Consider A € D\ E. By Proposition 4.2.3,
waz(A) —z1(A)  a(A)C(w) 4 b(A)

W, (21(N), 22(N), 23(N)) = Ta(Vw — 1 = CONC(@) - d) (4.41)

whenever both sides are defined, that is, for all w € T\Q, where
Oy ={w e T :wza(N) =1 or ¢(N)((w) = —d(N)}.
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2, contains at most two points. On combining the relations (4.39), (4.40)
and (4.41), we deduce that, for A € D\ E,

W, (21(N), 25 (V). 25 (V)] < 1 (4.42)

for all w € T such that w ¢ Qy U (7'(F)), hence for all but finitely many
w € T. By Theorem 3.1.6, (x1(\), 22()\), 73(\)) € €. Sine this is true for all
but finitely many A € D, and x, 9, 3 are rational functions without poles
in D, (21,2, x3) maps D into €.

(ii) Suppose that for some finite subset F' of T, the function . is inner
for all ¢ € T\F. By part (i), (21, 72, 73) maps D into € and therefore extends
to a continuous map of D into €. Consider A € T. By Proposition 4.2.3 and
equation (4.39),

Yo (21(A), 22(A), 23(A) = e () (4.43)

whenever both sides are defined, that is, for all w € T\, where
O ={weT:wr(N) =1o0r ¢(N)((w) = —d(N)}.

Q, contains at most two points. For w € T\( '(F) the function ¢, is

mnner.

Hence, for w € T\(¢H(F) Uy),
W (21(A), 22(A), 23(A))] = [Wee) ()] = 1. (4.44)

Case 1. Suppose that for all A € D, z;(\)x2(A\) = 23()\). Then, for all A € D,

Wy (V) (M), 23(\)) = w:l:;z(();\)); i1§)\) _ wm(i\;ifigf‘d)_—lﬂil()\)
_ a1

To(Nw — 1

=z1()N).

Thus z(D) C Re.

Case 2. Suppose that for some A € D, z1(\)ao()\) # 23()\). To prove that
x = (21,29, 3) is rational E-inner function, by Theorem 3.1.8, we need to
show that (z1, 79, 73)()\) € b€ for almost all A € T, that is,

(i) |zs(A)| =1 for almost all A € T,
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(11) ‘x2’ < 1 on E7
(iil) z1(N\) = 2a(N)x3(A) for almost all A € T.

For (ii), by Lemma 4.2.1, we showed that |z2(\)| < 1 for A € D. By Lemma
3.1.11, for any w € T and any point @ = (1, T2, 73) € € such that z 2y # 3,

W, (21, 79, 23)| = 1 if and only if 2w(zy — T1a3)) = 1 — |21]* + |22|* — |23]°.
Thus, for A € T such that z1(\)za(N) # z3()) , equation (4.44) implies
2w(2(A) — 21 (N)a3 (V) = 1= 2N + |z2(V)* = zs(V)[*.

Hence, for A € T, if W, (z1(\), z9(N\), z3(A\))| = 1 for two distinct w € T, say

w1 # wsy, we have the linear system

2w1(22(A) = 11 (Nws(V) = 1= [za(V)] + 22N = [zs(M)]?

w

2n(5(N) — 1 NasN) = 1 WP + [z = e )
Thus, for A € T,
2w (2(A) — 21 (AN)xg(N)) — 2wa(x2(A) — 21(A)x3(A)) =0
:(1’2(}\) — ZEl()\)IL‘g(/\))(wl — WQ) =0
=x2(A) = 21 (A)zz(N). (4.46)
By equations (4.45), for A € T,
1= [z (M) + [z2(V)[* = [z3(\)[* = 0. (4.47)

Note for A € T, since xo(A\) = z1(N)z3(N),

(4.47) holds < 1 — |21 (N) > + |21 (N)as(A\) > = [as(\) > =0
S 1= [z (W)P + 21 (V) Ples (V)P = [z3 (V)P =0
S 1= [ (W) = ez (NP1 = 21 (M) = 0
& (1= [er (V) = [z3(V)[?) = 0
& |zg(N)] =1 or |z1(N)]| = 1.
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Case 1. If [z1(N\)| = 1 and x9(A\) = 21 (A)z3(N), we have z3(\) = x1(N)za(N)
for almost all A € T. Then since x; are rational functions for ¢ = 1, 2, 3, and
x3(A) = x1(N)za(N) for A € T, it imples that

.2?3()\) = 1’1()\)$2(>\) for all A € D.

Then, for all A € D,

W (1 (0). 2a(), 23(2)) = wl’;(()\j); f1§>\) _ wm(iifi%i‘j):fﬂ»
_ O en) - 1)

To(MNw —1

=1z1(N).

Thus z(D) C Re.
Case 2. If for almost all A € T, |x3(\)| = 1, then

2a(A) = 11 (N)w5(A) = 22(N)a3(N)
= x1(A\) = z2(N)z3(N).

I
y
>
~—

Thus, for almost all A € T, |x3(\)| = 1 and x;(A) = x2(A)z3(N) that proves
(i) and (iii) respectively. Therefore, the point (x1(\), zo(A), z3(\)) for almost
all A € T is in the distinguished boundary b€ of £. Hence z = (z1, zo, T3) is

a rational £-inner function in this case. O]

Theorem 4.2.5. Let (0,n, p) be Blaschke interpolation data with n distinct
interpolation nodes of which k lie in T, and let (o,n,7,p) be royal tetra-
interpolation data where 1) = (71,72, ....7,), 7; € T,5 = 1,..,k and 7; €
D,j =k+1,...n. Suppose that Problem 1.2.2 with (o,n,p) is solvable and
the solutions ¢ of Problem 1.2.2 have normalized parametrization
a +0b
7 o +d

Suppose that there exist scalars x5, x5, x5 in C such that

25 =1, [af| <1, a3l <1, 2] = agas,

and . .
r5c(o;) + x5d(0;)

zic(oj) + d(o;)

=, j=1,..,n. (4.48)
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Then there exists a rational tetra-inner function x = (1,9, x3) given by

z5a(A) + b(N)

() = R EVERTON) (4.49)
_a5e(A) +25d(N)

22N = = ) F A0 (4.50)

5(\) = 5b(A) + x5a(N) (4.51)

z7c(A) +d(A)
for A\ € D, such that

(i) x € R™*, and x is a solution of the royal tetra-interpolation problem

with the data (o,n,7,p), that is,

z(oj) = (nj,nj, ;) for j=1,..,n,

and

Axy(oj) = p;j forj=1,..k,

(ii) for all but finitely many w € T, the function ¥, o x is a solution of
Problem 1.2.2.

Proof. By Corollary 2.1.12 (3), |c| < |d| on D. Hence ’%‘ > 1for A € D.
By assumption |z$| < 1. We claim that 2S¢ # —d on D. Suppose that

xic = —d =>|zic| = |d|
= |z7]|c| = |d|
|d]|

—lail =

el

which is a contradiction since ‘%‘ > 1 for all A € D, and |z5| < 1 on D.
Therefore, 25¢ # —d on D. By Proposition 4.2.4, either z(D) C Rz or z is
a rational E-inner function. Since a, b, ¢, d are polynomials of degree at most
n, the rational function x has degree at most n.
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By Definition 2.1.11 of normalised linear fractional parametrization of the
solutions of Problem 1.2.2; for some point 7 € T\{o7, ..., 0%},

[CL(T) b(T)] _ [1 0
c(t) d(7) 0 1

x1(T) = rialr) +07) _ o1 _ ], (4.52)

_afelr) b 55
() = woc(r) +d(r) 1 z (4.53)

oy T ) 0
xye(T) + d(T) 1 3

By assumption, |z§| = 1, |z5| < 1 and |z3] < 1, and hence x3(7) # x1(7)xo(7).

(4.54)

Therefore, (D) is not in the royal variety Rg.
By assumption, x5 is defined by (4.53). Hence

z5c(0;) + x5d(0;)
zic(oy) + d(o;)

xo(0j) = =n;forj=1,...,n

We want to show that x satisfies the interpolation conditions
I’(O’j) = (nj7ﬁj777iﬁj) fOI'j = 17"'7”7 (455>

which is to say that o;, j = 1,...,n, is a royal node of z with corresponding
royal value (n;,7;). By hypothesis, there is a finite set F* C T such that, for
all ¢ € T\ F, the function

a(AN)C + b()N)
A) = AN)=—"T"—=
P = () = S
is a solution of Problem 1.2.2, and so
Ye(oj)=mn; for j=1,...n (4.56)
and
AYe(oj) =p; forj=1,.k (4.57)
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for all ¢ € T\ F. By Proposition 4.2.3,

Yo = R Ta0) = ey oL Y (439

whenever both sides are defined, that is, for all w € T\Q, where
M ={weT:wr(N) =1o0r c(N((w) =—d(N)}.

(2, contains at most two points. Thus, (4.58) holds as rational functions in

(w, A), where ((w) = wxg——m; Hence, for w € T\(("Y(F)UQ)), Y, oz is a

solution of Problem 1.2.2; so this proves statement (ii).

For any A € D, equation (4.58) holds whenever both denominators are
nonzero, hence for all but at most two values of w € T. On combining
equations (4.56) and (4.58) (with A = ¢;) we infer that, for j = 1,...,n and
for all but finitely many w € T,

wrz(o;) — x1(0y)

wm2(o_j) 1 = ll)C(w)(o-j> =nj-
Therefore, for almost all w € T,
was(0;) — x1(0;) = ni(wza(oy) — 1). (4.59)

Recall that xo(0;) = 1; for j = 1,...,n. Hence from (4.59) it follows that
21(05) = n; and xs(0;) = 1,7,

tions (4.55) hold.
We have already observed that z is a rational £-inner function, deg(x) < n

and that (D) is not in Rg. Thus by Theorem 3.3.12, the number of royal
nodes of z is equal to the degree of x. Therefore x has at most n royal nodes.

j =1,...,n, and so the interpolation condi-

Since the points 0,7 = 1,...,n are royal nodes, they contain all the royal
nodes of z and deg(z) = n. Precisely k of the o; lie in T, and so z has
exactly k royal nodes in T. Thus x € R™F.

Next we show that Axq(o;) = p; for j =1,....k. Fix j € {1,...,k}. By
Proposition 3.2.2 , for w € T, wn; # 1,

AW, 0 x)(0;) = Axy1(0y). (4.60)

There is also a set €); containing at most one w € €, such that c(o;)¢(w) +
d(o;) =0 for w € Q;. Hence if w € T\({7;} U ©Q;), it follows from equation
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(4.58) that P¢w) = W, oz in a neighbourhood of ¢}, and consequently, for
such w,

Ay (0) = A(¥, 0 2)(0). (4.61)

Each of the equations (4.60), (4.61) and (4.57) hold for w in cofinite subset
of T. Hence, for w in the intersection of these cofinite subsets,

Azi(0)) = AWy 0 2)(0;) = A (05) = pj
Thus, (i) holds. O

Corollary 4.2.6. Let (0,7, p) be Blaschke interpolation data. Suppose that
x is a solution of Problem 1.2.4 with (o,n,7,p) for some; € D,j =1,....n,
and that z(D) ¢ Rg. For all w € T\{7y,...,7x}, the function ¢ = ¥, ox
is a solution of Problem 1.2.2 with Blaschke interpolation data (o,n,p) .
Conwversely, for every solution ¢ of the Blaschke interpolation problem with

data (o,n,p), there exists w € T such that p =¥, 0x .

Proof. (=) Consider Blaschke interpolation data (o, 7, p). If x = (21, x9, x3)
is a solution of Problem 1.2.4 with (o, 7,7, p) for some 7; € D,j = 1,...,n,
and that z(D) ¢ Rg, then, by Theorem 4.1.1 (1), for all w € T\{71, ..., 7k },
there exists a rational ¢ = W, ox that solves Blaschke interpolation problem
(Problem 1.2.2) with Blaschke interpolation data (o,n, p).

(«<=) Let ¢ be a solution of the Blaschke interpolation problem (Problem
1.2.2) with data (0,7, p). Then, by Theorem 4.1.1 and Theorem 4.2.5 (ii),
there exists w € T such that p =¥, o z. [
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Chapter 5

The Algorithm and Examples

5.1 The algorithm

In this section we summarize the steps in the solution of the royal £-interpolation
problem in the form of a concrete algorithm.

Let (o,7,7, p) be royal interpolation data for the tetrablock as in Defini-
tion 1.2.3. Here there are n prescribed royal nodes o;, of which the first &
lie in T and the remaining n — k are in D. One can consider the associated
Blaschke interpolation data (0,7, p) as in Definition 1.2.1. To construct a
rational E-inner function z : D — & of degree n having royal nodes o; for
Jj = 1,...,n, royal values 7;,7;, and phasar derivatives p; at o; for j =1, ..., k,
we proceed as follows.

(1) Form the Pick matrix M = [m;;];_, for the data (o, 7, p), with entries

pi ifi=j<k
7 # otherwise. (5.1)
1-— 0,035

If M is not positive definite then the interpolation problem 1.2.2 is not solv-
able. Otherwise, we introduce the notation

1 1
1-o1 A 1—o1A
Ty = s Y = s (52)
1 Mn
1—-o, A 1-o,

as in equations (2.8)

95



5.1. The algorithm

(2) Choose a point 7 € T\{o1, 09, ..., 0} such that the set of ( € T for
which
(M™'z,,e;) = ((M 'y, e;) for some j € {1,...,n}

(where e; is the jth standard basis vector in C") is finite.

(3) Let

n

o0 =22 (5.3)

1—o;7

J=1

and let polynomials a, b, ¢, d be given by

a(d) = g1 — (1 =7A)ar, M~ ay)), (5-4)
b(A) = gN( —TFA) (xa, M yr), (5.5)
c(A) = —gN(@=TN){ya, M"zr) (5.6)
d(\) = gN A+ (1 =TFA)(yr, M y.)). (5.7)
Note that
a(t) b(r)| |1 0
[0(7') d(T)] [0 1] (5:8)

(See Theorem 3.9 in [6]).
(4) Find 23, x5, x5 € C such that

23] =1, |27l <1, |23 <1, and 2§ = z3a5,
and

z5c(0;) + x5d(0;)
zic(oy) + d(o;)

= ﬁj? j = 1, o, n.

If there is no (9, x5, z3) satisfying these conditions, then by Theorem 4.2.5,
the royal E-interpolation problem is not solvable.
(5) If there are such (z9,z3,z3) € C, we define

z%a +b
xl()‘> = xcl)C—i-d()\)’
1
zoc + x5d
ni) = Sy,
1
Ob o
25(\) = %(A), for A € D.
1
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It is easy to see that, since the equation (5.8) is satisfied,
x1(7) = 27, z2(7) = x5 and x3(7) = 5.

Then, by Theorem 4.2.5, x = (21,29, 23) is a rational E-inner function
of degree at most n such that z(o;) = (n;,7;,n;7;) for j = 1,...,n, and
Axi(oj) = pj for j =1,..., k. By assumption, |z5| =1, [z7| < 1 and |23| < 1,
and hence z3(7) # x1(7)22(7). Therefore, (D) is not in the royal variety
Rz and the degree of z is exactly n.

The following comments relate the steps of algorithm to results in the

report.

(i) If the royal £-interpolation problem with data (o,n,7,p) for some
n; € D is solvable, then by Theorem 4.1.1, the Blaschke interpola-
tion problem with data (o,n, p) is solvable. By [6, Proposition 3.2],
M > 0.

(ii) The conditions that |z5| = 1, |z3| < 1, |23 < 1,and 2y = x5z} are
equivalent to (23,75, 73) € b€ and |z5] < 1.

(iii) The equations for xq, xs and x5 are equations (4.49), (4.50) and (4.51)
respectively.

5.2 Examples

Lemma 5.2.1. Let 01 € D, and n,1 € C. Let m € Aut(D) be such that
m(o1) = 0. Suppose there exists a rational E-inner y : D — £ such that
y(0) = (n,%,n7). Then x = yom is a rational E- inner function such that

l‘(O’l) = (777 77’ 7777)
Proof. By assumption, the function y : D — & is such that y(0) = (n,7,n70).
The Blaschke factor m : D — D such that m(z) = 12 _il

— 01z

Note that (y om)(o1) = y(m(o1)) = y(0) = (n,7,17). B
It is easy to see that the composition = y o m is a rational £- inner

moves o7 to 0.

function, z : D — & such that x(0,) = (n, 7, 77). O

Example 5.2.1. Consider the case n = 1,k = 0 of Problem 1.2.4. There
are prescribed a single royal node o1 € D and a royal value (7,7, n7), where
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n,7 € D, and we seek a E-inner function z of degree 1 such that (o) =
(n,m,m7n). By composition with an automorphism on D, we may reduce our
problem to the case that o; = 0.
Step 1. Choose an arbitrary 7 € T. The normalized parametrization of
the solution set of the associated Blaschke interpolation problem is given by
a(A)C + b(A
P = c(()\))( + dE)\;’

where a, b, ¢, d are given by equations

A€ D,and some ( € T,

a(d) = g1 = (1 =7A){wr, M ar)),
b(A) = gL =FA)(zx, M Myr),
c(A) = —gN)(@=TA){ya, M "ar)
d(A) = gN 1+ (1 =FA)(yr, M~ y:)),

and xy,yx, g and M are given by equations (5.2), (5.3) and (5.1) respectively.
—T1A 1—mn

Note that since o1 = 0, g(\) = —— =1, and M = —— =1—|n]*
) 1—o17 1—070;
Thus, M~! = e Recall that, for A € D, we define z, and y, by
—n
o LW
TN A l—TN
1 _
Here ) = T—ox— 1 and yy = T—ox— 7. Thus, polynomials a, b, c and d

a(A) = g1 — (1 =7A)(ax, M 2r))
1—7A  1—[n* =147\

S 1-|p?2 1—|nf?
A — |nf?
_ A 5.9
RPE (5:9)
bA) = gAML — TA)an, My,
— 11—
ST
n(l —7A)
_ -7y 5.10
T 10
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c(A) = —gNA=FA){yr, M "ar)

= —1(1-7X)

d(A) = g1+

= 11+ (1—7N\)

(1-

= 1+

(1 —=7A)
L—nP? 7

1 —|nf?

3

(5.11)

(1 =7A) (ya, M "y2))
nn )
1 —[n[?

7A)nf?

1 —|n|?
1—|n]>+ |n|> = 7AIn|?

1

1— \7)|2T)\
1—1n|*

— nl?
(5.12)

Step 2. The next step is to determine whether there exist x7, 25,25 € C

such that
lz5) =1, |o7| <1, |2§] <1, and 2} = a5x3,
and
r3¢(0) + 25d(0) .
w3e(0) +d(0) "
Here,
—|n|? 7
a(0) = —1 S
=i MO= T
c(0)= —1_ 40) = .
O=1myp O=1p
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Let 25 = w for w € T. Now

x5¢(0) + 23d(0)

5 =n < =1
230(0) + d(0) =R
x
=Ml [ Il
—wn x5
C—JF " T=nf _
& o =7
—xi7 n 1
L=[nl* " 1—nf?
N —wn_—i— Ty _ 7
—zin+1
& —wh+ a5 = -2 +1
& ry = —x{70 + 1) + Wil
Since x§ = 257§ and x5 = w, we have the system
T3 = w
7y = aSw (5.13)
Ty = =y A0+ Wi

For given 7,7 € D, we want to find a solution 27, z3, z3 of the above system
such that |z5| < 1,]z3| < 1. Thus we want to findw € Tand z} € C : 25| < 1
such that

] = w(=aing + 7 + wn),
that is,

x5 + 2jwnh = wij + 1. (5.14)
One can show that there are w € T and z§ € D such that equation (5.14) is
satisfied.

Step 3. For the given data, 0 — (n,7,n7), take 25 € C, 25| < 1,2 =w € T
such that the equation (5.14) satisfied, and z5 € C given by =5 = —z571 +
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71 + w7, the solution of the problem will be, define, for A € D,

T ()\)

z3(A) =

xia +0b
A
x‘{c—l—d( )

20 A — |nf? N n(1l —7\)
1= nP? 1—|nf?
o | T =TN) N 1— |n*7A
1= 1—|nf?
n n

257X — n?) +n(1 —TX)
—x5m(1 —=7TA) + 1 — [n]27N

(e} [e]
ze + a3d

A
xic+d )

o| T —TA) o| 1= nf’TA
x| — 2| 4oy | — L
3[ L[y 1=l

N ETEY I
1= 1— |nf?

—a§(1 = TA) + 25(1 — [n*TA)

—x5m(1 =7\ + 1 —|n]27A

(o] (o]
x5b + z3a

xic+d )
(1 - ﬂ)] e [ﬂ - |77|2]

xO
2l 1= n? 1—[nf

N N s
“‘1][ T ]+[ 1—\7712]

z5n(1 —7A) + 25(7A — [n]?)

—x5(1 —=7A) + 1 — [n]2TA

Let us check that z(0) = (n,7,77). By equation (5.15), we have

Il(())

—2inl* +n _ n(—2iq+1)

25T + 1 —5 + 1
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By equation (5.16), since x5 = —x{77 + 7 + w7j, we have

—wn + x5

—xin+1

—wn — @y +n +wn

—xin+1

—xyn + 0

—zin+1

(=i +1)
—xin+1

= 1.

.732(0) -

By equation (5.17), since z3 = —x{71 + 7 + w7, we have

(=237 + 7 + wi)n — wn|?
—xin +1

—x57m + m + wn|? — winl®
—rin+1

(=257 + 1)

LE3(0) =

—zin+1

One can easily check that x = (21, x9, x3) defined by equations (5.15), (5.16)
and (5.17) is a £-inner function of degree 1 satisfying z(0) = (n, 7, n7).

1
Example 5.2.2. Let n = 1,k = 0. Let 07 = %,n =0,n = 52 There are
1
- ) 940
a E-inner function y of degree 1 such that y(o1) = (n,7,nn). Let m € Aut(D)

such that m(%) = 0, that is, for o = %7 the Blaschke factor m : D — D such
Z — 01
that m(z) = —
1—01z%
equal to y = x om, where z is the solution to the problem with data o; =0

prescribed a single royal node o7 = % and a royal value (0, -, 0), and we seek

moves 0y = % to 0. By Lemma 5.2.1, the solution y is

and the royal value (0, %i, 0) as in Example 5.2.1.

Let us follow steps of Example 5.2.1.
Step 1. Let 7 € T. By equations (5.9), (5.10), (5.11) and (5.12) since
n=0,
TA—[n2  TA
a()\) = % =27
1—[n] 1
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n(l—7A\)
b\ = -2 .
9@ 1 —|n[?

—7(1 —FA)
e\ = - .
N =T7p

1— [n[’TA
d\) = — 22
» 1 —|n[?

Step 2. Let us determine whether there exist z7, x5, 5 € C such that
lzo) =1, |z§] <1, |25 <1, and 2§ = x5a3, (5.18)

and 25¢(0) + 25d(0)
x9¢(0) + d(0)

For w € T the equation (5.14) will be

= 1. (5.19)
o 1 o 1
2] +0= w(—iz) +0 = 2] = (—§2w).

Thus, we have the one-parameter family of (z9, 23, 23) such that equations
(5.18) and (5.19) hold, given by

T = w
o __ 1,

;) = —jiw (5.20)
o __ 1.

Thus, by equations (5.15), (5.16) and (5.17), the solution of the problem
of the finding a £-inner function x = (1, x5, x3) with the single royal node

o = 0 and the royal value (0, %i, 0) will be, for n = 0,7 = 3,

(TN —[0)%) + 0(1 — 7TN)

A) =

nN = AT 11— 0

= 257, (5.21)
(N = —230(1 —7A) + 23(1 — |0]*7N)

AT a30(1 = TA) 41— [027A
= (5.22)

250(1 = 7N) + 23 (7A — |0]?

$3<)\) — 2 ( ) 3( | | )

—z0(1 = 7A) + 1 — |0]27TA
= 3T\ (5.23)
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Note that at 0,

fﬂl(O) = 0,
x9(0) = x5 = =1,

The solution to the problem of the finding a £—inner function y of degree
1 such that y(1) = (0,14,0) is a one-parameter family of rational £—inner
function y(\) = z o m(\):

y(A) =

1
2
A—41
L), (5.24)

where k = wT € T. Note that y(3) = (0, 5¢,0). Therefore, since k = wT is a
general point of T, we obtain a one-parameter family of £—inner function y

of degree 1 satisfying y(3) = (0, 37,0).

Example 5.2.3. Consider the case n = 1,k = 1. Suppose ¢ = 1. The
points 7,7 € T and p > 0 are prescribed, and we seek a E-inner function
x = (x1, 29, x3) of degree 1 such that xz(1) = (n,n,n7) and Az,(1) = p.
Step 1. Choose 7 € T \{1}. The normalized parametrization of the
solution set of the associated Blaschke interpolation problem is given by

_ aNCHBY
cNC+d(N)

where a, b, ¢, d are given by the equations

©(\) for A € D, and some ¢ € T, (5.25)

a(d) = gL — (1 =7A)ar, M ar)),
b(A) = gL =TA){ax, My,
c(A) = =g\ =TA){yr, M)
d(A) = gNA+ 1 =TA)(yr, M y.)).
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and zy, yx, g and M are given by equations (5.2), (5.3) and (5.1) respectively.

Note that since o = 1, g(\) =

Here M = p, since k = 1.

y:L
AT TN

1—-7o\ _1—)\
T l—-7r 1—-71 .
p

and

1—A

Therefore, polynomials a, b, c and d are defined by

a(A) =

g@m1—a—?mgmmr%4)

1— A 1 1
1—T<1_(1_7—)\)<1—)\’p(1—7)>>
1— A _ 1 1
1—7’(1_(1_7-)\)(;)(1—?)1—)\))
1— A 1—7\
1—T<1_p(1—?)(1—A)>

1-A  (1-MN)(1-7))

L—7 pll=7]21-=2X)

1-XA  (1-7)\)

1—T_p]1—7]2

=X .1 7
- 1—7(1_T)\)<1—)\’p(1 T)>
1—A _ n
- ey
n(l —7N\)
pl1 =7

g =T {ya, M ;)
1—\ 7 1

[ e v e
1—-X _ 1 il
TS T
_ﬁ(l—?)\)

oL =7
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) = g (1+ 1 =70 My))

1—AX _ n n

B 1—T<1+<1_T)\)<1—)\’p(l—T)>)
1A _ Inl?

- 1—7‘<1+<1_T)\)(p(l—?)(l—/\))>
1—A  1-7A

—7 i

Step 2. The next step is to determine whether there exist x9, 25,235 € C
such that

25l =1, J2il <1, |23 <1, and 2 = 2525,

and

x5e(l) + x3d(1)
we(l) +d1) "

Here,

1-7 n—nT
)= —0 b(1) =
W W

—7 + 7T 17
)= — d(l) = ———.
e
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Let 25 = w for w € T. Now

z5e(1) + 23d(1)

z5e(1) 4+ d(1)

t ¢ ¢ 3 i3

(3

7

T+ 7T | 1-7
I I T
="

| T 1-7

—Nw+NTw x5 — T9T

pll =72 p[l -T2
TS + T i—=

pL=rP " o =P
—Nw +NTw + x5 — 25T

o
—Tw + NTw + Ty — 5T = =N + NTT{h) + 17— 71)
25(1 —7) = —Maii] + qrati + 7 — i + w — JTw
I s U /B e
2 1—7
2 = —nxii(l —7) +1ﬁ(1 —7)+nw(l —7)
-7

Ty = =i + 10+ Nw.

Since 29 = x525 and z5 = w, we have
1 2L3 3 )

;= 25w (5.26)
Ty = NN 0w

For given n,7 € T, we want to find a solution 27, 23, x5 of the above system
such that |z9| < 1, |z5] < 1. Thus we want to findw € Tand z € C : |z < 1

such that

that is

r] = w(—=na§n + 1+ nw),

x5 + 25wni] = wij + 1. (5.27)

Step 3. For the given data, 1 — (n,7,n7), in the case that there are
x7, x5, x5 € C such that
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(i) |#i] <La§=weT,

(ii) Ty = $_§wa
e]

(iil) 23 = =72y + 7 + Nw.

the solution of the problem will be an €—inner function x = (21, 29, 3)
where, for A € D,

B = S
=) e
Al [
e R i e
zo(N\) = %(A)
iz )
s =R = ]
- TR AR o
z5(\) = %(A)
_ sl =)+ a5l -DA-N - (1-TN] oo

[l =7+ p(1 =7)(1 =)+ (1 =T\
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Let us check that (1) = (n,7,77). By equation (5.28), we have

2 (=14+7)+n(l—-7)
(1 —=7)+ (1 —7)
—z7+n _ n(—zm+1)
—xin+1 —xin +1

IEl(].) =

By equation (5.29), since =5 = —x571 + 7 + w7, we have
—z3n(1 —7) +25(1 —7)

»l) = — i T a7
Wi a3 i — g i+ T
I —25 + 1
(=i +1)
T

By equation (5.30), since z§ = —xz71 + 7 + w7, we have

(1 —=7) + w(—147)

-1 —-7)+(1—-7)

TN —w =T A 0 A fwn
—zyn + 1 —zyn + 1

ni (=2 + 1)

—xin+1

z3(1) =

One can easily check that x = (1, x9, x3) defined by equations (5.28), (5.29)
and (5.30) is a E-inner function of degree 1 satisfying (1) = (n, 7, n7).
Let us check that Az,(1) = p. By Proposition 3.2.2 and Proposition 4.2.3,

Az(1) = AW, 0 2)(1) = Ap(1).

By Proposition (A.2.2), for every A € T and for every rational inner function

¥s

Recall that



5.2. Examples

We aim to show that Ap(1) = 1:’;/((11)) = p. One can easily check that, for
A e D,
1—7F)(1—A) — (1 -7\ —p(1—7)+7
CL(/\) _ p( T)(pll _)7_|2 ( T )7 CLI()\) _ p’5|1 _72’:—7'7 (531>
and so e -7 47
a(1) = ﬁ a'(1) = ppu _TT|2 . (5.32)
1 =7\ /i
e O = (5.3
and so 1-7 B
=T Y= (5.34)
71 —FA "
c(N) = ﬁ ¢(A) = py%ﬂ (5.35)
and so 1 —7) o
W=t W= (5.36)
1—F)(1—A\)+ (1 -7 —p(1—7) -7
d()\) _ p( T)(p|1 _)7_7; ( T )7 d/(>\> _ p’EH _72|2 ’7'7 (537>
and so |- 1-7) -7
d(1) = p|1—_1|2, d(1)= ppll —TT|2 g (5.38)
By the equations (5.32), (5.34), (5.36) and (5.38),
a(1)¢ +b(1)
P = DT
—1+7 n(l —7)
pll — 72 Cdl—p]1—7'|2
[0 -7 1-7
[m =
(=14+7)(+n(1—-7)
N1 =7)¢+(1-7)
—C+n =710 _ " (5.39)

—n¢+1  1-7¢
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Let us find ¢/(A). Note that, for A € D,

d= (1) =",

v v?

where u(A) = a(A)¢ + b(A) and v(A) = ¢(A\)C +d(N) .

It is easy to see that u/(\) = a/(A)¢ + b'(A\) and v'(A) = (N + d'(N). By

equations (5.32) and (5.34),

(L—T)C+TC— 7

! / / —pP
W) =) = =

)
and

u(l) = a(1)¢+0(1)
_ ¢+ TC+n(l—7)

pl1 =7
_ A=7)(=C+n) _ n—¢
pl1—7[? p(1—=7)

=P
and
v(1) = (1) +d(1)
_ mA-D+ -7
pl1 =7
(Y w(=CHn)
p(l—7)  p(l—7)"
Therefore,
, | = =D)CHTC—n7 | |7 — Q)
v [ 1= P ][Ml—ﬂr
and

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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and
oy (T=9\ _ Pl -¢p
vi(1) = (p(l _7_)> = 1) (5.46)
Thus by equations (5.44) and (5.45), we have
W(0(1) = a1 (1) =~ (=) [ﬁ(—p(l R+ )

—%Wﬁ—ml—ﬂ—?i

- 1= [(—ﬁé L1001 —F)]

p(1—=7)p|l — 7|2
(n = O)(=n¢ +nm)

p(1—7)?
_ 7i(n = ¢)?
= i (5.47)
Thus, by equations (5.47) and (5.46),
iy w(Ho() —u(l)v'(1)
¥ (1> - U2<1)
_ il =¢PpP(l— 1)’
p(1 —7)27*(n — ()?
= % = pn. (5.48)

Hence

By Proposition 3.2.2, Az,(1) = Ap(1) = p.

Example 5.2.4. Let n = 1,k = 1. Let n = 1,7 = —i. Suppose o7 = 1.
The points n = 1,7 = — € T and a p > 0 are prescribed, and we seek a
E-inner function & = (1, 15, 3) of degree 1 such that z(1) = (i, —i, 1), and
Az (1) = p.

Let us follow steps of Example 5.2.3.
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Step 1. Let 7 € T\{1}. By equations (5.26), (5.26), (5.26) and (5.26) since
n=1and n = —1,

I—=X (1-=7))

a(}) = 1—T_p|1—7'|2
i1 =7N)
===

d0\) = I—=X (1=7\)

S l—7  pll—7]2
Step 2. Let us determine whether there exist x9, x5, 2§ € C such that
@5l =1, Jall<1, |u3l <1, and of = a5, (5.49)

and
x5¢(0) 4+ 23d(0)

25¢(0) + d(0)
By the above equations (5.26 ) and (5.27), we need to find a solution of the
following system:

= 7. (5.50)

) = T5w (5.51)
Ty = —MEyn 4w

such that |z9| < 1,|z5] < 1,w € T.

For the given data 1 — (i, —i, 1), the system (5.51) is equivalent to
;= aSw (5.52)
g = a5 (—i) + (=) + (—1)w

with |2] < 1,]25] < 1,w € T.
Let take w = —1 € T. Then

r3 = —1
;= —af (5.53)
T3 Ty

73



5.2. Examples

where |z5| < 1, |25| < 1.
Thus, 29 = —z5, and so x5 = ib, where b € R and |b| < 1.

Therefore,
xy = b
x5 = b (5.54)
x5 = —1,

where b € R and |b| < 1, satisfy equations (5.49) and (5.50).

Hence, by equations (5.28), (5.29) and (5.30), the solution of the problem of
finding a degree 1 £—inner function such that z(1) = (i, —i,1) and Ax;(1) =
p will be,

WD[(1T=XNp(1=7) = (1=7N)]+i(1 =T\
bli(1—=TN)] +p(1=T)1 =N+ (1 =7\’

() = (5.55)

_ (EDEA =T Fiblp(1 =T)(A = A) + (1 = TN)]
S vy B s e ey T R

b)) (1 —=TA) 4+ (=1)[p(1 =7)(1 = A) — (1 =7TN)]

73(A) i — 7N 1 p(1 =P =N + (1 —7N)

(5.57)

Hence at 1,

x(1)_ib(—1+?)+i(1—ﬂ)_—a:‘f—l—i_i(m‘{i—i—l)_i
" -+ (1 -7 a1l a1l

1) — —i(1 —=7)+ib(1 —7) —i+ib  —i(ib(i)+1)
7a(l) = bi(l—7)+1-7 @) +1 @) +1
25(1) = ()1 -7)+ A -7) (i) +1 _

’ ()1 —7)+ (1—7) ib(i)+1

We have shown for the general case in Example 5.2.3, that Az;(1) = p.

1.
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Chapter 6

Matricial formulations of the
solvability criterion for

tetra-interpolation problems

6.1 Introduction

Recall that the ppiqe-synthesis problem: given distinct points Ay, ..., A\, € D
and target matrices Wy,...,W,, € Msyo(C) such that ppig(Wi) < 1, k =
1,...,n, find if possible an analytic 2 x 2 matrix-valued function F' on D such
that

F(\j) =W, forj=1,..,n, and

Upiag(F'(A)) < 1, for all A € D.

Abouhajar, White and Young showed in [1] that the solvability of fipjeg-
synthesis problem is equivalent to the solvability of an interpolation problem
from D to €. In 2016, Brown, Lykova and Young [22] proved the following
theorem, see also [21].

Theorem 6.1.1. [22, Theorems 1.1 and 8.1] Let Ay, ..., A, be distinct points
in D, and let

j j
Wy Wpg

J J
W, = [wll wl?] € Myys(C).

be such that pipia,(W;) < 1 and wi,,wy, # det W; for j = 1,...,n. Let
(21, Toj, w3;5) = (W), why, det W;) € € for j = 1,....,n. Then the following

1)
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tetra-interpolation problems

are equivalent.

(i) There exists an analytic function F': D — Myyo(C) such that F(\;) =
W; for j =1,..,n, and ppia(F(N)) <1 for all A € D;

(ii) There is an x € Hol(D, &) such that x(\;) = (1, Ta5, x35) for j =

1,...n;

(i) for every distinct points zi,zs,23 € D, there exist positive 3n-square
matrices N = [Nz‘l,jkw}g:l 1 vey Of rank at most 1, and M = [Mil,jk]?le L1
such that, for 1 <i,7<mand1 <[,k <3,

RT3y — T4 B35 — X5

1 - = (1 — Z2) Nujr + (1 — \Aj) Mg jr; (6.1)

T2 — 1 Loz — 1

(iv) for some distinct points z1, 23, z3 € D, there exist positive 3n-square ma-

. n,3 — n,3
trices N = [Ny jk|; 21 x=1 Of rank at most 1, and M = [My ji];5Z, ; pey

such that

RT3 — T1j ZkL3j — xlj] . o
[ X2 — 1 TojRk — 1 - [( Zle) l’]k] + [( ]) l,jk]
(6.2)

Theorem 6.1.2. [27, Theorem 7.5.2] If A € M,,+,,(C) is positive semidefinite
matriz of rank k, then A may be written in the form
A = vv] + 0905 + ... + vy,

where each v; € C"™ and the set {vq,...,ux} is an orthogonal set of nonzero

vectors.

6.2 Matricial formulations of the solvability

criterion for tetra-interpolation problems

A matricial formulation of a solvability criterion for the spectral Nevanlinna-
Pick problem was given in [3]. The next theorem presents a matricial formu-
lation of a criterion for the solvability of a pipiae-synthesis problem.
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Theorem 6.2.1. Let \q, ..., \, be distinct points in D, and let

j
Wy Wpg

U}j wj
W; = [ 1 }2] € Mayo(C).

be such that pipi,(W;) < 1 and wly,w), # det W; for j = 1,...n. Let
Ty = w{l, Toj = w%Q and x3; = det W, for each j. Let the 3n-square matriz
A be defined by

A = diag{ A} 1, (6.3)

The following conditions are equivalent.
(i) There exists an analytic function F': D — Mayo(C) such that
F()\]) = Wj fOT’ j = 1, ., n

and
Kpiag(F' (X)) <1 for all A € D;

(ii) For some distinct points z1, z2, 23 € D, there exist positive 3n-square
matrices N = [Nif,jk]Z}imk:p M = [Mmjk];f’f’:LMﬂ such that rank

N <1 and
X>N—-Z*NZ+ M — NMA, (6.4)

where 3n-square matrices X and Z are defined by

Mo — 1. - .1n,3
X = |1 — 24X 3 T1i REL3 .1'1]] : (65)
Toize — 1 oz — 1 lig=1k=1
Z = diag{zg}?fm:l; (6.6)

(iii) For every choice of distinct points z1,zs,23 € D, there exist positive
y 73 ,3
3n-square matrices N = [Nif,jk]zg':u,k:lf M = [Mif,jk]?,jzl,f,kzl such
that rank N <1 and

X =N-Z'NZ+ M- AMA, (6.7)
where X and Z are defined by equations (6.5) and (6.6) ;
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(iv) For some distinct points zy, z2, z3 € D, there exist a positive 3n-square
matriz M, a 1 X 3n vector v, and a matriz P of type 3n X 2 such that

-1 0 0
0 1 0
0 0 X

-1 0 vy
0 1 L
vy M — A*MA

I, 0
P I,

I, P
0 Iz,

Y

where X and Z are defined by equations (6.5) and (6.6) ;

(v) For every distinct points z1, 22, z3 € D, there exist a positive 3n-square
matriz M, a 1 X 3n vector 7y, and a matriz P of type 3n X 2 such that

~10 0 1 0
I, 0 i I, P
0 1 0 0 1 N7 ,
P ]3n 0 I3n
0 0 X v Z M — A*MA
(6.9)

where X and Z are defined by equations (6.5) and (6.6) .

Note that in N, M, A and Z the rows are indexed by the pair (i,¢) and
the columns by the pair (j, k), where 7 and j run from 1 to n, and ¢ and k

run from 1 to 3.

Proof. 1t is easy to see that (6.2) and (6.1) can be written as equations (6.4)
and (6.7) respectively. If X = [Xi&jk]Z}'S:l,e,k:p then by (6.1),

Xiejk = Nivji — ZelNigjeze + Mig i — NiMip ji\j

where 1 <i,5 <nand 1 <[k <3.
The proof has the following structure:

() < (i) < (i)
) )
(1) (v)

The equivalences (i) <= (ii) <= (iii) follow from Theorem 6.1.1.

(11) = (iv). Suppose (ii). Since N has rank 1 and N > 0, by Theorem
6.1.2, there exists a 1 x 3n vector v such that N = v*v. Consider the Schur
complement identity

A B
B* D

A 0
0 D-—B*A™'B

I, A'B
0 Is,

Iy 0
B*A—! 15,

(6.10)
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6.2. Matricial formulations of the solvability criterion for
tetra-interpolation problems

where A, D are of types 2 X 2, 3n x 3n, respectively. Now choose

-1
A= O B | 7| D= M- AMA
0 1 0
We can write identity (6.10) as
-1 0 ¥
0 1 L
v 2y M — ANTMA
1 0 0 -1 0 0 1 0 —v
=10 1 0 0 1 0 01 2
—v* 2y I, 0 0 M—NMA+~"y—Z"v~vZ| |0 0 I3,
(6.11)
Let
P = _B*A—l — [’Y* _Z*,Y*:| c C3n><2‘
Thus (6.11 ) becomes
-1 0 ¥
0 1 L
v 2y M — ANTMA
10 0
Ihb O I, —P*
= 0 1 0
—P I, I3,
0 0 M—NMA+~y—Z"vyvZ
(6.12)

By pre- and post-multiplying by the inverses of the first and third matrices
on the right-hand side and using the relation (6.4) we obtain the relation
(6.9):

L ol |7t © 7 I, P
P I 0 1 VL 0 L
" v 2y M — A*MA "
10 0 10 0
=0 1 0 <lo 1 0|. (613
0 0 M—AMA+~y— ZvZ 0 0 X
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6.2. Matricial formulations of the solvability criterion for
tetra-interpolation problems

Now, we prove (iv)=>(ii).
The inequality (6.8) can be expressed as

L o] [A o] [, —P A B
P Iyl |0 X| |0 L, |~ |B M—AMA|l
It follows that
0 < [ 4 —AP ][4 B
= |—PA PAP*+ X B* M — A*MA
[ o —AP* - B
| =PA— B* PAP*+ X — M — A*MA

Hence P* = —AB and

0 < PAP*+ X —M—-NANMA
= BAB+X —-M—-NMA
- b 2]

0 1| |vZ£
= YN+ Z'YNZ+ X — M — AN"MA.

+X - M—-AMA

Thus,
X >y —=Z"v'vZ + M + N*MA.
So, (4i) holds with N = ~v*y.
In the similar way as we have shown that (i7) <= (iv), we can prove that
(i17) <= (v). O

Let Ay, ..., A\, be distinct points in D, and let

J J
wyp Wig
Wy Wy

be such that fipig(W;) < 1 and wi,,w), # det W for j = 1,...,n, and let
T1; = Wiy, T2j = wiy and x3; = det W; for each j. By [1, Theorem 9.2], tipiag-
synthesis problem reduces to the solution of the £-interpolation problem to

find

z € Hol(D, €) such that x(\;) = (11, 973;) for j =1,....n.
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6.2. Matricial formulations of the solvability criterion for
tetra-interpolation problems

To determine with the aid of Theorem 6.2.1 whether the pipiag-interpolation
problem with these data is solvable, we may test conditions (ii) of Theorem
6.2.1. That is, we must ascertain whether there exist positive matrices N of
rank 1 and M satisfying (6.4). The following theorem shows that a search
over a compact set of pairs of matrices (N, M) suffices.

Theorem 6.2.2. [22, Theorems 9.2 | Let Ay, ..., \, be distinct points in D,
and let (xq;, 295, T3;) € & be such that T1;%9; # x3j for 3 =1,..,n . Let

21, 29, 23 be distinct points in D. The E-interpolation problem

)‘j cbh— (.CClj,l'gj,Qﬁgj) cé&

forg =1,...,n, is solvable if and only if there exist positive 3n-square matrices

N = [Nif,jkmf:l,z,k:l of rank 1 and M = [Miﬁ,jk]Z}il,z,k=1 that satisfy
21T — T1; 2k T35 — T1j _ —
1— L3 Li k23 L Z [(1 - lek)Nil,jk] + [(1 - /\i)\j)Mil,jkL (614)

T2 — 1 Loz — 1

and
1

(1= [zl )(1 = |55])

| Niejie] <

and

2 1 1
T L= A (1 = f2)? (1= fag;])?
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Appendix A

Background Materials

A.1 Basic definition

Definition A.1.1. [9, Definition 1] A Blaschke factor is a Mdbius transfor-

mation that is positive at 0,

a a—=z

B, (z)

)

:ml—az
where a € D.

Definition A.1.2. The polynomially convex hull of a compact subset S of
CV, denoted by S’, 1s defined as

S={zeC":|p(»)| < max lp(s)| for all polynomials p}.
s€

Definition A.1.3. A domain €2 is said to be polynomially convex if for each
compact subset S of Q) , the polynomial hull S of S is contained in €.

Definition A.1.4. Let Q be a domain in C* with closure 0, and let A(S)
be the algebra of continuous scalar functions on Q which are analytic on ).
A subset C' of Q is a boundary for Q if every function in A(Q) attains its
mazimum modulus on C.

From the theory of uniform algebras [20, Corollary 2.2.10], it follows
that when Q is polynomially convex, there is a smallest closed boundary of
), contained in all the closed boundaries of 2 and called the distinguished
boundary of Q or Shilov boundary of A(£2). When the distinguished boundary
of Q2 exists, we denote it by bS2.
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A.2. The phasar derivatives

A.2 The phasar derivatives

Definition A.2.1. [6, Definition 2.3] For any differentiable function f :
T — C\ {0} the phasar derivative of f at z = € € T is the derivative with
respect to 0 of the argument of f(e?) at 6. We denote it by Af(z).

Here are some useful elementary properties of phasar derivatives from [2].

Proposition A.2.2. (i) For differentiable functions v, : T — C\ {0}
and for any ¢ € C\ {0},

A(p) =AY+ Ap and  A(c)) = Ag. (A.1)

(ii) For any rational inner function ¢ and for all z € T,

_ ¥()
Ap(z) == o) (A.2)
(i) Ifa € D and
Balz) = lz—_gz’
then
_1-Jaf

AB,(2)

= > 0 forze.
|z —af?

(iv) For any rational inner function p,

Ap(z) > 0 forall z€T.

A.3 Positive definite matrices

Definition A.3.1. A matrizv A = (a;;) € Myxn(C) is said to be Hermitian
if A= A"

Definition A.3.2. A matriz A is said to be positive semi-definite if (x, Ax) >
0 for all x € C", and positive definite if (x, Az) > 0 for all vectors = #
0, x € C".
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A.3. Positive definite matrices

Note: A positive semi-definite matrix is positive definite if and only if it
is invertible. There are some conditions that characterize positive matrices.
They are proved in [17].

e A is positive if and only if it is Hermitian and all its eigenvalues are
nonnegative. A is strictly positive if and only if all its eigenvalues are

positive.

e A is positive if and only if it is Hermitian and all its principal minors
are nonnegative. A is strictly positive if and only if all its principal

minors are positive.

e A is positive if and only if A = T*T for some upper triangular matrix
T. Further, T' can be chosen to have nonnegative diagonal entries. If
A is strictly positive, then T is unique. A is positive if and only if 7" is

nonsingular.

Definition A.3.3. A matriz A is minimally positive if A > 0 and there is
no positive diagonal n X n matriz D, other than D = 0, such that A > D.

Definition A.3.4. The spectral radius of a square matriz A, which is denoted

by r(A), is the nonnegative real number

r(A) = max{|\| : X is an eigenvalue of A}.

A.3.1 Automorphisms of D

Let 2 be a domain in C". An automorphism is an analytic bijective map
from a domain 2 to itself. The automorphism group of €2 will be denoted by

Aut(9).
For any point a € D, there is an automorphism of the disc
a—z
he(2) = ,
(2) 1—az

a conformal bijection of D that interchanges a and 0.
All automorphisms f of D have the form

f(2) = eha(2)
for some point @ in D and some real number 6 € [0, 27). Automorphisms of

D are called Mobius transformation [9].
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Appendix B

Construction of kernels N and
M for the tetrablock

Here are some well known definitions and results from [9] and [13].

Definition B.0.1. [13, p. 344] Let X be a set and k : X x X — C be a
function. Then k is a positive semidefinite function if for all xq,...,x, € X

and ¢y, ...,c, € C,
n

Z c_jcik(xj, IZ> Z 0.

ij=1
Definition B.0.2. [9, Definition 2.22] A kernel on a set X is a hermitian
symmetric positive semidefinite function k : X x X — C, where hermitian

symmetric means k(x,y) = k(y,z) for all x,y € X.

Theorem B.0.3. [22, Theorems 1.1 and 8.1] Let Ay, ..., A, be distinct points
in D, and let

j
Wy W9

J J
W, = [wll “’;2] € Mayo(C).

be such that ppig(W;) < 1 and wl,,w), # det W; for j = 1,...n. Set
(215, Taj, T3;) = (W), why, det W;) € € for j = 1,....,n. Then the following

are equivalent.

(1) There exists an analytic function F : D — Msyo(C) such that F(\;) =
W; for g =1,...n, and ppie,(F (X)) <1 for all A € D;

85



(i) for every distinct points zi, 22,23 € D, there exist positive 3n-square
matrices N = [Nil,jkmf:u,k:l of rank at most 1, and M = [Mil,jk]:tf):l,l,kzl
such that, for 1 <i,7 <nand1 <[,k <3,

RT3y — X143 ZpX3 — Ty

1— = (1 — Z2) N + (1 — \Aj) M i (B.1)

T 2] — 1 TojZk — 1

Proof. (i) = (ii): Suppose there is an analytic function = = (x, z2, x3) :
D — & such that Ty, = (21, Tej, w3;) for all j = 1,...,n. By [22, Theorem
7.1], since x1;x9; # x3; for j = 1,...,n, there is an analytic function

sl f1

f2 X2

F = D — M2>(2(C)

such that fo # 0, ||F(A)|| <1 for all A € D, and

1= W@, 2 ¥(z,2(N) = (1= @2)3(m@)y(h 2) + (1= TN (n,w)”

L P T, (82

for all z, \,w, u € D, where

-1 an zZ)= L
10 2) = (1= 22(0)2) " fo(A) and (3, 2) LW)Z].

Let z1, 29, 23 be any distinct points in D. Then, in particular, for 1 <i,57 <n
and 1 <[,k <3 we have

1 —YW(z, x15, 2;, x3:) Y (2, T1j, T2, T35) =

(1 = 700 207 s 22) + (1= TodgnO, ) )y,

1— XA
(B.3)

Since F' € 8**% with f, # 0, by [22, Proposition 5.1],

A= F(u) f(N)
1— 7\

Y, w)y(A, 2) and n(p, w) n(A; z)

are kernels on D?. Hence the 3n-square matrices
n,3

JR— n73 y— N2VEAY
N = [Nil,jk]i,jzl,l,k=1 = [7()‘1'721)7()‘3"216)]1_7],:17l,k:1
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and
n,3

77()% Zk)
i =1, k=1

[ — F(N)F(\)
1— A

n,3 . *
M = [Mil,jk]i,j=1,l,k=1 = n(\i, 1)

are positive for all 1 <i,j <nand 1 <[,k < 3. Moreover, N is of rank 1
and forall 1 <7, <nand 1<,k <3,

1 —Y(2, 214, Tos, 230) Y (28, 715, Toj, 235) = (1 — Zi2e) Najr + (1 — NAy) Mg jge-

Thus, (i) = (ii).
The proof of (ii)==(i) can be found in [22, Theorem 8.1]. O
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