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Abstract

The spectral Nevanlinna-Pick interpolation problem is to find, if it is possible, an ana-
lytic function f : D — CF*¥ from the unit disc D = {z € C : |z| < 1} to the space CF**
of k X k complex matrices, which interpolates a finite number of distinct points in ID to
the target matrices in CK*¥ subject to the spectral radius r(f(1)) < 1, for every A € ID.
For k = 2, this problem is connected to interpolation problem in Hol(ID, T'), where
Hol(D, T') denotes the space of analytic functions from ID to the closed symmetrized
bidisc
I = {(Zl +22,2122) 121,22 € E} c C2.

In this thesis, we consider a special case of the three-point spectral Nevanlinna-Pick
problem and give necessary and sufficient conditions for its solvability.

We also study interpolation problems from ID to the tetrablock. The closed tetrablock
is defined to be

E={xec C3:1—x12 — Xow + x3zw # 0forall z,w € D}.
Given n distinct points Ay, - - - , A, in ID and n points xl ... x"inE, find, if is possible,
an analytic function
¢ : D — E such that ¢(A;) =y forj=1,---,n.

This problem is closely connected to the ppjag-synthesis interpolation problem. For
given data A=W, 1<j<n, where Aj are distinct points in ID and W; are complex
2 x 2 matrices, find, if it is possible, an analytic matrix function

F:ID — C*?

such that F(A;) = W;, 1 <j < n,and ppjag(F(A)) < 1forall A € ID. We give criteria
for the solvability of such interpolation problems. Here Diag is the space of 2 x 2
diagonal matrices, and for A € C2%2,
1
HDiag(A) = inf{||X|| : X € Diag, 1 — AX is singular}’
If 1 — AX is non-singular for all X € Diag, then upjag(A) = 0.

In addition, we give a realization theorem for analytic functions from the disc to the
tetrablock.
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Chapter 1
Introduction

The original Pick interpolation problem (1916) is to determine whether there exists
an analytic function ¢ from the open unit disc D to the closed unit disc D which
satisfies some given interpolation conditions. The spectral Nevanlinna-Pick problem
is the following. Given distinct points Aq,---, A, in D and k x k complex matrices
Wi, -+, Wy, find if possible an analytic k x k matrix-valued function F : D — Chxk
such that

F(Aj) =Wiforj=1,---,n
and

r(F(A)) <1 forall A € D,

where
r(W) :=sup{|A| : A is an eigenvalue of W}

denotes the spectral radius of the matrix W.
In the case k = 2, J. Agler and N. J. Young [9] showed that the spectral interpolation
problem is equivalent to the interpolation problem from ID to the closed symmetrized
bidisc

I = {(z1+22,2120) : 21,22 € D} :
for given n distinct points Ay,--- ,A, in ID and n points zy,--- ,z, in I, find, if it is
possible, an analytic function

h:ID — T such that h(A;) =zjforj=1,---,n.

We give a criterion for solvability of a special three-point I'-interpolation problem (The-
orem 2.2.10).

The set I is a special p-synthesis domain. In [17] John Doyle introduced the u-synthesis
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Chapter 1. Introduction

problem involving the structured singular value u(A) of a matrix A. The p-synthesis
problem is an interpolation problem for analytic matrix functions subject to structured
uncertainty. The motivation came from the robust stabilization theory. The following
definition of u(-) is given in [34, 28]. For F € C"*" and any subspace A of C"*™

1
‘uA(F) = ll’lf{”XH :XeAN 1—-—FXis singular}'

(1.0.1)

If 1 — FX is nonsingular for all X € A, then us(F) = 0. Here ||X]|| is the operator
norm of the matrix X. Two special cases of y are the matrix norm || - || and the spectral
radius r of a matrix F. Mathematically, the u-synthesis interpolation problem is to find
an analytic matrix function F on ID which satisfies a finite number of interpolation
conditions subject to p(F(A)) <1, forall A € D.

Another case of p-synthesis problem we consider here is 4 = pupisg. Diag denotes
the space of 2 x 2 diagonal matrices

Diag % {diag(z,w) : z,w € C}. (1.0.2)

For A € C?%2,

1
. A = :
]/lDlag( ) inf{[|X]| : X € Diag, 1 — AX is singular}

(1.0.3)
If 1 — AX is non-singular for all X € Diag then ppj.(A) = 0.

The ppiag-synthesis interpolation problem was introduced by Abouhajar, White and
Young in [1]. For given data A; — W;, 1 <j < n, where A; are distinct points in D
and W; are complex 2 x 2 matrices, find if possible, an analytic 2 x 2 matrix function
F:ID — C>*? such that F(A;) = W;, 1< j <mn, and ppijg(F(A)) <1 forall A € D.
They constructed the domain

IE:{x€C3:1—xlz—x2w+xgzw#Oforallz,wGE}

called the tetrablock which has proven to have rich geometry and function theory. It
was proved in [1] that an interpolation problem in Hol(ID, E) (or an E-interpolation
problem) is equivalent to the pipjag-synthesis problem for 2 x 2 matrix functions. The
symbol Hol(ID, Q) is used throughout the text to denote the space of analytic functions
¢ : D — Q. We denote by $2*2 the space of analytic 2 x 2 matrix functions F : D —
C?*2 such that ||[F(A)|| < 1 for all A € ID. We study an E-interpolation problem in this

6



Chapter 1. Introduction

thesis. We use relations between S2*2 and Hol(ID, E), given in [16, Theorem 7.1] to
prove the following result (Theorem 3.3.2). For the given E-interpolation data

)\j—>xj, 1<j<n,

]1, sz, xé) are points in [E, the existence of

where A; are distinct points in D and ¥/ = (x
a solution of the [E-interpolation problem is equivalent to the existence of a solution of

the Nevanlinna-Pick interpolation problem with data

i
A | bl i<ji<n,
C]' xé

for some constants bj, ¢; € C satisfying

bicj = xisz—xé, 1<j<n.

We show connections between the solution of a yip;se-synthesis problem and the Pick
condition for the solvability of a family of matricial Nevanlinna-Pick interpolation prob-
lems.

1.1 Main results

We consider the following special case of the three-point spectral Nevanlinna-Pick
Problem: Given the data

/\1—>W1:[8 8}
Ny Wy = [O—zx _2] (1.1.1)
Az — W3

where distinct points A; = 0,A2,A3 € D, « € D\ {0} and W3 € C?*2 has distinct
eigenvalues and spectral radius r(W3) < 1, tr W3 = s and det W3 = p; find if possible
an analytic 2 x 2 matrix function F such that

F(A) =W

jr ]: 1/2/3/

and
r(F(A)) <1 forall A € D.

7



Chapter 1. Introduction

The pseudo-hyperbolic distance between two points a, A € D is defined by

A—u
1— Aa

pla, 1) = |

Theorem 2.2.10. The spectral interpolation Problem (1.1.1) is solvable if and only if there
exist b3, c3 € C such that the quantities ky, ko, k3, k4 defined by

ki = oA A2 1 X | | S e
! P(Z 3) 2A5A3 2M3 A2
2 2

1
ky = 0(Ag, A3)2 || — |2
2 = p(A2,A3) o P
by = (o A= — = (Lo e[ - L[5
3 = P2, 1\3 Toha )L_z)tg ZP 2, \3 /\z)t_g 2 | 73 ’

satisfy

Theorem 3.3.2 Let Aq,---, Ay be distinct points in ID and let X = (x

2 2

ko g 12 2 _ &k
— 5 |kal” < |bs]” < —¢

k 2 2 k
— k| < es]” < —¢
(kika = [ks|*) (|ba | + [c3[*) + K3 + K3 [ka|* — 2Re(k3ka) > 0
bz c3 = ky

ki >0

ko, <O0.

1%

j=1,---,n. The following statements are equivalent.

(1) There exists an analytic function ¢ : ID — E such that

p(A) = (), xhxb), 1<j<n

8
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Chapter 1. Introduction

(2) There exist bj, cj € C such that

bicj = lex]2 — xé, 1<j<n,

and the Nevanlinna-Pick interpolation problem with data

i
A | bl 1<i<n,
C]' sz

is solvable.

-\ 2
Theorem 3.3.4 Let Ay, - - -, Ay be distinct points in ID and let W; = <w{ ) oy 1< <
i,k=

n, be 2 x 2 matrices, such that w]ilw]z'z # det W,1<j<n The following two statements
are equivalent:

(1) there exists an analytic 2 x 2 matrix function F on ID such that F(AJ-) =W;,1<j<n,
and Ppiee(F(A)) < 1forall A € ID;

(2) there exist by, ,by, c1,- -+ ,cn € C such that

[ wi b; ' w! b; 1"
[_| % Y 1 Y
. 1 J
Ci Wy Cj Wy

1—AiA

>0 (1.1.2)

L dij=1

where

[P R | . :
b]c]—wllw2 —detW], 1<j<n

See Appendix B.2.1 for more details on inequality (1.1.2).

To state the realization formula for tetrablock, we use standard engineering notations.
Let H, U and Y be Hilbert spaces and let

A:H— H, B:U — H,

C:H—Y, D:U—Y

be bounded linear operators. Then for any z € D, we define the operator-valued

Al|B
Cc|D

function

(z) =D+Cz(1—zA) 'B:HeU—-H®Y




Chapter 1. Introduction

whenever 1 — Az is invertible.

Theorem 3.4.2 A function
x=(x1, xp, x3) : D = C3

maps D analytically into E if and only if there exist a Hilbert space H and a unitary operator

A B
HaC?> > HoC?
cC D D S5,
such that
A | B A | B A| B
x| = ! , Xy = 2 and x3 = det ,
C1 | Dn Cy | Dp C|D
where

2
ij=1"

G

B:[B1 Bz]:C2—>H, C:[
2

] :H — C*and D = [Dj]

1.2 Description of results by chapter

This thesis is organised as follows.

In Chapter 1 we give a literature review of the subject. We introduce definitions of
terms and notations used throughout the thesis.

In Chapter 2 we apply the Schur algorithm, presented in Appendix B.2, to obtain a
necessary condition for solvability of a given I'-interpolation problem known as the C;
condition.

C1 condition: Let Aj be a finite number of distinct points in ID and let (s;, p;) € T for
j=1,---,n, we say that the data

)\] — (S]', p]), j: 1,---,n,
satisfy C; if, for every Mobius function v, the Nevanlinna-Pick problem

2piv(A;) —s;
Ay 2202 =1,
J 2—5]'1)(/\]') J

10



Chapter 1. Introduction

is solvable.

We give a criterion (Theorem 2.2.10) for the solvability of a special three-point spectral
Nevanlinna-Pick problem of type (1.1.1).

In Chapter 3 we study the E-interpolation problem. We reduce the problem of analytic
interpolation D — [ to a family of classical Nevanlinna-Pick problems. We prove
criteria for solvability of the ppjag-interpolation problem (Theorem 3.3.4). We give a
realization theorem for analytic functions from the disc to the tetrablock.

In Apendix A we give some examples of solvable and unsolvable 3-point spectral
Nevanlinna-Pick problems. We write matlab code that checks 3-point I'-interpolation
data that satisfy C; condition. Appendix B contains basic definitions and general back-
ground materials. We present the Schur reduction and augmentation algorithms. In
Appendix C we give examples of aligned and caddywhompus I'-inner functions from
Agler, Lykova and Young paper [5].

1.3 History and recent work

The interpolation problems for functions that are analytic on the unit disc was solved
by George Pick in 1916 and independently by Rolf Nevanlinna in 1919. In [29] Pick
carried out his research for interpolating functions D — {z € C : Re (z) > 0}, while
in [25] Nevanlinna studied interpolating functions ID — D. The classical Nevanlinna-
Pick interpolation problem [31, 32] is the following. Given n-distinct points Ay, --- , A,
in the unit disc ID and n-points wy, - -+ ,wy, in D, find if possible an analytic function
h: D — D such that

h(}\]) = w]', ] = 1,' P (B (1.3.1)

Pick determined that a solution of Nevanlinna-Pick problem exists if and only if the
Pick matrix L

|:1 — w]wl] n

1—AA;dij=1

is positive semi-definite.

Theorem 1.3.1. [Pick’s Theorem]
The Nevanlinna-Pick interpolation problem (1.3.1) has a solution ¢ in Hol(ID, D) if and only

if

=)
1—AjA
Moreover, the function ¢ is unique if and only if the Pick matrix has rank m strictly less than
n. In this case, ¢ is a Blaschke product of degree m.

> 0.
ij=1

11



Chapter 1. Introduction

A necessary and sufficient condition for the existence a solution of Nevanlinna-Pick
interpolation problem in a matrix version was stated in [11, Chapter 18]. In [12]
Hari Bercovici, Ciprian Foias and Allen Tannenbaum gave necessary and sufficient
conditions for the existence of interpolating function F : D — Ck whose spectral
radius, r(F(A)) < 1, for all A € ID. The most intensively studied version of spectral
interpolation problem is the 2 x 2 spectral Nevanlinna-Pick problem. An instance of
2 x 2 spectral Nevanlinna-Pick problem was studied by J. Agler and N. J. Young in
[8, 9]. They constructed two dimensional complex domains G, I’, called the open and
closed symmetrized bidiscs, and formulated a new interpolation problem called the
I'-interpolation problem which connects with 2 x 2 spectral Nevanlinna-Pick interpo-
lation problem. This direction of research was used by Hari Bercovi [13] to give a
different criteria for solvability of the spectral interpolation problem.

The Schur class of operator-valued or matricial functions is the set of analytic operator-
or matrix-valued functions F on D such that the operator norm

IF(A)|| <1 forall A €D.

The realization formula for functions of the Schur class is given in [7, Theorem 6.5]. In
[2] Agler extended this representation to functions in the space H®(ID?) of bounded
analytic functions on D2. See also [7, Theorem 11.13]. He proved that there is a
function f in the closed unit ball of H®(ID?) if and only if there is a Hilbert space
H = H; © H; and a unitary operator

A B
C D

V= :CoH—-CoH

such that for P; the projection of H onto H; and P, the projection of H onto H, we
have
f(z) = A+ B(z1P1 + 22P) (1 — D(z1 P + Zsz))_lc.

The operator theory approach generally helps us to describe the existence of a so-
lution of Nevanlinna-Pick interpolation problem in terms of kernels of Hilbert space
functions involving the Hardy space H%(ID) of the disc. From this viewpoint, the suf-
ticiency condition of the Pick’s Theorem 1.3.1 can be interpreted as the property of the
reproducing kernel for H?(ID). Agler, Z. A. Lykova and Young used this method in [3]
to show that the solvability of the n-point spectral Nevanlinna-Pick problem is equiv-
alent to the existence of positive analytic kernels on the bidisc which satisfy a certain
matrix inequality.

12



Chapter 1. Introduction

Another development in the study of the u-synthesis problem is in connection to inter-
polation functions from ID to the tetrablock, a region in C3, [1, 16]. The tetrablock was
introduced by Abouhajar, White and Young in [1] due to its relationship to the pipjag-
synthesis interpolation problem. They proved a Schwarz lemma for the tetrablock and
used the lemma to obtain solvability criterion for a special case of two-point pipjag-
synthesis problem. An infinitesimal version of the Schwarz lemma for the tetrablock
was given in [35]. In [16] Brown, Lykova and Young described connections between
the set of analytic functions D — E and the 2 x 2 matricial Schur class.

Due to many properties of the tetrablock, specialists in several complex variables and
operator theory have showed interest in the study of [E. Several geometric properties of
the tetrablock have been studied in [33]. In [14] Bhattacharyya and Sau studied the di-
lation theory of [E-contraction, involving a triple (A, B, P) of commuting bounded op-
erators having the closed tetrablock [ as spectral set. They showed that if (Ry, Ry, U)
and (Ry, Ry, U) are two unitary dilations of (A, B, P) with the property that U is the
minimal unitary dilation of P, then the dilation (R;, Rp, U) is unitarily equivalent to
(R1, Ry, U).

In [6] Agler, Lykova and Young introduced another domain, which is connected to a
u-synthesis problem. The domain is called the pentablock. The pentablock is defined

to be
2

P = {(ﬁl21, tl‘A, detA) A= [aij}ij

_, € B}

where B denotes the open unit ball in the space C?>*? with the usual operator norm.
They showed that P intersects R> at a convex open domain with five faces and four
vertices (0, —2, 1), (0, 2, 1), (1, 0, —1) and (-1, 0, —1). To establish a connection
between P and the pg-synthesis problem, where

z w

E={|, Z]:|w|§1—|z|2,z,w€C},

they showed that a matrix A = [a;;] € C**? satisfies pg(A) < 1 if and only if

1|z
(s, p) € Gand |ap|sup ——— < 1,
’ e T

where G is the open symmetrized bidisc, s = tr A and p = det A. Several geometric

13
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properties of P are proved in [6].

14



Chapter 2

The I'-interpolation problem

We consider a special three-point I'-interpolation problem. We study a necessary con-
dition C; for the solvability of this three-point problem. We apply Bercovici’s theorem
to find necessary and sufficient conditions for the solvability of the three point spectral
Nevanlinna-Pick problem.

2.1 The symmetrized bidisc
The following sets were introduced by Agler and Young 2000.

Definition 2.1.1. [8] The open and closed symmetrized bidiscs G and T are the subsets of C>
defined by
G=A{(s,p)=(z+wzw):z,weD}

and
I'={(s,p) = (z+w,zw) : z,w € D}.

That is, the bidisc D?> = {(z,w) : z,w € D} is mapped onto G by the symmetric
function 71(z, w) = (z + w, zw).

By [10, Theorem 2.3], the symmetrized bidisc I' is compact, starlike about the origin
and polynomially convex.

Definition 2.1.2. Let Q) be a domain in C" with closure Q) and let A(Q) be the algebra of
continuous scalar functions on Q that are analytic on Q. A boundary for Q) is a subset K of Q
such that every function in A(Q) attains its maximum modulus on K.

15



Chapter 2. The T-interpolation problem

By [15, Corollary 2.2.10], at least when Q is polynomially convex, there is a smallest
closed boundary of (), contained in all the closed boundaries of () and is called the
distinguished boundary of Q.

Theorem 2.1.3. [10, Theorem 2.4] The distinguished boundary of T is the set
T =A{(s,p):[s| <2, |p| =1, s =5p}.
Topologically bI is a Mobius band.

Definition 2.1.4. A rational map ® : C>\ {(z,s,p) € C> : sz = 2} — C is defined by

2pz —s
2—sz’

d(z,s,p) = (2.1.1)

forall z € C and (s, p) € C? such that sz # 2.

Alternatively, the symbol ®,(s, p) will be used for ®(z,s, p). The function ® satisfies
the following properties.

Proposition 2.1.5. [34, Proposition 2.3] For every w € T, ®,, maps G analytically into D.
Conversely, if (s, p) € C? is such that |®y (s, p)| < 1 forall w € T, then (s,p) € G.

The proposition below gives a complete characterization of points of C?> which belong
to I', its distinguished boundary bI or its topological boundary oI'.

Proposition 2.1.6. [4, Proposition 3.2][10, Corollary 2.2] Let (s, p) € C?. Then
(1) (sp)e G if and only if |s —5p| < 1— |p|%
(2) (s,p) € Gifand only if |s| < 2and, forall w € T, | Py (s, p)| < 1;
(3) (s,p) €T
if and only if |s| < 2and |s —5p| <1— |p|*
if and only if |s| < 2 and, for all w in a dense subset of T, |®(w,s,p)| < 1;
(4) (s,p) € bl ifand only if |s| <2, |p| = 1and s = 5p;
(5) (s,p) €T

if and only if |s| < 2and |s—35p| =1— |p|?
if and only if there exist z € T and w € D such that s =z + w, p = zw.

16



Chapter 2. The T-interpolation problem

Furthermore, for w € T and (s,p) €T,

(s, p)| = 1 ifand only if (s —5p) =1 — pl?.
Definition 2.1.7. A function h € Hol(ID,T) is T-inner if

lim h(rA) € bT (2.1.2)

r—1-

for almost all A € T with respect to Lebesgue measure.

By Fatou’s Theorem (B.1.1), the radial limit (2.1.2) exists for almost all A € T with
respect to Lebesgue measure.

Definition 2.1.8. The royal variety R is defined by
R={(—20,A%): A e C}={(s,p) € C*:s* =4p}.

Definition 2.1.9. A point A € D is called a royal node of a rational T-inner function h = (s, p)
if
s2(A) —4p(A) = 0.

2.1.1 Interpolation in Hol(ID,I)

The interpolation problems in Hol(ID,T') was introduced by Agler and Young in [8]
mainly because of its connection with a problem in control engineering.

A T-interpolation problem: Given n distinct points Ay, - - - , A, in the open unit disc ID
and n points zq,- -+ ,z, in I, find if possible an analytic function

h:ID — T such that h(A;) =zjforj=1,---,n. (2.1.3)

The data
/\] — Z]', 1< ] <mn, (214)

are called T-interpolation data. The problem is said to be solvable if there exists an
analytic function & : ID — T such that h(A;) = zj for j = 1,--- ,n. Any such function h
is called a solution of the I'-interpolation problem with data (2.1.4).

The conditions C, associated with the I'-interpolation data (2.1.4) were introduced in

[4].

Definition 2.1.10. For I'-interpolation data

17



Chapter 2. The T-interpolation problem

we say that the data satisfy
Condition C, (A, s, p)

if, for every Blaschke product v of degree at most v, the Nevanlinna-Pick problem
/\] —> CD(U()\]‘),S]', p])
is solvable.

By the theorem below, the conditions C, are all necessary for the solution of
I'-interpolation problem to exist.

Theorem 2.1.11. [4, Theorem 4.3] Let Ay, - - -, Ay, be distinct points in 1D and let (sj, pi €G,
j=1,---,n.If there exists an analytic function h : 1D — T such that

h(Aj) = (sj, pj), j=1---,m,
then for any function v in the Schur class, the Nevanlinna-Pick problem with data
Aje @A), s,p),  1<j<n, (2.1.6)
is solvable. In particular, the condition C, (A, s, p) holds for every non-negative integer v.
Conjecture: It was conjectured by Agler, Lykova and Young in [4] that Condition C,,_»

is necessary and sufficient for the solvability of an n-point I'-interpolation problem.

For n = 2, (y is sufficient for the solvability of the Nevanlinna-Pick problem. See
[4, Theorem 4.4].
The following materials are taken from [4] and [5].

Definition 2.1.12. [4, Definition 2.1] Let () be a domain, let E C CN, letn > 1,let Ay, -+, Ay
be distinct points in Q) and let z1, - - - ,z, € E. The interpolation data

)\]'i—>ZjZQ—>E,j:1,~~~,1’l

are said to be extremally solvable if there exists a map h € Hol(Q), E) such that h(\;) = z; for
j=1,---,n, but, for any open neighbourhood U of the closure of (), there is no f € Hol(U, E)
such that f(A\;) = zjforj=1,--- ,n.

Definition 2.1.13. [4, Definition 2.1] The map h € Hol(Q), E) is called n-extremal (for
Hol(Q), E)) if, for all choices of n distinct points A1, - - - , Ay in Q) the interpolation data

Aj=h(A):Q—E j=1,---,n
are extremally solvable.
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Definition 2.1.14. [5, Definition 4.2] We say that C, holds actively and extremally for the
[-interpolation data Aj — (sj, p;), 1< j < n,ifC, holds extremally and there is a Blaschke
product m of degree v such that the data

)\] = @(m()\]), S]‘, P])/ ] = 1/ (> (217)
are extremally solvable.
Denote by Bl the collection of Blaschke products of degree at most .

Definition 2.1.15. [5, Definition 4.2] We say that m € S or Bl, is an auxiliary extremal for
the data (2.1.5) if the data (2.1.7) are extremally solvable.

Definition 2.1.16. Let h = (s, p) be a rational G-inner function. We say that h is aligned if
h(ID) C G, the degree of h is at most 4 and there exist at least d(p) — 1 distinct royal nodes of
hin'T and, if d(p) = 4, there are distinct royal nodes w1, wo, w3 of h in T such that the points

35(w1), 3s(w2), 35(ws) € T are distinct and in the opposite cyclic order to w, wy, w;.

Definition 2.1.17. A rational T-inner function h = (s, p) is caddywhompus if h(D) C T, the
degree of h is equal to 4, h has at least 3 distinct royal nodes in T and for every choice of 3

distinct royal nodes wq, wy, ws in T, the points %s(wl), %s(wz), %S(ZU3) € T are not in the
same cyclic order as wy, wy, ws.

One can find examples from [5, Example 13.2] of aligned and caddywhompus I'-inner
functions in Appendix C. To state [5, Theorem 1.1], we need to describe the associated
problem.

The associate problem to the I'-interpolation problem (2.1.3):

Given data Aj — (sj, p]-), j =1,2,3, that satisfy condition C; extremally with auxiliary
extremal m € Aut D find a Blaschke product p of degree at most 4 such that

p(Aj) =p;, =123, (2.1.8)

and
p(1) =m(5)? 1=1,---,d(mq), (2.1.9)

where the 7; are the roots of the equation mg(t) = 1 and ¢ is the unique function in
the Schur class such that

g(Aj) = @(m(A),s;p),  j=1,253.

Theorem 2.1.18. [5, Theorem 1.1] Let A1, Ay, A3 be distinct points in D and let z1, 25,23 € G.
The following statement are equivalent.
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(1) There exists an aligned G-inner function h of degree at most 4 such that h(A;) = z; for
j=L23

(2) condition C1(A, z) holds extremally and actively, and the associated problem is solvable.

However, in [23, Example 2.2], A.S. Kamara gave a counter-example with three-node
I'-interpolation data which satisfy C; and showed that the corresponding spectral
Nevanlinna-Pick problem is not solvable. We consider C; condition and a specific
three-point spectral Nevanlinna-Pick problem and give a criterion for its solvability.
The following is a well known result.

Lemma 2.1.19. Let S be the linear transformation

az+b
5(z) = cz+d

where a,b,c,d, € C are such that ad —bc # 0, ¢ # 0and cz+d # 0 forall z € D, and so S
does not have a pole in D. Then

S(D)={z€C:|z—C| <R}

where B
_ bd —ac n | ad —bc
I — el al* — lef*]
denote the centre and radius of the disc |z — C| < R.
az+b . . . U
Proof. Let S(z) = e In matrix notation the linear transformation is given by
_|la b
e d
and its inverse
1 d —b
-1 .
= h ad — .
S ad—bc[—c a] with ad — bc # 0
If w=S(z), thenz = S~} (w) = M The value
—Ccw +a
5—1(00) — lim M — _é_
w—o0 —CW + a c

Note that S~1(C) and S~!(o0) are conjugates with respect to T. That is,
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and so
SO (-0 =1
Therefore -
S %cy_—g.
Thus
c
C= S(_E)
_a(=5)+b
c(—%)+d
_ bd—ac
jd[* — |ef?

The radius R is

R=15(1)—-C|
a+b bd — ac
c+d P — e
(a+b)(|d)* = |c]*) = (c +d)(bd — at)
(c+d)(d* = |c[*)
ald*—alc?+bld*—blc|* —bde+alc|* —bl|d]* + adc
(c+d)(d* = |c?)
a|cl|2 — bdc + ade — b |c|?
(c+d)(Jd]* = |c[*)
(c+d)(ad — bc)
(c+d)(|d* = |c*)
ad — bc
d[* = [cf?

2.1.2 A special I'-interpolation problem

Consider the I'-interpolation problem: given A1 =0, Ay, A3 € ID where A, # 0, A3 #
0and Ay # A3, and (s1,p1) = (0,0), (s2,p2) = (—2a,a?), « € D\ {0} and (s3,p3) =
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(s,p) in G, find if possible a function f : ID — G such that f(A;) = (s;, p;), j = 1,2,3.

The I'-interpolation data for this problem are the following
A1~ (0,0)
Ay — (—2a,4%), where x € D\ {0} (2.1.10)
Az — (S, p) el.
Let us describe the case where (s, p) € fR.
Proposition 2.1.20. Let A]- = zj, j = 1,2,3, be the I'—interpolation data (2.1.10) where
(s,p) € K. Let (s,p) = (=21n,1%), n € ID. Suppose that there exists m € S such that
m(0) = 0, m(Ay) = a and m(A3) = 7. Then, for k(A) = (=21, A?), the function h()\) =
(kom)(A) is a solution of the T —interpolation problem (2.1.10).

Let us consider the case when (s,p) € G and s # 0.

Proposition 2.1.21. Let A; — z;, j = 1,2,3, be the T'—interpolation data (2.1.10) such that
(s,p) € G, (s,p) & Rand s # 0. Suppose these data satisfy Condition Cy. Then the following
inequalities hold

a] < [A2], (2.1.11)
2|s —5p| + |s* — 4p|
< |Az]. 2112
4 — |S‘2 = | 3| ( )
If
2|s —5p|+ s> — 4
(1.1) o] < Ao and TSP ‘2 Pl As],
4—1s|
then we have the following
|A2A3s 4+ 2ap| < |2A2A3 + @s| (2.1.13)
and B
‘bd—aﬁ‘ +|ad — be|
< p(A2,A3) (2.1.14)
2 2
jd|” = el
where
Az — Ay
/\ ,)\ == |,
p(A2,As) ’1—/\3)\2

a=2Ap + aAzs,
b= —(2aA3 + Ays),
c = —(A2A3s + 2ap),
d = 2Ay\3 + @s.
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If |a| =|Ag|, then we have

2ad3 aPA3 . 2|s —sp| +[s* —4p|

1.2a § = , = __ 9 _
( ) Ay p )L% 4_ |S’2 ‘ 3‘

2]s —5p| + |s* — 4p|

I = |A3| then we have
F al
. 2003 a2 )\2
1.2b a| = |As|; and as in (1.2a), s = — , P = )
(1.20) | = ol ; and as in (1.20) N P
Proof. By Definition 2.1.4, for all z € D,
®,(0,0) =0,
202z — (—2)
O (—20,0%) ="
2(=20,07) 2 — (—2a)z
_ 20%z+42a
242z
~ 2u(az+1)
 2(1+az)
:[X’
and 5
pz —s
D = .
Z(S’ p) 2_SZ

Condition C; for the data (2.1.10) is that, for every v € Blj,

A — 0,

A a, (2.1.15)

2pv(Az)—s
Az 2—51/(3)\3)

are solvable Nevanlinna-Pick data. Hence, since v(A3) takes on all values in D as v

varies over Blj, the Blaschke products of degree at most one, C; condition for the data
(2.1.10) is satisfied if the Nevanlinna-Pick problem with data

( A — 0
Ay (2.1.16)
2pz—s
k A3 = 2pfsz 4
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is solvable for every z € D.

Suppose Cy holds for the data (2.1.10). Consider any z € D and let w; =0, wy = a, w3 =
2pz — s
2—sz
assumption, for each z € D, there is an analytic function h € S satisfying

. Then (2.1.16) becomes a standard Nevanlinna-Pick interpolation problem. By

h(A1) =0
h(/\z) =

2pz — s
h(/\3) - 2p— sz

The function / is depended on z.
Step 1. Reduction at A;: Fix z € ID. By Proposition B.2.7, the Schur reduction h; of h
at A is analytic. That is,

— B‘U1 oh

B, €S

hy
1
implying 5o
I(A) = =4=2(0).
M

Substituting Ay = w; = 0 we have

hi(A) = @ A # A (2.1.17)
Then,
(A
hi(A;) = (]), j=2,3. (2.1.18)
Aj
Since pz
— S
h(A2) = a and h(A3) = 2’”_ —,
it follows that . 2pz
— S
hi(Ay) = — and hi(A3) = —————.
1(A2) = 3 and Tn(ds) = 753

Since h; € S, that is,

hl()\j)} <1, j=2,3, the new interpolation data

(2.1.19)
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satisfy
b 2pz —s
—|<1land | ———| < 1.
20 an '(2—52)/\3 -
Therefore, the inequalities
] < |22,
(2.1.20)
20z —
=] <1l

hold for all z € D. By assumption, (s,p) € G, s # 0, and (s, p) & R. Therefore for all

z €D, |sz| < |s| < 2and 4p — s? # 0. Hence 2 — sz # 0 for all z € D. Thus, by Lemma
2pz — 24

2119, themap S : z — zpi szs' maps D to the open disc with radius R = %

. Since |S(z)| < |A3| for all z € D, we have |C| + R < |A3].

2sp —2s
4—s|?
Therefore, if the interpolation problem with the data (2.1.10) satisfies Condition Cy,
then

and centre C =

| < [A2,

2.1.21
2ls —5p| + |52 — 4p) (&1.20)

4—|s?

< |Az).

2|s —Sp| + |s* — 4p|
4 |s|?

reduction to obtain a parametrization of the solutions of Problem (2.1.16).

Step 2. Reduction at A: Let z € ID and let h; be the Schur reduction of /17 at A». Then

Case (1.1): If |a| < |Az] and

< |As|, then we carry out a second

Be (h1(A))

Therefore
iy - 8 (108
2T B, (As)
oL h(A3) 1 ) .
By substituting 11 (A3) = Fa /\—CI)Z(S, p) to equation (2.1.22) we obtain
3 3
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1

ha(A3) = BA% (%;I)z(s,;?)) "B, (M)

lszfs 2 —
As2-sz A, 1—Asds

_ & 12pzms Aa Ay
Ay Az 2—sz

Xz /\22;f;s — a3 . 1 —Xz)\g

Ay Xz/\3 — R% Az — A2

Ay Aa(2pz —s) —ar3(2—s2) 1-AaAs
A2 AoA3(2 —sz) —w(2pz —s) Az — A2

Ay (2A2p + aA3s)z — (2aAs + Aps) 1

B )\_2 —(Xz)tgs + 2EP)Z + 2X2A3 —+ «as P()\z, )L3)'

Since |h2(A3)| <1 for all z € D, we have

sup (2A2p 4+ aA3s)z — (2aA3 + Aps)

— — < 0(Ag, Az).
Z2eT —()\2)\384—2&}7)24-2)\2)\34-&5 _P( 2 3)

That is,

sup (2/\_2;9 + aAszs)z — (2041\3 + Aps)
e | —(A2A3s 4+ 2ap)z + 2A0A3 + s
Consider the linear fraction transformation
(2A2p 4 aA3s)z — (2aA3 + Aps)
—(A2A38 4+ 2ap)z +2A2A3 + s

< p(/\z, /\3). (2.1.23)

5112'—>

Let C’, R’ be the centre and radius of the disc S;(ID). Note that

1 (2X2/\3 + Es)w 4+ 2aA3 + Aps
S tw— = — .
(A2Ags +2ap)w + 2Ap + aAzs
Then _ _
571 (c0) = _2/\2/\3 + Dis
AgA3s + 2ap
and
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Hence _ _
ST1(Cr) = MM T2
2MA3 4+ @s
We obtain
|A2A3s + 2ap| < [2A2A3 +@s| . (2.1.24)

By Lemma 2.1.19, since the inequality (2.1.23) holds,

bd — ac lad — bc|
'= ——5 and R' = ———.
df* —cf* d]* — Icf?

where

a=2Ap+al3s
b= —(2aA3 + Aps)
c = —(AxA3s + 2ap)
d = 2AyA3 + @s.

Because the inequality (2.1.23) holds, the inequality |C’| + R’ < p(A2, A3) is satisfied.

Therefore 3
)bd - aE‘ + |ad — be|

< p(A2, A3). 2.1.25
’d’Z—‘C‘Z _P( 2 3) ( )
Case (1.2a) : Suppose |a| = |Az], thatis, |;-| = 1. Then for ; from equation (2.1.18),
it
—LeT
hl(/\z) " €

Therefore, by Schwarz lemma,

m(A) = = forall A € D.

Hence, by equation (2.1.17),

_ Y
hi(A) = —
Thus
A
h(A) = " forall A € D. (2.1.26)
2
It is clear that 1(A1) = 0, and h(A;) = a. Note that h solves data (2.1.16) if
h(Az) = 22Pi— ® forall z € D.
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One can see that

2pz—s s (4p—s)z
e = 2—1—2(2_52) forall ze€ D.

Thus 5
_ s, (4p—sT)z _aMs
hAs) =5+ 22=5sz) A

forall z e D. (2.1.27)

In particular, for z = 0,

s _aks
2 A
That is,
5 — _20()\3
— 5
and hence )
(4p —5°)z
~r =0 f 1 D.
22— 52) 0 forall z €
Therefore
4p — 2 =0.
Thus since .
a-A
4p =s*, weh =3
p =s°, wehave p /\%

Substituting these values of s, p in (2.1.12) we obtain

4042)% o 4042)%

ds—spl+ P —ap] 27 ) | [N -
41— [s]2 " ‘_% 2
4|80 (1— 2la 2>

442

4l |1 1A

N 41— 2P

= [As|

Case (1.2b). Let )
2|s —5p| + |s* — 4p| — il

4—|s|*
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As in Step 1, this equation gives us

< |Az], forall z € D.

2pz —s
2—sz

That is, the unit disc ID is mapped onto the disc (D) = {w € C : |w — C| < R}, and

there exists zg € T such that S(zg) = Szp Zos_z - w3 and |ws| = |As|. It follows from
0

(2.1.18) that hy attains modulus 1 at A3 € ID. Using (2.1.17) with

_ 2pzp —s _
and "
hi(A) = %/ A#F M,
we have
w3
h(As)|=|5-| =1 A €D.
3

Therefore by maximum modulus, h; is constant, and
hi(z) = % forall z e D.

By (2.1.18),
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and al
w3 . . 0
—| =1implies — = 1.
A3 PR h]
Therefore |a| = |Ay|. It has been shown that for |a| = |A;|, we have
_ 2adz &M
= /\2 , p = /\% .
Notice also that for such (s, p), (2.1.12) holds with equality. O

Remark 2.1.22. If the case (1.2a) or (1.2b) holds, then the solution of Problem (2.1.16) is given
by h(A) = i—/\for all A € D.
2

Sufficient conditions for the data (2.1.10) to satisfy C; condition are the following.

Proposition 2.1.23. Given Ay =0, Ay # A3inID, a € D\ {0}, (s,p) € G. Suppose

| < |Az, (2.1.28)
2|S—§p|+|52—4p|<’/\‘ (2.1.29)
4—[sP2 o o
|A2A3s + 2&p| < |2A2A3 + @], (2.1.30)
and B
’bd—aﬁ‘ + |ad — be|
< p(Az, A3), 2.1.31
|d|2 _ |C|2 P( 2 3) ( )
where

a=2Ap+ aAzs
b= —(2aA3 + Aps)
c = —(AxA3s + 2ap)
d =23 + &s.

Then the data 0 — (0,0), Ay — (—2a,a?), A3 — (s, p) satisfy Cy forall v > 1.

Proof. Let z € ID. Conditions (2.1.28) and (2.1.29) imply

Ay

< 1and ‘icbz(s,p)‘ <1,
A3

30



Chapter 2. The T-interpolation problem

hence

1
& 2 ®,(s,p) € D.
Ay’ Az
Therefore
sup [ D (s, p)| < [A5]
zelD
and )
sup B% <A—©Z(S, p))’ < p()tz,)tg,).
zeD 2 3

Consider the constant function
Be (%3 : @Z(S,p)>
B),(A3)

We apply the Schur augmentation technique, see Section B.2.
Let 717 : D — D be the Schur augmentation of h; at A by A, 1-. Then

ha(M) = =B, forall A €D. (2.1.32)

I’ll()t) = B_% o (B)\Z()L)hz()t)) . (2133)
We have

m(Az) = B_g o (Byy(A2)ha(22))

=B« (0)
= %2, and
o 1 - (S,
hi(A3) =B_« o (BAz(Ag) By <;3M§3§S p)))
= BiA2 o <B{2 (%3'(1)2(5/?7)))
- Ai'q’z(sfp)-
3

Define /1 : D — ID by h(A) = Ahy(A) for all A € D. Then we have
)
h(/\z) = /\zhl()tz) =, and
)
Since 0 = @,(0,0), & = ®,(—2a,4?),and ®,(s,p) € D for all z € DD, it follows that the

data 0 — (0,0), Ay — (—2a,a?), and A3 > (s, p) satisfy C, for all v > 1. O
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2.2 The spectral Nevanlinna-Pick interpolation problem

We consider u-synthesis problem for the special case of y, the spectral radius of a
square matrix A, r(A).

The spectral Nevanlinna-Pick problem y = r is stated as follows: given distinct points
A1, ,Ap € D and k x k matrices Wy, --- , W, construct an analytic k x k matrix
function F on D such that

F(A)=W; for j=1,---,n (2.2.1)

and
r(F(A)) <1  forall A € D. (2.2.2)

We describe several approaches to the solution of this problem. We use Hari Bercovici’s
result [13] to prove a solvability criterion for a special case of the three point spectral
interpolation problem.

The Nevanlinna-Pick problem for k > 2: given distinct points )\j eD, 1<j<n,
and k x k complex matrices Wy, - - -, W, find necessary and sufficient conditions for
the existence of an analytic k x k matrix valued function

F:DD — C** with F(A;) = Wj, 1 <j < n, and such that ||F|| < 1. (2.2.3)
For W € C**k, its conjugate transpose is denoted W*.

Theorem 2.2.1. [11, Pick’s criteria, Chapter 18] Let Ay, --- A, be distinct points in ID
and let Wy, - -, Wj be k X k matrices with entries in C. The following statements are
equivalent.

(i) There exists an analytic k x k matrix valued function F : D — Ck*k such that
F(A)) =W, 1<j<n,

and
IF|l < 1.
(ii) The matrix
N n
— WIXW. — A
(=Wiw) =)
is positive semi-definite.
When we consider k x k matrices with k = 1, this problem is the classical Nevanlinna-
Pick problem, for which there is a criteria by Pick’s theorem. There is an analytic

theory for spectral Nevanlinna-Pick problem with k = 2, obtained by Agler and Young.
It states as follows:
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Theorem 2.2.2. [9, Main Theorem 0.1] Let Ay, Ay € D be distinct points, let W1, W, be
non-scalar 2 X 2 matrices of spectral radius less than 1 and let s; = tr W;, p; = detW,; for
j = 1,2. The following three statements are equivalent:

(1) there exists an analytic function F : D — C?>*2 such that

F(M) =Wy,  F(A) =W,

and
r(F(A)) <1,  forall A € D;
(2)
(s2p1 — $1P2)w” + 2(pa — p1)w + 51 — 52 ‘ M — Ay
max — 5 — — —| < — ;
weT | (s1 —52p1)w? — 2(1 — p1p2)w + 52 — s1P2 1— MM
(3) ,
[(Z—WSi)(z—wsj) — (Qwp; — s;) (2wpj —Sj)] >0
1— A, L
forall w € T.

In fact, for target 2 x 2 matrices, the solvability of the spectral Nevanlinna-Pick problem
is equivalent to the existence of a map f : ID — T  satisfying the property stated below.

Theorem 2.2.3. [9, Theorem 1.1] Let Ay, - - - , Ay, be distinct in ID and let Wy, --- , W, be 2 x 2
matrices. Suppose that either all or none of Wy, - -- , W, are scalar matrices. The following
statements are equivalent.

(1) there exists an analytic 2 X 2 matrix function F in ID such that F(A;) = W;, j =
1,--+ ,mand r(F(A)) < 1forall A € D;

(2) there exists an analytic function f : ID — T such that f(A;) = (tr W, detW;), j =
1, I (R O

Here tr W and det W denote the trace and the determinant of a matrix W.
In [3], Agler, Lykova and Young studied the spectral Nevanlinna-Pick interpolation

problem as a quadratic semidefinite program subject to certain matrix inequalities.
They proved the following.

Theorem 2.2.4. [3, Theorem 8.1] Let n > 1, let Ay,---, Ay be distinct point in D, and
let (sj,p;) € T for j =1, ,n. Let z1,25,23 be distinct points in ID. The following three
conditions are equivalent.
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(1) There exists an analytic function h : ID — T satisfying
(2.1) h(/\]') = (S]', P]') fOV j=1-,n
(2) there exists a rational T-inner function h satisfying (2.1);

(3) there exists positive 3n-square matrices N = [Nil,jk]Z}'s:Ll,k:l of rank at most 1 and
M = [Mﬂ’]'k]?}illk:—l such that, for 1 <i,j<nand1 <1,k <3,

2z1p; — Si) 2zkpj —sj

2.2 1-— = (1 —7Z;zt)Ny ; 1— A My
(22) (Z—lei 2—Zij ( Z12) ll’]k+( 11) il jk

(4) there exist 3n-square matrices N = [Nil,jk]?}321 | k—q Of rank at most 1
and M = [Mil,jk]?}'321 |k Such that

([ 2z1pi —si\ 22kPj — 8] _ _
2.2 1- > [(1 - Zizp) Ny e + (1 — A My al;
( ) [ ( 2 _ lei 2 _ stj - [( lek> ll,]k + ( i ]) ll,]k]

Note: In Theorem 2.2.4 (4), we have a condition that rank N < 1, and so the problem

is not convex.

A close relationship between Theorem 2.2.4 and a criterion for u-synthesis problem
was stated in [3, Theorem 8.4]. A similar result for the existence of solutions for n-point
spectral Nevanlinna-Pick problem for the generic case that none of the W;, j =1,--- ,n,
is a scalar multiple of the identity was earlier obtained by Agler and Young:

Theorem 2.2.5. [8, Main Theorem 0.1] Let Ay,---, Ay, be distinct points in D for some
n € N and let Wy --- , Wy, be 2 X 2 matrices, none of them a scalar multiple of the identity.
The following two statements are equivalent:

(1) there exists an analytic 2 x 2 matrix function F on ID such that F (A]-) =W, 1<j<n,
and r(F(A)) < 1forall A € D;

(2) there exists by--- ,by,c1---,cn € C such that

i 1 *T1 1"
' [ 25 b ] [ 25 b ]
€ 25 € 725
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Chapter 2. The T-interpolation problem

where
S]' = fr W], p] = det W]

and

s2

j .
b]'C]':P]'—Z, 1§]§Tl.

A refinement of the result of Agler and Young was obtained by Hari Bercovici [13].
Bercovici’s result admits some target data W; that are scalar multiples of the identity
matrix. The result shows a close relationship between bounding the operator F with
norm and bounding F by its spectral radius. It is stated below.

Theorem 2.2.6. [13, Theorem 2.2] Fix a natural number n, distinct points Aq,--- ,A, € D,
and matrices Wy, - - - , W, € C2*2 such that at least one of W; has distinct eigenvalues. The
following are equivalent.

(1) There exists an analytic function F : ID — C2*2 syuch that F(A]-) =W;, 1< j <mn,and
r(F(A)) <1 for A € D.

(2) There exists a bounded analytic function satisfying the conditions in (1).

(3) There exists an analytic function G : 1D — C**2 such that G(A;) is similar to W;, j =
1,--+,n,and ||G(A)]| <1for A € D.

(4) There exists an analytic function G satisfying the conditions in (3) such that

] for some analytic functions a,b,c on ID and for all A € ID.

(5) There exist matrices W]( similar to W;, j=1,---,n,such that

> 0.

[I—Wl!*w]{]”

1—Aid ij=1

(6) There exist complex numbers by, - - ,by, 1, - ,cn € C with the following properties:
(a) bjcj = }Ltr2 W]' — det Wj;
(b) if Wi is a scalar multiple of the identity, then b; = ¢; = 0;

(c) if § tr? W; —detW; = 0 but W; is not a scalar multiple of the identity then b; =
0 # ¢j; and
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(d) we have
>0,

ll—wg*wj’]”

1—Aidy ij=1

. 1
where W]( — | bj , with aj = - tr W;.
C]' 11]' 2

2.2.1 Connection between interpolation into Hol(ID, I') and interpola-
tion into Hol(ID, X))

The sets I' and G are connected with the spectral unit balls
L={AecM(C):r(A) <1},
and
Y0 ={A e M(C):r(A) <1},

by the facts that A € X if and only if (tr A,detA) € T and A € X if and only
if (tr A,detA) € G. The introduction of these sets gave one approach to the study
of the 2 x 2 spectral Nevanlinna-Pick interpolation problem. Theorem 2.2.3 states a
connection between interpolation into I' and interpolation into ~ which holds when
either all target matrices are non-derogatory or scalar. When some target matrices are
scalar, there is additional connection involving derivatives, see [8, Theorem 2.9]. The
next theorem follows from [8, Theorem 2.9].

Theorem 2.2.7. Let A, Ay,A3 € D and let W1, Wy, W3 € X, where W; = 0, W =
—al, tr W3 =59, det W3 = pg. The following statements are equivalent.

(1) There exists an analytic 2 x 2 matrix function F such that
F(Aj) =W, 1<;j<3

and
r(F(A)) <1 forall AeD

(2) There exists an analytic function
h:D—T:Aw— (s,p)

36



Chapter 2. The T-interpolation problem

such that
h(0) = (0,0), h(Az) = (—2a,a?), h(A3) = (s0, po)

and
p'(0) =0,  as'(A2)+p'(A2) =0.

Proof. Suppose (1) holds. Define F in $?*2 by

s b
35 |

O N

|

where b, ¢ are analytic functions on ID and
1,

p=45- be.
Then
F(0) = [ (c)(O) b(O()) ] ,  where b(0)c(0) =0,
F(Ap) = [ C_(‘;‘Lz) b(/\_20)c ] ,  where b(Ay)c(Ay) =0,
and
F(A3) = 2% b(%) where b(A3)c(A3) = 1sz —
3 C(}\3) %So 3 3 4 0~ Po-

Hence ;s? — p has double zero at 0 and A,. Consequently, the mapping

h = (tr F,detF)

is analytic from ID — I' and satisfy the interpolation conditions
h(Aj) = (tr W, detW;), j<3.

Secondly the mapping / satisfies the differential equation

1 )
(32— p)(A) =0, j=1,2

4

That is,
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We have
p'(0) =0

DCS/()\z) + p/(/\z) =0.

Conversely, suppose (2) holds. Then, by Riesz factorization theorem, (Theorem B.1.4),

every function f € § has a unique inner-outer factorization, expressible in the form

f = ¢y, where ¢ is inner and ¢ = ¢ is outer and ¢°(0) > 0. Thus f = (qm,b%)tp%, here
1 1

P2 = e2¢.

Consider }lsz —p = bc. Let }152 — p = P12 where ¢ is outer, ¢, ¢, are inner and

)

1()L]‘) =0= (pz(/\]-), j = 1,2. Then we can take b = gb%(pl, c = 1}7%(/)2 if and only if
2

4115 — p has double zero at A1, A». We define the analytic matrix function F on ID by
1
Fo [ 58 1b ]
c ES
such that
F(Aj)) =W;, 1<j<3, r(F(A)) <1forallA € D
where

W1 =0, Wo = —al, tr W3 =59, det W3 = py.

Therefore there exists an analytic function  : ID — I such that I'-interpolation problem
h(0) = (0,0), h(A2) = (—2a,a?), h(A3) = (0, po), as'(A2) + p'(A2) =0
is solvable. O

The following examples from [8] shows that non-derogatory structure of the target
matrices are indispensable.

Example 2.2.8. [8, Example 2.3] Let Ay =0, A, =B € (0, 1), W; =0 and
W [ 0 1 ]
2= 2 :
0 %

Here W is derogatory and W, is non-derogatory, the analytic function ID — I" defined

by
_ (221=p) AA-p)
f(A)—( T—pr  1-BA (2.2.4)

satisfy f(A) = (tr W;, detW;), j = 1,2, but there is no analytic function F : D — X such
that F(A;) =

Wj, j = 1,2. Suppose in contradiction such an F exists. Since each entry of
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F vanishes at 0, we can write F(A) = AG(A) for some analytic function G : ID — C?*2.
By Vesentini’s Theory [26, Theorem 2.3.12] the function

D — R*: A r(G(A))
is subharmonic, and so attains its maximum over the disc {z : |z| < t} at a point of the
circle {z : |z| = t}, forany t € (0, 1). Hence
1 1 1
sup r(G(A)) = sup r (—P(A)) =sup —-r(F(A)) <-, 0<t<l.
A<t A=t \A A=t t
This implies that G(A) € X for all A € D. But for

1 0 3
G(B) =B Wr= [O b ]
I+
the eigenvalues of G(B) are 0 and 2z Since 2
& 1+p 1+p
The postulated F : D — X cannot therefore exist.
Example 2.2.9. [8, Example 2.4] Let A; =0, A, =p € (0, 1), and fora € C,

0 wa 0 1
Wl(“)zlo 0],W2=[0£]-
T+p

In the present example, for a # 0, there is an interpolation function. For then both

> 1 this contradicts G(B) € .

Wi («) and W, are non-derogatory, and by [8, Theorem 2.1], the desired interpolating
function exists if and only if there is an analytic function from ID — T’ satisfying

2
£0) = 0,0), £(8) = (15, 0).
The function f : ID — T is given by equation (2.2.4).

When Wj is a scalar matrix as in Example 2.2.8 we may use the Schur reduction tech-
nique to eliminate the interpolation condition. See [8, Theorem 2.4].

2.2.2 3-point spectral Nevanlinna-Pick interpolation problem

Given the spectral interpolation data

) _
)\1—>W1= 00]

Az—)WzZ

] ] (2.2.5)

\/\3_>W3
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where distinct points A = 0,A2,A3 € D, « € D\ {0}, and W5 € C2*2 has distinct
eigenvalues and spectral radius, ¥(W3) < 1, tr W3 = s and det W3 = p. Find an analytic
2 x 2 matrix function F such that

F(A;) = W

L =123

and
r(F(A)) <1 forall A € D.

Notice that the target data comprise both scalar and nonscalar matrices. We shall
derive solvability conditions for this 3-point Nevanlinna-Pick data using the result of
Hari Bercovici [13]. It will help us to generate examples of solvable and unsolvable
3-point spectral Nevanlinna-Pick problems.

Theorem 2.2.10. The spectral interpolation Problem (2.2.5) is solvable if and only if there exist
bs, c3 € C such that the quantities kq,ky, ks, kq defined by

2 2

os S x
ki =p(A, A3)2 14+ ——=| —|—+—|,
! p( 2 3) 2)\2)\3 2)\3 )\2

2 2

o 1

ky = p(Ay, A3)? |—=| — |—
2= p(A22) MAsl  |As
P WP VLI S YOV N A A i P
3—P 2,/\3 /\_2)\3 A_2A3 2P 2,/\3 /\2/\—3 2 )\3 7
k4:}152—p

satisfy

k(1 2 2k
—5 k| < [bs]” < =

k 2 2 k
k" <lesl” < —g

(kika — [ks|*)(|b3]* + [e3]*) + K3 + K3 [ka|* — 2Re(K3ks) > 0
(2.2.6)

bg C3 = k4

ki >0

ko, < 0.

40



Chapter 2. The T-interpolation problem

Proof. By Bercovici’s Theorem 2.2.6 [(1) is equivalent to (6)], the spectral interpolation
problem (2.2.5) is solvable if and only if there are b3,c3 € C such that the following
Nevanlinna-Pick interpolation problem is solvable

)\1I—>W{:O

Ay s Wi = —al,
S ] W/ e ¢2x2 (2.2.7)

1
C3 ES
where s = tr W3, p = det W3. To solve the Nevanlinna-Pick problem (2.2.7) for some

b3, c3 € C satisfying
1o

b =-5"—np,
3C3 4579

we need to find an analytic function F : D — C2*2 such that
F(Aj) = Wj’, j =123,
and

IF(A)]] <1forall A e D.

We shall apply Schur reduction to solve the above problem. Let F be any analytic
function which interpolates the data of problem (2.2.7) and let G(A) be the Schur
reduction of F at A;. Then

F(A
G(A) = %, A #£ M.
Therefore
G(Ap) = —A%I
G(A3) = W

Similarly, if H is the Schur reduction of G at A,, then

1 x o 1
H(A) = BM(A)(G(A)nL /\21)(1+A_2G(A)) .
At A = A3
1Az, 1, X
H(/\3) - )\3_)\2 ()\SW?)—{_ /\ZI)(I+A_2A3W3)

The problem (2.2.7) is solvable if and only if

1—/\_2)L3<1 R )( T ,)—1
H(A =|l—- —Wr+ —1I I+ —W. <1.
IH(A3) | = || ey vl G AC R A I
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Therefore,

1

Az — Az
I

1 — AgAs

vwm' — p(Aa,A3)

®
W; + | [+ =
f+ D+ =

Ag 2A3

In view of Proposition B.1.6, p(A2, A3)%I — T*T > 0 where

1

T=(5

W+ L1+ =) !

A2 /\2/\3

Therefore,

pliz A= [(omi+ 0+ Lowy ] w2 20

A /\2 )\2}\3 A AZ /\2)&3
That is,
P2, Ag)2T — (1 W) (WS 1) (W D) (4 W) > 0
A3 A3 Ay 7 A3 Ag A2A3
Left multiplication by (I + )Tf% W3)* and right multiplication by (I + - W3) give
(Mg, As)2(1 + —— WA (T + = Wf) — (W + & n(1w+ 2h>0
P{A2, 13 )\_2/\3 3 A_2A3 3 /\ 3 )LZ )L 3 /\2
Let
D = (A As)? (I + = WE)* (I+ = WS) — (W 1) (W o)
. /\2)&3 . )L2A3 . \)\ /\2 \/\3 )\2
) b C F
where B _
I XC3 4B ab;
2000 AoA
A3 2AsM3 A2A3 2A2A3
5 4 & [} b
C = 22T3j Az Az F — 275\3 + %2 _33 .
B LI s e
A3 2205 | A, A3 20 T A
AB = ((AB);;);._, where
2 2
s 2
(AB) ‘ s Il
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I 1 a |2 1| a |?
AB = ——by+ = — | Sb3 + —0C3 + = — | SC3
(4B)12 A2A3 "2 A2A3 ; 2A3 °T2 A2A3 ;
® 1| « 2 I 1] « 2
AB)yy = ——b3 + = — | sb3+ ——c3+ = —| Sc
(4B)z A2A3 °T2 A2A3 ; 273 °T2 A2A3 ;
_ 2 2
s M 5
(AB)2 ‘ ok oo |bs|

and CF = ((CF)ij)?].zl where

2 2
S o 1 b
F | — _ _
(CF)11 275 + PR + ‘7\3 |ca]
a 1112 117
CF);p = —b ~|—| Sbs+ ——c3+ = |—| sc3
( )12 )Lz)\33 > /\3 3 5 33 2 )\3 3
w 1117 X 111
CF)yy = ——by+ = |—| sb3+ ——c3+ = |—| sc
(CF)x A2A33 A /\233 2 |7,] 5
2 2
. S b4 1 2
(CF)ZZ— 2_)\3,+)t_2 +’/\—3 |b3|
Then
D = p(Ay,A3)2AB — CF = - dr
dy dxp
where
— 2 2 2 2
«S S ® ® 1
dig = p(Ay, A3)2 |1+ ———| — +—| + A,Az_—'— cal?
u f)(z 3) 2MoAs 25 A p(A2:A3) MoAs nl e
ki s
a X 1 w 2 1)1
dip = |0(Ay, A3)2—— — —— + | Z0(Ay, A3)2 | ——| — = |—]| |s5|b
12 [P( 2 3) Mods  Aals <2P( 2 3) Mohs 2|7 > ] 3
s
® & 1 o 2 111 2
+ oAy, A3)—— — —— + [ Zo(A, A3)? | —| — = |—]| |s|c3
P T ok (2’)(2 D onl 20 ) ] ’
ks
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2

o ® 1 o 1112 —
do1 = |p(Ap, A3)?—= — —— + | 2p(A3,A3)? |—=| — = |—]| |s|b
21 [.0( 2 3) A2A3 /\2/\3 <2p( 2 3) )Lz)\g 2 )L3 > ] 3
PS
a a 1 w 2 1)1
+ oA, A3 —— — —— + [ =p(Ay, A3)? | ——| — = |—| |5|c
p(A2,A3) T on (29( 2,A3) vl 2% ] 3
Ps
- 2 2 2 2
1
Aoy = p(Ao, A3)2 11+ 2| |2 L 2 4 (A A5)? |- —‘— bs|*.
S P A T R
E S
Let
— 2 2
oS 15 o
ki = oA, A3)? 14+ ——| — |— + —| ,
! P( 2 3) 2)&2)\3 2)\3 )\2
2 2
o 1
ky = p(Ao, A3)? |——=| — |—| and
2= P2 A3)" | == — |3
b = pO ra— — (Lo | L[5
3—P 2,/\3 /\_2)\3 A_2A3 2P 2, /'3 /\2/\—3 2 AS 7
and consider the system
((d;1 >0
dyp >0
(2.2.8)
detD >0

1.2
\ b3C3—ZS —p.

The problem (2.2.7) is solvable if and only if (2.2.8) holds. Whenever problem (2.2.7) is
solvable, the problem (2.1.10) is also solvable [8, Theorem 2.9]. By Theorem 2.1.11, the
solvability of problem (2.1.10) implies that condition C; is satisfied whereby |a| < |A;].
It follows that

2 2
1
ky = 0(Ag, A3)? | ——| — | =
2= P2 A7l =5
12 2 w |2
—‘/\—3 [P(/\z,/\3) 5 —1]

o

] +1) (o2 na)
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Clearly,

1

2
W (P(Az, A3)

«
—|+1 .
1) >0

However , since Ay # A3 we have

<P(/\2, A3) %

2

-1) <o

Therefore ky < 0.

Note that if k; < 0 then since k; < 0, this will imply that dj; < 0, and dy» < 0. In
this case the matrix function D cannot be positive semi-definite and hence there is no
solution. Therefore for some b3, c3 € C,

di1 = ki + ko |c3]* > 0and dyy = ky + ko |b3| > 0

if and only if k; > 0.

For this case, write ky = s> — p, implying |b3| |c3| = |k4|. Since k; > 0, then for some
b3, c3 € C, the system

(ki 4k |es)* >0

ky 4k |bs]* >0

3+ kika (b3 | + |es|?) + 13 [kal* = [[ks|* (|bs|* + |ea|*) + 2Re(k3ks)] > 0
bscs = kg

ki >0

ko, <0
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is equivalent to

(2 k
lca]” < —¢
2 k

b3|" < %

(kika = [ks|*) (|bs | + [c3[*) + k3 + K3 [ka|* — 2Re(k3ka) > 0

bacs = ky
ki >0
L kr, < 0.
Substituting
kel . . ky |k
c3| = :b_::’ implying, |bs|* > —%14'
in the first argument and
|bs| = |k—4|, implying, |c3|* > _kalk”
|3 k1

in the second argument, lead to the condition

(

K g 12 2 _ Kk
— 5 |kal” < |bs]” < —¢
Rkl < Jes? < -

—&

(kika — [ks|*)(|b3]* + [e3]*) + K3 + K3 [ka|* — 2Re(K3ks) > 0

(2.2.9)
b3€3 = k4
ki >0
L ko, < 0.
[]
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An interpolation problem for the
tetrablock

3.1 The tetrablock

The set E C C3 called the tetrablock was introduced in [1] in connection with a U-
synthesis problem.

Definition 3.1.1. The tetrablock is the domain defined by
E={xcC®:1—xz—xw+xzw # 0 forall z,w € D}.
The closure of E is denoted by E. The rational functions
‘I’:C4\{(z, X1, X2, X3) €C4:xzz:1}—>C

and
Y:C*\ {(z, x1, x2, x3) €C*: x1z =1} = C

which are associated with [E, are defined for all z € C and x € C3 such that x,z #
1 and x;z # 1 respectively by

X3Z — X1
Y(z,x) = —
(z,x) Xz —1
and
X3Z — X7
Y(z,x) = .
(2/%) x1z —1

For x € E, the linear fractional map ¥(.,x) maps D to the open disc with centre

and radius o
X1 — X2X3 |x1200 — X3
—=— and —————

1—|xf? 1—|xf
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respectively. Similarly if x € E, Y(., x) maps D to the open disc with centre and radius

Xp —X1Xx3  |x1x — X3
1— | 1=’

respectively. For x € E such that x1x, = x3, the functions ¥(.,x) and Y(.,x) are
constant equal to x; and x; respectively. Hence we have

Y (., )| e = sup [¥(z, x)]
zelD

\xrﬁﬁ'ﬂlfixz‘“ if |l <1, xx #

— A2

=1 Inl it o=z GLD
00 otherwise

and

Y[ e = sup [Y(z, x)|

zelD
|xzjf3_||+x|j%x2’x3 if [l <1 xixe # x5
=9 |x] if X1%2 = X3 (3.1.2)
00 otherwise.

For a 2 x 2 matrix A, to determine whether #(A) < 1 in C3, we need to know the
number (a11,4a2,det A) € C3. From [1], the closed tetrablock is described as the set

E = {(5111, ay, detA) : A =
a1

M2 ith A < 1% C €3
a2

In other words, E is the image of the Cartan domain of the open unit ball in the space
of 2 x 2 matrices under the map

C?*? 5 [a;;] — (a11, ax, detfa;]) € 3.
By [16, Proposition 3.3] the following statements hold.
Proposition 3.1.2. Let x = (x1,x2,x3) € C>. The following statements are equivalent.
(1) x € E;
(2) |Y(z,x)| <1 forall z€ D and if x1x = x3 then, in addition, |x1| < 1;
(3) |¥(z,x)| <1 forall z€ D and if x1xy = x3 then, in addition |x;| < 1;
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(4) |x2 — ¥x3] + [x132 — x3] < 1~ |x1[* and if x1xp = x3 then in addition |x;| < 1;
(5) |x1 — Xaxa| + |x1x2 — x3| < 1 — |x2|? and if x1x, = x3 then in addition |x1| < 1;
(6) |JC1|2 + |Xz|2 — |X3|2+2 |x1x0 — x3] < 1and |x3] < 1;

(7) thereis a2 x 2 matrix A = [al-]-]l%j:l such that ||Al| < 1and x = (a11,a2,det A);

(8) there is a symmetric 2 X 2 matrix A = [aij]z'zjzl such that |A]| <1 and
X = (lln,&lzz,detA).

3.2 Interpolation in Hol(ID, E)

Denote by 7 the mapping
7T . szz — C3 A= [ﬂi]'] — ([111,6122, detA). (3.2.1)

The mapping 7 is used to prove a connection between [E and the set of matrices for
which ppiag(-) < 1 (see the definition (1.0.3)).

Theorem 3.2.1. [1, Theorem 9.1] An element x of C> belongs to E if and only if there exists
A € C¥*2 such that ppjee(A) < 1and x = 71(A). Similarly, x € E if and only if there exists
A € C¥2 such that ppige(A) < 1and x = 1(A).

Consequently, the interpolation problems for the set {A € C?*? : }pDiag(A) < 1} and
the tetrablock are equivalent according to the theorem below.

Theorem 3.2.2. [1, Theorem 9.2] Let Ay, - - - , Ay be distinct points in ID and let
j j
W]:[w] ZU] ]’jzll...,n,
Wy Wy
be 2 x 2 matrices such that
w]nw]zz # det W; and ‘uDiag(W]-) <l,j=1,---,n
The following conditions are equivalent.

(1) There exists an analytic 2 x 2 matrix function F on D, such that

F(Aj) =W

is 1<j<mnm,

and

sup meg(F()L)) <1;
AeD
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(2) there exist an analytic function ¢ € Hol(ID,E) such that
@(/\]) - (wilz w]22, det W]) fO}’j = 1’ N ’n.

We denote by A(E) the algebra of continuous functions on E that are analytic on
E. A boundary for E is a subset B of E such that every function in A(E) attains its
maximum modulus on B. By [1, Theorem 2.9], E is polynomially convex, and so the
maximal ideal space of A(E) is E. It follows from the theory of uniform algebras [15,
Corollary 2.2.10] that there is a smallest closed boundary of E, contained in all the
closed boundaries of [E and is called the distinguished boundary of E [or the Shilov
boundary of A(IE)] denoted by bE. The following alternative description of VE are
given in [1, Theorem 7.1].

Proposition 3.2.3. [1, Theorem 7.1] Let x = (x1, xp, x3) € C3. The following are equivalent.
(1) x € bE;
(2) xeEand |x| =1;
(3) x1 =x3, |x3| = land |x| < 1.

Definition 3.2.4. An E-inner function is an analytic function ¢ = (¢1, ¢2, ¢3) : D — E
such that the radial limit
lim ¢(rA) (3.2.2)

r—1-
exists and belongs to IE for almost all A € T with respect to Lebesgue measure.

By Fatou’s Theorem, Theorem B.1.1, the radial limit (3.2.2) exists for almost all A € T
with respect to the Lebesgue measure.

3.3 An E-interpolation problem and a matricial
Nevanlinna-Pick problem

An E-interpolation problem: Given #n distinct points Ay, - - -, A, in the open unit disc
ID and 7 points xl,---,x"in E, find if possible an analytic function

¢ : D — E such that ¢(A;) =/ forj=1,-- ,n. (3.3.1)

The data
A=, 1<j<n, (3.3.2)
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are called E-interpolation data. The problem is said to be solvable if there exists an ana-
lytic function ¢ : ID — IE such that ¢(A;) = x/ for j =1,---,n. Any such function ¢ is
called a solution of the E-interpolation problem with data (3.3.2).

One of our aims is to find criteria for the solvability of the E-interpolation problem.
Brown, Lykova and Young proved the following result.

Theorem 3.3.1. [16, Theorem 7.1] Let x = (x1,x2,x3) € Hol(D,E). There exists a unique
function
F=[Fi € §
such that
x = (F11, Fo, detF),

and
|Fio| = |Fp1| a.e.onT, Fy is either O or outer, and F»1(0) > 0.

Moreover, for all y, A € ID and all w,z € C such that

1—Fp(p)w #0and 1 — Fp(A)z #0,

1= (w,x(u)¥(z,x(A) = (1 —wz)y (1, w)y(A, 2)

+ 1, w)" (I = F(u)"F(A))n(A, 2), (3.3.3)
where
Y(A,z) i= (1 — Fp(A)z) "1Ey (A) and 57(A, z) = [ z'y(i,z) ] : (3.3.4)

The analytic matrix function F constructed in [16, Theorem 7.1] relates the property of
mapping from Hol(ID, [E) and membership of the Schur class. Recall from Proposition
3.1.2 that for all x = (x1, x2, x3) € E such that x1x, = x3, we have |x1(A)], |[x2(A)] <1
for all A € D. Then by the method of construction of F in [16, Theorem 7.1], to every
function x € Hol(D, E) corresponds a unique function F = [F;] € §2*? such that
x = (Fj1, Fxp, detF) and |Fjp| = |F>1| a.e. on T and F; is outer or zero and F»1(0) > 0.
Two cases arise. If x € Hol(ID, E) is such that x1x, = x3 then a function corresponding
to it in $2*2 is given by

and satisfies the property that
x = (F11, Fp, detF) with |Fjp| = |Fx| = 0.
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In the case that x1x # x3, the H®(ID) function x1x; — x3 is nonzero and so, by Theorem
B.1.4, it has inner-outer factorization which can be written in the form

C
X1Xp — X3 = ¢e—,

where ¢ is inner, e is outer and ¢ (0) > 0. Let F be defined by

[

e2C x,
Then clearly,
detF = x1xp — gbec = X1X2 — X1X2 + X3 = X3,
and
1
|Fio| = eRe(2C) — |F>1| a.e. on T, Fp is outer, and F,;(0) > 0.

Note that, by Proposition 3.1.2 (1) < (7), x € E if and only if there is a 2 x 2 matrix
A= [”i,j]%j:1 such that

HAH <land x = ((111, any, detA),

we have
(Pll()\)/ Fzz()\), detF(/\)) cE

for all A € D.
We have the following result which reduces the E-interpolation problem to a standard
matricial Nevanlinna-Pick problem.

Theorem 3.3.2. Let Ay, --- , Ay be distinct points in ID and let xl = (x!l,sz, x]) € Efor
j=1,---,n. The following statements are equivalent.

(1) There exists an analytic function x : ID — E such that

x(A) = (), x,xl), 1<j<n; (3.3.5)

(2) There exist bj,c; € C satisfying

b]C] = x]llsz - xé 1 S ] S n, (336)

such that the Nevanlinna-Pick interpolation problem with data

MH>[ ] 1<j<n (3.3.7)
is solvable.
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Proof. (1) = (2) Suppose there is an analytic function x : D — [E such that (3.3.5)
holds. Then, by Theorem 3.3.1, there is an 2 X 2 matrix analytic function F on ID such
that || F|| <1,

X = (Xl, X2, X3) = (Fllz Fy, detF), (3.3.8)

and
|Fio| = |Fp1| a.e. onT, Fy is either 0 or outer, and F»;(0) > 0. (3.3.9)

Let b] = Fu()\]') and cj = F1 (/\]), 1 < ] < n. Then

(1) = [ ;1()\;') Fio(A;) ] _ [ b ] ,
21(4))  x2(A)) ¢j xb
and so ‘ .
X]3 = Xg(/\]') = le ]2 - b]C]
Thus o '
bjcj = x]1 ]2 — xé.

Hence equations (3.3.6) are satisfied and for this choice of b; and ¢; the matricial
Nevanlinna-Pick problem with the data (3.3.7) is solvable by F.
(2) = (1) Let bj, c; exist such that the equations (3.3.6) hold. Let the Nevanlinna-Pick

problem with data (3.3.7) be solvable by an 2 x 2 matrix analytic function F = [Fif]i :
D — C2*2, That is F is a 2 x 2 Schur function such that for all A €D,
F(A) = b1, 1<j<n
C]' x2
Define an analytic function x : D — E by
x1(A) = F1(A),
XQ(/\) = Fzz(/\),
X3(/\) = detF(A) = Fll(/\)Fzz()L) — PlZ()\)Fﬂ (/\)
Note that since conditions (3.3.6) are satisfied, for j =1,--- ,n,
x1( ]) = Fll(/\]) = x]1,
Xz( ]) = Pzz(/\]') = x]2,
x3(A;) = det F(A;) = x1(Aj)x2(A;) — bjcj = x3
]
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Corollary 3.3.3. Let Aj € ID, 1 < j < n, be distinct points in ID and let (x]1', xé, x}) € E

such that xﬁsz' # xé, 1 < j < n. The following statement are equivalent.

(1) There exists an analytic function x : D — E such that

x(Aj) = (x1, x2, x3)(Aj) = (¥}, x), x5), 1<j<n. (3.3.10)

(2) There exists a rational E-inner function x : D — E such that

x(Aj) = (x1, x2, x3)(Aj) = (x], ¥, x}), 1<j<n (33.11)

(3) There exist b;,c; € C satisfying
b]-cj = x]ixj — xé 1< <n, (3.3.12)
such that the Nevanlinna-Pick interpolation problem with data

i
1 @] 1<j<n (3.3.13)

is solvable.

Proof. We have (1) is equivalent to (2) by [16, Theorem 8.1] and (3) is eqivalent to (1)
by Theorem 3.3.2. Therefore result holds. Il

Our next result shows that the solvability condition for an [E-interpolation problem
can be represented in terms of a family of positive semi-definite matrices.
2 .
1<j<n

— — 7

Theorem 3.3.4. Let Ay, - - - , Ay be distinct points in D and let W= <w5k> o
1,k=

be 2 x 2 matrices, such that w{lwéz # detW;, 1 < j < n. The following two statements are
equivalent:

(1) there exists an analytic function F : D — C%*2 such that F(Aj) =W, 1<j<n, and
VDiag(F(/\)) < 1f01’ all A € D;

(2) there exist by, - ,by, 1, -+ ,cn € C such that

[ w! b; ’ wj b; 1"
7— 11 i 1 ]
. Wl ]
Ci 22 Cj  Wp

1—AA;

>0 (3.3.14)

i dij=1
and

U B , :
b]c] = Wy, Wy, — det W, 1<j<n.
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Proof. By Theorem 3.2.2, since wjl.lwéz # detW;, 1 <j < n, the existence of the desired
analytic function F : ID — C?*2 is equivalent to the existence of an analytic function
x : D — E such that

x(Aj) = (w]il, wéz, detW;), 1<j<n.
In other words, the yp;,e-synthesis interpolation problem with data
A]-—>W]', 1<j<n,
is solvable if and only if the [E-interpolation problem with data
A — (W], why, detW;), 1< j<n, (3.3.15)

is solvable. By Theorem 3.3.2, the E-interpolation problem (3.3.15) is solvable if and
only if there exist some complex numbers b;, ¢; satisfying

SR B :
bjcj = Wy, Wy, — det Wj, 1<j<n.

such that the matricial Nevanlinna-Pick problem with data

j .
Aﬁ»[wl y r 1<j<n
Cj Wy

is solvable. By the matricial version of Pick’s Theorem 2.2.1, the last problem is solvable
if and only if the Pick type condition (3.3.14) is satisfied. O

2

Corollary 3.3.5. Let Ay, - - -, Ay be distinct points in ID and let W; = (w1k> 1<j<n

— — 7

ik=1"
be 2 x 2 matrices, such that wjwh, # detW;, 1 < j < n. The following statements are
equivalent.

(1) There exists an analytic function F : ID — C2*2 such that F()\]-) =W;, 1< j<n, and
HDiag(F(A)) < 1forall A € D.

(2) There exists a rational function x : D — E such that
x(A) = (x1, x2, x3)(A)) = (w)y, why detW)), 1<j<n. (3.3.16)
(3) There exist by,--- ,b,, c1,--- ,cn € C such that
2] 4]
Ci Wy ¢ Wy

1—AA;

>0 (3.3.17)
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where o
b]-cj = w]Hw]2 —detW;, 1<j<n.
Proof. (1) < (2). By [16, Theorem 1.1], an analytic function F : D — C2?*? interpolates

N2
a finite number of distinct points A; € D to the target matrices W; = <wfk) for

ik=1
eachj=1,---,n, subject to yDiag(F ) < 1if and only if there exists a rational function
x : ID — E which satisfies equation (3.3.16).
(1) < (3). Statements (1) and (3) are equivalent by Theorem 3.3.4. Thus we have (2)

if and only if (1) if and only if (3). O

3.4 Realization theory for the tetrablock

A realization formula for a class of functions is an expression for a general function in
the class in terms of operators on Hilbert space. In this section, we give a realization
formula for the class Hol(ID, ). The classical realization theorem is for the Schur class
[7, Theorem 6.5].

In a block matrix
A B

C D

where A is non-singular, the Schur complement of A is defined to be

M =

4

D-CA™'B.
By virture of identity
Mo | A B|l_| 1 0]1A 0 1 A'B
|C D| |cAtl1 0 D-CA'B||0 1

It will be convinient to use some standard engineering notation.

Let H, U and Y be Hilbert spaces and let
A:H—H, B:U— H,

C:H—=Y, D:U—Y

be bounded linear operators. Then for any z € D, we define the operator-valued

Al B
Cc|D

function

(z) =D+Cz(1—zA) 'B:HeU—-H®Y
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whenever 1 — Az is invertible. By [7, Theorem 6.5], we have the following statement.

Proposition 3.4.1. Let H, U and Y be Hilbert spaces and let

A| B
C|D

be a contractive operator; then for any z € D,

"HoU—-H®Y

HD +Cz(1- zA)_lBH <1.
Theorem 3.4.2. A function
x=(x1, xp, x3) : D = C>

maps D analytically into E if and only if there exist a Hilbert space H and a unitary operator

A B
-H®C? > Hop C?
c D ® ®
such that, for A € D,
A | By A | B A | B
(D) = | -Ep| (W) 20) = S| () and 1 () ea%u
where

C1
2

2

B:|:B1 B2:|3C2—>H, C:[ ]IH—)Cz and D:[Dij}i,jzl'

Proof. Given the analytic function x = (x1, x2, x3) € Hol(ID, E), by Theorem 3.3.1,
there is a unique function F in the Schur class,

F F
po | fn B2
1 F»

such that

X3(/\) = detF(/\) = Fn(/\)Fzz(/\) — Fx ()L)Plz()\), A eD.
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By the Realization Theorem [7, Theorem 6.5], there exist a Hilbert space H and a

c [B; ] on H & C2 such that, for all A € D,

A| B
%WW

=D+ CA(1—-AA)!B.

unitary operator [

F(A) =

Since F is a contraction, that is, the operator norm ||F|| < 1, we have ||D|| < 1 and
1— AA is invertible for all A € D. Let K = A (1 — AA) ' : H — C2 Then for all A € D

and “1 € C2, we have
Z3
Fll()l) Flz(/\) Z1 D11 D12 1 Cl 2
= + K(AM) | Bi B
[ F(A) Fx(A) Z5 Do Dn | G (1) [ 1 B2 } -
_ D11 D12 [ Z1 C1 7
- K(A)| By B
| Dnt D2 | | 22 " G ()[ ! 2}[;&]

_|_

D11z1 + D12zp ClK(A)(Blzl + BQZQ)
I Dy1z1 + Doyzp Czk(/\) (B1z1 + Bpz2)

_ | (D11 + CiK(A)By) 21 + (D1a + CiK(A)Bp) 22 ]

(D21 + CoK(A)B1) z1 + (D22 + CoK(A)By) z2
_ [ Du+CK(A)By  Dip+ CIK(A)B, ] [ 21 ]

I Dy + CzK(A)B)l Dy + C2K(/\)B2 Z7
Thus,
-1 A Bl
Fll(/\) =Dy + Cl)L(l — )\A) B = ()L) = X1 ()L),
C1| D1
_ A| B
Fyo(A) = Doy + CoA(1 = AA) 1By = |[———2| (A) = x2(A)
C2 | D2
and

det F(A) = det <D +CA(1 - /\A)_lB) = det ‘é g

Conversely, let H be a Hilbert space and let

A B

H®C? - HpC?
C D @ @
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be a unitary operator such that, for all A € D,

Al B Al B A|B
A) = A), A) = A) and x3(A) = det A).
x1(A) Can()xZ() CzDzz()anxs() egﬁ()
Then
Dy +CiA(1—AA) By =y :HOC> = H®C?>, AeD
and

Do+ CA(1—AA) By=y, : HPC?> - H®C?, A eD.

Let, for A € D,
A|B
C|D

so that ||x]|, < 1 by the Realization Theorem for the Schur class, [7, Theorem 6.5].

That is,
Al B
Cj | Djj

X1 = X11, X2 = X22 and x3 = det,

X(A) = (A) = [xij] (A),

and so

on ID. Hence, for all A € D,
x(A) = (x11(A), x22(A), detx(A)).

Since yx is a contraction, it follows that for all z € ID, the mapping

— oA -lpg x1(z) x22(z)
x(z) =D+Cz(1-zA)"'B [ () (2 ]

belongs to $2*2. Hence by Proposition 3.1.2, x = (x1, x2, x3) € Hol(ID, E). O
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Examples

A.1 Kamara’s example

In a reaction to Agler, Lykova and Young’s I'—-interpolation conjecture [4, Conjecture
4.1] and Agler and Young’s result, [9, Theorem 1.1], A. S. Kamara gave the following
example, [23, Example 2.2]:
Let

A =0, Ay =—-0.124 0.5 and A3 = —0.874, (A1.1)

and let
a«=-032+015, B=05+0.77i, v=-038 (A.1.2)
set s = B+ v and p = B7y. Then the I'-interpolation data
0= A1+~ (0,0),
Ay = (—2a,82), (A.1.3)
Az (s, p)

satisfy C;. He showed in [23] that the following spectral Nenanlinna-Pick problem, to
find an analytic function F : D — C2*2 such that

( (0 1
A W; =
1= W 0 0]
_—oc 1
Ay = Wh = ] (A.1.4)
0 —u
)\3I—>W3= 'B 1]
\ 0 v
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and r(F(A)) <1 for A € D, is not solvable. Note that if the interpolation problem with
data

A — 0,

)\2 — —al,

)\3'—)['8 0
0 v

is solvable then problem (A.1.4) is solvable, see Theorems (2.2.5) and (2.2.6).
Here we use Theorem (2.2.10) to show that the spectral interpolation problem with
data (A.1.5) is not solvable.

] (A.1.5)

Lemma A.1.1. The data (A.1.3) satisfy C.

Proof. By Proposition 2.1.21, sufficient conditions for C; are (2.1.11), (2.1.12), (2.1.13)
and (2.1.14).
The condition (2.1.11), |a| < |A3], holds clearly since

0.3534 = |a| < |Az| = 0.5142.

2|s —Sp| + |s* — 4p|
4 s|?

The condition (2.1.12) is < |A3| and we have

2|s —5p| + |s* — 4p|

0.8479 = .
4|

< |As| = 0.8740.

The condition (2.1.13) is [A2A3s + 2&p| < |2A2A3 + @s| .
Since
|A2A3s + 2&p| = [—0.2901 + 0.3775i| = 0.4761

and
22273 + @s| = ]0.2869 + 0.6096i| = 0.6737,

the condition (2.1.13) is satisfied.
’bﬁ— aE‘ + |ad — be|

The condition (2.1.14) is \d\z | ’2
— e

< p()tz,)t3),
where
a=2M\yp + alzs = 0.4727 + 0.0798i
b= —(2aA3 + Aps) = —0.16 + 0.2946i
c = —(AxA3s + 2ap) = 0.2901 — 0.3775i
d = 2AsA3 + &s = 0.2869 + 0.6096i.
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Calculations show that
)bﬁ— aE‘ + |ad — bc|

0.8792 = PEAE < p(Ag,A3) = 0.9083,

—c
hence the inequality (2.1.14) is satisfied. Therefore, by Proposition 2.1.23, C; holds for
the data (A.1.3). ]
Lemma A.1.2. The spectral interpolation problem

)Ll — 0,

Ay — —al,

0 (A.1.6)
Az — [ 'B ] p
0 7

is solvable if and only if there exist b3, c3 € C satisfying the system
(10.2878 < |b3]* < 0.4060,

0.2878 < |c3]* < 0.4060,
(A.1.7)
|b3]% + |es]? > 0.6440,

| b3cz = 0.0454 + 0.3388i.
Proof. We apply Theorem 2.2.10 to obtain the complex numbers b3, c3. We have

0(Aa, A3) = 0.9083,

_ 2 2
k=p(Ag Mg 1+ 2 2 &
1= p(A2,A3) s o A
= (0.3244,
2 2
® 1
ko = p(Ag, A3)? | —=| — |—
2 = p(A2,A3) W "
= —0.799,

a a 1 a 2 117
ks = 0(Ay, A3)P—— — —— + [ 20(Ap, A3)% | —| —=|—] |3
3 P( 2 3) /\2/\3 /\2)\3 (zp( 2 3) Az/\g, )LS )
= 0.038 4 0.21,

and
k4:isz—p
= 0.0454 + 0.3388i.
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Thus b "
¢ Val® = 02878, —” = 0.406.

The inequalities

0.2878 < |bs3|*> < 0.406 and 0.2878 < |c3|* < 0.406 (A.1.8)
clearly hold for some b3, c3 € C. Similarly, there are infinitely many b3, c3 € C such that

bzcz = 0.0454 4- 0.3388i. (A.1.9)
It remains to show that the inequality
(kikz — [ks ) (B3] + lea?) + K + 3 [k > — 2Re(K3ks) > 0

is not satistied for any complex numbers with the properties in (A.1.8) and (A.1.9).

Now
kiky — |k3)* = —0.3006, and k2 + k3 |ky|* — 2Re(k3ks) = 0.1936.

We have
—0.3006(|b3)* + |c3]*) 4+ 0.1936 > 0, implying |bs|* + |c3]? < 0.6440.
The solution set of the required complex numbers b3, c3 € C is given by the system

(10.2878 < |b3]* < 0.4060,

0.2878 < |c3]? < 0.4060,
(A.1.10)
|b3|% + |e3]? < 0.6440,

| bacs = 0.0454 + 0.3388i.

Let |b3]> = x and |c3]* = y, Then xy = |ky|* = 0.1168. We transform (A.1.10) to the
equivalent system
(02878 < x < 0.4060,

0.2878 <y < 0.4060,
(A.1.11)
x + vy < 0.6440,

[ xy = 0.1168.

The hyperbola xy = 0.1168 is not in the region x 4+ y < 0.6440 as shown in the graph.
Therefore the spectral interpolation problem (A.1.6) is not solvable. O
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- Graph of x+y=0.6440 and xy=0.1168
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A.1.1 Matlab code 1

This code is used to determine a I'-interpolation data that satisfy C; condition. It is also
used to find criteria for solvability of a special case of three-point spectral interpolation
problem. We have used it here to cross check that the spectral interpolation problem
with the data (A.1.4) where A1, Ay, A3, a, B, ¥ given by equations (A.1.1) and (A.1.2)
is not solvable.

function [s, p, rho, k_ 1, k 2, k_3, k_4] =
GammaInterFunction(lambdal,lambda2,alpha, beta, gamma);
lambdal=0
lambda2=complex(-0.12,0.5)
lambda3=complex(-0.874,0)
alpha=complex(-0.32,0.15)
beta=complex(0.5,0.77)
gamma=complex (-0.38,0)
s=betat+gamma
p=betaxgamma
fprintf(’We proceed to verify that the data satisfy c_1.\n’)
fprintf(’By proposition 2.2.6, necessary conditions for c_1 are the \n’)
fprintf(’conditions (2.2.5), (2.2.6), (2.2.7), (2.2.8).\n’)
fprintf (’The condition (2.2.5) is abs(alpha)<=abs(lambda2).\n’)
fprintf(’We have \n’)
modalpha=abs(alpha)
modlambda2=abs(lambda?2)
modlambda3=abs(lambda3)
if (modalpha<=modlambda2)
fprintf(’Clearly condition (2.2.5) holds.\n’)
else
fprintf(’Condition (2.2.5) does not hold.\n’)
end
fprintf(’We turn to condition (2.2.6).\n’)
fprintf(’Let 1hs226 denote the left hand side of inequality (2.2.6).\n’)
fprintf (’Then\n’)
1hs226=(2*abs(s-conj(s)*p)+abs(s~2-4xp))/(4-abs(s)"~2)
if (1hs226<=modlambda3)
fprintf(’Here we go! Condition (2.2.6) is satisfied.\n’)
else
fprintf (’Condition(2.2.6) does not hold\n’)
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end
fprintf (°’We further check that condition (2.2.7) holds.\n?’)
fprintf (’We denote the left hand side and right hand side of the \n’)
fprintf (’inequality (2.2.7) by 1hs227 and rhs227 respectively.\n’)
fprintf (’Then\n’)
1hs227=abs(conj(lambda2)*lambda3*s+2*conj(alpha)*p)
rhs227=abs(2*conj(lambda2)*lambda3+conj(alpha)*s)
if (1hs227<rhs227)

fprintf(’In other words, condition (2.2.7) is true.\n’)
else

fprintf(’Condition (2.2.7) does not work.?’)
end
fprintf(’Finally, we verify that condition (2.2.8) also holds.\n’)
fprintf(’Let \n’)
a=2*lambda2+*p+alpha*lambda3*s
b=-(2*alpha*lambda3+lambda2*s)
c=-(conj(lambda2)*lambda3*s+2*conj(alpha)*p)
d=2*conj(lambda2)*lambda3+conj (alpha)*s
rho=abs ((lambda3-lambda?2)/(1-conj(lambda2)*lambda3))
fprintf (’Denote by 1hs228 the left hand side of inequality (2.2.8).\n’)
fprintf(’We have \n’)
1hs228=(abs(b*conj(d)-a*conj(c))+abs(axd-b*c))/(abs(d) ~2-abs(c)~2)
if (1e(1hs228,rho))

fprintf(’Yes 1hs228 is less than rho.\n’)

fprintf(’Therefore condition (2.2.8) holds.\n’)
else

fprintf (’No! condition (2.2.8) does not hold\n’)

end

fprintf(’One may want to enquire if there are complex numbers b_3, ¢_3 \n’)
fprintf (’such that the data form 3-point spectral interpolation data.\n’)
fprintf(’To this end, \n’)

fprintf (*we check that 3-point spectral interpolation conditions,\n’)
fprintf (’Theorem 2.3.9, hold.\n’)

fprintf (’Recall\n’)
g_1=rho~2*abs(1+(alpha*conj(s))/(2*xlambda2+*conj(lambda3))) "2
q_2=abs(s/(2*1lambda3)+alpha/lambda2) ~2

k_1=q_1-q_2

k_2=rho~2*abs (alpha/(lambda2+*conj(lambda3)))~2-abs(1/lambda3) "2
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ml=conj(alpha)/(conj(lambda2)*lambda3)*(rho~2-1)

m2=0.5*(rho~2#*[abs (alpha/(lambda2*conj(lambda3)))]~2-abs(1/lambda3) ~2)*conj(s)
k_3=ml+m2

k_4=1/4%s"2-p

fprintf (’Define\n’)

coeff=k_1*k_2-abs(k_3)"2
const=k_1"2+k_2"~2*abs(k_4)"2-2*real (k_3"2%k_4)

g=-const/coeff

fprintf (’Let 1lb denote the greatest lower bound for b_3, c_3, and \n’)
fprintf(’let rb denote the least upper bound for b_3, c_3.\n’)
fprintf (’Then\n’)

1b=-(k_2/k_1)*abs(k_4)"2

rb=-(k_1/k_2)

fprintf(’Clearly, there are complex numbers b_3, c_3 whose moduli\n’)
fprintf(’lie between 1b and by rb.\n’)

fprintf (’Note that |b_3|"2+|c_3|"2 is less than %f.\n’, g)
fprintf(’The spectral interpolation problem (2.3.8) is not solvable.\n’)
fprintf(’See graph.\n’)

fprintf(’Let x=|b_31"2 and y=|c_31"2.\n’)

fprintf (’Then\n’)

fprintf (’xy=|k_4|~2=}f\n’, abs(k_4)"2)

fprintf (Px+y>=}f\n’,g)

clgraph3=figure(3)

x=[0.2878:0.0001:0.4060] ;

y1=0.6440-x;

y2=0.1168./x;

plot(x,y1);

hold on;

plot(x,y2);

hold off;

xlabel(’x’);

ylabel(’y?’);

title(’Graph of x+y=0.6440 and xy=0.1168");

grid on;

grid minor;

end
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A.2 Solvable example of spectral Nevanlinna-Pick prob-

lem

Example A.2.1. Let

A =0, Ay = —=0.05+ 0.5, and A3 = —0.91

and let

x = —0.01 +0.15, p = 0.45+0.251, v = 0.05 + 0.13;

set s = B+ and p = By. Then the spectral Nevanlinna-Pick problem, find an analytic

function F : D — C?*2 such that

;

\

[0 0

A — Wy =

1 1 0 0]

s Wy = | © 0] (A2.1)
0 —

)\3I—>W3: 'B O]
0 o

and r(F(A)) <1 for A € D, is solvable.

Proof. Calculations using Theorem 2.2.10 give the constants

ki = 0.07105,

ky, = —1.119,

ks = —0.2402 + 0.1958i,
ks = 0.0344 4 0.03007;

and the solution set of all complex numbers b3, c3 satisfying (A.2.1):

0.0033 < |b3]* < 0.6390,
0.0033 < |c3]% < 0.6390,
|b3]% + |c3|* < 0.5647,
bscs = 0.0344 + 0.03i.

(A.2.2)
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- Graph of x+y=0.5647 and xy=0.0021.
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Figure A.2

Letting |b3)* = x and |c3]* = v, so that xy = |k4|* = 0.0021. We obtain the equivalent
system
(0.0033 < x < 0.6390,

0.0033 < y < 0.6390,
(A.2.3)
x+y < 0.5647,

[ xy = 0.0021

The hyperbola xy = 0.0021 lies in the region x +y < 0.5647, 0.0033 < x,y < 0.561, as
shown in the graph. Therefore the spectral interpolation problem (A.2.1) is solvable.
O
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A.2.1 Matlab code 2

This code is used to check a I'-interpolation data that satisfy C; condition. It is also
used to find criteria for solvability of a special case of three-point spectral interpolation
problem. We have used it here to show that Example A.2.1 is a solvable example of
3-point spectral Nevanlinna-Pick interpolation problem.

function [s, p, rho, k_1, k_2, k_3, k_4] =
GammaInterFunction2(lambdal,lambda2,alpha, beta,gamma) ;
lambdal=0
lambda2=complex(-0.05,0.5)
lambda3=complex(-0.91,0)
alpha=complex(-0.01,0.15)
beta=complex(0.45,0.25)
gamma=complex(0.05,0.10)
s=betat+gamma
p=beta*gamma
fprintf(’We proceed to verify that the data satisfy c_1.\n’)
fprintf(’By proposition 2.2.6, necessary conditions for c_1 are \n’)
fprintf(°(2.2.5), (2.2.6), (2.2.7), and (2.2.8).\n’)
fprintf(’The condition (2.2.5) is abs(alpha)<=abs(lambda2).\n’)
fprintf(’We have \n’)
modalpha=abs(alpha)
modlambda2=abs(lambda2)
modlambda3=abs (lambda3)
if (modalpha<=modlambda2)
fprintf(’Clearly condition (2.2.5) holds.\n’)
else
fprintf (’Condition (2.2.5) does not hold.\n’)
end
fprintf (°We turn to condition (2.2.6).\n?)
fprintf(’Let 1hs226 denote the left hand side of inequality (2.2.6).\n’)
fprintf (’Then\n’)
1hs226=(2*abs(s-conj(s)*p)+abs(s~2-4xp))/(4-abs(s)~2)
if (Lhe226<=modlambda3)
fprintf(’Here we go! Condition (2.2.6) is satisfied.\n’)
else
fprintf(’Condition(2.2.6) does not hold\n’)

end
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fprintf(’We further check that condition (2.2.7) holds.\n’)
fprintf(’We denote the left hand side and right hand side of the\n’)
fprintf(’inequality (2.2.7) by 1lhs227 and rhs227 respectively.\n’)
fprintf (°Then\n’);
1hs227=abs(conj(lambda?2)*lambdal3*s+2*conj(alpha)*p)
rhs227=abs(2*conj(lambda2)*lambda3+conj(alpha)*s)
if (1hs227<rhs227)

fprintf(’In other words, condition (2.2.7) is true.\n’)
else

fprintf(’Condition (2.2.7) does not work.?’)
end
fprintf (’Finally, we verify that condition (2.2.8) also holds.\n’)
fprintf(’Let \n’)
a=2xlambda2*p+alpha*lambda3*s
b=- (2*alpha*lambda3+lambda2*s)
c=-(conj(lambda2)*lambda3*s+2*conj(alpha)*p)
d=2#*conj(lambda2)*lambda3+conj(alpha)*s
rho=abs ((lambda3-lambda2)/(1-conj(lambda2)*lambda3))
fprintf(’Denote by 1hs228 the left hand side of inequality (2.2.8).\n’)
fprintf(’We have \n’)
1hs228=(abs(b*conj(d)-a*conj(c))+abs(a*d-bxc))/(abs(d)~2-abs(c)"2)
if (1e(1hs228,rho))

fprintf(’Yes 1hs228 is less than rho.\n’)

fprintf(’Therefore condition (2.2.8) holds.\n’)
else

fprintf (°No! condition (2.2.8) does not hold\n’)

end

fprintf(’One may want to enquire if there are complex numbers b_3, c_3 \n’)
fprintf(’such that the data form 3-point spectral interpolation data.\n’)
fprintf(°To this end,\n’)

fprintf(’we check that 3-point spectral interpolation conditions,\n’)
fprintf(’Theorem 2.3.9, hold.\n’)

fprintf (’Recall\n’)
g_1=rho~2*abs(1+(alpha*conj(s))/(2+*lambda2*conj(lambda3))) "2
q_2=abs(s/(2+lambda3)+alpha/lambda2) "2

k_1=q_1-q_2
k_2=rho~2*abs(alpha/(lambda2+*conj(lambda3)))~2-abs(1/lambda3) "2
ml=conj(alpha)/(conj(lambda2)*lambda3)*(rho~2-1)
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m2=0.5% (rho~2* [abs (alpha/(lambda2*conj(lambda3)))]~2-abs(1/lambda3)~2)*conj(s)
k_3=mi1+m2

k_4=1/4%s~2-p

fprintf (’Define\n’)

coeff=k_1%k_2-abs(k_3)"2
const=k_1"2+k_2"2*abs(k_4)~2-2*real (k_3"2xk_4)
g=-const/coeff

fprintf (’Denote left boundary, 1lb, and right boundary, rb, for b_3, c_3.\n’)
fprintf(’Then’)

1b=-(k_2/k_1)*abs(k_4)"2

rb=-(k_1/k_2)

fprintf(’Clearly, there are complex numbers b_3, c_3 \n’)
fprintf(’whose moduli lie between 1b and by rb.\n’)
fprintf (’Moreover |b_3["2+|c_3["2 is less than %f.\n’, g)
fprintf(’The spectral interpolation problem (2.3.8) is solvable.\n’)
fprintf(’See graph.\n’)

fprintf(’Let x=|b_31"2 and y=|c_31"2.\n’)

fprintf (’Then\n’)

fprintf (’xy=|k_4|~2=}f\n’, abs(k_4)"2)

fprintf (’x+y>=)f\n’,g)

clgraphd4=figure(4)

x=[0.0033:0.00001:0.6390] ;

y1=0.5647-x;

y2=0.002082. /x;

plot(x,y1);

hold on;

plot(x,y2);

hold off;

xlabel(’x’);

ylabel(’y?’);

title(’Graph of x+y=0.5647 and xy=0.0021.7);

grid on;

grid minor;

end
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Appendix B

Background material

B.1 Basic definitions and general background materials

Let ID be the open unit disc of the complex plane C. For 1 < p < oo, the Hardy space
HP(DD) is the space of all analytic functions f : ID — C such that

1
1 /271 i |P )P
su — re dt < 00,

The norm of f € H?(ID) is

1

1 /2” i |P )P

= su — re dat | .
171, = sup (55 0

The space H*(ID) consists of all bounded analytic functions f : ID — C with norm
given by
Iflleo = sup[f(2)].

zelD
An H®(DD) function f : D — C such that [f(A)| = 1 almost everywhere for A € T is
called an inner function. An outer function is an analytic function f in the unit disc of
the form

1 Znei6+z
f(z)-)xexp {E/O eiG—Z

where k € LI(T) = {f : T — R : f is integrable on T} and A € T. The outer function
C

k(9)d9} (B.1.1)

f lies in H'(ID) if and only if the exponential function e is integrable where

1 [2me 42
Cz) = E/o “7——k(6)d6, zeD.
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We denote by L®(T) the space of all (equivalent classes of) essentially bounded func-
tions on T with essential supremum norm relative to the Lebesgue measure. By Fatou’s
Theorem, a bounded analytic function on the disc has radial limits at every point of
the unit circle.

Theorem B.1.1. [30, Fatou] To every f € HF(ID) corresponds a function g € LP(T), 1 <
p < oo, defined almost everywhere on T by

g(e) = Lim f(re®).

r—1

The equality || f||gr = ||gl|Lr holds.

Proposition B.1.2. [27, pg 62] Let f : ID — C be an outer function

1 e 4,
F(z) = Aexp [E/o - _Zk(G)dG} , zeD,

where A € Tand k € LY(T) = {f : T — R : f is integrable on T}. Then
k(0) = log |f(e)
almost everywhere on T.

The following are characterizations of outer functions.

Proposition B.1.3. [27, pg 62] Let f be a nonzero function in H'(ID). The following are
equivalent.

(i) f is an outer function.

(ii) If g is any function in H'(ID) such that | f| = |g| almost everywhere on T, then |g(z)| >
|f(2)| at each point of z € D.

L i
(ii) log | £(0)| = 5 - /0 log | (&) de.

Theorem B.1.4. [27, pg 63] Let f be a nonzero function in H'(ID). Then f can be written in
the form f = ¢y where ¢ is an inner function and  is an outer function. This factorization is
unique up to a constant of modulus one and the outer function ¥ is in H' (D).

Proof. Define ¢ by

—Z

]. 2 €i9—|—Z i0
v = e (5 [ G o )] ae )
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then 1 is an outer function in H!(ID). Also ¢ = f/ is an inner function. This factor-
ization is unique for if f has another factorization f = ¢;9; with ¢; inner and ; is
outer then |¢| = |¢1| a.e. on T. One can see then that ¢ = Ay, for some A € T. So we

have A¢1¢1 = (Pl 1,[]1 and ¢1 = /\(P O

Let C" be the set of complex n-tuples. For v = (vy,--- ,v,), w = (wy,---,wyn) € C",
and let (v,w) = Y, v;w; denote the usual inner product. The inner product (-, -)
generates a norm on C" given by

Ixllen = (x,x)2 = <>: !xj»2> .
j=1

An operator x — Tx : C" — C™ is a complex m x n matrix Tx = Ax, x € C". The
operator norm of a matrix

2 5 A 5 1)
azr dxp - Q2
— [, 1mn _
A= [az,]]i:1,]':1 =
w1l Am2 - Amn
is given by
|Al = sup [|Ax]cn
[|x[lcn <1
a1 4z v dn X1
azy dxp -+ d2p X2
= sup
[xllcn<1
Aml Am2 - Qmn Xn Cm

Let X be a Banach space. A bounded linear operator F : X — X is invertible if there
exists a bounded linear operator F~! : X — X such that

FoF'=Iyand FloF = Ix.

Here Ix is the identity operator. The spectrum of a bounded linear operator T : X — X
is the set
o(T) ={A € C: Al — T is not invertible}.

It is known that the spectrum ¢ (T) is included in the closed ball of radius ||T||.
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Definition B.1.5. A matrix A € C"*" is called positive semi-definite if for all non-zero column
vectors z € C", we have
z*Az >0 (B.1.2)

where z* denotes the conjugate transpose of z.
If the inquality (B.1.2) holds strictly for all z € C" \ {0}, we simply say that the matrix A is
positive definite.

The following is well known.

Proposition B.1.6. The following hold for any T, A,B,C € C"*".
(1) I —T*T >0 ifand only if | T|| < 1.
(2) A> Bifandonlyif A—B > 0.

(3) If A > B then C*AC > C*BC.

Definition B.1.7. Let zg € D. A function x = (x1, xp, x3) : D — E C C3 is said to be
complex differentiable at zg if the limit,

L x(2) — x(x0)

z—7 zZ— 2
exists in (C3, ||-||cs). We denote this limit by x'(z¢) and call it the derivative of x at zo. A
function x is said to be analytic in ID if it is complex differentiable at every point zg € D, that
is, for every point zg € D, there exists x'(zg) € C> such that

X(Z; : ;CO(ZO) - x/(Zo)

lim =0.
zZ—Z0

C3
Proposition B.1.8. A function x = (x1, x2, x3) : D — E is analytic on D if and only if
each x; : ID — C is analytic on D.

Theorem B.1.9. [18, Theorem 8.21] Let Q : ID — CP*™ be a rational H*(ID) function, and
let A be a subspace of C"*P. Then ux(Q(.)) attains its maximum over A at a point on T.

Definition B.1.10. A compact subset X of C" is said to be polynomially convex if for every
point z € C" \ X there is a polynomial p such that

p(2)] > sup{|p(x)] : x € X}.

Definition B.1.11. A unitary operator is a bijective linear map U : H — H on a Hilbert space
H such that for all x,y € H, we have

(Ux, Uy)y = (X, Y)H-

Definition B.1.12. A bounded linear mapping T : Hy — Hj between Hilbert spaces Hy and
Hy with ||T|| <1, is called a contraction.
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B.2 Schur reduction and augmentation

For o, A € D, we define

A—uw

When « € D, the rational function B, is called a Blaschke factor. A Mdbius function is

a function of the form ¢B, for some « € D and |c| = 1. The set of all Mobius functions
forms the group of automorphisms of ID. A finite Blaschke product is a function which

is expressible as
n
zZ—
j

B = | |
(2) =c -+ 1 —w:z
j=1 ]

where |a;| < 1and [c] = 1.

The following results are basic. Here S denotes the Schur class the analytic functions
f:D— D.

Lemma B.2.1. [21, Schwarz’s Lemma] Suppose f € S andf(0) = 0. Then

|f(z)| < |z|, forallze€ D\ {0},
{ f(0)] < 1. (B.2.1)

If either |f(z)| = |z| for some z # 0 or |f'(0)| = 1 then f(z) = €'?z, for some real constant
.
Definition B.2.2. For a function f : U — C, we say that |f| has a local maximum at z, € U

if there exists € > 0 such that {z € U : |z —z,| < €} = Ne(z0) C U, and |f(z)| < |f(z0)]
for all z € Ne(zo). It is called a strict local maximum if for all z # zo with |z — zy| < € we

have | ()] < |f(z0)]

Proposition B.2.3. [30, Theorem 10.24] Let U be a bounded domain. An analytic function
f + U — C has no strict local maximum of its modulus in U. If it has a local maximum, then
it is constant.

Corollary B.2.4 (Maximum modulus theorem). Let U C C be a bounded domain. Let f be
a continuous function on U that is analytic in U. Then the maximum value of |f| on U (which
must occur since U is closed and bounded) must occur on oU.

Definition B.2.5. Let f : ID — D be analytic at zo € D and let f(zy) = wy. The Schur
reduction of f at zg is a function which is defined by

g:—B“]’gof,
Z

0
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where By, is a Blaschke factor vanishing at zg :

BZO( )

Definition B.2.6. Let g : ID — ID be the Schur reduction of an analytic function f : D — D
satisfying f(zo) = wo. Then f : 1D — D is called the augmentation of g at z by zq, wo and is
given by

zZ— 2

, zeD.
1—2pz

f(Z) = B—wo ° (BZO(Z)g(Z)) , zeD.

Proposition B.2.7. [20] If a function ¢ : ID — D is analytic in a neighbourhood of a closed
disc D and vanishes at « € D then either the function Bi is analytic in ID, with a removable
singularity at « and maps D — D, or ¢ = cB, for some ceT.

Proof. By assumption, ¢ is analytic in a neighbourhood of a closed disc D. Then its
modulus [g(z)| < 1 for every z € T. Note that g has a removable singularity at a.
Therefore, since |B,(z)| = 1 forevery z € T, it follows that | £ #(z)] < 1lforeveryz e T.
By the maximum principle, |Ba¢( z)] < 1forall z € D. In fact |Ba¢ (z)| <1forallz e D

(since B% is analytic and has no strict local maxima in ID) unless ¢ = c¢B, for some
¢ € T. Therefore - € Hol(ID,D) or g = ¢B, for some ¢ € T. 0

The Schur reduction technique

The technique is well known and we will use to demonstrate the proof of Pick’s Theo-
rem.

Suppose for n distinct points Ay, - - -, A, in the unit disc ID and # points wy, - - - , wy in
D, an analytic function / : D — D satisfies

h()\]) = w]', ] = 1,' P (B (B.2.2)

Then
By, © h(A1) = 0. (B.2.3)

We will now parametrize all solutions i € Hol(ID, D) of equation (B.2.2) using Propo-

sition B.2.7 and equation (B.2.3). Let & be a solution of (B.2.2). Two cases arise.
Casel: h| = B‘E;Oh : D — D is analytic.

1
Case2: h = BgiOh =c1 for some ¢ €T.

1

The mapping h; is the Schur reduction of /1 at A;. Let us consider the two cases.
In Case 2
Ba)1 oh = ClBAl-
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Therefore, if the problem (1.3.1) is solvable, there is a unique solution

h(A) = B_w, 0 (c1By,(A)) = c1By, (A) + @

= — , AeD. B.2.4
1+ wlclB;\l ()L) ( )

Then h is the Schur augmentation of /; at A;. In this case the interpolation data (1.3.1)
satisfy
W = B () +
I 1+ Cd_lClB)\l (A]) !

j=2,,n (B.2.5)

This situation is non-generic.

On the other hand, if Case 1 holds, then

_Bwloh
=5,

1

h

and so —

1 =MA h(A) —wy
T A—M 1—wih(A)
This is the generic case. Therefore the problem (1.3.1) is reduced to finding an analytic
function /1 : ID — DD such that

hi(A)

A eD. (B.2.6)

mA) =w j=2,n (B.2.7)
where
1-MA wi—w
wgl):: 1], ]_1’]':2,...,1/1.
] )L] — )\1 1-— (,Ul(,(]]'
If any of w}l), j=2,---,n,does not lie in ID, then the problem (1.3.1) is not solvable.

(1)

Otherwise, if w:”’ € D for all j = 2,---,n, then we have the following interpolation
i ] g P
problem: for Ay,---,A;, € D and w}l), j=2,---,n,in D, find an analytic function

i1 :ID — D such that Iy (A) = !, 2<j<n.

We then repeat the procedure to determine the Schur reduction of h; at A,. If the
interpolation data are solvable at each A; then the process continues until we reduce
the original problem to one-point interpolation problem which can be solved by the
Schwarz-Pick lemma.

Lemma B.2.8. [7, Lemma 0.3][Schwarz-Pick] For any analytic function h : D — D, and
)\1 75 )\2 in D,
p (h(A1),h(A2)) < p (A1, A2).
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For completion, let us demonstrate the Schur augmentation process. We begin with
the two point interpolation data

(n=1)

An-1 7 W (B.2.8)
Ap — wgn).

and write the constant function
B (n1)(hn—2(An))

Wy

h,_1(A) = =g A e D.
n 1( ) B)Ln_l (/\n)
Define h,,_» : ID — D by
hn_z(/\) = Biwgn,n o (BAnfl ()L)hnfl(/\)) p A e D. (B.2.9)

Calculate for each Aj, 1 <j < n, the value of hn_z()\j), from (B.2.9). Again define h,,_3
in terms of h,_, and repeat the same principle. The procedure will continue until we
obtain /, the solution of the original interpolation problem.

B.2.1 Pick condition from Theorem 3.3.4

Recall the matricial Pick condition from Theorem 3.3.4 (2) is

[ v b 1 [w, b 1] !
[— 1 i n Y
. i j
G Wy )

= >0, (B.2.10)
1— A
i dij=1
for some by, -+ ,by,, ¢c1,--- ,c, in C.
Equivalently, one can write (B.2.10) as
[ T—W{Wp I —W;IW, I—WiW, ]
1—MA 1—AA, 1—AAy
I—-W;Wp I—-WiW, I — WS W,
— A1 1—20 1— A
1—2A\ 22 2 S
[—WiW, I —W;W, I —-W:W,
L 1-AA 1= 1—Auhy |
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where
w b;
wi=| "1 T 1<i<n
G Wy
and
. ES .
10 . wln bl wlll b]
I-W'wW;, 01 Ci Wy Cj wh,
1-AiA; 1— A
- ;
10 _ w_111 i wy bj
_ 01 bi wy, ¢ Wy
1—AiA,
10 wilw]u + ci¢j w§1bj+c_iw]22
01| | ——
_ biwyy + wpycj bibj + wyywy
1—AjA,
[ 1—whw — Ci¢; _wlﬁbjic_iw]zz ]
1— A 1—AiA,

_b_iw]u - w_%zcj 1- b_ibj - wézwjzz
1—AA 1—AiAj

83






Appendix C

Examples of aligned and
caddywhompus I'-inner functions

Here we give examples of aligned and caddywhompus I'-inner functions which were
constructed by Agler, Lykova and Young in [5].

Example C.0.1. [5, Example 13.2]
(1) Consider the I'-inner function

A2 AN +7)
h = (2(1— D. 0.1
W) (( T 1+m3)’ e (€01)
The royal nodes of / in T are the three cube roots w; of —1 and %s(wj) = —wj for each

j- Hence h is aligned.

(2) Let 0 < « < 1 and let & be the symmetrization of the two Blaschke products A2
and B,B_,, that is,
h(A) = (A2 4 ByB_4(A), A2ByB_4(A))
where
A
S l-aA
The royal nodes of & are the points A for which A2 = ByB_,(A) = B,2(A?), which are
the points A = 1, i, —1, —i. The table of the royal nodes w; and the target values

By(A)

%s(w]-) is given below. Clearly, for any choice of 3 royal nodes wj, there are two corre-
sponding target values %s(w]-), and hence the target values are not in the same cyclic

order as the nodes. Hence, the degree 4 I'-inner function & is caddywhompus.
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Appendix C. Examples of aligned and caddywhompus I'-inner functions

j 1 2 3 4
Royal nodesw; 1 i -1 -
2s(w)) 1 -1 1 -1

(3) Let —1 < & < 1 and & be a symmetrization of the Blaschke products A% and B, so
that

h(A) = (A3 4 By(A), A2By(A)). (C.0.2)
Here
2 1)2 2 2
(- ap)(n) = IS

and so the royal nodes of / are the points 1, —1 and

1+ V1 — 442

o (C.0.3)

Thus if || < % then & has 4 royal nodes in IR, to wit 1, -1, and the two points (C.0.3) of
which one is in ID and one lies outside D. When « = =3 the only royal nodes of h are
1 and —1. Thus for |a| < 3, & is neither aligned or caddywhompus. When § < |a| < 1,
though, the nodes (C.0.3) lie in T, and so & has four royal nodes in T. For example

_ -1 _ ,ibmn/6
when &« = == one has a royal node w = ¢
e \/goe S oy ode

and Js(w) = —i. The images of the
nodes under %5 are in opposite cyclic order to the nodes themselves. I follows that %5
maps every triple of royal nodes to a triple of distinct points in T in the opposite cyclic

order. Thus h is caddywhompus.

(4) Let h(A) = (A% 4 By(A), A?By(A)) where —1 < & < 1. The function h is a T-inner
function of degree 3 having 1 as a royal node in T. There are 3 cases. If % < a < 1then
h has 3 distinct royal nodes in T, to wit 1, w, @ where

1

=51 —a+i\/(3a—1)(1+fx))-

w

Since h has degree 3 and has 2 royal nodes / is aligned.

For a < % there is only one royal node of & in T (to wit, the point 1), and so / is not
aligned. When —1 < a < % there are two other royal nodes, of which one is in ID and
the other is in C \ D. When a = 1,

2
—4p)(A) =
(=) ) = 550
and all the royal nodes coalesce at 1.
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We state here the associated problem of [5, Theorem 1.1].
Given data Aj, Sis Pjs j = 1,2,3, that satisfy condition C; extremally with auxiliary
extremal m € Aut ID find a Blaschke product p of degree at most 4 such that

p(A)=p;, =123 (C.0.4)

and
p(n) =m(7)?, 1=1,---,d(mg), (C.0.5)

where the 7; are the roots of the equation mq(7) = 1 and g is the unique function in
the Schur class such that

q(Aj) = @(m(A),s;,pj),  j=1,2,3.
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realization formula, 56
royal node, 17
royal variety R, 17

Schur augmentation, 80
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Schur reduction, 41, 79

Schwarz Lemma, 81
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spectral interpolation problem, 7
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