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CHAPTER 1
INTRODUCTION

1.1 Research purpose

Fresh water is one of the most important natural resources. However, like other
natural resources, the usable water is limited while the demand for water increases as
industrialization proceeds and the population grows. What makes matters worse is that
water resources are being reduced by pollution.

Groundwater is an important water resource. However, in many countries, it has not
been fully developed yet, either because of sufficient surface water sources, technical
problems, or geographical conditions. Generally groundwater is relatively clean and is
better protected from pollutants than surface water. Thus groundwater is an important
subject for water engineers and scientists who have focused on its development and
protection. In both cases, research into the movement of pollutants plays an important
role in the effective exploitation of groundwater.

Recently hydrologists concerned with groundwater pollution have studied multiphase
flows in the subsurface because many pollution problems are characterized by
multiphase contamination. The simplest multiphase pollution problem is solute
transport in the unsaturated zone. More complex multiphase pollution problems
involve organic matter such as petroleum products discharged to use oil. Since many
of organic products are essential to our normal life and industry, the potential for
groundwater pollution by them is significant unless they are controlled properly. In
multiphase problems, the organic compounds may form their own flows that are
distinct from the subsurface water flow but partly dissolve with the water phase and
cause low concentration long term pollution of the water phase.

There have been many efforts dedicated to predicting the movement of pollutants. A
lot of mathematical and numerical models have been developed with the aid of
laboratory and field works. However almost all models have been developed to solve a
few restricted scenarios. Model users are obliged to invest considerable time in

understanding the various models; their numerical accuracy and coding.



The purpose of this study is to categorize the pollution patterns in the subsurface and
to develop a numerical model that can be applicable to a wide variety of subsurface
contamination. The general primary variables and generalizing procedures are
employed to make the numerical model applicable to various pollution patterns. Many
kinds of tracers can be used to know the behaviors of fluid phases in the subsurface.
Because the model is able to describe partitioning of mass of a component among fluid

phases, tracer problems also can be simulated by the model.

1.2 Literature review

1.2.1 Basic definitions and pollution patterns

Beneath the surface of the ground, the solid matrix consists of soil, sand, gravel,
and rock. Usually there exists void space in the solid matrix, through which fluids may
migrate. This kind of solid matrix is defined as porous medium. Through the void
space, there may be flows of gas, water, or oil. If more than one fluid is found in a
porous medium and they can be characterized as distinct bodies separating each other
by distinct physical boundaries, and each being identifiable by distinct quantities in
space and time, they are referred to as phases. If void space is filled with only one fluid
phase, then the term, single phase flow, is used to characterize the movement of the
fluid; otherwise, multiphase flow. A phase may consist of several chemical species
defined as components.

The pollution patterns in the subsurface are subjected to properties of solid matrix,
fluid phases in void space, and interactions among fluid phases. Bear and
Buchlin(1991) discuss the behaviors of water, gas, and oil, according to the property
of the solid matrix. If the solid matrix consists of hydrophilic material, water is the
wetting phase. The affinity of oil to the solid matrix is somewhere between those of
water and gas. On the other hand, if the solid matrix consists of oliophilic material,
the behaviors of water and oil are exchanged. The fluid phases in a porous medium

contribute to determining the pollution patterns. This study considers the four



combinations of the fluid phases: water-gas, organic-gas, water-organic, and water-
organic-gas. The interphase mass transfer that can be caused by dissolution and
evaporation is also an important factor that determines the pollution patterns. This

study categorizes the pollution patterns that can be simulated by a numerical model.

1.2.2 Mathematical model

The physical phenomena associated with multiphase fluid flows in porous media
can be expressed analytically to determine the basic thermodynamic quantities such as
mass density, motion, and temperature. The governing equations that describe
movements of these quantities are usually based on the conservation laws of mass,
momenta, energy and entrophy.

Grouse(1966), Soo0(1967), and Butterworth and Hewitt(1977) have relied on
somewhat intuitive or empirical concepts to derive the conservation equations. So
these models are generally restricted in application to particular multiphase systems.
The continuum theory of mixtures are employed by Eringen and Ingram(1965), and
Muller(1968) to obtain governing equations for multiphase systems. In this method,
phases are viewed as overlapping continua, which simultaneously exist everywhere and
occupy the whole space.

The previous two approaches are focused on particular assumptions such as
incompressible, steady state, or one-dimensional flow. To derive flexible general
conservation equations for multiphase systems, the local volume averaging technique is
adopted by some scholars.

In the approach of local volume averaging, the system is considered to be composed of
interpenetrating continua. The thermodynamic quantities of a phase are assumed to be
continuous for the phase but discontinuous over the entire space, because each phase
occupies part of space and is separated by highly irregular interfaces. The classical
balance laws of continuum mechanics may be applied to the system. However because
the description of the configuration of pore space is an overwhelming task, the
governing equations obtained at the microscopic scale should be averaged over

representative local volume.



Various scholars emphasize the value of the local volume averaging technique in
obtaining equations applicable to multiphase systems. Whitaker(1966) employs local
area averaging to develop Darcy’s law. However, this technique proves too
complicated from the standpoint of the notational conventions. The difficulties of area
averaging are overcome when Whitaker(1967) and Slattery(1967) adopt the volume
averaging method. Slattery(1967) and Whitaker(1969) develop a theorem which
relates the average of a spatial derivative of a function to the spatial derivative of the
average of the function. Bachmat(1972) applies a column averaging technique to
continuum equations that contain spatial derivatives and time derivatives. However, it
seems that one of the most useful researches has been conducted by Gray and
Lee(1977). They present the theorems of local volume averaging which relate averages
of derivatives to derivatives of averages. Given its simple and clear generalization, it is
very useful for deriving macroscopic mass balance equations of multiphase fluids in

porous media.

1.2.3 Numerical model

Some authors have developed analytical solutions for multiphase flows in porous
media. However most of them are focused on special cases which are extremely
simplified. It is very difficult to solve highly nonlinear partial differential equations
analytically that describe fluids transport in porous media. Consequently many
modelers have turned to numerical techniques for their solution. The two most popular
numerical techniques are the finite difference method and the finite element method.
Each has advantages and disadvantages and it is difficult to say which one is better.
For a long time, the finite difference technique has been very popular among
hydrologists. Nolen(1972) develops a reservoir simulator to solve both water-coning
and gas-percolation problems in an oil reservoir. The reservoir simulator is based on
the nonlinear form of the semi-implicit finite difference equations.

Abriola and Pinder(1985) present a mathematical model for three-phase flows(water,
gas, and organic compounds). Because they consider interphase transfer from organic
compounds to water and gas phases, the transport of a chemical contaminant is

described as a nonaqueous phase, as a soluble component of an aqueous phase, and as



a mobile fraction of a gas phase. The contaminant is assumed to be composed of , at
most, two distinct components, one of which is volatile and water soluble and the
other of which is non-volatile and insoluble in water. In addition, the effects of matrix
and fluid compressibilities, gravity, capillarity, diffusion and dispersion are all
considered. The resulting mathematical model is solved using the finite difference
technique. However, this model is restricted to only water dominated situation,
because it assumes that water phase is in contact with gas phase.

Faust(1985) produces a numerical model that describes the simultaneous flow of
water, a second immiscible fluid and gas. The two-dimensional equations for flow in a
vertical plane are approximated by the finite difference scheme. No mass transfer
between the phases is considered.

Corapcioglu and Baehr(1987a) develop a mathematical model describing the fate of
hydrocarbon constituents of petroleum products. Three-phase(water, gas and oil)
flows are expressed analytically, allowing mass transfer of reactive constituents such as
benzene, toluene, and xylene found in refined petroleum products like gasoline. In
addition adsorption is considered and microbial degradation of petroleum products is
also discussed, focusing on the mass conservation of oxygen which plays an important
role in the metabolism of hydrocarbons. This solution is obtained by using a finite
difference method and a method of forward projection to evaluate the nonlinear
coefficients. However, unlike the model of Abriola and Pinda(1985a,b), it is not
suitable for treating the water dominated system.

Sleep and Sykes(1993) develop a compositional simulator for analyzing simultaneous
flow of three fluid phases(water, gas, and organic). The model which uses a block-
centered finite difference discretization can simulate interphase partitioning and
transport of an arbitrary number of organic and inorganic components. However, its
application is restricted to only the case that the water phase is the most wetting and
the gas phase is the least wetting, and that in a three-phase system only organic-water
and organic-gas interfaces are formed. Thus the compositional model is not general
because of the fixed assumption.

Baehr(1987) presents a system of partial differential equations defining radially
symmetric transport of solutes and vapours from a multiconstituent immiscible

contaminant at residual saturations. The finite difference method is used for the



numerical solution of the equations. His model predicts long-term groundwater
pollution from vapours and solutes emanating from organic liquids at residual
saturations. He considers the mass transfer of organic phases to water and gas phases.

A numerical model to predict the migration of organic contaminants in the subsurface
is developed by Kia(1991). In a three-phase fluid system of gas, water and
contaminant, simultaneous flow of the water and contaminant phases is formulated by
applying mass conservation principles to each of the phases under the condition of no
interphase mass exchange. The complex formulations are solved numerically using an

implicit finite difference scheme.

The finite element technique is more suitable for complex geometry and can track
sharp fronts more accurately. However, when applying them to highly nonlinear,
immiscible flow problems, several numerical difficulties can be encountered. Mercer
and Faust(1977) discuss these difficulties and suggest several techniques to overcome
them.

Voss(1984) produces the numerical model, SUTRA, employing a finite element
technique. SUTRA solves solute transport problems in the unsaturated and saturated
zone. Many authors have made considerable progress in the solution of solute
transport problems. In this thesis, they are considered as a subject of the more general
multiphase problem.

Langsrud(1976) presents a finite element model for two-phase(oil and gas) flows in
porous media. Two-phase flow of compressible fluids in a porous medium is
characterized by two coupled, non-linear equations for oil and gas.

Osborne and Sykes(1986) develop a two-dimensional mathematical model for two-
phase flows in porous media. The numerical model is based on a generalized method of
weighted residuals in conjunction with the finite element method and linear
quadrilateral isoparametric elements. Incompressible fluid and porous medium are
assumed.

Lin(1987) develops a model for the flow of two incompressible and immiscible fluids
in incompressible porous media. He does not consider mass transfer, diffusion and
dispersion. Numerical analysis, based on the finite element method, is presented. To

overcome nonlinear systems of equations, the Newton-Raphson’s method is employed.



Kuppusamy et al(1987) develops a finite element model for multiphase flow through
porous media involving three immiscible fluids(gas, water and a nonaqueous phase). A
variational method is employed for the finite element formulation. No mass transfer is
considered among phases. Simplified flow equation is used because an incompressible

porous medium is assumed with constant fluid densities and viscosities.

As previously shown in this section, the existing numerical models have very narrow
validity in spite of the fact that there could be many cases of flow patterns in the
subsurface especially for the multiphase flows. Thus it is necessary to develop a
compositional multiphase model which is applicable to a wide range of multiphase flow
problems in porous media. This study is dedicated to meet the purpose, which may

make the scientists and engineers freer in applications and assumptions.

1.3 Research content

Chapter II derives the general macroscopic balance equation that describes the
movements of quantities such as mass, momentum, energy, or temperature. It
discusses the general physical characteristics of subsurface flows and introduces the
volume averaging method. The boundary conditions are considered to complete the
mathematical model.

Chapter III discusses the physical phenomena for multiphase systems in the subsurface,
focusing on interfacial tension, wettability, capillary pressure curve, velocity of a fluid
phase, dispersion and diffusion. Employing the general primary variables, the three
governing equations are determined by applying the mass balance law to components
and phases of concern. This chapter discusses the scope of application that can be dealt
with the three governing equations.

Chapter IV introduces the finite element technique used to discretize the governing
equations derived in chapter III. It explains the numerical techniques needed to
overcome difficulties that are caused by the attempt of dealing with various pollution
types. The variations of the general primary variables and the spatial and temporal
derivatives in the governing equations are categorized according to the pollution

patterns.



Chapter V describes the verification of the numerical model, COMPO (COMPOI1D
and COMPO2D), applying it to four examples. The accuracy of the code, COMPO, is
conveyed by the comparisons of simulation results obtained by COMPO and other
numerical models. The convergence properties of COMPO are also shown by grid and
time step refinement. Finally the extended use of the code is shown by applying it to a

tracer problem.



CHAPTER II
TRANSPORT PHENOMENA IN POROUS MEDIA

The purpose of this chapter is to provide the general balance equation for a quantity
such as mass, momentum, energy, or temperature. The fundamental knowledges of the
continuum mechanics are introduced in section 2.1. The microscopic balance equation
is derived in section 2.2. Section 2.3 presents the averaging rules which are required
for deriving the macroscopic balance equation. Integrating the microscopic balance
equation over REV(Representative Elementary Volume), the macroscopic balance
equation is obtained in section 2.4 using the averaging rules. To obtain specific
solutions from the macroscopic balance equations, boundary conditions are needed.

Section 2.5 derives microscopic and macroscopic boundary conditions.

2.1 Basics of continuum

Phases may not be continuous throughout the domain of concern due to the
geological complexity. However, all phases are assumed to be continua over the
domain to construct an mathematical model. In this section, the basic concept of

kinematics of continuous materials is introduced.
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2.1.1 Coordinates

X3

Figure 2.1.1 Coordinate description

There are two ways to describe the position of a particle of a phase, depending on
the position of an observer. To start with, consider a small body, B, of the phase at
time, #=0, that is occupied by continuously distributed matter of the phase(see figure
2.1.1). Ro is supposed to be the region which is occupied by B. The position of a
typical point P, within Ro can be presented by using the spatial(Eulerian) coordinate
system where the position of the observer is fixed. Every point in R, can be described
in this way. Let X be the position vector of P,. Then the components Xr of X, in the
chosen coordinate system, are the coordinates of the position, Po, occupied by a
particle of B at #=0. Each point of the region R, corresponds to a particle of the body
B, and B is the assemblage of all such particles.

If the body which occupies the region R, at =0 moves by any external forces, it will
occupy a new continuous region R at time 7. Although the configuration of the body B
at =0 changes with time, the same particles will be distributed continuously but in
different space. So the individual particles of the body B can be identified at time 7. Let
us define a point of R as P which is occupied by the same particle that occupied P, at
t=0. As shown in figure 2.1.1, the position vector of P is x in the spatial coordinate
system.

Another coordinate system is the material(Lagrangian) coordinate system where the

observer moves along with the particle of B that occupies P, at =0 and P at 7=z. At the
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reference time =0, the particle can be identified by the position vector X. Regardless
of time elapse, the particle is defined by X according to the material coordinate system.
For practical purposes, it is required to establish the relationship between two
coordinate systems. The position of the particle of B, at t=t, can be denoted as x in the
spatial coordinate system. So the position vector x can be represented as the function
of X and ¢, because X reflects the origin of the particle and time is another independent

factor which decides the position of the particle:

x=x(X,t), or x—x(Xet) (i,R=123) 2.1.1)

where x; : components of x

Xr : components of X

For physically realizable motions it is possible in principle to solve (2.1.1) for X in

terms of x and ¢, which gives equations of the form:

X=X(x,t), or Xg=Xr(x;,t) (i,R=1,23) (2.1.2)

Problems in continuum mechanics may be formulated either with the material
coordinates Xr as independent variables, or with the spatial coordinates x; as
independent variables. In the material description attention is focused on what is
happening at, or in the neighbourhood of, a particular material particle. In the spatial
description attention is focused on events at, or near to, a particular point in space. In
principle it is possible to transform a problem from the material to the spatial

description or vice versa by using (2.1.1) or (2.1.2).

2.1.2 Displacement and velocity of a particle

The displacement vector, d, of the particle of B can be expressed as follows( see
figure 2.1.1):
=x-X (2.1.3)
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Adopting the material coordinate system, it can be rewritten as:

d(X,t)=x(X,t)-X (2.1.4)

On the other hand, equation(2.1.3) is able to be expressed in terms of the spatial

description as follows:

d(x,t)=x-X(x,t) (2.1.5)

In the material coordinate system, the particle of B is always identified as the position
vector, X, regardless of time elapse. Thus the velocity vector of the particle can be

expressed in the material coordinate system as follows:

dd(X,1) dx(X,1)
ot ot

v(X,t)= (2.1.6)

where the differentiations are performed with X held constant. In terms of the

components v; of v, “equation(2.1.6) can be written as:

ox,(Xg.t)

v, (Xg,t)= 3

(2.1.7)

The result of performing the differentiation (2.1.6) or (2.1.7) is to express the velocity
components as functions of Xz and ¢; that is, they give the velocity at time ¢ of the
particle which was at X at =0. Frequently it needs to employ the spatial description.

To do so, it is necessary to express v; in terms of x; by using the relations (2.1.2).
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2.1.3 Material derivative

Assuming that a general quantity, G, varies throughout the domain of interest with
time and space, G is the function of time and space. As mentioned previously, it can be
expressed by using either the material coordinate system or the spatial coordinate

system:

G=G(Xr,1)=G(x,,?) (2.1.8)

The mathematical formulation of general physical laws and the description of the
properties of particular materials is often most easily accomplished in the material
description, but for the solution of particular problems it is frequently preferable to use
the spatial description. It is therefore necessary to employ both descriptions, and to
relate them to each other. The time derivative of G in terms of the material description

is called the material derivative. It can be expressed as:

DG JdG(Xwr.t)
= 2.19
Dt dt ( )
Adopting equation(2.1.1), equation(2.1.8) can be rewritten as follows:
G= G {x(Xr,1),t}= G{x(Xr,1), x{XR,1), x{Xr,1),t} (2.1.10)

Then, the following equation is obtained by differentiating equation (2.1.10) with

respect to ¢ with Xr constant:

DG _9G(xi,t) dxi(Xx,t) + 0G(xi,t) 0 x:(Xr,t)
Dt 9x ot 3 x2 ot
0G(xi,t) dxs(Xr,t) 9G(xi,t)
o or T or

(2.1.11)




14

By using the summation convention, this is rewritten concisely as:

DG _9G(xi,t) dx,(Xx,1) +8G(x.',t)
Dt dx ot ot

(2.1.12)

Equation (2.1.12) is rewritten in the simpler form by employing equation (2.1.7) as

follows:

DG 0G(xi,t) 9G(xi,t)
=V +
Dt 0x ot

(2.1.13)

The final form of the derivative DG/Dt is called the material derivative or the
convective derivative that represents the changing rate of a general variable, G, of a

particle with time in terms of the spatial coordinates.

2.2 Microscopic balance equation

This section derives the microscopic balance equation by the two approaching

methods: the spatial and material approach. In both cases, it is assumed that there is a

single phase continuum in the domain of interest.

2.2.1 Spatial approach

Figure 2.2.1 Control volume for the spatial approach
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To start with, an arbitrary point is chosen within the phase continuum. Its position

vector is defined as x. Consider a general quantity, G, in a volume, U, around the

point. The amount of the quantity within U is ju gdU, where g is the density of G.

The fixed finite domain, U, is referred to as the control domain of the volume U of
arbitrary shape, bounded by a closed surface, S. Figure (2.2.1) shows such a control
domain, with U and S denoting its volume and the area of the surface bounding it,
respectively.

The instantaneous accumulation rate of the general quantity, G, within & can be caused

by influx or efflux crossing the boundary, self-production within the domain, and

external supply. Thus, the following relation can be established verbally:

Rate of Net influx of Net rate of Rate of
accumulationof |=| GintoU + | production of |+ external supply
G withinU through S G withinU into U

(I (2) (3) 4)

It can be rewritten in a mathematical form as follows:

(1) The rate of accumulation of G in U is expressed by

0 og
— = =240
ot u’ ugt

where the exchange of integration and differentiation is permitted in view of the
fact that the boundary of the domain U is fixed : the domain does not change in the

course of time.

(2) The net influx ( = total influx minus total efflux ) of G into # through S, is

represented as:

—L gV® -ndS

where V¢ : velocity vector of the G continuum

gV : flux vector of the G continuum
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Because n is defined as the outward normal unit vector on the elemental area dS,

the integral has the minus sign.

(3) The net rate of production of G from sources in U, is expressed by:
G
fporeav

where I'°: rate of internal production of G, per unit mass of the phase.

p : mass density of the phase

(4) The rate of external supply of G can be defined as follows:
G
J,produ

where f© : rate of external supply of G, per unit mass of the phase.

In summary, the balance of the G continuum in U is expressed by:

ju%—fdu=—js gV® mdS+| pr°dU+| pf °dU 22.1)

Assuming that pVC is differentiable within U, Gauss' theorem(refer to Bear and

Bachmat, 1990) can be applied to the first term on the right of (2.2.1). The Gauss

theorem is represented for the general quantity, G, as follows:
[v-Gau =[G nas (2.2.2)
u s

Employing equation(2.2.2), equation (2.2.1) can be rewritten as:

j 98 L y.gy© —pre _pr)dUzo (2.2.3)
“\ ot
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By shrinking the volume U to zero around an arbitrary point, we obtain:

984V gV® ~pr® - pr° =0 (2.2.4)

where all terms refer to the point. Equation (2.2.4) is the general microscopic balance

equation in a continuum,

2.2.2 Material Approach

Here, the observer follows a general quantity, G, within a domain, #°, enclosed by
a material surface, S°. Unlike the spatial approach, #° and S® change in the course of

time. The amount of G is defined within #£°(¢) at time ¢ as follows:

G= gdU (2.2.5)

7

Since the observer follows the general quantity, G, within U, no amount of G can cross
the boundary, S°. However, there is a possibility of the growth of G within the material
volume and the external supply of G in the course of time. Hence, the following

equation can be established as:

DG —
Dt uSqy 899 = J‘uG(npr

G pf ¢dU (2.2.6)

+
uS )

The first term of equation (2.2.6) can be rewritten by applying Reynold's transport
theorem(Bear and Bachmat,1990):

Dg _ dg G
Dt uG(r)gdU_ uG(,)EdU"'J‘SGU)gV S (2.2.7)
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As in the spatial approach, the Gauss' theorem, equation(2.2.2) is applied in order to
transform the surface integral in equation(2.2.7) into a volume integral. Then,

equation(2.2.7) can be rewritten as:

D _ dg o
Dt uG(z)gdU_.[uG(x) ot dU+J‘quV gv~du (2.2.8)

Substituting equation(2.2.8) into (2.2.6), the following equation can be obtained:

dg G G G _
JMG(,)(§7+V-gV —pI® —pfS lqu=0 (2.2.9)

Since the domain #°(¢) is arbitrary, the integrand jtself must vanish everywhere. Thus

the same balance equation is derived as follows:

%—f+V-gVG—pI"G—pr =0 (2.2.10)

2.3 Averaging rules

The necessity of the REV and the basic definitions for averaging are discussed in
subsection 2.3.1. The useful averaging theorems for deriving the macroscopic balance

equation are derived in subsection 2.3.2.

2.3.1 REV and the basic definitions for averaging

In the previous section, the microscopic balance equation has been derived for single
phase. However, there arise two big problems: one is how to trace out the complex
boundaries at this level and the other is that proof that the solution of the mathematical

equation is right can not be obtained, because of limitations of experimental methods.
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Even if it is possible to circumvent these problems, it is impractical to spend sufficient
money and time to solve the problem at the microscopic scale.

Hence, another approach is required which describes the transport phenomena as
accurate as possible, but overcomes these problems. To simplify the microscopic
behavior, averaging over a suitable volume which contains all characteristics under
consideration can be adopted. Introducing this simplifying tool, it is feasible to define a
point within a phase to represent a discrete volume, the REV(Representative
Elementary Volume).

Since the REYV is the basic element for the macroscopic analysis, its selection demands
certain conditions. The REV should contain all characteristics of the system around a
point of interest. If it is too small, there can be a severe discontinuity problem. For case
that it is too large, the transport phenomena in the porous media can not be analyzed
exactly. Whittaker(1969) has shown that the conditions of REV can be met when the
characteristic length of the averaging volume is much greater than the pore diameter in
the medium but much less than the characteristic length of the medium. Hassanizadeh
and Gray(1979) also discuss the conditions for the REV. Additionally the shape, size,
and orientation of the averaging volume are required to be independent of space and

time.
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Figure 2.3.1 Representative Elementary Volume

Fig 2.3.1 shows a planar cross-section across a REV. For the purpose of averaging, it
is convenient to define a local co-ordinate system, x;,x;,x;, which has axes parallel
with the x,,x,,x,, system but whose origin is located at position x, center of the REV.
The location of the averaging volume with respect to the x’ co-ordinate system is
independent of x. For instance, the averaging volume may be defined such that its
centroid always coincides with the origin of the x” system. Let U define the volume of

the REV. From figure 2.3.1, the following relations are established.

O0< Uix,t) <U Us(x,?) + Uu(x,t)=U (2.3.1)

where Us(x,?): volume of solid phase

Uv(x,t): volume of void space

where the volume U is independent of space and time. However, Us and Uv may
depend on x and ¢ if the medium is deformable or the system is in motion. The porosity

is defined at the center point of REV as:
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Uv(x,1)
U

e(x,1) = (2.3.2)

Uv(x,1) may be occupied by fluid phases. Letting the subscript ¢ one fluid phase in the

void space and the subscript 3 all other phases in the REV, the following relations can

be established as:

ea(x,t)=U—“I(;—’Q . U=U,(x,N+U,(x,1) (2.3.3)

_ U, (x,1) _ €, (x,1)

Sa (1) = Uu(x,t)  &£(x,1)

(2.3.4)

where €, (x,t) : volumetric fraction of the a-phase
S«(x,t) : saturation of the a-phase
U, (x,t) : volume of the o-phase

U, (x,1) : volume of the B-phase

The amount of the ¢-phase in the porous medium is able to be given by using €, (x,t)

or Sa(x,?) . The distribution function v, (x +x”") is defined as follows :

) 1 within U (2.3.5)
x)= 3.
Yol 0 outside U,
The phase average,_G:, of a general quantity G is defined as:

—~ 1 ’, ’

G, (x.1)= EIMG(HX )Y, (X+X,1)dU (2.3.6)

where the volume of integration, U=U, +U, , is independent of space and time.

However U, and U; may depend on x and 7. Physically, the phase average is a
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property of the a-phase only averaged over the entire volume occupied by the - and
B-phases in the averaging volume(e.g. specific discharge is the phase average of the

fluid velocity). Becausey, is zero in the B -phase, equation(2.3.6) can be rewritten as:

G, (x,?) =E uuu.nG(Hx ,1)dU (2.3.7)

where the limits of integration depend on spatial location and time if the medium

deforms or the system is in motion. The intrinsic phase average, G—ua, of a general
quantity G is defined as:
—a 1
) =— G(x+x’,1)dU 2.3.8
Go" ()= i Juen SO0 (2.3.8)

This type of average describes a property of the a-phase averaged over that phase
only(e.g. the fluid velocity obtained by averaging the point fluid velocities over the
volume occupied by the fluid is an intrinsic phase average). Employing equation(2.3.3),

comparison of equation(2.3.7) and (2.3.8) indicates that:

G, (x,1) =€, (x,0)G,  (X,1) (2.3.9)

The deviation of G, at a point x+x” within an REV can be defined as:

G, (x+x',1) =G (x+x",1) -G (X,1) (2.3.10)

By taking the volumetric phase average, the following relation can be established as:

G, =0 (2.3.11)
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2.3.2 Averaging theorems

Average of a sum

Let G,(x+x’,t) and G,(x+x’,t) be two quantities in a phase, and a: and G, be

their corresponding averages. Then, the next averaging rule is obtained:

% u(“){G\ (x+x’,t)+G2(x+x',t)}dU

1 , 1 ’
_ﬁju(mGl(x+x ’t)dU+6 )Gz(x+x ,0)dU

U(x,t

from which it follows that:

=G, +G, (2.3.12)

Average of product

G,(x+x’,t) and G,(x+x’,t) can be rewritten as follows:

G,(x+x',1) =G, (x,)) +G|(x+X',1), G,(x+x’,1)=G,(x,t)+Gj(x+X",1)

The average of a product can be expanded as:

1 ’ ’
G,G, = _ﬁju(x)G‘(x+x )G, (x+x,1)dU

1 — ) ) ' '
=Gju(x){G,(X,t)+ G(x+x ,t)HGZ(x,t)+G2(x+x ,t)}dU
1 (— —
= {8 G, (Y U o
= 1 , ,
+G,(x,t)6ju(x)62(x+x ,1)dU
= 1 , ,
+GZ(X,I)EJM(X)GI(X+X ,t)dU

+ %ju(x){G{(x +x,1){G} (x +x’,1)}dU
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Employing equation(2.3.11), the average of a product reduces to the following form:

G,G,=G, G, +G/G] (2.3.14)

2
Spatial average of time derivative

The spatial average of a time derivative can be related to the time derivative of a
spatial average. This theorem is used by Whitaker(1973) who considers it to be the
transport theorem associated with a point fixed in space. From equation(2.3.6), the

phase average of a time derivative becomes:

aaGt“ (x,) =%fu%?(x+x’,tm(x+x',t)du (2.3.15)

Application of the chain rule to the right of equation(2.3.15) yields:

a;}t" =% u%[G(x+x’,t)Ya (x+x’,1)]dU

(2.3.16)

aaYt" (x+x’,t)dU

1 ,
—EJuG(x+x 1)
Because U is independent of time, the order of differentiation and integration in the
first term on the right side can be changed. Thus, employing equation(2.3.6),
equation(2.3.16) can be rewritten as:

dG, _9G,

ot ot

1 ’ aY(x ’
_EIuG(XH‘ ,I)E—(x+x ,1)dU (2.3.17)

If the o-phase is deforming, <y, is a function of time and the last term in

equation(2.3.17) is non-zero. The total derivative of y_ with respect to time is:
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dYy _ 9Va , 4% Yy A% 0Vy | dX; 07,

= 2.3.18
dt 0dt dt dx, dt dx, dt dx, ( )

(OYa/9x,),(0y, /9x,)and(dy, /9 x;) are non-zero only on the S, interface. If

(dx,/ de), (dx,/ dt), and (dx,/ dt) are chosen to be the velocity components of the
interface, the total derivative becomes a material derivative that moves with the
interface. Because an observer riding on the interfacial boundary sees no change, this

derivative is zero:

HNe _ DYy _y_9%a

d Dt ot

+u-Vy, (2.3.19)

where u is the velocity of the interface. Thus, the following relation can be established

as:

Y o
ot

=-u-Vy, (2.3.20)

Substitution of equation(2.3.20) into (2.3.17) yields:

3G, _9G,

Jt ot

+%J.uG(x+x’,t)u(x+x',t)-Vya (x+x’,0)dU (2.3.21)

Gray and Lee(1979) have related the spatial derivative of the distribution function to

Dirac function as follows:

VYo (X) =-n,8(x—Xy3) (2.3.22)
0, X#X,,
where d(X—Xq5) = < Dirac function.
o, X=X
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Substituting equation(2.3.22) into the last term of equation(2.3.21), the following

equation is obtained:

—l—JuG(x+x',t)u(x+x’,t)-Vyu(x+x',t)dU
U 1 (2.3.23)
=—6J-MG(x+x Dux+x",1)-n 0(x+x —xap,t)dU

The right of equation(2.3.23) involves the delta function which is zero everywhere
except at the o-P phase interphase. The value of an integral whose integrand is a 6-
function multiplied by some other quantity is just that quantity evaluated at the singular

points of the 8-function. Therefore,

—ijuG(x+x’,t)u(x+x',t) NS (x+ X" —Xy5,1)dU
U 1 (2.3.24)
=_Ejs G,(x+x",H)u(x+x",r)-n,dS

af(x,r)

Substituting equation(2.3.24) into (2.3.21), the final form can be obtained as follows:

o o

ot dt U“Ss

ASPRAS lj G,u-n.dS (2.3.25)

where u is velocity of interface. Equation(2.3.25) is a relationship between the spatial

average of a time derivative and the time derivative of a spatial average.
Spatial average of spatial derivative

The last theorem of interest relates the average of a gradient to the gradient of an
average and was developed by Slattery(1967) and Whitaker(1967). The average of the

spatial derivative of G within the o-phase can be represented by employing

equation(2.3.6):
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1 ’ ’
VG, = 6ju[vc(;wx D] o (x+x7,1)dS (2.3.26)
Application of the chain rule to the terms on the right of equation(2.3.26) yields:

VG, = %juV[G(Hx',z)yu(x+x',t)]du—%juG(Hx',z)[Vya(x+x',t)]dU

(2.3.27)

Substitution of equation(2.3.22) into equation(2.3.27) yields:

o= |1 , ’
VG, =EJ'MV[G(x+x )Y (X+X7,1)]dU
(2.3.28)

1 , ,
+6_[uG(x+x NS, (x+x —Xop,1)dU

According to the definition of &-function, the last integral of equation(2.3.28) can be

rewritten as follows:

1 , , 1 ,
EjuG(x+x,t)nmésa(xﬂx xaB,t)dU_EjSWGu(Hx ,HndS  (2.3.29)

Then, equation(2.3.28) becomes:

S , , 1
VG, = [ VIGO+x" )7, (x+x ’f)]dU‘fﬁL GondS  (2.3.30)

U ap(xJ)

If V on the right of equation(2.3.30) is considered to be V _, it may be removed from
the integral sign because the volume of integration has been specified to be

independent of x. Thus,

vl 1 ’ ’ 1
VG, —V'Y[EJ.uG(x+x Yo (X+Xx ,t)dU}+—6J‘S G, n,dS (2.3.31)

af(x.r)
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Adopting equation(2.3.6), equation(2.3.31) can be rewritten as:
s o |1
VG, =VG, o -[s.,p G,n,dS (2.3.32)

Finally the averaging theorem for spatial derivatives has been derived.

2.4 Macroscopic mass balance equation

The averaging rules have been derived in the previous section. The macroscopic
balance equation is able to be obtained by integrating the microscopic balance equation
over the REV with the help of the averaging rules. A general quantity in thect-phase is
considered, letting all other phases the [-phase. To begin with, the microscopic

balance equation(2.2.10) is rewritten as:

aagt“ =-V.-(g V*+I)+p°TS +pf° (2.4.1)

where the total flux of G is decomposed into an advective flux and a diffusive flux
IV, IS =g, (VS —V*®), which represents the net influx of G per unit volume of the
phase per unit time.

By integrating equation (2.4.1) over the o.-phase present within %, the domain of the

REV, and dividing the result by the REV, U, the following equation can be obtained:

1¢ 98, dUz_flf.[u V.(gaV“+JSU)dU+%ju p“l‘de+%J‘u p* f dU

U, 9t
(24.2)
Employing equation(2.3.7), equation (2.4.2) takes the form:
98s = T (g Vo HIL) 4T P 1S (243)

dt
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Adopting equation(2,3.8) and (2.3.3), equation(2.4.3) can be rewritten as:

d8

£
* ot

= V(g V" +J) +&_p°TC +e,p°fe (2.4.4)

By employing equation(2.3.25) and (2.3.32), equation(2.4.4) can be rewritten as
follows:

- a

—(?—8 —ij u-ndS
ot a 8o U “Sep 8a

o Tou“ 1 ] o
= Vel @V +I) —Gl (V4TI mdS+e, p T +e, 0% S

(2.4.5)
or
.a_et_liz—v.e ( Vu+JGU)a 1 Vu
at o8« o _ﬁjsaﬂgu( —u)-na’S
(D (2) (3)
(2.4.6)
1 —a (¢4
gk, & S e o Hep S
4) (5) (7)
where

(1) Rate of increase of G(in the a-phase), per unit volume of porous medium.
(2) Net influx of G by averaged advection and diffusion, per unit volume of porous
medium.

(3) Amount of G entering the phase, through the interface surface, S, of the phase

within U, per unit volume of porous medium and per unit time, by advection with

respect to the (possibly moving) S,4-surface.
(4) Same as (3), but by diffusion through Sg-

(5) Amount of G generated by sources of G within U, per unit volume of porous
medium and per unit time.
(6) Amount of G generated by external supply, per unit volume of porous medium and

per unit time.
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By equation(2.3.14), the averaged advective flux, g“V“a , may be decomposed into

— — oo
two fluxes: a flux g’V’ and a macroscopic advective flux g® V* . With these

fluxes, (2.4.6) is rewritten in the form:

a _ua —a_-__« —_— —
heaag =-V-g, (g% V* +g'V +JY)
g (2.4.7)

—%L [g*(V* —w)+ I} ndS+e, p°TS  +e,p®fS
ap

Equation (2.4.7) is the general macroscopic differential balance equation of a general
quantity, G, of a phase. Comparing (2.4.7) with the microscopic mass balance equation
(2.2.10), it can be observed that the macroscopic equation contains two additional
terms, introduced as a result of the averaging process. The first term is Wa which is

the flux of G in excess of the average advection of G by the phase. The other is
‘%L {gm(Vcl —U)+JSU}-ndS which expresses the influx of G across the S;-
ap

surface, which separates the considered phase from all other phases within U, by

advection relative to the possibly moving Ss-surface and by diffusion.

2.5 Boundary conditions

To obtain the solutions from the closed set of balance equations, it is necessary to
provide supplementary information such as initial conditions and boundary conditions.
In the microscopic analysis, the boundary simply indicates the contact area between

two phases. However, the macroscopic boundary is based on hypothetical assumption.
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2.5.1 Microscopic boundary condition

The microscopic differential balance equation for the general quantity, G, is
developed in section 2.2. If the quantity is energy or heat, it can be transported across
the microscopic(physical) boundary between two phases. On the other hand, if the
quantity can not be transported across the boundary, the boundary is defined as the
material boundary. For example, a fluid-solid boundary is material to fluid mass, but
not to energy. In the absence of sources and sinks of a general quantity on the
boundary, the amount of the quantity should be conserved as it is being transported

across the boundary.

Figure 2.5.1 Microscopic boundary

An arbitrary portion of the system which contains the @-and S-phases is chosen to
derive the general microscopic boundary equation(see figure 2.5.1). Here, the surface

surrounding U, and Uj is not the material surface with respect to the quantity G.
Assuming that the general quantity exists throughout the whole volume(U, + Uj), the

microscopic mass balance equation can be applied to the concerned volume.
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For the purpose of deriving the microscopic boundary condition, the material approach
1s adopted as in subsection 2.2.2. Equation(2.2.9) is derived assuming that the observer
follows the material boundary that no amount of the general quantity, G, can cross.
However, to derive the microscopic boundary condition, the observer must follow the
selected boundary that is not material. The balance equations of the general quantity,
G, can be given for the given @- and S-phase portions respectively, replacing V°, the
velocity of G, in equation(2.2.9) with u the velocity of the boundary.

For thea-phase in figure 2.5.1, U, the balance equation can be established as:

dg G G G
qu(l)(-a—t+v-gV —pr—pf dU

(2.5.1)
=, 0 8CV7 ) ngdS + |, , (V¢ —u)-Nas
For the B-phase in figure 2.5.1, Uy, the balance equation can be established as:
dg G G G
jll 7+ng —pF —pf dU
N (2.5.2)

=.[S

G G
g(V —u)-nﬁadS-i-J.SBmg(V —u)-NdS

U‘B(')

Then, the whole boundary surface surrounding the @-and [-phases should be

considered to derive the boundary condition. Considering the sources, I"°°, of G on

S, » the following balance equation of G over U, + U, can be obtained:

Jdg G G G
J'uw%m(st—Jrv.gV pr® —pf ¢ |dU

= —j S8 4s +
SuB(’)

(2.5.3)

G — .
.Isu (N+8g (1) g(V u)-NdS

By adding equation (2.5.1) and (2.5.2), and comparing the sum with equation (2.5.3)

the following equation can be established as:



k

ul}(')

where [ ], =[ 1.~ ],

= nu[} = _nBa

33

ﬂg(VG—uﬂmhn+f&%dS=0 (2.5.4)

[ ]a : the quantity in the bracket is from the ¢-phase side

Since equation (2.5.4) is valid for any size of S, the integrand must be zero at every

point of S ;. Thus the boundary condition should be as follows:

2.5.2 Macroscopic boundary condition

[¢(Ve-w)]  -n+T* =0

(2.5.5)

Two typical examples of the macroscopic boundary are the environment of the

concerned domain and two adjacent porous medium subdomains of different solid

matrix porosities. For case of the discontinuity of porosities, a macroscopic boundary

can be shown for the single fluid phase(see figure 2.5.2).

porosity
&

porosity
&

A,
fluid fluid solid solid )
macroscopic boundary
solid fluid fluid | solid
A:

Figure 2.5.2 Macroscopic boundary(single fluid)
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where A, #A,. It can be observed that there must be fluid-solid, solid-solid and fluid-
fluid contact areas at the macroscopic boundary across which there is discontinuity in
porosity. The same idea can be extended to multiple fluid phases in the void space.
Unlike the microscopic boundary, an idealized boundary is chosen at the macroscopic
level, which assumes an abrupt change in porosity across the boundary(figure 2.5.2).
To derive a general macroscopic boundary condition for the general quantity, G, an
arbitrarily chosen(mathematical) boundary should be considered within a domain on
the basis of the concept of the idealized macroscopic boundary. The general quantity,
G, is assumed to exist and transfer through all phases.

Following the same procedures used in deriving the microscopic balance equation, a

macroscopic boundary condition is obtained as follows(see Bear and Bachmat, 1990):

[g(VG—u))] n+T% =0 (2.5.6)

where subscript 1 and 2 indicate each side of the boundary. Thus it shows that the
difference in total flux between two sides, 1 and 2 is balanced by the possible source of

G on the boundary. Equation (2.5.6) can be rewritten in the form:

Z[eugu(vf -u)“] n+Ye T =0 (2.5.7)

(a) (ax)
or

Sl )

(a)

n+ e, TE =0 (2.5.8)

1,2 (o)

where Zsa =1,J ;G(= g’V’")denotes the dispersive flux of G and J_SUOL denotes
(@)

the averaged diffusive flux of G. Equation (2.5.8) represents the general macroscopic
boundary condition for any general quantity, G, in a porous medium, and expresses the
notion that G does not accumulate on the boundary. In the absence of sources on the
boundary, (i.e., I'® =0), equation (2.5.8) reduces to the continuity of the total flux

across the boundary
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e fi (7 -afeait T} o oo

(a) 1,2

However, practically the boundary conditions take the form of specification of the
values of state variables or of fluxes on the boundary. In other words, assuming that
side 1 of a boundary is the considered porous medium domain and side 2 is the
external environment, the information related to the external side must be given by one
of the two ways.

Firstly, if the general quantity, G(x, t), is specified on the external side of a boundary

segment, the boundary condition can be simply represented as follows:
G(x,t) = fi(x,1) (2.5.10)

where f,(x,t) is known at all points of the boundary. The condition is referred as a

boundary condition of the first kind, or a Dirichlet condition.

Secondly, if the total flux, f,(x,?), is known on the external side of a boundary, the

macroscopic boundary condition can be obtained from equation(2.5.9) as:

R

a

where f,(x,t) is a known function which is not affected by any processes that take

place in the concerned domain. This boundary condition is known as the boundary

condition of the second type, or a Neumann condition.
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CHAPTER III
MULTIPHASE FLOWS IN POROUS MEDIA

In this chapter, the physical and mathematical descriptions of multiphase flow are
developed. Section 3.1 is dedicated to describing the physical phenomena for
multiphase flows in porous media. Then the governing equations that can be used for

the numerical model are developed in section 3.2.

3.1 General description of multiphase flow systems

The term, immiscible fluids, is used to indicate fluid phases which at the
microscopic level maintain a distinct surface that separates them. A component of a
fluid phase may cross this interface and dissolve and diffuse in a fluid phase present on
the other side of the surface of separation. Similarly, a volatile component of a liquid
may evaporate by crossing the gas-liquid boundary. However, under certain
conditions, in spite of these transfer phenomena, the two adjacent fluid phases continue
to keep a distinctive interface between them. This study assumes that at least two
immiscible fluid phases flow through the solid matrix. However, since four immiscible
fluid phases rarely flow simultaneously in porous media, three-phase (water, gas and
organic phase) flows are assumed to be the maximum number considered in this study.
Unlike in single phase flows, we must consider the physical phenomena describing the
interactions between fluid phases. In subsection 3.1.2, the concept of capillary pressure
is introduced, relating it to the interfacial tension. Capillary pressure curves are
introduced in subsection 3.1.3 which represents the relationships between capillary
pressures and saturations that can be obtained by experimental work. Darcy’s law is
introduced in subsection 3.1.4. Finally subsection 3.1.5 deals with dispersion and

diffusion phenomena.
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3.1.1 Interfacial tension and wettability

A liquid molecule in a porous medium is influenced by two attraction forces :
cohesion and adhesion. Cohesion acts in the interior of the liquid, while adhesion acts
between two liquids, liquid and gas, or liquid and solid matrix. The interfacial tension
is caused by the difference of the cohesive and adhesive forces on the interface.
Assume that water phase is in contact with the gas phase. A water molecule is
attracted equally in all directions within the water phase, because it is surrounded by
the same kind of molecules that have the same cohesive force. It applies to the gas
phase as well. However, a water molecule on the interface is not attracted equally by
the surrounding molecules because the adhesive force between water and gas
molecules is weaker than the cohesive force between water molecules. Thus, it is
natural that the water molecule moves towards the interior of the water phase. As a
consequence of the pull towards the water phase interior, the surface of the water
phase always tends to contract as much as possible to its interior. It results in the
formation of a thin film at the interface between the two phases which is capable of
sustaining tension. This property is known as interfacial tension. The interfacial
tension between a liquid and its vapour is known as surface tension. The same
phenomenon takes place at the interface between a liquid and a gas, or any two
immiscible liquids.

At the molecular level, no sharp surface of separation exists, instead, a gradual
transition takes place, across a relatively narrow zone from the phase occupied only by
one kind of molecules to that occupied only by molecules of the other kind. Because of
the different behaviour of the molecules in this transition zone, this zone is
conceptually replaced, as an approximation, by an interface that is assumed to separate
the two phases. In multiphase flows, transport of mass, or mass of a component may

take place through this interface, which is a curved two-dimensional surface.
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Figure 3.1.1 Capillary rise through tube

One of the simplest measurements of surface tension is by means of capillary rise.
As shown in figure 3.1.1, water rises through a tube of circular cross section of radius
I, because the affinity of water for the tube is greater than that of air. For sufficiently
small diameter tubes, it is reasonable to assume a spherical interface, so that the
principal radius of curvature becomes R =r/cos8. An equilibrium may be established

along vertical direction, yielding:

_hp,gr

o = 3.1.1
™ 2cosO ( )

where o, : surface tension

g :gravity

p, :water density

The shape of the interface depends on the geometry, say the configuration of the solid
matrix, and relationships among phases. But it is a rule that, as observed in a small
falling drop of a liquid, the interface between two immiscible phases tends to contract,
making as small a contacting area as possible.

For a more general description of interfacial tension and the shape of interface between
fluid phases, assume two immiscible fluid phases(a liquid and a gas phase) that are in

contact with a plane solid surface( see figure 3.1.2).



39

Owc

s phas
BRSPS liquid phase
~ Gsc __ P 6 Os.

) >

solid phase

Figure 3.1.2 Interfacial tensions and contact angle

Three interfacial tensions can be observed at point P. If ¢ indicates the interfacial

tension between i phase and j phase, iand jmay be S, L, or G to specify solid, liquid,
or gas respectively. The angle 6, called contact angle, or wetting angle, indicates the
angle between the solid surface and the liquid-gas, or liquid-liquid interface, measured
through the liquid that tends to be more adhesive to the solid plane.

Equilibrium along the horizontal plane yields:

G4 —O
4 =0 ,;c080+0,, or cosh=—C L (3.1.2)
cSLG

The equation, called Young's equation, relates the wetting angle to the interface
tensions of the three phases. In the case that 6, >0 ,, + G, , the state of equilibrium
does not exit. The liquid spreads indefinitely over the solid surface, wetting the solid
perfectly. According to the contact angle, 6, it can be decided which fluid is wetting
the solid phase more preferentially. If © is less than 90 , it is said that the liquid wets
the solid and is called the wetting phase, whereas the gas is called the nonwetting one.
On the other hand, if 6 is more than 90 , the liquid is said to be the nonwetting phase,
while the gas phase is the wetting phase. But practically the latter rarely takes place. If
two liquids are in contact with the solid phase, © plays a more important role to decide
the wettability. As mentioned before, this study deals with water, organic, and gas

phase. Normally water is the most adhesive phase to the solid phase among the three
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phases. If the solid matrix is composed of hydrophilic material, water is the wetting
phase and gas is the nonwetting phase. The wettability of organic phase lies between
water and gas. However, if the solid matrix is oliophilic, the behavior of water and

organic phases are interchanged.

3.1.2 Capillary pressure

For multiphase flows in porous media, there is a discontinuity in pressure across a
curved interface that separates any two immiscible fluids. The shape of the interface
between two fluids in a porous medium depends on the configuration of porous media
and pressures of the two fluids on the interface. Let us assume an infinitesimal element

of a curved interface between water and air phases (see figure 3.1.3).

P.dxdy

OwdXx

Figure 3.1.3 Infinitesimal element of a curved interface

Assuming the interfacial tension, © to be constant, a balance equation of force

wa ?

component normal to this element can be established as follows:
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P{:—szcw[i,-i- l”) (3.1.3)

where r’,r” : two principal radii of curvature

G,, : 7275 dyne/cm at 20 C
Equation(3.1.3) is known as the Laplace formula. The left hand side of the
equation(3.1.3) represents the discontinuity of the two adjacent pressures, while the
right hand side consists of interfacial tension and curvature of the interface. Assuming
the interfacial tension to be constant, equation(3.1.3) relates the pressure difference to

the shape of interface. The difference in pressure of the two contacting fluids is known

as the capillary pressure, P, :

P, =P -P 3.1.4)

where P, : pressure of nonwetting phase

P, : pressure of wetting phase

W

Let us introduce the mean curvature X, :

where r, : harmonic mean of the principal radius of curvature

So equation(3.1.3) can be written as follows:

P, =—* (3.1.5)
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where water is the wetting phase and air is the nonwetting phase. Thus it can be said
that the interface curvature at a point on the interface is related to the capillary

pressure at that point.

air phase air phase

P{l

/’%

a .
4 solid

water water
phase phase
(a) (b)

Figure 3.1.4 Movement of interface caused by the change of capillary pressure

Figure 3.1.4 shows the plane views of two cases, where the water and air phases form
an interface in a solid column that has wide passage in upper part and narrow passage
in lower part. In figure 3.1.4(a), the two fluids are in equilibrium between capillary
pressure , P,— P, , and interfacial tension, making curvature whose radius is r,.
However, if P, changes from P! to P] by some reasons such as water table drop, the
balance does not hold any more. Thus another balance may be established as in figure
3.1.4(b). To sustain the bigger capillary pressure, the radius, r, , must be smaller than
r, . As a consequence, it can be said that the change of capillary pressure causes the
movement of multiple fluids in porous media. If P, becomes P, again, water rises.

However, water may not rise to the same point as it was, because the shape of porous

media or the properties of solid matrix may influence the system when the air-water
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interface is advancing or receding on the solid surface. This phenomenon is called

hysteresis. It will be referred again in the next subsection.

3.1.3 Capillary pressure curve

Even if equation(3.1.5) is valid mathematically, it is not suitable to apply practically,
because there is no way to measure the principal radii of curvature of interface. Thus
another expression that is practical and holds the concept of equation (3.1.5) is
required.

For a water-air fluid system in a porous medium, the smaller radius means that the
capillary pressure is bigger on the interface between the two fluid phases. Thus the
largest curvature (smallest radius of curvature) can be found in the narrowest pores,
where the capillary pressure is the biggest. The biggest capillary pressure indicates that
water exists only in the narrowest pores, whereas water in larger pores is withdrawn
until water meets the narrowest pores that can resist the corresponding capillary
pressure. Generally the larger pores empty at low capillary pressures, while the narrow
pores, supporting interfaces of larger curvatures, empty at higher capillary pressures.
Because pores have different sizes and shapes even at the same height, some of them
may contain water, if they are narrow enough to resist the corresponding capillary
pressure, while others are empty.

Therefore, i1t can be said that the quantity of water within an REV is related to the
capillary pressure. Another expression for water quantity is water saturation. As a
consequence, the capillary pressure can be related to the saturation of a fluid. A
capillary pressure curve, P, =P (S,), or a capillary pressure head curve,
h.=h(S,), can be obtained by experiments for a certain porous medium which
contains water and air phases. In soil sciences, these curves are called retention curves,
as they show how much water is retained in the soil by capillary forces against gravity.
The capillary pressure curves can be applicable to any two phase flows in porous

media, for instance, water-organic or organic-gas.
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Figure 3.1.5 Capillary pressure curve

A typical form of capillary pressure curve is shown in figure 3.1.5. Figure 3.1.5
shows that the capillary pressure curves may be different, depending on whether the
wetting phase, water, is replaced by the air phase or the nonwetting phase, air, is
replaced by the water phase. So let us call the process desaturation, dewetting, or
drainage that the wetting phase is being displaced by a nonwetting phase. Conversely,
if the nonwetting phase is displaced by a wetting phase, it is known as wetting or
imbibition.

The two different capillary pressure curves for the same fluids and solid matrix are due
to hysteresis. Generally the complex configuration of pore space causes hysteresis.

This study introduces four causes for it.
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Figure 3.1.6 Ink bottle effect

Figure 3.1.7 Rain drop effect

Firstly the ink-bottle effect may cause hysteresis. As shown in figure 3.1.6, the shape
of pore space with interchanging narrow and wide passages makes the ink-bottle
effect. During drainage and rewetting, interfaces having the same curvature occur at
different elevations, thus yielding different wetting fluid saturations for the same
capillary pressure. The second one is the raindrop effect. Figure 3.1.7 shows that the
contact angle at the advancing trace of an interface on a solid, differs from that at the
receding one, because of impurities in the minerals that compose the surface and the
roughness. The third reason is due to the entrapment of nonwetting fluid, as an initially
saturated sample is drained and then rewet. Finally, consolidation, swelling and
shrinkage of the solid matrix, as it is dried and wet, may cause hysteresis in the

capillary pressure curve.
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Figure 3.1.5 is given by starting from a fully water-saturated sample. Even if a small
quantity of wetting fluid is drained at first stage, nonwetting fluid will not enter the
sample, until a certain capillary pressure is reached as shown in figure 3.1.5. The
corresponding pressure P_ , is called the critical pressure, threshold pressure, or
bubbling pressure. If the critical pressure is reached, the air begins to occupy the larger

pores, reducing water saturation S .

As shown in figure 3.1.5, the drainage curve stops at S, residual water saturation, or

irreducible water saturation. Because soil particles may absorb water and water may
remain in very tiny pores, complete drainage can not be achieved. Likewise, imbibition
curve can not reach the stage of complete wetting because of entrapped air, denoted
by S, . Since residual fluid saturations depend on solid matrix and pair of fluids, they
should be decided by experiments.

In two phase flows, there is only one capillary pressure, which makes it possible to
decide the capillary pressure curve by experiments. Brooks and Corey(1964),
Corey(1986), Scheidegger(1974), and Su and Brooks(1980) contribute to obtaining
the capillary pressure curves for the two-phase systems. However, unlike the two-
phase systems, it is not easy to establish the relationship experimentally between
saturations and capillary pressures for a three-phase system. On top of this, the
concept of the capillary pressure curve itself is based on the two-phase systems. Thus
some scholars adopt assumptions linking two phase data to obtain the three-phase
data. For reasonable assumptions, it is important to decide the degree of affinity to the
solid matrix among the three fluid phases, say, water, organic and gas. If the porous
matrix consists of hydrophilic material, water is the wetting phase. The affinity of
organic to the solid matrix is somewhere between those of water and gas. So it is
defined as an intermediate wetting phase. Gas is the nonwetting phase with respect to
other phases. Occasionally organic phase may be the wetting phase for a certain solid
phase and water becomes the intermediate wetting phase. This study considers both
hydrophilic and oliophilic solid matrix.

Various authors, using two-phase data, have tried to establish the relationships
between saturations and capillary pressures in three-phase flow systems. For
hydrophilic solid matrix, Leverett(1941) proposes that the total liquid saturation in the

three-phase fluid system is the function of gas-organic capillary pressure: S, = f(FP,,) .
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Aziz and Settari(1979) assume that water saturation in a water-gas-organic system is

the function of water-organic capillary pressure: S, = f(P,,) . Thus, all the three fluid
saturations can be determined by simple manipulations: §, =S§,~§,, §, =1-S§, .

Lenhard and Parker(1988) develop an experimental apparatus to directly measure
functional relationships between fluid saturations and capillary pressures of three-
phase(gas-oil-water) or two-phase fluid systems in consolidated porous media. The
experiment proves that the two-phase gas-oil data can be used to predict total liquid
content in the gas-oil-water systems and that the two-phase oil-water data can be used
to predict water saturations in the three-phase systems for rigid water wet porous
media subject to monotonic drainage saturation paths.

On the other hand, Abriola and Pinder(1985a,b) adopts the two phase water-gas data
to predict the gas saturation in the three-phase systems for hydrophilic solid matrix:
S.=f(B,), Sg=f(P,), §,=1-5,-5,.

To describe flow in the subsurface correctly, it is be very important to decide which
method should be used for a certain problem. This research has been made to deal with

various assumptions and experiments. However, most of numerical models for

analyzing multiphase flows in porous media adopt fixed assumptions and experiments.

3.1.4 Fluid velocity in porous media

Darcy’s law can be applied to even multiphase flows for deciding the velocity of a
fluid phase. Unlike single phase flows, the influence of the presence of other fluid
phases should be considered. However the pressure gradient and gravity are still
driving forces which make a fluid phase move. The general form of Darcy’s law which
is commonly used to describe flow in porous media is presented for the o-phase in a

multiphase flow:

kk
ve = | e yp _ 3.17
(es ua]( ) —Pag) 3.1.7)

o
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where
V¢ . average velocity of o-phase
k : solid matrix permeability
k. : relative permeability to a-phase flow

g : gravity acceleration

The solid matrix permeability, Kk, reflects the pure characteristics of the solid matrix
such as pore configuration, or roughness of the surface. It does not depend on the
properties of the fluid flowing in it. On the other hand, it is not easy to decide the
relative permeability x , of the a-phase, because it is influenced by other fluids. For
single phase flows, the relative permeability K, , surely becomes unity. However in
case of more than one fluid phase, it is subjected to the saturations of all fluid phases in
a porous media. For instance, the relative permeability of the o-phase increases but
less than 1, if the saturation of the a-phase increases. For two phase flows, many
scholars have conducted experimental works and developed mathematical expressions
to relate the relative permeability to the capillary pressure between two fluids.

Van Genuchten(1980) derives a mathematical expression, based on Mualem's(1976)
theory, which is

_ (1= (ah )" "' (1+(ah,)")™)?
(L+(ah)")™*

o

(3.1.8)

where a : parameter to be fit

h,_ : capillary head between the wetting and nonwetting fluid based on the

water density, h, =—"=
P.8&

n : parameter to be fit

m:1-1/n

However, for three phase flows, the relative permeabilities of fluid phases can not be

measured directly. Stone(1970) assumes that in a three-phase system, water relative
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permeability and water saturation are functions of capillary pressure P, , resulting that

they are identical to the two-phase system relations. Similarly, in both cases of two-
phase flows and three-phase flows, gas phase relative permeability and gas saturation
are subject to gas-organic capillary pressure. Stone's assumption is based on the
wettability order, water-organic-gas, to the solid matrix : no direct contact between
water and gas. However, the relative permeability of the organic phase x, , can not be

obtained directly from the two-phase data, whereas the saturation of the organic phase

S, , can be easily obtained by the constraint: S, =1-S,—S, . Thus Stone suggested

the following relations:

S, =% TOm for S, 28,
I_Swir _Svm

S =L§_wir_ , forS,=S,.
1_Swir —Som
PP B
’ 1_Swir —Som

where S, :residual water saturation

wir

S : minimum value of the residual organic saturation

om

Then the organic relative permeability is given as follows:

K, =5.0,Q, (3.1.9)
K
Where Qw = L{m' , Q = mg*
=S, f =S

K, : relative permeability of organic to water in a two phase system

K, : Telative permeability of organic to gas in a two phase system
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In the region where S, < §

wir ?

K , is assumed to be a function of gas saturation only.

For §,<S,,, K, is set to zero. Stone(1973) produces another predictive equation for

om?

organic relative permeability.

Ky = (K, + K, ) (K, +X,)— (K, +K,,) (3.1.10)

row rog

3.1.5 Dispersion and Diffusion

Dispersion is caused by the difference between the average velocity calculated from
Darcy's law and the actual velocity of a fluid. The deviations from an average
advective flux of solute mass must be considered properly.

Regardless of velocity difference, a molecule of a species moves through another
species in a fluid phase. The phenomenon is known as diffusion. Bear and
Bachmat(1967) develop the following equation to consider dispersion and diffusion for

o-phase in a multiphase system:

D% =D +a%, V;/Ym (3.1.11)

where V®: average velocity of a-phase

VX, V> : velocity components in the coordinate directions

m

D : molecular diffusion tensor

ay, - dispersivity tensor

Equation (3.1.11) is also derived by Nikolaevski(1959) using a statistical approach and
analogy with the theory of turbulence.

Bear(1979) introduces the longitudinal dispersivity, a; , and the transversal dispersity,

03

ar,

which can be given by experiments. The longitudinal dispersivity, ay, is related to

a diffusion coefficient which causes dispersion forward and backward along the local
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direction of fluid flow. The transversal dispersity, a;, is related to a diffusion
coefficient which causes dispersion evenly in the directions perpendicular to the local

flow direction. The dispersivity tensor is expressed as follows:

a a
a, —ar

(848, +8,84) (3.1.12)

a _ o«
a —aTSUSkm+ O

ykm
where S,j : Kronecker delta

Employing equation(3.1.12), equation(3.1.11) can be rewritten for two dimensions as

follows:

D +(atVe® +afVE')/ Ve D™ +(at —al)VEVE /V®
D = (3.1.13)
D*(af —a2)VEVS /I VS D™ + (a3 Ve +a2Ve?)/ V°

3.2 Governing Equations

The mathematical expressions which govern the multiphase flows in porous media
are derived in this section by employing the concept of mass balance. As a first step, in
subsection 3.2.1, the mass balance for a general component present in the multiphase
system is obtained from the general balance equation in section 2.4. Subsection 3.2.2
shows components and phases under consideration in this study. Subsection 3.2.3
expands the mass balance equation in subsection 3.2.1 adopting the general primary
variables.

In subsection 3.2.4, the mass balance equation for the general component is applied to
all components in this system. Subsection 3.2.5 derives the water phase equation by
combining two component equations in the water phase. Finally subsection 3.2.6 is set

to mention the application range of the mathematical model derived in this chapter.
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3.2.1 General mass balance equation

In chapter II, the balance equation of the general quantity, G, was developed for a
multiphase flow in the subsurface. Mass transport has been a major concern for

analyzing the multiphase flows. In order to obtain the general mass balance equation,

g. » the density of the general quantity, G, in equation (2.4.7) is replaced by p?, the

density of mass of a component, c, in the o-phase:

agu Pc =—V-8u(-p—;;aWu+_p:V’a +J:|cua)
dt (3.2.1)

1 a a a o a «
—_GJ'Sua{pC(V _u)+J:ICU}'ndS+8apcr‘:1C +8upcfaMc

where M, : mass of component ¢

pt =M./U,,, densityof component c in o-phase

Equation (3.2.1) contains microscopic values such as V%,u,and V’. Thus proper
constraints and assumptions are required to get rid of microscopic values.

Since this study allows the interphase mass exchange through dissolution between two
contacting liquid phases and evaporation between liquid and gas phase, a component
can be found in all fluid phases. Thus the equation 3.2.1 is not suitable for describing
the movement of the component, because it is restricted to only one fluid phase. The
sum of the component mass balance equations over all fluid phases is required to trace
the movements of the component c. So the complete form of the general mass balance

equation for the component is given as follows:

> —ae‘épc +V.g, (p* VE +pV/ 4+ JNUT)
@ ! (3.2.2)

+%Lw{p‘:(V“ ~w)+ Iy }ndS — e, peI —sap‘l‘fa“‘°“}=0
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The following constrains can be adopted for equation(3.2.2).

(1) The sum of all components’ densities over the o-phase is equal to the density of

the o-phase.

Y ps=p° (3.2.3)

(2) The third term of equation(3.2.2) represents the flux of a component to (or) from
the o-phase. So the sum of the term over all components existing in the o-phase is

equal to the mass gained(or lost) by that phase.
1 o MU — 1 a
- ;GL"B {pe(V-w+j""} nds = _Ejsw {p*(V-w} -nds (3.2.4)
(3) The mass of the total system is conserved. So the following constraint is given as:
1 [+ 3 [+ 4
_ZUL@ fp*(ve-w}-nds=0 (3.2.5)
(4) The mass of each component is conserved over the entire system.
1 @y _ YRR —
_EEL” {p2(ve —u)+J} }nds=0 (3.2.6)

Employing constraint (4) to get rid of the third term of the left hand side of (3.2.2), the

mass balance equation of the component, c, in a system is given as follows.
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TNy e, WV T
L g (3.2.7)

_Eaparl};‘ca _Eapaf(;vi:u}zo

where W = p;
P

, mass fraction of component ¢

But it still contains microscopic values in the flux terms, V’, and p/. They are

concerned with diffusive and dispersive flux. They can be written as the

macroscopically non-advective flux of the component, c :

D =g, (p V" +IMUT) (3.2.8)

Equation(3.2.8) will be rewritten in terms of macroscopic values in Chapter IV. Let us

remove the averaging symbol (_a) for simplicity. So, otherwise stated, all variables

represent macroscopic values from now on. Equation(3.2.7) can be reexpressed as:

2{%(eap“W§’ )+ V-(€,p*WIVH)+V.-D? —g p°I —g,p° f," } =0 (329)

[+3

where p*W? EE;W:

In this study, internal production and external supply terms will not be dealt with. Thus

equation (3.2.9) can be simplified as follows:

23

2{%(eup“wf)+V-(e(,p“w§V“)+V'DZ’ }=0 (3.2.10)
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3.2.2 Components and phases under consideration

e e e
S
W (o) a
water phase organic phase gas phase solid phase

Figure 3.2.1 Components of phases under consideration

Water, organic, gas, and solid phases are assumed to occupy the entire domain in this
study. Each phase is composed of at best two components as shown in figure 3.2.1.
Unlike other phases, the solid phase has only one component, since this study does not
consider any possibilities of adsorption of a fluid component to the soil phase. An
extensive component, e, is introduced in this thesis. The e component in the water
phase may be a solute(water-gas system) or a component of the organic phase which is
able to dissolve in water. On the other hand, the e component in the organic and gas
phase is always the component of the organic phase that is soluble and volatile.
Whereas the o component in the organic phase is assumed to be non-soluble and non-
volatile.

Let us designate soil , gas, water and organic phase as S, G, W and O subscript
respectively and soil, air, water, organic, extensive component as s, a, w, o and €

respectively.
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3.2.3 General mass balance equation for component ¢

o-phase
Figure 3.2.2 Components of a-phase

Figure 3.2.2 shows a general phase which consists of two component e and o. Here
the o-phase may be one of the three fluid phases-water organic, or gas phase. To
derive the mass balance equation for the general component ¢, equation(3.2.10) is

employed again:

Z{s—t(aup“wf)w-(e,,p“w:‘V“‘)+V-D‘Z }=0 (3.2.11)

a

where €, =¢§,

¢ : water(w), organic(o), air(a), or e component

The first term can be recognized as the total change in ¢ component's mass of the o-
phase in void space in the course of time. The second term represents contributions to
¢ component's mass change due to excess of fluid inflows over outflows at a point. The
third term is for diffusion and dispersion of the ¢ component in the o-phase. In this
thesis, the general primary variables are adopted for solving various pollution patterns

in the subsurface. The three general primary vanables are defined as G, ,G,, and G, .

The primary variables can be capillary pressures or mass fractions. They are
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determined by the flow patterns(see table 4.3.1). For three phase flows, G, and G, are

capillary pressures and G, is mass fraction, W,. Equation(3.2.11) are expanded for

the three-fluid phase system in this section. The first term of equation.(3.2.11) can be

expanded as follows:

de cre 05
gt—+8p \Nvc 3¢

[+ 1 Wu
'|'€SmpOl éaTc

%(esup“wsv - S, poWE
3.2.12)

dp
+&S W¢
[¢3 c at

Time derivatives of €, S,, and p* must be rewritten in terms of the general primary

variables.

de . : . :
To express 37 in terms of the general primary variables, the coefficient of

compressibility for porous solid matrix is employed as:

1 d(Vol)

B, =_@ do’

(3.2.13)

where Vol : bulk volume of solid matrix

o’ : intergranular stress

If the total stress is nearly constant, any change in intergranular(effective) stress will be
due to an equal and opposite change in the fluid pore pressure. Assuming that

individual solid grains are incompressible, equation(3.2.13) can be rewritten as:

1,
e . dP

ave

B, = (3.2.14)

Vol,

where € =
Vol

Vol, : volume of solid grains, constant
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P, :average soil fluid pressure

ave

Thus, the derivative of porosity, 3—8 is expressed as follows:
t

de dg,  dg JdP,

=73 ""3p 5 (3.2.15)
8_8_1 Biai 3.2.16
at_( -8) s at (° . )

where P,, is the average pressure of fluids in void space that is function of water and
organic pressures, P, and P,. This study employs Abriola's(1985) assumption to

define P, :

P, =xP, +(1-k)P, (3.2.17)

[

S,+S,

where x = : weighting factor

P, , P, : functions of the general primary variables(see table 4.3.3)

Secondly, because saturation is totally dependent on capillary pressures, derivative of

saturation, aaS“ can be expanded as follows:
t

aSu_aSaaG,+aSaan
dt 0G, dt JG, Jt

(3.2.18)

The density of the a-phase changes according to the pressure of the a-phase and mass

fraction. So the compressibility of the a-phase can be defined as:
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pr=_toPt  10p°
Pu OB |ye  Pa OWS|, (3.2.19)
= B+ B
where B = compressibility of a-phase
B% = compressibility of o-phase with respect to pressure
B2 = compressibility of o-phase with respect to mass fraction
Thus,
a pa o o a Pa an o a v"ca
57 P BPE_-*-p BWT (3.2.20)
So time derivative term can be summarized as follows:
d d
— (S, pW* ) =S, p°W*(1—-¢)B, —*
a t ( ap [+ ) up c ( )BS a t
25,90G, 95, ,0G
+ 8 (!W(! a 1 + a 2
P (aG, at " 9G, o J
3 p Swe (3.2.21)
+ S W(I [0 [+ a + [+ 4 [4
8(1 cp(BP at Bw at)
+&S,p% —=
[»3 p a t
The second term of equation (3.2.11) can be expanded as follows:
(3.2.22)

V-(eS,p " WV)=p*V (S, WV )+ S W*V* .Vp*©

The first term on the right side of equation(3.2.22) can be written by employing

equation (3.1.7):

Kk,

p*V. (S, Wc"V“)=_p°‘V.{m"—(Vﬂ —p“g)} (3.2.23)

Ho
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The second term on the right side of equation (3.2.22) is expanded by adopting the

compressibility coefficients:

kk,,

(VA - p“g)} (P“BSVR +pBIVW?)  (32.24)

a

eS,WXV*.Vp* = —Wc“{
So equation(3.2.22) becomes:

V- (eS,p*WrV*) = —p“V-{WS’ lzc—'“(VPu - P“g)}

(3.2.25)

kk
- WJ‘{ p"’ (VP, - p“g)}'(p“B‘;V& +p*pLVIY)

a

Finally the mass balance equation for ¢ component has been derived in terms of the

general primary variables:

35,96, 35, 3G,
3G, 9t 3G, ot

a

P
Z[Sup“wc“(l—e)B,aa—;wsp“W:(

0P ow* ow* kk
a ..a a 24 + a C + S o [ llV. W(l o VP JEP
+ES(1WC p ( P at Bw at J € up af p { c ua ( o p g)}

—m“{“:"‘ (vE, - p“g)}-(pf*ﬂ‘;ve, +p“B‘;VWi“)+V-D?]=0

(3.2.26)
3.2.4 Mass balance equations for components

Since equation (3.2.26) is the general mass balance equation, it can be applied to all

components : water, organic, air, and e component. From equation (3.2.26), it can be

observed that P, ,P,P,, WS, W2, and W are the primary unknowns for the three

phase flows. Thus, 6 conditions are required to solve the three-phase systems. The
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assumption of a constant gas phase pressure reduces the unknowns to 5. In the case

that the organic phase is the source of e component, the relationships between
W, W2 W2 can be established by experiments, producing two relevant equations.
Consequently three conditions must be obtained from equation (3.2.26). As a first

step, let us apply equation (3.2.26) to three components, water, organic, and e

component.

Water component equation

Since water component exists only in the water phase, the following equation can be

derived by applying equation (3.2.26) to the water component:

S, p W (1-g)B, +ep" W,

dF,
t

(BSWE)G,+BS,,.BGZJ
d

G, dt JG, Jt

waW wan waWww
+€Suwwp [BP at +Bw at

ow”
J+eSwp‘” at" —p“V-{Ww"’ Kk, (VPw—p”g)}

w

_wy{_';ﬁm(w»w -pr)}-(p“BxVPw +p*BLVW)+V.D} =0

(3.2.27)
Organic component equation

Like the water component, the organic component which is insoluble and non-volatile
is assumed to be found only in the organic phase. So the following equation can be

obtained as:

SUW;’(I—E)BxaaP;"' +8W:[a S,9G, 98, ac;z)

+
dG, ot 0G, 9J¢

o 9P oW’ oW’ kk
+eS W, L +pB0 —=2 O _V AW -p°
o ,,(Bp e )+8S0 = V{Wo " (VP,-p g)}

o

o

Kk
W, {-ﬁ(VPa - p”g)}'(B’;VP,, + B‘:,VWJ’)+517V'D3 =0
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(3.2.28)

e component equation

The e component is considered to be observed in all three phases, water, organic and
gas. The importance of the gaseous migration of pollutants has been demonstrated by
the field and laboratory investigations of various authors and supported by the work of
Fried, et al (1979). Pelikan, et al (1978) uses soil-air sampling and analysis to
determine the extent of groundwater contamination in case studies. Experimental work
with the volatilization of organics from solutions and soils (Dilling(1977), Kilzer, et al
(1979)) suggests that the flux of volatiles is controlled by macroscopic diffusion. In
accordance with these findings, a Fickian-type of diffusive flux vector will be
postulated for D! . The convective movement of the gas phase is neglected in this

study. So the following equation can be obtained as follows:

€

oP 35,9G, dS,9G
S.p"Wr(1-¢)p, “”+8p‘”W“’( L T L 2)
P P =5 9G, 3t 9G, a1

JoP oWy

) " R4
at +he at

AR S
- pV{VK " (v, pg)}

w

+€Sszwpu(B‘; )+8S‘pr

—W:{":"‘ (vP, —p”g)}-(p"BZVPW +p"BIVIY)+ VDY

w

35,9G, 95 3G
+S‘,P0W:(1-8)B,%+EPOW:( |+ Soa 2)

0G, dt 9G, dt

0P,
—C 4
ot

4 aWnD Oav‘/eo o o kkr 4
+eS,,W,"p"(B‘,’> B Y J+8S,,p =5, P V-{W, (VP -p g)}

o

-m"{"—:ﬂ(va - p"g)}-(p"B;VP,, +P"BLVW,)+V Dy

o

P dS,90G, 9S, 3G,
+Sgp”VV,‘(1—e)Bsa—a:—”+8p‘Wf( - - )

dG, 9t +8G2 ot
WS W
+eS WEptpS 3 +e§ p¢ 3

(3.2.29)
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3.2.5 Water phase equation

In subsection 3.2.4, the three governing equations are derived, which are focused
on the mass of components. However it is better to use simpler forms of the governing
equations, if possible. Assuming that contaminants in the water phase are slightly
soluble, any changes in water properties such as density or viscosity due to the

presence of solute are small enough to be neglected. Thus this study assumes that

p“and p, are not affected by the presence of the e component, and, therefore, B

becomes zero. From figure 3.2.2, it can be observed that W) +W" =1. Hence
summing the water component equation and the part of e component equation that is

related to the water phase yields a water phase mass balance equation with a simpler

form than equation (3.2.27):

Sw(l—E)Bxa;;" +E(a S,9G, 98, aaz)

3G, ot 3G, ot

+eS, B aaliw - V-{k:’“ (vp, - p“’g)} (3.2.30)

kk
—{ u: (Ve, - p”g)}BZ VP, =0

3.2.6 Application range

As a consequence, equation (3.2.28), (3.2.29), and (3.2.30) are selected as the
governing equations for the analysis of the multiphase flows in the subsurface. This
model is basically designed for treating various pollution patterns that are subjected to
fluid phases in a porous medium, interphase mass exchange, and solid matrix
properties.

If polluted water flows through the unsaturated zone, it is considered as two-
phase(water and gas phase) flows. It can be solved by using the water phase equation
and e component equation, assuming that W’ and W* go to zero. It requires only two

governing equations.
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Pore space may be filled with water and organic phases. In the case that organic matter
does not dissolve in water, two governing equations(water phase equation and organic
component equation) are needed to trace the movements of the fluid flows. However,
if there is an organic component that dissolves in water, all three governing equations
are required to analyze the system. Notice that W should be zero in the e component
equation.

If the organic phase infiltrates through a porous medium in which no water is found,
the two phase(organic and gas phase) flow system needs only one(organic component)
or two(organic and e component) equations for simulation, depending on whether the
organic phase contains e component or not.

Even in the three(water, organic, and gas) phase flows, we don’t have to use all the
three governing equations, if there is no e component in the organic phase. However,
all the three governing equations are required, if e component exists in all the fluid
phases.

Table 3.2.1 shows the pollution patterns in the subsurface that are able to be solved by
the model developed in this study. It also discusses which governing equations are
used for the pollution patterns. According to whether the solid matrix is hydrophilic or

oliophilic, four more pollution patterns can be added.
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Water Phase Organic e
Phase Component  Equation =~ Component Component
Equation Equation

Pollution Wand G wand a Yes No Yes
pattern(I)

Pollution Wand O w and o Yes Yes No
pattern(II)

Pollution Wand O w, 0 and e Yes Yes Yes
pattern(III)

Pollution Oand G oand a No Yes No
pattern(IV)

Pollution Oand G o,aande No Yes Yes
pattern(V)

Pollution W,0and w,o0,anda Yes Yes No
pattern(VI) G

Pollution W,0and w,o,a,and Yes Yes Yes
pattern(VII) G e

Where W : water phase
O : organic phase
G : gas phase
w : water component
0 : organic component
a : air component

€.¢ component

Table 3.2.1 Summary of application range
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CHAPTER 1V
NUMERICAL APPROACH

The governing equations derived in chapter III can not be solved analytically. The
numerical methods have been used to solve these non-linear partial differential
equations. Section 4.1 refers to the general finite element method. The governing
equations are discretized in section 4.2 using a finite element method. Section 4.3
shows how the general primary variables and the derivatives in the governing equations

change according to the pollution patterns.

4.1 Finite element Analysis

The finite difference methods and finite element methods are two approximate
methods for solving linear and non-linear partial differential equations. Both methods
have been extensively used and developed for numerical modelling of groundwater
problems. The choice depends on the complexity of the problem and the user’s
familiarity with the method. However, the finite element method is more flexible for
problems in which the boundaries are irregular or in which the medium is
heterogeneous or anisotropic. The basic principle of the finite element method is
introduced in this section. The discussion focuses on Galerkin’s method which is one
of the most popular finite element techniques. Basic definitions and numerical

techniques are introduced for the numerical model, COMPO.

4.1.1 Galerkin’s method

Considering a 1-dimensional domain which has N node points and N —1 elements,

the true solution, u(x), for a partial differential equation may be defined continuously

throughout the domain.
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However, it is very difficult to solve the partial differential equations analytically which
describe the subsurface flows. Thus, many scholars make use of numerical methods.
The finite element method begins with assuming an approximate solution. Denoting the
approximate solution as #(x), it can be expressed in terms of the nodal values and

interpolation functions:
. N
a(x) = u,(x) 4.1.1)
i=1

where u; : an approximate value for a primary unknown at node i
¢, (x) : basis function or interpolation function

N : number of nodes

This study adopts the simplest basis function,¢,(x) , as shown in figure 4.1.1.

o 10 |0, b | P Pur | O

1 2 3 1 i+l N-1 N

Figure 4.1.1 Basis functions

To prove that an approximate solution is acceptable, an admissibility condition is
required. Substituting the approximate solution, #(x), into the partial differential
equation, L(u), a residual value can be defined as r(x, #): L(i) = r(x,t). The problem
is how to minimise the residual caused by wild guess.

The residual r(x,t) is caused by employing the approximate solution that contains N

approximate values. The residual at each node is a measure of the degree to which the

approximate value does not satisfy the partial differential equation. If the residual



68

r(x,t) is too big, the approximate values must be adjusted. Thus it can be said that the

finite element technique is the process of finding suitable approximate values by
iteration. Since N unknowns are assumed, N conditions are required to solve. The
method of weighted residuals is to make error of approximation unimportant for
certain sub-domains of concern. The Galerkin method is one of the weighted residual
methods. It adopts the basis function,$,(x), as the weighting function. Then the
partial differential equation weighted by the basis function is integrated over the entire
domain of the problem. N conditions can be given by making the integration zero for N

weighting functions centered on nodes:
j L(i)0, (x)dx =0 (4.1.2)

where i=1,2, ... ,N

4.1.2 Basis function in a local coordinate system
The local element is employed, because it allows efficient organization of the

integration. For one-dimensional analysis, a local coordinate and basis functions are

shown in figure 4.1.2.

E. () Ea(£)

[}
[u—
o
[U—

Figure 4.1.2 Basis functions in the local coordinate system
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The one dimensional basis functions are described over the local element as follows:

E,E) =%(1—&)

E, () =%<1+&)

(4.1.3)

where -1<E<1

The linear basis functions are continuous in the € coordinate and have either a value of
zero or one depending on whether § is +1 or -1. Derivatives of the basis functions are

given as follows:

4.14)

For the two dimensional problems, this study adopts a basic element that consists of
four node points. The element is a square in the local coordinates, § and 1, as shown in

figure 4.1.3.

n
Node 4 Node 3
('1’1) . (1,1)
.0
.................................. o> E_,
Node 1 i Node 2
('1,'1) : (1,-1)

Figure 4.1.3 Finite element in local coordinate system
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Figure 4.1.3 shows that the local nodes ére numbered counterclockwise from node 1

whose local coordinates are (€,1)=(-1,-1). The basis functions for two-dimension are

defined in terms of one-dimensional basis functions:

E, (&)=%<1—§)

E, @) =%<1+§>

, (4.1.5)
H_ () =5(1—T1)

1
H, M) =5(1+n)

The above equations are combined to create the bi-linear basis functions for two

dimension:

Ql(é’n) = E—IH—l
Q,EM=E,H, (4.1.6)
Q;(éfﬂ) = E+1H+l
Q4(§7n) = E—1H+l

The basis functions are defined for each node, having a value of one at the node and

zero at the other three nodes. The surface of Q,(€,n) , where i=1,2,3,4, over the local

element is curved due to the product of & and M. The derivatives of the bi-linear basis

functions are represented as:

1 0Q 1
—_H—l _ﬁ=_§E-l
0Q, 1
+—H—l 81{ =_EE‘H
4.1.
=+—H aQ3—+1E D
- +1 an 2 +1
0Q
_lHH a,n4 —+%E—l
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4.1.3 Coordinate transformation

Figure 4.1.4 shows the global basis functions for an 1-D arbitrary element. For the
main calculations for the finite element mesh to be executed in the local coordinate
systems, the information should be transferred between the local coordinate system and

the global coordinate system.

¢m] ¢m2
1 1
Xm1 lm Xm2

Figure 4.1.4 Global basis function for an arbitrary element

X, — X X—X
where ¢, = 21 , 0, = l L, & x<x<x,

m m

For one dimensional domain, x can be expressed as the function of &;
x=x(€)=E_&)x, +E, ©)x, (4.1.8)

Derivatives of both sides in equation(4.1.8) give the following relations:

dx = %(x2 - x,)dE = %lmdi
(4.1.9)

de 1

— =1

dg 2

Applying the chain rule, the derivative of basis function can be transformed from the

global to the local coordinate system and the reverse:
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E, _99,9x
0t  Ox o0&
36, 9E 0t (4.1.10)
dx JF dx

where i=1,2

Transformation between the two coordinate systems can be accomplished in a 1-D
domain by using equation(4.1.8), (4.1.9) and (4.1.10).

Following the same steps with the one dimensional coordinate system, transformations
between the local and global coordinate systems for the two dimensional problems can
be conducted. The global coordinates x, y are represented by using the local basis

functions and the corner values in the global coordinate (see figure 4.1.5):

(a) (b)

Figure 4.1.5 (a) Square element in the local coordinate system

(b) Quadrilateral element in the global coordinate system
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X = X(E_,,T]) = zQi (éﬂ”l)x,-
i=1 (4.1.11)

y=yEmn)= ZQi(im)y;

The Jacobian matrix of the transformation from (§,1) to (x, y) coordinates is defined

as follows:
ox 3y
JE 9t
= 4.1.12
=5 oy @112
am  dn
where

a3x 3y [&LoQ,  &aQ

5 3% 5% 2o Y
ot ot | |&er T &ot
ax Ayl |20, 29
an an =1 n i =1 an yi

As in the one dimensional system, the chain rule can be applied to transform the

derivatives of basis functions between the two coordinate systems:

0Q,; 09,
o€ dx

= 4.1.13
0Q; ] 09, (41.13)
on oy
00, 0Q,;
dx a1l 98

= 4.1.14
20, |10, @114
dy on

where j=1,2,3,4
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¢ ; : global basis function

[J "] : inverse Jacobian matrix

The differential area dxdy in the quadrilateral element is transformed as follows:

dA = dxdy =|J|d€ dn (4.1.15)
dxdy dyadx
where |J|= Eﬁ_iﬁ

Since the governing equation is derived in the global coordinate system, it is necessary

.0 L : .
that the derivative, a—q)’— , should be rewritten in the local coordinate system. Using
x

equation (4.1.14), the following relation can be established as:

22,9y 3y39,

0¢, _ 9§ dn_ 9§ dn

9x = axdy dydx (4.1.16)
dEIn 9Ean
where Q,:%(H&,a)(unm), i=12734

(él ’&2’&3’&4) =(-L11-D
(nl ,T]z ’nS’n4) = (—19_1’191)

Using equation (4.1.11), the derivatives on the right hand side of equation (4.1.16) are

expanded as follows:
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¥
®
il
-

< J
I
,T_'..M"" . .

. (1+mm)

X:

N, (1+&,8)

X

(4.1.17)

l\< _3|>< Wl
-

Yi & (1+nm)

QU |l Y|lvw QY

3|
"
™-

Vi ﬂ;(1+§;§)

=3
i

99, 29,

So the final form of —- and —— becomes:
x ay

99, _ (a,+bE)E, +pM) —(a, +bn)(M, +p L)
0 x (¢, +dn)(a, +bE) — (¢, +dE)(a, +bM)
90, (¢ +dn)(m,+pE)—(c, +dE)E, +pm)
dy - (¢, +dn)(a, +bE) — (¢, +d&)(a, +b1m)

(4.1.18)

where

4
a =Z)’,T'|j == —Y2tY;ty,
J 1

4
a2=2y1§j=_y|+y2+y3_)’4
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4.2 Development of Numerical Model

This section deals with the procedure of numerical simulation, applying the
Galerkin’s method to the partial differential equations which govern the multiphase
flows in porous media. In subsection 4.2.1, the Galerkin’s method is applied to the
governing equations derived in chapter III and numerical techniques are introduced.
The Newton Raphson method is employed in subsection 4.2.2 to solve the discretized
equation system which is nonlinear. Lastly, in subsection 4.2.3, the relations are
established among e components that may be found in all fluid phases, and the
densities and compressibilities of fluid phases that are coded in the model are

presented.

4.2.1 Application of the Galerkin’s method

For the general primary variables, G,, G, and G;,, the approximate solutions can

be written as follows:

él (x’y) = ZGIi(t)q), (x,}’)
=1
~ N
G, (x.3) = X, Gy, (19, (x,¥) 4.2.1)

" N
Gy (x,y) = 3Gy, (19,(x,)

where N : number of nodes

¢.(x,y) : basis function in the global coordinate system

The approximate solutions can be applied to the organic component equation,

equation(3.2.30).
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A 0P a8, ac; BS aG,
S Wl - ~lav W
Mo (A=), ¢ [aG dt aG at]

N P awo avVoo "Dkk', . .
+eS, W, [Bp FYRLLEr "]“«5 5 —V'{Wo E—(W’o—p g)}

_W{';k (v2, - pr'g)} (B2VE, + B¢ vwv)+p—v D;=r(G,6,,G,)

(4.2.2)

where r(@, GZ, 633) is residual. The following equation can be given by using

equation(4.1.2):

[ r(G,, G, G)o,(x,7)aV =0 (4.2.3)

Although cellwise discretization(see appendix A) may have a little problem in accuracy
because of mass lumping, this research adopts cellwise discretization for time

derivative terms in equation (4.2.3) to save computing time. Thus the time derivative

terms can be rewritten as follows:

Ao(aso 26, 95, ac‘;ZJ

- P
S,Wy(1-e)p, —=+ . =
[ (- dG, dt 9dG, dt

+ssovi/;([3; aalz" +B° aa“:” J+sso a;: J V,

4.2.4)

1
where V, = I L 0, (x,y)dxdy J:) dz . Unit width is considered for the z direction which

1s perpendicular to the x-y plane.
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€

157]

Vi=Vi+ Vot Va+ Vi

Figure 4.2.1 Volume for cellwise discretization at node i

Figure 4.2.1 shows that node i is surrounded by e, e,, e,, and e, elements. In the

numerical model, V,,V,,,V, and V, are calculated in the local coordinate system as

follows( see Appendix D ):

V, = H%(H&)(l +m)|J|,d&dn
V,= H-l-(l—i)(l+n)|1|2d§dn

411 (4.2.5)
Vs =[[7A-8A-1]];ddn

V= [[30+8)1-},dEdn

where |J

|7

I

" ,»and |J|, : Jacobian matrix of e;, €;, e;, and e,

The time derivatives in equation (4.2.4) are assumed to be approximated by finite

differences. Therefore,
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20G, G -G

at tn+l _ tn
A 4726
d Gzi — sz” - Gz? ( )
at tn+] _ tn
where "' : current time

t" : previous time

n+l

, sz'“ : capillary pressures at time ¢

n+l
1i
’

G
G,”, G, :capillary pressures at time ¢"

N
Using the same approach, the two derivatives, aG" and % , also should be
1

expressed as follows:

25, _ S, -8 3s, _ s, -s 427
oG, G -G 090G, GM-Gr *2D

2

where

S, =8,(G™,Gy)

S, =S8,(G',Gr)

o

The time derivative of the last term of equation (4.2.4) can be rewritten as follows:

3B, _P™-Pr

YRR (4.2.8)

where F, is represented as the function of G, and G, ( see table 4.3.3). So, using

equation(4.2.6), (4.2.7) and (4.2.8), equation (4.2.4) becomes:
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. P —-P" G™ -G G, - G,")
I:Sou/ao(l_e)Bs avi v avi +8m{1(a‘€n 1i 1i +aSo 2i 2

G, At 0G, At

n+l n on+l on on+l on |
+8S,vAVDD[B;P”i _R)i+ﬁo vvoi _WDiJ‘*'sS u/of —W”- i

At ¥ At ? At

(4.2.9)

The fifth term in equation (4.2.2) involving the divergence of fluid flux is rewritten by

using Green’s Theorem.

=-[|w; Kk, (V2, - p°g)|-no, (x,y)dl (4.2.10)

where n : unit outward vector normal to the three dimensional surface

I" : surface of the region

The first term on the right of equation(4.2.10) is the fluid mass flux across the region’s

boundary at node i.

Qo (D, = —L[W: %(Vi’., - p"g)}-m, (x,)dT (42.11)

o

To make matters simple, it is assumed that the principle axes of the intrinsic
permeability tensor, k, coincide with the coordinate directions. This is a reasonable
assumption for groundwater flow problems if the coordinate axes are taken
perpendicular and parallel to the bedding planes.
k=[kx 0] (4.2.12)
0 k,

y
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The second term on the right of equation(4.2.10), adopting equation(4.2.1), can be

approximated as:

Wam P,.H'H(q)k . ] ¢'ddx
Sy [ [orea(pracost.) S dyas
= (4.2.13)

N

+iwaon+l P"+III(¢k " a¢ )aa(b dydx

O 1y ont 00,
_ZWU ljj')q)kto)(pﬂgcosl).)a;‘;dydx

k k k
where 1, =—4% , 1,6 =22
H, ) K,
A.. A, : angles between the gravity acceleration vector and

x or ydirection

T, and T, are mobilities that depend on capillary pressures and locations. They are

ox

discretized nodewise at current time step, n+1. Thus, equation (4.2.13) becomes

N

S S S e oo, 2020 g,

k=1 J=1

n+ N N n a .
YW Drar X 0"8)] cosh.f Jo.0u0, 5 v

=1

y ¢ 3 4.2.14)
+IZ]“Won+l ) 0y:+l P"H_[jq);qh a ¢, —Yig dx

N ) N q)
ont n+l
LW Ty
=1 k=1

Mz 1

> (p"8); cosh JJ¢,¢k¢ Fy b

The sixth term of equation(4.2.2) is integrated as follows:
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-, W { ~(VE,-p* )}-(BiVﬁﬁBZVVK")P,dV
=—ZW::*'irm::'i ZB Z 0 e ¢m%%¢k%¢[dydx

m=1 = k=1 P

N N
+§WJ’" lzz, o g,(p"g)

=

NN 26 .
cosh, 2 B5i 2R [ [0.0,0.0, —a‘px’ 0,dyd
k=1 j=1

o+t n+ 2 n+ 2 ] < n+l a¢
_ZW ’Zro,ml;Po, IZIBP S P LJ;¢n¢m—¢ay’
= = j=1
n+l 1 N n N n N n+l ¢
2 Y, Y (%), cosh, Y B S R | 0.0 0104 =50,y
m-1 -1 k=1 J=1

(4.2.15)

The last term of equation (4.2.2) is related to the non-advective flux. At the
macroscopic level, a Fickian-type of the non-advective flux vector, D? , is adopted as

follows ( Abriola and Pinder, 1985a):
=—p°eS,Dj -VW? (4.2.16)

where the macroscopic second order tensor,Dj, can be obtained from equation

(3.1.13). Velocity components V. and V for D} are calculated explicitly by a finite

difference discretization of Darcy’s law. It is a reasonable assumption, because
velocities of fluids do not change significantly for a small time step. The Green’s
theorem is applied to the last term, assuming that p° is constant over the elements of

concern. So the last term can be expanded as follows:

[V (s,0; -V Yo cxav
=~[ €50} - VW) o, (. y)dr (4.2.17)

*Jv (eS,D5 - VW, )- Vo, (x,y)aV
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The first term on the right of equation (4.2.17) represents the diffusive and dispersive

flux of the organic component across the boundary in the region of node 7. This term is
denoted as follows:

W ou (0, = =[ (68, D5 - VW )- o, (x, y)dl (4.2.18)

The second term on the right of equation (4.2.7) can be rewritten as follows:

egso,"“{ZD”" f Jo.0, aq’ %“"ddx

+ZD ""*'”q>,¢,( ! ‘dd
(4.2.19)

D,,n onHqu);(bk ¢ a([),ddx

)xk

nk

D,,n WOMJI¢1¢& 99, a(j),ddx}

Finally, by using equation (4.2.9), (4.2.11), (4.2.14), (4.2.15), (4.2.18), and (4.2.19),

equation(4.2.3) becomes:

. P,'.'H'—I)mn aS Gn+l_Gu aS G7n+l Gn\
SD"V:(I_E)BI avi Lt WO 1i 1; i 2i
At | At aG At
PRI -P W W wert - wer |
+ESW0 oi 01+ 4 (K] o +8S [ 0 i 'V
[B” At P At J STV
00,99,

zwanﬂz ox:H Pn+1jj¢[¢k a a :d dx

ZWOHHZTO)(ZHZ(‘) g COSA‘ J.J.¢I¢L¢ aq)' d dx

=1

Z

ZW0"+]Z 0y:+1 Pn+1J‘J¢¢k ¢ aaq)'ddx

_ZW”"+IZTOy:+'Z(p g); cosh N j¢,¢‘¢ 99; dydx

z
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ot N L | a0 90,
_ZIM/" n ZITOX::IZPO;'HZB;I:ZPOTI j,,[yq)nq)m a_x‘q)k - <I)idyd‘x
n- m= I=1 k=1 j=1
N on+l N N n N n N
+ LW ‘érm;““(p"g), cosh, > B3y > P [ 0.0 YR a — - 0,dydx
- m= = k=1 J=1
N on+l N + N N n N a a .
_EWM ME_,%Z';PJ”ZBZEPD?“LL%%—¢a¢; ,(LCPidydx
= = k=1 j=1
bl W,,n+l Al +l N n N n N ¢
FRWI R (008) cosh, 3853 R 0,000, S L0 b

X<y

v n+l A ,,nN on+ a¢a¢
+8§SO, {Z’D“k;w}j ]J;J.)q)lq)k axfa—x'dydx
Don on+lJ’J'¢l¢k j ,ddx
N
+“D>"Xk ”"'”q;q)ka 'ddx

D”"

Mk

PN

o ()i +Y (1), =0

S W o0, 2 a¢' Sy dx}

dy dYy

(4.2.20)

N1

€1

N2> N

-2

Figure 4.2.2 Elements which are concerned with calculation for node i

Equation (4.2.20) can be rewritten for practical application, considering elements

around node i (see figure 4.2.2):
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P n+l P " Wﬂ(a Sa G];lH - GI? a S Gz:ﬁ-l Gz:l )
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(o PR W W) W - we ]
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I=N§ k=Nj{ J=N§
99,99,
o+ n+| p 'ddx
lN, kletoy,‘ JJ 0.0 dy dy
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I=N§ k=Nj J=N§
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n- Nl m=Nj I=N{ k=N 7=N§{
_Nzitwanﬂ it "HNZ:P"“ZB n+ljj'¢¢ a¢, Iq)dydx
Kare! on fhurd’ oY m P ol et fre! m ay¢k i
hH n+l N3 8 n ¢
P Se S (ora) cosn, Y62 P"“JJ¢ 0,00, = L0 dyid
n NS e k=N J=N§

+525"+'{NZ§D W""“JJ¢,¢k 99, %q"ddx

1-N} k Nf J=N§

D,,n WonnJ‘J’q)lq)‘ 09, a¢

"Nl ]Nl a

+ZD\ox: NWD'MJ'J 1¢k ¢ Ez)q)'ddx

k=Nj j=

‘ddx

+ ZD;: W""*'J' jq) 005t 99, aa‘b' d dxH

k=NS j=N§

+qp, (1); +V ., (1), =0 (4.2.21)
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The same procedures can be applied to the water phase and € component equations to
transform the mathematical expressions into the numerical expressions. Although the
integrations in equation(4.2.21) may be solved analytically, numerical integration by
Gaussian quadrature is simpler to code into a computer program when the integrands
are polynomials in x and y. As shown previously, the integrands are expressed in the

local coordinate system by using equation (4.1.11) and (4.1.18). Furthermore, the
shape of the local element matches with that of Gaussian quadrature exactly. This
study employs the following numerical integration which uses four Gauss points(see

figure 4.2.3).
I_], Jl, AEMdEdn = A&, )W, (4.2.22)
I=1

where  [: order of integration
§,.M, : location of quadrature point
W, : weighting factor
A(,n) : polynomial in the local coordinate
L=4

Figure 4.2.3 Gauss points for integration
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where

€ m,)= (
€,m,)=

“&Il
6i

& -
N—e S

€,m,)=

R
wl"'
N~—— S

\

b

(&4’114)_ 7‘_

Appendix E shows the subprogram that is coded into the numerical model, COMPO.

The numerical integrations are carried out by the subprogram.

4.2.2 Newton Raphson Method

Because three governing equations are given and three unknowns are defined at
all node points, a 3N*3N matrix is expected if the system of equations is written in a
matrix form. However, since the discretized equations are nonlinear for the primary

unknowns G,, G,, and G,, the Newton-Raphson iteration method is employed to
solve a system of nonlinear algebraic equations. Denoting f,(G,,G,,G;) as the water

phase equation, a Taylor’s series expansion of f,(G,,G,,G;) can be written about

o el 0 0 0
initial guesses G,;”, G, ’, and G,

f(Gl’GZ’G) 0= f(G(o) G(o) G;o))_'_SG(O)af(g]G,g;’G)
+8 G, d £,(G,.G,,G3) L 5CO 3 £,(G,,G,,G,) (4.2.23)
dG? Gy, 3G
3

where
d GIFO) = Gl,- - GIEO)
8G,” =G, -G, (4.2.24)
8G,” =G,, -G,
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§G,”, 8§G,” and 8§ G, can be solved, neglecting terms in § greater than order 1

and establishing two more relevant conditions that correspond to the mass balance
equations for the organic component and e-component: g,(G,,G,,G;) and
h(G,,G,,G,;). So new trial values for primary variables at node i can be given as
follows:

G =G +5G,”

G’ =G, +8G," (4.2.25)

G\’ =G," +8G,"

The procedure can be summarized as follows:

v a v a v a : v
ZSG() f z () f +2 ()_.f:_z_f;(Gl(v),Gz(y)’G?'( ))

(V) —~ 2j oG (V) “ 3j aGsf;V)
25 G, ™) §G. ¥ 8i . §G.»” 9 8i = ) v) )
<v> +Z 2j (v) Z 3j ™) 8(G,,G,Y,Gy)
=1 a j=1 a G3j 2
N
25 (v) (v) 25 z(jv) Y (v) 25 G “) G ;v) = _h (G ) G v) .G (v))

71 =]

(4.2.26)

Glfw” _ Gl:v) +5 G];V)
G, " =G, +8 G, (4.2.27)
G}:vﬂ) — GSEV) +8 Gsfv)

v=0,1,2, - < vthtry

By repeating equation (4.2.26) and (4.2.27) until § G,."”, 8 G,," and § G, ™ become

small enough to satisfy convergence criteria, the primary variables may have ,cceptable
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values. The following matrix equation is the expanded form of equation (4.2.22) for

the domain that has N node points:

K, K, K, K, K Fg o o Fy, Fang By
E, E, E, K, Es Fg o oo Eay E v By
E, F, k, E, ;s Fg o oo Fuu, Ean Fay
® ® [ ] [ ] [ ] ®
® [ ] [ ] [ ] [ ] [ ]
[ ] [ J [ ] ® [ ] ®
E, K. Eoy B FBos Bas *** Eows Fowa Baw
Fy B Eas EBas Bas FBas ** ® Eaws B B
E, E, E; FE, FEs FEg ®e*e* E,, Fu Fu
[ ] [ ] [ ] [ ] ® [ J
[ ] [ [ ] [ o [ ]
® ® [ ] [ ] [ ] ®
FEysy FEnas Eyas Byas Fnvas Bras ® * ® Eyvaosva Bvawa Byaw
Exiu Fyvi: Eyas Buas Byas Byas ® * * By Bvaava Byaw
| B By By Bava Eas Eye ® ** Fyw, FEyawa By |
where
F, = ——a /. F, 0 f F. ———a J;
3i-23j-2 — v I303j0 = » L3035 =
=730, 736, 3G,
K = —aﬁ _9s F, = _a&_
3i-13j-2 — s I'393j-1 = s L33 =
=36, 3G, 1736,
F oh, F 0 h, Foo= d h,
93j-2 =y G, > Tiaja Ty G,. > T3 Ty G,.
Jj Jj j
i=12.3,, N
j = 1,2,3’ ..... s N
3i=3%*]
3j=3%j

5 ql _fl
8 Gll —&
8 | |h
d qi _fi
3G, |=| &
3G, | |+
3Gy | |fv
5 GzN —8n
3Gy [
(4.2.28)
4.2.29)
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Equation (4.2.21) is the discretized form of the organic component equation at node i.
The other two equations also can be expressed numerically. Then, the elements of the
main matrix in equation(4.2.28) can be obtained by applying equation(4.2.29) to the
three discretized equations.

However, the matrix equation(4.2.28) has an infinite number of solutions. To obtain a
unique solution that corresponds to particular problems, initial and boundary
conditions are required. Subsection 2.5.2 introduced two types of boundary condition.
Dirichlet condition provides the general primary variables with fixed values on

boundaries. The following boundary condition may be adopted at node i:

Gl, =C, Bli(Gl’GZ’G3)=Gli_CI
G, = G, B,.(G,,G,,G;)=G,, -C, (4.2.30)
G3, =G, B3,.(G1,G2,G3)=G3,.—C3

where C,,C,,C; : constants

B, , B,, , B;, : boundary conditions

The boundary conditions replace the mass balance equation at node i. The Newton

Raphson method equally applies to equation(4.2.31), resulting that

0B,
Fi032 = ﬁ =1, =B,=-G,;-C)
1
d B,
Eyi5ia = ﬁ =1, -B, =—(G,,-C,) “4.2.31)
2i
0B,
Fyy==7"=1, —B,, =—(G,, — C;)
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All other elements of the i th row of the matrix [F] are zero except F, . ,

’ F'Bi—l.3i—l ’ F3,‘_3,’ and _f[ y— 8 hi are replaced by —Bli y— BZ; = B3i .

Figure 4.2.4 Specified flow boundary condition

The Neuman condition defines fluxes on boundaries as mentioned in subsection 2.5.2.
Thus, if the normal flux, g, , is specified at a boundary node i(see figure 4.2.4), the
boundary terms such as ¢q,,(?); ,¥ ,,(f); in equation(4.2.21) can be replaced as
follows:

Qo D), ¥ o (0, == 40,(D)dT = [0, (T)dT (4.2.32)

g, is positive when they represent inflow through the boundary. The integrals in

equation(4.2.32) can be simplified as follows:

i i2 ii i
- - MdlFr=—-qg. —L—g.—2 4.2.33
[,40.(0)dr = [46,(DdM =g, — - g,~ (4.2.33)

where i, and ii, are the distances between two nodes. The boundary conditions are

incorporated into the column vector of the right hand side of equation(4.2.28).
Combining the governing equations with the boundary conditions, the whole system of

equations is completed.
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4.2.3 Partition, density and compressibility

As mentioned before, the mass of e component in the organic phase may transfer to the
water phase or gas phase by dissolution or evaporation. Two constitutive relations are
required to close the system of equations. Experiments have been conducted to prove
that the transfer of soluble hydrocarbons to the water phase might be modelled as a
single-stage extraction process. So partition coefficients are determined on the basis of
that. Van der Waarden, et al(1971), Kappler and Wuhrmann(1978) and Fried, et
a(1979) conclude that the use of a partition coefficient determines solute
concentrations.

Henry’s law is the thermodynamic expression which relates the vapour pressure of a
solute to the mole fraction of this solute in the liquid phase. Henry’s constant
represents proportionality between these two variables. Generally Henry’s constant is a
function of both pressure and composition(Wark, 1971). There is a dimensionless
Henry’s law constant that relates the concentration of a compound in the gas phase to
its concentration in the liquid phase(Lyman, et al(1982)). Therefore, this dimensionless

constant can be considered as a partition coefficient.

Local equilibrium between the three fluid phases are established for the e component .

0 = v‘:}’ew (4.2.34)
©" = ‘;VV (4.2.35)

where ®*f" and ®}° are partition coefficients which must be determined empirically.

So W and W? are presented as follows:

W =0 W (4.2.36)

W =00 "W’ (4.2.37)
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As the model, COMPO, considers that the fluid phases are compressible, their densities
vary according to the fluid pressures and mass fractions. Assuming that there is only
one component in the a-phase, the density of the o-phase can be represented from

equation (3.2.19) as follows:
p* =p” eXP[B“ (P, - P“”)] (4.2.38)

ob
where P™ : reference pressure

p® : fluid density at the reference pressure

Crookson, et al (1979) propose the following method of determining density of

organic phases that are mixture of the individual components:

p° = (4.2.39)

A
where p’ : density of i component at the phase pressure P, .

p’ can be obtained by using equation (4.2.38). Since this research assumes that the

organic phase is made up of two components, organic and e components, equation

(4.2.39) can be rewritten as follows:

o_ 1 PP,
We L We o Wopg +Wops

o

P, P,

P (4.2.40)

By using equation(3.2.19), the organic phase compressibilities can be derived by

differentiation and manipulation of equation (4.2.39).
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o P, —Pe
= u ¢ 4241
P Wyp, +W,ps ( )
WD o 0+W0 o o
s = By + By - LebaPot Mo Bep: 4242)

Wyp, +W/ o,

where B¢ : compressibility of organic phase with respect to mass fraction
B : compressibility of organic phase with respect to pressure
B7 . compressibility of organic component in the organic phase
B2 : compressibility of e component in the organic phase

The density of gas phase is subject to the gas law:

ot = PM, (4.2.43)
ZRT

u

where P, : gas pressure(constant)

<

. - molecular weight of the gas mixture

R, . universal gas constant
Z : compressibility factor
T : temperature

The gas phase is assumed to consist of air and e components. Thus, assuming that P,

is constant, the following expression of the compressibility of the gas phase can be

derived from equation (3.2.19), (4.2.39) and (4.2.43):

B* = M. - M, (4.2.44)
oM (W) M W

where M, , M, : Molecular weight of component e and air
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4.3 Apparatus for generalizing a numerical model

The fixed primary variables may be obstacles for general applications. The general

variables G, G, , and G, are very useful for applying a numerical model to the

various pollution patterns(see table 3.2.1). In this section, the pollution patterns are
categorized by the property of solid matrix, fluid phases in a porous medium, and
interphase mass transfer. Table 4.3.1 summarizes the variations of the general primary

variables, according to the pollution patterns.

G, G, G,
W-G P, . W

0-G : P, (w2)
W-0(h) P, P, W)
W-0(o0) P, P W)
W-0-G(h) P, P, WY

W-0-G (o) P, P, W)

where
W, O, G : water, organic and gas phase respectively

h, o : hydrophilic and oliophilic solid matrix

(WtOl ) : G, is considered under the condition of interphase mass exchange.

Table 4.3.1 Variations of the general primary variables

Table 4.3.2 presents the temporal derivative of the a-phase saturation according to the

pollution patterns.
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0S, _95,9G, 35,06,
dt JdG, dt JG, dt
W-G S, 9P,
oP, Ot
0-G 905, 0P,
0P, dt
W-0(h) d0S, 0P,
oP, dt
W-0(o) oS, o P,
oP, Ot
W-0-G(h) 0S, 0P, 95, 9P,
0P, dt OJP, Ot
W-0-G(o) 08, 3P, 35, d P,
0P, ot OJP, Ot

Table 4.3.2 Presentation of time derivative of the o-phase saturation

Table 4.3.3 summarizes the water, organic and average fluid pressure,

P, , P ,and P, which are expressed in terms of the general primary variables, and
the derivatives of the three pressures with respect to the general primary variables, G,

and G,.

For a general application, it is also required to consider various ways of defining the
relations between saturations and capillary pressures, and relative permeabilities and
capillary pressures. They may be presented by mathematical expressions or
experimental data.

Employing the finite element method and the generalizing procedures, the numerical
model, COMPO, is developed in terms of FORTRAN language. Appendix B shows

the variable list coded in the model.
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CHAPTER V
VERIFICATIONS

The numerical model is applied to the four cases of subsurface contamination to
verify its algorithm. Section 5.1 deals with the pollution pattern (I). Water saturation
and concentration of a pollutant are anticipated over the domain in the course of time.
Section 5.2 treats the pollution pattern (II). The numerical model shows how the
organic phase replace the water phase in the course of time. In section 5.3, a porous
medium is assumed to be occupied by the three fluid phases-water, gas and organic
phase. Here, as in the pollution pattern (VII), interphase mass exchange is allowed
among the three fluid phases. Section 5.4 deals with a full two-dimensional problem of
the pollution pattern (VII). Finally section 5.5 shows the extended use of the numerical

model by applying it to a tracer problem.

5.1 Pollution pattern (I)

This contamination scenario is given by Van Genuchten(1982). A vertical column
which is 1.2 m long is assumed to be filled with clear water and gas initially. The
numerical model, COMPO1D, meshes the domain with 120 elements. So each 1-D
element is 1 cm, Ay = 1 cm. The vertical coordinate, y, is measured downward from
the top of the column. The time step is constant at At = 30 sec. The simulation is
carried out for 9 hours of infiltration. The parameters for this simulation are

summarized in Table 5.1.1.

parameters value units
water M, 1.0x 107 kg | (m-sec)
B. 0 m’ I N

pY 1000 kg /m’
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solid matrix £ 0.38

k 4.4558 x 107 m’

B, 0 m®/ N
gravity g 9.81 m [ sec?
dispersion & D™ 0 m?/ sec
diffusion av 0.01 m

Table 5.1.1 Parameters for example 1

The water saturation is represented in terms of the capillary pressure, P, , and the
relative permeability of water is a function of water saturation. The relationships are

shown as follows:

S, = 1.52208-0.0718947 In ( P, )

for 1421.96 < P, < 2892.38 kg / (m-sec’)

(5.1.1))
S, =2.94650-0.250632In (P,,)
for P, > 2892.38 kg / (m-sec’)

k, = 1.235376 x 10° exp ( 13.604 S) (5.1.2)

Initial water saturation along the vertical column is expressed as follows:

0.394737+0.219287y 0<y<06

S, (y,t=0)= (5.1.3)

0526316 06<y<12

Using equation (5.1.1), the initial capillary pressure distribution can be obtained. The

top boundary consists of an infiltration pond, where water saturation is S, =1.0
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During the simulation the capillary pressure, P, , is fixed to be 1421.96 kg / (m-sec’)

at the top boundary. The bottom boundary is held at a specified saturation of

§,=0.526316, by specification of pressure, P, = 15616.5 kg / (m-sec’). No flow

occurs across either side boundary, but flow enters the top boundary due to the
pressure gradient. For the first 168 minutes, contaminated water enters from the top

boundary, where the solute concentration is ¢=209 meq / liter. After that, clean water

flows again from the pond.

As shown in table 4.3.1, the general primary variables become G,=P,, ,

G, =W, = ¢ . The initial and boundary conditions are summarized in table 5.1.2.

Boundary condition

upper boundary G, = P,, =142196 kg / (m-sec’)
G, =W" =¢=209 meq/liter (<168 min)

G, =W, =c=0 meq/liter (t>168 min)

lower boundary G, =P, =15616.5 kg / (m-sec”)
dG, JW”
l=——=t_=(
dy dy
Initial condition The initial distribution of G, = P, is calculated

from equation (5.1.1) and (5.1.3)

G, =W.” = ¢ =0 meq/liter

Table 5.1.2 Boundary and initial conditions
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Note that the concentration units are arbitrary ( need not to be mass fraction ) because
this is a constant density simulation. Simulation results are shown in figure 5.1.1 and
5.1.2 . The simulation results of COMPOID and Van Genuchten (1982) coincide
almost exactly for water content and solute concentration. Thus it can be said that

COMPOI1D is applicable to solute transport problems in water-gas system.

5.2 Pollution pattern (II)

This example is originated from Gamiel(1989). Table 5.2.1 shows the properties of
solid matrix, water, and TCE. TCE(Trichloroethylene) is a degreasing agent commonly
used by industry and private households. To know the physical properties of TCE in
more detail, refer to Gallant(1966) or Lyman, et al (1982). TCE is a liquid at room
temperature and is both volatile and slightly water soluble. Thus, it may transfer to
water and gas phases while TCE flows through porous media. However, the interphase
mass exchange is not considered in this example. The compressibility of TCE is

assumed to be negligible.

parameters value units
water K, 1.0019 x 1072 poise

B. 4.532x 10™ cm? | dyne

pY 0.9997964 gl cm’
TCE H, 58x 107" poise

B, 0 cm? [ dyne

p® 1.4657 g/ cm’
solid matrix € 0.36

k 5.8231 x 107 cm?

B 20x 107 cm® [ dyne
gravity g 9.80665 x 10° cm/ sec?
residual Sor 0.306
saturation S om 0.17
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S 0.306
parameters for S, 0.9998
van Genuchten  a,, 0.11 cm™
equation (3.1.8) =n_, 6.5
and (5.2.1) a,, 0.108 cem™!
n,, 6.60

Table 5.2.1 parameters for example 2

It adopts Van Genuchten’s equation for establishing the relation between water

saturation and capillary pressure, P :

S =5 45w~ Sw_ (5.2.1)

[1 + (ah)"]"'

Where S, :residual saturation of a-phase

S, :maximum saturation of o-phase

To decide the parameters for equation (3.1.8) and (5.2.1), the experiments are
conducted by Lin, et al (1982). Figure 5.2.1 shows the relationship between

saturations and capillary pressure calculated from equation (5.2.1). TCE saturation S,

is given by a simple constraint, S, =1-S, .
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Figure 5.2.1 Capillary pressure curve in water-TCE system

The relative permeabilities of water and TCE are presented in figure 5.2.2, which is

based on the data of Lin, et al (1982).

1
—Krw - Kro
08 -
0.6 -
k:

o4l O\
02

0 l - 1 | ] | n I |

0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000
P..(dyne / cni )

Figure 5.2.2 Relative permeabilities of water and TCE in water-TCE system
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Consider a horizontal soil column initially saturated with TCE and water. The length of
the column is 19 cm. Both fluids are above their residual level. The initial water
pressure is 1000 dyne/cm’ throughout the horizontal column and the organic pressure

is 11000 dyne/cm’ . Thus the initial capillary pressure is P,,= 10000 dyne/cm®. At

one end, organic pressure abruptly increases to 15610 dyne/cm®. No organic flow
condition is set at the other end. Water pressure is fixed at its initial conditions at both

ends. Table 5.2.2 shows the boundary and initial conditions.
Boundary condition

upper boundary G, = P,, = 14610 dyne / cm?

G, = P, =1000 dyne/cm’®

lower boundary G, 0P, 0
0x dx

G, = P, =1000 dyne/cm®

Initial condition G, = P,, = 10000 dyne / cm®

G, = P, =1000 dyne/cm?

Table 5.2.2 Boundary and initial conditions

As shown in table 4.3.1, the general primary variables become G, = P, and G, = P, .
The water and organic phase equations are used to analyze the pollution pattern (II).
The relevant derivatives are expressed in terms of the general primary variables in the
code(see table 4.3.2). The column is divided by 18 1-D elements. The length of each
element is Ax = 1.0 cm equally and the time step, At , is 1 sec. Simulation results are

shown in figure 5.2.3 and 5.2.4 . The comparison of the pressure and saturation
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distributions obtained by COMPOI1D and Gamiel’s model verifies the applicability of
COMPOI1D to the pollution pattern (II). The Gamiel’s model adopts the finite element
scheme to anticipate flows in the subsurface. Thus the comparison of the results of this
research and the Gamiel’s model also conveys the accuracy of COMPO1D for organic-

water system.

5.3 Pollution pattern (VII)

Water, gas and organic phases are present in pore space. Assuming that the porous
matrix consists of hydrophilic material, water is the wetting phase. Gas is the
nonwetting phase with respect to both of the other liquids. The wettability of TCE
phase is between water and gas. No direct contact between the water and gas phase is
assumed. The parameters for this example are given by Lin, et al (1982) and

Abriola(1983). Table 5.3.1 summarizes the parameters of the fluid phases and solid

matrix.

parameters value units
water M, 18.02

n, 1.0019x 1072 poise

B, 4532 107" cm’ | dyne

p 0.9997964 g/cm’

prb 1.0133 x 10° dyne | cm’
TCE M, 131.4

M, 58x 107 poise

B, 0

pob 1.4657 glem’

pob 1.0133 x 10° dyne | cm’
air M, 28.97

Z 1.0

pe 1.0133 x 10° dyne | cm®



solid matrix

residual
saturation
partition
coefficients

dispersion &

diffusion

- 0Q

9.80665 x 10°
293.15

0.36

5.8231x 107
20x107°
0.306

0.17

3.018 x 107

5.549 x 10°
0.039
8.434x 107°
0.1

0

0

110

cm/ sec’

‘K

cm

cm?® | dyne

cm?® | sec
cm® [ sec

cm

Table 5.3.1 Parameters for example 3

This example assumes that the water relative permeability and saturation are functions

of the capillary pressure, P, alone even for a three-phase system. It means that the

experimental data of the two-phase(water and organic) system can be applied to the

three-phase system, as far as water relative permeability and saturation are concerned.

Similarly the gas relative permeability and saturation are functions of F,, alone in a

three-phase system. So they can be determined from the experiments of the two-phase

system, although this example deals with the three-phase flow. Figure 5.3.1, 5.3.2,

5.3.3 and 5.3.4 show the relevant relations obtained from the experiments of the two-

phase systems, TCE-gas and TCE-water.
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Figure 5.3.1 Capillary pressure curve in TCE-gas system
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Figure 5.3.2 Relative permeability of TCE in TCE-gas system
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Figure 5.3.3 Capillary pressure curve in TCE-water system
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Figure 5.3.4 Relative permeability of TCE and water in TCE-water system

Gas saturation, S g and water saturation, S, , are obtained from figure 5.3.1 and

5.3.3 respectively. Then the saturation of TCE is determined from the constraint

(S, =1-S, -5, ). The relative permeability of water is able to be obtained from figure
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5.3.4 . The Stone’s method, equation(3.1.9), is adopted to determine the organic

relative permeability.

TCE at constant head

soil column at residual | 20cm
water saturation

no flow lem

Figure 5.3.5 Sketch of a soil column

A sketch of a TCE soil column which is 20 ¢m long and 1 cm wide is shown in figure
5.3.5. TCE infiltrates into the soil column at residual water saturation from the top
boundary. Table 4.3.1 and 4.3.2 summarize the general primary variables and relevant
derivatives that COMP1D adopts for the pollution pattern (VII). The boundary and

initial conditions for the 1-D domain are presented in table 5.3.2 .

Boundary condition

upper boundary

=50000 dyne / cm?

G =P
G, = P,, =1500 dyne / cm?
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G, =W’ =05
lower boundary G, = P,, =50000 dyne / cm’
3G, aP
=——==—-p"g << noTCE flow

dy  dy
0G, oW’ _
dy dy

Initial condition G, = P,, = 50000 dyne / cm’

G, = P, = 8300 dyne / cm®

G, =W =1
S, =0.306
$,=0

Table 5.3.2 Boundary and initial conditions

To simulate the hypothetical transient flow, a negligible saturation of TCE is assumed
at each node at the start of the simulation. However, in the case that TCE saturation is
below its residual level, the derivatives of TCE saturation with respect to capillary
pressures become zero theoretically. It may cause numerical difficulties, because the

mobility, T , becomes zero too. So a minimum value for the saturation derivatives has
been incorporated into the numerical model. Numerical experiments have proved that a

minimum value of 107° appears optimum for this simulation. Interphase mass
exchange and dispersion/diffusion are considered in this example.

Firstly the domain is considered as a 1-dimensional problem. It is divided into 1 cm
increments for 21 nodes. Figure 5.3.6, 5.3.7, and 5.3.8 display the simulation results
obtained by the 1-D numerical model COMPOI1D.



N

SWI) JO 9SINO0J oY) UL UoreInjes g I, 9°€'S 231y

0¢ 8i ol

(un)x

— ACO0dINOD
— dTOdNNOD

14’ ¢l 0]} 8 9 14 C 0
| _
035 ()8 095 (f
095 001 935 (09 998 ()¢

0

¢0

I/AY

90

80

°S



e

aseyd se3 ay) ur uonenuduod gOL L €S omsaLng
(uo)x

Oc 8 9t vI <¢I Ol 8 9 14 ¢ 0

I |

23S ()01

— dZ0dIN0O
— TOdINOD

S0




|+

0¢

aseyd JojeM S} UI UOTJRIIUSOU0D DL §°€"S 931

(wo)x
8l 9L Vi ¢l Ol 8
| i
295 00T
— {dZO0dNO0D
— dATOdNOD 7




118

Figure 5.3.9(a) examines the effect of mesh refinement on the organic saturation
profile. Solutions for three nodal spacing are compared at a fixed time, =20 sec, and
time step, At =0.5 sec.It shows that the saturation front steepens, as the spacing
becomes smaller. For relatively small spacings, Ax=0.5 cm and Ax=1 cm, the
simulation results are very similar. It can be said that the simulation results become
closer to the true solution as the spacing is smaller. Figure 5.3.9(b) is a semi-log plot

of the absolute value of the maximum error,

6 G,,| . » versus the number of iterations.

It shows that more iterations are required as the spacing becomes smaller.

0.8

tdx=2 cm -e-dx=1cm -©-dx=0.5cm J

0.6
So 0.4

0.2

8 10 12 14 16 18 20
x(cm)
Figure 5.3.9(a) Nodal spacing comparison for At=0.5 sec
|6 G2'|max

10000

[—i-dx=20m ~-dx=1cm -e-dx=0.5cm ]

1000 |

100

10

iteration

Figure 5.3.9(b) Spatial convergence for At=0.5 sec
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Figure 5.3.10(a) illustrates the effect of time step size for a fixed nodal spacing Ax=1
cm. Solutions for three time step sizes are compared at a specific time, =20 sec. The
organic saturation curve becomes a little bit steeper as Ar decreases. However, as
shown in figure 5.3.10(a), the three time step sizes do not influence the simulation
results considerably. Figure 5.3.10(b) shows that solutions are converging for the three
different time steps. However, there is a small jump at iteration 4 for At =0.1 sec. It

also can be observed that higher number of iterations is required for bigger time step

size.
0.8
|+dt=1sec -dt=05 sec -e-dt=0.1 sec|
06 &
So 04 r
02
0 L e e o e S S e e e o e
0 2 4 6 8 10 12 14 16 18 20
x(cm)
Figure 5.3.10(a) Time step comparison for Ax=1 cm
8G,,
<timax
10000

|+dt=1sec <-dt=05 sec ©-dt=0.1 sec |

1000

100

10

iteration

Figure 5.3.10(b) Convergence in time for Ax=1 cm
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Secondly the domain is treated as a 2-dimensional problem to verify the 2-D model,
COMPO2D. The numbers of nodes and elements is 42 and 20 respectively. Each
element is 1 cm wide and 1 cm high. The simulation results of the 2-D FEM code
almost overlap those of the 1-D FEM code. Thus the numerical models, COMPO1D
and COMPO2D have been proved to be applicable to the pollution pattern (VII).

5.4 Pollution pattern (VII) - two dimensional simulation

YL [J TCE at constant head

X

impermeable bed

; = ;
Oem g v 3. .3 .9s--3 % 8 3% 3

p - - ‘e - -®- -0 - -®- -9 - -® - -@- - @ - - - - - - - p
50 cm . : ‘ ‘

b - - - - - - - - @ - -®--® - -®--06- - O - -0 - - @ - - - - - - - - p
50 cm l Z ‘. l |

b - - - - & - -@--® --®--® - ®& - -@0- - @ - - - - - - - -

J . e- -9 - -0 °- . ®e- - ® - - - - - - - - ®

@ ° ° o e o - - ¢ - -e- - ® - - - - - - -~ ¢

p- - - - - - - . e - o - -0 .- . ®- - - - - - - - - - - 3

] e - -9 - -0 .- . ®- - o - - - - - - - - *

le sl impermeable bed

o g
300 cm 100cm 100cm

Figure 5.4.1 Sketch for 2-D simulation

This section deals with the full two-dimensional problem depicted in figure 5.4.1.
The domain is 4 m thick and it extends 13 m laterally. As shown in the figure, the
domain is composed of 100 nodes ( 10 rows x 10 columns ). TCE infiltrates into the
region through a rift in the center of the upper boundary. Initially the region is assumed

to contain water at its residual saturation level.
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water

TCE

solid matrix

residual
saturation
partition
coefficients

dispersion &

diffusion

parameters value units
M, 18.02
n, 1.0019 x 107 poise
B 4.532x 107™ cm® | dyne
p™ 0.9997964 g/ cm’
p 1.0133 x 10° dyne | cm?
M, 131.4

. 5.8x 10" poise
B, 0
oo 1.4657 glcm’
pob 1.0133 x 10° dyne | cm’
M, 28.97
Z 1.0
Pt 1.0133 x 10° dyne | cm®
g 9.80665 x 10 cm/ sec?
T 293.15 °K
£ 0.36
k 5.8231x 107 cm?
B, 20x 107" cm® | dyne
S,, 0.306
S, 0.17
©;° 3.018x 107
& 5.549 x 10°
D™ 0.039 cm® [ sec
D™ 8.434x 10°° cm’® / sec
a” 0.1 cm
D™ 0
a’ 0

Table 5.4.1 Parameters for example 4
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The simulation parameters are presented in table 5.4.1. They are almost same with

those in the previous example. Thus the fluid saturations and relative permeabilities are

determined by the same procedures used in section 5.3 . The boundary and initial

conditions are listed in table 5.4.2 .

Boundary condition

upper boundary

at nodes 41 & 51 (rift)

lower boundary

G, = P,, = 50000 dyne / cm®

G, 9P, _
35 5, =P8
G, _IW: _
dy dy

G, = P,, = 50000 dyne / cm®
G, = P, =1500 dyne | cm®

G, =W’ =05

G, = P,,, =50000 dyne / cm*
a GZ —_ _a I)o — [4

3y w P&
8G3=8W;’=0
dy dy
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left boundary G, = P,, =50000 dyne / cm”
G, = P, = 8300 dyne / cm®
G, =W’ =1

right boundary G, = P, =50000 dyne / cm’

G, = P,, = 8300 dyne / cm®

G, =W’=1

e

w

Initial condition G, = P_ =50000 dyne / cm*

G, = P,, =8300 dyne / cm®

G, =W’ =1
S, =0306
§,=0

Table 5.4.2 Boundary and initial conditions

COMPO2D is used to solve this scenario. Simulation results are shown in figure 5.4.2,
5.4.3, and 5.4.4. TCE propagation is presented in figure 5.4.2 for various time steps.
Three different simulation times are presented. Each contour delineates the region
within which the organic phase saturation is greater than 0.1. Figure 5.4.3 and 5.4.4

show the movements of e component in the gas and water phases respectively. Each

contour in figure 5.4.3 and 5.4.4 delineates the region respectively within which W

or W# is greater than 1x10™ or 0.01. Here, linear interpolation between nodal values

are used to develop the contours shown in the figures. A time step of 10 seconds are

employed for the grid shown in figure 5.4.1.
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Two more grid types are considered in figure 5.4.5 and 5.4.6 to show the grid effect.
Grid type 2 has 100 nodes as grid type 1 (see figure 5.4.1). However it has smaller

spacing near the rift. On the other hand, grid type 3 divides the domain into 6 rows x

10 columns(60 nodes).

} }
1Oc”’ﬂr':::::::::f:::5:::::::l::::ﬁ:::::::1:::1:::::::::7F25cm
+ -_ -. -. -. -. -_ -_ -_ -l -. -_ _.' ------ '-_ -_ -_ '-_ -_ -_ -l ------ L '-_ -_ -_ '-_ -_-_-_ -_ ------- i
em .

100 ¢
Figure 5.4.5 Grid type 2
IOCmJ' __________ i . T
90 cm
100 cm
Figure 5.4.6 Grid type 3

Figure 5.4.8(a) examines the effect of mesh refinement on the organic saturation
profile. Solutions for the three grid types are compared at a fixed time, #=1000 sec, and
time step, At =10 sec. It shows that the organic phase spreads farther as the grid is
more refined. Grid type 2 which has dense grid in front shows high values of the

saturation of the organic phase. Thus, if more accurate information on the saturation
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distribution is desired, the grid should be more refined. Figure 5.3.9(b) is a semi-log

plot of the absolute value of the maximum error, |6 G2,.|max , versus the number of

iterations. Figure 5.4.8(b) shows that solutions are converging for the three different

time steps. However, the curve for grid 1 exhibits different behavior.

Grid2
T
.
-
oL ) T TR
.
.
"""""""" F = = == = == = = a4 = = -y- = = [ - - Tt=- - = - - = - ==
,
..............................................
)
)
------------- G m e mm e e m e e me e et e e e e e e e e oo
.
------------ T S
' '
.
------------------ P N T T I T R
)

Contour shows So=0.1

Figure 5.4.8(a) Grid type comparison for A=10 sec

=+grid 1 --grid 2 ©~grid3 |

100

10

iteration

Figure 5.3.9(b) Spatial convergence for Ar=10 sec
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Figure 5.4.9(a) illustrates the effect of time step size for grid type 1. Solutions for three
time step sizes are compared at a specific time, #=1000 sec. As shown in figure
5.4.9(a), The simulation results are almost same for the time step sizes, At =5 sec and
At =10 sec. On the other hand, TCE infiltrates a little bit farther for the time step size,
At =20 sec. Thus, it can be said that Az =10 sec is small enough to describe accurately
the migration of the organic phase. Figure 5.4.9(b) shows that solutions are converging
for the three different time steps. However, as in figure 5.4.8(b), the curve for Az =10
sec exhibits different behavior. Because the curves in ﬁgure@.8(b) and 5.4.9(b) are
obtained for the worst cases, the unstable converging behavior does not continue. On

average, 3-4 iterations are required per time step for the convergence criteria after a

few time steps.

dt=5, and 10 sec dt=20 sec

Contour shows So=0.1
Figure 5.4.9(a) Time step comparison for grid 1
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5|

max

1000

~~dt=20 -s-dt=10sec -e-dt=5sec J

100

10

iteration

Figure 5.4.9(b) Convergence in time for grid 1

5.5 Extended use of the code ( Tracer experiment )

This section is contributed to show the extended capacity of the code by applying it to
a simple tracer scenario. Let us consider a horizontal soil column initially saturated
with TCE and water. The length of the column is 10 cm. Both fluids are above their
residual level. Table 5.2.1 are used again to show the properties of solid matrix, water,
and TCE. Figure 5.2.1 and 5.2.2 are also employed to establish the relations between
capillary pressure and saturations or relative permeabilities.

As in section 5.2, the initial water and organic pressures are assumed to be 1000
dyne/cm’* and 11000 dyne/cm? respectively throughout the horizontal column. Thus the

initial capillary pressure is P,,= 10000 dyne/cm®. However, at one end, an organic

phase which contains a tracer of 1000 ppm is introduced, increasing organic pressure
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to 15610dyne / cm® . Water pressure is fixed at its initial conditions at both ends. Table

shows the boundary and initial conditions.

Boundary condition

upper boundary G, = P,, = 14610 dyne/ cm’

G, = P, =1000 dyne/cm?*

G, =W’ =0.999
lower boundary G, = P, =1000 dyne/cm’
Initial condition G, = P,, = 10000 dyne / cm*

G, = P, =1000 dyne/cm®

G, =W’ =1

Table 5.5.1 Boundary and initial conditions

As it can be observed, this tracer example is able to be categorised as the pollution
pattern (III) which allows the interphase mass exchange. To display the effect of

partitioning of the tracer between water and organic phase, numerical simulations are

conducted for the three partition coefficient, ®?’ =0, 5 x 107, and 7.5 x 10°. The

length of each element is Ax = 1.0 cm equally and the time step size, At =5 sec.

The breakthrough curves at the other end are compared in figure 5.5.1 for the three
partition coefficients. Figure 5.5.1 shows that the tracer concentration becomes smaller
as the partition coefficients becomes larger. It is because the tracer transfers to the

water phase in the course of migration.
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Figure 5.5.2 displays the saturations of organic phase at a certain time step for the
varying spacings. For Ax=0.5 cm and Ax=1 cm, the simulation results are very similar.

On the other hand, the curve for Ax=2 cm is slightly off from the others.

0.7

[+dx=2 cm -e-dx=1cm -©-dx=05cm

0.65¢
06
So 0.55 -

05

©

04 L | ! | | 1 Il 1
x(cm)

Figure 5.5.2 Nodal spacing comparison for Ar=5 sec and time=200 sec

From the simulation results in figure 5.5.3, it can be said that the effect of the time step

size is minor for the three time step sizes, At=1 sec, Ar=5 sec, and At=10 sec.

0.7
|-+dt=10 sec <-dt=5sec e-dt=1sec |

0.65

0.6 -

So 0.55

T

05|

0.45 |-

L
0 2 4 6 8 10
x(cm)

Figure 5.5.3 Time step comparison for Ax=1 cm and time=200 sec
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5.6 Summary

The example of the pollution pattern(I) conveys the accuracy of the algorithm of
COMPO which is concerned with the water phase equation and the e component
equation. The application of COMPO to the pollution pattern(II) proves that the
organic component equation is coded correctly into the model. Finally, applying
COMPO to the pollution type(VII), it is proved that the concepts of
diffusion/dispersion and interphase mass transfer are correctly considered in the model.
Therefore, the other pollution patterns categorized in this study also can be treated by

using COMPO. On top of that, the applicability of the code can be extended even to

tracer experiments.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

This thesis has been dedicated to tracing the movements of pollutants in porous
media. Table 3.2.1 shows pollution patterns that can take place in the subsurface. The
pollution patterns can be categorised by the property of solid matrix, fluid phases in a
porous medium, and interphase mass transfer among fluid phases. The wettability
order is determined by whether the solid matrix is hydrophilic or oliophilic. Four
combinations of fluid phases are considered in categorizing the pollution patterns:
water-gas, water-organic, organic-gas, and water-organic-gas. Interphase mass
transfer is allowed in this study by dissolution and evaporation and it also contributes
to determining the pollution patterns.

The general primary variables are employed to derive the mathematical model. Matrix
and fluid compressibility, capillarity, diffusion and dispersion, and interphase mass
transfer are all incorporated in deriving the three governing equations for the analysis
of multiphase flows in heterogeneous porous media. However, the modelers do not
have to use all the three governing equations for some of the pollution patterns. Table
3.2.1 indicates which governing equations are used for the pollution patterns. The
variations of the general primary variables and the relevant derivatives are categorized
in table 4.3.1, 4.3.2, and 4.3.3, according to the pollution patterns.

The numerical simulators for 1- and 2-dimension are developed to solve the nonlinear
partial differential equations employing a finite element discretization method. A
Newton-Raphson method is chosen to solve the resultant system of nonlinear algebraic
equations.

To demonstrate its applicability, firstly the numerical model, COMPOI1D, is applied to
a two-phase flow (water and gas) system where contaminated water infilterates from
the top boundary( pollution type I ). The accuracy of the 1-D model, COMPOID is
verified by comparing the simulation results with those of Van Genuchten’s model.

Secondly a TCE and water phase flow is considered to verify the applicability of



136

COMPOI1D( pollution type II ). The comparison of the simulation results among the
relevant numerical models shows that COMPOI1D is able to predict the movements of
TCE and water. Thirdly the three fluid phases(water, gas, and TCE) are assumed to
exist in a domain of interest, taking into account interphase mass exchange( pollution
type VII ). For this example, the convergence properties of the code are shown by grid
and time step refinement. Additionally the 2-D model, COMPO2D is applied to the
same 1-D example to verify its algorithm. The results of the 1-D and 2-D models are
nearly overlapped. The applicability of 2-D model, COMPO2D, is demonstrated by
applying it to a full 2-dimensional TCE migration scenario. The potential applicability
of the code to tracer problems is illustrated by applying it to a simple tracer problem.

In conclusion, this research has developed a generalized compositional numerical
model that is able to deal with various pollution problems. The generalizing procedures

have been fully presented throughout this thesis.

6.2 Recommendations

Basically it is very complex to accurately describe subsurface flows. The complexity
increases much more, if multiphase flows are considered. On top of this, there could be
various pollution types in the subsurface as this study presents. Thus, more than one
numerical model are required to solve these different types of pollution problems. The
completely different pollution mechanisms may take place within a domain of concern,
because of the state of the existing fluids in a porous medium or the change of the
property of solid matrix. However, most of the established models have very restricted
range of application. The newly developed numerical model, COMPO, is able to
overcome these difficulties. If the primary variables are fixed as in most of models,
their experimental data also should be obtained on the basis of the fixed assumptions.
Thus, many experimental data for the subsurface contaminations may be useless to
some modelers who make use of only one or two models. However, the numerical
model, COMPO, can handle with many kinds of experimental data and experimental

methods.
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Although COMPO has big advantages, the idea of combining procedures is not
difficult. Thus, if a numerical code is formulated for anticipating the movements of
three-phase flows in the subsurface, it is recommendable to adopt the concept of the
general primary variables and the generalizing procedures. Changing part of the code,
its application range can be wider. Furthermore, if the code is developed under the
condition of interphase mass exchange, it can deal with all the pollution patterns
categorized in this study.

This model could be very useful for tracer problems. However, according to the
properties of tracers, it may be required to change part of the code which is concerned

with partitions between tracers and fluid phases.
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APPENDIX A

Cellwise discretization

This numerical model employs both concepts of the finite difference method and finite
element method. Time derivative terms are discretized by borrowing the concept of the
finite difference technique, while convective terms adopt the finite element technique.

Thus, coefficients also should be adjusted to be suitable for the analysis techniques.
y

A

cell
l Figure A.1 cell and element

Cellwise discretization is used to present coefficients for time derivative terms. Figure
A.1 shows the three types of cells, according to the locations of node: inside, side and
corner. The area of cell changes according to the locations of node. The following
equation describes water saturation over the entire domain, which is based on cellwise

discretization.

N
S.(x.y)=.S,.(x,) (A1)

i=]
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where S, (x,y) is constant for (x, y) coordinates within the cell and zero outside the

cell. Thus, S, (x,y) is a flat topped box standing on a cell i.



APPENDIX B

The variable list for COMPO2D

nn
ne
dt

nt

itype

gel
ge2
ge3
pwg
pog
ww2
wg2
row
roo
rogn
alpa
bop

beg

IX, ry

number of nodes
number of elements

time step

number of time steps

pollution type

x coordinate

€ coordinate

G, at previous time
G, at previous time
G, at previous time
P, at previous time

P, at previous time

W.* at previous time

W2 at previous time
p" at previous time
p’ at previous time
p¥ at current time
B, constant

B at previous time
B¢ at current time

A, and)

n3
nr
nc
time

kount

genl
gen2
gen3
pwgn
pogn
wwn2
wgn2
rowm
room
pg
bew
bol

g

rkp

nnx3

number of rows
number of columns
current time
iteration number

y coordinate

1 coordinate

G, at current time
G, at current time
G, at current time
P, at current time
P at current time
W at current time

W? at current time
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average of p" over an element

average of p° over an element

Ifg constant

B’ constant
B¢ at previous time
g gravity

k weighting factor
at previous time



Sw =
SO =

Sg =

twx =

tox =

dswgel=

dswge2=

dswg2l=

dsogel =

dsoge2 =

dsog2l=

dsggel =

dsgge2 =

dsgg2l=

S, at previous time
S, at previous time

S, at previous time

k. k., _
W = ——"= atcurrent time
K,
o = —— atcurrent time
K,

W

at current time

3G,
28, .

at current time
0G,
928, .

at current time

0G,9G,
oS, .

at current time
dG,
oS, .
—— at current time
2G,
9%S. .
———— at current time
9G,0 G,
3S, ,

at current time
dG,
3s, ,

at current time
9 G,
2%, ,
———— at current time
9 G,0 G,

swn =
son =
sgn =

twy =

toy =

dswgll=

dswg22=

dswgl2=

dsogll =

dsog22 =

dsogl2 =

dsggll =

dsgg22 =

dsggl2 =

S, at current time
S, at current time
S, at current time

k. k

Ty = Y ™ at current time
K,
k)'kro -
T, = at current time
o
o
3’ .
>~ at current time
G,
3’5, ,
——5 atcurrent time
G,

a’s, )
——"*— at current time
3G, G,

2%8 .

; at current time
G,
%S, ,

= atcurrent time
G,

%5, ‘
———2— at current time
9GaG,

a%s, _
- atcurrent time
3G,
3%s, _
5 atcurrent time
3G,
2
3%s,

———— at current time
0 GoG,
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twxgel =

twxge2 =

toxgel =

toxge2 =

dwwgel=

dwwge3=

dwgge2=

dbgdwo=

at current time

at current time

at current time

at current time

at current time

at current time

at current time

at current time

element of D}

at previous time

element of D,

at previous time

element of D;’).

at previous time

element of Dg,

at previous time

diffusion coefficient of gas,

constant

twygel =

twyge2 =

toygel =

toyge2 =

dwwge2=

dwggel=

dwgge3=

drgge3 =

dwxy =

dwyy =

doxy =

doyy =

element of ny

at previous time

element of D;’_‘.

at previous time

element of D,

at previous time

element of D,

at previous time
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at current time

at current time

at current time

at current time

at current time

at current time

at current time

at current time



APPENDIX C

Source Code of COMPO2D

c

program compo2d

common /moon/ge1(200),ge2(200),ge3(200),pwg(200),p0g(200),
+ wo02(200),ww2(200),wg2(200),bop(200),bo1(200),sw(200),
+  rowm(200),room(200),rkp(200),50(200),5g(200)

common /sun/ gen1(200),gen2(200), gen3(200),pr"(ZOO),pOgn(ZOO),
won2(200),wwn2(200),wgn2(200),swn(200),s0n(200),sgn(200),
twx(200),twy(200),tox(200),toy(200),beg(200),dbgdwo(200),
twxge1(200),twyge1(200),twxge2(200),twyge2(200),
toxge1(200),toyge1(200),toxge2(200),toyge2(200),
dwwge1(200),dwwge2(200),dwwge3(200),
dwgge1(200),dwgge2(200),dwgge3(200),

rogni 200),drgge3(200)

common /dove/dwxx(200),dwxy(200),dwyx(200),dwyy(200),
+ doxx(200),doxy(200),doyx(200),doyy(200),

+ dmw,atw,alw,dmo,ato,alo,dmg,dg(200)

common /lake/gintx1(4,4,2),ginty1(4,4,3),gintx2(4,4,4,3),

+ ginty2(4,4,4,3),gintx3(4,4,4,4,3),ginty3(4,4,4,4,3),

+ gintx4(4,4,4,4,4,2),ginty4(4,4,4,4,4,2)

common /may/ dswge1(200),dswg11(200),dswg21(200),
dswge2(200),dswg22(200),dswg12(200),
dsoge1(200),dsog11(200),dsog21(200),
dsoge2(200),dsog22(200),dsog12(200),
dsgge1(200),dsgg11(200),dsgg21(200),
dsgge2(200),dsgg22(200),dsgg12(200)

common /door/asw,rnsw,swr,sws,akw,rmkw,aso,rnso,sor,sos,ako,rmko,
+ akol,rnkol,ako2,mko2,swir,som

common /hill/ru,t,z

common /june/rkx,rky,rx,ry,g

common /july/a(600,600),b(600),u(600),rmax

common /wind/nn,pg,rm1,rm2,rkpg,rkpw,rmw,rma,uo(200),row(200),
+ roo(200)

common /tree/pwb,pobl,pob2,bew,bel,be2,rwb,robl,rob2,

+ rmuw,rmul,rmu2,theta,eps,itype

common /bird/x(200),y(200),nne(200,4),e(4),n(4)

common /phic/ dpc(20),drw(20),dro(20),dro1(20),dro2(20),
+ dsw(20),dso(20)

dimension tge1(200),tge2(200),bc(200),qwbo(200),qobo(200)

+++ 4+ + + 4+

++ + + +

¢ DATA INPUT ACCORDING TO FLOW PATTERNS

C

open(50, file='da21")

open(51, file='da22')

read(50,*) itype
if(itype.eq.4.or.itype.eq.S) then

go to 901

else

read(50,*) rmw,rmuw,bew,rwb,pwb
endif
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901 if(itype.eq.1) go to 902
read(50,*) rm1,rmul,bel,robl,pobl
if(itype.eq.2.or.itype.eq.4) go to 902
if(itype.eq.6) go to 902
read(50,*) rm2,rmu2,be2,rob2,pob2

902 read(50,*) eps,alpa,rkx,rky,rx,ry,g,pg,swir,som
if(itype.eq.5.or.itype.eq.7) then
read(50,*) rma,z,t,ru
read(50,*) dmw,dmo,dmg,atw,alw,ato,alo,rkpw,rkpg
endif
if(itype.eq.3) then
read(50,*) dmw,dmo,dmg,atw,alw,ato,alo,rkpw,rkpg
endif
if(itype.eq.1) read(50,*) dmw,atw,alw

THREE TYPES ARE DEFINED IN THIS CODE.

1: Van Genuchten
2: Experimental Data
3: Others

O 00000000

if(itype.eq.1) then

read(50,*) isw,irw

if(isw.eq.1) read(50,%) asw,rnsw,swr,sws
if(isw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dsw(i),i=1,inum)
endif

if(irw.eq.1) read(50,*) akw,rnkw
if(irw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (drw(i),i=1,inum)
endif

endif

if(itype.eq.2.or.itype.eq.3) then
read(50,*) isw,irw,iro
if(isw.eq.1) read(50,*) asw,rmsw,swr,sws
if(isw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dsw(i),i=1,inum)
endif

if(irw.eq.1) read(50,*) akw,rnkw
if(irw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (drw(i),i=1,inum)
endif

if(iro.eq.1) read(50,*) ako,rnko
if(iro.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dro(i),i=1,inum)

isw,iso,irw,iro,irol, AND iro2 DEFINE DATA TYPES WHICH RELATE
SATURATIONS AND RELATIVE PERMEABILITIES TO CAPILLARY PRESSURES
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endif
endif

if(itype.eq.4.or.itype.eq.5) then
read(50,*) iso,iro

if(iso.eq.1) read(50,*) aso,rnso,sor,sos
if(iso.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dso(i),i=1,inum)
endif

if(iro.eq.1) read(50,*) ako,rnko
if(iro.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dro(i),i=1,inum)
endif

endif

if(itype.eq.6.or.itype.eq.7) then
read(50,*) isw,iso,irw,irol,iro2

if(isw.eq.1) read(50,*) asw,rnsw,swr,sws

if(isw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dsw(i),i=1,inum)
endif

if(iso.eq.1) read(50,*) aso,rnso,sor,sos
if(iso.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dso(i),i=1,inum)
endif

if(irw.eq.1) read(50,*) akw,rnkw
if(irw.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (drw(i),i=1,inum)
endif

if(irol.eq.1) read(50,*) akol,rnkol
if(irol.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (dro(i),i=1,inum)
endif

if(iro2.eq.1) read(50,*) ako2,rnko2
if(iro2.eq.2) then

read(50,*) inum

read(50,*) (dpc(i),i=1,inum)
read(50,*) (drol(i),i=1,inum)
endif

endif

read(50,*) ne,nn,nr,nc,nt,dt

data e(1),e(2),e(3),e(4)/-1,1,1,-1/
data n(1),n(2),n(3),n(4)/-1,-1,1,1/
rx=3.14159/180.*rx
ry=3.14159/180.*ry
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¢ NODE AND ELEMENT NUMBERS ARE DECIDED AND EACH NODE IS DECIDED IN
¢ THE LOCAL COODINATE SYSTEM FROM THE SUBROUTINE coor.

C

call coor(ne,nn)

do 13 i=1,nn
gel(i)=0
ge2(i)=0
ge3(i)=0
pwg(i)=0
pog(i)=0
wo2(i)=0
wg2(i)=0
ww2(i)=0
sw(i)=0
so(i)=0
swn(i)=0
son(i)=0
sgn(i)=0
genl(i)=0
gen2(i)=0
gen3(i)=0
pwgn(i)=0
pogn(i)=0
won2(i)=0
wgn2(i)=0
wwn2(i)=0
uo(i)=0
bop(i)=0
bol(i)=0
row(i)=0
rowm(i)=0
roo(i)=0
room(i)=0
twx(i)=0
twy(i)=0
tox(i)=0
toy(1)=0
beg(i)=0
rogn(i)=0
rkp(i)=0
dswgel(i)=0
dswgl1(i)=0
dswg21(i)=0
dswge2(i)=0
dswg22(i)=0
dswgl12(i)=0
dsogel(i)=0
dsogl11(3i)=0
dsog21(i)=0
dsoge2(i)=0
dsog22(i)=0
dsog12(i)=0
dsggel(i)=0
dsggl1(i)=0
dsgg21(i)=0
dsgge2(i)=0
dsgg22(i)=0
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dsgg12(i)=0
twxgel(i)=0
twygel(i)=0
twxge2(i)=0
twyge2(i)=0
toxgel(i)=0
toygel(i)=0
toxge2(i)=0
toyge2(i)=0
dwwgel(i)=0
dwwge2(i)=0
dwwge3(i)=0
dwggel(i)=0
dwgge2(i)=0
dwgge3(i)=0
drgge3(i)=0
dwxx(i)=0
dwxy(i)=0
dwyx(i)=0
dwyy(i)=0
doxx(i)=0
doxy(i)=0
doyx(i)=0
doyy(1)=0
dg(i)=0
be(i)=0
qwbo(i)=0
qobo(i)=0

13 continue

SUBROUTINE inicon AND bouncon ARE CONCERNED WITH INITIAL CONDITION
AND BOUNDARY CONDITION

call inicon(gel,ge2,ge3,genl,gen2,gen3,nn)
call bouncon(gel,ge2,ge3,genl,gen2,gen3,nr,nc,nn)

n3=nn*3
time=0
nk=1

DO LOOP 1000 IS FOR CALCULATING THE ELEMENTS OF THE RESULTANT MATRIX
EQUATION,

do 1000 idt=1,nt
if(idt.eq.11) dt=dt*10
ikount=0
kount=0
time=time+dt

1001 do 17 i=1,n3
b(i)=0
u(i)=0
do 17 j=1,n3
a(i,j)=0

17 continue

if(ikount.eq.1) go to 1056
tune=0.5
kount=kount+1

1056 if(kount.gt.30) then
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stop
endif
do 133 i=1,nn

WATER PRESSURE, ORGANIC PRESSURE, DERIVATIVES OF WATER AND ORGANIC
PRESSURES WITH RESPECT TO THE PRIMARY VARIABLES ARE REPRESENTED
ACCORDIN TO FLOW PATTERNS.

O o060 o0

if(itype.eq.1) then
pwg(i)=-gel(i)+pg
pwgn(i)=-genl(i)+pg
pog(i)=0
pogn(i)=0
pwggel=-1
pwgge2=0
poggel=0
pogge2=0
goto 133
endif
if(itype.eq.2.or.itype.eq.3) then
pwe(i)=ge2(i)
pwgn(i)=gen2(i)
pog(i)=ge1(i)+ge2(i)
pogn(i)=gen1(i)+gen2(i)
pwggel=0
pwgge2=1
poggel=1
poggel=1
goto 133
endif
if(itype.eq.4.or.itype.eq.5) then
pwg(i)=0
pwgn(i)=0
pog(i)=-ge2(i)+pg
pogn(i)=-gen2(i)+pg
pwggel=0
pwgge2=0
poggel=0
pogge2=-1
goto 133
endif
if(itype.eq.6.or.itype.eq.7) then
pwg(i)=-gel(i)-ge2(i)+pg
pwgn(i)=-genl(i)-gen2(i)+pg
pog(i)=-ge2(i)+pg
pogn(i)=-gen2(i)+pg
wo2(i)=1-ge3()
won2(i)=1-gen3(i)
pwggel=-1
pwgge2=-1
poggel=0
pogge2=-1
endif
133 continue
if(kount.gt.1) go to 221
c
¢ SUBROUTINE ocof IS TO CALCULATE COEFFICIENTS THAT IS RELATED TO
¢ THE PREVIOUS TIME.



call ocof(nr,nc)
c

¢ SUBROUTINE coef IS TO CALCULATE COEFFICIENTS THAT IS RELATED TO

¢ THE CURRENT TIME.
c
221 call coef

c
kk1=0
do 108 ie=1,ne
nl=nne(ie,1)
n2=nne(ie,2)
nn3=nne(ie,3)
nd4=nne(ie,4)
do 110i4=14
if(i4.eq.1) n0=n1
if(i4.eq.2) n0=n2
if(i4.eq.3) n0=nn3
if(i4.eq.4) n0=n4

if(n0.eq.1.0r.n0.eq.21) then

a(3*n0-2,3*n0-2)=1
a(3*n0-1,3*n0-1)=1
a(3*n0,3*n0)=1
goto 110
endif
do 19i19=1,nk
if(n0.eq.bc(i19)) then
ih=bc(i19)
a(ih*3-2,ih*3-2)=1
a(ih*3-1,ih*3-1)=1
a(ih*3,ih*3)=1
goto 110
endif

19 continue

if(n0.eq.20.0r.n0.eq.40) then

a(3*n0-2,3*n0-2)=1
a(3*n0-1,3*n0-1)=1
a(3*n0,3*n0)=1

goto 110

endif

do 92 ih=2,nr-1
if(n0.eq.ih) then
rbo=abs(y(n1)-y(n4))/2

go to 793
endif
jh=nr*(nc-1)+ih
if(n0.eq.jh) then
rbo=abs(y(n1)-y(n4))/2
go to 793
endif

92 continue
do 93 ih=1,nc
jh=nr*(ih-1)+1
if(n0.eq.jh) then
rbo=abs(x(n1)-x(n2))/2
goto 793
endif

lh=nr*ih
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if(n0.eq.lh) then
rbo=abs(x(n1)-x(n2))/2
goto 793

endif

93 continue
793 pav=rkp(n0)*pog(n0)+(1-rkp(n0))*pwg(n0)
pavn=rkp(n0)*pogn(n0)+(1-rkp(n0))*pwgn(n0)
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¢ DERIVATIVES OF THE AVERAGE FLUID PRESSURE ARE PRESENTED ACCORDING TO
¢ FLOW PATTERNS.

Cc

if(itype.eq.1) then

pavgel=-1

pavge2=0

goto 1333

endif
if(itype.eq.2.or.itype.eq.3) then
pavge l=rkp(n0)

pavge2=1

goto 1333

endif
if(itype.eq.4.or.itype.eq.5) then
pavgel=0

pavge2=-1

goto 1333

endif
if(itype.eq.6.or.itype.eq.7) then
pavgel=rkp(n0)-1

pavge2=-1

endif

1333 continue

C

rowm(n0)=(row(n1)+row(n2)+row(nn3)+row(n4))/4
room(n0)=(roo(n1)+roo(n2)+roo(nn3)+roo(n4))/4

gvol=vol(nl,n2,nn3,n4,i4)
kkl=kkl+1

¢ SUBROUTINE gint IS FOR NUMERICAL INTEGRATIONS BY GAUSSIAN QUAGRATURE.

[

call gint(n1,n2,nn3,n4,i4)

if(swn(n0).1t.swir) go to 453

a(3*n0-2,3*n0-2)=a(3*n0-2,3*n0-2)

+ +(eps*(dswg11(n0)*(gen1(n0)-gel(n0))/dt

+ +dswge1(n0)/dt+dswg12(n0)*(gen2(n0)-ge2(n0))/dt)

+ +sw(n0)*bew*eps/dt*pwggel

+ +sw(n0)*alpa*(1-eps)*pavge1/dt)*qvol
a(3*n0-2,3*n0-1)=a(3*n0-2,3*n0-1)

+ +(eps*(dswg21(n0)*(gen1(n0)-gel(n0))/dt

+ +dswg22(n0)*(gen2(n0)-ge2(n0))/dt+dswge2(n0)/dt)

+ +sw(n0)*alpa*(1-eps)*pavge2/dt+sw(n0)*bew*eps*pwgge2/dt)

+ *qvol
b(3*n0-2)=b(3*n0-2)

+ -(eps*(dswgel(n0)*(gen1(n0)-ge1(n0))/dt+dswge2(n0)
+ *(gen2(n0)-ge2(n0))/dt)+sw(n0)*bew*eps

+ *(pwgn(n0)-pwg(n0))/dt

+ +sw(n0)*alpa*(1-eps)*(pavn-pav)/dt)*qvol

+

-gqwbo(i)*rbo

453 if(itype.eq.1) go to 1311
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a(3*n0-1,3*n0-2)=a(3*n0-1,3*n0-2)

+ +(ge3(n0)*so(n0)*eps*bop(n0)/dt*pogge

+ +eps*gen3(n0)*(dsogl1(n0)*(gen1(n0)-gel(n0))/dt

+ +dsoge 1(n0)/dt+dsog12(n0)*(gen2(n0)-ge2(n0))/dt)
+ +so(n0)*ge3(n0)*alpa*(1-eps)*pavgel/dt)*qvol
a(3*n0-1,3*n0-1)=a(3*n0-1,3*n0-1)
+ +(ge3(n0)*so(n0)*eps*bop(n0)/dt*pogge2
+ +eps*gen3(n0)*(dsog21(n0)*(genl(n0)-ge1(n0))/dt
+ +dsog22(n0)*(gen2(n0)-ge2(n0))/dt+dsoge2(n0)/dt)
+ +so(n0)*ge3(n0)*alpa*(1-eps)/dt*pavge2)*qvol
a(3*n0-1,3*n0)=a(3*n0-1,3*n0)
+ +(ge3(n0)*so(n0)*eps*bol(n0)/dt+eps*so(n0)/dt
+ +eps*(dsoge1(n0)*(gen1(n0)-ge1(n0))/dt+dsoge2(n0)
+ *(gen2(n0)-ge2(n0))/dt))*qvol

b(3*n0-1)=b(3*n0-1)
-(ge3(n0)*so(n0)*eps* (bop(n0)*(pogn(n0)-pog(n0))/dt
+bo1(n0)*(gen3(n0)-ge3(n0))/dt)+eps*so(n0)
*(gen3(n0)-ge3(n0))/dt+eps*gen3(n0)
*(dsoge1(n0)*(gen1(n0)-ge1(n0))/dt+dsoge2(n0)
*(gen2(n0)-ge2(n0))/dt)+so(n0)*ge3(n0)*alpa*(1-eps)
*(pavn-pav)/dt)*qvol

-qobo(i)*rbo
if(swn(n0).1t.swir) go to 454

+

+ 4+ 4+ + + +

C

C

c

1311 a(3*n0,3*n0-2)=a(3*n0,3*n0-2)

+  +(row(n0)*eps*sw(n0)/dt*dwwge1(n0)
+row(n0)*eps*dwwgel(n0)*(dswgel(n0)*(gen1(n0)-ge1(n0))/dt
+dswge2(n0)*(gen2(n0)-ge2(n0))/dt)+row(n0)*eps*wwn2(n0)
*(dswg11(n0)*(gen1(n0)-ge1(n0))/dt+dswgel(n0)/dt+dswg12(n0)
*(gen2(n0)-ge2(n0))/dt)+row(n0)*wwn2(n0)*sw(n0)
*bew*eps/dt*pwggel)*qvol
+(alpa*(1-eps)*(row(n0)*sw(n0)*dwwge 1(n0)+row(n0)*dswge1(n0)
*wwn2(n0))*(pavn-pav)/dt
+alpa*(1-eps)*(row(n0)*sw(n0)*wwn2(n0))*pavgel/dt)*qvol
a(3*n0,3*n0-1)=a(3*n0,3*n0-1)
+(row(nQ)*eps*sw(n0)/dt*dwwge2(n0)
+row(n0)*eps*dwwge2(n0)*(dswge1(n0)*(gen1(n0)-ge1(n0))/dt
+dswge2(n0)*(gen2(n0)-ge2(n0))/dt)+row(n0)*eps*wwn2(n0)
*(dswg21(n0)*(gen1(n0)-ge1(n0))/dt+dswg22(n0)
*(gen2(n0)-ge2(n0))/dt+dswge2(n0)/dt)+row(n0)*wwn2(n0)
*sw(n0)*bew*eps/dt*pwgge2)*qvol
+(alpa*(1-eps)*(row(n0)*sw(n0)*dwwge2(n0)+row(n0)*dswge2(n0)
*wwn2(n0))*(pavn-pav)/dt
+alpa*(1-eps)*(row(n0)*sw(n0)*wwn2(n0))*pavge2/dt)*qvol
a(3*n0,3*n0)=a(3*n0,3*n0)

+  +(row(n0)*eps*sw(n0)/dt*dwwge3(n0)+row(n0)*eps

+ *dwwge3(n0)*(dswgel(n0)*(gen1(n0)-ge1(n0))/dt+dswge2(n0)
+ *(gen2(n0)-ge2(n0))/dt)

+ +alpa*(1-eps)*row(n0)*sw(n0)*dwwge3(n0)*(pavn-pav)/dt)*qvol
b(3*n0)=b(3*n0)

+  -(row(nQ)*eps*sw(n0)*(wwn2(n0)-ww2(n0))/dt+row(n0)*eps
*wwn2(n0)*(dswgel(n0)*(gen1(n0)-ge1(n0))/dt+dswge2(n0)
*(gen2(n0)-ge2(n0))/dt)+row(n0)*ww2(n0)*sw(n0)*bew*eps
*(pwgn(n0)-pwg(n0))/dt
+alpa*(1-eps)*row(n0)*sw(n0)*wwn2(n0)*(pavn-pav)/dt)*qvol

+ 4+ + + + + ++

+ 4+t

+ + + +

454 if(itype.eq.1) go to 1211
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a(3*n0,3*n0-2)=a(3*n0,3*n0-2)
+(roo(n0)*eps*won2(n0)*(dsog11(n0)
*(gen1(n0)-ge1(n0))/dt+dsoge1(n0)/dt+dsog12(n0)
*(gen2(n0)-ge2(n0))/dt)
+roo(n0)*wo2(n0)*so(n0)*eps*bop(n0)/dt*pogge 1+rogn(n0)*eps
*sg(n0)*(1+wg2(n0)*beg(n0))/dt*dwgge1(n0)
+rogn(n0)*eps*dwgge1(n0)*(dsgge1(n0)*(gen1(n0)-ge1(n0))/dt
+dsgge2(n0)*(gen2(n0)-ge2(n0))/dt)
+rogn(n0)*eps*wgn2(n0)*(dsggl1(n0)*(gen1(n0)-ge1(n0))/dt
+dsgge1(n0)/dt+dsgg12(n0)*(gen2(n0)-ge2(n0))/dt))*qvol
a(3*n0,3*n0-2)=a(3*n0,3*n0-2)

+  +(alpa*(1-eps)*(sg(n0)*rogn(n0)*dwgge1(n0)+roo(n0)*dsoge1(n0)
+ *won2(n0)+rogn(n0)*dsggel(n0)*wgn2(n0))*(pavn-pav)/dt

+ +alpa*(1-eps)*(roo(n0)*so(n0)*won2(n0)

+  +sg(n0)*rogn(n0)*wgn2(n0))*pavgel/dt)*qvol
a(3*n0,3*n0-1)=a(3*n0,3*n0-1)
+(roo(n0)*eps*won2(n0)*(dsog21(n0)*(gen1(n0)-ge1(n0))/dt
+dsog22(n0)*(gen2(n0)-ge2(n0))/dt+dsoge2(n0)/dt)
+roo(n0)*wo2(n0)*so(n0)*eps*bop(n0)/dt*pogge2+rogn(n0)*eps
*sg(n0)*(1+wg2(n0)*beg(n0))/dt*dwgge2(n0)
+rogn(n0)*eps*dwgge2(n0)*(dsggel(n0)*(gen1(n0)-ge1(n0))/dt
+dsgge2(n0)*(gen2(n0)-ge2(n0))/dt)
+rogn(n0)*eps*wgn2(n0)*(dsgg21(n0)*(gen1(n0)-ge1(n0))/dt
+dsgg22(n0)*(gen2(n0)-ge2(n0))/dt+dsgge2(n0)/dt))*qvol
a(3*n0,3*n0-1)=a(3*n0,3*n0-1)

+ +(alpa*(1-eps)*(sg(n0)*rogn(n0)*dwgge2(n0)+roo(n0)*dsoge2(n0)
+ *won2(n0)+rogn(n0)*dsgge2(n0)*wgn2(n0))*(pavn-pav)/dt
+ +alpa*(l-eps)*(roo(n0)*so(n0)*won2(n0)

+  +sg(n0)*rogn(n0)*wgn2(n0))*pavge2/dt)*qvol
a(3*n0,3*n0)=a(3*n0,3*n0)
+(roo(n0)*eps*so(n0)*(-1)/dt+roo(n0)*eps*(-1)*(dsoge1(n0)
*(gen1(n0)-ge1(n0))/dt+dsoge2(n0)*(gen2(n0)-ge2(n0))/dt)
+roo(n0)*wo2(n0)*so(n0)*eps*bo1(n0)/dt+drgge3(n0)*eps
*sg(n0)*(1+wg2(n0)*beg(n0))*(wgn2(n0)-wg2(n0))/dt
+rogn(n0)*eps*sg(n0)*(1+wg2(n0)*beg(n0))/dt*dwgge3(n0)
+eps*(drgge3(n0)*wgn2(n0)+rogn(n0)*dwgge3(n0))*(dsgge1(n0)
*(gen1(n0)-gel(n0))/dt+dsgge2(n0)*(gen2(n0)-ge2(n0))/dt)
+alpa*(1-eps)*(roo(n0)*so(n0)*(-1)
+sg(n0)*(drgge3(n0)*wgn2(n0)
+rogn(n0)*dwgge3(n0)))*(pavn-pav)/dt)*qvol
(3*n0)=b(3*n0)
-(roo(n0)*eps*so(n0)*(won2(n0)-wo2(n0))/dt+roo(n0)*eps
*won2(n0)*(dsoge1(n0)*(gen1(n0)-ge1(n0))/dt+dsoge2(n0)
*(gen2(n0)-ge2(n0))/dt)
+roo(n0)*won2(n0)*so(n0)*eps*(bop(n0)*(pogn(n0)-pog(n0))
/dt+bo1(n0)*(gen3(n0)-ge3(n0))/dt)+rogn(n0)*eps*sg(n0)
*(1+wg2(n0)*beg(n0))*(wgn2(n0)-wg2(n0))/dt
+rogn(n0)*eps*wgn2(n0)*(dsgge1(n0)*(gen1(n0)-ge1(n0))/dt
+dsgge2(n0)*(gen2(n0)-ge2(n0))/dt)
+alpa*(1-eps)*(roo(n0)*so(n0)*won2(n0)
+sg(n0)*rogn(n0)*wgn2(n0))

*(pavn-pav)/dt)*qvol

+ 4+ ++++ 4+ ++

+ 4+ ++++ 4+

+++++++ A+t F o+

1211do 111 ii=1,4

if(ii.eq.1) i=nl
if(ii.eq.2) i=n2
if(ii.eq.3) i=nn3
if(ii.eq.4) i=n4



do 112jj=1,4

if(jj.eq.1) j=nl

if(jj.eq.2) j=n2

if(jj.eq.3) j=nn3

if(jj.eq.4) j=n4
if(swn(n0).It.swir) go to 455

a(3*n0-2,3*i-2)=a(3*n0-2,3*i-2)
+pwgn(j)*twxgel(i)*gintx 1(ii,jj,1)
+pwggel *twx(j)*gintx 1(jj,ii, 1)
-twxgel(i)*row(j)*g*cos(rx)*gintx 1(ii,jj,2)
+pwgn(j)*twygel(i)*ginty 1(ii,jj, 1)
+pwggel *twy(j)*ginty1(jj,ii,1)
-twygel(i)*row(j)*g*cos(ry)*ginty 1(ii,jj,2)
a(3*n0-2,3*i-1)=a(3*n0-2,3*i-1)
+twx(j)*gintx1(jj,ii, 1 }*pwgge?2
+pwgn(j)*twxge2(i)*gintx 1(ii,jj,1)
-twxge2(i)*row(j)*g*cos(rx)*gintx 1(ii,jj,2)
+wy(j)*ginty1(jj,ii, 1 y*pwgge2
+pwgn(j)*twyge2(i)*ginty 1(ii,jj,1)
-twyge2(i)*row(j)*g*cos(ry)*ginty 1(ii,jj,2)
(3*n0-2)=b(3*n0-2)
-(pwgn(j)*twx(i)*gintx 1(ii,jj,1)
-twx(i)*row(j)*g*cos(rx)*gintx 1(ii,jj,2))
-(pwgn(j)*twy(i)*ginty 1(ii,jj, 1)
-twy(i)*row(j)*g*cos(ry)*ginty1(ii,jj,2))
455do 113 kk=1,4
if(kk.eq.1) k=n1
if(kk.eq.2) k=n2
if(kk.eq.3) k=nn3
if(kk.eq.4) k=n4
if(itype.eq.1) go to 1312
a(3*n0-1,3*i-2)=a(3*n0-1,3*i-2)
+gen3(k)*toxgel(i)*(pogn(j)
*ointx2(ii,jj,kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+gen3(k)*tox(j)*gintx2(jj,ii,kk,1)*poggel
+gen3(k)*toygel(i)*(pogn(j)
*ginty2(ii,jj kk,1)
-roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+gen3(k)*toy(j)*ginty2(jj,ii,kk,1)*pogge 1
+eps*dsoge 1(i)*(doxx(k)*gen3(j)*gintx 2(ii,jj,kk, 1)
+doxy(k)*gen3(j)*gintx2(ii,jj,kk,3))
+eps*dsoge1(i)*(doyx(k)*gen3(j)*ginty2(ii,jj,kk,1)
+doyy(k)*gen3(j)*ginty2(ii,jj,kk,3))
a(3*n0-1,3*i-1)=a(3*n0-1,3*i-1)
+gen3(k)*toxge2(i)*(pogn(j)
*gintx2(ii,jj.kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+gen3(k)*tox(j)*gintx2(jj.ii,kk,1)*pogge2
+gen3(k)*toyge2(i)*(pogn(j)
*ginty2(ii,jj,kk,1)
~roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+gen3(k)*toy(j)*ginty2(jj,ii,kk, 1 )*pogge2
+eps*dsoge2(i)*(doxx(k)*gen3(j)*gintx 2(ii,jj.kk, 1)
+doxy(k)*gen3(j)* gintx2(ii,jj,kk,3))
+eps*dsoge2(i)*(doyx(k)*gen2(j)*ginty2(ii.jj.kk,1)
+doyy(k)*gen3(j)*ginty2(ii,jj,kk,3))

++ 4+ + + +

++++ o+ + 4

+ A+ A+ o+t

++ A+ A+ 4+
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a(3*n0-1,3*i)=a(3*n0-1,3*i)
+tox(k)*(pogn(j)*gintx2(ii,jj,kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+toy(k)*(pogn(j)*ginty2(ii,jj,kk,1)
-roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+eps*son(j)*(doxx(k)*gintx2(jj,ii,kk,1)
+doxy(k)*gintx2(jj,ii,kk,3))
+eps*son(j)y*(doyx(k)*ginty2(jj,ii,kk, 1)
+doyy(k)*ginty2(jj,ii,kk,3))

(3*n0-1)=b(3*n0-1)
-gen3(k)*tox(i)*(pogn(j)*gintx2(ii,jj,kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
-gen3(k)*toy(i)*(pogn(j)*ginty2(ii,jj,kk,1)
-roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
-eps*son(i)*(doxx(k)*gen3(j)*gintx2(ii.jj,kk,1)
+doxy(k)*gen3(j)*gintx2(ii,jj,kk,3))
-eps*son(i)*(doyx(k)*gen3(j)*ginty2(ii.jj.kk, 1)
+doyy(k)*gen3(j)*ginty2(ii,jj,kk,3))

+ ++++t+F ottt

if(swn(n0).It.swir) go to 456
c
1312 a(3*n0,3*i-2)=a(3*n0,3*i-2)

+  +rowm(n0)*dwwgel (i)*twx(k)*(pwgn()
*gintx2(ii,jj,kk,1)
-row(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+rowm(n0)*wwn2(k)*twxgel(i)*(pwgn(j)
*gintx2(kk,jj,ii,1)
-row(j)*g*cos(rx)*gintx2(kk,jj,ii,2))
+rowm(n0)*wwn2(j)*twx(k)*gintx2(jj,ii,kk,1)*pwggel
+rowm(n0)*dwwge 1 (i)*twy(k)*(pwgn(j)
*ginty2(ii,jj,kk,1)
-row(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+rowm(n0)*wwn2(k)*twyge1(i)*(pwgn(j)
*ginty2(kk,jj,ii,1)
-row(j)*g*cos(ry)*ginty2(kk,jj,ii,2))
+rowm(n0)*wwn2(j)*twy(k)*ginty2(jj,ii,kk,1)*pwggel
a(3*n0,3*i-2)=a(3*n0,3*i-2)
+rowm(n0)*eps*dswgel(i)*(dwxx(k)*wwn2(j)
*gintx2(ii, jj,kk, 1)
+dwxy(k)*wwn2(j)*gintx2(ii,jj.kk,3))
+rowm(n0)*eps*swn(j)*(dwxx(k)*dwwge1(i)
*gintx2(jj,ii,kk,1)
+dwxy(k)*dwwgel(i)*gintx2(jj,ii,kk,3))
+rowm(n0)*eps*dswgel(i)*(dwyx(k)*wwn2(j)
*ginty2(ii,jj,kk,3)
+dwyy(k)*wwn2(j)*ginty2(ii,jj,kk,1))
+rowm(n0)*eps*swn(j)*(dwyx(k)*dwwge1(i)
*ginty2(jj,ii,kk,3)
+dwyy(k)*dwwge1(i)*ginty2(jj,ii,kk,1))
a(3*n0,3*i-1)=a(3*n0,3*i-1)
+rowm(n0)*dwwge2(i)*twx(k)*(pwgn(j)
*gintx2(ii,jj,kk,1)
-row(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+rowm(n0)*wwn2(k)*twxge2(i)*(pwgn(j)
*gintx2(kk,jj,ii, 1)
-row(j)*g*cos(rx)*gintx2(kk,jj,ii,2))
+rowm(n0)*wwn2(j)*twx(k)*gintx2(jj.ii,kk,1)*pwgge2
+rowm(n0)*dwwge2(i)*twy(k)*(pwgn(j)

+ 4+ ++ A F o+

T R

++ 4+ + ++++



+
+
+
+
+
+

*ginty2(ii,jj,kk,1)

-row(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+rowm(n0)*wwn2(k)*twyge2(i)*(pwgn(j)
*ginty2(kk,jj,ii, 1)

-row(j)*g*cos(ry)*ginty2(kk,jj,ii,2))
+rowm(n0)*wwn2(j)*twy(k)*ginty2(jj,ii,kk, 1) *pwgge2

a(3*n0,3*i-1)=a(3*n0,3*i-1)

RS I T R

+rowm(n0)*eps*dswge2(i)*(dwxx(k)*wwn2(j)
*gintx2(ii,jj,kk,1)
+dwxy(k)*wwn2(j)*gintx2(ii,jj,kk,3))
+rowm(n0)*eps*swn(j)*(dwxx(k)*dwwge2(i)
*gintx2(jj,ii, kk, 1)
+dwxy(k)*dwwge2(i)*gintx2(jj,ii,kk,3))
+rowm(n0)*eps*dswge2(i)*(dwyx(k)*wwn2(j)
*ginty2(ii,jj,kk,3)
+dwyy(k)*wwn2(j)*ginty2(ii,jj,kk,1))
+rowm(n0)*eps*swn(j)*(dwyx(k)*dwwge2(i)
*ginty2(jj,ii,kk,3)
+dwyy(k)*dwwge2(i)*ginty2(jj,ii,kk,1))

a(3*n0,3*i)=a(3*n0,3*i)

T I . T UE ety R A S A A I I S

C

+rowm(n0)*dwwge3(i)*th(k)*(pwgn(j)
*gintx2(ii,jj,kk,1)
-row(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+rowm(n0)*dwwge3(i)*lwy(k)*(pwgn(j)
*ginty2(ii,jj,kk,1)
-row(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+rowm(n0)*eps*swn(j)*(dwxx(k)*dwwge3(i)
*pintx2(jj,ii,kk,1)
+dwxy(k)*dwwge3(i)*gintx2(jj,ii kk,3))
+rowm(n0)*eps*swn(j)*(dwyx(k)*dwwge3(i)
*ginty2(ji.ii,kk,3)
+dwyy(k)*dwwge3(i)*ginty2(jj,ii,kk,1))

(3*n0)=b(3*n0)

-rowm(n0)*wwn2(i)*twx(k)*(pwgn(j)
*gintx2(iijj kk, 1)
-row(j)*g*cos(rx)*gintx2(ii,jj.kk,2))
-rowm(n0)*wwn2(i)*twy(k)*(pwgn(j)
*ginty2(ii,jj,kk,1)
-row(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
-rowm(nO)*eps*swn(i)*(dwxx(k)*wwnz(j)
*ointx2(ii,jj,kk,1)
+dwxy(k)*wwn2(j)*gintx2(ii,jj,kk,3))
-rowm(n0)*eps*swn(i)*(dwyx(k)*wwn2(j)
*ginty2(ii,jj,kk,3)
+dwyy(k)*wwn2(j)*ginty2(ii,jj,kk, 1))

456 if(itype.eq.1) go to 113

C

a(3*n0,3*i-2)=a(3*n0,3*i-2)

+ 4+ 4+ + + 4+ 4+

+room(nQ)*won2(k)*toxge1(i)*(pogn(j)
*gintx2(kk,jj,ii,1)
-roo(j)*g*cos(rx)*gintx2(kk,jj,ii,2))
+room(n0)*won2(j)*tox(k)*gintx2(jj.ii,kk,1)*pogge1l
+room(n0)*won2(k)*toyge1(i)*(pogn(j)
*ginty2(kk,jj.ii,1)
-roo(j)*g*cos(ry)*ginty2(kk.jj,ii,2))
+room(n0)*won2(j)*toy(k)*gimy2(jj,ii,kk, 1)*poggel

a(3*n0,3*i-2)=a(3*n0,3*i-2)
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+ + + + + +

+room(n0)*eps*dsoge1(i)*(doxx(k)*won2(j)

*ointx2(ii,jj,kk,1)
+doxy(k)*won2(j)*gintx2(ii,jj,kk,3))

+room(n0)*eps*dsoge1(i)*(doyx(k)*won2(j)

*pinty2(ii,jj,kk,3)
+doyy(k)y*won2(j)*ginty2(ii,jj,kk,1))

a(3*n0,3*i-1)=a(3*n0,3*i-1)

R I IR Ik T T Ik i e

+room(n0)*won2(k)*toxge2(i)*(pogn(j)

*ointx2(kk,jj,ii,1)
-roo(j)*g*cos(rx)*gintx2(kk,jj,ii,2))

+room(n0)Y*won2(j)*tox(k)*gintx2(jj,ii,kk,1)*pogge2
+room(n0)*won2(k)*toyge2(i)*(pogn(j)

*ginty2(kk.jj,ii,1)
-roo(j)*g*cos(ry)*ginty2(kk.jj,ii,2))

+room(n0)*won2(j)*toy(k)*ginty2(jj,ii,kk,1)*pogge2
+room(n0)*eps*dsoge2(i)*(doxx(k)*won2(j)

*gintx 2(ii,jj,kk,1)
+doxy(k)*won2(j)*gintx2(ii,jj.kk,3))

+room(n0)*eps*dsoge2(i)*(doyx(k)*won2(j)

*ginty2(ii,jj,kk,3)
+doyy(k)*won2(j)*ginty2(ii,jj,kk,1))

a(3*n0,3*i)=a(3*n0,3*i)

T Tk b S T S S S S e T i A =

+room(n0)*(-1)*tox(k)*(pogn(j)
*gintx2(ii,jj,kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
+room(n0)*(-1)*toy(k)*(pogn(j)
*ginty2(ii,jj,kk,1)
-roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))
+room(n0)*eps*son(j)*(doxx(k)*(-1)
*gintx2(jj,ii,kk, 1)
+doxytk)*(-1)*gintx2(jj,ii,kk,3))
+room(n0)*eps*son(j)*(doyx(k)*(-1)
*ginty2(jj,ii,kk,3)
+doyy(k)*(-1)*ginty2(jj,ii,kk,1))

(3*n0)=b(3*n0)

-room(n0)*won2(i)*tox(k)*(pogn(j)
*gintx2(ii jj kk,1)
-roo(j)*g*cos(rx)*gintx2(ii,jj,kk,2))
-room(n0)*won2(i)*toy(k)*(pogn(j)
*ginty2(ii,jj.kk,1)
-roo(j)*g*cos(ry)*ginty2(ii,jj,kk,2))

-room(n0)*eps*son(i)*(doxx(k)*won2(j)

*ointx2(ii,jj,kk,1)
+doxy(k)*won2(j)*gintx2(ii,jj,kk,3))

-room(n0)*eps*son(i)*(doyx(k)*won2(j)

*ginty2(ii,jj,kk,3)
+doyy(k)*won2(j)*ginty2(ii,jj,kk,1))

do 11511=1,4

if(ll.eq.1) I=n1

if(ll.eq.2) I=n2

if(ll.eq.3) l=nn3

if(ll.eq.4) I=n4
a(3*n0,3*i-2)=a(3*n0,3*i-2)

+

+ + 4+

+eps*rogn(l)*dsggel(i)*dg(k)*wgn2(j)

*gintx3(11,jj,kk,ii, 1)
+eps*rogn(j)*sgn(k)*dg(l)*dwggel(i)
*gintx3(jj,ii,kk,11,1)
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+  +eps*rogn(l)*dsggel(i)*dg(k)*wgn2(j)

+ *ginty3(11,3j,kk,ii, 1)

+  +eps*rogn(j)*sgn(k)*dg(l)*dwggel()

+ *ginty3(jj,ii, kk,11,1)

a(3*n0,3*i-1)=a(3*n0,3*i.1)
+eps*rogn(l)*dsgge2(iy*dg(k)*wgn2(j)

*gintx3(11,jj,kk.ii, 1)

+eps*rogn(j)*sgn(k)*dg(1)*dwgge2(i)

*gintx3(j,ii,kk,11,1)

+eps*rogn(l)*dsgge2(i)*dg(k)*wgn2(j)

*ginty3(11,jj,kk,ii, 1)

+eps*rogn(j)*sgn(k)*dg(1)*dwgge2(i)

*ginty3(j),ii,kk,11,1)

a(3*n0,3*i)=a(3*n0,3*i)
+eps*drgge3(i)*sgn(k)*dg(1)*wen2(j)
*gintx3(i1,jj,kk,11,1)
+eps*rogn(j)*sgn(k)*dg(l)*dwgge3(i)
*ointx3(j3,.ii, kk,11,1)
+eps*drgge3(i)*sgn(k)*dg(1)*wgn2()
*ginty3(ii,jj,kk,I1,1)
+eps*rogn(j)*sgn(k)*dg(l)*dwgge3(i)
*ginty3(jj.ii,kk,11,1)

(3*n0)=b(3*n0)
-eps*rogn(i)*sgn(k)*dg(1)*wgn2(j)
*gintx3(ii,jj,kk,11,1)
-eps*rogn(i)*sgn(k)*dg(l)*wgn2(j)

+ *ginty 3(ii,jj,kk,11,1)

do 116 mm=1,4

iffmm.eq.1) m=nl

if(mm.eq.2) m=n2

if(mm.eq.3) m=nn3

if(mm.eq.4) m=n4
a(3*n0-1,3*i-2)=a(3*n0-1,3*i-2)

-gen3(k)*toxge1(i)* (pogn(j)*bop(l)*pogn(m)

*gintx4(ii,jj,kk,ll,mm,1)

+pogn(j)*bo1(1)*gen3(m)*gintx4(ii,jj,kk,1l,mm,1)

-roo(j)*g*cos(rx)*bop(l)*pogn(m)

*gintx4(ii,jj kk,Il,mm,2)

-roo(j)*g*cos(rx)*bol(l)*gen3(m)

*gintx4(ii,jj, kk,1l,mm,2))

-gen3(m)*tox(k)*pogge1*(2*bop(1)*pogn(j)

*gintx4(mm,jj,kk,1Lii,1)

+bo1(1)*gen3(j)*gintx4(mm,jj,kk,11,ii,1)

-roo(j)*g*cos(rx)*bop(l)

*gintx4(mm,jj,kk,l1,ii,2))

a(3*n0-1,3*i-2)=a(3*n0-1,3*i-2)

-gen3(k)*toyge1(i)*(pogn(j)*bop(l)*pogn(m)

*ginty4(ii,jj,kk,ll,mm,1)

+pogn(j)*bol(l)*gen3(m)*gintyd(ii,jj.kk,1l,mm,1)

-roo(j)*g*cos(ry)*bop(l)*pogn(m)

*ginty4(ii,jj,kk,1l,mm,2)

-roo(jy*g*cos(ry)*bol(h)*gen3(m)

*ginty4(ii,jj,kk,1l,mm,2))

-gen3(m)*toy(k)*pogge 1*(2*bop(l)*pogn(j)

*ginty4(mm,jj,kk,I1,ii,1)

+bol(1)*gen3(j)*ginty4(mm.,jj,kk,11,ii,1)

-roo(j)*g*cos(ry)*bop(l)

*ginty4(mm,jj,kk,11,ii,2))

+ 4+ 4+ + 4+ + + 4+

++ 4+ o+ +++ A+ H

++++++++++++

++++++++++++
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a(3*n0-1,3*i-1)=a(3*n0-1,3*i-1)

+++ 4+ A+ o+

-gen3(k)*toxge2(i)*(pogn(j)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,1l,mm,1)
+pogn(j)*bol1(1)*gen3(m)*gintx4(ii,jj,kk,1l,mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,l1,mm,2)
-roo(j)*g*cos(rx)*bol(l)*gen3(m)
*gintx4(ii,jj,kk,11,mm,2))
-gen3(m)*tox(k)*pogge2*(2*bop(l)*pogn(j)
*gintx4(mm,jj,kk,IL,ii,1)
+bol(I)*gen3(j)*gintx4(mm,jj,kk,11,ii,1)
-roo(j)*g*cos(rx)*bop(l)
*gintx4(mm,jj,kk,11,ii,2))

a(3*n0-1,3*i-1)=a(3*n0-1,3*i-1)

+++++ A+

-gen3(k)*toyge2(i)*(pogn(j)*bop(1)*pogn(m)
*ginty4(ii,jj,kk,1l,mm,1)
+pogn(j)*bo1(1)*gen3(m)*ginty4(ii,jj.kk,11,mm,1)
-roo(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(ii,jj.kk,1,mm,2)
-roo(j)*g*cos(ry)*bol(l)*gen3(m)
*ginty4(ii,jj, kk,11,mm,2))
-gen3(m)*toy(k)*pogge2*(2*bop(1)*pogn(j)
*ginty4(mm,jj kk,1,ii,1)
+bol(1)*gen3(j)*ginty4(mm,jj,kk,11,ii,1)
-roo(j)*g*cos(ry)*bop(l)
*ginty4(mm,jjkk,11,ii,2))

a(3*n0-1,3*i)=a(3*n0-1,3*i)

+ 4+ 4+ ++++++++

-tox(k)*(pogn(j)*bop(l)*pogn(m)
*gintx4(kk,jj,ii,ll,mm,1)
+pogn(j)*bo1(1)*gen3(m)*gintx4(kk,jj,ii,ll, mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*gintx4(kk,jj,ii,ll,mm,2)
-roo(j)*g*cos(rx)*bol (1)*gen3(m)
*gintx4(kk,jj,ii,ll,mm,2))
-gen3(m)*tox(k)*(pogn(j)*bol(l)
*gintx4(mm,jj,kk,11,ii, 1)
-roo(j)*g*cos(rx)*bo1(l)
*gintx4(mm,jj,kk,11,ii,2))

a(3*n0-1,3*i)=a(3*n0-1,3*})

+++++ 4+t FF o+ +

-toy(k)*(pogn(j)*bop(l)*pogn(m)
*gintyd(kk,jj,ii,1l,mm,1)
+pogn(j)*bol(l)*gen3(m)*ginty4(kk,jj,ii,1l,mm,1)
-roo(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(kk,jj,ii,11,mm,2)
-roo(j)*g*cos(ry)*bo1(l)*gen3(m)
*ginty4(kk,jj,ii,1l,mm,2))
-gen3(m)*toy(k)*(pogn(j)*bo1(l)
*ginty4(mm,jj,kk,11,ii,1)
-roo(j)*g*cos(ry)*bo1(l)
*ginty4(mm,jj,kk,11,ii,2))

(3*n0-1)=b(3*n0-1)

+gen3(k)*tox(i)*(pogn(j)*bop(1)*pogn(m)
*gintx4(ii,jj, kk,]l,mm,1)
+pogn(j)*bol(1)*gen3(m)*gintx4(ii,jj,kk,1l,mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,1l,mm,2)
-roo(j)*g*cos(rx)*bol(l)*gen3(m)
*gintx4(ii,}j,kk,11,mm,2))
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+ 4+ 4+ 4+ 4+ + +

+gen3(k)*toy(i)*(pogn(j)*bop(1)*pogn(m)
*ginty4(ii,jj.kk,1l,mm,1)
+pogn(j)*bol(l)*gen3(m)*ginty4(ii,jj,kk,1l,mm,1)
-roo(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,11,mm,2)
-roo(j)*g*cos(ry)*bol(l)*gen3(m)
*ginty4(ii,jj,kk,1l,mm,2))

a(3*n0,3*i-2)=a(3*n0,3*i-2)

F+H+ o+ o+

-room(n0)*won2(k)*toxge1(i)*(pogn(j)*bop(l1)*pogn(m)
*pintx4(it,jj,kk,11,mm,1)
+pogn(j)*bo1(1)*gen3(m)*gintx4(ii,jj,kk,ll,mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,11,mm,2)
-roo(j)*g*cos(rx)*bol(I)*gen3(m)
*gintx4(ii,jj,kk,11,mm,2))
-room(n0)*won2(m)*tox(k)*pogge1*(2*bop(l)*pogn(j)
*gintx4(mm,jj,kk,I1,ii,1)
+bol(l)*gen3(j)*gintx4(mm,jj,kk,l1,ii,1)
-roo(j)*g*cos(rx)*bop(l)

*gintx4(mm,jj,kk,I1,ii,2))

a(3*n0,3*i-2)=a(3*n0,3*i-2)

++++ 4

-room(n0)*won2(k)*toyge1(i)*(pogn(j)*bop(1)*pogn(m)
*ginty4(ii,)),kk,11,mm,1)
+pogn(j)*bol(1)*gen3(m)*ginty4(ii,jj,kk,Il,mm,1)
-r00(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,11,mm,2)
-roo(j)*g*cos(ry)*bo1(1)*gen3(m)
*ginty4(ii,jj,kk,11,mm,2))
-room(n0)*won2(m)*toy(k)*pogge 1 *(2*bop(1)*pogn(j)
*ginty4(mm,jj,kk,11,ii,1)
+bol(D)*gen3(j)*ginty4(mm,jj,kk,11,ii,1)
-roo(j)*g*cos(ry)*bop(l)

*ginty4(mm,jj,kk,11,ii,2))

a(3*n0,3*i-1)=a(3*n0,3*i-1)

++++++++++++

-room(n0)*won2(k)*toxge2(i)*(pogn(j)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,1l,mm,1)
+pogn(j)y*bol(I)*gen3(m)*gintx4(ii,jj,kk,11,mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,ll,mm,2)
-roo(j)*g*cos(rx)*bo1(l)*gen3(m)
*gintx4(ii,jj,kk,1l,mm,2))
-room(nO)*wonZ(m)*lox(k)*poggez*(2*bop(1)*pogn(j)
*gintx4(mm,jj,kk,11,ii, 1)
+bol1(I)*gen3(j)*gintx4(mm,jj.kk,1Lii,1)
-roo(j)*g*cos(rx)*bop(l)

*gintx4(mm,jj,kk,11,ii,2))

a(3*n0,3*i-1)=a(3*n0,3*i-1)

++++ A+

-room(n0)*won2(k)*toyge2(i)*(pogn(j)*bop(l)*pogn(m)
*ginty4(ii,jj.kk,ll,mm,1)
+pogn(j)*bol(l)*gen3(m)*ginty4(ii,jj,kk,Il,mm,1)
-roo(j)*g*cos(ry)*bop(1)*pogn(m)
*gintyd(ii,jj.kk,1l,mm,2)
-roo(j)*g*cos(ry)*bo1(l)*gen3(m)
*ginty4(ii,jj.kk,11,mm,2))
—room(nO)*won2(m)*toy(k)*p0gg62*(2*bop(])*pOgHU)
*gintyd(mm.jj,kk,IL,ii,1)
+bol(1)*gen3(j)*ginty4(mm,jj.kk,ILii, 1)
-r00(j)*g*cos(ry)*bop(l)
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166

+ *ginty4d(mm,jj,kk,l1,ii,2))

a(3*n0,3*i)=a(3*n0,3*i)

+  -room(n0)*(-1)*tox(k)*(pogn(j)*bop(l)*pogn(m)

+  *gintx4(ii,jj,kk,11,mm,1)

+ +pogn(j)*bol(1)*gen3(m)*gintx4(ii,jj,kk,!l,mm,1)

+ -roo(j)*g*cos(rx)*bop(l)*pogn(m)

+ *gintx4(ii,jj,kk,1l,mm,2)

+  -roo(j)*g*cos(rx)*bol(l)*gen3(m)

+ *gintx4(ii,jj,kk,11,mm,2))

+ -room(n0)*won2(m)*tox(k)*(pogn(j)*bol(1)

+ *gintx4(mm,jj,kk,ILii,1)

+ -r0o(j)*g*cos(rx)*bo1(1)

+ *gintx4(mm,jj,kk,I1,ii,2))

a(3*n0,3*i)=a(3*n0,3*i)
-room(n0)*(-1)*toy(k)*(pogn(j)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,1l,mm,1)
+pogn(j)*bol(l)*gen3(m)*ginty4(ii,jj,kk,ll,mm,1)
-roo(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,11,mm,2)
-roo(j)*g*cos(ry)*bol(l)*gen3(m)
*ginty4(ii,jj.kk,1l,mm,2))
-room(n0)*won2(m)*toy(k)*(pogn(j)*bol(l)
*ginty4(mm,jj,kk,11,ii,1)
-roo(j)*g*cos(ry)*bol(l)
*gintyd(mm,jj,kk,11,ii,2))

(3*n0)=b(3*n0)
+room(n0)*won2(k)*tox(i)*(pogn(j)*bop(l)*pogn(m)
*gintx4(ii,jj,kk,1,mm,1)
+pogn(j)*bol(1)*gen3(m)*gintx4(ii,jj,kk,ll,mm,1)
-roo(j)*g*cos(rx)*bop(l)*pogn(m)
*ointx4(ii,jj,kk,11,mm,2)

-roo(j)*g*cos(rx)*bol (1)*gen3(m)
*gintx4(ii,jj, kk,ll,mm,2})
+room(n0)*won2(k)*toy(i)*(pogn(j)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,l1l,mm,1)
+pogn(j)*bol(l)*gen3(m)*ginty4(ii,jj,kk,ll,mm,1)
-roo(j)*g*cos(ry)*bop(l)*pogn(m)
*ginty4(ii,jj,kk,ll,mm,2)
-roo(j)*g*cos(ry)*bol(l)*gen3(m)
*ginty4(ii,jj,kk,11,mm,2))

116 continue

115 continue

113 continue

112 continue

111 continue

110 continue

108 continue
do 338 i=1,nn
do 339 j=1,3*nn
if(3*i-2.eq.j) then
a(3*i-2,j)=1
else
a(3*i-2,j)=0
endif

339 continue
b(3*i-2)=0

338 continue

c

++t+t+t+++t+ ettt +



¢ SUBROUTINE solv IS TO SOLVE THE MATRIX EQUATION.

C

call solv(n3)

irmm=abs(rmm)* 100
irmax=abs(rmax)*100

278 format(1x,’ rmax =',f10.3)

if(kount.eq.1) go to 1008
if(irmm.le.irmax) then

do 1020 i=2,nn

if(i.eq.21) go to 1020
gen3(i)=tge 1(i)+u(i*3)*tune
gen2(i)=tge2(i)+u(i*3-1)*tune

1020 continue

ikount=1
num=num-+1
conu=0.9
if(num.ge.40) then
conu=1.1

isa=-1
tune=tune*conu*isa
if(tune.gt.0) tune=isa*tune
else

isa=1
tune=tune*conu*isa
endif

go to 1001

endif

172 format(1x,/,'rmax stopping'/,1x ' previous maximum residual =",

+ £10.2,/,' current maximum residual = ',f10.2)

1008 rmm=rmax

C

tune=0.9
isa=1
num=0
ikount=0

¢ DOLOOP 1171S TO GET NEW TRIAL VALUE

C

do 117 i—-2,nn
do 219 ip=1,nr*(nc-1)+1,nr
if(i.eq.ip) goto 117

219 continue

do 217 ip=1,nk
if(i.eq.bc(ip)) go to 117

217 continue

genl(i)=genl(i)+u(i*3-2)
gen2(i)=gen2(i)+u(i*3-1)
gen3(i)=gen3(i)+u(i*3)
nge2=gen2(i)
if(nge2.1e.1510) then
gen2(i)=1500
gen3(i)=0.5

be(nk)=i

nk=nk+1

endif

tgel(i)=gen3(i)
tge2(i)=gen2(i)

117 continue

167
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c
¢ DO LOOP 123 IS TO CHECK THE CONVERGENCY CRITERIA.
c
do 123 1=1,n3-2,3
11=1+1
12=142
if(abs(u(l)).gt.10) go to 1001
if(abs(u(11)).gt.10) go to 1001
if(abs(u(12)).gt.1e-3) go to 1001
123 continue
do 65 i=1,nn
gel(i)=genl(i)
ge2(i)=gen2(i)
ge3(i)=gen3(i)
ww2(i)=wwn2(j)
wg2(i)=wgn2(i)
65 continue
c
¢ OUTPUT OF THE RESULTS
c
if(time.eq.20.or.time.eq.40) then
print 999,time
999 format(1x,//,' TIME ="',f10.4)
do 211 i=1,nn
print 899,i,son(i),i,wwn2(i),i,wgn2(i)
211 continue
899 format(1x,'so(’,i2,") =\f6.4,3x,'wwn2(’,i2,") =',e9.3,
+ 3x,'wgn2(,i2,") =',e9.3)
endif
if(time.eq.60.0r.time.eq.80) then
print 999,time
do 311 i=1,nn
print 899,i,son(i),i,wwn2(i),i,wgn2(i)
311 continue
endif
if(time.eq.100) then
print 999,time
do4l11 i=1,nn
print 899,i,son(i),i,wwn2(i),i,wgn2(i)
411 continue
endif
1000 continue
stop
end

subroutine ocof(nr,nc)

common /moon/ge 1(200),ge2(200),ge3(200),pwg(200),pog(200),
+ w02(200),ww2(200),wg2(200),bop(200),bo1(200),sw(200),
+ rowm(200),room(200),rkp(200),50(200),sg(200)

common /dove/dwxx(200),dwxy(200),dwyx(200),dwyy(200),

+ doxx(200),doxy(200),doyx(200),doyy(200),

+ dmw,atw,alw,dmo,ato,alo,dimg,dg(200)
common /door/asw,rnsw,swr,sws,akw,rnkw,aso,rnso,sor,sos,ako,rmko,
+ akol,mkol,ako2,rnko2,swir,som

common /june/rkx,rky,rx,ry,g

common /wind/nn,pg,rm1,rm2,rkpg,rkpw,rmw,rma,u0(200),row(200),
+ roo(200)

common /tree/pwb,pob1,pob2,bew,bel,be2,rwb,robl,rob2,
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+ rmuw,rmul,rmu2,theta,eps,itype
common /bird/x(200),y(200),nne(200,4),e(4),n(4)
nm=nn-1

c
¢ IT CALCULATES DENSITIES, COMPRESSIBILITIES, VISCOSITIES, AND
¢ DIFFUSION COEFFICIENTIES
c
do 63 i=1,nn
row(i)=rwb*exp(bew*(pwg(i)-pwb))
row(i)=rwb
rool=robl*exp(bel*(pog(i)-pobl))
roo2=rob2*exp(be2*(pog(i)-pob2))
roo(i)=1./(ge3(i)/rool+wo2(i)/roo2)
bol(i)=(rool-roo2)/(ge3(i)*roo2+wo2(i)*rool)
bop(i)=bel+be2-(wo2(i)*bel *rool+ge3(i)*be2*roo2)/(ge3(i)*roo2+

+ wo2(i)*rool)
x2=rm1*(1-ge3(i))/(rm1-rm1*ge3(i)+rm2*ge3(i))
xl=1-x2
uo(i)=rmul**x 1*rmu2**x2
x02=rm1*(1-ge3(i))/(rml-rm1*ge3(i)+rm2*ge3(i))
xw2=rkpw*x02
xg2=rkpg*rkpw*xo02
wg2(i)=xg2*rm2/(rma-xg2*rma+xg2*rm2)
ww2(i)=xw2*rm2/(rmw-xw2*rmw+xw2*rm2)
sw(i)=sat(swr,sws,asw,gel(i),rnsw,row(i))
sl=sat(sor,s0s,as0,ge2(i),mso,row(i))
so(i)=sl-sw(i)
sg(i)=1-sl
rkrw=graw(gel(i))
if(sw(i).It.swir) rkrw=0
if(so(i).It.som) then

rkro=0
else
swi=sw(i)
s0i=so(i)
rkrow=grao(gel(i))
rkrog=per(ako2,ge2(i),/mko2)
soak=(soi-som)/(1-swir-som)
if(sw(i).gt.swir) then
swak=(swi-swir)/(1-swir-som)
else
swak=0
endif
sgak=(1-swi-so0i)/(1-swir-som)
omw=rkrow/(1-swak)
omg=rkrog/(1-sgak)
rkro=soak*omw*omg
endif
c
¢ CALCULATING VELOCOTIES FOR DIFFUSION AND DISPERSION COEFFICIENTS
c
do 53 it=1,nr
if(i.eq.it) then
dpwdx=(pwg(i+nr)-pwg(i))/(x(i+nr)-x(i))
if(it.eq.1) then
dpwdy=(pwg(i+1)-pwg(D))/(y(i+1)-y(1))
gotod43
endif



if(it.eq.nr) then
dpwdy=(pwg(i)-pwg(i-1))/(y(i)-y(i-1))
goto43
endif
dpwdy=(pwg(i+1)-pwg(i-))/(y(i+1)-y(i-1))
goto 43
endif
53 continue
do 54 it=nr*(nc-1)+1,nr*nc
if(i.eq.it) then
dpwdx=(pwg(i)-pwg(i-nr))/(x(i)-x(i-nr))
if(it.eq.nr*(nc-1)+1) then
dpwdy=(pwg(i+1)-pwg(i))/(y(i+1)-y(i))
goto 43
endif
if(it.eq.nr*nc) then
dpwdy=(pwg(i)-pwg(i-1))/(y()-y(i-1))
goto 43
endif
dpwdy=(pwg(i+1)-pwg(i-1))/(y(i+1)-y(i-1))
goto 43
endif
54 continue
do 55 it=nr+1,nr*(nc-2)+1,nr
if(i.eq.it) then
dpwdx=(pwg(i+nr)-pwg(i-nr))/(x(i+nr)-x(i-nr))
dpwdy=(pwg(i+1)-pwg()/(y(i+1)-y(i)
goto43
endif
55 continue
do 56 it=2*nr,nr*(nc-1),nr
if(i.eq.it) then
dpwdx=(pwg(i+nr)-pwg(i-nr))/(x(i+nr)-x(i-nr))
dpwdy=(pwg(i)-pwg(i-1))/(y(i)-y(i-1))
goto43
endif
56 continue
dpwdx=(pwg(i+nr)-pwg(i-nr))/(x(i+nr)-x(i-nr))
dpwdy=(pwg(i+1)-pwg(i-1))/(y(i+1)-y(i-1))
43 continue
temw=rkrw/(rmuw*eps*sw(i))
vwx=+temw*rkx*(dpwdx-row(i)*g*cos(rx))
vwy=+temw*rky*(dpwdy-row(i)*g*cos(ry))
VVW=(vwx** 24wy *2)*¥(] /2 )
if(vvw le.0) then
dwxx(i)=dmw
dWXy(l):O
dwyx(i):O
dwyy(i)=dmw
else

dwxx(i):dmw+(atw*va**2+alw*vwx**2)/vvw

dwxy(i)=(alw-atw)*vwx*vwy/vvw
dwyx(i)=dwxy(i)

dwyy(i)=dmw-+(atw*vwx**2+alw¥ywy**2)/vvw

endif
temo=rkro/(uo(i)*eps*so(i))
do 73 it=1 ,nr

if(i.eq.it) then

170



dpodx=(pog(i+nr)-pog(i))/(x(i+nr)-x(i))
if(it.eq.1) then
dpody=(pog(i+1)-pog(i))/(y(i+1)-y(i))
goto 83
endif
if(it.eq.nr) then
dpody=(pog(i)-pog(i-1))/(y(i)-y(i-1))
goto 83
endif
dpody=(pog(i+1)-pog(i-1))/(y(i+1)-y(i-1))
goto 83
endif

73 continue
do 74 it=nr*(nc-1)+1,nr*nc
if(i.eq.it) then
dpodx=(pog(i)-pog(i-nr))/(x(i)-x(i-nr))
if(it.eq.nr*(nc-1)+1) then
dpody=(pog(i+1)-pog(i)/(y(i+1)-y(i))
go to 83
endif
if(it.eq.nr*nc) then
dpody=(pog(i)-pog(i- ))/(y(i)-y(i-1))
goto 83
endif
dpody=(pog(i+1)-pog(i-1))/(y(i+1)-y(i-1))
goto 83
endif

74 continue
do 75 it=nr+1,nr*(nc-2)+1,nr
if(i.eq.it) then

dpodx=(pog(i+nr)-pog(i-nr))/(x(i+nr)-x(i-nr))

dpody=(pog(i+1)-pog(iN/(y(i+1)-y(i))
goto 83
endif
75 continue
do 76 it=2*nr,nr*(nc-1),nr
if(i.eq.it) then

dpodx=(pog(i+nr)-pog(i-nr))/(x(i+nr)-x(i-nr))

dpody=(pog(i)-pog(i-1))/(y(i+1)-y(i-1))
goto 83
endif

76 continue

dpodx=(pog(i+nr)-pog(i-nr))/(x(i+nr)-x(i-nr))

dpody=(pog(i+1)-pog(i-1))/(y(i+1)-y(i-1))
83 continue

temo=rkro/(uo(i)*eps*so(i))

vox=+temo*rkx*(dpodx-roo(i)*g*cos(rx))

voy=+temo*rky*(dpody-roo(i)*g*cos(ry))

VvOo=(vox**2+voy**2)**(] /2))

if(vvo.le.0) then

doxx(i)=dmo

doxy(i)=0

doyx(i)=0

doyy(i)=dmo

else

doxx(i)=dmo+(ato*voy**2+alo*vox**2)/vvo

doxy(i)=(alo-ato)*vox*voy/vvo

doyx(i)=doxy(i)
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doyy(i)=dmo-+(ato*vox**2+alo*voy**2)/vvo
endif
dg(i)=dmg
rkp(i)=so(i)/(so(i)+sw(i))
63 continue
return
end

subroutine coef

common /sun/ gen1(200),gen2(200),gen3(200),pwgn(200),pogn(200),
won2(200),wwn2(200),wgn2(200),swn(200),son(200),sgn(200),
twx(200),twy(200),t0x(200),toy(200),beg(200),dbgdwo(200),
twxge1(200),twyge1(200),twxge2(200),twyge2(200),
toxge1(200),toyge1(200),toxge2(200),toy ge2(200),
dwwge1(200),dwwge2(200),dwwge3(200),
dwgge1(200),dwgge2(200),dwgge3(200),
rogn(200),drgge3(200)

common /may/ dswge1(200),dswg11(200),dswg21(200),
dswge2(200),dswg22(200),dswg12(200),
dsoge1(200),dsog11(200),dsog21(200),
dsoge2(200),ds0g22(200),dsog12(200),
dsgge1(200),dsgg11(200),dsgg21(200),
dsgge2(200),dsgg22(200),dsgg12(200)

common /door/asw,rnsw,swr,sws,akw,rnkw,aso,rnso,sor,sos,ako,rnko,
+ akol,rnkol,ako2,mko2,swir,som

common /hill/ru,t,z

common /june/rkx,rky,rx,ry,g

common /wind/nn,pg,rm1,rm2,rkpg,rkpw,rmw,rma,uo(200),row(200),

++++ 4+

+ + + + +

+ roo(200)
common /tree/pwb,pob1,pob2,bew,bel,be2,rwb,rob1,rob2,
+ rmuw,rmul,rmu?2,theta,eps,itype

c
¢ THIS SUBROUTINE CALCULATES SATURATIONS, RELATIVE PERMEABILITIES,
¢ MOBILITIES, DERIVATIVES OF SATURATION AND MOBILITIES WITH RESPECT TO
¢ THE PRIMARY VARIABLES.
c

wkx=rmuw/rkx

wky=rmuw/rky

do 10 i=1,nn

okx=uo(i)/rkx

oky=uo(i)/rky

dp=-1

pcl=genl(i)

pc3=gen2(i)

pcll=genl(i)+dp

pcl0=genl(i)-dp

pc31=pc3+dp

pc30=pc3-dp

swn(i)=sat(swr,sws,asw,pc1,rsw,row(i))

if(swn(i).It.swir) then

swl=swn(i)

swl=swn(i)

endif

swl=sat(swr,sws,asw,pcl1,rnsw,row(i))

swO=sat(swr,sws,asw,pc10,rnsw,row(i))

dswgel(i)=0

dswge2(i)=0

dswgl1(i)=0



dswgl12(1)=0
dswg22(1)=0
dswg21(i)=0
sl=sat(sor,so0s,aso,pc3,rnso,row(i))
sl1=sat(sor,s0s,as0,pc31,rnso,row(i))
sl0=sat(sor,s0s,aso,pc30,rnso,row(i))
son(i)=sl-swn(i)
sol1=sl-swl
s010=s]l-sw0
so21=sl1-swn(i)
$020=s10-swn(i)
dsogel(i)=(so11-son(i))/dp
dsogel(i)=0
dsogl 1(i)=(so11-2*son(i)+s010)/(2*dp)
dsogl1(i)=0
dsoge2(i)=(so021-son(i))/dp
dsog22(i)=(s021-2*son(i)+s020)/(2*dp)
dsog12(i)=0
dsog21(i)=0
sgn(i)=1-sl
sgl=1-sll
sg0=1-s10
dsgge2(i)=(sgl-sgn(i))/dp
dsgg22(i)=(sg1-2*sgn(i)+sg0)/(2*dp)
twx (i)=graw(pc1)/wkx
twy(i)=graw(pc1)/wky
twl=graw(pcll)
twO=graw(pc10)
twxgel(i)=(tw1-tw0)/(2*dp)
twyge1(i)=(tw1-tw0)/(2*dp)
twxge2(i)=0
twyge2(i)=0
if(swn(i).lt.swir) then
twx(i)=0
twy(i)=0
twxgel(i)=0
twygel(i)=0
endif
if(son(i).lt.som) then
rkro=0
tox(i)=0
toy(i)=0
toxgel(i)=0
toygel(i)=0
toxge2(i)=0
toyge2(i)=0
else
swi=swn(i)
soi=son(i)
do 95ii=1,3
rkrow=grao(pcl)
rkrog=per(ako2,pc3,rnko2)
soak=(soi-som)/(1-swir-som)
if(swn(i).gt.swir) then
swak=(swi-swir)/(1-swir-som)
else
swak=0
endif
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sgak=(1-swi-soi)/(1-swir-som)
omws=rkrow/(1-swak)
omg=rkrog/(1-sgak)
if(ii.eq.1) then
rkro=soak*omw*omg
endif
pcl=pcl+dp
swi=swl
soi=sol 1
if(ii.eq.3) go to 97
if(ii.eq.2) then
rkrol=soak*omw*omg
go to 96
endif
goto 95
96 pcl=pcl-2*dp
pc3=pc3+dp
swi=swn(i)
soi=s021
97 rkro2=soak*omw*omg
95 continue
toxge 1(i)=((rkrol-rkro)/okx)/dp
toyge1(i)=((rkrol-rkro)/oky)/dp
toxgel(i)=0
toygel1(i)=0
toxge2(i)=((rkro2-rkro)/okx)/dp
toyge2(i)=((rkro2-rkro)/oky)/dp
tox(i)=rkro/okx
toy(i)=rkro/oky
endif
if(itype.eq.7) go to 891
if(itype.eq.1) then
dwwgel(i)=0
dwwge2(i)=0
dwwge3(i)=1
goto 10
endif
son(i)=1-swn(i)
sol=1-swl
s00=1-sw0
if(son(i).lt.som+0.001) then
dsogel(i)=1e-6
dsogl1(i)=0
else
dsogel(i)=-dswgel(i)
dsogl1(i)=-dswgl1(i)
dsoge2(i)=0
endif
dsog22(i)=0
dsog12(i)=0
dsog21(i)=0
twx(i)=graw(pcl)
twy(i)=graw(pcl)
twl=graw(pcll)
twO=graw(pc10)
twxgel(i)=(tw1-tw0)/(2*dp)
twyge1(i)=(tw1-tw0)/(2*dp)
twxge2(i)=0
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twyge2(i)=0
if(son(i).It.som) then
rkro=0
tox(i)=0
toy(i)=0
toxge1(i)=0
toyge1(i)=0
toxge2(i)=0
toyge2(i)=0
else
tox(i)=grao(pcl)
toy(i)=grao(pcl)
tol=grao(pcl1)
toQ=grao(pc10)
toxge1(i)=(to1-to0)/(2*dp)
toyge1(i)=(to1-100)/(2*dp)
toxge2(i)=0
toyge2(i)=0
endif
if(itype.eq.1) then
dwwgel(i)=0
dwwge?2(i)=0
dwwge3(i)=1
goto 10
endif

891 dww=-0.0001
wonl 1=gen3(i)+dww
x02=rm!*(1-gen3(i))/(rm1-rm1*gen3(i)+rm2*gen3(i))
x021=rm1*(1-wonl1)/(rm1-rm1*wonl1+rm2*wonl1)
xw2=rkpw *son(i)/(son(i)+1e-4)*x02
xw2l=rkpw*sol1/(sol1+1e-4)*x02
xw22=rkpw*s021/(so21+1e-4)*x02
xw23=rkpw*son(i)/(son(i)+le-4)*x021
wwn2(i)=xw2*m2/(rmw-xw2*rmw+xw2*rm?2)
wwn2 [ =xw21*m2/(rmw-xw2 1 *rmw+xw21*rm2)
wwn22=xw22*rm2/(rmw-xw22*rmw+xw22*rm?2)
wwn23=xw23*rm2/(rmw-xw23*rmw+xw23*rm?2)
dwwgel(i)=(wwn21-wwn2(i))/dp
dwwge2(i)=(wwn22-wwn2(i))/dp
dwwge3(i)=(wwn23-wwn2(i))/dww
xg2=rkpg*rkpw*son(i)/(son(i)+1e-4)*x02
xg21=rkpg*rkpw*sol1/(sol1+1e-4)*x02
xg22=rkpg*rkpw*s021/(s021+1e-4)*x02
xg23=rkpg*rkpw*son(i)/(son(i)+le-4)*x021
wgn2(i)=xg2*rm2/(rma-xg2*rma+xg2*rm?2)
wgn21=xg21*rm2/(rma-xg21*rma+xg21*rm2)
wgn22=xg22*rm2/(rma-xg22*rma+xg22*rm2)
wgn23=xg23*rm2/(rma-xg23*rma+xg23*rm?2)
dwggel(i)=(wgn21-wgn2(i))/dp
dwgge?2(i)=(wgn22-wgn2(i))/dp
dwgge3(i)=(wgn23-wgn2(i))/dww
rmg=rm2*rma/(wgn2(i)*rma+(1-wgn2(i))*rm?2)
rmg l=rm2*rma/(wgn23*rma+(1-wgn23)*rm?2)
rogn(i)=pg/(z*ru*t)*rmg
rogl=pg/(z*ru*t)*rmgl
drgge3(i)=(rogl-rogn(i))/dww
beg(i)=(rm2-rma)/(wgn2(i)*rma+(1-wgn2(i))*rm2)
begl=(rm2-rma)/(wgn23*rma+(1-wgn23)*rm2)
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dbgdwo(i)=(beg1-beg(i))/dww
10 continue

return

end

c
¢ THIS FUNCTION IS VAN GENUCHTEN'S EQUATION FOR CALCULATING

¢ RELATIVE PERMEABILITIES
c

function per(a,pc,rn)

£=980.7

h=pc/980.456

if(h.le.0) then

per=1

else

rm=1-1/rn

per=(1-(a*h)**(rn-1)*(1+(a*h)**rn)**(-rm))**2/(1+(a*h)**m)

+  **(rm/2.)

endif

return

end

c
¢ IT IS ANOTHER TYPE OF FUNCTION STATEMENT FOR CALCULATING RELATIVE

¢ PERMEABILITIES WHIC IS USED BY ABRIOLA.
c
function pero(b0,b1,b2,b3,sat)
pero=b0+b1*sat+b2*sat**2+b3*sat**3
if(pero.1t.0) then
print 294 pero,sat
294 format(' STOP BECAUSE RELATIVE PERMEABILITY IS NEGATIVE '/,
+ 'pero =",e10.4, Sw="e10.4)
stop
endif
return
end
c
¢ ITIS AMATHEMATICAL EXPRESSION FOR CALCULATING SATURATION
c
function satl(pc)
if(pc.gt.-2892.38.and.pc.le.-1421.96) then
sat1=1.52208-0.0718947*log(-pc)
else
sat1=2.94650-0.250632*log(-pc)
endif
return
end

c
IT IS A MATHEMATICAL EXPRESSION FOR CALCULATING PERMEABILITY

(¢}

function perl(sat)
per1=(1.235376e-6)*exp(13.604*sat)
return

end

ITIS VAN GENUCHTEN'S EQUATIONS FOR CALCULATING SATURATIONS

o

function sat(sar,sas,a,pc,rn,r)
g=980.7
h=pc/980.456



C
C
C
C
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if(h.le.0) then

sat=sas

else

rm=1-1/rn
sat=sar+(sas-sar)/(1+(a*h)**rn)**rm
endif

return

end

FUNCTION graw AND grao ARE FOR TREATING EXPERIMENTAL DATA OF
RELATIVE PERMEABILITIES

function graw(pc)
common /phic/ dpc(20),drw(20),dro(20),dro1(20),dro2(20),
+ dsw(20),dso(20)
do 10i=1,15
if(pc.ge.dpc(i).and.pc.lt.dpc(i+1)) then
graw=(drw(i+1)-drw(i))/(dpc(i+1)-dpc(i))*(pc-dpc(i))+drw(i)
goto 20
endif

10 continue

20 return
end

function grao(pc)
common /phic/ dpc(20),drw(20),dro(20),dro1(20),dro2(20),
+ dsw(20),dso(20)
do 10i=1,15
if(pc.ge.dpe(i).and.pc.lt.dpc(i+1)) then
grao=(dro(i+1)-dro(i))/(dpc(i+1)-dpc(i))*(pc-dpc(i))+dro(i)
goto 20
endif

10 continue

20 return
end

subroutine coor(ne,nn)
common /bird/x(200),y(200),nne(200,4),e(4),n(4)
do 10 i=1,ne
read(51,*) (nne(i,j),j=1,4)
10 continue
do 20 i=1,nn
read(51,*) x(i),y(i)
20 continue
return
end

subroutine inicon(gel,ge2,ge3,genl,gen2,gen3,nn)
dimension ge1(200),ge2(200),ge3(200),gen1(200),gen2(200),2en3(200)
read(51,*) geil,gei2,gei3
do 10 i=1,nn
gel(i)=geil
ge2(i)=gei2
ge3(i)=gei3
genl(i)=gel(i)
gen2(i)=ge2(i)
gen3(i)=ge3(i)
10 continue



return
end

subroutine bouncon(gel,ge2,ge3,genl,gen2,gen3,nr,nc,nn)

dimension ge1(200),ge2(200),ge3(200),gen1(200),gen2(200),

+ gen3(200),dc(60)
read(51,*) (dc(i),i=1,2*nr+2*nc-4)
k=0
do 10 i=1,nr
k=k+1
if(dc(k).eq.0) go to 10
read(51,*) gel(i),ge2(i),ge3(i)
genl(i)=gel(i)
gen2(i)=ge2(i)
gen3(i)=ge3(i)

10 continue
do 12 i=l,nr
k=k+1
if(dc(k).eq.0) goto 12
j=nr*(nc-1)+i
read(51,*) gel(j).ge2(j).ge3())
genl(j)=gel(j)
gen2(j)=ge2())
gen3(j)=ge3(j)

12 continue
do 20 i=2,nc-1
k=k+1
if(dc(k).eq.0) go to 20
j=nrx(i-1)+1
read(51,%) ge1().ge2(j).ge3()
genl(j)=gel(j)
gen2(j)=ge2())
gen3(j)=ge3(j)

20 continue
do 22 i=2,nc-1
k=k+1
if(dc(k).eq.0) go to 22
l=nr*j
rcad(51,*) gel(l),ge2(1),ge3(1)
genl(l)=gel(l)
gen2(l)=ge2(l)
gen3(1)=ge3(1)
22 continue
return
end

subroutine gint(nl,n2,n3,n4,i4)

common /bird/x(200),y(200),nne(200,4),e(4),n(4)
common /lake/gintx 1(4,4,2),ginty1(4,4,3),gintx2(4,4,4,3),
+ ginty2(4,4,4,3),gintx3(4,4,4,4,3),ginty3(4,4,4,4,3),
+ gintx4(4,4,4,4,4,2), ginty4(4,4,4,4,4,2)

al=0

a2=0

b=0

c1=0

c2=0

d=0

r=0
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do 5ia=1,3
do5i=14
do5j=14
if(ia.eq.3) goto 6
gintx1(i,j,ia)=0

6 ginty1(i,j,ia)=0
do5k=14
gintx2(i,j,k,ia)=0
ginty?2(i,j,k,ia)=0
do5I=14
gintx3(i,j,k,1,ia)=0
ginty3(i,j,k,l,ia)=0
do 5Sm=14
if(ia.eq.3) goto 5
gintx4(i,j,k,1,m,ia)=0
ginty4(i,j,k,1,m,ia)=0

5 continue
do 10ii=1,4
if(ii.eq.1) i=nl
if(ii.eq.2) i=n2
if(ii.eq.3) i=n3
if(ii.eq.4) i=n4
al=al+y(@i)*n(ii)
a2=a2+y(i)*e(ii)
b=b+y(i)*n(ii)*e(ii)
cl=cl+x(i)*e(ii)
c2=c2+x(i)*n(ii)
d=d+x(i)*n(ii)*e(ii)

10 continue
te=(3./5.)**0.5
tn=(3./5.)**0.5
do 20 ig=-1,1
if(ig) 23,24,25

23 ge=-te
wx=5./9,
goto 32

24 ge=0
wx=8./9.
goto 32

25 ge=te
wx=5./9.

32 do 20 jg=-1,1
if(ig) 27,28,29

27 gn=-tn
wy=5./9,
goto 31

28 gn=0
wy=8./9.
go to 31

29 gn=tn
wy=5./9.

31 tem=(c1+d*gn)*(al+b*ge)-(c2+d*ge)*(a2+b*gn)
ajac=tem/16
gx2=((al+b*ge)*(e(i4)+e(i4)*n(i4)*gn)-(a2+b*gn)
+ *(n(i4)+e(i4)*n(id)*ge))/tem
gy2=((c1+d*gn)*(n(i4)+e(i4)*n(i4)*ge)-(c2+d*ge)
+ *(e(i4)+e(id)*n(i4)*gn))/tem
ginn=0.25*(1+e(id4)*ge)*(1+n(i4)*gn)
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do 20 i=1,4
gin1=0.25*(1+e(i)*ge)*(1+n(i)*gn)
do 20 j=14
giin=0.25*(1+e(j)*ge)*(1+n(j)*gn)
gx1=((al+b*ge)*(e(j)+e(j)*n(j)*gn)-(a2+b*gn)
+  *(n(j)+e()*n(j)*ge))/tem
gy I=((c1+d*gn)*(n(j)+e(j)*n(j)*ge)-(c2+d*ge)
+  *(e(j)+e(i)*n(j)*gn))/tem
gintx1(i,j,1)=gintx1(i,j,1+wx*wy*gin1*gx1*gx2*ajac
gintx1(i,j,2)=gintx 1(i,j,2)+wx*wy*gin1*abs(gx 1)*gx2*ajac
ginty 1(i,j,1)=ginty 1(i,j, 1 ) +wx*wy*gin1 *gy1*gy2*ajac
ginty 1(i,j,2)=ginty 1(i,j,2)+wx*wy*gin1*giin*gy2*ajac
ginty1(i,j,3)=ginty 1 (i,j,3)+wx*wy*gin1*giin*gy2*ajac
do 20 k=1,4
gin2=0.25*(1+e(k)*ge)*(1+n(k)*gn)
ginlx2(i,j,k,1)=gintx2(i,j,k,1)+wx*wy*gin1*gin2*gx1*gx2*ajac
gintx2(i,j,k,2)=gintx2(i,j,k,2)+wx*wy*gin1 *gin2*abs(gx 1 )*gx2*ajac
gintx2(i,j,k,3)=gintx2(i,j,k,3)+wx*wy*gin1 *gin2*gy 1 *gx2*ajac
ginty2(i,j.k,1)=ginty2(i,j,k,1)+wx*wy*ginl *gin2*gy 1 *gy2*ajac
ginty2(i,j,k,2)=ginty2(i,j.k,2)+wx*wy*ginl *gin2*giin*gy2*ajac
ginty2(i,j,k,3)=ginty2(i,j,k,3)+wx*wy*gin1*gin2*gx1*gy2*ajac
do 201=14
gin3=0.25*(1+e(1)*ge)*(1+n(1)*gn)
gintx3(i,j,k,1,1)=gintx3(i,j,k,], 1 )+wx*wy*gin1*gin2*gin3*gx 1 *gx2
+ *ajac
gintx3(i,j.k,1,2)=gintx3(i,j,k,1,2)+wx*wy*gin1*gin2*gin3
+ *abs(gx1)*gx2*ajac
ginlx3(i,j,k,l,3)=gintx3(i,j,k,l,3)+wx*wy*gin1*gin2*gin3*gyl*gx2
+ *ajac
ginty3(i,j.k,1,1)=ginty3(i,j,k,l, ] )+wx*wy*gin1 *gin2*gin3*gy 1 *gy2
+ *ajac
ginty3(i,j.k,1,2)=ginty3(i,j.k,1,2)+wx*wy*ginl *gin2*gin3
+ *giin*gy2*ajac
ginty3(i,j.k.1,3)=ginty3(i,j,k,1,3)+wx*wy*ginl *gin2*gin3*gx1*gy2
+ *ajac
do 20 m=14
gx3=((al +b*ge)*(e(m)+e(m)*n(m)*gn)-(a2+b*gn)
+ *(n(m)+e(m)*n(m)*ge))/tem
gy3=((c1+d*gn)*(n{(m)+e(m)*n(m)*ge)-(c2+d*ge)
+ *(e(m)+e(m)*n(m)*gn))/tem
gintx4(i,j.k,1,m,1)=gintx4(i,j,k,,m,1)+wx*wy*ginn*gin1 *gin2*gin3

+ *ox 1*gx3*ajac
gintx4(i,j k,1,m,2)=gintx4(i,j,k,I,m,2)+wx*wy*ginn*ginl *gin2*gin3
+ *abs(gx1)*gx3*ajac
ginty4(i,j,k,1,m,1)=ginty4(i,j,k,],m,1 )+wx*wy*ginn*gin1*gin2*gin3
+ *gyl*gy3*ajac
ginty4(i,j,k,1.m,2)=ginty4(i,j,k,],m,2)+wx*wy*ginn*gin1*gin2*gin3
+ *abs(gy1)*gy3*ajac
20 continue
return
end
c
¢ IT IS FOR CALCULATING THE VOLUME OF A CELL
c

function vol(nl,n2,n3,n4,i4)

common /bird/x(200),y(200),nne(200,4),e(4),n(4)
al=0

a2=0



b=0
cl=0
c2=0
d=0
r=0
do 10ii=1,4
if(ii.eq.1) i=nl
if(ii.eq.2) i=n2
if(ii.eq.3) i=n3
if(ii.eq.4) i=n4
al=al+y(i)*n(ii)
a2=a2+y(i)*e(ii)
b=b+y(i)*n(ii)*e(ii)
cl=cl+x(@)*e(ii)
c2=c2+x(i)*n(ii)
d=d+x(i)*n(ii)*e(ii)
10 continue
ge=1./3*¥*0.5
gn=1./3**0.5
vol=0
do 20i=1,2
ge=ge*(-1)
do 20 j=1,2
gn=gn*(-1)
vol=vol+1./64*(1+e(i4)*ge)*(14n(i4)*gn)*((c1+d*gn)*(al+b*ge)
+ -(c2+d*ge)*(a2+b*gn))
20 continue
return
end
subroutine solv(n3)
common /july/a(600,600),b(600),u(600),rmax
do 40 i=1,n3
pivot=a(i,i)
do 30 j=i+1,n3
dult=a(j,i)/pivot
a(j,i)=0
do 25 k=i+1,n3
a(j,k)=a(j,k)-dult*a(i,k)
25 continue
b(j)=b(j)-dult*b(i)
30 continue
40 continue
u(n3)=b(n3)/a(n3,n3)
do 20 i=n3-1,1,-1
quot=b(i)
do 10 j=i+1,n3
quot=quot-a(i,j)*u(j)
10 continue
u(i)=quot/a(i,i)
20 continue
rmax=0
do 29 i=1,n3
if(abs(u(i)).gt.abs(rmax)) then
rmax=u(i)
endif
29 continue
return
end
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