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Abstract

In any longitudinal study, a dropout before the final timepoint can rarely be avoided.
The chosen dropout model is commonly one of these types: Missing Completely at Ran-
dom (MCAR), Missing at Random (MAR), Missing Not at Random (MNAR) and Shared
Parameter (SP). In this thesis, we present methods to estimate the longitudinal model
parameters under a variety of different dropout models. These methods are Complete
Case analysis (CC), Observed data analysis (Obs), Inverse Probability Weighted estimat-
ing equations (IPW), Linear Mixed Effect models (LME), Linear Increment models (LI)
and Last Observation Carried Forward (LOCF). We estimate the parameters of the longi-
tudinal model under MCAR, MAR, MNAR and SP for both simulated data and real data
assuming two and three timepoint examples. We show that all methods work under the
MCAR model as expected. Also, the LI method give consistent estimate under the SP
model. The IPW and LME give consistent estimate under MAR, while no method work
under MNAR.

We investigate the consequences of misspecifying the missingness mechanism by deriv-
ing the so called least false values. These are the values the parameter estimates converge
to, when the assumptions may be wrong. This constitutes the central part of the thesis.
In order to calculate the least false values, we use the approximation to the extended skew
normal distribution (ESN) as produced in Ho et al. [2012]. We give closed form expressions
to calculate the least false values 83 and g3 for LI, CC and LME methods. For the IPW,
we provide a closed form for 35 under SP, MAR and MNAR while for 5} we failed to find
closed form under MNAR and we use a numerical calculation instead. The knowledge of

the least false values allows us to conduct sensitivity analysis which will be illustrated.

This method provides an alternative to a local misspecification sensitivity procedure
which has been developed for likelihood-based analysis. The LME method is a likelihood
based method, and this idea can be also adapted for the IPW estimating equation ap-
proach. We compare the results obtained by our method with the results found by using
the local misspecification method. We show that Copas and Eguchi [2005] method and
LME least false match very well. Both gave very close results. This suggests that our least
false method can provide a credible alternative to Copas and Eguchi in sensitivity anal-
ysis. In fact it might be preferred since there is no assumption of local misspecification.
Moreover, we apply the local misspecification and least false methods to estimate the bias
and sensitivity for two real data examples with two timepoint and three timepoint data.
We show how the IPW method is much more sensitive to misspecification than the LME
method.
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Chapter 1

Introduction

The problem of analyzing incomplete longitudinal data has been tackled by many au-
thors. Some of the early references include Wu and Carroll [1988], Heyting et al. [1992],
Diggle and Kenward [1994] and Schluchter [1992]. Earlier work on missing measurements
was largely focused on forming algorithms for computational solutions (Afifi and Elashoff
[1966]), but data imputation with the aid of powerful computers has compacted the prob-
lem to some extent. For later methodologies like the expectation-maximization (EM) see
Dempster et al. [1977]. In this thesis, we discuss the concept of missing data mechanisms
and present some methods to handle longitudinal data with dropout. The dropout model
is commonly one of the following types: Missing Completely at Random (MCAR), Miss-
ing at Random (MAR), Missing Not at Random (MNAR) and Shared Parameter (SP)
as introduced by Little and Rubin [2002] for the first three types and Follmann and Wu
[1995] for shared parameter model. We will consider six general strategies for handling
missing data : 1) Complete Case analysis (CC), 2) Observed data analysis (Obs), 3) In-
verse Probability Weighted Estimating Equations with Missing at Random Assumption
(IPW), 4) Linear Mixed Effect models (LME), 5) Linear Increment models (LI) and 6)
Last Observation Carried Forward (LOCF). In Chapter 2, we estimate the parameters of
the longitudinal model under MCAR, MAR, MNAR and SP for both simulated data and
real data assuming, for simplicity, that there are only either two or three scheduled mea-
surements times. We will refer to these as two timepoint and three timepoint situations

respectively.

Next, we investigate the consequences of misspecifying the missingness mechanism by de-
riving the so called least false values (see Claeskens and Hjort [2008]). These are the
values the parameter estimates converge to, when the assumptions may be wrong. This
constitutes the central part of the thesis. We describe this method in detail for the Linear
Increment method (LI) in Chapter 3, to see the performance under shared parameter,
MAR and MNAR dropout models. Then, in Chapter 4, we apply the same procedure
to investigate the IPW method. In Chapters 5 and 6 we investigate the CC and LME
methods respectively. We adopt the procedures used by Diggle et al. [2007] and Ho et al.
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[2012] to our setting in order to calculate the least false values.

The knowledge of the least false values allows us to conduct sensitivity analysis which will
be illustrated in Chapters 7 and 8. Copas and Eguchi [2005] give a formula to estimate
the bias under such misspecification using a likelihood approach. Their method is called a
local misspecification sensitivity procedure. The LME is a likelihood based method, and
this idea can be also adapted for the IPW estimating equation approach. We compare the
results obtained by our method with the results found by using the local misspecification
method. Moreover, we apply the local misspecification and least false methods to estimate

the bias for two real data examples.

1.1 Assumptions

Longitudinal data is defined as information on a set of individuals that is collected at mul-
tiple follow up times. The statistical analysis aims to model the evolution of the response

variable Y and investigate the relationship with the covariates.

Suppose there are n individuals in a study and each provides longitudinal responses Y and
dropout information R. Generally we will assume a linear model for Y (in the absence of
dropout) and logistic models for the probability of continuing to the next timepoint ¢ + 1
given that a subject is still under observation at time ¢. At times we will refer to a true
or generating model as the way in which data are obtained, and to an assumed or fitting

model as that chosen by the analyst for estimation.

For simplicity in this work, we will assume there are either two or three observations or

treatment periods. The methods are of course more general.

For the most parts we will consider the simple case for either two or three timepoints.
Assume to begin with that there are just two scheduled measurements. At time 1, there is
a measurement provided for all subjects, denoted Y;; for subject i. Then at time 2 some
subjects drop out before measurement. Let R;=1 indicate that we have a measurement
at time 2 and R;=0 otherwise. Let Y;=(Yi1,Y;2)? and assume E[Y;]=z;3 where 3 is a
parameter vector of dimension p and x; is the design matrix associated with subject 7,

which is of dimension 2 x p. Our standard model assumes just one covariate and is:

Yii = BY + Bz + Ui + eny
Y; = 28 + Uil + &, (1.1)
Yoi = B + BS i + Ui + e

Yii L @ 0 0 G G aG AG RG\T 1
where Y; = , Ty = , = yPg 5 P3y , 1= )
7 ( Y2i ) [ ( 0 0 1 i ) B (Bl 52 63 /84) 1



Chapter 1. Introduction

€ = ( i ) and z; ~ N(0,02) Ui~ N(0,0%), €1~ N(0,02.), €3 ~ N(0,02).

Also we have ¢ = 1,...,n and the superscript G is used to indicate the true generating

values. All subjects are observed at time 1, but some may dropout by time 2.

At times, we will write

Yy = BY + BSxi + Zy;
Y; = 2:6% + Z;, (1.2)
Yoi = B + BF ;i + Zo;

where Zj; ~ N(0,0%), Zio ~ N(0,03) and corr (Zj, Zi) = p. Clearly p = 0[2]/0102,
o1 =/0f + 02 and 02 = [0} + 02,

We will also consider three timepoints. At time 1, there is a measurement provided for
all subjects, denoted Y;; for subject ¢, and then at time 2 some subjects drop out before
this measurement. Let Ry;=1 indicate that we have a measurement at time 2 and R;=0
otherwise. Then, if a subject provides a measurement at time 2 let Ro;=1 indicate that we
have a measurement at time 3 and Ro;=0 otherwise. Let Y;=(Y;1, Yi2, ¥;3)? and assume
E[Yi]=z;8 where 3 is the p dimension parameter vector and z; is now a 3 Xp design ma-
trix associated with subject ¢. Usually, as above, we have a single covariate and so p = 2,

including the intercept term.

1.2 Mechanisms of Missingness

Returning to the general case, the influence of missing data depends on the missingness
mechanism, that is the probability model for missingness. Knowing the reason for the
missingness is obviously helpful to handle missing data. We consider four general miss-
ingness mechanisms as introduced in Little and Rubin [2002] and Wu and Carroll [1988].
Assume R; to be a response indicator vector for the it" subject so that R;;=1 if Y;; is ob-

served, R;;=0 if Y;; is missing, where 7 and j refer to the 4t observation for the i*" subject.

We partition the complete data vector Y; = (Yo, Yin) into those observed components,
Y0, and those that are not observed Y;jj;. Note that in the case of dropout then once
a value is missing then so too are all later ones (monotone dropout). In this case
R = (1,1,---,1,0,0,...,0)7. The alternative is intermittent missingness which allows
observation to resume after missingness occurs. In this thesis we will concentrate on

monotone dropout.

As in Bell and Fairclough [2013], we suppose there are n independent patients with m
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scheduled measurements, and m; < m observed values for patient ¢ which means we ini-
tially assume that all patients are observed. Let x; represent covariates (such as treatment
assignment). Without loss of generality, we can exclude x; in the notation at times. Then
the likelihood of the complete data is f(Yo,Ya, R)=f (Yo, Yum)f(R|Yo,Yar) and of the

observed data is

F(Yo,R) = /f(YO, Yar) F(R|Yo, Yar)dYar. (1.3)

1.2.1 Missing completely at random dropout model (MCAR)

A variable is missing completely at random if the probability of missingness does not
depend on outcomes Y, either Yo or Yjs. For example, if each participant decides if he
or she will answer for instance an education level question by flipping a coin and refusing
to answer if a head shows up. If data are missing completely at random, then removing
those cases with missing data does not influence or bias inferences. Formally, data are
MCAR if

P(Ri; = 11Y;0,Yim, x;) = P(Rij|x;)

so that the missingness is unrelated to the response data, whether its values are observed
or are not observed. The missingness can depend on z;. In terms of (1.3), under MCAR
we have f(R|Yo,Ya)=f(R) and so f (Yo, R)=f(R) [ f(Yo,Ym)dYnu=f(R)f(Yo). If there
are no shared parameters in f(R) and f(Yp) we can ignore f(R) and estimate from f(Yp)

for the observed data only, without loss, except perhaps in efficiency.

The MCAR model that we will assume for the two timepoints example will be

0o

71'1(9) = P(RZ = 1|}/1@,1/21) = = expit(eo) (1.4)

1+ ef
where where, in general expit(z) = e¢*/(1 + e€*). As used, R; is an indicator of observation
(R; = 1) or dropout (R; = 0) at time 2. We have a similar model for three timepoints,

with two potential missing values.

1.2.2 Missing at random dropout model (MAR)

Missing at random occurs when the probability of dropout depends on what available
information there is. Thus, for any survey, if all the subjects answer such questions as
sex, age, earnings, and ethnicity, then a response is considered missing at random if on
answering a question such as education, the probability of not answering this question

depends only on the other fully recorded variables.

In our case, data are MAR if P(R;; = 1|Yj0,Yim, zi)=P(R;;|Y0i, ), hence the dropout



Chapter 1. Introduction

may depend on observed values. Turning to (1.3), under MAR we have

f(Yo.R) = / (Yo Yar) F(R|Yo)dYis

F(RIY,) / J (Yo, Yar)dYas
— F(RIY0)f(Yo).

Hence the joint density of observables can be modelled correctly. Again, if there are no
shared parameters then we can ignore f(R|Yp) and estimate consistently from f(Yp) using
maximum likelihood. Seaman et al. [2013] distinguish between realised MAR and every-
where MAR. The first means P(R;; = r|Yio,Yin)=P(R;; = r|Yoi) for the particular r
seen in the data. The second means P(R;;|Y;o0,Yin)=P(Rij = r|Yo;) for every possible
R. The second is a much stronger assumption. Mealli and Rubin [2015] make a similar

point.

For simplicity in our investigations, we assume that the parameters are common between
timepoints. Furthermore, we assume that Y7 does not affect the probability of dropout
after time 2. Both assumptions can be relaxed if necessary. Let the dropout parameters
oM = (96\4 , 0{” ). At the two timepoints situation, the MAR dropout logistic model is:

9A{+9]MY .
M e’ LT pM | oM
77@(9 ) = P(Rz = 1|Yiza)/éz) = W = eXplt(90 + 01 Yh) (15)
And the three timepoints MAR version is

oM +oMyy, .

p1i(0M) = P(Ry; = 1|Y1, Yoy, Y3;) = 71;0934;0%&11_ = expit(0) +6Myy;)
oM +oMys,, .

p2i(0M) = P(Ry; = Y13, Ya;, Y3, Ry = 1) = W = expit(0)! + 611Ys)

(1.6)
Note that we have used p(.) for continuation probability, because in general this is condi-

tional on not previously dropping out. The unconditional observation probabilities are

7T1,‘<9) :pli(e) and 7T2i(9) = pli(e) X in(e).

1.2.3 Missing not at random dropout model (MNAR)

The missingness is called missing not at random, if it depends on unrecorded information
which predicts the missing values. An example is that a patient was unsatisfied with a
particular treatment thus this patient is more likely to quit the study. This missingness
is not at random (unless that feeling of to be unsatisfied, is measured and observed for all

patients). If missingness is not at random, we expect some bias in inferences.
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Notationally, the missingness depends on Yz, i.e. P(Ri; = 1|Yi0,Yim,x) # P(Rij =
11Y0i,z;). Under MNAR, there is no simplification of (1.3) and so sometimes MNAR
is also known as non-ignorable. Models can be true, but the observed data alone is not

enough to check the model.

Let the dropout parameters be MY = (9MN gMN)  The MNAR version for the two

timepoints example is the logistic model:

9MN+9A{NY ,+9]vINy.
GMN gMN) e’o Lo T
s V2

7Ti(

= P(R;=1|Y1;,Ys) = !

1 BN 03N Y,

= expit(0)™N + 0MVYy,; + 05V Yy,). (1.7)

And for the three timepoints example, our MNAR logistic model is:

MN _ gMN MN
N +oMN vy o) N vy,

(MY 0N) = P(Ry; = 1]Y14, Y2;. Y =
pri( ,05°) (R |Y71i, Y2i.Y3;) L AT N TN Y 0l N vy,

= expit(0)"N + 01N Y1 + 031V Y;)

MN | gpMN MN
OO +0M N o404 N v,

p2i (0N, 05™N) = P(Ry; = Y13, Ya;. Y35, Ry = 1) = AT TNy 10} N v,
= expit(0}N + 0MNYy + 01V Yy)
(1.8)
Again,

m1i(0) = p1i(0,62) and mo;(0,02) = p1i(0,062) X p2: (0, 62).

1.2.4 Shared parameter dropout model (SP)

In shared parameter models a random effect U is shared between the repeated measures
model and the missing data mechanism model, where U is an unobserved subject spe-
cific random effect. The shared parameter dropout logistic model for the two timepoints
example is defined as:

05 P07 U;

P(R; = 1|Y1;, Yai, U;) = = expit(65F + 67°U;). (1.9)

1+ D57 H05P

Typically U; will affect the distributions of Y7; and Y5; also.

Similarly, the shared parameter dropout logistic model for three timepoints example will
be:

SP SPrr.
efo” H0rT U . (nSP SP
P(Rs = 1Y, Yoi, Yoi, Up) = ———emm = expit(67 + 677 0%). (1.10)
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We use 057, 6M and MV to denote values under SP, MAR and MNAR respectively.

1.3 Thesis Outline

The structure of the thesis is as follows. Having introduced the missing data mechanisms,
we consider four dropout models: MCAR, MAR, MNAR and SP in subsequence chapters.
In Chapter 2, we will explore six dropout modelling methods: CC, Obs, IPW, LME, LI
and LOCF. We will estimate the regression parameters for both simulated and real data
using each of the methods under different dropout models, then in the following chapters
we will study some of them in more detail. In Chapter 3, we will see how the LI method
performs under SP, MAR and MNAR dropout by calculating the least false values. The
performance and the least false values of IPW, CC and LME methods under different
dropout modelling will be discussed and calculated in Chapters 4, 5 and 6 respectively. In
Chapter 7, we will conduct a sensitivity analysis to see the effect of local misspecification
of the dropout model when using the LME method under the MAR assumption. We will
compare our results found by using the least false method with the local misspecification
method as introduced by Copas and Eguchi [2005]. We will apply both methods on
simulated and real data examples with two and three timepoints. A similar sensitivity
analysis will be used in Chapter 8 for the IPW method. Chapter 9 will sum up the most

important ideas expressed in the thesis and will give some suggestions for further work.
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Dropout Modelling

2.1 Introduction

In this chapter we will consider six general strategies for handling missing data : 1)
Complete Case Analysis (CC), 2) Observed Data Analysis (Obs), 3) Inverse Probability
Weighted Estimating Equations with Missing At Random Assumption (IPW), 4) Linear
Mixed Effect models (LME), 5) Linear Increment models (LI) and 6) Last Observation
Carried Forward (LOCF). We define each method and illustrate how to apply it to estimate
longitudinal model parameters under dropout. In this chapter, we focus on comparing the
results obtained under the dropout models mentioned in the Introduction. These models
are MCAR, MAR, MNAR and SP. All of the methods are compared using simulated and
real data with two timepoints or three timepoints. The most used references here are for
example Diggle et al. [2007], Fitzmaurice et al. [2012] Matthews et al. [2012] and Philipson
et al. [2008].

2.2 Methods of Analysis

2.2.1 Complete Case analysis (CC)

By definition, a Complete Case analysis method includes only complete cases with all
measurements recorded. This approach is simply based on excluding the units that have
missingness at any timepoints. The analysis involves only those individuals who have all
the measurements at all the timepoints from the baseline to the endpoint and also have

observed values for all relevant covariates, see Carpenter and Bartlett!.

We can analyse any data set, and most software provides such analysis routines if we ig-
nore all those cases whose response was not recorded for at least one of the measurements
on an intended occasion. Since the remaining observations have a complete record for

all the intended data, we call it Complete Case analysis. This of course results in loss of

1J. Carpenter and J. Bartlett. Simple ad-hoc methods for coping with missing data. Web-site. URL
http://missingdata.lshtm.ac.uk. [Accessed: 2016-09-02].



Chapter 2. Dropout Modelling

information as the estimation is for the individuals with complete records and no effort
is made to estimate the dropout mechanism. It may result in biased or unbiased results.
When the observations are missing MCAR we can exclude any number of observations
and the estimation procedures are unbiased. Indeed, in the no missingness situation, an
estimator should be consistent, then the derived complete case analysis is consistent only
if MCAR is valid, (Molenberghs et al. [2004]).

This type of analysis provides a number of advantages. A clear advantage is its easy appli-
cation and it is simple to describe and therefore any software will be able to handle it since
it comes with no missing data. Also, as another advantage, this type of analysis provides
valid results in the case of MCAR. However, this method has its own disadvantages, ex-
cluding individuals with incomplete data may result in the loss of statistical power due to
inefficient estimates. First, there is often huge loss of information. For example, suppose
there are 20 measurements, with 10% of missing data on each measurement. Further,
assume that, on the different measurements, the missingness is independent; then, the
estimated percentage of incomplete observations is as high as 87%. This may result in
huge impact on both precision and power. Even though the reduction of the number of
complete cases will be less severe in the settings that have correlated missingness indica-
tors, the loss of information will usually militate against a complete case analysis. Second,

when the missingness mechanism is MAR instead of MCAR, a severe bias is possible.

2.2.2 Observed Case analysis (Obs)

Observed Case analysis uses as large as possible set of available data to estimate param-
eters. The approach is to exclude units with no data at all intended occasions. This
approach provides an estimation procedure for all observed subjects, hence we do not use
the dropout probabilities in this analysis. For example, one longitudinal study with Ob-
served Case analysis will include all individuals who have any observed responses at any
scheduled timepoint. This type of analysis is easy to implement and provides valid results
in the case of MCAR. Otherwise, the analysis may again produce biased estimates. Some
references call this type of analysis available case analysis, see for instance Gelman and
Hill [2007].

2.2.3 Last Observation Carried Forward (LOCF)

The Last Observation Carried Forward method is applied in the case when longitudinal
measurements are observed for each individual. The LOCF method assumes the same
value for all the subsequent missing values based on the last available response. The
procedure is to carry forward the last observed value or in other words to take the last

observed response and substitute that value into all subsequent missing values. This al-
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lows us to pretend that the data are complete since the missing values are filled in, see
Carpenter and Bartlett?. For example, in the two timepoints case, let YRZ':(Y;l,Y;Q) if
R;=1 and Y¥i=(Y;1,Y;) if R;=0.

The LOCF method could incur problems if early dropouts occur and if the response
variable has expected changes over time. It can provide biased treatment comparisons if
there are different rates of dropout at different times. Diggle et al. [2007] noted that there
are several weakness of the LOCF method, for example imputing fixed values at best means
ignoring the random variation. One way to fix this disadvantage is hot deck imputation
which works by sampling those values who dropped out later from a distribution. This
distribution could be an empirical distribution or a distributional model. For more details
see Rubin [1987]. The LOCF method is easy to use and has been adopted in many
applications and disciplines, such as in pharmaceutical trials, despite the valid criticism it
attracted. In general, LOCF is not a recommended method, (Molenberghs et al. [2004]).

2.2.4 Linear Mixed Effect (LME)

A statistical model containing fixed effects and random effects is called a mixed effect
model. These models have been shown to be effective in many disciplines in the biologi-

cal, physical, and social sciences. Usually a linear form is assumed.

Diggle et al. [2007] gave a definition of the response Y in the LME model which is of the

form:
measured \ [ covariate n random n measurement
response ef fects ef fects error '
For example a simplified version of the Laird and Ware [1982] mixed model approach

for longitudinal data would include a random effect in the intercept term in a model for

responses. If Y;; is the response at time j on subject 7, the model is
Yij = pij + Ui + €5

where p;; is the marginal mean, which will usually be a linear function of covariates, ¢;; is
independent Gaussian noise, and Uj is a realisation of a zero mean scalar Gaussian random
variable. Since U; has zero mean, the marginal mean of Y;; remains j;; after integrating
out U;;. But since U; is common to all j, we get dependence between observations on the
same subject. For example if U; is positive then all values would tend to be above the

marginal mean and so on.

More complex models, with vectors of random effects, can be used to describe both more

2]J. Carpenter and J. Bartlett. Simple ad-hoc methods for coping with missing data. Web-site. URL
http://missingdata.lshtm.ac.uk. [Accessed: 2016-09-02].

10
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complex correlation structures and subject specific covariate effects. A good example is

when trends in time vary between subjects, in which case we might have
Yij = pij + Uri + Uity + €.

Here (Uy;, Uy;) is bivariate Gaussian. In the context of longitudinal data, some reviews of
linear mixed models can be found in Cnaan et al. [1997] and Molenberghs and Verbeke
[2001].

2.2.5 Linear Increments (LI)

Under this approach, the assumption is that increments in responses follow linear models
and the within subject random effects have a martingale structure. This method is used
for processes when we assume the parameter 8 to vary with time, which is the parameter
in the linear predictor for the mean. However it can give estimates in the case of time
constant parameters too. We will describe the rationale for this approach for the two and
three treatment situations. This will be discussed in more detail in the next chapter. A

simple special case is considered here.

e For two timepoints case:
First, suppose the models for the first and second time response are respectively:
Yii=pin + U; + €1, where pj1=p51 + fox;, Yio=p2 + U; + €;2, where p1;0=033 + B4x;.
We can rewrite as:
Yii=p61 + Poxi + U; + €1, Yio=P3 + Pazi + U; + €52
Now let D;=Y;2—Y;1. Then we have the increment: Dy;=(83— 1)+ (84— B2)xi + €,
where €;;=¢€;0 — €1.
If we set 83 — f1==1 and B4 — B2="2, then E(D1;)=F [y1 + 722;], which means we

need to estimate the regression coefficients v; and ~s.

e For the three timepoints case, in addition to what was defined for the two timepoints
case, define Dy;=Y;3 — Y;o The model for the third time response might be:
Yis=0B5 + Bex; + U; + €;3.
Then we have the increments: Dy;=v1 + Y2x; + €} , and Doj=v3 + ya; + €5,
where €f5,=€;3 — €2, and y3=05 — B3 , 74=0F6 — Sa.
Then E(Dgy;)=F [y3 4+ v42;] which means we need to find the estimated regression
coefficients 1, V2, v3 and 4.

Diggle et al. [2007] showed that a model for the response Y can be defined generally in
terms of linear models on its increments. A full model for this approach will be discussed
in the next chapter. Thereafter, Elgmati et al. [2010] extended the work of Diggle et al.

[2007] within the setting of generalized estimating equations.

One of the most important assumptions of the LI approach is that the residuals e;kj follow

a martingale structure, in other words Ele;;|W;] = 0 where W denotes the history of all

11
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*
ij>
assumption of Gaussian or other distribution, and no requirement for common variance

observations up to time j. There are no further assumptions on the €., i.e. there is no

between or within individuals according to Farewell [2006].

Diggle et al. [2007] state that ”However, the martingale residuals do impose a condition
on the mean of their distribution given their past. This single condition, of unbiased
estimation of the future by the past, is sufficiently strong to be easily dismissed in many
application areas though we note that this can often be overcome by suitable adjustment

of the linear model”.

2.2.6 Inverse Probability Weighted Estimating Equations with MAR
assumption, IPW-MAR

In this method, the assumptions required are a linear model for the mean and a paramet-
ric model for dropout probability. The general idea is to construct weights for complete
cases in order to reduce or remove bias. The sample is divided into subgroups. Each
subgroup includes those individuals with the same baseline and similar response pattern.
Rotnitzky et al. [1998] introduced a weighting method under the MAR assumption to
correctly analyse a generalized estimating equation (GEE). We assume E[Yjj|x;j]=x;;5,
where i =1,...,n and j = 1,2 (in case we have two timepoints) or j = 1,2,3 (in case we

have three timepoints) .

First, consider the two timepoints case:
The assumed model is MAR, which is defined in equation (1.5) in the Introduction, ignor-
ing the superscripts, is: m;(0)=P(R = 1|Yi1, Yi2) = efo oL

1+600+01Yi1 .

- [ 6
We fit the assumed model by logistic regression. So we choose 6 :< N > to solve

01
1 3 R,  1-R o
n {m(@) 1 —7T¢(9)} < o > -

001

For complete data, we would estimate the parameter 8 by solving the GEE

> {zh (Vi — 2 B) + 25 (Yia — 22B)} = 0. (2.1)
i=1

When data are MCAR, there is consistent estimation of 8 using only the observed data. As
previously, R; is the indicator of the observation at time 2, so if individual ¢ was observed
at time 2 thus R;=1 and R;=0 otherwise. Then the observed data GEE is

S (ol (Vi — 20 B) + Riwhy(Via — zaB)} = 0. (2.2)
=1

12
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If the data are MAR an alternative GEE is

n

> ok (Vi = ) + (Ve 008} + (1 -
i=1""

R;
mi(0)

)¢1(Yio) =0.  (2.3)

Here, ¢1(Y;0) is a vector with the same dimension as § to be chosen by the analyst. This
will give consistent estimates of 8 and is called the inverse probability weighted GEE.
Determining the correct ¢; is quite difficult, therefore as suggested in Robins et al. [1995]

we will assume ¢; = 0.

When data are MNAR, the dropout model here is equation (1.7) which is defined in the

Introduction. Recall

efo+01Yi1+62Yi0

7Ti(9,(92) - P<R - 1‘Yil’ le) - 1 + efot+01Yii+62Yi "

Thus it is clear that P(R; = 1|Y;1,Yi2) depends on Yjy and the estimation of (6, 62)
is not straightforward because some of the Y;o are missing and these are needed for the
estimation procedure. Since the estimation of 6, is so difficult, a two stage sensitivity
analysis is recommended by Robins et al. [1995]. These authors suggested first to estimate

the dropout parameters (6y, 61) for a specified value of 3, by for example the solution é,

of
;{1 B m(gzz)}m(e) ( yl ) =0 (2.4)

where
efo+01Y1i+02Y2;

ﬂi(9’92) = P(RZ = 1‘Y1i’ }/2’) = 1+ efot+01Y1i+02Y2;

In the second step, the estimate of § can be obtained by solving (2.3) with ;(#) replaced
by m(é, 6). The influence on inference about /3 can be monitored by repeating this pro-

cedure through a range of plausible values of 0.

Note that when data are MAR there is a closed form for the estimator:

n n

—1

~ RZ T T RZ T T

= ~ THTi1 + TinTs X ——Az Y + x0Y; 2.5
B (E 7r(9,92){ 1Zi1 + Tjo 2}> (E 7T(0,6’2){ 1Yi1 + x55Yio} (2.5)

i=1 i=1

Now, consider the three timepoints case. The observation probabilities are:
exp(fo + 01Yi1 + 02Y;2)
P(R;; = 1|Y;1,Y50) =
(i = YY) = 1 G0+ 61V + 0V30)

exp(fo + 01Yio + 02Y;3)
(R 2 ‘ 2 3) 1+ exp<90 + 01}/;‘2 + 02}/7;3)

and a similar method applies as in the two timepoints case. Obviously, this can be gener-

alised to more than three timepoints.

13
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2.3 Simulations

We demonstrate the different estimation methods in two simulation studies, two timepoints
and three timepoints examples. For each set of parameters we consider sample sizes of

250, 500, and 1000. We simulate MCAR, MAR, MNAR and SP.

2.3.1 Two timepoints simulated data

For each of n =250, 500, and 1000 we took 100 simulations from the model as follows. First
we generated a scalar N (0, 1) variable z, then we generated the longitudinal means p1=0£;+
Box, po=Ps+ Bax. This was followed by (Y7, Y2) from a bivariate normal distribution with
mean (j1, f12), common variance o2=c?=03 and correlation p obtained through a shared
parameter U. Missingness for MCAR, MAR and MNAR was generated from the logistic

model:
efo+01Y1+62Y2

7(0,02) = P(R=1|Y1,Ys) =

1 + efot+01Y1+62Y2

where 6 = (6y, 61).

Missingness for SP was generated from the logistic model:

690+01U
m(0) = P(R=1Y1,Y3) =

=Tyt

We used 0%=1, p=0.5, B=(—2,—2,—1,—1). For missing completely at random (MCAR)
we took #=(1.1,0) and 02=0, which gave 25% missingness. Results are presented in Table
2.1. And we also took 8=(0,0) and 62=0, which gave 50% missingness, result are shown
in Table 2.2. For missing at random (MAR) we used 6=(2.5,0.5) and #2=0, which gave
25% missingness, in Table 2.3, and 6=(1,0.5) and 62=0, which gave 50% missingness,
presented in Table 2.4. For missing not at random (MNAR) we used # = (1.5,0) and
02=0.5, which gave 25% missingness and we used # = (0.5,0) and 62=0.5, which gave
50% missingness. Results are shown in Table 2.5 and 2.6 respectively. Finally, for SP we
used § = (1,1), which gave 25% missingness and we used 6§ = (0,0.7), which gave 50%

missingness. Results are shown in Tables 2.7 and 2.8 respectively.

Table 2.1 shows the result at 25% missingness. All methods except LOCF seem to work
as we see there is no bias. The LOCF method has bias as (83, 84) differers from (81, 52)
meaning that carrying forward Y7 in place of missing Y5 is a mistaken strategy. The stan-
dard errors get smaller as the sample size increases for all the methods. Also, 51 and (9
generally have smaller standard errors than 83 and 4 at any sample size except for the
CC method, where (1, B2, B3 and (4 all have about the same standard errors at each
sample size. The CC and IPW methods often have higher standard error than the other
methods. Note that CC and Obs give the same results for 83 and S4, as both are based

on the available data at time 2. The methods differ at time 1, where the observed data

14
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method makes use of the first time observations for subjects who subsequently drop out,

whereas CC does not.

Table 2.2 shows the result at 50% missingness. Similar to the previous result, there is no
evidence of bias except for LOCF method. The IPW results have smaller standard errors
than in Table 2.1. Again CC and IPW tend to have higher standard errors than the other

methods.

Table 2.3 shows results under 25% MAR missingness. For the estimates of 83 and 84 we see
considerable upward bias under CC and Obs methods (3 and /34 tends to be larger than
the true values), some downward bias under LI and LOCF (83 and 4 tends to be smaller
than the true values), but no bias under IPW and LME, which are both consistent pro-
cedures under MAR dropout. Standard errors are typically similar to Table 2.1 for MCAR.

The reason for the upward bias under CC and Obs is that we have parametrised so that
01 = 0.5, meaning high values of Y; lead to high continuation probabilities. Thus the
observed data contain higher than usual values. For LI on the other hand the estimates at
time 2 are based on the differences Y2 — Y7, for completers. Having higher than expected
Y1 for completers leads to lower than expected differences and negative bias. For LOCF,
the Y7 values of dropouts tend to be low, and extrapolating these to the second timepoint

again leads to negative bias.

Table 2.4 has results for MAR with 50% missingness. The upward bias for CC and Obs
is more severe as is the downward bias for LI and LOCF. Standard errors are higher, and

again there is particular instability for IPW.

Table 2.5 shows results under 25% MNAR missingness. We see considerable upward bias
for B3 and B4 under all methods except under LOCF, for which there is downward bias.
Standard errors are typically similar to Table 2.1 for MCAR.

Table 2.6 has results for MNAR with 50% missingness. The upward bias for CC, Obs,
IPW and LME is again more severe as is the downward bias for LOCF. Standard errors

are higher.

Table 2.7 shows results under 25% SP missingness. All methods give consistent estimates
for B2. All methods except LOCF give consistent estimates for 84. For 83 we see consid-
erable upward bias under all methods except under LOCF where there is downward bias,
but no bias under LI, which is a consistent procedure under SP dropout. Standard errors
are typically similar to Table 2.1 for MCAR.

Table 2.8 has results for SP with 50% missingness. The upward bias for CC, Obs, IPW

15
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and LME is more severe as is the downward bias for LOCF as expected. Standard errors

are higher.
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Table 2.1: MCAR with 25% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 (/i =-2 -1.95 -199 -1.96 -1.99 -1.99 -1.99

(0.13) (0.06) (0.12) (0.06) (0.06) (0.06)

Bo=-2 -1.99 -201 -1.99 -2.01 -2.01 -2.01

(0.14) (0.07) (0.14) (0.07) (0.07) (0.07)

Bs=-1 -096 -096 -0.96 -0.97 -0.99 -1.75

(0.11) (0.11) (0.11) (0.11) (0.13) (0.07)

Bs=-1 -098 -098 -0.98 -0.99 -1.01 -1.79

(0.15) (0.15) (0.15) (0.14) (0.14) (0.08)

n=500 (1 =-2 -2.01 -2.00 -2.01 -2.00 -2.00 -2.00

(0.09) (0.05) (0.08) (0.05) (0.05) (0.05)

bo=-2 -2.00 -2.00 -2.00 -2.00 -2.00 -2.00

(0.10) (0.06) (0.10) (0.06) (0.06) (0.06)

f3=-1 -101 -101 -1.01 -1.01 -1.00 -1.78

(0.08) (0.08) (0.08) (0.08) (0.09) (0.05)

Bs=-1 -099 -099 -0.99 -0.99 -0.99 -1.76

(0.11) (0.11) (0.11) (0.10) (0.10) (0.07)

n=1000 [, =-2 -2.01 -199 -2.01 -1.99 -1.99 -1.99

(0.07) (0.03) (0.06) (0.03) (0.03) (0.03)

By =-2 -2.00 -2.00 -2.00 -2.00 -2.00 -2.00

(0.08) (0.03) (0.08) (0.03) (0.03) (0.03)

B3=-1 -0.98 -098 -0.98 -0.97 -0.96 -1.76

(0.05) (0.05) (0.05) (0.05) (0.06) (0.04)

By=-1 -1.00 -1.00 -1.01 -1.00 -1.00 -1.77

(0.07) (0.07) (0.07) (0.06) (0.07) (0.05)
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Table 2.2: MCAR with 50% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 ([ =-2 -2.01 -2.01 -2.01 -2.01 -2.01 -2.01

(0.10) (0.06) (0.09) (0.06) (0.06) (0.06)

B =-2 -2.01 -2.00 -2.01 -2.00 -2.00 -2.00

(0.10) (0.06) (0.10) (0.06) (0.06) (0.06)

g3 =1 -1.01 -1.01 -1.01 -1.01 -1.01 -1.53

(0.10) (0.10) (0.10) (0.10) (0.11) (0.08)

By=-1 -1.00 -1.00 -1.00 -1.00 -1.00 -1.52

(0.09) (0.09) (0.09) (0.08) (0.10) (0.08)

n=>500 61 =-2 -2.01 -2.00 -2.02 -2.00 -2.00 -2.00

(0.07) (0.05) (0.07) (0.05) (0.05) (0.05)

Bo=-2 -1.98 -199 -198 -1.99 -1.99 -1.99

(0.08) (0.05) (0.08) (0.05) (0.05) (0.05)

g3 =-1 -1.00 -1.00 -1.01 -1.00 -1.00 -1.53

(0.06) (0.06) (0.06) (0.06) (0.07) (0.07)

Bs=-1 -0.99 -0.99 -099 -0.99 -1.00 -1.54

(0.07) (0.07) (0.07) (0.06) (0.07) (0.06)

n=1000 (G, =-2 -2.00 -2.00 -2.00 -2.00 -2.00 -2.00

(0.05) (0.03) (0.05) (0.03) (0.03) (0.03)

By =-2 -2.01 -2.00 -2.01 -2.00 -2.00 -2.00

(0.05) (0.04) (0.05) (0.04) (0.04) (0.04)

fs3=-1 -0.99 -0.99 -099 -0.99 -1.00 -1.52

(0.05) (0.05) (0.05) (0.04) (0.05) (0.04)

Bfy=-1 -1.00 -1.00 -1.00 -1.00 -1.00 -1.52

(0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
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Table 2.3: MAR with 25% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 f(i=-2 -1.91 -2.00 -2.01 -2.00 -2.00 -2.00

(0.07) (0.07) (0.08) (0.07) (0.07) (0.07)

Bo=-2 -1.93 -199 -198 -1.99 -1.99 -1.99

(0.07) (0.06) (0.08) (0.06) (0.06) (0.06)

Bs=-1 -0.94 -0.94 -0.99 -0.99 -1.04 -1.40

(0.08) (0.08) (0.08) (0.08) (0.08) (0.09)

Bs=-1 -0.97 -097 -099 -1.00 -1.03 -1.44

(0.07) (0.07) (0.08) (0.07) (0.06) (0.09)

n=500 f(i=-2 -1.88 -2.00 -1.99 -2.00 -2.00 -2.00

(0.05) (0.05) (0.05) (0.05) (0.05) (0.05)

Bo=-2 -1.94 -2.01 -2.00 -2.01 -2.01 -2.01

(0.06) (0.04) (0.06) (0.04) (0.04) (0.04)

f3=-1 -0.94 -0.94 -099 -0.99 -1.05 -1.41

(0.06) (0.06) (0.06) (0.06) (0.05) (0.06)

Bs=-1 -0.97 -0.97 -1.01 -1.01 -1.04 -1.45

(0.06) (0.06) (0.07) (0.06) (0.06) (0.07)

n=1000 p(i=-2 -1.89 -2.00 -2.00 -2.00 -2.00 -2.00

(0.04) (0.03) (0.04) (0.03) (0.03) (0.03)

Bo=-2 -1.93 -2.00 -2.00 -2.00 -2.00 -2.00

(0.03) (0.03) (0.04) (0.03) (0.03) (0.03)

f3=-1 -0.95 -0.95 -1.00 -1.00 -1.06 -1.41

(0.04) (0.04) (0.04) (0.04) (0.04) (0.04)

Ba=- -097 -0.97 -1.00 -1.00 -1.03 -1.46

(0.04) (0.04) (0.05) (0.04) (0.04) (0.05)
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Table 2.4: MAR with 50% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 (/i =-2 -1.77 -199 -1.99 -1.99 -1.99 -1.99

(0.09) (0.06) (0.09) (0.06) (0.06) (0.06)

B =-2 -1.92 -2.00 -198 -2.00 -2.00 -2.00

(0.09) (0.05) (0.13) (0.05) (0.05) (0.05)

B3 =-1 -0.88 -0.88 -0.99 -099 -1.10 -1.73

(0.10) (0.10) (0.11) (0.08) (0.08) (0.06)

Bys=1 -096 -0.96 -1.00 -1.00 -1.04 -1.71

(0.10) (0.10) (0.14) (0.09) (0.10) (0.09)

n=500 (1 =-2 -1.78 -2.01 -2.01 -2.01 -2.01 -2.01

(0.05) (0.03) (0.07) (0.03) (0.03) (0.03)

Bo=-2 -1.91 -199 -200 -1.99 -1.99 -1.99

(0.07) (0.05) (0.11) (0.05) (0.05) (0.05)

f3=-1 -0.89 -0.89 -1.01 -1.00 -1.12 -1.75

(0.07) (0.07) (0.08) (0.07) (0.07) (0.05)

Bs=-1 -0.95 -0.95 -1.01 -1.00 -1.04 -1.70

(0.06) (0.06) (0.10) (0.05) (0.06) (0.06)

n=1000 G, =-2 -1.76 -2.00 -2.00 -2.00 -2.00 -2.00

(0.05) (0.03) (0.06) (0.03) (0.03) (0.03)

Bo=-2 -1.91 -2.00 -2.01 -2.00 -2.00 -2.00

(0.06) (0.04) (0.08) (0.04) (0.04) (0.04)

g3 =1 -0.87 -0.87 -099 -0.99 -1.11 -1.74

(0.05) (0.05) (0.06) (0.04) (0.05) (0.04)

By=-1 -095 -0.95 -099 -0.99 -1.04 -1.70

(0.05) (0.05) (0.07) (0.05) (0.05) (0.04)

20



Chapter 2. Dropout Modelling

Table 2.5: MNAR with 25% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 f(i=-2 -1.93 -199 -2.00 -1.99 -1.99 -1.99

(0.07) (0.08) (0.07) (0.08) (0.08) (0.08)

Bo=-2 -1.97 -2.00 -1.99 -2.00 -2.00 -2.00

(0.07) (0.07) (0.08) (0.07) (0.07) (0.07)

fs=-1 -0.86 -0.86 -0.90 -0.90 -0.93 -1.33

(0.07) (0.07) (0.07) (0.07) (0.08) (0.09)

Bs=-1 -0.97 -0.97 -098 -0.98 -1.00 -1.40

(0.08) (0.08) (0.08) (0.08) (0.08) (0.10)

n=500 f(i=-2 -1.93 -2.00 -2.00 -2.00 -2.00 -2.00

(0.05) (0.05) (0.05) (0.05) (0.05) (0.05)

Bo=-2 -1.96 -1.99 -198 -1.99 -1.99 -1.99

(0.05) (0.04) (0.05) (0.04) (0.04) (0.04)

f3=-1 -0.86 -0.86 -0.90 -0.90 -0.93 -1.34

(0.05) (0.05) (0.05) (0.05) (0.06) (0.06)

Bis=-1 -0.95 -0.95 -096 -0.97 -0.98 -1.39

(0.04) (0.04) (0.04) (0.04) (0.05) (0.07)

n=1000 (i=-2 -1.93 -2.00 -2.00 -2.00 -2.00 -2.00

(0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

Bo=-2 -1.98 -1.99 -2.00 -1.99 -1.99 -1.99

(0.05) (0.04) (0.05) (0.04) (0.04) (0.04)

fBs=-1 -0.87 -0.87 -090 -0.90 -0.94 -1.34

(0.04) (0.04) (0.04) (0.04) (0.04) (0.04)

Ba=- -095 -0.95 -096 -0.96 -0.97 -1.38

(0.05) (0.05) (0.05) (0.04) (0.05) (0.06)

21



Chapter 2. Dropout Modelling

Table 2.6: MNAR with 50% missing and two timepoints. Simulation results are based on 100
replicates for each combination. Mean estimates of coefficients 5 from batches of 100 simulations
(standard errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 f(i=-2 -1.89 -1.99 -2.01 -1.99 -1.99 -1.99

(0.09) (0.08) (0.09) (0.08) (0.08) (0.08)

Bo=-2 -1.97 -2.00 -2.00 -2.00 -2.00 -2.00

(0.08) (0.07) (0.08) (0.07) (0.07) (0.07)

Bs=-1 -0.77 -0.77 -0.83 -0.82 -0.88 -1.55

(0.09) (0.09) (0.08) (0.09) (0.10) (0.09)

Bis=-1 -0.96 -0.96 -0.98 -0.98 -0.99 -1.62

(0.10) (0.10) (0.11) (0.10) (0.11) (0.10)

n=500 f(i=-2 -1.87 -2.00 -1.99 -2.00 -2.00 -2.00

(0.06) (0.05) (0.07) (0.05) (0.05) (0.05)

Bo=-2 -1.95 -1.99 -197 -1.99 -1.99 -1.99

(0.06) (0.04) (0.07) (0.04) (0.04) (0.04)

f3=-1 -0.76 -0.76 -0.82 -0.82 -0.89 -1.56

(0.06) (0.06) (0.06) (0.06) (0.07) (0.07)

Bis=-1 -0.94 -0.94 -096 -0.96 -0.99 -1.62

(0.05) (0.05) (0.05) (0.05) (0.06) (0.08)

n=1000 p(i=-2 -1.88 -2.00 -1.99 -2.00 -2.00 -2.00

(0.04) (0.03) (0.04) (0.03) (0.03) (0.03)

Bo=-2 -1.96 -1.99 -1.99 -1.99 -1.99 -1.99

(0.06) (0.04) (0.06) (0.04) (0.04) (0.04)

fs=-1 -0.76 -0.76 -0.82 -0.82 -0.88 -1.55

(0.04) (0.04) (0.04) (0.04) (0.05) (0.03)

Ba=- -094 -094 -096 -0.96 -0.97 -1.60

(0.06) (0.06) (0.06) (0.05) (0.05) (0.05)
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Table 2.7: SP with 25% missing and two timepoints. Simulation results are based on 100 replicates
for each combination. Mean estimates of coefficients § from batches of 100 simulations (standard
errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 (i=-2 -1.87 -2.00 -1.90 -2.00 -2.00 -2.00

(0.07) (0.06) (0.07) (0.06) (0.06) (0.06)

By=-2 -2.01 -2.01 -2.01 -2.01 -2.01 -2.01

(0.08) (0.06) (0.08) (0.06) (0.06) (0.06)

fs=-1 -0.89 -0.89 -0.90 -0.95 -1.02 -1.30

(0.07) (0.07) (0.06) (0.06) (0.07) (0.08)

Bs=-1 -1.00 -1.00 -1.00 -1.00 -1.00 -1.30

(0.08) (0.08) (0.08) (0.08) (0.09) (0.09)

n=500 f(i=-2 -1.87 -2.00 -1.89 -2.00 -2.00 -2.00

(0.05) (0.04) (0.05) (0.04) (0.04) (0.04)

Bo=- -1.98 -198 -1.99 -1.98 -1.98 -1.98

(0.06) (0.05) (0.06) (0.05) (0.05) (0.05)

f3=-1 -0.87 -0.87 -0.88 -0.93 -1.00 -1.29

(0.05) (0.05) (0.05) (0.04) (0.04) (0.05)

Bs=-1 -1.00 -1.00 -1.00 -1.00 -1.00 -1.28

(0.05) (0.05) (0.05) (0.05) (0.06) (0.06)

n=1000 p(i=-2 -1.87 -2.00 -1.90 -2.00 -2.00 -2.00

(0.04) (0.03) (0.04) (0.03) (0.03) (0.03)

Bo=-2 -1.99 -1.99 -1.99 -1.99 -1.99 -1.99

(0.04) (0.03) (0.04) (0.03) (0.03) (0.03)

f3=-1 -0.88 -0.88 -0.89 -0.94 -1.01 -1.30

(0.04) (0.04) (0.04) (0.04) (0.04) (0.04)

Ba=- -099 -099 -099 -0.99 -1.00 -1.29

(0.03) (0.03) (0.03) (0.03) (0.03) (0.04)
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Table 2.8: SP with 50% missing and two timepoints. Simulation results are based on 100 replicates
for each combination. Mean estimates of coefficients § from batches of 100 simulations (standard
errors in brackets).

Sample True cC Obs IPW LME LI LOCF
size

n=250 [ =-2 -1.82 -199 -1.86 -1.99 -1.99 -1.99

(0.08) (0.06) (0.08) (0.06) (0.06) (0.06)

Bo=-2 -1.97 -198 -197 -1.98 -1.98 -1.98

(0.09) (0.06) (0.09) (0.06) (0.06) (0.06)

B3 =1 -0.82 -0.82 -0.84 -0.91 -0.99 -1.49

(0.08) (0.08) (0.08) (0.07) (0.08) (0.09)

By =1 -0.98 -0.98 -098 -0.99 -1.00 -1.50

(0.08) (0.08) (0.09) (0.08) (0.09) (0.09)

n=500 (1 =-2 -1.82 -200 -1.86 -2.00 -2.00 -2.00

(0.06) (0.04) (0.06) (0.04) (0.04) (0.04)

Bo=-2 -1.99 -2.00 -199 -2.00 -2.00 -2.00

(0.06) (0.05) (0.06) (0.05) (0.05) (0.05)

b3 =-1 -0.82 -0.82 -0.84 -0.91 -1.00 -1.50

(0.05) (0.05) (0.05) (0.05) (0.06) (0.06)

Bs=-1 -0.99 -0.99 -099 -0.99 -1.00 -1.49

(0.05) (0.05) (0.05) (0.05) (0.06) (0.07)

n=1000 ([, =-2 -1.83 -2.00 -1.86 -2.00 -2.00 -2.00

(0.04) (0.03) (0.04) (0.03) (0.03) (0.03)

Bo=-2 -2.00 -2.00 -2.00 -2.00 -2.00 -2.00

(0.05) (0.03) (0.05) (0.03) (0.03) (0.03)

g3 =1 -0.83 -0.83 -0.85 -0.92 -1.00 -1.50

(0.04) (0.04) (0.04) (0.04) (0.04) (0.04)

By=-1 -0.99 -0.99 -1.00 -0.99 -0.99 -1.50

(0.05) (0.05) (0.05) (0.05) (0.05) (0.05)
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2.3.2 Three timepoints simulated data

In this simulation scenario the measurements are scheduled at times t = 1,2,3. A logistic
model with linear predictors is used for the probabilities of drop out between times ¢ and
t+1. For each of n =250, 500, and 1000 we took 100 simulations from the model as follows:

First we generated a scalar N(0, 1) variable x, then we generated the longitudinal means
p1=P01 + Box , pe=Ps + Pax and us=ps + Pex. This was followed by (Y1, Ys,Y3) from a
multivariate normal distribution with mean (u1, u2, i£3), common variance o2 and correla-
tion p again obtained by a shared random effect U. Missingness was generated from the

logistic model:

exp(fp + 01Yi1 + 02Y52)
0,02) = P(Ri1 = 1|Yj1, Yia) =
(0, 02) (Ri1 Y1, Yiz) 1+ exp(By + 01Yi1 + 02Y59)

exp(fo + 601Yio + 02Y;3)

0,05) = P(Riy = 1|Y;a, Yi3) =
m(6,62) = P(Riz = 1|Yiz, Yis) 1+ exp(fo + 61Yi + 02Yi3)

Note that we use the same parameters 6 and 65 at each dropout time, for simplicity. We
used 02=1, p=0.5, 3=(1,1,1,1,1,1). For missing completely at random (MCAR) we took
0=(1.85,0) and #2=0 which gave around 25% missingness and 6=(0.9,0) and #2=0 which
gave around 50% missingness. For missing at random (MAR) we took #=(2.6,—0.5) and
02=0 which gave around 25% missingness and 6=(1.45, —0.5) and #3=0 which gave around
50% missingness. For missing not at random (MNAR) we took 6 =(2.6,0) and 02= -0.5
which gave around 25% missingness and #=(1.45,0) and #=-0.5 which gave around 50%
missingness. For shared parameter (SP) we took 6=(2.31,—1) which gave around 25%
missingness and #=(0.9, —1) which gave around 50% missingness. Results are presented
in Tables 2.9, 2.10, 2.11 and 2.12.

Tables 2.9 and 2.10 show results for 25% and 50% missingness under MCAR. None of the
methods show any bias this time including LOCF. The reason LOCF works well in this
example is that (53, 84) is the same as (51, 32), so that Y] is representative of missing Y5.
Standard errors decrease with sample size and are broadly similar for the six methods,
except for the CC and IPW at 50% missingness, which lead to more variable estimates.
In addition, in all tables, note that at time 3, CC and Obs give the same estimates for
Bs and Bg. The reason is that the CC are subjects who completed to the final timepoint
(time 3 in this example). So at that time the observed data are the complete case people.

At earlier times the observed data are CC plus subjects who will dropout before the end.

Table 2.11 shows that at 25% missingness under MAR model, the LME and IPW methods
work as expected, since MAR is designed for them, and even at the higher missingness
percentage of 50%, we have similar results. As in Tables 2.3 and 2.4, CC and Obs provide
downward bias, and LI and LOCF upward bias at times after the first. The IPW method
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is unstable at the lower sample sizes with 50% missingness.

Table 2.13 shows that at 25% missingness under MNAR model, no methods work as ex-
pected and at the higher missingness percentage of 50%, we have similar results. We see
considerable downward bias for (3, 84, 85 and (g under all methods. Standard errors are
typically similar to Table 2.9 for MCAR.

Table 2.15 shows that at 25% missingness under SP model, the LI method works as ex-
pected, and even at the higher missingness percentage of 50%, we have similar results. As
in Tables 2.7 and 2.8, CC and Obs provide downward bias, and LOCF upward bias at
times after the first. The LME method has downward bias for the intercept terms f3 and
B5. Standard errors are typically similar to Table 2.9 for MCAR.
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Table 2.9: MCAR with 25% missing and three timepoints. Mean estimates of coefficients 8 from
batches of 100 simulations (standard errors in brackets).

Sample  True CcC Obs IPW LME LI LOCF
size

n=250 (=1 0.99 0.99 1.00 0.99 0.99 0.99

(0.13) (0.12) (0.13) (0.12) (0.12) (0.12)

Bo=1 1.02 1.01 1.02 1.01 1.01 1.01

(0.13) (0.10) (0.13) (0.10) (0.10) (0.10)

B3=1 1.00 1.00 1.01 1.00 1.01 1.01

(0.13) (0.11) (0.12) (0.11) (0.11) (0.11)

Bs=1 1.01 1.01 1.01 1.00 1.00 1.00

(0.13) (0.11) (0.13) (0.11) (0.11)  (0.10)

B5=1 0.99 0.99 1.00 1.00 1.00 1.00

(0.13) (0.13) (0.13) (0.13) (0.13) (0.12)

Be=1 1.00 1.00 1.01 1.00 0.99 1.00

(0.12) (0.12) (0.12) (0.11) (0.11) (0.10)

n=500 (=1 0.98 0.99 0.98 0.99 0.99 0.99

(0.09) (0.07) (0.08) (0.07) (0.07) (0.07)

Bo=1 0.98 0.99 0.98 0.99 0.99 0.99

(0.08) (0.08) (0.08) (0.08) (0.08) (0.08)

B3=1 0.99 0.99 0.99 0.99 0.99 0.99

(0.09) (0.08) (0.08) (0.08) (0.08) (0.08)

Bs=1 0.98 0.98 0.98 0.98 0.98 0.99

(0.09) (0.08) (0.09) (0.08) (0.08) (0.08)

B5=1 0.98 0.98 0.98 0.98 0.99 0.99

(0.08) (0.08) (0.07) (0.07) (0.07) (0.07)

Bs=1 0.99 0.99 0.99 0.99 0.99 0.99

(0.09) (0.09) (0.09) (0.09) (0.09) (0.08)

n=1000 p1=1 1.00 1.01 1.00 1.01 1.01 1.01

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

Bo=1 0.99 0.99 1.00 0.99 0.99 0.99

(0.06) (0.05) (0.06) (0.05) (0.05) (0.05)

Bs=1 0.99 1.00 1.00 1.00 1.00 1.00

(0.07) (0.06) (0.07) (0.06) (0.07) (0.06)

B4=1 0.99 0.99 0.99 0.99 0.99 0.99

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

B5=1 0.99 0.99 0.99 0.99 0.99 0.99

(0.07) (0.07) (0.06) (0.06) (0.06) (0.06)

Bs=1 0.99 0.99 0.99 0.99 0.99 0.99

(0.07) (0.07) (0.07) (0.07) (0.07) (0.06)
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Table 2.10: MCAR with 50% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 f[i=1 0.98 0.99 0.99 0.99 0.99 0.99

(0.16) (0.11) (0.14) (0.11) (0.11) (0.11)

Bo=1 1.00 0.99 1.00 0.99 0.99 0.99

(0.15) (0.11) (0.15) (0.11) (0.11) (0.11)

B3=1 0.98 0.99 0.99 0.99 0.99 0.99

(0.17) (0.16) (0.15) (0.14) (0.14) (0.13)

Bs=1 1.00 0.99 1.00 0.99 0.99 0.99

(0.14) (0.11) (0.14) (0.10) (0.11) (0.10)

B5=1 0.97 0.97 0.98 0.98 0.98 0.98

(0.17)  (0.17) (0.15) (0.14) (0.14) (0.12)

Be=1 1.02 1.02 1.03 1.02 1.01 1.00

(0.17) (0.17) (0.17) (0.15) (0.16) (0.12)

n=500 B1=1 0.99 0.99 1.00 0.99 0.99 0.99

(0.12) (0.07) (0.09) (0.07) (0.07) (0.07)

Ba=1 1.01 1.01 1.01 1.01 1.01 1.01

(0.11) (0.08) (0.11) (0.08) (0.08) (0.08)

B3=1 1.00 0.99 1.00 0.99 0.99 0.99

(0.10) (0.09) (0.09) (0.08) (0.08) (0.07)

B4=1 1.02 1.02 1.02 1.02 1.02 1.01

(0.11) (0.10) (0.11) (0.09) (0.09) (0.08)

B5=1 0.99 0.99 1.00 0.99 0.99 0.99

(0.11) (0.11) (0.10) (0.09) (0.09) (0.07)

Be=1 1.02 1.02 1.02 1.02 1.02 1.02

(0.12) (0.12) (0.12) (0.10) (0.11) (0.08)

n=1000 pB1=1 1.00 1.01 1.00 1.01 1.01 1.01

(0.07) (0.05) (0.06) (0.05) (0.05) (0.05)

Bo=1 1.01 1.01 1.01 1.01 1.01 1.01

(0.06) (0.05) (0.06) (0.05) (0.05) (0.05)

B3=1 1.01 1.00 1.01 1.01 1.01 1.01

(0.07) (0.06) (0.06) (0.06) (0.06) (0.05)

Bs=1 0.99 1.00 0.99 0.99 0.99 1.00

(0.07) (0.06) (0.07) (0.06) (0.06) (0.06)

Bs=1 1.01 1.01 1.00 1.01 1.00 1.00

(0.07) (0.07) (0.07) (0.07) (0.07) (0.05)

Be=1 1.01 1.01 1.01 1.01 1.01 1.00

(0.08) (0.08) (0.08) (0.07) (0.08) (0.06)
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Table 2.11: MAR with 25% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample  True CcC Obs IPW LME LI LOCF
size

n=250 (=1 0.68 0.98 0.97 0.98 0.98 0.98

(0.13) (0.11) (0.13) (0.11) (0.11) (0.11)

Bo=1 0.90 1.00 0.99 1.00 1.00 1.00

(0.12) (0.11) (0.14) (0.11) (0.11) (0.11)

B3=1 0.68 0.86 0.98 0.98 1.05 1.04

(0.12) (0.11) (0.13) (0.11) (0.11) (0.11)

Bs=1 0.90 0.96 1.00 1.00 1.03 1.02

(0.12) (0.12) (0.14) (0.11) (0.12) (0.11)

B5=1 0.74 0.74 0.98 0.99 1.11 1.08

(0.14) (0.14) (0.14) (0.13) (0.14) (0.12)

Bs=1 0.91 0.91 0.98 0.99 1.03 1.02

(0.12) (0.12) (0.13) (0.12) (0.13) (0.11)

n=500 p1=1 0.69 1.00 1.00 1.00 1.00 1.00

(0.10) (0.08) (0.10) (0.08) (0.08) (0.08)

Bo=1 0.90 1.00 1.00 1.00 1.00 1.00

(0.09) (0.08) (0.11) (0.08) (0.08) (0.08)

B3=1 0.68 0.86 0.99 0.99 1.06 1.05

(0.09) (0.08) (0.09) (0.07) (0.08) (0.07)

B4=1 0.91 0.96 1.02 1.01 1.03 1.03

(0.09) (0.08) (0.11) (0.08) (0.08) (0.08)

B5=1 0.75 0.75 1.00 1.00 1.12 1.10

(0.10) (0.10) (0.10) (0.09) (0.09) (0.08)

Be=1 0.92 0.92 1.01 1.00 1.04 1.03

(0.09) (0.09) (0.11) (0.09) (0.09) (0.08)

n=1000 p[1=1 0.70 1.01 1.00 1.01 1.01 1.01

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

Bo=1 0.91 1.01 1.01 1.01 1.01 1.01

(0.06) (0.06) (0.08) (0.06) (0.06) (0.06)

B3=1 0.69 0.87 0.99 1.00 1.07 1.06

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

Bs=1 0.90 0.96 1.00 1.00 1.03 1.02

(0.06) (0.06) (0.07) (0.06) (0.06) (0.05)

B5=1 0.75 0.75 0.99 1.00 1.13 1.10

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

Bs=1 0.91 0.91 0.99 0.99 1.04 1.02

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)
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Table 2.12: MAR with 50% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 [Si=1 0.37 0.99 1.00 0.99 0.99 0.99

(0.16) (0.12) (0.23) (0.12) (0.12) (0.12)

Bo=1 0.87 1.02 1.06 1.02 1.02 1.02

(0.17) (0.11) (0.30) (0.11) (0.11) (0.11)

B3=1 0.37 0.73 1.00 1.00 1.13 1.09

(0.16) (0.15) (0.22) (0.15) (0.15) (0.13)

B4=1 0.85 0.93 1.02 1.00 1.04 1.02

(0.17) (0.13) (0.29) (0.12) (0.12) (0.10)

B5=1 0.51 0.51 1.00 1.01 1.27 1.15

(0.15)  (0.15) (0.20) (0.14) (0.15) (0.12)

Be=1 0.90 0.90 1.04 1.02 1.09 1.03

(0.16) (0.16) (0.29) (0.13) (0.15) (0.10)

n=500 61=1 0.36 1.00 0.98 1.00 1.00 1.00

(0.10) (0.08) (0.15) (0.08) (0.08) (0.08)

Ba=1 0.85 1.01 1.00 1.01 1.01 1.01

(0.12) (0.09) (0.16) (0.09) (0.09) (0.09)

B3=1 0.36 0.73 0.99 1.00 1.14 1.09

(0.10) (0.09) (0.16) (0.08) (0.08) (0.07)

B4=1 0.84 0.94 1.00 1.01 1.05 1.03

(0.12) (0.11) (0.19) (0.10) (0.10)  (0.09)

B5=1 0.48 0.48 0.97 0.99 1.26 1.15

(0.11) (0.11) (0.15) (0.09) (0.09) (0.07)

Be=1 0.87 0.87 1.00 1.01 1.08 1.03

(0.11) (0.11) (0.17) (0.10) (0.12) (0.09)

n=1000 [1=1 0.38 1.00 1.00 1.00 1.00 1.00

(0.07) (0.05) (0.10) (0.05) (0.05) (0.05)

Bo=1 0.85 1.00 1.00 1.00 1.00 1.00

(0.07) (0.05) (0.11) (0.05) (0.05) (0.05)

B3=1 0.37 0.73 1.00 1.00 1.13 1.09

(0.07) (0.06) (0.11) (0.06) (0.06) (0.05)

B4=1 0.84 0.93 1.00 1.00 1.04 1.01

(0.08) (0.07) (0.11) (0.06) (0.06) (0.05)

B5=1 0.50 0.50 1.00 1.00 1.26 1.15

(0.08) (0.08) (0.10) (0.07) (0.07) (0.05)

Be=1 0.87 0.87 1.00 1.00 1.07 1.02

(0.07) (0.07) (0.12) (0.07) (0.08) (0.06)
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Table 2.13: MNAR with 25% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 f[i=1 0.75 1.00 0.98 1.00 1.00 1.00

(0.13) (0.11) (0.12) (0.11) (0.11) (0.11)

Bo=1 0.91 1.00 0.97 1.00 1.00 1.00

(0.12) (0.11) (0.13) (0.11) (0.11) (0.11)

B3=1 0.70 0.81 0.91 0.89 0.94 0.95

(0.13) (0.12) (0.12) (0.11) (0.12) (0.11)

Bs=1 0.90 0.94 0.95 0.97 0.98 0.99

(0.12) (0.12) (0.13) (0.11) (0.12) (0.11)

B5=1 0.69 0.69 0.86 0.87 0.94 0.95

(0.13) (0.13) (0.12) (0.12) (0.12) (0.11)

Be=1 0.90 0.90 0.93 0.96 0.98 0.99

(0.12) (0.12) (0.13) (0.12) (0.12) (0.11)

n=500 pi=1 0.76 1.00 0.98 1.00 1.00 1.00

(0.08) (0.08) (0.08) (0.08) (0.08) (0.08)

Ba=1 0.92 1.00 0.97 1.00 1.00 1.00

(0.09) (0.08) (0.10) (0.08) (0.08) (0.08)

B3=1 0.69 0.81 0.91 0.89 0.94 0.95

(0.08) (0.08) (0.08) (0.08) (0.08) (0.07)

B4=1 0.90 0.94 0.95 0.96 0.98 0.99

(0.09) (0.08) (0.09) (0.08) (0.08) (0.07)

B5=1 0.69 0.69 0.86 0.87 0.93 0.95

(0.09) (0.09) (0.08) (0.08) (0.08) (0.07)

Be=1 0.90 0.90 0.93 0.96 0.98 0.99

(0.09) (0.09) (0.09) (0.08) (0.08) (0.07)

n=1000 p[1=1 0.75 1.00 0.98 1.00 1.00 1.00

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

Bo=1 0.91 1.00 0.97 1.00 1.00 1.00

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

B3=1 0.69 0.81 0.91 0.89 0.94 0.95

(0.06) (0.06) (0.06) (0.06) (0.06) (0.05)

Bs=1 0.90 0.93 0.95 0.96 0.98 0.99

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

B5=1 0.69 0.69 0.86 0.87 0.94 0.95

(0.06) (0.06) (0.06) (0.06) (0.06) (0.05)

Be=1 0.90 0.90 0.94 0.96 0.98 0.99

(0.06) (0.06) (0.07) (0.06) (0.06) (0.05)
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Table 2.14: MNAR with 50% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 Bi=1 0.50 1.01 0.94 1.01 1.01 1.01

(0.15) (0.11) (0.16) (0.11) (0.11) (0.11)

Bo=1 0.88 1.01 0.95 1.01 1.01 1.01

(0.15) (0.11) (0.19) (0.11) (0.11) (0.11)

B3=1 0.37 0.59 0.79 0.77 0.87 0.91

(0.14) (0.12) (0.16) (0.12) (0.12) (0.11)

Bs=1 0.84 0.89 0.91 0.94 0.97 0.99

(0.15) (0.13) (0.18) (0.12) (0.12) (0.11)

B5=1 0.36 0.36 0.69 0.72 0.86 0.91

(0.15) (0.15) (0.16) (0.13) (0.14) (0.11)

Be=1 0.84 0.84 0.90 0.94 0.97 1.00

(0.15) (0.15) (0.18) (0.13) (0.14) (0.11)

n=500 pi=1 0.50 1.00 0.95 1.00 1.00 1.00

(0.11) (0.08) (0.11) (0.08) (0.08) (0.08)

Ba=1 0.87 1.00 0.95 1.00 1.00 1.00

(0.11) (0.08) (0.14) (0.08) (0.08) (0.08)

B3=1 0.37 0.59 0.80 0.77 0.86 0.91

(0.11) (0.09) (0.11) (0.08) (0.09) (0.08)

B4=1 0.84 0.89 0.90 0.94 0.96 0.99

(0.11) (0.09) (0.13) (0.09) (0.09) (0.08)

B5=1 0.37 0.37 0.70 0.73 0.86 0.91

(0.10) (0.10) (0.11) (0.09) (0.10) (0.08)

Be=1 0.84 0.84 0.89 0.93 0.96 0.99

(0.11) (0.11) (0.12) (0.10) (0.10) (0.08)

n=1000 [i=1 0.49 1.00 0.95 1.00 1.00 1.00

(0.08) (0.05) (0.08) (0.05) (0.05) (0.05)

Bo=1 0.87 1.00 0.95 1.00 1.00 1.00

(0.08) (0.05) (0.09) (0.05) (0.05) (0.05)

B3=1 0.37 0.59 0.80 0.77 0.86 0.91

(0.07) (0.06) (0.07) (0.06) (0.06) (0.05)

Bs=1 0.84 0.89 0.91 0.94 0.96 0.99

(0.08) (0.06) (0.09) (0.06) (0.06) (0.05)

B5=1 0.37 0.37 0.70 0.73 0.87 0.91

(0.08) (0.08) (0.08) (0.07) (0.07) (0.05)

Be=1 0.84 0.84 0.89 0.93 0.97 0.99

(0.07) (0.07) (0.09) (0.07) (0.07) (0.06)
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Table 2.15: SP with 25% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 [Si=1 0.60 1.00 0.81 1.00 1.00 1.00

(0.11) (0.11) (0.11) (0.11) (0.11) (0.11)

Bo=1 1.01 1.00 1.09 1.00 1.00 1.00

(0.12) (0.11) (0.13) (0.11) (0.11) (0.11)

B3=1 0.60 0.76 0.81 0.91 1.00 1.00

(0.11) (0.11) (0.11) (0.11) (0.11) (0.11)

B4=1 1.00 1.00 1.08 1.00 1.00 1.00

(0.12) (0.12) (0.13) (0.11) (0.12) (0.11)

B5=1 0.59 0.59 0.76 0.88 0.99 1.00

(0.11) (0.11) (0.12) (0.12) (0.12) (0.11)

Be=1 1.00 1.00 1.06 1.00 1.00 1.00

(0.12) (0.12) (0.13) (0.12) (0.12) (0.11)

n=500 f[1=1 0.60 1.00 0.82 1.00 1.00 1.00

(0.08) (0.08) (0.09) (0.08) (0.08) (0.08)

Ba=1 1.00 1.00 1.08 1.00 1.00 1.00

(0.09) (0.08) (0.10) (0.08) (0.08) (0.08)

B3=1 0.60 0.76 0.82 0.92 1.00 1.00

(0.08) (0.08) (0.08) (0.08) (0.08) (0.08)

B4=1 1.00 1.00 1.09 1.00 1.00 1.00

(0.08) (0.08) (0.09) (0.08) (0.08) (0.08)

B5=1 0.60 0.60 0.76 0.88 1.00 1.00

(0.08) (0.08) (0.08) (0.08) (0.09) (0.08)

Be=1 1.01 1.01 1.07 1.00 1.00 1.00

(0.08) (0.08) (0.09) (0.08) (0.08) (0.08)

n=1000 p[1=1 0.60 1.00 0.82 1.00 1.00 1.00

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

Bo=1 1.00 1.00 1.09 1.00 1.00 1.00

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

B3=1 0.60 0.76 0.82 0.92 1.00 1.00

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

B4=1 1.00 1.00 1.09 1.00 1.00 1.00

(0.06) (0.06) (0.07) (0.06) (0.06) (0.06)

B5=1 0.60 0.60 0.76 0.88 1.00 1.00

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)

Be=1 1.00 1.00 1.07 1.00 1.00 1.00

(0.06) (0.06) (0.06) (0.06) (0.06) (0.06)
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Table 2.16: SP with 50% missing and three timepoints. Simulation results are based on 100
replicates for each combination (standard errors in brackets).

Sample True CC Obs IPW LME LI LOCF
size

n=250 [Si=1 0.19 1.00 0.60 1.00 1.00 1.00

(0.14) (0.11) (0.15) (0.11) (0.11) (0.11)

Bo=1 1.00 1.00 1.12 1.00 1.00 1.00

(0.14) (0.11) (0.18) (0.11) (0.11) (0.11)

B3=1 0.19 0.50 0.60 0.82 1.00 1.00

(0.14) (0.12) (0.15) (0.12) (0.13) (0.11)

B4=1 1.00 1.00 1.11 1.00 1.00 1.00

(0.14) (0.12) (0.18) (0.12) (0.13) (0.11)

B5=1 0.19 0.19 0.49 0.75 1.00 1.00

(0.13) (0.13) (0.14) (0.13) (0.14) (0.11)

Be=1 1.00 1.00 1.08 1.00 1.00 1.00

(0.14) (0.14) (0.17) (0.13) (0.15) (0.11)

n=500 f[1=1 0.19 1.00 0.61 1.00 1.00 1.00

(0.09) (0.08) (0.11) (0.08) (0.08) (0.08)

Ba=1 1.00 1.00 1.12 1.00 1.00 1.00

(0.10) (0.08) (0.13) (0.08) (0.08) (0.08)

B3=1 0.19 0.50 0.61 0.82 1.00 1.00

(0.09) (0.09) (0.10) (0.09) (0.09) (0.08)

B4=1 1.01 1.01 1.12 1.00 1.00 1.00

(0.10) (0.09) (0.14) (0.09) (0.09) (0.08)

B5=1 0.19 0.19 0.49 0.75 1.00 1.00

(0.09) (0.09) (0.10) (0.09) (0.10) (0.08)

Be=1 1.01 1.01 1.09 1.00 1.00 1.00

(0.10) (0.10) (0.12) (0.10) (0.10) (0.08)

n=1000 [i=1 0.19 1.00 0.61 1.00 1.00 1.00

(0.07) (0.05) (0.08) (0.05) (0.05) (0.05)

Bo=1 1.00 1.00 1.13 1.00 1.00 1.00

(0.07) (0.06) (0.10) (0.06) (0.06) (0.06)

B3=1 0.19 0.50 0.61 0.82 1.00 1.00

(0.07) (0.06) (0.08) (0.06) (0.06) (0.05)

B4=1 1.00 1.00 1.12 1.00 1.00 1.00

(0.07) (0.06) (0.10) (0.06) (0.06) (0.06)

B5=1 0.19 0.19 0.49 0.75 1.00 1.00

(0.07) (0.07) (0.07) (0.07) (0.07) (0.06)

Be=1 1.00 1.00 1.09 1.00 1.00 1.00

(0.07) (0.07) (0.09) (0.06) (0.07) (0.06)
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2.4 Applications

2.4.1 Two timepoints data

We consider data from a clinical trial with two treatments and two measurement times
as introduced and analysed by Matthews et al. [2012]. The data are real but not public.
The original trial was randomized and observations were taken pre-randomization and at
two times post-randomization. In their work only the post-randomization observations
were considered. Matthews et al. [2012] state ”For confidentiality reasons we have scaled
all observed responses by the mean and standard deviation of the responses at time 1
and we will refer simply to treatment and response without describing what they are”.
The covariates in this data are only treatment type and time. The parameter vector is

(81, B2, B3, Ba), ignoring the time by treatment interaction. There are 422 subjects.

At time 1, all those subjects provided a response, but 24.4% dropped out by time 2. There
are 212 subjects receiving Treatment A, but only 126 provided a response at time 2 and
the other 86 dropped out hence the missingness percentage is 40.6%. The dropout reason
is not known. For Treatment B, there are 210 subjects, of which 193 subjects continued to
time 2 and hence there are 17 that did not and this gave around 8.1% missingness. Figure
2.1 presents a summary of the data. The left plot shows the mean values at times 1 and 2
of all observed data, split into the two treatment groups. The right plot shows the means
for subjects who completed the trial. Means at time 0 (with no dropout) are not shown,
and both groups have the same values. The impression given by the left plot in that there
is a difference between groups at time 1 but this disappears by time 2. The right plot
shows a different story: There is no difference between treatment groups for those who

complete the trial.

Table 2.17 summarizes the estimates of the coefficients corresponding to the six methods.
The standard errors are shown in Table 2.18 which were calculated using the bootstrap
based on 100 samples. Note 51 and (o generally have smaller standard errors than 3 and
B4 except for the CC method, where 1, B2, 83 and 4 all have about the same standard
errors. The IPW method has higher standard error than the other methods. Note that
CC and Obs give the same results for f3 and 84 as mentioned before in the simulation

study in Section 2.3.

Figures 2.2 and 2.3 show estimated treatment effects and nominal 95% confidence intervals
for the different fitting methods. Figure 2.2 shows estimated coefficients 51 and (s for time
1. Looking at the left plot, for 51, the complete case value is significantly lower than the
others, which might have been expected from Figure 2.1. This is consistent with the
previous simulation results. Turning to Figure 2.3 and time 2, there is high variability for
IPW again. The complete case and observed data methods has the least evidence of a

treatment effect, while LOCF has the most. Complete case, observed data and IPW give
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very similar estimates in both plots with LME, LI and LOCF progressively moving away.

Note that only one of the methods -IPW- requires the dropout process to be modelled.

For this we assume a logistic model 7;(0) = expit(6y + 01Y1;) as in equation (1.5). For
reference, the estimates (and standard errors) are 6y = 1.60 (0.16) and 6, = —1.66 (0.18).

Figure 2.1: Two timepoints data. Left plot: Means of observed data. Right plot: Mean for subjects

who completed the trial.

T
Time 1

Timepoint

T
Time 2

T
Time 1

T
Time 2
Timepoint

Table 2.17: Two timepoints data analysis: Estimates of coefficients 3 for different fitting methods.

g CC Obs IPW LME LI LOCF
£ -027 027 0.15 0.27 027 0.27
B2 -0.08 -0.55 -0.18 -0.55 -0.55 -0.55
B3 -1.10 -1.10 -0.92 -0.74 -0.56 -0.23
Bs -0.10 -0.10 -0.08 -0.41 -0.56 -0.83
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Table 2.18: Standard errors of estimates of coefficients S for different fitting methods.

se(8) CC Obs IPW LME LI LOCF

(B1) 0.07 007 0.13 0.07 007 0.07
se(f2) 0.08 0.09 026 009 0.09 0.09
(Bs) 0.07 0.07 0.12 0.08 0.08 0.09
(Bs) 0.09 0.09 0.19 010 011 0.3

Figure 2.2: Two timepoints example: Estimated coefficients 81 and 33 and nominal 95% confidence
intervals.
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Figure 2.3: Two timepoints example: Estimated coefficients 83 and 84 and nominal 95% confidence
intervals.
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2.4.2 Three timepoints: Schizophrenia data

In this section we present a comparison of the several methods in the analysis of data
from a trial into the treatment of schizophrenia. The trial compared three treatments: A
standard therapy using Haloperidol (Treatment 1), a placebo (Treatment 2), and an exper-
imental therapy using Risperidone (Treatment 3). These data are described in Henderson
et al. [2000], the response is PANSS (positive and negative symptom score, a measure of
mental health, with high values being bad). Values ranged from 30 to 210. Typically we

expect a schizophrenia patient in this clinical trial to have score around 90.

There are in total 518 patients in this study, of which 249 dropped out. Henderson et al.
[2000] stated ”The goal of the study was to compare the three treatments with respect to
their ability to improve (reduce) the mean PANSS score. The patients were observed at
baseline (t =1) and thereafter at weeks 1, 2, 4, 6 and 8 (t=2, 3, 4, 5, 6) of the study”.
The only covariates used here are treatment groups. For this work we will concentrate
on three scheduled measurement times only: At the baseline, week 4, and week 8 i.e. at
times t=(1,4,6).

In Treatment 1 there were 85 subjects, but only 41 subjects provided a response at time 3
and the other 44 subjects dropped out which is equivalent to a 51.8% missing rate. There
were 88 subjects receiving Treatment 2, but only 29 subjects provided a response at time 3
and the other 59 subjects dropped out which is equivalent to 67% missing. Of 345 subjects
receiving Treatment 3, only 199 provided a response at time 3 and the other 146 dropped
out which is equivalent to 42% missing. Hence dropout is the highest in treatment group

2 and the lowest in group 3.
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Figure 2.4 in the left side, shows the observed mean response as a function of time within
each treatment group, i.e. each average is over those patients who have not yet dropped
out. All three groups have a decreasing mean response, perhaps at a slower rate towards
the third timepoint. The overall reduction in mean response within each treatment group
is very roughly from between 90 and 95 to around 70 and 75. This appears close to the
criterion for clinical improvement, which was stated in advance of the trial, to be a re-
duction of 20% in the mean PANSS scores. The decrease in group 2 was smaller overall.
However, at each timepoint these observed means are, necessarily, calculated only from
those subjects who have not yet dropped out. Figure 2.4 in the right side, shows the be-
havior of complete cases: Large differences between groups are evident, with the highest
decrease in the groups 1 and 3 and the lowest in the group 2. Both graphs shows the slope

is dropping more in group 1 and 3, while for group 2 there is more stability (less variability).

Figure 2.4: Schizophrenia data: This figure shows the mean values of observed cases in the left
side and the complete cases in the right side.
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Table 2.19 shows the mean estimates of 3 for the different fitting methods using a saturated
model with a different parameter for each of the treatment by time combinations. Table
2.20 shows the standard errors, which were calculated using the bootstrap based on 100
random samples. As seen before, the CC and IPW methods have higher standard errors
than the other methods. Note that CC and Obs give the same results for 57, Ss and By

as explained earlier.

Table 2.19: Schizophrenia data: Estimates of coefficients § for different fitting methods.

CC Obs IPW LME LI LOCF

B1 86.61 93.44 88.57 93.44 93.44  92.56
B2 89.14 9249 92.22 9249 9249  96.93
B3 91.35 9234 94.43 92.34 92.34 91.42
Ba 73.00 80.02 75.60 82.35 84.42 81.04
Bs 78.14 8529 81.70 86.34 87.27  83.12
Be T72.78 76.34 7552 76.40 76.45  82.55
Br 7432 7432 76.55 79.92 85.74 80.16
Bs 79.38 7938 8219 83.38 88.52 87.23
Bo TLT79 7179 T74.05 73.39 7546 81.41

Table 2.20: Schizophrenia data: Standard error for estimates of coefficients S for different fitting
methods.

CC Obs IPW LME LI LOCF

2.78 198 299 168 1.91 1.98
265 206 281 1.89 1.70 2.06
145 098 144 1.00 1.16 0.98
3.01 2.60 3.25 215 2.77 2.64
2.714 249 292 196 2.75 2.29
155 132 150 1.25 1.40 1.15
295 295 317 248 3.32 2.51
3.35 335 3.53  2.61 4.00 2.60
1.68 1.68 1.67 142 1.52 1.09
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Figures 2.5, 2.6 and 2.7 show estimated treatment effects and nominal 95% confidence
intervals for the different fitting methods for times 1, 2 and 3 respectively. In all figures,
the complete case value is lower than the others. This is consistent with the previous
simulation results. There is high variability for the IPW again, but in Figure 2.7 it is even
higher for the LI. In Figure 2.7 we note that Complete Case and Observed data give very
similar estimates in all plots with IPW, LME, LI and LOCF progressively moving away.

Figure 2.5: Estimated parameters 81, 82 and 83 and nominal 95% confidence intervals.
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Figure 2.6: Estimated parameters 4, 85 and (¢ and nominal 95% confidence intervals.
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Figure 2.7: Estimated parameters 87, 83 and B9 and nominal 95% confidence intervals.
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2.5 Conclusion and Discussion

In this chapter we described several different methods that can be used for longitudinal
data under MCAR, MAR, MNAR and SP dropout assumptions. We found that only IPW
and LME methods give consistent estimates under MAR, while LI is valid under SP. All
of the methods fail to give consistent estimates under MNAR. In addition, we noted that
the standard errors for the coefficients estimated by the IPW are significantly higher than

for other methods.

We note that in CC and Obs methods there is repetition in the results for the second time
in the two timepoints examples or the third time in case of three timepoints examples.
That is because CC are people who make it to the final timepoint. So at that time the
observed data are the complete case people. At earlier times the observed data are CC
plus people who will dropout before the end. We will investigate the LI performance more

in the next chapter.
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Chapter 3

Performance of Linear Increment
Method Under Shared Parameter,
MAR and MNAR Dropout

3.1 Introduction

In this chapter we investigate the linear increment method (LI) and provide a discussion
of the general model and its assumptions following Diggle et al. [2007]. Furthermore, we
discuss the definition of independent censoring as introduced by Diggle et al. [2007]. We
take the two timepoints situation as a special case and investigate how the LI method
performs under shared parameter, MAR and MNAR dropout. Derivation and illustration
of theoretical least false values are made under MAR and MNAR dropout. To check, we
compare the theoretical least false values with simulation results for selected parameter
combinations. An alternative technique was presented in Aalen and Gunnes [2010], who
introduced a similar method that does not rely on a model for the missingness mechanism
as we do. Using the linear increments model, they introduced a dynamic approach for

reconstructing longitudinal data with missing observations.

In Section 3.2 we introduce the general model and the notation which we will use for
all our analyses. Section 3.3 introduces the two timepoints situation as a special case.
It includes brief details of how to use the extended skewed normal density to find the
expectations needed. Section 3.4 presents the results from analyses of different simulation

studies. Finally, in Section 3.5 we discuss all of our results and give some closing remarks.
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3.2 The General Model

3.2.1 Assumptions

The linear increment model for analysing longitudinal data with dropouts was introduced
by Farewell [2006]. Longitudinal data analysis methods often consider the marginal Gen-
eralized Estimating Equations (GEE) approach. However, this approach does not make
efficient use of time ordering for the process. Diggle et al. [2007] and Aalen and Gunnes
[2010] pointed out the advantages of using the linear increments models to analyse the

dynamic structure of longitudinal data with dropout.

Using the notation found in Diggle et al. [2007], we denote the true history to time ¢ by
4G, ={Y(s),X(s),€e(s) : s=1,...,t}, which includes the response process Y, the covariates
X and the measurement error process €, up to and including time ¢. We will assume that
the covariates X (t) are obtained and are known immediately before time ¢, this timepoint
could be ¢t — 1 or at time 0 for those covariates known at baseline. Then the true history

just before t is defined as:

G- =41 U{X (1)} (3.1)

which includes all information associated with Y, X and e that are available strictly before
time ¢. Thus we can say that X (¢) might include time varying covariates. We can also
consider a dynamic process for the dropout. Let R; be an indicator process for subject i,
with R;(t) = 1 if subject ¢ has not dropped out at time ¢ and is remaining in the study,
and R;(t) = 0 otherwise. We let %, be the history of these indicator processes up to time
t. And let Z;_ to be the history of the dropout process immediately before time t¢.

We denote the history of the observed data X, Y and R as defined in Diggle et al. [2007]

as

7
Fie = Fri U{X(1), R(E)}.
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The increments in Y (¢) are defined as AY (t) =Y (¢) — Y (¢t — 1).

Diggle et al. [2007] proposed a linear increment model of the following form:
t
Y(t)=> X(s)B(s) + M(t) + €(t) (3.2)

s=1

where €(t) is a pure noise term, independent of other components, M (t) is a random effect

and [3(s) is a vector of time-varying effects. There are three key components to the model.

e Martingale error structure. Diggle et al. [2007] assume that the random effect is

a martingale process. In words a martingale is a sequence of random variables (a
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stochastic process) with the criterion that the conditional expectation of the next
value in the sequence is equal to the present observed value, and this does not depend
otherwise on earlier values. In general, M(t) is a martingale, hence it meets the
condition of E[M(1)] =0 and E[M(2)|M(1)] = M(1) and E[M(t) — M(t —1)] = 0.

e Linear model for changes in expected Y. We will consider this form for our models:
EIAY (8){%_] = EIY (t) - Y (t - 1)|%_] (3.3)

where at time ¢, the mean response of Y (t) is

t

E[Y(#)|%-] = E[(Q_X(s)B(s) + M(t) +e(1))|%-]
s=1

t

= B[ X(s)8(s)|%-] + E[M(1)|%-] + E[e(t)|%,-]
s=1

= X(1)B(1) + X(2)B(2) + -
+OX(- DB - 1) + X(OB() + EIM(®)|%-] + Ele(t)| %)

Note that E[e(t)|%—] = 0 since there is no information available about e(t) before

time ¢. Similarly at time ¢t — 1
t—1
EY(t-1)%-] = E[>_X(s)8(s)+ M(t —1) +e(t —1)]
s=1

t—1
= E[Y_ X(s)8(s)] + E[M(t — 1)] + E[e(t - 1)]
s=1

X(1)B) + X(2)F(2) + -
+ OX(E—1)B(t—1)+ M(t—1) +e(t —1).

Thus, using the martingale structure that E[M (t)|4;—] = M (t — 1), we have
EY(®) - Y(t-1)% ] = X)) —e(t—1) (3.4)

where €(t — 1) is the measurement error at time ¢ — 1. Note that we have the
measurement error on the left at t— which is continuous time, while on the right
we have t — 1, as it is in discrete time. Simply we can say the mean difference of
measurement error is —e(t — 1), since there is no information available about €(t)
before time ¢ while earlier values are known through %,_. Diggle et al. [2007] put
forward an idea which links the stochastic processes to the linear increment as the
following: They state ”Incremental models correspond, on the cumulative scale, to
models where the residuals form a kind of random walk, which can be thought of as

additional random effects. To see this, the notion of a transform from the theory of
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discrete stochastic processes is required.” For a reference in the Theory of Discrete
Stochastic Processes see Williams [1991]. Define the cumulative regression functions,
as in Diggle et al. [2007] as

The transform of B by X, is given by:

t t

X.B(t) =Y X(s){B(s) -~ B(s = 1)} = > _ X(s)B(s). (3.5)

s=1 s=1

It follows that the dynamic linear increments model (3.4) now can be written in the

form

Y(t) = X.B(t) + M(t) + €(t) (3.6)
where X.B(t) is defined in equation (3.5).

e Independent censoring: The model meets the condition

EAY ()%, %] = EIAY (1)%-]. (3.7)

This means that additional knowledge of previous observation patterns does not affect the
expected increment given that the time history of X (¢) and Y (¢) is known.

In the following we will work through the theory of Section 4 in Diggle et al. [2007] to
build a model in our terminology for two timepoints as a special case. We will show that
the model we use later in this chapter (Section 3.3) is a special case of the general model
here. We will assume one time constant covariate x, and let Y be always observed at time
1, so that at the baseline we observe Y7, R, and x. Moreover at time 2, if R = 1, then we

observe Y5 as well. Here

G ={Y1,Ys, x, e1,6},% = {Y1, z, e1},

(3.8)
Fy = {Ylayv% z, R}7 F1 = {Yl’ l‘}, K2 = {R}

For instance, at time 2; equation (3.7) will be : E[AY (2)|%,_, %>_] = E[Yo—Y1|z, Y1, €1, R).

In our context z is a time constant scalar and the model in (3.2) for time 1 is:
Yy = B1 + Box + My + €. (3.9)
Then, the increment model defined in (3.4) is:
Yo—Yi =y +vr+ (Me— M) +e—e (3.10)

where v1 = 3 — 1 and 2 = B4 — .
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Note M; can be found from Y7, x, and €1, thus at time 2:

Ys

(Br+71) + (B2 +72)x + My + €2
= B3+ fax+ Mz + €. (3.11)

In addition, at time 1: B transform z is (x.B)(1) = f1 + B2z, hence the model defined
in (3.6) will be: Y7 = 81 + Bax + M1 + €1, and this matches the result in equation (3.9).
Similarly, at time 2: (2.B)(2) = (1 + 71) + (B2 + 72)z, and the model defined in (3.6)
will be: Yo = (81 +71) + (B2 + 72)x + Ma + €3. In other words, Yo = 83 + B4z + My + €9,
and this matches the result in equation (3.11). Note that we will discuss the special case

when My = M in the next section, and we will assume My = M7 = U ~ N(0, 0121).

3.2.2 No missingness case

First we consider the case that there is no missingness, i.e. for now the complete case is
considered. Following Diggle et al. [2007] Section 4.1.1 we assume we observe Ys, then
the true histories at time 0, 1, 2 respectively are as follows. At time 0, we have % = {x}.
At time 1 we have 4 = {x,Y7,€e1}. At time 2 % = {z,Y],Ys, €1, €62}, where € and e
are the measurement errors. Note that for simplicity, we set Y (0) = €(0) = 0. Since z is
time-fixed then X (t) = X (¢ — 1) = =, and the true history defined in (3.1) for this case
(no missingness) is 4, = %1 U{z} = % _1. Hence the linear increment model as defined
in (3.4) is: E[AY (t)|%4-] = X (t)5(t) — e(t — 1). Note that the unconditional expectation
is E[AY (t)] = X (¢t)B(t) as the expected error is zero.

For example: The general model for time 1:

E[AY (1)|%] = E[Y1 — Yo%) = E[Yi|z] = X (1)(1)where (1) = < gz )

and X (1) = ( 1 2z ) thus E[AY (1)|%)] = B1 + Boz.
Similarly the general model for time 2 is:
E[AY (2)|41] = E[Y(9) — Y)lz, Y1, 61] = X(2)B(2) — €(1) =71 + 127 — €1

where ¢4 = {z,Y1, €1}, €1 is the measurement error, 3(2) = = Bs =P
72 B4 — B2

and X(2) = < 1 x ) This corresponds to Assumption 1. Again the unconditional ex-

pectation is E[AY (2)] = 1 + 2 as the expected error is zero.

3.2.3 The dropout case

Here we will illustrate the role of history (¢, .#,%) defined previously in (3.8) now in the

case of two timepoints. Suppose we always observe Y] in sequence R; = 1, and we might
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observe Yy some times but not always because of dropout. Thus we must treat Ry as a
random variable, say Re = R, and the process is R;. Hence #; = {.}, %> = {R}.

The true history will be the same as its definition in the previous section under the no
missingness case because it does not contain R. The observed history at time 0, 1, 2
respectively is: At time 0 %, = {z}, at time 1 % = {z,Y1, R}, and at time 2 Fy =
{z,Y1,Y3, R}. Note this is different from ¢, as here there is no e. In general, we will
assume

EAY (0%, %] = E[AY ()%, ].

It follows that
E[AY(t)\:&Yl, €1, R] = Y1 + Y2 — €1

and this corresponds to Assumption 3.
We want to find E[AY (¢)|.%:—] from E[AY (t)|%4—]. In general

Ey, 17, [X(®)B(t)—e(t=1)|%-] = Eqz,_[X(@)B(t) —e(t—1)] = X(¢)B(t) - Ele(t—1)[-F].

For example at t = 1, E[AY (1)|.%1-] = E[Y1|x] = b1 + Saz — Ele1|z], we have assumed €;
is independent of z, and E[e1|x] = 0. Therefore, E[Y1|x] = 1 + fox as expected. Also at
t =2, E[AY (2)|%2—] = 71 + 72z — Elea|x, R, Y1] = 71 + 727, again as expected.

3.3 Two Timepoints As a Special Case

We will use the longitudinal model defined in the Introduction for two timepoints to gener-
ate the data and the missingness model. In the following we will explore the independent
censoring assumption before continuing to investigate how the LI method performs under
shared parameter, MAR and MNAR dropout.

3.3.1 Independent censoring

Here we investigate whether our models satisfy the independent censoring assumption
(3.7). In the following will explore the SP, MAR and MNAR models and show if the
independent censoring assumption is valid.

Shared parameter

The shared parameter dropout model is defined as:

600+91 U

P(R=1\U) = a0

where U is a subject specific random effect. We want to investigate if this is independent

censoring.

It is clear that in this model R depends on U, therefore knowing R tells us about U.
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To be independent censoring, we have to verify (3.7) which says E[AY (t)|%—, %—] =
E[AY (t)|%—]. We attempt to rewrite this in our terminology. On the left hand side of (3.7)
we have %_ = {z,Y1,e1}, Z— = {R} then E[AY (t)|%—,%:—] = E[AY (t)|z, Y1, €1, R].
Now, since R depends on U, therefore E[Ys — Yi|z,Y1,€1, R] = E[Y2 — Yi|z,Y1,€1,U, R],

but here we assume U is known anyway. Then,
E[YQ - Yl’ﬂf,Yl,El, U7 R] = E[YQ - Yl’f,Yl,ﬁl, U] = E[}/Q - Yl‘x7Y1761]

and this matches the right hand side of (3.7). Thus AY is independent of R, and so it is

independent censoring.

MAR
The MAR dropout model is defined as:

ebo+01Y1

P(R=1Y) = g

We want to investigate if this is independent censoring.

We will adopt a similar approach to investigating the shared parameter. Here we know

that R depends on Yi. In other words, knowing Y7 tells us about R, therefore
E[Y2 - Y1|.’L', Y17 €1, R] = E[YQ - Y1|xa Yl) 61]
thus AY is conditionally independent of R, and so it is independent censoring.

MNAR
The MNAR dropout model is defined as:

efo+01Y1+62Y2

P(R=1Y1,Y2) = G5 vioy

We want to investigate if this is independent censoring.

Clearly R depends on Y7 and Y, and hence this is not independent censoring because
E[YQ - YI‘J;;YI;el?R] 7£ E[YQ - }/’1’1.7)/1’ 61]'

3.3.2 Linear increment method with two timepoints

Instead of writing AY(2), we will let D; = Y3; — Y3;. We assume the correct model for

responses, i.e.:

E[Y1i] = B1 + fax; and E[Y2] = B3 + fax;.
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So for fully observed data
E[Dj] = (B3 — B1) + (Ba — B2)xi = 11 + y2xi  say.

We will estimate (1, f2) by ordinary least squares (OLS) of Y7 on z, and (v1,72) by OLS

of D on z whenever R = 1. Then we take
B3 =1 +41 and By = B + 4.
From simple linear regression we know

s oo Vi — ) o s
Be = =55 —— and (1 =Y — [o7.
Zizl(‘ri —T)?

The extra random variable R complicates the behavior at time 2, but we have

TL RiDi I, —m R R R7D " E
= Zlgl ( — 1 2) and == —Y2=- (312)
Zi:l Rz(acz — Rx/R) R R

V2

For example, the Rx/R term arises as we use the mean x amongst observed values, which
can be written as > ;" | Riz;/ Y ;- ; R;. Dividing top and bottom by n allows us to change
the sums to means which is helpful for later use of the laws of large numbers (LLN), for
reference see Ross [2009]. We will study what happens to the estimates under the three
different dropout models, as n increases.

Now let n — oco. There are five fundamental variables: U, €1, €5, R and x. At times
(including in this part) it may be more convenient to work with Y7, Y2 and/or D instead
of U, ¢; and e3. Note that Bl and Bg depend only on Yy; and z;, both of which are
always observed, and we can deal with these without referring to the dropout model. We
use a superscript * to imply the limiting value. We will go through this in full, even
though it is standard from linear regression, to illustrate the methods to come. We will
use subscripts to indicate which variables we are considering when taking expectations,
unless it is perfectly clear.

As the sample size increases, the sample means converge to the corresponding expected

values. This implies that

. B (VM —Ea))} | Er By (N1} (2 — Eyla))]
ol = TR la-Ba)?) Bl B2
E, [(8¢ + 89 (x — Ex[a])]
E, {(x - Em[x])Q}
B E.(x — E.[z])
= N {e—Bay

= 85

¢ Ex [z(x — E[z])
2

]
2 Ey {(z — Eg[z])?}
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as Eyl‘x[Yl] = ﬁf + ﬁQGx, E.(x — E;[z]) =0 and E, [z(x — E;[z])] = E, {(az - Ex[x])Q}

Similarly

~

BL— B = E{Ey,,[Y1] -5 L]} = By {BY + Sz — B3 Ey[z]}
= B + B5 Eulz] — B3 Ex[z] = BY.

Hence for large samples our estimates at time 1 will converge to the correct (generating)

values. To repeat, this is obvious but helps to illustrate the methods to come.

The coefficients in the model for D are of most interest. As n increases, the LLN implies

that 42 converges to 5 given by

E{RD(x — E[Rz]/E[R))}

y > = 3.13
7 B (R(e— BIRa/BIR)) 1
and E[RD] , E[Rd]
x
) [ = — 75 . 3.14
To make the calculation easier, we can rewrite 75 defined in (3.13) as:
E|RDz| — E|RD|E|Rz|/ER
[RDz) — B[RD)E[Rs)/E[F) -

7 E[Ra?] - (B[R<)?/E[R]
3.3.3 Performance under shared parameter dropout

We start with equations (3.14) and (3.15). The shared parameter dropout model is
P(R =1|U) = expit (6o + 6, U)

and the expectation in equations (3.14) and (3.15) is with respect to the five variables: U,
€1, €2, R and .
First consider €; and e5. Neither R nor x are affected by these and so if we take expectation

with respect to them, only D is affected and
Eel,ez‘iv {D} = ’YIG + ’YQG’:E

Note that we did not write £, .,y as €1, €2 are independent of U (and indeed z, but D
depends on x so we left that in).
So

. _ . E{R@ - E[R2)/E[R)} oE{Rx(z - E[Rx]/E[R])}
72 = W E{R(x - E[Ra]/ER))?} | " E{R(x — E[Rx]/E[R])?}

where the expectation is now with respect to U, R and x. Under the SP model (1.9),
R depends on U but not . So E[Rzx| = E[R]E[z] and we can deal with the inner
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expectations:

.o E{R@—EQ)}  GE{Ru(z— Ef))}
2T N E{R(w - BE@)?) 2 E{R(x - Blz])?}’

Once more R is independent of z and

vi = G Eru|R|E; {(z — Elz])} oG Eryul[RIE{x(x — Elx])}
2 " ErulRIE: {(z — E[2])2} * * EgpulR|E, {(z — E[z])?}
G
= ’y2

as required. Similarly

E[RD] . E[Rz]

— B[D] - +§Bla]
= A 4 AEEl] 2§ Bl
= ’71-

So 1 and vy converge to the correct values, and in turn so do Bg and 34 respectively,
and this means that the linear increment method provides consistent estimates under the

shared parameter dropout model.

3.3.4 Performance under MAR

The MAR dropout model is:

90+91Y1

P(R=1%) = = expit(fp + 61Y1).

1 + efo+01Y1

Recall the results in the previous chapter, where we found that the LI does not seem to
work under the MAR assumption. Now we will investigate the bias that occurs in the
parameters of the LI model. To see how the LI method works under the MAR model,
we will apply the MAR assumptions to the equations (3.14) and (3.15). Under MAR, R
depends on z through Y7, so E[Rz| # E[R|E[z]. To make progress we can use an approx-
imation based on the extended skew normal (ESN) to deal with the inner expectations.
The definition of the ESN is found in the following section.

The Extended Skew Normal Distribution (ESN)

The ESN distribution is described in Johnson et al. [1995]. We will consider the definition

and notation that was given in Ho et al. [2012]. A random variable w has an extended
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skew normal distribution, ESN (0,02, o, v), if it has density:

_ ¢(w; 0, 02)®(aw + v)

@ (V/m)

where ¢(.;0,Y) is the normal density with mean 0 and dispersion X' and &(.) denotes the

(3.16)

distribution function of a standard normal. Note that f(w) is a density function, then the

integration of f(w) over w equals 1 which implies:

/ o(w; 0,02 (aw—i—y)dw:@(u/m). (3.17)

The moment generating function (MGF) is

e%gat2¢ |: ao? t+v :|

J+ato?,

M(t) = E[e'"] = . (3.18)
o {V/\/l + ozza?u}
Hence, the expectation of w is:
’ O[O'2 v
Elw] = M (t)1=o L () (3.19)

where 7 = v(1 + a?02)7 2.
The second moment is:

2
7" w \/ 1+O¢20'12U
E[w?] = M (t)j= = : (3.20)

Further details are in Appendix A.1.

In the section below, we will be interested in integrals that can be written in terms of

ESN. In particular

/ é(w; 0,02)P(aw + v) dw @(u/m) = (D). (3.21)

/ wo(w:0,02)8(0w + v)dw = @ (v//IT a?03) Blu] = #(7)Elu)

~ o) acy  $(v)
V14 o202 (V)
_ 0%dln) (3.22)

V1+a202

|
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and

/ w? ¢(w;0,02)P(aw +v)dw = & (V/W) Elw?]

= &(v)E[w?]
02 B(7) — (22 26(7)
. 7 \ 1+a202
- 2(0)
OLO'2
= 02 &) - Y )2p(1) (3.23)

3.3.5 Performance under MAR (continued) using ESN

Looking at the components of the equation (3.15), we need to find E[R], E[Rz|, E[RD],
E[R2?) and E[RDz] .

e As we know F[R| = E[E[R|xz]], thus we have to calculate E[R|x] first, then we can
find E[R]. Note that under MAR, R does not depend on €3 as it depends only on
z, U and ¢;. We have

E[R|x] = /OOP(R:1|x,61,U)f(61,U)d61dU

= / eXpit{90 +01Y1}f(61,U) de; dU

—0o0

= /OO expit{fy + 01(B1 + Box) + 01 (U + €1)} f(e1,U) dey AU

—00

= / expit{ K1 + 61w } f(w1) dwy, say,

—00

where

wy = € +U (3.24)
K1 = 0o+ 0181+ Bax). (3.25)

We now use an approximation of the expit to the cumulative normal, see Johnson

et al. [1995]:
16v/3
expit(z) = ®(cz), c = \f (3.26)
157
Therefore:
E[Rla] ~ / BLe(Ky + Orwn)} f(wr) dws.
From equation (3.24) w; = € + U and we assumed in our model in (1.1) that

€1 ~ N(0,02) and U ~ N(0,0%). Hence we can say that w; is normally distributed
2

with mean 0 and variance o2, , i.e w1 ~ N(0,02 ), where 02, = o2 + o, which
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allows us to replace f(wi) with ¢(w1;0,02,) and

E[Rja] ~ /_ S{c(K, + 0rwn)}d(wr; 0,02, ) duwi.

The integral is now equivalent to the numerator in (3.16) i.e. the pdf of ESN. We

can thus use equation (3.21) to obtain

CK1

| \/1+ 20302,

—0(90 + 601(B1 + f2x))

ERjz] ~ &

= ¢
EERVAR G
= @(Al + A2x) (327)

where we have used equation (3.25) to replace K; and we have defined 4; =
> (00 + 6181) and Ay = ————(613).

,/1—&-020%05}1 1/1—&-029%0%1

Now we can find E[R] by integrating the above expectation in (3.27) over z. Recall
that 2 ~ N(0,02) so

E[R] = E[E[R|z]]
/ B(A; + Asx)d(z;0,0%)dx

—00

Q

then we use equation (3.21) to obtain

Ay
E[R] =~ =
1+ (Agoy)
= &(1n) (3.28)
where 1) = ——41L__.
LT V(A2
e We can calculate E[Rz], using
E[Rz] = E[zE[R|z]]
~ / @ {A; + Agz} ¢(x;0,02)dx.

We can use formula (3.22) to perform the integration, and the result obtained is:

BlRe) = 22 ¢< s )Z A2 40 (3.20)

V1+AZ02 "\ \/1+ Ado2 V' 1+ Ado?
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e We now turn to E[RD], where D = Ys — Y] = 71 4+ 722 + €2 — €1. Clearly

E[RD] = E[R(m + 727+ € — €1)]
= ’ylE[R] + ’)/QE[RSC} + E[RGQ} — E[Reﬂ. (330)

Note that under MAR, we have E[Reg] = 0, so
E[RD} = ’ylE[R] + ’)’QE[R.T} — E[Rﬁﬂ. (3.31)

We need to calculate E[Rei] = E, [e1 E[R]e1]]. Consider first

B[R] — /mmRzu%%Uﬁ@Ummw
= /00 expit{fy + 61Y1} f(z,U) dz dU
= /Ooexpit{eo—i-Hl(ﬁl + fox +U + €)} f(z,U) da dU.

Let wo = Ko + 0161 and w3 = Box + U, where Ko = 0y + 6151. Then the variance of

ws is 02, = B30% 4 of, and the above equation can be rewritten as:

o0

E[R’Gl] = / expit{wg + leg}f(wg) dws.

—00

We now approximate the expit(z) by {@(cz)}, and since wz ~ N(0,02,) we can say:

E[R|e1] =~ /OO D{c(wa + 01 w3) }p(ws; 0, 012”3) dws

—00

C w9
\/1+ 20702,

Now re arranging the quantity inside we write

= ¢

E[R|e1] =~ @&[A3+ Ase]

where Ay = <Wot0B) 4nq 4, = chy

A /1+c29%aﬁ,3 A /1+c20%cr12u3 '
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Now we want to find E[Re;]|. This is

E[Re] = EqlaE[R|el]]
Ee,[e19 [A3 + Ageq]]
aP A3 + A461] f(el) dep

Q

\\

P [Az + Ager] $(e130,07)) dey

B 0621144 gb A3
\% 1+A4021 1/1+A3021
2 A
_ M(ﬁ(,@) (3.32)

\/1 —I—A40‘31

where we have used (3.22) and we have defined vy = Az

/ 1+A20521 ’

(3.28), (3.29), and (3.32), we can now calculate the components required to build up
equation (3.31) to get the value of E[RD] as will be shown later.

From equations

e We turn now to E[RDz]|. We have

E[RDz] = FE[Rz(y1 + ez + € —€1)]
= 71E[Rz] +v2E[R2’] + E[Rzey] — E[Rxe]

and again, under MAR E[Rxez] = 0. Then
E[RDz] = 1 E[Rx] + v E[Rz?] — E[Rzxe1]. (3.33)

It follows that we still need also to calculate E[Rx?] and E[Rxei]. We start with:

E[Rz?] = E,[2°E[R|z]]
~ /00 2P { Ay + Asz} é(x;0,02)da.

Using form (3.23)

02 2
ElR:Y ~ @[] - w (%) olw]. (3.34)
20

e To calculate E[Rxe1] we need several stages. First

E[Rze] = ///x €1 expit{fy + 01(B1 + Bax + U +€1)} f(U) f(e1) f(x)dU dey de.
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Using the approximation of the expit, then

E[Rea] ~ ///m e1 B{c(8o + 01(B1 + Box + U + 1))} F(U) f(er) F(2)dU dey da.

First we will integrate out U,

ElRue] ~ //;m {/@{c 0o + 01 (Br + oz + U + 1))} F(U )dU} 1) f() der da.
(3.35)

We consider the inner integral, with €; and x treated as constants:

/@{C(9o+91(51+ﬁ2$+U+61))}f(U)dU = /@{K3+K4U}f(U)dU

where K3 = c(fg + 01(61 + B2z + €1)) and K4 = cby. Since U ~ N(0,0%) we can

write this as

/@{0(904-91(,31 +Px+U+e))} f(U)AU = /@{K3+K4U} ¢(U;0,O’2U) dU.

This is of the form (3.21) and so

K
/ S{c(ly+ 011 + fox + U +e))} fU)AU = & ’ (3.36)
1+ (Ky0%)?
We will now consider €;. Equation (3.36) allows (3.35) to be written as:
K
qu //.22‘61215 S S f(El)f( )dq dx.
1+ (K4JU)

Replacing K3 by its value and letting K5 = C(evﬁf ;3;'3:)126 2% and Kg = %,

then
E[Rzei] ~ / / re1 B{Ks + Koo} f(e1) f(x) dey da
-/ { / 61¢{K5+K661}f(61)d61}f(x)dl’- (3.37)

Again we consider the inner integral, with x now treated as constant. Since €3 ~

N(0,02) we can write this as

/61@{K5+K661}f(€1)d61 = /Glé{K5+K6€1}¢(617 ’ el)del
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This matches the form (3.22), thus

Kg o? K;5
/ a1 P{Ks + Keer} fe)der = —¢ (
\/1+(K60'€1 \/1 [{60'61
= K7 ¢(Ks+ Kox) (3.38)
where K7 = Ko o2y — _cot0181) 14 Ko = — bz

/1+(Ks ael 2’ T V14 (Kaop)?
back to (3.37) using the result in (3.38):

W. Now we will go

E[Rze1] = K7/$¢(K8+K9:U)f(x)d:p.

Since x ~ N(0,02), thus

E[Rze)] = Ky /.Z‘qb(Kg + Kox)p(x;0,02)dz.
Now we will use the result of Appendix A.2 to find the above integration. It follows
that:
KsK
E[Rze)] = —Ky 87936_%K10 = As (3.39)
(K2+1)2
where Kjg = i
10 = KZ41-

We now have all the terms needed for the limiting value 75 defined in equation (3.15)
and 7f defined in equation (3.14), which can be calculated from equations (3.33), (3.31),
(3.29), (3.28) and (3.34). We do not write the full expression because of the length. But

to summarise:

E[RDz] = mE[Rz] +y2E[Rz? — E[Rxe]
- 0'%142 A2 032; ’
~ ’717%1+A%a%¢(7/1)+72 Pl] — 11 N ¢ln] p — As. (3.40)
E[RD] = mE[R]+v2E[Rz] — E[Re ]
2A2 2 A4
~ nP(r) + 72 \/ﬁﬂ V) ¢ — (\/TWM v2)). (3.41)
E[Rx] = \/ﬁcﬁ( V). (3.42)
E[R] = &(11). (3.43)
21 o As o} i
E[Rz"] ~ @] —1n W o] (3.44)
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Then ;5 can be calculated from (3.40) to (3.44). We will investigate numerically in Section

3.4. Before then we look at performance under MNAR.

3.3.6 Performance under MNAR

To see how the LI method works under the MNAR model defined in (1.7), we will apply
the MNAR assumptions to the equations (3.15) and (3.14), where the expectation is with
respect to the four variables: €1, €3, R and =z.

Under the MNAR dropout model, R depends on z. So E[Rz] # E[R]E[x] and we have to
use the approximation to the extended skew normal (ESN) to deal with the inner expec-
tations.

For simplicity, we choose #; = 0, so we do not need to worry about Y7, which will make
the integrals easier for this description. Calculations for general 0; have been completed

(and are used later in the thesis).

We need to calculate E[R], E[Rz], E[Rz?], E[RD], E[RD z|. In turn,
E[RD] = E[R(71 + 72z + €2 — €1)] = M E[R] + 2E[Ra] + E[Rey] — E[Re]  (3.45)
and
E[RDz] = E[Rx(y1 + Y27 + €3 — €1)] = 1 E[Rx] + 12 E[R2?] + E[Rxes] — E[Rxer] (3.46)

meaning we need E[R|, E[Rx|, E[Rx?], E[Res], [Rxes], E[Re1], [Rxer]. Because we have
taken #; = 0, R is independent of ¢; and so E[Re;] = [Rze;] = 0, and these terms are
easily dealt with. In order to obtain the other terms, we will consider nested expectations
beginning with R conditioned upon x and €s, just as in the previous section. Then we can

use similar methods to those for the MAR assumption. Details are omitted but the final
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results are:

Rlx,eq] =~ @
[ | 2] \/14— C@QO’U ]
[Rlea] =~ ¢[F4+F5e2
ER] ~ & (3.47)
1 + F50€2
ER|z] ~ &
1 + F7U€2
o2
F
E[Rz] = —9¢>( (3.48)
1+ (Fgo‘x)
Fyo?
E[Rz%] ~ —th(———)?p(1) + 02&(1% 3.49
[Rz”] 2 1+(F9%)2) ¢ (72) (72) (3.49)
02F5
FE|Re = —2 - & 3.50
) (3.50
_ BsBs  —3h
E[REQ CC] == 7KW6 6 (351)
h F =0 0 Fae cf) Fy—_<(0+6255) Fry= b
where, F = 0y + 2(53+54$+62) 3= clafs, Fy (R0 N
= o —f 3 = (0o + 02/33]
\/1+(F50'52) 1+ Fgo’z \/1+(F70'€2) \/1+(6920'U)
d Fy =
an 9 \/1+(F70'62 \/1+ chaoyr) [ 254]
Therefore, equation (3.45) will be:
F, o2F ’F
E[RD) ~ 1@ | — e S B
\/1—|—(F50'62 \/1—|- FgO’m \/1+ }’_‘50'62
(3.52)

Similarly, equation (3.46) will be:

BIRDa] ~ 11 | ——ZE2 o) | + 7 [ =2 V26() + o20(%)
' 1+ (F90'x)2 ’ ’ ’ 1+ (F9Um)2 ’ ’ ’

Bs Bg *%Bfil
(Bs+1)32° )

+(-K

(3.53)

Now, we have all of the components of (3.45)and (3.46) needed to find the limiting values
~1 and 5 defined in equations (3.15) and (3.14).

In the next section we will show the numerical results of the work which has been done in
theory to investigate the performance of the LI under MAR and MNAR.
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3.4 Numerical Investigation

We will undertake a numerical investigation in two parts. In the first part we want to
check that the theory for our least false values is correct. In the second part we explore in
detail how the misspecification affects the v estimates, using the theoretical results. Now
that we have working formulas there is no need for simulations here. For example, we
produce contour plots to show how the vs change when the MAR or MNAR coefficients
0 are changed. First we show the limiting values 7 and 75 calculated from equations
(3.40) to (3.44) for MAR work, and from equations (3.47) to (3.53) in the MNAR section,
and demonstrate through simulations that they are correct by comparing the expected
value which is calculated from the formulas mentioned above with the observed values
which are calculated from equation (3.12). We generated a scalar N(0,1) variable z,
then we generated the longitudinal means p; =431 + B2, po=pB3 + Bsx. This was followed
by (Y1,Y2) from a bivariate normal distribution with mean (u1,u2). Missingness was
generated from equations (1.5), (1.7) and (1.10) for the models MAR, MNAR and SP
respectively. In all of the following simulations, unless it is stated otherwise, we take the
parameters 0, = 0o, = 0., = oy = V0.5, B=(—2, -2, —1,—1) (and then v; = v, = 1),
(657, 0;7) = (0,4/0.5) and for MNAR we choose 67V = 0, so we do not worry about Y7,
which has made the integrals in the theoretical parts easier. We will choose the MAR and
MNAR parameters 0 to give a similar dropout rate to SP. This choice of parameters will

keep the dropout percentage always at about 50%. See Appendix A.3.

First we want to know at what n can we be confident that the theory is reasonable. We
compare the theoretical results with the simulated as n increases, with results shown in
Table 3.1 and Table 3.2. Based on this result for each set of parameters we studied sample
size of 50000. In addition, 95% nominal confidence intervals (CI) for the expectations
under SP, MAR and MNAR are shown in Table 3.3, Table 3.4 and Table 3.5 respectively.

Secondly, we will try to find several combinations of (6, 61, 62) under fixed 5 and for given
variances 02 = 1, oy = 0., = 0., = /0.5 to keep the total amount of the dropout fixed
at about 50%. We will study the effect of changing s. Table 3.10 and Table 3.11 show
this effect. In each table the absolute value of the bias in the limiting values ] and 73
is calculated. Then, for a given 6 (and dropout), we will study the effect of changing the

variance parameters. The result are shown in Table 3.12 and Table 3.13.
Finally we produced contour plots shown in Figure 3.1 to Figure 3.4

3.4.1 Comparing the theoretical results with the simulated as n in-
creases

Here we attempt to show what happens as sample size increases, i.e. at what n can we
be confident that the theory is reasonable. Results at n = 50000 show that the simulated
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means all match the theoretical approximations very well, which supports the use of the

theory. The simulations are denoted by for example R, and the least false approximations

by for example E[R)].

Table 3.1: Comparison of simulated and least false values for n = 1000

n SP  MAR MNAR

1000 R 0.49  0.49 0.51
E|R] 0.50  0.50 0.50
Rz -0.01 -0.20 -0.09
E[Rx] 0.00 -0.20 -0.11
RD 0.46  0.22 0.46
E[RD] 050 0.25 0.45
RDz 0.40 0.31 0.41
E[RDz] 0.50 0.30 0.39
Ra? 045 051  0.48
E[Rz?] 050 050  0.50
o] 0.96 0.84 1.07
v 1.00  0.88 1.11
Yo 0.91 0.93 1.04
4 1.00  0.95 1.02
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Table 3.2: Comparison of simulated and least false values for n = 10000, 50000

n SP  MAR MNAR
10000 R 0.50 0.50 0.50
E[R] 0.50 0.50 0.50

Rx 0.01 -0.20 -0.10
E[Rz] 000 -020 -0.11
RD 0.51 0.24 0.45
E[RD] 050 0.25 0.45
RDzx 0.50 0.31 0.42
E[RDz] 0.50 0.30 0.39
Ra? 0.50 051  0.52
E[Rz?] 050 0.50  0.50

T 1.01  0.85 1.12

o 1.00 0.88 1.11

Yo 1.00  0.94 1.02

o 1.00  0.95 1.02
50000 R 0.50 0.50 0.49
E|R] 0.50 0.50 0.50

Rx 0.00 -0.20  -0.11
E[Rr] 000 -020 -0.11
RD 0.50 0.25 0.44
E[RD] 050 0.25 0.45
RDz 0.51 0.30 0.39
E[RDz] 0.50 0.30 0.39
Ra? 0.50 050  0.50
E[Rz?] 050 0.50  0.50

o] 1.01  0.89 1.13

v 1.00  0.88 1.11

T 1.01  0.95 1.03

v 1.00 0.95 1.02
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3.4.2 The 95% reference interval for the expectations and least false /3,
Bi» 71 and ;3.

Here we will show that for each limiting value calculated by the expectation, the simulated
values (SV) are within noise of the theoretical values (TV) for large sample sizes. We
estimate the noise from the simulations; that is we get a confidence interval from the
simulations and reassurance that the population values are within these. We simulate 100
samples of size 50000, then find the B for each sample then calculate the reference interval
instead of standard confidence interval, so we will say: CI:B +2S5D(B). We did this for
the SP, MAR and MNAR dropout models, each with just one set of dropout parameters
and all with the missingness percentage at about 50% dropout. The reason for that is if
we used the standard confidence interval, which is Clzé +2 SDf(O%) as the CI for the true
least false parameter, and if we took the number of repetitions up from 100 to many many
more, it would have zero width. But the TV of course is an approximation, as we had to
move from logit to probit form to get the skew normal results, it is not the exact value.
We know it will not be exactly equal to the true least false parameter, and so for large
enough number of repetitions will never be in the CI. Therefore, what we do is change
from CI to reference interval using £25D. This should show that the sample values are
within noise of the TV.

Table 3.3: The 95% reference interval for the expectations under SP using 100 samples of size
50000.

TV Mean Lower Bound Upper Bound

E[R)] 0.5000  0.5030 0.4720 0.5340
E[Rz]  0.0000 -0.0212  -0.0657 0.0232
E[RD]  0.5000 0.5062 0.4392 0.5732
E[RDz] 0.5000 0.4698 0.3813 0.5583
E[Rz?  0.5000 0.5143 0.4471 0.5815

Table 3.4: The 95% reference interval for the expectations under MAR using 100 samples of size
50000.

TV Mean Lower Bound Upper Bound

E[R] 0.5000  0.4920 0.4610 0.5230
E[Rz] -0.1960 -0.1972 -0.2392 -0.1551
E[RD] 0.2550  0.2473 0.1879 0.3068
E[RDz] 0.3040 0.2888 0.2202 0.3573
E[Rx?]  0.5000 0.4992 0.4327 0.5657
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Table 3.5: The 95% reference interval for the expectations under MNAR, using 100 samples of size

50000.

TV Mean
E[R] 0.5000  0.4980 0.4670
E[Rz] -0.1083 -0.1368 -0.1832
E[RD] 0.4458  0.4368 0.3681
E[RDz] 0.3917 0.4314 0.3462
E[R2?] 0.5000  0.5796 0.4985

MAR
MNAR
SP

MAR
MNAR
SP

MAR
MNAR
SP

MAR
MNAR
SP

TV
-1.1158
-0.8864
-1.0000

TV
-1.0454
-0.9754
-1.0000

vV
0.8842
1.1136
1.0000

TV
0.9546
1.0246
1.0000

SV
-1.1192
-0.8816
-0.9995

Table 3.7: The 95% reference interval for S5

SV
-1.0462
-0.9733
-1.0013

SV
0.8790
1.1169
1.0043

SV
0.9546
1.0269
0.9994
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Lower
-1.1288
-0.8911
-1.0081

using 100 samples of size 50000.

Lower
-1.0791
-1.0013
-1.0338

Lower
0.8523
1.0859
0.9760

Lower
0.9546
0.9970
0.9678

Lower Bound Upper Bound

0.5290
-0.0903
0.5056
0.5166
0.6608

Table 3.6: The 95% reference interval for 55 using 100 samples of size 50000.

Upper
-1.1096
-0.8721
-0.9910

Upper
-1.0133
-0.9454
-0.9689

Table 3.8: The 95% reference interval for 7§ using 100 samples of size 50000.

Upper
0.9057
1.1480
1.0327

Table 3.9: The 95% reference interval for 74 using 100 samples of size 50000.

Upper
0.9546
1.0569
1.0311
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3.4.3 The effect of dropout on the limiting values v and ~;

In Table 3.10, we show 7] and 75 by solving the equations given in Sections 3.3.5 and
3.3.6 for the given values of 6" and 6;” under MAR, with the same parameters used to
generate the logistic model as mentioned before. These values of 8 all give a dropout rate
of around 50%. In Table 3.11, we do the same for MNAR.

Table 3.10: Effect on dropout parameters of fitting the LI method under MAR,
where Bias(y1) and Bias(vs) are the absolute bias in v; and 7, respectively.

6)" 01" ~Af v Bias(y) Bias(72)
1 05 08 095 012 0.05
1 05 112 095  0.12 0.05
2 1 079 088 021 0.12
2 1 121 088 021 0.12

Table 3.11: Effect on dropout parameters of fitting the LI method under MNAR,
where Bias(vy1) and Bias(vs) are the absolute bias in v; and 7, respectively.

0N 0)'N 4t 43 Bias(y1) Bias(y)
05 05 111 1.02 011 0.02
05 -05 089 1.02 011 0.02
1 1 121 107 021 0.07
1 1 079 107 021 0.07

Results in Table 3.10 and Table 3.11 are of main interest. Under MAR, Table 3.10 shows
that the absolute bias in both 7} andy} become larger as the absolute value of 0} get
bigger. For negative 62, we note that 7§ tends to be higher than its true value. The

opposite happens for positive 697,

Turning to the next table, under MNAR, 7] tends to be either more or less than its true
value depending upon whether dropout is associated with large Y2 (negative Héwv ), or
small Yy (positive 02/%). If dropout is associated with large Ya, then the mean in the
observed data will be too low, and the wrong missingness model does not compensate for

this. The opposite is true if dropout is associated with small Y.
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3.4.4 The effect of measurement errors of the random effect and covari-

ate variances on the limiting values +; and v;

In the following tables we will study the effect of changing the variance of the random

effect and measurement error on the limiting values at different dropout models. We take

012] = 0621 = 0622. Each time, we will keep the same dropout percentage at about 50%.

Table 3.12: The effect of the variance 0(2J on the limiting values ~; and ~;5.

SP  MAR MNAR

ou=v0.5 ~; 1.0000 0.8842 1.1136
V3 1.0000  0.9546  1.0246

Bias(y1) 0.0000 0.1158  0.1136

Bias(y2) 0.0000 0.0454  0.0246

oy=1 1.0000 0.7774 1.2186
V3 1.0000 0.9152  1.0457
Bias(y1) 0.0000 0.2226  0.2186
Bias(y2) 0.0000 0.0848  0.0457

ouv=V3 v 1.0000 0.4156  1.5752
o 1.0000 0.7992  1.1065
Bias(y1) 0.0000 0.5844  0.5752
Bias(y2) 0.0000 0.2008  0.1065

ou=v6 1.0000 -0.0046 1.9916
Vi 1.0000 0.6947  1.1596
Bias(y1) 0.0000 1.0046  0.9916
Bias(y2) 0.0000 0.3053  0.1596

ou=V12 ~} 1.0000 -0.6269 2.6114
V3 1.0000 0.5873  1.2126
Bias(y;) 0.0000 1.6269 1.6114
Bias(v2) 0.0000 0.4127  0.2126

Changing the variance parameters and keeping the dropout percentage at about 50% has a
remarkable effect on the bias. From Table 3.12, it is clear that as oy (and consequentially
o, and og,) increases, the limiting values 7] and ;5 go further from the true value (fylG =
1, 'yQG = 1) and hence the absolute bias increases, which means that the large error variances

imply poor results. In short we can conclude that the more variability, the more bias. In
2

Table 3.13 we turn to the effect of variance of the covariate, 3.
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Table 3.13: The effect of the variance o2 on the limiting values v and 73.

0,=Vv0.5 7}
7
Bias(v1)
Bias(72)

0.=V3 7
ge;
Bias(v1)
Bias(72)

0.=V9 "
V3
Bias(v1)
Bias(72)

o,=V12
V3
Bias(v1)
Bias(y2)

0,=V16 ~f
Y
Bias(v1)
Bias(y2)

0.=v20 ~f
V3
Bias(v1)
Bias(y2)

This time changing o, has little effect on the bias.

SP
1.0000
1.0000
0.0000
0.0000

1.0000
1.0000
0.0000
0.0000

1.0000
1.0000
0.0000
0.0000

1.0000
1.0000
0.0000
0.0000

1.0000
1.0000
0.0000
0.0000

1.0000
1.0000
0.0000
0.0000

MAR
0.8855
0.9521
0.1145
0.0479

0.8832
0.9624
0.1168
0.0376

0.8916
0.9752
0.1084
0.0248

0.8981
0.9798
0.1019
0.0202

0.9026
0.9822
0.0974
0.0178

0.9078
0.9847
0.0922
0.0153

MNAR
1.1131
1.0250
0.1131
0.0250

1.1153
1.0233
0.1153
0.0233

1.1170
1.0201
0.1170
0.0201

1.1167
1.0184
0.1167
0.0184

1.1160
1.0173
0.1160
0.0173

1.1148
1.0160
0.1148
0.0160

e The variance effect at MAR dropout: As o, increases the limiting value 7] gets

slightly closer to the true value which implies smaller absolute bias.

e The variance effect at MNAR dropout: Here we note that the effect on ~] differs

from the effect on v3. Table 3.13 shows that as o, increases the limiting value

goes slightly further from the true value and hence there is slightly bigger absolute

bias. On the other hand, the limiting value 5 gets slightly closer to the true value

as 0, increases or we can say that in this case the absolute bias get smaller. But in

both cases the effect is small.
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3.4.5 Contour plots

Here we show how the limiting values 7] and v5 change when we change the MAR or
MNAR parameters. Figures 3.1 to 3.4 present contour plots of least false values v; and
75 for a grid with —1.5 < 6y = 65 < 1.5 and —1.5 < #; = 0¥ < 1.5. The range of
P(R = 1|Y1,Y3) over the grid is ( 0.2119, 0.7881) under MAR and it is ( 0.1987 ,0.8013)
under MNAR. The legend on the right side of the plot represents the range of the pa-
rameter under study. For example in Figure 3.1, 47 under MAR can take a value from
about 0.7 to 1.3 for the #s changes in aforementioned grid. The white area in the plot

corresponds to the correct value which is v = 1.

In Figure 3.1 the biggest change is in the vertical direction, showing that #; is most im-
portant. For example, at ; = 0 (which is equivalent to MCAR) then 77 = 1 as expected.
For positive 6, dropout is associated with small Y, so D tends to be low. Hence 7] is

lower than it should be. The opposite happens for a negative 6.

In Figure 3.2 we get negative bias as #; moves away from zero in either direction. Such an
attenuation of regression effect is common when there are errors in variables, see Carrol
et al. [1995]. We speculate that a similar effect is in play here, for more details see Ap-
pendix A.6.

Turning to MNAR, Figures 3.3 and 3.4 show least false 7 and v5. In Figure 3.3 as
mentioned above for Figure 3.1, the biggest change here in Figure 3.3 is in the vertical
direction, showing that 65 is most important. For example, at 62 = 0 (which is equivalent
to MCAR) then 7 = 1 as expected. For negative 62, dropout is associated with large Y5,
so D tends to be low. Hence 7] is lower than it should be. The opposite happens for a

positive 6.

Figure 3.4 is similar to Figure 3.2, in that we get positive bias as #» moves away from zero
in either direction. This is the opposite to the MAR effect, because D = Y, — Y7 and we
expect selectivity in Y5 to have the opposite effect to the same selectivity in Y7 because of

the different sign.
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Figure 3.1: Contour plot of 7§ under MAR
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Figure 3.2: Contour plot of 5 under MAR
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Figure 3.3: Contour plot of vf under MNAR
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Figure 3.4: Contour plot of v5 under MNAR
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3.5 Discussion and Conclusion

In this chapter we calculated the expected value of terms in equations (3.15) and (3.14),
then found the least false values of 7 and 5. We compared these expected values under
different dropout models to the generating values 71G and ’yQG . We calculated the bias in
the expected parameters at each dropout model. It is clear now that the LI works under
shared parameter, since v5 = 72G and v = ’ylG or in other words, the bias is zero. In
contrast, the LI method does not work under MAR and MNAR as there is bias in both
parameters. Results from the contour plots support our conclusions from Table 3.10 and
Table 3.11.
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Chapter 4

Performance of Inverse
Probability Weighting (IPW)
Under Shared Parameter, MAR
and MNAR Dropout

4.1 Introduction

In this chapter we aim to investigate how the IPW method performs under the shared
parameter, MAR and MNAR dropout mechanisms. The derivation and illustration of
least false values are made under SP and MNAR dropout. Under MAR we show that
the method gives consistent estimates. We make a comparison of least-false values with

simulation results for selected parameter combinations to check our calculations.

Aalen and Gunnes [2010] compared the linear increment method with inverse probability
weighting for complete data, and found that the latter method is more general, while the
increment method depends on the assumptions of model linearity. However, they argued
that in a missing data case the linear increments model should usually considered to be
a preferred option over using the inverse probability weighting methods. Matthews et al.
[2012] show that the inverse probability technique has a higher standard error compared
to other techniques as we mentioned in Chapter 2. In general, Diggle et al. [2007] found
that the inverse probability weighting method is inefficient, however they did not explain
why or how. We have looked at the estimates and the standard errors in Chapter 2, and
we found similar results.

For references regarding the IPW method, see Horvitz and Thompson [1952], Robins
et al. [1995] and Hernan et al. [2006]. A comparison between the present method and the
multiple imputation method was conducted by Carpenter et al. [2006]. Ho et al. [2012]
used the inverse probability weighting (IPW) method, which was proposed by Robins and
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colleagues (Robins et al. [1995] and Rotnitzky et al. [1998]). Assuming the data are missing
at random (MAR), but the fact that the data are missing not at random (MNAR), Ho
et al. [2012] investigated the effect of treatment effect estimation under a crossover design.
In this case, the MAR analysis will be biased. They found that the bias is affected by the
parameters, and it could be lower for some chosen sets than for others.

An investigation into the effect of choosing the parameters on the bias was also shown by

Matthews et al. [2012]. We discuss this in our simulation in Section 4.6.

Section 4.2 introduces the two timepoints model as a special case. In Section 4.3 we inves-
tigate the performance of the IPW method under the MAR model. The performance of
the IPW method under MNAR and SP models is shown in Sections 4.4 and 4.5, respec-
tively. They include brief details of how to use the extended skewed normal density to find
the expectation needed as in Chapter 3. Section 4.6 presents the results from analyses of

different simulation studies. Finally, in Section 4.7 we discuss all of our results.

4.2 Two Timepoints As a Special Case: Generating Model

4.2.1 Longitudinal data model

For this chapter we will assume that we have n individuals and two repeated measurements
or in other words two timepoints. Our model is the same as the model used in the previous

chapter.

4.2.2 Estimation of the parameters

According to Ho et al. [2012] and the recap of the inverse probability weighting approach
which is illustrated in Chapter 2, the closed form of the inverse probability estimate of 3

is:

p- (M) (oA e

)

Tgi(Yi,2) + 3 (1 - Ri)a(Yh, )>,
(4.1)

where 3 = (Bl, BQ,Bg,B4)T, m; = expit{€; + 07Y1;}. Here m; is the MAR dropout proba-

bility, possibly estimated. The function ¢; is arbitrary and is investigator chosen. In our

work we can simply ignore ¢ and rewrite 8 as:

R XTx\ ! xTy:

K3 K3

1
R 1 uz R; Y
()
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Bs\ Rl 1 o\ R [ Yo
<B4> Zvr(x x2>] <Z7"(Y2x>> (4.4)

Since the dropout occurs at the second timepoint, we can concentrate on (Bg, 34), and

and

thus the coefficients in the model for Y5 are of most interest. We will now work on the

components of equation (4.4).

Clearly

and also

R; .2 R;
-1 13 2 _ A2y

s . 2 B . Riz ..2
Lol e e s s

(2
Dividing top and bottom by n allows us to change the sums to means, which is helpful for

later use of the laws of large numbers (LLN). We will study what happens to the estimates
under the three different dropout models, as n increases.
Let n — oo. We use a superscript * to imply the limiting value. As sample size increases,

the sample means converges to the corresponding expected values. This implies that:

By (B _g|B(L s AE L (4.5)
Ba By T\ z a? ™\ Yo '
Taking the expectation to be inside the array:
5 #E\EE
( B?‘ ) = . (4.6)
' B[] B[R B[]

Hence to find the limiting values /35 and S}, we need to calculate the expectations E[R/7],
E[Rx/7], E[Rz?/7], E[RY>2/7] and E[RYzx/7).

In the above we have assumed 7 is known. We will assume that if we have to estimate
7 then we will make the assumption, perhaps false, of MAR dropout. We need first to

investigate what happens to our estimates as n increases.

Let # = efot01Y1i /{1 4 fo+01Y1i}  The likelihood and score are
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¢ = Z(Ri log 7t; + (1 — R;) log (1 — 7))
ov R, 1—R; 1 . N
20 Z(ﬂ_l—ﬁi><yu>m(l_m)

. A 1
= Y (Ri(1—#) —#i(1— Ry)) ( v ) :

1¢

Rearranging, we get the estimating equation:

> (Ri— ) ( Yl ) = 0. (4.7)

14

Again, we divide the right and left sides of equation (4.7) by n, and note that since the
right side is zero it stays zero. Using the law of large numbers (LLN), let n — oo, which
implies 6 — 6%, where the parameter of interest is made up of the least false values 6 and
07 or what is sometimes called "the best approximating value”, see Claeskens and Hjort
[2008]. We can find them by applying the LLN, which allows us to change the sums to

expectations in equation (4.7), and this gives:

1
E|(R—7 = 0. 4.8
(7 -m) ( v ) (45)
Equation (4.8) can be split into two equations:
E[R] — Elexpit {0 + 07Y1}] = 0. (4.9)
E[YiR] — E[Y; expit {6 + 6;Y1}] = 0. (4.10)

We will study what happens to the estimates under the three different dropout models,
as n increases. In the next sections we will try to find the components of equations
(4.9) and (4.10) under different dropout models. We assume the fitted model is MAR:
P(R = 1|Y7) = %' 011 /{1 4 %" +01'V1} | but the truth is either the MNAR model
P(R = 1Y, Ya) = f0 " +05"Y2 119 o 83" +6""Y2Y o1 it might be the SP model P(R =
HU) — 605+6fU/{1 + 693+6fU}'

4.3 Performance under MAR

If the true dropout model is MAR and we fit the same model by maximum likelihood, then
clearly the estimates are consistent and 0 = 0(])‘4 and 07 = M. Also ERry, v,z R = m,
where 7 = Elexpit(6}! +0MY)]. Turning to the regression parameters 3, from the results
found in Chapter 2 (Tables 2.3 and 2.4), we know that the IPW method provides consistent
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estimates under MAR. We will demonstrate this for completeness. We use subscripts to
indicate which variables we are considering when taking expectations, unless it is perfectly
clear. To see what B converges to, in this case as MAR is correct model, then we can work

on equation (4.5):

-1

3 Y
B ) g |B y pl|B( " (4.11)
Ba ™\ x 2? T\ Yox
We can take each part separately:
R{ Yo
E|— = E,
7T ( Yox ) R ( Yox )
R [ Y
= Egj Y17Y2 ER|Y1,Y2, ? ( }/21. ) 9 (412)
but we can say Eg|y; v, . [R/7] = 1. Then,
R Y Yo
E|— = E,
E
BsElx] + B1E[2]

G
Note that for simplicity we write & instead of B:SG .
Ba By
Similarly,

Then, from equations (4.13) and (4.14):

%\ _ 1 Bs(B(?) ~ B(x)?)
8 (B —E@)?) \ Ai(E?) — B()?)

as expected.
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4.4 Performance under Shared Parameter Dropout

Under SP as the true model and MAR as the assumed model, we will estimate the least

false values 6§ and 67 using equations (4.9) and (4.10). Recall:

E[R] — Elexpit {6§ + 0;Y1}] = 0.
E[Y1R] — E[Y; expit {65+ 67Y1}] =0.

We will use an approach similar to that used in Chapter 3 based on the extended skew
normal distribution (ESN).

4.4.1 Calculating the components of equation (4.9)

We start with the first part of equation (4.9). Since under SP, R depends only on U, then
B[R] = / P(R = 1U)f(U)dU

= / expit {0y + 61U }p(U;0,0%) dU

~ / Be(0o + O1U)|6(U: 0, 0%) dU (4.15)
. 090
B 1+ (691UU)2] ‘ (110

Note that in equation (4.15) we used the approximation of the expit to the cumulative
normal, which we defined in Chapter 3, see Johnson et al. [1995]:

~16V3

expit(z) =~ ®(cz), c = o (4.17)

Also, we moved to equation (4.16) by using ESN; because the integral is now equivalent

to the left side of formula (A.2) in Appendix A.1. For more details refer to Appendix A.1.

For the second part of equation (4.9) we have
El expit {05 +01Y1}] = E[expit {05+ 07(61+ fox +U +€1)}] = E[RY], say.

Thus R* depends on x,U and €;. We need to calculate this expectation in two stages.

First, we calculate the expectation conditional upon z:

E[R|x] = / expit {05 + 07 (81 + Paz) + 07 (U +€1)} f(U, €1) AU dey.
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Let U + €1 = &1, thus & ~ N(0,0‘é), where Ugl =0 + 0621. So (4.18)

E[R"|z]

Q

/ Ble (0 + 0 (B1 + far)) + cBi61]6(61:0,02)dey (4.19)

c (05 + 07 (B1 + Baz))
1 + (C@TO’&)Q

= ¢ [A1 + As m] ,
_ _c(65+6781) _ c ;B2 . .
where 41 = NN and Ay = 7\/W. Note that to calculate the integration

in equation (4.19) we again used the ESN formula (A.2) in Appendix A.1 .

Second, we remove the conditioning on x to get

E[R*] = E[E[R"|z]] = E[P[A1 + Az x]]
= / D[A1 + Ay z)p(2;0,02) da

Ay
1+ (AQO'm)Q] . 20

Then from equation (4.16) and (4.20) we can rewrite equation (4.9) to be

600

E[R] - E[R| ~ &
14 (cbrop)?

" Al] — 0. (4.21)
14+ (A2Ux)2

4.4.2 Calculating the components of equation (4.10)

In the following we will work on equation (4.10). We start with the first part:

EiR] = E[Yi expit {0 + 05U}]

= FE[(B1+ Pox+ U +€) expit {0y + 61U }]

= FE[B expit {0y + 01U}] + E[B2 x expit {0y + 01U }]
+ E[U expit {0y + 01U}| + Eler expit {0y + 01U}

We have E[f5x expit {0y + 61U}] = Ele; expit {0y + 01U}] = 0, knowing that = and €;

are independent of U and have zero means. Thus,

E[YlR] = E[Bl expit {90 + 01U}] + E[U expit {90 + 01U}]
= D1 + D, say. (422)
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We will work on D; first and then Dy. We have:

Dy = E[ﬁl expit {90 + 91U}]
~ E[pi1Plc(b + 61U)]]

= &1 [ B0+ 0] (U30,0) U (4.23)
= B1@ 600 . (424)
V14 (cbyop)?
And
Dy = E[U expit {90 —|—91U}]
~ E[U®P[c(6p + 61U)]]
- / UB[e(6o + 0.0)] (U 0, 0%) AU (4.25)
cot 0
= vl o(11), (4.26)
1+ (C 91 UU)2
where ;] = ——=<%____ Here for Dy, we used formula (A.2) to find the integration in

1+(C 01 O’U)2
equation (4.23), while for Dy we used formula (A.7) to find equation (4.25). These formu-

las can be found in Appendix A.1 .

Subsequently, from equations (4.24) and (4.26) we can rewrite equation (4.22) as:

E[YlR] ~ 51@

cOy ] ca?] 01

\/1+(C¢91 O'U)2 + \/14‘(691 O'U)2¢(V_1). (4‘27)

Now we will work on the second part of equation (4.10),
E[Yyexpit{0; + 07Y1}] = E[(f1+ Bax+U + €1)expit{€y +07(B1+ Pox+ U + €1)}].

Recall &1 = €; + U as defined in equation (4.18), then

E[Y7 expit{6 + 07Y1}] E[B1 expit{fy + 07 (61 + B2z + &1)}]
BBy x expit{fy + 01 (81 + B2z + &1)}]
El&expit{t + 07(81 + B2 + &1)}]

D3 + Dy + Ds. (4.28)

+ o+
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In the following we will work on equation (4.28). We will start with D3!:

D3 =~ BE[®[c(0) + 0181+ B2z + &)
= BiE[®k1 + kax + k3&]], say

= 51//95[’“1+k2$+k‘3§1]f($,51)d33d€1-

Under SP, z and &; are independent, which allows us to write the joint density function
f(z, &) = f(x)f(&1), and, as defined earlier, x and &; are normally distributed, so we can

use ¢(.; it,0%) instead of f(.). Hence the above integration will be
Dy~ i [ [ ¥l koot kel 0)1(6) dodes
= 61 [ [ Blks ket s ot 0,03)0(61:0. 02, do s
= o1 [ ([ otk + b+ kaaloti0,02) o) 630,02, )61
-y ( / <¢[kzx+k4]¢<x;o,ai)dx> B(60:0,02, )de:.

We will do the inner integration first using the ESN formula (A.2) in Appendix A.1 , thus

D3 = 51/ (q} Ml) ¢(£1;0,0§1)d£1
- A / (@ mb 6(£1;0, 02, )déy

= fA / D [Az + Asér] ¢(6150, 08, )dér.

Again, this integration can be calculated using the same formula. The final result is:

D3 [ 51@

As
I <A4afl>2] ’ (4.29)

where Ag = ]{71/{\/ 1+ (k:gax)Q},A4 = kg/{\/ 1+ (kgo‘a;)Q}, and k1 = 6(98 + 9{,31),
ko = 0(91{52), ks = CGT, ki = k1 + ks&y.
For Dy:
Dy =~ P Ex®Plc(by+ 07(S1+ P2z)) + cOi&]
= BBz Plk1 + kaw + k3 &1]]

= 52//xqs[kl+/€296+k3§1]f(37751)d95d€1-

But under SP, x and &; are independent, which again allows us to write the joint function

"We will use k1, ka, . .., etc as temporary working notations.
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f(z)f(&1), and, as previously, x and & are normally distributed, so we can use

f@,61) =
é(.; 1, 0?) instead of f(.). Hence the above will be

D4:sﬁg//a@my+@x+@avuﬁ@nmw@
==ﬁg//1@%r+bx+@&wwmm@W&mﬂéNw@1

_ %/w(/@%+%&W&Qﬁmm)M%W@M,

where k5 = ki + ko x. We will do the inner integration first using the ESN formula (A.2)
in Appendix A.1 , thus

ks

Dy, =~ f / T |P | —m— qS:L';O,Ug dx
4 2 ( 1+ (k3051)2]> ( )
ki+ kox

N BZ/M5 T+ (ksog,)?

= 62/$¢[A5+A6$] ¢(x;0,02)dz.

]Mﬂ&ﬁﬁi

Using formula (A.7) in Appendix A.1 to find the integral, we get

A 2
Dy ~ [ Z;’%(@), (4.30)

As

k k Je
where A5 = W, AG = \/ﬁw7 ]{56 = 1+ (A601)27 and vy = oo -
Similarly,

D5 =~ FE[§®Plc(0p + 07(81 + fax)) + c0i&1]]
= FE& Pk + kox + k3 &1

= // & D1 + ko x + ks &1]6(2;0,02)p(€1; 0,07, ) dw d&;
- /a</¢m+@x+@mammﬁmﬁ¢@mJ@%1
= /51 </ (@[k2x+k4]¢(x;0,0§)dx> gb(fl;(),agl)d&.
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We will do the inner integration first using the ESN formula (A.2) in Appendix A.1, thus

~ ke 0 A2
b= [ <¢ 1+<k2%>2]> i
k +l<: 5

= / & D [Az + As&] ¢(51;0,U§1)d§1-

Using formula (A.7) in Appendix A.1 to find the integral,

Ay 051
D5 =~ ? o(13), (4.31)
7
where ky = /14 (A40¢,)? and 73 = ’2—;”.

Thus, we can rewrite equation (4.28) after replacing its components with the corresponding
ones in (4.29), (4.30) and (4.31), and the final form of this equation is:

EY; expit{y + 01Y1}] = 51 & As + Ao 0; ’”cb(u )+ A Ugl o(r3). (4.32)
X ~ —_— . (4.
1 eXpitbtp 111 1 T+ (Agoe, )2 2 2 er 3
Again, we can rewrite equation (4.10) to be:
E[YiR] —E[Yi expit {6 +07v3})
ch cot 0
~  fd 2 v ()
1+ (cby0p)? 1+ (¢ 0p)?
As Ag o2 As 021 —
b + £ —= (v =0. (4.33
(51 T (Ao )? B2 o P(172) or ¢ (v3) (4.33)

We need to solve equations (4.21) and (4.33) simultaneously using numerical methods such
as Newton-Raphson, to obtain the least false values of 6y and 6. This will be illustrated

later. In the following we will use these values to calculate the least false values 83 and

Bi-

4.4.3 Calculating the least false values 3; and 3}

Assuming we have the least false values 6 and 6}, we can treat them as constants. Recall
equation (4.6), in order to find the least false values 85 and (; we need to calculate the
following: E[R/7], E[Rx /7], E[Rxz?/x], E[RY2/n] and E[RYsx/w]. Methods are similar
to those used previously and so the calculations and final results are given in Appendix
A4
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4.5 Performance under MNAR

Under MNAR as the true model and MAR as the assumed model, we will estimate the
least false values 6 and 6] from equations (4.9) and (4.10), using an approach similar to

that used in Chapter 3, and the previous section.

4.5.1 First: Working on equation (4.9)

In the following we will work on equation (4.9) to find the expected values of its compo-
nents. We start with the first part of equation (4.9), E[R]. Since under MNAR R depends
on z,U and e, then we can find the expectation by using the following approach. First,

we find the conditional expectation when x is treated as a constant. We have

E[R|x] = E[expit {6y + 02Y2}]
~ E[D[c(0y + 0:2Y2)]]
= E[®[c(0p + 02(53 + Bax + U + €2))]]. (4.34)
Let U + €3 = &, therefore & ~ N(0, aé), where 022 = o? + 0622. (4.35)

So

E[R|z] =~ E[®[c(0 + 02(85 + Bax)) + c0282]]

= E[D[w + w2y

= / Blwy + w2ba)p(£2; 0, 0%, ) Ao (4.36)
— N S

_ (0o + 0233) cho B4z

B \/1 + (092052)2 \/1 + (092052)2] (438)
= @[B; + Bzl say, (4.39)

where w1 = ¢(0y + 02(83 + Bax)) and wy = ¢y are now used as working notations.
Since E[R] = E [E[R|x]], then

E[R]

Q

E [?[By + Bax]]

31] | (4.40)
1+ (Bo2)?

The second part of equation (4.9) is:

E| expit {6 + 01Y1}] = E[R"). (4.41)
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To calculate these expectations, as before we need to do this in two steps. First assume x

is treated as a constant, leading to

E[R*|z] = E[expit {6+ 07(61 + Box) +07(U + €1)}]
E[@[c (0 + 01 (81 + 1)) + c67&1]
= E[P(ws +wi&1)],

Q

where w3 = ¢ (05 + 07 (81 + Paz)) and wy = c 7, and we recall U + ¢; = &; as defined in
equation (4.18). Then

Bl & [ ofwg+ wi] 6(630.03 )6

= @

w0
1 —|— (’11}4051)2
c (05 + 07(Br + ﬁm)]

14 (C 9{051)2
= ¢ [Bg + B4 {B] s (442)

c(05+071 1) and B4 — c0i B2

+(cbfo¢,)? VI1+(cOiog )2

where B3 =

Then we integrate over x to find

E[R*] = E|E[R*|z] ~ E[®|Bs+ Byal]

- /@[33+B4x] (30, o7)d

Bs
ViR (B40'x)2] : (4.43)

Finally, we can replace the values of equations (4.40) and (4.43) with the corresponding

values in equation (4.9) to give the first estimating equation
E[R] — Elexpit {65 + 07Y1}] =0,

or equivalently,

_ERI AP | B | | B | _
E[R] — E[R"] @[ 1+(B203)2} @[\/m] 0. (4.44)

4.5.2 Second: Working on equation (4.10)

In the following we will work on equation (4.10) starting with its first part

EY1R] = E[Y; expit {0+ 62Y2}]
= E[(B1+ Pax+ U +er) expit {0 + 02(85 + B4 + U + €2)}].
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We split this into four parts:

E[Y1R] = E|B expit {0p+ 02(B3 + Bax + U + €2)}]
+  E[B2x expit {6 + 02(8 + Bax + U + €2)}]
+  E[U expit {0p + 02(83 + faz + U + €2)}
+  Eler expit {6 + 02(85 + Bazx + U + €2)}
= F1+ Fy,+ F5+ Fy. (4.45)

]
]

In the following we will find each part separately. Firstly

Fy = E[B1 expit {0p + 02(83 + Bax + U + €2)}]
= E[p1 expit {0g + 02(83 + Bax + &2)}]
~ PLE[@le (0 + 02(8s + Baz + &2))]]
= BiE[P[c (0 + 02(83 + Bax) + cO282]]
= BiE[Q[ws + wez + wr &

. / / Blws + we z + wr &) B(62:0,02) (30, 02)ddz

= Bl/ (/ Plws + we = + wr &2 ¢(§2;0,0§2)d§2) ¢(z;0,02) dx
B Wy + We T ) 9

— 61/ (é 1+(w70_52)2]) ¢(x7070m) dz

— 1 [ 9lBs+ Boa] 6(2:0.0%) da

B] (4.46)
1+ (Bgoz)?

= /o

—_ w5 — _ We — _
where Bs = Ve Bg = e W5 = c (0o + 62 B3), we = c (02 B4) and

wy = 692.
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Secondly,

Fy = E[f2x expit {0y + 02(83 + fax + U + €2) }] (4.47)
~ E[fyax®[c(0 + 02(83 + Bax + &2))]]
= BoE [z Blws + we x + wr &)

= 52/ / x Plws + we T + wy &3] ¢(§2;0,0§2)¢(az 0,02)déxdz
= 52/ x (/ Plws + we  + wr & ¢(§2;070§2)d§2) ¢(2;0,0%) dz

B W5 + We T . 2
a 52/ ) <¢ 1+(w7ff§2)2]> 0o ds
= 52/ x ®[Bs + Bg z] ¢(2;0,02) d. (4.48)

Then we can apply formula (A.7), found in Appendix A.1l, on equation (4.48), and this

gives:
N U%Bﬁ Bs
F2 - 52 \/1 + (B6Uw \/1 B6Ux (449)
And similarly, F3 is found as
F3 = E[U expit {00 + 02(83 + Bax + U + €2)}]
~ E[U@[c(@o + 92(53 + U) + 692(ﬁ4 T+ 62)]].
Let B4z + €2 = &3, thus & ~ N(0, 023) where 053 = (B4)%02 + O' . S0 (4.50)
Fy =~ E[U®P[c(0 + 02(83 + U) + ct &3]
= E[UGZ5 ws + wy &3 + wy UH
— [ [ Ulus + wra + wr U)0(6ai0,02,) 6(U:0,0F d6adt
= / U </ Plws + w7 §3 +wr U] ¢(€3;0,U§3)d§3> o(U;0,0f) dU
= / U </ Blws + wr &3] P(£3;0,07,) d§3> $(U;0,0f)dU
_ / Ule s 6(U;0,02)dU
1+ (w7 053)2 Y
= / U ®[Br + Bs U] ¢(U;0,0%) dU
o2
- b CU— (451)

\/1 BgO’U \/1 BSO'U
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- w5 - wr _
where B7 = S wro) Bg = T and wg = ws + wy U.

Finally, for F; we note that the random variable ¢; is independent of x and U and as it

has a mean of zero.
Fy = E[el expit {90 + Hg(ﬁg + Bgx + U + 62)}] =0. (4.52)

Using equations from (4.46) to (4.52) to calculate E[Y1R] in equation (4.45), we find

B 02B 2B
E[YiR] ~ B, ® 5 6 b ——2UZE (), (4.53)
1+ (Bgoy)? \/1+ (Bgoz)? \/1+(BSUU)2
_ B - B
where V4 = m and Vs = m

We will now work on the second part of equation (4.10). First

EYiexpit{fy +07Y1}] = E[(B1+ P2+ U+ e1)expit{ty + 67 (51 + P2z + U +€1)}].
AsU + €1 = {1,
E[Yiexpit{fy + 07Y1}] = E[B1expit{0y + 07(81 + f2x + &1)}]
+  E[Bazexpit{fy + 07(81 + Bax + &1)}]
+  El&expit{6; + 61(51 + B2z + &1)}]

The first of these is

F5 = E[Brexpit{fy + 07(81 + Box + &1)}]
~ BLE[®[c(0y + 01 (B + B2z +&1))]]
= BiE[®lc (65 + 01(B1 + Bax)) + c01&1]]
= B1E[@[wy + wi0&1]]
= 51/ / [wy +w101’+w11§1]¢($;07Ug)¢(§1;07021)d1‘d§1

= 6 / < / @[wg+w10m+wna]¢<m;0,ai)dm) $(&1;0,0¢,)d&s
= ﬁl/ </ (@[wlox—l—wlg]qﬁ(:c;o,az)dx) qﬁ(&;O,aé)d&l.
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We will do the inner integration first using the ESN formula (A.2) in Appendix A.1, thus

51/ (915
wg + w11&1

— ¢ | 9 T il

Bl/ ( 1+ (wi002)?

= B / @ [Bg + Bio&i] 6(£150, 0%, )dér.

w12

F;5 ——
1+ (w1003)

Q

D $(€130,02,)d&

D ¢(£130,02,)d&

Again, this integral can be calculated using the same formula; the final result is:

By
Fs ~ o , (4.55)
1+ (310%)2]
_ wg _ w11 _ * * _ * —
where BQ - \/W’ BlO - \/waQ - C<00 + 6151)71010 - 601 627 and w1y

cor.

Turning to Fg and F7, the final results are

Biy 02 _
Fs ~ Bo222Z¢(i%) (4.56)
W14
3100'2
P o~ —Lg(m), (4.57)
w15

where B B B = Wi w = w wio T, W = 1 Biso 2
11 T wnoe 2 D12 o) W13 9+ wiow, wig =+/1+ (B120,)?,
B — B
wis = /1 + (310051)2, Vg = Tli and vy = 710195 .

Thus, we can rewrite equation (4.54) after replacing its components by the corresponding
ones in (4.55), (4.56) and (4.57) and the final form of this equation is:

By
14 (Bioog, )?

Buoog,

2
E[Y1 expit{0 +07Y1}] = 1 ! + 02 B;ijx é(v6) + P(v7). (4.58)

w15

We now turn to equation (4.10) under MNAR using equation (4.53) and equation (4.58),

leading to the second estimating equation
EViR] —E[Y: expit {6+ 0;V1}]

S oo (B 00)2 VI + (Boon)? N (BSO—U)2¢(V_5)

0.2
<ﬁ1q§ Mqﬁ(m)) —0.  (4.59)

Then we can solve equations (4.44) and (4.59) simultaneously using numerical methods

B B o2 B
: ]*ﬂz% S () + v_s

1+ (3100'51)2 w15

B B 2
; ] N Nt L ¢(vs) +
W14

such as Newton-Raphson, as mentioned in Section 4.4.2, which gives us the limiting values

05 and 67.
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4.5.3 Calculating the limiting values ; and 5]

Assuming we have got the least false values 6 and 67 from the previous section, hence we
can treat them as constants. Recall equation (4.6), in order to find the least false values
3% and B we need to calculate the following: E[R/7|, E[Rz /], E[Rz?/x], E[RY2/7] and
E[RY,x/7]. Unfortunately, there is no closed approximation for these terms, as shown in
Appendix A.5. In the numerical work to follow, we obtain the expectations using Monte
Carlo methods.

4.6 Simulations and Numerical Investigation

We will do this numerical investigation in two parts as in the previous chapter. In the first
part we want to check that the theory and our least false values are correct by comparing
the expected values with the simulated ones. In the second part we explore in detail how
the misspecification affects the S estimates, using the theoretical results. Now that we
have working formulas there is no need for simulations here except under MNAR.

As before we generated a scalar N(0,1) variable z, then we generated the longitudinal
means p1=01 + fex, no=pF3 + Bsx. This was followed by (Y7,Y3) from a bivariate normal
distribution with mean (u1,p2). In all of the following simulations, unless it is stated
otherwise, we take the same parameters as used in the previous chapter. Our choice of

parameters will keep the dropout always about 50%.

Firstly, we want to know at what n can we be confident that the theory is reasonable. We
compare the theoretical results with the simulated means as n increases; the results are
shown in Table 4.1 and Table 4.2. We will see that the simulated values are close to the
corresponding expected values, so indicating that the limiting values found by the theory
are correct for sample size not less than about 100000. Based on this result for each set of
parameters we studied a sample size of 1000000. In addition, the 95% reference intervals
for the least false values under SP, MAR and MNAR are shown in Table 4.3 to Table 4.4.

Secondly, as in the previous chapter, for big samples, we will try to find several combina-
tions of (Ao, 61, 02) under fixed B and for a given variances 02 = 1, oy = 0¢, = 0, = V0.5
to keep the total amount of the dropout fixed and at about 50%. These combinations of
fs are shown in Table 4.5 and Table 4.6. In addition, we calculate the limiting values for
different # combinations. Moreover, we will suppose that we have a given # (and dropout),
and we will study the effect of changing the variance parameters. The results are shown
in Table 4.7.

Finally we study the effect of changing 6 on 33 and 3; by producing contour plots shown
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in Figures 4.1 to 4.3.

4.6.1 The limiting values compared to the simulated values for different

sample size

Here we attempt to show what happens as sample size increases, i.e. at what n can we be
confident that the theory is reasonable. One can note that as expected as n increases the
simulated and theoretical values become close to each other. Note that éo and 91 are the
estimated values produced by the simulations when we fit MAR to data that are MNAR
or SP.

Results at n=100000 show that the simulated values all match the theoretical approxi-
mations very well, which supports the use of the theory. Comparing the result here with
the corresponding result in Chapter 3, we note that here we need a larger sample size to
achieve n that gives us an acceptable result. This may be related to the extra variability
of IPW observed in Chapter 2.

Table 4.1: The limiting values under different sample sizes

n SP MAR MNAR

1000 67 0.4 1.00  0.48
o; 007 050  0.24
o 005 1.03 047
6, 006 054  0.22

x -0.85 -1.00  -0.82
* 0100 -1.01  -0.96
B3 -0.76 -1.03  -0.75
Bs -099 -1.04 -0.94

10000 6 0.14 100  0.48
0r 0.07 050 024
0y 015 097  0.49
6, 007 050 025

5 -0.85 -1.00  -0.82
* 100 -1.01  -0.96
B3 -0.85 -1.02  -0.80
By -099 -1.01  -0.95
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Table 4.2: The limiting values under different sample sizes

n SP MAR MNAR

50000 65 0.14 1.00 0.48
1 0.07  0.50 0.24

0 0.14 1.02 0.48

6; 0.07  0.50 0.24

x -0.85 -1.00 -0.82
© 100 -1.01  -0.96
B3 -0.85 -0.99 -0.81
By -1.01 -0.98  -0.96

100000 6; 0.14  1.00  0.48
g: 007 050  0.24
6o 014 1.00  0.48
6, 007 050 024

B -0.85 -1.00 -0.82

<0100 -1.01  -0.96
B3 -0.85 -1.00  -0.82
B1 -1.00 -1.00 -0.96

500000 6 014 1.00  0.48
o: 007 050 024
dp 014 1.00 048
6, 007 050 024

x-0.85 -1.00 -0.82
* 1,00 -1.00  -0.96
B3 -0.85 -1.00 -0.82
By -1.00 -1.00  -0.96
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4.6.2 The 95% reference interval for the limiting values

We simulate 100 samples of size 100000, then find the B for each sample then calculate
the reference interval instead of standard confidence interval as mentioned in Chapter 3
Section 3.4.2, so we will say: Clzé +2SD(3). We did this for the SP, MAR and MNAR
dropout models, each with just one set of dropout parameters and all with the missingness

percentage at about 50% dropout. Results show that the reference ranges all include the

theoretical values.

Table 4.3: The 95% reference interval for 55 using 100 samples of size 100000.

TV SV Lower  Upper

Bound Bound

MAR -0.9920 -1.0009 -1.0114 -0.9903
MNAR -0.8274 -0.8207 -0.8305 -0.8110
SpP -0.8285 -0.8472 -0.8533 -0.8411

Table 4.4: The 95% reference interval for 3 using 100 samples of size 100000.

TV SV Lower  Upper

Bound Bound

MAR -0.9928 -1.0015 -1.0162 -0.9868
MNAR -0.9638 -0.9591 -0.9697 -0.9486
SP -1.0055 -1.0015 -1.0121 -0.9909
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4.6.3 Effect on dropout parameters of fitting a MAR model when the
true model is MNAR or SP

In Table 4.5, we show 6 and 67 by solving (4.21) and (4.33) for the given values of 6" and
67" with the same parameters used to generate the logistic model as mentioned before.
These values of # all give a dropout rate of around 50%. The columns for 55 and 5} give
the least false value for 83 and B4, respectively.

In Table 4.6, we show 6 and 67 by solving (4.44) and (4.59) for the given values of §3/V
and YN and 0}V = 0 with the same parameters used to generate the logistic model as
mentioned before. These values of # all give a dropout rate of around 50%. The columns

for 53 and B give the least false value for 83 and 4, respectively.

Recall that the true values are ﬁg = ﬁf = —1.

Table 4.5: Effect of fitting a MAR model when the true model is SP

by 0" 0 or B B
0 -1414 -0.247 -0.121 -1.275 -1.000
0 -0.707 -0.132 -0.066 -1.155 -1.002
0 0707 0132 0.066 -0.843 -0.999
0 1414 0247 0121 -0.743 -1.000

Table 4.6: Effect of fitting a MAR model when the true model is MNAR

R 0 o B3 Bi

-1 -1 -0.871 -0.439 -1.330 -0.869
-0.5  -0.5 -0.507 -0.241 -1.180 -0.960
0.5 0.5 0479 0.239 -0.819 -0.963
1 1 0891 0452 -0.672 -0.881

Results from Table 4.5 and Table 4.6 are what we most care about. Under SP (Table 4.5),
the least false values of 3} are very close to the true quantity. Hence we only investigate
the effect of 6 on B3. The bias in B3 is larger as the absolute value of ;" get bigger.
For negative 0;”, we note that 33 tends to be smaller than its true value. The chance of
dropout goes up with Y5 in this case, so we lose the large Yo values and the mean of the
observed data at time 2 is too low. So the intercept term ((3) is too low. A correct inverse

probability model would compensate for this, but the misspecifed one does not do enough.
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The opposite happens for positive 6;”.

Turning to the next table, Table 4.6 under MNAR, (3, is biased towards zero as previously
seen (Appendix A.6). But /33 is biased either down or up depending upon whether dropout
is associated with large Y (negative 627V), or small Yz (positive /V) as previously. If
dropout is associated with small Y5, then the mean in the observed data will be too high,
and the wrong missingness model does not compensate for this. The opposite is true if

dropout is associated with large Ys.
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4.6.4 The effect of the variance of the random effect on the limiting
values 5 and [}

In the following table we will study the effect of changing the variance of the random effect

2

on the limiting values at different dropout models. We take 03, = 02 = 02 . Each time,

we will keep the same dropout percentage, which is always about 50%.
Table 4.7: The effect of the variance o? on the limiting values 35 and j3;.

SP MAR  MNAR

ou=v05 B -0.8380 -1.0020 -0.8210
: -0.9950 -0.9860 -0.9560
Bias(B3) 0.1620 0.0020  0.1790
Bias(8s) 0.0050 0.0140  0.0440

ou=v1 3 -0.7300 -0.9920 -0.6470
M -1.0050 -0.9900 -0.9300

Bias(f3) 0.2700  0.0080  0.3530

Bias(f4) 0.0050 0.0100 0.0700

ou=v3 3 -0.3990 -1.0310 -0.0930
M -1.0320 -1.0230 -0.8470

Bias(f3) 0.6010 0.0310  0.9070

Bias(f4) 0.0320 0.0230  0.1530

ou=V6 B -0.0220 -1.0450  0.6100
X -1.0830 -1.0350 -0.7180
Bias(B3) 0.9780  0.0450  1.6100
Bias(B4) 0.0830 0.0350  0.2820

ou=V12 B 0.6140 -0.9470 1.7070
h -1.1640  -0.9630 -0.6090
Bias(f3) 1.6140 0.0530 2.7070
Bias(8;) 0.1640 0.0370  0.3910

As for Chapter 3, changing the variance parameters and keeping the same dropout per-
centage at about 50% has a remarkable effect on the bias. From Table 4.7, it is clear that
as o, (and consequentially o, and o,) increases, the limiting values 33 and 5} go fur-
ther from the true value (8§ = —1, 8¢ = —1) and hence the bias increases, which means
that the large error variances imply poor results. In short we can conclude that the more

variability, the more bias.
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4.6.5 Contour plots

Here we want to show how the limiting values 8* change when we change the 6s. We
produce contour plots of §* for a grid with —1.5 < 57 < 1.5 and —1.5 < 6;” < 1.5. Here
we do not present a plot for 3j under SP, because the IPW method gives close estimates

for B4 under SP dropout.

We can conclude from the contour plot of 85 under SP (Figure 4.1), that in order to min-
imise the bias in 35, we should choose 6, to be around zero, which is equivalent to MCAR.
The biggest change is in the vertical direction, for example at 61 = 0, then 35 = —1 as
expected. For negative 61, the dropout is associated with large Y5, so Ys tends to be low.

Hence (33 is lower than what it should be. The opposite happens for a positive ;.
Similarly, we can conclude a typical result from Figure 4.2 of 85 under MNAR dropout.
For positive 6o, 83 is higher than its correct value, hence Y tends to be high, while 33

will be lower for negative 0o regardless the value 6g.

In Figure 4.3 we get positive bias as 3 moves away from zero in either direction. This is

similar to Figure 3.4 in Chapter 3. Refer to Appendix A.6 for more details.
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Figure 4.1: Contour plot of 55 under SP.
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Figure 4.2: Contour plot of 55 under MNAR.
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Figure 4.3: Contour plot of 5} under MNAR.
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4.7 Discussion and Conclusion

In this chapter we calculated the expected values of terms in equations (4.9) and (4.10),
or the least false values of 6 and 7. Then we calculated the least false values of 33 and
B; under SP model. We could not find a closed form under MNAR and therefore used
numerical results. We compared these expected values under different dropout models to
the generating values 63G and Bf. We calculated the bias in the expected parameters in
each dropout model. As we found in Chapter 2 in Tables 2.3 and 2.4, it is clear that the
IPW works under missing at random (MAR) since 55 = 5;? and ) = ﬁf, or, in other
words, the bias is zero. In contrast, the IPW method does not seem to work under SP
and MNAR as there is bias in both parameters, the simulation results can be found in
Chapter 2 in Tables 2.6 and 2.8 for MNAR and SP, respectively. We also conclude that
the IPW method gives consistent estimates for 83 under MAR dropout model and also for
B4 under MAR and SP dropout models. Both of them fail to give a consistent estimate
for B3 or B4 under MNAR. Results from the contour plots support our conclusions from
Table 4.5 and Table 4.6. In the next chapter we will investigate the performance of the

CC method and calculate its least false values.
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Chapter 5

Performance of CC Method Under
Shared Parameter, MAR and
MNAR Dropout

5.1 Introduction

In this chapter we investigate the complete case method (CC). Following the methods of
the previous chapters, we take the two timepoints situation as a special case and investigate
how the CC method performs under shared parameter, MAR and MNAR dropout. As
previous, derivation and illustration of theoretical least false values are made under SP and
MNAR dropout. To check, we compare the theoretical least false values with simulation
results for selected parameter combinations. For a reference see Matthews et al. [2012].
As we saw in Chapter 2, we expect loss of information when the Complete Case method

is used and potential bias, except in the case that the data are MCAR.

5.2 Complete Case Method With Two Timepoints

As previous, we assume the generating model for responses is

E[}/lz] = 51 + B2$i and E[YQZ] = ,83 + /84131'-

In complete case analysis only observations with values at both timepoints are used. This
means that estimates at time 1 will be affected as well as at time 2. The least squares

estimates for time 1 are

A ® o RY1(z; — Rz/R ~ RYT . Rz
5222121 1i(@ 7:11 )andﬁlzjl—@—
2imy Ri(wi — R/ R)? R

X

R
By = Y Yixi Ry — Y YR Y xR/ Y Ry
? S a?R; — (LR S Ry

or
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Similarly o L o
~ Zﬂzl Rﬂfgl ($Z — RJ/‘/R) ~ RY2 ~ Rx
B4 S Ry(wn — R R and f3 = B4 = (5.1)
or
5 Yojwi Ry — ) Yo R; iR R;
gy = 2wt =) Yol g wili/ ), Ry, (5.2)

S wiRi— (L wiRi)?/ 3R
The Rx/R term arises as we use the mean x amongst observed values, which can be
written as Y ;" Riz;/ > . R;. Dividing top and bottom by n allows us to change the
sums to means which is helpful for later use of the laws of large numbers (LLN). We
will study what happens to the estimates under the three different dropout models, as n
increases. We will concentrate on 33 and (34, which are the parameters of main interest.
Similar methods can be applied for 51 and B2, though we need to be careful in defining the
dropout model. For example, if the generating model is MAR, dropout (and R) depends
on Y7 but not Ys. If we choose not to use Y7 values when Y5 is missing then this induces
a form of MNAR, as missingness depends on the potentially unused Y;. This would not
be sensible - clearly we should use all information in estimating the time 1 parameters.

Hence we concentrate on time 2 only.

As we have used several times, as n increases, the LLN implies that 34 converges to [

given by {RYs(x — B[R]/ E[R]))
« *_E RY>(x — E|Rx|/E|R
fr=Bi=F {R(z — E[Rz]/E[R])?} o
and E[RY,] ., E[Ra]
By — B3 = E[R]2 - B [f;? : (54)
To make the calculation easier, we can rewrite 3; defined in (5.3) as:
gi— E[RYzz] — E[RYs|E[Rz]/E[R] (5.5)

E[Ra?| — (E[Rx])?/ E[R]

Thus, under each dropout model, we need to find E[R], E[Rxz], E[Rz?], E[RYs], E[RY>z],
where E[RY3] = E[R(83 + fax + U + €2)] = B3E[R] + f4E[Rz] + E[RU] 4+ E[Re2], and
E[RY2x) = E[Rz(Bs + Bax + U + €2)] = B3E[Rx] + B4E[Rx?] + E[RUz] + E[Rwey).

Now let n — oco. To recall (see Section 3.3.2 in Chapter 3), there are five fundamental
variables: U, €1, €2, R and . At times (including this part) it may be more convenient to

work with Y7 and Y5 instead of U, €1 and es.

5.3 Performance under Shared Parameter Dropout

Under SP, R depends only on U, and as R is independent of x and we know = ~ N (0, 02),
then E[Rx] = E[R|E[x] = 0 and E[Rz?] = E[R|E[2?] = ¢2E[R]. We found E[R] in
equation (4.16) in Chapter 4. Also, E[RY32| = S3E[R| + BaE[Rx] + E[RU] + E[Re3].
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As E[Rz| = 0 and E[Rez] = 0, we still need to calculate E[RU]:
E[RU] = / U expit {0y + 0.UYo(U;0,0%) AU
~ / U®lc(0o + 61U)]o(U;0,0%) AU
_ 091012] cbtp (5.6)
\/1+(0910U \/1 + (cOi0p)? ‘ ‘

Hence we get E[RYs] = B3E[R] + E[RU]. Similarly, E[RY2x] = B3E[Rx] + B4E[Rx?] +
E[RUz] + E[Reyx].

As E[Rz?% = 02E[R] and E[Rz] = E[Rwes] = E[RUx] = 0, we get E[RYsz] = B402E[R).
Hence we have all the terms necessary for 33 and ;. The results are illustrated in Section
5.6.

5.4 Performance under MAR Dropout

We found E[R], E[Rz], E[Rz?] in equations (3.28), (3.29) and (3.34) respectively in Chap-
ter 3, thus we need here to find E[RY>] and E[RY>z].

Consider E[RY3] = E[R(f3 + fax + U + €2)] = B3E[R] + f4E[Rzx] + E[RU] + E[Re3],
and E[RYsz] = E[Rx(B3 + Bax + U + €2)] = B3E[Rz] + B4E[Rx?] + E[RUx] + E[Rwes).
Under MAR, R is independent of €2, thus E[Re2]=0 and E[Rzez]=0. This means we only
need to find E[RU] and E[RUx]. We start with E[RU| = E[E[RU|z]]. The conditional

expectation is

E[RU|z] = //Uexpit {60 + 1Y1}0(U;0,0%) (€13 0,02 )dU dey

2A4
\/1+A40U \/1—|—A4UU

_ c(0o+01(B1+P2x)) _ ch
where Ay = ¢(0g + 60161 + Pax) + cOLU, A = by, As = ~ (o)t Ay = 7\/1‘*‘(;271)2‘
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Then
E[RU] = Ex[E[RU|x]
= / (230, 07)dx
1+ A4UU 1 + A4O'U
_ A4 6_5A7
1+ A202 V2 AT+ 1
c(60+6151) c(6182) — A2/( A2
where Ay = T Azael)Q\/HAQ , Ag = e )P TS and Ay = AZ/(A§+1).
Similarly F[RUzx| = E[zE [RU |z]] and
E,[zB[RU|4]] / _ oA g 0,02)d
p x]] = 5 6x]o(2; 0,05 )dx
14 AiUU
O'IQJA4 2
zp[As + Asz]p(x; 0, 07)dx
1+ A%o?
E[RUz] e A
] = —
Var AT+ 1

where Ag = —A(,Ag,/(A% + 1)

Hence we get E[RY3] = B3E[R]+ B4E[Rx]+ E[RU] and E[RYzz] = B3E|Rx] + B4 E[Ra?] +

E[RUz]|, and we have all terms needed for the least false calculation.

5.5 Performance under MNAR Dropout

We found E|R], E[Rz], E[Rx?], E[Res) and E[Rezx] in Chapter 3 in equations (3.47),
(3.48), (3.49), (3.50) and (3.51) respectively. Thus we still need to find E[RU| and E[RU z].

We start with E[RU| = E,[E[RU|x]] as previously. This time

E[RUJ2] = / / U expit {6 + 02Y2}6(U; 0, 0%)d(c2; 0, 0%, )AU de

\/1+B40'U \/1—|-B40'U

o o _ c(B0+02(B3+Lax _
where By = ¢(0y + 02083 + Pax) + cdU, By = cby, By = % and By =

clo
1+(BQO'62)2 ’
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Then

E[RU] = E,[E[RU|x]
oi; By e 2b7
1/1+BEU(2] V2my/B§ + 1
where By = B2/(B2 +1).

Similarly, F[RUzx] = E;[xE[RU|z]] and

B
E.[zE[RU|z]] = / _ B ¢[Bs + Bsz]¢(x;0, 05)dx
1+ B4O'U
— v / x¢[Bs + Bgx|p(x;0,02)dx
1+ B4O'U
e~ 3B
E[RUz| =

B
VaryBI+1

where Bg = —BGB5/(B§ + 1).

Hence we get E[RY3] = f3E[R] + f4E[Rz] + E[RU| 4+ E[Res| and E[RYs2x] = B3 E[Rx] +
B1E[Rz?) + E[RUx] + E[Rxes]. We will now investigate these results numerically.

5.6 Simulations and Numerical Investigation

We will do this numerical investigation in two parts as in the previous chapters. In the first
part we want to check that the theory and our least false values are correct by comparing
the expected values with simulated ones. In the second part we explore in detail how the
misspecification affects the (8 estimates, using the theoretical results. Now that we have

working formulas there is no need for simulations here.

As before we generated a scalar N(0,1) variable x, then we generated the longitudinal
means =01 + fex, po=pF3 + Psx. This was followed by (Y7, Y3) from a bivariate normal
distribution with mean (p1, p2) using a shared effect U to generate the correlation. In all
of the following simulations, unless it is stated otherwise, we take the same parameters
used in previous chapter. Our choice of parameters will keep the dropout always about
50%.
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5.6.1 The limiting values compared to the simulated values for different
sample size

Here we attempt to show what happens as sample size increases, i.e. at what n can we be
confident that the theory is reasonable. One can note from Table 5.1 as we expected as
n increases the simulated and theoretical values become close to each other. Note that 53
and B4 are the estimated values produced by the simulations when we fit MAR to data
that are MNAR or SP.

Results at n=100000 show that the simulated values all match the theoretical approxi-
mations very well, which support the use of the theory. Comparing the results here with
the corresponding results in Chapter 3, we note that here we need a larger sample size to
achieve n that gives us an acceptable result. This may be related to the extra variability

of CC observed in Chapter 2, perhaps because we use fewer observations in estimation.

Based on the n = 100000 result, Table 5.2 gives detail on the various components of 33
and 7. We see that all dropout methods lead to bias, of generally similar magnitude, but

the causes (the components) can differ considerably.

Table 5.1: The limiting values under different sample sizes

n SpP MAR MNAR

1000 B3 -0.82 -0.89  -0.78
*-0.84 -0.90 -0.77
By -1.11 -0.95 -0.95
% .1.00 -0.97  -0.95

10000 B3 -0.82 -0.88  -0.76
B3 -0.84 -0.90  -0.77

Bs -1.00 -0.95 -0.94

1 -1.00 -0.97  -0.95

50000 S -0.84 -0.88  -0.76
Y -0.84  -0.90  -0.77

Ba -0.99 -095 -0.96
1 -1.00 -0.97  -0.95

100000 B3 -0.84 -0.89  -0.77
¥ -0.84 -0.90 -0.77
By -1.00 -0.95 -0.95
By -1.00 -0.97 -0.95
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Table 5.2: Comparison of simulated and least false values under n = 100000

SP MAR MNAR
R 0.50  0.50 0.50
E[R] 0.50  0.50 0.50
Rz -0.00 -0.20 -0.11
E[Rx] 0.00 -0.20 -0.11
Rz? 0.50  0.50 0.50
E[Rz*] 050  0.50 0.50
RY, -0.42  -0.25 -0.28
E[RY,] -0.42 -0.25 -0.28
RYsx -0.50  -0.30 -0.39
E[RYaz] -0.50 -0.30 -0.39
Bs -0.83 -0.88  -0.76
B -0.84  -0.90 -0.77
Ba -1.00 -0.95  -0.95
B -1.00  -0.97  -0.95

5.6.2 The 95% nominal CI for the limiting values

Here we will show that for each limiting value calculated by the expectation, the simulated

values (SV) are within noise of the theoretical values (TV) for large sample sizes (n=1000).

We estimate the noise from the simulations; that is we get a confidence interval from the

simulations and reassurance that the population values are within these. We simulate 100

samples of size 1000, then find the 5 for each sample then calculate the reference interval
instead of standard confidence interval, so we will say: CI:é +2SD(B). We did this for
the SP, MAR and MNAR dropout models, each with just one set of dropout parameters
and all with the missingness percentage at about 50% dropout. In Tables 5.3 and 5.4, the

theoretical values are all being within the corresponding reference intervals.

Table 5.3: The 95% reference interval for 55 using 100 samples of size 1000.

MAR

SP

5.6.3 The effect of dropout on the limiting values 5; and [;

TV SV

Lower
Bound

-0.8842 -0.8852 -0.9188
MNAR -0.7727 -0.7626 -0.7900
-0.8408 -0.8321 -0.8590

Upper
Bound
-0.8516
-0.7351
-0.8053

We now explore the effect of different dropout parameters under fixed 8 and o2 = 1,
oy = 0¢, = 0¢, = V0.5. We choose values that keep the dropout rate close to 50%, and
use 6°P, OM and MY to denote values under SP, MAR and MNAR respectively. Recall
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Table 5.4: The 95% reference interval for 35 using 100 samples of size 1000.

TV SV Lower  Upper

Bound Bound

MAR -0.9546 -0.9536 -0.9877 -0.9194
MNAR -0.9508 -0.9475 -0.9782 -0.9167
SP -1.0000 -0.9996 -1.0249 -0.9743

that the true values are 83 = 84 = —1.

In Table 5.5, we show 33 and 5} by solving the equations given in Section 5.3 for the given
values of 63’ and 6;” under SP, with the same parameters used to generate the logistic

model as mentioned before. These values of # all give a dropout rate of around 50%.

Under SP, the least false values of 3] are very close to the true quantity. Hence we only
investigate the effect of #’s on (3. The bias in S5 is larger as the value of 0;" get bigger.
For negative 0;”, we note that 83 tends to be smaller than its true value. So the chance
of dropout goes up with Y3, so we lose the large Y5 values and the mean of the observed
data at time 2 is too low. So the intercept term (/33) is too low. The opposite happens for

. sp
positive 6".

In Table 5.6, we show 33 and (] by solving the equations given in Section 5.4 for the
given values of 6} and 6 under MAR, with the same parameters used to generate the
logistic model as mentioned before. These values of 8 all give a dropout rate of around
50%. Similar conclusions to Table 5.5 are also drawn here for g5. For g}, there is now
bias, which decreases as the negative ) increases, while for positive 0} the bias increases

as the positive 62/ increases.

Turning to the next table, under MNAR, Table 5.7, we show 5 and ] by solving the
equations given in Section 5.5 for the given values of 9(]]\/[ N and 0MN under MNAR, with the
same parameters used to generate the logistic model as mentioned before. These values of
6 all give a dropout rate of around 50%. Similar conclusions to Table 5.6 are also drawn
here for both 83 and 3j. In Table 5.7 34 is biased towards zero as previously discussed
(Appendix A.6). But 3 is biased either down or up depending upon whether dropout is
associated with large Y2 (negative 03/) or small Y5 (positive 82/V). If dropout is asso-
ciated with small Y5, then the mean in the observed data will be too high. The opposite

is true if dropout is associated with large Ys.
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Table 5.5: Effect on dropout parameters of fitting the CC method under SP. True 83 = —1 and
Ba=-1.

0 0y B3 Bi
0 —v2 -1.2860 -1.0000
0 —/0.5 -1.1592 -1.0000
0 0.5 -0.8408 -1.0000
0 V2 -0.7140 -1.0000

Table 5.6: Effect on dropout parameters of fitting the CC method under MAR. True 3 = —1 and
Ba=-1.

i B3
-2 -1 -1.2097 -0.8809
-1 -0.5 -1.1158 -0.9546

1 0.5 -0.8842 -0.9546
2 1 -0.7903 -0.8809

Table 5.7: Effect on dropout parameters of fitting the CC method under MNAR. True 53 = —1
and B4=-1.

L R
-1 -1 -1.4147 -0.8504
-0.5 —0.5 -1.2273 -0.9508
0.5 0.5 -0.7727 -0.9508
1 1 -0.5853 -0.8504
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5.6.4 The effect of the variance of the random effect on the limiting

values 5 and [}

In the following tables we will study the effect of changing the variance of the random
effect and measurement error on the limiting values at different dropout models. We take

0[2] = a?l = 0622. Each time, we keep the dropout percentage at about 50%.

Table 5.8: The effect of the variance of on the limiting values 85 and 8f. True 83 = —1 and

Ba=-1.

SP MAR MNAR
oy =v0.5 B3 -0.8408 -0.8965 -0.7727
Bi -1.0000 -0.9665 -0.9508

oy =1 B3 -0.6936 -0.7763 -0.5628
81 -1.0000 -0.9142 -0.9086

oy =3 B3 -0.1923 -0.4117 0.1505
Bi -1.0000 -0.7964 -0.7870

oy =6 B3 03946 0.0076  0.9832
Bi -1.0000 -0.6938 -0.6807

oy =v12 B 12705 0.6240  2.2229
B -1.0000 -0.5841 -0.5748

Changing the variance parameters and keeping the dropout percentage at about 50% has
a remarkable effect on the bias. From Table 5.8, it is clear that as oy (and consequentially
0., and o,) increases, the limiting values 85 goes further from the true value (8§ =
-1, ﬂf = —1) and hence the absolute bias increases, which means that the large error
variances imply poor results. In short we can conclude that the more variability, the more

bias.
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5.6.5 Contour plots

Here we want to show how the limiting values 8* change when we change the dropout
parameter 0. For shared parameter, we produced contour plots of 8* for a grid with
—1.5 < 6’ < 1.5 and —1.5 < 0;” < 1.5 for each dropout model. Figures 5.1 - 5.5 show
the results. We do not present a plot for g under SP, because the CC method gives close

estimates for 84 and no real bias.

In Figure 5.1, 83 under SP can take a value from about —1.4 to —0.6 for the 6 in the
aforementioned grid. The white area in the plot corresponds to the correct value which
is B?)G = —1. We can conclude that from the contour plot of 33 under SP, that in order
to minimise the bias in 83, we should choose 6; to be around zero, which is equivalent
to MCAR. The biggest change is in the vertical direction, for example at 6; = 0, then
B3 = —1 as expected. For negative 61, the dropout is associated with large Y5, so Y5 tends

to be low. Hence 33 is lower than what it should be. The opposite happens for a positive ;.

In Figure 5.2, 83 under MAR can take a value from about —1.8 to —0.8 for the chosen
range of §. For negative 61, 85 get closer to the true value (-1) as y increases. However,
the bias for 33 is greater at negative 01 than at positive ;. At low ¢; then 3 is very low
for low 0 but high for high 6. In contrast at high 61, 85 is high for all 0.

In Figure 5.3, 83 under MNAR can take a value from about —2.0 to —0.5 for the chosen
range of 6. Again the bias for 33 is greater at negative f than at positive 03 as happens

in Figure 5.2.

In Figure 5.4, 8; under MAR can take a value from about —1.4 to —0.2 for the s changes
in aforementioned grid. For positive 61, 5 get closer to the true value (-1) as 6y in-
creases. However, the bias for 3} is greater at positive §; than at negative 6;. At low 6;

then [} is very low for high 6 but high for low 6. In contrast at high 6y, 3} is low for all 6.

In Figure 5.5, 8; under MNAR can take a value from about —1.2 to —0.4 for the 0s

changes in aforementioned grid. The interpretation is as for the previous Figure.

In conclusion, the dropout model MAR for g5 has less bias than the others, while the
dropout model MNAR for 3} has more bias than MAR. This is because when we compare
Figure 5.2 with Figures 5.1 and 5.3, we find that the bias area in MAR is smaller than
the bias area in SP and MNAR. Similarly, when comparing Figure 5.4 with Figure 5.5 the
bias area in MAR is larger than the bias area in MNAR. Results from the contour plots
support our conclusions from Table 5.5, Table 5.6 and Table 5.7.
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Figure 5.1: Contour plot of 55 under SP.
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Figure 5.2: Contour plot of 85 under MAR.
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Figure 5.3: Contour plot of 55 under MNAR.

_05 -

-1.5

-15 -1.0 -05 0.0 0.5 1.0 15
8o

118



Chapter 5. Performance of CC Method Under Shared Parameter, MAR and MNAR
Dropout

Figure 5.4: Contour plot of 5; under MAR.
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Figure 5.5: Contour plot of 5} under MNAR.
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5.7 Discussion and Conclusion

In this chapter we calculated the least false regression values under a complete case analy-
sis. We compared these expected values under different dropout models to the generating
values B:? and ﬂf. We calculated the bias in the expected parameters in each dropout
model. It is clear that the CC does not seem to work under any dropout model as shown
in Tables 5.5 - 5.8 and Figures 5.1 - 5.5; since 5 # 530 and () # ﬁf, or, in other words,

there is bias.
It is interesting to note one exception that the CC method gives consistent estimates for

B4 under SP dropout model. This is straightforward. We will turn in the next chapter to

a further analysis of least false values.
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Chapter 6

Performance of The Linear Mixed
Effect Method Under Shared
Parameter, MAR and MNAR

Dropout

6.1 Introduction

In this chapter we investigate the linear mixed effect method (LME) which is based on a
maximum likelihood estimating approach. Following the methods of the previous chap-
ters, we take the two timepoints situation as a special case and investigate how the LME
method performs under shared parameter, MAR and MNAR dropout. Derivation and
illustration of theoretical least false values are made under SP, MAR and MNAR dropout.
To check, we compare the theoretical least false values with simulation results for selected

parameter combinations.

6.2 Linear Mixed Effect Method with Two Timepoints

Maximum likelihood estimation gives consistent estimators under MAR as we found in
Chapter 2. Assuming a Gaussian random intercept model, the score equation of current

interest is:

) R ) TR ) | E )

where Y; = (Y;1,Yi2), X; is a 2 x 4 design matrix associated with subject ¢ which is
1 ZT; 0 O .
X; = 0 0 1 and we have used le as notation for the first row of X;, thus
T
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2
07 pPo102

ol = (1,2;,0,0), 87 = (1, B2, B3, B4), and V = ( )
pPo102 0y

are as defined in the Introduction. We can re arrange the terms in (6.1) to be:

), where 01, 02 and p

n

vy + S a5 = 3 [ vy S .
1 i=1 1

i=1
(6.2)
These components are in detail:
2
vlog( 72 TP2 (6.3)
—pPo102 O‘%
where K = 1/0%203(1 — p?), and
o3 ol — — ;
2 24 pPoO102 PO102X;
X-TV_IX' K O‘%l‘i U%IL‘z —po102T; —p0'10'2."L‘l2 (6 4)
T .
‘ —poi102 —pPo102T; O'% O'%SZZZ'
—pPo102X; —pO‘ldgfL'? O'%:L’i 0%%’2
Also
1 ZT; 0 0
2
T z; x; 0 0
TiT; = 6.5
i 0 0 00 (6.5)
0 0 00
Similarly for the right hand side of equation (6.2)
03Yi1 — po102Yin
XTy-y. — K o3Yix; — po1o2Yiou; (6.6)
: © = )
' 01Yio — po102Yil
01Yiox; — poroaYiw;
Finally
Ya
Y;
waYa=| "0 (6.7)
0
0

We can collect all of these, divide by n, and use the law of large numbers to replace the

summation by the expectations as the following:

E|R{XTV~ 1X}+ {xl }] [R{XTV 1Y}+ d- 7 ){xlyl} (6.8)
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In the left hand side of equation (6.8) we will have two parts. First

03E[R) o3 E[Rx] —poi1oaE[R]  —pojoeE[Rx]
E[R{X"V-'X}] = K o3 E[Rx] o3 E[Rz?] —po102E[Rx]  —poioaE[Ra?)
—poioaE[R]  —poioyE[Rx] o?E[R] o? E[Rx]
—po109E[Rx]  —poioe B[R] o? E[Rx] o? E[R2?]
(6.9)
and second:
1 — E[R] Elz]—E[Rz] 0 0
1- 1 E[r] — E[Rz] E[2*] - E[R2z*] 0 0
(=R, r 1| Bl BlRe) Bl Bl 6.0
o1 71 0 0 0 0
0 0 0 0
Similarly, the right hand side is
03 E[RY1] — po102E[RY,) E[Y1] — E[RY}]
o3 E[RY 2] — po1oo E[RY27] N 1 | EMNz]| - E[RY:2] (6.11)
02 E[RYs] — po10o E[RY] o} 0 '
02 E[RYax] — po1oa E[RY: 7] 0

Finally to find the least false value 5* we take the inverse of the matrix in the left hand
side of equation (6.8) and multiply this inverse by the matrix in the right hand side, this
will yield the array of the least false values 8*1 = (3%, 83, 83, 3;). Expressions of E[R],
E[Rz), E[Rx?)], E[RY1], and E[RY3] have been obtained in the previous chapters under
our different dropout models. In the following section we will show in simulations how
the LME method performs under MAR, SP and MNAR dropout model using a similar

technique.

6.3 Simulations and Numerical Investigation

We will do this numerical investigation in two parts as in the previous chapters. In the
first part we want to check that the theory and our least false values are correct by com-
paring the expected values with simulated ones. In the second part we explore in detail
how the misspecification affects the [ estimates, using the theoretical results. Now that
we have working formulas there is no need for simulations here. In all of the following
simulations, unless it is stated otherwise, we take the same parameters used in previous
chapter. Our choice of parameters will keep the dropout always about 50%. So we have
B=(-2,-2,—1,-1), 02 = 0.5, 03 = 0.5, 02=1, p = 0.5.
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6.3.1 The limiting values compared to the simulated values for different

sample size

In Table 6.1 we attempt to show what happens as sample size increases, i.e. at what n
can we be confident that the theory is reasonable. One can note as expected that as n
increases the simulated and theoretical values become close to each other.

Results at n=100000 show that the simulated values all match the theoretical approxi-
mations very well, which support the use of the theory. Comparing the result here with
the corresponding result in Chapter 3, we note that here we need a larger sample size to

achieve n that gives us an acceptable result.
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Table 6.1: The limiting values 835 and 8} under different sample sizes

n MAR SP MNAR
1000 B3 -0.95 -0.93 -0.86
By -0.99 -1.00 -0.94

By -1.00 -0.92 -0.83

Br -1.00 -1.00 -0.96

10000 B3 -1.00 -0.91 -0.81
By -1.02 -1.00 -0.96

By -1.00 -0.92 -0.83

Br -1.00 -1.00 -0.96

50000 B3 -0.99 -0.91  -0.82
By -1.00 -1.00 -0.95

By -1.00 -0.92 -0.83

Br -1.00 -1.00 -0.96
100000 B3 -1.00 -0.92 -0.82
By -1.00 -1.00 -0.96

By -1.00 -0.92 -0.83

By -1.00 -1.00 -0.96
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6.3.2 The 95% nominal CI for the limiting values

Here we will show that for each limiting value calculated by the expectation, the simulated
values (SV) are within noise of the theoretical values (TV) for large sample sizes using
the methods of previous chapters. Tables 6.2 and 6.3 show that the theoretical least false
values are all within the reference ranges for each dropout model. The MAR model is

included for completeness.
Table 6.2: The 95% reference interval for 35 using 100 samples of size 1000.

TV SV Lower  Upper
MAR  -1.0000 -0.9995 -1.0353 -0.9637
MNAR -0.8295 -0.8227 -0.8331 -0.8124
SP -0.9204 -0.9209 -0.9430 -0.8987

Table 6.3: The 95% reference interval for 8} using 100 samples of size 1000.

TV SV Lower  Upper
MAR  -1.0000 -1.0004 -1.0659 -0.9350
MNAR -0.9631 -0.9581 -1.0164 -0.8997
SP -1.0000 -0.9995 -1.0585 -0.9405
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6.3.3 The effect of dropout probabilities on the limiting values 3; and
b
We explore the effect of different dropout parameters under fixed § = (-2, -2, -1, 1),

02 =1,p=0.5and o1 = g9 = v/0.5. We choose values that keep the dropout rate close to
50%, and use 67, 6™ and MY to denote values under SP, MAR and MNAR respectively.

As the LME works under MAR, we do not show the table for how the least false values
B5 and 3] are affected by changing the dropout probabilities under MAR, but we show
the tables under SP and MNAR.

In Tables 6.4 and 6.5, we show 35 and 3] by solving the equations given in Sections 6.2 and
6.3 for the given values of 67 and 67 under SP and 6}/ and 3" under MNAR, with the
same parameters used to generate the logistic model as mentioned before. These values
of 0 all give a dropout rate of around 50%. Recall that the true values are 55 = 7 = —1.
We see that LME seems to work for 37 under the SP model because there is no bias for
B; in Table 6.4. Recall that 3} was also almost unbiased under IPW (Chapter 4, Table
4.5 ) and CC (Chapter 5, Table 5.5 ).

Table 6.4: Effect of the dropout parameters (6", ;%) on fitting the LME method under SP. True
53 = —1 and 54:—1.

05 07" B3 Bi
0 0.5 -0.9204 -1.0000
0 —/0.5 -1.0796 -1.0000
0 V2 -0.8570 -1.0000
0 —v2 -1.1430 -1.0000

Table 6.5: Effect of the dropout parameters (637, 037V) on fitting the LME method under MNAR.
True B3 = —1 and B4=-1.
0T o By Bi
0.5 0.5 -0.8295 -0.9631
0.5 -0.5 -1.1705 -0.9631

1 1 -0.6889 -0.8878
-1 -1 -1.3111 -0.8878

6.3.4 Contour plots

Here we want to show in plots how the limiting values 55 and 5} change when we change
the dropout probabilities. We take the dropout probabilities in the range from -1.5 to 1.5.
We do not attach the contour plot for 87 under SP as there is no bias, which gives the
value of 8} always equals -1 at any 6y and 6#; in the range (-1.5,1.5). Also, we do not show
the plots under MAR since the LME works under MAR.
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We can conclude that from the contour plot of 55 under SP (Figure 6.1), that in order
to minimise the bias in 83, we should choose 6; to be around zero, which is equivalent to
MCAR. For negative 61, the dropout is associated with large U, so Y7 and Y2 both tend to
be low. Hence 33 is lower than what it should be. The opposite happens for a positive 6;.

The same comments apply to Figure 6.2 which show the contour plot of 83 under MNAR.

Figure 6.3 show the contour plot of 85 under MNAR. Here we get similar result to Figure

3.2 in Chapter 3. Again we get attenuation as 6 moves away from zero in either direction.

Figure 6.1: Contour plot of 55 under SP.
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Figure 6.2: Contour plot of 55 under MNAR.
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Figure 6.3: Contour plot of 5} under MNAR.
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6.4 Discussion and Conclusion

In this chapter we calculated the expected values of terms in equation (6.8). We compared
these expected values under different dropout models to the generating values B3G and B4G.
We calculated the bias in the expected parameters in each dropout model. It is clear
now that the LME works under MAR, since 35 = B3G and 3] = B4G or in other words, the
asymptotic bias is zero. The maximum likelihood method fails to give a consistent estimate
for B3 or B4 under MNAR. It is interesting to note one exception that the LME method
gives consistent estimates for 84 under SP dropout model, as happened before for the
IPW and CC methods. This may be correct only for the simulation set up used here, but

not in general; we have not been able to show theoretically that there is no asymptotic bias.

To conclude the chapter, we summarize and compare all the least false values derived
using the LI, IPW, CC and LME methods under SP, MAR and MNAR dropout models.
We use the expressions derived in Chapter 3, 4, 5 and the current Chapter 6. Results are
in Tables 6.6, 6.7 and 6.8 respectively. We use 8 = (=2, -2, —1,-1), ;" =0, 67" = V0.5,
02 =1, oy = 0., = 0., = v/0.5. This combination gives the total amount of the dropout
at about 50%.

Table 6.6: Comparing the limiting values 85 and g} using different methods under SP dropout
model

LI IPW CC LME

g5 -1.00 -0.85 -0.84 -0.92
B; -1.00 -1.00 -1.00 -1.00

Table 6.7: Comparing the limiting values 83 and 3} using different methods under MAR dropout
model

LI IPW CC LME

Bz -1.12 -1.00 -0.90 -1.00
By -1.05 -1.00 -0.97 -1.00

Table 6.8: Comparing the limiting values 85 and g using different methods under MNAR dropout
model

LI IPW CC LME

Bz -0.89 -0.82 -0.77 -0.83
By -0.98 -0.96 -0.95 -0.96

The linear increment model performs well under shared parameter dropout model (refer

to Chapter 3). Under MAR, with these parameter settings the estimates are biased down-
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wards (more negative), whereas under MNAR they are biased upwards. This is because
for LI the estimates at time 2 are based on the differences Yo — Y7, for completers. Hav-
ing lower than expected Y; for completers leads to higher than expected differences and
downwards bias under MAR, the opposite happens for MNAR.

The TPW method is consistent under MAR, as required but has slightly more bias than
LI for B3 but slightly more for B4, in our settings. It performs well for 54 under SP but
has positive bias for 83. The same, under SP, happens for the complete case method CC.
This technique is biased under MAR, and badly biased under MNAR. Finally, the LME
method performs similarly to IPW in the study, at least in terms of least false values. We

have seen previously that it can produce more uncertain estimates however.
Having obtained least false values, in the next chapters we suggest their use in sensitivity

analyses. Before doing so, we will investigate a sensitivity procedure for local misspecifi-

cation as proposed by Copas and Eguchi [2005].
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Chapter 7

The effect of local misspecification

of the dropout model when using
likelihood based methods under
the MAR assumption

7.1 Introduction

In the previous chapters, we investigated the consequences of misspecifying the missingness
mechanism by deriving the so called least false values, which are the values the parameter
estimates converge to when the assumptions may be wrong. The knowledge of these least
false values allows us to conduct sensitivity analysis which will be illustrated here for the
LME method in this chapter and also for the IPW method in the next chapter. In both

chapters we will assume the misspecified dropout model is MAR.

As an alternative, Copas and Eguchi [2005], give a formula to estimate the bias under such
misspecification using a likelihood approach. As the LME is a likelihood based method,
we can compare the estimates obtained through the Copas and Eguchi method with the
LME least false estimates. Also, this idea can be adapted for the IPW estimating equation
approach. The procedure will be applied by adding a tilt to the MAR dropout model to

provide what Copas and Eguchi call local misspecification.
As we found in Chapter 2, we know that the CC, Obs, and LOCF methods do not work
under the MAR dropout model, because they gave biased estimates. So we will concen-

trate only on the LME and IPW methods for now.

In this chapter, we will elaborate the local model uncertainty as proposed by Copas and

Eguchi [2005], and illustrate how to apply it both when model misspecification is present
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and when the data is incomplete. Furthermore, we will show that the Copas and Eguchi
method gives very similar results to those we found in the previous chapter. Misspec-
ification will be dealt with assuming MAR where actually the truth is MNAR. Beside
Copas and Eguchi [2005], many other works developed methods to assess the sensitivity
of inference under the MAR assumption; see for example, Luna and Lundin [2014] and
Rosenbaum [2010]. Moreover, Lin et al. [2012] extended the Copas and Eguchi method and
assumed a doubly misspecified model while we have only single missspecification. There
also has been interest in the Copas and Eguchi [2005] method from a Bayes perspective,
see for example Zhu et al. [2014], Daniels and Hogan [2008] and Kosuke et al. [2008].

A description of the Copas and Eguchi method is provided in Section 7.2, followed by an
example for the two timepoints situation in Section 7.3. A simulation study is described
in Section 7.4, the aim being first to make sure that the Copas and Eguchi method is
working and then show the coverage of nominal confidence intervals. A sensitivity analysis
is conducted to assess how inference can depend on missing data. In Section 7.5, we first
apply the methods to the real data example from a clinical trial with two treatments and
two measurement times as introduced and analysed by Matthews et al. [2012]. This data
was described in Chapter 2. We compare the results obtained by our method with the
results found by using the Copas and Eguchi method. Then we apply the methods to the

three timepoints real data example. Finally, conclusions are given in Section 7.6.

7.2 Description of Copas and Eguchi Method

We use the notation of Copas and Eguchi [2005], denoting Z for complete data and Y for
incomplete data. We have two types of model, the true model and the assumed model.
The true model is also called the generating model and it means how the data are actually
generated or simulated. On the other hand, the assumed model or what is also known as
the fitting model is what we fit to data. The true model for complete data is denoted by
9z = gz(z;¢) and the corresponding true model for incomplete data is gy = gy (y : ¥)
which can be derived from gz. Here 1) is a generic (vector) parameter. The assumed or

working model is a parametric model fz = fz(z;1) which gives the distribution of Z, and

its marginal density is fy = fy (y : ¥).

Thus
fY:/ fzdz (7.1)
(v)

where the notation (y) means integration over all missing values in Z that are consistent
with the observed Y.

We will provide a method to approximate the bias in the estimation of the parameters
of the misspecified model following Copas and Eguchi [2005]. We will consider MAR as

135



Chapter 7. The effect of local misspecification of the dropout model when using
likelihood based methods under the MAR assumption

the working model and MNAR as the true model. Thus the misspecification is caused by
assuming MAR but the truth is MNAR.

Suppose we have a random sample of n observations, and the true model is given by gz
which is defined by equation (16) in Copas and Eguchi [2005] as a tilt model:

9z = gz(z;,e,uz) = fz(2;1) expleuz(z;9)}. (7.2)

Thus the misspecification is determined by the quantity euz(z;v). In this, €, which is
assumed to be small, measures the size of misspecification while uz(z;1) determines its
direction. We assume that uz(z;1) has zero mean and unit variance under the working
model fz. The misspecification is local because € is small. Hence, we can infer that gz is

close to fz, and we can write:

% — exp{euz(z4)}.

Now if we actually use the model fz(z;%) to fit the data, then the limiting value of the
MLE ) as n —» oo is given by equation (18) in Copas and Eguchi [2005] as:

Vo, = argy [Eg{sz(z;¢)} =0
= Y+l By, {ug(z9)sz(z0)},

where sz (1)) = 0{log(fz)}/0 and Iy = E[-0*{log(fz)}/0v06T] are the score and

information matrix for the model fz respectively.

But we will fit to fy, the working model for the marginal data. Copas and Eguchi [2005]
show that if equation (7.2) is true and e is small then a similar approximation holds for

the marginal data Y, i.e.

gy = 9y (; ¥, €, uy) = fy (y;9) exp{euy (y;9)} (7.3)

where again uy (y; 1) has zero mean and unit variance. In this case according to equation
(19) in Copas and Eguchi [2005] the limiting value is:

Ygy =Y+ d;lEf[uysy] =1+ IglEf[euysy] (7.4)

where sy (1;¢) = d{log(fy)}/0¢ and Iy = E [—0*{log(fy)}/0vdyT], are the score and
information matrix for the model fy respectively. To calculate the bias, I;lEf [euy sy,
we need to find the tilt euy. In the next section we will determine how to calculate this

amount under MAR and MNAR in our setting of two timepoints.
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7.3 Copas and Eguchi Method for Two Timepoints Example

The bias consists of, as shown in equation (7.4), the score, information matrix and the
tilt. In order to calculate these components we need first to define the likelihood model

we will use. Under MAR we can choose either of the following equivalent formulations:

L = (f(11,Y2)P(R=1|Y1,Y2))" (f(¥1)P(R =0[y1))' " (7.5)

= (f(VaV)f(V1)P(R = 1|1, Y2)) R (f(v1) P(R = 0|Y1))* . (7.6)

The conditional distribution of Y5 given Y7 is needed quite a lot in this section. Hence,
for simplicity we will use Y21 to denote this quantity. Since f(Y7,Y3) is bivariate normal
in our assumed model we have Y21 ~ N(u21,0921) where ps; = po + ”—fp(Yl — p1) and

g

091 = 094/ 1 — p2. Also, we have that the complete data is Z = (Y7, Y2, R) and incomplete
data is Y = (Y7, YQ(R), R) where

Yo, R=1

undefined, R = 0.
Therefore, at R =1, Y=Z7, but Y will differ from Z at R = 0.

In addition, we define the models fz, fy, gz and gy. We assume MAR as the working
model or misspecified model. As we know, under MAR we have P(R = 1|Y7,Y3) = P(R =
1]Y7), then from equation (7.5) the working model for complete data by assuming R =1
is:

fz = f(Y1,Y2)P(R = 1]Y}).

Similarly, from equation (7.6) the working model for incomplete data by assuming R = 0
is:

fy = f(M)P(R = 0[Y1).

Under MNAR, if we have complete data then we can always set R = 1. Thus, from

equation (7.5), the true model for complete data is
gz = f(Y1,Y2)P(R = 1|11, Y3).

The true model for incomplete data on the other hand is the marginal density:

gy = /gzdz

Yy
= /f(Yl,YQ)P(R:HYl,)/'Z)dYQR. (7.8)
Y
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Note that the integral is over the missing values Y;*. Referring to equation (7.7), we have

that the missing values Y, are undefined in case that R = 0.

This means that in order to use Copas and Eguchi’s ideas we need to convert the specific
gy in equation (7.8) into the general form of equation (7.3). To do this we will redefine
our MNAR model in tilt form:

P(R = 1|Y1, YQ) = expit{HO + 91}/1} exp{euy}. (79)

where € = 69091 and uy = uy(y;0) = (Yo — po1)/o21. For small 0y this is a good
approximation to the logistic MNAR model used in previous chapters. A more refined

approximation is needed in the next chapter.

Calculation of the terms needed for the bias expression (7.4) is now possible and follows

directly. Details are omitted.

7.4 Simulation Study

In this section we explore how the parameter estimates are affected when we fit a MAR
model to data that are MNAR, and we compare with the values that the Copas and Eguchi
method predicts. The simulation set up used here is f=(—2,—-2,—1,—1), § = (6p,01) =
(-0.5,-0.5), 02 = 1, 03 = 1, p = 0.5. This gives dropout rate ~ 40%. Also, based on

equation (7.9), we use the dropout model:
P(R=1|Y1,Y2) = n(0,02) = expit (0 + 01Y1 + 02{Y2 — po1}) .
where jio1 = po + poa(Y1 — p1)/oy.

The first aim is to show that the Copas and Eguchi method works under different simula-
tion parameters. This can be verified by comparing the results obtained by the Copas and
Eguchi method with the maximum likelihood parameter estimates. The following plots
suggest that the method of Copas and Eguchi works under different parameter sets and
dropout rates. Each plot is based on 20 simulations at sample size of 10000. There are
three lines. The dotted lines (blue lines) show, for each choice of 6§ over a grid from -0.2 to
0.2, the mean estimated values of parameters under a MAR assumption when the data are
really MNAR. The parameters we consider are: 3, 34, 03 and p. We do not give results
for B1, B2, and o2 because they are well estimated from the first timepoint observation,
which we have assumed to be fully observed. The solid lines (red lines) show mean values
derived from equation (7.4), using uy and the working score and information. The hori-
zontal lines are at the true values. Figures from 7.1 to 7.4 differ in the parameter sets used

in the simulations. Dropout rates vary between figures, with the highest rate in Figure 7.3.
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We fit the data under a MAR assumption using maximum likelihood and use this fitted
line as a reference. Then, we compare this with the estimates produced using the Copas
and Eguchi method. We find that the dashed line matches the solid one in each Figure
from 7.1 to 7.4. Clearly, this means that the method of Copas and Eguchi works under
MAR. Hence, we can be confident that Copas and Eguchi bias approximation is accurate,

at least for small 5.

Note that in all Figures from 7.1 to 7.4, at #3 = 0 the horizontal lines cross the Copas
and Eguchi estimate lines for all parameter estimated. The reason is that at 0 = 0,
the MAR assumption is valid and thus the estimate will be close to the true value. For
example, in Figure 7.1, when looking at the top-left plot, we can see that at 62 = 0 the
Copas and Eguchi estimator for 53 equals -1.00 (at the horizontal line ) which is the true
value of 33. Moreover, we note that the 33 and o2 estimates keep the same pattern in
all four figures. In contrast, the 54 and p patterns depend upon the parameter sets. For
example, in comparing the (4 pattern in Figures 7.1 and 7.3, it is clear that in Figure
7.1 the estimates of 54 decrease as ) increases, whereas in Figure 7.3 the estimates of (54

increase as 69 increases. A similar note can be made for p.
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Figure 7.1: Default parameter set 3 = (-2, -2, —1,—1), 0 = (=0.5,—0.5), 02 = 1,02 = 1, p = 0.5.
This gives dropout rate 40%. Dashed lines (blue lines): Mean of 20 simulations of sample
size 10000. Solid lines (red lines): Means of corresponding Copas and Eguchi approximations.
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Figure 7.2: Parameter set = (—1,—1,1,2), § = (—0.5,—0.5), 07 = 1, 03 = 2, p = 0.5. This gives

dropout rate =~ 50%. Lines as in Figure 7.1.
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Figure 7.3: Parameter set 8 = (—2,—2,—1,—1), 8 = (—1,0.5), 02 = 2, 03 = 1, p = 0. This gives
dropout rate =~ 83%. Lines as in Figure 7.1.
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Figure 7.4: Parameter set 3 = (—2,0,—2,0), § = (—0.5,—-0.5), 0? = 1, 05 = 1, p = 0.75, and this
set leads to dropout rate = 48%. Lines as in Figure 7.1.
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7.4.1 Comparing the Copas and Eguchi method with LME least false
results

We want now to compare the LME least false results (from Chapter 6 equation (6.8)) with
the Copas and Eguchi [2005] ones. We use sample size 10000 and 10 simulations. The
aim is to show the variation in treatment effect estimates as 65 varies. We use a grid of
02 from -0.2 to 0.2 as previously. We show two examples: Figure 7.5 is produced when we
use 0=(-2,-2,-1,-1), 6=(-0.5,0) which gives dropout rate around 60% and Figure 7.6 is for
B=(-1,-1,-1,-1), #=(-1,0) which gives a higher dropout percentage of around 83%. In both
figures we use 01 = 0 because the least false calculations under MNAR was based on 6; = 0
to make the integrations easier. However, later, we will improve the calculations to find
the MNAR least false at any 6;. Here the blue lines (dotted lines) are simulation estimates
using maximum likelihood, the red lines (solid lines) are Copas and Eguchi estimates, and
the light blue lines are the LME least false estimates. These show that the least false,
simulations and Copas and Eguchi results all match well. We can therefore use the least
false results for bias correction as an alternative to Copas and Eguchi. We focus only on
B3 and B4 because the LME method is based only on the Y values, also the LME least
false we found in the previous chapter are only 33 and f;.

Figure 7.5: Comparison 1: 8 = (—=2,—2,—1,—1), § = (—0.5,0). The blue lines (dotted lines) are

simulation estimates using maximum likelihood, the red lines (solid lines) are Copas and Eguchi
estimates, and the light blue lines are the LME least false estimates.
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Figure 7.6: Comparison 2: 8 = (—1,—1,—1,—1), § = (—=1,0). The lines are as in Figure 7.5.
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7.4.2 CI coverage for the estimated 3 and [,

The Copas and Eguchi and least false values show how estimates are biased by assuming
MAR when the data are MNAR. The misspecification parameter is 6o, with o=0 meaning
no misspecification. If the value of #» was known then we could adjust our parameter esti-

mates to take into account the misspecification. This idea will be illustrated in this section.

For a range of true (generating) 6, we simulate 1000 samples, each of size 1000. In each
case we estimate 3 and (4 using maximum likelihood under a MAR assumption. We
then adjust the estimates using either the estimated Copas and Eguchi bias or the bias
arising through our least false calculations, in both cases taking an assumed 6. Coverage
of the resulting nominal 95% confidence intervals is then recorded. We do not adjust the

estimated confidence interval width, just its location.

Tables 7.1 - 7.3 give the results. Here we use 61 for the true 6, 65" denotes the assumed
value in adjusting the estimates. Also, we use (83*, 51*) for the Copas and Eguchi adjust-

ment method and (33, 8;) for the least false adjustment method.

In Table 7.1 the assumed 65 is zero, meaning we make no correction. Results at the correct
value of 95‘ =0 are good. Otherwise, the CI for 83 goes badly wrong. Note that there is no
correction here, so the Copas and Eguchi and least false results should be the same. Small

differences are just because of the different calculations that are involved. For example
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the least false calculation needs an estimate of o, but Copas and Eguchi does not. We
note that the CI coverage for f4 is not too much affected at any true 62 in the range
(-0.1,40.1) that we looked at. For example, at 05‘2—0.1, the CI coverage for B4 is about
95%, whereas there is undercoverage for 83 when 61 deviates from zero. For example at
67'=-0.1, the CI coverage for 33 is about 85%. This indicates that £, is less sensitive for

the misspecification than (3 in this scenario.

In Table 7.2 we take the assumed value of §5=-0.1, meaning we think dropout is associated
with high Y5. Things work well if our assumed value is close to the true one, -0.1. Note
that in contrast to the Table 7.1, there is correction here, so the Copas and Eguchi and
least false results will not be the same, for example at §2 =+0.1, the CI coverage for B3*
is about 62.7%, but the CI coverage for 5 is about 57.8%. However, both estimates 35*

and (3 have undercoverage as 0% goes further from the assumed value -0.1.

We provide one more example, when the assumed 65 is positive. From Table 7.3, we have
the same conclusion as before. For example, when the assumed value is close to the true
value, §1=+0.05, there is good coverage for CI for the estimates. In contrast, at 61 =-0.10,
the CI coverage for 5* is about 75.1% and the CI coverage for 5 is about 72.5%. Again,

B4 seems very robust.
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Table 7.1: CI coverage in percent for the estimated 33 and 34 at assumed f;=0. We use 03 for the
true fy, 03! for the assumed value in adjusting the estimates, (53*, 35*) for the Copas and Eguchi
adjustment method and (33, 5;) for the least false adjustment method. Results based on 1000

samples of size 1000.

o6 B 8T B B

-0.10 0.00 84.80 95.30 84.90 95.30
-0.09 0.00 8590 96.70 85.80 96.70
-0.08 0.00 86.80 95.30 86.60 95.20
-0.07 0.00 89.70 94.40 89.70 94.40
-0.06 0.00 92.00 94.70 91.90 94.70
-0.05 0.00 92.00 96.00 91.90 96.00
-0.04 0.00 93.70 95.30 93.60 95.30
-0.03 0.00 95.00 95.00 95.10 94.90
-0.02 0.00 94.60 94.40 94.60 94.60
-0.01 0.00 9590 96.10 95.70 96.00
0.00 0.00 94.70 95.10 94.70 95.10
0.01 0.00 94.30 95.20 94.40 95.20
0.02 0.00 95.00 9520 95.00 95.20
0.03 0.00 95.20 94.20 95.00 94.20
0.04 0.00 93.90 94.70 93.90 94.70
0.06 0.00 94.10 95.00 94.00 94.90
0.06 0.00 91.70 94.70 91.70 94.70
0.07 0.00 90.30 95.40 90.20 95.40
0.08 0.00 88.20 94.90 88.20 94.90
0.09 0.00 88.00 95.00 87.80 95.00
0.10 0.00 83.40 95.10 83.60 95.00
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Table 7.2: CI coverage for the estimated 33 and (3, in percent at assumed fp=-0.1. We use 0%

for the true fy, 03 for the assumed value in adjusting the estimates, (3%*, 8;*) for the Copas and
Eguchi adjustment method and (53, 5;) for the least false adjustment method.

o 6 B By B B

-0.10 -0.10 95.30 95.40 95.70 95.10
-0.09 -0.10 94.80 95.10 95.50 94.80
-0.08 -0.10 94.10 96.10 94.10 96.00
-0.07 -0.10 95.50 96.70 95.60 95.80
-0.06 -0.10 95.80 95.20 94.90 95.60
-0.05 -0.10 93.40 94.40 92.00 94.50
-0.04 -0.10 93.70 95.10 92.40 95.20
-0.03 -0.10 92.50 94.90 92.00 95.10
-0.02 -0.10 92.40 94.70 90.50 94.80
-0.01 -0.10 91.20 95.10 89.60 95.30
0.00 -0.10 89.30 95.30 87.40 95.40
0.01 -0.10 89.30 95.80 86.40 96.10
0.02 -0.10 86.80 94.50 83.80 94.60
0.03 -0.10 83.70 93.80 81.20 93.80
0.04 -0.10 80.30 95.50 76.70 95.40
0.06 -0.10 76.00 94.30 71.70 94.50
0.06 -0.10 74.40 95.10 70.50 95.00
0.07 -0.10 69.90 95.70 65.60 95.20
0.08 -0.10 65.20 95.10 61.70 95.00
0.09 -0.10 62.20 96.00 58.30 95.80
0.10 -0.10 62.70 93.90 57.80 94.20
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Table 7.3: CI coverage for the estimated 3 and £, in percent at assumed 62=0.05. We use 6%

for the true fy, 03 for the assumed value in adjusting the estimates, (35*, 8;*) for the Copas and
Eguchi adjustment method and (53, 5;) for the least false adjustment method.

o 68 By BT B B

-0.10 0.05 75.10 97.20 72.50 97.30
-0.09 0.05 7550 95.20 73.70 95.40
-0.08 0.05 79.10 95.10 76.50 95.50
-0.07 0.05 8210 95.10 79.90 95.10
-0.06 0.05 84.10 96.40 81.70 96.20
-0.05 0.05 86.40 96.40 85.00 96.70
-0.04 0.05 88.70 95.20 87.20 95.30
-0.03 0.05 91.10 94.90 89.90 95.00
-0.02 0.05 91.50 95.20 90.50 95.30
-0.01 0.05 92.60 96.20 91.50 96.00
0.00 0.05 94.30 9540 93.40 95.50
0.01 0.05 9530 95.70 94.70 95.60
0.02 0.05 9440 96.00 94.00 96.00
0.03 0.05 94.80 95.70 94.40 95.40
0.04 0.05 96.00 95.60 95.90 95.20
0.06 0.05 95.60 94.90 95.60 94.60
0.06 0.05 9510 94.40 9540 94.10
0.07 0.05 93.60 95.30 94.00 95.00
0.08 0.05 93.80 95.00 94.40 95.10
0.09 0.05 92.10 94.60 92.50 94.80
0.10 0.05 91.70 95.10 92.80 95.20
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7.4.3 Sensitivity analysis

Of course, in practice 05 is not known. For any given data set, a sensible sensitivity proce-
dure would mean plotting bias-corrected estimates and confidence intervals for a range of
assumed 6y values. Here we use a grid of assumed 65 from -0.2 to 0.2. We will show that
for each limiting value calculated by the Copas and Eguchi method, the simulated values
are within noise of the theoretical values for large sample sizes (n=100000). We estimate
the noise from the simulations; that is we get a confidence interval from the simulations
and reassurance that the population values are within these. We did this for a correct
MAR model and after that under true MNAR but MAR is assumed.

Figure 7.7 illustrates when MAR is the correct model (62 = 0) and the unadjusted confi-
dence intervals (red lines) include the true parameter values (3=-1 and 4=-1), as in this
case so do the adjusted ones (blue lines). The horizontal lines are at the true values. We
note that 83" decreases as 6l increases whereas 37" increases as fl increases. This is the
opposite to Figure 7.1, which has the same parameter values. The reason is that we are
adjusting for the assumed parameter. For example, at 85 = —0.2, Figure 7.1 shows that
we expect our MAR estimate to be too low. Hence we adjust for it. But because the true
0y is zero in Figure 7.7, we mistakenly over-estimate (3 at 95‘:—0.2. The argument also
applies to B4. Note that 54 has a wider CI than Ss.

Figure 7.8 has the true #3=0.1 so we have fitted MAR to data that are really MNAR. The
lines cross at o=0 because we are fitting the same MAR model. The important point is
that we get better estimates of the true ’s at the correct 6. Also, as mentioned in Figure
7.7, B4 has wider CI than 3.

We note that, both under MAR and MNAR, 33 and 84 have opposite trends; 83 decreases

as 0y increases whereas (34 increases as f increases.
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Figure 7.7: CI under MAR: 3 = (—2,-2,—1,—1), § = (—0.5,—-0.5), 62=0. The blue lines are the
adjusted estimates, red lines are the unadjusted estimates. The horizontal dotted lines are at the
true values.
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Figure 7.8: CI under MNAR: 8 = (=2, -2,—1,—1), § = (-0.5,—-0.5), #1'=0.1. The blue lines are
the adjusted estimates, red lines are the unadjusted estimates. The horizontal lines are at the true
values.

Bs Ba
@
S -
1
o
O |
&
1
o | TN P
o T}
T o
=
1
[ <
ol 2 4
o Q|
o i
| |
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, n
e |
—
o |
i T N K
i N
o
—
3 -
|
T T T T I T T T T I
-0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2
62 e2

152



Chapter 7. The effect of local misspecification of the dropout model when using
likelihood based methods under the MAR assumption

7.5 Application

7.5.1 Sensitivity analysis: Two timepoints example

In this section we use the two timepoints real data example, which is the same data as
used in Chapter 2. This data is drawn from a clinical trial with two treatments and two
measurement times. The covariates are only treatment type and time. The parameter
vector is (51, B2, B3, B4), ignoring any time interaction. There are 422 subjects, assigned
to either Treatment A or B. Treatment A is associated with treatment effect x=1 and
treatment B is when x=0. Then, at time 2, the mean of the group receiving Treatment
B is 83 and the mean of the group receiving Treatment A is 83+084. At time 1, all sub-
jects provided a response, but 24.4% dropped at time 2. There are 212 subjects receiving
Treatment A, but only 126 provided a response by time 2 and the other 86 dropped out.
Hence the missingness percentage is about 40%. The dropout reason is not known. For
Treatment B, there are 210 subjects, of which 193 subjects continued to time 2 and hence

there are 17 that did not and this gave around 8% missingness.

A sensitivity analysis approach (over a grid of #3) using the Copas and Eguchi and LME
methods is shown in Figure 7.9. The blue lines use Copas and Eguchi method and the
red lines use the least false method. The idea is to adjust the estimate to compensate for
bias from a misspecified MAR fit. So, for example, if we know the least false value under
MAR underestimates a parameter, we add the difference to our estimate to back-calculate.
Dashes are the Cls, based on the MAR standard errors. The first plot shows confidence
intervals for the treatment B mean as the assumed value of > changes. The horizontal
line is the estimate under MAR. The second plot shows the confidence intervals for the
mean of treatment A. The third plot is the difference in means between Treatment A and
B, which yields the treatment effect means i.e. 84 means. In the first plot, the horizontal
line is at -0.74 which is the same value for the LME estimate for 53 in Chapter 2 Table
2.17. Again, the LME estimate for g4 is about -0.40 in both Table 2.17 in Chapter 2 and
here in Figure 7.9. Also, note that 83+ equals -1.15. This supports our finding here,
and make us more confident about the results.

The first thing to note is how close the least false and Copas and Eguchi estimates are.
There is almost no difference over this range of . We take 0 from -1.5 to +1.5. The
value of él under MAR is -1.66, meaning the range of 05 allows Y5 to have the same order
of effect as Y;. Clearly at large values of 63 we might worry that the misspecification is
not local, which is the assumption of Copas and Eguchi. However, the least false results
apply to any misspecification, not necessarily local, and the fact that Copas and Eguchi is

so close to least false suggests that it can work well even under quite large misspecification.

When 65 is negative the estimates get adjusted upwards, the opposite for 05 positive. This
makes sense: At negative 05 large Y, values have low probability of staying in the trial.

Hence the observed means are lower than they would be in the hypothetical no-dropout
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Figure 7.9: Two timepoints example: 95% CI for 53 and 4. The blue lines use Copas and Eguchi
method, the red lines use least false method and the horizontal line is at the MAR estimate.
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situation, so we adjust upwards.

The estimates seem to be affected more at positive A than negative. At the very largest
02 shown, there would be a significant change in the value of the estimated true mean.
However, there is very little effect of misspecification on the difference between means

(third sub plot), as the adjustments essentially cancel.
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7.5.2 Sensitivity analysis: Three timepoints example

In this section we use the three timepoints schizophrenia data as described in Chapter 2.
This data is from a clinical trial with three treatments and three measurement times. The
covariates are only treatment type and time. There are three treatment groups: group
1 has 85 subjects, group 2 has 88, group 3 has 345. We will have a separate parameter
for the mean of each of the 9 treatment and time combinations. The parameter vector is

(B1, B2, B3) at time 1, (B4, B5, B6) at time 2, and (57, Bs, f9) for groups 1, 2 and 3 respec-
tively at each timepoint.

Of the 518 patients, 249 dropped out and the missingness percentages are around 24% and
48% at the second and third time respectively. Examining missingness according to the
groups shows that treatment group 2 has the highest dropout percentage while treatment

groups 1 and 3 have lower dropout percentage.

We have two dropout models both assumed MAR. The MAR dropout model is (1.6) as

defined in the Introduction.

Figure 7.10: 95% CI for the means for groups of schizophrenia data at time 2 and time 3 using
Copas and Eguchi and LME methods. The blue lines use Copas and Eguchi method, the red lines
use least false method and the horizontal line is at the MAR estimate.
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Figure 7.10 shows estimates of the group means (with CIs) at each of time 2 and time
3. The dotted lines are at the MAR estimates. The Cls are wider for groups 1 and 2
than group 3, because group 3 is much larger. The value of 8; in the data is around -0.01
(time 2) and -0.03 (time 3). Hence the range of 6, is chosen to be -0.05 to +0.05, to be of
the same order of magnitude. The Copas and Eguchi method is for local misspecification
which implies 6 near zero. Note that at positive 65 there is no adjustment because there
is no bias. The reason is that for the estimated parameters at positive 6 we expect (in
theory) very little dropout, so there is no need to adjust. Of course in practice there is
dropout, which means positive 62 is not realistic (in association with the current 6y and
01). For negative 5 all estimates are adjusted upwards, for the same reasons as for the two
time example. the least false method seems to lead to larger adjustments than Copas and
Eguchi. As mentioned above, Copas and Eguchi is local, meaning if there is a difference for
the more extreme 65 then probably the least false version should be preferred. The results
are slightly different from Chapter 2 (Table 2.19) because we do not estimate at time 1,
because at time 1 there is no dropout, so we use the full data and thus no misspecification
has occurred. The magnitudes of the adjustment are comparable to those presented (for
a joint modelling strategy) by Henderson et al. [2000] in their analysis of an extended

version of these data.
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Figure 7.11: 95% CI for the differences in means for groups of schizophrenia data at time 2 and
time 3 using Copas and Eguchi and LME methods. The blue lines use Copas and Eguchi method,
the red lines use least false method and the horizontal line is at the MAR estimate.
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Figure 7.11 shows estimates of the treatment effects (group 1 vs group 3 and group 2
versus group 3) at each of time 2 and time 3. There are now dotted lines at zero as well as
the MAR estimate. It is interesting to note that although the mean estimates in Figure
7.10 are severely adjusted, the differences in means have very little adjustment: the two
effects cancel. Results confirm that there is a significant difference between group 2 and
group 3 at both times, and this is maintained even under MNAR. The difference between
group 1 and group 3 is borderline significant under MNAR, with 65 around -0.04, which
would be a very strong effect. High values in these data mean more ill patients. The
positive differences mean group 3 (the new treatment) works best. These are the same
conclusions as Henderson et al. [2000] obtained. We have obtained them without having
to fit a complex MNAR model.
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7.6 Conclusion

In this chapter we derived and explored the Copas and Eguchi [2005] approximation for
the bias raised by the misspecification of the working model. We compared these results
with the LME least false values as obtained in Chapter 6. Moreover, we explained how to
use a sensitivity analysis to see how the methods work under a range of 6. Finally, we

illustrated results using two real examples.

We found that Copas and Eguchi [2005] method and LME least false match very well.
Both gave very close results over the grid of #s we considered. This suggests that our least
false method can provide a credible alternative to Copas and Eguchi in sensitivity analysis.

In fact it might be preferred since there is no assumption of local misspecification.

158



Chapter 8

The effect of local misspecification
on dropout probabilities and IPW

estimation

8.1 Introduction

In the previous chapter, we investigated the effect of a tilt or misspecification of the dropout
model when using a likelihood based method under the MAR assumption. Specifically,
we studied and compared the Copas and Eguchi [2005] bias estimate results with the
least false values derived from the LME method. In this chapter, we will take a similar
approach, and again we will assume that MAR is the working model while the truth is
MNAR. We refer to Ho et al. [2012] and adapt their work to our set up. The objectives
here are first to see what the dropout parameters (6y and 6;) will converge to when using
the local misspecification method, then, to estimate the regression parameters § using
the IPW method. We develop the Copas and Eguchi [2005] approximation for the non-
likelihood estimating equation approach. Furthermore, we show how sensitive the original

IPW method is to misspecified models.

This chapter contains two main parts: In the first part we concentrate on the estimation
of the dropout parameters of the logistic regression model i.e. 6y and 6;. The second part
focuses on using the results obtained in the first part to estimate the regression parameters
[ when using the IPW estimating equation approach. A full description of the method is
shown in Section 8.2. A simulation study for the first part is described in Section 8.3, the
aim being first to make sure that the local misspecification method is working and then
show the coverage of confidence intervals. A sensitivity analysis is conducted to assess how
inference can depend on missing data. We perform the sensitivity analysis by displaying
the estimators 6y and 6, for various choices of 2. We apply our approach to the analysis
of the real data examples in Section 8.4. Then, in Section 8.5 we do the second part i.e.

investigate the IPW method. Again, we apply the methods to both real data examples in
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Section 8.6. Finally, we summarize the main ideas discussed in this chapter and highlight
the findings in Section 8.7.

8.2 Logistic Regression Method to Estimate the Dropout
Probabilities 0; and 0]

In the previous chapter, as mentioned, we concentrated only on the 8s. We now consider
what happens to the estimated dropout probabilities when the working model is MAR
but the true model is MNAR. In the previous chapter, we used the dropout model:

P(R=1|Y1,Y2) = n(0,02) = expit (0 + 01Y1 + 02{Y2 — po1}) .

where p91 = pa+poa(Y1 —p1)/o1. However, here we revert to the original dropout model.
Let 6 = (0y,0;1) and

P(R =1 | Y1, Y2) = 7T(9, 92) = expit (00 + 617 + GQYQ) .
For small 6,Y5 we can expand! 6,Y5 about 0 and get
m(0,02) ~ m(0,0) + 62Yomw(0,0) (1 — 7(6,0)). (8.1)

We will be fitting the MAR model to MNAR data using maximum likelihood. Ho et al.
[2012] explained that the parameter estimates (@) will converge to the values (%) that

minimise the expected Kullback-Liebler divergence, and in our case will solve
U(6%,6,02) =0,
where U(0*,0,62) is a 2 x 1 vector

E[n(0,02) — w(6%,0)]

(8.2)
EYi{n(0,02) — m(6,0)}]
Expanding in * about 6
0=U(0",0,02) ~U(0,6,02) + 20" (0" —0). (8.3)
Here 0U/00*, evaluated at 6* = 0, is the 2 x 2 matrix
—E[r(6,0) (1 -=(6,0))] —E[Y17(6,0)(1—7(6,0))]
(8.4)

—EY17(6,0) (1 —n(6,0))] —FE[YZn(6,0)(1—n(6,0))]

!'Expanding f(z) about a means f(z) = f(a) + (z — a) f'(a).
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Using (8.1)
E[m(0,0) — w(0,0)] E [02Y2m(0,0) (1 — 7(6,0))]
U,0,6;) ~ +
E[Y1{m(0,0) — 7(0,0)}] E[02Y2Y17(0,0) (1 — 7(6,0))]

= 0+(0,607) (say). (8.5)

Hence using the result of equation (8.5), equation (8.3) yields:

§ oUu\ !

0~ — (ae*) 0(6,62). (8.6)

In practice we replace expectations by sample means, and replace the unknown 6 by the
estimate 6. Note that the approach here, based on small f5 and expansion of the estimating
equations, is not the same as the previous least false method, which does not assume small

Ao and solves the estimating equations.

8.3 Simulation Study for the Dropout Probabilities ¢

The objective here is to compare the estimates obtained by using the local misspecification
method with logistic regression least false results for a variety of parameter values. We
use the same simulation set up as used in the previous chapter i.e. f=(—-2,-2,—1,—1),
0 = (00,61) = (—0.5,-0.5), 02 = 1, 02 = 1, p = 0.5. This gives dropout rate ~ 40%. The

dropout model we use here is, as mentioned before,
P(R =1 ‘ Y1, YQ) = 7T(9, 92) = expit (90 +601Y; + HQYQ) .

Results show that both methods work very well, Figure 8.1 and 8.2 illustrate. The left
plot refers to 6y and the right to ;. In each plot the blue line shows the average value of
the estimated 6, over 20 simulations, each with sample size n=10000, as we vary the true
(but ignored?) f from -0.2 to +0.2. The estimate of 6 is very stable but the estimate
of §; can be highly affected by ignoring 2. The red lines in each plot give the expected
estimates derived using the (new) Copas and Eguchi method i.e. the local misspecification
estimation method, which is expressed in equation (8.6). The green lines give the least
false estimates (from Chapter 4 results). Sometimes least false and local misspecification

results are so close that the green line is not visible. The horizontal line is at the true value.

Figures 8.1 and 8.2 differ in the true values of 8y and 6;. But they both show that the
local misspecification method works, because the estimates derived through equation (8.6)

match the other method estimates over the values of f5. In Figure 8.1 the horizontal line

2Because we are assuming MAR, the dropout model does not depend on 6
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and the estimates lines cross at o = 0, in each plot. This is because, in theory, at 6o =0
the MAR assumption is valid and so the the estimates will be unbiased which means the
estimates will give the true value. For example, in the right plot, at 65 = 0 the horizontal

line at the true value (at 6; = —0.5) crosses the estimates lines, as expected.

Figure 8.1: Parameters § = (—0.5, —0.5). The blue line shows the average value of the estimated
0, the red lines give the expected estimates derived by local misspecification. The green lines give
the least false estimates. The horizontal line is at the true value. The left plot is for 6y and the
right for 6.
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8.3.1 CI coverage for the estimated 6, and 6,

Here we calculate the 95% confidence interval (CI) coverage percentages for the parameters

of interest 6y and 6 by using the three different estimation methods:

e The General Linear Model estimation method (gim). The logistic regression param-
eters are estimated using glm method and they are denoted by 9(1)%”“” and 0F% which

mean raw results or unadjusted.

e The local misspecification method using equation (8.6), the parameters here are
denoted by 635" and 67*.

e The least false method in Chapter 4, the parameters associated with this method

are denoted by 6 and 07.

For the local misspecification and least false methods, we obtain the CI by shifting the
location by the estimated bias. We will perform three different comparisons. In Table 8.1,
we assume #>=0, so MAR is correct here. In Table 8.2 and 8.3 we assume MNAR with
assumed 0 (denoted by 63') =+0.1 and -0.1 respectively. All are based on 1000 simulation
repetitions each of sample size 1000. We calculate the CI coverage under a range of true
02 (denoted by 62) from -0.2 to +0.2.

In Table 8.1, we note that all the methods give the same coverage for each of 6y and also
for 6, in each row (at the same true #2). For example, the estimated CI coverage for
0o in the third, fifth and seventh columns are identical, also the fourth, sixth and eighth
columns are identical. In addition, the confidence interval coverages are good for 6y at
all true 65, because of the stability of the estimates as seen in Figures 8.1 and 8.2. For
61, when the MAR model is correct (#3=0) all methods perform well, but when it is not
there is serious undercoverage. The reason is that under MAR there is no bias and so all

the methods are supposed to give similar estimates.
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Table 8.1: The CI coverage at assumed 6,=0 in %.

oF g4 gRaw  gRaw  ge g ge g

-0.20 0.00 95.10 39.80 95.10 39.80 95.10 39.80
-0.18 0.00 96.20 50.10 96.20 50.10 96.20 50.10
-0.16 0.00 9590 59.20 95.90 59.20 95.90 59.20
-0.14 0.00 95.30 64.60 95.30 64.60 95.30 64.60
-0.12  0.00 96.00 76.00 96.00 76.00 96.00 76.00
-0.10 0.00 95.50 78.40 95.50 78.40 95.50 78.40
-0.08 0.00 95.80 84.30 95.80 84.30 95.80 84.30
-0.06 0.00 94.80 89.40 94.80 89.40 94.80 89.40
-0.04 0.00 95.20 93.30 95.20 93.30 95.20 93.30
-0.02 0.00 95.80 95.30 95.80 95.30 95.80 95.30
0.00 0.00 95.90 95.60 95.90 95.60 95.90 95.60
0.02 0.00 9570 9530 95.70 95.30 95.70 95.30
0.04 0.00 96.10 92.10 96.10 92.10 96.10 92.10
0.06 0.00 95.80 87.60 95.80 87.60 95.80 87.60
0.08 0.00 9590 80.80 9590 80.80 95.90 80.80
0.10 0.00 96.00 74.80 96.00 74.80 96.00 74.80
0.12 0.00 95.10 61.90 95.10 61.90 95.10 61.90
0.14 0.00 93.80 53.50 93.80 53.50 93.80 53.50
0.16 0.00 95.00 37.70 95.00 37.70 95.00 37.70
0.18 0.00 96.50 31.10 96.50 31.10 96.50 31.10
0.20 0.00 94.50 21.80 94.50 21.80 94.50 21.80
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Table 8.2: CI coverage at assumed 63=0.1 in %.

oF g4 gRaw  gRaw  ge g ge g

-0.20 0.10 9540 36.80 9520 7.00 9520 6.90
-0.18 0.10 94.80 5240 94.40 9.40 9420 9.10
-0.16 0.10 95.70 56.00 95.50 14.10 95.40 13.80
-0.14 0.10 95.50 65.80 95.60 20.70 95.50 20.30
-0.12  0.10 95.30 73.20 95.30 27.60 95.20 27.00
-0.10 0.10 95.90 80.80 95.90 34.60 95.80 34.20
-0.08 0.10 95.60 88.00 95.80 44.20 95.70 43.50
-0.06 0.10 94.60 88.90 94.30 53.70 94.20 52.60
-0.04 0.10 94.70 94.30 95.10 61.80 95.10 61.60
-0.02 0.10 9590 94.40 95.70 65.70 95.80 65.40
0.00 0.10 95.70 96.30 95.80 74.60 95.60 74.40
0.02 0.10 9520 93.20 94.90 84.70 94.90 84.20
0.04 0.10 95.70 92.60 95.50 89.20 95.60 88.60
0.06 0.10 96.40 88.50 96.70 93.50 96.60 93.30
0.08 0.10 94.50 81.30 94.50 94.70 94.50 94.60
0.10 0.10 95.50 73.00 95.60 95.80 95.60 95.60
0.12 0.10 96.00 61.40 96.20 93.40 96.10 93.50
0.14 0.10 95.70 52.70 9530 90.80 95.30 90.80
0.16 0.10 95.10 41.60 95.30 88.50 95.30 88.60
0.18 0.10 95.10 29.70 94.80 80.00 94.80 80.30
0.20 0.10 94.90 22.20 95.00 69.20 95.10 69.60

Table 8.2 provides an example for the CI coverages when the MNAR assumption is valid,
and we assume 63=40.1. The coverages of 96%‘“”, 05" and 6 are good at any true 6> in the
range (-0.2, +0.2). Turning to the coverage of different estimates of 6y, the glm estimate,
gftaw oives good coverage (about 95%) only at true 8, =0. However, for §7* and 67, both
corrections work very well when the assumed 63 matches the true value (0.1) as expected
(no bias). However, when the assumed 6, is wrong, the coverage of 67* and 67 decreases
dramatically and reach only around 7% at true 62=-0.2. The poor coverage rates of the
nominal confidence intervals are due to the bias and not to poor variance estimation,
argued Robins et al. [1995].
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When the assumed 65 is -0.1, Table 8.3 leads to similar conclusions as in Table 8.2. As
assumed A2 has opposite sign of the assumed 69 in the previous table, the most underco-
varges now are associated with the positive values of true #>. Again, 6y estimators give
good coverage for all true 03 in (-0.2,+0.2). Turning to the #; estimators, the CI coverage
for 0f19% is good (96.20%) when data is really MAR (at 62 = 0). On the other hand, fe
CI coverage decreases as true 62 goes further from zero in both directions, as seen before

in Table 8.2. Regarding the CI coverages for the estimates 67" and 6], they both have

good coverage only when 61 = 9? (at true #3 = —0.1), but otherwise they have serious
undercoverage.
Table 8.3: CI coverage at assumed 6,=-0.1 in %.
0% 95‘ pltaw  gRaw  gex 07" 05 07

-0.20 -0.10 95.80 41.90 95.90 82.00 96.00 81.00
-0.18 -0.10 95.50 47.70 95.60 88.00 95.50 87.80
-0.16 -0.10 96.00 55.70 96.20 91.00 96.00 91.00
-0.14 -0.10 97.10 66.00 97.10 94.20 97.00 93.90
-0.12  -0.10 9490 7220 94.70 95.10 94.70 94.90
-0.10 -0.10 95.00 79.90 95.00 95.40 95.00 95.40
-0.08 -0.10 94.80 86.90 94.80 93.60 94.80 93.40
-0.06 -0.10 95.50 90.60 95.10 91.90 95.10 91.90
-0.04 -0.10 96.00 93.90 95.70 90.60 95.80 90.90
-0.02 -0.10 96.00 94.50 96.10 8&83.00 96.10 83.80
0.00 -0.10 94.40 96.20 94.20 77.10 94.20 77.50
0.02 -0.10 95.50 93.50 95.50 65.70 95.40 66.20
0.04 -0.10 95.60 92.00 95.50 5870 95.50 59.10
0.06 -0.10 94.90 87.20 95.00 47.20 94.70 47.40
0.08 -0.10 95.50 81.50 95.30 34.50 95.30 35.10
0.10 -0.10 95.00 75.20 9540 29.20 95.20 29.40
0.12 -0.10 96.40 67.30 96.30 21.00 96.20 21.70
0.14 -0.10 95.00 51.10 94.70 12.10 94.80 12.40
0.16 -0.10 95.80 41.40 95.70 7.10 95.50 7.30
0.18 -0.10 9590 3290 9590 4.80 96.00 4.80
0.20 -0.10 95.60 22.70 95.10 2.60 94.90 2.60
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8.3.2 Sensitivity analysis using simulated data

We simulate two data sets of sample size 1000, one with true 82=0 assuming MAR and
the other with true #2=0.5 (MNAR). In both data sets we use the dropout parameters
fp = —0.5 and 6; = —0.5. We use a grid of assumed 6> from -1.0 to 1.0 to estimate the
model coefficients (6y, 01 ) using the local misspecification and least false methods. Next the
confidence intervals for the estimates of 6 = (6, 1) are adjusted for the various assumed
fy. Figures 8.3 and 8.4 illustrate. The blue lines are when we use local misspecification
for adjustment, the red lines are for the least false values and the horizontal lines are at

the true values (at 8y = —0.5 and 6; = —0.5).

Figure 8.3: The 95% CI of 6y and #; under MAR. We use 6y = —0.5, 1 = —0.5 and true 6y = 0.
The blue lines are local misspecification, the red for least false and the horizontal lines are at the
MAR maximum likelihood estimates.
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The left plot of Figure 8.3 is for 6y, the right for ;. Similarly to the results found in Table
8.1, the left plot shows that 6 is not substantially affected by the different assumed values
of 0. In contrast, the right plot shows that 6, is highly affected by changes in assumed
f>. Local misspecification and least false values estimates are very similar in how they

respond to the change of assumed 65 in both plots, the lines are close. However, there is
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some curvature for low #o under least false but not local misspecification as shown in the

right plot.

Figure 8.4: The 95% CI of 6y and 6; under MNAR. We use 6y = —0.5, 6; = —0.5 and true 65 = 0.5.
Lines as in Figure 8.3.
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Figure 8.4 is obtained when the data really are MNAR. To compare with Figure 8.3, the
left plot in Figure 8.4 shows that the 6y estimates are more sensitive to the variation of
assumed 65, as the slope of the lines is clearly greater. Again, the least false estimates for
0y and 61 show curvature for low 5. Note that at assumed 63 =0 the horizontal line and
the estimates lines cross. For example, in the right plot, at assumed 65 =0, the lines cross
at around #1=-0.3, which is the maximum likelihood estimate of the dropout parameter
f1 under MAR. Clearly this estimate is biased due to the misspecification of fitting MAR
to MNAR data. At #; = 0 the ClIs in each plot do not include the true value of 8y and 6;

respectively.
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8.4 Application

8.4.1 Sensitivity analysis: Two timepoints example

In this section we use the two timepoints real data example, which is the same data as
used in Chapter 7. There are two treatments and two measurement times. The covariates
are only treatment type and time. There are 422 participants, assigned to either Treat-

ment A or B. At time 1, all subjects provided a response, but 24.4% dropped out at time 2.

A sensitivity analysis approach over a grid of assumed 6y from -1.5 to +1.5 using the
local misspecification and least false method is shown in Figure 8.5. The left plot shows
confidence intervals for 6y as the assumed value of 0 varies. The right plot shows the
confidence intervals for 6; for different assumed 6. The blue lines are local misspecification
(estimates and the 95% CI) and the red are least false. The horizontal line is the estimate
under MAR.

Figure 8.5: The 95% CI for 6y and 6;: Two timepoints example. The left plot refers to 6y and the

right is for ;. The blue lines are local misspecification estimates and the red lines are the least
false. The horizontal line is the estimate under MAR.
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Figure 8.5 shows how we should adjust the confidence intervals for 6y and 6;, obtained
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under MAR, under the assumption that 6, is not zero. The MAR estimates are 1.60 and -
1.66 for Oy and 60 respectively, and so 02 in +/- 1.5 is believable. The local misspecification
bias adjustment seems linear in this example. Least false has some curvature at the lowest
0> but is otherwise very close to local misspecification result. The plot is qualitatively
similar to Figure 8.4, which used simulated data. Note that the CI width for 6y and 6; is

approximately equal. Also, both of the estimates go further from zero as 5 increases.

Table 8.4: Summary of MAR logistic regression coefficients 6y and 6;: Two timepoints example.

Coeflicient Estimate s.e z value

0o 1.60 0.16  9.95
01 -1.66 0.18 -9.30

Results obtained from Table 8.4 match the results of Figure 8.5. The standard error (s.e)
for 61 equals 0.18 which is almost equal to the standard error for #y=0.16. The z values
for both 6y and 6; indicate that the values of 6y and 6; are significantly different from

Z€ero.

8.4.2 Sensitivity analysis: Three timepoints example

In this section we use the same three timepoints data as used in Chapter 7. This data
(schizophrenia) is from a clinical trial with three treatment groups and three measure-
ment times. As mentioned before in Chapter 7, the trial compared three treatments: A
standard therapy (Treatment 1), a placebo (Treatment 2), and an experimental therapy
(Treatment 3). The response is PANSS (positive and negative symptom score, a measure
of mental health, with high values being bad). Values ranged from 30 to 210. Typically
we expect a schizophrenia patient in this clinical trial to have score around 90. Of the
518 patients, 249 dropped out and the missingness percentages are around 24% and 48%
at the second and third times respectively. We assume that the dropout depends on the
response Y (PANSS) but not treatment groups. The missingness according to the groups
shows that treatment group 2 has the highest dropout percentage while treatment groups

1 and 3 have lower dropout percentages.

The MAR dropout model is (1.6) as defined in the Introduction.
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Figure 8.6: The 95% CI for 6y and 6; between time 1 and 2: Three timepoints example. Lines as
Figure 8.5.

Dropout between time 1 and time 2

o
© —
o
0 -
[Te]
O_,
o
N
< D

o
5 ™ o S 9 o
o
~
T}
o
S
|
-
o
o - ; _
T T T T T ! T T T T T
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
8, 8,

Figure 8.6 shows the 95% CI for the estimates of #y and 6; between time 1 and 2 and
Figure 8.7 is for CI of estimates between time 2 and 3. We take a grid of assumed 65 from
-0.05 to +0.05, since the estimate under MAR is 6;=-0.01 for dropout between time 1 and
2, and -0.03 for dropout between time 2 and 3. The horizontal line is the estimate under
MAR. The red lines are the least false values (estimates and the 95% CI) and the blue

lines are the local misspecification estimates.
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Figure 8.7: The 95% CI for 6y and 6; between time 2 and 3: Three timepoints example. Lines as
Figure 8.5.
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Table 8.5: Summary of MAR logistic regression coefficients: Three timepoints example, data
between time 1 and 2

Coeflficient Estimate s.e z value

) 2.37 0.53  4.48
01 -0.01 0.01 -2.33

In Table 8.5, the results obtained match Figure 8.6. The standard error (s.e) for 6y =0.53
which is greater than the standard error for 8;=0.01, which is clearly seen in the figure as
0y has wider CI than 6;. The z values for both 6y and 67 indicate that the values of 8

and 6 are significantly different from zero.

Table 8.6: Summary of MAR logistic regression coefficients: Three timepoints example, data
between time 2 and 3

Coefficient Estimate s.e z value

o 3.51 0.48 7.38
01 -0.03 0.01 -6.12

From Table 8.5 the value of éo between time 1 and time 2 under MAR is 2.4, while élz—
0.01. The dropout probability estimates under MAR between time 2 and 3, as shown in
Table 8.6, are é0:3.5, 61=-0.03. The results obtained from Table 8.6 match Figure 8.7.
The standard error (s.e) for 67 is 0.01 which is less than the standard error for 6,=0.48,
that is clear in the figure as 6y has wider CI than #;. The z values for both 6y and 6,

indicate that the values of 0y and 6, are significantly different from zero.

8.5 Local Misspecification by IPW Method

The aim in this section is to estimate the parameters of the estimating equation (GEE)
i.e. 8’s by using the IPW method which depends on the results obtained in the first part
of this chapter. We use Copas and Eguchi method again to get the local misspecification
estimates. Similar to the approach used in Chapter 7, again in this chapter we compare
the estimates based on local misspecification with the simulation estimates. We will not
use the least false values derived through the IPW method which we calculated in Chap-
ter 4 because there is no closed form for 83 and 87 under MNAR but instead they are
obtained by numerical calculations, as mentioned in Chapter 4. We know from Chapter
2 that the IPW works under missing at random (MAR) so we will consider the working
model is MAR while the truth is MNAR.
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8.5.1 Simulation study

We use our familiar notation. For comparison, we first compute the (3 estimates and
the (4 estimates using the local misspecification method and IPW estimation method
in simulations. We conduct four simulation examples that differed in the choice of the
parameters. Each simulation experiment was based on 20 repetitions each of size 1000.
We take the average for the estimates over these runs. Figures 8.8, 8.9, 8.10 and 8.11
show mean simulation estimates and mean local misspecification approximations for four
examples, each of which is calculated over a grid of s in the range (-0.2,0.2). The blue
lines (dotted lines) are the mean estimated values of 3 and B4 under a MAR assumption
when the data are really MNAR using simulations. The red lines (solid lines) show mean

values derived from the local misspecification method.

The main objective of these figures is to reassure us that the local misspecification method
gives estimates matching those that are obtained using the IPW method. The idea is we
know that the IPW is consistent under MAR and so this estimating equation has to work.
We only use the observed subjects at time 2. The results obtained here are similar to
what we found in the equivalent figures in Chapter 7. There are some differences in the
estimates but they both have the same magnitude. For example, in comparing Figure 8.8
here with Figure 7.1 in Chapter 7, where we used the same parameter set used here, it
is clear that the estimates of 83 increase as the assumed value of s increases. Also, in
Figure 7.1 in Chapter 7 and Figure 8.8 here in this chapter, the 4 estimate decreases as
fy increases. And again, the two lines cross at #2=0, which means MAR data. Generally
the local misspecification method matches the estimated IPW values, though there are

some differences for the most extreme 65.
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Figure 8.8: Parameters 8 = (—2,-2,—1,—1), § = (=0.5,-0.5), 0? = 1, 05 = 1, p = 0.5. This
gives dropout rate ~ 40%. The blue lines are the average estimates over 20 simulations using IPW
estimation. The red lines are the local misspecification estimates. The horizontal lines are at the
true values.
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Figure 8.9: Parameters 8 = (—1,—1,1,2), § = (-=0.5,—0.5), 02 = 1, 03 = 2, p = 0.5. This gives
dropout rate =~ 50%. Lines as in Figure 8.8
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Figure 8.10: The parameter set used here is 8 = (=2, -2,—1,—1), § = (=1,0.5), 0 =2, 05 = 1,
p = 0. This gives dropout rate ~ 83%. Lines as in Figure 8.8
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Figure 8.11: We use 8 = (—2,0,-2,0), § = (—0.5,-0.5), 07 = 1, 03 = 1, p = 0.75, and this set
leads to dropout rate = 48%. Lines as in Figure 8.8
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8.5.2 The CI coverage for the estimated (3 and [,

Here we calculate the 95% CI coverage for the local misspecification estimates obtained
using the IPW method, which are denoted by /3 and 5;*. We present three different
examples, we use assumed =0 in Table 8.7, assumed #>=-0.05 in Table 8.8 and assumed
0>=+0.05 in Table 8.9. Each simulation experiment was based on 1000 repetitions at

sample size 1000. Table 8.7 reports the coverage probability of nominal 95% confidence
Table 8.7: The CI coverage at assumed =0 in %.

T A *x *x
02 92 3 4

-0.10  0.00 90.50 90.70
-0.09 0.00 90.10 94.10
-0.08 0.00 91.90 91.20
-0.07 0.00 93.40 94.10
-0.06 0.00 93.60 94.10
-0.05 0.00 94.10 92.50
-0.04 0.00 94.80 94.70
-0.03 0.00 94.30 93.00
-0.02 0.00 94.30 93.90
-0.01 0.00 94.70 94.10
0.00 0.00 95.90 94.40
0.01 0.00 96.70 94.70
0.02 0.00 95.60 94.60
0.03 0.00 94.90 94.50
0.04 0.00 95.10 94.20
0.056 0.00 94.00 94.10
0.06 0.00 92.00 94.60
0.07  0.00 94.20 92.80
0.08 0.00 93.80 94.40
0.09 0.00 93.90 94.70
0.10 0.00 93.30 94.40

intervals, for the estimates of 33* and 37* when assuming MAR. Since the estimators of
B3 and (B4 at true #o=0 were unbiased, thus the coverage probabilities are very close to
the nominal level of 95%. Otherwise, there is slight undercoverage for the Cls of 83 and

B4 when the true 0y differs from zero.
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Table 8.8: The CI coverage at assumed 6>=-0.05 in %.

T A *ok *k
02 92 3 4

-0.10 -0.05 95.00 92.90
-0.09 -0.05 96.00 94.40
-0.08 -0.05 95.20 93.60
-0.07 -0.05 93.50 92.80
-0.06 -0.05 94.00 93.20
-0.05 -0.06 94.80 93.30
-0.04 -0.05 94.20 93.40
-0.03 -0.06 93.10 95.10
-0.02 -0.05 90.60 92.80
-0.01 -0.06 92.20 93.00
0.00 -0.05 91.50 93.60
0.01 -0.05 91.30 92.40
0.02 -0.06 87.90 92.20
0.03 -0.05 91.10 93.50
0.04 -0.06 87.20 94.20
0.06 -0.05 86.70 92.50
0.06 -0.06 84.90 93.60
0.07 -0.05 81.80 91.80
0.08 -0.05 83.50 93.20
0.09 -0.05 79.50 91.40
0.10 -0.05 80.80 92.00

Table 8.8 shows that unless true 6o=-0.05 the estimators 33* and 3;* are biased, and this
bias leads to undercoverage. For example, at true 62=0.10, the coverage of 53" decreased
roughly by 14%. Also, note that 5* has a decreasing coverage as true 6, increases, while

in Table 8.9, 3 has the opposite pattern, i.e. the coverage increases as true 5 increases.
In conclusion, if true 02 and assumed 6, are the same (so we assumed right) then we expect

95% coverage. If assumed 65 is a long way from true 65 then coverage is expected to be

poor. However, 33 seems to be more affected than 3,.
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Table 8.9: The CI coverage at assumed 65,=0.05 in %.

T A *x *x
62 92 3 4

-0.10 0.05 77.40 89.60
-0.09 0.05 78.70 91.40
-0.08 0.05 82.60 90.60
-0.07 0.05 81.30 90.70
-0.06 0.05 83.30 91.00
-0.05 0.05 86.70 92.40
-0.04 0.05 87.10 92.70
-0.03 0.05 88.10 93.80
-0.02 0.05 88.80 91.80
-0.01 0.05 90.50 93.30
0.00 0.05 91.10 93.40
0.01 0.05 93.30 93.90
0.02 0.05 9290 92.90
0.03 0.05 93.10 95.50
0.04 0.05 94.00 94.30
0.06 0.05 94.70 94.00
0.06 0.05 95.30 94.30
0.07 0.05 95.80 94.20
0.08 0.05 95.00 94.30
0.09 0.05 95.80 93.10
0.10 0.05 96.50 94.40
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8.5.3 Sensitivity analysis using simulated data

In this section we perform a sensitivity analysis to examine how our inferences concerning
the regression parameters  change as 3 varies over a range of (-0.1,+0.1). In Figure
8.12, MAR is correct and the unadjusted confidence intervals (red lines) include the true
parameter values (-1 and -1), as in this case so do the adjusted ones (blue lines). It is
clear that the Cls for 4 are wider and this is consistent with our finding in the earlier
tables where the CI coverages for 54 were greater than the 83 CI coverage. In Figure 8.13
we have fitted MAR to data that are really MNAR. The best estimates, as expected, are
at the true 6. Of course we would not know that in practice, as mentioned in Chapter 7.
This figure is equivalent to Figure 7.8 in Chapter 7.

Figure 8.12: The 95% CI of 83 and 4 under MAR. We use 33=-1, 84=-1, 0y = —0.5, 6; = —0.5

and 6, = 0. The red lines are the unadjusted confidence intervals, and the adjusted ones are the
blue lines.
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Figure 8.13: The 95% CI of 3 and B4. We use B3=-1, 84=-1, 6y = —0.5, #; = —0.5 and 6y = 0.1
so MNAR assumption is valid here. Lines as in Figure 8.12.
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8.6 Application

8.6.1 Sensitivity of the IPW: Two timepoints example

Figure 8.14: The 95% CI of 33 and 34 under MAR: Two timepoints example
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In this section we use the two timepoints data as introduced previously in this chapter in
Section 8.4.1. Similar to Chapter 7 work, the first plot shows confidence intervals for the
group 0 mean (Treatment A group), as the assumed value of #3 changes. The horizontal
line is the estimate under MAR. The second plot is the same for the Treatment B group
(group 1). The third plot is the difference, which is the treatment effect. The upper
horizontal line is at zero. This time there seems to be a lot of sensitivity to #, which can
lead to significantly positive or significantly negative treatment effect estimates. We can
conclude from these results that the IPW method is much more sensitive than maximum

likelihood to misspecification.
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Sensitivity of the IPW method: Three timepoints example

In this section we use the three timepoints data (schizophrenia) used in Section 8.4.2. In
group 1 (Treatment 1) there were 85 patients, but only 41 patients provided a response at
time 3 and the other 44 patients dropped out which is equivalent to 51.8% missing rate.
There were 88 patients in group 2 receiving Treatment 2, but only 29 patients provided
a response at time 3 and the other 59 patients dropped out which is equivalent to 67%
missing. Of 345 patients receiving Treatment 3 (group 3), only 199 provided a response
at time 3 and the other 146 dropped out which is equivalent to 42% missing. Hence the
highest dropout rate is in treatment group 2 and the lowest in group 3. We summarise

the dropout percentages for each treatment group in Table 8.10.

The top-left plot in Figure 8.15 provides a 95% CI for the differences in means for group
1 and 3 at time 2 (B¢ - f1). The down-left is for (5 - [35), the top-right is for (8y - f7)
and finally the down-right is for (8y - 3s).

Table 8.10: Summary of dropout percentages for treatment groups

Group 1  Group 2 Group3

Time 2 24% 36% 20%
Time 3 52% 67% 42%

Figure 8.15 looks quite different to the equivalent plot produced for the LME in Chapter
7. There is a much greater effect of 65 in Figure 8.15 than in Figure 7.11. In Figure 8.15,
0y goes from +/- 0.004, but in Figure 7.11 it is +/- 0.04. The reason is as mentioned
before that the IPW method is much more sensitive than LME method. However, similar
to the LME plot, Figure 8.15 indicates that the differences in means of treatment groups
taken in pairs have wider 95% CIs at time 3 than the CIs at time 2. As mentioned in
Chapter 7, the results are slightly different from Chapter 2 (Table 2.19) because we do

not estimate at time 1.
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Figure 8.15: The 95% CI for the differences in means for groups in the schizophrenia data between
time 1 and 2 and between time 2 and 3.
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8.7 Conclusion

In this chapter we investigated the effect of local misspecification on dropout probability
and IPW estimates. We started with the estimate of the dropout probability (first part)
and then we used these estimates to calculate the IPW estimates of regression effects
(second part). The main objective is to show that the Copas and Eguchi method to
estimate the misspecification is working for the IPW method. We showed how the IPW
method is more sensitive to the misspecification by comparing the results obtained here

with the previous chapter for the LME method.
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Chapter 9

Conclusion and Further Work

9.1 Summary of the Thesis

This last chapter summarizes what is discussed in this thesis about the dropout modeling
investigation. Some methods used to handle longitudinal data with dropout were pre-
sented. We used the dropout models introduced by Little and Rubin [2002]. The dropout
models can be one of the following types: Missing Completely at Random (MCAR), Miss-
ing at Random (MAR), Missing Not at Random (MNAR) and Shared Parameter (SP).

The following six general strategies were considered for handling missing data : 1) Com-
plete Case analysis (CC), 2) Observed data analysis (Obs), 3) Inverse Probability Weighted
Estimating Equations with Missing at Random Assumption (IPW), 4) Linear Mixed Ef-
fect models (LME), 5) Linear Increment models (LI) and 6) Last Observation Carried
Forward (LOCF). In Chapter 2, we estimated the parameters of the longitudinal model
under MCAR, MAR, MNAR and SP for both simulated data and real data assuming that
there are only either two or three scheduled measurements times, for simplicity. We found
that all methods work under the MCAR model as expected. Also, the LI method gave
consistent estimates under the SP model. The IPW and LME gave consistent estimates
under MAR, while no method worked under MNAR.

Then, by deriving the so called least false values, we investigated the consequences of mis-
specifying the missingness mechanism. We described this method in detail for the Linear
Increment method (LI) in Chapter 3. Then, in Chapter 4, we applied the same procedure
to investigate the IPW method. In Chapters 5 and 6 we investigated the CC and LME
methods respectively. In all cases we looked at SP, MAR and MNAR droput. In order
to calculate the least false values, we adopted the procedures used by Ho et al. [2012] to
our setting. We gave closed form expressions to calculate the least false values 83 and 3}
for LI, CC and LME methods. For IPW we could provide a closed form for g3 under SP,
MAR and MNAR while for 3 we failed to find closed form under MNAR and we used a

numerical calculation instead.

189



Chapter 9. Conclusion and Further Work

The knowledge of the least false values allowed us to conduct sensitivity analysis which
was illustrated in Chapters 7 and 8. Using a likelihood approach, Copas and Eguchi [2005]
gave a formula to estimate the bias under the misspecification. The LME is a likelihood
based method, and this idea also was adapted for the IPW estimating equation approach.
We compared the results found by using Copas and Eguchi method with the results ob-
tained by our method. We concluded that the IPW method is much more sensitive to
misspecification than the LME method. Also, we applied the Copas and Eguchi method

and our method to estimate the bias for the real data examples.

9.2 Further Work

In this section we consider some limitations of our work and indicate how it might be
extended.
9.2.1 Generalization to more than one continuous covariate

Throughout this thesis we assumed the model to have one covariate but we can also
generalise this to have more than one covariate. First, it is straightforward to show that
the methods that work for one covariate still work for any number. In particular linear
increments under shared parameter dropout, and IPW and LME under MAR all give
consistent estimates however many covariates there are. To illustrate other situations we
consider linear increments under MAR. dropout but now with two independent standard
normal distributed covariates x; and xs.

As before we will let D; = Y5; — Y7;. We assume the correct model for responses, i.e.:

E[Y1i] = B1 + Boxin + Psziz and E[Ys;] = B4 + Bsxin + Pezia.

So for fully observed data

E[Di] = (B4 — f1) + (85 — B2)zir + (B — B3)zia = 71 + y2ma1 + Y3Ti2 say.
The parameter estimates are available in closed form.
(ZR DO M ) (ZR (&) ) . (Z RiD<M>x§§”)> (ZR x(M)xg”)>
(ZR @202) (S Rilal)R) - (3 B2’
(X rRiD2) (L RiGD)?) - (Z Rz-D<M>a;§§.”)> (ZR $<M>mg§4>)
(S Rial"2) (S RE)2) = (5 Rl afl0)

V3 =

Yo =
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7RD_AR‘T1_AR.132

The superscript (M) is used to indicate that the data are mean corrected, based on the

means for the relevant observed data.

As sample size increases these converge to

E[RDM ™M) E[R(™)?] - E[RDM2 ") E[Ra{" 2™

- (9.1)
h BRI BRESR] - (BlRAM20))

_ E[RDMa{"MB[R@{™)?) — E[RDM 2™ B[R2{™ 2§

IR ERES)?) — (B[R 2))

o) (9.2)

., _E[RD] __E[Rm] _ B[R]
"= E[R] — 72 E[R]l — 73 E[R]2 (9.3)

The same ideas of Chapter 3 can be used to obtain these. For example consider E[R].
Following the approach presented in Chapter 3, as we know E[R] = E[E[R|x1, z2]], thus
we have to calculate E[R|z1,x2] first, then we can find E[R]. Note that under MAR, R
does not depend on €5 as it depends only on x1, z2, U and €;. Also, we assume that z; is

independent of zo. We have
E[R|wr,72] = /P(R a1, 29,1, U) (1, U) dey dU
= /expit{90 +60:Y1}f(e1,U)dey AU
= /eXpitwo +601(81 + Bow1 + B3w2) + 01(U + €1)} f(er,U) der dU

= /expit{K1 + 01wy } f(wy) dwy, say,
where

wy = € +U (9.4)
Ky = 0o+ 01(p1 + Pox1 + B3x2). (9.5)

We now use an approximation of the expit to the cumulative normal. Therefore:
E[R|z1,x9] =~ /@{C(Kl + O1w1) }f(wy) dws.

Note that wy is normally distributed with mean 0 and variance o2, , i.e w; ~ N(0,02 ),

2

where o7

= 02 + of, which allows us to replace f(w) with ¢(wq;0,02, ) and

BlR|z1,25] ~ / S{e(K + Brwn)}d(wr; 0,02, ) duw.

—0o0
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Thus,

CK1

| \/1+ c20i02,

(0o + 01(B1 + Bow1 + B3w2))

E[R|$1, 932] ~ ¢

= @
I /14 20302
= @(Al + Asxq + A3:112) (96)

c(60+6151)

\ /1+029%o%1 ’

where we have used equation (9.5) to replace K; and we have defined A4; =

Ay = c@1B2)  .nd Ay = c(0183)

\ /1+020%UE}1 1/ 1+029%0311 .

Now we can find E[R] by integrating the above expectation in (9.6) over x; then zs.
Assume that 21 ~ N (0,02, ) independent of z3 ~ N(0,02)) so

) T2
E[R] = 1‘1,1‘2 R’xlvaH

/ / A1 + Asxq + A3$2)¢(l’1, 0, O'xl)(b(.fvz, 0, am)dxldxg
Al + Agxy

_ /gzs S ALt Al
1+ (A30x2)2
= /@[Az; + A53§‘1]¢(3§'1, ) xl)dxl

Ay
\/1 A30‘x2 \/1—|— A5O’x1)

where A4 = Al/\/ 1+ (A30'x2)2 and A5 = AQ/\/ 1+ (A30'x2)2.

Q

(ZS(:Ela ) xl)dxl

(9.7)

The same ideas can be used to obtain the other expressions and hence the least false
values. This extends in principle to any number of N(0,1) covariates, though of course

the computations become very tedious.

9.2.2 Generalization to categorical covariate

Most of the theory was based on N (0, 1) covariates but in the real data there was a binary
treatment indicator. In Chapters 2, 7 and 8 we used the two timepoints real data example.
There are 422 subjects, assigned to either Treatment A or B. Treatment A is associated
with treatment effect x=1 and treatment B is when x=0. Then, at time 2, the mean of
the group receiving Treatment B is 83 and the mean of the group receiving Treatment A
is B3+ f4.

Thus, to calculate the least false value for categorical data, we estimated 6 from the

combined data. Because x is binary we can do one group at a time. We set the coefficients
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of x to zero, and it will not matter what o, is. Simply we assumed 2 and (54 are zero. We
estimated (1 and B3 from the means of the data, one group at a time and with different
values (but common 6) for the different groups. The same idea will generalise beyond
binary covariates to more general categorical ones: Simply consider one group at a time,
as in the previous section. However, the work will become increasingly tedious as the

number of categories increase or the number of covariates increases.

9.2.3 Generalization to multiple timepoints

The least false calculations can be expanded to include more than two timepoints. In
Chapters 3, 4, 5, and 6 we found the least false values for the two timepoints example.
Then in Chapters 7 and 8 we applied the approach used for two timepoints data in the case
of three timepoints data by breaking down the three timepoints data to get two data sets
at each timepoint. We used treatment 3 as the baseline because it is the largest group.
We split this data into four separate data sets, by comparing treatment group 1 with
treatment group 3 at time 2 and did the same at time 3. Then we compared treatment
group 2 with group 3 at time 2 and again at time 3. Thus one can calculate the least false
values for a data set with more than two timepoints using a similar approach of taking

the data as subgroups.

This strategy might have some complications, however, if we will apply it for multiple
timepoints as more than three timepoints. For studies with long follow up periods, the
proportion of individuals with missing data can be substantial and clearly the proportion
dropped out increases with time. That is in the case of multiple timepoints the sample
size decreases from one timepoint to the next one and at the final timepoint we might
have a very large dropout rate or in other words few observations remaining in the data
set. This loss of information certainty will impact the estimation efficiency. For exam-
ple, suppose there are 10 measurements, with 10% of missing data on each measurement.
Suppose, further, that missingness on the different measurements is independent. Then,
the estimated percentage of incomplete observations is as high as 60% and we would not

recommend analysis of data with such a high missing rate.

We tried to use the existing routines in the R code to manage more than three timepoint
data. The code can be used as it is to estimate any data set using either the Obs data
analysis or the LME methods. For CC, LI and LOCF method the R code can be easily
adapted to estimate the parameters of four timepoints and then to five timepoints and so
on. Each data set needs separate R code to estimate its parameters using these methods.
However, for the IPW method the R code used to estimate the data is complicated and
depends on many sub-functions each designed either for two timepoints or three time-
points. These functions can be easily changed to give the estimate for more than three

timepoints. Many other works simulate data for more than three timepoints and find the
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estimates under the IPW method, see for example Rotnitzky et al. [1998].

9.3 Recommendations

9.3.1 Choice of the method

We also can give a recommendation for the method to be chosen in an analysis by compar-
ing these methods in their estimation efficiency. We can conclude that the LOCF is not
recommended because it does not give a consistent estimate under any dropout model.
Although the CC and Obs analysis methods are easy to apply, they suffer from loss of in-
formation and bias issues which make them again not recommended, except in the case of
MCAR, where CC and Obs give consistent estimate but with quite large standard errors.
The LI works under SP and MCAR. The IPW and LME work under MAR and MCAR. If
the dropout model is MAR, we would recommend LME because the IPW is more sensitive
to the dropout and gives large standard errors as we have seen in Chapters 2 and 8. In
conclusion, since the MAR dropout model is more common than the others then the LME
method can be the most recommended method for the analysis of longitudinal data with

dropout.

9.3.2 The variance

Furthermore, in Chapter 3 we investigated the effect of the variance O'IQJ on the limiting
values 7 and ~; using simulated data. We found that changing the variance parameters
and keeping the dropout percentage at about 50% has a remarkable effect on the bias. As
oy (and consequentially o, and o,) increases, the limiting values 7] and 73 go further
from the true value (7¢ = 1,74§ = 1) and hence the absolute bias increases, which means
that the large error variances imply poor results. Similarly, in Chapter 4, we studied the
effect of the variance 0(2] on the limiting values 85 and ;. As for Chapter 3, changing
the variance parameters and keeping the same dropout percentage at about 50% has a
remarkable effect on the bias. It was clear that as o, (and consequentially o, and o,)
increases, the limiting values 33 and 8 go further from the true value (ﬁSG = —1, ﬁf =-1)
and hence the bias increases, which means that the large error variances imply poor results.
In short we can conclude that the more variability, the more bias. This is an area for further

work.

9.3.3 Discussing the dropout rate

The dropout rate increases from the current measurement to the upcoming timepoint,
because we assume monotone dropout. That is at the baseline we have full data and then

at next timepoint some observations are lost and the missingness percentage will increase
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among the following timepoints. For example at the baseline we have 100% of the obser-
vations then at time two we have only 90% which means the dropout rate is 10% at time
one, again at time three say 10% of the current observations are missing thus the total

dropout is 19% and so on.

We simulated the data under the final dropout rate at 256% and at 50% and we found that
the bias is worse when the dropout rate increases so we choose the dropout rate 40% or
50% to make the bias clearer. However at a lower bias rate such as 15% or 10% some of
these methods might not show much bias though they do show bias when the dropout rate
increases. Some of the methods are more affected by the dropout rate. For example, the
LI method is least affected by the dropout rate increasing while the CC and Obs methods
are more affected by increasing of the dropout rate. The dropout rate has a moderate
effect on IPW and LME. The bias under MNAR and SP models is higher and clear even
at the low dropout rate of 25%. Overall our recommendations is not to attempt to analyse

data with more than 50% missingness.

All methods rely on untestable assumptions and at high dropout rates the influence of

theses assumptions becomes progressively more pronounced.

9.3.4 Choice of the dropout model

Finally, we can recommend the dropout models MAR and SP models as they are well

known. Sensitivity analysis is also recommended as we showed in Chapter 7 and 8.
To sum this chapter up, we discussed some natural extensions to the work presented in

this thesis and we gave recommendations for the different choices available for the methods

and the dropout model.
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A.1 The Extended Skew-Normal Distribution (ESN)

The ESN distribution is described in Johnson et al. [1995]. We will consider the definition
and notations of the extended skew-normal distribution that was given in Ho et al. [2012].
A random variable w has an extended skew-normal distribution, ESN (0,02, o, v), if it

has density:
$(w; 0,05)P(aw + v)

@ (v/V1+a%7)

where ¢(.;0,Y) is the normal density with mean 0 and dispersion X' and &(.) denotes the

flw) = (A1)

distribution function of a standard normal. Note that f(w) is a density function, then the

integration of f(w) over w equals 1 which implies:

/ o(w;0,02) (aw—i—y)dw:sﬁ(u/m). (A.2)

The moment generating function (MGF) is

e%o’ﬁ}t2@ |: ao? t+v :|

v 1+a202

M(t) = E[e'"] = . (A.3)
b {V/\/l + aza?u}
Hence, the expectation of w is:
’ 040'2 (ﬁ(lj)
Elw| =M (t)i=0 = L ) A4
where 7 = v(1 + a?02)” .
The second moment is:
2
00 P(0) — 72 )?¢(7)
7 w 1+O‘2‘7%u
E[w®] = M (t)i=0 = (A.5)
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We are interested in integrals that can be written in terms of ESN. In particular,

/(waa Slaw+v)dw = @(V/m):sﬁﬂ

/w¢(w;0,a§,)@(aw+y)dw = 915(1//«/14—04203}) Elw] =

aoy ¢

= 20 V1+a202 P(
aoy ()
V1+a202

and

/ w? ¢(w;0,02)P(aw +v)dw = & (V/M) Elw?]

ANJRN
~—

Also we want to find

/ we™ dlv + aw] p(w) dw.
We know the MGF of w is:
E[e'] = / " Py + aw] p(w)dw

aolt+v

1+ o202
w

We differentiate it with respect to t, thus equation (A.10) will be

1,242

= Ko

0
5 Ele™]
= 3825/ e Py + aw] d(w) dw

/ —e" [y + aw] p(w) dw
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_ / wet By + aw] d(w) dw,

and this is exactly what we need in equation (A.9). Hence from equation (A.11)

0 a02t+1/ 12,2
tw w soot
wePlv+ aw| dplw)dw = — —— | e2%w
/ v + aw] o(w) 5| T

_ Ka te2" t2¢ aait—l—u

V14 o202
ao? a02t+y
R w . (A12)
\/1"‘0(20'121) \/1+O[20'12U

1
+ Kezoul

where K = 1/9[].

A.2 Calculating Integral of the Form [ z¢(ax + b)é(x) dx

To calculate an integration containing two normal densities we use the following;:

/3:<Z>(a:v +b)p(z)de = /;e_é(‘m“’)Q e"3% dg
T
N / el g,
T

Let (ax +b)2 + 2% = (a® + 1)2? + 2abx + b? = (a® + 1)(x — ¢)? + d, where ¢ = agab

+1
d= aQH Then,

/x¢(am+b)¢(m) de = /; o~ (@) (E—0)*+d) g,
7T
/x\/ﬁ

7%a+1 (z— c)2d

\/ﬂ\/ a? + ‘

€2d

= m zé(x; p, 07) dz
_1yg
e 2

V2rva? + 1“

where = ¢, 02 = a%ﬂ
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A.3 How to Choose 6 for Different Dropout Models to Keep
the Dropout Rate at about 50%.

The SP model is: expit(0;” + 67" U). First we choose (6;,6;") for shared parameter that
make the dropout percentage always at about 50%. Note that these #s do not depend on 3.

We know that under SP model,

B[R] = /P(R U f(U) dU
~ P
- 1+ (0o )?

As we want to keep the amount of dropout at 50%, thus we should have E[R] = 0.5. This

sp
implies @ | ——20 | = 0.5, but @].] is the cumulative standard normal, then we have
1+(091PUU)2
sp
to set 60705 to zero. To make a fraction equals 0 either the numerator equals 0
1+(ct;Pop)?

or the denominator is large enough comparing to the numerator. We will choose that the
numerator equals 0, hence §;° = 0, and we can choose any value for ;.

Then under MAR model:

expit (037 + 0M Y1)=expit (031 + 0M (81 + Box + U + €1)). Taking only the 6 parts

00 + 0M(B1 + Bax + U + €1). At 2 = 0, we can set 67 = 037 + 0} 3y,

and var (011 (U + €1)) = var (0;7 U).If o}, = 02, then 0} = %
and 0)1 = 037 — 011 By = O — 2.

Similarly for MNAR, the model is:

expit (0] + 0 Yao)=expit (6 + 0¥ (B3 + Bax + U + €3)). Taking only the 6 parts:
0 + 0MN (B3 + Baz + U + €2). At = 0, set 6F = 0 + 0N s,

s o3P
andvar (0 (U + €2)) = var(0;F U).if o} =o?, then 6] = =
thus 65 = 637 — 0 B3 = 057 — B3 7.

Different combinations of # under different dropout models are shown in Table A.1.

Table A.1: Different combinations of 6

SP MAR %Nf%’
0o, 0 0o, 0 1=
(60, 61) (60, 61) (0o, 02)

(0,4/0.5) | (1,0.5) | (0.5,0.5)
(0, —v/0.5) | (-1,-0.5) | (-0.5,-0.5)
(0,v2) (2.1) (1,1)
(07 _ﬁ) ('27'1) ('1a'1)
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A.4 Calculating 5; and 8] under SP for the IPW Method

Here we will calculate the following expectation in order to find 33 and 3} as it is defined

-1
5 BE]  m[A B[22%2)
= o B R ) (A.13)
Pi E[TF] BT B[R]
We will use 6 and 607 in calculating the aforementioned expectations in the above equation.

Thus we need to calculate E[R/7], E[Rxz /7|, E[Rz?/7], E[RY>2/n] and E[RY2x /7).
We start with,

in the following:

R {1+ ell6+0i¥1})
BTl = EIR 105 +07Y1}
= E[Re~1%+01M1}) L B[R] (A.14)

We have found E[R] in equation (4.16). Thus now we only have to calculate the first part:

E[Re106+0i1 = Blexpit{fy + 0,U}e {06+01V1}]
~ E[e_es_eiy@[c(% + 01U)H
= Ble % tiBthetUtal g9, + 6,0))).

For simplicity we fix x and take the expectation with respect to U and €;. Rewrite the

above expectation as
E[Re{0H01i} 2]~ ) E[e™V T2 [ag + ayU]], (A.15)

* * .
where a1 = 6_60_91(61+52x), ay = —07, a3 = cy and ays = cf;. As we know, € is

independent of the others, therefore we can say:
E[Re~YWo+0iMit 5~ qy E[e®] E[e®V ®[as + asU]]. (A.16)

Since €; ~ N(0,02,), thus we can calculate E[e“2!] using the moment generating function

(MGF) of the normal distribution, as
Ele®] = e~2(2294)” = Oy say. (A.17)
The rest of equation (A.16) is
Ele"Y®[az + aqU]] = / ®laz + aaU)e™Y 4 (U;0, 0% dU.

In this case, the integral is now equivalent to formula (A.3) in Appendix A in Chapter 3;

and hence this expectation equals the moment generating function of the ESN, which is
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given by
E[ealU] = MU((IQ)
152 42 a?o? az2+as
g @ 4~ U
it [t ] .
@ [ag/ 1+ aio'?]}
1,2 .2 ai(f?] az + as
a5e2°0 2P | —————1| = (9, say. (A.19)

wl—l—aia%

where a5 = 1/®@[pv] and v = ag(1 + a?p?])_% We will apply the result of equation (A.19)
and equation (A.17) to equation (A.16):

E[R67{08+0IY1}|.Z'] = a10102. (A.QO)
Then taking the integral over x

E[Re~10+0iM1}] — /alCng¢(x)dm

= 0102/ alqb(x)d:c
= CngCg/ eaﬁ?mqb(x) dz
= (C1CyC5e2(a2P202)? (A.21)

*__

where C3 = =% %1% Hence equation (A.14) will be

E[Z] = C1CyCse2(®2/202) 4 B[R]

™

~ 0102036%01252!%)2 + @

az
1+(a403)2] . (A.22)

Note that E[R] was calculated in equation (4.16) The final result can be written as:
E[—=] = 4. (A.23)

As x is independent of R under SP dropout, and it has mean of zero and variance of o2,

then it is expected to get:

E[@] = 0=Jy, say (A.24)
>
2

E[RT“’] = agE[% = 02(J;) = Js say. (A.25)
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In the following we will work on E[RY>/7| and E[RYax/7].

RY,

—] = E[RY,e 106+01 o B[RY;].

E|
The second term is

ERYs|z] = E[(f3+ far+U + €2) R]
= agE[R] + E[UR] + E[R]E[e]
— agE[R] + E[UR].

We have

E[UR] = E[Uexpit{f+6:U}]
E[U@[ag + a4UH

as o} ¢(v)

\/1"‘“121‘7(%

%

Also

E[RY2|.CL‘] ~ (I6@

ag L apr ¢(7)
1+ (a403)? m

where ag = 03 + B4x. Taking the integral over x

N as a4 U% ¢(ﬂ)

E[RY,] = (45 = (a40§)2] + m) / agp(z) dz
= C4/ (B3 + Baz)p(z) dz
= Cy4f3
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_ as a4 UQU ¢(D)
where Cy = @ [\/H(awg)?} + Jitraor Next

E[RY26—{95‘+91‘Y1}|$] = E[(B3+ sz + U+ €2) Re—{95+9;(51+g2m+U+61)}]
= FEf(as + U + €2) expit{fy + elU}e—{9a+9f(a7+U+el)}]

El(as + U + e2) {c(0p + 01U) e~ (% H0ilarttren))

e Y6t} Bl(ag 4+ U + e3) D{c(y + 6,U) }e iU+

a1 Elag #{c(0y + 0,U) e 101UFa)}

a1 E[U &{c(0y + 6,U)}e~ iU+ ]

a1 Elea P{c(0y + 01U)}e*{9T(U+61)}}

G1+ G2 + Gs,

&

+ +

where a7 = 51 + Box. Since € is independent of the others terms, then G3=0. The final

results for G; and G5 are:

Gy = a5a10102
Gy = a1C1C5,

where C1 and (5 as defined previously in this section, and Cj5 is

Cs = E[Ud{c(0y+ 0,U)}e 101U}
= E[U®{ay + agU)}e 191V}
= /U@{cw+a8U)}e_{GTU}¢(U;O,0[2])dU

2
= —88 ag® 44002 + a3 e%”%“%
a2 2 .2
\/ 1+ ajog;
9 a4a,2]a2 + asg 1,2 2 a4a,21 a4a[2]a2 + a3 1,2 2
= a20605P9 | ———=| €27U"2 4+ qg4 e2?U%2
\/1+ajof \/1+aich | /14 aiod
= aCs
2 2 2
+as 1.2 2 aqo aq07,a2+as 1.2 .2
where Cg = ago2® | U218 | o30092 4 U U e2%U%
R Ve Pl Virazan © | irado?
Note that we used formula (A.12) in Appendix A in Chapter 3 to calculate the above
integral.
Next
E[RYQG_{QO'wlYl}‘x] = a5a1C1Cy + a1C1C5

— a50102€*98*9ﬂ51+522) + (B3 + l34$)€*96*91‘(51+,3296)0106‘
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Then finally taking the integral over x
E[RYe to+0iMil] — / (Gy + Go)o(x) du
_ / Cré(x) d + / Go() da
= / asa1C1Co¢(z) dz —|—/ a1C1C5¢(z) dx
= CL501CQ/ 6—93—91*(51+,82x)¢(w) dx + 0106/ (B3 +ﬁ4x)e_98_9f(51+ﬂ2x)¢(m) dx
= a5C1CyCses(®2P200)" 4 C'1C'653036%(‘12’82%)2 + 0106ﬁ403/ ze™P2% g (z) d

= C7+ C1CB4C3 / 2e®2P2% (1) da
= O7 + C1C6B4C302azBae 22"

where Cr7 = a5010203€%(a2620m)2 + 010653036%((126203”)2. We will simply say E[RYs/m] =
Jy.

Similarly,

Rx Y5

E| | = E[RzYye %+ L E[Ra Y]

= G4+ Gs, say.

The final results are
Gy = 01030565(“2’32%)2 (a5CaasB2 + B3Csa2Bs + B1Cs + PaCs(azB2)?02)

and

Gs = p1o’d

4
1+ (a402)? '
A.5 Calculating 3; and 8; under MNAR for the IPW Method

Here we attempt to calculate the following expectation in order to find 83 and 3}, defined

by 1
B\ _( EE Ef] ) [ E[E2
( B ) B ( B[%] Bl ) ( B[ RYaz) ) ' (A.26)

We will use 6 and 07 in calculating the aforementioned expectations in the above equation

thus we need to calculate the following:
E[R/7), E[Rx /7], E[Rz?/7], E[RYs/7] and E[RY2x/7].
We start with,
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R {1+ elOo+0iMi}y
E[;] = E[R el05+0i 1}
= E[Re~1%+01M1}) L BIR]. (A.27)

We have found E[R] in equation (4.40), thus now we only have to calculate the first part,

E[Re~Y6+0iM1 = Elexpit{f + 02Ys}e 1000171}
Ele” %=1 9[c(6) + 62Y2)]]
_ E[e—GS—QT(Bl'f‘ﬂzaf-‘rU-‘rEl)@[c(QO +02(B3 + Baz + U + €2))])-

%

For simplicity we fix z and take the expectation with respect to U, €; and €3. Rewrite the

above expectation as
E[Re~10%H01Y1} 1)~ by B[22V 208 (bs + byU + byes)], (A.28)
where by = e~ % —01(B1H+522) by — 0% by = (g + 02(B3 + Bax) and by = cbhy.
As we know, €1 is independent of the others, therefore we can say:
E[Re~ 106011 2) ~ b E[e?9] E[e"Yd[bs + byU + byes]], (A.29)

Since e; ~ N (0,02), thus we can calculate E[e”2!] using the moment generating function

(MGF) of the normal distribution, as
Ele24] = ¢m2(200)* = | say. (A.30)

The rest of equation (A.29) is
E[e”2Y®[bs 4+ byU + byes]] = // Bbg + bsU + baeole™V p(e;0,02,)3(U; 0, 07r) dea dU
= / </ Plbs + baU + b4€2]¢(62;070'622)d62> 2V p(U;0,0%)dU
-/ <@

= /eb2U¢[b5+b6U] o(U;0,0%)dU.

bs + by, U
1+ (b40’62)2

> 2V p(U;0,0%)dU

b b
Where b5 = \/ﬁw a,nd b6 = \/WW

In this case, the integral is now equivalent to formula (A.3) in Appendix A in Chapter 3;

and hence this expectation equals the moment generating function of the ESN, which is
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given by

E[e"Y] = Muy(b)

Lot [bgag b2+b5]

V146307,
@ [b5/ 1+ bgag}

= Lo, say. (A.31)

We will apply the result of equation (A.31) and equation (A.30) to equation (A.29):
E[Re106+01Y1 2] = b Ly Lo. (A.32)
Taking the integral over x:
E[Re106+0iM}) — / by Ly Log(z) da
= Iy / b1 Log(x) dz.

Noting that b1, b3, b5 and bg involve x, to make progress we need to be able to evaluate

P[ga(x)]
/ 1) 2 o)

these are completely intractable and hence we are unable to use our method to approximate

integrals of the form

E[R/x]. Similar difficulties occur with the other expectations and so we need numerical
methods to evaluate the performance of the IPW method under MNAR dropout.

A.6 Attenuation of Slope under Misspecification

In Figure 3.2 we saw that the slope coefficient v; decreased towards zero under MAR
whether 6 was positive or negative. We had similar effects for 45 under MNAR in Figure
3.4 as 03 changes and for §; under MNAR in Figure 4.3. Intuitively it seems strange
that the bias can be in the same direction for any non zero value of the misspecification

parameter 61 or 6s.

The reason can be explained in the following simple diagram, which shows four obser-
vations over two x values. Suppose missingness depends on Y through a parameter 0,
with § = 0 implying MCAR. Suppose # > 0. Then we have more dropout at the very
lowest Y values, i.e the blue points in the figure. On the other hand if 8 < 0 we have
disproportionate dropout amongst the very highest Y values, i.e the red points. In both
cases we can see by inspection of the plot that the fitted line without either red or blue

points, will be flatter, i.e slope closer to zero.
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Figure A.1: Plot of simple regression
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