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Abstract

This study is concerned with flow and stability of thin liquid films flowing over the
surface of a disc rotating about a vertical axis. The work consists of a theoretical and
experimental investigation into the flow of the steady-state film, and the waves which
occur on it. The theoretical model is investigated in its steady-state form (no waves
present) using both asymptotic and numerical techniques. The unsteady problem
is also examined, using asymptotic methods, for the inception and propagation of
waves of small amplitude with respect to the mean film thickness. The experimental
investigation employs a light absorption technique to obtain accurate film thickness
measurements across individual three dimensional wave profiles. The results are
used to test the validity of the small amplitude assumption of the theoretical model,
which is found to be restrictive, and to give both qualitative and quantitative data
about the large amplitude waves that are often observed.
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Chapter 1

Introduction

The last few decades have seen a great deal of research into methods of enhanc-

ing heat and mass transfer processes, which are used extensively in industry, and

therefore are of economic interest. Such processes include transfer between gaseous

and liquid phases, solids and liquids, and solids and gases, and may also incorporate

endo- or exothermic chemical reactions. One of the most widely used methods, for

processes involving heat and mass transfer to and from liquids, is to employ the

effect of gravity to produce thin liquid films. These have the advantage that the

penetration depth is very small, and hence there is reduced resistance to any transfer

process.

Thin films are utilised in many different industrial processes, such as distillation

columns, packed absorption columns, and cooling towers, which take advantage of

the very large transfer surface available for a given volume of through put to aid

heat and mass transfer. Methods employed to further enhance transfer processes

fall broadly into two types: passive and active. Passive techniques usually take the

form of altering the solid surface over which the film flows, either to further increase

the surface area, and / or to promote turbulence within the film, depending on the

scale of the surface roughness used.

Active techniques involve putting additional energy into the system. The most

common method is to use centripetal acceleration in a rotating system to replace

the effect of gravity, allowing very thin liquid films to be formed on the surface

of rotating discs and cones. These have several advantages, including the ability

to produce extremely thin films (even for reasonably large flow rates), very short
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residence time (allowing faster response to control), lower pumping energy, and much

reduced overall plant size.

The presence of waves on thin liquid films has been shown to greatly enhance

heat and mass transfer rates over those predicted for a smooth laminar film. As

such, an understanding of the inception, growth, and propagation of these waves is

desirable. The purpose of this work is to investigate the occurrence of waves on a

film formed on the surface of a disc rotating about a vertical axis. The aims of the

project are twofold: firstly, to attempt to develop a theoretical model for a certain

class of waves which may occur on the film; and secondly, to develop and employ an

experimental technique for obtaining detailed film thickness measurements across

three dimensional wave profiles, using a light absorption method. The resulting

data may then be used to test the validity of the model, and to suggest directions

for further theoretical development.



Chapter 2

Literature Review

2.1 Experimental work

The mechanics of two phase flow in the form of laminar thin liquid films, and the

high coefficients of heat and mass transfer associated with them, have long been

understood (Nusselt (26)). Theory predicts that the thinner the film, for a given

volumetric flow rate, the higher the heat and mass transfer coefficient. Falling

films are observed to develop ripples and waves on the surface, and it has been

shown that these disturbances greatly enhance the transfer processes across the film

(see (12), (4), (14), (15)). The role of wave action in enhancing mass transfer has

been measured explicitly by Brauner and Maron (49). They studied film flow down

an inclined plane, and Figure 2.1 shows the time trace of the variation of local mass

transfer from the wall alongside the variation in film thickness due to waves, clearly

demonstrating the enhancement. The full theory of the formation and propagation

of these waves, and their role in increasing heat and mass transfer in the film, is

very complex and only partly understood. Thus the design and implfinentation of

industrial processes has tended to rely heavily on empirical results.

2.1.1 Surface Waves

Observation of thin liquid films has shown that for all but the lowest flow rates

and body force (whether caused by gravitational acceleration or inertia due to ro-

tation) the free surface is distorted by ripples and waves (Espig and Hoyle (31),

3
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Figure 2.1: Simultaneous time traces of local instantaneous film thickness and mass
transfer rate.

Charwat et al. (44), Povarov- et al. (37)). The type of wave action can. be  divided

into different regimes

(1) For very low flow rates and body forces, the film surface appears smooth,

although the difficulty in observing very long wavelength disturbances

has led to wildly differing claims for the exact conditions required for

laminar flow.

(ii) As the flow rate or body force increases,. two-dimensional disturbances

with a smooth wavefront moving over the film become apparent.

Further increases lead to the smootliwavefront becoming unstable, caus-

ing it to break down into a multitude of individual three dimensional

wavelets. This has been called the 'Grey Film.' regime by some re-

searchers.

For flow down an inclined or vertical plane, where the body force is constant over the

whole of the flow path, the surface exhibits only one of these regimes once it is away

from the inlet, where upon it is in a 'quasi-steady state' (Brauer (13)). This remains
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true no matter how long the flow path, since a balance in the basic flow will have

been reached between the retarding viscous stress within the fluid and gravitational

acceleration. However, for flow on a rotating disc the film experiences increasing

body force as it flows radially outwards, and so each of the above regimes is visible

at the same time (providing the disc is large enough and the speed of rotation is

high enough). Charwat et al. (44) have reported observing concentric disturbances

emanating from the central distributor which decay with increasing radius, which

they attribute to the type of distributor used and not to instabilities inherent to the

film flow.

2.1.2 Film Thickness

Film thickness measurements have been made by a number of workers, using a wide

variety of techniques for films flowing over various geometries. The earliest measure-

ments were for flow down a vertical column, whereby the flow was suddenly stopped

and the liquid which subsequently drained off collected and weighed. Knowledge of

the original wetted surface area then gave the average film thickness. This method,

or slight variations of it, have been employed by Fallah et al. (6) and Warden (10).

The general conclusion was that the measurments were in good agreement with the

theory of Nusselt.

Hopf (30) has employed a micrometer with a needle probe attached. Measur-

ments were taken of the location of the dry surface, and then of the location of the

upper surface of the film, which was found by observing when the needle disturbed

the flow. This method is only accurate when the flow is in the smooth film regime;

above this, only peak wave heights are measured. Espig and Hoyle (31) used a simi-

lar technique, but with visual observation of needle contact with the flow augmented

by electrical contact sensing. A problem with this method is that the presence of

spray, while the probe is still above the surface, can give incorrect readings.

Brauer (13) has used a photographic technique for flow down a rod. Photographs

were taken of both the dry rod and the rod with a film flowing down it, and the

resulting diameters were then compared to give an estimate of the film thickness.

This method also tends to give the film thickness as the peak wave height, for

anything other than low flow rates.
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Telles and Duckler (16) and Clare et al. (36) measured the voltage difference

between two electrodes embedded in a surface over which a thin film of electrolyte

was flowing. After calibrating with a known resistance, knowledge of the resistance

of the electrolyte enabled them to infer the film thickness.

A technique for measuring the capacitance between the wetted wall and a small

probe located just above the free surface of the film was developed by Dukler and

Bergelin (8). The continuous variation of the capacitance was obtained by use of an

AC bridge, giving an. approximately linear response which was recorded in real time

by a pen on a rotating drum. The probe used was 3.17mm long in the direction of

flow, a larger dimension than the wavelength of the disturbances. Greater accuracy

was obtained by Portalski (1) using a 2mm probe, and a further improvement was

made by Shirotsuka et al. (53) using a 0.3mm diameter probe. The smaller the

probe used, the closer it has to be located to the free surface for the capacitance

to be measurable, which gives a limit to practical size. For flow on a rotating disc

Bell (17) used the same technique, with the probe stationary and the disc rotating

below it. The error in this method is potentially very large since, as the film is

typically of the order of 100Am thick, any vibration or lateral movement of the disc

as it rotates will affect the measurments made. Jazayeri (45) used a refinement of

this technique which involved two probes, placed laterally one above the other on

either side of the disc, which eliminated this problem completely.

Measurement of the absorption of light as it passes through a thin layer of liquid

impregnated with dye has been implemented in several ways. The first results

were obtained by Greenberg (3) who passed a narrow beam of light through a film

impregnated with nigrosine dye flowing over a glass wall, and measured the intensity

of the emerging light using a photo-cell to give quantitative results of a similar nature

to the capacitance probe technique. In a review of different measurement techniques,

Black (7) has objected to the light absorption method on the grounds that an

unknown proportion of the beam will be affected by reflection and refraction at the

curved free surface, leading to erroneous results, although Clegg (32) argues that

most workers design their equipment to minimise this effect. Allen (2) incorporated

a second light beam placed 1.6 cm downstream of the first and determined the

wave velocity by comparing the two traces. Charvonia (5) and Stainthorp and

Batt (9) have used the light absorption method to examine the effect of cocurrent

and countercurrent air flow over the falling film, and they have shown that the wave
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structure is unaffected by air flow below a certain velocity. Charwat et al. (44)

measured the mean film thickness at different radii of flow on a rotating disc by

means of infra-red absorption, the source and receptor being fixed in the laboratory

frame.

Clegg (32) used a strobe and camera to obtain two dimensional images of the

wavy flow down a glass wall, and converted the subsequent photographs to three

dimensional film thickness profiles using photodensimetric measurements. Lim (46)

used a less effective method, measuring light intensity after it had been reflected

back off the polished surface of a metal disc, thus doubling the error caused by

refraction and reflection at the free surface. In order to overcome this problem

Hewitt et al. (11) passed a beam of ultraviolet light through a falling film which had

been impregnated with a fluorescent dye. The light source which they used had a

visible component, which was removed using a spectroscope, and the resulting signal

was used to study the inception and evolution of large roll waves in countercurrent

air/water flow. More recently Liu et al. (47) have used fluorescent 'black lights', with

no visible component, to illuminate a film impregnated with fluorescent dye falling

down an inclined plane, and recorded the resulting images using a ccd video camera

on which an electronic shutter was used to minimise blurring. An image could be

recorded every 1/15 s, allowing measurements of the free surface h(x, y, t) to be

obtained with an accuracy of a few microns. The authors also used a laser beam

deflection technique, accurate to less than one micron, to continuously measure the

variation with time of the slope of the free surface at a point. With this level

of sensitivity it was possible to measure the onset of unstable flow, despite this

occurring for very long wavelengths, and a plot of critical Reynolds number against

angle of slope gives excellent agreement with theoretical predictions.

2.1.3 Effect of surface tension and viscosity on waves

It is found that viscosity and surface tension can also affect the formation of waves,

increases in either tending to increase the stability of the basic flow. The ef-

fects of altering the surface tension have been observed by Smith and Craik (29),

Whitaker (22) and Charwat et al. (44). They have observed that the effect of in-

creasing the viscosity of the fluid layer at the free surface tends to decrease the

rate of growth of disturbances, and slightly alter the critical Reynolds number at
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which the film becomes unstable. Theoretical analysis by Levich (23), Lin (28) and

Benjamin (24) also suggests that surface elasticity is the mechanism responsible for

the observed stabilising effect of surfactants. Thus great care must be taken to en-

sure there is no contamination of the fluid in measurements of the critical Reynolds

number.

2.1.4 Film breakdown

Under extreme conditions, usually very low flow rate or a moderate flow rate com-

bined with high rotation speed and large radius, the film can become very thin,

allowing small gradients in the local surface tension to produce dry spots, which are

regions where there is no longer any liquid. If these become too large the film can

then break down into long thin rivulets with comparatively much greater depth and

reduced surface area than that of the original film. This causes significant reduc-

tion in the potential for heat and mass transfer to the liquid, and as such is to be

avoided at all costs. The operating conditions under which dry spots may occur are

difficult to determine, either empirically or theoretically, since there is some element

of chance involved in their formation. Research has thus focussed on the conditions

necessary for a dry spot which already exists to be removed by the flow of the liquid.

Hartley and Murgatroyd (34) have considered a force balance at the leading edge

of a dry spot between the momentum pressure of the liquid and the curvature and

tension effects of the free surface. They found the minimum film thickness necessary

for rewetting in flow down an inclined plane to be

1
52 a

Oc = 1 .72 ( 
11
-(1 — cos 61))
9-P

where bc is the film thickness, v is the viscosity, a is the surface tension, and 9

is the three phase contact angle. Khan (48) has adapted this model to flow on

a rotating disc, and his experimental measurements, obtained by observing the

conditions under which dry spots are removed, showed good agreement.
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2.2 Theoretical work

The study of the hydrodynamics of thin liquid films formed on rotating discs, whilst

not new, has received relatively little attention compared to the associated field of

falling liquid films, both down vertical and inclined planes. Many of the techniques

that have been applied to the rotating disc problem have been derived from those

originally used on the falling film problem, and so a review of this work and its

relation to rotating discs is given below. A free surface stability analysis usually

involves two stages. First a solution to the steady state problem is obtained, and then

this solution is given a small (in a sense to be defined later) time-like perturbation

and is reinserted into the equations to provide a new set of equations to be solved

for the perturbation quantities. In this spirit the review is divided into two main

sections, the first examines previous work on the steady state problem, the second

on the stability analysis. Each section is further subdivided into work specific to

falling films and to rotating discs.

2.2.1 The Basic Flow Field

2.2.1.1 Flow down an inclined plane

The steady state or basic flow field is usually examined as a prelude to a linear

stability analysis. An important theorem due to Squire (38) states that the stability

of three-dimensional disturbances in unidirectional flows between rigid boundaries

is stable or unstable according to the stability of the basic flow in two dimensions

with lower Reynolds number, a more gentle slope, and a reduced pressure gradient

in the direction of flow. This result has been extended to flows with free surfaces,

interfaces, or density stratifications by Yih (39). Thus the stability analysis (and

therefore the solution of the basic flow) have traditionally been carried out in two

dimensions. The full Navier Stokes equations in Cartesian coordinates are then

au au	 au
u— w—

at	 ax	 ay

Ow Ow Ow

u7x ui-g;Ot	
Du Ow

Ox + ay

__1P2 g sin + vV2u,	 (2.1)
p ax

_Lei! g cos 13 + vV' 2w,	 (2.2)
P aY

= o	 (2.3)
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where V 2 is the Laplacian operator

2	 a2	 82

v.-.. 8x2 + ay2 .

Here x and y are the coordinates in the direction of flow and normal to it

respectively, with associated velocities u and w, and t is time, p is pressure, g is

gravity, p is density, 1./ is kinematic viscosity, and 0 the angle between the slope and

the horizontal (see Figure 2.2).

Figure 2.2: Thin film on an inclined plane.

For steady, plane, parallel flow aiat a 0, wa.-- 0, &p/8x a 0, au/ax 0, and

so the above equations reduce to

azu
gsini3+v

	

ay2 . 0,	 (2.4)

1 ap

	

gcos0---- = o.	 (2.5)
pay

These equations are easily integrated subject to certain boundary conditions.
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There is the usual no-slip condition at the wall,

u = 0 on y = 0	 (2.6)

and the assumption of zero interfacial shear, along with a normal stress condition,

at the free surface

au/ay =0 1
p = Pa

on y = 8,	 (2.7)

where Pa is the atmospheric pressure at the free surface. The solutions are

gsinfi yz

2v ( 2	 YO),	 (2.8)

pg cos f3 (y — 5) + Pa.	 (2.9)

If now we consider the volumetric flow rate per unit width of wetted perimeter Q

U =

Q = 1

6
u dy,

o

and substitute our expression for u we have

(2.10)

0	 3Q )i
0 -= ( -7---

g sui /3
(2.11)

for the thickness of the film. This analysis was first performed by Nusselt (26), who

also considered the case where the interfacial shear was non zero. Although this

steady state solution is exact, the boundary conditions which have been applied at

the free surface are somewhat ad hoc, being based on physical understanding rather

than a rigorous derivation. The full boundary conditions including terms affected
by surface curvature must therefore be considered when waves are present.
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Figure 2.3: Thin film on a rotating disc.

2.2.1.2 Flow over a rotating disc

In this and all subsequent sections in this chapter concerned with flow on a rotating

disc, we shall assume a non-rotating cylindrical polar coordinate system, the di-

rections (r, 8, z) having corresponding velocities (u, v, w), the z coordinate pointing

upwards away from the disc (see Figure 2.3). The fa Navier Stokes equations are

thus

Dt r
. --- ± v(V2u — --T2 — —r2 —ad,	 (2.12)

P ar

	

Dv uv	 1 1 ap	 , 2	 2 au ?I ,
. ---- + pkv-v + -- - --),	 (2.13)

	

Dt r	 p r a0	 r2 ao r2

	

Din	 1 ap
= --- - g ± vV2w,	 (2.14)

	

Dt	 p az

Du v2	 1 Op	 u 2 av

1 a,	 1 av ow
kru) +-- + — = u

r ar	 r ae Oz
(2.15)

where



a2u

V
ar2 = —227". (2.16)

u = 0 on Z = 0,
au/Oz = 0 on z = H(r),

(2.17)

Chapter2 : Literature Review	 13

D_a	 a va	 a	
and v2 = 02 18 

182 82
an

73t = a-t ±uTr + Tati +w-a'	 — ar2 + 7 th- + .7 ao2 + az2.

The main interest in the inclined-plane analysis above is that the flow of a thin

liquid film is dominated by a balance between the body force and viscous retarding

force, and this has been used as a simple model for the flow over a rotating disc.

Eraslie et al. (25) have considered a single equation for the radial velocity, which is

often referred to as the centrifugal model, where the body force is provided solely

by the centripetal acceleration (i.e. it is assumed that r11 2 > g), and the liquid is

assumed to be everywhere rotating at the same angular velocity as the disc, i.e.

The boundary conditions imposed are analogous to those used in the Nusselt

model, namely

where the free surface is described by some function H(r); this yields the solution

fer
—

(	 z2
--

2
+ ZH(T)). (2.18)u =

V

If now we consider the volumetric flow rate per unit width of wetted perimeter,

we have

Q
	

.H(r)
=	 u dz	 (2.19)

2irr	 o



11(r) = (--2r i-22r2
3 1/(2 )1

Hence for any particular flow conditions

and so

(2.20)
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H oc r 3.

Although derived from the most simple model, this will turn out to be the

dominant behaviour of the free surface when considering more realistic models of

the basic flow. An interesting consequence of this analysis is the calculation of the

mean residence time for liquid on a disc of fixed size, inlet at r = Ri and edge at

r = Ro (see Bell (17)). This can be found by first calculating the mean velocity

through the film at a particular radius

1 fH 	. 122r-
=	 u az = — n

H 0

and substituting for H(r) from (2.20) to give

(2.21)

(12

n2Q2 )1 ,

u=	 72v 

r_ 

3

If now we write i = 8r/8 this can be integrated to give

(2.22)

t (  81 ir2 v  ) 3 (	 1)

16 C22Q2	

— Rt (2.23)

as the mean residence time for liquid on the disc. Thus the advantages of reduc-

ing the film thickness by increasing the rotation speed (whilst keeping the same

throughput) must be weighed against the reduced residence time on the disc when

seeking to optimise heat and mass transfer to the film.

An obvious objection to this centrifugal model is that there is a non-zero radial

velocity in a rotating system, and thus the fluid will experience a Coriolis force in



(2.24)

(2.25)

(2.26)

(2.27)
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an azimuthal direction opposite to the direction of rotation of the disc. Thus Ernslie

et al. (25) proposed a refinement to this model which incorporates terms relevant

to the Coriolis force. In a non-rotating frame this is

	

a2u 	v2
ii-

az2 =

	

v (92 2)	 va
—+11—.

	

az2	 r	 ar

Writing v = rn on the right hand side only, then gives

v 
a2u = 

-rn2,
az2
a2v

= 2uft.
az2

Although this is not a very rigorous procedure, it turns out that it does recover

the correct leading order balance in the limit of certain parameters, as shown with

more precision by Needham & Merkin (40) and Rauscher et al. (33). Needham

& Merkin examined the full Navier-Stokes equations, assuming axial symmetry,

using a formal asymptotic technique with well-defined scalings and based on a small

parameter c, obtained by taking the ratio of a typical vertical length scale h and a

typical radial length scale a where a>> h. They define an Ekman number E = v/f2h2

and show that the above balance is valid provided E>> 1, which puts a restriction

on the speed of the disc 0 v/h2. If h, 10-4m then the restriction is a < 100

rad sec-1 for water which is by definition very much less than the speeds used in

experiments of up to 1 .2	 100 rad sec- 1 . The full nondimensional leading order

equations obtained are

492u°	
&PO = 0, (2.28)

az2 r ar
a2vo

211o = 0,	 (2.29)
az2

apo = 0,	 (2.30)
az

1 8 ,	 awo
--kruo )	 = 0,	 (2.31)
r &r	 az
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along with boundary conditions

(2.32)
8110
--- — wouo ar

8110
Oz

=0 9

=	 o,

(2.33)

(2.34)
Ova
az

Po

=0,

= 0

(2.35)

on z = Ho(r), and

uo = vo = wo = 0 on z = O.

The solutions are

par, z)

uo(r,z)

:=1

=

0,

irz(2Ho(r) — z),

(2.36)

(2.37)

vo(r, z)

wo(r, z)

=.

=

ilirz(4z2 Ho(r) — z3 — 84(r)),

1 z2r
dH0 —

(2.38)

(2.39)iz3 —	 z2H0(r),
2	 dr

H0(r) =
_2

Ar 3. (2.40)

where A is a constant. They also note that this leading order approximation will

not hold in a small region very close to the inlet, where the sudden change from the

imposed inlet condition (of plug flow, for example), to free surface flow governed

by the Navier-Stokes equations, leads to terms with r derivatives becoming so large

that they swamp the small e parameter multiplying them. Since an analytic solution

does not appear to be available in this region they use a matching technique to fix

the constant A associated with the free surface function Ho(r) in the outer region.

This is simply an expression of conservation of mass, and a matching approach is

not required. On redimensionalising, (2.37) and (2.40) are found to be identical

to (2.18) and (2.20) derived by Emslie et al. (25), in the absence of vertical and

azimuthal flow. This is to be expected since the radial flow velocity is only affected

by the azimuthal velocity at second order.



(2.41)

(2.42)

(2.43)
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Dorfman (35) has solved numerically the boundary layer approximation of the

Navier-Stokes equations

Re2
 O, 	 ua	 v2 a2u

." +
u-a; '117 Oij — 7 = TyD

Re2 
k ax x ) + ay = ay2'
(u av + uv \ Ow 02v

Re2
 (

-2a + LI ) + Ow —
ax x	 ay — °

with boundary conditions

u = 0 , v = x

on the disc surface y = 0, and

au av
ry = Ty = 0

at the free surface. The location of the free surface is found iteratively using (2.19)

at each radial step. Here (x, y) are the dimensionless radial and vertical coordinates

respectively, (u, v, w) are the dimensionless velocities in (r, 0, z) directions, and Re =

banlv, where 50 is the thickness of the inlet. He gives only limited numerical data,

preferring to demonstrate qualitatively the relative affects of altering flow rate and

Re.

2.2.2 Linear Stability Analysis

2.2.2.1 The inclined plane

Observation of the flow of thin films, whether formed solely by gravity or on a

rotating surface, shows that the free surface is wavy under all but the lowest

flow rates and/or rotation speeds. The apparent absence of waves at these low

mean film velocities has led many researchers to predict a critical Reynolds number

(Rec) below which the laminar basic flow field is entirely stable. For flow down a

wall with Re = Qlv, some examples for estimates obtained from experiment are
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Re, = 4.4 (Binnie (19)), Rea = 0.25 (Friedman and Miller (20)) and Re, = 2.0

(Kirkbride (18)), whilst the inexact theoretical formulation of Kapitsa (21) pre-

dicted Rea = 5.8. The stability problem was first rigorously formulated by Yih (39)

who solved the resulting Orr-Sommerfeld equation by first expanding in powers of

aRe (a being the wave number) and then solving the resulting secular equation

numerically to obtain neutral stability curves. This gave the estimate Re, = 1.5,

but the solution was later found not to have been obtained to sufficient accuracy.

Benjamin (41) used Yih's formulation and, based on a variation of his method,

found an analytic solution using a power series expansion which gave Re, = 0 for

flow down a vertical wall with zero surface tension, i.e. there is no flow regime which

is completely stable. This expansion is valid only for small a, and thus does not

say anything about stability for small Re when a is not small. This problem was

addressed by Yih in a second paper (42), which introduces an asymptotic pertur-

bation solution procedure for the first time in a free surface stability problem, a

technique which is very much more powerful than the one employed by Benjamin

and reproduces his results as a particular case. For the long-wave approximation,

Yih shows that, while the imaginary part of the wave speed c i (governing growth of

disturbances) is zero when a = 0, it increases or decreases according to the sign of

Re— —
5 

cot	
> 0	 ei increases

6 	 <0	 ci decreases

where is the angle of inclination of the plane. Yih also points out that, although

Benjamin gives the critical Reynolds number to be Re, = cot 0, it is in fact

only the Reynolds number above which some disturbances will be amplified; it does

not imply that all disturbances for Reynolds number less than this will be damped.

Indeed, for a = 0 he shows that neutral disturbances can exist right down to Re = 0,

even if the plane is not vertical

Since it has some bearing on the work presented later in this thesis, it is worth

examining Yih's approach in a little more detail. He starts with equation set (2.1)—

(2.3), with exact solution to the basic flow given by (2.8), and non-dimensionalises

W	 x	 y
= —

ua 
I	 = --

Ua
 x = —6- Y



Chapter2 : Literature Review 	 19

15. p2

Pua

where 6 is a typical length scale (which is used for both directions here) chosen to

be the film thickness, and uo = average velocity of basic flow = g62 sin /3/3v. The

Reynolds number and Froude number are defined as

uo6 F
2 =Re =

96

Now a small perturbation is added to the basic flow solution

1.1 = U + , 11) = ,	 = P +

where U , P are the dimensionless velocity and pressure of the primary flow, respec-

tively. Substituting into (2.1)-(2.3) and ignoring terms quadratic or smaller in the

perturbation quantities gives

+Uili + Uotii = -Pi +.	 +figg)
1

+ Utbi = -139+ — (thil + ?bog),Re
= 0

(2.44)

(2.45)

(2.46)

where subscripts denote partial differentiation. Equation (2.46) allows the introduc-

tion of a stream function .11) such that

7.1 = /Pg	 =-1,x

and then a solution is sought in the form of a sinusoidal disturbance

= Cb (g) eia(i-ct)	 19" = f() eia(&-ci)

Substituting into equations (2.44-2.46), and eliminating f by cross differentiation,

leads to the well known Orr-Sommerfeld equation
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(1)"" — 2a2 q5" + a4 0 = iaRe [(U — c)(4)" — a) — Un 01 ,	 (2.47)

where the primes now denote differentiation with respect to. This is then solved,

together with similarly perturbed boundary conditions, by assuming that the wave-

number a is small, i.e. an asymptotic solution valid for long waves is obtained. Notice

that this method depends critically upon the introduction of a stream function,

which in turn increases the number of I derivatives in the equations, and hence

further simplifies the problem for small a. However, the long wave approximation

can be introduced in another way. If two different typical length scales are used (one

horizontal and one vertical) whose ratio gives a small parameter e, such as Needham

& Merkin have done for the rotating disc problem, the only change to the above

nondimensional scaling is

8	 ,. z w
E = — , X = — , i b =	 7a	 a	 EUa

this last scaling on w being required to satisfy the continuity equation (2.3). Then

if the above analysis is repeated we get

0"" — 2E2 a2 0" +E4a4 0 .-- ic aRe [(U — OW — E2 a2 0) — U" 01 .	 (2.48)

Thus the full Orr-Sommerfeld equation does not need to be derived explicitly,

as solving the perturbation equations at successive orders of c (without the need to

introduce a stream function) produces the same result. This is a useful technique

if the exact basic flow solution is not available, but has itself been approximated as

an asymptotic expansion in E. This is the approach that is used in the main body

of this thesis for examining the stability to long waves of three dimensional flow on

a rotating disc.

A hybrid of the inclined plane and rotating disc problems has been investigated

by Davalos-Orozco and Ruiz-Chavarria (43) who examined the stability of the flow

down a slowly rotating inclined plane using Yih's method, adapted for three dimen-

sional flow. The advantage of considering a rotating plane (which they supposed



Du aw Dv

+•	 Ty + - =5-; o'
(2.49)

w – az – ax '

a-y
U .—

ay

_ _ae
V — ay
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to be infinite) is that, unlike flow on a rotating disc, the area does not change and

hence the effect of the Coriolis force on stability can be examined without the addi-

tional complication of a normal velocity component in the basic flow. They use the

continuity equation

with z as the cross stream coordinate, to reduce the three velocity functions to two

potential functions -y and e such that

and then seek solutions of the form

C = Cy) exp ik(cos 9 x + sine z — ct);

7 = OW exp ik(cos 0 x + sin 0 z — ct).

Their restriction on rotation means that they are effectively using the leading

order basic flow solution for small rotation speeds as an exact solution in the stability

analysis. They considered the stability both for small resultant wavenumber k and

also for small Reynolds number, Taylor number, and angle of inclination of the

plane (in this case the angle relative to the axis of rotation). They conclude that

for small resultant wave number, the Coriolis force tends to reduce the growth rate

of a disturbance, and that under certain conditions it may stabilise the flow for all

possible directions 0 of propagation. For small Reynolds number, Taylor number,

and angle of inclination of the plane, resulting in a negligible Coriolis force, the

tendency is for flow on the right side of the plane to the axis to be more unstable

than that on the left side. They suggest that this is due to the wall on the left side

pushing into the film as it rotates, simulating the effect of larger gravity normal

to the film, whilst the wall on the right side is constantly receding from the film.

This last result may turn out to have important implications for the stability of flow

down the outside of a rotating cone.
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Figure 2.4: Thin film on a rotating disc at 'large' radius.

2.2.2.2 Rotating discs

The analysis of the stability of thin film flow, over a rotating disc was first carried

out by Charwat et al. (44), who modelled the mean flow using equations (2.28)—

(2.29) i.e. they assumed that the flow is well-approximated by three dimensional

plane parallel flow (similar to the rotating plane flow above) with the proviso that

the Ekman number is E > 1, and also that the radius is in some sense 'large

enough' (see Figure 2.4). On non-dimensionalising and perturbing this solution

they obtain a set of equations similar to (2.44)—(2.46) but with the addition of an

azimuthal momentum equation and a non-zero azimuthal velocity in the basic flow

solution. They then proceeded to model the spiral waves observed in experiments

by transforming the two dimensional Cartesian coordinate system of the surface into

a spiral one which is inclined at an angle f3, positive in the clockwise direction from

above, to the x-axis

x* = xcosf3+ysini3

y* = —s sin 13 + y cos /3.



811 thu
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The corresponding velocities are transformed in the same way, (u, v) —) (u*, v*),

and the requirement that alay * Er--- 0 is imposed so that the perturbed quantities are

assumed to be constant along the spiral. Thus the continuity equation becomes

and so a stream function may be introduced, and a solution sought in the usual form

of a sinusoidal wave train. An equation analogous to the Orr-Sommerfeld equation is

derived as described previously, and solved asymptotically using a double expansion

in small wavenurnber a and large E.

By considering the solution accurate to second order in a and E-1 , they predict

a maximum growth rate for a disturbance when

tan 2finzax = —4.28E-1.

Hence a is negative, which corresponds to spirals which open out in the direction

of rotation of the disc, as observed. In order to ascertain the effect of the Coriolis

force, the calculation was repeated with terms representing the effect removed, and

the solutions compared. They concluded that the effect of the Coriolis force is to

decrease Anax and reduce the value of the maximum growth rate. This latter result

would seem to be in accord with that of Davalos-Orozco and Ruiz-Chavarria (43)

for the rotating inclined plane film flow. A major assumption of this analysis is that

the spiral wavefronts have the structure

1 dr
tan (— 0) -d-o

i.e.

a log r

which they claim from experimental measurements, rather than deriving as a natural

consequence of the theory.
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Needham & Merkin (40) have obtained the full asymptotic structure of the ax-

isymmetric basic flow for E < 1 as described in Section 2.2.1.2. They then go on

to describe the evolution of axisymmetric disturbances imposed on the film, using

a wealdy nonlinear theory. The disturbances considered are of two types: a distur-

bance imposed on the basic flow away from the inlet, and a sudden change in flow

rate imposed at the inlet. They are thus not explicitly concerned with the stability

of the basic flow, where non-axisymmetric disturbances might arise spontaneously.

However, in order to examine whether their description of the evolution of a dis-

turbance remains uniform for large time (which corresponds to large radius for an

outwardly propagating disturbance), they investigate the linearised version of their

second order equations, since they are otherwise intractable. This part of their the-

ory is thus only valid for small amplitude disturbances, which they justify by noting

that the first order solution describes a diminishing amplitude for large time and so

a linearised theory will describe the behaviour reasonably accurately. They do not,

however, assume that the solution will be in the form of a sinusoidal wave train, but

solve the resulting linear partial differential equation explicitly using a number of

variable transformations to simplify it. They introduce

2—
71 = 7 - 3 a ,	 = 7' 3 — COt , T = log t ,

where Ti is the perturbation to the free surface, and Co = 1A 2 , A the constant

associated with the basic state free surface. Then for large time r = 0(e-1)

T* = ET 1 n(e, 7*, e) — 7e(Co-*)

and their problem reduces to the linear diffusion equation

the _ a'n*
or* — 4 ,Ter ( —oo < e < co). (2.51)

This has a formal solution

0.
77*(c r* ) = I D(k)e'k2r. ei" dk (—cc <e < co)	 (2.52)

—00
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with D(k) and x known. Hence the solution is found to be a linear combination of

sinusoidal disturbances of the form

T., ,_ r-i e -Kk2 , log t+ik(r4 —1A2t).	 (2.53)

By considering conditions under which x may become negative, a modified

Reynolds number Re = 0/2 /27rgy is defined and the condition for stability of

the film given as

Re >1.

It should be noted that this is the criterion for a disturbance to grow at large

radii, and thus may bear no relation to the presence of waves which have appeared

at smaller radii and propagated outward.

2.3 Objectives of the current research

The aim is to investigate, both theoretically and experimentally, the flow of a thin

liquid film over the surface of a spinning disc, and the nature of the waves which

are observed, with rotation speeds which are realistic and useful in an engineering

context.

2.3.1 Theory

A steady-state model is developed for the appropriate range of dimensionless pa-

rameters using both numerical and asymptotic methods. The analytic approach

employs a formulation similar to that used by Needham & MerIcin (40), but without

the restriction that E < 1 (allowing f> No rpm).

The stability of the steady film to small amplitude disturbances (with respect

to the film thickness) is examined. An approach similar to that employed by Yih

(42) for inclined plane flow is used, but using the c formulation to introduce long
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waves, as outlined above, rather than deriving an analogue to the Orr-Sommerfeld

equation explicitly.

We may expect the current geometry to make the problem more complex than

that for the inclined plane flow, since the characteristics along which disturbances

propagate are unlikely to be straight lines, and so the phase function will no longer

be of the form a (x — ct). Thus in order to examine the stability of the flow, the

structure of the phase function, and hence the geometry of the wavefronts, must

first be determined.

2.3.2 Experimental

Pictures are taken of the whole disc under various operating conditions in order to

obtain qualitative data about the shape and formation of wavefronts on the film.

The light absorption technique used by Clegg (32) for measuring film thickness

is employed. The theory behind the method is developed to allow for reflection

of incident light at the free surface, and to obtain a better understanding of the

assumptions made.

The amplitude, structure, and surface area of individual waves across the disc are

measured, in order to test the range of validity of the small amplitude assumption

made in the theory, and to gather data for future modelling of large amplitude

waves.



Chapter 3

Theoretical Work

3.1 Introduction

In this chapter we investigate a theoretical model for the flow over a rotating disc.

The problem is formulated in section 3.2 using the Navier-Stokes equations with

appropriate boundary conditions, and rewritten in terms of dimensionless variables

in section 3.3. The axisymmetric steady-state flow problem is then considered in

section 3.4, with an asymptotic solution valid at large and medium radii given in

section 3.4.1, and a numerical solution valid for all radii presented in 3.4.2. The sta-

bility of the asymptotic steady-state solution tci small perturbations is investigated

in section 3.5, and the resulting wave geometry is examined.

3.2 Description of the Problem

We model the problem by considering the flow of an incompressible Newtonian fluid

over the surface of a rotating horizontal disc, the fluid being ejected onto the disc

as plug flow from a distributor rotating with the disc at its centre, see Figure 3.1.

27
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a

Figure 3.1: The coordinate system.

Choosing a non-rotating cylindrical polar coordinate frame, with (r, 0, z) having

velocity components (u, V, w) respectively, the Navier-Stokes equations are

Du V2
=
 1 8P	 2 u 2 8 ,

- — 	 v(V u - 1-3 - 750),Dt r	 p

2 au VDV uV = 11 8P 4: v(v2v	 - 7) ;

Div

r2 ae rDt	 r	 P r (39

= l OP _ 9+ vv2w
Dt	 P az

11(ru)+ 1E Ow =0,
r ar	 r ao Oz

where

D _ 8	 O VO	 8	 2 a2 1 a 
182	 82

Dt = 757t 1-171:4"-Ti+w75; 
and V E	 -

+ r ± 72- ae2+ az2 •



(3.2)

(3.3)

(3.4)
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3.3 Choice of Scales

The horizontal length scale a is taken to be the radius at which transient behaviour

near the inlet is left behind, and then a vertical length scale h is defined as the film

thickness at this radius, independent of the exact inflow conditions at the distribu-

tor. Thus, following Needham & Merkin (40), we introduce a small dimensionless

parameter e = h/a into the problem. The component of the velocity in the radial

direction is scaled using the radial outward flow implied by the volumetric flow rate

Q at radius a, i.e. 110 = Q 12zah. In order to consider the azimuthal velocity relative

to the disc we introduce a new velocity v such that V = G r + v, where G a/Vo

and Vo is the scale of v. It is convenient to take Uo = Vo and thus we expect

v < u for a realistic solution. The continuity equation requires Wo = etlo, and

the pressure and time variables are non-dimensionalised with Po = pUg, To = a/Uo
respectively. The parameter G can now be identified as the dimensionless rotation

speed of the disc. We also introduce the dimensionless parameters E = vinh2 , the

Ekman number; F =1,101,53, the Fronde number; and W = r I ahpg, the Weber

number, where r is the surface tension. A Reynolds number for the flow may be

defined as Re = 1/GE = h21101va, however Re has not been written explicitly in

all that follows.

The full equations in dimensionless variables are thus

Du v2
— (G2r + 2Gv —) —P,. +	

GE
GEuz, — 2--vg + e2 GE(N72u — 2—); (3.1)Dt	 r2	 11	 r

Dv 
+ 2Gu + —uv 

—1-PoDt	 r

2 Dw
C	 = —Pg

Dt

ue + E2GE(V:+ GEvzz 2—Grf

c— —
F2 

-I- e2 GEw c4 G EV2 w ;

(TU)r	 rW = 0 ,

where

D _ a a
,	 9	 a

Dt =	 +w-- and V2 = 82 1 a 1 a2

	r 90	 az	 ar2 + ;Tr +72-.992.
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The boundary conditions comprise the usual no slip conditions at the disc surface

u = v = w = 0	 on	 z = 0 ;

on the free surface z = H(r,O, t) we have the kinematic condition plus two tangential

and one normal stress condition (see Appendix A for derivation), namely,

Ht +uHr+(G+ .-u-r )He=w;	 (3.5)

2c2 (ur – wz)H, + (e2 11 ,2 – 1)(uz +e2w,.)+ e2-1 H0(vr – 117. + –riuo)

+c21-110Hr(vz + E21–rwo) = 0; (3.6)r

1	 1	 1± 62142)(114 + 2) ± 2c2_Howz2E4 –HoHr2u, – 2E2–
r

H00.
r	 r	 r	 r

, E2 	 v
–e2H,.(1 + E2H; – —

r2
1-1)(vr –	

1
– + –ue) – 2E2-

1
HeHr(uz + E2wr)

r r	 r
e2

+(i -I- e2H,? – —4)(vz + e2 -a) =0; (3.7)
r2	r

	

2e2GE 	 c2Hzur	 + ?tor) + H2 ( .11t2 +LI)–.Hr(uz
(1+ e2 H,2 + f22•14)	 r2 9 r r

He	 e2	 e2	 V Ue
--(Vi ± —We) + —1-101-Ir(vr – – + —) + tv,

r	 r	 r	 r r

–E2 
w 	 1 

(1441+ 4111)
F2 (1 +e2 H,? + !.-11-/Di	 r

11
+7 [(1 + c211)(1109 +rilr)-2e2H,H9(Hre – –119 )]) – P = 0. (3.8)

r	 r

3.4 The Steady State Problem

Considering first the solution to the above problem which depends only on r,

i.e. in the absence of any externally imposed disturbances to the flow plat FE

0, a/a 9 a 0), the equations at leading order in c are (with subscripts denoting

partial differentiation)
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/in r ± WU z — (	
v 2

G2 r + 2Gv + =	 = -Pr + GEuzz ;r
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(3.9)

uvr + wv, + 2Gu + 21-1	 = GE'vzz ;r (3.10)

Pg	=	 0; (3.11)

u+rur+rwz	 = 0, (3.12)

with boundary conditions

U=V =W= 0	 On z=0 (3.13)

and

uHr = w,	 uz = 0,	 vz = 0,	 P = 0	 on	 z = H(r). (3.14)

Here we are taking G, E = 0(1) as c --, 0, while the contribution of gravity to the

pressure term, via the Froude number F, is 0(c), and so does not appear. This

contrasts with the leading order problem formulated by Needham & Merkin (40),

where they have E> 1, requiring low rotation speed, and their Froude number is

0(1).

An exact analytic solution does not appear to be available for the above set of

equations. Thus an asymptotic solution procedure has been adopted, described in

the following section; and also a numerical solution procedure, described in section

3.4.2.

3.4.1 Asymptotic solution to the steady-state

On inserting the leading order solution of Needham & Merkin (40) given in Chap-

ter 2, section 2.2.1.2, valid for low rotation speeds, it is found that the remainder for

each equation, evaluated at the free surface, is a large power in 1/r. This suggests

that an asymptotic solution procedure valid for large r may be appropriate, with the

leading order balance the same as that used by Needham & Merkin. Accordingly,

we rescale the independent variables



AE =
ro

(3.15)
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R •
r = —	 z = EIC,

EA

with A > 0, so that r —4 oo corresponds to c	 0 for R fixed. We also scale the

dependent variables to give the appropriate leading order balance,

1A_	 IA_
= E 3 U, V = E 3 V, W = C3 W

P=e 	 H = E 3 n.

We define the parameter A by relating the point R = 1 to a dimensionless radius ro,
so that

and thus a solution valid for a large value of A, with R = 0(1), corresponds to a

solution valid at a large radius.

The full steady-state problem, i.e. equations (3.1)-(3.8) with aiat. 0, me	 0,

becomes

_	 IA
E 3 (UUR	 — G2R + 2E 3 Gr/

= —PR+ GEcc + 62+132A GE (r	 TiRR-F UR -
R2

(3.16)

IA(R	
IATiT)

E 3 T1 V WV( ) 2G+E3

=GEucc+E2-FI A GE (URR+	 1:77 (3.17)

1+AAe 362+11 A (1- 17R +vivo = —PC — F2

1	 \21-InAG+E 3 "WCC 64+1 A GE (iv-RR+ —R wR— 7R2 ' (3.18)
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ri+RUR+R—wc = 0,	 (3.19)

with boundary conditions

li=t7=7,= 0 on (.0	 (3.20)

and

=w;
	 (3.21)

-1- 12A ni—	 %ry 	 4+22)4— 712 —	 ne2 3 (AkUR — W
-

cy/ R ticn R — WR -FE 3 wR R — = u ;	 (3.22)

—	 T,
E2+ 3 A (—HR R —	 if

—2
c) — E4+ 2123 A—H3R (TIR —	 + Tic = 0 ; (3.23)

-15 + C2+2 GE(---ff RTIc +Vic) — 62+11A t H RR ± 1-77R) = 0(e4+211A)

(3.24)

all on ( = 11(R). The choice of scaling on r means that we may expect the solution

to break down when R = O(EA ), i.e. for radii sufficiently close to 1.

We now expand the unknown functions as asymptotic series of the form

= + E	 + ,

and solve for the first two terms only. This allows us to describe the essential physics

of the problem, by retaining terms in the equations which describe the Coriolis force,

whilst obtaining a single solution which is valid for all A > 0. Hence we do not retain

terms of, for example, 0(e1+1 A ) which may be larger or smaller than terms 0(c it A),

depending on the size of A. Thus we see that the T2/R term in the radial momentum

equation (3.16) contributes to the third term of the solution only when A is small

enough, i.e. for 7-0 close to 1.
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The leading order equations are

-G2R =	 OR + GET-Loc, ;

2G7.10 = GETocc ;

34

(3.25)

(3.26)

-75occ = 0; (3.27)

T-Lo + R'uo R + Ri-doc = 0 , (3.28)

with boundary conditions

Tto = 'To =	 = 0	 on = 0 (3.29)

and

rioHo R =	 ; (3.30)

Tick =0; (3.31)

Tick = 0; (3.32)

= 0 (3.33)

all on ( H(R).

The solutions are obtained directly as

= —G R (-- (12 + TIC) ;E	 2

Tio = G R	 +HO - 2-173()
3E2	4

G ((3 (2 —
wo = -3- - TRHR - OF)

=0;

Tio =



dR „Ft
d9	 v •

(3.34)
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The constant A is fixed by considering conservation of mass flux, which is equiv-

alent to conservation of volume flux for an incompressible fluid. Because of our

choice of scalings, this is

pH
ru dz = 1,

Jo

and evaluating this with u = Tto yields

(3E\
G)•

As intended, this is the leading order solution obtained by Needham & Merkin

written in the current variables.

In order to find the path followed by streamlines we write

dRT,a
r) =

dt	 dt

where To is the azimuthal coordinate relative to the disc, and so

Since the flow has a free surface, the C coordinate of the stream lines remains pro-

portional to the film thickness, and thus we may write

C=X -Fia, O<X<1.

Inserting our leading order solution into (3.34) and integrating we obtain

Xi A2
= —R 3 + const.

8E
•

where X1 = 4+ 2X — X2.

(3.35)
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(3.37)

(3.38)

(3.39)

(3.40)
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We have IA < 2+ -111 A and IA < 1+ IA for all positive values of A, so the second

order problem (arising from the balance of terms 0(ci A )) is

and

TioR + /To	 2G170 =	 + GE'uicc ;

rLo 170R + rio ifoc + 2Gui + — = GEui cc ;

= 0;

rti +RuiR 	= o ,

= = /7.71 = o on C = 0

with boundary conditions

TioHoR + c iA (Tl iHa lt +	 =TD-0	 °(EIA);	 (3.41)

170c + CIAU1 C = GI(EIA) ;	 (3.42)

'TN +Eit 'Tic • = 0(E1A) ;	 (3.43)

Po + EPP' = 0(elf A )	 (3.44)

all on = Ho + EIAHI.

Using a Taylor series expansion about C = Ho for c < 1, the free surface

boundary conditions become (for the balance of terms at 0(61A))

ThrfoR +	 —	 HiTrioc 0;

+Firtocc = ;

Ulc +1-11170sc = ;

P1 = 0 ,

(3.45)

(3.46)

(3.47)

(3.48)

all on C =Tio.
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The solutions are

-p-, =0

—92A5 G( 2A3 GC3 A2 G(4 AGRi(5 GR(6=	 +	 —
315 E3 R3	 9 z- 11.	 36 E3 R3	 60 E3 	360 E3

—68A7 G( 92A5 G(3 A4CC;4 A3 G (.5
—

945ER	 945 E4 Ri ± 27 ER 90 E4 R

AG
315E4

A2 G (6 

108 E4
G R(8 

2520E4

—184 A5 G C2	 A2 G (5	 A G C6	 G (7
—	 +	 A ±

945 E3 RT	 270 E3 RI 270 E3 Ri 1260E3

Integrating the kinematic condition (3.45) gives

62A5 D_12
3 + cR-3

1 - 315E2"

where c is an arbitrary constant. Conservation of mass considerations then give

c = 0. Thus the two term approximation to the free surface is

H(R) = EFT-1(R) =
2A ,_2 isl A 62A5 _ la

C 3 e'llt 3 + E 3 -IC 3
315E2

2 62A5
= Ar— 3 + —I' 3

315E2

and the solution is independent of the value of A.

Streamlines evaluated with (3.34), using both the one term and two term solu-

tion, are plotted in Figure 3.2 for typical values of the operating parameters. The

disc is rotating in an anticlockwise direction, with the parameters X=1 and X=0.1

representing streamlines on the free surface and close to the disc, respectively.

For the third order problem, consideration has to be given to the value of the

A parameter, and thus to the radius on the disc we are interested in. We have

1 + 8/3A <2 + 10/3A for all A > 0, so there are three possible regions, each with a

different ordering of terms that are generated in the equations. These are
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one term theory, X=1.0 — 1
one term theory, X=0.1 --
twO term theory, X=1.0 ---
two term theory, X=0.1 —

\
\ \

\

\.%

\ \

\
n

\	 \‘.

\

a
a

'n

„
2.

\
\ I

Figure 3.2: Streamlines relative to the rotating disc, with Q=19 cc/s, f2=500 rpm,
on a 380 mm diameter disc with inlet at radius 30 mm. (c = 0.0033)

Region I IA < 1 + < 2 + IA so 0 < A <

Region II 1 + <	 < 2 +

Region III 1 + IA < 2 +	 < IA

The terms of 0(c 1+ 1 A ) in Regions II and III are the only ones considered, as they

may approach (in size) the 0(cI2') terms already obtained, depending upon the

value of A.

The balance of terms at 0(e1+) gives

GETI2a	 752R (3.49)

GETI2cc = 2 GT12 (3.50)

1
752,c =	 F2

ri2 + RII2 R + R7-1D2c = 0

(3.51)

(3.52)

so 2 < A < 1
8

so 1 < A
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with boundary conditions

1L2 --= 172 = 172 = 0	 on	 ( = 0

and

172-17OR + TIO2R — W2 — 7-127D0c =

17E2 c + 7-121-L°CC = 0;

F2c + F2FOcc = 0;

752 = 0,

0;

39

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

all on C = Ho, where the free surface boundary conditions have again been expanded

using a Taylor series approximation.

The solutions are readily obtained as

TL2 = 
1 1 (4,2 , 2\ ,

H o( — lig )•3EF2G R 3

T. ,,2 .7:	 1	 ..1_

9E2F2GR 

(_4 7702 /.
3—

_ _1 770/.4) ;

3 	 2	 1'

Ti72 — 27E2F2 G R12 (4-4(2 — 771°C3) ;

P2
_ (( —77o) .

2	 F2

-17.	 2 A2 0, _IQ	 7,_2
3 -1-Cri 3,

" 2 — 9 F2G2 A'

and mass conservation again gives c = 0. Thus for r>> e-i the free surface is given

by

2 ( 62A5	 2 A2 ) in
H(r) = Ar- 3 + 315E,„ E-9—F2G2 

r- 3,
, 

which, on redimensionalising, is identical to the two term solution obtained by Need-

ham & Merida, which for them was valid for all r, but with a restriction on rotation

speed.
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3.4.2 Numerical solution to the steady state

It is desirable to have an exact solution to the leading order problem to compare with

the approximate analytic solutions obtained in the previous section. Thus equation

set (3.9)-(3.12) has been solved numerically, along with boundary conditions (3.13)-

(3.14) on the disc and at the free surface.

Solving first for P we find P 0. With a free surface problem the location at

which the boundary conditions at the free surface should be applied is not known a

priori, but must be found using an iterative procedure. As the problem is nonlinear

an iterative approach is already required, and so with a simple algebraic mapping

the free surface can be located with negligible additional computation.

We transform

z = H(r)e

so that e = 0 when z = 0, and e = 1 when z = H(r) , and hence we may solve on

a fixed grid (r, e) with e on (0,1) for all r. The partial differentials transform

a	 a aO a H8
or -a-r +-arar = r -r'

a	 a ae _ 1 0
Hac'

82	 1 82

az2 -4 H2 8t2

and thus equations (3.9)-(3.12) become

W v2
U (Ur	 -1-11fr uc) -

+ 11 1./t
H

G2r+2Gv += = -9—E t/a (3.58)

(3.59)

—	 + Tint

u (v,. - --117. 2/c)
H

r	 H2

uv	 GE
2Gu + —+	

=
r	 H2	'

u +r (ur - .+.1.17-.uc) + iwc = O. (3.60)



(3.61)

(3.62)

92

and
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We rewrite 3.58 , 3.59 in terms of the r differential,

v2au _ GE uec . a± (CHr —1) -I- 
1
— (G2r +2Gv + — ;

ar — H2 u H	 u u	 r
av _ GE til + a Hr _ ILI .) — 1'2G + 1 ,

rar — H 2 u H k'	 u

and write 3.60 as

aw = 
HrUHUtL.	 (3.63)

In this form it can be seen that the natural solution procedure is to integrate

outward along r to find u and v, at each stage integrating upwards along from the

disc surface at = 0 to the free surface at = 1 to find w at each intermediate value

of and H at = 1. We use a fully implicit finite differencing scheme u7 where n
is the index for the r direction and j is the index for the direction, so that

Ott	 un:+1 — au
Un+1 — n+1.;	 ,U•

ar	 ar

a2u	 n+1. n n+1	 n+1
— Zu

i 
 +u

-4

OH Hn+1 — Hn

Or	 . Ar

(6,)2
etc.,



n+1	 n
U

1 

Ar
= (Hn+1 )2 un+1

1

1 U1+1 — U1+1_j_____
Hn+1	 AC

GE  1 0+13+1

-I-

n+1	 n+1w5 — w._i
AC

(3.65)

(3.66)

n+1_ = V0
n+1 

= Wg+1 = 0

n+i (Hn+1 — lin)
uj	w3+1 = 0

Ar

(3.67)

(3.68)

(3.69)

(3.70)

„,n+1 .,n+1 _Lb	 0./ - u, j_ 1 -

n+1	 n+1 nVj -V -1 = v.1
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Our equations become

— 20+1 + 0+1
1	 .7 —1 

(AV

	

(e3
	 Ar
1-111+1 — Hn 

+ 2Gv7+1 + —2—

	

.1	

(vn+1)2)
(G2rn+1

rn+1

±

(3.64)
n+1	 n7.12..- V3 •

Ar
GE  1 0+1 — 20+1 + 0

1+1	 1	 1-1
+1
 ±

—
(H + ' )2 0+1	 (A)23

1 	 _ 11+1 0+1 (ei Hn+l _ Hn w'\-_I- 1 ) ±

H	

Ar

H 1	 AC	 un+1
1

(
111+1)

— 2G + —2--- j = 1 • • • J — 1 ;
rn+1

(1P+1 — Hn ) (U7+1 - U -.1+11 )	 (0+1 - un)
- ej	 3 	 Hn+1 2

	Ar	 AC	 Ar
Hn+1

	

ig n+1	 .	 i
rn+1 -i	 3 = J..* • • J 7

with boundary conditions

Thus at each step u7, q, w7, ; = 1- • J and Hn are known, and we have 3J + 1

equations in 3J +1 unknowns, url , url , wrl , j = 1 ... J and Hn÷l•

Equations (3.64)-(3.70) can be rewritten with all terms on the left hand side,

giving 3J + 1 functional relations to be zeroed using an iterative Newton-Raphson

technique (see (51)).
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We start by defining a vector x of the independent variables such that

	

x = (Hn+1 ,„n1-1	 ,„n+1 „„n+1 .„n+1‘,	 ,	 w1	 , (Li ./ 	) •

If the functions to be zeroed are denoted by the vector of functions F(x) = En" F1(x)

then we wish to solve

Expanding the F1 (x) in the neighborhood of x as a Taylor series,

3J+1 aFi
Fi (x + 5x) = Fi (x) + E	 8x,n + 0(8x2 ) .

m.1 uxnz

Then putting Fi(x + 8x) = 0 and neglecting terms of order 0(8x2 ) and higher we

obtain

m=1

which can be solved to find the corrections 8x which move each Fi closer to zero.

This is done using a standard linear matrix method (LU decomposition) and the

process repeated with

xnew = Xold Ox

until lOxl is smaller than some specified value.

This straightforward approach is effective with these types of problems since a

good initial guess for the solution at step n + 1 is provided by the solution at step

n, thus avoiding problems of convergence associated with this technique when the

initial guess is not sufficiently close to the desired solution.

We may expect the solution not to be valid in general very close to the inlet

since, unless the distributor gap happens to have been chosen to be close to that

of the natural film height, for a particular set of operating conditions, there will

be an initial small adjustment region where terms with second derivatives in r, not

3J+1 aF.
E 

axm
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Figure 3.3: Effect of altering inlet gap on numerical solution (Q=20 cc/s, n.40
rad/s)

included here, will be large and hence dominate the flowfield. This region will be

very small for distributor gap heights of similar order of magnitude to the natural

film thickness, and so can be ignored. The effects of using different gap heights

on the numerical solution are shown in Figure 3.3. The differences in the solution

near to the inlet are due to the variation in inflow velocities for a fixed mass flow

rate as the gap height is varied. Thus we obtain a measure of the distance for

which the choice of distributor gap effects the flow field; typically 2-3 cm from

the distributor for the operating conditions considered. Figures 3.4 – 3.7 give a

comparison of the numerical and asymptotic solutions, and it can be seen that the

two-term asymptotic model gives a good approximation to the solution in regions

where the flow is unaffected by the inlet conditions.
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1
numerical solution —

one term theory —
two term theory 	

0
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Figure 3.4: Comparison of numerical and asymptotic solutions for film thickness
(Q=20 cc/s, n=40 rad/s).

Figure 3.5: Comparison of numerical and asymptotic solutions for radial velocity
(Q=20 cc/s, s).40 rad/s).
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numerical solution --
one term theory --
two term theory ------.

1
	

n 	 L

2	 4	 6	 8	 10
Dimensionless Radius

Figure 3.6: Comparison of numerical and asymptotic solutions for azimuthal
velocitY(Q=20 cc/s, f2=40 rad/s).

i

numerical solution —
one term theory —
two term theory ----- —

-0.3 	
o 2	 4	 6	 8	 10

Dimensionless Radius

Figure 3.7: Comparison of numerical and asymptotic solutions for vertical
velocitY(Q=20 cc/s, 0=40 rad/s).
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3.5 Stability Analysis

To begin to understand the behaviour and appearance of waves on the film, we

examine the effect of adding a small perturbation to the asymptotic solution of the

steady-state problem, given in section 3.4.1, and inserting the result into the full,

unsteady, equations.

Thus we impose a disturbance on top of the basic flow of the form

u(R, C, 0, t ; e, a) = ci A (ro, c ; e) + ait(R, C, 0 ,t ; e)) ;

v(R, (,0,t;e,a) = cl A (U(R,C ;e)+ aii(R, (, 0,t;e)) ;

w(R, (, 9 , t ; c, a) = ci A (7,(R, ( ; c) + aib(R, C, 0 , t ; e)) ;

H(R, 0 ,t ; e, a) = ei A (-li(R; c) + an(R, 0 , t ; c))

where the disturbance is small in the sense that a < 1, and a, e are independent

parameters. We look for solutions of the perturbation quantities in the form of

sinusoidal wave trains, with amplitude a function of R and ( for the velocity per-

turbations, and a function of R only for the free surface perturbation. Hence each

perturbation is written in the form

4 . 4(R,oeigs + complex conjugate

where

0 = K(R) +19— ult.

The azimuthal wave number 8(R) and the radial wavenumber K(R) are defined as

, n,„	 180	 1
evt) E. Ti79w=7-i;

80
1C(R)=

— aR '

We choose to define the wavenumber of a particular disturbance at R = 1, and so

we introduce the constant k such that
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A: = 1C(1).	 (3.71)

Thus we identify the radius at which a disturbance is imposed with the value of the

parameter A, defined in (3.15).

Substituting into the full equations and boundary conditions (3.1)-(3.8) (written

in (R, C) variables), expanding the free surface boundary conditions about Ho(R)

for a < 1, c < 1, and ignoring terms quadratic and higher order in a, then gives

the exact linearised equations

E tA 11.4(-4.1 1G)

+eV' 0.70(fiR + i/C(R)ii) +iirLO R +700fic +	 — 2GD)

IZA O
+e 3 i1 —fi E 3 2— + 271 (iiR + iK (R)ii) + TEA, +

ZQA . 7/3/	 1..1	 GE
+6 3 21 —1/ —(PR ÷ j .K1 (R)P) GETICC — E 3 A 2i1--3 + 0(c2+111A)•

R2
(3.72)

ci A ii)(—w+ 1G)

it.0	
-	 ,-r 170 i;	 ilTo)

-FE 3 UIAVR + 211 k) UUOR WOVC WVOc 	 R +

31A. TiCI
-FE 3 2/

	

li	 fi71)
±e 3	 ki/R 211 vt)v)-Fuv iR wivc wvi — —

R R
.	

+ 2G	
_.4A.

P
1 - 

+ GE + 
IA GE	 9+19. A

-FE 
32QA 

zl—f)	 il= --c 3 2 —
R

licc c 3	0(c- 3 )
R2

(3.73)

Pc o(e2+ );	 (3.74)

+ R(fiR + i/C(R)ii) +	 R'thc = 0,	 (3.75)

with boundary conditions

= = = 0 on (=0	 (3.76)
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and

ii(—w +1G) + e l ' (r/o(fiR +iff'(R)ii)+firio„ — 	 tWo)

ciaA (Ulerni+ir(R)fi)+ fariR

+II (f (71 oR	 TioccroR7) —rooccii)+17icWoRfi — uicfi)

= 0(c 2f A ) ;	 (3.77)

'as + firlOCC +E Or/ICC +7-11fiCC +7711170CCC ii) = (NelA);	 (3.78)

	

+ fivocc + elA (livicc + Filf/CC +171Voccc ii) = 00A );	 (3.79)

P + AT-1115c +	 A (ij752c +172P) = (Kell A) ,	 (3.80)

all on ( = Ho. In (3.80) we have used Po = 	 = 0, and the 72 , H2 refer to the

0(614') basic-state solutions in Regions II and III.

We now expand ii,	 K(R) and cd(k,l) as asymptotic series in e, antici-

pating the structure of the problem, in the form

IA	 I	 1+3A
= +	

-
e 3 + e3 713 + c	 U

12A-	 . 11A
3a -r 3 U4 + e 3 Us • • •

= + et Ail +	 + elA/32 + CIA% + • —

lb , IC(R) = -40 + EN1 EIA 43 ellA434 + el3 A44 + c4 A -45 .• •

65(k, l) = Cvo	 +elAiD2 + efACN +	 + ALD5 + EVACDS + • • •

In the above expansions, terms with the subscript ia are able to move about within

the ordering of terms in the series dependent upon the value of A. They have

been written with the subscript i representing the term whose size they approach as

A oo. Thus these terms are dropped from the solution when they are the same size

as, or smaller than, the largest term left out of the series. We begin by considering
2A

the case where A < 3/4 for terms up to 0(c .13 ) so that all the subscripted ia

quantities are ignored (since then 1+ 8/3 A> 12/3 A). As the expansion deals with

powers of c, all restrictions on the value of A should be considered to have a fuzzy

region near its limits, rather than an exact inequality. Thus we are considering the

region where ro <Ei, which we shall call the inner region.
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3.5.1 Stability within the Inner Region

3.5.1.1 0(1) balance

The leading order problem is

Thus —1G t appears in the phase function 0. Since G is the dimensionless rotation

speed of the disc, G t is just the angle swept out by the disc in the laboratory

coordinate system, which suggests defining a new quantity

= 9 — Gt,

the angle relative to the disc. Also at this order we have

GEiiocc = 0;	 (3.81)

.
GEiiocc — 2-ei = 2Giio ;	 (3.82)

(3.83)

.4(1 + RiK(C(R)) +RfioR + Riboc = 0,	 (3.84)

with boundary conditions

lio = fh) = tbo = 0 on C . 0	 (3.85)

and

floc ± florocc = 0;

	
(3.86)

foc + fjor/occ = 0;
	

(3.87)

Pi ..-7 0 ;
	

(3.88)
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—i770 cd1 ± 760 (nO R ÷ ilq (R) i)o) + floTio R — tbo — rvOc 17.0 := 0	 (3.89)

all on ( = Tio(R).

The solutions are

A=0;

ii. r...-- —G Ri)o( ;' E

G
flo =

2
—Rijo ( 3 — 27702 ()E

G
IN ----. — — 00(i + iRiK4(R)) + iRci 0 R) (.2 •E

It is at this stage, when considering the kinematic condition (3.89), that, diffi-

culties arise when applying the technique used in previously published work on the

stability of thin films. If the phase function 4 is linear in R (i.e. K0 (R) = k R) and

the amplitude function ill] is a constant, as is the case for parallel flow, then the

kinematic condition allowsk, to be arbitrary, representing the unknown amplitude

of the disturbance, and a dispersion relation is obtained.

If a K0 (R) and an ijo of this form are inserted into (3.89), a dispersion relation

with u.) = cd(R,k,l) results, which contradicts the definition of cd = w(k,1). Thus we

have three unknowns, Ko(R), Flo and ca with apparently only equation (3.89) left to

determine them. However, we may write .

iio (R)ei(Ko(R)+10—cdt) = ei(Ko(R)—i log ijo(R)-1-1O—wt)

which suggests that we split the kinematic condition (3.89) into real and imaginary

parts to give two equations for Ko(R) and 'no, both real functions, and with cal real.

Thus in this more general problem the role of the complex part of the frequency (in

governing the growth or decay of a disturbance) has been taken by the function ij.
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The real part of (3.89) gives

i li 3no + R	 R3 no = 03 

and the imaginary part

A2G _i
–wi + —R 314(R) = 0 ,

E

with solutions

(3.90)

(3.91)

110 = aR—i ;

3 E	 A
Ko(R) = ii-To-wiR3 + C,

were a, C are constants of integration. Here a represents the unknown amplitude

of the wave, and C serves only to alter the initial phase by a constant amount so is

set to zero. Thus at leading order a disturbance to the free surface can be written

as

_ a
n = aR 3e

where

(3.92)

, 3 E _i – lA

P = --unto + le – e3 wit .
4 A2G

It remains only to find w 1 in terms of the wavenumber constants k and I. This is

done by making use of our definition of k, given by equation (3.71), so that

,
E

k = A2G (di.

Hence (noting that A2G/E =3/A)
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Let us now examine the structure of this solution. At leading order we have

neutral stability, as found by Yih (5) for inclined plane flow, but in equation (3.92)

there is algebraic decay at exactly the same rate as the decrease in film thickness.

Thus we may think of a neutrally stable disturbance as one whose amplitude remains

directly proportional to the undisturbed local film thickness as it propagates.

At any instant in time, lines of constant phase are given by

„	 k „a
= ---tt3 const. ,

4 l
(3.93)

giving rise to two possible types of solution: spiral wave fronts which unwind in the

direction opposite to that of the rotation of the disc (k, I have the same sign) and

those which unwind in the same direction as the disc rotation (k, I have opposite

signs). Since only wavefronts of the second type are observed in experiments, it

might be expected that disturbances with k, I having the same sign will be damped

at higher order.

In general, the speed at which a disturbance propagates normal to the wave front

is given by

-Ot 	
C—

/	 2	 12 \ •(K (R)) + T .)
(3.94)

The path along which the disturbance propagates will always be orthogonal to

the wave front (3.93). Denote this path by some function g(R,3) = constant. Then

V0- Vg = 0	 (3.95)

Or

R2A ag 4_ 1 89 n—	 =
aR

which has the solution

(3.96)

dR	 •

9=- .1 TiiTz+7'
(3.97)
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Thus at leading order in e, with 1, k both 0(1), a disturbance to the basic flow

will propagate with speed

• eiA-10-4 

(R--1 +102
along a path

3 /
u =	 1-C + const.

4 k •

(3.98)

(3.99)

For the case of 1 = 0, i.e. waves propagating in a purely radial direction, the

wave speed can be written

i3 r,_.1cr = e3 —n. 3
A

which agrees well with the classical shallow water solution

(3.100)

c

for non-dispersive waves. This is in fact a special case of the more general result

that one dimensional disturbances along a fixed path, i.e.

1
-k- const.

are non-dispersive. A general two dimensional disturbance will, however, exhibit

geometric dispersion as it propagates, since one dimensional disturbances with dif-

ferent values of 1 I k propagate in different directions.

The wave speed (3.100) may be compared to the leading order radial velocity

component of the basic state Ti{j, and it is easily shown that

= 2 Us or cr = 377,„ ,

where Z, is the radial velocity at the free surface, and Win is the mean radial velocity

of the flow, defined as



oig	1

dR R2OR
(3.102)
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_ 1 IV_
„ — uo

H o

This is precisely the relationship between wave speed and basic flow velocity found

by Benjamin (41) and Yih (42) for waves on two dimensional inclined plane flow.

The sign of 1/k affects the sign of the speed of a disturbance (3.98) along the

path (3.99), and it is not immediately obvious in which direction the waves propa-

gate. To clarify this it is necessary to derive an expression for the radial speed of a

disturbance.

An element of arc length ds along a path in polar coordinates is given by

ds = ((dR) 2 R2(d3)2)4

and so if we choose to use time t as a parameter along this path we have

ds
= dR 1+R 

2 d-o ) 2 ) 2	

(3.101)

where di)/dR describes the path along which the disturbance travels given by g =

constant in equation (3.97), i.e.

If now we equate (3.101) with expression (3.94) for the speed of propagation of

a disturbance , we obtain an expression for the rate of change of radius with time

of a disturbance

dR 	 (kRul 
dt	 ((oR)2 + 112.)

At leading order,

(3.103)
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which is always positive, and so all disturbances propagate towards the edge of the

disc. The expression for the speed of radial waves (3.100) is recovered from (3.103)

for 1 = 0, and this is the largest possible radial speed.

Also, at this order the wave path (3.99) corresponds to the path mapped out by

streamlines of the leading order basic state flow (3.35). Thus we have an analogous

situation to that for inclined plane flow, where both the streamlines and the path

of a disturbance have the same algebraic structure, whilst not necessarily running

parallel to each other. For inclined plane flow the fastest wave speed corresponds

to waves following the same path as that mapped out by streamlines, whilst in the

current geometry the fastest waves always move in a purely radial direction.

Although the above describes how a disturbance will propagate if it occurs, we

cannot yet say anything about the conditions under which the film will become

unstable, or the nature of the waves whose amplitude will grow and thus be visible

in experiments. To gain this insight we must investigate the problem at higher

orders.

3.5.1.2 0(6. 1 A) balance

Since wo = 1G this is almost identical to the previous order problem, the only

changes being to the continuity equation (3.107) and the kinematic condition (3.112).

Thus we have

GEiiicc = 0;

GEii	
. 1

— 7iP2 = 2Gfii ;

(3.104)

(3.105)

P2c = 0; (3.106)

/11(1 + RiKO(R))+ 110RinR)+ ÜZo + RÜI R + Ribic = 0,

with boundary conditions

=	 = ili1 =.0	 on	 = 0

(3.107)

(3.108)

and
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all on = T-10(R).
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Ü1C + firrLocc = 0 ; (3.109)

flIc	filVOcc = 0 ; (3.110)

13. 2 = 0 ; (3.111)

+ Tio(fli ii + j(KL(R)41 + ICII(R).40))

— W — Tdocfn + = 0, (3.112)

The solutions are

= 0

= —MK;

= f72-1?iji	— 2T1gC)

= 1--(2 (2i/71-1024o — E 1 (2 + Rili(R)) — ER1j0iK(R)— Ertih R)2 E2

G 4.4

—il—f/O-
E2 12 •

The real part of (3.112) gives

RTINR -Fifh1102 = 0

and the imaginary part yields

G —2	 G --4
—CaJ2 —RH0KI(R)— 11—H = 0 ;

E	 3 E2 °

these give solutions



	3, 	 4A,

	

uJ1 = —IC 7	 =	 •A
(3.113)
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fh = Cl RA ;

A2 _1 3 E
Ki(R)= —T1R 3 + 71 75W2R 3 ± C2

where c1 , c2 are constants of integration. As before, the role of c 2 is simply to

alter the initial phase and so is set to zero. The c i serves only to introduce a

new first approximation at the stage of the second approximation, and thus can be

absorbed into the arbitrary amplitude (the constant a), so we also set Cl = 0. Thus

= üi =	 0 and the only change in the disturbance to the free surface is in

the phase function; this now becomes

,	 3 E	 IA )	 IA	
3

,A2 	,—,, - IA	 ,
=	 (W1 + E 3 W2	 C3 I -.tt + it/ C 3 (W1 + C 3 W2)

4 A2G

Then from (3.71) we have

k = E
	 ,A2

Lai + c3 4/2) . + E3A=g-
A2 G	 3 E

which allows some freedom in the size of k, independent of the scales used in the

formulation of the problem. If k = 0(1) then

and the leading order behaviour dominates, but if k--= clA k with k = ow then

= 0,
• 3	 A
= —k — 4-1,
A E

If now we consider the behaviour of waves propagating in a purely azimuthal

direction, i.e. k = 0, we find that
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with wavefronts described by

0 = e1 A11-2 (R/ +R-1) .
E

Thus the wavefront rotates as a rigid body, with angular velocity -e1 A 4A/E, i.e. in

the opposite direction to the rotation of the disc.

3.5.1.3 O(e) balance

Only the azimuthal perturbation equation changes,

with boundary conditions

and

on ( = Ho. The solution is

1 _
f,2(c. = -2il-R-TU0

V20 on ( = O

132c 7 0

(3.114)

,--2,.,
V2 =

E
I— —7/0( 

—C3
— + ‘ 11 0) •R	 3

This does not affect the stability of a disturbance directly, but will do so via the

vertical velocity perturbation ill at 0(elf A).

3.5.1.4 O(E) balance

The problem at this order is the first to introduce lower order terms back into the

momentum equations which, most importantly for us, affects the stability of the

flow. The equations are

-iiiowi + Tio(ijoR +i1C1) (R)iio)+ fLo7Lo R +1Folioc + faorLoc - 2Gijo = GEil3cc ; (3.115)
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+	 ToolTio(i)oR + ilCO(R)i)o) + ijoijoR +oc + ibouoc + 
R 

+ fi°v°
R

1
= —i—P4 + GEv-3cc •, (3.116)

P4c = ;	 (3.117)

+ R (i13. i(K(R)ii3 nR)ii 0)) Rfb 3c = 0,	 (3.118)

with boundary conditions

fL3 = 733 = 1113 = 0 On C = 0
	

(3.119)

and

fi3c +7}irlocc
	

Holocc + Hirioccc fio = 0 ;
	

(3.120)

6..3c ÷113Uocc 7l0171cc 	 ±FIVoccci10 = ;	 (3.121)

/54 =0 ;	 (3.122)

+ fiow4)

+ (1-43 (i-73R + i (ICURY/3 + K(R) -40) + /13170 R — fb3 —Tuoc?73)

+	 + iK(R)no) +

	

(floc ilon 'th0c Tioccrlo R fro — T7Occ 7?0) TlicTioR —	 = 0,

(3.123)

all on = -170(R).

The solution set is given in Appendix B, but we record here that the kinematic

condition (3.123) gives

62A4 14_1	 2 1 2 ,
oi g -r e3

113 = IM 63 E2 " 3 4. im..E G241'
(3.124)
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, 61A2	3 E
K3 (1?) =	 3+	 3 c4,

'70 EG	 4 A2G
(3.125)

where c3, c4 may be set equal to zero, as before. Thus to this order we may write

n == (f/o+ElAfi2)ei46

	

_2	 A62 A4 la	 _2_1_ 2 R

	

b(R 3	 s	 3 ) eE	 al og

63 E2	
ov

and hence, since log R is a monotonically increasing function, disturbances with

k, 1 = 0(1) are unconditionally unstable. This may be compared to the solution

obtained by Needham & Merkin (40) for axisymmetric disturbances, low rotation

speed and large t, (clogi = 0(1)):	 •

-
-2 —ock c log ti-skfr -1 An)

= 3 e

where is the constant associated with their radial wavenumber, and

(3.127)

4A ( 1	
2A3Re)	 (3.128)ib	 9	 1-,2	 5 •

giving a condition for stable or unstable flow. The Froude number F appears because

it occurs at second order in their basic flow equations, whilst in our formulation it

is smaller. This may be interpreted as the gravitational body force having propor-

tionally less effect on the flow when the rotation speed is high. If the 1/72 term is

removed from (3.128), and Re, are converted to the current scalings,

as c -+ 0 (3.126)

- G	 8A4 -	 A
t = —t —C	 -IL = k - ac3Ak

E	 45 E2	
4

our expression (3.126) can be recovered (when we follow a disturbance, i.e. the r

and t variables are related via the phase function). The second order term in 77

does not occur in their solution because (3.127) is not the full solution to their

equation derived from the kinematic condition. On using our technique to solve

their equation, a solution identical to ours is found.
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3.5.1.5 O(e 1 ) balance

The only change is to the continuity equation, similar to that in the 0(c4 A ) balance,

and thus

GE:C/4a = 0 ;
	

(3.129)

114(1 + RinR)) + 14)RinR)	 411+ Rtihic = 0,	 (3.130)

with boundary conditions

114 = tb4 = 0 on ç=0

and

+ '774irocc = 0;	 (3.131)

—440)5 + 774W1) + iO (n4R + i(14(R)44 + K(R)40))

-Fii4-110R — (v4 — Tc-oci)4 = 0,	 (3.132)

all on C = T-1-0 (R). The solutions are

G
144 =

E

A2 G l2 (2 b G12 (4 G (2 fl4
7-1/4 — 2 E R4	 12 ER4	 E

iw1 Rf(2 i 4 ibG (2 K:i(R) G r (2114R 
2442	 2E	 2E

and the kinematic condition gives

n4 = (—
iz R	 e5 ;

3 E
K4(R) = -4.72-54)5".3

where c5, c6 are again set equal to zero. Thus we may write



Chapter3 : Theoretical Work 	 63

=EP ( 2	
2

.74L111°g R — ciA A212 „.41)
8
	

7

which is the sum of two monotonically increasing functions and so all disturbances

are unconditionally unstable.

3.5.1.6 0(ell A ) balance

We have

+ rto iKi(R) flo + tZ i iio +	 = GEii5cc ;	 (3.133)

+ R (ii5R + i (KL(R)fi5 + Ki(R)ii3 + nR)tio)) + i1 3 + Rib5c = 0 ; , (3.134)

with boundary conditions

;1L5 = ti/5 = 0 on	 = 0

and

üs + ii5Tiocc = 0 ;	 (3.135)

—i (ilows + 1)3 U-12 115 (4/ 1) ±TIO. [1)5R ± i (K(C(R)f/5 +K(R)3 nRY10)]

+ii5TI0R -1115 rpOM 	 +	 +	 = 0; (3.136)

on ( = Ho(R).

The solutions are given in Appendix B, but in particular the kinematic condition

yields

(17.1._ 17 A4	 R_11 .. ti WIW2 l R
75 = 1111 210 E2G Wi 3 + 10 G2 

log

11 A6	 la 61A2 	_A 3 E
K5 (R) =	 3 - 

To7e-e2R + ii75w6R3

Thus we have
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"A ( 2 1 , 2	 iA	 2A A2/2 ri_.1.2	 AA 17 A4 ,
ic 3 — Vill + C 3 Ldi WO log R — c 3	 3 + 3	 twn. 3 .

15 Gh 	 8	 210 E2G

At this stage, with w 1 , w2 given by (3.113), a bias towards spiral wavefronts which

open in the direction of rotation of the disc is evident, as observed in experiments; the

new terms behaving as monotonically increasing or decreasing functions depending

on whether k, I have opposite signs or the same sign, respectively.

Now from (3.71) we have

lA	 IA	 .14A	 12.A
k = A2G (wi + e a W2 + c3 + E 3 W5 + C 3 W6)

1A4 , A2 	 AA l22 A2 iz A 44 A6 ,
-re 3 3	 e3	 + C3 W2) + C 3

	105 EG
	 45 E3

which yields, for k = 0(1),

3 ,	 4A336 336 k
WI = --X , (412 = -- -1, W4 = —A	 E	 35 GE

36 A2 1

td6 = 7 GE26 '

Thus the phase function cd can be approximated as

4)	
3	 12 A	 A2

{ (71— elATGE)
=	 k — elAT (1 — 6°21) 1} Id7 GE

{ "A 183 A,	 tA A2 (	 1A 244 A ) ,} ,.,.._A
—e 3 — — K — C 3 — 1 — C 3 -- g 11, 3

70 GE	 E	 70 GE

A2 A	 12
12A

—E 3 	
IR-3 +19—wt.

 E GE

3.5.2 Stability in the Outer Region

We now consider the region for which 3/4 < A < 3, where again the limits on A

should be considered in the light of scalings CA etc.. This corresponds to c—i <

TO < C-3 on the disc, and requires the effect of the Froude number F to be included,

whilst ignoring terms that are 0(62+1P).

415 = 0,



(3.137)

(3.138)
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3.5.2.1 0(e1+ 1 A ) balance

At this order it is necessary only to consider the azimuthal perturbation equation,

the solution of which may affect the stability when u, w = 0(e1 +1 A ). Thus we have

. 1 1 ,-
.61acc	 =2 T? 1-2a ;

P2.4 =0,

with boundary conditions

iia = 0 on (= 0

and

filoc = 0

/52a + f70752c =0;

on ( = Ho. The solutions are

1
1)20 = nor2 ;

i I 1 (C2 err )
Via

 — EGF2 R	 "71° 2 — A ° •

3.5.2.2 0(1+A) balance

The problem at this order is the first to allow the effects of the Froude number F

into the kinematic condition, via the azimuthal velocity perturbation /4. and the

new continuity equation. The equations are

132an ilC(R)P.2. = GEilucc ;	 (3.139)

Üa + R (1130n j (K34 (R )fi0 KURA30)) +	 Ribuc = .0 ,	 (3.140)

with boundary conditions

= (vo„ = 0 on = 0
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and

ft30c 4" f/3d114-)cc = 0;
	

(3.141)

—i (ij0w4.+ 7}30W1) + 170 03aR + j (K3a(R)7)0 + K(R)1130))

-1-11344ffoR — Iii3a — 7.70c 1ju = 0,	 (3.142)

all on C = -170(R).

The solutions are given in Appendix B, but the important result from the kine-

matic condition (3.142) yields

z;	 _ ( 2 A D_ A	 Al2 D_B.	 E2w2
	 log R)I13a = rif) -iF2G2 `‘ 3+ 8F2G2 41. 3 3A3F2G4

3 E	 i	 E	 _I
Ku(R) — i 472—G-w4aR3 + 2.A. ,.h1R 3 .

A disturbance to the free surface can now be written as

162A4	2 A

)
n = a (R-i + e  

63 E2 — E. F2G2 R-112 ) elk-14 gS 9

where the stability of the disturbance is governed by

2 1 ( 2 fi 5E 
0 = EIA b G2 L'il " 6 2 A3F2G2

\

i 
+ EP 2 wi ca2) log R

A/2
R-I (EPAR-1 — e 1 ) + e lA 1

7 A4_	 1 IQ 48	 F2G2	 210 E2G.WIA'-- 
.(3.143)

For axisymmetric disturbances, i.e. I = 0, Needham SE Merkin's result (3.127) is

recovered, with ic written in the current variables (7,2 = F2G2).

;



Free surface Tio = ARA

Unstable to 1 disturbances

IC

Stable to / disturbances

ARA _4 1
5 F2G2 • (3.144)
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Figure 3.8: Stability to azimuthal disturbances when A 3/2.

3.6 Discussion

Our i2 term in (3.143) now provides a condition for the azimuthal component of a

disturbance to grow or decay, depending on the sign of the multiplying bracket. For

A 3/2, i.e. when ro = 0(e1), neutral stability to azimuthal disturbances occurs

when

The term on the left hand side is the leading order film thickness, and so the film is

unstable or stable according to whether the film thickness is greater or less than the

term on the right hand side, respectively (see Figure 3.8). The constant on the right

hand side may be written in terms of dimensioned quantities 1/F2G2 = gia 1-12,

which is the ratio of the gravitational acceleration to the centripetal acceleration at

a radius equal to the typical horizontal length scale.

When A > 3 all of the 0(e2+13a A ) terms in both the basic state and perturbation

equations must be considered for a solution accurate to OVII A )• In the problem

formulated in (r, z) variables, these terms are 0(e2 ), and it is at this order in the

alternative formulation of the inclined plane problem, outlined in Chapter 2 with the
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long waves introduced via an c, that dispersion first occurs. Thus it is reasonable

to suppose that these terms will contribute to dispersion in our problem. Here, we

are using the term dispersion to mean a non-zero second derivative of the dispersion

relation with respect to the wave number, rather than the two dimensional geometric

dispersion already encountered, and thus possibly energy propagating at a different

speed to the phase velocity. Hence, for A close to zero, i.e. ro close to 1, dispersive

effects are approximately 0(c2 ), but are not included in a solution accurate to

0(e). For A = 3, dispersive effects are included in a solution accurate to 0(eliA),

but the relevant terms are now 0(c12 ), and so the dispersive effects are very weak

indeed.

Thus we see that dispersive effects are weak near the inlet, and become weaker

still as a disturbance propagates outward. We therefore do not present solutions

representing the effect of these terms.

Although the solutions presented above are well defined mathematically, their

interpretation requires definite choices for the scales used, and hence a number of

possibilities are available. The key point is the interpretation of the horizontal

length scale a used in the definition of c = h/a. Because this parameter originally

occurred in the solution of the basic state problem, it was taken to be the scale

on which significant changes occur in the steady solution, typically 3-5 cm. The

same parameter has been used in the unsteady problem, but here we may assign

the horizontal length scale to be the radial distance of one wavelength, which, from

experimental observation, is known to be considerably shorter (3-4 mm for small

amplitude waves). As a demonstration of the difficulties in estimating the physical

radius at which certain phenomena occur, we consider the radius at which the flow

becomes stable to azimuthal disturbances, given above as A = 3/2. This occurs

when

_a
ro t 2

which in dimensioned variables is

a (h)-i
—
a
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Taking h = 0.0001 m, and a = 0.003 m, the wavelength of disturbances observed in

experiments, gives

0.5m,

whilst choosing a = 0.0015 m, half a wavelength, gives

0.09m.

Since the diameter of discs used in practice is rarely greater than 0.5 m, it can be

seen that any estimate of where a particular effect will become dominant cannot be

usefully obtained.

A final point to notice about the above perturbation solutions in (R, () is that

when they are transformed back into the dimensionless (r, z) coordinates they are

still dependent upon the value of A, unlike the basic state solutions. This reflects

the approximate nature of the solution, with the definition of the wavenumber k

dependent on the accuracy of the asymptotic approximation to the phase function

used in (3.71).

3.7 Conclusions

We have examined the steady flow of a thin liquid film flowing over the surface of a

rotating disc, extending the work of Needham & Merkin (40) to rotation speeds used

in practical applications. The asymptotic structure of the flow has been identified,

and compared with a numerical solution to the full problem.

The stability of the basic flow to small arbitrary disturbances has been inves-

tigated. An asymptotic approximation to the phase function has been found, and

from this the structure of spiral wave fronts, and the path followed by a disturbance,

has been identified. An expression for the wave speed has been derived, which ex-

hibits similar behaviour to that in the classical shallow water theory, and is related

to the basic state flow in an identical manner to that found for waves on a film

flowing down an inclined plane. The flow has been found to be unconditionally

unstable to radially propagating disturbances, with the condition for stability iden-

tified by Needham & Merkin found to be inapplicable at higher rotation speeds. A

condition for stability to azimuthal disturbances has been identified, with a simple
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dependence on the film thickness the governing factor. No dispersive behaviour has

been found (aside from geometric dispersion), and comparison with inclined plane

flow suggests that dispersive effects will be weak for small amplitude waves. Some

of the features identified in this chapter will be related to experimental observations

in Chapter 5.



Chapter 4

Experimental Programme

4.1 Introduction

Many experimental studies have been carried out to measure the mean thickness

(averaged both spatially and temporally) of a thin liquid film formed on the surface

of a rotating disc ((17), (31), (44), (45), (46), (48)). A number of these studies have

also investigated the heat and mass transfer characteristics of the film considered as

a steady state, giving rise to local heat and mass transfer coefficients as a function of

radius, flow rate, and rotation speed. The behaviour of these transport coefficients

as a function of radius does not generally conform to that predicted by the Nusselt

film model for laminar flow adapted to the rotating disc geometry (Woods & Jachuck

(54), see Figure 4.1), as may be expected since surface waves are observed under

all practical operating conditions. It has been shown that the presence of surface

waves leads to a significant enhancement in transfer processes across the film over

that predicted by the Nusselt model (49), and as such are a desirable feature of the

flow. Apart from a very general classification of the nature of the free surface for

differing flow conditions given by a number of researchers (reproduced in Chapter

2), very little is known about the formation and evolution of the waves. The problem

of the occurrence and initial stages of growth of a disturbance, where its amplitude

is small with respect to the mean film thickness, has been addressed theoretically

in Chapter 3. The aim of the experimental programme is to examine the validity

of the small amplitude assumption used in the theory, and to attempt to give a

description of the later stages in the evolution of a wave, when its amplitude has

71
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become comparable with the mean film depth, based on film thickness measurements

of individual waves.

In this chapter we examine more carefully the theory behind the light absorption

technique which has been employed, and describe the construction and operation of

the experimental test facility.

4.2 Measurement Technique

4.2.1 Theory

Detailed measurements of the location of the wavy free surface have been made by

impregnating water with a coloured dye (nigrosine), and measuring the intensity

of light which passes through the film. The principle objection to this method

has been the uncertainty about the path taken by light which has been bent by

refraction when passing across the curved interface between the air and the fluid

(see Figure 4.2). As mentioned by Clegg (32), most researchers have overcome this

problem by positioning the light source above the free surface, and the camera on

the other side of the wall, sufficiently far away that only light which passes through

the film normal to the wall can enter the camera (see Figure 4.3).

A further problem is that of reflection of incident light at the free surface, leading

to an unknown intensity of light entering the fluid. In an extreme case, such as that

shown in Figure 4.4, it is possible that none of the incident light passes into the film

on a path normal to the wall. When this effect does become intrusive it is usually

on the leading edge of the wave where the surface gradient is steepest, very close

to the thickest part of the film, and can lead to distortion of the measured wave

profile. This problem can be completely overcome by using a fluorescent dye and

illuminating the film with 'black' ultraviolet light, as has been done by Liu et al.

(47) for flow down an inclined plane. Unfortunately this approach was found to

be difficult to implement for rotating disc flow, due to the unavailability of a fast

enough electronic shutter for a video camera. A simple calculation shows that, even

for a shutter speed of 1/10 000th of a second, the fastest readily available, the disc

will move a distance of-- 4 .,mm at a radius of 10cm when rotating at 50 rad/s, which
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Focul point of camera

...46,.. Liquid containing dye

.41— Transparent
disc

"1"--- Path of light ray

Figure 4.2: Incorrect film thickness measurements possible with the camera placed
above the free surface.

Path of light ray

Figure 4.3: With the camera sufficiently far below the disc, the light passes through
the film approximately normal to it.
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Path of light ray
...*

Figure 4.4: Large surface gradients can lead to zero transmission normal to the disc.

is comparable in size to some of the features measured. Thus a stroboscopic light

source has been used for illumination to avoid blurring of the image.

For visible light and coloured dye the question of what proportion of the light

incident on the free surface is transmitted across it may be addressed by considering

in detail Fresnel's equations for reflection and transmission of light at an interface

(see e.g. Hect St Zajac, (50)).

4.2.1.1 Fresnel's Equations

Let the free surface be described by some function f = f (s, 11), then the outward

normal to the interface is

n = (-fx,-fy , 1) ,	 (4.1)

where hE.--- a f / ax etc., and let the normal to the disc surface be denoted

P = (0, 0, 1) .



and

Also

..."•-• Free surface
f=f(x,y)
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P; Incident light
;

,

(4.2)

"RIFn,,,,.
Disc surface

Figure 4.5: Orientation of vectOrs used in Fresnel's equations.

Then, with reference to Figure 4.5, we have

„	 n • P	 _1
COS Idt =

	

	 1— ( I.- fl + f: ) 2
I n lI P I —

1 ,	 \ —1. f	 \ I

sin et 
= (1	

1 	) 1 
= (1 + fi + fi) 2 VI + .q) 2 •

1÷/1-1-n

sin Ot
= nti ,

sin (it

where nti is the relative refractive index of the two materials, and so

_.1	 I
sin Ot = nti (1 + fi + 42) 2 (fx2 + fy2) 2

and
‘ 	 ‘ 1

cos O== (1 + fi + f: ) 2 1 - (f2 + f11)(qi — 1)) 2

which is only real for (fl + fy2 )(nZ — 1) <1, and hence gives the critical gradient for

zero transmission across the interface (Ot ••• 48° for transmission from air to water).
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Intensity of light transmitted across the interface is

It = 	 	 (4.3)
cos et

where /0 is the intensity of light approaching the interface, and the transmittance

T is given by

COS
2
 'yi	 Sin2 ry•

T= 4nti cos et cos 0, ( 	 	 (44)
(cos Oi + nti cos 9)2 

+ 
(cos et + n t, cos	

.
002 '

where ,yi is the angle between the normal to the plane of polarisation n p of the

incident light and the normal to the surface.

We assume np is random for each photon, and take -y i to be the average, i.e.

-yi = if. Hence, given h, fy we know I. The intensity of light measured by the

camera after passing through the dye, I,n, is related to h by Beer's law of light

absorption

im = he-kt 	(4.5)

where k is the absorption coefficient and l is the path length through the dye.

Rearranging we have

gx,y) = 1 = 1 ln (it-)
k	 I„,

for the film thickness.

It can be seen that in order to calculate the film thickness, knowledge of It,

and hence the surface normal ii, is required in general. However, on investigating

the possible stationary values of (4.5) it is found that wherever there is a surface

maximum or minimum, i.e.

a f a f „
— = — = U
ax ay

there is also a stationary value in the measured intensity

IoT cos At

(4.6)



a =

b=

c=

(4.7)

(4.8)

(4.9)
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aim arm
= 0 .

ax	 ay

Therefore we can be certain that all the local surface maxima and minima will

show up on the grey scale image as local stationary values. At these points

4/0 -01m
ax2 — ek/(1 :n4 4)2 {( 1— ni,)(fx2x+ fiy)—

4/0n a2im
—

ek f (1 + nti ti ) 2 f n 1(1 — 
nia(fx2x + .42y) — k } ;axay

a2Iin	 4/0n4 	 { (1 _ n)(fyy2 fxv2 _ kfyy }—92	 ekf(i no2

If the surface stationary value is a minimum we have

— f„fyy < 0 , f„ > 0 , fyy > 0,

and the corresponding conditions on the measured light intensity In, are (with n t, >

1, k > 0)

b2 — ac = — (fly — fxxfyy ) 2 ( 1 — nt,i ) 2 (1 + n4) 2 + k2 (fly izzfyy)

—k(fiy fxxfyy )( 1 — nii)(fxx fyy)

< 0

a < 0 , c < 0 .

Hence a surface minimum will always give a grey scale maximum. For a surface

maximum we have

fly - f.fyy <	 fxx < 0 , fyy < 0,

which leads to a number of possibilities for the grey scale behaviour. We note only

that, for a grey scale minimum, the following conditions must hold :-



(4.13)
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Az Ivy

k 
> 

fix + fly 

1 1 — 71Z I	
ifxxi	

;	 (4.10)

k	 f s + fly	 .	 (4.11)
1 --r=74 1 > 

Ifyyl

(1 — n4 )2 (1 +nti )2 + k2 — k ll — 4,1 (If..1 + ifyy l) > o .	 (4.12)

Thus if we let s be the typical length scale over which f (x, y) changes appreciably,

with II. — nZ1 1 and >> 1 (s in pm), then a grey scale minimum will always be

observed at a surface maximum if

where k has units of 1/pm. Typical experimental values of k and s are 0.005 and

100 respectively, so condition (4.13) is generally satisfied.

It is possible that a stationary value in the measured grey scale can occur when

there is no surface stationary value, although the conditions under which this can

happen are difficult to analyse due to their complexity. It is sufficient to note that

interpreting all grey scale minima as surface maxima (with the exception of regions

of total extinction) in the images obtained leads to a consistent image of wave

profiles.

From the above arguments we may be reasonably confident of film thickness

measurements made at points where the surface gradient is zero. Figure 4.6 shows a

plot of transmission against surface gradient which suggests that intermediate grey

levels between maxima and minima may be considered to give a good approximation

to the film thickness provided the distance between the stationary values is of the

order of 5 times the change in height or larger.

4.2.1.2 Analysis of film thickness at points of non-zero gradient

For waves with distance between maxima and minima of the same order of mag-

nitude as the difference in height of the maxima and minima, it is no longer valid

to assume that the reduction in light intensity transmitted through the interface is
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Figure 4.6: Variation in transmission against surface gradient

negligible. Any wave profile based directly on the grey scale will be distorted, and

so some post processing of the image is required to obtain accurate results.

Equation (4.5) may be considered to be a nonlinear partial differential equation

in f(x, y), with I„, known for each point (x, y) in the image, and boundary conditions

provided by the known film thicknesses at surface maxima and minima. Although

it is not amenable to exact analytic solution, the grid like nature of the images

lends itself naturally to a numerical solution technique. In principle, any image

which does not contain a region of total extinction may be treated as a numerical

boundary value problem, with the boundary conditions given at discreet points on

the grid rather than around the boundary. Any image which does have regions of

extinction, caused by an over steep surface gradient, will have lost some information

which would have to be estimated by interpolation.

It has been found that the profile of waves found on the rotating disc for the

range of conditions studied have small gradients and thus the error induced in the

film thickness measurements is small. In order to demonstrate this, a restricted

version of the above numerical solution technique has been carried out on a number

of images with waves that contain the largest gradients encountered. This has been
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done by taking a section through a wave along a line on which the gradient varies

appreciably in only one direction, and solving (4.5) for f = /(x) only. The numerical

solution procedure used is almost identical to that used in Chapter 3 for solving the

nonlinear PDEs describing the basic state flow, and indeed the same code was used

with only a small number of modifications. As with any numerical solution, an initial

guess at the solution is required before attempting convergence, and this was taken

to be the film thickness calculated by assuming the surface gradient was everywhere

very small.

4.2.2 Measurement Procedure

The images of the dye impregnated film were obtained using a Pulnix TM-720 video

camera, with a Computar 18-108/2.5 zoom lens, connected to an Acorn Archimedes

410/1 computer with Hawk V10 video imaging hardware and software installed.

This set-up allowed many pictures to be obtained and processed with relative ease

compared to using an ordinary camera and film as has been done by the majority of

previous researchers. The images obtained were 256 by 256 pixels with 256 possible

gray levels. The camera was placed below the disc with the light source above the

free surface, as recommended by Clegg (32),. but with a front silvered mirror used

to allow more convenient positioning of the camera (see Figure 4.7). With this set-

up it is ensured that the light passing through the film which enters the camera

has passed very nearly normal to the disc surface, but this then leads to a lack

of knowledge about the origin of the light ray incident on the wavy free surface.

Thus it is important that the illumination used be of a very uniform nature. A

number of different configurations of diffuser screen and stroboscope were tried,

but the variation in illumination across a test image was always found to be very

much larger than the error introduced by noise. Hence it was decided to use an

integrating sphere, shown schematically in Figure 4.8, in order to minimise the

variation in illumination. This has the slight drawback of giving only a small light

source which must be placed within a few centimetres of the free surface. However,

the size of the waves to be measured were sufficiently small that the area of the full

image was set at 15mm by 12mm, the smallest possible with the lens available, and

the size of the light source was not a restriction.
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Even illumination

Figure 4.7: Relative positions of light source and camera.

Strobe light in

N
'\ Baffle
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Even illumination out

Figure 4.8: Cross-section through the integrating sphere. Diameter=l9cm, In-
let=9cm, Outlet=3cm
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4.2.2.1 The camera response function

The integrating sphere proved to be so effective in giving even illumination that

a hither to unsuspected problem was encountered with the charge coupled device

(ccd) used within the camera. Test 'blank' images of the light source gave the

impression that there was still strong variation in the illumination (see Figure 4.9,

which has been histogram equalised in order to bring out the variation in intensity).

However, upon rotating the camera or light source through 180 0 the same image

was obtained, indicating that the variation in recorded illumination was a result of

the measuring device, i.e. the ccd. It is suspected that this characteristic pattern of

higher intensity towards the upper middle of the image is due to the ccd having an

integration period much longer than that of the duration of the strobe flash (1/60 s

and •••• 3 As respectively). This might allow the charge stored during the flash to

'leak' out of the sides of each line of the ccd array during the remainder of the

integration time, and also while each line is read out in turn, leading to the first

line being the brightest. If the charge held by the ccd does in fact decay over the

remaining integration time, it would be expected that the illumination averaged over

the whole of an image would vary slightly from picture to picture, corresponding to

the variation in the point during the integration time at which the strobe flashed.

This is indeed found to be the case, and also the rate of decay may depend on the

amount of charge since brighter images give a wider variation about the mean (see

Figure 4.10). Whilst Figure 4.9 suggests that charge does decay during integration

time, any slight variation in intensity of strobe flashes would also give the same

trend as that shown in Figure 4.10.

In order to minimise this effect, a method for estimating a consistent value of

the intensity of the incident light at each point on the image was developed. This

involved taking the average of a small region near the centre (64 x 64 pixels) of

a composite blank image (the mean of 32 images was used to remove noise) to

be the reference value of illumination. This value was plotted against the value

of each individual pixel in the composite image, and repeated for the same point

on 5 images of differing intensity. This turned out to give a good straight line fit

(see Figure 4.11) for all the pixels in the image. This correlation will strictly hold

only when all the pixels in one line of the ccd array have the same initial value,

which will not be the case for pictures containing images of waves. However, the
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Figure 4.9: Variation in measurement of even illumination

Figure 4.10: Variation of standard deviation for 100 images at each intensity
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Figure 4.11: Examples of the straight line fit for decay correlation

film thicknesses measured are smoothly varying and so this is expected to be a

reasonable approximation. Applying this correction to further single images gave

an error of ±3 pixels, with the noise distributed evenly across the whole image.

Thus two kinds of error are inherent in the measuring process: an uncertainty

in the intensity of the light source, as depicted in Figure 4.10, and an error in the

value of individual pixels due to noise in the ccd. The former of these two is removed

completely when calculating the difference between film thickness measurments on

the same image, since then

1	 /2
12 — 1 1 = —I log Ti. ,

which is independent of I. The error due to noise is found to be between ±4 ign

for a film thickness measurement at 30 Am, and ±21 Am at 350 Am. Hence the

percentage error decreases with increasing film thickness, whilst the absolute error

increases.
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4.3 Description of the Test Facility

4.3.1 Mechanical Design

The details of the construction and mounting of the disc and liquid distribution

system can be seen in Figure 4.12. The di:sc material used was lOmm thick perspex

sheet, selected for its light weight and ease of machining. This was attached to

the liquid distributor at the head of the shaft by six counter sunk screws, and a

variable height distributor cap was fitted with radius just large enough to ensure

the ejected film was not disturbed by the screw heads after leaving the distributor.

The distributor gap was set at 0.5mm. Careful observation showed that the screw

heads, although inside the diameter of the distributor, were still affecting the film,

and so they were covered in wood filler paste which was allowed to dry before being

smoothed off level with the disc using emery paper.

A skirt made from a strip of plastic 5cm wide was attached to the perimeter of

the disc with grub screws to prevent liquid from flowing back on the underside of

the disc and falling onto the observation area at low rotation speeds.

Problems with the poor wetting ability of perspex were overcome by roughening

a lcm wide strip on the upper surface at the edge of the disc to hold the three phase

contact line in place after initial flooding.

Liquid feed was through a rotary union assembly fitted to the base of the hollow

shaft, which was connected via a 90° bevel gear to a 0.25 HP driving motor with

a variac speed device. The rotation speed was measured visually using a second

stroboscope.

The fluid circuit is shown schematically in Figure 4.13. The fluid was pumped

from the main storage tank (capacity 21 litres) through a rotameter, type Metric

10X with a range of 0-25 cc/s. From here it was passed through a filter and into

the shaft via the rotary union. The fluid was then ejected from the distributor onto

the disc, with the distributor and fluid rotating at the same speed as the disc. On

leaving the edge of the disc the fluid was collected in a trough and returned to the

main storage tank by gravity.
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The entire rig was enclosed in a frame covered with black plastic sheet in order

to eliminate background light from the camera between strobe flashes.

The relative positions of the strobe and camera are shown schematically in Fig-

ure 4.7. The camera and mirror were fixed to a boom connected to a movable stand

to allow different radii to be observed without changing their position relative to

one another. The strobe and integrating sphere were clamped to a second stand

which allowed the light source to be placed directly above the mirror.

Pictures were also taken of both the whole disc and a part of it from directly

above, with the illumination provided by. a stroboscope and the underside of the

disc covered in white paper to aid visualisation, see Figure 4.14. This was done in

order to give qualitative information about the large scale flow and behaviour of the

spiral wavefronts.

4.3.2 Operating Procedure

4.3.2.1 Mechanical

Prior to start-up, the disc and distributor cap were cleaned with ethanol, rinsed

with water, and then dried with paper towels. The following procedure was then

observed for each run :-

(1) The power was switched on, and the disc set rotating at low speed 50 rpm).

(ii) The pump for the fluid circuit was switched on, and the valve controlling feed

rate was turned full on to flood the disc surface.

(iii) The valve was then adjusted to allow the desired flow rate onto the disc.

(iv) The disc rotation speed was adjusted to the required rate.

(v) On shutdown, the pump for the fluid circuit was switched off and the rotation

speed increased to 500 rpm to remove excess fluid from the disc surface.

(vi) Finally, the disc rotation speed was gradually reduced until it was stationary,

and the power was switched off.
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Figure 4.13: The fluid circuit.
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Figure 4.14: Camera set-up for large scale flow information.
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It was found to be necessary to start the disc rotating prior to switching on the

fluid circuit to prevent the fluid from working inside the skirt and onto the underside

of the disc.

4.3.2.2 Electronic

Due to thermal effects on the ccd as the camera heated up after switch on, a routine

was established for taking pictures in order to get consistent results for the measured

light intensity. This consisted of :-

(i) Switch on camera and set stroboscope to flash at 50Hz.

(ii) Allow temperature of camera to stabilise 	 1 hour).

(iii) Measure the average pixel value of the baseline light intensity / 0 for 100 pic-

tures, and take the mean and standard deviation.

(iv) Initiate mechanical operating procedure.

(v) Grab images which contain no obvious banding.

(vi) Carry out mechanical shutdown procedure.

(vii) Repeat stage (iii), and take the average of the two results.

(viii) Switch off camera and stroboscope.

The banding referred to in (v) appeared as distinct horizontal bands of differing

light intensity, and was caused by the strobe and camera/video board being slightly

out of synchronisation. The frequency of 50Hz for the strobe, corresponding to the

rate at which the video board could grab successive images, was chosen as it gave

the least number of images affected by banding.

Each image was then processed in the following sequence :-

(i) The binary data file was converted to an ASCII data file.

(ii) The results of section (4.2.2.1) were applied to remove the effect of the camera

response function.
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(iii) A Gaussian filter was applied to smooth out the effects of noise.

(iv) Each pixel in the image was converted to a film thickness measurement, with

the assumption that the free surface gradient was close to zero.

(v) The maximum, minimum and mean film thickness for the image were found.

The assumption made in (iv) implies that filmthickness data between maxima and

minima that are close together will tend to have a large error.

4.4 Calibration

In order to obtain meaningful measurements of the film thickness from grey scale

images of light intensity, it was necessary to measure the values of the two param-

eters, 10 , the intensity of light incident on the free surface of the film, and k, the

absorption coefficient of the dyed liquid. 10 was measured directly for each run.

Other researchers using the light absorption technique have fixed the concentration

of dye to be used by trial and error, however a more rigorous approach has been

developed which is given below.

4.4.1 Choice of dye intensity

Test images suggest that we require to measure the film thickness in the range

0 Am < l <200 Am

with the best possible accuracy. The 'black' signal from the camera is read by the

video board as a grey level of 37, whilst blooming and signal transfer error start to

become noticeable for grey levels much above 200. Thus we wish film thicknesses in

the above range to correspond to grey levels in the range

200 > im > 40.

We have
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Figure 4.15: Measured grey scale against film thickness for k=0.0200

I = h e —kim	 ,	 (4.14)

where In, = in, — 37, and so we want In, in the range

/0 = 163 > /„, > 3.

From (4.14) we have

k= 1 log GI!)

4 k = —1 log (-163)
200	 3

ce. 0.0200 ,

and thus we obtain the variation in grey scale shown in Figure 4.15. As can be

seen from this plot, the number of microns per grey level gets progressively larger

as the film thickness increases, reaching ", 15 Am per grey level at 200 Am. Since

the gradient of the curve is largest for film thicknesses significantly lower than the
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maximum chosen, it suggests that we choose a larger value for the maximum film.

thickness in the above calculations, and then use only the first part of the range.

There is in fact a choice of maximum film thickness which gives an optimum in

accuracy, as demonstrated below.

4.4.1.1 Optimum absorption coefficient

The gradient of the curve in Figure 4.15, which corresponds to the negative of the

grey levels per micron, is

dIm
= -kI0 e-kt

di

To optimise the accuracy we require the value of k which minimises this (Le. max-

imum negative gradient), hence

(- kb°	=	 - 1).10 e = 0

1
k = 7 .

So finally we have

1
k = — = 0.0050 ,

200

which allows measurements with well defined accuracy to be made over the range

163
At = 200 log (--) 800 Am ,

3

and with an accuracy at 200 Am given by

dI,n I
= -

163 
e-1 -0.300 ,

di 11=200	 20.0

i.e. 3i Am / grey level. A plot of accuracy against film thickness for this value of k

is shown in Figure 4.16. This is not the error in measurement, but if for example a

pixel value is known to an accuracy of ± 3 pixels with a grey level corresponding to

200 Am, then the error would be ±3 x 31 = ±10 Am.
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Figure 4.16: Measured accuracy against film thickness for k=0.0050

4.4.2 Measurement of absorption coefficient

Having obtained the ideal absorption coefficient theoretically, it was then necessary

to develop a method for obtaining its value for particular concentrations of dye

experimentally. This required that known thicknesses of the dyed film be placed

between the light source and camera, and the intensity of transmitted light measured

as a grey scale value.

To obtain known thicknesses of liquid, different combinations of strips of Melinex

film 100m and 50Am thick were sandwiched between two glass microscope slides,

with part of the film cut away to leave a gap to be filled with the test liquid,

see Figure 4.17. The operating procedure for taking pictures outlined above was

followed for the camera and stroboscope to ensure consistent results. The slides

were washed and dried, and the thickness at their centre measured using a Mitutoyo

Digimatic micrometer, accurate to ±lAm. The test piece was then assembled and

filled with the dye sample, taking care to prevent the introduction of air bubbles,

and the thickness at the centre of the slides was measured. Results reproducible

to an accuracy of ±5Am were possible for this measurement despite the centre of

the slides being unsupported, as even the slightest pressure on the top slide by the
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Figure 4.17: The calibration unit.

micrometer probe caused the very thin capillary film of dye between the layers of

the Melinex film sandwich to move appreciably. The test piece was then placed

on the disc so that the dyed liquid entirely filled the camera field of view and the

mean grey level of the central portion (64 x 64 pixels) of the image was averaged

over 100 images. Finally the test piece was removed and its thickness re-measured,

the average of the two measurements taken, and the combined thicknesses of the

glass slides subtracted to give the liquid film thickness. This was repeated with

different combinations of Melinex film to give 5 different thicknesses. The raw data

was then adjusted, by first subtracting the value of 37 from the measured grey

level in order to zero the light intensity, and then removing (to leading order) the

effects of reflection and transmission of light at the various air/glass, liquid/glass

and air/perspex interfaces. Explicitly, this is

(I„,,, — 37) 
Inv —	 I',	 '	

(4.15)

where Imr , In,/ are the raw and final grey scale values respectively, and Tc is the

leading order transmittance through the various interfaces, given by
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71 = f (ng.) f (nig ) f (nv) f (nag ) f(npa ) ;

4nti 
.f(nti) — (nt, + 1)2

where nti is the relative refractive index between material t on the transmitted side

of the interface, and the material i on the incident side, with subscripts a, g, f, p

representing air, glass, fluid and perspex respectively. The values of the various

refractive indices are na = 1.00, n f = 1.33, ng = 1.53, nj, = 1.51 (see e.g. (50)),

where the refractive index of the fluid has been taken to be that of water, giving a

value for Tc of

T= 0.87.

The transmittance is calculated up to the point where the light has entered the disc,

from where it is affected uniformly in both the experimental runs and the calibration.

Results from experimental runs were adjusted in a similar manner, in this case the

light passing across one air/fluid interface and one fluid/perspex interface, giving a

transmittance Te of

T. = f(nA ) f(n f ) = 0.98.

Thus measurments made during experimental runs were adjusted using (4.15), but

with T, replaced with T.

From equation (4.14) we have

log I„, = —k l + log Io ,

and so k can be obtained from a straight line fit to the data plotted as 1 against

log I,„, where In, = I„,, in (4.15). After several trials, the intensity of dye used for

all experiments gave the value of 	 .

A: = 0.0051.

The straight line fit to the data obtained from calibration is shown in Figure 4.18,

which also verifies that the camera is a linear measuring device (see e.g. (51)).
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Figure 4.18: Straight line fit to estimate k

4.4.3 Liquid properties

The value of k = 0.0051 was obtained with a concentration of 1.65 grammes per litre

of nigrosene dye, with the fluid circuit holding a total of 21 litres. The surface tension

was measured using the DuNouy method, and was found to be 49.5 dynes/cm,

compared with 65.5 dynes/cm for distilled water. The viscosity was measured using

a U-tube viscometer (size A), and was found to be 1.004 x 10 -3 Nsta-2.



Chapter 5

Results and Discussion

Over the course of the experimental runs many hundreds of pictures were taken,

and it would be impractical to present all of them here. Thus, in this chapter only a

few representative pictures are shown, with a further selection showing slight varia-

tions given in Appendix C. The numbering system used in the appendix continues

on from that used in this chapter, so that, for example, Figure 5.1(b) given in the

appendix shows a picture similar to Figure 5.1(a) here.

5.1 General Overview of Flow Patterns

Pictures were initially taken of the whole disc from above, covering the entire

range of operating conditions to be considered. (These were 7 cc/s < Q < 19 cc/s,

100 rpm < < 600 rpm, corresponding to dimensionless parameters E = v/f1h2

and G = 2r12a2h/Q in the range 0.5 < E < 2.8 and 4.6 < C < 12.6). This was

done in order to provide insight into the transition between flow regimes, and to

clarify the nature of the spiral and concentric wavefronts reported in previous work

(44). Surprisingly, no pictures of this type have been available in the literature to

date, possibly due to the popular choice of an overhead liquid distributor, which

would have obscured the view.

Figures 5.1(a)-5.6(a) show the effect on the wave pattern of increasing the ro-

tation speed while holding the flow rate constant at 19 cc/s, whilst Figures 5.1(b)-

5.6(b) and 5.1(c)-5.6(c) in Appendix C show the corresponding behaviour for flow

96



Figure 5.1(a): Variation of wavefronts across the disc,
Q = 19 cc/s, 11 = 100 rpm.

Figure 5.2(a): Variation of wavefronts across the disc,
Q = 19 cc/s, St = 200 rpm.



Figure 5.3(a): Variation of wavefronts across the disc,
Q = 19 cc/s, 51 = 300 rpm.

Figure 5.4(a): Variation of wavefronts across the disc,
Q = 19 cc/s, SZ = 400 rpm.



Figure 5.5(a): Variation of wavefronts across the disc,
Q = 19 cc/s, = 500 rpm.

Figure 5.6(a): Variation of wavefronts across the disc,
Q = 19 cc/s, l = 600 rpm.



Chapter 5. Results and Discussion 	 97

rates of 13 cc/s and 7 cc/s, respectively. The disc is rotating in an anticlockwise

direction.

At 100 rpm there appears to be a smooth laminar film over a region approxi-

mately half the diameter of the disc. On the outer part of the disc a number of

distinct spiral wavefronts occur (around 15-20), the spirals opening out in the di-

rection of rotation of the disc, corresponding to waves propagating in the opposite

direction (relative to the disc). These are most easily observed at a flow rate of

19 cc/s, shown in Figure 5.1(a), and to a lesser extent at 13 cc/s, shown in Figure

5.1(b). For the lowest flow rate considered of 7 cc/s, shown in Figure 5.1(c), the

waves are propagating almost radially, giving the impression of a single spiral wave-

front. However, on tracing the wavefronts around the disc, a number of different

spirals are visible. The direction of propagation of the waves clearly has some de-

pendence on the flow rate, with the direction tending to be more radial as the flow

rate decreases.

The transition from the laminar to the wavy film appears to occur over a com-

paratively small region, which would signify a large growth rate over a small section

of the disc; however this is not predicted by the linear stability theory, and the

apparent sudden increase may well be due to the observation method used rather

than a feature of the flow.

At 200 rpm a third region may be identified, between the laminar inner region,

which has been much reduced in diameter, and the outer region which starts at

approximately the same radius as at 100 rpm. The surface of this middle region is

covered with clearly defined almost concentric waves, with wavelength much shorter

than those in the outer region, which are part of a single spiral wave front. These

waves would almost certainly be identified as concentric circles if only a section

of the disc was photographed, and so may be a possible source of the 'concentric

waves' reported by some previous researchers. The structure of the single spiral

wave front in this region is shown more clearly in Figure 5.7. This shows a close

up picture of a small region of the disc near to the centre, and allows the spiral to

be traced as a continuous line originating at the distributor. It also shows clearly

that our identification of the inner region as laminar is false, with waves of small

amplitude with respect to the film thickness apparent. These small amplitude waves

grow to large amplitude waves as they propagate outward to the middle region. In
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Figure 5.7: Close up of flow near distributor

the outer region the direction of wave propagation has become more radial, with

the numerous different spiral wave fronts becoming both more tightly wound and

more irregular. These irregularities occur on a similar scale to the distance between

successive fronts, and thus the flow pattern appears very disordered. The transition

between the middle and outer regions is quite distinct, especially for the higher flow

rate of 19cc/s, see Figure 5.2(a), where the direction of propagation in the outer

region has the largest azimuthal component.

At 300 rpm the flow behaviour is similar to that at 200 rpm. The inner region

remains the same size, but the middle region has a reduced outer diameter with the

transition to the outer region becoming less distinct. This is due to the spiral waves

in the outer region becoming so tightly wound that they are propagating in almost

the same direction as the spiral wave in the middle region. The irregularities in the

spiral wavefronts in the outer region remain on the same scale as those at 200 rpm,

particularly at the highest flow rate of 19cc/s, see Figure 5.3(a).

At 400 rpm the inner region remains, but the wave pattern over the rest of the

disc appears very different. The single very short wavelength spiral in the mid-

dle region and the numerous different spiral wavefronts in the outer region have
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been replaced with a single spiral of longer wavelength emanating from the inner

region. This single wavefront has a wavelength which increases slightly with in-

creasing radius, and is generally free from the large scale irregularities observed at

lower rotation speeds (less so for the lowest flow rate of 7cc/s 7 see Figure 5.4(c)).

The transition from many spiral wavefronts to a single wavefront may be due to

some kind of nonlinear interaction between successive spirals as they come closer

together with increasing rotation speed. On the outer part of the spiral can be seen

irregularities on a scale much smaller than the wavelength. This single spiral would

also appear as concentric waves if only a section of the disc were photographed.

At 500 rpm the small scale irregularities on the outer part of the spiral have grown

to such an extent that the line of the wavefront is no longer easily distinguishable,

and the film on the outer third of the disc appears to be covered with random

three dimensional wavelets. The wavelength of the spiral at smaller radii has also

increased slightly, and it can now be seen to be an integral part of the inner region,

originating at the distributor.

At 600 rpm the behaviour is similar, but with a longer wavelength spiral on the

inner part of the disc, and with the wavefront beginning to break up at a smaller

radius than previously, so that the outer half of the disc is covered in wavelets. These

estimates of the proportion of the disc covered with a particular flow behaviour

appear to be unaffected by a change in the flow rate, indicating a weak dependence

on this parameter.

The single short wavelength spiral, observed in the middle and inner regions

at moderate rotation speeds, may be inherent to the flow, or it may be caused by

vibration of the rotating shaft leading to a large input of energy into the system

at a single frequency, causing disturbances of the appropriate wavelength to grow

much faster than those of other wavelengths. This would account for the marked

difference between the wave pattern near to the distributor and that further away.

It should also be emphasised that concentric waves were not observed on the disc

under any of the range of operating conditions considered.
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5.2 Transition between wave regimes

In order to obtain further information about the transition between the various

flow regimes outlined above, the camera was moved closer to the disc and pictures

were taken of a complete radial section. Thus the spiral nature of the waves is no

longer evident, but more detail is available on the mechanism for break-up of the

wavefronts. We do not give photographs of each of the operating conditions here,

but take a representative selection.

The transition between the laminar and wavy regions at 100 rpm can be seen

in Figure 5.8. The poser law structure of the spiral wavefronts proved difficult to

measure with any degree of accuracy due to their non-uniformity.

Figure 5.9 shows the three different regimes identified in Figure 5.2(a) at 200

- 300 rpm, and verifies that the inner region is indeed wavy. It also demonstrates

the difficulty in identifying large scale behaviour when observations are made on

a smaller scale, with the middle region more difficult to distinguish than in the

photograph of the whole disc. The transition from the middle region to the outer

region can be seen to be a gradual shift in the general direction of propagation rather

than an abrupt change.

The single longer wavelength spiral covering the entire disc, identified at 400

rpm, is shown in Figure 5.10. The lines of the spiral appear as two very closely

spaced lines, the second of which is just the shadow of the wavefront cast onto the

white backing paper, and should be ignored. The irregularities on the outer part

of the spiral are very different from the random large scale deformation seen at

lower rotation speeds, with a definite periodicity and structure along the wave front

visible.

Figures 5.11 and 5.12 show a similar structure at 19 cc/s for rotation speeds

of 500 rpm and 600 rpm, respectively. On the inner part of the disc there can be

seen, between wavefronts, what appears to be the remnants of different spiral waves

This suggests that one of the numerous spirals seen at lower rotation speeds has

become dominant, leading to just one main spiral visible. The instabilities within

the wavefront become visible at smaller radii for the higher rotation speed, with the

apparent direction of propagation having a larger azimuthal component. The flow on



Figure 5.8: Variation of wavefronts, Q = 19 cc/s, CZ = 100 rpm.

Figure 5.9: Variation of wavefronts, Q = 19 cc/s, n = 200 rpm.



Figure 5.10: Variation of wavefronts, Q = 13 cc/s, ft = 400 rpm.

Figure 5.11: Variation of wavefronts, Q = 19 cc/s, SZ = 500 rpm.



Figure 5.12: Variation of wavefronts, Q = 19 cc/s, st = 600 rpm.

Figure 5.13: Variation of wavefronts, Q = 13 cc/s, n = 600 rpm.
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the outer part of the disc has been described by previous researchers as 'turbulent' or

'random'. The current evidence suggests that there is some underlying structure to

the observed wave pattern, which is generally hidden by multiple interactions of the

wavelets at higher flow rates. This proposition is further supported by examining

the behaviour of waves at lower flow rates. Figure 5.13 shows the wave pattern

obtained at 600 rpm with a flow rate of 13 cc/s. The structure of individual waves

is clearly visible right up to the periphery of the disc, with only minimal interactions

between them.

The behaviour of the wavefronts as the rotation speed is increased, with the

spirals becoming more tightly wound, may be compared to one interpretation of the

stability of azimuthal disturbances predicted in the linear theory given in Chapter 3.

If we consider the condition for neutral stability to azimuthal disturbances, equation

(3.144) in Chapter 3, for arbitrary A written using the dimensionless r variable we

have

_a n,/75 G2F3
r 2 —8— Ore

where Re = h2Uo/va. In dimensioned variables this is

( a ) 3 2 ( 3 Qr =	 n 2r g3

and so, at some fixed radius f i , increasing the rotation speed implies neutral stability

at fi to disturbances whose ratio of horizontal to vertical length scale decreases.

Thus, if here we interpret a as the typical length scale of the azimuthal wavelength

of a disturbance, we see that increasing the rotation speed allows shorter azimuthal

wavelengths to become unstable at radius r 1 , allowing tighter spirals (for a given

radial wavelength), and thus more radially propagating disturbances, to occur. This

is only a general trend, and should not be considered precise, however it does predict

similar behaviour to that observed in experiments. It should be noted that this

stability to short azimuthal wavelengths at low rotation speed is caused by the

stabilising effect of hydrostatic pressure, via the Froude number F, and so the

appearance of spiral waves may well be very different if the disc is used in a micro

gravity environment, such as is found on spacecraft, where centrepetal acceleration

could be employed to replace traditional falling film apparatus.
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5.3 Calibrated pictures

Close up pictures were taken with the camera placed below the disc, using the

integrating sphere for illumination, at four different radii. The orientation of the

resulting pictures is shown in Figure 5.14, whilst Figure 5.15 gives the layout for

Figures 5.16-5.21, which show a representative image obtained for each of the flow

rates, rotation speeds, and radii considered. The left edge of the individual pictures

corresponds to a radius of 54.5mm, 81mm, 113mm, and 144mra; these four positions

on the disc will hereafter be referred to as radius 1 - radius 4, respectively. Each

composite picture thus shows how the character of disturbances to the flow change

as they propagate across the disc.

On this scale, the images may be divided into three types: laminar film, two-

dimensional waves, and three-dimensional waves. The three dimensional waves re-

sulting from the small scale periodic disturbances along the wave front, at the higher

rotation speeds (400-600 rpm) discussed earlier, are seen to have a definite, repeated,

structure. The scale of these disturbances tends to get smaller with increasing rota-

tion speed. Also, the scale of the initial periodic disturbances along the wave fronts

reduces with smaller radius.

5.3.1 Two-dimensional waves

For each image containing a wave that could be considered as two-dimensional, a

straight line section was taken normal to the wavefront. This was found to be a

horizontal line in the radial direction for almost all the images, with the exception

of those taken at radius 4 with 52=100 rpm. The algorithm outlined in Chapter 4, for

calculating the film thickness between surface maxima and minima, was then applied

to each section, and the resulting profiles are shown in Figures 5.22-5.31. As the

rotation speed is increased for fixed flow rate and radius, each of the Figures 5.22-5.30

show the progression from laminar film, through small amplitude almost sinusoidal

disturbances, to long roll waves with preceding ripples. Comparing different flow

rates for the same rotation speed at radius 1, and to a lesser extent at radius two,

it can be seen that reducing the flow rate tends to lead to a more wavy film. The

effects of changing the flow rate on the long-waves at radius 4, Q=100 rpm, are

shown in Figure 5.31, and the opposite trend is apparent, with the film becoming
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Figure 5.14: Orientation of the pictures with respect to the disc.

Figure 5.15: Layout of the composite pictures
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less wavy as the flow rate is reduced. This suggests two different mechanisms for

the formation of waves are occurring at different radii.

The theory developed in Chapter 3, for waves with small amplitude with respect

to the mean film thickness, predicts a definite structure (9 -, 7- 4/3 ) for the spiral

wavefronts formed by the two-dimensional waves. However, slight variations in the

position of the wave front across a radial section prevented any consistent measure-

ments of the structure of the spirals. The only region of the film where disturbances

were found to satisfy the requirement of small amplitude was near to the distributor,

where the model as a whole breaks down.

The difference between processing the data to allow for non-zero gradient, and

making the assumption that the gradient is everywhere close to zero, is demonstrated

for a typical profile, with maximum gradient ,--1/3, in Figure 5.32. Although the

difference at individual sample points can be quite large, the common points at the

maxima and minima ensure that there is little change to the overall shape of the

profile. It may, however, have an important effect on a numerical solution of the

flow field within the wave, obtained by combining the profile with wave speed data.

5.3.2 Three-dimensional waves

When the spiral wavefronts become unstable and break up, the three-dimensional

waves which result can no longer be characterised by taking a line section through

the profile. Contour maps and three dimensional profiles have been obtained from

the grey scale images, under the assumption that the surface gradient is small enough

that effects on the transmitted light may be neglected. There are two general types

of three-dimensional disturbances; those that tend to occur at lower rotation speeds

(up to ^,300 rpm), and have very little repeated structure to them, and those at

higher rotation speeds which have a definite structure, and a number of stages in

their evolution can be identified. A single example for each stage is presented in

this chapter, in both profile and contour map form, with further examples given in

Appendix C.

Figures 5.33(a)-(b) show almost two-dimensional waves at the lower rotation

speeds. These are characterised by the lack of (comparatively) steep slopes, with the
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leading edge not much steeper than the tail. Their break up into large, apparently

unstructured, three dimensional waves is shown in Figures 5.34(a)-(b).

Figures 5.35(a)-(b) show the initial instability, at higher rotation speeds, of the

almost radially propagating two dimensional spiral waves. The instability is periodic

along the wavefront, with wavelength approximately the same in both directions,

and humps with roughly elliptical contours develop. Intuition suggests that the

propagation of these disturbances is in the direction of the minor axis of the ellipse,

although there is no direct evidence for this supposition.

Figures 5.36(a)-(b) show a more pronounced disturbance to the wavefront, with

the humps becoming more elongated. Thus the azimuthal distance between humps

has increased, whilst the width of the waves has remained approximately the same.

At this stage the humps can still be considered 'connected', forming a single dis-

turbed wavefront.

In Figures 5.37(a)-(b) the disturbances have begun to move apart, forming three

dimensional individual wavelets. The elongated peaks have formed two smaller

humps, one at each end of the wavelet. 11 the ditection of pxopagation is indeed

normal to the elongated wave peak, then this new instability may be thought of as

similar behaviour to that seen in the spiral wavefront above, but on a smaller scale.

In Figures 5.38(a)-(b) the two hump wavelets have begun to stretch further, with

the 'outer' peak in the pictures, i.e. the one at the slightly larger radius, moving

further from the hump at the inner radius. Almost all the pictures show the outer

hump having the higher of the two peaks. This distortion of the wavelet may be due

to the slight difference in centripetal acceleration at the two different radii, although

the increase is only of the order of 1-3%.

Figures 5.39(a)-(b) show the behaviour of the wavelets for very low flow rate. The

normal to the long axis remains close to radial, suggesting almost radial propagation,

and there is little evidence for the wavelet peaks to have split into two humps.

This reinforces the interpretation, given above, that the difference in centripetal

acceleration between the ends is at least partly responsible for further break up.

Figures 5.40(a)-(b) show the final form of the wavelets found under the operating

conditions and radii considered in this work. The double hump structure is still
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visible, but less distinct, and there is some evidence for the two parts to have split

completely into separate wavelets.

5.3.3 Comparison with theory

For each image obtained, the mean, maximum, and minimum film thicknesses were

recorded. These were compared with the predictions for the mean film thickness of

the two term asymptotic solution to the basic state, given in Chapter 3, and the

results are shown in Figures 5.41(a)-5.43(f). Here, the mean film thickness from

each of the four pictures taken under each set of operating conditions and radii

are shown, together with the average of the maximum values of the four images,

and the average of the minimum values. The straight lines connecting the maxima

and minima values are intended as a guide for the eye only, and no suggestion that

the points be fitted with a straight line is intended. The agreement between the

measured and predicted mean film thicknesses is generally quite good, despite the

measurement technique not being designed specifically to measure this. That the

separate mean film thickness values all lie close to the predicted value suggests that

the scale on which the images where obtained is still large enough to encompass

all the 'small scale' behaviour observed in section 5.1. If the area of the image was

too small, it would be expected that the average of the mean film thickness from a

number of different pictures would be required in order to fit the theory.

The maximum film thickness corresponds to the local peak wave amplitude. The

absolute value varies across the disc (Figures 5.41(a)-5.43(f)), and a local maximum

in its value can be seen, which moves inwards as the rotation speed increases. This

is most pronounced for the largest flow rate used of 19 cc/s. Comparison with

Figures 5.16-5.21 shows that this local maximum in wave amplitude corresponds to

the two dimensional waves just prior to their break up into smaller three-dimensional

waves.

The ratio of the peak wave height to the mean film thickness is shown in Fig-

ures 5.44(a)-(c). For the higher rotation speeds and flow rates (400 - 600 rpm,

13 -19 cc/s) there is an initial large increase, before levelling off and remaining

approximately constant over the remainder of the disc. Thus a large growth in

amplitude appears to be associated with the two-dimensional waves, whilst the re-

sulting three-dimensional waves propagate across the disc with amplitude remaining
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approximately proportional to the local mean film thickness. This is consistent with

the behaviour suggested by the theory in Chapter 3, but for waves with amplitude

much less than the mean thickness, and neutral stability.

5.3.4 Increase in interfacial area

It has been suggested that the observed increase in mass transfer between the gaseous

and liquid phases in the presence of surface waves may be in part due to the subse-

quent increase in interfacial area. The increase in area for falling films was studied

by Clegg (32), who derived the expression

Area = AX + BY — AB	 (5.1)

for a random surface with base A by B, with mean arc length Y across the surface

in the A direction, and mean arc length X in the B direction. By considering

the Taylor expansion of the integral expression for the surface area of an arbitrary

function z = f(a,b), (a, b the coordinates in the A and B directions, respectively),

B f A
=	

.	 .1
Area	 {1 + (fa) 2 + (.4) 21 2 da db

o 0

he was able to show that, for surfaces with gradient everywhere less than 45°, the

maximum error was less than 10% of the result obtained using (5.1). This criteria

was found to be satisfied for waves on inclined plane flow, and the increase in surface

area of the falling film was found to be less than 1% of the total, suggesting that its

role in the large increases in mass transfer observed is minimal.

The same procedure has been carried out on the current set of film thickness

measurements, where also the surface gradient is generally less than 45°. Strictly,

equation (5.1) should be modified to allow for the base surface area being on a curved

surface, but the error induced by ignoring this effect was negligible (approximately

0.0001 %), and so (5.1) was applied directly.

A far larger source of error, not mentioned by Clegg, is that due to the unevenness

of the measured surface caused by noise in the measuring process. A large part of

the noise was removed by the initial filtering of the image. The remaining effect
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was accounted for by finding the standard deviation of the noise in a filtered 'blank'

image, and calculating the apparent increase in surface area that this would cause.

This was done by assuming that sample points along a line alternated by plus or

minus one standard deviation from the mean (see Figure 5.45). Then the grey scale

'distance' of 2a was converted to a length in microns, using the results from Chapter

4, and the apparent arc length of the surface between successive sample points was

calculated as

3 = V152 + (2 cr(D)2 ,	 (5.2)

where

4. =
k 4

is the factor required to convert the standard deviation of the grey level to a length

in microns. Thus the mean length across the surface due to noise was calculated,

and the apparent increase in surface area found using (5.1). This approached 50 %

of the total measured increase in surface area for a film thickness of 400 Am. Since

(5.2) depends upon 7, the local mean film thickness, the apparent increase in surface

area will be larger for a thicker film, despite the standard deviation of the grey scale

remaining constant.

The estimated contribution due to noise was subtracted from the surface area

calculations, and the final results are shown in Figures 5.46(a)-(d). Although there is

a large amount of scatter in the points, the overall result is similar to that obtained

by Clegg for falling films; the surface area is typically increased by less than one

percent, and is thus unlikely to be a significant factor in enhancing mass transfer.

Wel
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Figure 5.45: Effect of noise on surface area calculation, where a is the standard
deviation of the noise, and 5 is the distance between successive sample points.
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Chapter 6

Conclusions

The aim of this study was to investigate theoretically and experimentally the flow

of a thin liquid film flowing over a spinning disc, and the inception and evolution of

the two and three dimensional waves observed on the surface, with the disc rotating

at speeds which are realistic and useful in industrial applications.

The theoretical investigation was driven by the requirement that any model de-

veloped be valid for these realistic operating conditions, which led to a more complex

problem than that studied by previous researchers. The asymptotic structure of the

steady-state flow has been determined, and both asymptotic and numerical solutions

have been obtained. The stability of the steady flow to small disturbances has been

investigated, and the condition for stability to radially propagating disturbances

found by Needham & Merkin (40) for low rotation speeds, where E < 1, has been

recovered, although the current scalings imply that the film is unconditionally un-

stable for the range of parameters considered. An additional condition for stability

to purely azimuthal disturbances has been found, related to the local film thickness

and the scale of the disturbance being considered.

The experimental work was designed to gather more information on the be-

haviour and amplitude of waves on the film, both to test the applicability of the

small amplitude assumption made in the current theory, and to provide insight into

the formation of, and transition between, the two and three dimensional large am-

plitude waves. A visual technique using light absorption was chosen for measuring

the instantaneous film thickness, and the theory behind the measurement process

was investigated in order to provide comprehensive wave amplitude data.
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Two types of wave have been identified: almost two dimensional, and three

dimensional. A high rate of growth of amplitude has been observed with the two

dimensional spiralwaves, leading rapidly to waves of large amplitude, and thus the

theory based upon an assumption of small amplitude is not generally valid over

the whole disc. The three dimensional waves have been found to occur as a result

of break up of the two dimensional waves. Film thickness measurements suggest

that this transition between regimes occurs at the maximum amplitude of the two

dimensional wave, and the absolute amplitude of the resulting three dimensional

waves decays thereafter. The amplitude at the point of break up has been found to

be 3 - 4 times the local mean film thickness, and this ratio remains approximately

constant for the three dimensional waves as they propagate across the disc. Some

evidence has been found that these initial three dimensional waves themselves break

up into smaller wavelets as they propagate, leading to a cascade of smaller and

smaller wavelets as the radius increases. An increase in flow rate has been observed

to lead to more rapid break up of the wavelets.

The resulting increase in surface area due to the presence of waves has been

measured, and found to be of the order of 1%. This increase is of the same order of

magnitude as that found by Clegg (32) for flow down a vertical wall, although the

noise present using the current measurement technique prevented anything more

than order of magnitude measurements.

An additional result of this measurement technique has been the calculation

of the mean film thickness for each image taken, which has been found to agree

well with the basic state solution given in Chapter 3. The corresponding flow field

solution then implies that streamlines for the flow are almost radial, with the largest

azimuthal component occurring at inner radii. This interpretation will only be valid

when waves that are present on the free surface do not interact significantly with

the basic flow.



Chapter 7

Recommendations for future
work

7.1 Theoretical

The natural progression from the work included in this thesis would be to examine

a weakly nonlinear theory of surface disturbances, which would require including

successive powers of the small amplitude wave parameter a. Similar work has been

done for inclined plane flow, and evolution equations such as the KdV equation,

and other analogous equations which are also amenable to exact solution, have been

derived. It is anticipated that these methods will be relevant in the current problem.

Another approach, involving reformulating the problem in the same manner as

has been done in this thesis for the numerical work, may also be possible. The

boundary conditions at the free surface would then be applied on a fixed line C = 1,

and waves may then be considered to be propagating through a slowly varying (with

respect to the wavelength), non homogeneous medium. This formulation would then

be amenable to the application of Whitham's variational approach to linear and

nonlinear waves, using an averaged Lagrangian technique.

In areas more related to engineering considerations, and in light of the stabilising

effect of hydrostatic pressure on the flow, the steady-state and linear theory should

also be re-examined for flow over a disc rotating about a horizontal axis, as is used

in some practical applications.
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7.2 Experimental

A technique for measuring the speed of waves should be developed. In its simplest

form this could be done by employing a high speed video camera to take pictures

of the whole disc, thus allowing the path of a wave to be measured as a function of

time in the laboratory frame, and hence the wave velocity calculated. The drawback

of this approach is the inability to concurrently measure the amplitude of the wave

as it propagates.

In order to combine the high speed video camera with the film thickness mea-

surement technique employed in this thesis, the camera would have to be mounted

so that it rotated with the disc, focusing on a small fixed area across which waves

would propagate. This would allow measurement not only of the wave speed, but

also of the evolution of the fine structure of the wave profile. The main difficulty

with this approach would be in getting the signal out of the camera whilst it is rotat-

ing. This may be overcome by employing a radio or infra-red transmitter attached

to the camera, although a very high bandwidth would be required.

Given this detailed information on the speed and evolution of a wave as it prop-

agates, numerical techniques could then be employed to determine the flow field.

This information would then allow the enhancement of heat and mass transfer to

and from the film, caused by the wave, to be calculated.

More broadly, the effects on wave action of varying the viscosity and surface

tension of the fluid should be investigated, and also the behaviour of non-Newtonian

fluids such those involved in polymer reactions, whose potential in rotating disc

reactors is only just beginning to be realised.
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Appendix A

Free Surface Boundary
Conditions

In the following two sections we make use of some standard results from differential

geometry using tensor notation and the summation convention for repeated indices,

see e.g. Aris (55). Greek indices are taken to be over the range 1,2,3, and Latin

indices over the range 1,2.

A.1 Surface Curvature

We impose the condition that the difference between the normal stress in the fluid

and the external pressure is sustained by a tension effect

rn + Pa = ir =r (	 11
Ti + 7,,2 ) 	 (A.1)

where rn is the normal stress, Pa is the atmospheric pressure, r is the surface

tension, and x i , k2 are the principle radii of curvature at a given point of the

surface (Laplace's formula).

The mean curvature C is defined as

C. —‘,1 ( -1 + -1 ), ,X1 21
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and so

1 — 2 CTi - '

It can be shown that

1
C= —ace13b

2	 c'41'

where a0 is the contravariant metric tensor of the surface, related to the covariant

metric tensor aco by

el 3 api, --

and

aap F.--.-	 tiotio

-

where gij is the metric tensor of the space, yi are the space coordinates, and utl are

the surface coordinates.

Also, bap is defined as

kip = tia,ftni ,

where ni is the unit normal to the surface, and tico is the covariant surface derivative

of tia , i.e.

bco = [ th--767.082Yi ± { iik } 041 Ili ,

where the brace brackets denote the Christoffel symbols.

In cylindrical coordinates the surface is given by
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and the metric gii is

/11

0 (y1

0 
)2 

o)

with

g det Igii I = (y1 )2 = r2

Thus we have

and

where fa, F2 afialla. Then

1 ( a22
a	 –aiz

aafi
( 1 + (f1)2 	1112

= 	 f1f2	
r2	 (f2)2

a = r2	 (h)2r2	 (f2)2

—ai2

an

1	 r2	 (f2)2 –1112
1+ (h)2 J

7-2 (1+ (f1)2 +	 .f2)

2

)

It can be shown that the unit normal to a surface is given by

1 a	 ,; k
ni — R — Cijk Vaip

2 VE

and thus

Vg
n = TE(—fl —f2t 1)

2\4
+ (f1)2 Gf2)) (-fl ,-f2 , 1) .

In cylindrical polar coordinates the non-zero Christoffel symbols are

gii =

1• –y = —T7
212 }

00	 1
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{2 }= 2{ 21}=17=112
	

7*

Therefore

a2yi	 2 2	 11 2	 2 1bail = auatho ni — rta tfin i + 7 (ta to + ta tiOn2 ,

i.e.

1	 2 -i

bas = (1 + (h) 2 + (7- f2)) (fai9 + ret2ph — 7.1 (tal q3 + dtip)f2) ,

and hence

C	
1 0 L

= —a yap
2

1 fit (1 + ;if (.f2 )2 ) + 17 [(In + 71)(1 + (V) — 2/112(f12 — +.h)] 

•

Writing fi = hr , f2 = he , ha = hi? , 122 = hoe , in = hre, gives finally, for the

curvature term R,

1	 /4.41+ 7!2. 1/3) + -r4 [(hoe + rhr)(1+ 14.) — 2h,h0 (hre — .1.11.6)]
Ti = 2 C —	 , A	 . (A.2)

(1+ h?, +*/13)2

-_=
2	 „ 1

(1 + (f1)2 + (i.f2) -) 2



z

/ 0

Appendix A. Free Surface Boundary Conditions	 119

r

Figure A.1: Relationship between the 'to and (r, 0, z) coordinate systems.

A.2 Surface Stresses in Cylindrical Coordinates

It can be seen that the normal (h i ) and shear (#12 ,113 ) (see Figure A.1) stresses in

the 'to coordinate system are related to those in the (r, 0, z) coordinate system by

1115 = alaajrafi 9

where the acip are the direction cosines of the i- ii axes in relation to the (r, 0, z)

system, and are of unit length.

For the normal stress h i , we have (see Figure A.2)

r—component	 aii . — cos a sin )3

0—component 	 a12 . — sin a cos CI

z —component	 a 13 = - cos a cos )51.

Choosing the first tangential stress 7112 to be in the z - r plane, we have (see Fig-

ure A.3)
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e r.-..-.I.

Figure A.2: Direction cosines of the normal stress.

e •nn•nn•401.
	 r

Figure A.3: Direction cosines of the radial tangential stress.
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—1a13 = —tan
al2 = d Iall =

Thus
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r —comp onent	 a21 = cos 0
0—component	 an = 0

z—component 	 an = — sin /3.

Now writing a =	 —71), aia= Kl ala, a2a K2 ii2c, gives

au = K1 cos sin 11) , al2 = K1 sin Ocos , ai3 = —K1 cos q5 cos 2/,

= K2 COS , a22 = 0 , a23 = K2 sin .

We have
(a21)2 ± (a22)2 (a23)2 = 1

K2 = 1,

and

K? ( (an )2 a12)2 ai3)2) = K? (cos20 .sin2,0 sin2 0 coo* coszo cos20) = 1

= (cos2 + sin2 cos2o)-4
1

=
 (

1 	 ± 	 tan2 ji

1 + tan20 (1 + tan2 )(1 + tan20) ) 2

(1 ± tan20) I (1 + tan20 
(1 + tan20 + tan20 •

1	 tan 2P
— 	 , an — 0 7 a23 —

(1 + tan22,b) 2

where d2 = 1 + tan2 + tan22P.

(1 + tan20)i
7
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The direction cosines of the second tangential stress (in the azimuthal direction)

are given by

a3 = al A a2,

and so
tan 4) tan* 

az1 — (1 + tan20i d'

(1 + tan2*)1 
a32=—

— tan d) 
a33 — 

(1 + tan20)id

The normal stress is given by

711 = aia alp ra

{
2tan *Trr + tan2 0 Tee +

+2 tan 0 tan 1) rre — 2 tan Orr, — 2 tan 0 70z} •

The first tangential stress is

'12 = ala a2/3

1 
Itan*Trr — tan	 + tan Orre

d (1 + tan20)I

+(tan2 ) — 1) Trz + tan tan IP ret) 7

and the second tangential stress is

'12 =	 a2s Ta 13

1 

e (1 + tan2*) Itan
	 020 tan ;Tn. — tan 4)(1 + tan2*) Too + tan 4,7-zz

2

— tan lb( 1 + tan2* — tan2 0) TT° — 2 tan 0 tan 7/).7-r,

+(1 + tan2* — tan20) T9} .
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If we now impose a condition of zero tangential stress at the free surface,

712 =	 0713 = 7

and write tan 0 = he/r, tan* = hi., with

Trr =

Too =

Tzz =

—P +2;114,	 7,9 = A(? + vz) ,

—P +2A G.ve +1.9 7 rzr =	 Wr),

— P +211114,	 Tro = A (rk CE.) ,lue) ,

we have for the first (radial) tangential stress boundary condition

2hr(ur — wz) +	 — 1)(uz + wr)+

!he ( ar— (E) +1-u9) + 1494 (YID- + vz) = 0 7 	(A.3)r

and for the second (azimuthal) tangential stress boundary condition

!he	 —	 + wr)hr urq —(1 + 4)(7.1 ve + 7.11))

± (1 4- — ;IA) (n-Y-r + vz - Tra (:4) +	 =

The normal stress condition (A.1) is now

Pa — P +	 {14, — hr(u, + Wr)	 (71.ve + ;)

_14 (we +vz ) + ho h, fr a ( + _111

\r	 j r	 ar, r
r

+w } = 7:?"

where R is given in (A.2).

O.	 (A.4)
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Appendix C

A further selection of images

This appendix contains images which are variations on those that are presented in

Chapter 5.
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Figure 5.1(b): Variation of wavefronts across the disc,
Q = 13 cc/s, ft = 100 rpm.

Figure 5.2(b): Variation of wavefronts across the disc,
Q = 13 cc/s, S2 = 200 rpm.



Figure 5.3(b): Variation of wavefronts across the disc,
Q = 13 cc/s, 52 = 300 rpm.

Figure 5.4(b): Variation of wavefronts across the disc,
Q = 13 cc/s, St = 400 rpm.



Figure 5.5(b): Variation of wavefronts across the disc,
Q = 13 cc/s, fl = 500 rpm.

Figure 5.6(b): Variation of wavefronts across the disc,
Q = 13 cc/s, II = 600 rpm.



Figure 5.1(c): Variation of wavefronts across the disc,
Q = 7 cc/s, CZ = 100 rpm.

Figure 5.2(c): Variation of wavefronts across the disc,
Q = 7 cc/s, Ct = 200 rpm.



Figure 5.5(c): Variation of wavefronts across the disc,
Q = 7 co, n . 500 rpm.

Figure 5.6(c): Variation of wavefronts across the disc,
Q = 7 cc/s, S2 = 600 rpm.
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