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Abstract

This thesis focuses on fundamental physical understanding and modelling of turbu-
lent premixed flame-wall interaction by using Direct Numerical Simulation (DNS)
data. Three-dimensional compressible simulations of turbulent premixed flame-wall
interaction have been carried out for head-on quenching (HOQ) of statistically planar
flames by an isothermal inert wall and also for oblique quenching of a V-flame by two
isothermal inert sidewalls (top and bottom walls). Simulations have been conducted
for different values of Damköhler, Karlovitz and global Lewis numbers (i.e. Da, Ka
and Le), and the chemical mechanism is simplified by a single-step Arrhenius type
irreversible chemistry for the sake of computational economy in the interest of a detailed
parametric analysis. The flame-wall interaction has been characterised in terms of wall
heat flux magnitude and wall Peclet number (i.e. normalised wall normal distance).
It has been found that the maximum wall heat flux magnitude decreases, whereas
the minimum wall Peclet number (which quantifies the flame quenching distance)
increases with increasing Lewis number in the case of laminar head-on quenching of
planar flames. However, the minimum wall Peclet number for Le < 1.0 turbulent
premixed flames has been to be smaller than the corresponding laminar value, whereas
the minimum Peclet number in the case of turbulent flames with Le ≥ 1.0 remains
comparable to the corresponding laminar values. It has been found that heat loss
through the wall and flame quenching in the vicinity of the wall significantly affect
dilatation rate distribution in the near-wall region, and has influences on the behaviours
of the invariants of the velocity gradient tensor, which in turn influences statistical
behaviours of flow topology and enstrophy distribution in the near-wall region. The
statistical behaviours of vorticity and enstrophy transports in the near-wall region and
the distribution of flow topologies within the flame, and their evolution with flame
quenching have been analysed in detail using DNS data, and important fundamental
physical insights have been gained regarding the flame-quenching processes associated
with the flame-wall interaction.

The DNS data has been explicitly Reynolds averaged to analyse the statistical
behaviours of turbulent kinetic energy, scalar variance, turbulent scalar flux, Flame
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Surface Density (FSD) and scalar dissipation rate (SDR) and their transport in the
near-wall regions. It has been found that existing closures of these quantities do not
adequately capture their near-wall behaviours and in this thesis modifications to the
existing closures have been proposed based on a-priori DNS analysis to account for
the wall effects in such a manner that the modified closures perform well both near
to and away from the wall. Furthermore, it has been found both FSD and SDR
based conventional reaction rate closures do not adequately capture the mean reaction
rate close to the wall, and the current analysis offers alternative reaction rate closure
expressions both in the contexts of FSD and SDR based modelling approaches. Thus,
the current thesis offers a unified modelling strategy for premixed flame-wall interaction
in the context of Reynolds Averaged Navier-Stokes (RANS) simulations for the very
first time.

Finally, in order to validate the findings based on simple chemistry DNS, a limited
number of DNS calculations of head-on quenching has been conducted using a multi-
step chemical mechanism for methane-air combustion. It has been found that the
statistics of wall heat flux magnitude and wall Peclet number obtained from detailed
chemistry simulations are in good qualitative and quantitative agreements with the
corresponding results from simple chemistry DNS. However, detailed chemistry DNS
reveals the presence of heat release at the wall during early stages of flame quenching,
whereas heat release remains identically zero at the wall for simple chemistry DNS. In
spite of this difference, an FSD based reaction rate closure which was proposed based
on a-priori analysis of simple chemistry DNS has been found to work also for detailed
chemistry DNS data without any modification. This provides the confidence in the
models which have been proposed based on the analysis of simple chemistry DNS data.
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Chapter 1

Introduction

"Nature uses only the longest threads to weave her patterns, so each small piece of
her fabric reveals the organization of the entire tapestry."

— Richard Feynman (1918-1988) 1

1Image: The great red spot in Jupiter atmosphere. The atmospheric turbulence is formed by the
interaction of different bands of the atmosphere travel by different speeds. Source: Jupiter: Overview:
King of the Planets. Digital image. Solar System Exploration. NASA. Web. 31 May 2016.



2 Introduction

Fig. 1.1 Illustration of fire used by Homo erectus.
Source: Story of humans. Digital image. Q-files The Great Illustrated Encyclopedia.

Q-files. Access date: Web. 1 June 2016.

1.1 Motivation

Combustion processes involve complex interactions of fluid dynamics, heat and mass
transfer with chemical kinetics. This section seeks to provide a brief introduction of
combustion and why it is important for engineering applications and also for mitigation
of environment pollution. This section also provides background information on the
flame-wall interaction.

1.1.1 A brief history of combustion

Combustion is an oxidisation process which is accompanied by the emission of light
and heat. The relationship between human and combustion can be dated back to one
million years ago in Africa [9] when the Home erectus had sporadic control of fire.
Harnessing fire had an enormous impact on the life of our direct hominin ancestors; it
triggered a cascade of changes in the evolution. Using fire for cooking greatly increased
the digestibility of food and provided higher caloric returns. More importantly, it
altered anatomies such as brain size and gut volume. Moreover, fire protected early
humans from large predators and provided more adaptable to the environment and a
new context for social interaction [209].
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The recognition and understanding of combustion for human beings started from
harnessing of fire which is a vital feature of the mythology of every culture. Greek
mythology stated the Titan Prometheus, who was punished by Zeus, stole fire from
Mount Olympus and brought it to the human race. Suiren introduced the practice
of drilling wood for the fire in Chinese mythology. In Vedic literature, Agni is the
fire god of Hinduism, who reflects the primordial powers to consume, transform and
convey [149]. Thousands of years ago, ancient Chinese alchemists sought for the
medicine for eternal life [63]. However, the ingredients such as sulphur and saltpetre
which were mixed inside alchemical furnace did not encourage immortality, but those
violent reactions were capable of causing explosions and death. Later, gunpowder
was invented for early thermal weapons which led to an eventual development of the
cannon and firearms. Apart from being weapons, a sparkled firework brought fantastic
scenes and joys in human history and different cultures.

Fig. 1.2 Fireworks in the night sky
Source: Family Feud: Memories of an Explosive Spring Festival. Digital image.

thebeijinger. True Run Media. Web. 1 June 2016.

Civilisation and the technology of combustion are inseparable. The development of
the steam engine was one of the most important elements of the industrial revolution,
as a result of the accumulation of experiences on the understanding and applications of
combustion [190]. In the 17th century, German chemist Georg Ernst Stahl attempted
to explain combustion processes by the phlogiston theory, where it stated Phlogisticated
substances burn and release phlogiston on experimental basis [62]. Later in the 18th
century, French chemist Antoine Lavoisier opposed the phlogiston theory and discovered
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the role of oxygen in combustion [81] (the discovery was also claimed by English chemist
Joseph Priestley [116]). Although Stahl’s theory of phlogiston was replaced, his work
encouraged the chemists of his time to explore scientific problems and contributed the
transition between alchemy and chemistry [81].

Thermodynamics developed in the 19th century which deal with heat and work
and their interrelation, which gradually became one of the important methods in the
understanding of combustion process [117]. In the 1930s, Russian Chemist Nikolay
Semenov [171] explained the mechanism of chemical kinetics, which has a significant
impact on the combustion process. From the 1950s onward, the analysis of combustion
includes a variety types of disciplines including Thermodynamics, Chemical kinetics,
fluid mechanics, heat and mass transfer, turbulence, etc. [117]. The research of
combustion met its first rapid development in the post-war era due to the enormous
expansion of commercial air travel, the introduction of supersonic military aircraft [86]
and rocket engine design [182]. Early development of the F-1 rocket engine for the
Apollo program encountered serious combustion instability problems which caused
catastrophic failure [83]. The research by Von Karman and his student Xuesen Qian,
who was known as ‘the father of Chinese space program’ [211], contributed to the
understanding of compressible flows and also suggested the application of continuum
mechanics to the study of combustion problems [194, 107] in the 1950s. In-depth
quantitative analysis for laminar combustion, turbulent combustion, flame stability and
fire have been carried out in the next decades. Computational Fluid Dynamics (CFD),
which is based on mathematical models with numerical methods, play a significant role
in the analysis of engineering applications involving flow, heat and mass transfer and
combustion. The use of CFD in the analysis of combustion phenomena has become an
invaluable tool in academic research and industrial applications [178–180].

1.1.2 Modern combustion and its problems

In order to recover heat and produce mechanical output, combustion has to take place
in a vessel (such as furnace, combustion chamber in gas turbine and cylinder of piston
engine) in which flames are produced and developed. Thus, flame-wall interaction is
inevitable in these processes. The area of combustion applications includes: power
generation, process industry for production of engineering materials, household and
industrial heating, safety protections from fire and explosions etc [117]. Nowadays, over
80% of world’s energy supply comes from combustion sources [199]. Figure 1.3 shows
the history and projection of world energy consumption from 1990 to 2040. In 2012,
84% of energy consumption was supplied by fuels, coal and natural gas. Renewable and
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Fig. 1.3 World energy consumption 1990-2040 [82]

nuclear have a share which is expected to grow from 16% in 2012 to predicted 23% in
2040 [82]. The growing worldwide demand for energy is one of the greatest challenges
faced by the mankind under the current situation. Developing countries such as China,
India are undergoing exceptional economic growth which have dramatically increased
their energy consumption and production since 2000 [148]. Based on today population
and demand, it has only revealed a glimpse of the thirst for energy in following decades.

However, due to predominant dependence on the burning of fossil fuels, which have
limited resource and emit greenhouse gas CO2, humanity is under an all-encompassing
threat of energy sustainability and climate change which could imperil from world’s
food supply, peace and security, and more importantly human existence. As such, it
is essential to study and understand combustion so that performance of combustors
could be improved to reduce pollutant formation and energy efficiency through better
design by optimising of combustion processes [61].

1.1.3 Background of flame-wall interaction

In early 19th century, Sir Humphry Davy [69] and George Stephenson [68] invented a
mine lamp based on the principle of flame quenching by walls, which is one of the most
initial studies of flame-wall interaction. The basic design of the mine lamp involves an
ensemble of tubes, which have diameters smaller than the quenching distance of a flame,
so that, the flame cannot propagate through the lamp to ignite the premixed gases
in the mine field. However, radiated light from the flame and the air can propagate
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Flame

Air

Fuel

Fig. 1.4 Illustration of Davy lamp. Original figure from [142].

through the tubes (see fig. 1.4). Figure 1.5 illustrates the metal gauze experiment,
where the metal gauze has been used in Davy’s lamp. Davy conducted a series of test
to find out the right size of diameters for using in the mine field. After he perfected
his design, the invention of mine lamp significantly reduced the danger of explosion
due to flammable gases, enabled miners to drill more safely and deeper and increased
the production efficiency. Since then, flame-wall interaction remained an important
subject not only for safety technology but also for combustion technology.

Fundamental physical understanding of premixed flame-wall interaction plays a
pivotal role in optimising the thermal efficiency and pollutant emission in Spark
Ignition (SI) engines [96], as well as, improving the design of combustion devices
which are subject to high temperatures and thermal stresses. Since the adiabatic
flame temperature of typical fuel-air mixtures is far greater than the melting point of
the materials of combustor walls [157], and combustor lifespan is strongly affected by
thermal stress which is induced by spatial and temporal fluctuations of wall temperature
in combustion chambers in spark-ignition engines [96]. An accurate estimation of the
wall heat fluxes plays a vital role in improving lifespan and design of the combustion
devices. Flame quenching occurs in a few micrometres thick zone from the wall, where
chemical reaction ceases to take place due to large heat fluxes and enthalpy loss from the
flow to the wall. The near-wall quenching results in incomplete combustion and gives
rise to thermal inefficiencies and pollutant emissions due to unburned hydrocarbon. As
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With metal gauze

(a)

(b)

(c)

Without metal gauze

(d)

(e)

Fig. 1.5 Metal gauze experiment in a tube filled with methane gases. (a) Ignite gas in
one end. (b, c) The flame is created and propagates along the tube. (d) Insert a piece
of metal gauze in the centre of the tube and repeat the same process. (e) The flame is
quenched at the gauze.

Source: Fighting Firedamp - The Lamp that Saved 1,000 Lives. Youtube
The Royal Institution. Mon. 27 Feb 2017.
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Fig. 1.6 Illustration of turbulence flame wall interaction. Reproduced from Poinsot
and Veynante [156].

a consequence of these small time and length scale, the analysis of flame-interaction
remains a challenging task.

Figure 1.6 illustrates how flame, wall and turbulence interact. Understanding
how flame interacts with the wall is not only sufficient, but the coupling between
the wall and the turbulence along with flame-turbulence interaction are must also be
considered [157]. Figure 1.6 demonstrates that the physics of flame-wall interaction
in turbulent flows is multifaceted. Despite its importance and presence in modern
combustors, the flame-wall interaction is not well understood, which motivates the
investigation carried out in this thesis.

1.2 Turbulence

The ubiquity of turbulent flow in nature which ranges from the fragmentation of
molecular clouds (see Fig. 1.7) in interstellar space to shimmering on the wrinkled
surface of the river. Turbulence has a large influence on the transport characteristics
of the flow in engineering applications (e.g. combustion systems). Thus it is necessary
to predict turbulent flow characteristics accurately for the purpose of engine design of
combustors. However, it is remarkably challenging to make such predictions [67]. This
complex behaviour mainly originates due to the non-linear partial differential equations
which govern the turbulent fluid motion. The conservation of mass and momentum
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Fig. 1.7 Pillars of Creation
Source: Hubble Goes High Def to Revisit the Iconic ’Pillars of Creation’. Digital image.

Hubblesite. NASA. Web. 1 June 2016.

are governed by the subsequent equations in incompressible flows:

∇ · u = 0 (1.1a)

Du
Dt = −∇(p/ρ) + ν∇2u (1.1b)

where u is the velocity vector, p is the fluid pressure, ρ is the fluid density and ν is
the kinematic viscosity. The symbol D(·)/Dt is called the material derivative. The
equation 1.1b can be rewritten as:

∂u
∂t

+ (u · ∇)u = −∇(p/ρ) + ν∇2u (1.2)

The term (u · ∇)u introduces non-linearity into the momentum conservation equation.
The first term on the right-hand side of Eq. 1.1b arises from pressure force acting on
the fluid, and the second term arises from viscous forces. Despite the fact that above
equations describe the behaviour of a flow mathematically, a general analytic solution
of the Navier-Stokes equations does not exist, and they need to be solved numerically.

The transition from laminar flow to turbulence flow was first examined by Osborne
Reynolds [164]. The experiment was performed to study the behaviour of pipe flow by
varying pipe diameter Dpipe, the velocity of the fluid U and the viscosity. Reynolds
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number Re ∼ UDpipe/ν was established to provide a measure of relative importances
of inertial and viscous forces. If inertial forces predominate the effects of viscous
forces, the flow becomes turbulent. However, if viscous forces have predominance, any
disturbance introduced into the flow will be damped, and the flow will remain laminar.
In the experiment, it was found out that the flow becomes turbulent once a critical
Reynolds number Recrit is imposed.

Turbulent fluid motion exhibits a wide-ranging eddy sizes, Richardson introduced
the concept of the energy cascade in which the turbulent kinetic energy from large
eddies is distributed to smaller sized eddies and finally cascades through to the smallest
eddies, where it is converted to heat by viscous dissipation [166]. Kolmogorov [115]
extended the energy cascade concept from Richardson [166] into his pioneering theory.
The parameters which have important influences on the turbulence are the dissipation
rate of turbulent kinetic energy, ϵ and its viscosity, ν. The lifespan of a eddy is called
eddy turnover time, le/ue, where le and ue are characteristic length and velocity scales
associated with an eddy. For range values of Reynolds number, the dissipation of
turbulent kinetic energy is governed by inertial effects and thus, ϵ can be further to
scale by the kinetic energy decay rate for intergral eddies over their lifetime which
leads to ϵ ∼ u′2/(l/u′) ∼ u′3/l. The rate of dissipation of energy at the smallest scales
is ϵ ∼ νSijSij, where Sij = 0.5(∂ui/∂xj + ∂uj/∂xi) is the component of strain rate
tensor, and, the strain rate tensor in the smallest scale can be scaled as: Sij ∼ υη/η,
here υη is the smallest velocity scale and η is the smallest length scale of turbulence.
The above descriptions lead to ϵ ∼ u′3/l ∼ νυ2

η/η
2. Furthermore, Reynolds number at

the smallest scale, Reη = υην/η, is expected to be the order to unity: Reη ∼ 1. For
the above relations the smallest length scale in turbulent flow (i.e. the Kolmogorov
length scale) can be estimated as:

η =
(
ν3

ϵ

)1/4

(1.3)

Similarly the smallest velocity scale (i.e. Kolmogorov velocity scale) can be estimated
as:

υη = (νϵ)1/4 (1.4)

A numerical simulation needs to resolve the Kolmogorov length scale to simulate
turbulent flows without any physical approximation. The simulations where the
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Kolmogorov length scale is resolved without any physical approximation are called
Direct Numerical Simulations (DNS).

1.3 Direct numerical simulation

This section provides a brief introduction of flame-wall interaction and the role of
numerical simulations.

1.3.1 Simulation tools

From the time of the advent of computers in the 50s of last century, Computational
Fluid Dynamics (CFD) has arisen as an increasingly reliable and sophisticated tool
to simulate and understand complex turbulent flow processes including turbulent
combustion. Nowadays in the industry, CFD simulations are routinely carried out
using Reynolds-Averaged Navier-Stokes (RANS) and Large Eddy Simulations (LES)
where the physical processes correlated with length scales diminutive in comparison
to the computational grid spacing need to be approximated using turbulence models.
However, unavailability of reliable data for flame-wall interaction compromises the
predictive aptitude of those models. Also, the boundary layers involving turbulent
reacting flows are modelled (inaccurately) using the knowledge gained for isothermal
flow conditions. In the last decade or so, the availability of increased computer power
has offered an important research avenue to investigate the flame-wall interaction
with the help of DNS where all the relevant turbulent length and time scales are
satisfactorily resolved. An extensive review of CFD methods can be found in [104, 125].
Figure 1.8 presents the schematic diagram of the turbulent energy spectrum E(κ) with
the resolution offered by different simulation techniques, where ∆ and ∆x are the filter
size and the grid spacing, respectively. The figure indicates that the computational
grid of RANS and LES only partially resolve the energy spectrum. However, DNS
resolves the most region of the turbulent energy spectrum E(κ) and only a minor
region related to the viscous dissipation which takes place at the sub-grid level.

Analysing turbulent reacting flows is complicated due to the presence of the
reaction rate which is strongly non-linearly dependent on temperature. The existing
methodologies for analysing of the non-reacting flows are not always applicable for
reacting flows due to the complexity of combustion process. To simulate engineering
combustion devices, the chemical aspects of the reacting flow must be addressed as
well as the transport mechanisms associated with chemical heat release. Moreover, the
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Fig. 1.8 A schematic diagram of turbulent energy spectrum E(κ) with wave number κ
showing the capabilities of different simulation techniques

transport properties of viscosity, mass diffusivity and thermal conductivity which are
temperature dependent further increase the complexity of the behaviour of momentum,
heat and mass transports.

1.3.2 Direct numerical simulations of flame-wall interaction

In last few decades Direct Numerical Simulations (DNS) contributed significantly to
the fundamental understanding of non-reacting turbulent boundary layers, but thermal
expansion due to chemical heat release leads to significant modifications to velocity and
temperature distributions within turbulent reacting flow boundary layers. However,
relatively limited effort has been directed to the analysis of wall-bound turbulent
reacting flows using DNS simulations [156, 20, 21, 3, 2, 90, 65]. Poinsot et al. [156]
concentrated on head-on quenching of turbulent premixed flame-wall interaction based
on two-dimensional DNS, which indicated that the vorticity field within the flame
front is significantly affected by the presence of wall. Moreover, they investigated
the statistical behaviours of wall heat flux and flame quenching distance. Bruneaux
et al. [20] conducted three-dimensional incompressible DNS to premixed flame-wall
interaction in a channel flow configuration, and this data was subsequently used to
analyse the influences of the wall on the Flame Surface Density (FSD) transport [21].
Alshalaan and Rutland [3, 2] analysed the near wall statistics of FSD, turbulent scalar
flux and wall heat flux based on DNS simulations of turbulent V-flame interaction
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with an isothermal wall. DNS data [156, 20, 21, 3, 2, 90, 65] on turbulent premixed
flame-wall interaction demonstrated that the maximum value of wall heat flux in
turbulent flows can assume much greater values than the corresponding laminar flame
value. This behaviour can be attributed to the convection of flame elements towards
the wall [156]. Additionally, in turbulent channel flows, the flame elements are pushed
towards the wall by the stream-wise vortices which lead to an increase in heat flux,
whereas convection away from the wall tends to reduce the wall heat flux. Dabireau et
al. [65] found out that the high wall flux values take place before the flame quenching
occurs based on premixed flame-wall interaction for H2 + O2 mixtures. A detailed
chemistry 3D DNS study carried out by Gruber [90] demonstrated that combustion
instabilities in turbulent reacting flow boundary succeeding could create the flame
flashback near the wall but their implications on the near wall modelling of turbulent
premixed combustion, are yet to be analysed in detail. The modelling of turbulent
premixed flame-wall interaction has received limited attention [21, 3, 2] and thus
here aims to address this deficit in the existing literature by analysing the turbulent
premixed combustion modelling in the near-wall region.

1.4 Objectives of this analysis

The purpose of this analysis to investigate turbulent premixed flame-wall interaction in a
simple configuration using three-dimensional Direct Numerical Simulations (DNS). This
DNS data will subsequently be explicitly Reynolds averaged to assess the performances
of existing models on the corresponding unclosed quantities extracted from DNS data.
Based on this a-priori DNS analysis modifications to the existing models will be
suggested and new models will be proposed if necessary. The present project intends
to address the following aspects in turbulent premixed flame-wall interaction:

• Simulations of different configurations for flame-wall interaction such as head-on
quenching and side-wall quenching. The results obtained from DNS will be
compared on existing findings and experiment results [156, 20, 21, 3, 2, 90, 65].
The fundamental physical insights obtained from DNS data will be used for
assessments of the near-wall behaviour of turbulent combustion models used
for RANS simulation. Based on the performance of the existing flame-wall
interaction models, either modification to the existing models will be suggested,
or new models will be proposed.
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• Investigation and modelling of preferential diffusion on different aspects of flame-
wall interaction arising from non-unity Lewis number, for different values of
root-mean-square turbulent velocity fluctuation, the integral length scale of the
turbulence, and effects of heat release parameters.

• To compare findings obtained from simple chemistry DNS with the corresponding
results obtained from detailed chemistry DNS data.

1.5 Thesis outline

This PhD thesis contains seven chapters (see Fig 1.9), where this Chapter provides
the necessary introduction. Chapter 2 provides the mathematical background of
the current work and the relevant assumptions. A summary of existing research on
computational analysis and modelling of turbulent premixed flame-wall interaction is
provided in Chapter 3. Chapter 4 describes the numerical methods which are used in the
present study along with the methodologies used for boundary condition specification
and generation of initial conditions. Chapter 5 provides physical insights of head-on
quenching of turbulent premixed flames using DNS simulations. The modelling various
unclosed quantities for RANS are discussed in Chapter 6 based on an a-priori DNS
analysis of head-on quenching DNS data. Chapter 7 presents the results for DNS of
side-wall quenching of turbulent V-flame by isothermal inert walls and sample results
for head-on quenching of statistically planar flames using detailed chemistry DNS.
Finally, Chapter 8 summarises of this investigation and identifies further avenues of
research.

.
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Fig. 1.9 A flow chart of the stucture of current thesis





Chapter 2

Mathematical Background

This chapter presents the overview of the governing equations for DNS analysis of
turbulent reacting flows along with the assumptions made for the purpose of the current
analysis. Additionally, the derivation of the modelling aspects are also presented.

2.1 Problem description

The present DNS analysis of turbulent premixed flame-wall interaction is carried out
in three types of configurations and their corresponding names used in the current
thesis are listed as below. A DNS code SENGA [102] was used to generate the one-step
simplified chemistry DNS database and SENGA2 [27] was used to produce the detailed
methane-air chemistry database in the current work.

• Head-on quenching (HOQ) for one-step simplified chemistry simulation: A no-
slip isothermal inert wall with temperature equal to the fresh gas temperature
(Tw = T0) is placed on the left hand side boundary in the x1−direction (i.e.
x1 = 0, see Fig. 2.1-left), where zero mass flux is enforced in the wall normal
direction. A partially non-reflecting outlet boundary condition is specified for
the domain boundary opposite to the isothermal wall. The transverse directions
x2 and x3 are taken to be periodic.

• V-flame channel flow simulation with one-step simplified chemistry: A rectangular
domain with the aforementioned wall boundary conditions are specified in x2−
direction at x2 = 0 (i.e. lower wall) and x2 = L2 (for upper wall where L2 is the
domain length in x2−direction). Turbulent inflow and partially non-reflecting
boundary conditions are specified in x1−direction, whereas periodic boundaries
are considered for x3−direction. A flame holder is placed in the vicinity of the
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bottom wall at a certain distance from the inlet following the previous analysis
by Alshalaan and Rutland [2].

• HOQ for 35 steps CH4-air detailed chemistry simulation: boundary conditions
are taken to be the same as HOQ for simple chemistry simulation (see Fig. 2.1).

The spatial derivatives are evaluated by using 10th order central differencing scheme
for the internal grid points [102]. The order of differentiation drops gradually to a
one-sided 2th order scheme at the non-periodic boundaries. The flame is initialised
using an unstrained steady planar laminar flame solution in both simple and detailed
chemistry simulations of HOQ. For V-flame simulation, the flame holder is responsible
for flame generation inside the domain.
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Fig. 2.1 Description of computational domain: HOQ (Top), Side-wall quenching
(Bottom).
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2.2 Governing equations

The three-dimensional motion of reactive gases is governed by mass, continuity, mo-
mentum, energy and species conservation equations. Those equations can be stated in
Cartesian tensor notation in the following manner:

∂

∂t
ρ+ ∂

∂xk

ρuk = 0 (2.1a)

∂

∂t
ρui + ∂

∂xk

ρukui = − ∂

∂xi

p+ ∂

∂xk

τki (2.1b)

∂

∂t
ρE + ∂

∂xk

ρukE = − ∂

∂xk

puk + ∂

∂xk

τkiui − ∂

∂xk

qk (2.1c)

∂

∂t
ρYα + ∂

∂xk

ρukYα = ω̇α − ∂

∂xk

ρVα,kYα, α = 1, . . . ,N (2.1d)

where ρ is the density, ui is the ith component of the velocity vector, p is the pressure,
E is the stagnation internal energy, Yα is the mass fraction of the species α in reacting
mixture with total N species and its reaction rate ω̇α. τki is the viscous stress tensor
which is defined by:

τki = µ

(
∂uk

∂xi

+ ∂ui

∂xk

)
− 1

2µ
∂um

∂xm

δki (2.2)

where δki is the Kronecker delta (δki = 1 for k = i, otherwise δki = 0) and µ is the
dynamic viscosity. The compatibility condition of Yα is specified as:

N∑
α=1

Yα = 1 (2.3)

The thermal equation of state for the reacting mixture is:

p = ρR0T̂
N∑

α=1

Yα

Wα

(2.4)

where R0 is the ideal gas constant, Wα is the molecular weight of species α and the
caloric equation of state is defined as:

E =
N∑

α=1
hαYα − p

ρ
+ 1

2ukuk (2.5)
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while the enthalpy hα of species α is:

hα =
∫ T

T0
Cp,αdT̂ + h0

α (2.6)

in which Cp,α is the mass based specific heat capacity of species α, T̂ is the instantaneous
temperature, T0 is the fresh gas temperature (i.e. reference temperature) and h0

α is the
enthalpy of formation of species α. The heat flux vector qk is given by:

qk = −λ ∂T̂
∂xk

+ ρ
N∑

α=1
hαVα,kYα (2.7)

where Vα,k is the diffusion velocity vector of the species α relative to the mixture, while
it must satisfy the compatibility condition:

N∑
α=1

ρVα,kYα = 0 (2.8)

The molar specifc heat capacity C̄p,α at constant pressure depends on temperature
for a semi-perfect gas. In SENGA2 code, the temperature dependece is approximated
by using a polynomial of the form:

C̄p,α = R0
J∑

j=1
ā

(l)
α,jT

j−1 (2.9)

where the degree J − 1 of the polynomial is taken to be 4 or 5, ā(l) is the polynomial
coefficients with different intervals l of temperature. The selection of the coefficients
can be seen in Ref. [110]. The final form for the molar enthalpy based on temperature
dependent C̄p,α yields the following form:

h̄α = R0

 J∑
j=1

ā
(L)
α,j

j
T j + ā

(L)
α,J+1

 (2.10)

L denotes as the lower end of the current temperature interval.
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2.3 Thermochemistry

M steps of a reaction mechanism takes the following form:

N∑
α=1

ν ′
α,mMα →

N∑
α=1

ν ′′
α,mMα, m = 1, . . . ,M (2.11)

where Mk is a symbol for species k, ν ′
α,m is the reactant stoichiometric coefficient

for step m, ν ′′
α,m is the product stoichiometric coefficients for step m. The chemical

reaction rate ω̇ of species α for a mechanism involving N species and M steps can be
stated as:

ω̇α = Wα

M∑
m=1

(ν ′′
α,m − ν ′

α,m)AmT̂
nmexp

(
− Em

R0T̂

) N∏
β=1

(
ρYβ

Wβ

)ν′
β,m

 (2.12)

while Am is the frequency factor, nm is the temperature exponent and Em is the
activation energy.

In the first part of the analysis, a one-step irreversible reaction is assumed due to
the computational economy to allow for an extensive parametric analysis based on
three-dimensional turbulent flame-wall interaction. In this context the generic chemical
reaction for one-step chemistry takes the following form:

Reactants → Products (2.13)

The objective of simplifying chemistry is to enable the replacement of the N − 1
conservation equations for the species mass fraction equations by a single conservation
equation for the reaction progress variable c, which is defined based on the mass fraction
of the reactant species YR in the following manner:

c = YR0 − YR

YR0 − YR∞
(2.14)

According to Eq. 2.14, c increases monotonically from zero in the unburned gas
(subscript 0) to unity in fully burned products (subscript ∞).

The reaction rate for the one-step reaction based on the simplified Arrhenius rate
law is given as:

ω̇ = Bρ(1 − c)exp
[ −E
R0T̂

]
(2.15)
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where B is the pre-exponential factor, E is the activation energy. The progress variable
c balance equation is stated as:

∂ρc

∂t
+ ∂ρujc

∂xj

= ω̇ + ∂

∂xj

[
ρD

∂c

∂xj

]
(2.16)

The diffusion velocity appears in the equation is assumed to obey Fick’s law of diffusion,
D is the mass diffusion coefficient, which is a function of thermo-chemical variables:

ρVcjc = −ρD ∂c

∂xj

(2.17)

The reaction progress variable transport equation could also be written in kinematic
form for a c = c∗ isosurface in the following manner:

∂c

∂t

∣∣∣∣∣
c=c∗

+ uj|c=c∗
∂c

∂xj

∣∣∣∣∣
c=c∗

= Sd |∇c|c=c∗ (2.18)

where Sd is the displacement speed of an isosurface c = c∗, and it is given by:

Sd =
ω̇|c=c∗ + ∂

∂xj

[
ρD

∂c

∂xj

]
c=c∗

ρc=c∗

√√√√∣∣∣∣∣ ∂c∂xj

∂c

∂xj

∣∣∣∣∣
(2.19)

The equations of state in simplified chemistry are:

p = ρRT̂ (2.20a)

E = CvT̂ + 1
2ujuj +H(1 − c) (2.20b)

where H is the heat of reaction per unit mass of reactants consumed. The heat flux
vector is give as:

qk = −λ ∂T̂
∂xk

+ ρDH
∂c

∂xk

(2.21)

In detailed chemistry simulation (by SENGA2), a more accurate approach or greater
generality in the treatment of molecular transport phenomena is adopted, where the
molecular transport coefficients for the mixture are assembled from molecular transport
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data for each species. The Fick’s law is rewritten as:

ρVα,kYα = −d̂α,k − ρDαYαθ̂
(T )
α

1
T

∂T

∂xk

(2.22)

where −ρDαYαθ̂
(T )
α (1/T )∂T/∂xk represents the thermal diffusion flux (or Soret effect),

the quantity θ̂(T )
α is the mixture-averaged thermal diffusion ratio for species α, and the

quantity d̂α,k is given by:

d̂α,k = ρDα
∂Yα

∂xk

+ ρDαYα
1
Wm

∂Wm

∂xk

+ ρDαYα

(
1 − Wα

Wm

) 1
p

∂p

∂xk

(2.23)

where Wm is the effective molar mass for the mixture which is given by:

Wm =
N∑

α=1

Wα

Yα

(2.24)

In mixture averaged trasnport the heat flux vector is given as:

qk = −λ ∂T
∂xk

+
N∑

α=1
ρVα,kYαhα −

N∑
α=1

R0T

Wα

θ̂(T )
α d̂α,k (2.25)

where the second term on the right-hand side represents the diffusion thermal flux (or
Dufour effect).

2.4 Non-dimensional numbers

The governing equations for a one-step chemistry DNS simulation are non-dimensionalised
by using reference values of principal variables (i.e. u0, l0, t0, ρ0, T0). Those variables
are listed below:

• Reference velocity u0 is taken to be the unstrained laminar flame speed SL

• Reference length l0 is taken to be the thermal flame thickness δth (see Eq. 2.28)

• Reference time t0 can be represented by l0/u0

• Reference density ρ0 is unburned gas density

• Reference temperature T0 is unburned gas temperature

Additional reference values for the transport coefficients are µ0, λ0, ρ0D0, CV 0. The
specific heats at constant pressure and volume CP and CV , thermal conductivity λ
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and ρD are assumed to be constant in one-step simplified chemistry simulation with
neglection of Soret and Dufour effects. The normalising pressure P0 = ρ0u

2
0 is taken

to be representative of dynamic instead of thermal-chemical effects. The temperature
is non-dimensionalised by the adiabatic flame temperature Tad and unburned gas
temperature T0 as:

T = T̂ − T0

Tad − T0
(2.26)

Adiabatic flame temperature is the maximum flame temperature that could be achieved
in the flame with the absence of differential diffusion:

Tad = T0 + H

CP 0
(2.27)

The thermal flame thickness is defined as:

δth = Tad − T0

max|∇T̂ |L
(2.28)

where subscript ‘L’ refers to the values in steady unstrained planar flame. The non-
dimensional parameters used in the study are as follows:

• Re = (ρ0u0l0)/µ0 - Reynolds number provides the ratio of inertial force to viscous
force

• Pr = (µ0CP 0)/λ0 - Prandtl number provides the measure of momentum diffusion
to thermal diffusion

• Sc = µ0/(ρ0D0) - Schmidt number provides the measure of momentum diffusion
to mass diffusion

• Ma = u0/a0 - Mach number, where sonic speed a0 =
√
γRT0 is the sonic speed

according to ideal gas law

• Le = λ0/(ρ0CP 0D) = Sc/Pr - Lewis number represents the ratio of thermal
diffusivity to mass diffusivity
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The ratio of specific heat γ, the heat release parameter τ and α, the Zeldovich number
β, and the pre-exponential factor B∗ are given by:

γ = CP 0

CV 0
(2.29a)

τ = α

1 − α
= Tad − T0

T0
(2.29b)

β = E(Tad − T0)
RT 2

ad
(2.29c)

B∗ = Bl0
ρ0u0

exp
(

−β

α

)
(2.29d)

Based on the aforementioned non-dimensionalisation, the non-dimensional form of the
governing equations take the following form:

∂

∂t+
ρ+ + ∂

∂x+
k

ρ+u+
k = 0 (2.30a)

∂

∂t+
ρ+u+

i + ∂

∂x+
k

ρ+u+
k u

+
i = − ∂

∂x+
i

P+ + 1
Re

∂

∂x+
k

τ+
ki (2.30b)

∂

∂t+
ρ+E+ + ∂

∂x+
k

ρ+u+
k E

+ = −(γ − 1)Ma2 ∂

∂x+
k

P+u+
k + 1

Re
(γ − 1)Ma2 ∂

∂x+
k

τ+
kiu

+
i

+ τ

RePr

∂

∂x+
k

[
λ
∂T

∂x+
k

]
− τ

ReSc

∂

∂x+
k

[
ρ+D+ ∂c

∂x+
k

]
(2.30c)

∂

∂t+
ρ+c+ ∂

∂x+
k

ρ+u+
k c = ω̇+ + 1

ReSc

∂

∂x+
k

[
ρ+D+ ∂c

∂x+
k

]
(2.30d)

2.5 Non-dimensional number in the flame-wall in-
teraction

The non-dimensional distance from the flame front and the wall is described by Peclet
number Pe where it is used as an indicator of advective and diffusive strength from
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the normal direction of the wall:

Pe = x1

δZ
(2.31)

The flame-wall distance x1 is normalised by the Zel’dovich flame thickness δZ = αT0/SL.
Flame power is defined by the local consumption flame speed (or local flame speed) Sc,
which changes when the flame moves towards the wall:

Flame power = ρ0ScCP (Tad − T0)
ρ0SLCPT0

= τSc

SL
(2.32)

Non-dimensional wall heat flux Φ is scaled by flame power, which is:

Φ = |ϕ|
ρ0SLCP (Tad − T0)

(2.33)

where ϕ is the wall heat flux which is measured as the heat flux at the wall. Both Pe

and Φ changes with time during flame-wall interaction.

2.6 Investigation of turbulence

Laminar premixed flame propagates from the normal direction of the burned products
towards the unburned reactants with a laminar flame speed of SL. However, the
flame front interacts with turbulent vortices may lead to increase in the propagation
speed, mass consumption rate and reduction in the flame thickness. The statistical
behaviour of vorticity ω⃗ and enstrophy Ω = ω⃗ · ω⃗/2 plays a significant role in the
analysis of turbulent fluid motion [78, 162], and these statistics are significantly
affected by heat release, density variation and flame normal acceleration in turbulent
premixed flames [128]. Studying the flow topology (regionally organised motions)
can capture this chaotic behaviour of turbulence. Though, analysing the vorticity
transport, enstrophy transport, and flow topology provides a better understanding of
the flame-wall interaction.
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2.6.1 Vorticity and entrophy transport

The transport equation of the ith component of vorticity ωi = εijk(∂uk/∂xj) is given
by [44, 129, 191]:

∂ωi

∂t
+ uk

∂ωi

∂xk

= ωk
∂ui

∂xk︸ ︷︷ ︸
t1i

−ϵijk
1
ρ2

∂ρ

∂xj

∂τkl

∂xL︸ ︷︷ ︸
t21i

+ ϵijk

ρ

∂2τkl

∂xj∂xL︸ ︷︷ ︸
t22i

−ωi
∂uk

∂xk︸ ︷︷ ︸
t3i

+ ϵijk

ρ2
∂ρ

∂xj

∂p

∂xk︸ ︷︷ ︸
t4i

(2.34)

In Eq. 2.34, t⃗1 is the vortex-stretching term, whereas t⃗21 and t⃗22 arise from the
misalignment between the gradients of viscous stress and density and from the dif-
fusion of vorticity, respectively. For constant dynamic viscosity (i.e. µ =constant)
incompressible flows, t⃗22 becomes equal to (µ/ρ)∇2ω⃗. However, for constant dynamic
viscosity compressible flows, t⃗22 takes the form t⃗22 = (µ/ρ)∇2ω⃗ + (µ/3ρ)∇ × ∇(∇ · u⃗).
The term t⃗3 accounts for the dilatation contribution, and t⃗4 is responsible for the
baroclinic effects arising from the misalignment of the density and pressure gradi-
ents. Multiplying Eq. 2.34 by ωi yields the transport equation for the enstrophy (i.e.
Ω = ωiωi/2) [44, 129]:

∂Ω
∂t

+ uk
∂Ω
∂xk

= ωiωk
∂ui

∂xk︸ ︷︷ ︸
T1

−ϵijkωi
1
ρ2

∂ρ

∂xj

∂τkl

∂xL︸ ︷︷ ︸
T2

+ ϵijkωi

ρ

∂2τkl

∂xj∂xL︸ ︷︷ ︸
T3

−2Ω∂uk

∂xk︸ ︷︷ ︸
T4

+ ϵijkωi

ρ2
∂ρ

∂xj

∂p

∂xk︸ ︷︷ ︸
T5

(2.35)

The Reynolds-averaged enstrophy (i.e. Ω̄ = ωiωi/2, and the over-bar is defined as
the Reynolds-averaged quantity) transport equation can be obtained using Eq. 2.35
as [44, 129]:

∂Ω
∂t

+ uk
∂Ω
∂xk

= ωiωk
∂ui

∂xk︸ ︷︷ ︸
TI

−ϵijkωi
1
ρ2

∂ρ

∂xj

∂τkl

∂xL︸ ︷︷ ︸
TII

+ϵijkωi

ρ

∂2τkl

∂xj∂xL︸ ︷︷ ︸
TIII

−2Ω∂uk

∂xk︸ ︷︷ ︸
TIV

+ϵijkωi

ρ2
∂ρ

∂xj

∂p

∂xk︸ ︷︷ ︸
TV

(2.36)
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The term TI indicates the vortex-stretching contribution, whereas TII arises due
to misalignment between gradients of density and viscous stresses. The term TIII is
responsible for molecular diffusion and dissipation of Ω, whereas TIV and TV represent
the dilatation and baroclinic torque contributions respectively.

Under the assumption of constant dynamic viscosity, the dissipation rate ϵ̃ of
turbulent kinetic energy k̃ = ρu′′

i u
′′
i /2ρ̄ is closely related to enstrophy as: ρ̄ϵ̃ ≈

2µΩ in the isotropic Kolmogorov turbulence [189]. It has been demonstrated in the
present literature [130, 155, 191] that the influences of a flame on the major statistical
characteristics of turbulent flow, such as k̃, ϵ̃,Ω, remain qualitatively similar in the
cases of temperature-dependent and constant dynamic viscosity. This similarity stems
from the fact that, due to a decrease in the density ρ with increasing temperature,
the kinematic viscosity ν = µ/ρ increases in flames under both conditions. Here the
constant viscosity assumption is adopted for the purpose of simplicity. Under such
conditions, the mean dissipation rate ϵ̃ is directly proportional to the mean enstrophy
Ω. Therefore, the understanding of Ω transport is crucial for addressing the modelling
of the dissipation rate of turbulent kinetic energy.

2.6.2 Flow topology

The local flow topologies are characterised by the invariants of the velocity-gradient
tensor [152, 57]:

Aij = ∂ui

∂xj

= Sij +Wij (2.37)

where the symmetric strain-rate tensor is Sij = 0.5(Aij + Aji) and the anti-symmetric
rotation rate tensor is Wij = 0.5(Aij − Aji). The eigenvalues of Aij are λ1, λ2 and λ3

which are the solutions of the characteristics equation λ3 + Pλ2 +Qλ+R = 0 with its
invariants P,Q and R as specified below [152, 57]:

P = −tr(Aij) = −(λ1 + λ2 + λ3) = −Sii (2.38)

Q = 1
2
(
[tr(Aij)]2 − tr(A2

ij)
)

= 1
2(P 2 − SijSij +WijWij) = QS +WijWij/2︸ ︷︷ ︸

QW

(2.39)

R = −det(Aij) = 1
3(−P 3 + 3PQ− SijSjkSki − 3WijWjkSki) (2.40)

The discriminant D, is shown in the equation below, divides the P −Q−R phase
space into two regions: Aij shows a focal topology for D > 0 region and it displays a
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S1: UF/C S2: UN/S/S S3: SN/S/S S4: SF/ST

S5: SF/C S6: SN/SN/SN S7: UF/ST S8: UN/UN/UN

P > 0 P = 0 P < 0

Fig. 2.2 Classification of S1−S8 topologies (UF = unstable focus, UN = unstable node,
SF = stable focus, SN = stable node, S = saddle, C = compressing, ST = stretching)
in the Q − R plane with the lines r1a, r1b and r2 dividing the topologies, and black
daksed lines indicates Q = R = 0.
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nodal topology for D < 0 region [152, 57]:

D = 1
108

[
27R2 +

(
4P 3 − 18PQ

)
R + 4Q3 − P 2Q2

]
(2.41)

The surface D = 0 leads to two surfaces r1a and r1b in the P −Q−R phase space:

r1a = 1
3P

(
Q− 2

9P
2
)

− 2
27(−3Q+ P 2)3/2 (2.42)

r1b = 1
3P

(
Q− 2

9P
2
)

+ 2
27(−3Q+ P 2)3/2 (2.43)

Additionally, Aij has purely imaginary eigenvalues on the surface r2 which is given by
R = PR. The surface r1a, r1b and r2, where r2 is described by PQ−R = 0, divide the
P −Q−R phase space into the 8 distinct flow topologies as shown in Fig. 2.2.

2.7 Favre-averaged approach to numerical simula-
tions of turbulent combustion

Turbulence has characteristic of random fluctuations of various physical variables. In
low Mach number non-reactive turbulent flow, density variation is expected to be small,
and density is considered to be constant. Thus, the popular engineering approach
to simulate the turbulent non-reacting flow consists of numerically solving averaged
quantities of the Navier-Stokes equation. However, density variation is significant
due to the high heat release from the chemical reaction in turbulent reacting flows.
Therefore, the transport equations in Eq. 2.1 need to take into account of density
variations by using the Favre-averaged quantities, whereas for a general quantity q

is q̃ = ρq/ρ̄ and q′′ = q − q̃. Favre averaging on mass conservation and momentum
transports from Eqs. 2.1a and 2.1b obtain:

∂

∂t
ρ̄+ ∂

∂xk

ρ̄ũk = 0 (2.44a)

∂

∂t
ρ̄ũi + ∂

∂xk

ρ̄ũkũi = − ∂

∂xi

p̄+ ∂

∂xk

τki − ∂

∂xk

ρu′′
ku

′′
i︸ ︷︷ ︸

Unclosed term

(2.44b)

Eq. 2.44b is similar to Eq. 2.1b, however Eq. 2.44b contains an unclosed term (Reynolds
stress ρu′′

ku
′′
i ) which cannot be determined by solving Eqs. 2.44a and 2.44b, and it

presents the first closure problem for turbulence modelling [153, 106]. Turbulent flow
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modelling for both reactive and non-reacting flows requires the knowledge of turbulent
kinetic energy as the unclosed Favre-averaged Reynolds stresses ρu′′

i u
′′
j are usually

modelled using a gradient hypothesis as:

−ρu′′
i u

′′
j = µt

(
∂ũi

∂xj

+ ∂ũj

∂xi

)
− 2

3δij

[
µt

(
∂ũk

∂xk

)
+ ρ̄k̃

]
(2.45)

where µt is a turbulent eddy viscosity. The turbulent eddy viscosity µt can be expressed
in terms of turbulent kinetic energy k̃ = ρu′′

i u
′′
i /2ρ̄ and its dissipation rate ε̃ =

µ(∂u′′
i /∂xj∂u′′

i /∂xj)/ρ̄ in the context of the k − ε model [105, 210] with µ being the
dynamic viscosity. In order to close the model, the transport equation for the turbulent
kinetic energy k needs to be solved.

2.7.1 Turbulent kinetic energy transport

The transport equation for the turbulent kinetic energy k̃ = ρu′′
i u

′′
i /2ρ is in the following

form:

∂ρk̃

∂t
+ ∂ρũj k̃

∂xj

= −ρu′′
i u

′′
j

∂ũi

∂xj︸ ︷︷ ︸
TK1

−u′′
i

∂p̃

∂xi︸ ︷︷ ︸
TK2

+ p′∂u
′′
k

∂xk︸ ︷︷ ︸
TK3

+ u′′
i

∂τij

∂xj︸ ︷︷ ︸
TK4

−∂(p′u′′
i )

∂xi︸ ︷︷ ︸
TK5

−
∂(1

2ρu
′′
i u

′′
ku

′′
k)

∂xi︸ ︷︷ ︸
TK6

(2.46)

where the viscous stress tensor is defined as:

τij = µ

(
∂ui

∂xj

+ ∂uj

∂xi

)
− 2

3µδij
∂uk

∂xk

(2.47)

The term TK1 represents the production/destruction of turbulent kinetic energy by the
mean velocity gradient term [215, 145, 41, 40]. The term TK2 is known as the mean
pressure gradient term [215, 145, 41, 40]. The term TK3 arises due to the correlation
between pressure and dilatation rate fluctuations and is referred to as the pressure
dilatation term. The combined effects of molecular diffusion and viscous dissipation
of turbulent kinetic energy are described by TK4 [215, 145, 41, 40]. The terms TK5

and TK6 represent transport of turbulent kinetic energy by pressure fluctuations and
turbulent velocity fluctuations respectively. The term TK4 can alternatively be written
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as [145, 41, 40]:

TK4 = u′′
i

∂τij

∂xj

= −ρ̄ε̃+
[
u′′

i

∂

∂xk

(
µ
∂u′′k

∂xi

)
− 2

3u
′′
i

∂

∂xi

(
µ
∂u′′

k

∂xk

)]
︸ ︷︷ ︸

TV

+ ∂

∂xj

(
µ
∂k̃

∂xj

) (2.48)

2.7.2 RANS modelling of turbulent combustion

In RANS, the Favre-averaged progress variable transport takes the following form:

∂ρ̄c̃

∂t
+ ∂ρ̄ũj c̃

∂xj

= ω̇︸︷︷︸
Unclosed term

+ ∂

∂xj

(
ρD

∂c

∂xj

)
︸ ︷︷ ︸

Unclosed term

−
∂ρu′′

j c
′′

∂xj︸ ︷︷ ︸
Unclosed term

(2.49)

The RHS of Eq. 2.49 contains three unclosed terms. Modeling of the mean reaction rate
¯̇ω is the main goals of most studies [157]. It can be closed by either Scalar Dissipation
Rate (SDR) or Flame Surface Density (FSD) approach. Further details will be shown
in the Literature Review chapter.

Bray [17] derived the following closure for the mean reaction rate of reaction progress
variable ¯̇ω in terms of SDR ε̃c for high Damköhler number (i.e. Da ≫ 1) flames (see
Eq.2.50). The Damköhler number Da can be written as: Da = lSL/u

′δth, where u′ is
the root mean square (rms) value of turbulent velocity fluctuation.

¯̇ω = 2ρ̄ε̃c

2cm − 1 (2.50)

where,

cm =
∫ 1

0 [ω̇cf(c)]Ldc∫ 1
0 [ω̇f(c)]Ldc

(2.51)

In Eq.2.51 f(c) is the burning mode probability density (pdf) and the subscript ‘L’
refers to the unstrained laminar flame quantities. For typical hydrogen/hydrocarbon-air
flames cm varies between 0.7 and 0.9.

The combined reaction rate and molecular diffusion term can be modelled as:
ω̇ + ∇ · (ρD∇c) = (ρSd)sΣgen where (ψ)s = ψ|∇c|/|∇c| denotes surface averaging [12],
Sd = (Dc/Dt)/|∇c| is the local displacement speed, and Σgen = |∇c| is the generalised
FSD [12]. For unity Lewis number flames the model (ρSd)s ≈ ρ0SL is often applied [94].
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The modelling of the last term on the RHS of Eq. 2.49 represents turbulent transport
of reaction progress variable and its modelling dependes on the closure of turbulent
scalar flux components ρu′′

j c
′′. The quantity ρu′′

j c
′′ is often closed in terms of an

algebraic expression [122, 19, 202, 198, 97, 165, 35] or a modelled transport equation
for ρu′′

j c
′′ [146, 34, 79].

In RANS, the Favre-averaged enthalpy transport can be written as the following
form:

∂ρ̄h̃

∂t
+ ∂ρ̄ũjh̃

∂xj

= ω̇T︸︷︷︸
Unclosed term

+ ∂

∂xj

(
λ
∂h

∂xj

)
︸ ︷︷ ︸

Unclosed term

−
∂ρu′′

jh
′′

∂xj︸ ︷︷ ︸
Unclosed term

(2.52)

In Eq. 2.52 ω̇T is the heat release due to combustion, it can be written as:

ω̇T = Hω̇ (2.53)

where H is the enthalpy of formation. The turbulent scalar flux of enthalpy ρu′′
jh

′′ can
be approximated as:

ρu′′
jh

′′

ρ0cp(Tad − T0)
≈ ρu′′

jT
′′ (2.54)

Thus, in order to close the transport equation (Eq. 2.52), ρu′′
jT

′′ is needed to solve
separately.

2.7.3 Flame surface density transport

The transport equation for Σgen takes the following form [94, 31, 23, 25, 108]:

∂Σgen

∂t
+ ∂ũjΣgen

∂xj

=
∂
[
(ui)s − ũi

]
Σgen

∂xi︸ ︷︷ ︸
TF 1

+
(

(δij −NiNj)
∂ui

∂xj

)
s

Σgen︸ ︷︷ ︸
TF 2

+ ∂

∂xi

[
(SdNi)sΣgen

]
︸ ︷︷ ︸

TF 3

+
(
Sd
∂Ni

∂xi

)
s

Σgen︸ ︷︷ ︸
TF 4

(2.55)

here, N⃗ = −∇c/|∇c| is the local flame normal vector. TF 1 is turbulent transport term,
TF 2 arises from strain rate, TF 3 is the propagation term and TF 4 is the curvature term.



34 Mathematical Background

The terms TF 1 − TF 4 are unclosed and thus need modelling. The near-wall modelling
of TF 1 − TF 4 will be addressed in Chapter 5 of this report.

2.7.4 Scalar dissipation rate transport

Chakraborty and Cant [40] demonstrated that Eq.2.50 remains valid even for low
Damköhler number combustion (i.e. Da < 1) as long as the flamelet assumption
remains valid. The transport equation of SDR ε̃c = ρD∇c′′ · ∇c′′/ρ̄ can be derived from
the transport equation of reaction progress variable ρDc/Dt = ω̇+∇·(ρD∇c) [137, 185],
which takes the following form [186]:

ρ̄
∂ε̃c

∂t
+ ρ̄ũj

∂ε̃c

∂xj

= ∂

∂xj

[
ρD

∂εc

∂xj

]
︸ ︷︷ ︸

D1

+T1 + T2 + T3 + T4 −D2 + f(D) (2.56a)

T1 = −
∂(ρu′′

j εc)
∂xj︸ ︷︷ ︸
T11

−2ρDu′′
j

(
∂c′′

∂xj

)(
∂2c̃

∂xj∂xk

)
︸ ︷︷ ︸

T12

(2.56b)

T2 = −2D [ω̇ + ∇ · (ρD∇c)]
ρ

∂c

∂xk

∂ρ

∂xk

+ 2D̃
ρ̄

∂c̃

∂xk

ρ̄

xk

[
ω̇ + ∇ · (ρD∇c) − ρu′′

l c
′′

∂xl

]
(2.56c)

T3 = −2ρD ∂c̃

∂xj

∂ũ′′
j

∂xk

∂c′′

∂xk︸ ︷︷ ︸
T31

−2ρD∂c′′

∂xj

∂̃u′′
j

∂xk

∂c′′

∂xk︸ ︷︷ ︸
T32

−2ρD∂c′′

∂xj

∂̃c′′

∂xk

∂uj

∂xk︸ ︷︷ ︸
T33

(2.56d)

T4 = 2D ∂ω̇

∂xk

∂c

∂xk

− 2D̃ ∂ω̇

∂xk

(2.56e)

D2 = 2ρD2 ∂2c′′

∂xk∂xi

∂2c′′

∂xk∂xi

(2.56f)

f(D) = 2D ∂c

∂xk

∂(ρD)
∂xk

∂2c

∂xjxj

+ 2D ∂c

∂xk

∂2(ρD)
∂xjxk

∂c

∂xj

− ∂

∂xj

(
ρNc

∂D

∂xj

)

− 2ρD∂D

∂xj

∂

∂xj

(
∂c

∂xk

∂c

∂xk

)
+ ρ

∂c

∂xk

∂c

∂xk

[
∂D

∂t
+ uj

∂D

∂xj

]
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− 2D̃ ∂c̃

∂xk

∂(ρ̄D̃)
∂xk

∂2c̃

∂xj∂xk

− 2D̃ ∂c̃

∂xk

∂2(ρ̄D̃)
∂xj∂xk

∂c̃

∂xj

+ ∂

∂xj

(
ρ̄D̃

∂c̃

∂xk

∂c̃

∂xk

∂D̃

∂xj

)
+ 2ρ̄D̃ ∂D̃

∂xj

∂

∂xj

(
∂c̃

∂xk

∂c̃

∂xk

)

− ρ̄
∂c̃

∂xk

∂c̃

∂xk

[
∂D̃

∂t
+ uj

∂D̃

∂xj

]
(2.56g)

The first term on the left hand side of Eq.2.56a is the transient term and the second term
on left hand side represents the effects of mean advection. The first and second term
on the right hand side of Eq.2.56a (i.e. D1 and T1) denote the molecular diffusion and
turbulent transport of ε̃c respectively. The term T2 is referred to the density variation
term due to heat release, whereas the turbulent scalar interaction term T3 arises from
the alignment of ∇c with local principal strain rates. The terms T4 and (−D2) denote
the contributions of chemical reaction and the molecular dissipation of ε̃c respectively.
The term f(D) arises due to diffusivity gradients. The terms T1, T2, T3, T4, (−D2) and
f(D) are unclosed and thus need modelling in RANS calculations in order to solve
the ε̃c transport equations. Based on the scaling anlaysis by Swaminathan and Bray
[185], T2, T32, T4 and D2 remain leading order contributors for all values of Damköhler
number Da and turbulent Reynolds number Ret = ρ0u

′l/µ0, where ρ0 is the unburned
gas density, µ0 is the unburned gas dynamics viscosity. A similar conlcusion is drawn
by Mantel and Borghi [137], where the effect of T2 term has not been taken into
account. DNS simulations [47, 48] suggest that the contributions of T31 and T32 remain
negligible in Da ≫ 1 combustion. However, both two terms have significant impact
on ε̃c transport for Da < 1. According to Swaminathan and Bray [185] the terms T11

and T12 scale as T11 ∼ ρ0S
2
L/δ

2
th × (1/Re1/2

t Da1/2) and T12 ∼ ρ0S
2
L/δ

2
th × (1/RetDa).

According to Mantel and Borghi [137], T11 and T12 are scaled as: T11 ∼ ρ0u
′2/l2 and

T12 ∼ ρ0u
′2/l2 × Re

−1/2
t . For high Turbulent Reynolds number flow, it can be seen

that T12 is likely to be negligible in comprision to T11. Moreover, T1 term can be
approximated to T1 ≈ −∂(ρu′′

j εc)/∂xj and its modelling depends of the turbulent flux
of scalar dissipation rate, ρu′′

j εc. The modelling of the quantities T1, T2, T3, T4, D2 and
f(D) are discussed later by a priori analysis of DNS data.

2.7.5 Turbulent scalar flux transport

The exact transport equation of ρu′′
i c

′′ (ρu′′
i T

′′) can be derived based on momentum
and reaction progress variable (non-dimensional temperature) transport equations
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as [146, 34]:

∂ρũ′′
i c

′′

∂t
+ ∂ρũjũ′′

i c
′′

∂xj

= −
∂ρu′′

i u
′′
j c

′′

∂xj︸ ︷︷ ︸
T1c

−ρu′′
i u

′′
j

∂c̃

∂xj︸ ︷︷ ︸
T2c

−ρu′′
j c

′′ ∂ũi

∂xj︸ ︷︷ ︸
T3c

−c′′ ∂P

∂xi︸ ︷︷ ︸
T4c

−c′′∂P
′

∂xi︸ ︷︷ ︸
T5c

+
u′′

i

∂

∂xk

(
ρD

∂c

∂xk

)
︸ ︷︷ ︸

T6c

+
[
c′′

i

∂τik

∂xk

]
︸ ︷︷ ︸

T7c

+u′′
i ω̇︸︷︷︸

T8c

(2.57a)

∂ρũ′′
i T

′′

∂t
+ ∂ρũjũ′′

i T
′′

∂xj

= −
∂ρu′′

i u
′′
jT

′′

∂xj︸ ︷︷ ︸
T1T

−ρu′′
i u

′′
j

∂T̃

∂xj︸ ︷︷ ︸
T2T

−ρu′′
jT

′′ ∂ũi

∂xj︸ ︷︷ ︸
T3T

−T ′′ ∂P

∂xi︸ ︷︷ ︸
T4T

−T ′′∂P
′

∂xi︸ ︷︷ ︸
T5T

+
u′′

i

∂

∂xk

(
ρD

∂T

∂xk

)
︸ ︷︷ ︸

T6T

+
[
T ′′

i

∂τik

∂xk

]
︸ ︷︷ ︸

T7T

+u′′
i ω̇︸︷︷︸

T8T

(2.57b)

The term T1c (T1T ) represents turbulent transport of ũ′′
i c

′′ (ũ′′
i T

′′), where T2c ( T2T )
and T3c (T3T ) represent turbulent scalar flux transport due to mean scalar and velocity
gradients respectively. The terms T4c (T4T ) and T5c (T5T ) are responsible for turbulent
scalar flux transport by mean and fluctuating pressure gradients respectively. The terms
T6c (T6T ) and T7c (T7T ) originate due to mass diffusion and viscous stress respectively,
and these terms act to reduce the magnitude of ũ′′

i c
′′ (ũ′′

i T
′′) irrespective of the nature

of scalar flux transport. Thus, these terms are often referred to dissipation terms.
The last term on the right-hand side T8c (T8T ) originates from the correlation between
reaction rate and reaction progress variable fluctuations. The terms T1c (T1T ), T4c

(T4T ), T5c (T5T ), T6c (T6T ), T7c (T7T ) and T8c (T8T ) are the unclosed terms and need
modelling, whereas the terms T2c (T2T ) and T3c (T3T ) are closed because modelled
transport equations for ρu′′

i u
′′
j and ρu′′

j c
′′ (ρu′′

jT
′′) are solved in the context of second-

moment closure. The statistical behaviour and modelling of T1c (T1T ), T4c (T4T ), T5c

(T5T ), T6c (T6T ), T7c (T7T ) and T8c (T8T ) will be discussed in result chapter.

2.7.6 Reaction progress variable variance transport

The scalar variance c̃′′2 is one of the important quantities for the flamelet [19, 127, 186]
and conditional moment [113] based closures. Besides, the variance c̃′′2 is often required
for the well-known Eddy Break Up (EBU) models [127]. Furthermore, c̃′′2 is an
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essential gradient of the tabulated chemistry based modelling of turbulent premixed
combustion [? ]. The transport equation of the reaction progress variable variance
c̃′′2 can be obtained using relation ρc′′2 = ρc2 − ρc̃2 and the instantaneous transport
equation of reaction progress variable ρ(Dc/Dt) = ∇(ρD∇c) + ω̇:

∂ρc̃′′2

∂t
+ ∂ρũj c̃′′2

∂xj

= ∂

∂xj

ρD∂c̃′′2

∂xj


︸ ︷︷ ︸

D1v

−∂ρu′′c′′2

∂xj︸ ︷︷ ︸
T1v

−2u′′
j c

′′ ∂c̃

∂xj︸ ︷︷ ︸
T2v

+ 2(ω̇c− ω̇c̃)︸ ︷︷ ︸
T3v

− 2ρε̃c︸ ︷︷ ︸
D2v

(2.58)

In Eq.2.58, D1c is a closed term which denotes the molecular diffusion of c̃′′2, T1c

is the turbulent transport term, T2c represents generation/destruction of c̃′′2 by the
mean scalar gradient, T3c is the reaction rate contribution and (−D2c) is the molecular
dissipation term. The term T2c is closed in the context of second-moment closure, so
the terms T1c , T3c and (−D2c) are the unclosed term in the context of c̃′′2 closure.
Equation 2.58 indicates that (−D2c) closure translates to the modelling of SDR ε̃c.





Chapter 3

Literature Review

This chapter introduces the flamelets approach with a review of the turbulent premixed
combustion modelling. The existing modelling strategies are mostly presented without
the presence of walls. Having outlined in chapter 1 why flame-wall interaction is of
particular significance in the contemporary design of combustion derives, this section
explores the existing literature on near wall combustion and its modelling.

3.1 Premixed flames

Premixed combustion occurs in the ordinary petrol-fuelled engines, where the fuel and
oxidizer are mixed to the molecular level in before ignition (some degree of inhomo-
geneity is normal in practical systems). Other examples of combustion devices which
utilise premixed combustion are modern industrial gas turbine for power generation
and the reheat system fitted to jet engines for supersonic aircraft. The most important
characteristic of premixed flame is self-induced propagation, in which the premixed
flame moves in the direction normal to its flame surface and consumes reactants.

3.1.1 Laminar premixed flames

The propagation rate of a laminar premixed flame is quantified by the laminar burning
velocity. Since the direction of propagation is fixed by the local flame geometry, laminar
flame speed SL is used to describe the magnitude of the burning velocity vector. The
laminar, unstretched, adiabatic flame speed depends on the thermochemistry of reactant
mixture (pressure, temperature, and the mass fraction of the chemical species):

SL = SL(p, T0, Yα), α = 1, ..., N (3.1)
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Fig. 3.1 Schematics diagram for laminar premixed flame.

For most hydrocarbon-air mixtures with reactants at ambient conditions, SL is in a
range from 0.3 to 0.6 m/s under atmospheric pressure. The quantity can be measured
by experiment or computed using a suitably detailed reaction mechanism.

The structure of laminar premixed flame is illustrated in Fig. 3.1. The reaction
zone is where most of the chemical reaction occurs. It is made up of many overlapping
reactions and diffusion layers depending on the number of chemical reactants and
species through a long and complex sequence of chemical proceedings. This zone is very
thin which is much less than 1 mm, and the temperature is high enough for activating
chemical reactions, breaking down chemical bonds and releasing reactive radical species.
However, in the preheat zone temperature is not sufficient for maintaining reactions.
The temperature of reactants is mainly raised by heat conduction as the reactants
approach the reaction zone, and it is important that the reactants are supplied to
the reaction zone from the preheat zone due to molecular diffusion. Most of the
heat release occurs in the equilibration zone where the temperature is high enough to
attain chemical equilibrium for the formation and dissociation of the major product
species. Furthermore, in comparison to the reaction zone, chemistry in the equilibrium
zone is much slower due to the prevalence of three-body recombination reactions [24].
Meanwhile, the heat release from the reaction zone and equilibrium zone conduct
towards the preheat zone at a rate controlled by the molecular processes of transport
and reaction.

3.1.2 Turbulent premixed flames

Inside combustion chamber of the spark-ignition engines and industrial gas turbines,
the flow field is turbulent, and the chamber is designed to manage the production and
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distribution of the turbulence for adjusting the burning rate. Turbulence modifies
premixed flames in numerous ways. Eddies in turbulent flow contain a spectrum of
length scales, and some eddies can wrinkle the flame surface and lead to increase
surface area and increase consumption speed, whereas some eddies perturb the internal
structure of the flame and the reactive-diffusive balance as mentioned in the previous
section. The perturbation may lead to a reduction in the local flame propagation rate
and also may cause local extinction in the case of intense turbulence.

The turbulent burning velocity is defined as the propagation velocity of the turbulent
flame brush relative to the reactants in the direction normal to flame mean flame
propagation direction [24]. Unlike laminar flame speed which mainly depends on the
thermochemistry of reactant mixture, turbulent flame speed depends on the root-mean-
square (rms) turbulence velocity fluctuation magnitude u and its integral length scale
l of turbulence.

3.1.3 Combustion regimes

Chemical time scales in turbulent premixed flames are often much shorter than the
large-scale turbulent time scales [17]. This implies that chemical reaction occurs in a
premixed flame is limited to a thin propagating surface. Hence a thin reacting interface
so-called flamelet separates unburned reactants and fully burned products in premixed
combustion. This is the fundamental assumption of flamelet concept which implies
that the modelling of the turbulent premixed combustion can be reduced to a two fluid
problem. On the other hand, this analysis reduces to a description of flow variables in
burnt and unburnt gases, burning rate and the flame surface. More simplifications can
be carried out if it is assumed that the local structure of the reacting interface resembles
a strained and curved laminar flame. Therefore, the consumption rate of the reactant
can be calculated by that in laminar flame condition. The flamelet assumption is an
effective way to decouple turbulence and chemistry. Cant and Bray [23] revealed that
the chemical effects lead to the variations in local flame speed which can be calculated
from the laminar flame calculation. The wrinkling and straining of laminar flamelet is
mainly affected by turbulence. There is much controversy about the validity and the
limitations of flamelet assumption. Thus, it is useful to consider a regime diagram with
the intention of recognising the strength and limitations of the flamelet assumption. A
regime diagram was proposed by Peters [153] is shown in fig 3.2:

Figure 3.2 is expressed in terms of non-dimensional parameters where L11 is the
longitudinal integral length scale. They are the turbulent Reynolds number Ret,
turbulent Damköhler number Da and the Karlovitz number Ka and reaction zone
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Fig. 3.2 A regime diagram for tuburlent premixed combustion.

Karlovitz number Kaδ. The turbulent Damköhler number Da can be stated as
Da = τt/τf , and τt is the turbulent time scale, which is given by τt = l/u′, and τf is
the chemical time scale, which is equal to D/S2

L. The Karlovitz number can be defined
as Ka = τf/τη with τη is Kolmogorov eddy turnover time, lF is flame length scale, η is
Kolmogorov length scale, νη is kolmogorov velocity scale. From the scaling relation
which based on an assumption of equal diffusivity for all reactive scalars and Schmidt
number Sc = ν/D is unity, Karlovitz number can be presented as:

Ka = τf

τη

∼ δ2
th

η2 ∼
ν2

η

S2
L

(3.2)

and the reaction zone Karlovitz number Kaδ is defined as:

Kaδ = δ2

η2 (3.3)

where δ ∼ δth/10 is the reaction zone thickness which leads to Kaδ ∼ Ka/100. Thus,
Kaδ ≈ 1.0 indicates Ka ∼ 100.

These non-dimensional parameters are related to each other in the following manner:

Ret ∼ Da2Ka2 (3.4)

The laminar flame exists in a turbulent flow when the flame stretch is less than a critical
value [113]. Corrugated flamelets regime is given by the conditions of Ka ≤ 1 and
Ret > 1. In this regime, the laminar flame thickness δth is smaller than the Kolmogorov
length scale η. The turbulent velocity fluctuations have minor effect on the flame inner
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structure. In the thin reaction zone regime 1 < Ka < Kaδ and Ret > 1, unsteady
fluctuation occurs in the preheat zone by the energetic turbulent eddies penetrating the
flame structure. This leads to flame thickening, meanwhile, the reaction zone remains
uninterrupted by turbulent motion. In the broken zones regime Kaδ > 1 and Ret > 1,
there are a significant amount of quenching and passive scalar mixing in a flame.

Flamelet modelling is valid for Ka < 1 and Ret > 1, and the boundary given
by Ka = 1 is known as the Klimov-Williams criterion [153]. However, Poinsot et
al. [158] found out that the Klimov-Williams criterion underestimates the flamelet
regime. Penetration in the flame front by small-scale eddies exists, but yet these eddies
are not energetic enough to indicate significant flame stretch. According to Poinsot et
al. [158], the suggestion is the flamelet assumption is able to extend to accommodate
the flames where small-scale turbulence affects the internal structure but do not quench
the flamelets.

3.2 Modelling of turbulent combustion

Favre averaged the Navier-Stokes equations in Eq. 2.1 gives rise to unknown quantities,
in other word, unclosed terms, which is the main objective in RANS modelling. These
unclosed terms are listed below:

• the Reynolds stress ũ′′
i u

′′
j

• the mean reaction rate ω̇

• the turbulent scalar fluxes ũ′′
i c and ũ′′

i T

3.2.1 Flamelet approaches

The Bray-Moss-Libby (BML) approach [19] is a well-established flamelet model. The
reaction progress variable c can be represented by using a presumed probability density
function (pdf) with two delta functions at c = 0 and c = 1 (see Fig. 3.3). The pdf of c
indicate the thin reacting surface that is entrenched in a turbulent flow. According to
BML approach, the pdf of c can be expressed as:

p(c) = αδ(c) + βδ(1 − c) + γf(c) (3.5)

where αδ(c) denotes the contribution of the reactants, βδ(1−c) denotes the contribution
of the products, and γf(c) is the contribution arising from the reacting gas. The BML
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assumes γ ≪ 1 in the flamelet assumption for Da ≫ 1 (e.g. α + β = 1), whereas, the
determination of α and β is given by:

α = 1 − c̃

1 + τ c̃
β = (1 + τ)c̃

1 + τ c̃
(3.6)

Thus, a double delta pdf is used to provide closure for a range of mean quantities in
terms of conditional moments at c = 0 and c = 1. The turbulent scalar flux of reaction
progress variable can be expressed as:

ũ′′c′′ = c̃(1 − c̃)
[
(ui)P − (ui)R

]
(3.7)

0 1

p
df
(c
)

c

Fig. 3.3 The Bray-Moss-Libby pdf of c

where (ui)P and (ui)R are conditional Reynolds averaged velocity components in the
products and reactants respectively. The Reynolds averaged reaction rate is modelled
by using the local surface area to volume ratio which is given by the FSD Σ [19]:

ω̇ = ρ0SLI0Σ (3.8)

where I0 represents the effects of flame stretch [153]. A level set approaches G equation
is another method for the thermo-chemical closure by solving a Reynolds averaged
transport equation for the level set variables G field and its variance [153]. Otherwise,
thermo-chemical closure in the flamelet regime can be solved by using a presumed
pdf of c. The flamelet pdf is used along with a strained laminar flame calculation,
where the laminar flame calculation can be used to tabulate the reaction rate as a
function of c and I0. A flamelet assumption can simplify the pdf transport equation by
allowing the reaction and diffusion terms to be lumped together and calculated as a
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function of c based on laminar flame structure [161]. Vervisch et al. [200] discussed the
interrelation between pdf and FSD approaches.

3.2.2 Progress variable variance

According to the BML model [19], one obtains:

c̃′′2 = c̃(1 − c̃) +O(γc) (3.9)

where O(γc) is the burning mode contribution. The contribution of O(γc) can be
neglected and c̃′′2 assumes its maximum possible value c̃(1 − c̃) when P (c) can be
approximated by a bi-modal distribution with impulses at c = 0 and c = 1.0, and this
condition is realised for high values of Damköhler number (i.e. Da ≫ 1), where the
flame front is thinner than the Kolmogorov length scale, and the turbulent eddies do
not affect the flame structure. However, O(γc) cannot be neglected for small values of
Da (i.e. Da < 1) and subsequently c̃′′2 remains smaller than c̃(1 − c̃), and thus it is
necessary to solve variance transport equation along with other modelled conservation
equations in the context of RANS simulations. It is true that many of models were
based on BML analysis which is strictly valid for infinitely fast chemistry Da ≫ 1.
The scalar variance c̃′′2 can be directly modelled as c̃(1 − c̃). The original BML based
model expressions have already been modified by Chakraborty and Cant [35] for low
Damköhler number (i.e. Da < 1) combustion in absence of the wall. Chakraborty
and Swaminathan [50] and Malkeson and Chakraborty [135] analysed the statistical
behaviours of scalar variance transport in turbulent premixed and stratified flames
respectively. Furthermore, Chakraborty and Swaminathan [50] demonstrated that
global Lewis number Le has significant influences on the various terms of the transport
equation of c̃′′2. However, all the aforementioned analyses have been carried out for
flames which are away from the wall, and the analysis of reaction progress variable
variance c̃′′2 transport in the near-wall region during flame-wall interaction is yet to be
addressed in existing literature.

3.3 Flame surface density

In order to obtain the closure of ω̇ (see 3.8), the FSD Σ is an important quantity to
be modelled. FSD is often modelled in RANS and LES using an algebraic closure or
by solving the transport equation. One of the algebraic closure approaches yield the
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following expression for Σ [19]:

Σ = gc̄(1 − c̄)
Σ̄yL̄y

(3.10)

where the constant g and the flamelet orientation factor Σ̄y (i.e. mean value of cosine
of the angle between the local flame normal and flame brush normal reactions) are
evaluated from experimental data, L̄y is the integral length scale of the wrinkling and
it can be related to the integral length scale of the turbulence as [23]:

L̄y = cLl
(
u

u0

)n

(3.11)

with constants cL ≃ 1.0 and n ≃ 1.0. Gouldin et al. [88] proposed an alternative
algebraic model for FSD which is based on fractal concepts:

Σ = 1
Louter

(
Louter

Linner

)Df −2
(3.12)

where Linner and Louter are the inner and outer cutoff scales of the flame front respectively,
and Df is the fractal dimension. Furthermore, the inner and outer cutoff scales of the
flame front are based on the turbulent Kolmogorov scale η and the integral length scale
l, respectively in the constant of RANS.

Marble and Broadwell [138] provided coherent flamelet model (CFM) to solve
the modelled FSD transport equation for non-premixed turbulent combustion. The
CFM is based on the physical processes that generate and destroy the flame surface
area. In the studies of Candel and Poinsot [22], Pope [160], Trouvé and Poinsot [192],
and Vervisch et al. [201] provided an exact FSD transport equation under theoretical
considerations for a propagating flame surface, where the FSD is convected by the
fluid flow, propagated by flame propagation, and produced/destroyed by the combined
effects of propagation and curvature due to turbulence. The main modelling concerns
on these strategies approaches are the effects of fluid strain rate and the effects of
the curvature and propagation. The effects of fluid strain rate are employed a model
which is scaled with the large scale turbulent strain rate in the flow, and the effects of
propagation and curvature are generally modelled as a destruction term within the
FSD transport equation.

The modelled FSD transport equation for premixed turbulent flame can be found
in the existing literatures [25, 93, 108, 40, 37, 94, 46, 32, 132]. However, the RANS
modelling of FSD based mean reaction rate closure in the near-wall region alongside
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the modelling of the unclosed terms in the transport equation for the generalised FSD
(i.e. Σgen = |∇c| [12]) has not yet been carried out.

3.4 Scalar dissipation rate

The SDR is a quantity of fundamental importance in the turbulent reacting flow [10].
Bray [17] demonstrated that the SDR in turbulent premixed flames is not only useful
for the purpose of modelling micro-mixing but also for the closure of mean reaction
rate. The instantaneous SDR is defined as:

εc = D∇c · ∇c (3.13)

The mean reaction rate ω̇ is proportional to the mean SDR in the context of Reynolds
Averaged Navier Stokes (RANS) simulations [17, 186]:

ω̇ = 2ρ̄ε̃c

2cm − 1 (3.14)

A number of previous studies concentrated on various aspects of SDR closure in
turbulent premixed combustion and a review of existing algebraic and transport
equation based closures of SDR in the context of RANS simulations can be obtained
in [15, 143, 49, 114]. It has been demonstrated based on DNS [40, 49, 50] studies
that the global Lewis number (defined as the ratio of thermal diffusivity to mass
diffusivity, i.e. Le = αT/D) plays an important role in the statistical behaviour of
SDR in turbulent premixed flames in the absence of walls. It should be noted that it
is not straightforward to assign a single characteristic Lewis number in actual flames
because of the presence of various chemical species with different Lewis number. In
turbulent premixed flames the Lewis number of the deficient reactant is often taken to
characterise the combustion process and thus considered to be the global Lewis number
[140]. Recently, Dinkelacker et al. [73] proposed a methodology of obtaining the
effective Lewis number based on a linear function of mole fractions of the species inside
the flame. A number of previous analytical [60, 151, 174], experimental [1, 126, 163]
and numerical [49, 40, 50, 95, 170, 192, 30, 93, 33] concentrated on different aspects
of Lewis number effects on turbulent premixed combustion in isolation and the same
approach has been adopted in the current analysis. However, the effects of Le on the
head-on quenching of premixed turbulent flame and its modelling using SDR closure
have not been analysed in the existing literature. In this thesis, three-dimensional DNS
simulations of head-on quenching of statistically planar turbulent premixed flames with
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different values of turbulent Reynolds number Ret (ranging from 50 to 100) and Lewis
number Le (ranging from 0.8 to 1.2) have been carried out to analyse the near-wall
SDR statistics.

3.5 Turbulent scalar flux

Turbulent scalar flux is a quantity of fundamental interest in heat and mass transfer
in the analysis of turbulent flows [122]. To date, most analyses [19, 55, 169, 202]
on statistical behaviour and modelling of turbulent scalar flux in turbulent reacting
flows have been carried out for flows away from walls. The most commonly used
turbulent scalar flux model assumes a gradient hypothesis [122] even though it is
well-known [79, 111] that the gradient transport does not sufficiently approximate
the statistical variation of turbulent scalar flux for both reacting and non-reacting
flows. Furthermore, counter-gradient model has been reported based on theoretical [19],
experimental [55] and computational [169] analyses. A counter-gradient transport is
obtained when transport due to flame-normal acceleration dominates over the transport
arising from turbulent velocity fluctuations [202]. By contrast, a gradient type transport
is obtained when the transport due to turbulent velocity fluctuation overcomes that
arising from flame normal acceleration [202]. Turbulent scalar flux can be closed by
either an algebraic expression [19] or solving a modelled transport equation [111]. To
date, most models for turbulent scalar flux and the unclosed terms of its transport
equation for reacting flows have been proposed for flows sufficiently away from the
wall.

3.6 Flame-wall interaction configurations

Poinsot et al. [156] have explored the fundamental aspects of flame-wall interaction
using two-dimensional DNS with simple chemistry. They investigated the effects of
wall distance on the local and global flame structure. Based on the simulation result,
they derived the “law-of-the-wall” model which was used to describe the interaction
between a turbulent premixed flame and a wall. Preliminary work on the interaction
between turbulent premixed flames and channel wall was undertaken by Bruneaux el
at. [20]. They identified that the turbulent convection of flame elements towards the
wall acts to increase wall heat flux magnitude in turbulent flames in comparison to that
in laminar flame-wall interaction. In another study from Bruneaux et al. [21], turbulent
premixed flame propagation in the vicinity of a wall by using three-dimensional constant
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density simulation has been carried out. The influence of the walls was investigated in
terms of flamelet approach, where the wall influences on flamelet speed and the FSD
transport have been addressed. They pointed out that during the turbulent flame-wall
interaction, walls reduces the flame speed through enthalpy losses and leads to flame
quenching and reduces the extent of flame wrinkling. The statistical behaviour of
maximum wall heat fluxes in a diffusion flame burner has been carried out by Lataillade
et al. [70]. Labuda [118] carried out an experimental study on wall induced flame
quenching at high pressure. They measured wall heat flux and ionisation current for
the cold wall for head-on quenching with a pressure range from 0.8 to 16 MPa. It
was found that quenching distance is independent of the maximum wall heat flux.
Laminar flame quenching in spark ignition engines was analysed experimentally by
Ferguson and Keck [85]. In their study, they examined the characteristic length over
a flame in a tube loses heat and proposed a Peclet number correlation. Truffin [193]
proposed a new wall law which includes the effects of the turbulent flame during its
interaction with the wall. This analysis mainly focuses on the heat transfer to the
wall during quenching. It is based on the FSD concept using two-dimensional DNS
results of a turbulent V-flame. Gruber et al. [90] carried out three-dimensional DNS
of turbulent premixed H2−air V-flame interaction with isothermal walls, where the
flame is anchored in a low-Reynolds number turbulent Poiseuille flow. Although the
existing literature provided important of flame-wall interaction, detailed information
on modelling of flame-wall interaction has not yet been conducted.

Three typical flame-wall interaction configurations (see fig 3.4) have been studied
in existing literature [156]:

• Head-on quenching (HOQ)

• Side-wall quenching (SWQ)

• Tube quenching

Figure 3.4 illustrates that HOQ occurs when a flame front reaches a cold wall at
a normal angle. A few studies [100, 98, 156] analysed HOQ by either numerical or
experimental method. One-dimensional simulations of laminar flame-wall interaction
were reported in Westbrook et al. [208]. The flame normal distance from the wall and
the wall heat flux Φ change as flame propagating toward the wall. The effects of the
wall, which are the reduction in the flame power combined with the increment of the
wall heat flux Φ, become predominant as the flame is in a close distance toward the
wall. Energy is extracted from the flame by the wall through heat diffusion. Studies
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(a) Head-on quenching

Flame front

Burnt gasCold gas

(b) Side wall quenching

Flame front

Burnt gas Cold gas

(c) Tube quenching

Flame front

Burnt gas Cold gas

Fig. 3.4 Configurations for flame-wall interactions [156].
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from Huang et al. [98], Vosen et al. [204] pointed out that at quenching, the wall heat
flux ΦQ is due to heat conduction in gas layer of thickness xQ which can be written as:

ΦQ ≈ −
∣∣∣∣∣λ(T1 − TW )

xQ

∣∣∣∣∣ (3.15)

above equation the scaled wall heat flux ΦQ at quenching can be expressed as:

ΦQ = T1 − TW

T1 − T0

1
PeQ

(3.16)

Poinsot et al. [156] suggests that quenching started when the Peclet number PeQ of
the flame front is in the order of three and the wall heat flux ΦQ at quenching is on the
order of 0.36. They also suggested that the flame stops propagating toward the wall
which is about one-third of flame power. Kuo [117] notes that chemical effects such as
equivalence ratio also have an impact on quenching distance. Conversely, Huang et
al. [98] conducted a study on the effect of different fuels on ΦQ, they found out that
ΦQ stays almost constant. Poinsot et al. [156] concluded that the HOQ problem is
thermally controlled, a simplified chemistry assumption can be used to simulate such
phenomenon.

Figure 3.4 illustrates SWQ case which is different from HOQ. A flame propagates
parallel to a wall, and only localised quenching occurs. However, the entire flame
front is affected in HOQ case. Relevant literature on the SWQ can be found in
references [203, 156]. Poinsot et al. [156] suggested that the Peclet number PeQ is in
the order of seven and the corresponding maximum heat flux is about 0.16.

The study of tube quenching can be dated back to Davy [69] and Stephenson in
designing the mine lamp in the 19th century, which implies total flame quenching for a
tube radius R less than the quenching distance. The study of Aly and Hermance [4]
reveals that Peclet number for tube quenching based on the diameter can be closed to
50.

3.7 Combustion models for flame-wall interaction

In-cylinder turbulent flame propagation is a very complicated process. While it may be
expected that the wall acts as a geometrical barrier in SI internal combustion engine,
and so limits the expansion of flame front which leads to a greater reduction in the
burning rate due to heat transfer from the flame front to the wall. The presence
of the wall further reduces the extent of flame wrinkling. In essence, wall induced
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quenching becomes unavoidable in SI engines. However, this quenching process can
depend on the engine intake geometry, combustion chamber geometry and the operating
conditions [72]. Existing evidence [71] indicates that suitable modelling of flame-wall
interaction plays a vital stage to physical modelling of the combustion process.

DNS data shows that walls influence turbulent flames but incorporating coupling
between turbulent flame and wall into a RANS code remain a challenge [157]. Existing
combustion models often accounts for flame-wall interaction based on the influence
from the wall on the turbulent time scales, where the modified time scales alter the
mean reaction rate of the approaching flame. This approach often yields unphysical
results due to incompatibilities between near-wall models and combustion models [157].
An early investigation by Poinsot et al. [156] introduced “law-of-the-wall” model for
reacting turbulent flows to incorporate wall effects in turbulent combustion models
based on modifying models near walls using physical arguments from DNS results. A
global sink term DQ for flame surface density Σ is added to the transport equation in
the first cell near the wall, where it can be represented the destruction of Σ by wall
quenching. Bruneaux et al. [21] modified all terms of the Σ transport equation to take
into account of the effects of the wall. The FSD transport equation for flame-wall
interaction according to Bruneaux et al. [21] is written as:

∂Σ
∂t

+ ∂ũiΣ
∂xi

= ∂

∂xi

(
νt

σΣ

∂Σ
∂xi

)
+α0

ε

k
ΓK

(
u′

SL
,
lt
δL

)
Σ − β0ρ0SLQm

Σ2

ρ̄Ỹ
(3.17)

+ ∂

∂xi

[
SL

(
1 − 1 −Qm

0.3

)]

where Y is the reduced mass fraction (Y = 1 for reactants and Y = 0 for products),
Qm is the quenching factor which is directly linked to the enthalpy loss to the wall:

Qm = e−2β[1−(T̃ +Ỹ )] (3.18)

Angelberger et al. [5] and Duclos et al. [76] have applied above transport equation into
piston engine computations.

3.8 Vorticity and enstrophy topology

Several previous analyses focussed on the alignment of ω⃗ with local principal strain
rates in non-premixed [147, 14, 99] and premixed flames [91, 29]. These analyses have
demonstrated that ω⃗ aligns predominantly with the intermediate principal strain rate
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similar to the non-reacting turbulent flows [197, 173, 6, 172, 134, 103, 196, 214, 131], but
ω⃗ also shows considerable alignment with the most extensive and compressive principal
strain rates depending on the relative magnitudes of chemical and turbulent time
scales. Chakraborty [29] has revealed that the global Lewis number Le has significant
influences on the alignment of ω⃗ with local principal strain rates. The analysis by
Chakraborty [29] revealed that ω⃗ predominantly aligns with the intermediate and the
most compressive principal strain rates for low Lewis number flames (e.g. Le = 0.34)
where the dilatation rate remains almost equal to the most extensive principal strain
rate.

The analysis by Hamlington et al. [91] has indicated that enstrophy Ω drops from
the unburned to burned gas side of flame-brush. On the contrary, Treurniet et al. [191]
reported a localised increase of Ω within the flame-brush [191] for flames with high
values of heat release parameter τ = (Tad−T0)/T0. Lipatnikov et al. [129] reported both
generation and decay of enstrophy decay across the flame brush in the cases of high (e.g.
τ = 6.53) and low (e.g. τ = 1.5) values of heat release parameter, respectively. These
authors also analysed the terms of the enstrophy and vorticity transport equation
for weakly turbulent premixed flames in the corrugated transport flamelets regime.
Recently, Chakraborty et al. [44] have demonstrated that Le significantly affects the
baroclinic torque contribution to the enstrophy transport and this may lead to an
augmentation of Ω within a flame for small values of Le under a turbulent flow condition
in the unburned gas, contrary to a decay of Ω across the flame with Le = 1.0.

3.9 Flow topology

Flow topologies are often characterised in terms of a three-dimensional space made
up the three invariants (i.e. first P , second Q and third R) of the velocity gradient
tensor ∂ui/∂xj [152, 57], where ui is the ith component of the velocity vector. The
topologies are schematically shown in Fig. 1. To date, most analyses on flow topologies
have been carried out for non-reacting incompressible flows. For incompressible flows,
the first invariant P is identically zero, so the flow topology distribution is governed
by Q and R. The analyses by Perry and Chong [152] and Soria et al. [177] indicated
the topology S4 is predominantly obtained for positive values of second-invariant
Q. Blackburn et al. [11] revealed that the topologies S2 and S4 remain dominant
away from the wall for incompressible flows. It has been demonstrated by Chong et
al. [56] and Chacin and Cantwell [28] that the joint probability density function (pdf)
shows a “teardrop” structure, and subsequently Ooi et al. [150] provided the evidence
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regarding the universality of this “teardrop” structure in Q−R space. The physical
explanations behind this “teardrop” structure of Q−R joint pdf for incompressible flows
have been provided by Elsinga and Marusic [84]. Both numerical and experimental
investigations suggested that the “teardrop” structure of Q − R joint pdf exists
only in the fully turbulent region and not in the interface between turbulent and
non-turbulent regions [56, 28].The qualitative arguments for predominant physical
mechanisms associated with individual topologies (e.g. enstrophy production is large
in S4 topology whereas the strain rate production is associated with S1 topology)
were postulated by Tsinober [195]. The interaction of flow topologies with passive
scalar surface topology quantified in terms of Gauss and mean curvatures (i.e. κg

and κm) was analysed in detail by Dopazo et al. [75]. It is worth noting that all
the aforementioned analyses were conducted for incompressible fluids where the first
invariant P is identically zero. However, in compressible flows the statistical behaviour
of the first invariant of the strain rate tensor P plays an important role, and thus
the location in three-dimensional P −Q−R space determines the local flow topology.
The structure of a compressible wake using the critical point theory in terms of P,Q
and R was analysed by Chen et al. [53] for the very first time. Sondergaarad et
al. [176] characterised small-scale local flow geometries in a compressible turbulent
shear flow in terms of P,Q and R. Maekawa et al. [133] and Suman and Girimaji [183]
demonstrated that S2 and S4 topologies are predominant on the Q − R plane for
decaying isotropic compressible turbulence. The topology distributions in the inner
and outer layers in turbulent compressible boundary layers were analysed using Direct
Numerical Simulation (DNS) data by Wang and Lu [207]. It is worth noting that all
these analyses were carried out for non-reacting flows.

Tanahashi et al. [188] was the first to analyse the flow topologies in turbulent
premixed flames by to distinguish between strain dominated and vorticity dominated
regions. Grout et al. [89] analysed flow topologies using DNS data of a reactive
transverse fuel jet in cross-flow and revealed that S8 topology is associated with the
regions of high heat release. Recently, Cifuentes and his co-workers [59, 58] analysed
the distribution of flow topologies across the flame front using simple chemistry DNS
database of premixed turbulent flames with unity Lewis number representing the
flamelets regime of combustion and reported that the probability of finding the focal
(nodal) flow topologies decrease (increase) across the flame front. Flow topology
distributions in turbulent spray flames were analysed by Wacks and Chakraborty [205]
using DNS data, which demonstrated that the flow topology distribution within the
spray flames shows resemblance to the findings by Cifuentes et al. [59] and Grout
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et al. [89]. Recently, Wacks et al. [206] analysed flow topology distributions for the
different regimes of turbulent premixed combustion and it has found that the weakening
of dilatation rate (in other words weakening of P ) from the corrugated flamelets to the
thin reaction zones to broken reaction zones regimes of premixed turbulent combustion
plays a key role in the behaviours of the invariants of the strain rate tensor and
their components, which in turn affects the distribution of flow topologies and their
contributions to vorticity and scalar dissipation rate evolutions. In this respect, it is
useful to note all the flow topology analyses for turbulent reacting flows were carried
out for conditions which are not wall-bounded.





Chapter 4

Numerical Implementation

This chapter discusses the numerical methods for DNS and the implementation for
HOQ and oblique wall quenching configurations. It starts with the spatial resolution
and physical scales requirements for capturing the insights of turbulent combustion.
The initialisation method for generating homogeneous and isotropic turbulent flow
field is presented. Then, the DNS boundaries conditions for inlet, outlet and wall
are discussed. Implementation of HOQ and oblique wall quenching configurations are
discussed in details.

4.1 Spatial resolution and physical scales

The basic requirements of DNS of turbulent flame-wall interaction simulations are as
follows:

• The domain length L should be large enough to accommodate the large scales of
the flow (L > 5l)

• The grid size ∆x should be fine enough to resolve the smallest scales of the flow
(∆x ≤ η)

• The grid size ∆x should be fine enough to resolve the flame structure (∆x ≪ δth)

• The grid resolution near wall should be smaller than unity (ρ0uτ ∆x/µ0 < 1)

where uτ and µ0 are the friction velocity and unburned gas viscosity respectively.
DNS of non-reacting turbulent flows needs to resolve up to the Kolmogorov scale,

which is the smallest eddy scale of the flow. If L is the length of a computational
domain (or the shortest length in a rectangular domain) and N grid points are placed
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in that length then, the grid size is given as ∆x = L/(N − 1). Turbulent flow is
characterised by velocity fluctuation u′ and its integral length scale l. The size of L is
taken to be the order of l (L = (N − 1)∆x ≥ l). The ratio of integral length scale to
the Kolmogorov scale is given by: η ∼ Re

3/4
t , and l/η < N − 1. Since grid size has to

be greater or equal to the smallest scale of turbulence ∆x ≤ η, the following criteria
are adjusted:

N − 1 > Re
3/4
t (4.1)

Above relation limits the number of grid required for DNS of a given turbulent Reynolds
number Ret.

Apart from resolving the turbulent scales, the resolution of chemical scales is also
important for DNS of turbulent combustion. A single step irreversible chemistry
requires at least ten grid points across the thermal flame thickness δth. However, for
detailed chemistry, more grid points (∼ 14 grid points) are needed across the δth. In
another word, elementary cells Q ≈ 10 for a single step irreversible chemistry, and
Q ≈ 14 for detailed chemistry to resolve the internal structure of the flame. Thus, the
computational domain L ≈ [(N − 1)/Q]δth which is led to:

l

δth
<

L

δth
<
N − 1
Q

(4.2)

The flame thickness can be replaced by diffusive flame thickness δ ≈ ν/SL. As a result,
the product of Ret and Da can lead to the following inequality:

RetDa = l2SL

νδ
=
(
l

δ

)2

<

(
N − 1
Q

)2

(4.3)

4.2 Initialisation of turbulence

The initial conditions of DNS turbulent flow which are already good approximations of
the solutions of the Navier-Stokes equations, which ensures truly turbulent solution in
the simulation without unnecessary initial transients and reduces the time required to
achieve a fully developed turbulence. However, without the closed form of a Navier-
Stokes solution, or sufficiently detailed experimental data, it is essential to create the
initial approximation numerically [26].

In the present analysis, the initial turbulent flow field away from the wall is a
three-dimensional homogeneous isotropic turbulence with a specified energy spectrum.
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In order to satisfy the continuity homogeneity and isotropy in the initial turbulent
velocity field, the implementation in the Fourier space is the most convenient method
from the theoretical perspective [26]. The velocity field u⃗ is generated in Fourier space
and inverse Fourier transformed to real space, and numerical approximation method is
based on a pseudo-spectral method [167]. The continuity condition for incompressible
flow satisfies the following condition:

∇ · u(x) = 0 (4.4)

with an equivalent condition in Fourier space:

κ̄ · û(κ) = 0 (4.5)

where κ̄ is the linear wave number vector and û(κ) is the Fourier transform of the
real-space velocity vector u(x). Eqs 4.4 and 4.5 indicate û and κ are orthogonal to
each other. Hence, there is no component of û in the direction of the wavenumber
vector, and û can be rewritten as:

û(κ̄) = α(κ̄)e1 + β(κ̄)e2 (4.6)

Hence, ei indicates the unit basis vector (the direction of i = 3 is aligned with κ̄).
The complex functions α(κ̄) and β(κ̄) are generated with random phase, but their
magnitudes for each Fourier mode imitates the averaged energy of the energy spectrum
E(κ). The expressions for α and β take the following form:

α =
√
E(κ̄)
2πκ̄2 e

iθ1cosϕ (4.7)

β =
√
E(κ̄)
2πκ̄2 e

iθ2sinϕ (4.8)

where θ1, θ2 and ϕ are uniformly-distributed random phase angles. The E(κ) is
chosen the widely used spectrum in DNS given by Batchelor and Townsend [7], which
represents the decaying isotropic turbulence:

E(κ) = c0
κ̄4

κ̄5
0
e−2(κ̄/κ̄0)2 (4.9)
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The Gaussian form provides a rapid roll-off of the energy at high wavenumber, and
κ̄4 for low wavenumbers corresponds strictly to the incompressible limit [7]. c0 is a
multiplier, and the wavenumber κ̄0 corresponds to the peak energy. The following
quantities of interest are:
(1) turbulent kinetic energy evaluated over the whole domain of initialisation:

k = 3
32

√
π

2 c0 (4.10)

(2) turbulence kinetic energy dissipation rate evaluated over the whole domain of
initialisation:

ε = 15
16

√
π

2π
2νc0k̄

2
0 (4.11)

This leads to the following expression of:
Longitudinal integral length scale

L11 = 1√
2πk̄0

(4.12)

Taylor length scale

λ2 = 1
2π2k̄2

0
(4.13)

Kolmogorov length scale

η =

 ν2

15
16

√
π

2π
2c0κ̄2

0


1/4

(4.14)

4.3 Navier Stokes Characteristic Boundary Condi-
tions

DNS of unsteady compressible flow requires accurate control over wave reflection from
the boundary of the domains. For this purpose, the Navier-Stokes Characteristic
Boundary Conditions (NSCBC) method is proposed in boundaries setting of simulation
domain [8]. Non-periodic simulations with flow inlet, outlet and walls conditions allow
acoustic waves, and the simulation solutions are affected by the boundary conditions.
NSCBC provides a guideline of specifying numerical and physical boundary conditions.



4.3 Navier Stokes Characteristic Boundary Conditions 61

This method is based on a one-dimensional characteristic or local one-dimensional
inviscid (LODI) analysis of the different waves crossing a given boundary of the
computational domain. The governing equations can be stated as follows:

∂ψ∗

∂t
+ ∇ · F = D + s (4.15)

where the vector of conservative variable is given as ψ∗ = {ρ, ρu, ρv, ρw, ρE, ρYk}T ,
and where F is the vector of converctive fluxes which can be stated as ∇ · F =
∇(n) · F(n) + ∇(t) · F(t), (n) denotes the normal and (t) denotes the tangential directions
to the boundary, D is the vector of diffusive fluxes and s is the vector of source term.

The LODI scheme is specified by a characteristic analysis of a locally one-dimensional
system of conservation equations:

∂ψ∗

∂t
+ ∂Fi

∂x
+ C ′

i = 0 where i = 1 to n (4.16)

where ψ∗ is a conservative variable vector, Fi is a representative flux vector and C ′
i is

a non-homogeneous term without derivatives. Rewriting the Eq. 4.16 based on the
dependent variables ψi yields the following equation:

∂ψi

∂t
+ Aij

∂ψj

∂x
+ Ci = 0 (4.17)

Eq. 4.16 and Eq. 4.17 are linked subsequently as:

∂ψ∗

∂t
= Pij

∂ψj

∂t
where Pij = ∂ψ∗

i

∂ψj

(4.18)

∂Fi

∂t
= Qij

∂ψj

∂t
where Qij = ∂Fi

∂ψj

(4.19)

In above equations, Aij = P−1
ij Qkj and Ci = P−1

ik C
′
k where Aij, Pij and Qij are

the components of the n × n matrices. The matrix Aij has n linearly independent
eigenvectors SikAkpSpj = Λij with the eigenvector matrix Sij and diagonal matrix Λij

(where Λij=i is equal to the eigenvalues λi). By using the eigenvector matrix, Eq. 4.17
can be shown as:

Sij
∂ψj

∂t
+ ΛikSkj

∂ψj

∂x
+ SijCj = 0 (4.20)
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Subsequently, the new vector ξ⃗ can be defined in the following manner:

dξi = Sijdψj + SijCjdt (4.21)

and

∂ξi

∂t
+ Λik

∂ξk

∂x
= 0 (4.22)

or

∂ξi

∂t
+ λi

∂ξk

∂x
= 0 (4.23)

Equation 4.23 has a characteristic velocity λi, and the second term of Eq. 4.20 is called
the wave amplitude variation Li. Figure 4.1 represents the schematic diagram of the
wave amplitude variations Li at the inlet and outlet boundaries.

Inlet Outlet

L1

L2

L3

L4

L5

L5+k

L1

L2

L3

L4

L5

L5+k

x1 −→

Fig. 4.1 Schematic diagram of the wave amplitude variations Li at inlet and outlet
boundaries
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Following analysis is considered on x-boundary. The LODI system is described
as [157]:
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(4.24)

In above equation, Li (1 ≤ i ≤ 5 +N) are the wave-based quantities, which is obtained
from a characteristic analysis of the governing equations along x-direction. Furthermore,
the wave-based quantities Li provide the temporal rate of change of the amplitudes of
the different acoustic, convective or entropy waves, which across the x-boundary [157]:
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Here, the characteristic wave velocities λi is given by [157]:

λ1 = u− a, λ2 = λ3 = λ4 = λ5+i = u, λ5 = u+ a (4.26)

where a is the local speed of sound given by a2 = γp/ρ. The wave travelling towards
the negative x1 direction is indicated by the wave amplitude variation L1, and L5

corresponds the wave travelling in the positive x1 direction. L2 is the entropy wave,
and L3 (L4) corresponds the advection in transverse direction x2 (x3).

4.3.1 Inlet boundary condition

In current analysis, u1, u2, u3, ρ and c are specified. The wave amplitude variations
are listed as below:

L1 = (u1 − a)
(
∂p

∂x1
− ρa

∂u1

∂x1

)
(4.27)

L3 = −∂u2

∂t
(4.28)

L4 = −∂u3

∂t
(4.29)

L5 = L1 − 2ρa∂u1

∂t
(4.30)

L2 = −1
2(L1 + L5) − a2∂ρ

∂t
(4.31)

The wave amplitude variation L5+k which are associated with the progress variable are
zero as it is considered homogeneous mixture from the inlet.

4.3.2 Partial non-reflecting outlet boundary condition

A perflectly non-reflecting condition might not lead to a well-posed problem [157]. For
partial non-reflecting outlet , five characteristic waves L2, L3, L4 L5 and L5+k leaves
the domain while L1 is coming from outside the domain with a speed of λ1 = u1 − a,
where the static pressure p∞ is specified for well-posed solution (if the local pressure p
at the boundary is less than p∞, a reflected wave is generated to bring p closer to p∞).
Therefore, the amplitude of incoming wave L1 is defined as:

L1 = K(p− p∞) (4.32)
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The form of constant K [168] is:

K = σ(1 −Ma2
max)a/L (4.33)

where Mamax is the maximum Mach number in the flow and σ is a constant.
The LODI assumption has proved robust in most DNS studies of unidirectional

mean flow. However, it becomes inadequate when multi-directionality of the flow has a
dominate effect. In counterflow configuration, the transverse derivatives can not be
neglected [213]. Therefore, the LODI is modified to take into account of the transverse
derivatives as:
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(4.34)

where vt is the velocity vector in tangential directions. The above equation can be
written in term of the incoming pressure waves’ variations (leave and enter the domain)
as [77]:

L1/5 = Kp(p− p∞) +K1/5(u1 − u1∞) + S1/5 + T1/5 +D1/5 (4.35)

The constants Kp and K1/5 enable the local pressure p and the velocity u1 to return
their target values within a chosen time scale to minimise unwanted reflection of the
acoustic waves which leave the domain. The term S1/5, T1/5 and D1/5 represent the
pressure variations due to the source, transverse convection, and transverse diffusion
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respectively, and they take the following forms [184]:

S = (1 − γ)KS
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)
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D = (γ − 1)KD
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∂ρYαVαt
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where the subscript t referes to the tangential directions to the boundary planes, KS,
KT and KD are constant for the configuration, and KT = (1 −Ma) suggest by Yoo
and Im [213].

4.3.3 Wall boundary condition

All walls considered to be stationary and have characteristics of no-slip and impermeable.
Therefore, they contain perfect reflections of acoustic waves, but there are no convective
transports of any quantity through the wall. For an isothermal wall, all velocity
components are equal to zero (ui = 0), and the wall temperature is specified. The
reactant species flux is equal to zero.

4.4 Implementation of HOQ with simplified chem-
istry

The simulations data have been carried out by a DNS code SENGA [102] which
solves standard conservation equations of mass, momentum, energy and species for
compressible reacting flows in non-dimensional form. A rectangular box of dimensions
70.6δZ × 35.2δZ × 35.2δZ has been taken for the simulation domain where δZ = αT 0/SL

is the Zel’dovich flame thickness with αT 0 and SL being the thermal diffusivity of the
unburned gas and the unstrained laminar burning velocity respectively. The simulation
domain has been discretized using a uniform Cartesian grid of 512 × 256 × 256, which
ensures that there are ten grid points across the thermal flame thickness δth. The
left-hand side of the domain boundary in the x1-direction (i.e. x1 = 0) is taken to be a
no-slip isothermal wall with temperature TW = T0, and zero mass flux is enforced in
the wall normal direction. The boundary opposite to the isothermal wall is taken to be
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Table 4.1 List of initial simulation parameters and non-dimensional numbers for head-on
quenching cases

Case A B C D E
u′/SL 5.0 6.25 7.5 9.0 11.25
L11/δth 1.67 1.44 2.5 4.31 3.75
Da 0.33 0.23 0.33 0.48 0.33
Ka 8.67 13.0 13.0 13.0 19.5

partially non-reflecting. The boundary conditions are specified using NSCBC technique
[159]. The rest of domain boundaries in x2 and x3 directions are taken to be periodic.
A 10th order central difference scheme is used for spatial differentiation of internal grid
points but the order of differentiation decreases gradually to a one-sided 2nd order
scheme at the non-periodic boundaries [102]. The time advancement is carried out by
using an explicit third-order low storage Runge-Kutta scheme [212].

A steady unstrained planar laminar premixed flame solution is used to initialise the
reactive field so that the T = (T̂ −T0)/(Tad −T0) = 0.9 isosurface remains at a distance
20δZ away from the wall. This allows for enough time for the flame to evolve before
interacting with the wall. The turbulent fluctuating velocity field is initialised using a
homogeneous isotropic field of turbulent velocity fluctuations, which is generated using
a pseudo-spectral method [167] following the Batchelor-Townsend Spectrum [7], but
the velocity components at the wall u1, u2 and u3 are specified to be zero to ensure
no-slip condition. This field is allowed to evolve for an initial eddy turn-over time
(i.e. te = l/u′ where l is the integral length scale and u′ is the root-mean-square (rms)
turbulent velocity magnitude) before interacting with the flame.

The initial values of normalised rms turbulent velocity fluctuation u′/SL, the
ratio of longitudinal integral length scale to thermal flame thickness L11/δth for the
turbulent velocity field away from the wall are listed in Table 4.1 along with the
corresponding values of Damköhler number Da = L11SL/δthu

′ and Karlovitz number
Ka = (u′/SL)3/2(L11/δth)−1/2. Table 4.1 indicates that the cases A, C and E have
same values of Da, and cases B, C and D show the same values of Ka. Three different
global Lewis numbers (i.e. Le = 0.8,1.0 and 1.2) have been considered for each set
of turbulence parameters considered here. Standard values are chosen for Prandtl
number Pr and ratio of specific heats γ (i.e. Pr = 0.7 and γ = 1.4). For the present
analysis, both the heat release parameter τ = (Tad − T0)/T0, and Zel’dovich number
β = Eac(Tad −T0)/RT 2

ad are taken to be 6.0 (i.e. τ = 6.0 and β = 6.0). These values are
representative of iso-octane-air mixture with unburned gas temperature T0 ≈ 325.0 K
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and equivalence ratio of 1.10 under atmospheric pressure. The simulations for turbulent
cases have been carried out up to a time when the maximum, mean and minimum
values of wall heat flux assume identical values following the flame quenching. The
simulation time remains different from one case to another but the simulations for all
cases were continued for t ≥ 12δZ/SL where 12δZ/SL corresponds to 21, 30, 21, 15 and
21 initial eddy turn over times for cases A-E respectively. The non-dimensional grid
spacing next to the wall y+ = uτ ∆x/ν remains smaller than unity for all turbulent
cases (the maximum value of y+ has been found to be 0.93 during the course of the
simulation), where uτ =

√
τw/ρ , τw and ν are the friction velocity, mean wall shear

stress, and kinematic viscosity respectively. For y+ = uτ ∆x/ν ≈ 0.93, the minimum
normalised wall normal distance uτx1/ν of T = (T̂ − T0)/(Tad − T0) = 0.9 iso-surface
has been found to be about 15.0 for the quenching flames considered here.

For the current analysis, all the Reynolds/Favre averaged quantities are evaluated
by ensemble averaging the quantity in question in the transverse direction (i.e. over
x2 − x3 plane) at a given x1 location. The statistical convergence has been assessed
by comparing the results using full and half of available sample sizes. In all cases, a
satisfactory level of statistical convergence has been obtained, and the results based on
full sample size will be presented in the next section for the sake of conciseness.

4.5 Implementation of sidewall quenching of turbu-
lent V-flames

The same DNS code SENGA [102] has been used to simulate the quenching of V-shaped
flames by two sidewalls (See Fig. 2.1). Single step chemistry is used for the purpose
of the computational economy. The simulation domain for V-flame is taken to be
rectangular boxes of sizes 175.8δZ × 58.5δZ × 58.5δZ (where the long-side of the domain
is aligned with x1−direction). The computational domain is discretised by a uniform
Cartesian mesh of size 900 × 300 × 300 ensuring at least ten grid points across the
thermal flame thickness δth. Furthermore, this resolution ensures that normalised grid
size ρ0uτ ∆x/µ0 remains smaller than unity, where uτ and µ0 are the friction velocity
and unburned gas viscosity, respectively. No-slip wall boundary conditions are specified
in x2−direction at x2 = 0 (i.e. lower wall) and x2 = L2 (for upper wall where L2 is the
domain length in x2−direction), and flame normal mass fluxes are enforced to be zero
for both top and bottom walls. Turbulent inflow and partially non-reflecting boundary
conditions are specified in x1−direction, whereas periodic boundaries are considered
for x3−direction. A flame holder with an approximate radius of Rfh ≈ 1.5δth is placed
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Table 4.2 List of inflow simulation parameters and non-dimensional numbers for V-flame
cases

Case V-flame HOQ
u′/SL 5.0 5.0
L11/δth 1.67 1.67
Da 0.33 0.33
Ka 8.67 8.67
Le 1.0 1.0

at a distance 44δZ from the inlet and 14.6δZ from the lower wall to ensure the flame
interacts more readily with the lower wall. The mean inlet velocity Umean is taken to
be 12.0SL for the V-flame simulation. The simulations have been carried out for two
complete flow-through times (i.e. 2tft = 2L1/Umean, where L1 is the domain length in
x1−direction). The heat release parameter τ is taken to be 2.3, the Zel’dovich number
β is taken to be 6.0 and the ratio of specific heats γ is equal to 1.4.

The turbulent flow conditions at the inlet for the V-flame configuration are listed
in Table 4.2. For comparison purposes, HOQ simulations have been carried out for the
same chemical mechanism and the initial values of u′/SL and L11/δth listed in Table 4.2
for cases V-flame and HOQ.

4.6 Implementation of HOQ with a detailed chem-
ical mechanism

The detailed chemistry simulations have been conducted using a three-dimensional
compressible code SENGA2 [27]. The domain is taken to be a cube of each side
equal to 7.65 mm which is discretized by a uniform grid of dimension 256 × 256 × 256
ensuring 15 grid points across the thermal flame thickness δth. In SENGA2, the spatial
differentiation is carried out using a 10th order central difference scheme for the internal
grid points, but the order of differentiation gradually decreases to a one-sided 4nd order
scheme at the non-periodic boundaries. The time advancement is carried out using
an explicit low-storage 4th order Runge-Kutta scheme. The negative x1−direction is
aligned with the mean direction of flame propagation. The left-hand boundary in the
x1−direction is taken to be an inert isothermal wall which is kept at the unburned gas
temperature T0, which is taken to be 300 K for this analysis. The boundary opposite to
the wall is taken to be partially non-reflecting and is specified using the Navier-Stokes
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Table 4.3 Initial turbulence parameters away from the wall and the value of heat release
for detailed chemistry

Case Chemical Mechanism u′/SL L11/δth Da Ka τ

A 16 species, 25 reactions 7.5 2.5 0.34 13.0 6.0
B 1-step irreversible 7.5 2.5 0.34 13.0 6.0

Characteristic Boundary Conditions (NSCBC) technique. The transverse directions
are taken to be periodic. A detailed chemical mechanism (involving 16 species and
25 reactions and among these ten reactions are reversible) for atmospheric pressure
combustion of methane-air mixture [175] has been considered for detailed chemistry
simulations. The thermo-physical properties such as viscosity, thermal conductivity
are taken to be functions of temperature and CHEMKIN [109] polynomials have
been used to account for the temperature dependence of these physical properties.
Mixture averaged transport is adopted for the current analysis. A steady state planar
stoichiometric methane-air premixed flame under atmospheric pressure is used for
initializing the reacting species and temperature fields. A homogeneous isotropic
velocity field, generated using a standard pseudo-spectral method [167] following the
Batchelor-Townsend spectrum [7], is used for the initialization of turbulent fluid motion
away from the wall. The initial turbulent flow field parameters are shown in Table 4.3.

In order to compare the detailed chemistry simulation results with those obtained
from simple chemistry simulation, three-dimensional DNS for a generic single step
irreversible chemistry has been carried out. The thermo-physical properties such as
dynamic viscosity, thermal conductivity, and density-weighted mass diffusivity are
taken to be constant and independent of temperature, and the Lewis numbers of all
the species are taken to be unity. For simple chemistry DNS the domain is taken to be
35.2δZ × 35.2δZ × 35.2δZ, which is discretized using a uniform grid of 256 × 256 × 256
ensuring 10 grid points within δth. The simulations for head-on quenching have been
conducted until the time when the volume-integrated heat release reduces by 20 % of
its initial value.



Chapter 5

Results & Discussion 1: A Physical
Insight

"From forth the fatal loins of these two foes, a pair of star-crossed lovers take their
life." – Romeo and Juliet

— William Shakespeare (1564-1616) 1

1This picture shows the interaction between methane flame and the wall. Cooling of combustor
walls is necessary because the burned gas temperature is often higher than the melting point of
the combustor material. This cooling significantly affects the combustion processes in the near-wall
region and the life span of the combustor itself. Grey surface indicates the cold wall; Green isosurface
indicates flame temperature 400K; Yellow isosurface indicates 650K; Red isosurface indicates 1700K.
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Fig. 5.1 Flow chart for Results & Discussion chapter 5 and 6

5.1 Results and discussion outlines

This chapter seeks to provide the physical insights of flame-wall interaction. Firstly,
three-dimensional DNS of HOQ of turbulent premixed flame based on a single-step
Arrhenius-type irreversible chemical reaction is chosen for the analysis by using the
SENGA, because three-dimensional DNS simulations with detailed chemistry are
extremely expensive for a detailed parametric analysis [54]. Secondly, Chapter 5 and
6 are going to focus on the physical insights and modelling of turbulent flame-wall
interaction (see Fig. 5.1). Finally, the extended results based on the detailed chemistry
findings by using SENGA2 code will be presented in Chapter 7 in the current thesis.

A global flame behaviour of head-on quenching of turbulent premixed flame is
provided with the consideration of different turbulent cases and non-unity Lewis number
effects. The primary focus of this chapter is on the interactions between the wall,
turbulent motion and the flame. The statistical behaviours of vorticity and enstrophy
in the near-wall region will be discussed in this chapters along with the influences of
the flow topology on the wall heat fluxes. Finally, the behaviours and modelling of the
turbulent kinetic energy and the scalar variance transports will be discussed in detail
later in this chapter.
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5.2 Global flame behaviour: wall heat flux and
Peclet number and their Lewis number depen-
dence

5.2.1 Laminar flame

The temporal evolution of non-dimensional temperature T , the reaction rate of progress
variable ω̇, normalised wall heat flux magnitude Φ and wall Peclet number Pe for the
head-on quenching of a premixed planar laminar flame with Le = 1.0 are shown in
Fig. 5.2. It can be seen from Fig. 5.2 that the wall Peclet number Pe for the laminar
flame decreases as the flame approaches the cold wall, which is accompanied by the
increases of both the thermal gradient at the wall and the magnitude of the normalised
wall heat flux Φ. This trend continues until the flame quenches completely when Pe

attains its minimum value (i.e. the minimum distance of T = 0.9 isosurface from the
wall) and Φ reaches its maximum value. The initiation of flame quenching can be
seen from the significant drop in the chemical reaction rate ω̇, and the reaction rate
completely disappears once the flame is completely quenched. The minimum Peclet
number (Pemin)L for laminar case indicates that the “quenching zone” stretches from
the wall to the wall normal direction x1 = (Pemin)L. After quenching, the isotherms
gradually move away from the wall (i.e. Pe increases with time) due to thermal
diffusion, which leads to a continuous reduction in Φ with time. This behaviour is
consistent previous findings by Poinsot et al. [156]. The same qualitative behaviour
for the coupling of Φ and Pe has been observed for laminar Le = 0.8 and 1.2 flames.
The minimum value of wall Peclet number for the laminar flame with Le = 1.0 is
found to be (Pemin)L = 2.83, whereas the maximum magnitude of normalised heat
flux assumes a value (Φmax)L = 0.34. These values are consistent with previous
experimental [98, 101, 204] and computational findings [156]. Fig. 5.2 also shows that
the wall heat flux Φ starts to rise (i.e. Φ ̸= 0.0) at Pe ≈ 8, the corresponding distance
from the wall indicates that the flame is entering the “influence zone” before it gets
finally quenched by the wall.

For non-unity Lewis number flames, the laminar results can be found in Fig. 5.3.
The “influence zone” for both unity and non-unity cases are within the same order of
magnitude. However, (Pemin)L is found to increase with decreasing Le (e.g. (Pemin)L =
3.09, 2.83 and 2.75 for Le = 0.8, 1.0 and 1.2 respectively), whereas (Φmax)L increases
with increasing Le (e.g. (Φmax)L = 0.30, 0.34 and 0.35 for Le = 0.8, 1.0 and 1.2
respectively). The rate of thermal diffusion is slower than the rate of mass diffusion
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in the Le = 0.8 case, and thus the reactants from the vicinity of the wall diffuse
faster into the approaching flame than the thermal diffusion rate towards the wall.
Therefore, the minimum Peclet number (Pemin)L in the laminar Le = 0.8 case is found
to be greater than in the unity Lewis number case. As (Φmax)L can be scaled as
(Φmax)L ∼ 1/(Pemin)L, the value of (Φmax)L in the Le = 0.8 case is found to be smaller
than in the unity Lewis number case. The rate of thermal diffusion is greater than
the rate of diffusion of fresh reactants from the vicinity of the wall in the Le = 1.2
case, and thus the isotherms can reach closer to the wall before quenching than in the
Le = 1.0 case. This in turn gives rise to smaller (greater) value of (Pemin)L ((Φmax)L)
in the Le = 1.2 case than in the Le = 1.0 case.
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Fig. 5.2 Temporal evolutions of Peclet number Pe (based on T = 0.9 isosurface) and
non-dimensional wall heat flux Φ for laminar flame with Le = 1.0.

5.2.2 Turbulent flame

It can be seen from Fig. 5.2 that a combination of the monotonic increase in Pe and
decrease in Φ with time bears the signature of flame quenching in laminar flames.
Drawing the same analogy, it can be expected that a combination of a monotonic
increase of the minimum value of the wall Peclet number Pemin and a monotonic
decrease of the maximum magnitude of wall heat flux Φmax with time is an indicator
of flame quenching in turbulent flames. This can be verified from Fig. 5.3 which shows
that the temporal evolutions of the maximum, mean and minimum values of Pe and Φ
for the turbulent cases along with the corresponding variations obtained for head-on
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Fig. 5.3 Temporal evolutions of the maximum, mean and minimum values of Peclet
number Pe (based on T = 0.9 isosurface) and non-dimensional wall heat flux Φ for
turbulent cases A-E with Le = 0.8, 1.0 and 1.2.

quenching of the laminar one-dimensional flames. The temporal evolutions of the
variations of c̃ and T̃ in the wall normal direction are shown in Fig. 5.4 in order to
explain the temporal variations of Pe and Φ. In the turbulent premixed flames, the
isosurfaces of non-dimensional temperature T are no longer planar. The maximum
(minimum) Peclet number Pemax (Pemin) represents the furthest (closest) normalised
distance of the isotherm T = 0.9 from the wall (the maximum value for the reaction
rate of a flame occurs in the region of the non-dimensional temperature of the flame
reaches T = 0.9). The mean Peclet number Pemean represents the average distance of
T = 0.9 from the wall. The minimum Peclet number Pemin provides a measurement
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of the quenching distance for the premixed flames. A combination of the monotonic
increases of Pemin and Pemax with time suggests that the isotherms are moving away
from the wall as a result of the thermal diffusion following by flame quenching. Thus,
both Pemax and Pemin are important quantities in the current analysis. Moreover, due
to the flame wrinkling, different elements of the flame remain at different distances
from the wall, and the flame front at the closest distance to the wall results to a
high magnitude of wall heat flux Φ. The maximum magnitude of the wall heat flux
Φmax is an important parameter in engineering applications because it determines the
maximum cooling load. By contrast, the mean value of the wall heat flux Φ governs
the mean cooling requirement. A combination of the monotonic decreases of Φmin,
Φmean and Φmax with the time bears the signature of isotherms moving away from the
wall following by flame quenching.

It can be seen from Fig 5.3 that Φmax assumes much greater values in the tur-
bulent cases than the corresponding laminar values for all values of Le. More-
over, Fig 5.3 reveals that an increase in u′ leads to an increase in Φmax. A rise
of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 leads to an increase in the flame wrinkling,

which broadens the flame brush (see Fig. 5.4), and thus brings the flame elements
close to the wall, where they eventually quench. This leads to the initiation of flame
element quenching at an earlier time than in the corresponding laminar flame (see
Fig 5.3). Last but not least, Fig 5.3 shows that the values of Pemin for the turbulent
cases with Le = 1.0 and 1.2 are comparable the values in the corresponding laminar
flame. However, the value of Pemin in turbulent Le = 0.8 flame is found to be smaller
than its corresponding laminar flame value. A comparison between different Le cases
reveals that the value of Φmax in the turbulent Le = 0.8 case is greater than the values
of Φmax in the turbulent Le ≥ 1 cases, which is in contrast to the Le dependence of
(Φmax)L in laminar flames.

It is instructive to investigate the distributions of instantaneous reaction progress
variable c, non-dimensional temperature T and chemical reaction rate ω̇ fields to
explain the observed behaviours of Pe and Φ. The reaction progress variable and
non-dimensional temperature fields for case D in the central x1 − x2 plane are shown
in Fig. 5.5. For the unity Lewis number case, c and T are identical away from the wall,
but these two quantities become significantly different from each other near the wall,
where the quenching takes place. Since, in the case of head-on quenching the equality
between c and T does not hold in the near-wall region due to the different boundary
conditions for c (Neumann boundary condition) and T (Dirichlet boundary condition)
at the wall. The same conclusion can be drawn from Fig. 5.4, where the variations
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Fig. 5.4 Variations of c̃ and T̃ with x1/δZ at different time instants for turbulent cases
A-E with Le = 0.8, 1.0 and 1.2.

of c̃ and T̃ in the wall normal direction are shown for different values of Le. Figure
5.5 shows that there are isolated pockets of the unburned/partially burned mixture
in the vicinity of the wall even when Pe attains its minimum value and the flame
starts to quench (indicated by the absence of ω̇ in the vicinity of the wall). Figure 5.5
indicates the existence of thermal inhomogeneity in the burned gas for the non-unity
Lewis number flames even before the initiation of flame quenching. Super-adiabatic
temperatures (T > 1) are observed for the non-unity Le cases when the flame is away
from the wall. The high (low) values of temperature are associated with the region,
where the flame surface is convex (concave) towards the reactants for the turbulent
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Le = 0.8 cases. An opposite behaviour is observed for the turbulent Le = 1.2 cases.
The focusing of reactants takes place at a higher rate than the rate of defocusing of heat
for the flame wrinkles, which are convex towards the reactants in the turbulent Le = 0.8
cases. This gives rise to the simultaneous presence of high reactant concentration and
temperature in the regions, which are convex towards the reactants for the turbulent
Le = 0.8 cases, which in turn increases the rate of chemical reaction leading to high
temperatures (e.g. super-adiabatic temperature). Just the opposite mechanism gives
rise to high-temperature values in the regions where the flame front is concavely curved
towards the reactants for the turbulent Le = 1.2 cases. Moreover, faster diffusion of
reactants into the reaction zone than the rate of thermal diffusion out of this region
in the turbulent Le = 0.8 cases gives rise to faster flame propagation than in the
corresponding Le = 1.0 cases. Just the opposite mechanism leads to slower flame
propagation in the turbulent Le = 1.2 cases than in the corresponding Le = 1.0 cases.
Thus, the turbulent Le = 0.8 (Le = 1.2) cases exhibit flame quenching at an earlier (a
later) time than in the corresponding turbulent Le = 1.0 cases.

The increases in the rate of flame propagation and the extent of flame wrinkling with
decreasing Le can be substantiated from Table 5.1, where the normalised turbulent flame
surface area AT/AL are listed at different time instants. The extent of flame wrinkling
can be quantified by the normalised turbulent flame surface area AT/AL, where the
flame surface area has been evaluated here using the volume integral A =

∫
V |∇c|dV for

both turbulent and laminar flame cases (turbulent and laminar values are shown with
subscripts ‘T’ and ‘L’ respectively). Table 5.1 also lists the normalised values of the
turbulent flame speed ST/SL (where ST = (ρ0AP )−1 ∫

V ω̇dV where AP is the projected
area in the direction of mean flame propagation). It can be seen from Table 5.1
that both AT/AL and ST/SL increase initially with time (i.e. t ≤ 2δZ/SL) due to an
increase in flame wrinkling as a result of the flame-turbulent interaction, but both
these quantities decay with time once the flame quenching is initiated (e.g. t > 4δZ/SL,
see also Fig. 5.5). Table 5.1 further shows that both AT/AL and ST/SL assume high
values for the cases with small Le and/or high values of u′/SL when the flame is away
from the wall (e.g. t ≤ 2δZ/SL in Fig. 5.5), and this behaviour is consistent with
several previous analyses [1, 30, 33, 40, 42, 60, 93, 95, 126, 151, 163, 170, 174, 192].
However, the cases with small Le and/or high values of u′/SL exhibit smaller values of
AT/AL and ST/SL than the cases with high values of Le and/or small values of u′/SL

at later times (e.g. t > 8δZ/SL), because by then the flame is in more advanced stage
of quenching in these cases than in the cases with high values of Le and/or small values
of u′/SL. The flame wrinkles come in the vicinity at the wall and starts to quench
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at an earlier time instant for cases with higher rate of flame propagation and greater
extent flame wrinkling and this trend strengthens with decreasing Le and increasing
u′/SL.

Table 5.1 List of normalised flame surface area AT/AL and turbulent flame speed
ST/SL at different stages of flame quenching for all cases considered here.

A B C D E
tSL

δZ

AT

AL

ST

SL

AT

AL

ST

SL

AT

AL

ST

SL

AT

AL

ST

SL

AT

AL

ST

SL

L
e

=
0.

8

1 1.62 1.61 1.69 1.68 3.50 3.47 3.26 3.23 5.33 5.29
2 2.49 2.48 2.63 2.63 4.05 4.05 5.74 5.73 6.71 6.70
4 2.64 2.62 2.36 2.35 2.69 2.67 2.32 2.30 1.50 1.48
6 1.90 1.88 1.70 1.68 0.44 0.43 0.28 0.28 0.15 0.15
8 0.94 0.93 1.07 1.06 0.04 0.04 0.03 0.03 0.02 0.02
10 0.17 0.17 0.19 0.19 0.01 0.01 0.01 0.01 0.01 0.01

L
e

=
1.

0

1 1.57 1.55 1.59 1.57 2.79 2.78 2.91 2.90 4.18 4.17
2 1.67 1.66 1.60 1.59 2.99 2.99 3.95 3.93 4.77 4.76
4 1.77 1.76 1.73 1.71 2.34 2.31 2.39 2.37 2.03 2.01
6 1.64 1.62 1.68 1.66 1.43 1.41 0.74 0.74 0.68 0.67
8 1.51 1.49 1.53 1.51 0.50 0.49 0.20 0.19 0.12 0.12
10 0.86 0.85 0.85 0.84 0.09 0.09 0.03 0.03 0.03 0.03

L
e

=
1.

2

1 1.29 1.28 1.22 1.21 1.92 1.91 2.04 2.02 2.68 2.66
2 1.38 1.37 1.33 1.32 2.01 2.00 2.75 2.74 3.43 3.43
4 1.31 1.03 1.28 1.27 1.82 1.81 1.98 1.96 1.57 1.55
6 1.3 1.29 1.29 1.28 1.60 1.59 1.51 1.49 1.23 1.22
8 1.23 1.22 1.24 1.23 1.12 1.11 0.60 0.60 0.47 0.46
10 1.15 1.14 1.14 1.13 0.60 0.60 0.18 0.18 0.10 0.10
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Reaction progress variable c

Non-dimensional temperature T

Non-dimensional reaction rate ω̇ × δZ/ρ0SL

Fig. 5.5 Distributions of reaction progress variable c, non-dimensional temperature T
and non-dimensional reaction rate ω̇ × δZ/ρ0SL contours for turbulent case D with Le
= 0.8, 1.0 and 1.2 at t = δZ/SL, 2δZ/SL, 4δZ/SL, 6δZ/SL on central x1 − x2 plane.
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5.3 Statistical behaviour of vorticity and enstrophy
transport

The transport of vorticity ω⃗ and enstrophy Ω = ω⃗.ω⃗/2 in the near-wall region for
head-on quenching of turbulent combustion by an isothermal inert wall is analysed in
this section. The objectives of this section are:

• To demonstrate and explain the influences of the wall on the statistics of ω⃗ and
Ω, and the terms of their transport equations.

• To identify the influences of Le on ω⃗ and Ω statistics, and their near-wall
behaviour.

5.3.1 Flame turbulence interaction and vorticity distribution

The instantaneous distribution of √
ωiωi × δZ/SL in the central x1 −x2 plane for case E,

along with c contours ranging from 0.1 to 0.9 (bottom to top), are presented in Fig 5.6.
The large magnitudes of √

ωiωi × δZ/SL are concentrated on the unburned gas side of
the flame and √

ωiωi × δZ/SL decreases significantly across the flame for all Le cases.
This can be supported by Fig. 5.7 where the variations of (ωiωi)1/2 and scaled-up mean
rate of production creation ω̇c with x1/δZ are shown for cases A, C and E. Case B
and D are qualitatively similar to cases A and E respectively and thus are not shown
in Fig. 5.7 and subsequent figures. Fig. 5.7 shows that (ωiωi)1/2 attains its highest
value at the wall and gradually decays from unburned to burned gas side of the flame
brush besides it is consistent with previous findings [129, 191], which also reported a
decrease in the magnitude of vorticity within flame brush. The physical explanation
for the decay of vorticity magnitude across the flame brush will be discussed later in
this section by analysing the statistical behaviours of vorticity and enstrophy transport.
The background colour in Figs. 5.7-5.15 indicates the Favre-averaged value of c̃, which
illustrates the flame position at the corresponding time instants.

A comparison between (ωiωi)1/2 and ω̇c distributions reveals that before quenching
(ωiωi)1/2 attains high magnitudes in the cases with high magnitude of u′/SL (or small
value of Le) cases (e.g. see the top right plot: case E, Le = 0.8, and t = 2δZ/SL). A
comparison between spatial profiles of ω̇c, obtained in the five cases at time instant
t = 2δZ/SL, indicates that the mean flame brush thickness increase profoundly by an
increase in u′/SL from case A to case E. As a result, the leading edge of the flame
brush is more close to the wall in case E when compared to case A. This difference in
the x1− coordinates of flame brush edges is of substantial importance of analysing the
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Fig. 5.6 Distributions of (ωiωi)1/2 × δZ/SL and c (white line from 0.1 to 0.9 with step
of 0.2 from left to right) fields on x1 − x2 mid plane for turbulent case E with Le = 0.8,
1.0 and 1.2 at t = 1, 2 and 4δZ/SL.

results which are obtained at the time instant t = 2δZ/SL because the flame in case E
is closer to the wall (than in case A) before flame quenching taking place.

5.3.2 Statistical behaviour of the magnitude of vorticity com-
ponents

The variations of the rms values of the normalised Favre-averaged vorticity magnitude
[ρ(ωi − ω̃i)2/ρ̄]1/2 ×δZ/SL and its components [ρ(ω1 − ω̃1)2/ρ̄]1/2 ×δZ/SL, [ρ(ω2 − ω̃2)2/ρ̄]1/2

×δZ/SL and [ρ(ω3 − ω̃3)2/ρ̄]1/2 ×δZ/SL with x1/δZ are shown for cases A, C and E
in Fig. 5.8. A difference between the magnitude of [ρ(ω1 − ω̃1)2/ρ̄]1/2 × δZ/SL and
[ρ(ω2 − ω̃2)2/ρ̄]1/2 × δZ/SL or [ρ(ω3 − ω̃3)2/ρ̄]1/2 × δZ/SL has been found before the
flame interacts with the wall (cf. violet, red and blue lines in the top right plot). The
presence of the flame significantly modifies the initial isotropic vorticity field, and it is
consistent with previous analyses [44, 91, 129, 191] which reported strong anisotropy
between the vorticity components due to baroclinic torque contribution. The extent of
this anisotropicity increases with decreasing (increasing) Le (u′/SL) when the flame
is away from the wall, and this anisotropic behaviour is particularly strong in the
near-wall region. The component [ρ(ω1 − ω̃1)2/ρ̄]1/2 × δZ/SL decays to close to the
wall, whereas [ρ(ω2 − ω̃2)2/ρ̄]1/2 × δZ/SL and [ρ(ω3 − ω̃3)2/ρ̄]1/2 × δZ/SL increase signif-
icantly in the near-wall region. Fig. 5.8 indicates that [ρ(ω2 − ω̃2)2/ρ̄]1/2 × δZ/SL and
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Fig. 5.7 Variations of (ωiωi)1/2 × δZ/SL ( ) and 15 × ω̇ × δZ/ρ0SL ( ) and c̃
with x1/δZ for cases A, C and E at t = 2δZ/SL, 6δZ/SL and 10δZ/SL (1st -3rd row). For
illustration purpose c̃ is indicated by background colour and the vertical dotted-line
shows x1/δZ = (Pemin)L for Figs. 5.7 - 5.14.

[ρ(ω3 − ω̃3)2/ρ̄]1/2 ×δZ/SL are principally responsible for the rise of [ρ(ωi − ω̃i)2/ρ̄]1/2 ×
δZ/SL in the near-wall region.
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Fig. 5.8 Variations of [ρ(ωi − ω̃i)2/ρ̄]1/2 × δZ/SL( ), [ρ(ω1 − ω̃1)2/ρ̄]1/2 ×
δZ/SL( ), [ρ(ω2 − ω̃2)2/ρ̄]1/2 ×δZ/SL( ) and [ρ(ω3 − ω̃3)2/ρ̄]1/2 ×δZ/SL( )
with x1/δZ (log scale) for cases A, C and E (1st -3rd column) at t = 2δZ/SL, 6δZ/SL
and 10δZ/SL (1st -3rd row).

5.3.3 Statistical behaviour of vorticity transport

It is necessary to analyse the statistical behaviour of the terms of Eq. 2.34 (or see
Eq. 5.1 below) to explain the near-wall behaviour of (ωiωi)1/2 and [ρ(ωi − ω̃i)2/ρ̄]1/2,
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and the observed anisotropy of their components.
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(5.1)

t1i vortex-stretching term
t21i density variation term
t22i viscous stress term
t22i vorticity destruction by dilatation term
t4i baroclinic effects term

The variations of (t1tt1t)1/2, (t21tt21t)1/2, (t22tt22t)1/2, (t3tt3t)1/2 and (t4tt4t)1/2 with x1/δZ

are shown Fig. 5.9 for cases A, C and E, where (tqttqt)1/2 = [(δij − ninj)tqitqj]1/2

with q = 1, 21, 22, 3, 4 and n⃗ is the normal vector pointing outward on the wall (i.e.
positive x1− direction for this configuration). The corresponding variations (t1nt1n)1/2,
(t21nt21n)1/2, (t22nt22n)1/2, (t3nt3n)1/2 and (t4nt4n)1/2 with x1/δZ are shown Fig. 5.10
where (tqntqn)1/2 = [(ninj)tqitqj]1/2 with q = 1, 21, 22, 3, 4. It is important to note that
three time instants t1 = 2δZ/SL, t2 = 6δZ/SL and t3 = 10δZ/SL are shown in Figs. 5.9
and 5.10. The flame quenching has started at these time instants for all cases, but they
are at different stages of flame quenching. The cases with higher u′/SL propagates
faster and starts to interact with the wall at an earlier time instant. Similarly, the
cases with smaller values of Le propagate faster towards the wall and thus the effects
of flame quenching set in at an earlier time instant in these cases. Thus, the effects of
flame quenching will be initiated at a much earlier time in case E than the quenching
initiation in case A.

Figures 5.9 and 5.10 indicate that the magnitudes of all the terms increase with a
decreasing (increasing) value of Le (u′/SL). The contributions of the vortex-stretching
and the combined molecular diffusion and dissipation (i.e. (t1nt1n)1/2 or (t1tt1t)1/2 and
(t22nt22n)1/2 or (t22tt22t)1/2) are of substantial importance in the vorticity transport for
all cases when the flame is away from the wall. However, the magnitudes of (t1nt1n)1/2,
(t1tt1t)1/2 and (t22nt22n)1/2 decrease as the wall is approached by the flame (see black
solid lines associated with different instants in Figs. 5.9 and 5.10 or red dashed lines in
Fig. 5.10). For all time instants are shown here, the magnitude of (t22tt22t)1/2 increases
significantly in the near-wall region (see red dashed lines Fig. 5.9). The strong vorticity
diffusion at the wall and high values of vorticity gradient magnitude, along with the
gradient of dilatation rate, are responsible for the rise of the magnitude of the term
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Fig. 5.9 Variations of (t1tt1t)1/2 × δ2
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with x1/δZ (log scale) for cases A, C and E (1st -3rd column) at t = 2δZ/SL, 6δZ/SL
and 10δZ/SL (1st -3rd row).

t⃗22 = (µ/ρ)∇2ω⃗ + (µ/3ρ)∇ × ∇(∇ · u⃗) in transverse directions in the near-wall region.
At large u′/SL (case E), the magnitude of baroclinic torque term t⃗4 becomes comparable
to the combined molecular diffusion and dissipation term (i.e. t⃗22) in the near-wall
region, see red dashed and solid blue lines. This effect becomes increasingly pronounced
with decreasing Le.
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Fig. 5.10 Variations of (t1nt1n)1/2 × δ2
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with x1/δZ (log scale) for cases A, C and E (1st -3rd column) at t = 2δZ/SL, 6δZ/SL
and 10δZ/SL (1st -3rd row).

A comparison between Figs. 5.9 and 5.10 reveals that (t4tt4t)1/2 remains greater
than (t4nt4n)1/2 in the flame-brush region before flame quenching for cases C and
E but this effect is relatively less pronounced for case A. Figure 5.10 shows that
(t4nt4n)1/2 becomes one of the dominant terms as the flame starts to interact with the
wall. For low Mach number Le = 1.0 flames c can be equated to non-dimensional
temperature T = (T̂ − T0)/(Tad − T0) when the flame is away from the wall and thus
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∇ρ = ∇[ρ0(1 + τT )] can be equated to ∇ρ = −τρ2∇c/ρ0 = τρ2|∇c|N⃗/ρ0 (where
N⃗ = −∇c/|∇c| is the local flame normal vector [191]), which implies ∇ρ and ∇c are
parallel to each other when the flame is away from the wall. As the flame normal vector
N⃗ and the unit normal vector n⃗ outward on the wall are mostly aligned with each
other in the case of HOQ of statistically planar flames (not shown here), (t4nt4n)1/2 is
negligible when the flame is away from the wall in the Le = 1.0 case. However, c ̸= T

in the near-wall region even for Le = 1.0 and this non-equality holds both away from
and near to the wall for flames with Le ̸= 1.0. When a flame is close to the wall, the
misalignment between ∇ρ and ∇c (or ∇T and ∇c) in the near-wall region leads to a
rise in (t4nt4n)1/2. The misalignment of ∇ρ and ∇c leads to a non-negligible magnitude
of (t4nt4n)1/2 within a flame even when the flame is away from wall for Le ≠ 1.0,
with the magnitude of (t4nt4n)1/2 rising in the near-wall region due to the increased
misalignment between ∇ρ and ∇c. Figures 5.9 and 5.10 suggest that the baroclinic
terms are principally responsible for the anisotropy between the vorticity components.
It is important to note that flame quenching gives rise to high-temperature gradient
close to the wall, which in turn leads to a considerable density gradient in the near
wall region, and thus the baroclinic torque contribution assumes significant values at
the wall. The baroclinic torque contribution (t4tt4t)1/2 to the evolution of the vorticity
field near the wall is weakest in case A. It is shown in Fig. 5.3 that the flame quenching
initiates at an earlier time instant for higher values of u′/SL. Thus, at a given instant,
case A is associated with an earlier stage of quenching in comparison to cases C and E,
because the weakly turbulent case A propagates at a slower rate towards the wall than
cases C and E. This effect is manifested in the near-wall behaviour of the baroclinic
torque (t4tt4t)1/2 in Fig 5.9 which shows that the magnitude of (t4tt4t)1/2 close to the
wall is smaller in case A than in cases C and E due to relatively smaller extent of
flame–wall interaction in this case in comparison to the other cases.

The dilatation contributions (t3nt3n)1/2 and (t3tt3t)1/2 (see violet lines in Figs. 5.9
and 5.10) exhibit significant magnitudes within the flame-brush but they become
negligible on burned gas sides, because the density is almost constant during the
quenching event (or exactly constant when the flame is far from the wall). However,
the terms (t3nt3n)1/2 and (t3tt3t)1/2 are significant in the burned gas in the near-wall
region even after the quenching is initiated. There is a considerable amount of density
variation in the near-wall region due to sharp change in temperature even after the
flame is quenched, which gives rise to significant values of dilatation rate ∇ · u⃗ and the
dilatation contributions (t3nt3n)1/2 and (t3tt3t)1/2. However, (t3nt3n)1/2 and (t3tt3t)1/2

eventually decay with the decay in vorticity magnitude.
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The contributions (t21nt21n)1/2 and (t21tt21t)1/2 are significant within the flame-brush
(where the density variation is significant) before flame quenching, and their magnitudes
increase near the wall due to non-zero ∇ρ and high values of ∂τki/∂xi induced by the
wall.

5.3.4 Statistical behaviour of the enstrophy transport

Fig. 5.11 Variations of TI × δ3
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( ) with x1/δZ (log scale) for case A at t = 2δZ/SL, 6δZ/SL and 10δZ/SL (1st -3rd

row).
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Fig. 5.12 Variations of TI × δ3
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row).

The Reynolds-averaged enstrophy transport equation can be seen in Eq. 2.36 (or
see Eq. 5.2 below).

∂Ω
∂t

+ uk
∂Ω
∂xk

= ωiωk
∂ui

∂xk︸ ︷︷ ︸
TI

−ϵijkωi
1
ρ2

∂ρ

∂xj

∂τkl

∂xl︸ ︷︷ ︸
TII

+ϵijkωi

ρ

∂2τkl

∂xj∂xl︸ ︷︷ ︸
TIII

−2Ω∂uk

∂xk︸ ︷︷ ︸
TIV

+ϵijkωi

ρ2
∂ρ

∂xj

∂p

∂xk︸ ︷︷ ︸
TV

(5.2)
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TI vortex-stretching term
TII misalignment between gradients of density and viscous stresses
TIII molecular diffusion and dissipation of mean enstrophy Ω due to viscous action
TIV dissipation of enstrophy due to dilatation
TV baroclinic torque term

The variations of TI , TII , TIII , TIV and TV with x1/δZ are reported in Fig. 5.11
and 5.12 for cases A and E respectively (a monotonic qualitative trend is observed from
case A to case E). Figure 5.11 and 5.12 show that the magnitudes of these terms increase
significantly with decreasing (increasing) Le (u′/SL). The vortex-stretching term TI

remains positive throughout the flame-brush for all cases away from the wall, but
negative values of TI have been found in the near-wall region. The vortex-stretching
term TI can be expressed as: TI = 2Ω(eαcos22θα + eβcos22θβ + eγcos22θγ) [29, 44],
where eα, eβ and eγ are the most extensive (i.e. positive), intermediate, and the
most compressive (i.e. negative) principal strain rates, and θα, θβ and θγ are the
angles between ω⃗ and the eigenvectors associated with the eigenvalues eα, eβ and eγ

respectively. A negative contribution of TI suggests a weak (strong) alignment of ω⃗
with eα (eγ) in the near-wall region. The extent of ω⃗ alignment with the principal strain
rate ei can be quantitfied from the values of Ψi = |cosθi| (where i = α, β, γ) and Ψi is
equal to 1.0 (0.0) for collinear (perpendicular) alignment between ω⃗ and the eigenvector
corresponding to ei. Accordingly, a collinear alignment of ω⃗ with eα (eγ) leads to
a positive (negative) value of TI = 2Ω(eαcos22θα + eβcos22θβ + eγcos22θγ) [29, 44].
The variations of Ψα, Ψβ and Ψγ with x1/δZ for cases A, C and E are reported in
Fig 5.13, which demonstrates that Ψβ has a magnitude which is either greater than
or comparable to Ψα and Ψγ. Thus, it suggests a predominant alignment of ω⃗ with
the eigenvector associated with intermediate strain rate eβ, and this is consistent with
previous findings [6, 13, 91, 92, 99, 103, 131, 134, 147, 172, 173, 195, 197, 214], which
demonstrated that the vorticity vector aligns with the intermediate principal strain
rate eβ in in turbulent non-reacting and reacting flows regardless of the regime of
combustion, heat release parameter and Lewis number. Furthermore, Figure 5.13 shows
that the alignment of ω⃗ with eα (i.e. in other words the magnitude of Ψα) decreases in
the regions where the effects of heat release are weak, which is also consistent with
previous obervations [13, 91, 99]. The extent of alignment of ω⃗ with eγ also decreases
on the unburned gas side of the flame brush. It can be seen from Fig. 5.13 that both
Ψβ and Ψγ assume greater magnitudes than Ψα as the flame approaches the wall. This
leads to negative values of TI in the near-wall region.
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Figures 5.11 and 5.12 show that the magnitude of viscous torque term TII remains
small in comparison to the other terms when the flame is away from the wall, but it
becomes a dominant sink in the near-wall region when the flame approaches the wall.

Fig. 5.13 Variations of Ψα = |cosθα| ( ), Ψβ = |cosθβ| ( ) and Ψγ =
|cosθγ| ( ) with x1/δZ (log scale) for cases A, C and E (1st -3rd column) at
t = 2δZ/SL, 6δZ/SL and 10δZ/SL (1st -3rd row).

The term TIII remains negative away from the wall for all cases but it be-
comes positive for x1/δZ < (Pemin)L. Substituting τkl = µ(∂uk/∂xl + ∂uk/∂xl) −
2(µ/3)δkl(∂um/∂xm) in TIII = ϵijkωi/ρ(∂2τkl/∂xj∂xl) leads to: TIII = (µ/ρ)∇2Ω +
(µ/3ρ)ω⃗ · [∇ × ∇(∇ · u⃗)] + f(µ) − Dv where f(µ) represents the contributions from
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viscosity gradients and −Dv = −(µ/ρ)(∂ωi/∂xl)(∂ωi/∂xl) is the molecular dissipation
of enstrophy. The variations of (µ/ρ)∇2Ω, (µ/3ρ)ω⃗ · [∇ × ∇(∇ · u⃗)] and (−Dv) with
x1/δZ are reported in Figs 5.14 and 5.15 for cases A and E respectively (a monotonic
qualitative trend is observed from case A to case E). The term f(µ) is identically
zero for the cases considered here (i.e. mu = constant) and thus is not shown in
Figs 5.14 and 5.15. It can be seen from Figs 5.14 and 5.15 that the magnitude of
(µ/3ρ)ω⃗ · [∇ × ∇(∇ · u⃗)] remains negligible in comparison to that of (µ/ρ)∇2Ω and
(−Dv) away from the wall, and the term TIII is negative principally due to (−Dv). On
the contrary, in the near-wall region, the contribution of (µ/ρ)∇2Ω overwhelms the
sink contribution of (−Dv), and yields a positive value of TIII .

The dilatation term TIV is negative and plays an important role only within the
flame-brush away from the wall. The baroclinic torque term TV remains positive but
vanishes outside the flame brush when the flame is away from the wall. Moreover, this
term can exhibit negative values of TV in the near-wall region during flame quenching
(note that flame quenching for case E starts at t < 2δZ/SL). At the last stage of
flame–wall interaction, e.g. at t = 10δZ/SL in case E, see Fig 5.12, both the baroclinic
torque term TIV and the molecular diffusion and dissipation term TIII play significant
roles in the near-wall region, see the left column in Fig. 5.12, for all Lewis number
cases considered here.

Equation 2.36 can be rewritten as:

D̄Ω̄/D̄t = TI + TII + TIII + TIV + TV − u′
k∂Ω′/∂xk (5.3)

where D̄()/D̄t = ∂()/∂t + ūk∂()/∂xk is the material derivative associated with the
mean flow. Although TV I = −u′

k∂Ω′/∂xk (see blue dashed lines in Figs 5.11 and 5.12)
exhibits local positive (negative) values in cases A and B (cases C - E), D̄Ω̄/D̄t remains
predominantly negative (see black dashed lines), but is positive in the near-wall region
(i.e. x1/δZ < (Pemin)L) at early times for small values of u′/SL (e.g. case A). A
predominantly negative value of D̄Ω̄/D̄t for the major part of the flame-brush is
consistent with the decay of (ωiωi)1/2 × δth/SL from unburned to burned gas side of the
flame brush (see Fig. 5.7). As the quenching progresses D̄Ω̄/D̄t shows more likelihood
of exhibiting negative values close to the wall, which acts to reduce (ωiωi)1/2 in the
near-wall region.
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Fig. 5.14 Variations of TIII × δ3
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Fig. 5.15 Variations of TIII × δ3
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5.3.5 Summary of the key results

In all cases, the vorticity magnitude √
ωiωi drops from the unburned side (which is

in contact with the wall) to the burned gas side of the flame-brush and the highest
magnitude of √

ωiωi is obtained at the wall. Furthermore, both √
ωiωi and the

magnitudes of the terms of the vorticity transport equation increase with decreasing
(increasing) Le (u′/SL). The presence of the flame and wall induce a significant amount
of anisotropy between vorticity components, and the baroclinic torque has been shown
to be principally responsible for this anisotropic behaviour. The vortex-stretching and
viscous dissipation terms have been found to be the significant contributors to the
enstrophy transport for all cases when the flame is away from the wall. As the flame
approaches the wall, the baroclinic torque begins to play increasingly important roles
in the enstrophy transport. Furthermore, combined molecular diffusion and dissipation
contribution remains negative away from the wall but becomes positive near the wall
due to the molecular diffusion of enstrophy.
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5.4 Flow topology distribution

The distribution of flow topologies within the flame and their evolution with flame
quenching have been analysed in this section. The main objectives are:

• To demonstrate the influence of the wall on flow topology distribution and
statistical behaviours of P , Q and R (refer to Eq. 2.38 - 2.40 ) during head-on
quenching.

• To provide the physical explanations for the observed behaviours of P , Q and R,
and the flow topology distribution.

• To indicate the implications on these behaviours on vortex-stretching, flame
normal straining and wall heat flux during head-on quenching of turbulent
premixed flames.

5.4.1 Distributions of P , Q and R

Equations 2.38 - 2.40 show the 1th - 3rd invariants (P , Q and R) of velocity gradient
tensor, the terms QS = 0.5(P 2 − SijSij) and QW = 0.5(WijWij) are the second
invariants of the strain rate (i.e. symmetric part of ∂ui/∂xj ) and rotation rate (i.e.
anti-symmetric part of ∂ui/∂xj ) tensors.

The instantaneous distributions of P ∗ = P × (δZ/SL), Q∗ = Q × (δZ/SL)2 and
R∗ = R × (δZ/SL)3 at different stages of quenching are shown for cases A, C and
E in Figs. 5.16-5.18 respectively. A comparison between Figs. 5.5 and 5.16 reveals
that high negative values of P ∗ are obtained within the flame (i.e. 0 < c < 1) and
P ∗ assumes vanishingly small values outside the flame in both unburned gases and
fully burned products in the Le = 1.0 cases when the flame is away from the wall
(i.e. before the quenching is initiated, and thus this effect is prominent in case A
because the flame started to quench by the time t = 2δZ/SL in cases C and E). The
inhomogeneity in the burned gas temperature is observed in non-unity Lewis number
cases, and this behaviour is particularly prevalent in the Le = 0.8 cases because of
high rates of localised burning and relatively weak thermal diffusion rate. Thus, the
effects of dilatation rate ∇ · u⃗ = −P in the Le = 0.8 cases persist also in the burned
gas beyond the flame, whereas these effects are weak in the Le = 1.2 cases. Moreover,
it can be seen from Figs. 5.5 and 5.16 that comparatively high (small) magnitude of P ∗

is obtained for the locations where the c−isosurfaces are concavely (convexly) curved
towards the reactants. Focussing (defocussing) of heat at the concavely (convexly)
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curved zones gives rise to high positive (either small positive or negative) dilatation
rate (∂ui/∂xi) × δZ/SL = −P ∗. Thus negative values of P ∗ with high magnitude are
obtained in the regions which are concavely curved towards the reactants, whereas
either small negative or positive values of P ∗ are observed for the locations which
are convex towards the reactants. Furthermore, it can be seen from Fig. 5.16 that
the likelihood of obtaining the high magnitude of P ∗ drops significantly with time as
quenching progress which leads to weakening of the effects of thermal expansion.

A comparison between Figs. 5.5 and Fig. 5.17 shows that high magnitudes of Q∗ are
obtained only on the unburned gas side of the flame. For all cases, the magnitude of Q∗

drops significantly across the flame within the burned gases. As P remains small outside
the flame, the positive value of Q∗ on the unburned gas side of the flame indicates
the vorticity-dominated (i.e. WijWij > SijSij) regions, whereas negative Q∗ indicates
dominance of strain rate magnitude over vorticity magnitude (i.e.WijWij < SijSij).
The value of Q∗ changes from positive (i.e. vorticity dominated region) to negative
(i.e. strain rate dominated region) in a short span of space and the extent of this
intermittent behaviour increases with increasing turbulence intensity u′/SL. It can
further be seen by comparing Figs. 5.5 and 5.17 that high positive values of Q∗ are
obtained within the flame (i.e. 0 < c < 1) where the c−isosurfaces are concavely
curved towards the reactants. It has already been discussed that high magnitudes of
negative P ∗ at the concavely curved regions (see Fig. 5.16), which leads to high values
of P 2 giving rise to high positive values of Q∗ = 0.5(−SijSij +P 2 +WijWij) × (δZ/SL)2.
Figure 5.17 indicates that the magnitude of Q∗ increases with increasing (decreasing)
u′/SL (Le), whereas |Q∗| decreases as time progresses with the advancement of flame
quenching for all cases.

The expression for the third invariant R in eq. 2.40 can be recast in terms of the
sum of the terms which play roles in dissipation rate generation (−SijSjkSki/3) and
enstrophy production (PQW − ωiSijωj/4):

R = 1
3(−P 3 + 3PQ− SijSjkSki) − 1

4ωiSijωj

= 1
3(−P 3 + 3PQS − SijSjkSki)︸ ︷︷ ︸

RS

+PQW − 1
4ωiSijωj (5.4)

where RS is the third invariant of the strain rate 0.5(∂ui/∂xj + ∂uj/∂xi) tensor.
Equation 5.4 suggests that R∗ = R × (δZ/SL)3 may assume high positive or negative
values where there is an imbalance of the terms contributing to dissipation rate
generation and production of enstrophy. This imbalance is pronounced on both the



5.4 Flow topology distribution 99

Fig. 5.16 Instantaneous P ∗ = P × δZ/SL fields for cases A, C and E (1st-3rd column)
at t = 2δZ/SL, 4δZ/SL and 6δZ/SL (1st-3rd row), white line presents c field from 0.1 to
0.9 with internal of 0.2 from left to right.
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Fig. 5.17 Instantaneous Q∗ = Q× (δZ/SL)2 fields for cases A, C and E (1st-3rd column)
at t = 2δZ/SL, 4δZ/SL and 6δZ/SL (1st-3rd row), blue line presents c field from 0.1 to
0.9 with internal of 0.2 from left to right.
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Fig. 5.18 Instantaneous R∗ = R× (δZ/SL)3 fields for cases A, C and E (1st-3rd column)
at t = 2δZ/SL, 4δZ/SL and 6δZ/SL (1st-3rd row), blue line presents c field from 0.1 to
0.9 with internal of 0.2 from left to right.
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unburned gas side and within the flame, and both positive and negative values of R∗

are observed. This magnitude of R∗ drops sharply across the flame for the Le = 1.0 and
1.2 cases (see Figs. 5.5 and 5.18). A comparison between Figs. 5.5 and 5.18 reveals that
R∗ assumes significant magnitude not only in the unburned gas and within the flame
but also in the burned gas due to appreciable presence of dilatation rate ∇ · u⃗ = −P in
the burned gas (see P dependence of R in eq. 5.4) in the Le = 0.8 cases. The likelihood
of obtaining high magnitudes of R∗ increases with increasing (decreasing) u′/SL (Le)
and |R∗| decreases as quenching progresses with time.

The variations of normalised mean value of the first invariant ⟨P ∗⟩ (where ⟨q⟩ =
1/(L2L3)

∫ L3
0
∫ L2

0 qdx2dx3 for a general quantity q) with wall normal distance are shown
in Fig. 5.19 for cases A, C and E at different time instants. It can be seen from Fig. 5.19
that ⟨P ∗⟩ remains predominantly negative values because of overwhelmingly positive
values of dilatation rate in premixed turbulent flames (see a high likelihood of obtaining
a negative value of P ∗ in Fig. 5.16). However, the magnitude of the negative mean
value of P ∗ decreases with time as the quenching progresses. The effects of heat release
weaken as quenching progress which reduces the extent of positive dilatation rate. It
is worth noting turbulence severely decays in the burned gas, and ∂ui/∂xi becomes
negative close to the wall due to the direction of flow reversal at the late stages of
flame quenching which leads to a positive value of ⟨P ∗⟩ at later times.

The variation of ⟨Q∗⟩ = ⟨Q⟩ × (δZ/SL)2, and its components, {⟨QS⟩, ⟨QW ⟩} ×
(δZ/SL)2, with normalised wall normal distance x1/δZ for cases A, C and E are shown
in Fig. 5.20 for different time instants. Equation 2.39 suggests that ∇ · u⃗ = −P and√
SijSij affect QS = (P 2 −SijSij)/2, whereas the component QW = WijWij/2 depends

on enstrophy Ω (i.e. WijWij/2 = ωiωi/4 = Ω/2 where ωi is the ith component of
vorticity). The contribution of ⟨QW ⟩ is deterministically positive and it is evident from
Fig. 5.20 that ⟨QW ⟩ assumes high values of at the wall but also increases within the
flame due to flame generated vorticity due to baroclinic torque.

The sign of ⟨QS⟩ = ⟨P 2 − SijSij⟩/2 depends on the relative magnitudes of ⟨P 2⟩
and ⟨SijSij⟩. It can be seen from Fig. 5.20 that ⟨QS⟩ predominantly assumes negative
values and assumes locally small positive values away from the wall within the flame
where ⟨P 2⟩/2 dominates over ⟨−SijSij⟩/2. The effects of dilatation rate ∇ · u⃗ = −P
remains weak close to the wall and thus ⟨−SijSij⟩/2 dominates over ⟨P 2⟩/2 to give
rise to a negative value of ⟨QS⟩. The magnitude of ⟨SijSij⟩/2 decreases within the
flame whereas ⟨P 2⟩/2 increases in reaction zone, so ⟨P 2⟩/2 is likely to overcome
⟨−SijSij⟩/2 in this region and yield a positive value of ⟨QS⟩. The quantity ⟨QS⟩ can
be expressed as: ⟨QS⟩ = ⟨QS1⟩ + ⟨QS2⟩ = ⟨P 2/3⟩ − ⟨E/4ν⟩ with E = (τij∂ui/∂xj)/ρ
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.19 Variations of ⟨P ∗⟩ = ⟨P ⟩×δZ/SL with x1/δZ for t = 2δZ/SL, 6δZ/SL, 10δZ/SL.
See Fig. 5.7 for background colour, also apply to Fig. 5.20 - 5.22, 5.27 and 5.28.
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.20 Variations of normalised terms {⟨Q⟩( ), ⟨QS⟩( ◦ ), ⟨QW ⟩( △
)} × (δZ/SL)2 with x1/δZ for t = 2δZ/SL, 6δZ/SL, 10δZ/SL.
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and ν being the dissipation rate of instantaneous kinetic energy (i.e. uiui/2) and
kinematic viscosity respectively. Thus, ⟨QS⟩ > 0 (⟨QS⟩ < 0) corresponds to dilatation
(dissipation) dominated regions. Wacks et al. [205] demonstrated that one obtains
QS1/|QS2| ∼ τ 2Ka−2, using Qs1 = P 2/3 ∼ {τSL/δth}2 (Refs. [43, 49, 205]) and
|QS2| = | − E/4ν| ∼ 1/τ 2

η with τη being the Kolmogorov time scale. For all cases
considered here Ka ≫ 1 and thus |⟨QS2⟩| dominates over ⟨QS1⟩ to yield predominantly
negative value of ⟨QS⟩.

In all cases ⟨QS⟩ and ⟨QW ⟩ mostly balance each other, and as a result, the magnitude
of ⟨Q⟩ remains negligible in comparison to those of ⟨QS⟩ and ⟨QW ⟩. The magnitudes
of ⟨QS⟩ and ⟨QW ⟩ are greater for higher values of u′/SL at a given value Le. On the
other hand, both ⟨QS⟩ and ⟨QW ⟩ assume higher values for the cases with smaller values
of Le at a given value of u′/SL. The magnitudes of ⟨Q⟩, ⟨QS⟩ and ⟨QW ⟩ decay with
time as quenching progresses.

The variations of ⟨R∗⟩ = ⟨R⟩ × (δZ/SL)3, and its components, {⟨RS⟩, ⟨PQW ⟩,
−⟨ωiSijωj/4⟩} × (δZ/SL)3, with normalised wall normal distance x1/δZ for cases A, C
and E are shown in Fig. 5.21 for different time instants. It can be seen from eq. 5.4
that RS = (−P 3 + 3PQS − SijSjkSki)/3 contains a contribution to the strain rate
transport (i.e. −SijSjkSki), whereas (PQW − ωiSijωj/4) is related to the enstrophy
transport [59, 58, 205]. It is possible to approximate RS ≈ −SijSjkSki/3 > 0 and
PQW − ωiSijωj/4 ≈ −ωiSijωj/4 < 0 away from the flame front, where P ≈ 0,
hence, R∗ may assume high positive or negative values where there is an imbalance of
(−SijSjkSki/3) and (−ωiSijωj/4) away from the flame [59, 58, 205]. The contributions
of ⟨PQW − (ωiSijωj)/4⟩ and ⟨RS⟩ appear to balance across the flame brush in all cases
(see Fig. 5.21).

Finally, Fig. 5.22 shows the variation of the normalised values of the components
⟨RS⟩ × (δZ/SL)3: {−⟨P 3/3⟩, ⟨PQS⟩, ⟨−SijSjkSki/3⟩} × (δZ/SL)3 with normalised wall
normal distance x1/δZ for cases A, C and E for different time instants. In all cases
⟨−P 3/3⟩ assumes predominantly positive values within the flame due to the overwhelm-
ing probability of obtaining negative values of P when the flame remains away from
the wall. However, the magnitude of −⟨P 3/3⟩ decreases significantly as the quenching
progresses. The predominantly negative values of P and QS (see Figs. 5.20 and 5.22)
give rise to predominantly positive values of ⟨PQS⟩. However, it has been mentioned
earlier that QS can assume positive within the flame where P 2/2 overcomes −SijSij/2,
which acts to promote negative values of ⟨PQS⟩. The magnitude of ⟨PQS⟩ decreases
as time progresses due to decays of the magnitudes of P and QS. The behaviour of the
contribution of ⟨−SijSjkSki/3⟩ shows dependence on turbulence intensity u′/SL and
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.21 Variations of normalised vorticity magnitude { ⟨R⟩ ( ◦ ), ⟨RS⟩ ( ),
⟨PQW ⟩ ( □ ), ⟨−ωiSijωj/4⟩ ( △ ) } × (δZ/SL)2 with x1/δZ for t = 2δZ/SL,
6δZ/SL, 10δZ/SL.
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.22 Variations of normalised vorticity magnitude {⟨RS⟩( □ ), ⟨−P 3/3⟩ ( ◦
), ⟨PQS⟩( ), ⟨−SijSjkSki/3⟩( △ )} × (δZ/SL)3 with x1/δZ for t = 2δZ/SL,

6δZ/SL, 10δZ/SL.
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global Lewis number Le at early times (e.g. t = 2δZ/SL). For example, ⟨−SijSjkSki/3⟩
shows large negative values within the flame brush for case A, whereas positive values
of ⟨−SijSjkSki/3⟩ within the flame brush have been found for cases C and E. The
magnitude of positive contribution of ⟨−SijSjkSki/3⟩ within the flame brush decreases
with increasing Le. A negative contribution of ⟨−SijSjkSki/3⟩ does not necessarily
indicate that the strain rate destruction instead of its generation. The combination
of the terms ⟨−SijSjkSki/3 − ωiωjSij/4 − Sij(∂2p/∂xi∂xj)⟩ represents the inviscid pro-
duction of total strain rate. Thus, the behaviour of ⟨−ωiωjSij/4 − Sij(∂2p/∂xi∂xj)⟩
in addition to the distribution of ⟨−SijSjkSki/3⟩ determines the overall strain rate
production statistics.

The contours of joint pdf betweenQ∗ andR∗ for case E with Le = 1.0 are exemplarily
shown in Fig. 5.23 for c = 0.1, 0.3, 0.5, 0.7 and 0.9 at t = 2δZ/SL and 6δZ/SL. The
other cases are not shown because the qualitative behaviour of this joint pdf does not
change with the variations of u′/SL and Le. A dominant negative correlation between
Q∗ and R∗ has been observed within the flame front when the flame remains away
from the wall. However, this negative correlation between Q∗ and R∗ weakens as time
progresses and the flame approaches the wall. At t = 6δZ/SL the joint pdf between Q∗

and R∗ exhibits weak negative correlation towards the unburned gas side, and these
quantities do not show any appreciable correlation as c increases towards the burned
gas side.

5.4.2 Flow topology distribution

Figure 5.24 shows the variations of the volume fractions VF of individual flow topologies
S1 − S8 conditional on c across the flame front (over the range 0.01 ≤ c ≤ 0.99) for
cases A, C and E for Le = 0.8, 1.0 and 1.2 at different time instants. It is worth
noting that the range of c obtained at a given instant of time changes as the quenching
progresses (see Fig. 5.5 and also a temporal evolution of the probability density function
of c) and the probability of obtaining c ≈ 1.0 increases as the time elapses. A similar
presentation of volume fraction of individual flow topologies was used by Cifuentes and
his co-workers [59, 58]. It can be seen from Fig. 5.24 that VF of all topologies remain
significant within the flame except for S5 and S6 when the flames are away from the
wall, which is consistent with previous analyses. [59, 58] Strong thermal expansion
within the flame leads to strongly negative values of P (i.e. high positive values of
dilatation rate ∇ · u⃗), which implies that the occurrence of P > 0 topologies (i.e. S5
and S6) is greatly disadvantaged. Figure 5.16 shows sporadic existences of P > 0 in
the burned gas region for non-unity Lewis number flames and also for unity Lewis
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Fig. 5.23 Joint PDFs of Q∗ = Q× (δZ/SL)2 and R∗ = R × (δZ/SL)3 on c−isosurfaces
c = 0.1, 0.3, 0.5, 0.7, 0.9 for t = 2δZ/SL and 6δZ/SL with case E and Le = 1.0.
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.24 Variations of volume fractions VF for topologies: Focal topologies S1 ( ),
S4 ( ), S5 ( ), S7 ( ), nodal topologies S2 ( ), S3 ( ), S6 (

), S8 ( ) with c for t = 2δZ/SL, 6δZ/SL, 10δZ/SL for cases A, C and E with
Le = 0.8, 1.0 and 1.2.
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number flames once the quenching is initiated. These positive P locations ultimately
give rise to finite probabilities of finding S5 and S6 topologies towards the burned gas
side, but V F of S5 remains much higher than that of S6 in the burned gas region
(c̃ → 1.0). However, the volume fractions of S5 and S6 topologies increase significantly
as flame quenching progresses with time. The mean flow reverses its direction from
towards the wall to away from the wall, and this behaviour leads to P > 0 at the
final stages of quenching. The topologies S7 and S8 are typical of positive values of
dilatation rate ∇ · u⃗ (i.e. negative values of P ), and it can be seen from Fig. 5.24
that the volume fraction of S7 topology remains a significant contributor within the
flame front, and the probability of obtaining S7 topology increases with decreasing
(increasing) Le (u′/SL) when the flame is away from the wall. The extent of flame
wrinkling increases with decreasing (increasing) Le (u′/SL) when the flame is away
from the wall (see Table 5.1), which enhances the likelihood of obtaining curvatures
which are concave to the reactants where the effects of focussing of heat are strong.
This increases the probability of finding negative values of P with high magnitude (i.e.
high positive values of dilatation rate ∇ · u⃗), which in turn results in a greater volume
fraction of S7 within the flame front. The volume fractions of S7 and S8 decrease
towards the burned gas side of the flame with the weakening of the effects of dilatation
rate. The volume fractions of S3 and S4 topologies increase towards the burned gas
side for all cases even when the flame quenches. Especially the relative contribution
of S3 volume fraction increases as the quenching progresses with time. The volume
fraction of S2 topology assumes a high value within the flame throughout the duration
of head-on quenching. The volume fraction of S1 topology assumes significant values
towards the burned gas side, and its volume fraction decreases in the unburned gas.
As the topologies S1, S2, S3 and S4 are present irrespective of the value of P , the
probability of finding these topologies remain significant in all cases at all stages of
flame quenching.

The distributions of volume fractions of focal (S1, S2, S4, S5, S7) and nodal (S2,
S3, S6, S8) topologies conditional on c for cases A, C and E are shown in Fig. 5.25 for
Le = 0.8, 1.0 and 1.2. In general, the volume fraction of focal topologies decreases from
the unburned to the burned gas side of the flame which is consistent with the decay
of enstrophy across the flame brush in these cases. This behaviour is also consistent
with previous findings by Cifuentes and his co-workers. [59, 58] The decrease (increase)
in volume fraction of focal (nodal) topologies across the flame brush is relatively
less prominent in high values of u′/SL. The likelihood of obtaining nodal and focal
topologies are almost equally probable at the unburned gas as the quenching progresses
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.25 Variations of volume fractions VF for focal ( ) and nodal ( )
topologies with c for t = 2δZ/SL,6δZ/SL, 10δZ/SL for cases A, C and E with Le = 0.8, 1.0
and 1.2.
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which implies that the volume fractions of nodal and focal topologies remain comparable
at the wall where the unburned gas is confined at the final stage of quenching. Both
global Lewis number Le and turbulence intensity u′/SL have noticeable effects on the
distributions of nodal and focal topologies. The focal topologies remain dominant in
case of E with Le = 0.8 when the flame is away from the wall and also during flame
quenching, but the case E with Le = 1.0 and 1.2 shows a monotonic decay (increase) of
volume fractions of focal (nodal) topologies with increasing c. In summary, an increase
(decrease) in u′/SL (Le) promotes focal topologies when the flame is away from the
wall, but the probability of obtaining nodal (focal) topologies increases (decreases) as
quenching progresses.

The interaction of flow topologies and flame topology is of fundamental importance
in flame-turbulence interaction. According to Dopazo et al. [75] the flame topology
can be described in terms of its mean and Gauss curvatures, κm and κg, respectively,
where κm = (κ1 + κ2)/2 = 1/2∇ · (−∇c/|∇c|) and κg = κ1κ2, in which κ1 and κ2 are
the principal curvatures. It is worth noting that the region κg > κ2

m in the κm − κg

plane, indicates complex curvatures and thus is non-physical. According to the present
convention, positive (i.e. κm > 0) curvature is associated with the wrinkles which are
convex to the reactants, whereas negative (i.e. κm < 0) curvature represents wrinkles
which are concave to the reactants. The combination of κm > 0 (κm < 0) and κg > 0
indicates cup convex (cup concave) flame topology, whereas the combination of κm > 0
(κm < 0) and κg < 0 represents saddle convex (saddle concave) flame topology. The
combination of κm > 0 (κm < 0) and κg = 0 represents tile convex (tile concave) flame
topology. Figure 5.26 shows a Joint PDF between the mean and Gaussian curvatures
for cases A, C and E at t = 2δZ/SL and 6δZ/SL for Le = 1.0 where the plots are
coloured to highlight the highest concentrations of data points. The other cases are not
explicitly shown because of their qualitative similarity to the scatter shown in Fig. 5.26.
It can be from Fig. 5.26 that the distribution of S1 and S2 topologies are almost
symmetrical about κm = 0, whereas S7 and S8 topologies appear to slightly favour
κm < 0 and κg > 0 and S5 and S6 appear to slightly favour κm, κg > 0 when the flame
is away from the wall (e.g. t = 2δZ/SL). The topologies S7 and S8 topologies are
associated with for high positive dilatation rates (i.e. negative values of P ) which are
likely to be observed in the zones which are concavely curved towards the reactants (i.e.
κm < 0) due to focussing of heat. By contrast, S5 and S6 topologies are associated with
for negative dilatation rates (i.e. positive values of P ) which are likely to be observed
in the zones which are convexly curved towards the reactants (i.e. κm > 0) due to
defocussing of heat. Thus, the topologies S7 and S8 (S5 and S6) show a preference to
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t = 2δZ/SL

t = 6δZ/SL

Fig. 5.26 Joint PDF between mean and Gaussian curvatures (i.e. κm × δZ and κg × δ2
Z)

for S1-8 at t = 2δZ/SL and 6δZ/SL for cases E with Le = 1.0.
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κm < 0 (κm > 0) and κg > 0. As the flame quenching progresses with time, the scatter
in κm − κg plane remains concentrated around the origin (see t = 6δZ/SL) with the
but even then S7, and S8 topologies continue to show a preference towards κm < 0
and κg > 0.

It is worth noting that each of the flow topologies is associated with different
types of generic flow structures. Thus, it is worth understanding the alignments of ∇c
and vorticity ω⃗ with local principal strain rates for individual topologies so that the
contributions of these topologies to the scalar dissipation rate (SDR), Nc = D∇c · ∇c
(where D is the thermal diffusivity), and enstrophy Ω = ω⃗ · ω⃗/2 transports in turbulent
premixed flames can be understood. The transport equations of Nc and Ω are given
as [195, 121, 43, 45, 39, 29]:
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= ∂
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where ρ, p, ω̇, τij and f(D) are the density, pressure, chemical source term and viscous
stress tensor component and the contributions due to diffusivity gradients, respectively.
The terms −2ρDΛ and V are responsible for the generation/destruction of scalar
gradients by flame normal straining, and vortex-stretching terms respectively [29, 39,
43, 45, 195]. The terms Λ and V depend on the alignment of ∇c and ω⃗ with the
most extensive, intermediate and the most compressive strain rates (i.e. eα, eβ and eγ)
in the following manner: Λ = (∂c/∂xi)(∂ui/∂xj)(∂c/∂xj) = (eαcos22α + eβcos22β +
eγcos22γ)∇c · ∇c and V = 2(eαcos22α′ + eβcos22β′ + eγcos22γ′)Ω where α, β, γ (α′,
β′, γ′) are the angles between ∇c (ω⃗) and the eigendirections associated with eα, eβ

and eγ respectively. The above expression indicates that a collinear alignment between
∇c (ω⃗) and the most extensive principal strain rate eα (i.e. most positive principal
strain rate) leads to cos22α = 1 (cos22α′ = 1), which promotes a positive value of Λ
(V ). By contrast, a collinear alignment between ∇c (ω⃗) and the most compressive
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principal strain rate eγ (i.e. most negative principal strain rate) leads to cos22γ = 1
(cos22γ′ = 1), which in turn gives rise to negative values of Λ (V ).

Figure 5.27 shows the contributions of ⟨Λ∗⟩ = ⟨Λ⟩ × (δ3
Z/SL) for individual flow

topologies S1 − S8 for cases A, C and E for Le = 0.8, 1.0 and 1.2 at different time
instants. In all cases, the total contribution of ⟨Λ∗⟩ remains positive throughout the
flame brush when the flame remains away from the wall. However, ⟨Λ∗⟩ assumes
negative values in cases C and E at the late stages of flame quenching. The expression
Λ = (eαcos22α+ eβcos22β + eγcos22γ)∇c · ∇c indicates that a positive (negative) value
of this quantity is indicative of preferential alignment of ∇c with the eigenvector
associated with the most extensive (compressive) principal strain rate eα (eγ). It
has been demonstrated elsewhere [43, 39, 47, 112] that ∇c aligns with the most
extensive principal strain rate when the strain rate induced by flame normal acceleration
overcomes turbulence straining, and conversely preferential alignment of ∇c with eγ,
similar to the case in passive scalar mixing, is obtained when turbulence straining
overwhelms the strain rate induced by flame normal acceleration. The strain rate
due to flame normal acceleration can be scaled using τSL/δth, whereas turbulence
straining scales as u′/l. [43, 39, 47, 112] For the cases considered here τSL/δth remains
of the same order but greater than u′/l, and, as a result, straining due to flame normal
acceleration dominates over turbulent straining to result in a preferential alignment
with the most extensive principal strain rate (and thereby positive values of ⟨Λ∗⟩) when
the flame is away from the wall. The effects of flame normal acceleration weaken after
flame quenching and thus ∇c tends to align with the most compressive principal strain
rate and in turn, gives rise to negative values of ⟨Λ∗⟩. The effects of turbulent straining
are stronger in cases C and E than in case A due to higher u′/SL, and also due to
the fact that the quenching is more advanced stage in case C (case E) than in case
A (case C) at a given instant of time. Thus, at final stages of flame quenching ⟨Λ∗⟩
shows negative values in cases C and E (see t = 10δZ/SL). It can be seen from Fig. 5.27
that ⟨Λ∗⟩ conditional on S2, S7 and S8 topologies exhibit positive values, and these
topologies offer dominant contributions to ⟨Λ∗⟩ for all cases when the flame is away
from the wall. The S2 topology makes the highest contribution to the value of ⟨Λ∗⟩
for all cases. During flame quenching ⟨Λ∗⟩ decays significantly when the topologies S3
and S8 contribute significantly while the contribution of S2 topology determines the
behaviour of ⟨Λ∗⟩. The topologies S7 and S8 are obtained where positive dilatation
rate (i.e. thermal expansion) effects are dominant and thus in these locations the strain
rate due to thermal expansion dominates over turbulent straining to give rise to a
strong alignment between ∇c with eα which is reflected in the positive contributions of
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.27 Variations of ⟨Λ∗⟩ = ⟨Λ⟩ × δ3
Z/SL ( ) with x1/δZ for t = 2δZ/SL, 6δZ/SL,

10δZ/SL for cases A, C and E with Le = 0.8, 1.0 and 1.2 (Focal topologies S1 ( ),
S4 ( ), S5 ( ), S7 ( ), nodal topologies S2 ( ), S3 ( ), S6 (

), S8 ( )).
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⟨Λ∗⟩. The S1 topology also makes a dominant positive ⟨Λ∗⟩ contribution in case E at
early times (e.g. t = 2δZ/SL). The topologies S3 and S4 also exhibit positive values of
⟨Λ∗⟩ but the magnitudes of these contributions remain smaller than the conditional
mean values for S2, S7 and S8 topologies for all cases for Le = 0.8 and 1.0. The
value of ⟨Λ∗⟩ conditional on S3 and S4 topologies exhibit weak negative values for
Le = 1.2 at early times (e.g. t = 2δZ/SL) in the highest u′/SL case (i.e. case E),
whereas these topologies show positive values for Le = 0.8 and 1.0 cases at t = 2δZ/SL

and later times for all cases irrespective of the Lewis number. The effects of thermal
expansion are the weakest in the Le = 1.2 case among all the Lewis number cases
considered here. As a result, turbulent straining overcomes the strain rate induced
by flame normal acceleration for the highest u′/SL case (i.e. case E) with Le = 1.2,
which leads to preferential alignment ∇c with eγ, and thereby negative values of ⟨Λ∗⟩
are obtained for S3 and S4 topologies. By contrast, the strain rate induced by flame
normal acceleration dominates over turbulent straining for Le = 0.8 and 1.0 even in
case E, and thus positive values of ⟨Λ∗⟩ are obtained. As time progress the effects of
turbulent straining weaken with the decay of u′, and as a result, the strain rate due to
flame normal acceleration dominates over turbulent strain rate even for case E with
Le = 1.2 at later times.

The contributions of ⟨V ∗⟩ = ⟨V ⟩ × (δZ/SL)3 for individual flow topologies S1 − S8
for cases A, C and E in Fig. 5.28 for Le = 0.8, 1.0 and 1.2 at different time instants. It
can be seen that ⟨V ∗⟩ remains predominantly positive away from the wall, but this
quantity assumes negative values close to the wall. The negative value of ⟨V ∗⟩ at
the near-wall region becomes increasingly prominent as the time progresses. It has
been demonstrated in section 5.2 that the alignment of ω⃗ with the most compressive
principal strain rate eγ strengthens in the near-wall region, whereas ω⃗ preferentially
aligns with the intermediate and most extensive principal strain rates (i.e. eβ and eα)
away from the wall. Accordingly, ⟨V ∗⟩ shows positive values away from the wall and
negative values in the vicinity of it. It can be seen from Fig. 5.28 that the topology S7,
which is a focal topology associated with stretching (see Fig. 2.2), shows positive value
of ⟨V ∗⟩ even at the wall for all cases at t = 2δZ/SL and 6δZ/SL, which is indicative of
predominant ω⃗ alignment with the intermediate and most extensive principal strain
rates for this flow topology. The contribution of ⟨V ∗⟩ arising from S8 topology induces
positive values of ⟨V ∗⟩ even at the vicinity of the wall for case E with Le = 0.8 at early
times (e.g. t = 2δZ/SL). The S4 topology, which is also a focal topology associated
with stretching becomes the leading order contributor to ⟨V ∗⟩ away from the wall at
early times (e.g. t = 2δZ/SL) but the contribution of ⟨V ∗⟩ arising from S4 decreases in
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t = 2δZ/SL

t = 6δZ/SL

t = 10δZ/SL

Fig. 5.28 Variations of ⟨V ∗⟩ = ⟨V ⟩ × (δZ/SL)3 ( ) with x1/δZ for t = 2δZ/SL,
6δZ/SL, 10δZ/SL for cases A, C and E with Le = 0.8, 1.0 and 1.2 (Focal topologies S1
( ), S4 ( ), S5 ( ), S7 ( ), nodal topologies S2 ( ), S3 ( ),
S6 ( ), S8 ( )).
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magnitude close to the wall but still remains positive. The negative value of ⟨V ∗⟩ at
the wall arises due to S1, S5 and S6 topologies. The contributions of nodal topologies
S2 and S3 lead to predominantly negative values of ⟨V ∗⟩ for case A with Le = 0.8
(Le = 1.0) at t = 2δZ/SL (6δZ/SL), whereas ⟨V ∗⟩ conditional on S2 exhibits positive
values at the final stage of quenching (e.g. t = 10δZ/SL) for case A with Le = 0.8
and also for case C with Le = 1.2. The observations made from Fig. 5.28 indicates
that the focal topologies associated with stretching tend to promote a positive value of
⟨V ∗⟩, whereas the negative values of ⟨V ∗⟩ especially at the wall originate principally
due to nodal topologies. A comparison between Figs. 5.24 and 5.28 indicates the
distributions of focal and nodal topologies determine the nature of ⟨V ∗⟩ variation in
all cases considered here.

5.4.3 Influence of flow topology on the wall heat flux

Figure 5.29a shows the temporal evolutions of maximum, mean and minimum values
of Φ for the turbulent cases. It can be observed from Fig. 5.29 that an increase in u′

leads to an increase in maximum wall heat flux Φmax. A comparison between different
Le cases indicates that the maximum heat flux in the turbulent Le = 0.8 case is
greater than the turbulent Le ≤ 1 cases. Figure 5.16 shows the existence of thermal
inhomogeneity in the burned gas for the non-unity Lewis number flames even before
the initiation of flame quenching. Super-adiabatic temperatures (T > 1) are observed
for non-unity Le cases when the flame is away from the wall. The high (low) values
of temperature are associated with the region where the flame curvatures which are
convex (concave) towards the reactants for turbulent Le = 0.8 cases. An opposite
behaviour is observed for the turbulent Le = 1.2 cases. Simultaneous strong focusing
of reactants and weak defocussing of heat in the turbulent Le = 0.8 cases lead to high
magnitudes of reaction rate and burned gas temperature in these regions. Just the
opposite mechanism gives rise to high-temperature values in the regions where the
flame front is concavely curved towards the reactants for the turbulent Le = 1.2 cases.
Figure 5.16 shows that the flame elements which are convex towards the reactants
are likely to reach near the wall at an earlier time. As high-temperature zones are
associated with the zones which are convex towards the reactants for the Le = 0.8
cases, the maximum value of Φ is obtained at an earlier time for smaller values of Le.
The flame quenching starts in the turbulent Le = 0.8 cases when the super-adiabatic
regions reach close to the wall. In these cases, the high rate of chemical reaction
enables the convexly curved regions to reach closer to the wall than the corresponding
laminar flame-quenching distance, which along with the super-adiabatic temperature
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(a)

(b)

Fig. 5.29 (a) Temporal evolution of maximum ( ), mean ( ) and minimum
( ) values of wall heat flux Φ for Case A, C and E with Le = 0.8, 1.0 and 1.2.
Vertical lines indate time instants for t = 2δZ/SL, 6δZ/SL and 10δZ/SL (left to right)
(b) Wall heat flux contributions from topology S1 − S8 for Le = 0.8, 1.0 and 1.2 at
different time instant t = 2δZ/SL, 6δZ/SL and 10δZ/SL (top to bottom) with Case A,
B and C.
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gives rise to higher values of maximum wall heat flux in these cases in comparison to
the corresponding turbulent Le = 1.0 cases. The super-adiabatic values of temperature
in the Le = 1.2 cases are associated with the curvatures which are concave towards the
reactants and therefore quenching starts before these zones get a chance to interact with
the wall. As a result of this, the maximum wall heat flux for the turbulent Le = 1.2
cases remains comparable to the corresponding value for laminar premixed flame-wall
interaction.

The normalised wall heat flux can be expressed as Φ = ΣΦSi where i = 1 − 8 with
ΦSi being normalised wall heat flux contribution for each individual topology. The
fractional contributions of each flow topology towards total wall heat flux magnitude
(i.e. ΦSi/Φ ) are also shown in Fig. 5.29b for cases A, C and E for different time
instants. For cases A-C the wall heat flux remains small for t ≤ 2δZ/SL as the flame
remains sufficiently away from the wall to influence Φ (see Fig. 5.29a). Under this
condition, ΦSi/Φ remains comparable for all flow topologies. However, the flame starts
to quench by t = 2δZ/SL in case E with Le = 0.8, which is reflected in the temporal
increase in wall heat flux in Fig. 5.29a. A comparison between Figs. 5.29a and 5.29b
reveals that S2 and S3 topologies remain the significant contributors to the overall
wall heat flux during high wall heat flux period during flame quenching (e.g. compare
Figs. 5.29a and 5.29b at t = 6δZ/SL for cases A-E with Le = 1.0 and 1.2 and cases
A-C with Le = 0.8). However, the topologies S6 and S8 become the leading order
contributors at the final stage of flame quenching when the wall heat flux starts to
decrease with time (compare Figs. 16a and 16b at t = 10δZ/SL for cases A-E with
Le = 0.8 and 1.0). In general, the nodal topologies have been found to contribute
heavily to the wall heat flux when the flame interacts with the wall during head-on
quenching irrespective of the value of global Lewis number.

5.4.4 Summary of the key results

The flow topology distribution and statistical behaviours of the invariants of velocity
gradient tensor P,Q and R have been analysed for head-on quenching of statistically
planar turbulent premixed flames by isothermal inert walls using three-dimensional
DNS data for different values of Lewis numbers at different turbulence intensities
u′/SL and integral length scale to flame thickness ratios l/δth. The flow topologies
have been characterised by the first, second and third invariants (i.e. P,Q and R) of
the velocity gradient ∂ui/∂xj tensor. The first invariant is the negative of dilatation
rate (i.e. (∂ui/∂xi) = −P ) and thus assumes significant negative values within the
flame (i.e. 0 < c < 1), but it assumes vanishingly small values outside the flame in
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both unburned gases and fully burned products in the Le = 1.0 cases when the flame
remains away from the wall. The positive dilatation rate effects (i.e. effects of negative
P ) remain significant not only within the flame, but also in the burned gas due to
considerable amount of thermal inhomogeneity resulting from imbalance of species and
heat diffusion rates in the case of non-unity Lewis number flames even when they are
away from the wall. The strengthening of burning leads to an increase in the magnitude
of negative contribution of P within the flame with decreasing Le. The effects of
positive dilatation rate weaken close to the wall due to flame quenching. The magnitude
of the second invariant Q drops significantly across the flame within the burned gases
and it changes from positive (i.e. vorticity dominated region) to negative (i.e. strain
rate dominated region) in a short span of space depending on local values of SijSij

and WijWij. Furthermore, the extent of this intermittent behaviour increases with
increasing turbulence intensity. Moreover, the likelihood of obtaining high magnitudes
of the third invariant R increases with increasing (decreasing) u′/SL (Le) and |R|
decreases as quenching progresses with time. A dominant negative correlation between
Q and R is obtained when the flame is away from the wall but this negative correlation
weakens as time progresses and the flame approaches the wall. The distributions
of volume fractions of focal (S1, S4, S5, S7) and nodal (S2, S3, S6, S8) topologies
have been investigated in detail. This paper provides information on the evolution
of dominant flow topologies with the progress of head-on quenching. Furthermore,
this analysis also provides information about the evolution of dominant flow topology
contributions to the scalar-turbulence interaction, vortex-stretching terms and wall
heat flux during head-on quenching. The volume fraction of focal topologies decreases
from the unburned to the burned gas side of the flame brush which is consistent with
the decay of enstrophy across the flame brush in these cases. The decrease (increase)
in volume fraction of focal (nodal) topologies across the flame brush is less prominent
for high values of u′/SL. It has been found that the flow topologies S7-S8, which are
present only for positive values of dilatation rate (i.e. negative values of −P ), occupy
a significant fraction of the flame front when the flame remains away from the wall
but the probability of their occurrence drops with progress of head-on quenching and
the topologies S1-S4 (and mainly S2), which are obtained for all possible values of
dilatation rate, play dominant roles during flame quenching. The contributions of
individual topologies to scalar-turbulence interaction and vortex-stretching terms in
the scalar dissipation rate and enstrophy transport equations, respectively have been
analysed. It has been found that the mean scalar-turbulence interaction term ⟨Λ⟩
remains mostly positive due to predominant alignment of scalar gradient with the
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most extensive principal strain rate. The S2, S7 and S8 topologies have been found to
be leading order contributors to ⟨Λ⟩, but the contributions of S7 and S8 topologies
weaken close to the wall as these topologies are specific to positive dilatation rate
which weakens at the wall due to flame quenching. It has been found that the focal
topologies S4 and S7 associated with stretching promote a positive mean value of
the vortex-stretching term ⟨V ⟩, whereas the negative values of ⟨V ⟩ especially at the
wall originate principally due to nodal topologies S2 and S3. Furthermore S2 and S3
topologies have been found to the major contributors to the wall heat flux during flame
quenching when high magnitudes of wall heat flux are obtained. However, S6 and
S8 topologies become the leading contributors to wall heat flux during final stages of
flame quenching. The flow topology contributions to wall heat flux remain qualitatively
similar for the values Le considered here. It can be seen from Fig. 2.2 that each of these
topologies is associated with canonical flow configurations and thus the distributions
of the topologies and their contributions to wall heat flux, and the scalar-turbulence
interaction and vortex-stretching terms in the scalar dissipation rate and enstrophy
transport equations, respectively could be used to design simplified experimental
and computational configurations. In addition to these simplified analyses, further
investigation on flow topology distribution for higher turbulent Reynolds number flows
will be necessary for gaining further physical insights.
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5.5 Statistical analysis and modelling of the turbu-
lent kinetic energy transport

Here, the turbulent kinetic energy transport and its modelling in the near-wall region
have been analysed. The main objectives of this section are:

• To analyse the statistical behaviour of turbulent kinetic energy k̃ and the unclosed
terms of its transport equation in the near-wall region for head-on quenching of
turbulent premixed flames.

• To discuss the modelling implications of the unclosed terms of the turbulent
kinetic energy k̃ transport equation in the near-wall region based on a-priori
analysis of DNS data.

5.5.1 Distributions of turbulent kinetic energy k̃ and its dis-
sipation rate ε̃

The variations of k̃ and ε̃ in the wall normal direction for cases A, C and E are shown
in Fig. 5.30 for different time instants. The magnitude of k̃ is found to increase with
increasing u′/SL , as expected. A comparison between Figs 5.30 and 5.31 reveals that
both k̃ and ε̃ decay across the flame brush. Moreover, turbulent kinetic energy decays
significantly in the near-wall region (i.e. x1/δZ < Pemin) due to strong viscous action.
The variation of ε̃ with x1/δZ in Fig. 5.30 shows that the high values of ε̃ are obtained
in the near-wall region (i.e. x1/δZ < Pemin). The magnitudes of turbulent kinetic
energy and its dissipation rate decrease by a large margin, as the flame quenching
progresses. Furthermore, it can be seen from Fig. 5.30 that the magnitudes of k̃ and ε̃
increase with decreasing global Lewis number Le. It is useful to analyse the statistical
behaviours of the unclosed terms of the turbulent kinetic energy transport equation
(see Eq. 2.46) to explain the variation of k̃ in the near-wall region.
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Fig. 5.30 Variations of k̃/S2
L and ε̃× δZ/S

3
L for cases A, C and E (1st-3rd column) at

t = 2δZ/SL ( ), 6δZ/SL ( ) and 10δZ/SL ( ).
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Fig. 5.31 Variations of c̃ and T̃ for cases A, C and E (1st-3rd column) at t = 2δZ/SL
( ), 6δZ/SL ( ) and 10δZ/SL ( ).
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5.5.2 Statistical behaviour of the turbulent kinetic energy
transport

The transport equation of turbulent kinetic energy can be seen in Eq. 2.46 (or see
Eq. 5.6 below).

∂ρk̃

∂t
+ ∂ρũj k̃

∂xj

= −ρu′′
i u

′′
j

∂ũi

∂xj︸ ︷︷ ︸
TK1

−u′′
i

∂p̃

∂xi︸ ︷︷ ︸
TK2

+ p′∂u
′′
k

∂xk︸ ︷︷ ︸
TK3

+u′′
i

∂τij

∂xj︸ ︷︷ ︸
TK4

−∂(p′u′′
i )

∂xi︸ ︷︷ ︸
TK5

−
∂(1

2ρu
′′
i u

′′
ku

′′
k)

∂xi︸ ︷︷ ︸
TK6

(5.6)

TK1 production/destruction of k̃ by the mean velocity gradient
TK2 the mean pressure gradient term
TK3 pressure dilatation term
TK4 molecular diffusion and viscous dissipation effects term
TK5 transport of k̃ by pressure fluctuations
TK6 transport of k̃ by turbulent velocity fluctuations

The variations of the terms TK1 − TK6 in the wall normal direction are shown in
Fig. 5.32. The mean velocity gradient term TK1 = −ρu′′

1u
′′
1∂ũ1/∂x1 acts as a sink

(i.e. negative term) for all cases because both ρu′′
1u

′′
1 and ∂ũ1/∂x1 remain positive

throughout the flame brush. The magnitude TK1 becomes negligible in the near-wall
region (i.e. x1/δZ < (Pemin)L). The magnitude of the Reynolds stress ρu′′

1u
′′
1 decays

close to the wall due to viscous actions which lead to the decay of the magnitude of TK1.
The quantity ∂ũ1/∂x1 represents the resolved dilatation rate in the context of RANS
of statistically planar flames, and its magnitude increases with decreasing Le due to
stronger thermal expansion effects for smaller values of global Lewis number as a result
of enhanced burning rate [40, 60, 151, 174, 1, 126, 163, 95, 170, 192, 30, 42, 93, 33].
Thus, the magnitude of the sink contribution of TK1 increases with decreasing Le.
The viscous dissipation term TK4 remains the dominant sink in all locations, even
at the near-wall region. The large magnitude of the dissipation rate of turbulent
kinetic energy ε̃ in the near-wall region (i.e. see Fig. 5.30) is responsible for the high
magnitude of TK4 (see Eq. 2.48). The mean pressure gradient term TK2 acts as a
leading order source within the flame brush away from the wall where the pressure
gradient depends mainly on the density variation within the flame. The flame normal
acceleration tends to induce a negative mean pressure gradient (i.e. ∂p̄/∂x1 < 0)
across the flame brush. A high rate of heat release in flames with small values of
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Le gives rise to strengthening of flame normal acceleration effects with decreasing
global Lewis number. This leads to an increase in the magnitude of the negative
mean pressure gradient ∂p̄/∂x1 with decreasing Le. The term u′′

1 can be expressed
as: u′′

1 ∼ (ρ−1
0 − ρ−1

∞ )ρu′′
1c

′′/ρ̄ [145, 41, 40] (where ρ∞ is the burned gas density), and
thus the behaviour of the turbulent scalar flux ρu′′

1c
′′ affects the behaviour of TK2.

Furthermore, the turbulent scalar flux ρu′′
1c

′′ exhibits predominantly counter-gradient
transport (i.e. ρu′′

1c
′′ > 0 where ∂c̃/∂x1 > 0 in all cases considered here, which along

with predominantly negative values of ∂p̄/∂x1 gives rise to the positive contribution of
the mean pressure gradient term TK2. The magnitude of TK2 decreases significantly
as the flame approaches the wall due to reduced magnitude of ∂p̄/∂x1 as a result of
flame quenching and diminishing magnitude of u′′

1 due to damping of turbulence in the
near-wall region.

The pressure dilatation term TK3 and the pressure transport term TK5 exhibit both
positive and negative values. The magnitudes of TK3 and TK5 remain comparable for
all cases irrespective of the value of Le. The negative values of the pressure dilatation
term TK3 are consistent with the previous DNS based findings [40], but are in contrast
to the models proposed by Zhang and Rutland [215] and Nishiki et al. [145], which
only predict positive values of TK3 proportional to τ 2S3

Lρ0/δth. Thus improved models
for the pressure dilatation term TK3 will be necessary. The effects of dilatation rate
and pressure fluctuations due to heat release in the near-wall region weaken with the
progress of flame quenching and consequently the magnitudes of TK3 and TK5 in the
near-wall region (i.e. x1/δZ < (Pemin)L) decrease with time. As the effects of dilatation
rate and heat release induced pressure fluctuation strengthen with decreasing Le, the
magnitudes of TK3 and TK5 also increase with decreasing global Lewis number. The
magnitude of the turbulent transport term TK6 has been found to be smaller than the
other terms in Eq. 2.46. It is evident from Fig. 5.32that the sink contribution of TK4

remains the leading order contributor to k̃ transport in the near-wall region and its
magnitude overwhelms the positive contributions of other source terms, and thus, k̃
decays significantly in the near-wall region.

5.5.3 Modelling of the mean velocity gradient term TK1

The closure of TK1 depends on the modelling of the Reynolds stress (−ρu′′
i u

′′
j ), which

is usually modelled using the Boussinesq’s hypothesis as [79, 162, 105, 210]:

ρu′′
i u

′′
j

ρ̄
= −νt

(
∂ũi

∂xj

+ ∂ũj

∂xi

)
+ 2

3δij

(
νt
∂ũk

∂xk

+ k̃

)
(5.7)
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where the eddy kinematic viscosity is given by νt = Cµk̃
2/ε̃ where Cµ = 0.09 is the

model constant. According to Eq. 5.7 the Reynolds stress ρu′′
1u

′′
1 in the direction of

mean flame propagation is given by:

ρu′′
1u

′′
1

ρ̄
= −4

3νt
∂ũ1

∂x1
+ 2

3 k̃
(5.8)

The variations of ũ′′
1u

′′
1/S

2
L in the wall normal direction for cases A, C and E are shown

in Fig. 5.33 along with the predictions of Eq. 5.8. It can be seen from Fig. 5.33 that
Eq. 5.8 tends to underpredict the magnitude of ũ′′

1u
′′
1/S

2
L when the flame is away from

the wall, but at later stages of flame-wall interaction Eq. 5.8 significantly overpredicts
ũ′′

1u
′′
1/S

2
L. At a given instant of time the flames with higher u′/SL and smaller values

of Le exhibit greater extent of flame-wall interaction, and thus the overprediction of
ũ′′

1u
′′
1/S

2
L by Eq. 5.8 close to the wall is more prominent for case E and for Le = 0.8

than the cases with smaller u′/SL (e.g. case A) and higher Le (e.g. Le = 1.2). By the
same token, the underprediction of ũ′′

1u
′′
1/S

2
L by Eq. 5.8 away from the wall is more

prominent for case A and for Le = 1.2 than the cases with higher u′/SL (e.g. case E)
and smaller Le (e.g. Le = 0.8).

According to Bray-Moss-Libby (BML) analysis [19], which assumes a bi-modal
probability density function (PDF) of c, which assumes impulses at c = 0 and c = 1.0
leads to an alternative expression of ρu′′

i u
′′
j :

ρu′′
i u

′′
j

ρ̄
= (1 − c̃)(u′

iu
′
j)R

+ c̃(u′
iu

′
j)P

+
(ρu′′

i c
′′)(ρu′′

j c
′′)

ρ̄2c̃(1 − c̃) +O(1/Da) (5.9a)

which leads to:

ρu′′
1u

′′
1

ρ̄
= (1 − c̃)(u′2

1 )R + c̃(u′2
1 )P + (ρu′′

1c
′′)2

ρ̄2c̃(1 − c̃) +O(1/Da) (5.9b)

where (u′2
1 )R and (u′2

1 )P the conditionally averaged mean-squared velocity fluctuations
in the x1− direction. The contribution (1− c̃)(u′2

1 )R + c̃(u′2
1 )P accounts for the influence

of background fluid turbulence and (ρu′′
1c

′′)2/[ρ̄2c̃(1 − c̃)] is the contribution arising
from flame normal acceleration. The last term on right hand side of Eqs. 5.9a and 5.9b
originates from the interior of the flame and this contribution remains negligible for
high Damköhler number (i.e. Da ≫ 1) flames. Chakraborty et al. [40] modelled the
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contribution of (1 − c̃)(u′2
1 )R + c̃(u′2

1 )P by Boussinesq’s hypothesis as:

(1 − c̃)(u′2
1 )R + c̃(u′2

1 )P = −4
3
Cµ

σLe

ρ0k̃
2

ρ̄ε̃

∂ũ1

∂x1
+ 2

3 k̃
(5.10)

where ρ0 is the unburned gas density and ρ̄ε̃/ρ0 the density-weighted dissipation rate
which is used here to account for changes in the viscosity with temperature and
σLe = Le−1 is a turbulent Prandtl number which will be used to account for Lewis
number effects. Furthermore, for a presumed bi-modal distribution of reaction progress
variable with impulses at c = 0 and 1 yields ρc′′c′′ = ρ̄c̃(1 − c̃) +O(1/Da).This enabled
Chakraborty et al. [40] to propose an alternative model:

ρu′′
1u

′′
1

ρ̄
= −4

3
Cµ

σLe

ρ0k̃
2

ρ̄ε̃

∂ũ1

∂x1
+ 2

3 k̃ + ρu′′
1c

′′ ρu′′
1c

′′

ρ̄ρc′′c′′
(5.11)

The predictions of Eq. 5.11 are also shown in Fig. 5.33, which shows a better level of
agreement with DNS data than the model given by Eq. 5.8 when the flame is away
from the wall. However, the performance of the models given by Eqs. 5.8 and 5.11
remain mostly comparable in the near-wall region. Similar to Eq. 5.8 the model given
by Eq. 5.11 also overpredicts ũ′′

1u
′′
1 close to the wall during flame-wall interaction. This

over-prediction originates due to simultaneous dampening of ũ′′
1u

′′
1 and strengthening

the magnitude of ∂ũ1/∂x1 close to the wall. This deficiency is addressed here by an
adjustment to Eq. 5.11 in the following manner:

ρu′′
1u

′′
1

ρ̄
= Q1

[
−4

3
Cµ

σLe

ρ0k̃
2

ρ̄ε̃

∂ũ1

∂x1
+ 2

3 k̃ + ρu′′
1c

′′ ρu′′
1c

′′

ρ̄ρc′′c′′

]
(5.12)

where Q1 = 0.5[erf(x1/δZ − Π) + 1] is a damping function and the parameterised
minimum Peclet number Π for turbulent flames is:

Π = (Pemin)L [erf(8 − 6.0Le) + 1] /2 (5.13)

with (Pemin)L being the minimum Peclet number based on laminar head on quenching
calculation. This parameterisation accounts for Π < (Pemin)L (Π ≈ (Pemin)L) for
turbulent Le < 1.0 (Le ≥ 1.0) cases, as observed in Fig. 5.3. The Q1 asymptotically
approaches unity away from the wall (i.e. x1/δZ > (Pemin)L) and thus Eq. 5.12 becomes
identical to Eq. 5.11. The predictions of Eq. 5.12 in Fig. 5.33 reveals that this model
does not overpredict ũ′′

1u
′′
1 in the near-wall region and its performance is comparable to
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Eq. 5.11 away from the wall. Thus, Eq. 5.12 performs better than the other alternative
models. It is worth noting that the turbulent scalar flux ρu′′

1c
′′ in Eqs. 5.11 and 5.12

is also unclosed and needs modelling. The closure of ρu′′
1c

′′ for head-on quenching of
turbulent premixed flames will be addressed later in this thesis.

5.5.4 Modelling of the mean pressure gradient term TK2

The modelling of the mean pressure gradient term TK2 translates to the modelling of
u′′

i . The quantity can be expressed as [145]:

u′′
i =

∫ 1
0 u

′′
1P (c)dc =

∫ 1
0 ρu

′′
1
P (c)
ρ

dc (5.14)

where P (c) is the PDF of reaction progress variable. For unity Lewis number flames,
the gas density can be expressed as [145]:

1
ρ

= (1 + τc)
ρ0

= c

ρ∞
+ 1 − c

ρ0

(5.15)

Substituting Eq. 5.15 in Eq. 5.14 leads to the following expression proposed by Nishiki
et al. [145]:

TK2 = − τ

ρ0
ρu′′

1c
′′ ∂p̄

∂x1

(5.16)

Chakraborty et al. [40] modified the model given by Eq. 5.16 for non-unity Lewis
number flames in the following manner:

TK2 = − τ

ρ0

[
fρu′′

1c
′′ + (1 − f)ρu′′

1T
′′
] ∂p̄
∂x1

where f = 0.5 (5.17)

Figure 5.34 shows the comparison between the predictions of Eqs. 5.16 and 5.17 along
with TK2 extracted from DNS for cases A, C and E at different time instants. The
mean pressure gradient term TK2 starts from zero at the wall and its magnitude
gradually increases toward the coming flame. Both Eqs. 5.16 and 5.17 predict TK2 in
a satisfactory manner. However, non-negligible values of turbulent scalar flux ρu′′

1c
′′

leads to over-prediction of TK2 in the near-wall region by Eqs. 5.16 and 5.17. Therefore,
the turbulent scalar flux ρu′′

1c
′′ contribution is required to be damped in the near-wall
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region. Thus, Eq. 5.17 is modified here in the following manner:

TK2 = − τ

ρ0

[
fwρu′′

1c
′′ + (1 − f)ρu′′

1T
′′
] ∂p̄
∂x1

where fw = 0.5exp
[
−2

(
c̃− T̃

)]
(5.18)

Equation 5.18 approaches Eq. 5.17 away from the wall where c̃ ≈ T̃ . This can be
substantiated from Fig. 5.34 which shows that Eq. 5.18 predicts TK2 satisfactorily for
both close to and away from the wall. Moreover, the performance of Eq. 5.18 remains
comparable to Eqs. 5.16 and 5.17 away from the wall.

5.5.5 Modelling of the pressure dilatation term TK3

Figure 5.35 presents the variations of the pressure dilatation term TK3 with x1/δZ.
It can be seen that the contribution of TK3 changes sign across the flame brush but
predominantly assumes positive values when the flame is away from the wall. However,
negative contribution of TK3 can be found in the near-wall region as flame approaches
the wall in all cases. According to Zhang and Rutland [215] the pressure dilatation
term TK3 can be expressed in the following manner:

TK3 = p′∂u
′′
i

∂xi

= 1
V

∫
V
p′∂u

′′
i

∂xi

dV = 1
V

∫
S

∫
p′ u

′′
i

∂xi

dξdS (5.19)

where dS and dV denote the elemental surface and volume elements, ξ is the local flame
normal direction, and Σ = |∇c| is the generalised Flame Surface Density (FSD) [12].
The pressure dilatation rate term TK3 is given by: TK3 =< I >s Σ where I is given by:

I =
∫

δ(p− p̄)
(
dun

dξ
− ∂ũi

∂xi

)
dξ (5.20)

where un is the velocity component in the flame normal direction. A one-dimensional
analysis of fluid flow in the flame normal direction yields the following relation:

p = pR − ρ0uR(un − uR) (5.21)
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the subscript R is used to denote the values in the unburned reactants. Equation 5.21
yields:

< I >s=< (pR − p̄)∆u >s −0.5 < ρ0uR(∆u)2 >s − < (p− p̄)(∂ũi/∂xi)δ >s
(5.22)

where δ is a length scale characterising the flame thickness. The pressure drop (pR − p̄)
remains positive for positive values of ∆u, which leads to a positive contribution of
< (pR − p̄)∆u >s throughout the flame brush. The second term on the right-hand
side of Eq. 5.22 is a negative term. For the unity Lewis number flames the following
scalings can be used [215]:

< (pR − p̄)∆u >s∼ τ 2ρ0S
3
L;< ρ0uR(∆u)2 >s∼ τ 2ρ0S

3
L

(5.23)

where (pR − p̄) is scaled with respect to the pressure drop across the laminar flame (i.e.
τ 2ρ0S

3
L) and the quantities ∆u and ρ0uR are scaled using ∆u ∼ τSL and ρ0uR ∼ ρ0SL

for the unity Lewis number flames. The last term on the right-hand side of Eq. 5.22
scales in the following manner for the unity Lewis number flames:

< (p− p̄)(∂ũi/∂xi)δ >s∼ τρ0S
3
L

(
Umean

u′

)
Da−1 (5.24)

Here, (p− p̄) and (∂ũi/∂xi) are scaled as τρ0S
2
L and Umean/l respectively with Umean

being the characteristic mean velocity scale. Thus, the last term on the right hand side
of Eq. 5.22 remains negligible in comparison to the other terms for high Damköhler
number Da flames. However, this contribution may not be negligible for low Da flames.

Zhang and Rutland [215] utilised the scalings given by Eq. 5.23 to model the
pressure dilatation term TK3 (stated as PDZ model) in the following manner:

TK3 = 1
2CZρ0S

3
Lτ

2c̃Σ (5.25)

where CZ is a model parameter with a value equal to 1.35. Nishiki et al. [145] proposed
an alternative model (stated as PDN model) as:

TK3 = CNS
2
Lτ

2 ¯̇ω (5.26)
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where CN is equal to 0.35 and ¯̇ω is the mean reaction rate of reaction progress variable.
It is worth noting that Eqs. 5.25 and 5.26 only predict the positive values of TK3 whereas
negative values of TK3 can be observed from Fig. 5.35. Furthermore, Eqs. 5.25 and 5.26
were proposed for unity Lewis number flames. Chakraborty et al. [40] proposed a
model which take into the consideration of Lewis number effects and the possibility of
negative value of TK3, which is expressed as (i.e. PDC model):

TK3 = ¯̇ω
[

(1 + τ)c̃
(1 + τ c̃) − 1

2

]
[f(Le)τSL]2 − CcD0

¯̇ω
SL

∂ũk

∂xk

[f(Le)τSL] (5.27)

where f(Le) = exp[Le−n − 1] with n = 0.5 and Cc = 0.1 is a model constant. In the
derivation of Eq. 5.27 the quantities < (pR − p̄)∆u >s Σ and < ρ0uR(∆u)2 >s Σ are
scaled as:

< (pR − p̄)∆u >s Σ ∼ ¯̇ω (1 + τ)c̃
(1 + τ c̃) [f(Le)τSL]2; < ρ0uR(∆u)2 >s Σ ∼ ¯̇ω[f(Le)τSL]2

(5.28)
where (pR − p̄) is scaled as: (pR − p̄) ∼ ¯̇ω(1 + τ)c̃/(1 + τ c̃)ρ0uR∆u according to
Domingo and Bray [74], whereas ∆u and ρ0uR are estimated as: ∆u ∼ f(Le)τSL and
ρ0uR ∼ ¯̇ω/Σ respectively where f(Le) is a function of Lewis number which accounts
for strengthening of flame normal acceleration with decreasing Lewis number. The
term < (p− p̄)(∂ũi/∂xi)δ >s Σ in the PDC model is approximated as:

< (p− p̄)(∂ũi/∂xi)δ >s Σ = CT3D0
¯̇ω
SL

∂ũk

∂xk

[f(Le)τSL] (5.29)

Both PDZ and PDN models assume a situation where pR > p̄ which associates the
pressure drop across the flame brush only due to flame normal acceleration, and it
predicts positive values of TK3. However, it has been demonstrated by Chakraborty et
al. [40] that the negative values of TK3 is obtained at the flame front location which
states pR < p̄. These effects are neglected by the PDZ and PDN models. Both the
PDZ and PDN models do not adequately capture the qualitative behaviour of TK3 for
all cases considered here and predict the wrong sign close to the wall. The absence of
¯̇ω in the near-wall region due to flame quenching severely damps the predictions of the
PDN and PDC models, whereas TK3 assumes non-negligible magnitude close to the
wall. Since, the PDC model provides the best performance among all these models, in
terms of qualitative and quantitative agreements with DNS data away from the wall,
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this model has been considered here for the modification in the near-wall region:

TK3 = ρ0SLΣ
[

(1 + τ)c̃
1 + τ c̃

− 1
2exp(1.2c̃w)

]
[f(Le)τSL]2 − C4D0ρ0Σ

∂ũk

∂xk

[f(Le)τSL]

(5.30)
The quantity [(1 + τ)c̃/(1 + τ c̃) − 1/2] in the PDC model plays an important role
in the prediction of negative values of T3. In the near-wall region, the contribution
of < ρ0uR(∆u)2 >s is expected to be greater than the contribution arising from
flame normal acceleration because no-slip condition at the wall sets up a stronger
< ρ0uR(∆u)2 >s than in a freely propagating flame away from the wall. This aspect
is accounted for by the factor exp(1.2c̃w) where c̃w is the value of c̃ at the wall and
exp(1.2c̃w) becomes identically equal to 1.0 when the flame is away from the wall when
c̃w = 0. Furthermore, ¯̇ω in the PDC model has been replaced by ρ0SLΣ, because ¯̇ω
vanishes for x1/δZ < Pemin due to flame quenching, but Σ assumes non-zero values
even at the wall. It can be seen from Fig. 5.35 that the model given by Eq. 5.30
satisfactorily predicts T3 both close to and away from the wall.

5.5.6 Modelling of the molecular diffusion and dissipation
contribution TK4

The variations of TK4, ∇ · (µ∇k̃), (−ρ̄ε̃) and TV in the wall normal direction are
shown in Fig. 5.36 for cases A, C and E. Figure 5.36 shows that (−ρ̄ε̃) remains the
major contributor to TK4 and the magnitude of TV remain smaller than (−ρ̄ε̃) for all
cases considered here. The magnitude of TV remain insignificant in comparison to the
magnitudes of ∇.(µ∇k̃) and (−ρ̄ε̃) in the near-wall region. Moreover, the magnitude
of ∇.(µ∇k̃) remains insignificant in comparison to (−ρ̄ε̃) away from the wall but these
contributions become comparable in the near-wall region. The term TV acts as a sink
term, which is consistent with the earlier findings [215, 145, 40]. The magnitudes of
TK4, ∇.(µ∇k̃), (−ρ̄ε̃) and TV diminish with time subsequent to flame quenching.

Nishiki et al. [145] estimated the order of magnitude of TV as:

TV = u′′
i

∂

∂xk

(
µ
∂u′′

k

∂xi

)
− 2

3u
′′
i

∂

∂xi

(
µ
∂u′′

k

∂xk

)
∼ O(−ρ0τS

2
L

√
k̃Σ) (5.31a)
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where u′′
i , µ and ∂u′′

k/∂xk are scaled using
√
k̃, ρ0SLδth and τSLΣ ∼ τSL/δth respectively.

This yields the following model for TV according to Nishiki et al. [145]:

TV = −Caddρ0τS
2
L

√
k̃Σ (5.31b)

where Cadd is a model constant which is taken to be 0.25. In Eq. 5.31b the spatial
derivative of ∂u′′

k/∂xk is scaled with respect to δth. This scaling may not be valid
only in the thin reaction zones regime as the effects of dilatation rate is not likely to
be confined in a thin region. As a result of better mixing in the thin reaction zones
regime it can be assumed that the spatial derivative of ∂u′′

k/∂xk is scaled with respect
to the flame brush thickness which can be scaled using the integral length scale (i.e.
1/|∇c̃| ∼ l ∼ k̃1.5/ε̃), which leads to an alternative order of magnitude estimate for TV :

TV ∼ O(−ε̃µ0∆us/k̃δth) (5.31c)

where µ0 is the dynamic viscosity in the reactants and ∂u′′
k/∂xk is scaled as: ∂u′′

k/∂xk ∼
∆us/δth where ∆us represents an appropriate slip velocity which is taken to be ∆us =
τSL/Le

r (where r > 0) as the effects of dilatation rate strengthen with decreasing Lewis
number. This suggests that the order of magnitude estimate presented in Eq. 5.31c
can be rewritten as:

TV = −O(ρ0τS
2
L

√
k̃ΣLe−rRe−0.5

t Da−0.5) (5.31d)

Chakraborty et al. [40] utilised Eq. 5.31d to propose an alternative model:

TV = −CV M
ε̃

k̃
µ0τSL

c̃p(1 − c̃)q

Lerδth

(5.31e)

where CV M = 0.32 is a model constant, and p = 3.33 − 2.45Le, q = 0.64 + 0.78Le and
r = 3.0 are the model parameters. The predictions of the models given by Eqs. 5.31b
and 5.31e are compared to TV obtained from DNS data in Fig. 5.37. The model given
by Eq. 5.31b overpredicts the magnitude of TV away from the wall for cases with high
u′/SL (e.g. case E). By contrast, Eq. 5.31e satisfactorily predicts the magnitude of TV

in cases A-C but significantly underpredicts the magnitude of TV in case E when the
flame is away from the wall. However, Eq. 5.31e severely overpredicts the magnitude
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of TV close to the wall. The combination of large magnitude of ε̃ and small value of k̃
reduces the local turbulent Reynolds number Ret = ρ0k̃

2/ε̃µ0 in the near-wall region.
Moreover chemical activity weakens due to flame quenching close to the wall, which
is expected to be reflected in the drop of local Damköhler number Da ∝ k̃SL/ε̃δth in
the near-wall region. A comparison between Eqs. 5.31a and 5.31c reveals that the
prediction of Eq. 5.31e is likely to yield greater magnitudes of TV than Eq. 5.31b. Here
the models given by Eqs. 5.31a and 5.31b have been combined to propose the following
expression according to the suggestion by Chakraborty et al. [41]:

TV = E3

{
−f(KaL)Caddτ k̃

1/2SL ¯̇ω − E1[1 − f(KaL)]CVM
ε̃

k̃
µ0τSL

c̃p(1 − c̃)q

LerδL

}
(5.32)

where f(KaL) = exp(−1.92 × 0.5E2 × [KaL/(1 + KaL)]1.83), E1 = 0.5{erf [x1/δZ −
0.5exp(c̃w − T̃w)Π]+1},E2 = 1−0.5[erf(x1/δZ −10)+1] and E3 = exp[−Le(c̃− T̃ )] with
KaL = (ε̃δth)0.5S−1.5

L being the local Karlovitz number. The function f(KaL) increases
increasing local Karlovitz number KaL which ensures the contribution of Eq. 5.31b
(Eq. 5.31e) weakens (strengthens) with increasing KaL and vice versa. The parameter
E1 damps the large magnitude of (ε̃/k̃) close to the wall, whereas E3 damps the overall
magnitude of the model expression close to the wall. It can be seen from Fig. 5.37 that
Eq. 5.32 predicts TV more satisfactorily than Eqs. 5.31b and 5.31e. However, Eq. 5.32
does not adequately predict TV at all locations, but the magnitude of TV remains small
in comparison to the leading order contributions of (−ρ̄ε̃) so the modelling inaccuracies
of TV are unlikely to play an important role in modelling k̃ transport.

5.5.7 Modelling of the pressure transport term TK5

The pressure transport term TK5 is often stated as:

TK5 = −∂(p′u′′
i )

∂xi

= −u′′
i

∂p′

∂xi

= −p′∂u
′′
i

∂xi

= −u′′
i

∂p′

∂xi

− TK3
(5.33)

where the term −u′′
i ∂p

′/∂xi is called the fluctuating pressure gradient term. In order to
model TK5, it will be easier to model the fluctuating pressure gradient term −u′′

i ∂p
′/∂xi,

since TK3 as been discussed in the previous section. Launder et al. [123] proposed a
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model (denoted as the PTL model) for −u′′
i ∂p

′/∂xi which is given as:

−u′′
i

∂p′

∂xi

= CLρu′′
i u

′′
j

∂ũi

∂xj

− CL2ρ̄ε̃
(5.34)

where CL = 1.5 and CL2 = 0.2 are the model constants. According to Strahle [181] the
term −u′′

i ∂p
′/∂xi can be modelled as (denoted as the PTS model):

−u′′
i

∂p′

∂xi

= 1
2Cstρu′′

i u
′′
j

∂ũi

∂xj

(5.35)

where Cst is the order of unity. The model proposed by Zhang and Rutland [215]
(PTZR) is given by:

−u′′
i

∂p′

∂xi

= 1
2ρ0S

3
LΣτ 3 (c̃(1 − c̃))

(1 + τ)
(5.36)

Domingo and Bray [74] provided a model for the quantity −u′′
i ∂p/∂xi = T2 −u′′

i ∂p
′/∂xi

in the following manner for strict flamelet combustion (i.e. Da ≫ 1):

−u′′
i

∂p

∂xi

= − ρu′′
i c

′′

ρ̄(1 + τ c̃)

[
−∂p̄R

∂xi

+ (1 + τ
∂p̄P

∂xi

)
]

− (1 − c̃)
(1 + τ c̃)u

′
R,i

∂p′
R

∂xi

− (1 + c̃)
(1 + τ c̃)u

′
P,i

∂p′
P

∂xi

+ 1
2ρ0τS

2
LΣ < N⃗.M⃗i >

ρu′′
i c

′′

ρ̄(1 − c̃)

+0.35ρ0τ
2S3

LΣ < N⃗.M⃗i >< N⃗.M⃗i >

(5.37)

where the subscripts R and P refer to conditional values in reactants and products
respectively, N⃗ = −∇c/|∇c| is the local flame normal vector and M⃗i is the component
of unit vector describing the mean flame propagation. The value of < N⃗.M⃗j > varies
between -0.5 to -0.3 in the present cases which is consistent with earlier findings [74]. The
conditional values in reactants and products are evaluated using samples corresponding
to 0 ≤ c ≤ 0.1 and 0.9 ≤ c ≤ 1.0 respectively, following previous analyses [40, 74].
The prediction of (Eq. 5.37−TK2) is referred to as the PTDB model in Fig. 5.38.
Chakraborty et al. [40] extended the PTDB model for Da < 1 combustion (denoted as
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the PTNKC model) as:

−u′′
i

∂p′

∂xi

= −g ρu′′
i c

′′

ρ̄(1 + τ c̃)

[
−∂p̄R

∂xi

+ (1 + τ
∂p̄P

∂xi

)
]

− g
(1 − c̃)
(1 + τ c̃)u

′
R,i

∂p′
R

∂xi

−g (1 + c̃)
(1 + τ c̃)u

′
P,i

∂p′
P

∂xi

+ g
1
2ρ0τS

2
LΣ < N⃗ · M⃗i >

ρu′′
i c

′′

ρ̄(1 − c̃)

+0.35gρ0τ
2S3

LΣ < N⃗ · M⃗i >< N⃗ · M⃗i >

+(1 − g)C1Nρu′′
i u

′′
j

∂ũi

∂xj

− (1 − g)C2N ρ̄ε̃+ gτ

ρ0

[
fρu′′

i c
′′ + (1 − f)ρu′′

i T
′′
] ∂p̄
∂xi

(5.38)

where g = c̃′′2/c̃(1 − c̃) is the segregation factor and C1N = 1.05, C2N = 0.14 and
f = 0.5 are the model parameters. The PTDB model is valid for the reactive region
in the corrugated flamelets regime whereas the model PTL was suggested for the
non-reacting flows. A linear bridging model based on segregation factor g = c̃′′2/c̃(1− c̃)
is used in the PTNKC model.

Figure 5.38 presents the variations of −u′′
i ∂p

′/∂xi with x1/δZ for cases A, C and
E. Figure 5.38 shows the PTNKC model has an advantage over the other alternative
models in terms of the prediction of −u′′

i ∂p
′/∂xi from DNS data when the flame is

far away from the wall. The PTL and PTS models do not sufficiently capture the
qualitative and quantitative behaviours of −u′′

i ∂p
′/∂xi, whereas the PTZR and PTDB

models to some extent capture the qualitative behaviour of −u′′
i ∂p

′/∂xi. It is worth
noting that the agreement between the PTZR model and DNS data improves as the
flame approaches the wall. The contribution of (−ρ̄ε̃) in the PTL and PTNKC models
is responsible for large negative values in the near-wall region, whereas DNS data shows
negligible values of −u′′

i ∂p
′/∂xi close to the wall. Here, the PTKNC and PZR models
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have been combined here to propose a new model as:
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− (1 − g)C2N ρ̄ε̃

]
ferr +

[
0.1ρ0S

3
LΣτ 3 c̃(1 − c̃)

(1 + τ)

]
(1 − ferr)

+gτ
ρ0

[
fρu′′

i c
′′ + (1 − f)ρu′′

i T
′′
] ∂p̄
∂xi

(5.39)
where g∗ and ferr are given as:

g∗ = exp(c̃w − T̃w)
 c̃′′2

c̃(1 − c̃)

0.5
[

erf
(x1

δZ
−10
)

+1
]

; ferr = 0.5[erf(x1/δZ − Π) + 1]

(5.40)
The PTKNC model underpredicts the magnitude of −u′′

i ∂p/∂xi in the near-wall region
due to the negligible value of the segregation factor g in that zone [141, 18]. The
exp(c̃w − T̃w) dependence of g∗ increases the magnitude of the prediction of the
PTDB model as (c̃w − T̃w) increases as the flame quenching progresses (because c̃w

remains zero away from the wall but it approaches unity as the flame quenching
progresses, whereas TW = 0 at the isothermal wall). The satisfactory performance
of the PTZR model in the near-wall region is utilised to add the contribution of
[0.1ρ0S

3
LΣτ 3c̃(1 − c̃)/(1 + τ)](1 − ferr) in the model expression given by Eq. 5.40 to

provide an accurate prediction in the region given by x1/δZ < Pemin. It can be seen in
Fig. 5.38 that Eq. 5.40 provides the better qualitative and quantitative agreements
with DNS data than the other alternative model expressions.

5.5.8 Modelling of the turbulent transport term TK6

The closure of the turbulent transport term TK6 translates to the modelling of ρu′′
i k =

ρu′′
i u

′′
ju

′′
j/2, which in turn boils down to the closure of ρu′′

1k = ρu′′
1u

′′
ju

′′
j/2 for statistically
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planar flames. According to Bray-Moss-Libby (BML) analysis [19] one gets:

ρu′′
1k =

ρu′′
1u

′′
ju

′′
j

2 = ρ̄{(1 − c̃)u′
1RkR + c̃u′

1PkP + c̃(1 − c̃)(ū1P − ū1R)(k̄P − k̄R)

+1
2 c̃(1 − c̃)(ū1P − ū1R)3(1 − 2c̃)}

(5.41a)
where k̄R = u′

1Ru
′
1R/2 and k̄P = u′

1Pu
′
1P/2 are the conditional values of the turbulent

kinetic energy in reactants and products respectively. The contribution ρ̄{(1− c̃)u′
1RkR +

c̃u′
1PkP } represents the non-reacting contribution to the unclosed turbulent flux of

turbulent kinetic energy. In the case of non-reacting turbulent flows ρu′′
1k is usually

modelled using a gradient hypothesis in the following manner [79, 210]:

ρu′′
1k = −ρ̄CT 1

k̃2

ε̃

∂k̃

∂x1

(5.41b)

The same approach can be applied for the closure of the non-reacting contribution
ρ̄{(1 − c̃)u′

1RkR + c̃u′
1PkP } as [41, 40]:

ρ̄{(1 − c̃)u′
1RkR + c̃u′

1PkP } = −ρ̄CT 2
k̃2

ε̃

∂k̃

∂x1

(5.41c)

According to BML analysis [19] the slip velocity (ū1P − ū1R) in Eq. 5.41a can be
expressed as:

(ū1P − ū1R) = ρu′′
1c

′′

ρc′′2
(5.41d)

Chakraborty et al. [41, 40] modelled the difference in the mean turbulent kinetic energy
between products and reactants as:

(k̄P − k̄R) = −CT 3
1
ΣMi

∂k̃

∂xi

(5.41e)

where Mi = −(∂c̃/∂xi)/|∇c̃| is the resolved flame normal vector component in the ith

direction. Combining Eqs. 5.41a, 5.41c, 5.41d, 5.41e yields [41, 40]:

ρu′′
1k = −ρ̄CT 2

k̃2

ε̃

∂k̃

∂x1
− CT 3ρu′′

1c
′′ 1
ΣMi

∂k̃

∂xi

+ 1
2(ρc′′2)2

(ρu′′
1c

′′)3(1 − 2c̃) (5.41f)
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It is worth noting that the BML analysis assumes a bi-modal probability density
function (pdf) of c with impulses at c = 0 and c = 1 but it has been demonstrated
elsewhere [119, 120] and in the next chapter that the pdf of c does not remain bi-modal
in the near-wall region. Chakraborty et al. [40] modified Eq. 5.41f for the conditions
where pdf of c shows a departure from bi-modal distribution in the following manner:

ρu′′
1k = −ρ̄CT 2

k̃2

ε̃

∂k̃

∂x1
− CT 3ρu′′

1c
′′ 1
ΣMi

∂k̃

∂xi

+ 1
2(ρc′′2)2

(ρu′′
1c

′′)3(1 − 2c̃gs) (5.41g)

where g = c̃′′2/c̃(1 − c̃) is the segregation factor which assumes a value of unity for
bi-modal distribution with impulses at c = 0 and c = 1 and it becomes increasingly
smaller than unity for increasing deviation of the pdf of c from a bi-modal distribution.
Chakraborty et al. [40] suggested CT 2 = 0.22, CT 3 = 1.0 and s = 2 for the model
parameters.

The predictions of −µt(∂k̃/∂x1) (where µt = 0.09ρ̄(k̃2/ε̃)), Eqs. 5.41f and 5.41g are
compared to ρu′′

i k extracted from DNS data in Fig. 5.39. In non-reacting turbulent
flows ρu′′

1u
′′
ju

′′
j/2 is often modelled as ρu′′

1u
′′
ju

′′
j/2 = −(µt/δk)(∂k̃/∂x1) using a gradient

hypothesis [79, 105, 210]. It has been found that both ρu′′
1u

′′
ju

′′
j/2 and −µt(∂k̃/∂x1)

assume the same sign in the near-wall region (i.e. 0 < x1/δZ < (Pemin)L) in all cases.
However, ρu′′

1u
′′
ju

′′
j/2 and −µt(∂k̃/∂x1) assume opposite signs at some locations within

the flame brush when the flame is away from the wall, and this behaviour is more
prevalent in the Le = 0.8 case than in the Le ≥ 1.0 cases because the strong flame
normal acceleration in a low Lewis number flame is more likely to overwhelm the effects
of turbulent velocity fluctuations to give rise to counter-gradient transport [41, 40].
The effects of flame normal acceleration weaken due to flame quenching, and thus the
gradient transport dominates in the near-wall region.

Equations 5.41f and 5.41g are more successful in capturing the qualitative behaviour
of ρu′′

1k extracted from DNS data than the gradient hypothesis model (i.e. Eq. 5.41b)
when the flame is away from the wall and quantitative agreement with DNS data is
marginally better for Eq. 5.41g than in Eq. 5.41f. However, in the near-wall region,
Eqs. 5.41f and 5.41g start to over-predict by large margin, and at the advanced stage
of quenching, no models predict the correct sign and magnitude of turbulent flux of
kinetic energy ρu′′

1k. In order to capture the near-wall behaviour of ρu′′
1k Eq. 5.41g has

been modified here in the following manner:

ρu′′
1k = α4

[
−ρ̄CT 2

k̃2

ε̃

∂k̃

∂x1
− CT 3ρu′′

1c
′′ 1
ΣMi

∂k̃

∂xi

+ 1
2(ρc′′2)2

(ρu′′
1c

′′)3(1 − 2c̃gs)
]

(5.42)
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where CT 3W = [(−2)α2exp(c̃w)]α1 with a1 = 1 − 0.5[erf(x1/δZ − Π) + 1] and a2 =
0.5[erf(c̃w − 0.55Le) + 1] and a4 = 0.5[erf(x1/δZ − exp(−c̃w)Π) + 1]. The modification
of CT 3W allows for dampening of turbulent kinetic energy close to the wall. The
model parameter a2 makes sure that the modification of CT 3 becomes active only at
an advanced stage of quenching and a1 restricts the region of modification close to the
wall. The model parameter a4 ensures the magnitude of ρu′′

1k is adequately captured.
The predictions of Eq. 5.42 are shown in Fig. 5.39 which reveals that the predictions of
Eq. 5.42 are in better agreement with ρu′′

1k from DNS than the other model expressions.
However, the level of agreement between DNS data and the prediction of Eq. 5.42 is
relatively better for Le = 1.0 and 1.2 cases than the Le = 0.8 cases. It can be seen
from Fig. 5.39 that Eq. 5.42 does not adequately capture the qualitative/quantitative
behaviour of ρu′′

1k at some instants of time (e.g. at t = 10δZ/SL for case A and at
t = 2δZ/SL and 6δZ/SL for case E). It has been shown in Fig. 5.32 that TK6 remains
small in comparison to the leading order contributors to turbulent kinetic energy k̃

transport so the modelling inaccuracies of ρu′′
1k may not have a significant role in

modelling k̃ transport.

5.5.9 Summary of the key results

The statistical behaviour and modelling of the transport of turbulent kinetic energy
in the case of head-on quenching of turbulent premixed flames by an isothermal inert
wall have been investigated. The turbulent kinetic energy decays significantly in the
vicinity of the wall, whereas its dissipation rate increases close to the wall. It has
been found that the mean pressure gradient term TK2 remains the leading order source
for all cases whereas the viscous contribution TK4 acts as a leading order sink. The
contributions arising from mean velocity gradient and turbulent transport (i.e. TK1

and TK5) remain negligible in comparison to the magnitude of the viscous contribution
TK4 for all cases considered here. The magnitudes and the strengths of mean pressure
gradient and pressure dilatation terms (i.e. TK2 and TK3) decrease with increasing
Lewis number due to the weakening of burning rate and flame normal acceleration. The
pressure dilatation and pressure transport terms (i.e. TK2 and TK3) have been found
to play significant roles in the turbulent kinetic energy transport, and the behaviours
of TK3, TK4, TK5 and TK6 have been found to be significantly affected by the presence
of the wall. Furthermore, the turbulent flux of kinetic energy has been found to exhibit
counter-gradient behaviour, and the extent of counter-gradient transport weakens with
increasing Lewis number Le. The existing models for TK3, TK4, TK5 and TK6 have been
assessed in comparison to the corresponding terms extracted from explicitly Reynolds
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averaged DNS data and it has been found that the existing models for TK3, TK4, TK5

and TK6 need modification in order to provide satisfactory prediction in the vicinity
of the wall. Modifications to the existing model expressions which yield satisfactory
performance away from the wall have been suggested so that they predict the behaviour
of DNS data both away from and close to the wall.
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5.6 Statistical analysis and modelling of the scalar
variance transport

The main investigation of the current section is statistical analysis and modelling of
the progress variable variance c̃′′2 transport (see below).

∂ρc̃′′2

∂t
+ ∂ρũj c̃′′2

∂xj

= ∂

∂xj

ρD∂c̃′′2

∂xj


︸ ︷︷ ︸

D1v

−∂ρu′′c′′2

∂xj︸ ︷︷ ︸
T1v

−2u′′
j c

′′ ∂c̃

∂xj︸ ︷︷ ︸
T2v

+ 2(ω̇c− ω̇c̃)︸ ︷︷ ︸
T3v

− 2ρε̃c︸ ︷︷ ︸
D2v

(5.43)

D1v turbulent transport term
T1v generation/destruction by the mean scalar gradient
T2v pressure dilatation term
T3v reaction rate contribution term
D2v molecular dissipation term

It yields to the primary objectives of current section to:

• To identify the near-wall effects on the statistical behaviour of the unclosed terms
of the scalar variance c̃′′2 transport equation.

• To propose modifications to the existing models of the unclosed terms of the c̃′′2

transport equation in order to account for the near-wall behaviour.

5.6.1 Statistical Behaviour of the Variance c̃′′2 Transport

The variations of T1v, T2v, T3v and (−D2v) with normalised wall normal distance x1/δZ

are shown in Fig. 5.40 for all the cases considered here. The following observations
can be made from the variations of T1v, T2v, T3v and (−D2v) with x1/δZ for all cases
considered here:

• For all cases, the reaction rate term T3v and the molecular dissipation term (−D2v)
remain leading order source and sink terms respectively in the c̃′′2 transport
equation when the flame is away from the wall. The magnitudes of both the
terms decrease with time as flame starts to quench. The terms T3v and (−D2v)
remain of the same order of magnitude away from the wall but T3v vanishes
in the region given by x1/δZ < Pemin due to flame quenching, whereas (−D2v)
continues to act as a dominant sink term even when T3v disappears. However,
(−D2v) eventually vanishes when the flame is completely quenched.
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• The mean scalar gradients term T1v shows negative values close to the wall but
assumes positive values away from the wall during early stages of flame quenching.
However, T1v assumes positive values in the near-wall region and negative values
away from the wall as a result of the reversal of flow direction (after quenching
the flow is directed towards the wall in contrast to the flow away from the wall
before quenching) at later stages of flame quenching.

• One obtains the following scaling estimates of T1v, T2v, T3v and (−D2v) according
to the scaling arguments of Swaminathan and Bray [185]:

T1v ∼ O

(
ρ0SL

δth
; 1√

RetDa

)
; T2v ∼ O

(
ρ0SL

δth
; 1√

RetDa

)
;

T3v ∼ O
(
ρ0SL

δth
; 1
)

; D2v ∼ O
(
ρ0SL

δth
; 1
) (5.44)

where the gas density is scaled using the unburned gas density ρ0, the turbulent
velocity fluctuations associated with scalar fluctuations are scaled using the
unstrained laminar burning velocity SL, the mean gradients are scaled using the
turbulence integral length scale l and the length scale associated with gradient
of fluctuating quantities is scaled using the flame thickness δth. In Eq. 5.44, ω̇
is scaled as ω̇ ∼ ρ0SL/δth. It can be seen from Fig. 5.40 that the magnitudes
of the turbulent transport and mean scalar gradient terms T1v and T2v remain
smaller than those of T3v and (−D2v) especially when the flame is away from
the wall before flame, which is consistent with the scaling estimates presented
in Eq. 5.44. Furthermore, it can be seen from Fig. 5.40 that the magnitudes of
T3v and (−D2v) increase with decreasing Le, which is consistent with previous
findings by Chakraborty and Swaminathan [50].

5.6.2 Modelling of Turbulent Transport of Scalar Variances

According to BML [19] for high Damköhler number and unity Lewis number flames the
joint pdf between velocity vector u⃗ and reaction progress variable c can be expressed
as:

P (u⃗, c) = αcPR(u⃗, 0) + βcPP (u⃗, 1) + γcf(u⃗, c)[H(c) −H(c− 1)] (5.45)

where αc, βc and γc are the weights associated with the pdf contributions, PR(u⃗, 0)
and PP (u⃗, 1) are the conditional velocity pdfs in reactants and products respectively,
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f(u⃗, c) originates from the interior of the flame. For high Damköhler number flames
the third contribution can be ignored and in the case of unity Lewis number flames
one gets: αc = (1 − c̃)/(1 + τ c̃) and βc = (1 + τ)c̃/(1 + τ c̃) [19]. Based on Eq. 5.45 one
gets the following expressions for high Damköhler number (i.e. Da ≫ 1 flames [19]:

ρ̄ũi =
∫∞

∞
∫ 1

0 ρuiP (u⃗, c)dcdui = (1 − c̃)(ui)R + c̃(ui)R +O(γc)

ρu′′
i c

′′ =
∫∞

∞
∫ 1

0 ρ(ui − ũi)(c− c̃)P (u⃗, c)dcdui

= ρ̄c̃(1 − c̃)[(ui)P − (u)iR] +O(γc)

ρu′′
i c

′′2 =
∫∞

∞
∫ 1

0 ρ(ui − ũi)(c− c̃)2P (u⃗, c)dcdui

= ρ̄c̃(1 − c̃)(1 − 2c̃)[(ui)P − (ui)R] +O(γc) = ρu′′
i c

′′(1 − 2c̃) +O(γc)

(5.46)

where (ui)R and (ui)P are the ith components of mean velocity conditional on reactants
and products respectively. The last terms on the right hand side of Eq 5.46 can
be ignored for Da ≫ 1. Chakraborty and Swaminathan [50] demonstrated that
ρu′′

i c
′′(1 − 2c̃) does not adequately predict ρu′′

i c
′′2 obtained from DNS data for low

Damköhler number (i.e. Da < 1) combustion and proposed an alternative model as:

ρu′′
1c

′′2 = ρu′′
1c

′′

1 − 2c̃
 c̃′′2

c̃(1 − c̃)

m 2c̃′′2

c̃′′2 + c̃(1 − c̃)
(5.47)

where m = 0.3 is a model parameter. It is worth to noting that O(γc) contribution for
low Damköhler number (i.e. Da<1) combustion is represented by 2c̃′′2/[c̃′′2 + c̃ · (1 − c̃)]
in Eq. 5.47. The term [c̃′′2/c̃(1 − c̃)]m accounts for transition of ρu′′

1c
′′2/ρu′′

1c
′′ from

positive to negative value at the proper c̃ location. Moreover, g = c̃′′2/c̃(1 − c̃) becomes
unity for high Damköhler number (i.e. Da ≫ 1) combustion (because c̃′′2 ≈ c̃(1 − c̃))
and thus, Eq. 5.47 becomes identical to Eq. 5.46.

For statistically planar flames ρu′′
1c

′′2 remains the only non-zero component of
ρu′′

i c
′′2. Figure 5.41 the variations of ρu′′

i c
′′2 with normalised wall normal distance

x1/δZ as obtained from DNS data along with the predictions of Eq. 5.47 for all cases
considered here. Equation 5.47 mostly provides satisfactory performance away from
the wall but this model under-predicts the magnitude of the negative contribution



158 Results & Discussion 1: A Physical Insight

of ρu′′
1c

′′2 in the near-wall region when the flame starts to interact with the wall (see
Fig. 5.41). Based on this observation Eq. 5.47 has been modified in the following
manner:

ρu′′
1c

′′2 = ρu′′
1c

′′

A3
w − 2c̃

 c̃′′2

c̃(1 − c̃)

m 2c̃′′2

c̃′′2 + c̃(1 − c̃)
(5.48)

where Aw = −exp[Le(c̃− T̃ )] + 2 is the model parameter, which remains active close to
the wall where c̃ ̸= T̃ , but the magnitude of Aw increases with increasing wall normal
distance and asymptotically approach 1.0 away from the wall where c̃ ≈ T̃ . It can
be seen from Fig. 5.41 that the model given by Eq. 5.47 starts to underpredict the
magnitude of ρu′′

1c
′′2 at an early stage of flame quenching (e.g. t = 8δZ/SL for Le = 1.0

and t = 6δZ/SL for Le = 0.8. Furthermore, Eq. 5.47 starts to predict wrong sign
of ρu′′

1c
′′2 at later stages of flame quenching in Le = 0.8 cases (e.g. t = 6δZ/SL for

Le = 0.8). The sign of ρu′′
1c

′′2 is incorrectly predicted when ρu′′
1c

′′2/[ρu′′
1c

′′(1 − 2gmc̃)]
becomes negative. In order to avoid this discrepancy (A3

w − 2gmc̃) is introduced in
Eq. 5.48, which assumes a negative value in the near-wall region where (1 − 2gmc̃)
remains positive. The term Aw remains active in the near-wall region where c̃ and
T̃ are different from each other as a result of flame quenching. The non-zero value
of (c̃− T̃ ) arises due to different boundary conditions used for the reaction progress
variable and non-dimensional temperature at the isothermal inert wall (i.e. Dirichlet
boundary condition for non-dimensional temperature and Neumann boundary condition
for reaction progress variable). The (c̃− T̃ ) dependence of Aw ensures that the effects
of enthalpy loss due to wall heat transfer are reflected on both the qualitative and
quantitative variations of ρu′′

1c
′′2 depending on the distance of the flame from the wall.

The quantities, c̃ and T̃ approach each other away from the wall (i.e. x1/δZ ≫ Pemin),
but c̃ ≠ T̃ and c̃ > T̃ in the near-wall region during flame quenching. A model
parameter similar to Aw was previously used in the context of FSD based closure for
flame-wall interaction [21]. The quantities, c̃ and T̃ approach each other away from
the wall (i.e. x1/δZ ≫ Pemin), which leads to Aw = 1.0 and thus Eq. 5.48 reduces to
Eq. 5.47 away from the wall. The wall normal distance at which c̃ and T̃ approach
each other, and the discrepancy between the prediction of Eq. 5.47 and DNS data
depend on Le (e.g. the discrepancy is greater in extent in the Le = 0.8 case than in the
Le = 1.0 and 1.2 cases) and thus Aw is taken to be Lewis number dependent. It can
be seen from Fig. 5.41 that the under-prediction of ρu′′

1c
′′2 by Eq. 5.47 in the near-wall

region can be eliminated by the modification proposed in Eq. 5.48.
It is worth noting that the success of the model given by Eqs. 5.46, 5.47 and 5.48

depend on appropriate modelling of turbulent scalar flux ρu′′
i c

′′. Furthermore, the
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Fig. 5.41 Variations of ρu′′
1c

′′2 extracted from DNS data (solid line) along with the
predictions of Eqs. 5.47 (dotted line) and 5.48 (broken line) with x1/δZ at t = 4δZ/SL,
6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases A - E with Le = 0.8, 1.0 and 1.2.
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modelling of ρu′′
i c

′′ plays a pivotal role in the evaluation of T2v. The near-wall modelling
of turbulent scalar flux ρu′′

i c
′′ will be addressed in the following section.

5.6.3 Algebraic Closure of Turbulent Scalar Flux ρu′′
i c

′′

Using Eq. 5.46 one obtains [34, 136, 38]:

∂ũi

∂xi

∼
{
(ui)P − (ui)R

} ∂c̃

∂xi

(5.49)

The slip velocity
{
(ui)P − (ui)R

}
can be expressed as [34]:

{
(ui)P − (ui)R

}
= − [∆uturb + ∆uhr]Mi

(5.50)

where Mi = −(∂c̃/∂xi)/|∇c̃| is the ith component of the flame normal vector based on
Favre averaged reaction progress variable, ∆uturb is the contribution to the slip velocity
arising from turbulence and ∆uhr is the contribution to the slip velocity arising from
heat release. Using Eqs. 5.49 and 5.50 one obtains:

∂ũi

∂xi

∼ {∆uturb + ∆uhr} |∇c̃| (5.51)[
∂ũi

∂xi

− ∆uturb|∇c̃|
]

∼ ∆uhr|∇c̃| (5.52)

Using ∆uturb = −α2

√
2k̃/3 (where α2 is a model parameter and k̃ = ρu′′

ju
′′
j/2ρ̄ is the

turbulent kinetic energy) [34] one obtains:
[
∂ũi

∂xi

+ α2

√
2k̃/3|∇c̃|

]
∼ ∆uhr|∇c̃| (5.53)

The quantity |∇c̃| can be scaled as |∇c̃| ∼ 1/δb where δb is the flame brush thickness.
Accordingly, the velocity jump due to heat release over a distance equal to the flame
thickness based on reaction progress variable gradient for a corresponding laminar
flame (i.e. δL ∼ 1/|∇c|L) can be estimated as:

Vhr = ∆uhr|∇c̃|
δth

c̃(1 − c̃)Le =
[
∂ũi

∂xi

+ α2

√
2k̃/3|∇c̃|

]
δth

c̃(1 − c̃)Le (5.54)
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where |∇c|L is estimated as |∇c|L ∼ c̃(1 − c̃)Le/δth, in which δth/Le provides an
estimate for the laminar flame thickness based on the reaction progress variable
gradient. According to Veynante et al. [202]

{
(ui)P − (ui)R

}
can be expressed as:{

(ui)P − (ui)R

}
= −

{
−α1

√
2k̃/3 + Vhr

}
Mi which upon using in Eq. 5.46 yields [34,

38]:

ρu′′
i c

′′ = ρ̄

{
−α1

√
2k̃/3 +

[
∂ũj

∂xj

+ α2

√
2k̃/3|∇c̃|

]
δth

c̃(1 − c̃)Le

}
c̃(1 − c̃) 1

|∇c̃|
∂c̃

∂xi

(5.55)

where α1 = 0.75 + 0.6erfc[(ReL + 1)3/2/60] and α2 = 2 + erf [(ReL + 1)/30] [38].
For statistically planar flames ρu′′

1c
′′ remains the only non-zero component of

ρu′′
1c

′′. Figure 5.42 shows the variations of ρu′′
1c

′′ with normalised wall normal distance
x1/δZ as obtained from DNS data along with the predictions of Eq. 5.55 for all cases
considered here. It can be seen that ρu′′

1c
′′ is positive throughout the flame brush

and gradually reduces zero at the wall. The positive value of ρu′′
1c

′′ is indicative of
counter-gradient transport as ∂c̃/∂x1 remains positive in the positive x1−direction. It
can be seen from Fig. 5.42 that Eq. 5.55 satisfactory predicts the qualitative behaviour
of ρu′′

1c
′′ when the flame is away from the wall but this model significantly over-predicts

ρu′′
1c

′′ once the flame approaches the wall and Eq. 5.55 predicts non-zero values of
ρu′′

1c
′′ at the wall. This starts to happen at an earlier time for higher values of

u′/SL ∼ Re
1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 because the flame starts to interact with the wall

at an earlier time instant due to greater extent of flame wrinkling. In order to eliminate
the inadequacies of Eq. 5.42 in the near-wall region the following modification has been
suggested:

ρu′′
i c

′′ = ρ̄A1

{
−α1

√
2k̃/3 +

[
∂ũj

∂xj

+ α2

√
2k̃/3|∇c̃|

]
δth

c̃(1 − c̃)Le

}
c̃(1 − c̃) 1

|∇c̃|
∂c̃

∂xi

(5.56)

where A1 = erf{0.05exp[2Le(c̃− T̃ )]x1/δZ} is the model parameter. Figure 5.42 shows
that Eq. 5.55 over-predicts the magnitude of ρu′′

1c
′′ in the near-wall region. The presence

of wall leads to a decay in turbulent velocity fluctuation which gives rise to a reduction
the magnitude of scalar flux ρu′′

1c
′′. However, this behaviour is not sufficiently captured

by Eq. 5.55 and it overpredicts the magnitude of ρu′′
1c

′′. For this reason Eq. 5.55 is
revised to propose a new model (i.e. Eq. 5.56) where the parameter A1 accounts for the
reduction of scalar flux magnitude due to the presence of wall. The model parameter
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A1 is responsible for eliminating the overprediction of ρu′′
1c

′′ in the near-wall region.
The functional dependence of A1 on Le(c̃− T̃ ) and x1/δZ ensures that this parameter
remains active close to the wall where c̃ ̸= T̃ . The turbulent scalar flux components
ρu′′

1c
′′ vanish at the wall (i.e. x1 = 0) because the velocity component fluctuations

u′′
i vanish at the wall due to no-slip condition. The model parameter A1 contains an

error function which depends on x1/δZ which ensures that both ρu′′
1c

′′ = 0 and A1 = 0
at x1/δZ = 0. Furthermore, the error function in A1 ensures that it increases from
0 at x1 = 0 with increasing x1/δZ and asymptotically approaches 1.0 away from the
wall (i.e. x1/δZ ≫ (Pemin)L) where Eq. 5.56 reduces to Eq. 5.55. The wall normal
distance over which c̃ and T̃ are significantly different from each other depends on Lewis
number and this is reflected in Le dependence of A1. It can be seen from Fig. 5.42 that
Eq. 5.56 significantly reduces the over-prediction of ρu′′

1c
′′ in comparison to Eq. 5.55

and satisfactorily captures the qualitative behaviour of turbulent scalar flux ρu′′
1c

′′ in
the near-wall region for all cases considered here.

5.6.4 Modelling of Reaction Rate Term T3v

According to Bray et al. [19], the reaction rate contribution T3v can be expressed as:

T3v = 2ω̇(cm − c̃) (5.57)

where cm is given by: cm =
∫ 1

0 [ω̇cfb(c)]Ldc/
∫ 1

0 [ω̇fb(c)]Ldc with fb(c) being the burning
mode pdf. This parameter cm has been found to be equal to 0.87, 0.85 and 0.83 for
Le = 0.8, 1.0 and 1.2 respectively. Bray [17] proposed the following closure for the
mean reaction rate of reaction progress variable ω̇ in terms of scalar dissipation rate
ε̃c for Da ≫ 1 flames based on a presumed bi-modal pdf of c with impulses at c = 0
and c = 1.0: ω̇ = 2ρ̄ε̃c/(2cm − 1). It was shown by Chakraborty and Cant [36] and
Chakraborty and Swaminathan [51] based on scaling arguments and DNS data that
the mean reaction rate model also remains valid for Da < 1 as long as the flamelet
assumption remains valid. Thus, the reaction rate term T3v can be expressed as:

T3v = ρ̄ε̃c(cm − 1c̃)
2cm − 1 (5.58)

Figure 5.43 shows the variations of T3v with normalised wall normal distance x1/δZ as
obtained from DNS data along with the predictions of Eq. 5.57 for all cases considered
here. It can be seen from Fig. 5.43 that Eq. 5.57 satisfactorily predicts T3v when the
flame is away from wall but once the quenching starts, Eq. 5.57 predicts non-zero
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Fig. 5.42 Variations of ρu′′
1c

′′ extracted from DNS data (solid line) along with the
predictions of Eqs. 5.55 (dotted circle line) and 5.56 (broken triangle line) with x1/δZ
at t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases A - E with Le = 0.8, 1.0
and 1.2.
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values at the wall and in the near-wall region, where T3v either vanishes or assumes
negligible values. This behaviour originates due to non-zero value of 2ρ̄ε̃c/(2cm − 1)
in the near-wall region where ¯̇ω vanishes due to flame quenching. With the accurate
prediction of the mean reaction rate ω̇, Eq. 6.2 in the next chapter extended the
expression given by Eq. 5.57 to predict ¯̇ω accurately in the near-wall region.

5.6.5 Summary of the key results

The reaction progress variable variance c̃′′2 transport and its modelling in the context
of RANS have been analysed for head-on quenching of turbulent premixed flame. The
statistical behaviours of the unclosed terms in the transport equation of c̃′′2 have been
analysed in detail, and their relative magnitudes have been explained based on scaling
arguments. It has been found that the reaction rate contribution T3v and the molecular
dissipation term (−D2v) are the leading order source and sink terms, respectively, in
the c̃′′2 transport equation. However, the reaction rate contribution T3v vanishes in
the near-wall region due to flame quenching, whereas (−D2v) continues to act as a
dominant sink. The mean scalar gradient term T2v acts as the sink term for all cases
considered here, since the turbulent scalar flux ρu′′

1c
′′ shows counter-gradient transport

in these cases. The turbulent flux of scalar variance ρu′′
1c

′′2 assumes positive values
in the near-wall region but becomes negative away from the wall at early stages of
flame quenching, but an opposite behaviour is observed at the final stage of quenching.
The performances of previously proposed models for turbulent fluxes ρu′′

i c
′′2 and ρu′′

i c
′′,

reaction rate contribution T3v and scalar dissipation rate ε̃c have been assessed with
respect to the corresponding quantities extracted from DNS data. It has been found
that the aforementioned models do not adequately predict the near-wall behaviour of
the unclosed terms of the variance c̃′′2 transport equation. The existing models for the
unclosed terms of the variance c̃′′2 transport equation have been modified to account
for the near-wall behaviour in such a manner that the modified models asymptotically
approach the existing model expressions away from the wall. The functional forms of
the modelling parameters have been proposed in such a manner that they follow the
asymptotic behaviour in terms of the normalized wall normal distance x1/δZ.

5.6.6 Chapter closing remarks

Chapter 5 has provided the physical insights of flame-wall interaction by investigating
the three dimensional DNS of head-on quenching turbulent premixed flame. It has
been found that the turbulent flames quench earlier than the corresponding laminar
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Fig. 5.43 Variations of T3v extracted from DNS data (solid line) along with the
predictions of Eqs. 5.58 (dotted circle line) and 6.2 (broken triangle line) with x1/δZ at
t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases A - E with Le = 0.8, 1.0 and
1.2.
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flames because of a greater extent of flame wrinkling, and this effect strengthens with
increasing value of turbulent intensity and for decreasing values of global Lewis number.
It reveals how the small piece of mother nature fabric shapes the combustion, and
where star-crossed lovers’ story starts. Moreover, an analysis has been conducted
on the statistical behaviour of vorticity and enstrophy transport, flow topology, and
following by the turbulent kinetic energy and scalar variance transport. Furthermore,
the modelling for the turbulent kinetic energy and scalar variance transport terms have
been provided. The cold wall has a huge impact on the coming flame, the existing
models do not adequately capture the near wall behaviour. Additionally, the new
models have been proposed. The following chapter will seek to provide the analysis
and modelling of the reaction rate and scalar flux.



Chapter 6

Results & Discussion 2: The
Combustion Modelling

The focus of this chapter is on the statistical analysis and modelling of mean reaction
rate and the scalar flux in the case of the head-on quenching of turbulent premixed
flames. It begins with the scalar dissipation rate transport based closure, followed
by the flame surface density based closure and ends with the turbulent scalar flux
transport.

6.1 Statistical analysis and modelling of the scalar
dissipation rate transport

The main objectives of this section are:

• To analyse of the influences of global Lewis number on the closures of mean
reaction rate and SDR in the context of head on quenching of turbulent premixed
flames and indicate the associated modelling implications

• To identify the near-wall effects on the unclosed terms of the SDR transport
equation

• To model the near-wall effects on the unclosed terms of the SDR transport
equation
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6.1.1 Modelling of mean reaction rate closure and its Lewis
number dependence

The variations of the normalised values of ω̇ and 2ρ̄ε̃c/(2cm − 1) (where cm ≈ 0.87, 0.85
and 0.83 for Le = 0.8, 1.0 and 1.2 respectively for the present thermo-chemistry) with
the normalised wall normal distance x1/δZ for different time instants are shown in
Figs. 6.1, 6.2 and 6.3 for Le = 0.8, 1.0 and 1.2 respectively in order to assess the validity
of Eq. 2.50 in the near wall region. A comparison between Figs. 5.3 and 6.1- 6.3 reveals
that ω̇ vanishes in the region given by x1/δZ < Pemin for all cases. Figures 6.1- 6.3
further show that 2ρ̄ε̃c/(2cm − 1) satisfactorily predicts ω̇ for x1/δZ > Pemin before
flame quenching. However, in the turbulent Le ≤ 1.0 (Le = 1.2) cases 2ρ̄ε̃c/(2cm − 1)
differs significantly from ω̇ at t > 4δZ/SL (t > 6δZ/SL) when the flame begins to
interact with the wall and quenching starts to take place (see Fig. 5.3). As a result of
this, Eq. 2.50 fails to predict the negligible value of ω̇ at the wall (x1/δZ = 0) where
2ρ̄ε̃c/(2cm − 1) assumes a non-zero value and it underestimates the value of ω̇ in the
region given by 0 < x1/δZ < Pemin during the flame quenching.

It is worth noting that Eq. 2.50 was originally derived based on a presumed bi-modal
probability density function (pdf) of c with impulse functions at c = 0 and c = 1.0.
Figure 6.4 shows the pdf of c in the region corresponding to 0 ≤ x1/δZ ≤ (Pemin)L at
different time instants, which reveals that the probability of finding c = 0 is high in
the region corresponding to 0 ≤ x1/δZ ≤ (Pemin)L at early times when the flame is
away from the wall. The pdfs of c show the probability of finding 0 < c < 1 as the
flame approaches the wall but the pdf of c eventually shows high probability of finding
c ≈ 1.0 with the progress of flame quenching. The high probability of finding c ≈ 1.0
in the region given by 0 ≤ x1/δZ ≤ (Pemin)L is obtained at earlier time instants for the
cases with higher value of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da1/2 and/or smaller values

of Le, because of quicker initiation of flame quenching for these cases (see Fig. 5.3).
Thus, the pdfs of c tend towards a mono-modal distribution with a peak at c = 1.0
for high u′/SL and/or small Le cases by t = 10δZ/SL (e.g. cases D-E for all values of
Le and Le = 0.8 and Le = 1.0 and 1.0 flames in case C). Although pdfs of c do not
approach a mono-modal distribution by t = 10δZ/SL for the cases with small u′/SL

and/or high Le, the peak of pdf is attained at a c value close to unity but not at c = 1.0
(e.g cases A and B for Le = 1.0 and 1.2, and case C with Le = 1.2). Irrespective of
whether the pdf of c shows a mono-modal distribution with a peak at c = 1.0, Fig. 6.4
demonstrates that the pdfs of c do not exhibit a bi-modal distribution with impulses at
c = 0 and c = 1.0 at any stage in the region given by 0 ≤ x1/δZ ≤ (Pemin)L. Thus, the
underlying assumption behind Eq. 2.50 does not remain valid in the region given by:
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0 ≤ x1/δZ ≤ (Pemin)L and as a result where 2ρ̄ε̃c/(2cm − 1) fails to accurately predict
the mean reaction rate ω̇ in this region. This can further be supported by Fig. 6.5
which shows the temporal evolutions of c̃′′2 and c̃(1 − c̃) in the direction normal to the
wall. The variance of reaction progress variable c̃′′2 can be expressed as [19]:

c̃′′2 = c̃(1 − c̃) +O(1/Da) (6.1)

For Da ≫ 1 flames c̃′′2 becomes equal to c̃(1 − c̃) [19] as a result of a pure bi-modal
pdf of c with impulse functions at c = 0 and c = 1.0. It can be seen from Fig. 6.5
that c̃′′2 remains smaller than c̃(1 − c̃) even when the flame is away from the wall
in all turbulent cases due to small values of Damköhler number (i.e. Da < 1.0; see
Table 4.1) but during flame quenching c̃′′2 drops significantly and eventually vanishes in
the regions close to the wall, where c̃(1 − c̃) assumes non-zero values (i.e. c̃(1 − c̃) ̸= 0).
A comparison between Figs. 6.1- 6.3 and 6.5 indicates that Eq. 2.50 ceases to predict
ω̇ accurately when c̃′′2 ≪ c̃(1 − c̃) (i.e. c̃′′2 < 0.07c̃(1 − c̃) for the cases considered
here). Thus, it is necessary to modify the model given by Eq. 2.50 in order to predict
ω̇ during the quenching of premixed turbulent flames.

It can be seen from Figs. 6.1 - 6.3 that ω̇ = ρ0SLΣgen (where Σgen = |∇c| is
the generalised FSD [12]) overestimates ω̇ in the near wall region during quenching
process, which is consistent with previous findings [157, 20]. For unity Lewis number
flames ρ0SLΣgen accurately predicts ω̇ away from the wall but ρ0SLΣgen underpredicts
(overpredicts) ω̇ for the Le = 0.8 (Le = 1.2) cases when the flame is away from the
wall. By contrast, 2ρ̄ε̃c/(2cm − 1) predicts ω̇ satisfactorily for all cases irrespective of
Le when the flame away from the wall (i.e. before the initiation of flame quenching),
which is consistent with previous findings by Chakraborty and Cant [33]. Here, the
aforementioned observed behaviours of both the SDR and FSD based closures in the
near wall region have been utilised to propose the following modification to Eq. 2.50
by considering the effects of Le:

ω̇ = 2ρ̄ε̃c

2cm − 1A1exp
[
Le(c̃− T̃ )

]
+ A2A3

ρ0SL

LeB

√
ε̃c

D̃
exp

[
0.5

(
x1

δZ
− Π

)2
]

(6.2)

where Π is stated in Eq. 5.13. The parameters A1, A2, A3 and B in Eq. 6.2 are given
by:

A1 = 0.5{erf[3.0(x1/δZ − Π)] + 1} (6.3)
A2 = 0.5[erf(x1/δZ − ψΠ) + 1] (6.4)
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A3 = 2.31erf[2.6(c̃− T̃ )] (6.5)
B = −6(Le− 1) (6.6)
ψ = max[5(c̃w − T̃w), 1]0.3 (6.7)

where Q̃w is the Favre mean value at the wall for a general quantity Q at a given
instant of time. In Eq. 6.2, the generalised FSD is estimated using a scaling argument
as Σgen ∼

√
ε̃c/D̃ and (c̃w − T̃w) dependence of A2 ensures that the prediction of Eq. 6.2

captures the correct spatial distribution of mean reaction rate ω̇ at different stages of
flame quenching depending on the values of c̃w and T̃w (see the values of c̃w change
with time as quenching progresses from Fig. 5.5). For the Le = 1.0 cases, c̃ and T̃ are
identical to each other away from the wall which leads to A1exp

[
Le(c̃− T̃ )

]
= 0 and

A2A3 = 0, and thus Eq. 6.2 reduces to Eq. 2.50. For Le ̸= 1.0 cases c̃ and T̃ are not
equal to each other even when the flame is away from wall, and the involvement of
Le on the first term on the right hand side of Eq. 6.2 accounts for this effect. The
involvement of 1/LeB in the second term on right hand side of Eq. 6.2 compensates
the underprediction (overprediction) of ω̇ by ρ0SLΣgen for turbulent Le < 1 (Le > 1)
cases. Figures 6.1 - 6.3 show that Eq. 6.2 predicts the mean reaction rate ω̇ accurately
within the quenching zone 0 ≤ x1/δZ ≤ (Pemin)L. The satisfactory performance of
Eq. 6.2 indicates that ω̇ in turbulent premixed flame-wall interaction can be modelled
if the SDR ε̃c is accurately predicted.

6.1.2 Statistical behaviour of the SDR transport

It is instructive to understand the statistical behaviour of the unclosed terms in the
SDR ε̃c in the near wall region (See Eq. 2.56). The variations of normalised values
of T1, T2, T3, T4, (−D2) and f(D) with normalised wall normal wall distance x1/δZ at
different time instants for cases A-E are shown in Figs. 6.6 - 6.8 for Le = 0.8, 1.0 and
1.2 respectively. Swaminathan and Bray [185] proposed the following scaling estimates
for the unclosed terms of SDR ε̃c transport equation where the velocity fluctuations
and length scales associated with scalar fluctuations are scaled with respect to SL and
δZ respectively, whereas the gradients of Favre/Reynolds averaged quantities are scaled
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ω̇ × δZ/ρ0SL
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2ρ̄ǫ̃c/(cm − 1)× δZ/ρ0SL

Eq.6
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Fig. 6.1 Variations of ω̇+ = ω̇× δZ/ρ0SL, ρ0SLΣgen × δZ/ρ0SL, 2ρ̄ϵ̃c/(cm − 1) × δZ/ρ0SL
and the prediction of Eq. 6.2 with x1/δZ at different time instants for turbulent cases
(a-e) A-E with Le = 0.8. Please refer to the table in Fig. 5.4 for the colour scheme.
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ω̇ × δZ/ρ0SL

ρ0SLΣgen × δZ/ρ0SL
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ω̇ × δZ/ρ0SL

ρ0SLΣgen × δZ/ρ0SL

2ρ̄ǫ̃c/(cm − 1)× δZ/ρ0SL

Eq.6

0 5 10 15 20
0

0.05

0.10

0.15

0.20

0.25

0.30

¯̇ω
+

x1/δZ

0 5 10 15 20
0

0.1

0.2

0 5 10 15 20 25
x1/δZ

0 5 10 15 20
0

0.1

0.2

0 5 10 15 20 25 30
0

0.05

0.10

0.15

0.20

0.25

0.30

¯̇ω
+

x1/δZ

0 5 10 15
0

0.1

0.2

0.3

0 5 10 15 20 25 30 35
x1/δZ

0 2 4 6 8
0

0.05

0.15

0.25

0 5 10 15 20 25 30 35
0

0.05

0.10

0.15

0.20

0.25

0.30

¯̇ω
+

x1/δZ

Case E

0 2 4 6 8
0

0.1

0.2

0.3

(a) (b)

(d)(c)

(e)

.2

Fig. 6.3 Variations of ω̇+ = ω̇× δZ/ρ0SL, ρ0SLΣgen × δZ/ρ0SL, 2ρ̄ϵ̃c/(cm − 1) × δZ/ρ0SL
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with respect to the integral length scale l:

T11 ∼ (ρ0S
2
L/δ

2
Z)Da−1; T12 ∼ (ρ0S

2
L/δ

2
Z)Da−1Re−1

t

T2 ∼ ρ0S
2
L/δ

2
Z

T31 ∼ (ρ0S
2
L/δ

2
Z)Re−1/2

t ; T32 ∼ (ρ0S
2
L/δ

2
Z) ; T33 ∼ (ρ0S

2
L/δ

2
Z)Da−1Uref/u

′

T4 ∼ ρ0S
2
L/δ

2
Z

−D2 ∼ ρ0S
2
L/δ

2
Z

f(D) ∼ ρ0S
2
L/δ

2
Z

(6.8)

Mantel and Borghi [137] proposed the following alternative scaling estimates of
T1, T3 and T4, where the velocity fluctuations and length scales associated with scalar
fluctuations are scaled with respect to rms turbulent velocity u′ and Taylor micro-scale
λ ∼ lRe

−1/2
t respectively, whereas the gradients of Favre/Reynolds averaged quantities

are scaled with respect to the integral length scale l [189]:

T11 ∼ (ρ0u
′2/l2) ; T12 ∼ (ρ0u

′2/l2)Re−1
t

(6.9)

T31 ∼ (ρ0u
′2/l2) ; T32 ∼ (ρ0u

′2/l2)Re−1
t ; T33 ∼ (ρ0u

′2/l2) (6.10)

It is possible to obtain an alternative scaling estimate for (−D2) if the length scale
associated with the second derivative of the fluctuations of progress variable, and it is
scaled with respect to the Kolmogorov length scale η [39]:

(−D2) ∼ (ρ0u
′2/l2)Ret

(6.11)
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It is worth noting that T2, T4 and f(D) were not included in the scaling analysis by
Mantel and Borghi [137], and thus, the scaling estimates of T2, T4 and f(D) are not
provided in Eqs. 6.9 and 6.11.

Equations 6.8 - 6.11 suggest that T2, T3, T4, (−D2) and f(D) are expected to be
leading order contributors to the SDR ε̃c transport irrespective of the value of Da and
Ret, which can be substantiated from the behaviours of T2, T3, T4, (−D2) and f(D)
away from the wall for all cases considered here. It can be seen from Figs. 6.6 - 6.8 that
T2, T3, T4, (−D2) indeed scale with ρ0S

2
L/δ

2
Z away from the wall but their magnitudes

decrease once the quenching starts. However, the terms of the SDR transport equation
assume higher magnitudes for high values of u′/SL ∼ Re

1/4
t Ka1/4 ∼ Re

1/2
t Da−1/2.

Figures 6.6 - 6.8 show that the contribution of the turbulent transport term T1 remains
remains negligible in comparison to the other terms in the ε̃c transport equation for
all Lewis number and turbulent cases at all times. The chemical reaction rate term
T4 acts as the most dominant source away from the wall but its magnitude drops
significantly in the near wall region (i.e. x1/δZ < Pemin) due to the negligible value
of ω̇ as a result of flame quenching. The density variation term T2 acts as a leading
order source away from the wall and this term assumes non-zero values in the near wall
region because of significant variations of density due to temperature gradient close
to the wall even though the chemical reaction ceases to take place. The magnitudes
of T2 and T4 increase from cases A to E, because the scalar gradient assumes high
magnitudes for high values of u′/SL ∼ Re

1/4
t Ka1/4 ∼ Re

1/2
t Da−1/2. The effects of

chemical reaction and heat release are strong for flames with small values of Le, and
thus, the magnitudes of T2 and T4 away from the wall increase with decreasing Le.

The scalar-turbulence interaction term T3 acts as a sink for all cases with Le ≤ 0.8
and for cases A-C with Le = 1.0 and 1.2. However, the scalar-turbulence interaction
term T3 locally assumes positive values in case D and E for the turbulent Le = 1.0 and
1.2 flames, but this term assumes negative values as time progresses before vanishing
altogether following flame quenching. The term T3 can be expressed in the following
manner [47, 43, 187, 135]:

T3 ≈ −2(eαcos2α + eβcos2β + eγcos2γ)ρεc (6.12)

where eα, eβ and eγ are the most extensive, intermediate and most compressive principal
strain rates respectively and α, β and γ are the angles of ∇c with the eigenvectors
associated with eα, eβ and eγ respectively. This suggests that a predominant alignment
of ∇c with eα (i.e. high probability of obtaining |cosα| ≈ 1) gives rise to a negative
contribution of T3, whereas a preferential alignment of ∇c with eγ gives rise to a positive
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contribution of T3. It has been demonstrated elsewhere [47, 43, 187, 135] that ∇c
preferentially aligns with eα when the strain rate induced by flame normal acceleration
achem dominates over turbulent straining aturb, whereas ∇c preferentially aligns with eγ

when aturb is stronger than achem. Moreover, achem weakens in comparison to aturb for
increasing (decreasing) Ka (Da). Furthermore, the effects of the strain rate induced
by flame normal acceleration achem strengthen with decreasing Le due to strong heat
release for the flames with small values of global Lewis number [47]. In the turbulent
Le = 0.8 cases considered here, achem dominates over aturb to give rise to a preferential
∇c alignment with eα, leading to negative values of T3. Thus, aturb is likely to dominate
over achem in some locations in the high u′/SL cases such as in case E with Le = 1.0
and 1.2, which gives rise to local positive values of T3. The effects of turbulence are
weak in cases A-C due to comparatively small values of Ret and thus ∇c preferentially
aligns with eα, leading to predominantly negative values of T3. However, due to the
turbulence decaying both with time and in the vicinity of the wall, ∇c predominantly
aligns with eα. This leads to negative values of T3 close to the wall, and the likelihood
of obtaining negative values of T3 increases as time progresses even for the cases where
positive values of T3 were obtained at a previous time instant (see Figs. 6.6 - 6.8). The
aforementioned behaviour can be substantiated from Fig. 6.9 where the variation of
scalar gradient alignment markers Ψα, Ψβ and Ψγ with x1/δZ for cases A-E are shown,
where Ψα, Ψβ and Ψγ are defined as:

Ψα = |cosα|,Ψβ = |cosβ|,Ψγ = |cosγ| when 0.01 ≤ c ≤ 0.99

Otherwise Ψα = Ψβ = Ψγ = 0

(6.13)

A high magnitude of Ψα (Ψγ) implies that a predominant collinear alignment between
∇c and eα (eγ). It can be seen from 6.9 that Ψα assumes higher values than Ψβ and
Ψγ at all locations in cases A and B at all times, which justifies the negative values
of T3 in these cases at locations at all times. In case C, Ψα assumes higher values
than Ψβ and Ψγ for in all locations when the flame is away from the wall (i.e. Ψγ).
However, during the final stage of flame extinction (e.g. t = 10δZ/SL) Ψγ assumes
higher values than Ψα and Ψβ but a comparison between Figs. 6.6, 6.7, 6.8 and 6.9
reveals that the probability of finding almost fully burned mixture is predominant in
the near wall region (i.e. x1/δZ < Pemin) at that time which leads to weak heat release
effects and thus justifies a greater extent of ∇c alignment with eγ than with eα. The
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magnitude of ∇c is small in almost fully burned mixture and as a result T3 assumes
negligible magnitude in the near wall region (i.e. x1/δZ < Pemin) at t = 10δZ/SL in
case C. A similar behaviour has been observed for cases D and E but Ψγ starts to
assumes higher values than Ψα and Ψβ in the near wall region (i.e. x1/δZ < Pemin)
from an earlier time (e.g. t = 6δZ/SL) than in case C. However, in high Ka flames (e.g.
case E) Ψγ can also locally assume higher values than Ψα and Ψβ even when the flame
is away from the wall (i.e. x1/δZ > Pemin) due to predominant ∇c alignment with
eγ as a result of the domination of aturb over achem (see 15 ≤ x1/δZ ≤ 20 in case E at
t = 4δZ/SL). However, turbulence decays with time and also close to the wall, which
leads to predominant alignment of ∇c with eα, leading to negative values of T3 close
to the wall even for the cases where positive values of T3 were obtained away from
the wall. Although Ψγ assumes higher values than Ψα and Ψβ in the near wall region
during flame quenching in case E, the scalar-turbulence interaction term T3 assumes
negligible values in the region given by x1/δZ < Pemin due to the availability of the
small values of ∇c in almost fully burned mixture (see Figs. 6.6, 6.7, 6.8 and 6.9).

The molecular dissipation term (−D2) is the dominant sink term for all cases, and its
magnitude remains comparable to that of T4 away from the wall. The diffusivity gradient
term f(D) shows both positive and negative values but the negative contribution
remains dominant close to the wall. The magnitude of f(D) remains smaller than T2,
T3, T4 and (−D2) when the flame is away from the wall, but it becomes a leading order
sink in the near wall region. The magnitudes of (−D2) and f(D) also increase with
decreasing Le due to high magnitudes of the scalar and diffusivity gradients, and high
progress variable diffusivity in flames with small values of Le.

A comparison of the magnitudes of T2, T3, T4, (−D2) and f(D) in Figs. 6.6- 6.8
reveals that the terms T3, T4, (−D2) and f(D) in the near wall region assume negligible
values in comparison to T2, which acts to generate ε̃c in the near wall region even when
ω̇ vanishes. Figures 6.6- 6.8 further indicate that the net contribution of T2, T3, T4,
(−D2) and f(D) remain in rough equilibrium except in the near wall region. This can
be confirmed from the variations of (T2+T3+T4+f(D)) and (−D2) with the normalised
wall normal distance x1/δZ which are shown in Figs. 6.10 - 6.12 for Le = 0.8, 1.0 and 1.2
respectively. Figures 6.10 - 6.12 reveal that the terms (T2 +T3 +T4 + f(D)) and (−D2)
assume values with same order of magnitude away from the wall which is consistent
with the scaling estimates given by Eqs. 6.4 and 6.5. However, the magnitude of
(T2 + T3 + T4 + f(D)) remains much greater than (−D2) in the near-wall region, which
suggests that the equilibrium of the generation and destruction rates of the SDR (i.e.
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Fig. 6.9 Variations of scalar gradient alignment markers Ψα, Ψβ and Ψγ with x1/δZ at
t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL and 12δZ/SL for turbulent cases A-E for Le = 1.0.
The x-axis is shown in log scale for the inset. Please refer to the table in Fig. 5.4 for
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equilibrium of the terms (T2 + T3 + T4 + f(D)) and (−D2)) cannot be assumed in the
near wall region.

6.1.3 Algebraic closure of SDR

Kolla et al. [114] proposed an algebraic model for ε̃c in the following manner assuming
an equilibrium of the terms T2, T3, T4, (−D2) and f(D) for Da ≫ 1 flames with unity
Lewis number:

ε̃c = 1
β′

(
2K∗

c

SL

δth
+ C3

ε̃

k̃
− τC4

SL

δth

)
c̃(1 − c̃) (6.14)

where K∗
c is a thermo-chemical paramerter, which is defined as [114]:

K∗
c = δth

SL

∫ 1
0 [ρ(D∇c · ∇c)∇ · u⃗f(c)]L dc∫ 1

0 [ρ(D∇c · ∇c)f(c)]L dc
(6.15)

The parameter K∗
c is equal to 0.74τ , 0.78τ and 0.80τ for Le = 0.8, 1.0 and 1.2 respec-

tively. In Eq. 6.14, β′ = 6.7, C3 = 1.5
√
KaL/(1 +

√
KaL) and C4 = 1.1/(1 +KaL)0.4

are the model parameters where KaL = (δthε̃/S
3
L)1/2 is the local Karlovitz number

and ε̃ is the dissipation rate of turbulent kinetic energy k̃. The terms 2K∗
c (SL/δth),

(C3ε̃/k̃ − τC4SL/δth) and c̃(1 − c̃)/β′ originate due to the models for T2, T3, and
(T4 − D2 + f(D)) respectively and interested readers are referred to Ref. [114] for
further information on the derivation of Eq. 6.14. It has been demonstrated by
Chakraborty and Swaminathan [50] that the model given by Eq. 6.14 predicts ε̃c

satisfactorily for the turbulent Le ≈ 1.0 flames even for Da < 1 flamelet combus-
tion. However, Eq. 6.14 significantly underpredicts ε̃c for flames with Le ≪ 1. Thus,
Chakraborty and Swaminathan [50] modified Eq. 6.14 in the following manner in order
to account for the non-unity Lewis number effects using the models proposed for T2,
T3, and (T4 −D2 + f(D)) in Ref. [49]:

ε̃c = 1
β′

(
2 K∗

c

Le0.88
SL

δth
+ C3

ε̃

k̃
− τ

C4(1 − c̃)ϕ

Le2.57
SL

δth

)
c̃(1 − c̃) (6.16)

where β′ = 6.7, ϕ = 0.2 + 1.5(1 − Le), C3 = 2
√
KaL/(1 +

√
KaL) and C4 =

1.2/(1 +KaL)0.4 are the model parameters. In Eq. 6.16, the Lewis number dependence
in 2(Ka∗

c/Le
1.88)(SL/δth), and −τ

[
C4(1 − c̃)ϕ/Le2.57

]
(SL/δth) account for the high

magnitudes of positive contribution of T2 and negative contribution of T3 for small
values of Le.
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Fig. 6.10 Variations of (T2 + T3 + T4 + f(D)) and (−D2) with x1/δZ at t =
4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases (a-e) A - E with Le = 0.8. Please
refer to the table in Fig. 5.4 for the colour scheme.
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Fig. 6.11 Variations of (T2 + T3 + T4 + f(D)) and (−D2) with x1/δZ at t =
4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases (a-e) A - E with Le = 1.0. Please
refer to the table in Fig. 5.4 for the colour scheme.
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Fig. 6.12 Variations of (T2 + T3 + T4 + f(D)) and (−D2) with x1/δZ at t =
4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent cases (a-e) A - E with Le = 1.2. Please
refer to the table in Fig. 5.4 for the colour scheme.
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The variations of ε̃c with the normalised wall normal distance x1/δZ are shown in
Figs. 6.13 - 6.15 for Le = 0.8, 1.0 and 1.2 respectively. Figures 6.13 - 6.15 show that
Eq. 6.16 predicts ε̃c satistfactorily when the flame is away from the wall where the
terms T2, T3, T4, (−D2) and f(D) remain in approximate equilibrium (see Figs. 6.10-
6.12). However, Eq. 6.16 significantly overpredicts ε̃c in the near wall region (i.e.
0 < x1/δZ < Pemin) where the unclosed source and sink terms of the SDR transport
equation are not in equalibrium (see Figs. 6.10- 6.12), and ε̃/k̃ assumes large magnitudes
near the wall. Equation 6.16 is modified here in the following manner in order to
account for the near wall behaviour:

ε̃c = Aϵe
−1.2Le(c̃w−T̃w)3

β′

(
2 K∗

c

Le0.88
SL

δth
+ C3

ε̃

k̃
− τ

C4(1 − c̃)ϕ

Le2.57
SL

δth

)
c̃(1 − c̃) (6.17)

where the model parameters are Aϵ = 0.5[erf(x1/δZ −Π)+1] and exp[−1.2Le(c̃w − T̃w)3]
only remain active close to the wall to account for the flame-wall interaction and they
asymptotyically approach 1.0 away from the wall. Figures 6.13 - 6.15 show that Eq. 6.17
is able to predict ε̃c accurately for both near to and away from the wall. Thus, Eq. 6i
in conjunction with Eq. 6.17 can be used for the mean reaction rate ω̇ closure in the
premixed flame wall interaction for a range of different values of global Lewis number.

6.1.4 Modelling of turbulent transport term T1

It can be seen from Eqs. 6.8 that the magnitude of T12 is expected to negligible in
comparison to that of T11 for high values of Ret. Hence, T1 in practical high Ret

turbulent flows can be approximated as:

T1 ≈ −
∂(ρu′′

j εc)
∂xj

(6.18)

In order to model turbulent transport T1, it is essential to model the turbulent flux
ρu′′

j εc, which is often modelled for passive scalar mixing using a gradient flux model
for ρu′′

j εc:

ρu′′
j εc = −µt

σε

∂ε̃c

∂xj

(6.19)

where µt = ρ̄Cµk̃
2/ε̃ is the eddy viscosity, Cµ = 0.09 model constant and σε is the

turbulent Schmidt number. However, it is well known that turbulent fluxes of the
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Fig. 6.13 Variations of ε̃+
c = ε̃c × δZ/SL obtained from DNS and the prediction of

Eq. 6.16 and 6.17 with x1/δZ at t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent
cases (a-e) A - E with Le = 0.8. Please refer to the table in Fig. 5.4 for the colour
scheme.
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Fig. 6.14 Variations of ε̃+
c = ε̃c × δZ/SL obtained from DNS and the prediction of

Eq. 6.16 and 6.17 with x1/δZ at t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent
cases (a-e) A - E with Le = 1.0. Please refer to the table in Fig. 5.4 for the colour
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Fig. 6.15 Variations of ε̃+
c = ε̃c × δZ/SL obtained from DNS and the prediction of

Eq. 6.16 and 6.17 with x1/δZ at t = 4δZ/SL, 6δZ/SL, 8δZ/SL, 10δZ/SL for turbulent
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quantities related to turbulent scalar gradient exhibit counter-gradient (gradient)
when turbulent scalar flux ρu′′

i c
′′ shows counter-gradient (gradient) type behaviour [33,

49, 202]. One obtains counter-gradient transport when the velocity jump due to
flame normal acceleration dominates over turbulent velocioty fluctuations and vice
versa [33, 49, 202].

Chakraborty and Swaminathan [49] proposed a model (referred to as the T1CS
model here) for ρu′′

j εc in terms of ρu′′
i c

′′, which is capable of predicting both gradient
and counter-gradient type transport:

ρu′′
j εc = λc(Φ − c̃) ρu′′

i c
′′

[c̃′′2 + c̃(1 − c̃)]
ε̃c

(6.20)

where the model parameters are given by: λc = 2 and Φ = 0.5 [49]. Figure 6.16
shows that the T1CS model under-predicts the turbulent flux ρu′′

1εc in a region where
x1/δZ ≤ (Pemin)L. As the flame propagates towards the quenching zone, the SDR
flux ρu′′

1εc exhibits mainly gradient type transport. The T1CS model assumes the
transition of ρu′′

j εc/ρu′′
i c

′′ from a negative to a positive value at c̃ ≈ 0.5 by using the
factor (Φ − c̃). This transition is no longer valid in the near wall region because of
predominantly gradient transport and also due to the absence of the effects of flame
normal acceleration as a result of flame quenching. The T1CS model has been revised
here in the following manner:

ρu′′
j εc = λ∗

c(Φ∗ − c̃) ρu′′
i c

′′

[c̃′′2 + c̃(1 − c̃)]
ε̃c

(6.21)

where λ∗
c = 2A1, Φ∗ = 0.51−c̃w , A1 = 1.95erf{[(P emin)L−x1/δZ]+1}. The model parameter

A1 remains active only in the near wall region, and it increases the multiplier of
(Φ∗ − c̃)ρu′′

i c
′′ε̃c/[c̃′′2 + c̃(1− c̃)] and avoids the near wall underprediction of ρu′′

1εc by the
T1CS model. The parameter Φ∗ has been modified in such a manner that it increases
threshold of the transition of ρu′′

1εc/ρu′′
i c

′′ from negative to positive value according
to the value of Favre averaged reaction progress variable at the wall c̃w = c̃ (x1 = 0).
Furthermore, the model parameters λ∗

c and Φ∗ have been parameterised in such a
manner that Eq. 6.21 approaches Eq. 6.20 away from the wall (i.e. x1/δZ ≫ (Pemin)L).
It can be seen from Fig. 6.16 that the revised model captures both qualitative and
quantitative behaviours of ρu′′

1εc both away from and close to the wall.
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2
L ( ) with x1/δZ along with the predictions
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column) at t = 2δZ/SL, 6δZ/SL and 10δZ/SL (1st - 3rd row).
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6.1.5 Modelling of density variation term T2

The fluid density ρ in low Mach number combustion is given by [19]:

ρ = ρ0

(1 + τT )
(6.22)

The non-dimensional temperature T can be equated to the reaction progress variable c
(e.g. T = c) for globally adiabatic unity Lewis number flames in absence of the wall.
Thus, under the aforementioned condition ρ and ρ̄ can be expressed in term of c and c̃
as:

ρ = ρ0

(1 + τc) and ρ̄ = ρ0

(1 + τc)
(6.23)

Using Eq. 6.23, T2 can be expressed in the following manner [46, 49, 36, 185]:

T2 = 2ρNc
∂uj

∂xj

− 2ρD∇c̃ · ∇c̃∂ũj

xj

(6.24)

According to above equation, an alternative expression for T2 can be obtained in the
following manner:

T2 = 2ρεc
∂uj

∂xj︸ ︷︷ ︸
T21

+ 4ρD∂c′′

∂xj

∂uk

∂xk

∂c̃

∂xj︸ ︷︷ ︸
T22

+ 2∇c̃ · ∇c̃ρD
∂u′′

j

∂xj︸ ︷︷ ︸
T23

(6.25)

According to the scaling argument by Swaiminathan and Bray [185], the terms T21,
T22 and T23 can be scaled in the following manner:

T21 ∼ O

(
ρ0S

2
L

δ2
Z

)
; T22 ∼ O

(
ρ0S

2
L

δ2
Z

× 1√
RetDa

)
; T23 ∼ O

(
ρ0S

2
L

δ2
Z

× 1
RetDa

)
(6.26)

where the velocity fluctuation, gradients of fluctuation and its mean quantities are
scaled using SL, δZ and l respectively. Equation 6.26 suggests that T22 and T23 becomes
negligible in comparison to T21 for high values of Ret. Consequently, T2 can be taken
to scale with ρ0S

2
L/δ

2
Z [185]. For unity Lewis number flame, the dilatation rate ∇ · u⃗

is scaled as ∇ · u⃗ ∼ τSL/δth [185, 47, 48, 46], and SDR scales with ε̃c ∼ SL/δth. The
aforementioned scaling arguments have been taken into account in the model proposed
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by Chakraborty et al. [46] for T2 which takes the following form for unity Lewis number:

T2 = 2CT2τ
SL

δth
ρ̄ε̃c

(6.27)

where CT2 = BT2/(1 + KaL)0.5 is the model parameter with BT2 = 2.0 and KaL ≈
(SL)−3/2(ε̃δth)1/2 is the local Karlovitz number. The Karlovitz number KaL dependence
of CT2 accounts for weakening of T2 magnitude for large values of KaL due to diminished
heat release effects as the broken reaction zones regime is approached [153]. Chakraborty
and Swaminathan [49] shows that Eq. 6.27 is inadequate to capture T2 behaviour in
nonunity Lewis number flames, since the c and T field differ from each other as well as
T̃ ′′2 and c̃′′2. For non-unity Le the dilatation rate in flamelets can be scaled as [49]:

∇ · u⃗ ∼ τ
1

Lem

SL

δZ

(6.28)

where the model paramater m is a positive number of order unity. Equation 6.28 shows
the strength of the dilatation rate increases with decreasing Le. The refined model for
non-unity Lewis number is proposed in the following manner (T2CS):

T2 = 2 τ

Lem

δZ

δth

√√√√ T̃ ′′2

c̃′′2

BT2

(1 +KaL)1/2
SL

δth
ρ̄ε̃c

(6.29)

where the quantity (δZ/δth) ·
(√

T̃ ′′2/
√
c̃′′2
)

· ε̃c accounts for D(∇T · ∇c) in non-unity
Le flames and δZLe

m ≈ δthLe
n. It is worth noting that the Eq. 6.29 reverts to Eq. 6.27

for Le = 1.0. The variations of T2 with normalised wall normal distance x1/δZ at
different time instants are shown in Fig. 6.17 for all cases considered here. Figure 6.17
shows that T2 acts as a source term and assumes higher magnitudes before quenching
than after it because most of the density variation occurs due to the chemical heat
release. The magnitude of T2 also diminishes as reaction rate sharply reduces close
to wall, but non-zero value of T2 has been observed during quenching because of the
density variation driven by the temperature change across the thermal boundary layer
on the isothermal wall. It can be seen from Fig. 6.17 that the T2CS model satisfactorily
predicts T2 extracted from DNS data before flame quenching (i.e. when the flame is
away from the wall). However, the T2CS model gives rise to significant over-prediction
of T2 when flame-wall interaction takes place. Here, the T2CS model has been modified
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in the following manner to account for flame-wall interaction:

T2 = 2 τ

Lem

δZ

δth

√√√√ T̃ ′′2

c̃′′2

A2BT2

(1 +KaL)A3

SL

δth
ρ̄ε̃c

(6.30)

In Eq. 6.30, A2 = exp[−2(c̃− T̃ )] and A3 = 0.5erf[(Pemin)L −x1/δZ] + 1 account for the
effects of the wall. For unity Lewis number flames (c̃− T̃ ) vanishes away from the wall
but (c̃− T̃ ) assumes non-zero values only in the near wall region. This type of (c̃− T̃ )
dependence was used by Bruneaux et al. [21] in the context of FSD modelling and the
same approach has been adopted here. The exponent A3 rises in the near wall region,
which acts to mimic the reduction of T2 magnitude as a result of weakening of heat
release effects arising from flame quenching. It is worth noting that A2 and A3 approach
1.0 and 0.5 respectively away from the wall and Eq. 6.30 becomes identical to the
T2CS model (i.e. Eq. 6.29) for x1/δZ ≫ (Pemin)L. It can be seen from Fig. 6.17 that
Eq. 6.29 reduces the over-prediction of T2, and its predictions are in better agreement
with DNS data than the T2CS model in the near wall region when the flame interacts
with the wall. Furthermore, the prediction of Eq. 6.30 becomes identical to the T2CS
model away from the wall before the flame quenching is initiated.

6.1.6 Modelling of the turbulent scalar interaction term T3

The variations of T31, T32 and T33 with x1/δZ at different time instants for cases A-E
are shown in Fig. 6.18. It can be seen that T31 and T33 assume predominantly negative
values when the flame is away from the wall. The contribution of T32 remains dominant
contribution to T3. However, as flame interacts with the wall, the magnitude of T32

drops significantly. At quenching stage, the magnitudes of T31 and T33 gradually
become comparable to that of T32 in the near wall region. The local Damköhler number
DaL = k̃SL/ϵ̃δth drops close to the wall due to the combination of the decay of turbulent
kinetic energy k̃, and a sharp increase of dissipation of turbulent kinetic energy in the
near wall region. This drop in DaL leads to an enhancement in magnitudes of T31 and
T33 according to Eq. 6.8. At the final stage of quenching, T33 assumes positive values
because of predominantly negative values of ∂ũ1/∂x1 as a result of the reversal of the
direction of the flow (after quenching flow is directed towards the wall in contrast to
the flow away from the wall before quenching). The statistical behaviour of T3 can
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also be explained by using the scalar-turbulence interaction contribution Λ:

Λ = −2ρD ∂c

∂xi

∂ui

∂xj

∂c

∂xj

= −2ρ(eαcos2θα + eβcos2θβ + eγcos2θγ)Nc

= T31 + T32 + T33 − 2ρD ∂c̃

∂xi

∂ũi

∂xj

∂c̃

∂xj

(6.31)

where eα, eβ and eγ are the most extensive, intermediate and most compressive principal
strain rates and θα, θβ and θγ are the angles between ∇c and the eigenvectors associated
with eα, eβ and eγ respectively. According to Swaminathan and Bray [185], following
scaling relation can be obtained:

−2ρD ∂c̃

∂xi

∂ũi

∂xj

∂c̃

∂xj

∼ O(ρ0S
2
L/δ

2
th ×Re

−3/2
t Da−3/2 × Uref/SL) (6.32)

It can be deduced from Eq. 6.32 that the quantity −2ρD(∂c̃/∂xi)(∂ũi/∂xj)(∂c̃/∂xj)
remains negligible in comparison to the contributions from T31, T32 and T33. It can be
seen from Eq. 6.31 that a preferential alignment of ∇c with eα (eγ) leads to a negative
(positive) contributions of Λ and T3. Several previous analyses [187, 47, 48, 33]
indicated that ∇c aligns preferentially with the most extensive principal strain rate
eα when the strain rate achem induced by flame normal acceleration dominates over
the effects of turbulent straining aturb. By contrast, a preferential alignment of ∇c
with eγ occurs when turbulent straining aturb overwhelms the influences of strain
rate achem arising from flame normal acceleration. Scaling achem and aturb by τSL/δth

and u′/l (alternatively u′/γ) respectively yields (achem/aturb) ∼ τDa (alternatively
(achem/aturb) ∼ τDa/Re

1/2
t ∼ τ/Ka) [187, 47, 48, 33], which suggests that achem is

likely overwhelm aturb for large values of Da and/or τ . For the cases considered here,
achem dominates over aturb in spite of Da < 1 due to large value of τ . Thus, ∇c
predominantly aligns with eα for all cases, which predominantly gives rise to negative
values of T3 except at the final stage of flame quenching when T3 assumes positive
values close to the wall due to positive values of T33 due to flow direction reversal.
From the aforementioned discussion it is clear that the models of T3 components need
to account for ∇c alignment characteristics with local principal strain rates.

For the present analysis four existing models of T31 have been considered for model
comparison, which are listed as:
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T31MB [137]

T31 = −C1MBρ̄
(
ε̃

k̃

)
ũ′′

j c
′′

(
∂c̃

∂xj

)
where C1MB = 1.0 (6.33)

T31M1 [144]

T31 = −CPMρ̄
(
ε̃c

c̃′′2

)
ũ′′

j c
′′

(
∂c̃

∂xj

)
where CPM = 1.0 (6.34)

T31M2 [144]

T31 = −τSLρ̄ε̃c < n⃗f · x⃗j >

(
∂c̃

∂xj

)
where (6.35)

where n⃗f = ∇c/|∇c| is a local flamelet normal vector;
T31CS [52]

T31 = −[C1 + C2Da
∗
L]ρ̄

(
ε̃

k̃

)
ũ′′

j c
′′

(
∂c̃

∂xj

)
− CcτSLρ̄ε̃c < n⃗f · x⃗j >

(
∂c̃

∂xj

)
c̃1.5 (6.36)

whereDa∗
L is local density-weighted Damköhler number, C1 = 0.5 and C2 = 1.3Ka2

L/(1+
KaL)2 are the model parameters, and the model parameter Cc is expressed as:

Cc =
[
1.2 + 0.6erfc

(
ReL

5

)] [ 1
1 + exp[−10(KaL − 1)]

]
(6.37)

It was demonstrated by Chakraborty and Swaminathan [52] that the T31CS model
captures both the qualitative and quantitative behaviours of T31 for a range of values
of Da, Ka and Ret in the absence of the wall. The variations of T31 with normalised
wall normal distance x1/δZ are shown in Fig. 6.19 along with the predictions of
the T31MB, T31M1, T31M2, T31CS models for different time instants for all cases
considered here. All these models underpredict the magnitude of T31 and the extent
of this underprediction is particularly severe for the T31MB and T3M1 models. The
agreement of the T3M2 and T3CS model predictions with DNS data remains better
than the other models when the flame is away from wall (i.e. t ≤ 4δZ/SL) and also when
the quenching starts. Nonetheless, the T31M2 and T31CS models do not adequately
predict T31 extracted from DNS data in the near wall region. The T31CS model starts
to underpredict the DNS data once the quenching is initiated. In order to address this
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deficiency, the following modification to the T31CS model has been proposed here:

T31 = −A4[C1 + C2Da
∗
L]ρ̄

(
ε̃

k̃

)
ũ′′

j c
′′

(
∂c̃

∂xj

)
− CcτSLρ̄ε̃c < n⃗f · x⃗j >

(
∂c̃

∂xj

)
c̃1.5A5

(6.38)
where A4 = 0.5{erf[x1/(δZ − 0.5(Pemin)L] + 1} and A5 = exp[−8Le(c̃ − T̃ )] are the
model parameters, which account for the wall effects. The model parameter A4 acts to
reduce the over-prediction of T31 magnitude once the flame starts to interact with the
wall (see t ≥ 6δZ/SL in Fig. 6.19). The model parameter A5 becomes active in the near
wall region where c̃ ̸= T̃ , and is responsible for damping the magnitude of T31 close
to the near wall region. The term −CcτSLρ̄ε̃c < n⃗f · x⃗j > (∂c̃∂xj) c̃1.5 is necessary to
accurately predict T31 away from wall. However it has strong dependence on c̃1.5, and c̃
changes rapidly in the near wall region due to the interaction of the flame with the wall.
The involvement of A5 in Eq. 6.38 reduces this c̃1.5 dependence close to the wall. It can
be seen from Fig. 6.19 that the model given by Eq. 6.38 provides better performance
than the other available models and thus is recommended for T31 modelling.

Mantel and Borghi [137] proposed the following model for T32 (T32MB):

T32 = Ae

(
ε̃

k̃

)
ε̃c

(6.39)

where Ae = 0.9 is a model parameter. Mura et al. [144] proposed the following models
for T32 based on a priori analysis of DNS data for high Da flames:

T32 = ρ̄
[
AM1

(
ε̃

k̃

)
− 2CAτDaLε̃c

]
ε̃c

(6.40)

T32 = ρ̄
[
AM1

(
ε̃

k̃

)
− 2CBln(τ + 1)DaLε̃c

]
ε̃c

(6.41)

where AM1 = 1.0, CA = 0.6 and CB = 1.6 are the model constants. Equations 6.40
and 6.41 will henceforth be referred to as the T32M1 and T32M2 models in this paper.
Chakraborty and Swaminathan [49] proposed a model for T32, which includes non-unity
Lewis number effects (T32CS):

T32 = ρ̄

[
C∗

3 − C∗
4τ

(1 − c̃)Φ(Le)

LeP
·Da∗

L

] (
ε̃

k̃

)
ε̃c

(6.42)
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where C∗
3 = 2.0, C∗

4 = 1.2(1 + KaL)( − 0.4), Φ(Le) = 0.2 + 1.5(1 − Le) and P =
2.57 are the model parameters. The term ρ̄C∗

3(ε̃/k̃)ε̃c accounts for scalar gradient
generation due to preferential alignment between ∇c and eγ (see Eq. 6.31). By contrast,

−ρ̄C∗
4τ

(1 − c̃)Φ(Le)

LeP
Da∗

L

(
ε̃/k̃

)
ε̃c = −ρ0C

∗
4τ

(1 − c̃)Φ(Le)

LeP
Da∗

L (SL/δth) ε̃c accounts for the
destruction of scalar gradient as a result of preferential alignment between ∇c and eα

(see Eq. 6.31), and the local Karlovitz number KaL dependence of C∗
4 accounts for

weakening of ∇c alignment with eα with increasing Karlovitz number due to diminishing
influence of flame normal acceleration for high Karlovitz number combustion. The
involvement of Le−p in the second term on the right hand side of Eq. 6.42 allows for
strengthening of flame normal acceleration with decreasing Le [33, 49]. The involvement
of (1− c̃)Φ(Le) ensures that the qualitative behaviour of T32 variation with c̃ is adequately
captured [49, 52].

The predictions of the T32MB, T32M1, T32M2 and T32CS models are compared
to T32 extracted from DNS data in Fig. 6.20. It can be seen from the variations of T32

with normalised wall normal distance x1/δZ in Fig. 6.20 that the T32MB model fails
to predict the negative values of T32 for all cases. The performances of the T32M1 and
T32M2 models remain comparable but their predictions remain an order of magnitude
smaller than the corresponding quantity extracted from DNS data. The agreement
between the T32CS model prediction with DNS data is better than the other models
before quenching is initiated (i.e. when the flame remains away from the wall by the
wall) in spite of over-predictions of the magnitude of the negative values of T32 for the
flames considered here. However, the quantity ε̃/k̃ assumes large values close to the
wall (due to augmentation of ε̃ and decay of k̃ in the vicinity of the wall), which leads
to severe over-prediction of T32 by all the models in the near wall region. In order
to capture the near wall behaviour of T32 the T32CS model has been modified in the
following manner:

T32 = A6ρ̄

[
C∗

3 − C∗
4wτ

(1 − c̃)Φ(Le)

LeP
Da∗

L

] (
ε̃

k̃

)
ε̃c

(6.43)

Here, the modified parameters areA6 = 0.5{erf[2(x1/δZ)−(Pemin)L]+1}exp
[
−6Le(c̃− T̃ )

]
,

C∗
4w = 1.2(1 +KaL)−A7 and A7 = 0.41−c̃w .

Mantel and Borghi [137] proposed the following model for T33:

T33 = −CP 2ρ̄ε̃c

 ũ′′
ju

′′
k

k̃

 ∂ũj

∂xk

where CP 2 = 1.0 (6.44)
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Chakraborty and Swaminathan [31] proposed an alternative model for T33:

T33 = −C5ρ̄ε̃c

[
ψiψj + 1

3δij(1 − ψkψk)
]
∂ũi

∂xj

(6.45)

where C5 = 1 + 2Ka−0.23
L , ψi = (−∂ϕ/∂xi) ·

√
ρ0D0/(ρ̄ε̃c) and ϕ = τ c̃(1 − c̃)/(1 + τ c̃)

are the model parameters. Mura et al. [144] proposed the following models for T33:

T33 = −2
3 ρ̄ε̃c

∂ũi

∂xj

(6.46)

T33 = −2ρ̄ε̃2
c

ρu′′
i c

′′ · ρu′′
j c

′′

ε̃(ρc′′2)2

∂ũi

∂xj

(6.47)

T33 = −2ρ̄ε̃2
c(τSL)2< n⃗f · x⃗i >< n⃗f · x⃗j >

ε̃

∂ũi

∂xj

(6.48)

The models given by Eqs. 6.46 - 6.48 will henceforth be referred to as the T33M1,
T33M2 and T33M3 respectively.

The predictions of the T33MB, T33CS, T33M1, T33M2, and T33M3 models are
compared with DNS data in Fig. 6.21. It can be seen from Fig. 6.21 that the T33MB
model over-predicts the magnitude of the negative contribution of T33 for cases A and B
when the flame is away from the wall. However, it performs satisfactorily away from the
wall in cases C-E before flame quenching. However, the model T33MB under-predicts
the magnitude of T33 in the near wall region once the flame quenching is initiated. It
can be seen from Fig. 6.21 that the T33M1 model satisfactorily predicts T33 for cases
A and B when the flame is away from wall as well as at the quenching stage. The
models T33M2 and T33M3 over-predict the magnitude of the negative value of T33

when the flame is away from the wall (e.g. t ≤ 4δZ/SL), nonetheless, the T33M2 model
under-predicts whereas the T33M3 model significantly over-predicts the magnitude of
T33 during the final stage of quenching.

It is worth noting that the T33M1 model is consistent with the scaling arguments
given by Eqs. 6.8 and 6.9. By contrast, the T33M2 model is consistent with the scaling
given by Eq. 6.9 (i.e. T33 ∼ O(ρ0u

′2/l2)), but the scaling arguments by Swaminathan
and Bray [185] indicates that: T33M3∼ O(ρ0S

2
L/δ

2
Z ×Uref/u

′ ×Da/Ret). Moreover, the
T33M3 model scales as ρ0S

2
L/δ

2
Z × Uref/u

′ ×Da/Ret and ρ0u
′2/l2 ×Da/Ret according

to the scaling arguments by Swaminathan and Bray [185] and Mantel and Borghi [137]
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respectively, which are different from the scalings of T33 given by Eqs. 6.8 and 6.9.
The model expression T33M3 can be scaled as T33M3/T33 ∼ O(Da2/Ret) ∼ O(Ka−1)
according to Swaminathan and Bray [185] and thus the T33M3 model underpredicts
the magnitude of T33 away from the wall for the thin reaction zones regime flames (i.e.
Ka > 1) considered here.

It can be seen from Fig. 6.21 that the performance of the T33CS model remains
comparable to that of T33M1 for high turbulent Reynolds number cases (i.e. cases C-E)
when the flame is away from the wall. However, the T33CS model offers more accurate
prediction than the T3M1 model for cases A and B before the flame interacts with
the wall. However, the T33CS model under-predicts the magnitude of T33 at the final
stage of quenching. This inadequacy is addressed here by the following modification:

T33 = −C∗
5 ρ̄ε̃c

[
ψiψj + 1

3δij(1 − ψkψk)
]
∂ũi

∂xj

(6.49)

where C∗
5 = A8 + 2exp(Le(c̃− T̃ ))Ka−0.23

L and A8 = erf(1 − x1/δZ) + 2 are the model
parameters. The parameter A8 and the involvement of exp(c̃− T̃ ) in C∗

5 increase the
magnitude of the model prediction in the near wall region where the magnitude of
T33 is under-predicted by the T33CS model. The model parameter A8 asymptotically
approaches unity and C∗

5 approaches C5 away from the wall where c̃ = T̃ . It can be
seen from Fig. 6.21 that the new model given by Eq. 6.48 predicts the quantitative
behaviour of T33 more satisfactorily than the other available models both away from
and near to the wall.

6.1.7 Modelling of the Combined Reaction Rate, Dissipation
and Diffusivity Gradient Terms (T4 −D2 + f(D))

The transport equation of Nc = D∇c · ∇c can be rearranged into following manner [46,
87]:

ρ
∂Nc

∂t
+ ρuj

∂Nc

∂xj

= −2ρD ∂c

∂xj

∂c

∂xi

∂ui

∂xj

+ 2ρSd
∂ni

∂xi

Nc − 2D∂(ρSdni|∇c|)
∂xi

|∇c|

+2Sdni
∂ρ

∂xi

Nc + ρ|∇c|2
(
∂D

∂t
+ uj

∂D

∂xj

) (6.50)

where Sd = [ω̇ + ∇ · (ρD∇c)]/ρ|∇c| is the local flame displacement speed [46] and n⃗ =
−∇c/|∇c| is the local flame normal vector. Consequently, the combined contribution
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of the terms D1, T4, (−D2) and f(D) can be written as [46, 52]:

D1 + T4 −D2 + f(D) ≈ −2D∇ · (ρSdn⃗|∇c|)|∇c| + 2D̃∇ ·
(
ρSd|∇c|m⃗

)
|∇c|

+2ρD(Sr + Sn)∇ · n⃗|∇c|2 − 2D̃ρ(Sr + Sn)∇ · m⃗|∇c|

−2ρD2(∇ · n⃗)2|∇c|2 + 2D̃ρD(∇ · n⃗)|∇c|∇ · m⃗|∇c|

(6.51)

where m⃗ = −∇c̃/|∇c| is the resolved flame normal, Sr = ω̇/(ρ|∇c|) and Sn =
N⃗ · ∇(ρDN⃗ · ∇c)/(ρ|∇c|) are the reaction and normal diffusion components of the
displacement speed respectively [154, 80]. It can be seen with Eq. 6.51 that the net
contribution of D1 +T4 −D2 +f(D) specifies the effect due to flame normal propagation
and flame curvature. Followed by previous analyses [137, 46, 52], it might be more
convenient to model the net contribution of D1 + T4 − D2 + f(D) rather than its
individual components. Mantel and Borghi [137] proposed the following model for
D1 + T4 −D2:

D1 + T4 −D2 = −2
3β1ρ̄

ε̃2
c

c̃(1 − c̃)

[3
2 − Cϵ

SL

k̃

]
(6.52)

where β1 = 4.2 and Cϵ = 0.1 are the model parameters. Since, D1 is a close term, it is
more convenient to model only T4 −D2 + f(D). Chakraborty et al. [46] proposed the
following model for T4 −D2:

T4 −D2 = −β2ρ̄
ε̃2

c

c̃(1 − c̃)
(6.53)

where β2 = 6.7 is a model parameter. It is worth noting that f(D) was ignored by
Mantel and Borghi [137] and Chakraborty et al. [46] and thus the models given by
Eqs. 6.52 and 6.53 will not be discussed further in this paper. Recently Gao et al. [87]
extended the model given by Eq. 6.53 in the following manner (i.e.T4D2CS model):

T4 −D2 + f(D) = −βV ρ̄
ε̃2

c

c̃(1 − c̃)
(6.54)

where βv = 6.7 is a model parameter. The predictions of the T4D2CS model are
compared with DNS data in Fig. 6.22, which shows the variation of T4 −D2 +f(D) with
normalised wall normal distance x1/δZ at different time instants. The net contribution
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of T4 −D2 +f(D) remains negative when the flame is away from the wall (i.e. x1/δZ ≫
(Pemin)L). However, a weakly positive contribution of T4 −D2 +f(D) is observed in the
region given by (Pemin)L ≤ x1/δZ ≤ 2(Pemin)L. The magnitude of negative contribution
of T4 −D2 +f(D) increases significantly in the region given by x1/δZ ≤ (Pemin)L during
flame quenching. This increase in the sink contribution of T4 −D2 + f(D) arises due
to significant f(D) contribution in the near wall region. It can be seen from Fig. 10
that the T4D2F model is able to capture T4 − D2 + f(D) obtained from the DNS
data satisfactorily when the flame is away from the wall (i.e. x1/δZ ≥ (Pemin)L).
However, the T4D2F model does not adequate capture the qualitative and quantitative
behaviours of T4 −D2 + f(D) in then near wall region. Here the T4D2F model has
been modified in the following manner in order to improve the near wall predictions:

T4 −D2 + f(D) = −βV ρ̄
ε̃2

c

c̃(1 − c̃) [A9(c̃− A10)]Φ (6.55)

The corresponding model parameters are given as:

A9 = 5.25
{

erf
[
2
(
x1

δZ
− 0.7(Pemin)L

)]
− 0.81

}
(6.56)

A10 = 0.6
{

erf
[
−2

(
x1

δZ
+ 0.7(Pemin)L

)]
+ 0.9

}
(6.57)

Φ = 0.5
{

1 − erf
[
x1

δZ
− 1.9(Pemin)L

]}
(6.58)

The model parameter A9 has been introduced in order to capture the augmentation
of negative contribution of T4 − D2 + f(D) in the near wall region, whereas A10 is
responsible for changing the sign of the model prediction and Φ makes sure this change
in sign becomes active at x1/δZ ≈ 1.9(Pemin)L. However, Φ vanishes away from the wall
(i.e. x1/δZ ≫ (Pemin)L) and thus, Eq. 6.55 becomes identical to the T4D2CS model
(i.e. Eq. 6.54), which can be substantiated from Fig. 6.22 where the predictions of
Eq. 6.55 are also shown. It can be seen from Fig. 6.22 that the model given by Eq. 6.55
adequately predicts the augmentation of the magnitude of negative contribution of
T4 − D2 + f(D) in the near wall region and also captures slightly positive value of
T4 −D2 + f(D) in the region given by (Pemin)L ≤ x1/δZ ≤ 2(Pemin)L. Thus, Eq. 6.55
can be used for modelling T4 −D2 + f(D) both close to and away from the wall.
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6.1.8 Summary of the key results

The SDR ε̃c transport and its modelling in the context of RANS have been analysed
for head-on quenching of turbulent premixed flame by an inert isothermal wall based
on three-dimensional simple chemistry DNS data. It has been found that an increase in
u′/SL leads to an increase in the magnitudes of the unclosed terms of the SDR transport
equation. For all cases the terms arising from density variation, scalar-turbulence
interaction, reaction rate gradient, molecular diffusivity gradient and molecular dis-
sipation (i.e. T2, T3, T4, f(D) and (−D2)) remain the leading order contributors to
the SDR ε̃c transport away from the wall and the turbulent transport and molecular
diffusion terms remain negligible in comparison to the aforementioned leading order
terms. The performances of previously proposed models for T1, T2, T31, T32, T33 and
(T4 − D2 + f(D)) have been assessed with respect to the corresponding quantities
extracted from DNS data. It has been found that the aforementioned models do not
adequately predict the near wall behaviour of the unclosed terms of the SDR transport
equation. The models, which exhibit the most promising performance away from the
wall, have been modified to account for the near wall behaviour in such a manner
that they asymptotically approach the existing model expressions away from the wall.
Although the functional form of the modelling parameters have been proposed so that
they follow the asymptotic behaviour in terms of DaL, KaL and x1/δZ, it is likely that
they will need to be modified when datasets with a larger range of Ret with detailed
chemistry will be explored. It is worth noting that several previous DNS analyses on
flame-wall interaction used a simple chemical mechanism [156, 20, 21, 3, 2], and the
same approach has been followed here. Moreover, all existing SDR transport closures
have been proposed based on simple chemistry DNS data [39, 185, 47, 48, 144, 114, 49].
Since statistical behaviours of |∇c| have been adequately captured by single-step
chemistry (see [46, 52] for scalar gradient statistics based on both simple and detailed
chemistry DNS data), it can be expected that the findings will at least be qualitatively
valid in the context of detailed chemistry and transport. Moreover, Lewis number may
have some influences on the modelling of SDR transport, but the qualitative nature of
the present findings is unlikely to be modified.
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6.2 Statistical analysis and modelling of flame sur-
face density transport

The main objectives of this section are:

• To identify the near wall effects on the unclosed terms of the FSD transport
equation

• To model the near wall effects on the unclosed terms of the FSD transport
equation

6.2.1 Closure for the mean reaction rate ¯̇ω
Figure 6.23 shows that before the onset of HOQ, ρ0SLΣgen predicts ω̇ satisfactorily for
Le = 1.0 but underpredicts (overpredicts) ω̇ for Le = 0.8 (Le = 1.0). This is consistent
with previous finding [36], which suggested that (ρ0Sd)s is not approximated well by
ρ0SL in non-unity Lewis number flames. Moveover, ρ0SLΣgen overpredicts ω̇ when the
flame approaches the wall for all Le cases, because high magnitudes of ∇c occur in
the near-wall region, whereas the temperature is not sufficient to support the chemical
reaction. As a result, ρ0SLΣgen = ρ0SL|∇c| overpredicts ω̇ in the near-wall region
during flame quenching, which is consistent with previous findings [2, 20]. Alshaalan
and Rutland [2] proposed the near-wall modification as:

Σgen = |∇c|(1 + cyÃw)exp
[
−β

(
τÃ

(1 + τ T̃ )(1 + τ c̃)

)cx
]

(6.59)

where cx = 0.25 and cy = 48 are the model parameters, Ã = (c̃−T̃ ) is a non-adiabaticity
parameter. This modification leads to a significant underprediction of ω̇ when the
flame is away from the wall (see Fig. 6.23), whereas ω̇ is overpredicted close to the wall.

Bruneaux et al. [20] proposed a modification to the conventional ω̇ closure by a
multiplier Qm = exp[−2β(c̃ − T̃ )] in the model expression (ω̇ = Qmρ0SLΣgen) where
Qm is unity when the flame is away from the wall but decreases in the near-wall
region. However, the prediction of Qmρ0SLΣgen differs significantly from ω̇ when
the flame begins to interact with the wall especially for non-unity Lewis number
flames. Chakraborty and Cant demonstrated [36] that away from the wall, (ρSd)s

can be approximated by ρ0SL/Le. Using this, a revised closure has been proposed
as ω̇ = A1(ρ0SL/Le)Σgen, where A1 = 0.5[erf(x1/δZ − 0.7Π) + 1] is a wall correction
that damps the magnitude of (ρ0SL/Le)Σgen in the near-wall region x1/δZ ≪ Pemin
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Fig. 6.23 Variations of the normalised mean reaction rate ¯̇ω × δZ/SL (solid line), along
with the predictions of ρ0SLΣgen × δZ/ρ0SL ( ), Qmρ0SLΣgen × δZ/ρ0SL (dashed
line), Al-shaalan and Rutland [2] model (dotted line), and A1(ρ0SL/Le)Σgen × δZ/ρ0SL
(dashed circle line) at different t+ = tSL/δZ = 2 ( ); 6 ( ). The same colour
key applies for Figs.
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but asymptotically approaches unity for x1/δZ ≫ Pemin. Figure 6.23 shows that
A1(ρ0SL/Le)Σgen predicts ω̇ satisfactorily both away from the wall and close to it. The
expression A1(ρ0SL/Le)Σgen can therefore be used to predict ω̇ if Σgen is modelled
accurately, the closure of the transport equation terms for Σgen will be discussed
next. The Reynolds-averaged flame surface density transport equation can be seen in
Eq. 2.55(or see Eq. 6.60 below).

∂Σgen

∂t
+ ∂ũjΣgen

∂xj

=
∂
[
(ui)s − ũi

]
Σgen

∂xi︸ ︷︷ ︸
TF 1

+
(

(δij −NiNj)
∂ui

∂xj

)
s

Σgen︸ ︷︷ ︸
TF 2

+ ∂

∂xi

[
(SdNi)sΣgen

]
︸ ︷︷ ︸

TF 3

+
(
Sd
∂Ni

∂xi

)
s

Σgen︸ ︷︷ ︸
TF 4

(6.60)

TF 1 turbulent transport term
TF 2 tangential strain rate term
TF 3 propagation term
TF 4 curvature term

6.2.2 Modelling of the turbulent transport term TF1

The behaviour of TF 1, which depends on the turbulent flux [(ui)s − ũi]Σgen, is shown
in Fig. 6.24 for cases A and E at different times for Le = 0.8, Le = 1.0 and Le = 1.2.
An increased u′/SL leads to an increase in magnitude of [(ui)s − ũi]Σgen, whereas
the magnitude of the FSD flux increases with decreases Le. Figure 6.24 indicates
that [(ui)s − ũi]Σgen is significantly affected by the wall and that [(ui)s − ũi]Σgen only
exhibits positive values close to the wall before vanishing altogether following gradient
hypothesis model:

[(ui)s − ũi]Σgen = − νt

σΣ

∂Σgen

∂xi

(6.61)

Here, νt = min(0.09k̃2/ϵ̃, 0.20(x(1 − e−x+/26))k̃1/2) and σΣ are the eddy viscosity and
turbulent Schmidt number respectively, with τw, x+ = ρx(τw/ρ̄)1/2/µ being the wall
shear stress, the non-dimensional wall distance respectively.

For σΣ = 1.0, Eq. 6.61 does not predict the qualitative behaviour of [(ui)s − ũi]Σgen

both far from the wall and close to it for the cases considered here, and predicts
an opposite sign to that of [(ui)s − ũi]Σgen obtained from DNS data (see Eq. 6.61).
This discrepancy originates from the predominantly counter-gradient behaviour of
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Fig. 6.24 Variations of the normalised turbulent flux [(ui)s − ũi]Σgen × δZ/SL (solid line)
and the prediction of Eq. 6.62 (dashed line), and Eq. 6.62 with near-wall modification
(dashed circle line) at different t+ = tSL/δZ.

[(ui)s − ũi]Σgen in the cases considered here. Chakraborty and Cant [36] proposed a
model that also accounts for both gradient and counter gradient transport:

[(ui)s − ũi]Σgen = (A2 − A3c̃)ρu′′
i c

′′Σgen

ρc′′2 + ρ̄c̃(1 − c̃)
(6.62)

Equation 6.62 with the model parameters A2 = 1.0 and A3 = 2.0 shows a satisfactory
behaviour away from the wall but it underpredicts the magnitude of [(ui)s − ũi]Σgen

close to the wall. To improve the predictions of Eq. 6.62, the following expressions are
suggested: A2 = 1.06 − 0.06erf(x1/δZ − 2.0Π) and A3 = 0.93 + 1.07erf(x1/δZ − 2.0Π) so
that A2 and A3 approach 1.0 and 2.0, respectively, away from the wall (x1/δZ > 2.0Π),
whereas they increase and decrease respectively close to the wall (x1/δZ < 2.0Π).
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Figure 6.24 shows that Eq. 6.62 with near-wall modification satisfactorily predicts the
behaviour of [(ui)s − ũi]Σgen both far from the wall and close to it.

6.2.3 Modelling of the tangential strain rate term TF2

The variation of TF 2 with x1/δZ is shown in Fig 6.25 for the cases A and E at different
times for Le = 0.8, Le = 1.0 and Le = 1.2. The term TF 2 assumes positive values
but its magnitude decreases with time when the flame starts to interact with the wall
and eventually. Bruneaux et al. [20] used the model TF 2 = αm(ϵ̃/k̃)Γ(u′/SL, l/δZ)Σgen

where αm ≈ 2.0 is a model parameter and Γ(u′/SL, l/δZ) is an efficiency function [139].
The predictions of the Bruneaux et al. [20] (TF 2 = αm(ϵ̃/k̃)Γ(u′/SL, l/δZ)Σgen) are
shown in Fig 6.25 this model does not capture the qualitative behaviour of TF 2 for the
cases considered here and overpredicts the magnitude of TF 2. This warrants for a new
modelling methodology for TF 2. This term TF 2 can be decomposed [108, 36] into TD,
the contribution due to dilatation ∂ui/∂xi, and TN , the contribution of the normal
strain rate NiNj∂ui/∂xj:

TF 2 = (∂ui/∂xi)sΣgen︸ ︷︷ ︸
TD

− (NiNj∂ui/∂xj)s︸ ︷︷ ︸
TN

Σgen (6.63)

The dilatation rate term TD can be decomposed into the resolved TD1 (i.e. it can
be obtained without model in RANS) and unresolved TD2 parts (i.e. it requires model):
TD = TD1 + TD2. The resolved part is defined [108] as: TD1 = (∂ũi/∂xi)|∇c̄|, which
needs evaluation of c̄ from c̃. Here, c̄ = (1 + τgaLe−b)c̃/(1 + τgaLe−bc̃) is considered
following previous analyses [108, 36], where a = c̃′′2/[c̃(1 − c̃)] is the segregation factor,
and Le−b accounts for the strengthening of heat release effects with decreasing Le.
Figure 6.26 shows that the approximation c̄ = (1 + τgaLe−b)c̃/(1 + τgaLe−bc̃) enables
a satisfactory prediction of TD1 both away from the wall and close to it.

For the unresolved dilatation term TD2 = (∂ui/∂xi)|∇c| − (∂ũi/∂xi)|∇c̄|, Katra-
gadda et al. [108] suggested the following model:

TD2 =
(
τSL/δthLe

1.845
) [
A4 · (1 − c̃)ξ (Σgen − |∇c̄|)

]
(6.64)

The parameters are A4 = 1.8/(1 +KaL)0.35 and ξ = 1.5 − 1.8Le with KaL = ϵ̃δth/S
1.5
L

being the local Karlovitz number. The Karlovitz number dependence of A4 ensures
weakening of dilatation effects for high values of KaL [108, 36]. Figure 6.26 shows that
Eq. 6.64 provides a satisfactory prediction of TD2 but the near-wall behaviour has been
found to be inadequate. Here A4 and ξ have been modified to account for the near-
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wall behaviour as: A4 = 0.9exp[1.2(c̃w − T̃w)][erf(Lex1/δZ) + 1]/(1 +KaL)0.35 and ξ =
1.5exp[0.2(c̃w − T̃w)]−1.8Le. Note that (c̃w − T̃w) not only accounts for non-adiabaticity
induced by the wall but also acts as a quenching sensor (i.e. (c̃w − T̃w) remains zero
when the flame is away from the wall but it rises once the flame quenching is initiated).
Thus, the involvement of (c̃w − T̃w) in A4 and ξ modifies the prediction of Eq. 6.64 in
the near-wall region only when the flame starts to quench. The modified parameters
A4 and ξ approach the earlier expressions [108] away from the wall. Equation 6.64
with the modified A4 and ξ provides a satisfactory prediction of TD2 both away from
the wall and near to it (see Fig. 6.26).

The normal strain rate term TN can also be split into resolved (TN1) and unresolved
(TN2) parts:

− TN = − (NiNj)s(∂ũi/∂xj)Σgen︸ ︷︷ ︸
TN1

− (NiNj∂u′′
i /∂xj)sΣgen︸ ︷︷ ︸
TN2

(6.65)

The resolved component TN1 can be closed if (NiNj)s = (Ni)s(Nj)s + (δij/3)[1 −
(Nk)s(Nk)s] [25]. Katragadda el al. [108] suggested the following model for (−TN2):

− TN2 =
(

˜ϵ/k̃
)

[C1 − τC2f(Le)DaL]Σgen (6.66)

here, C1 and C2 are model parameters, DaL = k̃SL/(ϵ̃δth) is the local Damk ohler
number, and f(Le) = exp(Le−0.945 − 1) is a function, accounting for increased flame
normal acceleration with decreasing Le [108]. The term C1

˜ϵ/k̃Σgen is responsible for
FSD generation due to alignment of ∇c with the most extensive principal strain rate
induced by flame normal accelration (∼ τf(Le)SL/δth) [108]. Based on the present
analysis, C1 = erf(0.1x1/δZ) and C2 = A5(1 − (Nk)s(Nk)s)/(1 + KaL)0.35 have been
proposed guided by the analysis of Katragadda el al. [108] where A5 is given by:

A5 = 0.471erf(0.5x1/δZ)exp
(
2.0

(
c̃w − T̃w

))
×
[

0.3
erf(ReL + 0.01)0.5exp(−c̃w)

]A6

(6.67)

In this expression A6 = 0.5(erf(−x1/δZ + Π3) + 1) and ReL = (ρ0k̃
2/µ0ϵ̃) is

the local turbulent Reynolds number, µ0 is the unburned gas viscosity. The er-
ror function erf(0.5x1/δZ) in Eq. 6.67 allows for the gradual increase of (−TN2) from
the wall. The combined effects from error function and exponential function in
erf(0.5x1/δZ)exp(2.0(c̃w − T̃w)) are needed to capture the correct magnitude in the near-
wall region (x1/δZ < Π) at all times. The expression [0.3/erf(ReL +0.01)0.5exp(−c̃w)]A6 is
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responsible for the correct prediction of (−TN2) away from the wall. The involvement
of (c̃w − T̃w) and c̃w ensures that the near-wall modification takes effect only when
the flame quenching takes effect. The Karlovitz number dependence of C2 ensures the
weakening of flame normal acceleration effects for high values of KaL [108].

Figure 6.25 shows the prediction of TF 2 when TD1, TN1 TD2 and TN2 are modelled
with c̄ = (1 + τgaLe−b)c̃/(1 + τgaLe−bc̃), (NiNj)s = (Ni)s(Nj)s + (δij/3)[1 − (Nk)sNks],
Eqs. 6.64 and 6.66 respectively. This model captures qualitative and quantitative
behaviour of T2 both away from the wall and near to it, except in case E for Le = 0.8
where a slight overprediction is observed. However, this model is more successful
in capturing both qualitative and quantitaive behaviour of T2 than the Bruneaux et
al. [20] model both away from and close to the wall.

6.2.4 Modelling of propagation and curvature terms TF3 +TF4

Serveral previous analysis [36] modelled propagation and curvature terms together. The
variation of (TF 3 +TF 4) with x1/δZ is presented in Fig. 6.27 for case A and E at different
times for Le = 0.8, 1.0 and 1.2. The combined term (TF 3+TF 4) shows positive (negative)
values towards the unburned (burned) gas side of the flame brush. Bruneaux et al. [20]
proposed separate models for TF 3 and TF 4 (TF 3 = −∂{SLMiΣgen(1−(1−Qm))/γω}/∂xi)
and TF 4 = −SLΣ2

gen/c̄(1 − c̄) with γω = 0.3, Qm = exp[−2β(c̃− T̃ )] and the resolved
flame normal vector M⃗ = −∇c̃/|∇c̃|). Figure 6.27 shows that the Bruneaux et al. [20]
model does not capture the qualitative behaviour of (TF 3 + TF 4) obtained from DNS
data.

Chakraborty and Cant [36] proposed the following model for (T3 + T4) with the
model parameters β0 = 8.0 and ccp = 0.35:

TF 3 + TF 4 = − ∂

∂xi

[
ρ0SL

ρ̄
(Ni)sΣgen

]
+ ρ0SL

ρ̄

∂(Ni)s

∂xi

Σgen

−β0
[
1 − (Nk)s(Nk)s

] (c̄− ccp)SLΣ2
gen

c̄(1 − c̄)

(6.68)

Equation 6.68 provides a satisfactory prediction away from the wall but overpredicts
the magnitude of (TF 3 + TF 4) close to the wall. This deficiency is avoided when SL in
Eq. 6.68 is replaced by a modified flame speed S ′

L = SLexp[−8.0(c̃− T̃ )] and Fig. 6.27
shows that Eq. 6.68 with S ′

L satisfactorily predicts (TF 3 +TF 4) both away from the wall
and close to it. The improvement of (c̃− T̃ ) in the modified flame speed S ′

L accounts
for the reduction in flame propagation rate during flame quenching.



218 Results & Discussion 2: The Combustion Modelling

0

0.2

0.4

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

0

0.2

0.4

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

0

0.2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

0

0.2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

0

0.2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

0

0.2

1 10

x1/δZ

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

1 10
x1/δZ

Case A Case E

L
e
=

1
.2

L
e
=

1
.0

L
e
=

0
.8

t+
=

6
t+

=
2

t+
=

6
t+

=
2

t+
=

6
t+

=
2

Fig. 6.25 Variations of the strain rate term TF 2 × δ2
ZSL (solid line) along with the

predictions of the Bruneaux et al. [20] model (dashed line) and the combined outcome
of the models of TD1, TN1, TN2 with wall modifications (dashed circle line) at different
t+ = tSL/δZ.
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Fig. 6.26 Variations of (TD1 ( ), TD2 ( ), −TN1 ( ), −TN2 ( ))×δ2
Z/SL

obtained from DNS (solid line) and the model predictions according to c̄ = (1 +
τgaLe−b)c̃/(1 + τgaLe−bc̃), (NiNj)s = (Ni)s(Nj)s + (δij/3)[1 − (Nk)s(Nk)s], Eqs. 6.64
and respectively, with (dashed circle line) and without (dashed line) wall modifications
at different t+ = tSL/δZ.
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Fig. 6.27 Variations of the normalised curvature and propagation term (TF 3 + TF 4) ×
δ2

Z/SL obtained from DNS data (solid line) and the predictions of the Bruneaux et
al. [20] model (dashed line) and Eq. 6.68 with near-wall modification (dashed circle
line) at different t+ = tSL/δZ.
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6.2.5 Summary of the key results

The near wall behaviour of the FSD based reaction rate closure and the unclosed
terms of the FSD transport equation in the case of the head-on quenching have been
analysed here. A comparison between ρ0SLΣgen and ω̇ from DNS data reveals that the
original model overestimates the value of the mean reaction rate in near wall region.
A modified FSD based closure for ω̇ in terms of Σgen has been proposed here which
has been shown to capture the near wall behaviour of ω̇ satisfactorily for all cases
considered here. The existing models for the unclosed terms TF 1, TF 2 and (TF 3 + TF 4)
of the FSD transport equations have also been modified, which are based on a-priori
analysis using explicitly Reynolds averaged DNS data, so that they can satisfactorily
predict the corresponding terms extracted from DNS data for both away from and
near to the wall.
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6.3 Statistical analysis and modelling of turbulent
scalar flux transport

The main objectives of the current section are:

• To demonstrate the near wall behaviour of the unclosed terms of the transport
equation of the turbulent scalar flux of reaction progress variable

• To propose models for the near wall behaviour of the terms of the turbulent
scalar flux transport equation

6.3.1 Statistical behaviours of the terms in turbulent scalar
flux transport equation

The Reynolds-averaged turbulent scalar flux transport equation can be seen in Eq. 2.57a(or
see Eq. 6.69 below).

∂ρũ′′
i c

′′

∂t
+ ∂ρũjũ′′

i c
′′

∂xj

= −
∂ρu′′

i u
′′
j c

′′

∂xj︸ ︷︷ ︸
T1c

−ρu′′
i u

′′
j

∂c̃

∂xj︸ ︷︷ ︸
T2c

−ρu′′
j c

′′ ∂ũi

∂xj︸ ︷︷ ︸
T3c

−c′′ ∂P

∂xi︸ ︷︷ ︸
T4c

−c′′∂P
′

∂xi︸ ︷︷ ︸
T5c

+
u′′

i

∂

∂xk

(
ρD

∂c

∂xk

)
︸ ︷︷ ︸

T6c

+
[
c′′

i

∂τik

∂xk

]
︸ ︷︷ ︸

T7c

+u′′
i ω̇︸︷︷︸

T8c

(6.69)

T1c turbulent transport term
T2c mean scalar gradients term
T3c velocity gradients term
T4c mean pressure gradient term
T5c fluctuating pressure gradient term
T6c mass diffusion term
T7c viscous stress term
T8c reaction rate term

The variations of T1c - T8c for the ρu′′
1c

′′ transport equation with normalised wall
normal distance x1/δZ for cases A, C and E are shown in Fig. 6.28 for different time
instants. The positive contributions in Fig. 6.28 act to promote a counter-gradient
transport, whereas negative contributions tend to induce a gradient transport. It
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can be seen from Fig. 6.28 that the reaction contribution T8c assumes predominantly
assumes positive values, whereas both T6c and T7c exhibit negative values at all times.
The pressure gradient terms T4c and T5c play important roles in the transport of ρu′′

1c
′′

for all cases when the flame is away from the wall. The mean pressure gradient term
T4c assumes a positive value for the major part of the flame brush although local
negative values of T4c are also obtained within the flame brush when the flame is away
from the wall. The fluctuating pressure gradient term T5c also exhibits both positive
and negative values within the flame brush. The contributions of T2c and T3c remain
negative, whereas the turbulent transport term T1c exhibits both positive and negative
values. The relative magnitudes of T1c, T2c and T3c in comparison to the pressure
gradient terms T4c and T5c decrease with increasing Ret (i.e. from case A to case E).
The magnitudes of T1c - T8c decrease considerably as the quenching progresses and
they eventually vanish altogether. The terms T1c - T8c can be scaled in the following
manner:

T1c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)2Da−0.5Re−0.5

t ;

T2c ∼ (ρ0S
2
L/δth)Da−1.5Re−0.5

t ;

T3c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)2(Uref/SL)Da−0.5Re−0.5

t

T4c ∼ (ρ0S
2
L/δth)Da−1.5Re0.5

t

T5c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)2

T6c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)

T7c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)

T8c ∼ (ρ0S
2
L/δth)(ρu′′

1c
′′/ρ0SL)

(6.70)

Here the gradients of the mean quantities are scaled using l and the quantities ρu′′
1u

′′
1c

′′

and ρu′′
1u

′′
1 are scaled with respect to (ρu′′

1c
′′)2/ρ0 and ρ0u

′2 respectively. The mean
pressure gradient can be taken to scale as ∂p̄/∂x1 ∼ ∂(ρu′′

1u
′′
1)/∂x1 for flows with u′

either greater than or comparable to ũ1, as in the cases considered here. In terms
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T5c - T8c the scalings of the key quantities may be taken as ∂p′/∂x1 ∼ (ρu′′
1c

′′)2/ρδth,
u′′

1 ∼ ρu′′
1c

′′/ρ0 and ∂τik/∂xk ∼ (ρu′′
1c

′′)SL/δth. The molecular diffusion rate and reaction
rate in T7c and T8c have been scaled with respect to ρ0SL/δth (i.e. ω̇ ∼ ρ0SL/δth and
∇ · (ρD∇c) ∼ ρ0SL/δth). The scaling estimates given by Eq. 6.70 indicate that the
terms T2c, T4c - T8c are expected to be the leading order contributors for Da < 1,
whereas the contributions of T1c and T3c are expected to become progressively less
important with increasing Ret. The terms T2c and T3c are closed in the context of
second-moment closure, and thus the modelling of T1c and T4c to T8c will be discussed
next.

6.3.2 Modelling of the turbulent transport term T1c

The turbulent transport term is given by: T1c = ∂(ρu′′
ju

′′
i c

′′)/∂xj, and therefore
modelling of this term depends on ρu′′

ju
′′
i c

′′. The model (referred to as the TDH
model) by Daly and Harlow [66] is one of the widely used models for ρu′′

ju
′′
i c

′′ closure
for passive scalars:

ρu′′
i u

′′
j c

′′ = −CCS
k̃

ε̃
ρu′′

ju
′′
k

∂(ρu′′
i c

′′/ρ̄)
∂xk

(6.71)

where CCS ≈ 0.22 is the model constant. The predictions of the TDH model are
compared to ρu′′

i u
′′
j c

′′ extracted from DNS data in Fig. 7. The TDH model fails to
capture the quantitative and qualitative behaviour of the DNS data, for cases A-C.
However, for high values of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 (e.g. cases D and E)

the TDH model exhibits slightly improved agreement with DNS data at t ≤ 6δZ/SL

but this model fails to predict the near-wall behaviour of ρu′′
i u

′′
j c

′′ at t ≥ 8δZ/SL. The
TDH models is proposed for non-reacting flow based on gradient hypothesis, and it
does not take into account for the effect of chemical reaction. According to the BML
analysis (i.e. subject to the assumption of bi-modal probability density function of c
(i.e. P (c)) with impulses at c = 0 and c = 1) the Favre-average velocity component
takes the following form: ũj = (uj)P c̃+ (1 − c̃)(uj)R +O(1/Da), which once used in
ρu′′

i u
′′
j c

′′ =
∫∞

−∞
∫∞

−∞
∫ 1

0 ρ(ui − ũi)(uj − ũj)P (ui;ujc)duidujdc yield [38]:

ρu′′
1u

′′
1c

′′ ≈ ρ̄[(u1)P − (u1)R]2c̃(1 − c̃)(1 − 2c̃) − ρ̄(u′
1u

′
1)Rc̃(1 − c̃)

+ρ̄(u′
1u

′
1)P c̃(1 − c̃) +O(1/Da)

(6.72)
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The first term on the right hand side represents the reacting contribution to ρu′′
1u

′′
1c

′′,
whereas the combined action of second and third terms represent the effects of turbulence
on ρu′′

1u
′′
1c

′′. The last term O(1/Da) originates from the interior of the flame and this
contribution becomes negligible for Da ≫ 1. It has been demonstrated elsewhere
in earlier section that the probability density function of c cannot be approximated
by a bi-modal distribution in the near-wall region. The departure from a bi-modal
distribution is often quantified in terms of a segregation factor g = ρc′′2/ρ̄c̃(1 − c̃).
Chakraborty and Cant [34, 38] utilised the TDH model for the turbulent contribution
part in Eq. 6.72 and utilised the segregation factor to propose a model (referred to
as the CC model here) based on a-priori DNS analyses for the flames without any
influence of walls in the following manner:

ρu′′
1u

′′
1c

′′ = −CCS
k̃

ε̃
ρu′′

1u
′′
1
(ρu′′

1c
′′/ρ̄)

∂x1

+ρ̄
[

ρu′′
1c

′′

ρ̄c̃(1 − c̃) + α3

√
ρu′′

1u
′′
1/ρ̄

]2

c̃(1 − c̃)(1 − 2√
gc̃)

(6.73)

where
[

ρu′′
1c

′′

ρ̄c̃(1 − c̃) + α3

√
ρu′′

1u
′′
1/ρ̄

]
represents

[
(uj)P − (uj)R

]
in Eq. 6.73 where α3 =

0.2 + 0.3erf(ReL/20) is a model parameter. The predictions of the CC model (Eq. 6.73)
are also shown in Fig. 6.29, which indicates that the CC model is more successful
in capturing the behaviour of ρu′′

1u
′′
1c

′′ than the TDH model when the flame is away
from the wall, where the CC model reasonably captures both the quantitative and
qualitative behaviours of ρu′′

1u
′′
1c

′′. However, during flame quenching c̃ approaches 1.0
and as a result the second term on right hand side of Eq. 6.73 disappears and thus the
CC model prediction approaches to that of the TDH model in the near-wall region.
Thus, the CC model does not adequately capture the near-wall behaviour of ρu′′

1u
′′
1c

′′.
Here the CC model has been modified in the following manner:

ρu′′
1u

′′
1c

′′ = −CCS
k̃

ε̃
ρu′′

1u
′′
1
(ρu′′

1c
′′/ρ̄)

∂x1

+ρ̄c̃(1 − c̃)(1 − 2g0.5(1−c̃w)c̃)
Aw

 ρu′′
1c

′′

ρ̄c̃(1 − c̃) + α3w

√√√√ρu′′
1u

′′
1

ρ̄


(6.74)
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where

α3w = 0.2[3(1 − c̃w)]η1 + 0.3erf(ReL/20)

η1 = 0.5erf[−0.5(x1/δZ − 5(Pemin)L)]

Aw = exp
[
− c̃w − T̃w

Le
η2

]

η2 = 0.5erf[−0.5(x1/δZ − 5(Pemin)L)]

(6.75)

The model parameter α3w is modified form of α3 in the CC model, and this modification
accounts for the dampening of turbulence close to the wall. The magnitude of ρu′′

1u
′′
1c

′′

drops during flame quenching, especially in near wall region, and the presence of flame
close to the wall is sensed by Aw due to an increase in the value of c̃w − T̃w during flame
quenching, and this damps the contribution arising from velocity jump across the flame
brush due to thermal expansion. The extent of velocity jump across the flame brush is
dependent on Le, and thus the damping factor Aw is dependent on Le. Both the TDH
and CC models do not adequately predict the negative values of ρu′′

1u
′′
1c

′′ close to the
wall but this behaviour cannot be captured by (1 − 2√

gc̃) because ρc′′2/ρ̄ (and thus g)
drops drastically during flame quenching. However, the modification g0.5(1−c̃w) allows
the term (1 − 2g0.5(1−c̃w)c̃) to assume negative values during flame quenching when c̃w

approaches unity (i.e. c̃w → 1.0). It can be seen from Fig. 6.29 that the model given
by Eq. 6.75(referred to as the new model) predicts both qualitative and quantitative
behaviours of ρu′′

1u
′′
1c

′′ satisfactorily for both far from and near to the wall for all cases
considered here.

It is worth noting that the modifications of model parameters given by Eq. 6.75 are
empirical in nature but they are proposed in such a manner that the modified model
given by Eq. 6.75 asymptotically approaches previously proposed model for unbounded
flows (see Eq. 6.72) away from the wall. The involvements of exponential function and
ReL in the empirical functions are similar to the van Driest’s damping function [79].
Furthermore, the empirical parameters given by Eq. 6.75 are taken to be functions of
(Pemin)L, c̃w and (c̃w − T̃w). The involvement of (Pemin)L implicitly includes reacting
boundary layer information into the model, whereas the (c̃w − T̃w) dependence of the
model parameter ensures that the effects of enthalphy loss due to wall heat transfer are
reflected on the qualitative and quantitative variations of ρu′′

1u
′′
1c

′′ depending on the
distance of the flame from the wall. As the value of c̃w changes with time (it remains
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0 when the flame is away from the wall but it increases from 0 and approaches 1.0
with the advancement of quenching so the dependence of c̃w in the model parameters
acts as the sensor of flame position from the wall. Similar modelling approaches were
previously adopted by Bruneaux et al. [20] and Alshaalan et al. [3] in the context of
Flame Surface Density (FSD) closures for wall-bound turbulent premixed flames.

6.3.3 Modelling of the turbulent transport term (T4c + T5c)
Both the mean and fluctuating pressure terms are often modelled in a combined manner
due to their similar origin [34, 38, 79]. There are several available models for the
closure of (T4c + T5c). Three of these models take the following form by combining
conventional closures of slow and rapid terms [79]:

T4c + T5c = −C1c
ε̃

k̃
ρu′′

i c
′′ + C2cρu′′

kc
′′ ∂ũi

∂xk

+ C3cρu′′
kc

′′∂ũk

∂xi

+ C4cρu′′
i u

′′
k

∂c̃

∂xk

(6.76)

where the slow part is represented by −C1c(ε̃/k̃) and the rapid part is given by:
C2cρu′′

kc
′′∂(ũi/∂xk) + C3cρu′′

kc
′′(∂ũk/∂xi) + C4cρu′′

i u
′′
k(∂c̃/∂xk) with C1c, C2c, C3c and

C4c being the model parameters. Launder [124] suggested that C1c = 3.0, C2c = 0,
C3c = 0 and C4c = 0.4, and this model will henceforth be referred to the PL model.
Craft et al. [64] adopted a similar model (referred to as the PC model) with C1c = 3.0,
C2c = 0.5, C3c = 0 and C4c = 0.4. Durbin [79] suggested an alternative model (PD
model) where C1c = 2.5, C2c = 0, C3c = 0 and C4c = 0.45. In addition, Jones [106] and
Bradley et al. [16] proposed alternative models for T4c + T5c in the following manner:

T4c + T5c = −c′′ ∂P̄

∂xi

− CΦ1
ε̃

k̃
ρu′′

i c
′′ + CΦ2ρu′′

kc
′′ ũi

∂xk

(6.77)

Jones [106] considered CΦ1 = 3.0 and CΦ2 = 0.5 for this (PJ model) model. By
contrast, Bradley et al. [16] chose CΦ1 = 3.0 and CΦ2 = 0 for their model (PB model).
Another alternative model (PLV model) was proposed by Lindstedt and Vaos [127]:

T4c + T5c = −c′′ ∂P̄

∂xi

+ ρu′′
i c

′′Gil + CAsc′′ ∂P̄

∂xi

(6.78)

where CAs = 1/3 and Gil is the generalized Langevin coefficient which is a function
of Reynolds stress ρu′′

i u
′′
i and the mean velocity gradient ∂ũi/∂xj [127]. Domingo and

Bray [58] proposed a model expression (PDB model) for the strict flamelet burning of
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premixed turbulent flames:

T4c + T5c = c̃(1 − c̃)
(1 + τ c̃)

[
−∂P̄R

∂xi

+ (1 + τ)∂P̄P

∂xi

]
− 0.5(N⃗ · M⃗i)τρ0S

2
L(0.7 − c̃)Σgen

(6.79)
where P̄R and P̄P represent the conditional mean pressure in reactants and products
respectively, Σgen = |∇c| represents the generalized flame surface density [12], N⃗ =
−∇c/|∇c| is the local flame normal vector and M⃗i is the unit vector in the x1−direction.
Nishiki et al. [146] proposed the following model (PN model) based on a-priori DNS
analysis:

T4c + T5c = −CD
ρ̄

ρ0
· (1 − c̃)τ ∂P̄

∂xi

− CE1
ε̃

k̃
ρu′′

i c
′′ + CE2τ ṠLω̇(1 − c̃)1.7 (6.80)

where CD = 0.8, CE1 = 0.38 and CE2 = 0.66 model constants. In the context of
BML analysis c′′ can be expressed as c′′ = (ρ̄/ρ0)c̃(1 − c̃)τ when the pdf of c can be
assumed to follow a bi-modal distribution with impulses at c = 0 and c = 1.0 [19].
Thus, the first term on the right hand side of Eq. 6.80 accounts for the contribution of
T4c = −c′′∂P̄ /∂xi.

The predictions of all these model are compared to (T4c + T5c) extracted from DNS
data for cases A, C and E in Fig. 6.30 for different time instants. It is clear from
Fig. 6.30 that each of the PL, PC and PD models exhibit negative values for all cases,
and fail to capture both the qualitative and quantitative behaviours of (T4c + T5c)
extracted from DNS data. These models (i.e. PL, PC and PD models) were originally
proposed for incompressible non-reacting flows [124, 64, 78] where the contribution
of −c′′∂P̄ /∂xi was ignored. However, it can be seen from Fig. 6.28 that T4 plays a
key role in turbulent scalar flux transport in turbulent premixed flames so it is not
surprising that the PL, PC and PD models do not adequately capture the behaviour of
(T4c + T5c). The PJ model predicts positive values of (T4c + T5c) but overpredicts the
magnitude obtained from DNS data in case A. The quantitative agreement between
the PJ model and DNS data in case C is better than case A. However, the prediction of
the PJ model does not adequately capture the behaviour of (T4c + T5c) for high values
of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 (e.g. case E) and at some time instants (e.g.

t ≥ 6δZ/SL) this model also does not even predict the correct qualitative behaviour.
The PB model satisfactorily captures the qualitative behaviour of (T4c + T5c) with
some underprediction for case A until t ≤ 8δZ/SL . However, the PB model locally
overpredicts (T4c +T5c) at the later times (see t ≥ 10δZ/SL). The PB model shows some
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qualitative agreement with DNS data in cases C and E at early times when the flame
is away from the wall (e.g. t = 4δZ/SL ), whereas both the qualitative and quantitative
agreement remain poor at later times when the flame quenching is in progress.

The PLV model captures the qualitative behaviour of DNS in case A, but it
overpredicts the magnitude of (T4c + T5c) for all time steps. For cases with high
u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 (e.g. cases C and E) the PLV model overpredicts

the DNS data for t ≤ 6δZ/SL when the flame is away from the wall. As the flame
approaches the wall the PLV models fails to capture both quantitative and qualitative
DNS behaviour. Whilst the PDB model captures the qualitative behaviour but
overpredicts the magnitude of (T4c + T5c) for case A when the flame is away from
the wall (e.g. t = 4δZ/SL), as the flame starts to approach the wall the PDB model
predicts negative values whereas (T4c + T5c) remains positive. The predictions of the
PDB model do not perform satisfactorily for high u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2

cases (e.g. cases C and E) and the predictions show large extent of noise. This noise
originates due to limited sample size in the evaluation of conditional mean pressures
P̄R and P̄P . This spiky behaviour was also reported in the original paper by Domingo
and Bray [74] and previous analyses [33, 38] which dealt with this model. The PDB
model was originally proposed for the strict flamelet regime (i.e. Ka < 1 and Da > 1)
where the pdf of c can be approximated by a bi-modal distribution with impulses at
c = 0 and 1.0 but such an assumption is not valid for the flames (where Ka > 1 and
Da < 1) considered here. Furthermore, it has been shown earlier section that the pdf
of c does not show bi-modality at any stage of head-on quenching so it is not surprising
that the PDB model does not adequately capture the behaviour of (T4c + T5c) during
flame quenching.

Finally, the PN model captures both the qualitative and quantitative behaviours
of (T4c + T5c) better than the other alternative models. However, for high values
of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 the PN model overpredicts the behaviour of

(T4c + T5c). The agreement with the PN model prediction and (T4c + T5c) from DNS
data deteriorates at later times during flame quenching for all cases.

The models (e.g. PL, PC, PD models) which neglected the leading contribution
of T4c = −c′′∂P̄ /∂xi are not successful in capturing the DNS data. However, the
PJ, PB and PN models, which account for T4c = −c′′∂P̄ /∂xi are more successful in
capturing the behaviour of (T4c + T5c) than the PL, PC, PD models which ignore
this contribution. However, some near-wall corrections are needed to account for
the behaviour of (T4c + T5c) during flame quenching. Here the following near-wall
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modification has been suggested for the PN model:

T4c + T5c = −CD
ρ̄

ρ0
· c̃(1 − c̃)τ ∂P̄

∂xi

− C∗
E1
ε̃

k̃
ρu′′

i c
′′ + C∗

E2τSL [ρ0SLΣgen] (1 − c̃)1.7

(6.81)
where C∗

E1 = 0.38η251−0.5[erf(x1/δZ−Φ)+1], C∗
E2 = 0.66η1−0.5[erf(5(c̃w−0.5))+1]

2 and η2 =
0.5[erf(x1/δZ−0.5(Pemin)L)+1] are the model parameters and Φ = 0.5(Pemin)L(erf(8Le−
6) + 1) is the parameterisation of minimum Peclet number for turbulent flames. The
involvement of error functions in the model partameters C∗

E1 and C∗
E2 ensure that they

approach asymptotically to CE1 = 0.38 and CE2 = 0.66 away from the wall in the
absence of flame quenching. The involvement of Σgen = |∇c| in the third term on right
hand side of Eq. 6.81 allows for a non-zero prediction at the wall which is identically
zero in the PN model because ω̇ vanishes at the wall due to flame quenching. The
involvement of (Pemin)L and Φ in C∗

E1 and η2 implicitly includes reacting boundary
layer information into the revised model, whereas c̃w dependence of C∗

E2 senses the
flame quenching and modifies the value accordingly. It can be seen from Fig. 6.30
that the modified PN model (Eq. 6.81) captures the near-wall behaviour of (T4c + T5c)
during flame quenching better than any other available models.

6.3.4 Modelling of the molecular dissipation terms (T6c + T7c)
The terms T6c and T7c tend to reduce the magnitude of the scalar flux (i.e. behaves as
a sink), and are usually modelled together. The most common model for (T6c + T7c) is
the one which was proposed in the context of BML analysis [19] (i.e. referred to as the
DBML model in this analysis):

T6c + T7c = −K1ρu′′
i c

′′ ω̇

[ρ̄c̃(1 − c̃)]
(6.82)

where K1 ≈ 0.85 is the model parameter. An alternative model was proposed by
Nishiki et al. [146] (DN model) in the following manner:

T6c + T7c = −CF τSLω̇
(6.83)

where CF ≈ 0.4 is the model parameter. However, Eq. 6.83 is only valid for counter-
gradient transport and thus Chakraborty and Cant [38] suggested a combination of
DBML and DL model, which was shown previously to model (T6c + T7c) satisfactorily



234 Results & Discussion 2: The Combustion Modelling

even for low Damköhler number combustion without the influence of walls. The
expression proposed by Chakraborty and Cant [38] (DC model) is given by:

T6c + T7c = −0.5CF τSLω̇ − 0.5K1ρu′′
i c

′′ × ω̇

[ρ̄c̃(1 − c̃)]
(6.84)

The predictions of the DBML, DN and DC models are compared to (T6c +T7c) extracted
from DNS data in Fig. 6.31. It can be seen from Fig. 6.31 that the DBML model
captures the correct qualitative behaviour of (T6c + T7c) but it underestimates the
negative contribution of (T6c + T7c) in cases C-E. For cases A and B, the DBML model
underpredicts both negative (away from the wall) and positive (when the flame is close
to the wall) contribution of (T6c+T7c). The DN model provides a satisfactory qualitative
prediction of (T6c + T7c) for all cases but this model overpredicts (underpredicts) the
magnitude of negative (positive) contribution of (T6c + T7c) for t ≥ 6δZ/SL in cases A
and B. In other cases the DN model exhibits overprediction of the magnitude of the
negative contribution of (T6c + T7c). The agreement between the DC model prediction
and DNS data remains better than the DBML and DN models. However, the DC model
still underpredicts (overpredicts) the magnitude of positive (negative) contribution of
(T6c +T7c) for all cases considered here but this is much smaller in extent in comparison
to the DN model. It can further be seen from Fig. 9 that all the available models (i.e.
DBML, DN and DC models) cannot predict the non-zero contributions of (T6c + T7c)
in the near-wall region (and at the wall) because T7 exhibits non-zero values even when
the flame is quenched (i.e. ω̇ = 0). To avoid this problem, the following modification
to the DN model is proposed here (referred to here as the new model):

T6c + T7c = −0.5CF τSL(ρ0SLΣgenQ
p) − 0.5K1ρu′′

i c
′′ × ω̇

[ρ̄c̃(1 − c̃)]
(6.85)

where Q = erf[2(c̃w − 0.5)] and p = 0.5[erf(x1/δZ − 0.7(Pemin)L) + 1]. The involvement
of Σgen = |∇c| allows for a non-zero prediction at the wall which was not possible
by the other alternative models. At the beginning of quenching, a positive value of
(T6c + T7c) is obtained at the wall but it becomes negative at later stages. The model
parameter Q accounts for the change of sign of (T6c + T7c) depending of the value of
Favre averaged progress variable at the wall c̃w, whereas p ensures that Qp modifies the
magnitude of Eq. 6.85 to predict (T6c + T7c) extracted from DNS data. Here, (Pemin)L

dependence of p implicitly accounts for the reacting boundary layer information and
the error functions ensure that Eq. 6.85 approaches Eq. 6.84 for x1/δZ ≫ (Pemin)L. It
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is evident from Fig. 6.31 that the model given by Eq. 6.85 satisfactorily captures both
qualitative and quantitative behaviours of (T6c + T7c) both away from and close to the
wall.

6.3.5 Modelling of the reaction rate velocity correlation term
T8c

The model proposed for the reaction rate velocity correlation term T8c = u′′
i ω̇ in the

context of BML analysis (referred to as the RB model here) takes the form [19]:

T8c = −CR(ψm − c̃)ω̇ ρu
′′
i c

′′

ρc′′2
(6.86)

where the model parameters are given by CR ≈ 1 and ψm ≈ 0.5. A-priori DNS analysis
by Chakraborty and Cant [38] showed that the RB model captures the qualitative
behaviour of T8c even for low Damköhler number (i.e. Da < 1) combustion but revealed
some turbulent Reynolds number dependence of ψm and the following parameterisation
was proposed for ψm:

ψm = 0.57 + 0.6erfc[(ReL + 1)/10] (6.87)

Equation 6.86 with ψm parameterisation given by Eq. 6.87 will henceforth be referred
to as the RB-M model. The predictions of the RB and RB-M models are compared to
T8c extracted from DNS data in Fig. 6.32 for cases A,C and E for different time instants.
Figure 6.32 shows that the RB model captures quantitative and qualitative behaviours
of T8c for cases A before the initiation of flame quenching in this case (i.e. t ≤ 6δZ/SL).
However, this model overpredicts the magnitude of positive and negative values of T8c

close to the wall and away from the wall respectively for case A at t > 6δZ/SL . For
cases B-E, the RB model overpredicts of both negative (away from wall region) and
positive (near wall region) values of T8c. As the flame propagates towards the wall and
the flame starts to quench, the RB model fails to predict the reaction rate velocity
correlation term T8c, as shown in Fig. 6.32. By contrast, the RB-M model captures
both quantitative and qualitative behaviour of reaction rate-velocity correlation term
T8c more satisfactorily than the RB model in spite of slight underprediction of T8c for
cases with high values of u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2 (e.g. cases D and E).

The prediction of T8c can further be improved by modifying the RB-M model in the
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L from DNS data ( ), DBML

( ), DN ( ), CC ( ) and New model ( ) with x1/δZ at t = 2δZ/SL,
6δZ/SL, and 10δZ/SL (1st - 3rd row) for turbulent cases A, C, and E (1st - 3rd column)
with Le = 0.8, 1.0 and 1.2.



6.3 Statistical analysis and modelling of turbulent scalar flux transport 237

Case A

−0.5

0

0.5

1

0

0.2

0.4

0

0.1

0.2

Case C Case E
L
e
=

0
.8

−0.4
−0.2

0
0.2
0.4

T
8
c
×
δ Z
/ρ

0
S
2 L

−0.2

0

0.2

−0.1
0

0.1
0.2
0.3

L
e
=

1
.0

−0.2

0

0.2

−0.2
0

0.2
0.4

x1/δZ
1 10 50

−0.2

0

0.2

0.4

x1/δZ
1 10 50

L
e
=

1
.2

x1/δZ
1 10 50

Fig. 6.32 Variation of terms T8c × δZ/ρ0S
2
L from DNS data ( ), RB ( ), RBM

( ) and New model ( ) with x1/δZ at t = 2δZ/SL, 6δZ/SL, and 10δZ/SL (1st -
3rd row) for turbulent cases A, C, and E (1st - 3rd column) with Le = 0.8, 1.0 and 1.2.



238 Results & Discussion 2: The Combustion Modelling

following manner (i.e. new model):

T8c = CR(ψmexp[2(c̃w − T̃w)ξ] − c̃)ω̇ ρu
′′
i c

′′

ρc′′2
(6.88)

where xi = 1 − 0.5[erf(x1/δZ − (Pemin)L) + 1]. The factor (ψmexp[2(c̃w − T̃w)ξ] − c̃)
approaches ψm − c̃ for x1/δZ ≫ (Pemin)L. A comparison between the predictions of
the RB-M and the new models indicates that (ψmexp[2(c̃w − T̃w)ξ] − c̃) in Eq. 6.88
modifies the RB-M model close to the wall depending on the value of (c̃w − T̃w) to
yield better agreement with model prediction with T8c extracted from DNS data than
the other available models especially in the vicinity of the wall.

6.3.6 Summary of the key results

The modelling of turbulent scalar flux ρu′′
i c

′′ transport has been analysed for head-on
quenching of statistically planar turbulent premixed flames by an isothermal inert wall
using three-dimensional DNS data. The statistical behaviour of the unclosed terms of
the transport equation of ρu′′

i c
′′, especially in the near-wall region, has been analysed

in detail. The magnitudes of the turbulent transport and mean velocity gradient terms
remain small in comparison to the contributions of the other terms when the flame is
away from the wall, but the magnitudes of all the terms diminish during flame-wall
interaction and become comparable at the final stage of quenching before vanishing
altogether. The modelling of the unclosed terms has been addressed in detail, and it
has been found that existing models for the turbulent transport, pressure gradient,
molecular dissipation and velocity-reaction rate terms do not adequately capture the
behaviour of these terms close to the wall. The models for the turbulent transport,
pressure gradient, molecular dissipation and velocity-reaction rate terms have been
modified in terms of blending functions, similar to the van Driest’s correction for mixing
length used for damping eddy viscosity close to the wall [79], in such a manner that
the models satisfactorily capture the behaviour obtained from DNS data both close
to the wall and far from it. However, further validation based on three-dimensional
DNS and experimental data with detailed thermochemistry will be necessary for more
comprehensive validation of the models discussed here. Furthermore, the models
proposed here have to be implemented in actual RANS simulations for configurations
with well-documented experimental data for the purpose of a-posteriori assessment.
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6.4 Chapter closing remark

This chapter provided the analysis and modelling of SDR, FSD and turbulent scalar
flux transports. A full package of wall-modified models has been completed for RANS
based on a-priori analysis on HOQ. Questions arise, what happens for the oblique
quenching and what happens for more detailed chemistry flames? The following chapter
will show a glimpse of this horizon.





Chapter 7

Results & Discussion 3: Oblique
Quenching and Detailed Chemistry
Simulations

Turbulent flame-wall interaction in a channel 1

1Red shows the flame front. Grey indicates the vorticity magnitude of the flow. Metal surfaces on
top and bottom indicate the upper wall and lower wall respectively.
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In the previous two chapters, the statistical analysis and modelling of the head-
on quenching of turbulent premixed flames based on a single-step Arrhenius type
irreversible chemical mechanism have been carried out. This chapter will focus on the
comparison between the oblique quenching with the head-on quenching of turbulent
premixed flames. Moreover, the HOQ statistics obtained from the simple chemistry
calculations have been compared to the results obtained from the detailed chemistry
based DNS for the same set of simulation parameters. Firstly, the wall heat flux
and flame quenching distance statistics for the oblique flame-wall interaction in the
case of turbulent V-flames have been compared to the corresponding values obtained
for the HOQ configuration. Then, a multi-step chemical mechanism for methane-air
combustion is used for the purpose of the comparison between the HOQ statistics from
the detailed DNS with the corresponding results extracted from a simple chemistry
simulation.

7.1 Oblique quenching by isothermal inert walls

7.1.1 Heat flux and quenching distance

The schematic diagram of the configuration used for the oblique quenching of turbulent
premixed flames can be found in chapter 4. The instantaneous distribution of vorticity
magnitude (i.e. √

ωiωi with ωi being the ith component of vorticity) is shown in
Fig. 7.1a which shows the magnitude of √

ωiωi decreases significantly across the
flame. The instantaneous distributions of non-dimensional temperature (i.e. T =
(T̂ − T0)/(Tad − T0)) on the x1 − x2 side plane and fuel mass fraction YF on the bottom
wall surface are also shown in Fig. 7.1a. The flame quenches due to heat loss through
the wall which leads to diffusion of remaining fuel from the near-wall region to the
gaseous mixture at the interior of the domain and thus the magnitude of fuel mass
fraction YF drops in the region where the flame interacts with the wall. For the present
analysis, the reaction progress variable c is defined in terms of the fuel mass fraction
YF as c = (YF0 − YF)/(YF0 − YF∞) where the subscripts 0 and ∞ denote the values
in the unburned gas and fully burned products, respectively. The contours of T and
c are shown for the x1 − x2 mid-plane in Fig. 7.1b. A careful comparison between c

and T reveals that c = T where the flame is away from the wall. However, inequality
between the reaction progress variable and non-dimensional temperature (i.e. c ≠ T ) is
obtained in the vicinity of the wall. The difference in boundary condition (i.e. Dirichlet
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boundary condition for temperature and Neumann boundary condition for species
mass fractions) leads to inequality between c and T .

The temporal evolutions of non-dimensional wall heat flux magnitude Φ = |qw|/[ρ0CP

SL(Tad − T0)] and Peclet number Pe = X/δZ for top and bottom walls for the V-flame
case are shown in Fig. 7.2, where X is the wall normal distance of the nearest T = 0.9
isosurface [156] and qw = −λ(∂T̂ /∂n)w is the wall heat flux with CP , λ and n being
the specific heat at constant pressure, thermal conductivity and wall normal direction
respectively. The corresponding temporal variations of Φ and Peclet number Pe for
HOQ of a statistically planar flame with initial values of u′/SL and l/δth equal to the
inlet values for the turbulent V-flame case are also shown in Fig. 7.2. The Peclet number
drops for HOQ with time as the flame advances towards the wall. The mean value of
Φ increases as the mean Peclet number Pe decreases with time. The maximum value
of normalised wall heat flux Φmax in the case of HOQ is obtained at a time when the
minimum Peclet number Pemin is attained. The values of Φmax and Pemin for laminar
HOQ are given by 0.39 and 2.53 respectively. These values are consistent with previous
experimental [98, 100] and computational [156] findings. The magnitude of |qw| can be
scaled as: |qw| ∼ λ(Tad −T0)/X, which leads to Φ ∼ 1/Pe and accordingly one obtains
the following relation: Φmax ∼ 1/Pemin. For turbulent HOQ one obtains Φmax = 0.42
and Pemin = 2.16 which suggest that the maximum heat flux and the minimum Peclet
number values in turbulent HOQ remain almost equal to the corresponding values for
laminar HOQ. By contrast, Pemin for the turbulent V-flame case is found to be 1.71
whereas Φmax assumes a value of 0.63. According to the scaling Φmax ∼ 1/Pemin, a
smaller value of Pemin in the turbulent V-flame case than in the HOQ of statistically
planar leads to a higher value of normalised wall heat flux Φmax in the turbulent
V-flame case. It can be seen from Fig. 7.2 that Pe values are higher for the top wall
than for the bottom wall because the flame holder is placed closer to the bottom wall
so that the flame-wall interaction takes place more readily for the bottom wall. For
the turbulent HOQ case, the maximum value of Peclet number increases initially with
time due to flame wrinkles which are concavely curved towards the reactants. As the
flame advances towards the wall the maximum, mean and minimum values of Peclet
number decrease until flame quenching. The decreases of the maximum, mean and
minimum values of Peclet number are associated with the increases in minimum, mean
and maximum values of Φ with time. After flame quenching the isotherms move away
from the wall in the HOQ configuration. By contrast, the Peclet number Pe does not
change much following flame quenching in the V-flame configuration. In the case of
oblique flame quenching, the fluid velocity remains small in the near-wall region, and
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(a)

(b)

Fig. 7.1 (a) The instantaneous distribution of vorticity magnitude (background: red-high
and white-low) and non-dimensional temperature (isosurface and side view, red-high
and blue-low) and fuel mass fraction (lower wall view, red-high and blue-low) for the
V-flame case. (b) Distributions of T and c (shown by white lines from 0 to 1 with 0.2
interval) at t = 2tft for x1 − x2 mid-plane. Distributions of c around locations A1, B1
and C1 are shown in the inset. The locations A1, B1 and C1 in Fig. 7.1b correspond
to x1 = 60δZ, 100δZ and 140δZ respectively.
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Fig. 7.2 Variations of Φ and Pe (maximum ( ); mean ( ); minimum ( ))
with flow-through time tft = L1/Umean.

thus the flame can reach closer to the wall before quenching than in the corresponding
HOQ case. It can be seen from Fig. 7.2 that the maximum normalised heat flux Φmax

for both top and bottom walls remain comparable, but Φmax for the bottom wall
attains higher value than the value obtained for the top wall. The smaller values of
the minimum Peclet number for the bottom wall are reflected in the higher value of
Φmax than in the case of the top wall. Moreover, the mean heat flux is greater for the
bottom wall than that of the top wall because the flame remains closer to the bottom
wall. It can further be seen from Fig. 7.2 that the extent of the fluctuation of Φmax for
the top wall is greater than the bottom wall. The wall heat flux rises sharply when
the turbulent fluid motion brings the flame elements close to the wall and similarly
heat flux drops when either the flame quenches, or the flame moves away from the wall
under the influence of turbulence. Since the bottom wall remains closer to the flame,
it interacts more readily than the top wall, which leads to less rapid changes in the
Φmax for the bottom wall.

7.1.2 Flow topology analysis

In order to understand the flow contribution to the wall heat flux, the distributions of
the volume fractions VF of the flow topologies conditional on reaction progress variable
c at locations A1, B1 and C1 are shown in Fig. 7.3 for t = 2.39tft but the qualitative
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Fig. 7.3 Variations of volume fraction VF for topologies conditional on c. Top figures:
locations A1, B1 and C1 in the V-flame case at t = 2.39tft; Bottom figures: for the HOQ
case at three time instants. Focal topologies S1 ( ), S4 ( ), S5 ( ), S7 ( ),
nodal topologies S2 ( ), S3 ( ), S6 ( ), S8 ( ).

nature of the distribution remains unchanged since t = 1.0tft. It is worth noting that
the flame does not interact with the wall at location A1 where the volume fractions
of S2 and S7 topologies are the leading contributors within the flame front. This is
consistent with the topology variation in the corresponding turbulent HOQ case. The
topologies which are typical of negative dilatation rate (i.e. S5 and S6) are rare at
location A1, but the volume fraction of S5 topology assumes non-negligible value at
locations B1 and C1. A similar increase of VF of S5 and S6 topologies can be observed
at later times in the turbulent HOQ case during the advanced stage of quenching
(i.e. t = 20δZ/SL). A comparison between locations A1, B1 and C1 reveals that the
flame-wall interaction and flow development in the downstream of the flame holder
significantly affect the distribution of flow topologies. The relative contribution of the
S7 topology decreases from A1 to C1, whereas the relative contribution of S8 topology
increases in the downstream and it becomes a dominant contributor at location C1. A
qualitatively similar transition in behaviour can also be observed in the turbulent HOQ
case, as the quenching progresses with time. The S2 topology remains a dominant
contributor and the contributions of S1, S3 and S4 remain significant at all locations
(times) for the V-flame case (HOQ case).

The percentages of wall heat flux magnitude contribution by individual flow topolo-
gies for the V-flame and HOQ cases are shown in Fig. 7.4 at different time instants.
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Fig. 7.4 Percentages of wall heat flux magnitude contributions arising from individual
flow topologies S1-S8 in the V-flame case from 0.24tft to 2.39tft (1st - 2nd column) and
HOQ case from t = 2δZ/SL to 20δZ/SL (3rd column).

Figure 7.3 shows that the S1 and S4 topologies contribute significantly to heat flux for
both walls in the V-flame case. However, the S1 topology is the leading contributor
for the bottom wall, whereas the S4 topology is the leading contributor for the top
wall in the V-flame case. It can be seen from Fig. 7.3 that VF values for the S1 and
S4 topologies increase in the unburned and burned gas regions (c = 0 and c = 1). As
either unburned or burned gases are predominantly found on the wall, the topologies
S1 and S4 contribute significantly to the wall heat flux. Moreover, the shear rate
introduced by the walls generate vorticity in the near-wall region and thus the focal
topologies S1 and S4 contribute to wall heat flux in the V-flame case. A comparison
between Figs. 7.2 and 7.4 for the HOQ case reveals that all topologies except S5 and
S6 have comparable wall heat flux contributions when the flame begins to interact with
the wall. The nodal topologies S2 and S3 become the major contributors to the wall
heat flux when Φmax attains its peak value. The contributions of all flow topologies to
the wall heat flux become comparable when the maximum, mean and minimum values
of Φ approach each other but the contributions of the S1, S3-S8 topologies remain
greater than the S2 topology.

7.1.3 Summary of the key results for the oblique quenching

The statistics of wall heat flux, flame quenching distance in the case of oblique quenching
of a turbulent V-flame flame by isothermal inert walls has been analysed in terms of
the distributions of flow topologies and their contributions using DNS data. It has
been found that the maximum (minimum) wall heat flux (Peclet number) in the case
of oblique flame quenching assumes greater (smaller) value than in the corresponding
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turbulent HOQ case. Although the volume fractions of S2 and S7 topologies assume
high values within the flame front, the focal topologies S1 and S4 have been found to
contribute to wall heat flux in the case oblique flame quenching. By contrast, nodal
topologies S2 and S3 remain major contributors to the wall heat flux when it attains
large magnitude in the HOQ case, but all topologies contribute comparably to the wall
heat flux at later stages of flame quenching.
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7.2 Turbulent premixed methane-air flames using
a detailed chemistry mechanism

7.2.1 Quenching characteristics

The instantaneous three-dimensional distributions of c based on YCH4 and non-dimensional
temperature T at different time instants for the detailed chemistry case (i.e. case A)
are shown in Fig. 7.5a. For the purpose of qualitative comparison, the instantaneous
distributions of c and T at different time instants for simple chemistry are shown in
Fig. 7.5b. It is evident from Fig. 7.5a that c and T distributions remain different from
each other and the extent of this in equality becomes more prominent as the flame
approaches the wall in case A. The extent of this inequality between c and T remains
small when the flame is away from the wall in case B, but this inequality remains
significant for case A even when the flame is not in the vicinity of the wall. The light
species with sub-unity Lewis number (i.e. Le < 1) such as H and H2 are present within
the methane-air flame in the detailed chemistry case, and thus these light species
induce local influences of differential diffusion of heat and mass even in a flame which
is globally thermo-diffusively neutral in nature. Furthermore, the consumption layer of
methane is not coincident with the heat release layer in the stoichiometric methane-air
flame, which also contributes to the local inequality between c and T .

The inequality between c and T is also reflected in the behaviour of their Favre-
averaged counterparts, which can be seen from the temporal evolutions of c̃ and T̃

for both cases A and B in Fig. 7.6. In accordance with the observations made from
Fig. 7.5, it can be seen that the inequality between c̃ and T̃ becomes dominant in
the vicinity of the wall. The value of c̃ at the wall increases from 0 as the flame
interacts with it, whereas T̃ remains zero at the wall. A similar qualitative behaviour
has also been observed for c and T distributions for laminar premixed flames. This can
be substantiated from Fig. 7.7, where the distributions of c, T and normalised heat
release rate ΩT = ω̇T × δth/ [ρ0SLCp0T0] (where ω̇T = −∑16

i=1 ω̇ih
0
fi is the dimensional

heat release term with ω̇i, Cp0 and h0
fi being the reaction rate, mixture specific heat

at constant pressure in the unburned gas and enthalpy of formation of species i,
respectively) in the wall normal direction are shown at different time instants for both
simple and detailed chemistry cases. The time instants are shown in Fig. 7.7 are
different for detailed and simple chemistry cases because δth values for these cases
are not the same due to the difference in thermo-chemistry. It can be seen from
Fig. 7.7 that ΩT drops significantly once the flame reaches the wall and it vanishes
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Fig. 7.5 Distributions of c based on YCH4 and non-dimensional temperature T at
different time instants for (a) detailed chemistry case A, (b) simple chemistry case B.
The time instants are different between cases A and B because of the difference in δth
values.
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Fig. 7.6 Variation of c and T with x1/δth at different time instants for case A and case
B (right).

completely once the distance between the flame and the wall becomes smaller than
a threshold distance in the simple chemistry case B. The reaction rate of progress
variable ω̇ vanishes once temperature drops in the vicinity of the wall, which leads
to the total disappearance of heat release rate at the near-wall region in the simple
chemistry case because the heat release is directly proportional to the reaction rate ω̇ of
reaction progress variable in the context of single-step chemical mechanism. Although
the normalised heat release rate ΩT drops significantly in the vicinity of the wall,
ΩT does not vanish at the wall during early stages of FWI in the detailed chemistry
case even though the normalised reaction rate of reaction progress variable (given by
Ωc = ω̇ × δth/ρ0SL = {−ω̇CH4/ (YR0 − YR∞)} × δth/ρ0SL for case A) remains zero at
the wall at all times. However, ΩT eventually vanishes with the progress of flame
quenching even in the detailed chemistry case. It is instructive to look at the species
distributions in the detailed chemistry case B in order to explain this behaviour.

The temporal evolutions of the distributions of the mass fractions of CH4, O2, CO2,
H2O, CO, OH, HO2 and H2O2 in the wall normal distance for head-on quenching of
laminar stoichiometric methane-air premixed flame are shown in Fig. 7.8. It can be
seen from Fig. 7.8 that the mass fractions of CH4 and O2 both at and in the vicinity
of the wall decrease with time as the flame quenches due to heat loss through the wall.
This drop in CH4 mass fraction is reflected in an increase in c with the progress of flame
quenching. By contrast, the mass fractions of CO2 and H2O both at and in the vicinity
of the wall increase with time as the flame quenching advances. This is qualitatively
consistent with the observation made from simple chemistry case in Fig. 7.7 which
indicates that the likelihood of finding products in the vicinity of the wall increases
with time during head-on quenching. The mass fractions of CO, OH and H (not shown
here for conciseness) remain zero in the unburned gas, but they assume peak values
within the flame before decreasing weakly towards the burned gas side. However, the
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Fig. 7.7 Variation of c, T , ΩT and Ωc = ω̇ × δth/ρ0SL with x1/δth at different time
instants for laminar head-on quenching for both detailed (A) and simple (B) chemistry
cases.

Fig. 7.8 Variation of mass fractions of CH4, O2, CO2, H2O, CO, OH, HO2 and H2O2
in the wall normal distance for head-on quenching of a laminar stoichiometric planar
premixed flame at t = 1.50δth/SL ( ); 2.04δth/SL ( ); 2.65δth/SL ( );
3.16δth/SL ( ); 3.95δth/SL ( ).
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Fig. 7.9 Variation of mass fractions of CH4, O2, CO2, H2O, CO, OH, HO2, H2O2
and ΩT and Ωc in the wall normal distance for head-on quenching of a turbulent
stoichiometric planar premixed flame (case A) at t = 0.31δth/SL ( ); 1.05δth/SL
( ); 1.61δth/SL ( ); 1.98δth/SL ( ); 2.16δth/SL ( ).
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near-wall behaviour of these species is markedly different. The mass fractions of CO
at the wall increases with time during FWI, but the concentration of CO at the wall
eventually decreases with time once the flame quenching is an advanced stage. The
mass fractions of OH and H remain small at the wall, and their values increase in
the wall normal direction. It is worth noting that OH is responsible for CO oxidation
according to CO + OH → CO2 + H and this step also gives rise to H which is crucial
for chain propagation reactions (e.g. H+O2 → OH+O; O+H2O → OH+OH). The
absence of OH and low temperature in the near-wall region at the advanced stage of
flame quenching give rise to accumulation (depletion) of CO (H) in this region because
CO is not oxidised and H is not produced. The diffusion of CO away from the wall to
the interior of the domain eventually leads to a decrease in the CO mass fraction at
the wall. It can be seen from Fig. 7.8 that HO2 and H2O2 exhibit a significant increase
in concentration at the wall during advanced stages of flame quenching. It is worth
noting that the reaction steps O2 + H + M → HO2 + M and 2HO2 → H2O2 + O2 can
take place at a low temperature due to low activation energy, and these reaction
steps are responsible for the considerable rise of HO2 and H2O2 at the wall. A similar
observation was previously reported by Dabireau et al. [65] for premixed FWI of H2-O2

mixtures based on two-dimensional simulations. The formation of H2O2 gives rise to
heat release rate at the wall during early stages of FWI. The temporal evolutions of
Favre-averaged mass fractions of CH4, O2, CO2, H2O, CO, OH, HO2 and H2O2, and
the Reynolds-averaged heat release rate ΩT for turbulent case A are shown in Fig. 7.9.
A comparison between Figs. 7.8 and 7.9 reveals that the species and heat release
distributions in the wall normal distance for the turbulent flame remain qualitatively
similar to the corresponding distributions in the case of laminar head-on quenching.

The temporal evolutions of the maximum, minimum and mean values of Pe and
Φ for cases A and B are shown in Fig. 7.10a along with the corresponding variation
obtained for head on quenching of a laminar one-dimensional flame. The temporal
variations of T and reaction rate ω̇ of reaction progress variable for laminar flame
simulations are also shown in Fig. 7.10b. It can be seen from Fig. 7.10a that the flame
normal distance of T = 0.9 isosurface (or in other words Pe) in the laminar flame
decreases with time as the flame approaches the cold wall, this leads to an increase in
wall heat flux Φ with time for both simple and detailed chemistry cases. The Peclet
number in laminar flame attains the minimum value when the flame quenches (i.e.
T = 0.9 isosurface is the closest to the wall), which provides the measure of laminar
quenching distance. The wall heat flux assumes the peak value in laminar head-on
quenching when the minimum value of Peclet number is obtained. Subsequent to flame
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Fig. 7.10 (a) Temporal evolution of maximum, mean and minimum values of wall
Peclet number Pe (based on T = 0.9 isosurface) and non-dimensional wall heat flux Φ
along with the corresponding variation obtained for head on quenching of a laminar
one-dimensional flame (maximum ; mean ; minimum ; laminar ).
(b) Variations of T (broken line) and Ωc × 0.4 (solid line) for laminar flame simulation
at t = 1.50δth/SL ( ); 2.04δth/SL ( ); 2.65δth/SL ( ); 3.16δth/SL ( );
3.95δth/SL ( ) for case A (left) and case B (right).

quenching, the isotherms move away from the cold wall leading to a continuous increase
(decrease) in Pe (Φ) with time. Based on laminar flame calculation the minimum value
of Peclet number is found to be Pemin = 1.6, whereas the maximum normalised heat
flux is found to be (Φmax)L = 0.34 for the simple chemistry case. By contrast, detailed
chemistry case yields (Φmax)L = 0.48 and (Pemin)L = 2.2. It is possible to scale Φ as:
Φ ∼ δZ/X ∼ 1/Pe and thus a higher value of (Φmax)L is expected to be associated
with a smaller value of (Pemin)L. Nevertheless, the values of (Φmax)L and (Pemin)L

for simple and detailed chemistry cases are close to each other, and these values are
consistent with the previous experimental [98, 100] and computational [156] findings
at least in the order of magnitude sense.

It is worth noting that in a freely propagating laminar premixed flame the maximum
reaction rate ω̇ of reaction progress variable takes place close to T ≈ 0.85 in the context
of simple chemistry case (see Fig. 7.10b). Here the wall Peclet number is evaluated
based on wall normal distance of T = 0.9 isosurface following Poinsot et al. [156].
However, the maximum value of ω̇ occurs at a smaller value of T (i.e. T ≈ 0.7)
in the detailed chemistry case than in the corresponding simple chemistry case (see
Fig. 7.10b). Thus, an alternative evaluation of the minimum Peclet number based on
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(a) (b)
Fig. 7.11 Variations of Ωc = ω̇ × δth/ρ0SL (solid lines), along with the predictions of
ρ0SLΣgen × δth/ρ0SL (△) and A1ρ0SLΣgen × δth/ρ0SL (⃝) with x1/δth for (a - b) cases
A and B at t = 0.31δth/SL ( ); 1.05δth/SL ( ); 1.61δth/SL ( ); 1.98δth/SL
( ); 2.16δth/SL ( ).

the wall normal distance of the isosurface of T for which the maximum value of ω̇
occurs will bring the magnitude of (Pemin)L down for the detailed chemistry case (i.e.
(Pemin)L based on wall-normal distance of T ≈ 0.7 turns out to be 1.5) and it will be
comparable to (Pemin)L in the simple chemistry case. In the detailed chemistry case
the thermal conductivity and specific heat increase towards the burned gas side due
to their temperature dependences conductivity, whereas these dependencies were not
accounted for in the simple chemistry case. This gives rise to the difference in (Φmax)L

values between the detailed chemistry and simple chemistry cases. Figure 7.10a shows
that the temporal variations of Pe and Φ in turbulent flames remain qualitatively
similar to the corresponding variations in the laminar premixed flame. However, Φmax

in the turbulent cases is found to be comparable to the corresponding laminar flame
case for the parameter considered here. Turbulence leads to a broadening of the flame
brush due to a greater extent of wrinkling, which initiates flame element quenching
earlier than the corresponding laminar flame. However, it can be seen from Fig. 7.10
that the minimum value of wall Peclet number Pemin in turbulent flames remains
comparable to the corresponding value in the case of laminar premixed flame-wall
interaction for both simple and detailed chemistry cases.

7.2.2 Modelling of the mean reaction rate closure

The temporal evolutions of mean reaction rate ω̇ of reaction progress variable (i.e.
ω̇ = −ω̇CH4/(YR0 − YR∞) in the wall normal direction are shown in Fig. 7.11 for cases
A and B. The mean reaction rate ω̇ in turbulent premixed flames is often modelled
with the help of generalised FSD Σgen = (ρSd)sΣgen [12]. In the context of RANS
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modelling (ρSd)s is often modelled as (ρSd)s ≈ ρ0SL [12]. The temporal evolutions
of ρ0SLΣgen in the wall normal direction are also shown in Fig. 7.11. It can be seen
from Fig. 7.11 that ρ0SLΣgen overpredicts ω̇ in the near wall region. It is worthwhile
to note that ω̇ vanishes completely for x1/δth < (Pemin)L but ρ0SLΣgen continues to
predict non-zero values in this region for both simple and detailed chemistry cases.
The model expression based on a-priori DNS analysis from Chapter 6 takes the form of
ω̇ = A1(ρ0SL/Le)Σgen and A1 = 0.5[erf(x1/δZ − 0.7Π) + 1], where Π = (Pemin)Lδth/δZ

and Π = (Pemin)L is evaluated based on the wall normal distance of T = 0.7 (T = 0.9)
isosurface for case A (case B) following the previous discussion on the equivalence of
minimum Peclet number. It can be seen from Fig. 7.11 that A1ρ0SLΣgen satisfactorily
captures the variation of ω̇ for both simple and detailed chemistry cases both away from
and close to the wall. Thus, the reaction rate closure proposed previously based on
a-priori analysis of simple chemistry DNS data for FWI remains valid also for detailed
chemistry simulations of head-on quenching.

7.2.3 Summary of the key results for the detailed chemistry
simulation

The head-on quenching of statistically turbulent planar flames by an isothermal inert
walls has been analysed in this study based on three-dimensional compressible DNS
simulations for a representative single-step simple chemistry and a multi-step detailed
chemical mechanism of methane-air mixture. A chemical mechanism involving 16
species and 25 reactions for methane-air combustion is used for the purpose of detailed
chemistry simulation of head-on quenching of a stoichiometric methane-air flame.
The distributions of reaction progress variable c and non-dimensional temperature T
remain identical to each other away from the wall for simple chemistry simulations
but this equality does not hold during head-on quenching. The inequality between c

defined based on CH4 mass fraction and non-dimensional temperature T holds both
away from and close to the wall for detailed chemistry simulations. However, the
extent of this inequality becomes particularly prominent in the near-wall region. The
value of reaction progress variable c and its Favre averaged counterpart c̃ increase
at the wall during FWI. In the simple chemistry case the heat release rate vanishes
once the flame reaches a threshold distance away from the wall but non-zero heat
release rate can be obtained at the wall during early stages of FWI in the detailed
chemistry case. Detailed chemistry simulations also revealed that the reaction steps
O2 + H + M → HO2 + M and 2HO2 → H2O2 + O2 can take place at low temperatures
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which lead to a considerable accumulation of HO2 and H2O2 at the wall during advanced
stages of flame quenching. The formation of H2O2 is responsible for heat release at
the wall during early stages of FWI. The temporal evolutions of wall heat flux and
wall Peclet number (i.e. normalized wall-normal distance of T = 0.9 isosurface) for
both simple and detailed chemistry laminar and turbulent cases have been found to
be qualitatively similar. However, small differences have been found between the
numerical values of the maximum normalised wall heat flux magnitude (Φmax)L and
the minimum Peclet number (Pemin)L based on simple and detailed chemistry laminar
head-on quenching calculations. It has been found that the maximum reaction rate of
progress variable takes place around T = 0.9 for a freely propagating laminar premixed
flame under the assumption of simple chemistry but this occurs at around T = 0.7
for detailed chemistry. The minimum Peclet number defined based on wall-normal
distance of T = 0.7 isosurface in the detailed chemistry case is found to be in good
agreement with (Pemin)L obtained for simple chemistry. The temperature dependence
of thermal conductivity and specific heat in the detailed chemistry case leads to higher
value of (Φmax)L than the corresponding value for the laminar simple chemistry case. It
has been found that the conventional FSD closure ω̇ = ρ0SLΣgen overpredicts the mean
reaction rate of reaction progress variable ω̇ in the near-wall region for both simple
and detailed chemistry simulations. A recently proposed FSD based reaction rate
closure based on a-priori DNS analysis of simple chemistry DNS data has been found
to perform satisfactorily also for the detailed chemistry case. Thus, the models, which
have been proposed based on a-priori analysis of simple chemistry DNS of head-on
quenching of turbulent premixed flames, have the potential to be valid even in the
presence of detailed chemistry and transport. However, further investigation in this
regard will be necessary, which will form the basis of future analyses.



Chapter 8

Conclusions & Future work

8.1 Conclusions

In this thesis, three-dimensional Direct Numerical Simulation (DNS) of turbulent
premixed flame-wall interaction has been carried out. The head on quenching of
statistically planar turbulent premixed flames based on a single-step Arrhenius-type
irreversible chemical reaction by an isothermal inert wall has been analysed for different
values of global Lewis number Le (0.8, 1.0 and 1.2) and turbulent Reynolds number
Ret. The statistics of head on quenching have been analysed in terms of the wall
Peclet number Pe and the normalised wall heat flux Φ. It has been found that the
turbulent flames quench earlier than the corresponding laminar flames because of
greater extent of flame wrinkling, and this effect strengthens with increasing values of
turbulence intensity u′/SL ∼ Re

1/4
t Ka1/2 ∼ Re

1/2
t Da−1/2, and for decreasing values of

global Lewis number Le. The magnitude of the maximum wall heat flux Φmax increases
with increasing u′/SL. The maximum wall heat flux for the turbulent Le = 0.8 cases is
found to be considerably greater than the corresponding laminar value. However, the
maximum heat flux for the turbulent Le = 1.0 and 1.2 cases remain comparable to
the corresponding values obtained for the laminar premixed flame-wall interaction. By
contrast, the minimum Peclet number for the turbulent Le = 0.8 cases with high u′/SL

has been found to be smaller than the corresponding laminar flame value, whereas the
minimum Peclet numbers for the turbulent Le = 1.0 and 1.2 cases remain comparable
to the corresponding values obtained for the laminar premixed flame-wall interaction.
It has been found that the maximum (minimum) value of Φ (Pe) for the turbulent
Le = 0.8 cases are greater (smaller) than the corresponding laminar value, whereas
both Pe and Φ in turbulent cases remain comparable to the corresponding laminar
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values for Le = 1.0 and 1.2. Detailed physical explanations are provided for the
observed Le dependencies of Pe and Φ in Chapter 5.

The statistical behaviour of vorticity and enstrophy transport in HOQ of statistically
planar turbulent premixed flames by an isothermal inert wall has been analysed. In all
cases, the vorticity magnitude shows its maximum value at the wall, and the vorticity
magnitude drops significantly from the unburned to the burned gas side of the flame-
brush. Moreover, the vorticity magnitude shows an increasing trend with decreasing
Le and increasing turbulence intensity. A significant amount of anisotropy has been
observed between the vorticity components within the flame-brush, and this anisotropy
increases as the wall are approached. The baroclinic torque term has been found to
be principally responsible for this anisotropic behaviour. The vortex-stretching and
viscous dissipation terms remain the leading order contributors to the vorticity and
enstrophy transport for all cases when the flame is away from the wall, but as flame
approach the wall, the baroclinic torque begins to play an increasingly important
role. The combined molecular diffusion and dissipation contribution to the enstrophy
transport remains negative away from the wall, but it changes its sign near the wall
due to the torque arising from dilatation rate gradient.

The distribution of flow topologies within the flame and their evolution with flame
quenching have been analysed using the HOQ database. It has been found that
dilatation rate plays a key role in determining the flow topology distribution within the
flame and this dilatation rate field is significantly affected by the flame quenching in the
vicinity of the wall. The influence of the wall on dilatation rate field, in turn, influences
the statistical behaviour of all three invariants of the velocity gradient tensor and
the distribution of flow topologies. The effects of heat release and thermal expansion
strengthen with decreasing Lewis number which leads to an increase in the probability
of obtaining topologies which are specific to high positive values of dilatation rate.
As the dilatation rate effects weaken with flame quenching, the probability of finding
the topologies, which are obtained only for positive values of dilatation rate decreases
close to the wall. The interrelation between the flow and flame topologies has been
analysed in terms of Gaussian flame curvature and mean of principal flame curvatures.
The contributions of individual flow topologies on the mean behaviour of wall heat
flux, and the scalar-turbulence interaction and vortex-stretching terms in the scalar
dissipation rate and enstrophy transport equations, respectively have been analysed
in detail and dominant flow topologies which dictate the mean behaviours of these
quantities have been identified. The nodal flow topologies have been found to be the
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significant contributors to the wall heat flux during head-on quenching of turbulent
premixed flames irrespective of the value of global Lewis number.

This thesis investigates the statistical behaviour of the turbulent kinetic energy
transport for moderate values of turbulent Renolds number Ret in turbulent premixed
flames by using HOQ database. The magnitudes of turbulent kinetic energy and
the terms of its transport equation have been found to increase with a reduction in
global Lewis number. The magnitudes of all the terms except the viscous dissipation
rate drops sharply near the wall whereas the magnitude of viscous dissipation rate
exhibits a sharp increase in the near-wall region. The statistical behaviours of the
terms arising from turbulent transport, pressure fluctuation transport, mean pressure
gradient, pressure dilatation and viscous dissipation have been analysed by explicit
Reynolds averaging of DNS data. It has been found that the viscous dissipation
term acts as a major sink for all cases and all locations. The mean pressure gradient
acts as the leading order source for all cases. However, the magnitudes of the mean
pressure gradient, pressure dilatation and transport terms diminish with increasing
Lewis number. Moreover, the turbulent flux of kinetic energy has been found to exhibit
counter-gradient transport, and its extent diminishes with increasing Lewis number
as a result of the weakening of flame normal acceleration. Existing models for the
unclosed terms have been modified for accurate prediction of the corresponding terms
extracted from DNS data especially in the near-wall region.

The statistical behaviour of the transport of reaction progress variable variance c̃′′2

has been analysed by using the HOQ database. It has been found that reaction rate
contribution to the variance c̃′′2 transport acts as a leading order source, whereas the
molecular dissipation term remains as the leading order sink for all cases considered
here. However, all of the terms of the variance c̃′′2 transport equation decay significantly
in the near-wall region once the quenching starts. The existing models for the turbulent
transport, reaction, and dissipation contributions to the variance c̃′′2 transport do not
adequately capture the near-wall behaviour. The wall effects on the unclosed terms
of the variance c̃′′2 transport equation have been analysed using explicitly Reynolds
averaged DNS data, and the existing closures of the unclosed terms have been modified
to account for the near-wall effects. A-priori DNS analysis suggests that the proposed
modifications to the existing closures for the unclosed terms of the variance c̃′′2 transport
equation provide satisfactory predictions both away from and near to the wall.

The existing closure of mean reaction rate ω̇ using the SDR in the near wall region
has been assessed based on a-priori analysis of DNS data and modifications to the
existing closures of mean reaction rate and SDR have been suggested to account for
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the wall effects in such a manner that the modified closures perform well both near to
and away from the wall. The statistical behaviour and modelling of SDR transport
wall have been analysed in the context of RANS simulations. It has been found that
the density variation, scalar-turbulence interaction, reaction rate gradient, molecular
diffusivity gradient and molecular dissipation terms (i.e. T2, T3, T4, f(D) and (−D2)
respectively) act as leading order contributors to the SDR ε̃c transport away from the
wall and the turbulent transport and molecular diffusion terms remain negligible in
comparison to the other terms. The leading order contributors to the SDR transport
have been found to be in a rough equilibrium away from the wall before the quenching
is initiated but this equilibrium is not maintained once the flame quenching is initiated.
The predictions of the existing models for the unclosed terms of the SDR transport
equation have been assessed with respect to the corresponding quantities extracted
from DNS data. No existing models have been found to predict the near wall behaviour
of the unclosed terms of the SDR transport equation. The models, which exhibit the
most satisfactory performance away from the wall, have been modified to account
for near wall behaviour in such a manner that the modified models asymptotically
approach the existing model expressions away from the wall.

The near-wall behaviour of the generalised FSD transport in the context of RANS
simulations has been analysed. It has been found that the statistical behaviour of
the FSD based reaction rate closure and the terms of the FSD transport equation
are significantly affected by the presence of the wall and by the global Lewis number.
The near-wall predictions of the standard FSD based mean reaction rate closure and
existing sub-models for the unclosed terms of the FSD transport equation have been
found to be inadequate based on a-priori DNS assessment, and modifications to these
models have been suggested so that the predictions of modified models for reaction
rate closure and FSD transport remain satisfactory, both close to the wall and away
from it over a wide range of global Lewis number.

The statistical behaviour and the modelling of turbulent scalar flux transport have
been analysed. The magnitudes of the turbulent transport and mean velocity gradient
terms in the turbulent scalar flux transport equation remain small in comparison to the
pressure gradient, molecular dissipation and reaction-velocity fluctuation correlation
terms in the turbulent scalar flux transport equation when the flame is away from
the wall, but the magnitudes of all these terms diminish and assume comparable
values during flame quenching before vanishing altogether. It has been found that the
existing models for the turbulent transport, pressure gradient, molecular dissipation
and reaction-velocity fluctuation correlation terms in the turbulent scalar flux transport
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equation do not adequately address the respective behaviours extracted from DNS
data in the near-wall region during flame quenching. Existing models for transport
equation based closures of turbulent scalar flux have been modified in such a manner
that these models provide satisfactory prediction both near to and away from the wall.

The 3D compressible DNS simulations of turbulent V-flame with walls in a channel
have been carried out in this thesis. The wall heat flux and flame quenching distance
statistics for oblique flame-wall interaction in the case of turbulent V-flames have
been compared to the corresponding values obtained for the HOQ configuration. The
statistics of wall heat flux, flame quenching distance in the case of oblique quenching
of a turbulent V-flame flame by isothermal inert walls have been analysed in terms
of the distributions of flow topologies and their contributions using DNS data. It has
been found that the maximum (minimum) wall heat flux (Peclet number) in the case
of oblique flame quenching assumes greater (smaller) value than in the corresponding
turbulent HOQ case. Although the volume fractions of S2 and S7 topologies assume
high values within the flame front, the focal topologies S1 and S4 have been found to
contribute to wall heat flux in the case oblique flame quenching.

A three-dimensional compressible DNS analysis has been carried out for head-on
quenching of a statistically planar methane flame by an isothermal inert wall. A
multi-step chemical mechanism for methane-air combustion is used for the purpose of
detailed chemistry DNS. For head-on quenching of stoichiometric methane-air flames,
the mass fractions of major reactant species such as methane and oxygen tend to vanish
at the wall during flame quenching, whereas the mass fractions of major products (e.g.
H2O) approach an asymptotic value corresponding to the fully burned state. However,
it is found that the near-wall behaviour of intermediate species is markedly different in
comparison to the distribution away from the wall. For example, the absence of OH
at the wall gives rise to accumulation of carbon monoxide during advanced stages of
flame quenching because CO cannot be oxidised anymore. Furthermore, it has been
found that low-temperature reactions give rise to accumulation of HO2 and H2O2 at
the wall during advanced stages of flame quenching. Moreover, the formation of H2O2

results in a non-zero heat release rate at the wall during early stages of flame-wall
interaction. By contrast, heat release rate vanishes once the flame reaches a threshold
distance from the wall in the comparable simple chemistry simulation. In order to carry
out an in-depth comparison between both approaches, a corresponding simulation has
been carried out for the same turbulence parameters for a representative single-step
Arrhenius type irreversible chemical mechanism. The distributions of reaction progress
variable c and non-dimensional temperature T are found to be identical to each other
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away from the wall for the simple chemistry simulation, but this equality does not
hold during head-on quenching. The inequality between c defined based on CH4 mass
fraction and non-dimensional temperature T holds both away from and close to the
wall for the detailed chemistry simulation, but this becomes particularly prominent in
the near-wall region. The temporal evolutions of wall heat flux and wall Peclet number
for both simple and detailed chemistry laminar and turbulent cases have been found to
be qualitatively similar. However, small differences have been observed in the numerical
values of the maximum normalised wall heat flux magnitude (Φmax)L and the minimum
Peclet number (Pemin)L obtained from simple and detailed chemistry based laminar
HOQ calculations. The usual FSD based reaction rate closure has been found to
overpredict the mean reaction rate of reaction progress variable in the near-wall region
for both simple and detailed chemistry simulations. Despite the observed differences,
it has been found that a recently proposed FSD based reaction rate closure based on
a-priori DNS analysis of simple chemistry data performs satisfactorily also for the
detailed chemistry case both away from and close to the wall without any adjustment
to the model parameters.

8.2 Future follow up

The present study addressed some major issues relevant to the modelling of the flame-
wall interaction for turbulent premixed flames based on an a-priori DNS analysis.
Although the newly developed closures and models have been found to yield promising
results, there are scopes for further improvement which are listed below:

• The proposed FSD based reaction rate closure based on a-priori DNS analysis
of simple chemistry data performs satisfactorily for the detailed chemistry case
both away from and close to the wall. However, further a-posteriori assessments
of the proposed models in the current study need to be carried out.

• In the current DNS analysis, cases with moderate values of turbulent Reynolds
numbers have been considered. It is extremely expensive to achieve high turbulent
Reynolds numbers by using DNS. However, further assessment for the algebraic
and transport equation based closures will be needed in the near-wall region for
higher values of Ret.

• The current study focuses on a premixed turbulent combustion and provides
valuable physical insights of the effects of turbulence, Lewis number, chemical
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mechanism and walls configurations. However, the effects of equivalence ratio or
non-premixed modelling of turbulent flame-wall interaction have not yet been
conducted.
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