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Abstract

In turbulent premixed combustion, the mean reaction rate can be modelled based on scalar
dissipation rate (SDR) in the context of both Reynolds Averaged Navier-Stockes (RANS)
and Large Eddy Simulations (LES) simulations. The SDR, which characterises the
mixing rate of the unburnt reactants and hot burnt products, itself requires modelling as
well. The SDR based reaction rate closure has been studied extensively in the context of
RANS. However, modelling of SDR and SDR based reaction rate closure are yet to be
addressed in the context of LES for turbulent premixed combustion. There are two major
approaches for SDR based reaction rate modelling, which are algebraic closure and SDR
transport equation based closure respectively. Several Direct Numerical Simulation
(DNS) databases, part of which were generated by this study, have been explicitly filtered
using a Gaussian filter for both a-priori analysis of Favre filtered SDR and filtered SDR

transport equation and a-posteriori assessment of the SDR based reaction rate closure.

In the a-priori DNS analysis, a three-dimensional DNS database of freely propagating
statistically planar flames for a range of different heat release parameter, global Lewis
number and turbulent Reynolds number has been LES filtered using a Gaussian filter. An
existing SDR based reaction rate closure for RANS simulations has been extended for
LES and a satisfactory performance of this LES closure is observed for a range of filter

widths, covering both laboratories scale to practical scales.

When the generation and destruction of the scalar gradient are at equilibrium, it is viable
for an algebraic SDR model in the context of LES. A-priori DNS assessment of algebraic
SDR closures based on passive scalar mixing model and a power-law has been conducted,

which have been found unsuitable for the reactive turbulent flows of premixed flames.



Subsequently, a new algebraic model of Favre-filtered SDR has been proposed by
extending a popular algebraic model of RANS averaged SDR into the context of LES.
The performances of the newly proposed algebraic closure were assessed with respect to
Favre-filtered SDR directly extracted from the DNS datasets. It has been found that the
newly proposed SDR model for LES predicts both local and volume-averaged behaviours
of SDR satisfactorily. However, when the generation and destruction of the scalar
gradient are not at equilibrium, the Favre-filtered SDR transport equation need to be
modelled for both RANS and LES. The statistical behaviours of the SDR transport
equation have been studied for different global Lewis number, turbulent Reynolds
number and heat release parameter at different filter widths. Based on the scaling analysis
of all the unclosed terms in the Favre-filtered SDR transport equation, models are
proposed for those terms in the context of LES and their performances have been assessed
with respect to their corresponding values obtained from explicitly filtered DNS data.
These newly proposed models are found to satisfactorily predict both the qualitative and
quantitative behaviours of these unclosed terms for a range of different values of filter

widths, heat release parameter, global Lewis number and turbulent Reynolds number.

The newly proposed algebraic closure and transport equation based closure of Favre-
filtered SDR in the context of LES, which were proposed based on simple chemistry DNS
database, are assessed by a v-flame detail chemistry DNS database as a-posteriori
assessment. The algebraic model is found to capture both qualitative and quantitative
behaviours of SDR with reaction progress variable defined based on both deficient
reactants and products. The models of the unclosed terms of SDR transport equation are
found to capture the behaviours of the explicitly filtered terms of the detail chemistry

DNS database in an order-of-magnitude sense. Further improvement is required in order



to address the effects of diffusivity gradient, the gradients of reaction rate and molecular

dissipation of SDR.
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Sonic speed

Flame stretch due to fluid flow
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Progress variable defining flame surface
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Specific heat at constant pressure

Specific heat at constant volume

Resolved curved component of laminar propagation term

Sub-grid propagation curvature term

Reynolds averaged propagation curvature term

Progress variable diffusivity
Damkohler number

Turbulent energy spectrum

General function denoting primitive variables

LES filtering function for i"" variable

Field equation variable

LES filtering function

Specific enthalpy

Enthalpy of formation

Flame speed modification factor

Sub-grid scale kinetic energy

Mean curvature of the flame
NSCBC reflection constant
Algebraic FSD model parameter

Karlovitz number

Integral length scale

XXVili



nzz 62 Zi

©

P.
Pmean
Pr

P(c)

q
Qi(Z;X,1)
R

Re

Re,

S

S

Sc

Turbulent integral scale

BML model integral length scale

Lewis number

Mass flow rate to fine structures in EBU-type model
Mach number

Flamelet model for surface averaged normal

Model for flame orientation factor

Local flame normal direction

Instantaneous Scalar Dissipation Rate

Favre filtered Scalar Dissipation Rate

Pressure

Far field pressure

Resolved planar component of laminar propagation term
Prandtl number

Probability density function of reaction progress variable
Flame speed model parameter

First conditional moment of the reactive scalars
Ideal gas constant

Reynolds number

Turbulent Reynolds number

Specific entropy

Total rate of flame stretch

Schmidt number

Local flame displacement speed
Laminar flame speed

Turbulent flame speed

Time

Temperature

Adiabatic flame temperature

Reactant temperature
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u i component of fluid velocity

Upnean Mean inflow velocity
Up, Uy Conditional reactant, product velocity averages
u’ Root mean square fluctuation velocity
Vv Volume
w Local flame propagation velocity
W Chemical reaction rate
X, i" Cartesian co-ordinate
y Cartesian co-ordinate
Yo, Ye Oxidiser and fuel mass fraction
VA Mixture fraction
Greek Symbols
a=1-M.M Flamelet orientation or resolution factor
ar Thermal diffusivity
Yii Sub-grid propagation-curvature model parameter
Y Ratio of specific heats ¢ /c,
Vi Volume fraction of fine structures in EBU-type models
s(c—c") Fine-grained function for progress variable at a flame surface
5, Laminar flame thickness
fo Computational time step interval
X Computational grid node spacing
A LES filter width
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Chapter 1. Introduction

1.1  Background

Since fire was discovered and utilised by the ancestor of human being, from the flaring torches
to space rockets, the development of the applications based on combustion underpins the
civilisation of the human race. As intensive heat is released by consuming combustible
materials, where chemical energy converts to heat, combustion can be utilised as energy
providing tool but can also be a cause for destruction depending on interaction of heat and
mass transfer, fluid dynamics and chemistry, and therefore remains one of most complex and
challenging areas of thermo-fluid research. Although improved understanding of combustion
process improves energy utilisation and reduces pollutant emission, the understanding of

combustion is yet to be complete and still an active research topic.

The statistical and predicted world energy consumption by fuel type from 1990 to 2040 is
shown in Figure 1. The total world energy consumption will increase by 56% from 524
quadrillion British thermal units (Btu) in 2010 to 820 quadrillion Btu in 2040, where almost 80
percent will still rely on burning fossil fuels (U.S. Energy Information Administration, 2013),
despite the facts that the fastest-growing energy sources are renewable energy and nuclear

power with 2.5% increase per year.
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Figure 1.1: World Energy Consumption by Fuel Type 1990-2040. (Quadrillion Btu)
1
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Among the fossil fuels, natural gas is expected to have the fastest growing rate of 1.7% per year,
including the growth of tight gas, shale gas and coalbed methane. The consuming of coal is
expected to exceed petroleum and other liquid fuels before 2030 mainly due to China’s growing

usage of the coal and the moderated consumption of liquid fuel due to the high oil price.

Considering the fast development on the combustible renewable energy such as biofuels,
combustion will remain active as the main energy source in the foreseeable future. However,
the next generation of combustors, such as gas turbines, airplane jet engines and automotive
internal combustion engines, are required to be more energy efficient and more environmental

friendly.

There are a few perspectives to characterise the combustion process, which can be based on the
degree of mixing of reactants, the flow type and the flame stability. A popular way to categorise
combustion is based on the degree of mixing the fuel and oxidisers before the reactants entering
the reaction zone (Poinsot, 2004), which has characterised combustion into premixed, non-
premixed and stratified/partially premixed flames. The fuel and oxidizer are assumed to be
homogeneously mixed before combustion process in premixed combustion, whereas the fuel
and oxidizer are separated from each other until they meet in the reaction zone of the non-

premixed flame.

In premixed combustion, the flame preheats the cold reactants up to the required flammable
temperature such that the combustion process is triggered continuously with the flame
propagating towards reactants. Since, it is fairly simple to keep the mixture composition of
premixed combustion as fuel lean, the emission of the pollutants such as NOx can be controlled
by restricting the maximum temperature of the burnt products. As fuel and oxidizer are fully
homogeneously mixed, the efficiency of premixed combustion is high as well. The above
advantages of premixed combustion make it promising to design the next generation of

combustors based on premixed combustion.

Based on the Reynolds number of the flow, the flames can be categorised into laminar flame
and turbulent flames respectively. For premixed flames, the burning rate is enhanced by the
flame area generation and the flame-brush thickens with increasing turbulent level. In reality,
most combustion process of engines takes place in turbulent environment, where the flame

brush exhibits considerable quantitative and qualitative differences in comparison to the
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laminar premixed flames. However, the physical understanding of turbulent premixed
combustion is not complete and experimental and numerical investigations of premixed

turbulent combustion is an active area of research.

Computational Fluid Dynamics (CFD), emerging in 1970s, has consistently served as an
increasingly important tool for both academic research and industrial design of the combustors.
There are three main simulation methodologies for turbulent flows which can be categorised
into Direct Numerical Simulation (DNS), Large Eddy Simulation (LES) and Reynolds
Averaged Navier-Stokes Simulation (RANS). DNS resolves turbulent flows both temporally
and spatially, whereas other two simulating techniques (i.e. RANS and LES) only partially
resolve time and length scales and the flame structure remains fully unresolved for turbulent
reacting flows. The highest resolution is achieved in DNS, while RANS requires the lowest
computational cost. RANS has been widely adopted in industry already for the designing of the
combustors. LES, which is increasingly becoming a promising industrial tool, requires more
powerful computers and higher resolution than RANS. Instantaneous governing equations are
solved in DNS while averaged and filtered transport equations are solved respectively in RANS
and LES. Therefore, the unclosed terms of the averaged/filtered governing transport equations
in RANS and LES require modelling. The recent development of High Performance Computing
(HPC) equips CFD simulations with higher computational power than ever, which make it
possible to investigate some of the unresolved problems as well as to extend simulations
towards much higher resolutions. A central challenge of simulating premixed turbulent reacting
flow is the modelling of chemical reaction rate which depends on temperature exponentially
according to the Arrhenius law. It has been found by Bray (1980) that the mean reaction rate is
closely related to another quantity of central importance, which is scalar dissipation rate (SDR).
The SDR characterises the mixing process of unburnt reactants and burnt products across the
flame surface. SDR based reaction rate modelling for RANS has been investigated extensively
in the recent past. However, the modelling of reaction rate based on SDR is yet to be addressed
in the context of LES, which is expected to become a leading tool in industrial designing of the
combustors in the near future. Therefore, the current work is aimed to address the SDR based
reaction rate closure for LES using a-priori DNS analysis of turbulent premixed flames. Based
on fundamental investigation of turbulent premixed combustion, a novel methodology will be
developed for LES modelling through SDR based reaction rate closure in this analysis. The
models proposed in this analysis will be further assessed with respect to the explicitly filtered
DNS results.
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1.2 Simulation Techniques for Turbulent Combustion

In order to explain the difference between DNS, LES and RANS from a quantitative
perspective, the schematic diagram of turbulent energy spectrum is shown in Fig. 1. 2 where x
denotes the wavenumber magnitude which is inversely proportional to the length scale of
turbulent eddies and E(x) denotes the turbulent kinetic energy content associated with the
wavenumber magnitude x while #, I, A and Ax represent the Kolmogorov length scale, integral

length scale, LES filter size and the grid size of the chosen simulation technique respectively.

A
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Figure 1.2: A schematic of turbulent energy spectrum (E(x)) with wave number (x) showing the

capabilities of different simulation techniques on a log-log format .

It is demonstrated by Fig. 1. 2 that the grid size of DNS is of the same order as Kolmogorov
length # therefore the most of the energy spectrum is resolved in DNS with only the viscous
dissipation of kinetic energy is not resolved in DNS. The grid spacing in RANS is of the order
of the integral length scale and thus a major part of turbulent kinetic energy spectrum is
unresolved and need modelling. The grid/filter size of LES A falls between the integral length
| and Kolmogorov length #, a typical filter size of LES A usually ensures that up to 80% of the

total kinetic energy is resolved on the computational mesh (Pope, 2000).
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1.2.1 Direct Numerical Simulation

Direct numerical simulation (DNS) provides the highest resolution for simulating turbulent
combustion, where the transport equation of mass, momentum, energy and species are
discretised directly and solved numerically without any physical approximation of the turbulent
flow. All the scales of turbulent motion are resolved both temporally and spatially in DNS and
henceforth the detailed information on flame structure, the heat release rate, mixing process
across the flame brush can be obtained from a DNS database. Considering the large spectral
range of turbulence and the complexity of chemical reaction involved in the combustion
process, it is not surprising that DNS relies heavily on the computational power. Despite the
significant development of high performance computing (HPC) in the recent decade, the DNS
is still restricted in a relatively small domain size (e.g. a few cm®) involving simple
configurations (e.g. planar flame, v-shape flame etc.), while the combustors in industrial
applications involve complex geometries with much larger scales (e.g. a few m®). The
computational cost of non-reacting flow DNS can be shown to be proportional to the power of
11/4 of turbulent Reynold number (i.e. ~Ret11/4') which has restricted the simulated flow field
in DNS to moderate values of turbulent Reynolds number. In addition, the flame thickness is
often of the same order of the Kolmogorov scale, which is commonly taken as the smallest scale
turbulent motion, henceforth in order to resolved the flame structure, the grid size in DNS of
the turbulent reacting flow is often limited to microns. Therefore, DNS is mainly adopted by
academic research for improved understanding of the fundamental physical processes in the

turbulent reacting flows.
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Figure 1.3: DNS domain is shown with the thick red line in relation to engineering applications in
reciprocating engines and aircraft engines on the combustion diagram according to Poinsot and
Veynante (2001).

The utilisation of DNS as a simulation technique for turbulent reacting flows emerged in early
1990s (Rutland and Ferziger, 1991; Poinsot et al., 1991; Baum et al., 1994) when turbulent
flames were simulated in two-dimensional canonical configurations using simplified or
complex chemistry, and the three dimensional information of turbulent vortices were
compromised. Later in 1990s, a few three dimensional DNS were carried out for turbulent flow
of moderate Reynolds number for single step (Trouve and Poinsot, 1994; Rutland and Cant,
1994; Cant, 1999), two steps (Swaminathan and Bilger, 1997) and complex chemistry
(Tanahashi et al., 1999, 2000). The geometric configurations of DNS were mostly restricted by
the computational power to canonical statistical planar flames (Poinsot et al., 1991; Trouve and
Poinsot, 1994; Swaminathan and Bilger, 1997; Cant, 1999; Tanahashi et al., 2000; Grout, 2007,
Shim et al., 2011; Chakraborty et al., 2004, 2010, 2013), where statistically planar the premixed
flames moves for propagating towards the unburnt gas. Recently, a few attempts have been
made to simulate turbulent premixed flames in more complicated geometry such as V-shape
flame, swirl burner, Bunsen flames and lifted flames (Mizobuchi et al., 2002; Domingo et al.,
2005; Richardson et al., 2010; Dunstan et al., 2012; Minamoto et al., 2011b; Tanaka et al.,
2011). Figure 3 presents the boundary of DNS on combustion diagram regime according to
Poinsot and Veynante (2013), which shows that the majority of the parameter range for
combustors in piston engines can be accessed through DNS but only relatively small portion of

the parameter range corresponding to aircraft jet engines can be simulated using DNS. It can be
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expected that with the advancement of the High Performance Computing, DNS of realistic

combustors will be possible in the near future (Chen et al., 2011; Moureau et al., 2011).

1.2.3 Reynolds Averaged Navier-Stokes Simulation

Reynolds averaged Navier-Stokes (RANS) simulation is the most widely adopted
computational technique for the analysis of turbulent combustion, especially when the
calculation of the instantaneous flow field is not computationally affordable. In RANS the mean
values of all the quantities are obtained. The instantaneous transport equations are simulated
after Reynolds averaging (i.e. directly calculating mean values) or Favre averaging (i.e. density
weighted averaging) operation, where the unclosed terms, such as Reynolds stresses, turbulent
fluxes of heat and species and reaction rate terms, created by the Reynolds/Favre averaging
operations require models to close the transport equations. The Reynolds stresses are often
closed by the k-e model where k is the turbulent kinetic energy and ¢ denotes its dissipation rate.
However, the ability of k- model in capturing the effects of buoyancy, strain, changing density
(which is often the case in reacting flow) and pressure gradient is questionable. It is worth
noting that this k-¢ model was proposed originally for non-reacting flows, therefore, either
modification to the k-e model or a new model is required to address the effects induced by heat
release due to exothermic chemical reaction. The gradient hypothesis is usually adopted to close
turbulent fluxes of heat and species in non-reacting flow, which has been found to be invalid
under certain conditions in premixed turbulent combustion (Bray et al.,1985). Modelling of the
turbulent fluxes for turbulent premixed flames have been attempted recently (Veynante et al.,
1997; Chakraborty and Cant, 2009) to capture both gradient and counter-gradient transport. A
central challenge for RANS is the modelling of chemical reaction rate term, which contains an
exponential function of temperature according to the Arrhenius law. However, the physical
scales of the chemical reactions are limited to a very thin region (i.e. of the order of flame
thickness), which is fully unresolved in RANS, therefore mean reaction rate term is modelled
using various different approaches instead of expanding the term according to Taylor
expansion. The relatively low computational cost of RANS makes it possible to carry out
simulation involving practical geometries within a realistic period of time. Thus RANS is still

the standard simulation technique in industry.

1.2.3 Large Eddy Simulation
Large eddy simulation (LES) uses a coarser level of spatial resolution than DNS. The resolution
of LES is determined by the filter width A, which is between Kolmogorov length scale # and

integral length scale | (see Fig. 1.2). however, the physical processes associated with length
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scales smaller than the LES filter width (i.e. sub-grid processes) still need to be modelled.
Therefore, the accuracy of LES heavily relies on both the grid size A and the behaviour of the
sub-grid closures. In practice, the grid size A tends to be much larger than flame thickness such
that the turbulent micro mixing and chemical reaction rate, occur in small scales, are often
unresolved in LES. This brings a possible approach to model the unclosed terms in LES by
adopting similar modelling methodologies used in RANS (Poinsot and Veynante, 2004).
However, the resolution of LES is required to be much higher than RANS to resolve large scale
turbulent flow physics. In addition, LES is inherently three-dimensional and unsteady and
unlike RANS the assumption regarding axisymmetric, symmetric boundary do not remain valid
for LES. Therefore the computational cost of LES is much higher than RANS for a given
configuration and simulation parameters. Due to the advancement of high performance
computing, LES is beginning to be adopted by industry for simulation of engineering problems
involving large scale unsteadiness. LES is expected to be the main CFD tool in industry in the

near future, but robust SGS models of turbulent combustion in the context of LES are needed.

1.3  Aim of the present work

The scalar dissipation rate (SDR) is a quantity of central importance in turbulent premixed
combustion, which characterises the micro mixing of reactants and hot burnt products in scale
of the same order of the flame thickness are thus cannot be fully resolved in LES and RANS. It
has been found by Bray (1980) that SDR of reaction progress variable in RANS holds a
proportional relation with the mean reaction rate for turbulent premixed flames for high
Damkohler number combustion. Extensive research has been directed on SDR based reaction
rate closure in RANS for turbulent premixed flames, while relatively limited effort has been
made to the SDR based filtered reaction rate closure in the context of LES. Nethertheless, the
statistical behaviours of Favre-filtered SDR and its transport are yet to be analysed in the open

literature. Therefore, the purpose of this project is listed below:

e To analyse instantaneous scalar dissipation rate and its transport equation for turbulent

premixed flames based on a well-documented DNS database.

e To investigate the effects of heat release parameter, turbulent Reynolds number and Lewis

number Le, on the statistical behaviours of SDR and its transport.
e To investigate the statistical behaviour of SDR and its transport for different filter widths.

e Topropose an algebraic closure of SDR based on the scaling analysis and statistical analysis

of filtered SDR and its transport equation.
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e To propose LES closures of the unclosed terms in filtered SDR transport equation for LES
so that it remains valid for a large range of filter widths for flames with different values of

7, Le and Re;.

e To compare the performances of SDR closures based on simple chemistry DNS database

for explicitly filtered detailed chemistry DNS database.

1.4  Thesis outline

The current state of research on turbulent premixed combustion modelling will be reviewed in
Chapter 2. The SDR approach in reaction rate closure for turbulent premixed combustion will
be reviewed along with a brief review of other modelling approaches in the context of LES for
turbulent premixed flames in Chapter 2. The mathematical background of basic concepts of
laminar and turbulent premixed combustion are provided in Chapter 3. The details related to
the DNS databases used in the current work will be presented in Chapter 4. The development
of the SDR based reaction rate closure for LES is discussed based on a-priori DNS analysis in
Chapter 5. In Chapter 6, the development of both static and dynamic algebraic closures of SDR
for turbulent premixed flames in the context of LES based on a-priori DNS analysis is
discussed. The statistical behaviour, statistical analysis and the modelling of the unclosed terms
in explicitly filtered SDR transport equation will be presented in Chapter 7. Both algebraic SDR
closure and transport equation based SDR closures developed in Chapters 6 and 7 based on a-
priori analysis of simple chemistry DNS database will be assessed in the context of detailed
chemistry and transport in Chapter 8. A brief conclusion of the present research and the future

research directions will be discussed in the final chapter (Chapter 9).
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Chapter 2. Literature Review

2.1 Flamelet approaches in turbulent premixed combustion

2.1.1 The regimes of turbulent premixed combustion

The wrinkling effects of turbulence on turbulent premixed flame were firstly described
by Damkdhler (1940) who suggested that combustion chemistry mostly takes place in
thin, highly-wrinkled reaction interface which is not significantly disturbed by turbulent
eddies as the scales of the cascading turbulent eddies are much larger than the flame
scales. The laminar premixed flame structure is usually divided into three layers, which
denotes the processes of homogeneous reactants, intensive chemical reaction and
oxidisation of the products and intermediates respectively. The relatively small scale of
the flame thickness and the fast chemical reaction result in a chemical time scale which
is smaller than the large turbulent time scale (Bray, 1980). Therefore, these thin interfaces
are reasonably assumed to be only wrinkled by the turbulent eddies but they maintain
their quasi-laminar flame structure. These thin interfaces, separating products from mixed
reactants, are termed as flamelets, which maintains laminar flame structure, but are only
wrinkled and strained by the turbulent motion. A non-dimensional number which

characterises the ratio between large eddy turn over time scale r, to the chemical time

scale 7, is known as the Damkohler number Da which is defined as:

T I/u’
7. 6;/S,

c

Da=

2.1)

where | is the integral length, u’is the turbulent root mean square (RMS) velocity, S, is
unstrained laminar burning velocity and &, =« /S, is known as the Zel’dovich flame
thickness and o denotes the unburnt gas thermal diffusivity. The flamelet assumption

holds for Dall 1, where the chemical time scale is too small for the integral turbulence
to affect the inner flame structure. For small values of Da the chemical reaction requires
longer time than turbulent mixing and thus the inner flame structure is continuously

destroyed and reformed by the generation (consumption) of products (reactants) and the

10
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mixing of them. The above regime is known as ‘perfectly/well stirred reactor’ (Libby &
Williams, 1980), where the mixing is fast and chemistry is slow. The Klimov-Williams
criterion (Klimov, 1963; Williams, 1976) suggested only Dall 1 solely was not
sufficient to characterise different regimes of premixed flames and suggested another
non-dimensional number to characterise the effects of smallest eddies on the premixed

flames. This non-dimensional number is known as Karlovitz number Ka, which is defined

as:
Ka=Te =25 (2.2)
r, u/n

where 7, is the Kolmogorov time scale and 7 is the Kolmogorov length scale. where

Re, is the turbulent Reynolds number which is defined as:

Re, = ul_ (U—J(L] ~ Da’Ka’ (2.3)
1% S, )\ o,

It is possible to recast eq. (2.2) as:

1 3 )
2 r\2
o, S n
Using the relation between the integral length | and Kolmogorov length scale 7:

1 _ Reps 2.5)
n

Under the condition of Ka <1, the chemical scale is smaller than all turbulent scales with
flame is thinner than the smallest eddy in turbulence, where flamelets hold an inner
structure close to laminar flames but are wrinkled by the turbulence. Based on the ratio
between turbulent motion u’ and the unstrained laminar burning velocity S, , the above
regime can be further characterised into two sub-regimes:
e U'<S, : the flame propagates faster than turbulent velocity fluctuation and thus
turbulence can hardly wrinkle the flame front in this ‘wrinkled flamelet regime’.
e u'>S, : the turbulent velocity fluctuation exceeds the laminar burning velocity

and turbulent eddies start to corrugate the flame front in this ‘corrugated flamelet
regime’.
11
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Figure 2.1: Regime diagram for turbulent premixed combustion (Peters, 2000).

The modified regime diagram by Peters (2000) is shown in Figure 2.1 where the above

two regimes are explicitly denoted. Peters (2000) defined a second Karlovitz number Ka,
in terms of reaction zone thickness &, (which is typically one order magnitude smaller

than the flame thickness, i.e. &, ~ ¢, /10) as:

S
n
2 52
when 6, =7, Ka, =1 and Ka=—% = 5—22 ~100 represents a critical value of Ka, based
n r

on which two more regimes are defined:

e When Ka, <1< Ka where &, <7 <J,, the eddies of Kolmogorov scales are able

to enter the preheat zone and penetrate the flame structure resulting in a thickened
flame. However, the reaction zone remains beyond the reach of the turbulent

eddies and maintains a quasi-laminar structure. This regime is denoted as ‘thin
12
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reaction zone regime’ (Peters, 2000) or ‘thickened-wrinkled flame regime’
(Poinsot and VVeynante, 2001).

e When Ka, >1 where r7 <6, <3,, small eddies are able to penetrate into both the

pre-heat zone and the reaction zone with possibility of causing local extinction
resulting in pockets of reactants surrounded by flame like surface. This regime is

denoted as ‘the broken reaction zones regime’ (Peters, 2000).

In premixed turbulent combustion, the scalar field can be represented by a reaction
progress variable ¢ to characteristic the development of the turbulent premixed flames

based on reactant mass fraction Y, (or product mass fraction Y, or temperature T) as

follows:
Yeo =Y,
c=_—F_F (2.8)
Yeo = Yra
where Y, , Y., denotes reactant mass fraction in fresh gas and burnt products

respectively. The reactant progress variable c increases from 0 in the unburnt reactants
monotonically up to 1.0 in the fully burnt products. The reaction rate of reaction progress
variable in the context of one-step Arrhenius chemistry can be expressed by the following

relation in terms of mixture density o, reaction progress variable ¢ and instantaneous

temperature T as:

W= f(p,cT)= B*p(l—c)expkﬂ (2.9)

where B is the pre-exponential factor and E is the activation energy. The single step

Arrhenius law of normalised form of chemical reaction W reads:
W= pB(l—¢) exp[ﬂ} with B = B—Iexp(—ﬁj (2.10)
a

1-a(l-T) X

where

13
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o T= T-To is the normalised temperature with Tag denoting the adiabatic
ad ~ '0
temperature
_ E(Tad _TO) : ) . . . . _
o [= A2 is Zel’dovich number which is typically taken as £ =6.0,
0" ad

T, .
o a=1-20="" s closely related to heat release parameter .
T, 1+7

The exponential function poses a major challenge to model the mean/filtered reaction rate
in the context of RANS and LES.

2.1.2 Bray-Moss-Libby Model

This is one of the most well-established flamelet models of turbulent premixed
combustion, usually referred to under the initials of the three contributors, Bray, Moss
and Libby. The Bray-Moss-Libby (BML) model was initially proposed in 1977 (Bray and
Moss, 1977), which has been subsequently improved (Bray, 1980; Bray et al. 1985, Bray
et al., 1989). Combining the statistical approach by using the presumed probability
density function (pdf) of progress variable, this model provides a thermochemical closure
for turbulent premixed combustion in the context of RANS. The scalar field is assumed
to be a unique function of reaction progress variable c. Regarding perfect gas and unity
Lewis number, usual assumptions were made to maintain the simplicity of the
mathematical framework. The pdf of c at a given location x has been expressed in the

following manner:

pdf fresh gases burning gases burnt gases

p(c,xt) = a(x,t)o(c) + y(x,t) f (c,x) + B(x,t)o(1-c) (2.11)

where the «, fand ¥ denote respectively the probability of finding unburned gases,
burned gases and reacting gases, inherently summing up to unity (i.e. ¢+ f+y =1). The

normalisation of pdf yields one more condition:

j f(c,x)dc=1 with f(0,x)=f(@x)=0 (2.12)

14
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Based on the pdf according to eq. (2.11) the mean value of a quantity Q can be easily

shown as:

Q(x,t)= jQ(c, X,t) p(c, x,t)dc
0 . (2.13)
=a(X,1)Q(0,x,t) + S(x,1)Q(, x,t) + y(X, t)_[Q(c, x,t) f(c, x,t)dc

The flamelet assumption of large Reynolds and Damkd&hler numbers is applied in BML
model where the flame front is so thin that the probability to find burning mixtures is
mathematically small compared with the probability of finding fresh gases or burnt
products. Therefore eq. (2.11) can be further reduced by neglecting the intermittency
weight »(x,t) ~O(1/Da) as:

p(c, xt) = a(x,t)o(c) + S(x,t)ol-c) (2.14)

It worth noting that with one more assumption of low Mach number, eq. (2.14) can lead

to a direct relation between Reynold averaged and Favre averaged values as well as a

mn LI

meaningful expansion of scalar flux u’’c" :

e = 1he — ;¢ = é(1 — &) (P — ud) (2.15)

RS
a
Il

where #? and @} denotes the mean velocities conditional on burnt and unburnt gases
respectively. For thermal expansion across the flame brush #? can be greater than @i*
which leads to counter-gradient transport (i.e. the scalar flux assuming same sign as the

scalar gradient, u,” ¢’ x d¢/dx; > 0). Thus eq. (2.15) provides a theoretical proof of the
counter-gradient behaviours of scalar flux, which was later confirmed in experiments
(Bray et al., 1981).

However, the modelling of mean reaction rate is still unresolved by BML model which

can be mathematically explained as:

W(X) = [ W(e) p(e, x)de = 7(x) [ vlc) f (¢, ¥)dc =0 for Da >>1 (2.16)
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As the chemical reaction rate W is weighted by » which is negligible for Da>>1,

eq.(2.16) dose not yield a finite non-zero value of W. Based on the BML model, three
alternative approaches have been developed to close the mean reaction rate in RANS,
which are respectively based on flame crossing frequency, flame surface density (FSD)
and scalar dissipation rate. The approach based on scalar dissipation rate approach will
be introduced in detail in section 2.2. The flame crossing frequency based reaction rate

closure and flame surface density approach will be discussed here.

2.1.3 Flame crossing frequencies

The central logic of this approach is given by the following statement. At a given point,
the number of times of the flame front crossing is assumed to have more influence on the
mean reaction rate than the local temperature and species mass fraction (Bray,1984; Bray
and Libby, 1986). According to this assumption, the mean reaction rate can be

mathematically expressed as:

where wy and vy represent the reaction rate per flame crossing and the flame crossing

frequency respectively. The flame crossing frequency is evaluated based on the statistical

function of a telegraph signal in the following manner:

c1-¢
,¢4 -0
T

v = (2.18)
where T denotes the mean period of the telegraph signal, which is typically taken to be

the eddy turn over time #,~ k/é for W closure. The reaction rate per flame crossing Wy

is often modelled as:

We = PoSL
! o/t

(2.19)

where p, denotes the density of fresh gases, §; is the laminar flame thickness and S; is
the laminar flame speed and t; represents the transit time between the two isosurfaces

c=0 and c=1. Subsequently, the eq. (2.17) can be written as:
16
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~¢(1-¢) (2.20)

However, it is often not straightforward to estimate t, and therefore the model has been

later recast in terms of FSD.
2.1.4 Flame Surface Density (FSD) approach
As a well-established modelling approach, the flame surface density ¥, which
characterises the flame surface area per unit volume by measuring the flame front
convolution. According to FSD based closure, the mean reaction rate is expressed as:

MT/ = pO(S(:)sZ (221)
where s, is the flame consumption speed and (... ) denotes the averaging operation over

the flame surface (Marble and Broadwell, 1977). The mean surface averaged flame

consumption speed (s.) was estimated by (Vervisch and Veynante, 2002):

+00
(seds =y sc()p(r)dr (2.22)
where p(k)denotes the probability and k is the stretch rate. A ‘stretch factor’ I, was

introduced (Bray, 1990) to account the ratio of mean flamelet consumption speed and

the laminar flame speed as:
lo=5Jy sctp()de (2.23)
Subsequently, eq. (2.21) can be rewritten as:
W= p,S, 1,2 (2.24)

It worth noting that FSD X itself requires modelling which could be achieved through
either an algebraic closure or solving a transport equation. This approach is valid for both
RANS and LES.
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2.2 Review of scalar dissipation rate in turbulent combustion modelling

This section focuses on the reaction rate closure based on scalar dissipation rate, which
itself is unclosed in both RANS and LES simulations. A brief review of the roles played
by SDR in turbulent combustion modelling will be provided below. The mathematical
background of the SDR in turbulent premixed combustion modelling will be introduced
in Chapter 3 in detail, however, the SDR based reaction rate closure derived from BML

model will be introduced here in order to demonstrate the strength of this methodology.

2.2.1 Reaction rate closure

The instantaneous transport equation of reaction progress variable c is written as:

opc 0O 0 oc i
a Tax PUO= 5 [p ax.) (2.25)

Reynolds averaging equation (2.25) one obtains the transport equation of Favre averaged

progress variable € as:

¢ — pi.€] (2.26)

An alternative transport equation for c(1—c) can be derived from eq. (2.25) in the

following form (Bray and Moss, 1977):

ot OX. OX.

OX.

8[pc(1—c)]+8[puic(1—0)] i(pDi[C(l—C)]]+Zst—ig—XC—2CW+W (2.27)

According to BML approach where the probability of finding 0 <c <1 is negligible, the

term c(1—c) assumes zero value which leads eq. (2.27) to:

ZpD@@ =(2c-Dw (2.28)
OX; OX
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where N, EDS—C% is the instantaneous scalar dissipation rate (SDR). Reynolds
X.

averaging eq. (2.28) yields the following equation:

oc oc
20N =2pD——=(2c-1Dw 2.29
PN, =2pD—— ( ) (2.29)

Bray (1980) proposed the SDR based reaction rate closure by recasting eq. (2.29) into the

following form:

W= oD & & pN, (2.30)

where ch = p_NC/ o denotes the Favre averaged SDR and the thermo-physical parameter

c, isgiven by:

@ ) "D (0)], de .

W o), de

where f(c) is the burning mode pdf of ¢ and the subscript ‘L’ refers to the values in
unstrained planar laminar premixed flames. Equation (2.30) relates the mean reaction rate
W to the turbulent mixing through SDR N_ and chemical reaction through the thermo-

chemical parameter c ,, which assumes values between 0.7~0.9 (Bray, 1980).
In order to explain the central role played by SDR in the reaction rate closure for RANS,

it is useful to start from the transport equation of the scalar variance ' (noting
c =¢+c") (Bray, 1980; Veynante & Vervisch, 2002):
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molecular dif fusion

apC”2+ap”C"2 opuyc” _ 9 W-&-Z n 9 ( D ac)
at ox; ax,  ox\P” o, o PP 52
2o v g 200252 (2.32)
—apU ¢ o wc — 2pD— ]
0x; chemical reaction dx; 0x;
production scalar dissipation

The three terms on the left hand side (LHS) denote the transient term, advection term and
turbulent transport term of scalar variance respectively. The first term on the right hand
side (RHS) is the molecular diffusion of scalar variance which is often ignored in RANS
of high Reynolds number flows. The ‘production’ term in eq. (2.32) characterises the
scalar fluctuation for gradient transport of scalar flux. Many previous analyses on scalar
fluxes of turbulent premixed flames in RANS reported both gradient and counter-gradient
type transport (Bray et al.,1985; Moss, 1980; Shephard et al., 1982; Frank et al.,1999;
Kalt et al.,2002; Rutland and Cant, 1994; Veynante et al. 1997; Swaminathan et al., 2001,
Nishiki et al., 2006; Chakraborty and Cant, 2009). The reaction rate related term can be
modelled based on eq. (2.31) as:

n

wc'” =we —wé = (¢, — W (2.33)

The last term on RHS of eq. (2.32) denotes the scalar dissipation of scalar variance, the

mean SDR is defined as &, = pD ??/p whose relation with Favre averaged SDR is
written as:
e dc dc — d¢ 0¢ P Dac” ¢ N Dac”ac” 234
PNe=pPD g o = PP o ox, T 2PP 3%, ax, T PP x. o, (234)

In the context of RANS, the first two terms on RHS of eq. (2.34) are often neglected due
to small values of the mean scalar gradient in comparison to the gradient of scalar
fluctuations which results in pN, ~ p&., which has been applied in the reaction rate
closure (i.e. eg. (2.30)) based on SDR. However, in the context of LES the first term on
the RHS cannot be simply neglected and further information of this will be elaborated in

Chapter 3. It worth noting that this scalar dissipation rate (SDR) &, itself is unclosed
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which require closure in RANS. A traditional approach to model the SDR &; is the linear

relaxation model which is often used for passive scalar mixing:

(2.35)

Based on the BML model and using the large-scale turbulent time scale scaling 7,~ k/&

subsequently leads to:

é(1-¢) (2.36)

Substituting in eq. (2.30) and using pN, ~ p&. for large Reynolds number turbulent
premixed flames, eq. (2.36) yields:

"2

~ P _E
W = Cgpy . ~ CEBUpEC(l — ) (2.37)
t

Equation (2.37) is commonly known as the Eddy-Break-Up (EBU) model (Mason &
Spalding, 1973) which is one of the first attempts to close the chemical reaction rate of
turbulent premixed flames. Due to the simple mathematical expression solely based on
the resolved quantities, the EBU model has attracted extensive attention and is already
implemented in commercial codes for both premixed and non-premixed turbulent flames
simulations. However, this model adopted the assumption of passive scalar mixing and
the chemistry process is assumed too fast to affect W through the existence of any
burning mixtures. The separation of chemical kinetics from the turbulence in the EBU
model results in a lack of interaction between flames and turbulence. The EBU model has
been reported to overestimate the chemical reaction rate in the context of RANS.
However, a few attempts in LES of EBU model provided reasonable predictions for bluff
body stabilised flames (Fureby and Mdéler, 1995), but the model parameter Czp;; needed

tuning for different flow parameters (Fureby and L6fstorm,1994).

2.2.2 Review on modelled SDR transport equation in RANS
One possible way to model SDR &; is based on the closure of the transport equation of

Favre averaged SDR, which has been recently studied extensively in the context of
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RANS. The exact unclosed transport equation of & takes the following form (Borghi
1978, 1990; Mantel and Borghi, 1990; Swaminathan and Bray, 2005):

_0g, _-~ 0g, 0 o

—S+pU,—Ct= D—|+T,+T,+T,+T,-D,+ f(D 2.38

Pa TP, axj{p axJ} 14Tt T+ =+ HD) (&%)
N —

Dy

On the LHS the two terms respectively denotes the transient and mean advection terms

The term D; denotes the molecular diffusion of & and term T: denotes the turbulent

transport of &, which takes the following form:

6 u ” 2=
T, = _9lpuie) —2pDu’ | &1 | _2€ (2.39)
OX; OX, )\ OX;0X,

Tu T2

The term T arises due to density change resulting from heat release and is given by

D{ : Dacha_p

T,=-2—|W+—pD—
OX; OX; ) OX, OX,
(2.40)

D o op Hmi GC]_ﬁ(pu ”)]

Eaa OX; OX oX,

The term T3 originates due to the reaction progress variable gradient Vc alignment with
local principal strain rates, which is commonly referred to as the turbulence-scalar

interaction term. The term T3 takes the following form:

AT AL a7 ——, A
T _ _Zp_ﬁaul aCII _ I aCII au] acll _ I aCII aCII% (2.41)
3 Ox;j Oxg Oxy dx; Oxg Oxp 0x; Oxp Oxp
T3z T33

T34

The term T4 representing the fluctuation of reaction rate gradient assumes the following

form:
oW oc 6W 80 (2.42)

T,=2D——-2
OX, OX, axk axk

The term (-D2) denotes the molecular dissipation of &, and is given by
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) 820" OZC"

-D,=-2pD (2.43)
277P X, OX; OX, OX,
The term f (D) arises from the variation of mass diffusion and the mathematical
expression of f (D) is given as:
2 2
f(Dy=2p .0 0wD) dc e (pD)dc o \ oD
X, OX,  OX;0X; OX, OX;0X, OX;  OX; OX;
oD o (o oc o oc| oD  aD ~ 06 8(pD) 0%
-2p 67— — |t 7+Uj7 -2D— (2 44)
X; OX; \ OX, OX, oX, Ox, | ot OX; X, 0%  OX0X; '

~ 2/ —IN ~ ~ ~ <
o5 2UED) %€ | 0 [ 506 o€ D
OX, OX;0X, OX; 0X; OX, OX, OX;

_- D o (ac ac] _ o6 ac{af) aﬁ}
gl ;5
OX, OX,

+2pD— — — U, —
OX; OX; \ OX, OX, ot oX;

The term f (D) sometimes is neglected in RANS by assuming constant diffusivity D

(Swaminathan and Bray, 2005). Moreover density has been assumed to be constant in an
earlier derivation of the above transport equation (Borghi, 1990; Mantel & Borghi, 1994;
Mura & Borghi, 2003). The terms T,,T,,T,,T,,(—D,) and f (D) are the unclosed terms

and these terms need to be modelled in order to solve the &, transport equation. For a

statistically stationary point of view, the contribution of

[pVcVe(oD/at) — pVE.VE(AD/at)] can be considered to be negligible and thus has

been neglected in most studies (Borghi and Dutyoa,1978; Borghi, 1990; Mantel and
Borghi, 1994; Mura and Borghi, 2003; Swaminathan and Bray, 2005; Swaminathan and
Grout, 2006; Chakraborty and Swaminathan, 2007a, 2007b, 2010, 2011, 2013;
Chakraborty et al., 2008, 2010, 2011a; Mura et al., 2008, 2009; Kolla et al., 2009).
Swaminathan and Bray (2005) proposed an order-of-magnitude analysis for the above

unclosed terms by using unburned gas density p, and laminar flame velocity S, and
thickness o, . This yields the following scaling estimates for the SDR transport equation

upon normalisation with respect to p,S? /6, :

T, ~O(Da™); T, ~ O(Re[1 Da™); (2.45)
T, ~0@®); (2.46)
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Ty, ~O(Re, "*Da™?); T, ~o(); To; ~O(Da U,y /U"); (2.47)
T, ~0Q); (2.48)
(-D,)~0() (2.49)

where U, is a velocity scale representing the Favre mean velocity. The diffusivity

gradientterm f (D) can be scaled in the following manner upon normalising with respect

to p,S,° /82 (Gao et al., 2014):
f(D) ~ OQ1) (2.50)

An alternative order of magnitude analysis was proposed by Mantel and Borghi (1994),
where the root-mean-square (rms) turbulent velocity fluctuation u” and Taylor micro-
scale A are used to scale the velocity fluctuations and the gradients of the fluctuating
quantities respectively following Tennekes and Lumley (1972). The scaling analysis by

Mantel and Borghi (1991) yields the following scaling estimates for the unclosed terms

of the SDR transport equation upon normalisation with respect to p,u’*/17:

T, ~0@); T, ~O(Re,™%); (2.51)

T, ~OQ); Ty, ~ O(Rey'?); T,, ~OQ) (2.52)

One obtains the following scaling estimate for (—D,) in non-reacting flows if the second-

derivatives of fluctuating quantities are scaled using the Kolmogorov length scale, 7:
(-D,) %1%/ p,u’® ~ O(Re,) (2.53)

Equations (2.52) and (2.53) indicate that T,, and (-D,) are the leading order
contributors to the z_ transport in high Ret non-reacting flows. The terms T,, T, and
f(D) are identically zero for non-reacting isothermal flows. The above order of
magnitude analysis suggests that T,,T,,T,, (-D,) and f (D) are the leading order terms
of £, transport which has been confirmed later by DNS data (Chakraborty et al., 2011).

According to egs. (2.45) and (2.51), the contribution of T, can potentially play an
24



Chapter 2. Literature Review: Turbulent Premixed Combustion Modelling

important role for Da <1 combustion, however, the magnitude of T, is reported to be
negligible comparing with T,,T,, T,, (-D,) and f(D) for turbulent premixed flames
with Da <1 (Chakraborty and Swaminathan, 2013). The modelling of these unclosed

terms, T,,T,,T,,T, and (-D,), are discussed next.

Review modelling of turbulent transport term, T1

The scaling estimates in eq. (2.45) indicate that T,, /T,, ~ O(Re,) and T,, contribution is
negligible compared to T, in high Re, flows. A similar observation can also be made

using the alternative scaling given by eq. (2.51), therefore T1 can be written as
T,~-V.(pu's,) (2.54)

Equation (2.54) indicates that the modelling of T, translates to the modelling of turbulent

flux, puje, (Chakraborty and Swaminathan, 2010, 2013). A conventional modelling

approach is to follow the gradient hypothesis for passive scalar mixing in the following

manner:
n lut agc
u'g, = - 2.55
pU; o, o, (2.55)
K2 . . L pull’ .
where g, =C,p— s the eddy viscosity, k =0.5——- denotes the turbulent kinetic
& P

energy and o, is the turbulent Schmidt number and C, =0.09 is a model parameter.

Counter-gradient transport of the turbulent flux of scalar gradients has been reported by

previous studies for the flames where counter-gradient behaviour for turbulent scalar flux

puic” is observed. (Veynante et al., 1997; Chakraborty and Cant, 2009; Chakraborty

and Swaminathan, 2010, 2013). The scalar flux was modelled in BML approach (i.e. eq

(2.14)) in terms of slip velocity as: u,”c¢”" = é(1 — &)(@? — @) for high Damkéhler
number flames (Bray et al., 1985). The slip velocity was modelled in the following
manner as (Veynante et al., 1997):

u —ul = —ag /212/3 + 15, (2.56)
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with a being an appropriate efficiency function (Veynante et al., 1997). A model of
pule, was proposed to accommodate both gradient and counter-gradient transports in

the following manner (Chakraborty and Swaminathan, 2013):

puis, = (- 20) LAEZ NI 5, O (25)
X

[c"?+E(L-E)] i

where M, = —(86/8xi)/|VE| is the i component of the flame brush normal vector. The
model parameters are given as «a, =022 ; «,=4.0[1-0.5erf(Re, /6)] and

® =1-0.5erf(Re /3), where Re, = ,oolz2 ! 1€ is the local turbulent Reynolds number

with p, and g, being the unburned gas density and unburned gas viscosity respectively.

Review modelling of density variation term, T2

The term T. denotes the correlation between the dissipation and dilatation rates. The
dilatation rate assumes non-zero values inside the flame front for low Mach number
combustion. T2 and the contribution of yo in eq. (2.10) can be expressed in terms of mean

reaction rate to propose a model of T as follows (Swaminathan and Bray, 2005):

T, = (i]ﬁéc with Kcz(%j“p OLIOT s
2C._ -1\ &, S, j [W], f (c)dc

where L denotes the laminar flame quantities and f(c) is the burning mode pdf. The
quantity K_ has been found to be strongly dependent on heat release parameter r and

equivalence ratio (Rogerson and Swaminathan, 2007), which has been improved by

modifying eq. (2.58) in the following form (Kolla et al., 2009):

“_ [5_} [LoN, (V.. f (©)de

S )
—+ |pg, with K]
]p ) s.) JIpN.Q, T(e)de

T2=2K:(5

th

(2.59)

where K_ can be obtained from laminar flame solutions and K_ /7 has been found to be

insensitive to the changes in equivalence ratio. Both egs (2.58) and (2.59) attempt to
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account for the intensity of heat release through a thermochemical parameter and both

models are strictly valid for flames of large Da. Recently, a simple algebraic closure of

T, has been proposed to overcome the above limitation. The gas density o for low Mach

number combustion can be expressed as (Bray et al., 1985):

P
= t+eT) (2:60)

Equation (2.60) has been rewritten based on the progress variable ¢ for flames with unity

Lewis number as:

E Y . (2.61)

Using eq. (2.61) along with conservation equations of ¢ (i.e. eqg. (2.25)) and ¢ (i.e.
eq.(2.26)) yield the following relation:

i ou.
D[W+V.(pDVc)] oc op _oon Mi

¢ (2.62)
P X, OX, OX;
- r " o aa’
228—‘35—” W V.(pDVe) - 2 | o hveve X (2.63)
P OX, OX, oX, OX;

Subsequently an alternative expression for T, for unity Lewis number flames can be

obtained (Swaminathan and Bray, 2005):

ou. . _oa.
T, =2pN, 8—)(’—2,0DVC.VC—J

j OX;
— T A A — (2.64)
—2pe. M app M O Hgeve M
OX; OX; OX, OX; OX;
T21 TZZ T23

The three components of eq. (2.64) were scaled as (Swaminathan and Bray, 2005):

T-ol3). 1 ~o/3% L |ggT.-of3 1 (2.65)
“ R 52 \JRe, Da z 52 Re, Da '
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For turbulent premixed flames of high turbulent Reynolds number, the magnitude of T,,
and T,, are expected to be much smaller than T,,, such that T, and T,, are almost
indistinguishable (Chakraborty and Swaminathan, 2013). A model of T, was proposed
based on the scaling estimates of scalar dissipation rate £, and dilatationrate V.U interm

of laminar flame speed S, and thermal flame thickness s, :
Vii~rz—%- and & ~—+ (2.66)

The term T, arises due to heat release with the reaction zone maintaining quasi-laminar
structure, which justifies the choice of the laminar burning velocity S, and the flame
thickness s, for the scaling analysis. A model of T, was proposed in the following

manner (Chakraborty and Swaminathan, 2010):

T,=2C, r% Dz, (2.67)

th

where the model parameter C, is given by

_ By,
TZ - — ~
\/1+CK (SL) 3/2(€5th)1/2

C (2.68)

with B, and C, are the model parameters of order unity (Chakraborty and

Swaminathan, 2010):

(65,)"

Ka, ~C, —(S )3/2
L

(2.69)

Review modelling of scalar-turbulence interaction term, T3
The modelling of term Tz is usually divided into the modelling of the three components

T

31

T,, and T,, separately (Mantel and Borghi, 1994; Swaminathan and Bray, 2005)
Equation (2.52) indicates that T,, is expected to be the dominant contributor to T, for

high turbulent Reynolds number Re; turbulent premixed flames, whereas eq. (2.47) further

indicates that for low Damkdhler number combustion (Da <1) T,, and T,, are likely to

be of the same order of magnitude as that of T,, which has been confirmed in DNS
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assessments, where contributions of T,, and T,, to T, have been found to play important

roles (Chakraborty and Swaminathan, 2010; 2013).

The statistical behaviour of T, and its components can be explained by expressing the

scalar-turbulence interaction contribution A:—Z,{)D@%ﬁ in the following

OX; OX; OX;

manner (Swaminathan and Bray, 2005; Chakraborty et al., 2008):

A= —ZpDﬁ%ﬁ =-2p(e, cos’ 0, +e,c0s° 6, +e,cos’ 6, )N,
OX; OX; OX;
= ol o (2.70)
— oC du; oc
=Ty 4Ty + Ty — 2D
31T lg2 T lgg =40 X Ox. Ox

where e, , e, and e, are the most extensive, intermediate and most compressive
principal strain rates with 6,, 6, and 6, being the angles between Vc and e, e, and

e, respectively. Equation (2.70) indicates that the statistical behaviour of T,, is

principally determined by the alignment of Vc with the local principal strain rates. A

preferential alignment of Vc with e leads to a negative contribution of A and T

a2
which is expected to happen for high values of Da, where the strain rate induced by
flame normal acceleration dominates over turbulent straining effects. On the other hand
in low Da combustion the turbulent straining is expected to overcome the heat release
effects and thus the scalar gradient Vc tends to align with the most compressive principal

strain rate e, (Ashurst et al., 1987; Batchelor, 1952), leading to a positive contribution of
A and T, (Swaminathan and Grout, 2006; Chekraborty et al., 2008; Chakraborty and
Swaminathan, 2013)

Following the same scaling approach of Swaminathan and Bray (2005),
—Zﬁ@%a—c scales in the following manner:
OX; OX; OX;

A U
DL M & O ~o[ w1 J @2.71)

OX, OX; OX;  PoS! S, Re**Da*’
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the contribution of —2@(85/8&)(8@laxj)(aﬁlaxj) remains negligible in

comparison to the contributions of T,,,

T,, and T,,, and the contribution of T,, remains
the major contributor to A. The above discussion suggests that the modelling for the

components of T, should be proposed in such a manner that they can address the

alignment of Vc with local strain rate. Various of models have been proposed for T,,,

T,, and T,, by different researchers (Mantel and Borghi, 1990; Chakraborty and

Swaminathan, 2007a, 2010; Mura et al., 2009; Mura et al., 2009). The existing models
for T

21, Ts, and T,, are summarised in Tables 2.1, 2.2 and 2.3 respectively. The models

for T,,,T,, and T, proposed by Mantel and Borghi (1994) are referred to as the T31-MB,
T32-MB and T33-MB models. Another series of models for T

21 T3, and T,, has been
proposed (Mura et al., 2008, 2009). However, different modelling suggestions for the

same component of T, were made at the same time, therefore the models are named as:
T31-M1 and T31-M2 for T,, modelling (Mura et al., 2009), T32-M1 and T32-M2 for T,,
modelling (Mura et al., 2008), T33-M1, T33-M2 and T33-M3 for T,, modelling (Mura et

al., 2009). Independently, an alternative set of the models for T and T,, was

31’T32
proposed later by Chakraborty and Swaminathan (2007) and these models were
subsequently modified to account for different values of Re, Le and z (Chakraborty and
Swaminathan, 2010, 2013). The latest version of the models by Chakraborty and
Swaminathan (2013) are referred to T31-CS, T32-CS and T33-CS models here.

Model names | Model expression

T31-MB ¢ (&
T - U,-,C” Il =z
31 p j an (kj
T31-M1 oz ':‘" a6
T31 = —p—:ujc g
c ]
T31-M2 - c N ]
Ty =-7.5 pg, <N X; >§—C where =Vc/|Vc| is a local
X .
]
flamelet normal vector
T31-CS-R2 ~

* — 5 T!I ac s AN Y 80 ;L5
T3l = _[Cl +C2Da|_:| p(ﬁjujc {a—xjj—C3T.SLp€C < nf 'Xj > a—XjC
0.4 Ka’ and C. - L-2+0.6erfc(Re, /5)
(1+Ka,)? *  1+exp[-10(Ka, —1)]
Table 2.1: Summary of the existing models for Ts;

with C;=0.5;C, =
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Model name Model expression
T32-MB &\~
T, =A e pe, Where A =09
T32-M1 g
T, = ,5[%—1.2T.DaL§C]§C
T32-M2 g
T, = ,5[%—3.2In(r+1).DaL.§c] g
T32-CS-R1
Re, +1 -6)° €N
T, = 1.0+2.0erf( & )— H ) M (i)p
(1+Ka,)* Le* k
C; C,
where ¢ =0.4+0.15erf [ReLH)
Table 2.2: Summary of the existing models for Ts,
Model name Model expression
T33-MB ~
I a2 ujue |( od;
33 = —PE K ox,
T33-CS 0
Ty = —ﬁéc(1+1.2Ka'LO'23)[l//i‘//j +%5i,- (1—wkwk)}2% where
i
o= =22 [PD0 - T ca-g) and Do is the
ox )\ pe. 1+7C
unburned gas diffusivity
T33-M1 T 2 _ ol
= —_—— E. —
33 3,0 © o
T33'M2 > puiﬂcﬂ.pulj!c!r. al—]-
Ty =—2pe; — :
£.(pc"?)? O,
T33-M3 _ <f, X ><n..X. >oU
Ty =255 (8, 2 O
€. OX;
where M, =Vc/|Vc| is a local flamelet normal vector

Table 2.3: Summary of the existing models for Ts3

Review modelling of the combined reaction rate and molecular dissipation terms

(Ta- D2)

Based on the transport equation of N_ as (Chakraborty et al., 2008):
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where fi =—Vc/|Vc] is the local flame normal vector and S, =[W+V.(pDVc)]/p|V¢|
is the local flame displacement speed (Swaminathan and Bilger, 2001). Subsequently, the

combined contribution of the terms D,, T,, f(D)and (-D,) can be expressed as

(Mantel & Borghi, 1994; Mura & Borghi, 2003; Swaminathan and Bray, 2005;
Chakraborty et al., 2008; Gao et al. , 2014):

D, +T,~ D, + f (D) ~ ~2DV.(68, AIVE)|Ve| + 2BV. (o5, Vem) Ve

+2pD(S, +S,)V.Ave] —2Dp(S, +S,)V.mve| (2.73)

—2pD2(V.M)?|Vc[* + 2D pD(V.A)Vev.mve|

where m:—VC/|V_c| is the resolved flame normal and S, =w/p|Vc| |,

S, = N -V(pDN-Vc)/p|Vc| are the reaction and normal diffusion components of the

displacement speed respectively (Peters et al., 1998; Echekki and Chen, 1999;
Swaminathan and Bilger, 2001). Equation (2.73) indicates that the the net contribution of

[D, +T, — D, + f(D)] originates due to flame normal propagation and flame curvature.

It worth noting that f(D) was assumed to be negligible in RANS in most of previous
studies. Mantel and Borghi (1994) proposed a model for the net contribution of

T, =(T, + D, — D,) inthe following manner:
. 2 . & |3 S
T, =T,+D,-D, = __:81/068—C~{__Cg _L} (2.74)

where f, =4.2and C, = 0.1 are model constants. The molecular diffusion term D, is a

closed term and its magnitude is likely to be small for large Reynolds number Re, flames

according to the following scaling estimates (Swaminathan and Bray, 2005):

2
D, ~ ”OfL w1t (2.75)
o, DaxRe,
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A similar conclusion can be reached using the scaling estimate (Mantel and Borghi,
1994):

u? 1
Dl ~ p(l)—ZXE (276)

t

As D, is a closed term and assumes negligible value for high Re, flows, a model for

(T, —D,) was proposed as (Chakraborty et al., 2008):

x2
&

c1—¢)

(T4 - Dz) = _132,5 (2-77)

where g, =6.7 is the model parameter, which has been modified subsequently for a wide
range of values of turbulent Reynolds number as: g, =3.9+2.8erf(Re /10)

(Chakraborty and Swaminathan, 2013).

2.2.3 Review on algebraic closures of SDR in RANS

An algebraic closure of £ may be developed for turbulent premixed flames by assuming
the leading order unclosed source and sink terms of the SDR transport equation (Mantel
and Borghi, 1994; Mura and Borghi, 2003; Swaminathan and Bray, 2005; Kolla et al.
2009). Based on the above assumption, an algebraic model was initially proposed by
Mantel and Borghi (1994) following the BML approach (eg. (2.36)) as:

N 2C,.S, B\~
g=(1+ - (cD %> ¢? with C,, = 0.1; Cp = 0.21 (2.78)
3

It worth noting that the analysis by Mantel and Borghi (1994) was carried out for constant
density flow and thus the contribution of the dilatation term T, was not included in eq.
(2.78). Swaminathan and Bray (2005) revised the model by Mantel and Borghi (1994) to

take into the effects of T, in the below manner:

3 (1 + ZC“'CSL> (C i 5) 12 with € Ke (2.79)
&, = — =|c"° wi (o4 .
c 3@ D¢ 5, DT D¢ 2c, —1
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The model parameter Cp,, was suggested to be 0.24 (Swaminathan and Bray, 2005). It

worth noting that the alignment between the scalar gradient with the compressive
principal strain rates was implicitly considered in eq. (2.79). Subsequently, an algebraic
model was proposed by Kolla et al. (2009) where the effects of Da and t on Vc alignment

are explicitly taken into account:

> 1(21(* 5L 1 (€, - 16,D ]g) 2 (2.80)
.= — —-— —1C4Dag)=)c .
c ’8 c 6th 3 4 L k
where model parameters are given as:
1.5\/Ka 1.1
=L and ' = 6.7 (2.81)

1+ JKa, T (1+Ka)*

Further refinements of this model have been attempted to capture the differential diffusion
effects due to non-unity Lewis number Le (Chakraborty and Swaminathan, 2010). Lewis
number Le is defined as the ratio of thermal diffusivity a; to mass diffusivity D. For Le =
1.0, heat and mass diffuse at the same rate. Differential diffusion of heat and mass occurs
for Le # 1.0 (Chakraborty and Swaminathan, 2010). By including the non-unity Le
effects in the modelling of the leading order terms of the SDR &, transport equation, eq.

(2.80) has been revised in the following form (Chakraborty and Swaminathan, 2010):

(2.82)

- _(, K s, 20/Ka ¢ 1.2(1 - &)® £\é(1—¢)
Le'®85, ' 14 KaLE T(l + Ka,)%*Le%57 aLk

gC = ﬁ’

where & = 0.2 + 1.5|1 — Le|. Another model of & was proposed by Vervisch et al.

(2004) in terms of the flame wrinkling factor = = |Vc|/|V¢]| as:

—_—

(2¢y, — 1) o c"?
£o = ———PoS.E|VC| ———— 2.83

Mura et al. (2007) proposed an alternative model by linking the scalar dissipation rate for

turbulent premixed flames for the thin flamelet and thickened flame regimes which reads:
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£, = PD ve.ve + 2 26— 1] 4 2 e — el ) + (1 — 9)Croc™ (284
=g\~ veve 2ﬁ[c ] ﬁ[wc wel |+ (1 —g)yzc™ (284

The Cy is the model parameter and g is the segregation factor defined as:

2

. Cc
)
The segregation factor g assumes a value equal to unity in the strict thin flamelet regime

g (2.85)

where the pdf of ¢ can be approximated by a bimodal distribution with impulses at ¢ = 0

and ¢ = 1. This yields:

¢ =¢(1 - &) (2.86)

However &(1—¢) is the maximum possible value of ¢””? and c"2 decreases in
comparison to ¢(1 — ¢) with decreasing Da as the underlying combustion shows the

attributes of the thicken flames regimes.
2.3 Other modelling approaches for turbulent premixed combustion

2.3.1 G-equation Level Set Approach

Williams (1985) introduced the G-equation (i.e. level-set approach) concept which was
further developed by Peters (2000) later. This approach approximates the assumed thin
flame surface with a level surface of scalar field G. The scalar G assumes a given level

Go at the flame front and the balance equation of G is proposed in the following form:

%+ 0vG=S,|VG| (2.87)

Due to the lack of specific definition of G, it is often taken as the distance of a certain
isosurface of G from the flame surface in the local flame normal direction. Therefore the
eq. (2.36) describe the advection and propagation of this isosurface with respect to the
flame surface. It has been argued that rather than taking G equation approach as an
explicit model of turbulent premixed combustion, it may be of more physical to treat it as
a mathematical framework for modelling (Cant, 2011), which provides a novel

perspective to describe the premixed turbulent combustion. In the context of RANS and
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LES modelling, the Favre averaged balance equation can be obtained by substituting

G=G+G" into eq. (2.87):

oG G — == =
52 4 pa 2 = pS, VG| -V.(pu'G" 2.88

J

where the first term on the RHS denotes the flame front propagation and the second term
presents the turbulent flux of G. It worth noting that the diffusion effects was not taken
into consideration in G-equation approach as the framework relies on kinematic
description of the flame front. The first unclosed terms on the RHS of eq. (2.88) have

been modelled as:
PS4 |VG|= pyS; |VG| (2.89)

where S, the turbulent burning velocity henceforth p,S; denotes the mass flow across

the flame brush and the G flux terms can be modelled according to gradient hypothesis
as (Chakraborty et al., 2011a):

V.(pu"G") =-V.(pD, VG) (2.90)

where D, reads the diffusivity of G. The RHS of eq. (2.90) was further deducted (Peters,

2000) by only keeping the tangential components, which leads to the well-known Favre

averaged form of the G-equation:

PP~ = poSy VG|~ pD&|VE| (2.91)
i

where £ =V.(-VG/ ‘VG‘) is the Favre averaged curvature. The turbulent flame speed is

modelled in terms of laminar flame speed in the following manner (Abdel-Gayed et al.,
1984; Gulder, 1990; Yakhot et al., 1992; Pocheau, 1994):
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Sr_qy A(“—j (2.92)
SL SL

where both A and n denote constants. Peters (2000) also derived the transport equation of

the variance G"'2, which can be taken as a measure of the flame brush thickness. G
equation has been of practical interest in RANS modelling (Peters, 2000), which has been
recently extended to LES (Kim, 1999; Pitsch, 2002; Oberlack, 2001). A new
mathematical description was presented recently (Pitsch, 2005, 2006) for which the G
equation does not require filtering in LES, which is beyond the scope of this document,

interest readers are referred to the papers.

2.3.2 Artificially Thickened Flame

Artificially thickened flame (ATF) approach was initially proposed in purpose of
thickening the reaction zone for adequate flame resolution with limited computational
power (Butler and O’Rourke, 1977) without compromising the flame speed
characteristics. As the turbulent premixed flame brush is expected to be thickened by
LES filtering, the ATF concepts have been revisited and adopted into LES of turbulent

premixed combustion by Veynante and Poinsot (1997).

Fresh !
gases real flame
_front O=1
A NG ) )

¢ / thickened /
/ flame front Burnt
- e
/ / | / gases

Figure 2.2: Schematic diagram of thickened flame approach (Poinsot and Veynante, 2001).

LES computational
mesh size (Ax)

Following the theories of laminar premixed flame (Williams, 1985; Kuo, 1986), the flame

speed and the Zel’dovich flame thickness can be expressed as:

o o
S ocyJoyB and S o« = [—

2.93
S, B (2.93)
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where B denotes the pre-exponential factor of single step Arrhenius law of normalised

form of chemical reaction w. By simultaneously increasing the thermal diffusivity «;,

and decreasing B with a same factor F, the flame speed is conserved while the flame
thickness has been increased by factor F, therefore it is possible to thicken the flame front
to scales which can be more easily resolvable on LES grids. A schematic diagram is

shown in Fig. 2.2 to demonstrate the thickening of the flame brush.

This method shows advantages in dealing with ignition, flame stabilisation and
flame/wall interactions where flame-turbulence interaction is mainly determined by large
scales. The balance equation of a single step Arrhenius chemistry, the balance equation

for reaction progress variable c reads:

ot ox. o , 1-a(1-T)

] J

d(pc) +tﬁ(/ou,-c) :i{pD%}B(l—C)eXD[M} (2.95)

which will be modified in ATF approach into the following form:

d(pc) d(puc) o ol 1o pa-T)
o + ox. = ox. [,DDF o :|+ = ,OB(l C)exp[l_a(l__l_)} (296)

J ] ]

The two terms on the RHS of eq. (2.95) have been recast into the form of eq. (2.96) which
model the conventional unclosed terms arising from the sub-grid flux and reaction rate
implicitly. The thickening of the flame brush leading to an increase in the flame time
scale, which subsequently decreases Damkdohler number Da by the same factor F (i.e.
Da/F). and the ratio between integral length scale | and laminar flame thickness oJw also
decreases by a factor of F. Therefore the flame brush is expected to lose partial sensitivity
to turbulent motions. This brings an interesting comparison between the conventional
LES filtering and ATF approach. The response of flame to sub-grid turbulent motions is
dealt with by additional unclosed terms in the filtered transport equation of a general
progress variable. The filtering operation is mimicked by broadening the reaction zone
where the flame stretch requires to be handled in the latter, which has been attempted by
introducing an efficiency function E (Poinsot et al., 1991; Angelberger et al., 1998). An
obvious link can be observed between the above treatments with a RANS approach of

turbulent strain rate, known as intermittent turbulent net flame stretch (ITNFS) method
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(Meneveau and Poinsot,1991). The efficiency function E builds a link between the actual

flame wrinkling with the thickened flame wrinkling. The efficiency function is
implemented by modifying the diffusivity D and the pre-exponential factor B in eq. (2.96)

as follows:

o(pc) N a(pujc) _ i
ot OX. OX

i i

{EFpD£}+EpB*(1—C)eXp{M} (2.96)
OoX. F

] 1-a(l-T)

An inequality condition between the thickening factor F and the efficiency factor E was

proposed by Colin et al. (2000) based on an analysis involving flame wrinkling factor:
1<E<F*® (2.98)

2.3.3 Probability density function Approach

If the joint probability density functions (pdf) of all the thermochemical quantities in
turbulent premixed flames are known, the mean reaction rate can be directly calculated
based on the conditional probability transport equations, which is a central motivation
behind the transported pdf approach. A modelled transport equation for the conditional
pdfs of the thermochemical scalars in turbulent reacting flows was derived by Dopazo
and O’Brien (1974) for the first time based on a presumed pdf shape of thermochemical
quantities, usually known as ‘presumed pdf approach’. The mostly adopted shape of the

presumed pdf is the £ function, which is able to change from shape of a mono-modal
distribution to a Gaussian distribution. The £ function in terms of ¢ in range of 0<c<1
IS given by:

-1+ I'(a+b)

- = rarey A @9

l oC
where B(a,b) = [¢**(1—c)"*dc is a normalisation factor and T'(x) = [e™t"dt .
0 0

Two model parameters are evaluated based on ¢ and ¢'’? as:

a=c[M—1} b=2_a (2.100)
pCNZ ¢
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A limitation of the presumed pdf is the lack of information for unburnt (¢ =0) and fully

—_—

burnt gas (c=1). The transport equation of the scalar variance ¢"'? (i.e. eq. (2.32) also
requires closure in simulations, which has been looked into by previous studies
(Chakraborty et al, 2010) in the context of RANS.

An alternative pdf approach focuses on solving the pdf transport equation, which was
proposed firstly through the investigation of the link between the particle transport models
and the pdf description (Pope, 1979) and commonly known as the ‘pdf transport
approach’. An advantage of the pdf transport equation is the incorporation of multi-
variables (species, mass, temperature, velocities etc.) by their joint probabilities. The pdf
considered in this approach is a one-point, one-time of the velocity vectors u, composition
variable No and a turbulent frequency @ (Haworth, 2010). The composition variable No
denotes a finite number of variables sufficient to describe the thermochemical properties.
The Favre average pdf is denoted as fqu,w(V: P, 0;x,t), where V,, 0 denotes the
corresponding variables related to u, No and  respectively. By integration of
fuN¢w(V, P, 0; x,t) over the sample space the complete statistical information of
velocity, composition and turbulent frequency at a given point can be obtained for a given
instance of time. Therefore, the mean chemical reaction rate is a closed term and can be
deterministically evaluated using fuNd,,,,(V, P, 0; x,t) which is the most important
advantage of the pdf transport approach. Meanwhile, one of the central challenges of this
approach is the model to characteristic rate of micro-mixing, which is represented by the
SDR in the pdf transport approach. The most popular models of SDR for the pdf transport
approach are IEM (Villermaux and Devillon, 1975), variants of Curl’s model (Curl, 1963;
Spielman et al., 1965) and the Euclidean minimum spanning tree model (Subramaniam
and Pope, 1998). For premixed combustion with high Damkoéhler number, a mixing
closure was proposed by Lindstedt and VVaos (2006).

The numerical simulations of the pdf transport approach has been developed extensively
in the last decade. A hybrid Lagrangian particle/Eulerian mesh (LPEM) algorithm is the
most widely adopted pdf methodology in turbulent steady flow simulations (Anand et al.,
1989).
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2.3.4 Dynamic modelling approach

The dynamic approach was initially proposed to model the turbulent residual Reynolds
stresses for passive turbulent flows based on the scale similarity assumption (Bardina et
al., 1981). Later the scalar similarity assumption was extended to model the filtered
reaction rate (Germano et al., 1997), however, a model parameter is required to be
specified. Dynamic modelling of unresolved stresses therefore was motivated by the fact
the model parameters are directly evaluated based on the resolved quantities
automatically. A review of the dynamic model of unresolved stresses in LES can be found
somewhere else (Sarghini et al., 1999). However, modelling of filtered reaction rate in
LES using dynamic approach is not very straight-forward. A Germano-identity like
procedure was adopted to model the reaction rate after introducing an exponential

dependence for filtered reaction rate (Charlette et al., 2002) as:

w=w(Q,M)[1+ f(u'z, ..)]% (2.101)

where w(Q, A) is referred as ‘resolved’ reaction rate which was calculated based on the
known resolved quantities @ (including temperature, species mass fraction) and the filter
width A. Thus w(Q,A) # w and f(u'z, ...) denotes a certain function which ensures
w(Q,M)f(u's, ...) can be a closure of Ww. The Germano-like identity then can be recast

into the following form (Germano et al., 1997):

WO, M1+ fW's )% =w(Q,B)[1+ f ..)]% (2.102)

where the 5 denotes the filtered quantity based on a test filter width A, which is larger
than original filter size A. Therefore the model parameter a. can be deduced from eq.

(2.102) by taking the logarithm function of both sides simultaneously as:

g [wW@m/w(@Q.B)
% = logl(L + F(Wz - D/1+ fg )]

(2.103)

2.3.5 Conditional Moment Closure (CMC) Approach
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Conditional moment Closure (CMC) was originally proposed for non-premixed flames

(Klimenko, 1990; Bilger, 1993) based on the correlation between mixture fraction and
the reactive scalar species which links the fluctuations in both scalar space and mixture
fraction space. A comprehensive review of CMC approach for non-premixed flames can
be found in Klimenko and Bilger (1999) and the recent development has been reviewed
by Kronenburg and Mastorakos (2011). The CMC shares some similarities with the
flamelet assumption in premixed combustion by assuming that the fluctuations of the
reactive scalars are well correlated with the fluctuations of one sole quantity: reaction
progress variable in premixed flames. The global averaged quantity can be expressed in

terms of conditional mean as:

Y& 0 = f (Ylc = Op(Q) d¢ (2.104)

where ¢ denotes the sample space of progress variable c and Q({, X, t) = (Y|c = {) isthe
conditional mean value of a reactive scalar Y with (... ) denoting ensemble averaging. A
decomposition of the quantity Y (X, t) reads Y (%,t) = Q({, X, t) + y(X, t), where y(X, t)
denotes the conditional fluctuation. Subsequently, the transport equation of the
conditional mean Q (Klimenko and Bilger, 1999; Swaminathan and Bilger, 2001) of

reactive scalar Y; is derived as:

2

6Q oQ o°Q
(61) T2 +(pule) B =Pl )NIE) T3 +tle)~(e) Shveq v, 2109

where , is the generation rate of the scalar and e, denotes the contribution of molecular
diffusion, e, denotes the conditional transport of scalar fluctuation. The expressions of

ey and e, are (Swaminathan and Bilger, 2001):
Q |,/ 0O oc oc 8 (oQ
oo (pD 6xj <5§6 ([1 el Da.j‘§>+<pD x ax(aaw

oWy g N O M
%= <p ot +pu'8x. OX; ('ODi OX; ) §>

The terms of eq. (2.105) require modelling are: e, ,(pu;|< ), (W|¢),(N|<) . A model of

e, was proposed as (Klimenko and Bilger, 1999):
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£)p(D)) (2.107)

1 o0 "
5 o, (U

where u”” is the conditional velocity fluctuation and p(<) is the Favre pdf of £ . It worth
noting that the terms (pu'y;|¢) and (<) require further closures. The modelling of

<pui|§> was attempted (Swaminathan and Bilger, 2001) by a linear model which yields

good agreement. Closures are required for the terms in eq. (2.105), among which (V;|¢)

can be addressed by first order Taylor series expansion (Klimenko and Bilger, 1999):

(W (Y, Yy T ) = (W (Q - Qu, Q1) €) =W Q- Q0 Q) (2.108)

It has been reported that eq. (2.108) perform satisfactorily for major species whereas high

fluctuations were observed for minor species (Swaminathan and Bilger, 2001). A key

issue in CMC methodology is the modelling of conditional mean SDR <NC|§> in eq.

(2.105). Despite the advantage of validity of this method for both slow and fast chemistry,
the computational cost of CMC is expected to be much higher than the flamelet approach,
which may possibly be incorporated by the fast development of high performance

computing.

2.4 Final Remarks

A review of the development of flamelet approach in turbulent premixed combustion has
been provided, where the chemistry is assumed to occur within a thin region which
propagates normal to itself towards the reactants in turbulent premixed flames. This
approach is mostly widely used approach in the modelling of turbulent premixed flames.
The scalar dissipation rate is found to have direct link to the reaction rate closure
irrespective of the nature of chemical reaction as long as the flamelet assumption remains
valid. The SDR determines the time scale for molecular mixing, which can be taken as a
measure of reaction rate in the turbulent reacting flow where the heat release is strongly
correlated with the molecular mixing process. A review of the SDR approach in turbulent
premixed combustion modelling in RANS provides a useful theoretical ground and a
modelling platform for SDR based closure in the context of LES, which is the central
topic of this merit.
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The application of popular modelling approaches for non-premixed flames (i.e. pdf

transport approach, CMC approach) in turbulent premixed combustion have been
discussed briefly. The advantage of transport pdf approach is it can be used irrespective
of the magnitude of characteristic chemical time scales but at the expense of high
computational cost and modelling of molecular micro-mixing. The CMC approach is
another successful approach in non-premixed turbulent combustion modelling, which is
in its infancy in modelling turbulent premixed combustion. A few unclosed terms require
modelling as expected in the transport equation of conditional mean of a reactive scalar.
However, the definition of the reference space, i.e. the reaction progress variable space,
remain a key issue in CMC approach which inherently characterises the turbulent
premixed combustion process by multiple reactive scalars. The higher computational cost

of CMC than flamelet approach need to be accommodated as well.

Nevertheless, the SDR has been found to play a key role in closure of pdf transport and
CMC approaches, which justifies the importance of modelling this quantity in turbulent
premixed flames, using Direct Numerical Simulation data. In addition, both the
quantitative and qualitative behaviours of SDR with respect to LES grid size/ filter widths
are essential for adopting SDR approach into LES, which is becoming increasingly
popular as a tool for designing next generation combustors by explicitly filtering the
simulation results obtained from DNS with a range of different filter widths. The
statistical behaviours of the Favre-filtered scalar dissipation rate for different LES filter
widths will be analysed based on DNS data and scaling arguments in this merit. Both the
algebraic closure of SDR and reaction rate and transported SDR closure for turbulent
premixed combustion in the context of LES will be discussed in the remaining chapters

of this thesis.
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Chapter 3. Mathematical Background

In this chapter the important physical features and governing equations of premixed
combustion for both laminar flow and turbulent flow are presented. The mathematical
theory of reaction rate closure for turbulent premixed combustion in the context of LES
is demonstrated. The derivations of transport equation of instantaneous, Favre filtered
SDR and the resolved components of SDR are provided. The explicit filtering operations
of the DNS results are presented with discussion of the numerical efficiency and accuracy
of LES filtering.

3.1 Laminar premixed flames

Turbulent combustion is often categorised based on the extent of mixing of the reactants
approaching the reaction zone. Premixed flames denotes the combustion process where
the fuel and oxidizer are homogeneously mixed before entering the reaction zone. In
premixed combustion the reaction zone tends to be a very thin surface, which separates
the well-mixed reactants from fully-burnt products. The well mixed reactants are pre-
heated by the intensive heat release from the chemical reaction taking place in the reaction
zone. The temperature of the reactants increase during the preheating process, which
triggers burning of preheated reactants as a continuous process. A schematic diagram of
typical laminar premixed flame is shown below in Figure 3.1.

Flame thickness o

Well-mixed reactants Burnt products

<+
Laminar flame speed S.

Oxidizer mass fraction

Temperature

Fuel mass fraction

Reaction rate

-
-

Figure 3.1: Schematic diagram of a one-dimensional laminar premixed flame
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In Fig. 3.1, thermal flame thickness oJw is defined based on temperature as (Williams,

1980):

5 — (Tad - TO)

max‘V'I:‘L =5

where T, T, and T denotes the adiabatic temperature, temperature of unburnt reactant
and instantaneous temperature respectively. Figure 3.1 also shows that the sharp gradient
of temperature occurs within the reaction zone, which will subsequently generate a strong
thermal flux towards the fresh gases which heats up the cold fresh gases in the pre-heat

zone. The flame thickness of this is typically 10 times of the reaction zone thickness J; .

In lean premixed combustion, the flame front propagates towards the unburnt reactants at

a flame speed known as the laminar burning velocity S, which is dependent on the initial

temperature of the reactants, thermochemistry of the mixture and pressure.
A single-step irreversible Arrhenius chemical reaction can be generically presented as:
Reactants — Products

and the premixed flame is often characterised by defining a reaction progress variable ¢
in such a manner that ¢ =0 in the unburned gases and c=1 in the fully burnt products
and c increases monotonically from ¢ =0 to ¢=1. This reaction progress can be defined
based on mass fraction of a suitable reactant or product mass fraction (i.e. Y, or Y, ) as:

— Yro — Vg

or c= e Yeo.

RO _YRoo Powo _YPO

(3.2)

where 0, « denotes the corresponding variable in unburnt fresh gases and fully burnt

products respectively. For a single-step Arrhenius chemistry, the reaction rate is given by:

w = B*p(1—c)exp [R—TET (3.3)
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where B” is the pre exponential factor and E is activation energy. A non-dimensional

number characterising the ratio between the initial flow speed u, and sonic a, is known
as Mach number Ma=u,/a,. As introduced in Chapter 2, for unity Lewis number Le

flame, heat and mass diffuse at the same rate. For low Ma and unity Le flames, the
reaction progress variable is equivalently defined based on temperature T in the following

manner:

C= 2 (3.4)

with T, T,, T, being the instantancous , unburnt reactants’ and burnt products’

temperatures.

3.2 Governing Equations
The three dimensional compressible reactive flows are governed by a series of
conservation equations. The dimensional form of these equations are shown below in
Cartesian tensor notation.

e Mass conservation equation:

op O
—_—+— =0 3.5
ot + ox, (puk) (3.5)

where and p is the density, u, is the k™ component of the velocity vector,

¢ Momentum conservation equation (Navier-Stockes equation):

0 0 oP 0O
_ - V=7, 3.6

where P is the pressure and z,; is the viscous stress tensor, given by:

ou, ou; | 2 au,
i _LuTks 3.7
] 3/1an i (3.7)

. ﬂ{axj X,
where u is the kinematic viscosity.

e Species conservation equation of species a present in the reacting gas mixture:

d 0 0 :
a(pYa)-l-a(pukYa):Wa—a(pvalkYa)Wlth a=1...,N (3.8)
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where V, , is the diffusion velocity of species a, Y, is the mass fraction of the species «

in the reacting mixture where N is the total number of species, W, is the mass production

of the species « by chemical reactions.

e Internal energy conservation equation:
P (PE) to (PukE) =—— (Puk) to (Tkzu ) — . Ik (3.9)

where the total specific internal energy is defined as:

N
E=C,T +%ukuk +> hlY, (3.10)

a=1

where C,, is the mixture heat capacity at constant volume. q, ineq (3.9) is the heat flux

vector, which is given by:

a, =—z—+p2ha Y (3.11)

where A is thermal conductivity, T is the temperature, h, is the enthalpy of the species a

defined as:
;
h, =[c,,dT +h] (3.12)
TO

where hY is the enthalpy of formation of species a. The thermal equation of state is
given by the ideal gas law:

P =pRTEl-1p" (3.13)

where R, is the universal gas constant and W, is the molar mass of species a.

A reaction rate involving N species and M steps can be described in generic form as:

N N
2 VeaM, =DV, oM, withm=1,...,M (3.14)
a=1 a=1

where m, va iV, m arerespectively the product and reactant stoichiometric coefficients.

The chemical reaction rate of species « is given by:
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) M . ) o _E N pYIB Vg,m
W, =Waz V= Vo) AT ™ eXp| —5 | | £ (3.15)
m=1 R T p=1 Wﬂ

where A, ,n _,E_are respectively, the frequency factor, temperature exponent and

m?
activation energy. The compatibility conditions for species mass fraction, the diffusion

velocities and reaction rates are respectively:

N

iYa =1; >V, Y, =0 and iwa =0 (3.16)
=1

a=1 a=1

In current study, a single-step irreversible Arrhenius chemical reaction was assumed in
all DNS datasets analysed here, where the simplified form of the equations of state

become

P=pRT (3.17)

E:C\,f+%ukuk L H—c) (3.18)
where H is the heat of reaction per unit mass of reactants consumed.

e The simplified heat flux vector reads:

ot ac
=—A—+pDH — 3.19
Qx o, P o, (3.19)

e All the above governing equations can be non-dimensionalised based on a set of

standard values of the principal variables including a reference velocity u, which is
often taken as the laminar flame burning velocity S, a length scale |,, a time scale
t0(= I /uo), the reference density usually based on the density p, of unburned gas
and the unburned gas temperature T, is taken to be the reference temperature. The

reference pressure P, is defined based on a dynamic perspective only as P, = p,u;.

In the mass transfer formulation the Soret effect and Dufour effect are assumed

negligible.
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e The specific heats C, and C,, dynamic viscosity x, thermal conductivity A and

density weighted pD are taken to be constant and independent of temperature.

e The temperature is non-dimensionalised as:

_ -IC_TO
Tad _TO

T

(3.20)

where T, is the initial temperature and T,, is adiabatic flame temperature, given by

T,y =T, +H/C,. The internal energy E is normalised with respect to C.T,. It has

been discussed earlier that for low Mach number unity Le combustion condition, the
above normalised temperature and reaction progress variable are equivalent to each

other,i.e.c=T.

Based on the above assumptions all the governing equations can be recast into the

following non-dimensional form:

e Mass conservation equation:

%, o) (3.21)
ot OXy
e Momentum conservation equation:
a(pu;) +a(pukui) _ oP +ia(7ki) (3.22)
ot OX, ox, Re ox,
where the viscous stress tensor 7,;and reaction rate term W are given by:
ou, ou; | 2 ou
gyl S T s X 3.23
Ty 1u|:axJ 8Xi :| 3 |J/u|:axk :| ( )
e Energy conservation equation:
ot OX, OX, ‘
(3.24)

T 0 oT T 0 oc
+ —|A—|- —| pD—
RePr ox, | ox, | ReSc ox, OX,
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where the non-dimensional equations of state become:

P=

Ma? pL+1T) (3.25)

E=3(1+TT)+%(y—1)|v|azukuk +r(l—c) (3.26)
y

e Species conservation equation:

o) o)y, 1 0] 5 cc (3.27)
ot OX, ReSc 0x, OX,
where the heat release rate is given by:
. pA-T)
W=Bp(l-c)exp| -————— 3.28
pL-c) p[ el (3.28)

The parameters in the governing equations are replaced by a series of non-dimensional

parameters including:

I
Reynolds number: Re = Pollolo (3.29)
Hy
. HoCoro R
Prandtl number: Pr = ——— which is taken as 0.7 (3.30)
0
Schmidt number: S¢ = 22 (3.31)
PoDy
Mach number: Ma = :—0 with a, = /;RT, = sonic speed (3.32)
0
. . C
The ratio of specific heats: y == (3.33)
0
-T
Heat release parameters: 7 = (T =To) (3.34)
(1-a) T
: E(T, T
Zel’dovich number: S = (sz’) (3.35)
RT.
L . B” B
The non-dimensional pre-exponential factor: B = exp| —— (3.36)
Polo o
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3.3 Filtering: a DNS perspective

In Large Eddy Simulation, the large structures of the turbulent reactive flows are
explicitly calculated through the filtered governing equations. Filtering is mathematically
a convolution process in either spectral space or physical space with respect to the filter

widths, which may be expressed as:
f0) =] f(5)F (x—¢)dg (3.37)

where F is the filter kernel function. Cut-off filtering function is widely used in spectral
space, whereas box filter and Gaussian filter are the most popular filtering functions in
physical space (Poinsot and Veynante, 2001). Therefore the governing equations applied
in generating DNS database will need to be derived into their filtered forms. In this study,
DNS database of turbulent premixed combustion are generated by solving the
instantaneous governing equations in Section 3.2, which have been post-processed by
applying convolution operation on the three dimensional variables extracted from DNS
data.

3.3.1 Favre decomposition

Turbulence is characteristic of random fluctuations of various physical variables
(Kolmogorov, 1941). In low Mach number non-reactive turbulent flow, density variation
is usually expected to be small and density can be considered to be constant. Thus, the
variables are decomposed into a mean and a fluctuating part according to convention
Reynolds decomposition. However, in turbulent reacting flows, the density variation is
significant due to the strong heat release from the chemical reaction (see eq. (3.12)). Thus,
the fluctuation of density cannot be ignored which leads to unclosed terms involving
density fluctuations in the Reynolds averaged mass conservation equation. This difficulty

can be avoided by decomposing a general variable Q into the Favre averaged/resolved

part Q and fluctuation Q" as:

Q=Q+Q" (3.38)
with — p()Q(X) = [ p()Qe)F (x-¢)dg (3.39)
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Therefore p(x)Q(x) = p(X)Q(X) , which is often adopted to calculate the Favre averaged

values. It worth noting that the mean of the fluctuations Q" is not 0 while the density

weighted mean is null:

Q"#0;pQ"=0 (3.40)

3.3.2 Gaussian filter and its efficiency

A Gaussian filter is defined as:

32
) =F 0t x0) = o5 | exp| =506+ +9)| @)

where A denotes the filter widths which is equivalent to grid size in LES. It worth noting

eq. (3.41) is the normalised form of the filter such that:

[T R0 %) didxydx, =1 (342)

Explicit filtering has been applied to simple chemistry DNS database, where the Gaussian
filter kernel was firstly discretised with finite difference method and then directly
calculated which may be demonstrated below:

¥2 N NN .
coro-(] 5,555y

Fiik

(i*+ j2+k2)} (3.43)

where N =A/2 denotes the grid points involved in the filter on each direction which is

equal to half of the digital filter width for isotropic filters. Considering the speciality of
exponential function, under the assumption that the filtering function F can be
decomposed into three orthogonal, independent components, a more efficient digital filter

was proposed as follows (Klein et al., 2003):

32 N N N
Qx.,2) =[%) PIRDIRDIRACIGIND (3.44)

=N  k=-N

where F ;, = f f; f, . Equation (3.44) has been used for filtering the detail chemistry DNS

results. More information on numerical implementation and DNS datasets will be

provided in Chapter 4.
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3.3.3 Filtered transport equations
The governing transport equations in Section 3.2 are revised into the Favre filtered form
below. Favre filtered/averaged mass conservation equation:

op, 0
at+a (P0,)=0 (3.41)

Favre filtered/averaged momentum conservation equation:
oP 0

0 0 _ o .
(Pul) + (Pu i) = — %, + %, |7, — P, — )| (3.42)

Favre filtered/averaged conservation equation of reactant species « :

S\ 0 ey — O o]
E(EYQ)+&(,0UY) Wa—a—Xk[Da’kYa+(puY -pAY, )| with & =1....,N  (3.43)

The transport equation of the Favre filtered reaction progress variable € :

pl—

9 ﬁa_é}_ 9
LA
ot ax; | ox;

D25 (puc- pi gl (3.44)
0x; ox

J

The two terms on LHS of eq. (3.44) indicate the transient and the resolved advection
effects. The terms on the RHS denote the filtered molecular diffusion, chemical reaction

rate and the sub-grid turbulent transport of the reaction progress variable respectively.
The filtered reaction rate w and the turbulent transport term —a[pu ;c—pu;Cl/ox; are
unclosed and thus need to be modelled in LES. The filtered molecular diffusion term

V - (pDVc) is often approximated as V- (pDVc) ~ V- (pDVE).

3.4 SDR based reaction rate closure for LES

Reaction rate closure based on SDR N_ has already introduced in Chapter 2 (Section
2.2.1) where a proportional relationship between the mean reaction rate and Favre-
averaged SDR was proposed by Bray(1980) (see eq.2.30) for high Damkoélar number
Dall 1 flames, which has been further adopted to model &, in RANS as:

2,
2c, -1

W~ (3.45)
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Equation (3.45) has been assessed later by DNS analysis and it is found to remain valid

even for Da<1 turbulent premixed flames in RANS (Chakraborty and Swaminathan,
2010). A recent analysis has recast eq. (3.45) back into the form of eq. (2.30), i.e.
w=2pN, /(2c, —1), for the purpose of assessing and extending this relationship for LES

(Dunstan et al., 2013). The analysis of Dunstan et al. (2013) suggested that for filter size

greater than thermal flame thickness (i.e. A> ¢, ), eq. (2.30) is valid for LES. However,
for filter width comparable A= g, or smaller A <¢,, than thermal flame thickness, the

local behaviour of filtered reaction rate W is not accurately predicted by eq. (2.30). The

reason for this discrepancy will be discussed in detail in Chapter 5 of this thesis.
3.5 SDR transport equations
3.5.1 Instantaneous SDR transport equation

The transport equation of the instantaneous SDR N can be derived from the transport

equation of the reaction progress variable ¢ (eqg. (2.25)). To demonstrate the derivation

process, the eq. (2.25) is recast in the following manner:

oc oc 0 oc
“ A +W 3.46
Pt P o T ox [p j (3.46)

Dividing both sides of eq. (3.46) by p and then differentiating them with aix reads:

ofa,  a) of1fo e ), 2w 47)
ax ot 0% ) oO% | p| O ax ax
Multiplying both sides of eq. (3.47) with 227(:] leads to:
ou
Q(VC.VC)+uii(Vc.Vc):—%ﬁa—p[ —( D—)]— g 0c oy &
ot OX; p° 0% OX OX; OX; OX; OX; OX; (3.48)
20 & poey 200w |
p ox, oxdx, ©ox,| p ox, ox

Multiplying diffusivity on both sides of eq. (3.48) generates the following equation:

55



Chapter 3. Mathematical Background

oN 0 2D éc op oc ac au; ac
¢t p-2 (uN,)=-2L 2 (pDZ9]-2
P P N = o o .(p o
2
X 9 (ppLyip M (3.49)
OX; OX;OX; OX; OX; OX
ou;
+ ch.Vc[@ +U, @] +pN,—
ot OX OX;

]

Incorporating continuity equation into eq. (3.49) will lead to the final form of the

instantaneous SDR transport equation as follows:

Molecular diffusion: Dy,

piaselviiinCl Density variation: Ty,
d(pu.N
a(pN.) (pUN.) _ o pNe _Z_Da—p@[w-i-v(pDVC)]
ot oX, oX; OX; OX; OX;
_app 26 U G (3.50)
OX; OX; OX;
Scalar turbulence interaction: Ty,
2 2
s DM X e 9C ¢ L py,

OX; OX; p OX;0X; OX0X;

Chemical reaction:T;;  Molecular dissipation: (—D,, )

Diffusivity variation

2 2
((D)=2D 2 0WD) % o a0 OF(pD) b _ 0 (pNC GDJ
]

OX,  OX,  OX;0X, OX, OX;0X, OX; OX; OX;
where or or Tos (3.51)
—2pp P OVEVE) | wove Py, B
OX;  OX ot OX;
Tos Tos

The first two terms on the left hand side of eq. (3.50) represent the transient and advection

effects, whereas the first term on the RHS D,, denotes molecular diffusion of SDR. The
second term on the RHS of eq. (3.50) T,, originates due to density variation and will
henceforth be referred to as the density variation term. The third term T,, represents the
effects of fluid-dynamic straining, whereas the fourth term T,, denotes the reaction rate
contribution to the SDR transport. The penultimate term on the RHS of eq. (3.50) (-D,)
denotes molecular dissipation of N, and terms involving temporal and spatial gradients
of diffusivity are collectively referred to as f (D), shown in eq. (3.51) (Gao etal., 2014).

The behaviours of the above terms will be provided and analysed in detail in Chapters 6

and 7 later in this thesis.
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Although the statistical behaviours of [Vc| and the terms of its transport equation were
analysed earlier, the terms of N_ transport equation are fundamentally different from the

terms of the |Vc| transport equation, which can be written for a given c isosurface in the

following manner (Chakraborty and Cant, 2005):
oVve|l o(u;Vc .

| |+ ( J| |):(5ij_ninj)%|v(:|+sd
ot OX ; axj

]

an,

. 0(Sym;|vel)
OX

OX:

(3.52)

where

1 [ oc
n = _@(a_x,j (3.53)

is the i component of flame normal vector and

_W+V.(pDVe)

S
" plve

(3.54)

is the local flame displacement speed. It is evident from egs. (3.52) — (3.54) that the

statistical behaviour of N, transport is likely to be different from |Vc| transport although

the quantities N, and |Vc| are closely related to each other (i.e. N, = D|Vc|*).

3.5.2 Favre averaged SDR transport equation

The transport equation of Favre averaged/filtered SDR NC is obtained by LES filtering
Eqg. (3.50):

oN) d(pu.N
AN, 0PN _ 0 [ N | 2D 0p 2 1y g Dy
ot OX; OX; OX; p 0X; OX,
T 055)
OX; OX; OX;
T AL An 2 2
sop M 5 pr 9C 9T T Dy

OX; 0X; P OX;0X; OX;OX;
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2 2
T)=2p 2 2wD) e ,p e d(pD) e o D
OX,  OX,  OX;0X; OX, OX;0% OX;  OX; OX;
where (3.56)
—2pD@—a(VC'VC) + pVcVe @+uj D
OX; i ot OX;
. d(pu;N;) .
Then dividing the term a—‘ into three components as:
X
J
a(pu;N,) _a(paN) & .
R~ +§(puch—puch) (3.57)

j i j

will lead to the final form of the Favre averaged/filtered SDR transport equation shown

below:

a axJ. =axJ pPD—= 1+ T +T, +T,+T, - D, + 1(D) (3.58)

J J

—_
D1

where u; is the j™" component of velocity vector and the terms on the left hand side
denote the transient effects and the resolved advection of NC respectively. The term D,

represents the molecular diffusion of N, and the other terms T,,T,,T,,T,,(-D,) and

f (D) are all unclosed and given by:

0 o
Tl:—a(puch—puch) (3.59)
J
T, =28 w4+ 2| pplc || %P (3.60)
P oX; OX; ) | OX; OX;
oc ou; oc
T,=—2pD =0 & 3.61
3 PDaXi ox, o (3.61)
oW oc
T,=2D == (3.62)
0X; OX;
o’*c  o%
-D,) =-2pD? 3.63
(=D,)=-2pD o x. XD (3.63)
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2 2
oc (pD) &% ,o ¢ *(pD) & _ 9 ( NCQJ
J

f(D)= f,(D)=2D—

oX,  OX, OX;0X; OX, OX;0X, OX;  OX; OX;
Fb1 FD2 = S a— (3.64)
oD o0 [ oc oc oc oc | oD oD
2D —— | —— |+ | = U, —
OX; OX; \ OX, OX, OX, OX, )| ot OX;
FD4 FD5

The term T, represents the effects of sub-grid convection, whereas T, denotes the effects
of density-variation due to heat release. The term T, is determined by the alignment of
V¢ with local strain rates e; = 0.5(0u; /0x; +0u; /0x;), and this term is commonly
referred to as the scalar-turbulence interaction term. The term T, arises due to reaction

rate gradient while (—D,) denotes the molecular dissipation of SDR and these terms will

henceforth be referred to as the reaction rate term and dissipation term respectively. The

term f(D) , as in eq. (3.64), indicates the effects of variation of mass diffusivity, D,

and its interaction with scalar gradients.

3.5.3 The transport equation of the resolved components of NC

Equation (2.34) presents the expansion form of pN_ which can be recast into the

following form:

N, = Dacac/__ﬁaaaaﬂv + £ 3.65
¢ = PY o axP T P ax 0%, T e T 5 (3.65)
As the term Ny, = 2D %% tends to be small. The resolved component of Nc is usually

denoted as: DVE.VE. The transport equation of the resolved component of SDR DVE.VE
can be derived from the transport eqaution of ¢ eq. (3.44) which has been recast in the

following form:

o)}

C

X;

+LIj

28

:é[v_vw.(pDVC)]—%a%(pujc—ﬁajc) (3.66)

i

o))
i)

Similarly with the derivation of the transport equation of instantaneous SDR N_, eq.

(3.66) are differentiated with respect to X, on both sides:
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ofae) g o (%) LG o (hve)| 2
ot\ ox; OX; \ OX; P OX;

+é{@+ o {pDﬁH—é d (/T,C ,505) (3.67)

p| 0% OXOX, OX; P OX;0X;
0 __\0p 00, oc
P’ X (p 5 )ax axi X,

ZS—X) then using chain rule leads to:

0 0
—(Veve)+i, —(Veve)
ot L ox,
. 27= op o¢
[ ) . (3.68)
20C|ow 0 oc 20 0 e
+——|—+ pD— || ——— (pujc—pujc)
P OX | O%  OX0X; OX; P 0% OX;0X
2 o€ 0 __\Op 0c Ol; o¢
- -ou0¢)——2——-~—
D> OX, OX ( =P )ax ox, X, ox

By multiplying D on both sides of eq. (3.68), an exact form of the transport equation of

the resolved component of filtered SDR DVE.VE can be obtained as follows:

(3.69)

au; oc
+pbveve—+2D—
OX. OX; 8xax

J

5

+ pVEVE a—D+a D |, syeve P g P
ot ox, ot OX;

A simple assumption is made to express 2[~)V6.V[V.(EV(§)J in the following form:
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~ 2 A~ ~ 2 ~
5L T | p X O |55 (3.70)
OX; OX;OX; OX; OX; OX;0X; OX;

This yields the transport equation of the resolved component of SDR DVE.VE as:

0 (—muxux) . O (=« Roxoa
a(pDVch)Jra—Xj(pujDVch)
TlR
<06 o
~-2D— u.c-pu.c
OX; OX 0%, (p e A )
TZR
2D 6p &6 | — o
-————|W+V.[ pDVC|-—(pu.c—pU.C
o) aXi axil: (p ) Xj ('0 J P J ):|
- 0¢ 00, ¢ .~ OC OW
_2'5[)8_(:_1& 2D8_C@_W
OX; OX%; OX; 0X; OX,
%_/
Tar Tir
0 < 0 rg <~ 0°C 0°%C
+—| pD—| DVC.VC | |-2pD +f(D
oX, [p 6xj[ ]] P OX,OX; OX,0X (D)
Dig —Dor
(3.71)
where
o < os )
(D)~ D APD) & 2 50D o . 5uqge O°D
OX; OX; OX OX OX; 0%, OX,OX; OX;OX;
~ ~ 27/ —Ix ~ - 2~
+25 8 X 0(PD) | 5 O 8(pD) O (3.72)
OX, OX; OXOX; OX,  OX;  OXOX;

. 5 5 3 5. . o
+Bveve(2 +a j Py sveve(® +a J. Dy | spveve
ot OX. ot OX. OoX.

J J J

3.6 Summary

In this chapter, the governing transport equations and the underlying assumptions of the
DNS were presented. The diffusion velocities were characterized by the Fick's law. The
reaction mechanism was accounted with respect to a single reaction progress variable.
This reaction progress variable can be defined based on the mass fraction of a deficient
reactant/product as well as temperature. All the transport equation were non-

dimensionalised with respect to the numeraire of the unburned reactants. The SDR based
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reaction rate closure in the context of RANS was discussed and the derivation of the

transport equations of instantaneous SDR, Favre filtered SDR and its resolved component
were introduced. In next chapter, the DNS database used will be introduced in detail.
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Chapter 4 Numerical Implementation

Several Direct Numerical Simulation (DNS) databases are post-processed in the current
work for analysing the statistical behaviours of both instantaneous SDR, filtered SDR and
the terms of their transport equations. Based on a-priori analysis of the simple chemistry
DNS database, the current work has attempted to model the Favre-filtered SDR and
different unclosed terms of its transport equation in the context of LES for turbulent
premixed flames with different non-dimensional parameters, which will be further
elaborated in Chapters 5, 6 and 7. The models based on a-priori DNS analysis of simple
chemistry DNS database are further assessed in detail chemistry DNS data in Chapter 7.
The purpose of this chapter is firstly to demonstrate general numerical procedure behind
DNS simulation and secondly to provide description of both simple and detailed
chemistry DNS databases used for the a-priori analysis conducted in this thesis. The

filtering operation and the filtered scalar field of both sets of DNS database are provided.

4.1 DNS in turbulent combustion

Recent significant development in computational power has established DNS as a precise
numerical technique of turbulent combustion research. However, the computational cost
of DNS is still too high for simulating industrial combustors. In addition, the information
provided by DNS may need further simplifications for research purpose to investigate the
effects of a particular physiochemical element in isolation. Therefore, simplifications and
assumptions of different levels are often made in DNS (Poinsot and Veynante, 2005).
Another central issue for solving the governing partial differential equations (PDE)
through DNS is the set-up of proper initial conditions and boundary conditions, which are
deterministic to the PDE solutions. At the early stage of 1990s, when DNS as a simulation
tool for combustion research just started up, the DNS was often restricted into two
dimensional domains, where the vortex-stretching mechanism were inherently ignored.
In the current work, both simple chemistry and detail chemistry fully compressible DNS
databases are considered. The description of chemistry raises another main approximation
in DNS. For the current analysis, the modelling of SDR and its transport is addressed
using a-priori analysis of simple chemistry DNS database for different values of heat
release parameter 7, global Lewis number Le and turbulent Reynolds number Re;.
Although, three dimensional DNS simulations with detail chemistry are now possible to
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carry out, they involve several million CPU hours (Chen, 2009) and thus are not ideally
suitable for a detailed parametric analysis. Furthermore, it is not convenient to analyse
the effects of ¢ and Le in isolation using detailed chemistry DNS data because these
effects are often interlinked in the context of detailed chemistry and transport. However,
it is useful to assess the validity of the models proposed based on the analysis of simple
chemistry DNS databases in the context of detailed chemistry and transport. Thus the
models developed based on a-priori DNS analysis using simple chemistry DNS database
are assessed again for detail chemistry DNS data in Chapter 8.

4.2 Spatial and temporal resolution

In the current work, DNS databased of both statistical planar flame and V-shape flames
are considered. The relationship between the domain size and the mesh size of DNS for
turbulent premixed flames are generally required to be:

* The simulation should carried out a domain size which accommodates a number of
large scale (i.e. integral) eddies so that there are enough statistical independent
samples within the domain.

* The mesh should be fine enough such that the turbulent flow are fully resolved,
therefore the grid size is often smaller or comparable with Kolmogorov scales.

* The inner flame structure should be resolved by the mesh as well.

When the largest and smallest scales of turbulent motions are approximately addressed
by the DNS grid, the turbulent flow is considered to be correctly resolved. Take a cubic
domain with side of length L with N+1 grid points on it, leading to the grid size Ax =
L/N. The largest spatial scales in turbulent flow is often considered as integral length
scale ; and the velocity field of turbulent flow is often characteristic by the large-scale
velocity fluctuations «»'. The smallest spatial scales of turbulent flow is considered as

Kolmogorov length scale 2;. Therefore a relation is obtained to meet the above

requirements as:

[
—=<Ax=< (4.1)
N n
which ensures that the whole domain size is no smaller than integral length scale (i.e.
L =17) and the Kolmogorov scale is resolved by the mesh. Based on the work of
Kolmogorov (1941), it is known that for isotropic turbulence a relationship can be
obtained for the turbulent cascading process as:
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l

"™ oo (2)

Combining eqs. (4.1) and (4.2) reads:
NsLo (Re,)” or Re, < N** (4.3)

n

The inequalities shown in eq. (4.3) provides a direct relationship between the given

turbulent Reynolds number Re, and the required number of grid points N or the maximum

achievable Re, based on the number of grid points in each direction.

Another feature of DNS is the number of grids resolving the inner flame, which is often

characterised by thermal flame thickness 6, =(T, —Q)/maX|VT |L. For simplified

1)
chemistry, at least ten grid points are required to resolve the flame structure. If the number
of grid points resolving the flame brush is denoted as (), then the size of domain can be

expressed with respect to the flame thickness as:

L~ (—) S, (4.4)

—<—<— (4.5)

The flame is often characterised based on another flame thickness, known as
Zel’dovich/diffusive flame thickness &, , which can be expressed as:
a, v

— - 4.6
s, s, (4.6)

0,

Thus, eq. (4.5) can be recast in terms of turbulent Reynolds number Re; and Damkohler

number Da as:

Re.Da~ lsz ~ ( : )2 (4.7)

VOogz &z

Another computational grid condition is obtained as :
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2

N
Re,Da <| — (4.8)
o

It worth noting that &, is usually an approximation rather than an exact calculated values,
however, the scaling argument §, v/S, holds even under approximation, therefore eq.

(4.8) is useful for defining the resolution of chemical scales considering the physical

representation of Damkohler number is Da =7, /z, whereas the resolution of turbulence

structure is limited in terms of turbulent Reynolds number Re, by eq. (4.3).

Temporal resolution is another important requirement for DNS, which affects the
computational cost directly. The time step Az and the number of time steps required of

DNS are determined based on two time scales: Kolmogorov time scale 7, and large eddy

turn over time scale which is often defined based on integral length scale as 7, =//u’. In

order to resolve the flame structure in temporal space as well, the time step Az is required
to meet the following relation:

12

v

At <7, orAt = (—) (4.9)
£

Another criterion of time step Az is prescribed by Courant-Friedrichs-Lewy (CFL)

condition which restricts the travel distance of acoustic wave a in unit time step Az

within unit grid size Ax as:

|u’¢a|At
1 <
Ax

(4.10)
Equation (4.10) can be recast to determine the maximum allowable time step size as:

Ars D (4.11)

where C is the CFL number, which has been suggested to be around C =1/20 in practice

to ensure the acoustic wave only travels a fraction of the unit grid in one time step Ar

(Pope, 2000).
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4.3 Discretisation: DNS domain setup

4.3.1 Statistically planar turbulent premixed flames

Periodic ctially non-reflecting /?9&
e
0}‘
2
= \?e
=
o
5 N
3
- Flame S e
=
=
X
A ‘ Periodic Partially non-reflesting
y

Figure 4.1: Description of computational domain for statistically turbulent premixed flames for both
simple and detail chemistry DNS.

The statistically planar flames of turbulent premixed combustion with simplified one-step
chemistry was generated by a three dimensional compressible DNS code SENGA
(Jenkins and Cant, 1999), in order to investigate the effects of non-dimensional numbers
such as Lewis number Le (0.34-1.2), heat release parameter 7 (2.0-6.0) and turbulent
Reynolds number Re; (22.0-110.0) on Favre-averaged SDR and its transport equation
characterised for different LES filter widths A. An updated version of SENGA code:
SENGA?2 (Cant, 2012) was used to generate the DNS solution for a detailed turbulent
methane-air premixed flames, which is post-processed here for the assessment of the
modelling of SDR and its transport equation in the context of detail chemistry and
transport. A schematic diagram of the above two DNS databases is shown in Fig. 4.1,
where the DNS domain is considered to be a rectangular box with the flame propagating
in the negative x-direction. The boundary condition in the direction of main flame
propagation is chosen to be partially non-reflecting and are specified according to the
Navier-Stokes Characteristic Boundary Condition (NSCBC) formalism in conjunction
with Local One-Dimensional Inviscid (LODI) approximation (Poinsot and Lele, 1992;
Jenkins and Cant, 1999). The transverse boundaries are chosen to be periodic to reduce

the computational complexity.
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Numerical scheme of high accuracy is essential for DNS of turbulent combustion. In the
above DNS solutions, a 10" order central-difference scheme is used to evaluate spatial

derivatives at the internal grid points as:

D>

=

L(f. - f_ 4.12
2 (fie; = Jic) (4.12)
where m is the order of the approximation which is always even for a central difference

scheme. Values of the constants a; are obtained by Taylor expansion and equating

coefficients of successive orders in /4 (Jenkins and Cant, 1999). A stencil width of eleven
points is demanded for explicitly 10" order central difference scheme to ensure 5 grid
points in each directions, which is feasible only at the inner grid points, whereas boundary
points are treated with explicit finite differences of decreasing order of accuracy as the
boundary is approached. The order of differentiation gradually drops to a one-sided 4™
order scheme near non-periodic boundaries. The time-advancement is carried out using a
3 order low storage Runge-Kutta scheme (Wray, 1990). One does not obtain any

spurious fluctuations due to the 10™ order central difference scheme and its transition to
the lower-order finite difference scheme for sufficiently small grid spacing (e.g. Ax <7
where Ax and 7 are the grid spacing and the Kolmogorov length scale respectively).
Thus it was not necessary to use numerical filter to eliminate spurious oscillations. For

detail chemistry database, the methane-air combustion is simulated based on a skeletal

mechanism consisting of 16 species and 36 elementary reactions (Smooke, 1991).

The initial velocity field of both simple and detail chemistry DNS databases were

generated under the continuity constraint of incompressible flow (i.e. V.1 = 0) in spectral
space where the turbulent kinetic energy spectrum E(K), with K being the wave number

magnitude in the Fourier space, has been specified according to Bachelor and Townsend
(1948). A standard pseudo-spectral method has been used to generate the initial turbulent
velocity field (Rogallo, 1981), whereas an unstrained planar steady laminar premixed

flame solution has been used to initialise the flame.

The simple chemistry DNS database consists of thirteen cases for the purpose of an
extensive parametric analysis which is in turn used for developing algebraic and transport
equation based SDR closure. The initial parameters of these thirteen cases are set in such

a manner that the effects of Lewis number Le (0.34-1.2), heat release parameter 7 (2.0-
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6.0) and turbulent Reynolds number Re; (22.0-110.0) can be investigated independently
of each other. Table 4.1 lists the initial values of the important simulation parameters for
the simply chemistry DNS database, which are the normalised rms velocity fluctuation

u'/S, , normalised integral length scale //J,, , turbulent Reynolds number Re;, Damkéhler
number Da, Karlovitz number Ka, heat release parameter 7 and the global Lewis number
Le. Standard values are taken for the Prandtl number (i.e. Pr = 0.7 ), ratio of specific heat
capacities (te.y=C,/C, =14) and the  Zel’dovich  number  (i.e.
B=TT,-T,)/T; =6.0)where T, is the activation temperature. The computational
domain is taken to be a cube of size 24.16,, x24.10,, x24.10,, for cases A-E and cases K-

M, which has been discretised with a uniform Cartesian grid of 230x230x230, with

about 10 grid points kept within §,, for all cases considered here.

Case | u'/S, | 1/6, | Re: | Da Ka T Le
7.5 245 | 470 | 033 | 132 | 45 | 034
7.5 245 | 470 | 033 | 132 | 45 0.6
7.5 245 | 470 | 033 | 132 | 45 0.8
7.5 245|470 | 033 | 132 | 4.5 1.0
7.5 245 | 470 | 033 | 132 | 45 1.2
5.0 1.67 | 22.0 | 0.33 | 8.67 | 4.5 1.0
6.25 | 1.44 | 235 | 023 | 13.0 | 4.5 1.0

7.5 2.50 | 48.0 | 0.33 | 13.0 | 45 1.0
9.0 431 | 100 | 0.48 | 13.0 | 4.5 1.0
11.25 | 3.75 | 110 | 033 | 19.5 | 45 1.0
7.5 245 | 47.0 | 033 | 13.2 | 2.0 1.0
7.5 245 | 47.0 | 0.33 | 13.2 | 3.0 1.0
7.5 245 | 47.0 | 033 | 13.2 | 6.0 1.0

ZICRl—=|—= ||| =gl w| >

Table 4.1: Initial parameters for simple chemistry DNS database

It can be seen from Table 4.1 that the value of Le number changes from 0.34 to 1.2 in
cases A-E, but all remaining parameters are kept identical and thus the effects of Le can
be investigated independently of other parameters using these cases. The three
dimensional field of progress variable ¢ ranging 0.1 to 0.9 at t. = 8, /S, is shown for
cases A-E in Figure 4.1. It is evident from Fig. 4.1 that the flame is wrinkled by the
turbulence and the extent of flame wrinkling increases with decreasing Le, which will be

explained in detail in the following subsection.
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Figure 4.2: Instantaneous field of 0.1 <c < 0.9 isosurfaces at ¢, = J,/S, for cases A-E.

Cases F-J are generated by changing Da (cases G-1) and Ka (cases F, H, J) independently
of each other to bring about the change in Re; from 22.0 to 110.0 as Re; scales as

Re, ~ Da’Ka® (Peters, 2000). The computational domain for cases F-J is considered to

be a rectangular parallelepiped of size 36.15, x24.15, x24.16,, which has been

th>
discretised with a uniform Cartesian grid of 345x230x 230, with about 10 grid points

kept within ¢,, for all cases considered here. The Instantaneous view of 0.01< ¢ <0.99

isosurfaces at 7. = 04/, for cases F-J are shown in Fig. 4.3, which demonstrates that the
extent of wrinkling of the flame surface increases considerably with increasing turbulence
intensity u'/S;. The cases D, K-M share identical parameters except the heat release
parameter 7 . It worth noting that for the cases, which are used to analyse the effects of

T and Re;, Lewis number is kept as unity.
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Figure 4.3: Instantaneous field of 0.01 < ¢ < 0.99 isosurfaces at 7. = J,/S; for cases F-J.

In all simple chemistry cases flame-turbulence interaction takes place under decaying

turbulence, which necessitates the simulation time 7, = Max(z,,7,), where 7, =1/u’
is the initial eddy turn over time and 7, =6, /.S, is the chemical time scale. In all cases
statistics were extracted after one chemical time scale z,. Chemical time scale 7,

corresponds to a time equal to 3.0z, in cases A-E (where Le number differs), cases F, H
and J (where Ka is varied) and cases K-M (where 7 varies), 2.07, incase I and 4.347,

for case H respectively. It is worth noting that the thermo-chemical parameters for the

cases are chosen in such a manner that chemical time scale 7, remains the same for all

cases. The present simulation time is comparable to several previous DNS studies (Boger
et al., 1998; Charlette et al., 2002a,b; Swaminathan and Bray, 2005; Swaminathan and
Grout, 2006; Grout, 2007; Han and Huh, 2008,2009; Reddy and Abraham, 2012), which
have contributed significantly to the fundamental understanding and modelling of the
turbulent premixed combustion. By the time the statistics were extracted, the global
turbulent kinetic energy and its dissipation rate in the unburned gas ahead of the flame
were no longer changing rapidly with time. The global level of turbulent velocity

fluctuation had decayed by about 50%, 52.66%, 61.11%, 45%, 24% and 34% in
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comparison to the initial values for cases A-E and K-M, F, G, H, I and J respectively. By
contrast, the integral length scale increased by factors 1.5 to 2.25 for cases A-M, ensuring
that sufficient numbers of turbulent eddies were retained in each direction to obtain useful
statistics. It worth noting that Ka remains larger than unity and the thermal flame

thickness ¢, is greater than the Kolmogorov length scale 7 at the time of analysis,

suggesting that combustion takes place in the thin reaction zones regime for all the cases
here (Peters, 2000). The DNS cases considered here have been used extensively in
several previous publications (Chakraborty et al., 2009; Chakraborty and Swaminathan,
2010, 2011, 2013; Chakraborty and Cant, 2009a-c, 2011, 2013; Chakraborty et al.,
2011b-d; Chakraborty and Lipatnikov, 2013a,b) to analyse different aspects of turbulent
premixed combustion and interested readers are referred to these publications for further
information regarding these cases and for the conditions under which statistics were

extracted.

4.3.2 Turbulent V-flames

Three detailed chemistry DNS cases of turbulent premixed V-flames of stoichiometric
hydrogen air mixture at 0.1 MPa have been post-processed here. These cases consider 27
elementary reactions involving 12 reactive species (H,, Oz, H,O, O, H, OH, HO,, H,0,,
N2, N, NO,, and NO) (Minamoto et al., 2011). CHEMKIN-II package have been used to
calculate the temperature dependence of the viscosity, thermal conductivity, and diffusion
coefficients (Kee et al., 1986, 1989). The diffusion velocity was modelled based on
Fickian type diffusion with the diffusion effects of Soret, Dufour, and pressure gradient
neglected. The unburnt reactant temperature is set to 700K for all these flames. A third-
order low storage Runge-Kutta method was used for time advance on the uniform grid

mesh. The reaction terms are implicitly dealt with by using point implicit method.

Figure 4.4 shows a schematic of the V-flame DNS configuration. The turbulent flame is
anchored through a hot rod which is positioned at a distance of about 2.5 to Smm away

from the inflow boundary with a diameter d = ¢,,. The temperature inside the rod is fixed
at T, =2000K . The velocity of the grid points on the rod are set to be zero and the mass

fraction of these grid points are given the value of the mass fraction of the corresponding

species in the burned gas Y, , =Y, which subsequently creates a region of discontinuity

for the values of velocities and mass fractions. In order to resume the continuity of the
simulation grids, a Gaussian function G has been applied to the turbulent velocity field

and scalar field (temperature and species mass fractions) which is expressed as:
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w

G(r,t=0)=(G,, -G, )exp [(F;—r;)z} +G, (4.13)

where G can denote flow velocity components, temperature or species mass fractions, »

is the radial distance from the centre of the rod. » =d / 2 denotes the radius of the rod

and the subscript “ o denotes the free stream value which is equal to the values at inflow

boundary, where the fluid velocity u is assumed to be a sum of an average velocity

U, =(u,,0,0) and the inlet turbulent velocity fluctuation u; which was obtained from
an incompressible turbulent flow solution, as u = U, +u;, . The simulation has run for 3
flow through time 7, = L_/u, after initialisation, where L, is the length of the domain

in main flow stream direction (see Fig. 4.4). The simulation parameters for turbulent V-

flames post-processed are listed in Table 4.3.

=2000K

Figure 4.4: Schematic diagram of the V-shape flame DNS domain.

Case u'lS, u,/S, 1/6, Re; Da Ka
\% 2.2 10 1.6 60.8 0.73 1.3

Table 4.2: Initial conditions of V-shape flames based on inflow turbulence characteristics

The computational domain of case V is given in Table 4.4 below.

Case Domain size (mm) Grid size
v 10x5x%x5 513%257%x257

Table 4.3: Domain configurations of V-shape flames
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The grid spacing of the three V-shape flame cases ensures that the thermal flame thickness

0, isresolved by no less than 20 grids. The boundary layers near the rod are also resolved

by the computational grid as well. The x-directions are taken to be inlet and outlet,
whereas outflow boundaries are considered for y-direction boundaries. The NSCBC
technique is used to specify inflow and outflow boundaries. The boundaries in Z-direction

are considered to be periodic.

4.3.3 Effects of Lewis number Le
The instantaneous views of reaction progress variable isosurfaces corresponding to

0.1=c=<09atr=t =9, /S, and c field at the central x; - x, plane of the DNS domain

after three eddy turn over time for cases A-E are shown in Figs. 4.1 and 4.5 respectively.
Figure 4.5 shows that the level of flame wrinkling increases significantly with decreasing
Le, which is consistent with several previous analyses (Chakraborty and Cant, 2011;
Sivashinsky, 1977; Clavin, and Williams, 1982). The extent of the augmentation of flame
wrinkling with decreasing Lewis number can be quantified from the values of normalised

turbulent flame surface area A,/ A4,, which are presented in Table 4.4, where flame
surface area 4 is evaluated using the volume integral:

A= f|Vc| av (4.14)

|4

and the subscripts ‘7" and ‘L’ are used to refer to turbulent and laminar flame values
respectively. An increase in flame wrinkling is reflected in the increase in burning rate

in turbulent flames.

Case Le A /A4, S, /S,
A 0.34 3.93 13.70
B 0.6 2.66 4.58
C 0.8 2.11 2.53
D 1.0 1.84 1.83
E 1.2 1.76 1.50

Table 4.4: The effects of Lewis number on normalised flame surface area A4, / 4, and
normalised turbulent flame speed S, /S, when the statistics were extracted.
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The extent of burning rate augmentation can be quantified from the values of the

normalised turbulent burning velocity S, /.S, , which for cases A-E are also presented in

Table 4.4 where S, is evaluated as:

S, = Ly (4.15)

PoAp,

with 4, being the projected area in the direction of mean flame propagation. The values
of 4./ 4, and S, /S, in Table 4.4 reveal that (S, /S,)= (A4, / A,) roughly holds only
for the Le=1.0 case but S, /S, assumes greater (smaller) values than 4,/ 4, in the

flames with Le <1 (Le >1).!

Inthe Le <1 flames, the heat diffues at a slower rate than the rate at which fresh reactants
diffuse into the reaction zone, which leads to the simultaneous presence of high
temperature and reactant concentration, giving rise to faster flame propagation, higher
extent of flame wrinkling, and greater burning rate than the unity Lewis number flame

with statistically similar turbulence in the unburned gas.

The simultaneous presence of high temperature and reactants concentration in the
reaction zone significantly increases the overall consumption rate of reactants per unit
area in comparison to the corresponding laminar flame value for the flames with Le <1.
Higher rate of thermal diffusion from the reaction zone than the rate of diffusion of fresh
reactants in the Le > 1 cases gives rise to simultaneous presence of low temperature and
reactant concentration, which in turn leads to a reduction in the overall consumption rate

of reactants per unit area in comparison to the corresponding laminar flame values.

' It has been found Sy / S, > A} / Az for Le<<1.0 flames even when the area 4’ is evaluated as

yas fV ‘VT‘ 4y where T = (f‘ _]B) / (Ta J _7;)) is the non-dimensional temperature. However,

S, /S8, = A} / Az is maintained for the globally adiabatic low Mach number Le =1.0 flames.
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Figure 4.5: The reaction progress variable c field at the central x1 - x2 plane of the DNS domain
after three eddy turn over time, for cases A-E.

This leads to (S;/S,)<(A4;/4,) inthe Le =1.2 case (i.e. case E) considered here (see

Table 4.5). In the flamelet regime of combustion (Peters, 2000), the consumption rate of

reactants per unit area remains similar to the laminar flame values for unity Lewis number

flames, which gives rise to (S, /S,)=(A4;/A,) in case D. As the mean/filtered reaction
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rate has been found to be directly proportional to density-weighted Favre-mean/Favre-
filtered SDR (Bray, 1980) through BML approach (i.e. w o pN .), the turbulent flame

speed can be expressed as :

1 _

S, « —f(ch)dV (4.16)
PoAp

Therefore the effects of Le on S, /S, and A,/ A, are expected to be reflected in the

statistical behaviour of the SDR transport.

4.3.4 Effects of turbulent Reynolds number Re,

The contours of reaction progress variable in the central x, — x, plane for cases F-J are
shown in Fig. 4.6, where the flame wrinkling increases with increasing u'/ S, , which can
be explained through the scaling relation:

Re,
Da

1/2
u'/SL~( ) ~ Re!*Ka"? (4.17)

The normalised turbulent flame speed S, /S, and normalised turbulent flame area
A,/ A, for cases F-J are listed in Table 4.6. This quantitatively demonstrates the

augmentation of the flame surface area due to stronger turbulent wrinkling, leading to

higher reaction rates. An increase in Re, for a given value of Da leads to an increase in

Ka, which separates the length scale between &;, and #. Thus, turbulent eddies with
sufficient energy are more likely to penetrate into the flame and distort the thermo-

diffusive balance within the preheat zone for high values of Ka.

Case Re, A /A4, S, /S,
F 22.0 1.1 1.83
G 23.0 1.25 1.83
H 47.0 1.85 1.83
| 100.0 3.75 1.83
J 110.0 3.80 1.83

Table 4.5: The effects of turbulent Reynolds number Re, on normalised flame surface area
A, / A, and normalised turbulent flame speed S, /.S, when the statistics were extracted.
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Figure 4.6: Contours of ¢ in the central x, — x, plane for cases F-Jat f, =3, /S, .

Case T A, /A, S, /S,
K 2.0 2.04 2.01
L 3.0 1.95 1.92
D 4.5 1.84 1.83
M 6.0 1.74 1.76

Table 4.6: The effects of heat release parameter 7 on normalised flame surface area 4, / 4, and
normalised turbulent flame speed S, /.S, when the statistics were extracted.

4.3.5 Effects of heat release parameter t
The heat release parameter 7 characterises the temperature increase with respect with the
initial temperature or temperature of the unburnt reactants. It is shown in Table 4.6 that

an increase in heat release parameter 7 will lead to a slight decrease in both §, /.S, and

A, / A, . The scalar gradient is expected to increase with decreasing 7, which will enhance
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the dilatational effects of smoothing the wrinkled flame surface (Chakraborty and Cant,
2006).

4.4 Summary

In this chapter the governing equations and the underlying assumptions of the DNS
databases were mentioned. These assumptions for the simple chemistry DNS databse are
that the reaction mechanism was determined by a single step irreversible Arrhenius rate
law, whereby allowing for the species held to be represented using a reaction progress
variable, which is based on the product mass fraction. Additionally, the diffusion
velocities was accounted for by using Fick's law. In the following chapter the reaction
rate closure based on SDR in the context of LES will be introduced with a brief discussion

of the modelling strategy for SDR based reaction rate closure.
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Chapter 5. Reaction rate closure for LES: SDR approach

SDR based reaction rate closure in the context of RANS has been introduced in detail in
Chapter 2, where the Reynolds averaged chemical reaction rate can be seen to be
modelled directly by the unresolved SDR. The model has been recast for the purpose of
LES recently (Dunstan et al., 2013) based on a-priori DNS analysis of a single database
turbulent premixed V-flame, which was introduced in Section 3.4. The SDR based
reaction rate closure (eq. 2.30) for LES was reported to capture the filtered reaction rate
closure for filter widths much larger than thermal flame thickness but cannot capture the
local behaviours for relatively small filter widths, where further investigation and
improvement are required. Therefore, in this chapter, the relationship between filtered
chemical reaction rate and the filtered SDR for different filter widths will be discussed
based on the explicitly filtered DNS data for different values of heat release parameter z,
Lewis number Le and turbulent Reynolds number Re;. The modelling assumptions will
be elaborated from a statistical perspective in Sections 5.2 & 5.3, based on which a new
reaction rate closure for LES using SDR approach of turbulent premixed combustion will

be introduced in Section 5.4.

5.1 Assessment of SDR based reaction rate closure for LES

A recent a-priori DNS analysis (Dunstan et al., 2013) assessed the SDR based reaction
rate closure which was originally proposed for RANS (i.e. eq. (2.30)) in the context of
LES. The reaction rate model expression analysed by Dunstan et al. (2013) is given here
as the original expression proposed by Bray (1979) was in the context of RANS:
2pN,

2c, -1

W= (5.1)

where § indicates Favre filtered value of a general quantity q and the @ indicates a
simple LES filtering operation. Eq. (5.1) was reported to remain valid for A >> ¢, based

on a single V-shape flame DNS database with Le=1.0 and the effects of heat release
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parameter ¢ and turbulent Reynolds number Re, on the applicability of eqg. (5.1) was not

considered.

The above analysis is extended here by assessing eg. (5.1) with an DNS database of a

range of different values of global Lewis number Le, heat release parameter r and

turbulent Reynolds number Re, .
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Figure 5.1: Variation of mean values of normalised reaction rate W (——), normalised SDR

based closure W , (---=--) conditional on C across the flame brush at A ~0.85,, for cases A-
E, F, H,Jand K.

The variations of the normalised filtered reaction rate W' :v_'\/><5th/,008L and the

prediction given by eq. (5.1) W', =2pN, /(2c, —1)x 5, / p,S, conditional on € values

model

at A~ 0.86, and A = 2.85,, incases A-Jand L are shown in Figs. 5.1 and 5.2 respectively,

which show that W' . does not adequately predict w* for A<, , but satisfactorily

model

predicts w* for A> 9, .
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Figure 5.2: Variation of mean values of normalised reaction rate W (——), normalised SDR

based closure W%, (--—-=--) conditional on C across the flame brush at A ~ 2.85,, for cases A-
E, F, H,Jand K.
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Since the cases G and | are qualitatively similar to cases F and J, the results of these two
cases are not shown in Figs. 5.1 and 5.2 and in subsequent figures. Figures 5.1 and 5.2

show that the agreement between the normalised reaction rates obtained form DNS and
SDR based closure (i.e. W* and W) improves with increasing A, which is consistent

with the previous findings (Dunstan et al., 2013). The SDR closure eqg. (5.1) was proposed

based on two major assumptions (Bray, 1979):

1. Fast chemical reaction: Da>>1
2. Presumed bi-modal probability density function of ¢ with impulses at c = 0

andc =1

According to the above assumptions, the probability of finding burning mixtures is
negligible, and it needs to be assessed if such an assumption is valid within the sub-filter

volume. The above assumptions are assessed in the following sub-sections.

The above observation has been explained by showing the pdf of c at a given iso-surface,

where the assumption of bi-modal pdf was found invoked for filter width close A= o,
and smaller than thermal flame thickness A <, . Although LES will leave the premixed

flame brush unresolved as a sub-grid phenomenon, where filter size A > ¢,,, the above

mismatch requires further investigation and simultaneously the behaviour of eq. (2.30) is
subject to improvement in order to smoothly transfer the well behaved reaction rate
closure in RANS eq.(3.45) into a LES feasible form.

5.2 Sub-grid Damkéhler number for different filter widths

For the assessment of an LES model, the sub-grid/local Damké&hler number Da, is more

relevant than the global Damkoéhler number Da. The sub-grid Damkoéhler number Da,

can be defined as:

Da, = (5.2)

where u, is sub-grid turbulent velocity fluctuation and can be defined based on sub-grid

turbulent kinetic energy k, in the following manner:
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Chapter 5. SDR based reaction rate closure

u; =J2k, /3, where ki =%[%—UJJ (5.3)

o

where U, denotes the i" component of the velocity vector. It worth noting that u) can be

explicitly calculated by post-processing DNS database as done here, but it requires
modelling in actual LES.

The variations of Da, conditional on ¢ values for filter widths ranging from A ~0.46,,
to A~ 2.89,, are shown in Fig. 5.3 for cases A-F, H, Jand L. It can be seen from Fig. 5.3

that Da, increases with increasing filter width A for all cases, which justifies the

observed mismatch between w* and W'

model

for A<¢, filter widths comparable or smaller

than thermal flame thickness, as the assumption of Da >>1 is not maintained.

o
o

2
o
o
a

—A= 0-45th
— A =~0.85

Ax 1-26th
—— A =166,

Ax 2-05th
----Am 2.45ﬂ,
‘C" — A =~ 2.86;,

Figure 5.3: Variation of pa, at filter widths ranging from A=~0.4s, up towardsA~2.85, for
cases A-E, F, H, Jand K.

5.3 Validity of presumed probability density function of reaction progress variable
The pdfs of ¢ within the filter volume corresponding to € =0.5 are shown in Figs. 5.4a

and 5.4b for A=0.80,, and A~2.86, respectively. It can be observed from the pdf
profile that the for small filter width (i.e. A =0.86,,), there exists considerable probability

to find c=C~0.5, which represents burning mixtures. Although the pdf of ¢ does not
become bi-modal with increasing A, the probability of finding c#C increases with

increasing A (compare Figs 5.4a and b for A=0.86,, and A= 2.86, ). Therefore, the

second assumption is likely to be invalid in the context of LES for filter widths A <6, .
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Chapter 5. SDR based reaction rate closure

Figure 5.4: Pdfs of c at € =0.5 within the filter volume for (a) A ~0.85,, and (b) A ~2.85, for
cases A-F, H, Jand L.

Figures 5.3 and 5.4 together demonstrate that the probability of finding ¢=C within the
filter volume increases significantly with increasing A and Da,, which subsequently
improves the agreement between the normalised reaction rates obtained from DNS and
the SDR based closure (i.e. W* and W' ., ) as shown in Figs. 5.1 and 5.2. This observation

is found to be consistent with previous findings by Dunstan et al. (2013). Therefore, the

behaviours of eq. (5.1) for small filter widths (i.e. A<g, ). It worth noting that in most
practical LES, A often assumes greater values than the largest filter width used here (i.e.

A>2.86, ), where eq. (5.1) remain valid for the closure of w according to Figs 5.1 and

5.2, provided Nc is appropriately modelled.

5.4 A new reaction rate closure using SDR approach

In order to improve the prediction of w for A <o, as well as satisfying the limiting

condition given by: lim, ,W=W, a modified closure for W in the context of LES is

proposed as:

W= f(p,6T)exp (—gp?] + {1— exp [—gp?ﬂ (22(:5’\1‘31) (5.4)

where the model parameter ¢ is given by:

S
=0.56-L 5.5
@ 5 (5.5)

z

where S, =]7/max|Vc|L is an alternative flame thickness defined based on reaction

progress variable c. It can be shown that

84



Chapter 5. SDR based reaction rate closure
o O =0, forflames with Le=1.0,

e O >0y for flames with Le<1,
® O <0, forflames with Le>1.

In the new model (i.e. eq. (5.4)), f, is a function which follows the Arrhenius law of

chemical reaction rate (i.e. eq. (2.9)) but is based on the filtered density o, filtered

reaction progress variable ¢ and filtered temperature T in the following manner:

f.(p,c,T)=Bp(l-C) exp{—%} (5.6)
which ensures that
lim 1,(5,6,7) = f (p,c,T) = Bp(l—c)exp{—%} W (5.7)

where T = (f _TO)/(Tad —T,) is the non-dimensional temperature, « =7/(1+7) is a heat

release parameter and B =B’ exp(—,B/a) with B being the pre-exponential factor. For

multi-step chemistry, the reaction progress variable ¢ can be defined in terms of a suitable
reactant mass fraction Y, or product mass fraction Y, of a species which is closely related

to the chemical heat release as:

CIM or C:ﬂ (58)
YRO _YRoo YPoo _YPO
Thus the overall reaction rate can be defined as
W=—— " ory=_— " (5.9)

where W, and W, are the reaction rate of the reacting species and product species based

on which the progress variable is defined respectively, which can be expressed as:
W= fl(p,f,[q]) where [g]=[Y,,Y,,...,Y,] is the scalar matrix with Y,,Y,,...,Y,, being the

species mass fractions. Therefore in the context of multi-step multi-variate scenario the

first term on the right hand side of Eqg. (5.4) needs to be replaced by

fl(ﬁ,'lz,[q])exp(—(oAléth) where [§]=]Y,,Y,,...,Y,]. Furthermore most industrial LES
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Chapter 5. SDR based reaction rate closure

are carried out for A >> o, where the first term on the right hand side of Eq. (5.4)

effectively vanishes so the exact form of f, is unlikely play an important role.
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“
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o
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L
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Figure 5.5: Variation of mean values mean values of normalised reaction rate W (—),
normalised SDR based closure W' .., (—< ) and the prediction of new reaction rate model (i.e.

eq. 5.4) (—e—) conditional on ¢ across the flame brush at A ~0.85,, for cases A-E, F, H, J and
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Figure 5.6: Variation of mean values mean values of normalised reaction rate W (—),

normalised SDR based closure W' ., (—< ) and the prediction of new reaction rate model (i.e.

eg. 5.4) (—o—) conditional on ¢ across the flame brush at A = 2.80,, for cases A-E, F, H, J and
K.

Figures 5.5 and 5.6 show the predictions of filtered reaction rate by eq. (5.4) along with
the predictions of eq. (5.1). Equation (5.4) ensures that the right hand side becomes w

when A —0 (i.e. A<<§,)and W= 2pN_/(2c, —1) is obtained for A>> oy, - In addition

it is possible to scale A/J,, as:
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2 % pa, ~Re’? Dal? (5.10)
S S,

which suggests that eq. (5.4) can be rewritten as:

=3

= fl(ﬁ,(f,f) eXp(_%DaA :_Aj"'{l_exp(_(DlDaA o

2pN,
L 3 ﬂ (5.11)

(ZCm _1)

e R 2pN

_ 1/2 12 1/2 12 c

W= fl(p,C,T)exp(—goz ReA DaA )+[l—exp(—g02 ReA DaA )]m (512)
where ¢, =¢ and ¢, =0.626¢ for the simple chemistry cases are the appropriate model

coefficients.

The egs. (5.11) and (5.12) tend towards W= 2pN_ /(2c, 1) for high values of Da, for

a given value of u; /S, and Re, respectively, which is consistent with improved
agreement between W and 2pN,_ /(2c, —1) with increasing Da, (compare Figs. 5.4-

5.6). Figures 5.5 and 5.6 suggest that eq. (5.4) satisfactorily predicts w for all cases

considered here for both A <6, and A> 6, .
5.5 Summary

It has been found that eq. (5.1) starts to satisfactorily predict W obtained for DNS data

for A>2.06,, for all assessed DNS cases of simple chemistry. In most engineering

calculations A remains much greater than 2.05,, so eq. (5.1) is likely to predict W

satisfactorily for most industrial LES. However, the LES model given by eq. (5.1) fail to
approach to the correct asymptotic value (i.e. W) for small values of A (i.e. A—0) for

which an LES simulation approaches a DNS simulation which has been addressed by
egs. (5.4), (5.11) and (5.12). The satisfactory performance of eq. (5.4) indicates that W
can be closed using SDR if N_ is adequately modelled, as filtered SDR itself requires

modelling in LES as well. The modelling approaches of filtered SDR will be presented
in Chapters 6 and 7 in detail.
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Chapter 6. Algebraic Closure of SDR for LES

Chapter 6. Algebraic Closure of SDR in the context of LES

As introduced in Chapter 5, it is possible to close the chemical reaction rate of turbulent
premixed combustion based on properly modelled scalar dissipation rate. In non-
premixed combustion, SDR is often modelled by introducing the eddy diffusivity to
characterise the turbulence effects on scalar mixing. However, such an approach ignores
the involvement of chemical time-scale in the SDR in turbulent premixed combustion.
The validity of eq. (5.1) provides the proof that SDR in premixed flames is dependent on
chemical time scales along with turbulent mixing time scales. In turbulent premixed
combustion, the transport equation of SDR can be closed if all unclosed terms in SDR
transport equation is properly modelled in the context of both RANS and LES. Under the
condition when the equilibrium is maintained for the generation and destruction of scalar
gradient, it is possible to derive an algebraic closure of Favre-filtered/averaged SDR in
both RANS and LES, which will be discused in detail here. Dunstan et al. (2013)
investigated the possibility of extending an algebraic closure for the Favre-averaged SDR
&, proposed by Kolla et al. (2009) for the SDR closure in the context of LES. The a-
priori analysis by Dunstan et al. (2013) showed a good agreement between the SDR
extracted from DNS and the model predictions. It worth noting that the analysis of
Dunstan et al. (2013) was based on a single VV-flame DNS data with unity global Lewis
number and the effects of global Lewis number, heat release parameter z and turbulent

Reynolds number Re, were not addressed, which motivates the analysis presented here.

Chakraborty and Swaminathan (2011) demonstrated that the algebraic &, model by Kolla

et al. (2009) was inadequate for Le=1.0 flames and proposed modifications. This
modified SDR model for RANS is extended to LES. The performance of this new model
is evaluated using the DNS results for N_. Furthermore, this model performance is
compared to a power-law based closure with a global exponent and inner cut-off scale

(Dunstan et al.,2013) and a conventional model (Girimaji and Zhou, 1996), which is

widely used for SDR closure in the context of passive scalar mixing.
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Chapter 6. Algebraic Closure of SDR for LES
The sub-grid turbulent velocity fluctuation (i.e. u) :‘/stg /3 ) (where u, is the ith

component of fluid velocity and k, = 0.5(/Tiui | p—.0,) is the sub-grid Kinetic energy)
is an input parameter to the algebraic model for N_ , which needs to be modelled in actual
LES. In order to assess the effects of u, modelling on N_ closure, the results of an
algebraic SDR model with u) evaluated according to the Smagorinsky-Lily model
(Smagorinsky, 1963) of sub-grid eddy viscosity have been compared to the corresponding
N, predictions where the sub-grid turbulent velocity fluctuation u) has been extracted

from DNS data.

6.1 Statistical analysis of filtered SDR and its transport equation

For the purpose of convinience, the transport equation of SDR N_, which is egs. (3.58-

3.64) in Chapter 3, is repeated here as (Swaminathan and Bray, 2005):

5N) O(pu.N
0(pN,)  OPUNe) _ 0 [ nONe | 3 1 i1 4T,-D,+ (D) (6.1)
ot OX; OX; i
D

where u; is the j" component of velocity vector and the terms on the left hand side denote

the transient effects and the resolved advection of N_ respectively. The term D,

represents the molecular diffusion of N_ and the other terms T,,T,,T,,T,,(-D,) and

f (D) are all unclosed and given by:

0 -
T, =———(pu,N, - pa,N, (6.2)

6xj( ! ! )
T,=22 W+ 2| pp T || & P (63)

P oX; OX; ) | OX; OX;

oc ou; oc
T.=—2pD— 1 6.4
BT OX; X, ©4)
T, =20 W (6.5)

oX; OX;

o’c  odc
-D,)=-2pD?* 6.6
D,)=-2p OX,OX; XX, (06)
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f(D) = f,(D)=2D

2 2
¢ a(pD) &%, 6 &(pD) & a[ NC@J
J

OX,  OX,  OX;0X; OX, OX;0% OX;  OX; OX;
FD1 FD2 FD3 (6.7)
oD 0 ( oc oc oc oc || oD oD
20D ——| ——|tpo| —— || =Y, —
OX; OX; \ OX, OX, OX, OX, )| ot OX;
FD4 FD5

6.1.1 Local behaviours of N_

The variation of N, x &,,/S, with ¢ is shown in Fig. 6.1 for cases F, H, J and V where
values of N, X &,,/S, have been ensemble-averaged on ¢ isosurfaces for 0.45w , 1.66m
and 2.80w. The filter sizes 0.40w and 2.8 are representative of the situations where the
flame is partially resolved and fully unresolved respectively. The cases G and | are not
shown because of their qualitative similarity to cases F and J. It can be seen from Fig. 6.1
that N, x &,,/S, remains slightly skewed towards the burned gas side (i.e. ¢>0.5) for
A<<ot (e.g. A=0.40w) but the profile becomes more symmetric with the peak occurring
close to €~0.5 for A>>dwn (e.g. A=2.80w). It can also be seen from Fig. 6.1 that the
magnitude of N, X 8, /S, decreases with increasing filter width A due convolution
operation over a larger volume where the contributions arising from the close to the centre
of the filter volume are weighted more heavily. However, Fig. 6.1 suggests that N, x

O¢n /S, remains of the order of unity for all values of A for all cases.
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Figure 6.1 : Variation of N_x&, /S, with & at A=0.45n (
- - -)forcases F, H,Jand V2.

), A=1.60n (——) and A= 2.80n (

Following Swaminathan and Bray (2005) the sub-grid part of VC can be scaled as:

1
Vo), ~ — 6.8
(Vo) 5 (6.8)
whereas the molecular diffusivity D can be taken to scale as D ~ S, 6,, with ((5)Sg and

referring to sub-grid parts of Q respectively. Thus, the sub-grid component of N_ can be

expressed as:

(N,),, =[N, - Bveve]~ o (6.9)
S
The resolved part of N_ in turn scales as:
(N,),. = DVE.VE ~ % for A<<dtn (6.10)
th
(N,),. ~ SOn Se_ 1 g Ay (6.11)

91



Chapter 6. Algebraic Closure of SDR for LES

< AS uLA
refers to resolved parts of Q , Da, =—= and Re, = P52 are the local

OpUa Ho

where (Q)

res

Damkohler and turbulent Reynolds number respectively with u), poand uo are the sub-
grid scale velocity fluctuation, unburned gas density and viscosity respectively. Equations

(6.9-6.11) suggest that (N_)

res

remains comparable to (|\~IC)Sg for small values of A (i.e.

A<<dw) but (N,),.. decreases progressively in comparison to (NNC)sg with increasing A,

res

and for A >> Jn the Favre-filtered SDR N_ is principally made up of (N~C)sg (i.e.

NNC ~ (I\NIC)Sg ). As (N,),.. decreases with increasing A, the magnitude of N_ decreases

res

progressively with increasing A but remains of the order of S /¢, due to

(Nc)sg - SL /é;h

6.1.2. Statistical nature of N, transport

The variations of the mean values of D1, Ty, T2, Ts, Ts, (-D2) and f(D) conditional on ¢
values for 0.46w , 1.60wm and 2.86w for cases F, H, J and V2 are shown in Fig. 6.2. It is
evident that T, and (-D2) remain leading-order source and sink terms respectively for all
filter widths. The contribution of T4 remains positive for the major portion of the flame
brush before becoming negative towards the burned gas side for A<<dwn (e.g. A=0.46w )
but for A>>dw (e.g. A=2.80w) the contribution of T4 remains a leading-order source term
throughout the flame brush. For the cases considered here the contribution of T3 remains
negative (positive) throughout the flame brush for all filter widths in cases F-J (case V2),
whereas f(D) assumes negative (positive) values towards the unburned (burned) gas side
of the flame brush for all cases for all filter widths. The magnitude of T1 remains
negligible in comparison to the magnitudes of T», T3, T4, (-D2) and (D) for all filter widths
in all cases. The molecular diffusion term D1 plays a key role for A<<dw (e.g. A=0.40tn)

assuming comparable magnitudes as those of Tz, T3, T4, (-D2) and f(D).
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However, the magnitude of D1 becomes negligible in comparison to the magnitudes of

T2, T3, Ta, (-D2) and f(D) for A>>dn (e.g. A=2.8dwm). The molecular diffusion term D1

scales in the following manner if the spatial gradients are scaled with respect to A:

2 2
YL R S N (6.12)
A o5, Re,Da,
poSE
t .
D, ~ 52 for A<<ow (6.13)

th

Equations (6.12) and (6.13) suggest that the magnitude of D1 is expected to decrease with
increasing A. Figure 6.2 further indicates that the magnitudes of T, T3, T4, (-D2) and f(D)
decrease with increasing A and the observed behaviours in response to A will be

explained.

6.1.3. Statistical behaviour of T1
The variations of the mean values of Ty, conditional on € values for cases F, H, J and \V2
are shown in Fig. 6.3 for different filter widths. It is evident from Fig. 6.3 that T1 assumes

both positive and negative values across the flame brush. The behaviour of T1 depends on

the statistical behaviour of the sub-grid flux of SDR (i.e. puN,—pGN,). The
distributions of (M—ﬁﬁiNC)Mi and (AN, /ox,)M, conditionally averaged on G
isosurfaces are shown in Fig. 6.3 where M, :—(66/axi)/|V6| is the i component of the
resolved flame normal vector. Comparing the signs of (M—,BUNC)Mi and
(6N, /6x, )M, it is evident that the sub-grid flux of SDR shows predominantly gradient

type transport (i.e. puN_—p0 N, =—(z /Sc;)oN, /dx) for the case V2 but counter-

gradient transport has been observed for cases F-J. It is worth noting the sub-grid flux

puN_—pu N, assumes negligible values for A<<dwn (e.g. A=0.4dn) and its magnitude

increases with increasing A, as most of the turbulent transport takes place at the sub-grid

level. If the sub-grid velocity fluctuations are scaled with respect to Si. (Swaminathan and

Bray, 2005) one obtains the following scaling argument for (ou,N, — oU, NC) :

puN_—paN ~ (6.14)
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Alternatively, sub-grid scale velocity fluctuation can be scaled using u} which yields:

Using eq. (6.14) and scaling resolved gradients with respect A lead to the following

scaling of Ty:

POSLUL

for
th
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Similarly, eq. (6.15) yields:

' 2
Tl - pOSLuA - pO?L 1 (617)
AS, o, Da,

The values of Da, and Re, increase with increasing A (Dunstan et al., 2013) so it is

expected that the magnitude of T1 decreases in comparison to p,S. /52 with increasing

A. Moreover, egs. (6.16) and (6.17) indicate that the magnitude of T: is expected to

decreases with increasing A, which can be confirmed from Fig. 6.3.

6.1.4. Statistical behaviour of T2 and T3
The variations of the mean values of T2 and T3, conditional on € values for cases F, H, J

and V2 are shown in Fig. 6.4 for different filter widths. Using p = p, / (1+zc) for low

Mach number unity Lewis number flames leads to the following expression:

T, = pV.ON, (6.18)

The dilatation rate V.U can be taken to scale with 7S, /¢, (i.e. V.U~zS /46,)

(Chakraborty et al., 2007) and thus the sub-grid and resolved component of T, can be

scaled as:
PotSL
)y ~ =5 (6.19)
th
_ i U.S
For A<<dt, (T,),.. = pDVE.VC % ~ Po_rsz (6.20)
8Xi é‘th

_ posf U 1
= 5; S, Re°Day’

ForA>>d, (T,) (6.21)

where Urer is a velocity scale representing the Favre-filtered velocity components U .
Equations (6.19-6.21) demonstrate that (T,),, remains of the order of p,zS /4

irrespective of A. By contrast, the magnitude of (T,), remains comparable to (T,),, for

res

U, ~ S, for A<<dwn but the magnitude of (T,), decreases with increasing A. Thus, the

res
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magnitude of T, = (T,) +(T,), decreases with increasing A but remains of the order of

poTSE /é‘tﬁ -

Ty x 62, /poSi?

Ty % 83,/ poSt”
Tg x 6t2h/p0SL2

(4]

T2 X 5t2h/p05f,2
T X (5fh/posj_',2

C

Figure 6.4: The variation of T, (1% column) and T3 (2" column) with C at A= 0.40 (-==), 1.6
On (—8—) and 2.8 o (—+—) for cases F (1% row), H (2" row), J (3" row) and V2 (4" row).
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The contribution of T, can be expressed as:

T, =—-2p(e, cos® a +e, cos® B+e, cos® y)N, (6.22)

where e, e, and e, are the most extensive, intermediate and the most compressive

principal strain rates and their angles with VC are given by a, £ and y respectively.

The scalar gradient Vc aligns with e, when the effects of strain rate induced by chemical

reaction a,,, overcome the effects of turbulent straining a,, and vice versa
(Chakraborty et al., 2007). The strain rate induced by chemical heat release is expected

to scale as a,,, ~ 7S, /9, . Following Meneveau and Poinsot (1991) the turbulent strain

rate a,, can be scaled as: a,, ~u'/l, which leads to a,,,/a,, ~7Da (Chakraborty
and Swaminathan, 2007).

As 7 Da >1 for the cases F-J, Vc aligns with e, for the major portion of the flame brush
leading to negative values of T,. In case V2, the effects of a,,, dominate over the effects
of a,,, to give rise predominant alignment of Vc with e, leading to positive values of

T,. The contributions of (T,)

res

and (T,), can be scaled as:

1), ~ 22 (6.23)

_5.0C 80, € _ U St

For A << 6t : =—
th (TS)res P Gxi 8Xj axj dﬁ

(6.24)

_ POSE U s 1

For A >> o (T,
th (3)res 551 SL Rei'sDai'E‘

(6.25)

Equations (6.23-6.25) demonstrate that (T,),, remains of the order of 0.S2168;

irrespective of A. By contrast, the magnitude of (T,)

res

remains comparable to (T,),, for

U, ~ S, for A << dm but the magnitude of (T,),., decreases with increasing A. Thus, the

res

magnitude of T, = (T;),., +(T;),, decreases with increasing A but remains of the order of

PoSL 1 8y

98



Chapter 6. Algebraic Closure of SDR for LES
6.1.5. Statistical behaviour of T4, (-D2) and f(D)

The variations of the mean values of T4, (-D2) and f(D) conditional on € values for cases
F, H, J and V2 are shown in Fig. 6.5 for different filter widths. The term T4 can be

expressed as: T, =—2Dow/ on|Ve| where n is the spatial coordinate in the local flame

normal direction and the flame normal vector i =—-Vc/ |Vc| points towards the unburned

gas side of the flame. For single step chemistry considered here the maximum value of
reaction rate W occurs close to ¢ ~0.85 (Chakraborty and Cant, 2004). This suggests that
the probability of finding negative (positive) values of oW/ on is significant for ¢ <0.85
(¢ >0.85), which gives rise to positive (negative) mean value of T4 towards the unburned
(burned) gas side of the flame brush. The molecular dissipation term (-D2) remains

deterministically negative according to eqg. (6.6).

It is worth noting from Figs. 6.2 and 6.5 that f(D) remains weakly negative towards the
unburned gas side before assuming positive values towards the burned gas side for all
cases. The magnitude of the mean contribution of f(D) cannot be neglected even for cases

F-J where pD is considered to be constant.

In cases F-J, pN_[0D/dt+u;0D/0x;] for constant pD can be expressed as:

ou.
pN{@N_ S_D},JDN{&_J}% (6.26)
X Xj

and the first three terms on the right hand side vanish for constant values of pD. The
contributions of the third and fourth terms on the right hand side of eq. (6.7) are
responsible for the change in sign of f(D) in cases F-J. These terms are also principally
responsible for sign change of f(D) in case V. Scaling the sub-grid reaction progress

variable and reaction rate gradients using Jw leads to following scaling estimates for
(T4)sg1 (_Dz)sg and f(D)sg:

S S S
(T4)sg - pO L ’ (_Dz)sg - pO o f(D)sg - pO o (627)

where the reaction rate W is taken to scale with p,S, /8,, (Swaminathan and Bray, 2005).
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Figure 6.5: The variation of T4, (13 column) and (-D>) (2™ column) and f(D) (3" column) with C
at A= 0.451h (- - -), 1.65th (—EI—) and 2.851h (

) for cases F (1% row), H (2™ row), J (3
row) and V (4" row).

The resolved parts of Ts, (-D2) and f(D) can in turn be scaled in the following manner for
A>>0:

~ OW &€ s 1
(T4)res :ZD__~pO—2*I_— (628)
ox, 0% oy ReDa,

2x 2x 2
(-D,),, —-2p0?2C 0C _pS 1 (6.29)
ox0x; oxo0x; S, ReiDay

2
f(D), ~ 2L 1

. (6.30)
> Re’Da’
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Equations (6.27-6.30) demonstrate that (T,),, (-D,),, and f (D), remain of the order

of p,S?/5; irrespective of A. By contrast, the magnitude of (T,),, (-D,), and

f(D), decrease with increasing A. Thus, the magnitude of T, =(T,) +(T,)

(—=D;) =(-D,)s + (-D,), and f (D)= f (D), + f(D),, decreases with increasing A but

remains of the order of p,S’ /52 .

6.2 Differential diffusion (Lewis number) effects on SDR and its transport equation
The above section showed the behaviours of N, and its transport for unity Lewis number

flames of different turbulent Reynolds number and flame configuartion, however, the
differential diffusion effects on SDR and its transport has not been shown yet. Lewis
number has been reported to affect the behaviours of SDR and its transport equation
significantly in the context of RANS (Chakraborty et al., 2009; Chakraborty and
Swaminathan, 2010). The effects of Le on SDR and its transport in the context of LES

will be demonstrated here in this section. The five cases A-E will be used here to

demonstrate the effects of Le on the SDR N~C transport.

6.2.1 Effects of Le on the statistical behaviour of SDR N~C
The variations of the mean values of N = N_x 4, /S, conditional on bins of ¢ for cases
A-E are shown in Fig. 6.6 for A =~ 0.46,,, 1.65,, and 2.89;, . It can be seen from Fig. 6.6

that the magnitude of NC decreases with increasing Le fora given A. It has been discussed

elsewhere (Chakraborty and Cant, 2011; Chakraborty and Swaminathan, 2010; Trouvé
and Poinsot, 1994; Chakraborty and Klein, 2008) that the probability of finding high

values of |[Vc| increases with decreasing Le. The augmentation of |Vc| and W with

decreasing Le is particularly prevalent for Le <<1.0 cases (e.g. Le =0.34 and 0.6), which

can be substantiated from the values A; /A _and S;/S, reported in Table 4.5. The

increased probability of finding high values of |VC| with decreasing Le gives rise to an

increase in the mean value of I\NIC+ conditional on € for a given A. It is worth noting that
the thermo-physical parameters for cases A-E have been chosen to yield identical values

of S, and J,, inall cases. Thus a comparison between the normalised values of SDR (i.e.

101



Chapter 6. Algebraic Closure of SDR for LES

Ng) in Fig. 6.6 provides information regarding the relative magnitudes of SDR between
the cases considered here. Figure 6.6 shows that the variation of N is skewed towards
the burned side of the flame brush with a peak value of SDR at € >0.5 for A<, (e.g.
A=0.40, ). However, the location of peak value of I\NIC+ progressively shifts close to

€ =0.5 with increasing A for the Le~1.0 flames. However, the peak value location

shifts towards € < 0.5 for the Le =0.34 and 0.6 flames. A Gaussian filter kernel assigns
more weight at the centre of the filtered domain and high values of |Vc| are concentrated

near the middle of the flame front.
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Figure 6.6 Variation of mean values of N/ = N_x&,, /S, (solid line) and DVEVEx 4, /S,
(dash line) conditional on bins of € across the flame brush at A~0.45,, (red), A~=1.65,
(black) and A = 2.85,, (green) for the Le=0.34(A), Le=0.6(B), Le=0.8(C), Le=1.0(D), Le=1.2(E)

cases.
These act to produce high values of N close to §~0.5 for A>> oy (.9 A=2.80,)

for flames with Le~1.0 (e.g. cases C-E). The reaction progress variable ¢ field in the

Le<<1.0 flames is significantly different from non-dimensional temperature
T=(-T,)/(T, —T,) field, and 7 in these flames is dependent on both & and T unlike

Le ~1.0 flames where € and T are almost (identially equal for Le =1.0) equal to each

other. The Le<<1.0 flames show higher extent of T variation for a given value of C

102




Chapter 6. Algebraic Closure of SDR for LES
than in the Le =1.0 cases due to weaker thermal diffusion. This increases the probability

of obtaining smaller values of p inthe Le<<1.0 flames than in the Le 1.0 cases for a

given value of C , which leads to a shift in the peak value location of NQ towards € <0.5

as a result of Favre-filtering for the Le <<1 cases considered here (see cases A and B in
Fig. 6.6).

The variation of N: with C shown in Fig. 6.6 is qualitatively consistent with previous
results in the context of RANS (Chakraborty et al., 2011). Figure 6.6 further indicates

that the magnitude of NQ decreases with increasing A for all cases considered here.

Based on the definition of &, :l/(Max|VC|L), the Favre-filtered SDR N, can be scaled

as:

N, ~ % irrespective of A (6.31)

L

where the molecular diffusivity D is scaled with respectto S, 5, (i.e. D~ S 6,). Figure

6.6 reveals that N; remains of the order of 1.0,
N, x&, /S, ~O() irrespective of A dueto 5, /5, ~1.0 (see Table 6.1)  (6.32)

The resolved part of the SDR (i.e. DVE.VE ) for A>> ¢, can be scaled as:

2
DVE-VE ~ SLfL ~ S . : and | 2| ~Re,Da, (6.33)
A o, Le“Re,Da, h

where the gradients of the resolved quantities are scaled with respect to A. Therefore

DVE.VE is expected to decrease with increasing A and DVE.VE assumes comparable

values to that of Nc only for A <4, . This behaviour can be substantiated from Fig. 6.6,
which shows that the difference between N~C and DVE-VC increases with increasing A
and the sub-grid contribution (N, ), =(N, — DVE-V€) increases with an increase in A.

For A>>5, (or Re,Da,>>1) DVEVE remains much smaller than N_, which

c?

indicates the sub-grid part of SDR (NNC)Sg also remains of the order of S, /5, for A>>9,
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(i.e. [N, —DVE-VE]~S, /65,). Asshown by egs. (6.31-6.33), it is expected that the peak

value of N~c conditional on bins of C decreases with increasing A, which is consistent
with the observations from Fig. 6.6. Moreover, the weighted averaging process involved
in LES filtering leads to a decrease in the peak value of ch conditional on bins of ¢ with

anincrease in A, as the sub-filter volume includes an increasing number of samples with

small values of N, =DVc-Vc for A>>0,,.

Quantities | Scaling estimates
N S,

c —_

o

EVEVE i Le—2 Re—l Da—l
A A

L

T L
' sz“ Lex Da;"* Re,® alternatively 2224 x Le x Da;*
th é‘th
The above expressions can be combined as (pu,c—Z CN,
T2 7poS¢
Le™s;]
T. 2 U
( 2)res p;?L x Sref x Le—l Re:l__S Da;l_s
th L
T 2 S?
’ Tpno_lSLz alternatively —— Poot x LexPri'2x x Ka,
Le™ oy, S,
() res Pof U w Let Re;l.S Da;l.S
5th SL
T, (Le) St
S
T 2
(T ) res ¢1(Le)2poSL % Rej Da;lLe—l
th
(-D,) 2g2 S K&l
’ wx Le? alternatively (-D,) ~ Podu 2

th

D 2
( Z)res pOSL % Le72 Re;Z Da;z

3
O | s
Le™5;2
F(O)es | poSL 2

Table 6.1: Summary of the scaling estimates of N~C and the terms of its tranport equation.
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6.2.2 Effects of Le on SDR NC transport

The variations of the mean values of the unclosed terms of the SDR transport equation

conditional on C values for A~0.45, and 2.85, are shown in Fig. 6.7 where the
magnitudes of these terms are normalised by 0,S2 /52, which remains the same for all
cases considered here. It can be seen from Fig. 6.7 that the magnitude of T, remains
negligible in comparison to the magnitudes of T,,T;,T,,(-D,) and f (D) for all filter
widths in all cases so that T,,T,,T,,(—D,) and f (D) remain leading order contributors

to the SDR NC transport irrespective of A, which is consistent with previous findings in
the context of RANS (Chakraborty and Swaminathan, 2010). It can be seen from Fig. 6.7
that T, acts as a source term for both A >>6,, and A <<, in all cases irrespective of
Le. The magnitude of T, shows an increasing trend with decreasing Le and especially for
the Le=0.34 and 0.6 cases T, assumes much greater values than in the Le 1.0 cases
(i.e. cases C-E) for a given value of A. It can be seen from the S; /S, values in Table 4.5
that the rate of burning in turbulent flames increases with decreasing Le, which acts to
produce greater extent of density-change for small values of Le, leading to an increasing
magnitude of T, with decreasing Le. For low Mach number globally adiabatic flames
with Le=1.0 yields T, = 2p(V-—U)NC. As dilatation rate (V-G) remains predominantly
positive in premixed flames, the density-variation term T, assumes positive values
throughout the flame brush for case D. The non-dimensional temperature T increases with

increasing ¢ within the flame front, which leads to a positive value of VT -Vc throughout

the flame front for all cases. This along with the predominant positive values of the

reaction-diffusion balance [W+V - (pDVc)] leads to positive values of T, throughout the

flame brush for all cases irrespective of the value of Le.
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Figure 6.7: Variation of mean values of T ( ), T (= = =), T3 ( ), Ta (—=—), (-
D) (—~A—) and f(D) (—+—) conditional on bins of € at A=0.46n (1% column) and 2.8 (2™

column). All the terms are normalised by pOSf/@f] for the Le=0.34 (A), Le=0.6 (B), Le=0.8 (C),
Le=1.0 (D), Le=1.2(E) cases.

The term T, assumes negative values throughout the flame brush for the Le = 0.34 and

0.6 cases, whereas this term assumes positive values near both the unburned and burned

sides of the flame brush for A <<¢,, (e.g. A=0.45,,) for the Le 1.0 cases. The scalar

turbulence interaction term T, assumes negative values for the major part of the flame

brush but positive values can be discerned towards the unburned gas side of the flame
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brush for the Le ~1.0 cases for A >>4,,. As shown in the previous section, the term T,

can alternatively be expressed as eq. (6.22):

T, =—2pN, (e, cos’ a +e, cos’ B+e, cos’ y)

where e,, e, and e, are the most extensive, intermediate and most compressive

principal strain rates and «, 8 and y are the angles between VC and e,, €, and e,

a!

respectively.

It is evident that a predominant collinear alignment between Vc and e, (e,) leads to a
negative (positive) contribution of T, . The probability density functions (pdfs) of |003a|
and |c057/| on five different ¢ isosurfaces across the flame front are shown in Fig. 6.8. A
high probability of finding [cosa| ~1.0 (|cosy|~1.0) indicates a predominant collinear

alignment of Vc with e, (e, ). Figure 6.8 shows that Vc aligns predominantly with e,
for the Le = 0.34 and 0.6 cases (i.e. cases A and B), which leads to negative contributions
of T, in these cases. By contrast, in the Le ~1.0 cases Vc aligns predominantly with €,
both on unburned and burned gas sides of the flame, where the effects of heat release are
weak. However, in the Le~1.0 cases Vc starts to align predominantly with e, for the
major part of the flame brush, where the effects of heat release are strong. This alignment

statistics for the Le ~1.0 cases lead to predominantly negative contribution of T, for the
major part of the flame brush but the local alignment of V¢ with €, both on unburned
and burned gas sides of the flame leads to positive contribution of T, near both the

unburned and burned sides of the flame brush for A << o, (e.9. A=0.45, ). The local
information is progressively smeared with increasing A due to the convolution operation

associated with LES filtering, and thus only positive values of T, have been observed

towards the leading edge of the flame brush for A >> ¢, for the Le =1.0 and 1.2 cases.
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Figure 6.8: Pdfs of [cOS | (1* column) and [c0S 7| (2™ column) on ¢ = 0.1, 0.3, 0.5, 0.7 and 0.9
isosurfaces for the Le = 0.34(A), Le = 0.6(B), Le = 0.8(C), Le = 1.0(D), Le = 1.2(E) cases.

The strain rate a

«hem arising from flame normal acceleration can be taken to scale as:

th

ayen ~ 7 9(Ka, Le) x [%} (6.34)
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where g is a function which is expected to decrease with increasing Ka as the reacting

flow field for high values of Karlovitz number starts to show attributes of the broken
reaction zones regime (Peters, 2000) where the effects of heat release are expected to be

weak. However, g is also expected to increase with decreasing Le as the effects of flame
normal acceleration strengthen with decreasing Le due to augmentation of burning rate
(see Table 4.5)%. Scaling a,,, as: a,, ~U’/l (Meneveau and Poinsot, 1991) or
&, ~U'/A (Tennekes and Lumley, 1972) where A is the Taylor micro-scale, yields

respectively:

Stem rg(Ka, Le) Da (6.35)
urb

ay, Da 7g(Ka, Le)

—hem. ~ Ka, Le ~ 6.36
= =g )(Rei,z J - (6.36)

As g increases with decreasing Le, the strain rate due to flame normal acceleration
A, dominates over turbulent straining a,,,, to give rise to a preferential alignment of

Ve with e, for the Le=0.34 and 0.6 cases. In the Le = 0.8, 1.0 and 1.2 cases a

chem

dominates over a,,, only in the region where the flame normal acceleration due to heat

tur
release is strong enough to induce a., >a,,, .- However, a,,, dominates over a., on
both unburned and burned gas sides of the flame brush where the effects of heat release
are relatively weak. For Le <<1 cases (e.g. Le=0.34 and 0.6 flames considered here)

Agpem >> Ay » l€ading to large negative contributions of T, , which are comparable to the
magnitude of the molecular dissipation term (-D,). For the low Damkdhler number

Le = 1.0 cases considered here (e.g. cases C-E) a

chem

~ a,,, and thus the effects of a

chem

are partially nullified by the influences of a,,, This results in a relatively smaller

magnitude of T, inthe Le 1.0 cases than in the Le <<1 cases (see Fig. 6.7).

! The exact form of g is not important for the purpose of this scaling analysis.
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Figure 6.9: Variations of (a) W" =Wx &, /(0,S,) (---), (b) |Vc|" =|Vc|xs, (—), (0)
Q" =W/ on)x oy 1 (p,S,) (—A—) and (d) Y* =D(oW/ on)|Ve|x Sz / p,SE (—e—) with ¢
for the Le=0.34(A), Le=0.6(B), Le=0.8(C), Le=1.0(D), Le=1.2(E) cases.

The term T, behaves as a source (sink) term towards the unburned (burned) gas sides of
the flame brush for all cases for A << &, (e.g. A~0.45,,). However, T4 acts as a leading
order source term throughout the flame brush for all cases for A>>o, (e.0.

A=28A, =2.80, ). Figure 6.7 also indicates that the magnitude of T4 increases with
decreasing Le. The term T,=2DVW-Vc can alternatively be expressed as:

T, =—2D(aWw/an)| V| where n is the flame normal direction and fi = -V¢/|V¢| is the
flame normal vector, which points towards the unburned gas side of the flame. The

variations of the mean values of nomrliased reaction rate W' =Wxd, /(p,S,),
normalised magnitude of reaction progress variable gradient |vc| =|vc|xs, and
normalised reaction rate gradient in flame normal direction Q" = (&Ww/aon)x5; 1 (p,S,)

conditional on bins of ¢ are shown in Fig. 6.9, which shows Q" assumes negative values
for the major part of the flame brush except the burned gas side where Q" is positive.
For single step chemistry the maximum value of w occurs close to ¢~0.8, which

suggests that the probability of finding negative (positive) values of Q™ is significant for
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c<0.8 (c>0.8). The variations of the mean values of Y™ =D(aWw/an)|Ve|x 3z [ p,S?

conditional on bins of ¢ across the flame front for different values of Le are also shown

in Fig. 6.9, which shows that Y assumes negative values for the major part of the flame

front before assuming positive values towards the burned gas side, and the magnitude of

Y * increases significantly with decreasing Le . The negative (positive) values of Q" and
Y" lead to positive (negative) values of T, = —ZWMVC\ when the flame is
partially resolved (i.e. A < J,,, forexample A = 0.46,,), which can be confirmed by Figs.
6.7 and 6.9. For A >4, the flame is completely unresolved and thus the sub-filter
volume includes more positive samples with high magnitudes of (—2D(8\N/an)|Vc|) than
the negative samples which are confined only in a small region within the flame front.
This leads to predominantly positive values of T, throughout the flame brush for A > &,
(e.g. A~2.85,,, see Fig. 6.7). Itis evident from Fig. 6.9 that the magnitudes of W*, Q*

and Y " increase with decreasing Le and this trend is especially strong for the Le <<1

cases (e.g. Le=0.34 and 0.6 cases considered here). The high magnitudes of

D(ow/ on)| V| for small values of Le (see Fig. 6.9) give rise to an increasing magnitude

of T, =—2D(&w/én)Ve| with decreasing Le.

Figure 6.7 shows that the molecular dissipation term (—D,) acts as a leading order sink
term for all cases irrespective of A. However, the magnitude of (—D,) also increases with
decreasing Le. It is worth noting that the components of the tensor o, (where the

components of o are given by oh, /0x; with h; being oc/0x;) assume non-zero values

only in the flame front and |Vc|_1 provides a measure of the local flame thickness where

o, remains active. The probability of finding high values of [Vc| increases signficantly

with decreasing Le (see Table 4.5 and Fig. 6.9), which indicates a high probability of
finding thin flame front for small values of Le. This acts to increase the magnitude of the

components of o, which, along with an increase in mass diffusivity D with decreasing

Le, leads to high magnitudes of (—D,) for small values of Le ata given A.
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The term f (D)= f,(D) assumes negative (positive) values towards the unburned

(burned) gas sides of the flame brush with the transition taking place close to the middle
of the flame brush for all cases for A<<dw (e.g. A~0.40w). However, the magnitude of the

negative contribution of f (D) remains smaller than the positive contribution for A<<dm,
which indicates that the negative contribution of f (D) on the unburned gas side also

remains smaller than the positive f,(D) contribution on the burned gas side. The high
magnitude of positive samples of f,(D) overcomes the negative contributions of f, (D)
in the filter volume for A>>¢, (e.g. A=2.80m), which gives rise to predominantly

positive values of f(D) for the major part of the flame brush. In cases A-E, FD5 can be

expressed as: FD5= pDN_(du; / ox;) (i.e. for constant pD) and the first two terms FD1

and FD2 on the right hand side of eq. (6.7) vanish for constant values of pD. The
contributions of the third and fourth terms on the right hand side of eq. (6.7) (FD 3 and

FD4) are responsible for the change in sign of f (D) within the flame brush.

It can be seen from Fig. 6.7 that the magnitudes of T,,T,,T,,T,,(-D,) and f(D) are
significantly affected by A, and the filter size dependences of the unclosed terms of the

SDR ch transport equation will be discussed next in thiscChapter.

6.2.3 Scaling estimate and filter size dependence of turbulent transport term Tz

The variations of the mean values of the turbulent transport term T, (see eq. 6.2 for its
definition) conditional on bins of € for cases A-E are shown for A<0.46, 1.60n and 2.8
in Fig. 6.10, which shows that T, assumes negative values towards both unburned and
burned gas sides while attaining positive values in the middle of the flame brush for all

cases considered here. Equation 6.2 and the previous section has shown that T, is closely
related to the sub-grid flux of SDR F* = (M - pu. NC). The variation of mean values
of E¥M, =(puN, -GN, )M, and (&N, /ox)M, conditional on bins of € are also
shown in Fig. 6.10. It can be seen from Fig. 6.10 that F*M, and (6N, /ox )M,
predominantly show same (different) signs for major portion of the flame brush in case
A-C (cases D-E). A gradient hypothesis based closure for F*9 vyields:

F9 =—(1 /o, )VN, where g, is the eddy viscosity and o is a suitable Schmidt
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number. Thus, the same (different) signs of F,**M, and (&N, /&x,)M, indicate a counter-

gradient (gradient) transport of SDR. Figure 6.10 indicates that a gradient transport is
prevalent (i.e. ¥ oc (0N, /x,) ) for cases D and E for A>>¢n, whereas a predominantly
counter-gradient transport has been observed for cases A-C for A>>dwm, which is
consistent with a previous analysis in the context of RANS (Chakraborty and
Swaminathan, 2010). The flame normal acceleration strengthens with the augmentation
of heat release with decreasing Le, and a counter-gradient transport is obtained when the
effects of flame normal acceleration overcome the effects of turbulent velocity
fluctuations and vice versa. The effects of Le on turbulent transport have been discussed
elsewhere (Chakraborty and Cant, 2009; 2009a; 2009b) and thus will not be addressed

here. The aforementioned scaling arguments yield:

~ 2
T ~ p£o79,(Le)S N, - Pot9,(Le)S, xLexDa>>Re®® for A>> & (6.37)
1 A 52 A A th
th

In eq. (6.37) the sub-grid flux of SDR is scaled as:

2

I ~ S
(puN; = pi;N;) ~ p,79,(Le)S, N, ~ pngz(Le)g_L (6.38)
L

where the sub-grid velocity fluctuations are scaled with respect to zg,(Le)S, where

g,(Le) is a function (the exact form is not important for the purpose of this scaling

analysis) which increases with decreasing Le and accounts for strengthening of flame

normal acceleration with decreasing Le .

Alternatively, the sub-grid wvelocity fluctuations can be scaled using U} as:
(PN, —pN,) ~ pou; N, ~ (S} )/S, . Accordingly, T1 could be scaled in the

following manner:

T ~ pOSLuL _ ,0085

xLexDa® for A>> 6 6.39
1 A5|_ é‘tf] A th ( )

Equation (6.37) is more suitable for counter-gradient transport as U, <<S, whereas eq.

(6.39) is proper for gradient transport for u), >>7S, . For the cases considered here a

combination of counter-gradient and gradient transport has been observed (see Fig. 6.10)
and thus both egs. (6.37) and (6.39) remain relevant. Equations (6.37) and (6.39) indicate
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that the magnitude of T: is expected to decrecase with increasing A, as

Da, =(A/68,,)(S,/u}) and Da, Re, ~(A/d,)? increase with increasing A (Dunstan et

al., 2013).
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Figure 6.10: Variation of mean values of T, x 52/ p,S? (Lst column), (pui N, — 50, r\]c)|\/|i x5, /posf

(2nd column) and (aNc/axi)|\/|i X@ﬁ/SL (3rd column) conditional on bins of € at A~0.4du (- - -

), 1.66n (—=—) and 2.80m ( ) for the Le=0.34(A), Le=0.6(B), Le=0.8(C), Le=1.0(D),
Le=1.2(E) cases.

It is evident from Fig. 6.10 that the magnitude of T, indeed decreases with increasing A.
Moreover, the scaling estimates T, ~pozgz(Le)SLNC/A and T, ~ pou'AIClC/A indicate

an increasing trend of T, with decreasing Le due to high values of N~C and g,(Le) for

small values of Le. This can also be substantiated from Fig. 6.10, which shows that the
magnitude of T, increases with decreasing Le fora given A.
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It is worth noting that the sub-grid flux of reaction progress variable R¥ = (pu.c— pu.C)
can be scaled with respect to p,79,(Le)S, (p,uy) in the case of counter-gradient

(gradient) transport where U, <<1S, (u) >>1S, ). This leads to the following scaling

relations for F¥ =(pu,N, — g N, ) and T,

(U, - p0.N.) ~ (puc— pa N, and T, ~ LU= f“ic)'\'c for A>>5,  (6.40)
Equation (6.40) remains valid for both gradient and counter-gradient transport. Moreover,

eq. (6.40) indicates that the modelling of sub-grid flux of SDR F is closely related to

the closure of sub-grid scalar flux R*. This is consistent with previous findings

(Chakraborty and Swaminathan, 2010) in the context of RANS, which demonstrated that
the statistical behaviour and modelling of Reynolds fluxes of SDR and the scalar are
closely related and one obtains counter-gradient (gradient) transport of Reynolds flux of

SDR where turbulent scalar flux shows counter-gradient (gradient) behaviour. Equation
(6.40) further indicates that the modelling of sub-grid flux of SDR F.** and turbulent
transport term T, in the context of LES depends on accurate modelling of sub-grid scalar

flux R . Thus the models for F* and T, should be proposed in terms of R so that
both counter-gradient and gradient transports of SDR can be appropriately accounted for
in LES of premixed turbulent combustion. It is worth noting that failing to address
counter-gradient transport of F*° could potentially lead to artificial thickening of the

flame. Under extreme conditions, transported SDR could provide high unrealistic values
of SDR and filtered reaction rate in the burned gas side of the flame brush in the absence
of accuarate turbulent transport modelling.

6.2.4 Scaling estimates and filter size dependences of the density-variation term, Tz,

and the scalar-turbulence interaction term, T3

The contribution of the density variation term, T, (defined in eq. (6.3)), for low Mach

number unity Lewis number flames can be expressed as T, =2pV -UN_ which does not

strictly hold for non-unity Lewis number flames, but T, could still be scaled as:
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T, ~2pV-UN, . Chakraborty et al. (2009) proposed that the dilatation rate V- could be

scaled as:

Vi~ 1m TS, (6.41)
Le" | 3,

where m is a positive number, but greater than unity (i.e. m>1), which suggests that T,

can be scaled as:

T - pOTSE

6.42
2 Lemflétﬁ ( )

The resolved part of T, (i.e. (T,),.) can be scaled in the following manner for A >> 6, :

res

~ 06 o¢ au. 2 U
(Tz)res - /_)Dﬁﬁ L~ pOSL x ul L

X
ox ox 0x; S8y S_ LeRe;’Da,’

for A>>6ih (6.43)

where Uret is a velocity scale representing the Favre-filtered velocity components U, and
the length scale associated with resolved scale velocity gradients is taken to scale with A

for A>> ¢, . Equations 6.42 and 6.43 show that the contribution of (T,),., to T, decreases

res

with increasing A. Also the high probability of obtaining small values of

—2(D/ p)[W+V.(pDVc)|[VeVp  with increasing A, as large values of
—2(D/ p)[W+V.(pDVc)|VeVp and N, are confined within the flame front, further

reduces the magnitude of T, with increasing A. However, T, x5;, / p,S? remains of the

order of 7/Le™" irrespective of A. The aforementioned behaviour of T, in response to
A and Le can be verified from Fig. 6.11 where the variations of the mean values of T,

conditional on bins of C for cases A-E are shown for A = 0.46,,, 1.65,, and 2.89,, .

The predominant negative values of the scalar turbulence interaction term T, (see eq.

(6.4) for its definition) indicates a predominant VcC alignment with e,, and the

al

dominance of a,, over a,,. For Le # 1 flames a,., can be taken to scale with

chem chem

a

chem

~Le™ (S, /6,,) where n is a positive number greater than unity (i.e. n >1). This

can be utilised to scale T, as:
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T3 - pachem c Len_lé;ﬁ

(6.44)

whereas the resolved part of T, (i.e. (T,),,) can be scaled in the following manner for

res

A>> 0,

(T) —_2_Dﬁﬁﬁ~ pOSE XUrEf % 1 (6 45)
e TP o ox, ox, 02 S, LeRel Dal® '
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Figure 6.11: Variation of mean values of T,x52/p,S? (1% column) and T,x 52/ p,SZ (2™

column) conditional on bins of € at A=0.4un (- - -), 1.66n (—=—) and 2.85u ( ) for the
Le=0.34(A), Le=0.6(B), Le=0.8(C), Le=1.0(D), Le=1.2(E) cases.
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Equations (6.44) and (6.45) indicate that the contribution of (T,)

s 10 T, progressively

decreases with increasing A, which along with an increased probability of obtaining

small magnitudes of —2p(e, cos” ar+e,cos’ f+e, cos’ )N, within the filter volume,
leads to a reduction in magnitude of T, with increasing A. This can also be substantiated

from Fig. 6.11 where the variations of the mean values of T, conditional on bins of ¢ for

cases A-E are shown for A~0.40wm, 1.60w and 2.80w. Equations (6.44) and (6.45) indicate

that the magnitude of T, for a given filter width is expected to show an increasing trend

with decreasing Le, which is consistent with the variation of T, shown in Fig. 6.11.

It is worth noting that T, can alternatively scaled based on a,,, ~u'/ A as: T, ~ pa,,, N,
which yields an alternative scaling estimate of T, subject to the inertial range
assummption (z/ p)(U'* I ) ~ul /A

poSf>< Le ><RelA’2 ~,oOSf>< Le
Da, o; Pr”

xKa, (6.46)

Equation (6.46) is more appropriate for high Karlovitz number combustion where the

effects of heat release are expected to be weak. However, both eqgs. (6.44) and (6.46)
indicate that T, is expected to play a key role in the SDR N, transport, which is consistent

with the observations made from Fig. 6.7.

6.2.5 Scaling estimates and filter size dependences of the reaction rate contribution,

T4, molecular dissipation term, (-Dz), and the diffusivity gradient term, f(D)

The reaction rate gradient &Ww/on can be scaled as ow/on ~ p(Le)x (p,S, / 52) where
#(Le) is a function, which increases with decreasing Le in order to account for the

augmentation of the magnitudes of oW/ on (see Fig. 6.12) with decreasing Le. The above
information can be utilised to obtain following scaling estimates for the reaction rate
contribution, T4 (defined in eq. 6.6), and the resolved component of T4 for A>>dw:

(Le)p,S?
T, ~ % (6.47)
th
(T ) — 25@& - @1(Le)p085 % 1
Ao X, O, 52 LeRe, Da,

(6.48)
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where W is scaled as ‘7V~¢1(L9)X(POSL/5m) with ¢ (Le) being a function, which

increases with decreasing Le to account for high burning rate for low Lewis number

flames (see Table 4.5 and Fig. 6.9). It is worth noting that the exact mathematical

expressions of ¢ and ¢, are not important for the purpose of this scaling analysis.
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Figure 6.12: Variation of mean values of T, x37 /p,S? (st column) , (-D,)x 52/ p,S? (2nd

column) and f (D)x &7/ p,S2 (3rd column) with € at A<0.45 (= = =), 1.65n (—=—) and 2.85n
( ) for the Le=0.34(A), Le=0.6(B), Le=0.8(C), Le=1.0(D), Le=1.2(E) cases.

It has already been discussed earlier in this analysis that the components of o, is expected

to assume high magnitudes for small values of Le because of thinning of the flame front

(see Figs. 6.6 and 6.9). Thus, the components of o, could be scaled as: o, ~ ¥(Le)/ 5;
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where W(Le) is a function (again the exact mathematical expression is not important for

this analysis), which increases with decreasing Le in order to account for the thinning of

flame front for small values of Le (see Figs. 6.6 and 6.9). Using o, ~‘¥(Le)/ 2 yields

following scaling estimates for the molecular dissipation term (—D, ) (see eq. (6.6) for
its definition) and its resolved component (-D,),,. for A>>6,,:
x Le™ (6.49)

0°c 0 ~,oosf>< 1
xox; oxox; &, Le’ReiDa;

(-D,),, =—2pD? (6.50)

Subject to the assumption of inertial scaling u’/I ~ uf/A one obtains the alternative
scaling when o is scaled with respect to the Kolmogorov scale » similar to the passive
scalar mixing:

poSt . Kay
-D,)) ~ X ,
(=02 52 PriLe?

for A>> 6, (6.51)

For the current cases Ka"* ~ &, /17~ O(1), so both egs. (6.49) and (6.51) are expected to

yield similar scaling estimates.

As pD is treated as constant in cases A-E, the first two terms of the difffusivity gradient

term f(D) (see eq. (6.7) for its definition) on the right hand side vanish and FD5 can be

expressed as: FD5= pV-UN, using the mass conservation equation. It has been discussed

earlier that T, could be scaled as: T, ~2pV-UN_ whereas an equality holds for the

Le=1.0 flames. Thus, for the present cases f(D) can be scaled as:

f(D) ~(T,/2)+ FD3+ FD4 using pN V.U ~T,/2. This leads to the following scaling
estimation of f (D) using eq. (6.42):

F(D)~T, ~ LB (6.52)

whereas the resolved component f (D)., can be taken to scale as:

res?
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~ 27— ~
f(D)res — aC a(:OD) a +25£a (pD)a_c_i p 8c 6C 6D
axk OX,  OX;OX; OX, OX;0X, OX; 0OX; axk 6xk ax
_zpDaD ofococ), 5| )d, gD (6.53)
OX; OX; \ OX, OX, X, OX, )| ot OX;

PSE o o
~ 2L xLe? Re, Da,’

th

Equations (6.47)-(6.53) demonstrate that the magnitudes of (T,),., (-D,),,, and f(D)

res? res

decrease with increasing A, which along with increased probability of obtaining small

magnitudes of 2DVW.Vc, —2pD2(0hi/8xj)(ahi/8xj) and f (D) within the filter

volume for A>> 4, , leads to reductions in magnitudes of T,, (-D,) and f(D) with
increasing A. This behaviour can be confirmed from Fig. 6.12 where the variations of
the mean values of T,, (-D,) and f (D) conditional on bins of € for all cases are shown
for A=0.40t, 1.60w and 2.85w. Equations (6.47)-(6.53) also suggest that the magnitudes of
T,, (-D,) and f (D) are expected to increase with decreasing Le for a given A, which

can also be substantiated from Fig. 6.12.

Case |(u’/S. |l/n |Re:r |Da |7 Le Ka Cm Kilzr
A 7.5 245 | 470 | 033 | 45 | 0.34 | 13.2 | 0.92 0.52
B 7.5 245 | 470 | 033 | 45 0.6 | 13.2 | 0.87 0.67
C 7.5 245 | 470 | 0.33 | 45 0.8 | 13.2 |0.867| 0.71
D 7.5 245 | 470 | 0.33 | 45 1.0 | 13.2 [{0.825| 0.78
E 7.5 245 | 470 | 033 | 45 1.2 | 13.2 {0816 | 0.79
F 5.0 167 | 220 | 0.33 | 45 1.0 | 867 [0.825| 0.78
G 6.25 | 144 | 235 | 0.23 | 4.5 1.0 | 13.0 {0825 | 0.78
H 7.5 250 | 480 | 0.33 | 45 1.0 | 13.0 [|0.825| 0.78
| 9.0 431 | 100 | 0.48 | 45 1.0 | 13.0 [|0.825| 0.78
J 11.25 | 3.75 | 110 | 0.33 | 45 1.0 | 195 [0.825| 0.78
K 7.5 245 | 470 | 033 | 20 1.0 | 13.2 | 0.85 | 0.746
L 7.5 245 | 470 | 0.33 | 3.0 1.0 | 13.2 | 0.85 | 0.756
M 7.5 245 | 470 | 0.33 | 6.0 1.0 | 13.2 | 0.85 | 0.795

Table 6.2: Initial values of simulation parameters and non-dimensional numbers relevant to the
DNS database
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6.2.6 Modelling implications in the context of LES
The scaling estimates for the different relevant quantities, as given by egs. (6.37)-(6.53),

are summarised in Table 6.1 for quick reference. Table 6.1 demonstrates that the terms
T2, T3, Ts, (-D2) and (D) are likely to play key roles in the SDR N~C transport irrespective

of A, which is consistent with previous findings in the context of RANS (Chakraborty et
al., 2011; Chakraborty and Swaminathan, 2010). Moreover, Table 6.1 and Figs. (6.11)-
(6.121) indicate that the magnitudes of Tz, Ts, T4, (-D2) and f(D) are expected to increase
with decreasing Le and similar observations have been made earlier by Chakraborty and
Swaminathan (2010) in the context RANS. As introduced in Chapter 2 that an algebraic
model of SDR was proposed (Kolla et al., 2009) based on the assumption of the

equilibrium of the generation and destruction of the scalar gradients, which equivalently
assumes the standing of T, +T,+T, —D, + f (D) = 0 in the context of RANS. The above

model has been extended laterly to cover the differential diffusion effects of heat and
mass (Chakraborty and Swamianthan, 2010). The scaling relations given by egs. (6.37)-
(6.53) indicate that [T, +T,+T,+ f(D)]~ D,, which allows for obtaining an algebraic

estimation for Nc by putting the model expressions for the unclosed terms
T,,T;,T,, f (D) and (-D,) in the expression [T, +T,+T,+ f(D)] ~ D, . It is important to
note that T, is a transport term and thus the volume-integral of this term vanishes so it
does not play any role in the generation/destruction of Nc. The variations of the mean
values of [T, +T,+T, + f(D)]/D, conditional on € for different values of A for cases

A-E are shown in Fig. 6.13. It can be seen from Fig. 6.13 that [T, +T,+T, + f(D)]/D,
remains of the order of unity for all values of A in all cases. However,

[T, +T,+T,+ f(D)]/D, assumes a value close to unity for the major portion of the flame
brush for large filter widths (i.e. A >>d,,) and this trend strengthens with increasing A.
This suggests that T, +T,+T,—D, + f (D) ~0 remains roughly valid for A>>6,. The
transient term ,5(6I\~lC /ot) in the SDR transport equation for turbulent flows can be scaled
as:  p(oN, /at) ~ puiN, /A~ (p,S%/52)Dat. This suggests that the magnitude of
E(GNC/ ot) weakens with increasing A because Da, shows an increasing trend with

increasing filter width (Dunstan et al., 2013). Thus, T,+T,+T,-D,+ f(D) =0 is not
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expected to hold for small values of A (e.g. A <y,) but this assumption roughly holds

in an order of magnitude sense for large filter widths (i.e. A>>9,,).

To+T5+Ta+f(D)
D

T+ T3+Ty+ (D,
Do

Figure 6.13: Variation of mean values of [T, +T,+T,+ f (D)]/D, conditional on bins of € at

A=0.46n (---), 1.66n (—=—) and 2.80n ( ) for the Le=0.34(A), Le=0.6(B), Le=0.8(C),
Le=1.0(D), Le=1.2(E) cases.

Therefore, it is reasonable to expect that the algebraic models proposed based on this
assumption remain feasible for the large filter widths but may require modifications for
the filter widths which are comparable to or smaller than the thermal flame thickness.
This will be discussed in the next section in detail together with other possible approaches
to algebraicaly closure of SDR for LES.

6.3 Algebraic closure of SDR in the context of LES
A model of Nc , Which is widely used for sub-grid SDR closure for passive scalar mixing

is given by Girimaji and Zhou (1996) as:
N, = (D+D,)VEVE (6.54)

where D, is the eddy diffusivity and is often modelled based on sub-grid eddy viscosity
v, as:

D, v, = (C.A)? (2§U. s”ij )2 (6.55)
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where v, =(C,A)? (28~ijS~ij)1/2 is the Smagorinsky-Lily model of sub-grid eddy viscosity

(Smagorinsky, 1963), §ij =0.5(0U; / ox; +0ou; 1 0x;) is the resolved strain rate, and C
is the Smagorinsky constant which assumes a theoretical value of C, = 0.18 for decaying

turbulence (Girimaji and Zhou, 1996) and this value of C. is used in the present a-priori

DNS analysis. The model given by eq. (6.55) is referred to as the SDR-C (SDR-

Conventional) model.

The SDR is closely related to the generalised Flame Surface Density (FSD) (Boger et al.,
1998) =, = W = (N, /D)2 (Bray and Swaminathan, 2011; Vervisch and Veynante,

2002). The FSD is often modelled in terms of a wrinkling factor =, =X, /|V| in the

gen

following manner (Charlette et al., 2002a,b; Knikker et al., 2004; Chakraborty and Klein,
2008):

D -2

2 F

5, = | (6.56)
|VC| m;

where 7; and n, are the inner and outer cut-off scales and D is the fractal dimension

based on FSD. The filter width A can be taken to be the outer cut-off scale 7, . Dunstan

et al. (2013) defined a SDR based wrinkling factor =, drawing on the analogy with eq.
(6.56), as follows:
N

- 6.57
°  DVeve (6:57)

[1]

Dunstan et al. (2013) also explored the possibility of modelling =, by using a power-

law in the following manner:

5 = (”—OJ (6.58)
Mo

where ¢, is the power-law exponent, 7,5 is the inner cut-off scale for =, whereas the

outer cut-off scale n, for LES can be taken to be the LES filter width A. According to

eq. (6.57), W can be considered to be directly proportional to ,BNC for A>> 6, , and thus
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the volume-averaged value of pN. :,o_l\lc should remain independent of A for A>> 06,

, which leads to (oN, ), :<'5N°>v where (...), indicates a volume averaging operation.

\Y

Using egs. (6.57) and (6.58), it is possible to write:

log=] =log [<—V} = ap logA—ag logn,, (6.59)

where =f =(pN, ) /(pDVEVe) indicates the wrinkling factor based on the volume-

averaged quantities. Thus a linear variation between logZ! and logA confirms the

power-law behaviour postulated in eq. (6.58), which was demonstrated earlier for

A >> o, by Dunstan et al. (2013). However, it is worth noting that:

lim(pN, ) = pDVEVE = pDVe.Ve (6.60)

A—0

whereas p Nc approaches zero according to eg. (6.58). Dunstan et al. (2013) modified eq.

(6.58) in the following manner to overcome this difficulty:

Bl = exp(—é’1 Aj{l—exp(—é’z AH(AJ (6.61)
O, S, o

where 6, and 6, are the model parameters (Dunstan et al., 2013). According to eq. (6.61)
=Y approaches unity (i.e. Z; — 1) for small values of filter width (i.e. A—0), whereas
one recovers egs. (6.58) and (6.59) for A >> &, . Thus, it is possible to propose a model

for NC, in the following manner provided the power-law exponent «, and 7, are

suitably parameterised and optimised values are used for 6, and 6, :

N, = f)vc.ve[exp[—elA}{l—exp(—ez AH(AJ ] (6.62)
O O Mip

The model given by eq. (6.62) is referred to as the SDR-PL (SDR-Power-Law) model

here. It is worth noting that one will obtain =}, :<ENC>V /</3I5VE.VE>V =1.0 for

A <6, if n, is not permitted to be smaller than 7, . However, DNS results (see Dunstan
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et al. (2013) and Fig. 6.14 later in this chapter) show =} >1.0 even for 0<A<3,, .

This necessitates an expression such as eq. (6.62), which has the capability of capturing

=Y variation with A,

Dunstan et al. (2013) discussed the possibility of extending a RANS algebraic SDR
closure proposed by Kolla et al. (2009) for the purpose of LES in the following manner:
~ S 2u),

~ A *
N, = DVEVE+[1-exp(-0-—)]| 2K; =~ +(C,—7C,Da
c [1—exp( dh)]{ 5, (C;—7C,Da,) 2+

C1-6)/ B (6.63)

where S, is the unstrained laminar burning velocity. The model parameters 8,C;,C, and

B, ineq. (6.63) are given by:

15,/Ka, 1.1

9:075, C = ; [
o1+ Ka, ' (1+Ka,)o

and g, =24 (6.64)
In eq. (6.64) K. is a thermo-chemical parameter which provides information regarding

the SDR-weighted dilatation rate V.U (Kolla et al., 2009) in the following manner:

j[pNCV.Uf (©)], dc
K:=Ono (6.65)

>IN, FO), e

The same expressions of K, C, and C, were proposed by Kolla et al., (2009) in the
context of RANS and the value of £, has been modified by Dunstan et al. (2013) to adopt
this model for LES. The function [1—exp(—-6A/d, )] ensures that Nc approaches
DVc.Vc when the flow is fully resolved (i.e. A—0) and this function and the first term
on the right hand side of eq. (6.63) were absent in the model proposed by Kolla et al.
(2009) as the RANS model was proposed only for the unresolved part of SDR (i.e. &,).
Theterms 2K (S, /5,,) and (C, —zC,Da,)(2u} /3A) ineq. (6.63) arise due to dilatation

and normal strain rate contributions to the SDR transport, whereas C(1—C)/ g, originates
due to the combined reaction and molecular dissipation contributions (Kolla et al., 2009).
It is worth noting that the model given by eq. (6.63) and the model of Kolla et al. (2009)

are strictly valid for unity Lewis number (i.e. Le=1.0) flames. Moreover, the
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performance of eq. (6.63) was assessed for LES based on the a-priori analysis of a single

unity Lewis number V-flame DNS database, and thus it is important to assess the
performance of this modelling methodology for different values of z, Le and Re.

It was demonstrated by Chakraborty and Swaminathan (2011) that global Lewis number
Le has significant influence on the statistical behaviour of SDR &, in the context of
RANS (i.e. A/¢, — o) and the model proposed by Kolla et al. (2009) has been modified
by Chakraborty and Swaminathan (2011) to account for non-unity Lewis number effects
on &, closure in RANS. This modified RANS model for &, is extended for N~C closure
in the context of LES in the following manner:

2K’S,

1.88
Le™™5,,

N, = DVE.VE +(1— f)[

. . 2uh |c.l-c
+(C; —T.DaAcz‘)B—AA}% (6.66)

Ngg

where f =exp[-0(A/J,,)"] is a bridging function and C;,C; and S, are the model
parameters. Chakraborty and Swaminathan (2011) suggested the following expressions
for C; and C,:

2.0yKa, 12(1.0-¢)®

C;=—Y 2 C;= where ®=0.2+15(0-Le)| (6.67)
1.0+,/Ka, Le2%7(1+ Ka, )04

It is worth noting that the first term on the right hand side of eg. (6.66) was absent and
the second term featured without (1- f) in the RANS model by Chakraborty and

Swaminathan (2011). The bridging function (1- f) ensures that N_ approaches to
N, =DVc.Vc for small values of filter size (i.e. lim, I\~lC =N, =DVc.Vc where
f ~1.0), whereas eq. (6.66) approaches to the RANS model expression proposed by
Chakraborty and Swaminathan (2011) for A>>J, where f ~0.0. The terms
2K (S, /Let®s, ) and (C; —7.Da,C;)(2u} /3A) in eq. (6.66) arise due to dilatation
and strain rate contributions to the SDR transport, whereas C(1—C)/ S, originates due to

the combined reaction and molecular dissipation contributions (Kolla et al., 2009;
Chakraborty and Swaminathan, 2010, 2011). Equations (6.63) and (6.66) have similar

expressions, and they provide similar performances for the unity Lewis number (i.e.
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Le=1.0 ) flames, but the effects of Le are included in eq. (6.66) and thus the

performances of eq. (6.66) will only be discussed in this paper for the sake of conciseness.

The model given by eq. (6.66) will henceforth be referred to as the SDR-RE (SDR-RANS

Extended) model here. It is worth noting that the sub-grid turbulent velocity fluctuation
(i.e. u}) needs to be modelled in actual LES and u}, is often evaluated in the following

manner (Pope, 2000):

ul = (6.68)

where C, =0.094 is a model parameter. As u’, appears explicitly in eqg. (6.66) and in the

definitions of Da, and Ka,, which are the input parameters for the SDR-RE model

given by eq. (6.66). Thus, the modelling of u} is expected to play an important role in its
predictive capabilities of eq. (6.66). The performances of SDR-C, SDR-PL and SDR-RE

models will be compared with Nc extracted from the DNS data for a range of filter widths

A.

Case | A /A 0, 0, ap | nploy, | B | BS
A 3.93 0.01 | 0.69 | 142 0.73 435 | 4.9
B 2.66 0.01 | 055 | 1.32 0.88 435 | 4.9
C 211 0.01 | 045 | 1.19 0.92 435 | 49
D 1.84 0.01 | 042 | 1.07 0.93 435 | 4.9
E 1.76 0.01 | 040 | 1.04 0.93 435 | 4.9
F 1.1 0.01 | 0.33 | 0.86 0.93 48 | 55
G 1.25 0.01 | 0.34 | 0.88 0.94 48 | 55
H 1.85 001|041 | 112 0.98 41 | 49
I 3.75 0.01 | 045 | 1.18 0.96 40 | 45
J 3.80 0.01 | 048 | 1.26 0.97 40 | 45
K 2.04 0.01 | 047 | 1.14 0.92 24 | 24
L 1.94 0.01 | 045 | 1.13 0.90 33 | 38
M 1.74 0.01 | 0.42 | 1.02 0.93 48 |4.86

Table 6.3: Normalised flame surface area when statistics were extracted and the optimum
model parameters for egs. (6.62) and (6.66).
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Figure 6.14: Variations of wrinkling factor based on volume averaged quantities ZY (

)

with normalised filter width A/J,, on a log-log plot along with the predictions of SDR-C model

(i.e. eq. (6.54)) (%), SDR-PL model (i.e. eq.(6.62)) (@) and SDR-RE model (i.e. q.(6.66)) (o) for
case A-F, J and L. Power-law model (eq. (6.62)) predictions are shown for the optimum values

of 6, and &, reported in Table 6.3 and the values of &, and 7, extracted from DNS data. The

SDR-RE model (eq. (6.66)) predictions are shown for the optimum values of /3, reported in Table
6.3.

The variations of =} (see eq. (6.58)) with normalised filter width A/J, in cases A-F, J

and L are shown in Fig. 6.14 on a log-log plot along with the predictions of SDR-C (i.e.
eg. (6.54)), SDR-PL (i.e. eqg. (6.61)) models. Figure 6.14 shows that the SDR-C model

underpredicts =Y for all cases considered here for the theoretical value of Smagorinsky
constant for decaying turbulence (i.e. C, = 0.18). It is worth noting the predictions of the

SDR-PL (i.e. eqg. (6.61)) model are shown in Fig. 6.14 for optimum choices of ¢, and o,
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which capture the variations of =7 with A/&,, . Equation (6.61) is multiplied with 5 to

obtain an expression for =} in order to estimate the optimum values of ¢, and @, . The

values of 6, and &, which yield satisfactory qualitative and quantitative predictions of
the variation of =} with A are estimated based on a least-squares method. It has been
found that the value of 6,, which leads to satisfactory prediction of =Y, does not change
from one case to another and the optimum value of 8, remains close to 0.01. For the sake
of simplicity &, =0.01 is taken for all cases and a least squares method is used to obtain

optimum values of ,. The optimum values of ¢, and @, for cases A-M are shown in

columns 3 and 4 of Table 6.3 respectively.

It is evident from Fig. 6.14 that a power-law between =} with A/J,, (see egs. (6.58) and
(6.59)) can be obtained for A >5,, where log(Z}) shows a linear relation with
log(A/d,,), which is consistent with the previous findings by Dunstan et al. (2013). The
slope of the best-fit straight line with the steepest slope corresponding to the linear

variation of log(Z) with log(A/5,,) provides the value of power-law exponent c .

The intersection of this best fit straight line with =Y, =1.0 (i.e. log(Z() =0.0) provides

the measure of the inner cut-off scale 7,,. The values of « and 7., /5, obtained from

DNS are reported in columns 5 and 6 respectively for cases A-M. It is evident from Fig.

6.14 and Table 6.3 that the inner cut-off scale 7,, remains of the order of J,, for all the

cases considered here, which is consistent with previous findings by Dunstan et al.

(2013). This suggests that 7, is not significantly affected by r, Le and Re, . By contrast,
7, Le and Re, have significant influences on the power-law exponent «. The power-

law exponent «, increases with decreasing Le (i.e. from Le=1.2 in case E to Le=0.34 in

case A), which consistent with increasing extent of flame wrinkling with decreasing Le

which is consistent with the ¢ isosurfaces and A /A, values shown in Fig. 4.1 and

column 2 of Table 6.3 respectively.

It has been found that the SDR-RE model (i.e. eq. (6.66)) satisfactorily captures the
variation of =} with A/, when f is taken to be f =exp[-0.7(A/5,,)""] (for the

present thermo-chemistry f =exp[-0.7(A/ &, )""]~ exp[-0.325(Da, Re,)**]) and the
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optimum global values of g, have been used, which can be substantiated from Fig. 6.14

where the predictions of the SDR-RE model for f =exp[-0.7(A/&,)"'] and the
optimum values of g, are shown. Equation (6.61) is multiplied with p to obtain an
expression for =} in order to estimate the optimum values of &, p and g, . The values
of g., 6 and p, which provide satisfactory qualitative and quantitative predictions of
the variation of =} with A, are estimated based on a least-squares method. It has been
found that the values of @ and p , which lead to satisfactory prediction of Z}, do not
change from one case to another and the optimum values of # and p remain close to 0.7
and 1.7 respectively. For the sake of simplicity # =0.7 and p =1.7 are taken for all cases

and a least squares method is used to obtain optimum values of £, .

The global optimum values of . for the cases considered here are shown in column 7 of
Table 6.3, which indicates that S, increases with increasing z (i.e. fc =2.4 to 4.86 from t

=2.0t0 6.0), which is consistent with 5. =2.7 for the model expression given by eq. (6.66)
for the flame with 7 = 2.52, analysed by Dunstan et al. (2013). Moreover, a comparison

of the optimum values of S, for cases F-J reveals a weak variation of £, butitis difficult

to ascertain if this variation originates due to statistical variation or due to the turbulent

Reynolds number Re, dependence. A recent RANS based analysis by Chakraborty and
Swaminathan (2013) also revealed a weak Re, dependence of S,. However, the
variation of S, between cases F-J has been found to be much weaker than the dependence

on the heat release parameter ¢ (see cases K, L, D and M). It is worth noting that a

different set of optimum values of S, can be obtained for a different expression of f but
the present choice of f =exp[-0.7(A/&,)""] yields optimum values of B, which only
exhibits r dependence and remains a weak function of Le and Re,. This makes

f =exp[-0.7(A/ 5, )""] as a desirable bridging function for practical applications.

The variations of mean values of normalised SDR N. =N, x &, /S, conditional on €
across the flame brush at A =0.86,, and A = 2.86,, for cases A-F, J and L are shown in

Figs. 6.15 and 6.16 respectively along with the predictions of the SDR-C (i.e. eq. (6.54)),
SDR-PL (i.e. eq. (6.61)) and SDR-RE (i.e. eq. (6.66)) models for o and 7,, extracted
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from DNS data and the optimum values of 6,,0, and S, (as reported in Table 6.3) for

which the variation of =} with A/&,, is accurately captured. It can be seen from Fig.

6.15 that all three models satisfactorily capture the behaviour of the mean value of
normalised SDR IQC* conditional on C for filter widths A <&, (e.g.A=~0.85,,) for

flames in cases B-F, J and L but the SDR-PL model (i.e. eq. (6.61)) shows overprediction

for Le<<1.0 cases (e.g. case A with Le=0.34) at A = 0.80,, even with the optimum values
of ¢, and @, for which the SDR-PL model satisfactorily captures the variation of =}
with A/o,, . However, the SDR-C (i.e. eq. (6.54)) and SDR-RE (i.e. eq. (6.66)) models
more accurately predict the mean value of normalised SDR N; conditional on € for case

B at A~0.89, than the SDR-PL model. A comparison between Figs. 6.15 and 6.16

reveals that the differences between the predictions of the SDR-C, SDR-PL and SDR-RE
models increase with increasing A. Figure 6.16 shows that the SDR-PL model (i.e. eq.

(6.61)) overpredicts the mean value of normalised SDR NC* conditional on € for A > &,
(e.0. A=2.86,,), and does not adequately capture the qualitative behaviour obtained from
DNS data, even when «, and 7,, are extracted from DNS data, and the optimum values
of ¢, and @, for which the SDR-PL model satisfactorily captures the variation of =},
with A/&,,, are used. By contrast, the SDR-C model (i.e. eq. (6.54)) underpredicts the
mean value of N_x &, /S, conditional on € at A~ 2.85,, for all the cases considered
here. It is worth noting that the Smagorinsky constant C. in eq. (6.54) (which has been
taken here as C, = 0.18 according to the theoretical analysis for decaying turbulence) is
often taken to be C,=0.1, which will make the SDR-C (i.e. eq. (6.54)) model to

underpredict further than the results shown in Figs. 6.14-6.16.

For using the SDR-PL model in an actual LES simulation, the quantities «, 6, and @,

need to be parameterised in terms of resolved-scale quantities. However, such

parameterisation has not been attempted here because the SDR-PL model fails to capture

the variation of the mean values of normalised SDR Ng conditional on C across the
flame brush, especially for A > &,,, even when the optimum values of parameters ¢, and

o, for the accurate prediction of =} are used, and the values of « and 7, are extracted

from DNS data. The first term on the right side of eq. (6.61) (i.e.
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DVEVE [exp(-6,A1 8,)]) remains a major contributor for A < &, and thus eq. (6.61) is

more successful in capturing the local behaviour of I\~Ic for A <9, than A> 5, (see

Figs. 6.15 and 6.16). This suggests that a power-law based model with a single global
value of o, may not be suitable for capturing the correct qualitative variation of N~c
even when the optimum values of ¢, , 9, , and 7,, are used in eq. (6.61). The discrepancy
between satisfactory prediction of =} and inadequate prediction of the mean values of
normalised SDR N: conditional on C by the SDR-PL (i.e. eq. (6.61)) model arises
possibly due to multi-fractal nature of SDR (i.e. a power law of the form =, = (i, /77,)*°
has a single exponent « but a continuous series of exponents is necessary to describe

the statistics of =,. For example ZXrq ~X3(r/L)™?® where X, is defined as

X, :INCd‘“')? with «,(q) being the exponent associated with any real number q for

which the power-law behaviour is obtained. For the above description the summation is
taken over a box of size r for a domain of characteristic length L). Interested readers are
referred to (Sreenivasan et al., 1989; Sreenivasan, 1991; Prasad and Sreenivasan, 1990;
Shivamoggi, 1995) for further information on multi-fractal nature of SDR. The
performace of the SDR-PL model is also found to be consistent with earlier findings by

Dunstan et al. (2013) for turbulent premixed flames.
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Figure 6.15: Variation of mean values of normalised SDR N~C+ ( ) conditional on C across

the flame brush along with the predictions of SDR-C model (i.e. eq. (6.54)) (—+—), SDR-PL
model (i.e. eq. (6.62)) (—&—) and SDR-RE model (i.e. eq. (6.66)) (—*%—) at A ~ 0.85,,

for cases A-F, J and L. Power-law model (eq. (6.62)) predictions are shown for the optimum
values of &, and 6, reported in Table 6.3 and the values of & and 7, extracted from DNS

data. The SDR-RE model (eq. (6.66)) predictions are shown for the optimum values of £,
reported in Table 6.3.
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Figure 6.16 : Variation of mean values of normalised SDR Ng (——) conditional on C

across the flame brush along with the predictions of SDR-C model (i.e. eq. (6.54)) (—+—),
SDR-PL model (i.e. eq.(6.62)) (—H&—) and SDR-RE model (i.e. eq.(6.66)) (—*%—) at
A = 2.86,, for case A-F, J and L. SDR-PL model (eq. (6.62)) predictions are shown for the

optimum values of ¢, and ¢, reported in Table 6.3 and the values of ¢ and 5, extracted from

DNS data. The SDR-RE model (eq. (6.66)) predictions are shown for the optimum values of /.
reported in Table 6.3.

The SDR-C model is commonly used for passive scalar mixing when the time-scale of
turbulent mixing (i.e. 7, ~(D,VC.VC)1) is the principal time-scale associated with the
physics of micro-mixing. However, in turbulent premixed flames the time-scale
associated with chemical processes also plays an important role in the SDR statistics

(Swaminathan and Bray, 2005; Kolla et al., 2009) and this essential physics is missing in
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the SDR-C model (i.e. eq. (6.54)). The effects of chemical reaction weaken with

decreasing Da, and thus this model reasonably captures the qualitative variation of the

mean values of normalised SDR NC* conditional on C across the flame brush (in spite of

1 15225
A/bsh,

Figure 6.17: Variations of wrinkling factor based on volume averaged quantities ZY, (——)
with normalised filter width A/ &, on a log-log plot along with the predictions of the SDR-RE

model for: (i) U} extracted from DNS and S, reported in Table 6.3 (+), (ii) U} extracted from
DNS and S, according to eq. (6.69) (*), (iii) u), modelled using eq. (6.68) and optimum values

of S: reported in Table 6.3 (O) and (iv) U} modelled using eq. (6.68) and S according to eq.
(6.70) (o) for cases A-G and K.
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some underpredictions) for Da <1 flames considered here, although ZV is significantly

underpredicted by the SDR-C model. The prediction of the SDR-C model is likely to be
worse in the Da >1 flames where the effects of chemical reaction are stronger than in
the Da <1 cases considered here, and thus cannot be ignored. The local Damkdhler

number Da, increases with increasing filter width A for all cases considered here (see
Fig. 5.4) and thus the SDR-C model is expected to show greater extent of underprediction

of =} for A >> &, (see Fig. 6.14).

It is evident from Figs. 6.15 and 6.16 that the SDR-RE model (i.e. eq. (6.66))
satisfactorily captures the variation of the mean values of normalised SDR N/
conditional on C across the flame brush except the overpredictions in cases B and F for
A>9, (e.9. A=2.86,,). Inthe Le<<1 cases (e.g. Le=0.34 in case A) neither of the
models considered here captures the correct qualitative behaviour of NC for A<o, (e.0.
A=0.85,) and A>J, (e.9. A=2.806,) but the prediction of the SDR-RE model
remains closer to the DNS data than the SDR-PL and SDR-C models. Although the SDR-
RE model overpredicts the mean values of normalised SDR N conditional on € at the
middle of the flame brush for A >, (e.9. A~2.86,,) in case F where Re, remains
small, the agreement between the SDR-RE model prediction and DNS data improves with
increasing Re, (i.e. going from F to J). For example, the SDR-RE model satisfactorily
captures the variation of the mean values of normalised SDR N conditional on € across
the flame brush for both A <o, (e.9.A=0.80,,) and A >, (e.9.A~=2.86,,) in case J.
Figures 6.15 and 6.16 indicate that the SDR-RE model (i.e. eq. (6.66)) more accurately
captures both global and local behaviours of I\NlC in turbulent premixed flames than the
SDR-PL and SDR-C models for the range of -, Le and Re, considered here, provided
the optimum value of g, is used for which the variation of Z} with A is accurately

captured by eq. (6.66).
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Figure 6.18: Variation of mean values of normalised SDR NC* (—) conditional on C

across the flame brush along with the predictions of predictions of the SDR-RE model for: (i) U’y
extracted from DNS and J, reported in Table 6.3 (—+—), (ii) U} extracted from DNS and
B. according to eq. (6.69) (—%—), (iii) U}, modelled using eq. (6.68) and optimum values
of B reported in Table 6.3 (—&—) and (iv) Uy modelled using eq. (6.68) and . according
to eq. (6.70) (—H—) at A ~0.85,, for cases A-F, Jand L.
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Figure 6.19: Variation of mean values of normalised SDR NC* (——) conditional on C
across the flame brush along with the predictions of predictions of the SDR-RE model for: (i) u’,
extracted from DNS and /3, reported in Table 6.3 (—+—), (ii) U} extracted from DNS and
B. according to eq. (6.69) (—%—), (iii) U}, modelled using eq. (6.68) and optimum values
of A reported in Table 6.3 (—©—) and (iv) u, modelled using eq. (6.68) and f. according
to eq. (6.70) (—H—) at A = 2.86,, for cases A-F, Jand L.

It is worth noting that the original RANS model for &, , based on which eq. (6.66) was
derived, implicitly assumed an equilibrium between the source and sink terms of the SDR
transport equation. The first term on right hand side of eq. (6.66) indicates the resolved
part of SDR (i.e. DVE.V¢ ), whereas the second term on the right hand side represents

the unresolved part of SDR (i.e. NC —DVE.VC ) and the expression for N,, ineq. (6.66)
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is obtained based on the balance of the source and sink terms of the SDR transport

equation for A >> &, (Chakraborty and Swaminathan, 2011). It has been demonstrated

earlier by Swaminathan and Bray (2005) and Kolla et al. (2009) that the contributions of
T,,T,,T,, f(D)and (-D,) remain the leading order contributors to the SDR transport for

high values of Damkdohler number (i.e. Da >>1), and a rough equilibrium is maintained

between the terms T,,T,,T,, f(D) and (-D,), which was utilised to develop the original
RANS models leading to egs. (6.66) and (6.67). The assumptions behind the derivations
of egs. (6.66) and (6.67) are satisfied more closely for high values of A. Thus, (1- f)N,
in eg. (6.66) is expected to predict the unresolved part of SDR (i.e. NC — I5VE.VE)
reasonably accurately for A > &, (e.9. A = 2.85,,). Although the assumptions behind eq.

(6.66) are likely to be rendered invalid for A <¢6,, (e.9. A=0.85,,), the resolved part of

SDR (i.e. DVE.VE ) remains the major contributor to NC (as evidenced by =Y ~1.0for

A < 8, in Fig. 6.14) and thus eq. (6.66) continues to predict N, accurately and the

c

inaccuracy involved in evaluating the unresolved part (N, —DVE.VE) by (1- f)N

does not play a major role.

It is worth noting that the model parameters C; and C, in eq. (6.66) are expressed

according to the original suggestion by Chakraborty and Swaminathan (2011) for the

purpose of RANS modelling and here only . has been modified in order to extend the
model for LES. In Figs. 6.15 and 6.16 the predictions of the SDR-RE are shown for the

optimum values of A3, for which the variation of =} with A is appropriately captured.
For actual LES simulations the optimum values of £, are not a-priori known and thus it

IS important to parameterise the optimum values of .. In addition, S, needs to satisfy

S.>2/(2c, —1) in order to maintain physical realisability (i.e. ch >0) (Chakraborty et
al., 2008). Therefore a parameterisation for S, has been proposed here in the following

manner, which reasonably captures the variation of Z} with A, as shown in Fig. 6.17 for

cases A-M:

(1.05 LA 0.51)4'6} (6.69)

+1

2
£, = max
i |:2

c,—1
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Equation (6.69) accounts for the increasing trend of =} and the peak mean value of NC

conditional on ¢ with decreasing 7 by ensuring an increasing trend of S, with increasing

r. The minimum value of 3. has been set to be 2/(2c,, —1) in eq. (6.69) in order to

satisfy the physical realisability (i.e. Nc >0) according to a previous analysis by
Chakraborty et al. (2008). In addition, S, assumes an asymptotic constant value (i.e.
p. =7.73) for large values of 7 (i.e. z—o0) according to eq. (6.69), and this asymptotic
value remains close to S’ =6.7 proposed by Chakraborty and Swaminathan (2011) in
their SDR-RANS model. The turbulent Reynolds number Re, dependence has not been
included in eq. (6.69) for the sake of simplicity because the optimum value of £, for
f =exp[-0.7(A/ 5, )" "] does not show any appreciable Re, dependence (see column 7
of Table 6.2). It is worth noting that eq. (6.69) not only satisfactorily predicts the optimum
values of B, for cases A-M, but also enables eq. (6.66) to capture the variation of =},

with A for the DNS dataset (where 7 =2.52 and Le =1.0) considered by Dunstan et al.
(2013) (not shown here).

The predictions of the mean values of normalised SDR N/ conditional on € according
to the SDR-RE model with S, parameterisation using eq. (6.69) at A~0.85,, and
A = 2.80,, are also compared with DNS results in Figs. 6.18 and 6.19 respectively for
cases A-M. A comparison between Figs. 6.17-6.19 reveals that eq. (6.69) enables the
SDR-RE model to perform comparably with the model predictions when the optimum
values of g, are used. Moreover, the SDR-RE model (i.e. eq. (6.66)) satisfactorily
captures the variation of the mean values of normalised SDR N conditional on € across
the flame brush for both A <6, (e.9. A=0.80,,) and A>3, (e.9. A~ 2.85,,) for cases

B-E, G-J and L except the overpredictions in cases A and F, as noted earlier in this paper.

It is worth noting that u’, appears explicitly in eq. (6.66) and is used for the evaluation of
Da,, Re, and Ka,. The optimum values of S reported in column 7 of Table 6.2 and
its parametersation using eq. (6.69) are obtained when u/, is extracted from DNS data.
However, modelling of u’, using eq. (6.68) is likely to alter the optimum values and the

parameterisation of g,. The optimum values of S, when u/, is modelled using eq. (6.68)
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show similar Le, 7 and Re, dependences as that of S, (when u/, is extracted from DNS

data) for a slightly modified bridging function f =exp[-0.8(A/5,)"']1 (
~ f =exp[-0.36(Da, Re,)*®] for the present thermo-chemistry). The optimum values
of B., when u’, is modelled using eq. (6.68), are reported in column 8 of Table 6.2
(denoted as g; for convenience) and the corresponding predictions of the SDR-RE model
with the optimum values of g; are shown in Fig. 6.17, which reveals that the variation
of Z} with A can be appropriately captured by the SDR-RE model when u’, is modelled
using eq. (6.68) provided the optimum values of . are used. The optimum value of j3;
and the corresponding bridging function f have been obtained using the same
methodology which was used to extract optimum values of g. and f when u) was

extracted from DNS data.

It is evident from Table 6.3 that 8. shows qualitatively similar  and Re, dependences
as that of ., and Le has been found not to have any major influence on S;. However,
the optimum values of . are slightly greater than the values for S, (see Table 6.3). The
predictions of the SDR-RE model, when u) is modelled using eq. (6.68) and the
optimum values of g are used, are also shown in Figs. 6.18 and 6.19, which indicate
that the performance of the SDR-RE model does not get significantly affected by u’,
modelling when the optimum values of g; are used. The observed r dependences of
. has been parameterised here by modifying eq. (6.69) in the following manner so that

the SDR-RE model captures the variation of =7 with A, which can be substantiated from

Fig. 6.17 for cases A-M:

4.6
B> = max| —2 ,(1.05 1 +o.55j (6.70)
e 1\ T4t

Similar to eq. (6.69) the weak Re, dependence of A has been ignored in the
parameterisation of 3. ineq. (6.70). The predictions of egs. (6.69) and (6.70) ensure that
S remains slightly larger than S, as demonstrated in Table 6.3 (see columns 7 and 8 of

Table 6.3).
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The predictions of the SDR-RE model with g (u}) according to eq. (6.69) are also

shown in Figs. 6.18 and 6.19, which show that these predictions remain comparable to

the predictions when u/, is extracted from DNS and }, is parameterised using eq. (6.70).
Moreover, the predictions of the SDR-RE model with g according to eq. (6.70) remain
comparable to the predictions when the optimum values of 3. reported in Table 6.3 are
used. The evidences from Figs. 6.15-6.19 indicate that the performance of the SDR-RE
model captures the statistical behaviours of NC better than the SDR-PL and SDR-C
models for turbulent premixed flames with a range of different values of -, Le and Re,

even when u’, is modelled using eq. (6.68). Thus, the SDR-RE model (i.e. eq. (6.66))

can be considered to be a viable option for the SDR closure in the context of LES

simulations of turbulent premixed flames.

6.4 Dynamic approach of SDR algebraic closure

6.4.1 Dynamic power law model for N_

It is possible to rewrite the egs. (6.57) and (6.58) in the following manner:

- ~ (A oo
PN, =pN_ = pDVc.Vc [—J (6.71)

where 7,, is the inner cut-off scale and ¢ is the power-law exponent. An approach to

avoid the unphysical small values of pN_ for A — 0 according to eq. (6.71) is a dynamic

evaluation of «, asit (i.e. oy —0) approaches to 0 for A—0. Assuming ¢, does not

change during test filtering operation, it is possible to evaluate it dynamically in the

following manner:

ap

=pDVEVE| — (6.72)

= =
where Q and Q indicate test filtered value of a general quantity Q and Favre filtering
[ e B
operation at the equivalent filter width (i.e. Q= pQ/p) respectively, whereas the

equivalent filter width after test filtering is given by A . The test filter is often taken to be
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a multiplier of A (i.e. A= aA where a>1 is a constant) for non-zero filter widths. Thus
the equivalent filter width A for a Gaussian filter can be given as:
~~ - . atu]

A =[N+ (AT =AV1+a? (ie. lim, ;A/A=+1+a*) (Pope, 2000). Therefore

the ratio between A and A should be taken as a constant value. Based on eq. (6.72), it is

possible to obtain an expression of & in the following manner:

= D s
o - In[ < (pDVC.VC) >, / < pDVC.VC >

D

o] for A>0; otherwise o, =0 (6.73)
(A /A)

where <Q >, is an appropriate volume-averaging operation to avoid unphysical

numerical artefacts induced by dynamic filtering operation (Charlette et al., 2002;

Knikker et al., 2004). It is worth noting that eq. (6.73) relies on scale-similarity between

A and i , and thus the validity of this modelling approach is significantly dependent on

it. Furthermore, o, approaches0 (i.e. In1/In(+/1+a*)) for very small filter width (i.e.

—

A —0), as the numerator of eq. (6.73) vanisheswhen p DV ¢E.V & — (pDVE.VE). This
leads to Nc ~DVE -VE when the flow becomes completely resolved (i.e. A—0). ltis
worth noting that a similar dynamic closure for FSD (i.e. ,, =|VC|(AS, /3a;,)“") was

proposed earlier by Knikker et al. (2004) where o, was evaluated using an expression

similar to eq. (6.73).

6.4.2 Dynamic evaluation of the SDR-RE model
The SDR model given by eq. (6.66) with a predetermined S, has recently been

implemented in LES simulations (Ma et al.,, 2014; Langella et al., 2013) of flow
configurations for which well-documented experimental data is available for a direct
comparison with simulation results and the results have been found to be either
comparable or better than that obtained from established algebraic LES-FSD closures.
Interested readers are referred to Ma et al. (2014) for further discussion in this regard.
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However, the modelling of u}, influences the optimum value and the parameterization of

B.. The empirical parameterisation of S can be avoided using a dynamic formulation

which is proposed here in the following manner. Equation (6.69) can be rewritten as:

U—A,AJE (6.74)
SL 0w )P

uy AJ o _
—,— | is given by:
SL é‘th

AV 2Kes, w20
fl[ K j{l—exp[—a[é—m] ]MLemam+(C3—r.DaAC4)(3—AHc(1 €) (6.75)

Based on the assumption of the scale independent functional form one can write:

where fl(

[
> =~

59"||>

w

= -~ 1 u. A) S TRDD ;): ur f
pN_—-pDVEVE=—-p f|2,—|, pN,-pDVC.VC="f| 2, — (6.76)
c 1
ﬂc SL é‘th ﬂc SL 5th
] }
u A A 2K’S , S2U
and f|=*,—|=|1-exp[-0 | —| ]|| —5=+(C; -7.Da, C;)— |C.(1-C) (6.77)
S Gy Op | || L€y .
3A |
—— — ——
where C; , C, and Da, are given by:
— ~ )
1/2 - —— A
EE: 2.0(Ka,) | FC?z 1.2(1.0-C)® and Da, _AS (6.78)
1+ (Ka, )2 Le2s7(1+ Ka, )o¢ T
— = .
Ineq. (6.78) Ka, and u) are given by:
15 -0.5 0.5
— ’L_j/'h‘ Fi —— 1 PU. U =
Ka, =|=2]| | — and u, =|=| =/~ -0iU; (6.79)
St O 3| p
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The volume-averaged value of the density-weighted SDR (= EI\TC) should be independent

——

. —= — — . .. .
of A (i.e. <pN,; >, =<pN_ >, "< W >,=<W>y ), which can be utilised along with egs.

(6.74) and (6.76) to obtain the following dynamic evaluation of . :

~ —
~ luy A uy, A
<pf|=2,—|>, —<pf| 2,—|>
Pl s, 5, D pl(SL 5th D
B, = (6.80)

f_/%

~on e il
<pDVC.VC >, —< pDVC.VC >,

Chakraborty et al. (2008) demonstrated that S, needs to satisfy g, >2/(2c, —1) in order

to maintain physical realisability (i.e. Nc >0) and thus it is ensured that dynamic

evaluation of S, does not violate physical realisability in the following manner:

—_ —_—N
~oluy A (uy A
<pf|=24, = |>—<pf| 2, |>
Pl s, 5, D pl[SL é‘thj D
B, = max 2 , (6.81)
2c, -1 —_—— .

R o
< pDVC.VC >, —< pDVC.VC >,

The predictions of egs. (6.73) and (6.81) for dynamic evaluation of «, and g,

respectively, will be assessed with respect to explicitly filtered DNS data. The predictions

of SDR-RE model with dynamic evaluation of g, (i.e. eq. (6.81)) will also be compared

to the prediction of the static version of this model where S, is evaluated using eqg. (6.69).

6.4.3 Performance of the dynamic approaches: Volume-averaged behaviour

The variation of =} with changing A/ &, for cases A-M are shown in Fig. 6.20 on a log-
log plot. The cases G, I, K are qualitatively similar to cases F, H and L respectively and
thus are not shown in Fig. 6.20 and in subsequent figures. A linear variation of log(Z},
with log(A/6,,) indicates a power-law dependence between ZY and A (see eq. (6.71)),
which can be seen in Fig. 6.20 for A > &, but not for A < &,,,. The slope of the best-fit

straight line with the steepest slope provides a global value of « and the intersection of
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this line with the =Y, =1.0 gives the measure of 7, /,,. The values of a and 7, /

for all cases considered here. It can be seen from Table 6.3 that o, assumes higher
values for cases with smaller value of Le for a given value of u'/S, , whereas «
increases with increasing u’/S, ~ Re;’* Ka'? ~ Re;’?/ Da"? for a given value of Le.
By contrast, 7,, remains of the order of &, for all cases. Table 6.3 shows that o <1.0
for weakly turbulent flames (e.g. cases F and G) which also leads to =}, > 1.0 for A> &,.

An increase of o with decreasing Le for a given value of Le suggests an increase in
the extent of flame wrinkling, which can be substantiated from the values of normalised

flame surface area A; / A_, which is provided in Table 6.3 where the flame surface area
has been evaluated using the volume integral A= L |Vc|dV with the superscripts ‘T’ and
‘L’ referring to turbulent and laminar flame quantities respectively. Table 6.3 further
shows that flame area generation increases with increasing u’/S, for a given value of Le

, Which in turn gives rise to an increasing trend of « with an increase in u’/S, . It has
been demonstrated in Dunstan et al. (2013) that the power-law model (i.e. eq. (6.71)) does
not adequately predict the local behaviour of N, even when « and 7, obtained from

DNS data in Fig. 6.20 are used. Interested readers are referred to Dunstan et al. (2013)

for more discussion on the performance of the static version of the power-law model.

The prediction of the SDR-RE model (i.e. eq. (6.66)) with S_ given by eq. (6.69) is also

shown in Fig. 6.20, which shows that eq. (6.66) satisfactorily predicts the variation of =},
with A but this is expected as the parameterisation given by eq. (6.69) is designed to

capture the magnitude of <,5N'C>V. However, Fig. 6.20 suggests that an accurate

estimation of I\~lC can be obtained using eq. (6.66) and the empiricism involved in S,
parameterisation (i.e. similar to eq. (6.66)) can be avoided if S, can be evaluated using

eg. (6.81) according to the dynamic formulation.
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Figure 6.20: Variations of E\,’3 (—) with A/, on a log-log plot along with the predictions of
Power-law model (i.e. eq. (6.71)) ( % ) with dynamic «,, static SDR-RE model (eq. (6.66) with
B, according to eq. (6.69)) (O ) and dynamic SDR-RE model (eq. (6.66) with A_ according to

eg. (6.81)) (A) in cases A-F, J and L. The linear region describing the power-law given by eq.
(6.71) is marked by the solid line following least-squares fit corresponding to the largest slope.

The predictions of eq. (6.71) with dynamic evaluation of « according to eq. (6.73) are
compared to the mean value of N~C conditional on C obtained from DNS in Fig. 6.21 for
cases A-F, J and L at A=0.46, and A=2.85,. The volume-averaging involved in

dynamic evaluation of « (see eq. (6.73)) is carried out by ensemble averaging the

relevant quantities of using (2n)* cells around a given grid point, and it was found that

results did not change significantly for n>3. Here the results are shown for n=4. The same
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procedure was used for volume-averaging process involved in the dynamic evaluation of

B, using eq. (6.81). It is worth noting that « is a three-dimensional variable in the

context of dynamic modelling and thus it is ensemble averaged conditional on bins of ¢
in Fig. 6.22. The variations of the mean values of ¢, conditional on C for cases A-F, J
and L at A~0.40,, and A= 2.8, are shown in Fig. 6.22. Itis clear from Fig. 6.22 that
dynamic formulation according to eq. (6.73) successfully captures the increase in power-

law exponent ¢, with increasing Re, for a given value of Le. Moreover, it can be seen

from Fig. 6.22 that o, increases with decreasing Le. Figure 6.22 demonstrates that o,
according to eq. (6.73) shows considerable local variation of power-law exponent within

the flame brush for A > 6,, (e.9. A = 2.85,,,). Moreover, Fig. 6.22 shows that the dynamic
formulation shows a reduction in «, with decreasing A. It can be seen from Fig. 6.21
that the dynamic power-law model prediction under-predicts the mean value of ch

conditional on € towards the unburnt side of the flame brush for A > &, for all cases,

and the qualitative variation of I\~lC with C is not captured by the dynamic model for

~

Le <<1 cases (e.g. cases A and B). However, the variation of mean value of N,

conditional on C is satisfactorily captured for A < &, (e.g. A=~0.45,) for Le ~1 cases

but the dynamic model under-predicts the mean value of ch conditional on ¢ for
Le <<1 cases (e.g. cases A and B) even at small filter widths (i.e. A <&, , for example
A~0.48,). The predictions of =} according to eqg. (6.71) with dynamic « (i.e. eq.
(6.73)) evaluation are also shown in Fig. 6.20, which shows that dynamic evaluation of
a, results in the under-prediction of =] with increasing A, and this tendency increases

with decreasing Le and is particularly prevalent for flames with Le <<1 (e.g. cases A
and B).
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Figure 6.21: Variations of ch X Oy, /SL (—) conditionally averaged in bins of C along with
the predictions of power-law model (—e—) with dynamic evaluation of ¢, for A = 0.40,, (left
column) and A = 2.8, (right column) in cases A-F, Jand L.

It is possible propose an alternative power-law model in the following manner:

N N
PN, = pN, = pDVC .VC(1+—] (6.82)

th

which leads to the following expression under the assumption of scale-similarity:

— ——

—= —— . e
N, = pN_ = (pDVE.VE).(L+ Al 5, )® = pDV

CVE(+AIS8,)"  (6.83)

Equation (6.83) provides:
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Figure 6.22: Variations of dynamically evaluated o, (according to eq. 4) conditionally averaged

inbinsof C for A~0.46, (), A=1.28,(—),A=2.058, (—)and A~2.86,
(—) with the bars indicating one standard deviation variation over the mean in cases A-F, J
and L.
S, -
ol = In[< (pDVc.VC) >, / < pDVc.VC >,] (6.84)

IN[(1+A/5,)I(L+A1S,)]
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However, the performance of eq. (6.82) remains inferior to the dynamic version of the

model given by eq. (6.71) and thus are not discussed here. The applicability of scale-
similarity for quantities related to scalar gradient (e.g. SDR and Flame FSD) is debatable
but the assumption of scale-similarity was successfully used in the past for the closure of
FSD (Charlette et al., 2002). However, the results in Figs. 6.20 and 6.21 suggest that the
strong assumption regarding scale independent functional form (i.e. « does not change
between actual and test filter scales) that has been invoked while deriving eq. (6.73) may
not be strictly valid, as SDR for passive scalars is known to exhibit multi-fractal nature
(Sreenivasan, 2004; Sreenivasan et al., 1989; Sreenivasan, 1991; Prasad and Sreenivasan,
1990; Shivamoggi, 1995) and a similar behaviour is likely to present also for reacting
flows. Thus, a single power-law exponent may not be suitable to describe the statistical

behaviour of ch . Thus, the inaccuracies associated with the assumption involved scale

regarding the independent functional form while deriving eq. (6.73) might have strong
implications for highly wrinkled flames with Le <<1 (e.g. case A), which leads to a
discrepancy between the predictions of local and volume-integrated behaviours of SDR

according to the dynamic power-law model.
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Figure 6.23: Variations of ch X Oy, /SL( ) conditionally averaged in bins of C along with
the predictions of static SDR-RE model (eq. (6.66) with /. according to eq. (6.69)) (—¥—) and
dynamic SDR-RE model (eq. (6.66) with S, according to eq. (6.81)) (- = = -) for A~=0.40,,
(left column) and A = 2.86,, (right column) in cases A-G and K.

The predictions of the SDR-RE model (i.e. eq. (6.66)) with dynamic evaluation of g,
(according to eq. (6.81)) are compared to the same model prediction with static /S,
(according to eq. (6.69)) and mean value of ch conditional on C obtained from DNS in
Fig. 6.23 for cases A-F, Jand L at A~=0.45,, and A= 2.86,, . The variations of the mean

values of A, conditional on C for cases A-F, Jand L at A~0.45, and A~2.85, are
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=V

shown in Fig. 6.24. The predictions of = according to eq. (6.66) with dynamic g,

evaluation are also shown in Fig. 6.20. It is evident from Fig. 6.24 that eq. (6.81) predicts
appreciable local variation of £, within the flame brush. Moreover, Fig. 6.24 also
suggests an increasing trend of S, with increasing 7, as suggested by the empirical
parameterization given by eq. (6.69). It is evident from Fig. 6.24 that the SDR-RE model
with dynamic evaluation of S. captures the behaviour of mean value of N conditional
on C obtained from DNS data either comparably or better than the static version of the

SDR-RE model with g, parameterisation according to eq. (6.69). The advantages of

dynamic model are particularly prominent for small values of Re, and for flames with

~

small Le (e.g. cases A, F and J) where the dynamic model satisfactorily captures N
variation with C , whereas the static version of the model overpredicts the mean value of
ch conditional on C for a major portion of the flame brush for A >> &, (i.e. A~2.85,).
Moreover, Fig. 6.20 suggests that the prediction of Z} according to eq. (6.66) with
dynamic g, evaluation (i.e. eq. (6.81)) remains satisfactory and comparable to the
prediction of the model with static S, parameterization (i.e. eq. (6.69)). However, the
dynamic version of the SDR-RE model (i.e. eq. (6.66)) does not depend on any empirical
parametersation of g, similar to eq. (6.69) but inherently accounts for Re,, Le and =

dependences of N~C for a range of different filter widths A . A comparison between Figs.

6.21 and 6.23 further reveals that eq. (6.69) with dynamic g, evaluation is more
successful in capturing the local behaviour of ch than the power-law model (i.e. eq.

(6.71)) with dynamic evaluation of ¢, . Moreover, Fig. 6.20 suggests that Z}, according

to eq. (6.66) with dynamic g, evaluation remains better than the prediction of eq. (6.71)

with dynamic evaluation of ¢y . This suggests that the power-law models, though widely

used for the purpose of algebraic closure of ~__ (Charlette et al., 2002), may not be

gen
suitable for SDR ch modelling and this behaviour perhaps arises due to multi-fractal

nature of SDR, which was observed previously for passive scalar mixing (Sreenivasan,
1991, 2004; Sreenivasan et al, 1989; Prasad and Sreenivasan, 1990; Shivamoggi, 1995).
By contrast, both static and dynamic versions of the SDR-RE model (i.e. eq. (6.66)) are
more successful in predicting SDR accurately than the power-law based models for a

range of different values of Re,, Le and 7.
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Figure 6.24: Variations of dynamically evaluated A. conditionally averaged in bins of c for

A~045, ( ), Ax125, (——)A~205, () and A~2.85,

( ) with the bars indicating one standard deviation variation over the mean in cases A-F, J
and L.

6.5 Summary

A simple chemistry DNS database of statistically planar turbulent premixed flames has
been used here to investigate the modelling of SDR for LES over a range of different heat
release parameter -, Lewis number Le and turbulent Reynolds number Re, values. The
performance of an existing SDR closure for passive scalar mixing (i.e. SDR-C model)

has been assessed with respect to N, extracted from DNS data alongside a model based

on a power-law expression (i.e. SDR-PL model) and an existing algebraic RANS-SDR
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model, which has been extended here for the purpose of LES (i.e. SDR-RE model). It has

been found that the SDR-PL model significantly overpredicts and fails to capture the

qualitative variation of the mean values of N, conditional on ¢ for A > &,,, even for the
optimum parameters for which this model accurately predicts the volume averaged values
of SDR. The SDR-C model with the theoretical value of Smagorinsky constant has been
found to underpredict the mean values of N_ conditional on C and also the volume
averaged values of SDR for all cases considered here. The newly developed SDR-RE
model has been found to capture both local and volume-averaged statistics of N, for both
A <9, and A >, in a better manner than the other alternative models for all cases
considered here. The performance of the SDR-RE model has been found to improve with
increasing Re, and the SDR-RE model has been demonstrated to satisfactorily predict
both local and volume-averaged statistics of N_ for high values of Re, in flames with
Le ~1.0 Moreover, it has been found that the modelling of the sub-grid turbulent
velocity fluctuation (i.e. u’, ) based on Smagorinsky model of the eddy viscosity does not

significantly affect the performance of the SDR-RE model. The model parameters
proposed originally in the context of RANS have been used for the SDR-RE model except

for the model parameter S., which is expressed here as a function of heat release
parameter 7, as S, remains a weak function of Re, and independent of global Lewis

number Le.

It is worth noting that the assumption of scale independent functional form is indeed
questionable for modelling the quantities related to scalar gradient in premixed flames.

However, this concept was successfully used for modelling the generalised FSD %,

(Charlette et al., 2002) in the past using a power-law approach. However, previous
findings (Dunstan et al., 2013) and current analysis indicate that the concept of scale-
similarity may not be suitable for SDR modelling in the context of LES using a power-

law approach. Although the assumption of scale independent functional form is invoked
for dynamic evaluation of S, but this assumption is applied to the function f, which is
dependenton u) /S, and A/, (seeegs. (6.71) and (6.72)). As the assumption of scale
independent functional form has been demonstrated to be successful in capturing the

quantities associated with turbulence (e.g. u)) (Bardina et al., 1980; Zang et al., 1993;
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Vreman et al., 1997), this assumption works better for dynamic evaluation of g, than the

dynamic evaluation of power-law exponent.
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Chapter 7. Scalar dissipation rate transport and its modelling

As discussed in Chapters 5 and 6, it is possible to model the chemical reaction rate of
turbulent premixed combustion based on properly modelled scalar dissipation rate. In
turbulent premixed combustion, the transport equation of SDR can be closed if all
unclosed terms in SDR transport equation are properly modelled in the context of both
RANS and LES. Under the condition that equilibrium is maintained for the generation
and destruction of scalar gradient, it is possible to algebraic closure filtered/averaged SDR
in both RANS and LES, which was introduced in detail in Chapter 6. The modelling of
SDR transport equation for RANS has been studied extensively in the existing literature
(Chakraborty and Swaminathan, 2007a, 2007b, 2010, 2013; Chakraborty et al., 2008,
2009, 2010, 2011d; Mantel and Borghi, 1994; Mura and Borghi, 2003; Mura et al., 2008,
2009; Swaminathan and Bray, 2005). Interested readers are referred to Chakraborty et al.
(2011d) for a detailed review of the existing modelling methodologies for SDR transport
in the context of RANS simulations. However, relatively limited attention has been given
to the modelling of SDR transport in the context of LES (Knudsen et al., 2012). In order
to solve the transport equation of filtered SDR, it is necessary to model the sub-
grid/unresolved components of the unclosed terms. Therefore, it is essential to model the
unclosed terms of the SDR transport equation for the purpose of LES, which is yet to be
addressed for turbulent premixed flames. The instantaneous behaviours of SDR and its
transport equation will be provided firstly in this chapter followed by the statistical
analysis of filtered SDR and its transport equation for a wide range of different filter
widths. The dependences on local strain rate and curvature will be analysed for both
instantaneous SDR and filtered SDR and their respective transport equations. The scaling
estimates of SDR and the terms of its transport equation have been utilised to model the

unclosed terms of filtered SDR transport equation at the end of this chapter.

7.1 Statistical analysis of instantaneous SDR and its transport equation

For the purpose of convience, the transport equation of instantaneous SDR N, , which is

egs. (3.50) and (3.51) in Chpater 3, is repeated here as:
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Molecular diffusion: Dy, Density variation: Ty,

o(pu.N
a(ch)+ (puiNo) _ o p Ne _Qa_pﬁ[w+v_(p|3v¢)]
ot X; X; OX; P OX; OX;
_opp 28 au do
P ox ox, ox, (7.1)
Scalar turbulence interaction: T,
. 2 2
> KALRAT Y, CHCACRAC S (o)
OX; OX: OX,0X; OX0X;

J J Diffusivity variation

Chemical reaction:T;; ~ Molecular dissipation: (—D,, )

2 2
F(D)=2p 28 2pD) e p o FpD)e o f D
X, 0%  OX;0X; OX, OX;0%, OX; oX; 0X;
To1 To2 Tos
where (7.2)
—ZPDQM-FPVCVC @_i_uj@
X; X| ot OX;
Tos Tos

In the above transport equation, density variation term T,, , turbulence scalar interaction
term T, , reaction rate term T, , molecular dissipation term (-D,,) and diffusivity

gradient term F(D) lead to unclosed terms of egn. (3.58), (i.e. T,, T,,T,,(—D,) and f(D)),

which require modelling in both RANS and LES. Therefore the statistical behaviours of
the above instantaneous terms evaluated based on DNS database will provide an accurate
picture of their behaviours when the flow is fully resolved, which is of fundamental
importance for modelling the unclosed terms of the SDR transport equation in a
physically consistent manner as premixed combustion is mainly a sub-grid phononmenon

as the flame thickness is only resolved in DNS but not RANS or LES.
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NC X 5th/SL

Figure 7.1: Variation of the mean value of N_ x, /S, conditional on ¢ values across the flame
front for cases F-J with the bar indicating the standard deviation.

The variation of normalised instantaneous SDR N_x ¢, /S, with ¢ for unity Lewis

number flames are shown in Fig. 7.1, which is obtained by ensemble averaging the
quantity in question on a given c isosurface in the manner often used by previous studies
(Boger et al., 1998; Chakraborty and Cant, 2004, 2005; Chakraborty and Klein, 2008,
2008a). It is worth noting that this ensemble averging should not be confused with either

Reynolds averaging or conventional conditional averaging operation in the context of
RANS simulations because N, xd,, /S, is evaluated using all the samples for a given C
value over the whole domain. Figure 7.1 shows that the maximum value of N x&,, /S,
is skewed slightly towards the burned gas side of the flame (i.e. c~0.7). The peak
magnitude of N_xd, /S, does not change significantly in response to u’'/S, as the
standard deviation for the case in the middle of the parameter range is found to exceed
the difference in N_x &, /S, values for the cases considered here. In order to understand
this behaviour, the variations of the mean values of the terms T, T, ,T,;, (-D,) and
F(D) conditional on ¢ for cases F and J are shown in Fig. 7.2. The variations of the
mean values of the terms in cases G, H and | are qualitatively similar to those in cases F
and J and thus are not explicitly shown here. In all cases T,, remains positive throughout

the flame. By contrast, (—D,,) assumes negative values throughout the flame in all cases

as dictated by eq. (7.1). Expressing p = p,/(1+7c) for low Mach number unity Lewis
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number flames gives rise to an alternative expression for T, (Swaminathan and Bray,

2005;Chakraborty et al., 2008, 2010; Chakraborty and Swaminathan, 2010):

T, =2p N (7.3)
1= p@X- c :

]

As dilatation rate ou, / 0, is predominantly positive in premixed flames, T,, for all values

of c is positive across the flame and vanishes on both ends of the flame.

Tir
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Figure 7.2: Variation of the mean values of T,,T,,T;,(~D,) and F(D) conditional on ¢
values across the flame for cases F (a) and J(b). All the terms of the transport equation of N, are

normalised with respect to the respective values of p,S7 /J; .

The quantity T,, assumes negative values throughout the flame front for cases F, although
T,, remains negative for the major portion of the flame, small positive values can be

discerned in cases J. In order to understand this behaviour, the term T, can be expressed

in the following manner (Swaminathan and Grout, 2006; Chakraborty and Swaminathan,
2007, 2007a; Chakraborty et al., 2008, 2009):

T, =—2pN, (e, cos® a+e, cos® +e, cos’ y) (7.4)

where e,,e, and e, are the most extensive, intermediate and most compressive principal

strain rates and «,f and y are the angles of the eigenvectors associated with these
principal strain rates with V¢ . Equation 7.4 demonstrates that the predominant alignment

of e, with Vc leads to a negative contribution to T, whereas a predominant alignment

of e, with Vc leads to a positive contribution to T, .
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It has been discussed in the previous analyses (Chakraborty and Swaminathan, 2007,

2007a; Chakraborty et al., 2008, 2009) that the alignment of Vc with e, and e, is
determined by relative strengths of strain rate induced by flame normal acceleration a,,
and turbulent straining a,,, . It has been demonstrated earlier that Vc preferentially
aligns with e, when a,,, dominates over a,, , but tends to aligns with e, when a,,,

dominates over a The strain rate induced by flame normal acceleration due to

chem *

chemical heat release can be scaled as:

a'chem ~7f (Ka)% (75)

th

where f(Ka) is expected to decrease with increasing (Chakraborty and Swaminathan,

2013). Following Meneveau and Poinsot (1991) a,,, can be scaled as:

!

u
Sy ~ T (76)
which gives rise to:
1/2
a°ﬂ~rf(Ka) S,"I ~-rf(Ka)Da~-z'f(Ret ]Da (7.7)
aturb é‘th Da

Alternatively, turbulent straining can be scaled as (Tennekes and Lumley, 1972):

Qup ~ (78)

where A is the Taylor micro-scale, which yields

Buen ¢ £ (Ka) L% ~ 7 £ (Ka) —stz ~z

urb th t

Re” | Da f (Ka)
f[ Da JRem " Ka (7.9)
t

The above scaling relations suggest that a, strengthens with respect to a,, with
increasing Da for a given value of Re,. Previous analyses (Chakraborty and
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Swaminathan, 2007, 2007a; Chakraborty et al., 2008, 2009) demonstrated that Vc

predominantly aligns with e, for Da >>1 flames, whereas VC aligns with e, in
Da <1 flames for comparable value of Re,. Both egs. (7.7) and (7.9) indicate that an
increase in Ka ~ Re}?/ Da for a given value of Da (e.g. cases F, H and J) gives rise to
weakening of ag,, in comparison to a,, . This increases the extent of Vc alignment
with e, with increasing Ka when Da is held constant as in cases F, H and J. In cases F
and H Vc predominantly aligns with e, however the extent of this alignment decreases
from F to H. This predominant alignment of Vc with e, in cases F and H leads to a
negative contribution of T, in these cases. In case J, VC predominantly aligns with e,

in the unburned and fully burned gases but a,,, overcomes a,,, in the regions of intense

heat release close to the middle of the flame and as a result Vc aligns with €, in the
reaction zone. Thus the mean value of T, in case J assumes positive values towards both
the unburned and burned gas sides, whereas the mean contribution of T, remains
negative close to the middle of the flame. The relation a, . /a,, ~ 7 f (Ka)Da/Re}?
indicates that a,,, weakens in comparison to a,, with decreasing r Da/Re;?. The
quantity z Da/Re}” assumes values equal to 0.96, 0.55 and 0.49 for cases G, H and |

respectively when the statistics were extracted. This leads to larger extent of VC aligning

with e, in case | (case H) than in case H (case G). This leads to predominantly negative

contribution of T,, in cases G and H, whereas T, assumes positive values towards the

unburned and burned gas sides of the flame in case I. However, dy,, overcomes y in
the regions of intense heat release at the middle of the flame and VC starts to align with

€, in the reaction zone giving rise to negative values of T, in case I.
The contribution of T,, remains positive (negative) towards the unburned (burned) gas

side of the flame with the transition from positive to negative value taking place close to

c~0.85. In order to explain this behaviour T, can be rewritten as:

T, =-20n, PYjve/=—2p Py (7.10)
OX; on
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where n is the spatial coordinate in the local flame normal direction and the flame normal

vector i points towards the unburned gas side of the flame. For single step chemistry
considered here the maximum W occurs close to ¢ = 0.85 (Chakraborty and Cant, 2004;
Chakraborty et al., 2008d). This suggests that the probability of finding negative values
of ow/on s significant for ¢ < 0.85, which gives rise to positive value of T, towards
the unburned gas side of the flame. For ¢>0.85, it is of high probability to find

AW/ on >0 resulting in negative value of T, towards the burned gas side of the flame.

Figure 7.2 shows that F(D) is weakly negative towards the unburned gas side before
becoming positive towards the burned gas side in all the cases. The magnitude of the

mean contribution of F (D) remains comparable to that of T, in all cases indicating that
F (D) cannot be neglected even for flames where pD is considered to be constant. As for

globally adiabatic Le =1.0 flames as cases F-J:

P lire 71D
D D
such that pN,_ a—+uia— can be expressed as:
ot 0%
oD oD ou; T
N —a4u.— | = DN —J :—1| 7.12
p °(8t ‘ax,) P {aij 2 (7-12)

and the first two terms on the right hand side of eq. (7.2) vanish for constant values of
pD. The contributions of (T, +Tp,) are responsible for the change in sign of F(D) in

cases F-J.

7.1.1 Local behaviours of N¢ and its strain rate and curvature dependence

The marginal probability density functions (pdfs) of normalised N (i.e. N xd,/S,)
for different c isosurfaces across the flame are shown in Fig. 7.3 in log-log scale for case
H. The pdfs of N, in cases F, G, | and J are qualitatively similar to those in cases H and
thus are not explicitly shown here. The pdfs for ¢ < 0.5 are not shown in Fig. 7.3, as N,

assumes small values in the preheat zone of the flame due to small magnitude of scalar

gradient Vc. It is evident from Fig. 7.3 that the probability of finding high values of N,
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is most prevalent in the middle of the flame with slight skewness towards the burned gas

side (i.e. ¢=0.7) and the probability of finding high values of N_ decreases on both

unburned and burned gas sides of the flame front. This is consistent with the observed

behaviour of the mean values of N_ conditional on ¢ shown in Fig. 7.1. It can be seen in

Fig. 7.3 that a log-normal distribution captures the qualitative behaviour of the pdf of N,

although there are some disagreement in the pdf tails. This is consistent with several
previous experimental (Sreenivasan and Antonia, 1997; Antonia and Sreenivasan, 1977;
Mi et al., 1995; Su and Clemens, 2003; Karpetis and Barlow, 2002; Geyer et al., 2005;
Markides and Mastorakos, 2006) and numerical (Jones and Musonge, 1988; Yeung et al.,
1990; Hawkes et al., 2007) studies investigating the scalar dissipation rate pdf of a passive
scalar. An approximate log-normal distribution of SDR in turbulent premixed flames has

also been reported in a previous analysis (Swaminathan and Bilger, 2001).

10 —c=0.9
1 o log-normal
0.1
e 10 —c= b.7
14 o log-normal
A
Q0.1
10 —c= 6.5
14 o log-normal
0.1:
.01 ‘
0.0 0.1

Figure 7.3: The marginal pdf of normalised N/ (i.e. N xd, /S, ) and the log-normal
distribution in log-log scale for ¢ =0.5, 0.7 and 0.9 across the flame for cases H.

The joint pdfs of N, and tangential strain rate a; for cases F anf J are shown in Fig. 7.4a

respectively for ¢=0.8 isosurface, which is close to the most reactive region for the

present thermo-chemistry. It can be seen from Fig. 7.4a that N_ and a; are positively

correlated on ¢ =0.8 isosurface for cases F and J and similar qualitative behaviour has
been observed also for other C isosurfaces in all cases considered here. This positive

correlation between N, and a; can be explained in the following manner.

e The dilatation rate V.0 can be devided into tangential component and normal

component as:
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_ ou; . ,
V.i=a; +a, where a, =nn; a—u' is the normal strain rate. (7.13)

X;

For unity Lewis number flames V.U can be scaled as:

Vii~a, ~7 f(Ka)% (7.14)

th

whereas a, can be taken to scale with turbulent strain rate as:

!

ar ~ Ay ~ ul_ , with integral length scale (Meneveau and Poinsot, 1991) or  (7.15)

!

ar ~ Qyy ~ UI , with Taylor’s length scale (Tennekes and Lumley, 1972)  (7.16)

e Above scalings indicate that va scales as:
ar

— 1/2
E~rf[Ret jDa or (7.17)

a; Da

- 1/2
Vo 7 f Re, Dsz ~T f(Ka) (7.18)
a; Da )Re; Ka
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Figure 7.4: (a) Joint pdfs between N, xJ,, /'S, and normalised tangential strain rate a; x o, / S,
on ¢=08 isosurface for cases F and J. (b) Joint pdf between N_xJ,, /S, and normalised

curvature k. x 0, on =08 isosurface for cases F and J.
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Both egs. (7.17) and (7.18) suggest that the magnitude of a, is likely to supersede the

magnitude of V.U in most locations within the flame for small values of Da and high

values of Ka.

e It has been shown in several previous analyses (Chakraborty and Cant, 2004;

Chakraborty et al., 2009) that both V.U and a, assume predominantly positive values
and thus a higher magnitude of a; than V.U induces a negative (i.e. compressive)

normal strain rate a,. Thusan increase in a, often leads to adecrease in a, =V.Uu-a,

for small (high) values of Da (Ka). Thus, the isoscalar lines come close to each other

under the action of decreasing a,, which leads to increase in the magnitude of scalar

gradient Vc. This is reflected in the positive correlation between N, and a, .

The joint pdfs between N, and curvature x, for cases F and J are shown in Fig. 7.4b

respectively for ¢ =0.8 isosurface. Cases G, H and | are not explicitly shown here due to

their similarity to cases F and J. It can be seen from Fig. 7.4b that the joint pdf between

N, and x,, exhibits both positive and negative correlating branches on ¢ =0.8 isosurface
for cases J, and as a result of this, the net correlation between N, and x,, remains weak.
The positive correlation branch between N_ and x, remains weak for small values of

u'/S, (see Fig. 7.4b for case F). Similar behaviour is observed for other C isosurfaces

in all cases considered here and the correlation between N, and A, is weak throughout

the flame for high values of u’'/ S, (e.g. case J). The observed behaviour can be explained

based on the following physical mechanisms:

e It has been shown earlier that both a; and V.U are negatively correlated with #,, for
the flames considered here (Chakraborty et al., 2011) and thus the behaviour of a, at
locations with large positive curvature are principally determined by a; since V.U is
small in these zones due to defocusing of heat. Small values of a, are associated with
high values of x,, at these locations, which lead to small values of N, at high values
of positive x,, due to positive correlation between N, and a; . This leads to a negative

correlating branch between N_ and x, at the positively curved zones.
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e The dilatation rate V.U is large in the negatively curved locations due to strong
focussing of heat and the magnitude of V.U can locally be high enough to supersede

the magnitude of a, , which leads to a positive value of a_ . This tendency strengthens
with decreasing «,, especially in the zones with large negative curvature, which gives
rise to an increase in a, with decreasing curvature. As the distance between the
isoscalar lines increases with increasing a,, the magnitude of scalar gradient Vc
decreases with decreasing «, in the negatively curved zones. This leads to the positive
correlating branch in the joint pdf of N, and «,, (see Figs. 7.4b for case J).

e The relative strengths of the positive and negative correlating branches ultimately

determine the net correlation between N_ and «,, in the high u'/S_ cases. The
probability of finding high negative curvature remains small for small values of u’/ S,

and as a result the probability of finding high values of V.U, which locally overcomes

a;, to induce a positive value of a_, becomes rare (e.g. case F). Thus the combination
of positive correlations between N_ and a;, and negative correlations between a; and
Kk, leads to a predominantly negative correlating branch between N, and x,, in the

low u’/S, cases (e.g. case F, see Fig. 7.4b).

The strain rate and curvature dependences of N, discussed above, in turn affect the local
statistical behavioursof T,, T, , T,;, (-D, )and F(D) inresponseto a; and «,,. The

curvature and strain rate dependences of T,,, T,,, T,,, (-D,,) and F(D) are discussed

next.

7.1.2 Local Behaviours of Ty and its strain rate and curvature dependence

The marginal pdfs of T,, for different ¢ isosurfaces across the flame are shown in Fig.
7.5a for case H. The pdfs of T,, in cases F, G, | and J are qualitatively similar to those in
case H, and thus are not explicitly shown here. It is evident from Figs. 7.5a that the pdfs

of T, suggest T,, =2(V.0)N,_ assumes predominantly positive values throughout the

flame. As dilatation rate V.U is principally positive due to thermal expansion in premixed
flames (Chakraborty and Cant, 2004; Chakraborty et al., 2009), the contribution of

T, =2(V.U)N, is predominantly positive throughout the flame. Moreover, Fig. 7.5a
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demonstrates that the probability of finding high values of T, is most prevalent in the
middle of the flame with slight skewness towards the burned gas side (i.e. ¢~0.7) and
the probability of finding high values of T,, decreases on both unburned and burned gas
sides of the flame. This is consistent with the observed behaviour of the mean values of
N, conditional on ¢ shown in Fig. 7.2. The probability of finding large magnitudes of
V.U is the highest at a location which is slightly skewed towards the burned gas side of
the flame (Chakraborty et al., 2009). As the distributions of N_ and V.U are slightly

skewed towards the burned gas side of the flame, the probability of finding large values

of T,, =2(V.i)N_ becomes high around ¢ =0.7.

ar X 5th/SL
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(b) Tis X 83,/poS? ©) T11 % 63, /poSL

Figure 7.5: (a) The marginal pdfs of T,, x5 / p,S? for c=0.1, 0.3, 0.5, 0.7 and 0.9 for case H.
(b) Joint pdf between T, x & / p,S¢ and normalised tangential strain rate a, xJ, /S, on
¢ =0.8 isosurface for case H. (c) Joint pdf between T,, x 5; / p,S; and normalised curvature

K, X0y, on ¢=0.8 isosurface for case H.

The joint pdf between T,, and @y for case H is shown in Fig. 7.5b for ¢ = 0.8 isosurface.
It can be seen from Fig. 7.5b that T,, and a, are positively correlated on ¢=0.8

isosurface for case H and similar qualitative behaviours have been observed for other C
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isosurfaces in all cases considered here. Both V.U and a, are positively correlated for all

flames considered here, which along with positive correlation between N and a; (see

Fig. 7.4) gives rise to a positive correlation between T,, =2(V.0)N, and a; .

The joint pdf between T,, and «,, for case H is shown in Fig. 7.5¢ for ¢ =0.8 isosurface.
It can be seen from Fig. 7.5c that the joint pdf between T, and x, exhibits negative

correlation on ¢=0.8 isosurface for case H and similar qualitative behaviour has been

observed for other c isosurfaces in all cases considered here. In all cases the net
correlation between N, and x, is weak (see Fig. 7.4) but V.0 assumes high (small)

values at negatively curved locations because of focussing of heat, whereas at convex

location V.U tends to small values due to heat defocusing. This leads to a predominantly

negative correlation between V.U and x,, (Chakraborty et al., 2011). The negative
correlation between V.0 and x, is principally responsible for the negative correlation

between T, =2(V.U)N, and «,,.

7.1.3 Local Behaviours of T, and its strain rate and curvature dependence

The marginal pdfs of T, for different C isosurfaces across the flame are shown in Fig.

7.6a for case H. The pdfs of T,, in cases F, G, | and J are qualitatively similar to those in

case H and thus are not explicitly shown here. Figure 7.6a shows that the probability of

finding negative values of T, supersedes the probability of finding positive values. The
probability of finding negative values of T, increases as the heat releasing zone (see the

pdfs for ¢ =0.7 isosurface) is approached. It has been discussed earlier that the effects of

a4, overcome the effects of a,, in the heat releasing zone to result in a preferential
alignment of Vc with e, even for small values of Da. This preferential alignment of
Vc with e, in these zones gives rise to negative values of T, according to eq. (7.4). The
extent of VC alignment with e, (e, ) decreases (increases) towards both unburned and

burned gas sides of the flame due to diminishing effects of a,, .

The contours of joint pdfs between T,, and a; for ¢=0.8 are shown Fig. 7.6b for case
H and the correlation coefficients between T, and a; for different ¢ isosurfaces across
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the flame for all cases F-J are shown in Table 7.1. It is evident from Figs. 7.6b and Table

2that T,, and a, are positively correlated for high u'/S, cases (e.g. cases H-J) although

the strength of the correlation changes through the flame. However, T, and a, are
weakly correlated with each other within the flame where the effects of heat release are

significant for the cases with small and moderate values of u'/S, (see Table 7.1). In

order to explain this behaviour it is useful to rewrite T, in the following manner:

Ty =—2pa N, (7.19)
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pdf/5.0 Y]
02 [ —+—c¢=0.3 ||
——c=05
0.15 ' 0 e=07
5 pdeZ.O\A’, Ce—o9
[a W
0.1}
0.05¢

0 ATTTETEITET /T N \‘.'._~ RN ERRARREEED
30 -20 -10 0 10 20

2
(a) Tor % 8,/ poSt
8 _ 15
o
6 1
S 4 0.5
tn
< 3
S 2 X 0
- :
§ o 0.5
2 -1
4 20 10 0 10 20 3 45— ‘ : ‘
30 20 10 0 10 20 30 40 -20 10 0 10 20
Tor x 6%,/poSL? Tor x 82,/ p0S1?
(b) (© ‘

Fig. 7.6: (a) The marginal pdfs of T,, xétﬁ /pOSf for (=0.1, 0.3, 0.5, 0.7 and 0.9 for case H. (b)
Joint pdf between T, x&; / p,S; and normalised tangential strain rate a. x&, /S, on ¢=08
isosurface for case H. (c) Joint pdf between T,, x5z / p,S? and normalised curvature &, x &,
on ¢=08 isosurface for cases H.

Based on eq. (7.19) the strain rate dependences of T,, can be explained in the following

manner:

e It has already been demonstrated that N, and a, are positively correlated with

each other (see Fig. 7.4). The quantity (—a,) =a, — V.U tends to increase with
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increasing &, in the regions where the effects of V.U are weak. This along
with positive correlation between N, and a, leads to a positive correlation

between T,, and a; for both unburned and burned gas sides of the flame for

all cases.

e The magnitudes of V.U and a, increase with decreasing «x,, and thus
(—a,) =a, — V.U might not increase (even decrease) with increasing a, in the

heat releasing zone of the flame where the effects of V.U are strong. The a;

dependences of (—an) and N_ ultimately determine the nature of the
correlation between T, and a,. The strain rate and curvature dependences of
V.U weaken with increasing u'/ S, (Hartung etal., 2008) so (-a,)=a, —V.U
increases with increasing a, , which leads to a positive correlation between T,,
and a, for the major portion of the flame for cases with high values of u'/ S,

(see Table 7.2).

Ty —&; Ty -k,
c=0.1|c=03|c=05(c=0.7 |c=09[c=0.1|{c=0.3|c=05|c=0.7|c=0.9
F [0.642|-0.098 | -0.217 | -0.092 | 0.685 | 0.141 | 0.509 | 0.720 | 0.614 |-0.250
G [0.673|-0.090|-0.208 | -0.084 | 0.676 | 0.116 | 0.506 | 0.719 | 0.616 |-0.227
H [0.751| 0.376 | 0.263 | 0.263 | 0.648 | 0.544 | 0.252 | 0.412 | 0.423 |-0.065
I 0.802 | 0.593 | 0.616 | 0.689 | 0.827 [ 0.052 | 0.196 | 0.235 | 0.198 |-0.027

J 10.783 | 0.662 | 0.614 | 0.616 | 0.787 | 0.028 | 0.137 | 0.223 | 0.242 |-0.014
Table 7.1: Correlation coefficients between T,, and &, and between T,, and «,, on (=0.1,0.3,
0.5, 0.7 and 0.9 isosurfaces.

The joint pdf between T, and «,, for case H is shown in Figure 7.6¢ respectively for

¢ =0.8 isosurface and the correlation coefficients between T,, and «,, for different C
isosurfaces across the flame are shown in Table 7.1 for all cases considered here. It is

evident from Fig. 7.6¢c and Table 7.1 that T,, and x,, remain weakly positively correlated

except the burned gas side of the flame. The observed curvature dependence of T, could

be explained based on following physical mechanisms:

e The effects of dilatation rate V.U and thermal expansion are particularly strong in the

negatively curved regions due to focussing of heat. By the same token, the effects of
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heat release are weak in the positively curved zones due to defocusing of heat. Thus
the effects of a,,, are more likely to dominate over the effects of a,, in the
negatively curved zones and thus increases the extent of Vc alignment with e, as

demonstrated earlier by Hartung et al. (2008). Weakening of the heat release effects at
positively curved zones due to defocusing of heat leads to a greater (lesser) extent of
Ve alignmentwith e, (e, ) inthe positively curved zones. The extent of Vc alignment
with e, increases in the negatively curved zones, which in turn makes T,, increasingly
negative (see eq. (7.4)) and the magnitude of the negative contribution of T,, decreases
for positive curvature locations. This gives rise to a positive correlation between T,,
and «x,, , as observed from Figs. 7.6¢ and Table 7.1.

However, the effects of a,, are more likely to dominate over the effects of a,,

towards the burned gas side and thus the extent of V¢ alignment with e, is determined

by local turbulent flow conditions. The effects of flame-generated turbulence become
stronger at the negatively curved zones due to stronger thermal expansion effects
resulting from focussing of heat especially in the heat releasing zone. The straining
induced by flame-generated turbulence may overcome relatively weak effects of V.U
towards the burned gas side, which can give rise to an increasing extent of V¢

alignment with e, increases in the negative curved zones. This in turn gives rise to an
increase in T, (see eq. (7.4)) with decreasing «,, towards the burned gas side and

leads to a negative correlation between T,, and «,, (see Table 7.1).

7.1.4 Local Behaviours of Tz and its strain rate and curvature dependence

The marginal pdfs of normalised T, for different c isosurfaces across the flame are

shown in Fig. 7.7 for cases H. The pdfs of T,, in cases F, G, | and J are qualitatively

similar to those in case H and thus are not explicitly shown here. The pdfs for ¢ < 0.5 are

not shown in Fig. 7.7 because T, assumes negligible value in the preheat zone of the

flame due to negligible magnitude of the reaction rate W. It is evident that T,, assumes

positive values for the major portion of the flame and the probability of finding high

positive values increases towards the most reactive zone (e.g. ¢ =0.7) of the flame front.

However, T, assumes negative values only towards the burned gas side (e.g. ¢ =0.9) of

the flame front. This is consistent with the behaviour of T, shown in Fig. 7.16. The
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physical mechanism behind the transition from positive to negative values of the mean

contribution of T, (see eq. (7.10)) is also responsible for obtaining negative (positive)

values of T, towards the burned (unburned) gas side of the flame.

0.4
0.35¢
0.3r

c=0.9
0.25¢

c=0.5

PDF

0.27
0.15¢
0.1
0.05¢

-20 0 20 40
Tsr % 6,/poSL’

Fig. 7.7: The marginal pdfs of T, x52 / p,s¢ for (=0.5, 0.7 and 0.9 for case H.

The contours of joint pdfs between T, and a, for c=0.5, 0.7 and 0.9 isosurfaces are
shown Figs. 7.8a-7.8c for case H and similar qualitative behaviour has been observed for

other cases considered here. It is evident from Figs. 7.8a-7.8c that T, and a; remain

positively correlated for the part of the flame where finding positive values of T, is

prevalent. On the other hand T,, and a, are negatively correlated with each other towards

the burned gas side of the flame where T, is predominantly negative. The observed a,

dependence of T, can be explained in the following manner:

o |t has been demonstrated earlier that N, and a, are positively correlated with each
other which suggests that [Vc|=|oc/on| increases with increasing a; . For low Mach

number unity Lewis number flames W depends only on ¢ and thus high values of

|ovie/ on| are associated with high values of |Vc|=|oc/aon| and N, .
e As N, and a, are positively correlated with each other, the magnitude of reaction rate
contribution [T, |= ‘2D(8v‘v/8n)|Vc” is positively correlated with tangential strain rate

a;. Thus T, is positively (negative) correlated with a; where T, assumes positive

(negative) values.
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Fig. 7.8: Joint pdfs between T,, x5, / p,S> and normalised tangential strain rate a; &, /S, on
(@) ¢=05, (b) 0.7 and (c) 0.9 isosurfaces for case H . Joint pdfs between T, x 3. / p,S¢ and
normalised curvature &, xdJ,, onthe (d) =05, (e) 0.7 and (f) 0.9 isosurfaces for case H.

The joint pdfs between T, and x, for case H are shown in Figs. 7.8d-7.8f for c=0.5,

0.7 and 0.9 isosurfaces and similar qualitative behaviour has been observed for other cases
considered here. It is evident from Figs. 7.8d-7.8f that the joint pdf of T, and «,, exhibit

both positive and negative correlating branches and the net correlation is weak throughout

the flame.
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The physical explanations for the observed x, dependence of T, can be summarised in

the following manner:

o Theterm [T, | :‘ZD(év‘v/an)Wc” is expected to be positively (negatively) correlated

with curvature «, at negatively (positively) curved locations for high values of u'/ S,

, as in the case of N, (see case H in Fig. 7.4b), because high values of |8v'v/8n| are

associated with high values of N.and |Vc| =|éc/on|.

e As a result of the aforementioned physical mechanisms the term T,, and «,, remain

positively (negatively) correlated with curvature «,, at negatively (positively) curved

locations in the planar flames where T,, assumes positive values. By contrast, the joint

pdfs of T, and x, exhibit negative (positive) correlation with curvature x, at

negatively (positively) curved locations within the flame where T,, assumes negative

values for the planar flames considered here (see Fig. 7.8f).

Case (_ I:)2| ) - aT (_ D2| ) — Ky
c=01|c=03|c=05|c=0.7|c=09(c=0.1{c=03|c=05|c=0.7|c=0.9
F -0.598 | -0.809 | -0.368 |-0.183 -0.522| 0.280 | 0.577 | 0.582 |-0.020| 0.261
G |[-0.581|-0.806 | -0.389 |-0.218|-0.488| 0.272 | 0.554 | 0.600 | 0.023 | 0.225
H |-0.546 | -0.699 | -0.028 | 0.050 | -0.296| 0.283 | 0.422 | 0.364 |-0.234|-0.001
| -0.513 | -0.652 | 0.221 |-0.078 |-0.483| 0.231 | 0.338 | -0.074 |-0.412|-0.100
J -0.472 | -0.581 | 0.111 |-0.031(-0.378| 0.205 | 0.288 | 0.174 |-0.317|-0.107
V1 |[-0.712 | -0.695 | -0.069 |-0.616 |-0.679| 0.700 | 0.825 | -0.176 | 0.619 | 0.766
V2 |-0.628 | -0.525 | 0.089 |-0.445|-0.703| 0.475 | 0.696 | 0.033 | 0.159 | 0.633
V3 |[-0.452 | -0.355 | 0.130 |-0.312|-0.697| 0.289 | 0.481 | 0.049 |-0.104| 0.260

Table 7.2: Correlation coefficients between (-D,,) and a;, and between (-D,;) and x,, on
c=0.1,0.3,0.5,0.7 and 0.9 isosurfaces.

7.1.5 Local Behaviours of (-D2j) and its strain rate and curvature dependence

The marginal pdfs of (-D,,) for ¢ isosurfaces representative of leading edge, reaction

zone and trailing edge of the flame (e.g. ¢=0.3, 0.7 and 0.9 isosurfaces) are shown in

Fig. 7.9 for case H. The pdfs of (-D,,) in cases F, G, | and J are qualitatively similar to

that in case H and thus are not explicitly shown here. Figure 7.9 shows that (—D,,)

assumes negative values throughout the flame and the probability of finding high

magnitude of (—D,,) increases from unburned gas side towards a region of the flame
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which is severely skewed towards the burned gas side (e.g. ¢ = 0.9 isosurface). This

behaviour is found to be consistent with the mean behaviour of (—D,,) shown in Fig. 7.2.
The contours of joint pdfs between (—D,,) and a, for ¢ =0.8 isosurface are shown Fig.

7.9b for case H and the correlation coefficients between (-D,,) and a, for different c
isosurfaces across the flame for all cases considered here are shown in Table 7.2. Figures
7.9b and Table 7.2 show that (-D,,) and a; are predominantly negatively correlated
throughout the flame but the strength of this negative correlation weakens with increasing

u'/S, and the correlation becomes weakly positive at the middle of the flame for high

values of u'/S, (e.g. cases I and J). This behaviour can be explained in the following
manner:

e The instantaneous SDR N, and the molecular dissipation term (-D,,) can be taken to
scaleas N, ~D /&% and (-D,,) ~ (-pD?/ 8*) ~ (=pN?) (where & is the typical local
flame thickness) because in premixed flame the gradients of progress variable are only
existent within the flame thickness. Alternatively, (-D,) can be considered to be
governed by small-scale eddies and thus the characteristic length scale can be taken to
be the Kolmogorov length scale 7. However, §/7~ Ka”? remains of the order of
unity for all cases considered here (see Table 4.1) and thus one obtains

(-D,,) ~ (-pD?/6*) ~ (~pN?) when dissipation processes are taken to be governed
by 7. Both scalings of (-D,) (ie. (-D,)~(-pD?/&%)~(-pN?) and
(-D,) ~ (=pD? I ") ~ (-pNZ)Ka*) suggest that high magnitudes of the dissipation
term |-D,, | are associated with high values of a; due to positive correlation between

N, and a; (see Fig. 7.4a).

e As (—D, ) assumes negative values, the quantities (-D,,) and a, is predominantly
negatively correlated throughout the flame due to positive correlation between |-D, |
and a;. However, the negative correlation between (-D,) and a; weakens with
increasing U’/ S, due to weakening of positive correlation between N, and a; . Thus
the correlation between (—D,,) and a, becomes weakly positive at the middle of the

flame for high values of u'/S, (e.g. cases I and J).
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Fig. 7.9: (a) The marginal pdfs of (—D,,)xJ2 / p,S? for ¢ =0.3,0.7 and 0.9 for case H. (b) Joint
pdfs between (—D,,)x 32 / p,S? and normalised tangential strain rate a, x&, /S, on ¢=0.8
isosurface for case H. Joint pdfs between (—D,,)x & / p,S? and normalised curvature &, x &,
on (c) ¢=0.3, (d) 0.7 and (e) 0.9 isosurfaces for case H.

The joint pdfs of (-D,,) and curvature x,, for case H are shown in Fig. 7.9 for ¢ =0.3,

0.7 and 0.9 isosurfaces and the correlation coefficients between(-D,) and «,, for

different ¢ isosurfaces across the flame are shown in Table 7.2 for all cases considered

here. The joint pdfs of (-D,,) and x,, in cases F,G, | and J are qualitatively similar to

those in case H and thus are not shown here. It can be seen from Fig. 7.9 that the quantities
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(-D,,) and x,, are non-linearly related to one another. The physical explanations behind

the observed behaviour is provided below:

e The molecular dissipation term (—D,,) can alternatively be expressed as:

2 2 2 2 2
{aw} ‘ax ‘Vc‘a‘VC‘+4K; ch+2{ o’c dc  dc o
on OX,0X, OX,0X, OX,0X OX,0X,

L9 c dc  d¢ % Lo d’c ¢ ¢ %
OX,0%y OX,0X;  OX,0X; OX,0%, OX,0%5 OX,0%3  OX,0X, OXy0Xq

(—D2|)=—2pD2 :| (720)

The above expression clearly indicates that the third term on the right hand side of eq.
7.20 (i.e. —8pD21<,i|Vc|2) induces non-linear curvature dependence of the molecular
dissipation term (-D,,) .

e The quantity 6|Vc|/ on remains negative (positive) towards the unburned (burned) gas

side of the flame (Chakraborty and Cant, 2004; Jerkins et al., 2006; Klein et al., 2006)

thus the second term on the right hand side is positively (negatively) correlated with

k,, towards the unburned (burned) gas side of the flame. The first term on the right
hand side of eq. 7.20 can be taken to scale as —2pD?(0|Vc|/dn)> ~—2pN?. It has
already been shown that the joint pdf of N, and «,, exhibit both positive and negative
correlating branches for high values of u'/S, (see case J in Fig. 7.4b) and thus the
joint pdf of —2pD?(6|Vc|/on)? and «,, is also expected to show branches with both

positive and negative correlations in these cases. The weak negative correlation

between N.and x;, for small values of u'/S, (see case F in Fig. 7.4b) leads to weak
positive correlation between —2pD?(d|Vc|/on)? ~—2pNZ and «, . The last three

terms on the right hand side vanish in the limit of small scale isotropy and for the

present cases they remain weakly correlated with curvature.

The relative strengths of the above mechanisms determine the net curvature dependence
of (-D,,). Thus positive and negative correlations between (-D,,) and x,, have been

observed within the flame front in all cases considered here.
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7.1.6 Local Behaviours of f(D) and its strain rate and curvature dependence

The marginal pdfs of F(D) for ¢=0.1, 0.3,0.5, 0.7 and 0.9 isosurfaces across the flame
front are shown in Fig. 7.10 for case H. The pdfs of F(D) in cases F, G, | and J are

qualitatively similar to those in case H and thus are not explicitly shown here. It is evident

from Fig. 7.10a that F (D) predominantly assumes negative (positive) values towards the
unburned (burned) gas side of the flame (see Fig. 7.2). The density-weighted diffusivity
pD is considered to be constant in cases F-J and thus T, and T, are identically zero in
these cases. The marginal pdfs of T, and T,, for case H are shown in Figs. 7.10b and
7.10c, which show that both Ty, and T,, predominantly assume positive (negative)
values towards burned (unburned) gas side of the flame. As T, =T, /2 in cases F-J, the
pdfs of T, are qualitatively similar to those of T, and thus are not shown here. This
indicates that T,. shows predominant probability of finding positive values throughout

the flame (see Fig. 7.5).

The contours of joint pdfs between F(D) and a; and between F(D) and x,, for c=0.1
, 0.5 and 0.7 isosurfaces are shown Fig. 7.11 for case H, and the correlation coefficients
between F(D) and a, and F(D) and «,, for different C isosurfaces across the flame
for case H are shown in Figs. 7.12a and 7.12b respectively. Both Figs. 7.11 and 7.12
indicate that F(D) and a, are negatively (positively) correlated with each other towards

the unburned (burned) gas side of the flame brush (i.e. case H).

In order to explain the observed strain rate dependence of F(D) the correlation
coefficients between T,;, Ty, and T, with a, for c=0.1, 0.3, 0.5, 0.7 and 0.9
isosurfaces are also shown Fig. 7.12 for case H. It is evident from Figs. 7.12a and 7.12b
that both Ty, and T,, remain negatively (positively) correlated with a; towards the

unburned (burned) gas side of the flame.
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Fig. 7.10: (a) The marginal pdfs of F(D)x &z / p,S? for €=0.1, 0.3, 0.5, 0.7 and 0.9 for case H.

The marginal pdfs of (b) Ty, %3 / p,S¢ and (c) Ty, %6 I p,S¢ for €=0.1, 0.3, 0.5, 0.7 and
0.9 across the flame for case H.

The strain rate dependences of T.,, Ty, and Ty, can be explained in the following

manner:

e The magnitudes of T,; and T,, can be taken to scale as: [T,,| ~ pDN, /5? ~ pN? and
Tos| ~ PDN, /5% ~ pNZ, which indicates that [T,,|~ oNZ and [T,,|~ pNZ remain
positively correlated with @ due to positive correlation between N, and A (see

Fig. 7.4). This suggests that the negative (positive) values of T, and T, (see Figs.

7.11 and 7.12) lead to negative (positive) correlations of these terms with @1 due to
positive correlations between N, and a; (also due to positive correlation between

|TD3| = IONC2 (|TD4| - pr) and a; ).
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e The term T, remains positively correlated with a; throughout the flame, which is

consistent with the positive correlation between T,, and a; shown in Fig. 7.5, as

Tps =0.5T;, in cases F-J considered here (see Fig. 7.12).
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Figure 7.11: Joint pdfs between F(D)xd2/p,S? and normalised tangential strain rate
a; x0,, 1S, for case H on (a) ¢=0.1, (b) 0.5 and (c) 0.7 isosurfaces. Joint pdfs between
F(D)x &7 I p,S{ and normalised curvature x,, X, on (d) c=0.1, (e) 0.5and (f) 0.7 isosurfaces
for case H.
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e Theterms T,, Ty, and T, remain positively correlated with a; towards the burned
gas side of the flame (see Fig. 7.12a) and these positive correlations result in a net
positive correlation between F(D) and a, towards the burned gas side of the flame.
On the other hand, T,; and T,, remain negatively correlated with a, towards the
unburned gas side of the flame (see Fig. 7.12a) and these correlations dominate over

the positive correlation between T,. and a; to result in a net negative correlation

between F(D) and a; towards the unburned gas side of the flame.

() (b)

= ; ; ; ; 1 ‘ ‘

= | | | - I I I I I

2 A A || A Tps | B l l l l l * Tos
Sos AT A IR e

g l l l e & T @ ‘ \ ‘ | | orT
O 02f-r---a----1---7-—-Y| 0 Tpe 3 oz—f——‘ﬁ'———!————}————}—— D4
S e e e g Of-1---7--—-——F--—-@--¥-

o | | | ) | Qo | | ]
E-O.Z**:*****:****:****T****r* ATD5 %'0277é7777A7777:7777T777*'7 ATD5
N PP S -

3 % x| efD)] S A ] e f(D)

-1 011 013 0‘5 0‘7 o.‘9 1701 03 05 07 09
C C

Figure 7.12: (a) Correlation coefficients for the T,,-a;, T,,—a;, Tps—a& and F(D)-a,
correlations on ¢=0.1, 0.3, 0.5, 0.7 and 0.9 isosurfaces for case H; (b) Correlation coefficients
forthe Tp; —x,,, Tp, — K, Tps — &, and F(D)—x,, correlations on ¢=0.1, 0.3, 0.5, 0.7 and
0.9 isosurfaces for case H.

The correlation coefficients between T, T, and Ty, with x, for c=0.1,0.3,0.5,0.7
and 0.9 isosurfaces are also shown Fig. 7.12b for case H. It is evident from Figs. 7.12b

that F(D) and x, is weakly correlated throughout the flame. The curvature x,,

dependences of T,, Ty, Tps and F(D) can be explained in the following manner:

e Both Ty, and T,, remain negatively (positively) correlated with a, towards the
unburned (burned) gas side of the flame (see Figs. 7.12a), whereas a; and x,, are
negatively correlated throughout the flame. Thus, high (low) values of T, and T,

are associated with high positive values of x, towards the unburned (burned) gas side
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of the flame, which gives rise to positive (negative) correlations of T,, and T, with
K,, towards the unburned (burned) gas side.

e As T, =0.5T,, for cases F-J), a strong negative correlation between T, and «,, has

been observed near ¢ = 0.7 isosurface, which is consistent with the negative correlation

between T, and «,, shown in Fig. 7.5.

7.1.7 Modelling significance

A modelled transport equation of N needs to be solved alongside other modelled

conservation equations in LES simulations, when the generation of scalar gradients do

not remain in equilibrium with its destruction. In order to solve the transport equation of
N~c , models are required for the sub-grid part of each unclosed terms in the N~c transport
equation. It has been reported that the local strain rate and curvature dependence of N

and the terms of its transport equation for VV-flames are found to be qualitatively similar
to the behaviour observed for the statistically planar flame case. As the SDR statistics

are principally governed by the small-scale molecular processes, the local statistics of N
and the terms of its transport equation are largely independent of the flow configuration.
Thus, the models for N~c transport developed based on data extracted from canonical

configurations might broadly be applicable to different geometries.

7.2 Statistical analysis of filtered SDR and its transport equation

As Nc approaches to N, with decreasing filter width A (i.e. lim, ch =N, ), the local
resolved-scale strain rate and curvature dependences of Nc and the terms of its transport
equation (i.e. T,,T,,T;,T,,(-D,) and f(D) in eq. (3.58)) are likely to be qualitatively
similar to the local strain rate and curvature dependences of N, and the terms of its

transport equation respectively. It worth noting that T, only exists in the filtered SDR

transport equation such that the corresponding relations between the instantaneous terms

and filtered terms are as:

Ty =T, T, =Ty Ty =T, (-D,)=(-D,) and F(D)= (D) (7.22)
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However, the resolved scale curvature and strain rate dependences of the sub-grid SDR

(N, —DVE.VE) and the sub-grid componnents of the unclosed terms of its transport

equation (i.e. T,.,, =T, - Ty, T.

3sg

=T, =T, T

4sg

=T,—T, and f(D),, = f(D)- f(D);

sg
) are expected to be smeared due to the convolution process of LES filtering, which is yet
to be addressed here

For the purpose of convience, the transport equation of filtered SDR (eq. (3.58) is repeated

below here following the numbering of this chapter:

o(pN,) o(Pu;N,) 8 ( _oN

o/ = D—C |+T,+T,+T,+T,-D, + f(D 7.22

o o og| Pk T TP 1HD) (722
Dl

where the terms on the left hand side denote the transient effects and the resolved

advection of NC respectively. The term D, represents the molecular diffusion of NC and

the other terms T,,T,,T,,T,,(-D,) and f (D) are all unclosed and given by:

0 o~
Tl=—&(puch—puch) (7.23)
J
T,=—2B w0 | plc || p (7.24)
P oX; OX; ) | OX; OX;
oc ou, oc
T,=-2pD——— 7.25
3 pDaXi ox, ox (7.25)
OW oc
T,=2D—— (7.26)
8Xi aXi
o*c 0%
-D,) =-2pD? 7.27
(-D,)=-2pD 20X, IHOX (7.27)

f(D)=T,(D)=2D—

2 2
oc a(pD) _o’c o oc *(pD) éc _ @ ( Nca_Dj
]

OX,  OX, OX;0X; OX, OX;0X, OX;  OX; OX;
FD1 FD2 ED3 (728)
oD o0 ( oc ¢c oc oc | oD oD
2D ———— |+ —— | = +YU,—
OX; OX; \ OX, OX, OX, OX, )| ot OX;

FD4 FD5
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The term T, represents the effects of sub-grid convection, whereas T, denotes the effects

of density-variation due to heat release. The term T, is determined by the alignment of
Ve with local strain rates e; = 0.5(0u; /0x; +0u; /0x;), and this term is commonly

referred to as the scalar-turbulence interaction term. The term T, arises due to reaction

rate gradient while (—D,) denotes the molecular dissipation of SDR and these terms will

henceforth be referred to as the reaction rate term and dissipation term respectively. The

term f(D) , as in eq. (3.63), indicates the effects of variation of mass diffusivity, D,
and its interaction with scalar gradients. The transport equation of the resolved

components of N_, DVE.VE, is repeated here as well for presenting purpose below:

a(,3Dvcvc)+a—xj(,‘aajDvcve)
TlR
~ % 2 (pujc—puc)
OX; O, % PR
TZR
2D op é¢ | — ——\ 0 o
-— - —|W+V.[pDVc)-—/(pu.c—p0.c 7.29
ﬁ 6Xi aXi|: (p ) 6xj (p ] P J ):| ( )
- o¢ 00, 66 .~ OC OW
o558 B s o oW
OX; OX%; OX; 0X; OX;
%/—J
Tar Tar
0| _x 0rx _= 0°¢ o€
+— —| DVCEVC | |-2pD + f(D
oX, ['D 6xj[ ]] P XX, OX;0X, ()
Dig —Dzr
where
o 5 o )
(D), = DDOED) & % 53D 5 0T gy, 0D
OX; OX; OX OX, OX; 0%, OX,OX; OXOX;
o~ ~ 2/ — ~ - = 2~
+25 6 X 0(PD) 55 € A(pD) € (7.30)
OX, OX; OX,OX; OX,  OX; OX0X;

- 5 5 3 5. . o,
+oveve(2 q, Py sveve@® +a J. Dy | sBveve
ot ox, ot o, ox.

J ] XJ
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Based on egs. (7.22) - (7.30), the resolved strain rate and resolved curvature dependences

of the sub-grid conponents of N_, T,, T,, T,, (~D,) and f (D) will be assessed for

turbulent premixed flames datasets of different turbulent intensities.

7.2.1 Sub-grid component of N_ and its strain rate and curvature dependence

The correlation between the sub-grid components of N_ for different filter widths is

shown below for a sample case (case F).
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Figure 7.13: Joint pdfs between N_xg, /S, and N, x5, /S, forcase Fonc=0.1,0.3,0.5, 0.7 and

0.9 isosurface for filter widths A ~0.45,, A~1.25,, A~2.05, and A~2.85, -

Figure 7.13 showed that for small filter width (i.e. A~0.45,), N_x&, /S, and its resolved
component are strongly positive correlated. This positive correlation weakens with

increasing filter width. For large filter widths (i.e. A>>4,), N, x4, /S, and its resolved
component becomes uncorrelated, indicating that it is possible to model N, x&,, /S,

algebraically for A >>¢,, which is often the case in real LES.
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Terms x 62, /poSr?

0 02 04 06 08 1 0 02 04 06 08 1
C C

Figure 7.14: Variations of T, (——),T,(----- ), T3 (——), T,(—=—), (-D,)(—=—) and

f(D)  (——) conditionally averaged in bins of C for A~ &, (1% column) and A = 3.0,
(2™ column) in cases L, F, H and J.

7.3 Modelling of unclosed terms of SDR transport equation

7.3.1. Modelling of the turbulent transport term T

It is evident from eq. 3a that the variation of the turbulent transport term T, within the
flame brush depends on the sub-grid flux of SDR (i.e. pu,N_—pu, Nc) and its modelling

is essential for the closure of T,. One obtains (pu;N_ — puU; Nc) ~p,S2 158, when S, is
used to scale the sub-grid velocity fluctuations associated with sub-grid scalar gradients,

and the sub-grid fluctuations of SDR are taken to scale with S, /J,, (Swaminathan and
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Bray, 2005). Using p,S2/4d,, and A to scale (pu;N, —,BUiN~c) and resolved gradients

respectively yields:

2 2
LS po—fL x Da’® Re;*® for A>> 4, (7.31)
Aé‘th 5th

where Da, =AS /u,d, and Re, = puyA/ , are sub-grid Damkéhler and turbulent
Reynolds number respectively with u} = \/m and kg, = (pu.u, — pu.0,)/ 2p being
the sub-grid turbulent velocity fluctuation and sub-grid kinetic energy respectively. One
obtains Da, Re, ~(A/d5,)* using D~S, 5, (Swaminathan and Bray, 2005), which
indicates that Da, Re, increases with increasing A. Thus, the magnitude of the turbulent
transport term T, is expected to decrease in comparison to 0,515 with increasing A
according to eq. (7.31). One obtains an alternative scaling estimate of T, when the sub-
grid fluctuations of velocity and SDR are scaled with respect to uj and S, /J

respectively, which yields:

’ 2
T, ~ P03t | PSC pat for A> 5, (7.32)
A5th é‘th

Equation (7.32) also suggests that the magnitude of the turbulent transport term T, is

expected to decrease in comparison to p,SZ /O3 with increasing A, as Da, increases

with increasing A (Dunstan et al., 2013).
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Figure 7.15: Variations of (pu;N, — pU, NC)Mi X é‘th/pOSf ( ) conditionally averaged in
bins of € along with the predictions of eq. (7.43) (====-) for A= 3, (1** column) and

A = 3.00,, (2™ column) in cases L, F, H and J.

Sub-grid flux of SDR (ou,N_ — pu. N~C) is often modelled using a gradient hypothesis as
(Chakraborty et al., 2011a):

oN,
OX.

(pu;N, — BN, ) = —pD, (7.33)

where D, is the eddy diffusivity. It has been demonstrated earlier that the turbulent scalar

flux of scalar gradients (e.g. FSD and SDR) may exhibit counter-gradient transport for
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the flames when counter-gradient transport is observed for (pTic — pu.C) (Chakraborty

and Swaminathan, 2010, 2013; Chakraborty et al., 2011d; Veynante et al., 1997;
Chakraborty and Cant, 2009). Recently, Chakraborty and Swaminathan (2013) proposed
a RANS model for turbulent flux of SDR which is capable of predicting both gradient

and counter-gradient transport of SDR in the following manner:

pult”)—a,(p)6A— N 2k/3M 12, O, (7.34)

, [
i¢c :ﬂ’c - P A ~ W
P A T e

A

where (Q), Q=(pQ)/(p) and Q" =Q-Q are Reynolds average and Favre average,

and Favre fluctuation of Q and 4, &, k and & are the eddy viscosity, Favre-mean

SDR, turbulent kinetic energy and its dissipation rate respectively in the context of RANS,
which are defined as:

2 LTK " ou"

11, =0.09(p)~; K = 0.5 PN pog a1 4 U U, (7.35)
& (p) (p)\" 0% ox

Ineq. (7.34) 4, =2 and ® = 0.5 are the model parameters and M;* =—(6¢/ox;)/|V¢] is

the i component of the resolved flame normal vector. According to Bray et al. (1985),

(pufc”) can be expressed in the following manner:

(puie”) =(p)l{u;), ~(u,),J6a—6)+0(,) (7.36)

where (u;), and (u; ), are the conditional mean velocities in X;-direction in products and
reactants respectively and the contribution O(y,) arises from burning mixture which
scales with 1/Da (i.e. O(y,) ~ O(1/ Da)). Thus the contribution of O(y,) is expected to

be negligible for Da >>1 flames. Veynante et al. (1997) demonstrated that the slip

velocity [(u;), —(u;) ] can be expressed as:

[(u;), —(u;) 1=~(~acV2k/3+2S IM (7.37)

where «. is an appropriate efficiency function. Equation (7.37) leads to the following

expression for (pufc”):
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(pule") = (p)(aeV2kI3 15 )MFEL—E) +O(r,) (7.38)

Thus, the quantity (o v2k/ 3)(p)EL—-C)M{ in eq. (7.38) can be taken to represent the
effects of turbulent velocity fluctuation on turbulent scalar flux <pui"c">. Thus, the heat

release and turbulent velocity fluctuation effects in eq. (7.34) can be identified as:

Heat release effects

Ac(®—6)[</’“c>< P/<C C)VZE/M 7. (7.39)

Turbulent velocity fluctuation effects

[~(,M] - M) (p)e- 6V 2k /3]E, 02,
O
(") /(p)+E(1-0)] 0x,

A, (®~C) (7.40)

Chakraborty and Swaminathan (2013) proposed the following expressions for «,, «,

and @ :

o, =0.22; o, =4.0[L—0.5erf (Re /6)] and ® =1—0.5erf (Re,/3) (7.41)

where Re, =p0122/ﬂ05 is the local turbulent Reynolds number, ensuring the model
parameters reach asymptotic limit for large values of Re (i.e. Re, — o) (Chakraborty
and Swaminathan, 2013). It is worth noting that eq. (7.34) is not only valid for high
Damkohler number (i.e. Da>>1) flames but also for low Damkdéhler number (i.e.
Da <1) flamelet combustion in the thin reaction zones regime (Peters, 2000). For
Da >>1 one obtains (pc"* ) ~ (p)é(1—¢) due to bimodal pdf of ¢ (Bray, 1980) and under
that condition eq. (7.34) for A, =2.0 reduces to an expression proposed by Veynante et
al. (1997) which is strictly valid only for high values of Damkohler number (i.e. Da >>1
) in the context of FSD transport. For Da <1 combustion (pc"*)/(p) < ¢(1-¢), and thus

the involvement of <pC"2> in egs. (7.34), (7.39) and (7.40) inherently accounts for O(y,)

contributions in egs. (7.36) and (7.38). The contribution of O(y,) is expected to weaken
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with increasing Da as <pC"2> approaches ¢(1-¢). It was demonstrated by Chakraborty
and Swaminathan (2010, 2013) and Chakraborty et al. (2011d) that eq. (7.34) not only
predicts (pu'e,) for Da>>1 flames but also for Da <1 thin reaction zones regime

combustion.

The RANS modelling of turbulent scalar flux can be extended for LES as (Rymer, 2001):
[puc— pU,E] = L)), — (U) JEA-C) =—pl-atu) + 5, EA-C)M,  (7.42)

where ¢ is an appropriate efficiency function and M, =—(8E/axi)/|V'c'| is the i
component of the resolved flame normal vector for LES. Using eq. (7.42) and extending
the aforementioned RANS modelling argument given by egs. (7.34-7.41) for the purpose

of LES allows one to model (ou; N, — pu; Nc) in the following manner:

nlpuic—puicl-y,pCA-C)uM; = ' oN
N, —p(C-A ¢t (7.43

PU; Nc _IBJi Iqlic = {((D'_E)

where y,,7,,®" and C. are the model parameters and the following values have been

suggested based on the current a-priori DNS assessment:

7, =18, y, =49-32erf (0.15Re,), ®' =07 and C, =0.11 (7.44)

Equation (7.44) ensures that y, reaches an asymptotic limit for large values of Re, (i.e.
Re, —> o). The predictions of (pu,N, — AU I(I'C)Mi x5, 1 p,S? according to eq. (7.43) are
compared to the corresponding quantity extracted from DNS data for A=, and
A =36, in Fig. 7.15 for cases L, F, H and J. Figure 7.15 shows that eq. 9a satisfactorily
predicts (ou,N_ — pu, ICIC)Mi x &, 1 p,SE for both A= Jy, and A>> 6, (e.g. A=3.05,)

in turbulent flames with different values of r and Re, when the model parameters

according to eq. 9b are used. However, the agreement between the predictions of eq. 9a
and DNS data improves with increasing A (see Fig. 7.15). It can be seen from Fig. 7.14

that the magnitude of T, remains negligible in comparison to the magnitudes of

1, T,,7T,,(-D,) and f(D) in all cases for all values of A. Thus, the uncertainties
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associated with the modelling of (pu;N, —pu, NC) do not have major implications in the

closure of SDR N~C transport.

7.3.2 Reaction rate gradient terms T»

For low Mach number globally adiabatic Le=1.0 flames p can be expressed as

p = p,@+7zc) (Bray et al., 1985), which gives rise to an alternative expression of T,

as:

T, = Z(p% Nc} (7.45)

The resolved part of T, can be taken as:

(T),.. = 2pBveve (7.46)
OX;
As the dilatation rate (0U;/0X;) is predominantly positive in turbulent premixed flames,

the contribution of T, remains positive in all cases irrespective of the filter width A. The

dilatation rate can be taken to scale as (ou,/ox;)~1S, /8, (Chakraborty and

Swaminathan, 2007a,b; Chakraborty et al., 2009) . Thus, T, can be scaled as:
(7.46)

whereas the resolved component (T,),.. can be taken to scale as:

res

S2 Uy (8, pS? Uw ..
T,). _PodL x[ mj ~Podu fXReAl.s Da;s for A>> 5, (7.47)

52 S, \A) 8 s,

where U is a velocity scale representing the Favre-filtered velocity components ; .
The above scaling estimates demonstrate that T, remains of the order of pOsz / 551
irrespective of A. By contrast, the magnitude of (T,),, remains comparableto p,S? /52
for U, ~S, and A=Jy, but the magnitude of (T,), is expected to decrease with

increasing A. This suggests that the sub-grid component (T,),, =T, —(T,). plays an
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increasingly important role with increasing A, which can be substantiated from Fig. 7.16

where the variations of the mean values of T, and (T,),, =T, -(T,),., conditional on ¢

are shown for cases L, F, Hand J for A= ¢, and A = 3.00,,.
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Figure 7.16: Variations of T, ( )and (T,)g, (—<—) conditionally averaged in bins of c

along with the predictions of eq. (7.49) (= = = =) for A= J,, (1* column) and A = 3.06,, (2™
column) incases L, F, Hand J.

Scaling (0u;/0x;) and N, with respect to zS, /S, and S, /S, respectively leads to

the following model for <2D(8ui /10X )Vc”.Vc”) in the context of RANS (Chakraborty et
al., 2008, 2010; Chakraborty et al., 2011d; Chakraborty and Swaminathan, 2010, 2013):

(p)é

2D(ou. /ox.)Ve"ve"y=2B. 5, ———F—
< ( i |) > T, L 5th(1+ KaL)l/z

(7.48)

196



Chapter 7. SDR transport and its modelling
where B, is a model parameter of the order of unity which depends on the thermo-

chemistry and Ka, =(S,)*?(&5,)"% is the local Karlovitz number. As
(T,) =T, —(T,) ., is expected to behave similar to (2D(du; /dx;)Ve".Ve") for A>> 5,
and both of these quantities scale with 0,257 /5, , the existing RANS modelling

methodology for (2D(Au, /6x;)VC".Vc") has been extended here for the modelling T, in

the following manner:

[N, — pDVEVE]
5, (1.0+Ka, )"?

T, = 2,3f>ve.ve%+@ 7S,
X, 2

(7.49)

where Ka, = (uy /S )*2(A/38, )12 is local sub-grid Karlovitz number and g, is a

model parameter, which is taken to be 2.7 based on the current analysis. The first term

on right hand side of eqg. (7.49) accounts for (T,),.. whereas the second term accounts for

res

the sub-grid component. According to eq. (7.49) the term T, approaches to (T,),, When
the flow is completely resolved in the following manner:
. . ~ ou. ou.
lim, ,T,=lim, ,2pDVE-VE— =2pDVc.Vc— 7.50
A0 12 A0 2P ox P ox ( )
lim,_, N, =lim,_, DVE.VE = DVc.Vc (7.51)

The local Karlovitz number Ka, dependence of (T,),, ensures that the effects of

sg
(0u; /0x;) diminish as combustion approaches the broken reaction zones regime

(Chakraborty et al.,, 2008, 2010; Chakraborty et al. 2011d; Chakraborty and

Swaminathan, 2010, 2013). However, the local Ka, dependence of (T,),, suggested in

eq. (7.49) is one of the several possible options, which suggests a diminishing strength of

(T,), withincreasing Ka, . Thus, any other parameterisation, which predicts weakening
of (T,),, with increasing Ka, , can also be used for the modelling of T, . The predictions

of eq. (7.49) with S, =2.7 are compared to T, extracted from DNS data in Fig. 7.16,

which shows that eq. (7.49) satisfactorily predicts the quantitative behaviour of T, for a

range of different values of A for turbulent premixed flames with different values of Re,

and 7.
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7.3.3 Scalar turbulence interaction term T3
The term T, can be expressed as (Chakraborty and Swaminathan, 2007a,b; Chakraborty
et al., 2009; Chakraborty et al., 2010):

T, =—2p(e, cos’ a+e, cos’ f+e, cos’ y)N, (7.52)

where €185 and e, are the most extensive, intermediate and the most compressive
principal strain rates and their angles with Vc are given by «, f and y respectively,
which suggests that a preferential collinear alignment of Vc with €, and e, leads to a
negative contribution and positive contribution respectively of T,. It has been
demonstrated earlier (Chakraborty and Swaminathan, 2007a,b; Chakraborty et al., 2009;
Chakraborty et al., 2010) that V¢ aligns with e, (i.e. |cosy| =1.0) when turbulent fluid-
dynamic straining a,,, overcomes the strain rate a,, induced by flame normal
acceleration and vice versa. The variations of the mean values of T, conditional on ¢ are
shown in Fig. 7.14 for cases L, F, Hand J at A = 0, and A ~3.05,,. Figure 7.14 shows

that T, is negative throughout the flame brush for cases F and H but assumes positive

values towards unburned gas side of the flame brush and negative values towards burnt

gas side of the flame brush respectively in cases L and J. In cases F and H, the reaction

progress variable gradient Vc predominantly aligns with €, , however, the extent of this
alignment decreases from case F to case H. This predominant alignment of Vc with €,
in cases F and H leads to negative contributions of T, in these cases. In case F, the
reaction progress variable gradient Vc predominantly aligns with e, in the unburned
gas region but the effects of a,,, overcome the effects of a,,,, in the regions of intense
heat release and Vc starts to align with €, in the reaction zone. Thus, positive value of
T, can be discerned towards the unburned gas side in case F, whereas T, assumes

negative values for the rest of the flame brush. When the statistics were extracted,

rDa/Re!’? is equal to 0.96, 0.55,0.49 for cases H, | and J respectively, which gives

rise to greater extent of V¢ alignment with e, in case J (case ) than in case | (case H).

Therefore T, assumes predominantly negative values in cases H and I, whereas positive
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contribution towards the unburned gas sides of the flame brush is observed for T, in case
J (not shown here) as @, overcomes &, in the regions of intense heat release and

Vc starts to align with €, in the reaction zone. The effects of a,, are weaker in case

chem

L than in cases F-J due to smaller value of z and thus a,,, dominates over a., for a

chem
major portion of the flame brush in case L than in case I, although turbulent flow

conditions are similar in these cases. This leads to greater extent of positive contribution

of T, in case L than in case | but in both cases T, assumes negative values towards the

burned gas side of the flame brush as a ., dominates over a,,,, in the regions of intense

heat release.

Scaling the strain rate associated with sub-grid fluctuations of velocity using S, and J,,

(Swaminathan and Bray, 2005) gives:

2
T, - LS (7.53)

whereas the resolved part of T, can be scaled as:

~Ac Al Ac 2 U 3 2 U
(M) = _ZﬁDai%éi ~ pofL x—= X((S'h] ~ pofL x—4 xRe* Datfor A>> 0y, (7.54)
o% OX; OX; Oy S, A o S

An alternative scaling of T, can be obtained when the sub-grid turbulent straining is taken

to scale with (u} /A):

T, ~ PNy _ poSe Da,' for A>>Jy (7.55)

Equations (7.53-7.55) suggest that the contribution of (T;),, to T; is expected to be

negligible for A >> o, . This can be substantiated from Fig. 7.17, where the variations
of the mean values of (T;),, =T, —(T;), conditional on C are also shown for cases L, F,

H and J.

199



Chapter 7. SDR transport and its modelling

~

Figure 7.17: Variations of T ( )and (T;),, (—=—) conditionally averaged in bins of C

along with the predictions of eq. (7.56) (= = = =) for A= J,, (1* column) and A = 3.06,, (2™
column) incases L, F, Hand J.

The above scaling arguments are used here to propose a model for T, as:

— ¢ OU; ¢ u.  ~
T,=—2pD—=—""= 4+(1-f_ )C,-C,r.Dar)—2pN 7.56
$ P X, OX; OX, (= 1:,)(C, =C A)Ap ¢ (7:56)

where C, and C, are the model parameters and Da; =S, p,A/u)pd,, is the density-
weighted local sub-grid Damkohler number. The first (second) term on the right hand

side of eq. (7.56) denotes res(T,) ((T,), =T;~(T,).;) and f, is a bridging function in
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terms of A/5,, which ensures that (T,), ~T, for A>>&; and T, approaches to (T;) .

when the flow is fully resolved:

: : — oc oU; ot oc ou; oc
lim, ,T,=—lim 2pD ——F+—~ =-2pD— —L — 7.57

Ao 3 200 S A X, X, P=ox. X, X, (7:57)

The term C3,5|qc (uy /A) ineq. (7.56) is consistent with the scaling estimate given by eq.

15c, which accounts for the alignment of VC with e, . By contrast,

—zC4DaZ,5N~C(u'A IA) = —£4pONC(SL /,,) accounts for the alignment of VC with e_,
and is consistent with scaling estimate given by eq. (7.55). The effects of a_ . weaken
with increasing Karlovitz number and thus the model parameter C, is expected to have
local sub-grid Karlovitz number Ka, dependence. Based on the current a-priori analysis

the following expressions for C;,C, and f, have been proposed here:

C,=75; C,=0.751.0+Ka,)™ and f, =exp[-1.05(A/5,)"] (7.58)

The above values have been chosen based on a least-squares analysis. An alternative set

of functional relations for C, and f; , which will satisfy the expected asymptotic trends

interms of Ka, and (A/9,) respectively, can also be used for the modelling of T,.

The predictions of eq. (7.56) with the model parameters given by eq. (7.58) are compared
with DNS data in Fig. 7.17. It can be seen from Fig. 7.17 that the model given by eq.
(7.56) provides satisfactory prediction of T, for a range of different values of A , and for
flames with different values of Re, and = when the model parameters listed in eq. (7.58)

are used.

7.3.4. Modelling of the combined reaction, dissipation and diffusivity gradient
contribution [T4-D2+f(D)]

The variations of the mean values of [T, —D, + f(D)] conditional on € are shown in

Fig. 7.18 for A, B, D and F for A~ ¢, and A ~3.06,, showing that [T, —D, + f (D)]
acts as a sink (source) term towards the burned (unburned) gas side of the flame brush

for A=9, (also for A<o, not shown here). However, the mean value of
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[T,—D,+ f(D)] conditional on € is predominantly negative for A>>d, (e.g.

A=3.00,).

The term T, can be expressed as: T, =—2D(&w/on)|Vc| where n is the direction of
the local flame normal which points towards the unburned gas. For the present thermo-
chemistry the maximum value of reaction rate W occurs close to ¢ ~ 0.85 (Chakraborty
and Cant, 2004). This suggests that the probability of finding negative (positive) values
of ow/on is significant for ¢ < 0.85 (¢ > 0.85) leading to positive (negative) mean value

of T, towards the unburned (burned) gas side of the flame brush. The molecular

dissipation term (—D,) is negative according to eq. 3e. It is often assumed that pD isa

constant (Peters, 2000), which allows one to express pVc-Vc[oD/ot +U-VD] as:

oc ac [@M GD} N YT (7.59)

oo | o e, TN, T2

Thus, pVc-Vc[oD/ot+G-VD] assumes positive values throughout the flame brush,
whereas the contributions of third and fourth terms on the right hand side of eq. 3f are

responsible for the change in sign of (D) from negative in the unburned gas side to

positive in the burned gas side. As pVc-Vc[oD/ot+u-VD] is one of the major

components of f(D) and it scales with (T, /2), the net contribution of f(D) can be

scaled as f(D)~T, ~ p,S¢ /52, whereas the resolved component, {f (D)}, can be

taken to scale as:

- A% A(AN 2% AT A2(A) AR A a~ )\ AR
_ o5 0C 0(pD) o°C 295 oac 0°(pD) oc 0 2D oc oc | oD
X, OX  OX;0X; OX, OX;0%, OX;  OX;

f(D =2D = 2=
{f (D)}, o o
(7.60)

~D o &) (& o
-2 —— | —— |+ p| — —
OX; OX; | OX, OX, X, OX,

D . D sz (s \' p,S?
a—D+uja—D]~p°2Lx(—thj ~’0°2L><Re;2Da;2
ot x| Oy A

th

Equation (7.60) indicates that the contribution of {f(D)},. to f(D) weakens with
increasing A/ 8, ~ Rel/2 Da¥/2. Scaling w and (&w/an) using p,S, /6y, and p,S, /52

respectively yields:
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T, 57 (7.61)
th
whereas scaling V?c using 1/5,; (Swaminathan and Bray, 2005) provides:
SZ
(D)= Pt (7.62)
th
The resolved terms (T,),. and (=D,),, can in turn be scaled as:
~ 0,82 (8, p,S?
(T,), =2DVW.VC ~ % X(X‘h) ~ % x Re}" Da}! (7.63)
th th
- 2% 2% 2 4 2
(-D,), =—2pD° oc oc . pOEL «[On) - 'OOEL xRe” Da®  (7.64)
OX;0X; |\ OX;0X; oy, A O

These estimates suggest that the magnitudes of (T,) ., (=D,),. and {f(D)}., decrease

with  increasing A. Thus, the magnitudes of (T,)g =T, —(T,) s,
(-D,)y =—D, +(D,),, and {f(D)}, = f(D)—{f(D)}. remain of the order of

0,52 152 ~ pNZ2 for A>> 6, .

The net contribution of 2(DVWVc”), (¢(D)) and (-2(pD*(V*c"-V>c"))) in the context

of RANS scales as p,S] /&, (Swaminathan and Bray, 2005), and is usually modelled

collectively (Mantel and Borghi, 1994; Mura and Borghi, 2003; Chakraborty et al., 2018,
2010; Chakraborty et al., 2011d; Chakraborty and Swaminathan, 2010, 2013) as:

. . 2N 2. A2
2o DWW MY py) -2l pp? O T\ Fasp>é (7.65)
OX.  OX, OX;OX; OX;0X; [€@-E)]

where £, =6.7 is a model parameter (Chakraborty et al., 2008, 2010; Chakraborty and
Swaminathan, 2010, 2013). As (T,),, —(D,), +{f (D)}, is expected to behave similar

to 2(DVv’va”>+<¢(D)>—2<pD2(V2c”-V2c”)> for A>> 6, and these quantities scale as
0,52152 ~ pNZ, the existing RANS closure has been extended here for the

modelling of [T, + f(D)—D,] as:
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~DVEVE]
c@-c)

(7.66)

T, =D, + (D) = (Tu)ue — (D) +{f (D)} (1 F:) B € —c¥)p e

where the last term on the right hand side of eq. (7.66) accounts for

(M) —(Dy)g +{f (D)}, B, and c* are the model parameters, and the term
(C—c*)/[c@-c)] has been used to capture the correct qualitative behaviour of

[T, — D, + f(D)] across the flame brush. In eq. (7.66) ., =exp[-0.27(A/5,)""] isa

bridging function in terms of A/, , which ensures:

ETO[-D - Dz + f(D)] = ETO[(T4)res _(Dz)res +{f (D)}res]

oW oc o%c o when (1-f;) —>0.0 (7.67)

=2D——+¢(D)-2pD?
OX; OX; #(D)~2pD OX;OX; OX;0X;

A least squares method yielded the following optimum values of g, f.,, and C* based

on the current a-priori analysis:
B, =57; f,=exp[-0.27(A/5,)""]; and c*=1.0—0.83erf (0.5A/ 5, —2.3) (7.68)

The parameterisation of C* ensures that the transition from positive to negative

contribution of [T, + f(D)—D,] has been captured accurately for both A<¢, and

A > 6,,. The predictions of eq. (7.66) for the model parameters given by eq. (7.68) are
shown in Fig. (7.18), which demonstrates that this model captures both the qualitative

and quantitative behaviours of [T, + f(D)—D,] for both A = J;, (also for A <3y, but

not shown here) and A >> 6y, (e.9. A = 3.00,,) for different values of Re, and 7 .
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[Ty — D2 + f(D)] x 62,/poS7

' ' ) ' 5
0O 02 04 06 08 1 0 02 04 06 08 1

~

C C
Figure 7.18: Variations of [T, + f(D)—D,] ( ) and [(T,)s, —(D,) g +{f (D)}, ] (
—e—) conditionally averaged in bins of c along with the predictions of eq. (7.66) (= = = =) for

A= 9y, (1% column) and A = 3.09,, (2™ column) in cases L, F, Hand J.

The combined contribution of the terms D,, T,, f(D)and (-D,) can be expressed as

(Chakraborty et al., 2008; Chakraborty et al., 2011d):

D, +T, — D, + f (D) ~ ~2DV.(05,[Vc)[Ve| + 2DpS, V. Ve[ (7.69)

where S, =[W+V.(pDVC)]/(p|Vc) and i =—Vc/|Ve| are the flame displacement speed

and local flame normal vector respectively.

205



Chapter 7. SDR transport and its modelling
It is evident from eq. (7.69) that the terms T,, f(D) and (-D,) scale with p,S? /5.,

whereas D, scales asD, ~ p,S? /5. xDa,'Ra," This along with eq. (7.69) suggests that

the net contribution of [T, — D, + f(D)] originates due to flame normal propagation and
flame curvature. This justifies modelling these terms together (Mantel and Borghi, 1994;
Chakraborty et al., 2018, 2010; Chakraborty et al., 2011d; Chakraborty and
Swaminathan, 2010, 2013). Although eq. (7.66) reasonably satisfactorily predicts
[T, + f(D)—D,] for all cases considered here, modelling of the terms T,, f(D) and
(—D,) collectively may lead to loss of their individual significances. As this is the very

first attempt to model the SDR transport equation terms in the context of premixed
combustion LES, there is a scope for further improvement in the future.

7.4 SDR transport modelling for non-unity Lewis turbulent premixed flames

7.4.1 Modelling of the turbulent transport term Ty

The unclosed term T, can be scaled in the following manner:

N 2
T, ~ pog(Le)S N, pozg(lze)SL x Lex Da;*s Re*® for A >> S, (7.70)
A O

where g(Le) is a function increasing with decreasing Le, which accounts for flame

normal acceleration, S, is used to scale the sub-grid velocity fluctuations associated with
sub-grid scalar gradients, and the sub-grid fluctuations of SDR are taken to scale with

S, /6, . Alternatively, one obtains the following expression when the sub-grid velocity

fluctuations are taken to scale with u), :

~

2

T, ~ pOUAANC ~ p;EL xLexDa,' for A>>¢, (7.71)
th

It is worth noting that the scaling estimate given by eq. (7.70) (eq. (7.71)) is more
appropriate for counter-gradient (gradient) transport. Equations (7.70) and (7.71) can be
combined to suggest the following scaling estimate, which is valid for both gradient and

counter-gradient transport:

(puiNc _15~i l‘\lwc) . (puic_ﬁuia)ﬁc

T ~
! A A

and

(N, — U, Nc) ~ (pu;c—puc) Nc for A>> 6y, (7.72)
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Figure 7.19: Variations of J:g :(PUiNc—ﬁUiNc)MiX5th/POSE ( ) conditionally

averaged in bins of € along with the predictions of egs. (7.43) and (7.44) with @' =0.7 (- < —
) and eq. 6a and 6b with d” according to eq. (7.73) (= = = =) for A= 0.49,, (1* column), 1.66,,

(2™ column) and 2.86y, (3" column) in cases A-E (1°-5" row).

The predictions of Jg =(puiNc—,BUiN~c)Mix5th/pOSf according to the model in
previous section, i.e. eq. (7.43), with @' =0.7 are compared to the corresponding quantity

extracted from DNS data for A=0.4¢,,, 1.66,, and 2.86,, in Fig. 7.19 for cases A-E.
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Figure 7.19 shows that even though eq. (7.43) predicts J:g in a reasonable manner in the
cases with Le~1.0 (e.g. cases C-E), this model does not adequately capture the correct
qualitative and quantitative behaviours of J g for the flames with Le <<1.0 (i.e. cases A

and B). The model given by egs. (7.43) and (7.44) does not explicitly account for non-

unity Lewis number effects, so it is not surprising that this model does not adequately

capture the behaviour of (puiNc—,BL'IiNc) for Le<<1.0 flames where the non-

dimensional temperature T* = (T —T,)/(T,, —T,) field is significantly different from ¢

field, which alters the distribution of heat release and thermal expansion effects within
the flame brush in comparison to the Le ~1.0 flames. This behaviour is mimicked here

by introducing Le dependence of the model parameter @’ in the following manner:
@' =0.31-Le)+0.7 (7.73)

The predictions of the model given by eq. (7.73) with ®" according to eq. (7.73) are also

shown for in Fig.7.19, which shows that the model with new parameterisation
®'=0.3(1-Le)+0.7 predicts J:g satisfactorily for all filter widths in all cases

considered here and the agreement between the predictions of eq. (7.43) and DNS data

improves with increasing A (see Fig. 7.19). It worth noting that the sub-grid flux of scalar

(i.e. puc—puc ) itself requires modelling in LES, and the performance of the models for
(pu.N, — pu. Nc) and the turbulent transport term T, depend on the modelling of

(pu.c—pu.c) . The modelling of (pu.c—pUic) is beyond the scope of current analysis
and interested readers are referred to Appendix for further discussion on the modelling of

(pu,c—pu.c) for non-unity Lewis number flames.

7.4.2 Modelling of the density variation term T»
According to previous analyses, T, can be scaled for flames with low Mach number

globally adiabatic Le #1.0 flames as:

2
T, ~ 2[,)% NC] - P (7.74)
X;

where m is a positive number greater than unity (i.e. m>1).
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Model expression

= 7lpuic — pU,C] - 7,PC (1 - T)uy M,
[puN, — PN ]= (P —T) ) LN,
~pCea, e

wherey, =1.8, y, =4.9-3.2erf (0.15Re,,), Re,, = p,U A/ 14,
®=0.3(Le-1)+0.7 and C. =0.11

~au Kefo(Le)S, _~ _~ _ __
T, pDVc AY® + *——>—[pN,—pDVc.vc]
ox,  (1.0+Ka,)"?s,
where Ka, =(u) /S )¥2(Ald,)v2 is local sub-grid Karlovitz
3.3

Le*Serf[4(1.0— Le) +1.4]

number and f; (Le)=

T,=2p XM & ¢ )IC, -C,I(Le)r.Da;}] AZ)N
OX; OX; OX.

! i i

where C,=75, C,=0.75(1.0+Ka, )04,
fr, =exp[-1.05(AS, lar,)?] and Dap =S, pyAluypdy,

~ 13
r(Le) :M(Q] with p=02+15(- Le)
Le” O

[T,-D,+f(D)]

T4 - DZ +f (D) = (T4)res - (Dz)res +{f (D)}res

. [ _DVE AV &
—(-f c—-c*
( TD)ﬁ3p( ) g(L-7)
8W ac ~ 826 826
h T = 2D——, -D res =-2pD? !
where  (T,) ox, ox. (=D.) P OX;OX; OX;0X
o¢ o(pD) %€

D =2D—
S X, 0%, OX;0X,

-~ ~ 2 7~ ~ -~
sp L TWPD) & 0| moage |
OX, OX;0X, OX; OX; 0

25D WD gl D5,
X, o ot

fp = exp[—0.27(SLA/aTO)”] :
c*=1.0—0.83erf [0.5(AS, / &r,,) —2.3] and A, = 5.7/ Le®?

Table 7.3: Summary of the proposed models for the unclosed terms of the SDR NC transport
equation for non-unity Lewis flames.
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The resolved part of T, can be taken as:

~ . 2 U
(T,)... = PDVE.VE % ~ p;_i} x S—f x Le Re > Da ' (7.75)
i th L

where U is a velocity scale representing the Favre-filtered velocity components g, .

The above scaling estimates demonstrate that T, remains of the order of porSf / 5;
irrespective of A. By contrast, the magnitude of (T,),, remains comparableto p,s2 /52

for U, ~S, and A=y, but the magnitude of (T,). is expected to decrease with

increasing A.

This suggests that the sub-grid component (T,),, =T,-(T,)., plays an increasingly
important role with increasing A, which can be substantiated from Fig. 7.20 where the

variations of the mean values of T, and (T,),, =T, -(T,), conditional on ¢ are shown for

cases A-E for A=0.4¢,,, 1.66,, and 2.86,,.

The prediction of eq.(7.49) is also shown in Fig. 7.20 for cases A-E for A~ 0.46,,, 1.66,,

and 2.89,,. A comparison between the predictions of eq. (7.49) and the normalised T,
extracted from explicitly filtered DNS data reveals that eq. (7.49) satisfactorily predicts
T, for arange of different filter widths for flames with Le ~1.0 (e.g. cases C-E) but this
model significantly under-predicts the magnitude of T, for the Le <<1.0 cases (e.g.
cases A and B). The magnitude of T, is expected to increase with decreasing Le due to

the strengthening of heat release effects as a result of enhanced burning rate for small
values of Lewis number (see Table 6.1). As this effect is missing in eq. (7.49), this model
under-predicts the magnitude of T, for the Le <<1.0 cases (e.g. cases A and B) where

the effects of enhanced heat release due to differential diffusion of heat and mass are

particularly strong.
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Figure 7.20: Variations of T2 ( )and (T,),, (—=—) conditionally averaged in bins of C
along with the predictions of eq.(7.49) (—<—) and eq. (7.76) (- = =-) for A=0.45,, (1*

column), 1.65,;, (2™ column) and 2.80,, (3" column) in cases A-E (1°-5" row). All the terms
are normalised with respectto p,S? /..

Here the model given by eq. (7.49) has been extended in order to account for the effects

of Le in the following manner:
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K¢S,
5, (L.0+ Ka,)"?

T, = pDVEVE % + . (Le)
X- 2

[oN, — pDVE.VE]  (7.76)

[NV -af (0)], de
e ond K; = g0 @)
e 3 j [N, f ()], dc

where f, (Le) = -

Ineq. (7.77) f;,(Le) accounts for the strengthening of heat release effects with decreasing

Le. The parameter K. is a thermo-chemical parameter, which provides information

regarding the SDR-weighted dilatation rate V- U .

The thermo-chemical parameter K accounts for the correlation between V-G and pN,
within the flame front. It is possible to approximate f(c) as: f(c) :l/|VC|L, which
enables one to evaluate K. from laminar flame data. The thermo-chemical parameter

K. /7 is also affected by Le and it is equal to 0.52, 0.67, 0.71, 0.78 and 0.79 for the
Le=0.34,0.6,0.8, 1.0 and 1.2 flames considered here. The predictions of eq. (7.76) are
compared with respect to the predictions from eq. (7.49) and T, extracted from DNS data
in Fig. 7.20, which shows that eq. (7.76) satisfactorily predicts the quantitative behaviour

of T, for a range of different values of A for flames with Le ranging from 0.34 to 1.2.

7.4.3 Modelling of the scalar turbulence interaction term T3

The variations of the mean values of T, conditional on ¢ are shown in Fig. 7.21 for cases

A-Eat A=0.40,,1.66, and 2.85,,. Figure 7.21 shows that T, assumes predominantly

negative values throughout the flame brush for cases A-C but assumes positive (negative)

values towards the unburned (burned) gas side of the flame brush in cases D and E.

Equation (7.52) suggests that a predominant collinear alignment of Vc with e, (e,)
leads to a negative (positive) value of T, . The flame normal acceleration strengthens with
decreasing Le, and thus V¢ predominantly aligns with e, for the Le <<1 flames (e.g.

cases A and B) which leads to negative values of T,. By contrast, turbulent straining

overcomes the flame normal acceleration on both ends of the flame brush for the Le =1.0

cases considered here (e.g. cases C-E), which leads to positive values of T, both on
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unburned and burned gas sides of the flame brush. However, the flame normal

acceleration dominates over turbulent straining in the middle of the flame brush where

the effects of heat release are strong even in the Le ~1.0 cases considered here (e.g. cases
C-E), which leads to negative values of T, for the major portion of the flame brush in

these cases.

The effects of Vc alignment with e, on T, can be scaled in the following manner:

T ~ Pt N, _ POZSE

7.78
 Le"s, Le"'s? (7.78)
whereas the contribution of V¢ alignment with e, on T, can be scaled as:
u' N S? }
T, ~ P aNe _ PodL o oy prii2y Ka, for A>> 5, (7.79)

A 5

The Lewis number Le dependence in eq. 11a (with n>1) accounts for greater extent of

Vc alignment with e, for the flames with Le <<1.0. A comparison of egs. (7.54) and

(7.79) reveals that the contribution of (T,),. to T, is expected to weaken with increasing

res

A, and this behaviour can indeed be seen from Fig. 7.21, which shows that the magnitude

of (T,),. decreases with increasing A.

The modelling of T, for unity Le cases, i.e. eq. (7.56) with the model parameters given
by eq. (7.58) are compared with T, extracted from DNS data in Fig. 7.21, which shows

that eq. (7.56) adequately captures the qualitative and quantitative behaviours of T, for

the Le~1.0 cases considered here (e.g. cases C-E) but this model has been found to

under-predict the magnitude of the negative contribution of T, in the Le <<1.0 cases

(e.g. cases A and B) for A>J,,. It has already been noted that the increased extent of
scalar gradient destruction in the Le <<1.0 flames due to preferential V¢ alignment with

e, under strong action of flame normal acceleration is not addressed in the model given

by eq. (7.56). Thus, this model underpredicts the negative contribution of T, for the

flames with Le <<1.0.
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Figure 7.21: Variations of T ( )and (T,),. (—=—) conditionally averaged in bins of c
along with the predictions of egs.(7.56) and (7.58) (— <) and egs. (7.80) and (7.81) (= = = -)
for A =0.49,, (1% column), A~=1.60, (2" column)and A = 2.8, (3" column) in cases A-E
(155" row).
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Chapter 7. SDR transport and its modelling
Here eq. (7.56) has been modified in the following manner to account for non-unity Lewis

number effects:
— 0C ou. oc U~
T,=-20D——"——"—+(1-f.)[C,-C,I'(Le)z.D A 5N 7.80
3 P 2%, 0X, Ox, +( Ta)[ 3 J(Le)z.Da,] A PN ( )
1.70-¢) (s )
where F(Le):'lf—;s)[jj and p=0.2+151.0-Le) (7.81)
e th

The involvement of the function T'(Le) in eq. (7.81) account for the strengthening of V¢

alignment with €, under strong actions of flame normal acceleration in flames with small
values of Lewis number. The presence of (1-C)” helps eq. (7.81) to capture the
qualitative behaviour of T, across the flame brush. It can be seen from Fig. 7.21 that the
model given by eq. (7.81) provides satisfactory qualitative and quantitative predictions of

T, for all the flames with different values of Le for a range of different values of A .

7.4.4 Modelling of the combined reaction, dissipation and diffusivity gradient
contribution [T4-D2+f(D)]

The variations of the mean values of [T, —D, + f(D)] conditional on € are shown in
Fig.7.22 for A-E for A=0.40,, 1.60,, and 2.80,,. It can be seen from Fig. 7.22 that
[T, —D, + f(D)] acts as a sink (source) term towards the burned (unburned) gas side of
the flame brush for A~0.45,, and A~=1.65,,, but the mean value of [T, —D, + f(D)]
conditional on € assumes predominantly negative values for A= 2.85,,. It can be seen
from Table 7.3 that the order of magnitudes of T,, (-D,) and f (D) remain comparable
according to the scaling estimates and their magnitudes are expected to increase with
decreasing Le. Furthermore, the scaling estimates of (T,) e, (—D,),. and {f (D)}, in
Table 6.1 suggest that their contributions are expected to weaken with increasing A. Thus,

the sub-grid components (T,)q =T, —(T4)s, (=D,)y =D, +(D,) and

res

{f(D)}, = f(D)—{f(D)}., are expected to play major roles for A>>¢,. The
aforementioned behaviours of the resolved and sub-grid components of T,, (-D,) and
f (D) can be confirmed from Fig. 7.22. It can be seen from Table 6.1 that the magnitudes

of (T,)s, (-D,),, and {f(D)},, remain of the order of p,S2/52 ~ N2 for A>> 5,
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but their magnitudes are expected to increase with decreasing Le, which can indeed be

substantiated from Fig. 7.22.
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The predictions of eq. (7.66) are shown in Fig. 7.22, which show that this model captures
both the qualitative and quantitative behaviours of [T, + f(D)—D,] for the Le~1.0
cases considered here (e.g. case C-E) but this model under-predicts the magnitude of
[T, + f (D) —D,] significantly for the Le <<1.0 cases (e.g. cases A and B). It is worth
noting that the model given by eq. 15a does not account for the increased magnitude of

{T, — D, + f (D)}, for small values of Le (see Table 7.3) so perhaps it is not surprising

that this model under-predicts the magnitude of [T, + f(D)—D,] for the flames with

Le <<1.0 (e.g. cases A and B). The increased magnitude of [T, + f (D) —D,] for small
values of Le is accounted for by modifying eq. 15a in the following manner:

_IN, - DVEVE]’

T,-D,+ f(D)=(T,) ;s = (D,) es +{f (D)}, —(L- f15)B5(C—C*)p S0) with . =5.7Le™%?

(7.82)

where c*and f_ are kept the same as in eq. (7.68). The predictions of eq. (7.68) are
shown in Fig. 7.22, which demonstrates that eq. (7.68) captures both the qualitative and
quantitative behaviours of [T, + f (D) —D,] for a range of different filter widths for all

the different Le cases considered here.

7.5 Summary

This chapter has disccuessed the models of the unclosed terms of SDR transport equation
based on a-priori analysis of a simple chemistry DNS databse. It is worth noting that the
flamelet assumption is invoked while deriving these models so they are expected to
remain valid in the corrugated flamelets and thin reaction zones regimes (Peters, 2000)

of turbulent premixed combustion.

The scaling estimates and the newly proposed models for the aforementioned unclosed

terms of the SDR N~c transport equation are summarised in Table 7.3 for quick reference
for the readers and future potential users of these models. The scaling estimates in Table

6.1 suggest that the terms T,,T,,T,,(-D,) and f(D) remain leading order contributors

to the SDR N~C transport and the magnitude of T, remains negligible in comparison to the
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terms T,,T,,T,,(-D,) and f(D) irrespective of Damkohler and turbulent Reynolds

numbers. It is worth noting that some of the unresolved components of T, and T, can be
neglected in the context of RANS simulations for high values of turbulent Reynolds
number Re,. The components, which do not play an important role in RANS, may not
be negligible in the context of LES because of partial resolution of the flow field. Thus,
the terms T, and T, are modelled on their own in the context of LES without splitting
them into their components. It is also worth noting that although Table 6.1 suggests that
the magnitude of T, is negligible compared to T,,T;,T,,(=D,) forall A in all cases, the
turbulent transport term T, still need to be modelled and included in the model

implementation for LES for numerical stability.

The newly proposed models for the unclosed terms of the SDR N~C transport equation are
summarised in Table 7.3 for quick reference for the readers and future potential users of

these models. The scaling estimates in Table 6.1 indicate that the terms T,,T;,T,,(-D,)
and f(D) remain leading order contributors to the SDR thransport and the magnitude

of T, remains negligible in comparison to the terms T,,T,,T,,(-D,) and f(D)

irrespective of Damkdéhler and turbulent Reynolds numbers. This is consistent with the
observations made from Fig. 7.15. However, the turbulent transport term T, still need to

be modelled and included in the model implementation for LES for numerical stability.

218



Chapter 8. Assessment of SDR closures for detailed chemistry cases

The algebraic SDR closure and the closures of unclosed terms of the SDR transport
equation discussed in Chapters 6 and 7 are assessed in this chapter using a three-
dimensional detailed chemistry based V-flame DNS database of stoichiometric hydrogen-
air turbulent premixed flames, where the assessments of models are based on reaction
progress variable defined based on the mass fractions of two species H>O (major product)
and H> (reactant). The reaction progress variable (RPV) based on mass fractions of H.O
and H are denoted as cy,o and cy, respectively, which are defined in the following
manner:
o — (a)o) M) =(Mo):
()oY, T (M) = (i, o

where (Y ), =0.028 , (¥,5),=00, (¥, ),.=00 and (Y,,),=0255 for

and C

(8.1)

stoichiometric Ho-air premixed flame. The assessment of the SDR algebraic closure will
be provided in the following section, which will be followed by the assessment of the
modelled unclosed terms of filtered SDR transport equation. A brief conclusion will be

provided by the end of this chapter.

8.1 Assessment of algebraic closure
8.1.1 The statistical behaviour of SDR with PRV based on different species
The SDRs for reaction progress variable based on hydrogen (i.e. c,) and water (i.e. cy, o)

mass fraction are denoted as N, and N,

CH,0 respectively.

It can be observed from Fig. 8.1 that the magnitude of N_ conditional on bins of & are

decreasing with increasing filter width A, consistent with the findings in previous

chapters. The above scaling arguments suggest the resolved components of N_ decreases
with increasing A, leading to lower magnitude of N, =DVE-VE+(N,),, for larger filter

width. The diminishing peak value of NC conditional on bins of C resulting from the

averaging process involved in LES filtering is also observable from Fig. 8.1. Note that
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Chapter 8. Modelling assessment based on detailed chemistry database

the magnitudes of the peak values of IVCHZ is generally greater than ]VCHZ o, Which can be

explained by the differential diffusion of effects as Ley, < Ley, 0.
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A~ 045, —— A =30.46;,
AT | ozl —+— AR 176 |
0.2 | - - -~ A~296m
- - —A 295 |
= | o
< ‘ 3 0.15}
§ 0.15- | Y
3
3 ! $
|
o o | s o
i . | g
xzu | ,Z“
|
0.05 WMWW** 0.05
4t | %
*«jﬁ B R |
Ak | I L L I L L
0 ; ‘ ‘ ‘ 0
0 0.2 0.4 08 08 1 0 0.2 0.4 ~ 0.6 0.8 1
é

Figure 8.1: Variation of IVCHZ and IVCHZO with & at A~ 0.48,,, A~ 1.78,, and A~ 2.86,, for v-
flame case.

The values of ¢ where the conditional mean value of SDR attains its peak values convey

some physical meaning. It can be seen from Fig. 8.1 that the peak value of 1'\7¢H2 skews

slightly towards the burnt side, coinciding with the peak value of the chemical reaction,

while the one of N

CH50 shows a more symmetric distribution with ¢, ,. Moreover, Fig.

8.2 shows the wrinkling factor Ey, of ¢y, and ¢y, for a range of LES filter widths. The
power-law exponent parameter of the wrinkling factor are found to follow the relation as

ay, > ay,o, Which can be attributed to the differential diffusion effects of different
species as Ley, < Ley,, Which is consistent with the findings with simple chemistry
DNS database in Chapter 6. It can be seen from Fig. 8. 2 that = increases with
increasing A/¢,, indicating that the sub-grid contribution to SDR increases with an
increase in LES filter width. It can further be seen Fig 8.2 that =, for the SDR based on
C,, assumes greater values than the SDR of C,, ,. Figure 8.2 also shows that the

algebraic SDR model satisfactorily captures the behaviour of the wrinkling factor =, for

both choices of reaction progress variable.
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Figure 8.2: The volume averaged behaviour of the wrinkling factor £, of cy,¢, ¢y, with the
algebraic predictions of the volume averaged values.

8.1.2. Filtered transport equation behaviours
The statistical behaviours of the normalised unclosed terms of SDR transport equation

are shown in Fig. 8.3 for different filter widths for both c,, and cy, .
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Figure 8.3: Statistical behaviours of unclosed terms of SDR transport equation based on cy, ¢, cy,
for filter widths A = 0.46;, 1.76;,, and 2.96,, respectively.

It can be observed from Fig. 8.3 that T, and (-D,) act as source and sink respectively for

all filter widths for both N, and N,

CHy0" which is consistent with previous findings. The
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contribution of T, is positive for major portion of the flame brush before becoming
negative towards the burned gas side for A <o, (e.9. A =0.45,,) but for A > 6, (e.g.
A = 2.85,,) the contribution of T, remains a leading-order source throughout the flame

brush. The term T, assumes mainly positive values for both IVCHZ and N for all filter

CH,0

widths whereas in simple chemical cases T, show predominantly negative contributions.

As shown in Chapter 6, the contributions of T, can be expressed as

2 2 2
T,=-2p(e,cos” a+e,cos” f+e cos” )N, where e e, and e, are the most
extensive, intermediate and the most compressive principal strain rates and their angles

with Vc are given by «, 8 and » respectively. The scalar gradient Vc aligns with e,

when the effects of strain rate induced by flame normal acceleration a,.,, overcome the

chem

effects of turbulent straining a,, and vice versa. The strain rate a,,, scales as

chem

aen ~ 7 T(Ka)S, /5, where f(Ka) is expected to decrease with increasing Ka where

the effects of heat release are expected to be weak. Scaling a,,, as: a,, ~u'/l yields

turb

Agrem [ Ay, ~ f (Ka)Da . The effects of a,, dominate over the effects of a

chem turb chem

throughout the flame brush due to smaller values of 7 than in simple chemistry cases,

which leads to a predominant alignment of Vc with e, leading to positive values of T,
throughout the flame brush for both ¢, and C,, . It can be seen from Fig. 8.3 that the
relative magnitude of T, is greater in the case of C, , than in the case of c, . The
magnitude of conditional mean value of T, is comparable to that of (-D,) for c,,, ,
whereas conditional mean value of T, is smaller than that of (-D,) for c, . As
Ley, < Ley,o, the extent of alignment of Vc with e, is stronger for C, , than in the
case of ¢, . This leads to a stronger positive contribution of T, in the case of C,, , than

in the case of ¢, . Theterm f (D) consists of both positive and negative contribution for

small filter width but assumes mainly positive contribution with larger filter width, which
is consistent with previous findings for simple chemistry case. It can be seen from Fig.
8.3 that the magnitude of the all the terms decrease with increasing A, which is consistent

with previous finding based on simple DNS data.
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8.1.3. Algebraic SDR closure behaviour

Figure 8.3 demonstrates that for filter width larger than thermal flame thickness (i.e. A>
8:n), the magnitude of T, is negligible compared to T,,T;,T,,(-D,) and f(D). This
enables one to write: To+T3+T4-D2+f(D) ~0.0 when equilibrium is maintained between
generation and destruction of scalar gradients. Figure 8.4 shows that
[T,+T,+T,+ f(D)]~ O(-D,) holds for all filter widths, implying the assumption of the
newly proposed SDR algebraic model in Chapter 6 generally holds for this detail

chemistry case.

The predictions of algebraic closure of Favre-filtered SDR (i.e. eq. (6.66)) along with the

parameterisation according to eq. (6.69) for N, and N

CHzO

are shown in Fig. 8.5 for

filter widths A = 0.48,,,1.758,, and 2.96,;,. It is evident from Fig. 8.5 that eq.(6.66)
satisfactorily predicts both the qualitative and quantitative behaviours of SDR across the
flame brush for both choices of reaction progress variable, while the local peak values are
slightly overestimated for small filter width and the overestimation diminishes with

increasing filter width.

A ~ 0.45,, A~ 1.768,, A~ 2.935,,
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Figure 8.4: The comparison between [T; + T, + T5 + f(D)] and (—D) for case V60 of ¢y, for
filter widths A = 0.46;y, 1.76,, and 2.96,, respectively.
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Figure 8.5: The assessment of the algebraic closure behaviour for v-flame case of cy,¢, ¢y, for
filter widths A = 0.46y, 1.76;, and 2.96,;, respectively.

Figure 8.5 also suggested that the magnitude of NCHZ is greater than that of Neyo after

normalisation with the corresponding Zel’dovich flame thickness 6, cn and &, oo
2 2

respectively due to Lec, (~0.3) < Lec, ,(~0.8) (Minamoto et. al., 2011), which is

consistent with the conclusion of previous chapter. Thus, the evidence based on a priori

DNS analysis suggests that the algebraic SDR model provides a robust closure for Favre-
filtered SDR N~C for both simple and detailed chemistry, and this inference was also

supported by a posteriori assessments based on actual LES simulations (Ma et al., 2014;
Butz et al., 2015).

8.2. Assessment of the modelled SDR transport equation
The models for unclosed terms of the transport equation proposed in Chapter 7 are
and N

cuyo transport

assessed in this section in the context of the closures of both NCHZ

equations respectively. All the results are shown as normalised with the corresponding

Zel’dovich flame thickness SZCH = DCH2 /S, and (SZCH 0= DCH2 o/SL-
2 2

8.2.1 Assessment of the modelling of the density variation term T:
Figure 8.3 demonstrates that T; exhibits both positive and negative contribution across
the flame brush, where both gradient and counter-gradient transport of the sub-grid flux

of SDR are observed, consistent with the results of simple chemistry database. It is worth
224



Chapter 8. Modelling assessment based on detailed chemistry database

noting that for ¢y, T; shows positive contribution towards the burnt gas side while acts
as a consumption near the unburnt gas side. The maximum value of T; (H,) occurs near

¢y, ~ 0.7 towards burnt gas side while the peak value of T; (H,0) are obtained close to

the unburnt gas side. As the expression of term T, = —V. (puN, — piiN.) indicates, the

modelling of T; directly relies on the model of the sub-grid flux of SDR, denoted as
(pu,N, — pU,N,), . - The modelling of sub-grid flux (i.e. eq. (7.43) and (eq. 7.44)) is

assessed by implemented into T; as:

o0 —— __ ~
MOdel(Tl) = _&(pui Nc - pui Nc)ModeI (81)

The variation of normalized T; and the predictions of eq. (8.1) are shown in Fig. 8.6 for

both both N, and N, , for filter widths A ~ 0.46¢;, 176, and 2.96;,. The model

under predicts the magnitude for A = 0.46,,, but roughly captures the qualitative
variation of T;. However, the performance of the model improves with increasing filter

width where both quantitative and qualitative behaviours are reasonably well captured.
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Figure 8.6: The assessment of the modelling of normalised T; of ¢y, ¢, ¢y, for filter widths A ~
0.4y, 1.78:, and 2.96,;, respectively.
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8.2.2 Assessment of the modelling of the density variation term T2

Figure 8.3 demonstrates that the term T, exhibits positive contribution for both IVCHZ and

Neyo for all filter widths, with the magnitude decreasing with increasing filter width.
The variation of T, shifts towards burnt gas side for IVCHZ while T, skews towards

unburnt gas side for RPV based on water. The scaling analysis of T,~2 pV.uN, suggests
the local value of T, is affected by correlation between the dilatation rate V.2 and the

instantaneous SDR.
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Figure 8.7: The assessment of the modelling of normalised T, for filter widths A = 0.48;,1.76:,
and 2.96;, for cy, o, cy,respectively.

The Lewis number Le of hydrogen is close to 0.3 while the Le of the water is 0.83, such
that the magnitude of T, of water for different filter width is smaller than the
corresponding one of hydrogen, which is consistent with previous finding. In order to
take the differential diffusion effects into consideration, eq. (7.76) and eq. (7.77) are
compared with the filtered 7, for both N and N,

CH,0 for filter widths A =
0.48:p, 1.7y, and 2.96,, respectively in Figure 8.7. The results from Fig. 8.7 indicate
T, (H,) are captured qualitatively but slightly over-predicted for the peak values, whereas
T,(H,0) has been reasonable well captured for quantitative and qualitative behaviours

for all filter widths.
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8.2.3 Assessment of the modelling of the scalar turbulence interaction term T3
Figures 8.3 and 8.8 both demonstrate that T acts as a predominant positive term for both

N, and N, except assuming small negative values close to the unburnt (burnt) gas

CH, CH,0

side for NCHZ (NCHZO). Comparing the magnitude of T with other leading order unclosed

terms for both N, and N, the contribution of T is more prominent for N,

CH,0' Hp0

transport than the relative contribution to IVCHZ transport, which can be explained by
scaling T for this v-flame case with a,,,~u'/A as:

—————— poSt Le
T3~paturch~5T X pros X Kap (8.2)
th

The relative contribution of T; is expected to be higher for the species of higher Le. The
scaling analysis of T5 egs. (8.2) also demonstrates the sensitivity of T; with Le,
thereforethe predictions of egs. (7.80) and (7.81) are compared with the normalised T
with respect to ¢y, o, €y, for filter widths A ~ 0.46.,, 1.76,, and 2.96,,, respectively.
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Figure 8.8: The assessment of the modelling of normalised T3 of ¢, cy, for filter widths A ~
0.46:p, 1.7y, and 2.96, respectively.

It can be observed that the model captures both guantitative and qualitative behaviour of
T; for A> §,,. However, the peak value of T is shown to be over-predicted by egs.
(7.80) and (7.81) for small filter widths (e.g. A= 0.46,,) for ¢y, . As the contribution of

the unresolved T3, is negligible for A< &y, this under-prediction hardly affects the
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model behaviour for practical LES where the grid size is usually much larger than thermal

flame thickness (i.e. A> 6;4).

8.2.4. Assessment of the modelling of [T4-D2+f(D)]

Figure 8.3 shows that the order of magnitude of T,, (—D,) and f (D) remain comparable
for this detail chemistry DNS database. It can further be seen from Fig. 8.3 that T, assumes
predominantly positive values while (—D,) assumes negative contribution throughout the
flame, and f(D) assumes both positive and negative contribution, which is consistent

with the behaviours observed from simple chemistry DNS database.
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Figure 8.9: The assessment of the modelling of normalised [T, — D, + f(D)] of cy, 0, cy, for
filter widths A = 0.46;, 1.76;,, and 2.96;;, respectively.

The magnitude of T, for c,, assumes much higher contribution in comparison to that
forci,o. AsT, =2DVW-Ve~ - [ [2D(a/ an)|Vel, p(c.|Ve]; X; A)ded|Ve| subject to
the flamelet assumption where p is the sub-filter probability density function. Therefore
negative (positive) values of (6w/on) lead to positive (negative) values of T, when the
flame is partially resolved. When the flame is completely unresolved, the sub-filter
volume includes more positive samples with high magnitudes of (—2D(oW/on)[Vc|) than
the negative samples which are confined only in a small region within the flame front.

This leads to predominantly positive values of T, throughout the flame brush for A> &;,.
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Moreover, the magnitude of T, is dependent on the choice of ¢, and on the behaviour of

(! én)| V).

The model given by eq. (7.82) is compared to [T, — D, + f(D)] extracted from DNS data
for both ¢y, and ¢y, for filter widths A =~ 0.46,, 1.76,, and 2.98,,, in Fig. 8.9. It can
be seen from Fig. 8.9 that [T, — D, + f(D)] assumes both positive and negative values,
which has been captured qualitatively for all filter widths. By contrast, [T, — D, + f(D)]
for N,

CH,0 is found to demonstrate negative contribution throughout the flame brush,
which is qualitatively captured by eq. (7.82). The order of magnitude of the [T, — D, +
f(D)] is captured by the model for all filter widths for both cy,, and cy, but there is a

scope for improvement for quantitative predictions.

8.3. Comments

The developed closures of SDR and the unclosed terms of its transport equation based on
simple chemistry DNS data have been further assessed in this chapter by comparing the
model predictions with the filtered DNS results of a detail chemistry DNS database for a
stoichiometric turbulent hydrogen-air V-flame. The algebraic closure is found to capture
the local SDR both quantitatively and qualitatively for all filter widths with the robust
performance irrespective of the choice of the reaction progress variables based on major

reactant and product mass fractions.

A model for the sub-grid flux of N, which was proposed and validated based on simple
chemistry DNS data, has been found to yield reasonable agreement between the modelled
turbulent transport term T; and the filter DNS results for A> &, with no significant
sensitivity to the choice of the reaction progress variable. The maximum values of the
density variation term T, and scalar turbulence interaction term T; are found to be
affected by the choice of the definition of the reaction progress variable. However, the
models of T, and T have been found to capture the DNS results both qualitatively and
quantitatively for all filter widths for both N, , and N, . The combined contribution
of reaction dissipation and diffusive gradient terms [T, — D, + f(D)] exhibits
distinctively different behaviours for N, , and N, and the model proposed for [T, —

D, + f(D)] based on simple chemistry database only captures the qualitative behaviours

for IVCHZ transport equation, but shows quantitative agreement with DNS results only for
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~

N,

CH,0

T,, (—D;) and f (D) is necessary.

transport equation. Thus, further assessment and improvement of the modelling of
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9.1 Conclusions

Here Direct Numerical Simulation (DNS) databases of turbulent premixed flames for a
range of different values of heat release parameter 7, global Lewis number Le and
turbulent Reynolds number Re; has been investigated in detail for the purpose of the
reaction rate closure of turbulent premixed combustion in the context of Large Eddy
Simulations (LES). The reaction rate closure based on scalar dissipation rate (SDR) is
well-established for Reynolds Averaged Navier-Stokes (RANS) simulations (Borghi,
1990; Borghi and Dutoya, 1978; Chakraborty and Swaminathan, 2007a, 2007b, 2010,
2011, 2013; Chakraborty et al., 2008, 2010, 2011a; Kolla et al., 2009; Mantel and Borghi,
1994; Mura and Borghi, 2003; Mura et al., 2008, 2009; Swaminathan and Bray, 2005;
Swaminathan and Grout, 2006), while this modelling approach for LES, which is a
promising simulation tool for industrial combustors design, is yet to be investigated. The
current thesis aims at proposing a generalized SDR based reaction rate closure for

turbulent premixed combustion in the context of LES.

A closure for the filtered reaction rate 1 using the Favre-filtered Scalar Dissipation Rate
(SDR) N for LES of turbulent premixed combustion has been proposed by extending an
existing SDR based reaction rate closure for RANS simulations, where a satisfactory

performance of this LES closure is observed for a range of different values of heat release

parameter 7, global Lewis number Le and turbulent Reynolds number Re,.

A-priori DNS assessment of the SDR closures based on a model used for passive scalar
mixing and a power-law closure has been conducted but they have been found unsuitable
for the reactive turbulent flows in premixed flames. Subsequently, an existing algebraic

model of Favre-averaged SDR for RANS has been extended here for LES. The
performances of the algebraic closures of N, have been assessed with respect to Favre-
filtered SDR extracted from the DNS data. It has been found that the newly proposed
model of N, for LES predicts both local and volume-averaged behaviours of SDR

satisfactorily for a range of filter widths for turbulent premixed flames with different
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values of 7, Le and Re; The satisfactory performance of this newly developed SDR
closure has been justified by analysing the statistical behaviour of Favre-filtered SDR
transport using DNS data of freely propagating statistically planar turbulent premixed
flames. The DNS data has been explicitly filtered using a Gaussian filter to obtain the
unclosed terms of the Favre-filtered SDR transport equation, arising from sub-grid

transport (7;), density variation due to heat release (7},), strain rate contribution due to
the alignment of scalar and velocity gradients ( 7}), correlation between the gradients of

reaction rate and reaction progress variable (7)), molecular dissipation of SDR (- D,)
and diffusivity gradients f(D). It has been found that 7,,7;,7,,(-D,) and f(D) are

the leading order contributors to the SDR transport and the magnitude of 7, remains

smaller than the magnitudes of 7,,7;,7,,(-D,) and f(D) irrespective of the filter

width. A detailed scaling analysis has been carried out to justify the behaviour of the SDR
transport equation terms in relation to the variation of the filter width. The scaling relation
has been utilised to propose models for the unclosed terms of SDR transport equation in
the context of Large Eddy Simulation (LES) and their performances have been assessed
with respect to their corresponding quantities obtained from explicitly filtered DNS data.
These newly proposed models have been found to satisfactorily predict both the
qualitative and quantitative behaviours of these unclosed terms for a range of different

values of filter widths A, heat release parameter 7 , Lewis number Le and turbulent

Reynolds number Re,.

The closures which have been developed using simple chemistry DNS database have been
subsequently assessed using a three dimensional detailed chemistry database of H-air V-
flame. The algebraic model for SDR is found to capture both qualitative and quantitative
behaviours of SDR obtained from DNS data with reaction progress variable ¢ defined
based on different species. The sub models of the terms of SDR transport equation have
been found to satisfactorily capture qualitative behaviours of the explicitly filtered terms

of the detailed chemistry DNS database.

9.1.1 Remarks on algebraic closure of SDR
The SDR based reaction rate closure for LES has been investigated over a range of

different values of heat release parameter , Lewis number Le and turbulent Reynolds

number Re, values. The DNS data has been explicitly filtered using a Gaussian filter
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kernel to assess the validity of an existing SDR based mean reaction rate closure for
RANS in the context of LES. The existing SDR based reaction rate closure in the context
of RANS has been extended here for LES using a-priori DNS analysis and the newly

proposed model has been demonstrated to predict v satisfactorily for a range of different
values of 7, Le and Re, provided the Favre filtered SDR N . 1s appropriately modelled.
The performance of an existing SDR closure for passive scalar mixing (i.e. SDR-C model)
has been assessed with respect to N, extracted from DNS data alongside a model based

on a power-law expression (i.e. SDR-PL model) and an existing algebraic RANS-SDR
model, which has been extended here for the purpose of LES (i.e. SDR-RE model). It has
been found that the SDR-PL model significantly over-predicts and fails to capture the
qualitative variation of the mean values of N conditional on ¢ for A > ,,, even for the
optimum parameters for which this model accurately predicts the volume averaged values
of SDR. The SDR-C model with the theoretical value of Smagorinsky constant has been
found to underpredict the mean values of N_ conditional on ¢ and also the volume
averaged values of SDR for all cases considered here. The newly developed SDR-RE

model has been found to capture both local and volume-averaged statistics of N, for both
A<J, and A>3, in a better manner than the other alternative models for all cases
considered here. The performance of the SDR-RE model has been found to improve
increasing value of Re, and the SDR-RE model has been demonstrated to predict both
local and volume-averaged statistics of N_ for high values of Re, in flames with

Le = 1.0 Moreover, it has been found that the modelling of the sub-grid turbulent velocity
fluctuation (i.e. u) ) based on Smagorinsky-Lily model of the eddy viscosity does not
significantly affect the performance of the SDR-RE model. The model parameters
proposed originally in the context of RANS have been used for the SDR-RE model except

for the model parameter B,, which is expressed here as a function of heat release

parameter 7, as f3, remains a weak function of Re, and independent of global Lewis

number Le. This SDR-RE model has been subsequently assessed with respect to a three
dimensional filtered detail chemistry DNS database, where satisfactory behaviors have
been observed that both quantitative and qualitative behaviors are captured for different

filter widths.
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The SDR-PL and SDR-RE models later have been investigated further by dynamic

evaluation of model parameters. The possibility of SDR closure using a power-law model
based on dynamic evaluation of the model parameter has been assessed and is found to
capture the local variation of N_ both qualitatively and quantitatively for small filter
width for Le~1 flames, but under-predicts N, for Le <<1 flames. The prediction of

volume-averaged SDR also suffers especially for Le <<1 flames. The under-predictions
of volume-averaged behaviour of density-weighted SDR increase with increasing filter

width. The empirical parameterisation of . in the SDR-RE model can be avoided by

using a dynamic formulation which captures the local behaviour of SDR either
comparably or better than the static formulation for a range of different values of A,

7, Le and Re,, whereas the volume-averaged SDR is also adequately predicted. Thus,

the dynamic formulation based on the SDR-RE model seems to be a viable option for

algebraic N, closure for turbulent premixed flames. However, this newly proposed
model has been assessed here based on simple chemistry DNS for moderate values of
Re, with decaying turbulence and thus needs to be assessed further based on detailed
chemistry based DNS data for higher values of Re,. Although the static version of the

SDR-RE model has already been implemented in actual LES simulations and satisfactory
agreement with experimental findings has been obtained (Butz et al., 2015; Ma et al.,
2014) the proposed dynamic model also needs to be implemented in actual LES
simulations in a configuration for which experimental data is available for the purpose of

a-posteriori assessment.

9.1.2 Remarks on modelled generalised SDR transport equation

As the scaling analysis of turbulent transport term 7, indicated, both gradient transport
and counter-gradient transport are observed, the modelling of 7, has been proposed based
on model of sub-grid flux (ou,N, — pit,N,), where effects of the heat release parameter,

Lewis number, Karlovitz number and Damkohler number have been accounted for.

However, the flux of SDR (pu,N, - pii,N,) itself requires modelling in the context of
LES as well, and the performances of the models for (ou,N, - ,BLZZV .) and the turbulent

transport term 7, depend on the modelling of (pou,c-pu,c) . The modelling of
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(pu,c —pu.c) is beyond the scope of current analysis and interested readers are referred

to Gao et al., (2015) for further discussion on the modelling of (,ou,c - pu.c).

Scaling estimates are used for modelling the density variation term 7,, which is a leading
order contribution to the SDR transport. This term is highly sensitive to the differential
diffusion of heat and mass, characterised by Le. The contribution of the unresolved part
of T,, increases with increasing filter width, while the contribution of resolved part is

diminishing with increased filter width.

The scalar turbulence interaction term 7, can assume both negative and positive values
depending on the alignment of scalar gradient V¢ with the most extensive , intermediate

and the most compressive principal strain rates, denoted as ¢,,e, and e, respectively. It

has been found that Vc aligns with e, when turbulent fluid-dynamic straining a,,,

overcomes the strain rate a_,  induced by flame normal acceleration and vice versa. The

chem

modelling of 7 has been proposed explicitly accounting for the competition between

a. . and a

turb chem *

The kinematic form of the SDR transport equation indicates the possibility of modelling
the remaining unclosed terms [7, — D, + f(D)] collectively, which has been adopted in

this analysis based on their same scaling estimates.

All the proposed models for the unresolved terms of SDR transport equation have been
assessed based on both simple and detailed chemistry DNS database. The model are
shown to capture both the qualitative and quantitative behaviours of the unresolved terms
of the SDR transport equation for different filter widths. However, the results also
indicates the necessity of further work on modelling the combined contribution of the

reaction, dissipation and diffusion gradient term [7, - D, + f(D)] and it is worth

considering the individual contributions of these terms. Moreover, these proposed models
need to be implemented into LES codes to evaluate their performance for laboratory-scale
and practical flames. However, these closure models also interact with other closures for
turbulence and scalar mixing in LES simulations. Thus, due care must be taken to the

detailed evaluation of these models through a-posteriori assessment.
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9.2 Future work

Although the newly developed SDR closure has been found to yield promising results,

there are scopes for further improvement.

9.2.1 Turbulent Reynolds number

The turbulent Reynolds numbers of the DNS database used in the current study is
relatively moderate, however, turbulent Reynolds numbers of real burners are extremely
expensive to achieve using DNS. Although useful physical insights can be obtained based
on a-priori analysis of both simple and detailed chemistry based DNS data for moderate
values of Re,, the models developed based on the analysis of these DNS data need to be
validated further for higher values of Re, based on experiment and DNS data. A couple
of LES posteriori assessment for higher values of Re, have been carried out for the SDR
algebraic closure (Butz et al., 2015; Ma et al., 2014), where corresponding experiment
measurements are available, further assessment for dynamic algebraic closure and

transport equation based closure will be necessary.

9.2.2 Effects of flame-wall interaction

The investigation of the flame-wall interaction is out of the scope of current study,
however, this relation is crucial for the design of practical combustors. The flame is likely
to be quenched once it propagates towards the walls of combustors and under the
condition of flame quenching, the assumption involved during the derivation of algebraic
closure (e.g. SDR-RE model) may become invalid. These proposed models in the current

analysis require modifications to make them suitable for the flame-wall interaction.

9.2.3 Stratified combustion, equivalence ratio and fuel blending

The current study concentrates on purely premixed turbulent combustion and provides
valuable physical insights of the effects of heat release parameter, turbulent Reynolds
number, Lewis number on the SDR and its transport statistics. However, the effects of
equivalence ratio and the fuel blending on the SDR based reaction rate closure for LES
are yet to be addressed along with the elements of SDR and its transport for stratified

mixture combustion.
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9.2.4 A posterior assessment in actual LES and experimental validation

Although the proposed models for SDR and its transport equation have been assessed
with both simple and detail DNS databases based on a-priori analyses, it remains however
necessary to assess the model performance in an actual LES, as in actual LES, the
modelling and numerical inaccuracies may interact in a complicated manner that the
prediction can be more accurate if these inaccuracies cancel each other or rather erroneous
if these inaccuracies augment each other. This necessitates a comprehensive a posteriori
assessment of the algebraic SDR closure based on actual LES simulations. A few recent
assessments have been carried out on this purpose (Ma et al., 2014; Butz et al., 2015;
Langella et al., 2015), interested readers please refer to them. Last but not the least, the

models proposed in this thesis are necessary to be validated by real experiments.
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