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Abstract

This thesis reports an investigation into three problems
encountored in the design of linkage mechanisms, namely
kKinematic synthesis, balancing of inertia forces and vibration
analysis. .

A general method of synthesizing planar linkages with pin
and sliding joints using an optimization approach has been
investigated. A concise but easily interpreted technique
for prescribing the topology of linkages formed by connecting
pairs of links together has been developed. The displacement
analysis of a linkage is achieved using a direct method which
1s considerably faster than alternative techniques. A non-
linear optimization algorithm has been modified to cater for
non-linear constraints such as transmission angle. These
techniques have been incorporated into a computer program.

Two case-studies of using the program are given. The .
first is the synthesis of a six-bar linkage for a motorcycle
rear suspension such that a constant centre distance is
maintained between the chain-wheels as the suspension deflects.
The second concerns the modification of two linkages, containing
eight and ten links respectively, to give an improved knitting
action for a warp-knitting machine.

Operating linkages at high speeds can result in rapidly
varying forces acting on the frame due to the mass of the moving
links, A procedure to determine suitable counferweights to
balance these forces has been developed. Since adding the
counterweights may double the total mass of the linkage, the
links should have minimum mass.

If the mass of a link is reduced too far, the link may
vibrate and so detrimentally affect the performance of the
linkage., Accordingly the final part reports an investigation
into the forced vibration, assuming stability, of a uniform,
pin-jointed, binary link. The equations of motion are derived
and stability boundaries determined. The theoretical predictions
are compared with experimental results from the coupler of a |

v/

four-bar linkage.
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'All design is a compromise between divergent
requirements - safety and cost, mobility and ‘
strength, speed and reliability, and so forth.

It requires a touch of artistic genius to get thé
balance right. This is the function of the design
engineer, whether he is producing a bridge, a motor

car, a radar station, a military aircraft, or a

safety razor'.

Lord Hailsham, 'The Door wherein I Went?!,
Collins, 1975, p.184.



PREFALE

The work reported in this thesis was carried out
under three Science Research Council grants and a
Department of Industry contract. The original intention
was to devote it to an investigation into vibrations in
planar linkage mechanisms. However, the Science Research
Council visiting panel felt that the needs of industry
should be ascertained to ensure industrial relevance.

As a result, three problems encountered in the design of
planar linkage mechanisms have been investigated, namely
kinematic synthesis, balancing of inertia forces and
vibration analysis.

The kinematic synthesis of planar linkages containing
pin and sliding joints using an optimization approach has
been investigated. A concise but easily interpreted
technique has been developed for prescribing the topology
of linkages formed by connecting pairs of links together.
The displacement analysis of a linkage is achieved using
‘a direct method which is considerably faster than
alternative techniques. A non-linear optimization
algorithm has been modified to cater for non-linear
constraints such as transmission angle and loop closure.
These techniques have been incorporated into a computer
program.

Two case studies of using the program are given.

The first is the synthesis of a six-bar linkage for a
motorcycle rear suspension. The linkage maintains a
constant centre distance between the chainwheels as the
suspension deflects. The second concerns the modification
of two linkages, containing eight and ten links respectively,
to give an improved knitting action for a warp-knitting
machine. The discussion following these case studies
differs from the usual form in that it compares different
techniques and methods rather than theory and experiment.

Operating linkages at high speeds can result in
rapidly varying forces acting on the frame due to the
mass of the moving links. Accordingly the second part
contains the theory and a procedure to determine suitable

counterweights to balance these forces. Since addindrthe
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1. GENERAL INTRODUCTION

1.1  APPLICATIONS OF LINKAGE MECHANISMS

Linkage mechanisms have a long history. For
example, a crank-rocker linkage is 1llustrated in a
compendium of agriculture and rural engineering dated
1313 AD (See Nolle {1.1} *). Linkage mechanisms are in

widespread use today, both in the home and in industry.

Examples range in complexity from slider-crank mechanisms
used in conventional umbrellas and a cream—-making
attachment for a domestic food-mixer to an eleven-bar
linkage used in shoe machinery {1.2a} and a fourteen-

bar circuit-breaker mechanism {1.3}.

Linkage mechanisms are indispensable where an
operation depends on the relative motion between two or
more machine elements undergoing simultaneous but
different movements at high speed. For example, Kestell
{1.2b} describes a machine for stitching a sole to the
-“welt of a shoe at a rate of 1000 stitches/min. In this
machine, the combined movements of several elements, e.q.
the awl, needle and looper, are required to form a stitch,
so linkage mechanisms are used to control them. The awl

and needle mechanisms are crank-driven whereas the looper

mechanism is cam—driven.

Cams and followers are sometimes regarded as
alternatives to linkages,e.g. Eder {1.4} , but there
are cilircumstances, where cams are used, that reguire a
linkage as well. In such cases, one or more of the

following conditions applies :

a) there 1s insufficilient space to accommodate the
cam close to where the output motion is
requlred, e.qg. the valve-gear for an internal

combustion engine,

b) the output motion is adjustable e.g. Kestell

{1.2¢} illustrates a cam-driven, thread-

* References will be found in Appendix A.



measure mechanism in which the length of
thread paid out depends on the thickness of
the work being stitched,

C) the amplitude of the output motion is

different from that of the cam followexr; the

output amplitude may be larger, as in the case
of a draw mechanism for a weft-knitting
machine (one version of which is given by
Wignall {1.5}) in which the output amplitude
is adjustable énd may be a maximum of 42 in.
compared with a cam throw of 9 in., or smaller,
as in a copying machine where a negative
magnification, to reduce errors, is obtained

using a pantograph mechanism,

d) two cams are used to generate a two-dimensional
output motion, the linkage being reguired to
combine the motions, e.g. Bloom {1.6} and Wray
et al. {1.7} where one component of the output
is adjustable to provide different spacings of the

loops in a looped pile fabric machine,

e) a positive drive is required from a single cam
profile using swinging followers e.q. Jackowski
and Dubil {1.8} , an early example of its use is
illustrated by Willkomm {1.91}.

There is a continual demand made on industrial
designers for machines that will run faster and yet be
simpler to manufacture. If cams are used at higher
speeds, greater attention must be paid to producing a
profile that gives the desired dynamic performance as
this is significantly affected by local profile errors.
In addition, if a spring-loaded follower is used, high
spring forces will be necessary to maintain contact and
these forces will cause high contact stresses and
possible surface failure. A closed-track cam with a
single roller follower suffers from impact and skidding,
causing noise and'wear, when the roller changes from

one side of the track to the other. To overcome these



problems, a form-closed, double roller system is
commonly used (see Rothbart {1.10}.

However, such a system must be produced very accurately
(which is exXpensive), otherwise interference will result
causing large contact stresses at the high spots or
backlash will occur at the low spots with the
possibility of impact. Having paid attention to the
cam law and used two pairs of conjugate cams (cam and
countercam), Tovey and Arnold {1.11} found that they
were able to double the speed of their loom by
replacing the cam-driven mechanisms by a six-bar linkage
and a four-bar linkage. In view of these factors, the

trend is likely to be away from cam-driven mechanisms

towards crank—-driven linkages.

1.2 SURVEY OF DESIGN FACTORS

The first stage in designing a linkage mechanism
is to determine the link lengths that give the regquired
motion or force transformation between the input and
output. Design aids are avallable for both slider-
crank mechanisms and four-bar linkages. Examples include
those published by VDI {1.12}, which cover both planar
and spatial linkages, the atlas by Hain {1.13}, the

design memorandum prepared by ESDU {1.14} and the atlas
of four-bar linkage curves by Hrones and Nelson {1,15}.

However, slider-crank mechanisms and four-bar linkages
are limited in the output motion that they can produce.
For instance, a four-bar linkage with a constant speed
input crank cannot produce a dwell, so use must be made

of more links, e.g. a six-bar linkage, and/or gears,

as, for example, by Yokoyama {1.16}. As a result,

there will be an increasing requirement for a design aid
that will help the machine designer to synthesize a

wide variety of linkage mechanisms without having to
learn a multiplicity of techniques, such as those given
by Hain {1.17}.



Material Specific | Specific
Modulus Strength
MJ/kg kJ /kg

Cast 1xron - 7 o5 16 40

BS 1452, grade 17
SG iron, annealed
BS 2789, type SNG 27/12 7o d ; 24 00
Mild steel . 7.8 26.5 50
Low alloy steel _ 7.8 26.5 125
Aluminium casting 2.7 25.8 80
Magnesium casting,
heat—-treated 1.8 2> 110
Titanium alloy,
DTD 5173 4,5 25 2CO
Carbon fibre reinforced
plastic, unidirectional,
50% high modulus | Lo 115 020
polyacrylonitrile based

Table 1.1. Representative Values of Specific

Modulus and Strength of Various
Materials.



measures of the stiffness-weight and strength-weight
ratios respectively. Cast iron is easy to machine
and has good damping properties. Aluminium alloy
links should form flat laminae {1.11} but the low
density means that thicker sections can be used for

a given mass. Titanium has been used for the
guide-bars of a warp-knitting machine but has now been
replaced by 'Grafil', a carbon fibre reinforced
plastic (CFRP) {1.23}. Partly as a result of this
change, the machine speed was increased by 103. A
50% improvement in the speed of a narrow-fabric loom
was obtained by using CFRP instead of steel for the
heddle frames {1.21}. Although CFRP offers the twin
advantage of high specific modulus and strength, close
co—-operation between the manufacturer and the machine

d

the directional properties of the material depend on

aesigner 1s required to obtain the best results since

i

the lay of the carbon fibres.

If the stiffness of the links 1s too low, the
linkage may start to resonate at various speeds
resulting in material fatigue with possibly an incorrect
output motion and noise radiation from other parts of
the machine. If the mechanism is driven by a cam
running at constant speed, it i1s possible to design the
cam profile to take into account the effect of mechanism
flexibility on the output motion. Dudley {1.24}
proposed the use of polynomial curves and Kanzaki and
Itao {1.25} have investigated the use of such cams for
positioning the typehead in high-speed teleprinters.
However, this approach 1s not applicable to a crank-
driven linkage, so, in this case, the designer will
want to know how light the links can be to avoid these

problems within the envisaged speed range.

The output motion can also be affected by clearance
at the joints. For example, in a plain revolute joint,

the pin may move from one side of the bush to the other



side across the clearance gap. Under high speed
conditions, this change can take place rapidly

causing lmpact, noise and wear when the pin reaches
the other side. Earles and Wu {1.26} have developed
an empirical formula to predict when contact

between the pin and the bush will be lost. The
expression includes the rate of change of direction
and the magnitude of the applied load calculated under
no clearance conditions. Fawcett {1.27} has
considered how the tendency to lose contact can be
overcome (rather than the alternative approach of
attempting to predict what happens once contact has
been lost). ' Sometimes clearance, in addition to that
required for lubrication, is necessary and the effects
have to be endured. For example, in a shunting engine,
parallelogram linkages are used in parallel to transmit
the drive to the wheels. There must be sufficient
clearance in the joints to allow for any errors in the
link lengths so that the linkages can pass through the

in-line positions.

Friction at the joints depends on the type of joint,
the materials and the lubrication. Kraniauskas and

Maunder {1.28} have carried out tests on dry, revolute,

PTFE-based bearings of the Glacier DU type which are used
extensively in switchgear mechanisms. They found that
the coefficient of friction lay between 0.04 and O.20.

It increased with increasing speed until the- - bearing
temperature rose to around 25°C above which the
coefficient of friction fell. Tt also fell markedly

as the load was increased. Experimental tests by

other workers are also referred to. Tovey and Arnold
{1.11} initially used oil splash lubrication but later
used a circulatory oil system to reduce the temperature

of their SG iron bushes.

Once it has been designed, the mechanism must be
manufactured and assembled. The cost of producing the
components depends on the tightness of the tolerances

and the cost of assembly depends on the method used



which, again, is affected by the tolerances on the

link dimensions. There are five assembly methods

from which to choose :

a)

b)

d)

random assembly with total interchangeability
~ this may require tight tolerances on the

link dimensions,

random assembly with limited interchangeability
based on probability theory

- it is assumed that the variations i1n each
component due to manufacturing errors are
independent; as a result there is only a small
probability that the maximum variation will
occur simultaneously on several links and that
the effects of all of the variations will be

additive,

random assembly with a compensating member

- the mechanism is assembled without the
compensating member which is then machined to
suit the combined variations in the other

links,

random assembly with an adjustable link

~ this is similar to (c) except that the link

may be re-adjusted incorrectly at any time,

selective assembly

~ for this to be feasible, there must be a
sufficient number of each component from which
to select and the number of components in each
assembly should be small so that thelr

interaction can be determined.

Thus the choice of the tolerances is an important

decision and, to make the correct choice, the designer

must know the sensitivity of the output motion
mechaniém to variations in the link lengths.

desirable that the method for determining this
the same as that used originally for selecting

lengths.

from the
It is

shall be
the link
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Further development of design methods is both
possible and desirable. Contacts with industry
have shown that machine designers would appreciate
assistance with the determination of the link lengths
and the anticipation of linkage vibration. Reflecting
these requirements, the thesis is divided into three
parts entitled Kinematic Synthesis, Force Balancing

and Vibration Analysis respectively.

Summary

After noting some applications of linkage mechanisms, the
conditions where linkages are necessary are listed. Their
relationship with, and their advantages over, cam-driven
mechanisms are then considered. This is followed by a survey
of factors to be taken into account in the design of linkage
mechanisms. These factors include material selection, force
balancing and vibration in addition to clearance and friction at
the joints, As well as determining the nominal dimensions of
the links, the designer must decide on suitable tolerances for
manufacture and assembly. In conclusion, the need for further
work in kinematic synthesis, force balancing and vibration 1is

emphasized.



2, SCOPE

2.1 REQUIREMENT

Reuleaux {2.1} defined kinematic synthesis
as 'the determination of the pairs, chains or mechanisms
necessary to produce a given constrained motion’.

Constrained motion means that the mechanism forms exactly

~ the same configuration each time the input assumes the
same position. This implies that the elements of the
mechanism are rigid, i.e. the dimensions are independent
of any forces, and that there is no backlash or clearance

at the connections between the elements.

Few machine designers spend all their time designing
linkage mechanisms. For many, it is an occasional
occupation, so there is a need for a method of kinematic
synthesis that applies to all of the linkage mechanisms

in general use or likely to be so in the future.

Such a method could be either automatic or inter-
active, Given a specification, a fully automatic method
'would select the type of mechanism (e.g. planar, spherical
or spatial), the number and types of joints and the number
and lengths of the links without further reference to the

designer. A method of this type would relegate the
designer to a passive role. On the other hand, a suitable
interactive method would make full use of the creative
skill and experience o0of the designer whilst relieving him
of the search for an appropriate method and the tedium of
any repetitive graphical constructions or numerical
calculations. An interactive method, perhaps including

some automatic procedures, is therefore to be preferred.

In addition to being general and interactive, any
method should be systematic and it should be possible to
use the same method to determine the sensitivity of the

linkage to manufacturing tolerances.

2.2 " REVIEW OF CURRENT METHODS
Many methods, both graphical and analytical, have

been developed for kinematic synthesis. Nolle {2.2} and

Thompson {2.3} have recently reviewed those for

_.._"}



synthesizing linkages to generate coupler curves.

They can be divided into two groups depending on the
relationship between the number of points used to
define the desired motion and the number of unknown
parameters, such as link lengths, in the mechanism.
Precision point methods depend on the number of

points being less than or equal to the number of
parameters, The resulting mechanism will produce
the desired motion exactly at those polnts but there
1s no control over intermediate positions.
Optimization methods are used where the number of
points is greater than the number of parameters. In
this case, there is no guarantee that the resulting
mechanism will pass through any of the specified
points exactly but there is more control over the
general shape of the motion curve. Thémpson'{2.3}
concludes that this is the best type for kinematic
synthesis. Kestell {2.4} also followed this approach,
using graphical methods, by 'plotting the trend’'. Of
the graphical and analytical methods, only the
analytical ones offer the promise of general
application, but, to obtain the full benefit for
linkages with more than a few links, they require the
use of a computer. There have been three attempts to
develop computer-based methods applicable to virtually

all planar linkages.

The first, called KOGEOP (XKOppel-GEtriebe-
OPtimierung), has been developed by Dresig et al
{2.5 - 2.7} for both kinematic synthesis and dynamic
optimization using a BESM-6 computer. No indication
of the size of the program (I reserve this spelling for
computer programs) is given, but it must be
considerable since the user has the choice of eight

optimization routines.

The second, called KINSYN, has been developed
by Kaufman {2.8, 2.9}. The original version used a
precision point approach and relied on the user beilng

familiar with Burmester theory. It was designed for an
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IBM 1130 computer with 8K words of core storage and

a storage tube display. Later it grew until, by

1973, it consisted of well over 15,000 cards of

Fortran and Assembler language code. Since this is
difficult to manage, a new version is being developed
to make use of a computer system with a refresh-type
graphical display (which is considerably more expensive

than a storage tube display).

The most ambitious attempt is that by Bona et al
{2.10}. This consists of a suite of 27 programs (one

of which is based on KINSYN). The scope is
considerable, including, in addition to linkage synthesis
and analysis, cam and gear design, stress and tolerance
analysis, automatic drafting and preparation of NC tapes.
The intention was also to include a mechanism data bank
but, although this is considered to be feasible, it has
been discontinued because of lack of storage space and
limited availability of suitable computer terminals. The
- package uses an IBM 1130 computer with 32K words of core
storage and one million words of disc storage with an

IBM 2250 refresh-type graphic display.

These attempts, which cater for only planar linkages,
all require a large amount of computer storage and two
use retresh-type graphic displays. This combination of
facilities is not generally available to machine

designers in this country.

The use of analogue, rather than digital, computers
has also been advocated for the kinematic synthesis of
planar linkages. Keller {2.11} use€éd an analogue
computer to simulate a slider-crank mechanism and a four-
bar linkage. Brat and Vaclavik {2.12} synthesized a
four-bar linkage for a crane and Rees Jones {2.13}
synthesized a six~bar linkage for a power press. There
are two main advantages. The first i1s speed of
computation, Secondly, the user can control the

linkage parameters directly and so determine the effect
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of changes quickly. There are also two main
disadvantages., The first lies in gaining access to

a computer of adequate size. Secondly, unless it is
frequently used for the synthesis of linkages of the
required type, it must be specially patched. This
requires an understanding of the operation of the
computer so that the desired results are obtained
without overloading the amplifiers. Also the accuracy
of computation is limited. Thus, while the analogue
computer can play a useful role in kinematic synthesis,

its application is severely limited by its disadvantages.

However, only computer-based methods offer the
prospect of a technique that is generally applicable
but, to be fully effective, they should be used directly
by the designer, since he alone knows the full
specification, both implicit as well as explicit. Thus
there is a need for a smaller package for a digital

computer which does not require so much storage or

- expensive, special purpose peripheral equipment.
Preferably the package should be portable i.,e. easily
transferable from one model of computer to another.
Such a package will almost certainly cater for a more

limited (but hopefully still wide) range of linkages.

2.3  CHOICE OF APPROACH

At this stage, it is useful to consider the role
that such a computer program could play in kinematic
synthesis.  Hartenberg and Denavit {2.14} divide
kinematic'synthesis into three phases - type synthesis,

number synthesis and dimensional synthesis.

Type synthesis is the choice of the types of
machine elements, such as links, gears, cams and belts,
that will constitute the mechanism, In this thesis,
attention will be confined to mechanisms consistiﬁg only

of links since design methods for cams, gears etc. are
well established.
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Number synthesis is concerned with the choice
between mechanisms of the same constructional type.
Since it forms a convenient approach to identifying a
suitable group of mechanisms, it is used for this
purpose in the next chapter. The selection of an
appropriate mechanism from the group is left to the
discretion of the designer since number synthesis,
whilst identifyving the different possibilities, at

present provides little guidance in this respect.

The determination of the sizes of the elements in
the chosen mechanism is the province of dimensional
synthesis, If the computer program is based on an
optimization approach, then the designer must not only
decide on the type of mechanism, but also provide an
estimate of its dimensions. The program would then
refine this estimate to give a mechanism that would
produce a more accurate approximation to the desired
~motion. This approach fulfils the requirement that
the designer shall be able_to make full use of his
creative skill and experience since he can use any
methods, with which he is familiar, to obtain the initial
estimate, Such methods include the construction of
cardboard models (see Reference {2.14}) 'to get the feel!,
graphical methods of all types, precision point
analytical technigues and the use of analogue computers.
Alternatively, the designer can use an existing mechanism

as the starting point.

L]

In order to fulfil this refining function, any

general kinematic synthesis program of this type must :

a) enable the designer to choose an appropriate
mechanism and inform the computer of his
choice - this may involve the designer in
specifying the structure (or topology) of

the selected mechanism,

b) automatically set up the eguations necessary
to analyse that mechanism and so determine the
difference between the desired motion and the

actual motion,



C) automatically change the link dimensions to
provide an improved output motion, i.e. contain
a suliltable optimization routine, whilst allowing
the designer to keep some dimensions fixed in

case he wants to make use of existing standard
components.

In addition, it should be possible to use the same

program to determine the effect of manufacturing
tolerances.,

The next chapter is therefore concerned with
identifying a set of mechanisms that form an easily
recognizable, coherent group which is of wide application.
This is followed by three chapters concerned with

topology, analysis and optimization since, to a certain

extent, these three aspects are independent.

. Summary

This chapter starts with a definition of kinematic synthesis.
Since most machine designers synthesize linkage mechanisms only
occasionally, they would prefer a general method of kinematic
synthesis that caters for all of the lihkages that they are likely
to use. The desirability of the designer-being involved in the
synthesis is noted and it is concluded that an optimization method
gives more scope for this than a precision point method. Such a
method requires the use of a computer and the relative advantages
of a digital computer over an analogue computer for this purpose
are given. The computer programs in the literature are either
specific to particular linkages or very general and hence large
and unwieldy. The conclusion is that there is a need for a

program between these extremes and the desirable features of such

a program are given.




3. SELECTION

3.1 TERMINOLOGY AND CONVENTIONS

This section contains definitions of the
various terms and details of the conventions used.

In general, only the skeleton of a linkage is drawn.

An arc is a straight line connecting one Jjoint
to another in the same link. A link with 3 Jjoints
has Jj(J-1)/2 possible arcs, e.g. a binary link has

one arc and a ternary link has three.

A loop is a closed kinematic chain formed by a
number of rigid links connected by joints that permit
relative motion between the links they connect. This
convention differs from that usually adopted in graph
theory where loops formed by arcs within a single link

are also valid.

A set of independent loops in a linkage, as defined
by Paul {3.1}, is determined by the following procedure.

" Wherever a loop exists, cut a link in that loop close to

one of its joints that is also in the loop so that the
joint is severed from the 1link thereby opening the loop
and, maybe, others. When no loops remain, the
reconnection of any one of the cut links to the
corresponding joint will result in the formation of only
one loop. The loop so formed is an independent loop.
The set of loops formed by reconnecting each cut link
individually constitutes the required set. Different
sets of independent loops are formed by cutting
different sets of links, but the number of loops is
constant for a given linkage. The unclosed but connected
chains that result when all of the cut arcs are removed

are called spanning trees. Each set of arcs severed by
a cut constitutes a chord, Deo {3.2}.

The axls of sliding associated with a prismatic (or
sliding) joint may be taken as passing through another
joint in one of the two links connected by the prismatic

joint. That link is regarded as the sliding link with
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the other link acting as the guide 1link. A guide
link is taken as being perpendicular to the associated
sliding link, a convention that is retained even when
the guide link has zero length. Thus, for example, in
Figure 3.la if a link RS of length h carries at 1its
end S a guide through which passes a sliding link ST
at a constant angle RST equal to o, a kinematically
equivalent arrangement, Figure 3.1lb, is adopted in
which link RS is replaced by link RS' of length
(hsinoa) disposed at right angles to ST. The length
of the sliding link is then regarded as S'T.

If there is a revolute (or turning) joint coincident
with a prismatic joint to allow relative rotation as
well as sliding, the two joints are separated by a link
which may be of zero length. The resulting arrangement
must have the same kinematic characteristics as the

original. Thus the offset slider-~crank mechanism shown

.. in Figure 3.1lc is redrawn as-shown in Figure 3.1d.

Similarly, the scotch yoke mechanism shown in Figure 3.le
becomes Figure '3.1f in which the sliding link 3 (the yoke)
acts as the gqguide link for the other sliding link, 2.

Different combinations of revolute and prismatic
joints may be used in a linkage as long as the following

conditions are observed (Gribler {3.3}) :

a) No loop in the linkage may have less

than two revolute joints,

b) Binary links with only prismatic
joint elements may not be connected

directly together.

C) No link may contain only prismatic

joints whose directions of motion are

parallel to each other.
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Thus, for example, a loop of four links may take
the four forms shown in Figure 3.2. When one of
the links is fixed, i.e. is chosen as the frame

link, these become, respectively :

a) a four-bar linkage,

b) different inversions of the slider-
crank mechanism,

c) Rapson's slide,

d) scotch yoke mechanism, Oldham's coupling

and elliptic trammel.

3.2 DEGREES OF FREEDOM

With linkage mechanisms, the designer is free
to choose the number of links and joints subject to
the resulting assembly being a mechanism with the
required degrees of freedom (equal to the number of
inputs necessary for constrained motion) and not a
structure, Many investigators have proposed
equations to determine the degree of freedom of a
mechanism. Some recent work may be found in
References {3.4-3.7}. The main difficulty lies in
finding an equation which holds for mechanisms with
mixed mobility, i.e. having both planar and spatial
ldoPS, and metric restrictions (i.e. special
relationships between link lengths or angles).

Following Freudenstein and Alizade {3.7}, the
degree of freedom of any mechanism is the difference
between the number of independent, scalar, displacement
variables and the number of independent, scalar, zero-—
order differential constraint equations. For a
linkage mechanism, it is convenient to take the
displacement variables as those associated with the
relative motion between paired links. The appropriate
constraint equations are then the equations of loop

closure of the independent loops formed by the links.
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The degree of freedom of any linkage mechanism in

any position is then given by :

M L
' = I m, - X li (3.1)
i=1 i=1
where F = degree of freedom of the mechanism,
m, = i-thindependent, scalar, displacement

variable of the mechanism (associated
with the relative displacements at a
joint), |

M = total number of independent, scalar,
"~ displacement variables,

L = number of independent loops in the
mechanism,
Ai= numpber of independent, scalar, loop-

closure equations associated with the
i-th independent loop.

The number of independent loops is given by (Deo {3.2}):

L = k+j-2% (3.2)

I

where K number of spanning trees formed when a

set of independent loops is determined
by the procedure given in Section 3.1;
for a linkage mechanism, k equals one,

37 = number of joints in the mechanism, a
joint connecting n links being
counted as (n-1) joints,

£ = number of links in the mechanism.

Equation (3.1l) may be difficult to apply in
particular cases where metric conditions apply. For
example, Figure 3.3 shows a Roberval Scale in which
the two congruent ternary links, ABC and DEF; are
connected by three equal binary links, AD, BE and CF.
From equation (3.2), there are two independent loops,
namely any two selected from ABEDA, BCFEB and ACFDA.
The displacement variables consist of eight angles, of
which only two .are different because of the

parallelogram construction.

Hence,

Y m,= 2 (3.3)
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There is one condition, which is both necessary and
sufficient, to ensure loop closure, namely that the
sum of these two angles shall be two right angles, soO

L
r A, =1 (3.4)
i=1 *

The other loop-closure equations reduce to identities
because of the special proportions and so disappear.
Substituting equations (3.3) and (3.4) into equation

(3.1) gives one degree of freedom.

Metric conditions are necessary in an overclosed
linkage if certain of the links are not to form a
structure. Further discussion of this may be found
in References {3.6, 3.8 to 3.10}. For the remainder
of this section, attention is restricted to cases
where there are no metric conditions. This is not
uﬁduly restrictive since, in general, a designer will
not use metric conditions to provide an extra degree
of freedom_because manufacturing tolerances and
elasticity effects may well nullify those conditions.
The acceptable exception to this exclusion occurs in
planar linkages containing only revolute and prismatic
joints. In such linkages, the axes of the revolute
joints must be parallel and the axes of sliding of
the prismatic joints must lie in the plane of the
linkage. Alternatively, the clearance at the joints
must be sufficient to accommodate any misalignment.
(For further discussion of this see Davies and

Umphrey {3.11}). This condition is widely used since

.

it is easily obtained.

In the absence of metric conditions other than
that noted above, .the loop-closure equations essentially

express the closure around a polygon of the relative
motion of adjacent rigid bodies. They result from the
algebraic sum of the projections of the links forming

a loop on a set of fixed Cartesian axes being zero and
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also from the angle turned through, while traversing
the projection of the loop on the Cartesian co-ordinate
planes, being 360 degrees, The mobility number, A,
then equals the degree of freedom of the space in
which the loop operates and so is six for a spatial

loop and three for a planar loop. If the number of
independent, scalar, loop~-closure equations is identical
in each independent loop, i.e. the mechanism does not
have mixed mobility, we may write :

A=A, (3 =1,2,3,....L) (3.5)

In addition, each displacement variable, m. 18

associated with one of the degrees of freedom of the

relative motion at a joint. Hence :
M )
I m, = I £ (3.6)
i=1 i=1 *
where fi = degree of freedom of relative motion
permitted at the i-th joint

Note that to provide any constraint, £, cannot be
greater than, or equal to, A. Combining equations
(3.1, 3.5 and 3.6), we have :
3
F = 3 £f, - AL (3.7)
i=1
As an example, Figure 3.4 shows a spatial four-
bar linkage with-one revolute joint, for which fi
equals one, and three cylindrical joints, for which
fi equals two. - There are seven scalar displacement
co~ordinates corresponding to four angles and three
sliding displacements. There is one spatial loop
with a mobility number of six. Thus, from egquation
(3.7), the linkage has one degree of freedom. Under
certain conditions, one of the cylindrical joints may
be replaced by a revolute joint. This gives elther

a spatial scotch yoke mechanism, in which the two



3=7

cylindrical joints. are adjacent, or a three-
dimensional slider-crank mechanism in which the

revolute and cylindrical joints alternate. The
lLatter mechanism was used in Robertson's steam-
engine, Reuleaux {3.12}. The two forms

are clearly illustrated in Reference {3.9a}.

Using equation (3.2), equation (3.7) may be

written in the form :

A
F = A(2-1) - % i.p. (3.8)
. i
i=1
where p. = number of joints of class i - class

* i Jjoints are those with degree of

freedom (A-i).

This terminology corresponds to East European practice
(see, for example, Morecki {3.13}). Equations (3.7}
and (3.8) are equivalent to the Kutzbach Criterion or
the Structural Formula of Artobolevskii and
Dobrovolskii for spatial mechanisms and the Chebyshev
and Grubler Criteria for planar mechanisms.
Freudenstéin and Alizade {3.7} also list a selection of
other degree-of-freedom equations which have been

proposed during the last hundred years.

3.3  KINEMATIC CHAINS AND PLANAR LINKAGES

The great majority of linkage mechanisms in use
in 1ndustry are planar linkages with a single degree
of freedom. In the absence of cams, gears and belts,
the joints in these linkages will be lower kinematic
pairs with one degree of freedom, i.e. revolute and
prismatic joints, For such linkagesg, equétion (3.8)

becomes :

1 = 3(2=1) - 2p (3.9)
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number of prismatic and simple
revolute joints, i.e. a revolute
joint connecting n links is
counted as (n-1) “Jjoints.

where P

In defining the kinematic chain associated with a
linkage, no distinction is made between the different
types of lower kinematic pairs. Thus the four versions
of a loop of four links shown in Figure 3.2 are counted
as one chain. There is a finite number of distinct
(non—-isomorphic) kinematic chains that satisfy equation
(3.9). The numbers of such chains with up to twelve

links are given in Table 3.1.

Table 3.1 Kinematic¢c Chains with One Degree
- of Freedom

The four—-bar chain is shown in Figure 3.2a and the two
six~-bar chains - Watt and Stephenson - are shown in
Figure 3.5. The 16 eight-bar chains have been known
for at least sixty years, but the number was finally
confirmed by Crossley {3.14}. In 1917, Klein {3.15}
stated that there are 228 ten-1link chains, but Davies
and Crossley {3.16} showed that the correct number is
230 and these are depicted by Woo {3.17}. Klein {3.15}
estimated that there are ébout 4000 twelve-link chains
but Kiper and Schian {3.18} have shown that there are
63855. The problem of recognizing whether chains are
equivalent has been discussed recently by Uicker and
Raicu {3.19}.



FIGURE 3:6 EIGHT-BAR CHAINS WITH ONE -
DEGREE OF FREEDOM
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The 16 eight~bar chains are shown in Figure 3.6.
The firSt six (a-f) may be formed by attaching a
dyad, i.e. a pair of binary links, to the Watt six-
bar chain and the second six (g-£) similarly from the
Stephenson six—-bar chain shown in Figure 3.5. 1In
turn, the six—-bar chains may be formed by attaching
a dyad to the four-bar chain in Figure 3.2a. Following
" Klein {3.15}, we may call these 'peelable dyads
since peeling one from any of the twelve chains would
leave a connected chain with one degree of freedom.
No dyads can be removed from the remaining four chains,
Figure 3.6 m-p, without altering the degree of
freedom. This suggests that these latter chains
should possess characteristics which are unobtainable
with the other chains. This is particularly true of

chain (p) which does not contain a four-bar loop.

A linkage is formed from a kinematic chain by

anchoring one link to foxrm the fréme link. For a single

"degree—of—freedom linkage, one input must be applied to

produce constrained motion. This input will act
between a pair of links and is associated with the joint
connecting those links. Following Davies {3.20} , this
joint is termed an 'actuator pair’'. ILf the actuator
pair connects the frame link to another 1link, that link

is termed the 'input 1link'.

The linkage can be divided into an active unit,
that contains the actuator pair and the associated links,
and one Or more passive units (see Verho {3.21}). If
the frame link is included in the active unit, that
unit is regarded as the basic unit of the linkage. The
basic unit is expanded in one or more stages until it
forms the linkage. Each stage consists of the addition
of a passive unit to the (expanded) basic unit. At
each stage in the expansion, the assembly must have the
same number of degrees of freedom as the ofiginal basic

unit.

As defined above, each passive unit forms an Assur

group. * This is a chain of links, connected by lower
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kinematic pairs, that would have zero degrees of
freedom if all the '"free' joints were connected to
the frame (see Brat and Lederer {3.22}). Hence,

for such a group;

O = 3¢ -2p (3.10)

where L number of links in the group,

P = number of simple joints (see equation 3.9)
including the 'free' joints, i.e. those
that are used to connect the group to the
(expanded) basic unit.

Four Assur groups are shown in Figure 3.7 and a further
181 are given by Manolescu et al. {3.23}. Thus the
'peelable dyads' referred to above correspond to a

binary Assur group, Figure 3.7a.

A four-bar linkage consists of a basic unit and a
binary group and a Watt six—-bar linkage is formed from
a basic unit and two binary Assur groups. The three
possible inversions of a Stephenson six-bar linkage
are shown in Figure 3.8. The construction of each of

these depends on the input link as shown in Table 3.2.

Table 3.2. Construction of Stephenson
Six-Bar Linkages using

Assur Groups.

Case, Input Link Assur Groups Type
Figure in addition Figure,
3.8 to the Basic 3.7

Unit |
ABE or DCG (a)
(b) 2 binary (a)
..... : . (b)
(c) 1 ternary (b)
1l guadrilateral (c)
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Verho {3.21} shows that, if the actuator vair can
connect any palr of adjacent links, one of which is
not necessarily the frame link, there are eleven
Watt's and fourteen Stephenson's six-bar linkages
which are topologically distinct. Returning to
Figure 3.6, the eight-bar chains (m) and (n) can
be assembled from a four-bar chain and a ternary
"Assur group whilst chains (o) and (p) consist of

'a basic unit and a biternary Assur group, Figure 3. 7d.

To summarize, the number of distinct planar
Kinematic chains with 12 links or less and one degree
of freedom has been identified. A coherent subset of
planar kinematic chains with one degree of freedom is
formed by those consisting of a four-bar chain with
additional peelable dyads. If this selection 1is
insufficient, it can be extended by including other
Assur droups besides the binary group. A wide variety
of linkages may be constructed from these by using
revolute and prismatic joints subject to certain
conditions and by fixing different members of the chain.
Sultable methods for prescribing the topology of such

linkages will be considered in the next chapter.

sSummary

In this chapter, an easily recognized group of linkage
mechanisms is selected. Firstly equations are given to
determine the number of degrees of freedom of a linkage.
Attention 1s then restricted to planar linkages with one degree

of freedomn. Finally those linkages that can be assembled by

connecting pairs of links are selected. This group includes
most ©of the linkages used in industry and the advantages of
this choiée are given in later chapters. Catering for
additional, but different, Assur groups would give discrete
increases in the selection. Several conventions and terms are
defined. The procedure for determining a set of independent
loops has been developed by the author from that used in graph
theory. The co-ordinatioﬁ of this material from widely

scattered sources provides a framework for the chapters that

follow.



4, TOPOLOGY

4.1 SPECIFICATION

Any optimization algorithm must be supplied with
a set of values from which to start searching and one
used for the kinematic synthesis of linkage mechanisms
is no exception. If the algorithm is*part of a
compﬁter program that caters for a variety of linkages,
then the program must not only be supplied with an
initial set of dimensions but also be informed of the
topology (or structure) of the associated linkage. The
topological information will consist of the number and
types of the links, the number and types of the joints,
the manner in which they are connected, which 1is the

input link and which the frame.

This information can be provided either in full or
by using a code. Whichever method 1s used, it must be
‘unambiguous. If provision is made for only a limited
set of linkages, it is preferable that the method should
"reflect this. A balance must be struck between
conciseness, redundancy and intelligibility. The
inclusion of suitable redundant information provides an
opportunity for checking the consistency of the data
whilst there should be fewer errors in the data if it is

concise and .easily understood.

4,2 SURVEY

One method of developing a code would be to draw all
the possible linkages and assign a unique code to each.
However, the problems of obtaining a complete set and
then retrieving a particular linkage from it make this
impractical. For example, there are 71 basically
different inversions of the 16 distinct eight-bar chains
(Hain {4.1a}) and a greater number of linkages can
be formed from these using different combinations of

revolute and prismatic joints. The number of linkages
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that can be formed from the 230 distinct ten-bar chains

and those with even more links is correspondingly

larger.

Molian {4.2} has proposed a twelve-digit code for
information retrieval purposes. This code includes the
number and types of the links and the number of each
type of joint. However, this code is not suitable for
the present purposes as it gives no indication of which
link 1s connected to whichor of which are the frame and
input links. To do this requires some method of

identifying individual links,

Dresig and Pausch {4.3} number the links in an
arbitrary manner apart from the frame and the input 1link
which are numbered 1 and 2 respectively. The
connections between the links are prescribed in the
connection matrix C which is an £ by £ matrix for a
linkage with £ links. The elements of C are given
by : |
if there is a joint that connects
links 1 and k and is fixed in
link i, i.e. is a revolute joint
or 1link 1 1is a sliding link

associated with a prismatic joint
(as defined in Section 3.1},

(3
1
-

ik

i
|
'.....I

if there is a joint that connects
links i and k and moves in a
straight line in link i, i.e. link
i 1is a guide link associated with
a prismatic joint,

f
O

if there is no joint connecting

links i and K.

A set of independent loops within the linkage can be
determined from the connection matrix using an

algorithm developed by Taubald {4.4} . The set of loops
1s not unique as it depends on the order in which the

links are numbered.

The connection matrix contains a large amount of

/

redundant information since, if all the joints are simple,

the number of zero elements, from équation (3.7), 1is
(22 - 32 + 4) which represents at least half the matrix.



M
7 ' D
A N/

c) Oscillating Slider-crank Mechanism

FIGURE 4-1 ALTERNATIVE CLOSURES FOR
FOUR-LINK MECHANISMS



Chace and Angell {4.5} and Sheth and Uicker {4.6}
avoid this by, in effect, only prescribing the non-zero

elements. A keyword, such as ROTATION or TRANSLATION,

1ls used to indicate the type of joint. Either two
numbers indirectly denote the links connected by that
joint or two names are used. From this information,

Smith et alia {4.7} set up a part-contact network and
then use an algorithm developed by Branin {4.8} to
determine a set of independent loops. The associated
spanning tree (defined in Section 3.1) includes the
frame link and the chords are chosen to minimize the

number of links in each loop. Sheth and Uicker {4.6}

use an algorithm by Hu {4.9} to recognize a suitable set

of independent loops.

Kraniauskas {4.10} and Rooney {4.11} used a
'building block' approach to specify the topology.
Kraniauskas found that four-bar linkages connected by
frame-pivoted ternary links were too restrictive and that
dyads offered a more versatile approach. Rooney used
binary Assur groups, identifying them by a code number.
Other users found this concept difficult to-apply, so
Rooney {4.12} now numbers the joints and then uses two
of these numbers to denote the link that connects them.
Using this information, he derives a constraint incidence
matrix in which the columns correspond to joints and the
rows to links. From this matrix, he determines a
strategy for analysing the linkage corresponding to the
sequence of drawing the linkage graphically,

As described above, the methods do not distinguish

between the alternative ways of closing a loop since
these are topologically eguivalent. However, it is
convenient to consider this aspect at this juncture.
Figure 4.1 shows the alternative closures for four-link
mechanisms. The method for prescribing the appropriate
closure is usually related to the method of analysis,
Where the analysis involves an iterative method, even if
only for the initial position, it is appropriate for the
user to supply approximate values for either the

co-ordinates of the joints or the angular positions of
the links and the lengths of the sliding links from
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which the iteration can start. This approach is
adopted in References {4.5, 4.6, 4.10 and 4.12}.

Rooney {4.11} uses a non-iterative method for

analysis and a code for the closure, so avoiding

the necessity for approximate values.

The methods fall into two groups - those in
which the links are prescribed in an arbitrary
sequence, References {4.3, 4.5, 4.6, 4.12 and 4.13},
and those in which the sequence is ordered,
References {4.10 and 4.11}. Where the sequence is
arbitrary, redundant information, usually in the form
of keywords such as those in References {4.5, 4.6,
4,12 and 4.13}, is used to make the data intelligible.
The repetitive use of keywords is tedious and the data
becomes verbose because the redundant information is
useless for checking the data. If the keywords are
shortened to the initial letter, say, the intelligibility
1s lost. Even with an ordered seguence of links, the
intelligibility of the data can be low if the data
associated with each link is prescribed in an arbitrary
manner. For example, the amount and ordering of the
data required for a'building block' used by Rooney {4.11}
depends on the particular unit and this results in a

set of data which is hard to interpret.

In contrast, the connection matrix used by Dresig
and Pausch {4.3} is easy to interpret but at least half
of the data is redundant. Thus there is a need for a
method which uses a systematic arrangement of data,
comparable to the connection matrix, with an ordered
sequence of links to reduce the necessity for redundant
information. Furthermore, if a non-—iterative method
of analysis is applicable to.the range of linkagés for
which the method caters, there will be no need to supply

approximate values toO define loop closure.



4.3 LOOPS

In the remainder of this chapter, consideration
is confined to linkages formed by the addition of one
or more 'peelable dyads' to a basic unit consisting
of a frame link with a single input 1link pivoted to it.
The addition of each dyad results in the formation of
a new independent loop. This enables us to prescribe

the topology and loop closure of the linkage -in two
arrays in which the rows correspond to a set of
independent loops and the columns to the arcs contained
within each loop. The actuator pair, i.e. the input
link pivot, is common to all of the loops and forms the
start of each loop. The last arc in each loop is

associated with the frame link. In addition to the

restrictions on the use of prismatic joints given in

Section 3.1, the requirements are that each loop must

contain :

a) at least four arcs, one of which may be
of zero length if the loop contains a

prismatic joint,
b) at least one frame arc, one joint of
which is the input link pivot,

c) at least two revolute joints,

d) only two undetermined arcs which are

connected together to form an undetermined

dyad as described below.

For a planar linkage with a single degree of freedom,
the number of loops, L, satisfying these requirements,

from equations (3.2) and (3.9), is given by :
L = (8-2)/2 (4.1)

where 2 = number of links in'the mechanism, The

loops are identified in an ordered sequence such that
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the solution of one loop provides the necessary
input information for the next. This seguence
corresponds to that which a designer would use if

he were drawing the linkage graphically.

The procedure can be illustrated by reference
to Figure 4.2. This shows a ten-bar linkage which
is based on the draw mechanism used in a straight-bar,
fully-fashioned outerwear knitting machine. The
linkage 1s cam—-driven, the roller follower being -
mounted on the input link AB. On the machine, the
length of the link DG can be varied to adjust the
amplitude of the displacement of the output N
-~ according to the width of fabric being knitted. In
this linkage, since it has one degree of freedom and
ten links, the number of loops, from equation (4.1l), is
four. In loop ABCDA, we start with the frame arc
DA and the input arc AB whose positions are
- prescribed. These are determined arcs. The remaining
arcs BC and CD constitute an undetermined dyad
whose positions can be found by simple analysis.
Proceeding to loop AEFGDA, we solve for the
corresponding undetermined dyad EF and FG. This
allows us to solve for HI and IJ in loop AEFHIJA,
and finally for XKL and LM in loop AJKLMA.

Cutting arcs BC, ¥G, HI and KL, which are
those arcs in the undetermined dyads that do not form
part of a later loop, results in an unclosed but
connected chain. This chain, consisting of the frame
link, ADJEM, the input link, AB, and links CDG,
EFH, IJK and LILMN, 1is a spanning tree for the
linkage. Since the cut arcs are associated with binary
links, cutting them is equivalent to removing the links
from the linkage. When any one 1s replaced, only one
loop 1s formed and so tﬁey are chords. The loops so
formed, namely ABCDA, AEFGDA, AEFHIJA and AJKLMA,
therefore constitute a complete set of independent loops

which also satisfies the conditions given above.



Group (i) Three Revolute Joints

d

Group (ii). Two Revolute Joints, One Prismatic Joint

d= determined arc
u=undetermined arc

FIGURE 4-3 UNDETERMINED DYADS



Group (iii) One Revolute Joint, Two Prismatic Joints

FIGURE 4-3 Continued



Qroup(iv) Three Prismatic Joints

FIGURE 4-3 Concluded



d =determined arc )
u =undetermined arc d d

FIGURE 4-4 VALID UNDETERMINED DYADS
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4.4 UNDETERMINED DYADS

The nature of the undetermined dyad determines
the form of solution appropriate to any given case.
Every dyad possesses three joints,each of which may
be revolute or prismatic. If a distinction is drawn
between a prismatic joint in which (i) the guide
precedes the sliding link in the chain order of the
loop, and (ii) the reverse applies, there will be
3 x 3 x 3 =27 possible combinations of joints in the
dyad. These are shown in Fiqure 4.3 in four groups
according to the number of revolute and prismatic
joints. Group (i), which has a single member, has
three revolute joints; the six members of group (ii)
each have two revolute joints and one prisﬁ%tic joint;
the twelve members of group (iii) each have one
revolute and two prismatic joints whilst the eight
members of group (iv) each have three prismatic
joints. However, many of these are invalid. A
sliding link and its guide 1link must both appear in
the same loop if either is undetermined. In orderxr to
determine the length of the sliding link, the guide
Llink must be taken into account and, in the process,
its angular position will become determined 1if 1t were
not already so. Thus a guide link cannot be undetermined
if the corresponding sliding link is determined. This
invalidates_members b and f of group (ii), ﬁembers
e,d9,h,i,j,k, and £ of group (iii) and members
b,d,e,f,g and h of group (iv). Restriction (c) in
Section 3.1 is violated by members d,f,g and i of .
group (iii) and members a,b,c,f,9 and h of group (iv).
Finally, all the members of group (iv) wviolate

restriction (b) in Section 3.1.

The acceptable combinations for present purposes
number eight, which are summarized in Figure 4.4. The
sole member of group (i) - dyad 1 - appears in loops
ABCDA and AEFHIJA in Figure(g.Z. The first member
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a) Davis automobile steering gear
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b) Rapson slide mechanism

c) Kinematically equivalent linkage

FIGURE 4-7 EQUIVALENT LINKAGES



of group (iia) - dyad 2 - occurs in the inversion

of the slider—-crank mechanism shown in Figure 4.5.
This inversion has been given a variety of names

such as oscillating slider-crank mechanism (Rosenauer
and Willis {4.14}), crosshead mechanism (Hain {4.1b})
and trunnion engine (Hannah and Stephens

{4.15}). " Hain {4.1c} lists examples of

its applications. The second member of group (iia) -
dvad 3 - is found in loop ABCDA of the quick-return

mechanism shown in Figure 4.6 which is used in some

shaper machines, The first member of group (iib) -

dyad 4 - occurs in the slider-crank mechanism in Figure
4.1(b) and the second member - dyad 5 - in. loop AEFGDA
of Figure 4.6. The first two members of group (iii) -
dyads 6 and 7 - appear in loops AJKLMA and AEFGDA
respectively of Figqure 4.2. The final member of group
(iii) - dyad 8 - is found in two kinematically equivalent

mechanisms (Hartenberg and Denavit {4.161}), the

Davis automobile steering gear, Figure 4.7 (a), and
Rapson's slide, Figure 4.7 (b). The latter mechanism
is used in the steering gear of most modern ships, in
which case AB 1is the tiller attached to the rudder
stock pivoted at A, BCD 1is the swivel block and D
1s actuated by a hyaraulic cylinder. Since the moving
guide links are of zero length, both linkages may be

represented as shown in Figure 4.7 (c).

4.5  ARCS AND ARRAYS

Individual arcs within a loop are identified by a
standard convention whereby the input link pivot is
taken as the start of each loop. In the first loop,
arc 1 is always the input link. In the other loops,

the first arc may be associated with either the input

link or the frame link. In all loops, the last arc
is associated with the frame link. The remq}ping

arcs are numbered consecutively around the loop. It



the loop contains a sliding link and its guide, they
are given different numbers. For example, in

Figure 4.2, each arc has been labelled with a pair

of numbers - the first being the arc number and the
second the loop number. In the second loop, AEFGDA,
the first arc, AE, is associated with the frame link,
AEMDJ, and forms the guide link for the second arc,
EF, which is associated with the sliding link EFH.
This, in turn, acts as the guide link for the third
arc, FG, which is also a sliding link. The fourth
arc, GD, 1is associated with the rocker link, CDG,
and the last arc, DA, 1is also associated with the

frame link.

Two or more arcs in different loops are regarded
as common and are specified accordingly if they are
associated with the same link and so remain at a fixed
angle relative to each other during the motion. Common
- arcs will be found in binary links that form part of
more than one loop, ternary links and frame links.
Examples in Figure 4.2 are CD and GD, EF and FH, .
IJ and JK and the frame arcs AD, AE, AJ and AM.

Details of the two arrays that contain the

topological and loop closure information.are given 1in

Appendix B2. The arrays are obtained sgsystematically.
Each row corresponds to an independent loop and these
are prescribed in an ordered sequence. Similarly, the
columns are associated with the arcs, which are also
prescribed in an ordered sequence, in each loop. Positive
and negative signs are used to denote the appropriate
manner of closing each loop. Interprec.ation of tﬁe
arrays is therefore straightforward and intelligibility
is aided by using a keyword to identify each array. The
arrays offer a wide range of application and are concise
provided that the generél strategy involvedfﬁn the
definition of the loops is deployed to the maximum

advantage. As an example, the arrays for the linkage
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in Figure 4.2 contain a total of 48 elements
compared with 100 elements for the corresponding
connection matrix which does not contain any loop
closure information. The arrays thus contain the
required information in a concise and intelligible
form without an undue amount of redundant

information.

sSummary

After a survey of methods that have been proposed for
prescribing the topology, i.e. structure, of planar linkage
mechanisms, it is concluded that any such methods should possess
certain features. These are
(a) there should be a systematic arrangement of data so

that it is more intelligible,

(b) the l;nks should be considered in an ordered
segquence to reduce the need for redundant information,

(c) the specification of the desired configuration of the

linkage by supplying the initial angular positions of

the links and the lengths of the sliding links should

be avoided to make the data more concise and to reduce

data preparation.
The valid undetermined pairs of links, i.e. dyads, that can occur
when account is taken of both revolute and prismatic joints are
identified. A new method for prescribing the topology of
linkages containing such dyads 1s then developed. The systematic
arrangement of data is obtained by using an ordered sequence of
independent loops and 'sides' of links, i.e. arcs, within each

loop. Since there are only two possible closures for each

dvad, a sign convention 1s used to prescribe the appropriate one.

TN



5. KINEMATICS

5.1 APPROACH

Once the user has prescribed the topology and
link dimensions of a linkage, the computer should
set up and solve an appropriate set of kinematic
equations automatically. The method of solution
should be rapid, particularly if it forms part of
an optimization process. What constitutes an
appropriate set of egquations depends on the object
of that process. In this thesis it is assumed that
the requirement is for a linkage that-will produce
a prescribed output motion. This motion can be
specified in terms of a set of positions of a link
or a point on that 1link corresponding to a set of
positions 0of the input link (see Appendix B3). Thus
we are concerned only with obtaining and solving a

set of equations for the required displacements.

The variables in the equations can be Cartesian
co-ordinates, wvariable link angles and lengths or a
mixture of these. Cartesian co-ordinates of joints
are used in References {5.1 - 5.3} whereas variable
link angles and lengths are preferred in References

' {5.4 - 5.6} and a mixture is used in Reference {5.7}.

The displacement equations relating the Cartesian
co-ordinates of joints are each associated with a
link. For two joints connected by a fixed length
link, the condition is that the distance between the

joints remains constant, i.e.

2 2 2 fi)
(Xi'— xj) + oy, - yj) - Eij = O (5.1)
where 1,7 denote the two joints and ﬁij is the
length of the link connecting them. For a prismatic

joint the condition is that the joint must lie on the

sliding axis, 1i.e.
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- %)y, = y.) - - y.)(x, - x,) = 2
(%) XJ) (v Yj) (v, Yj) (x; xj) O (5.2)
where 1i,j denote two points that are both on the

sliding axis and fixed in the guide link and Kk

denotes the prismatic joint.

The displacement equations relating the variable
link angles and lengths are each associated with an

independent loop. They take the form

&1 3
b
et
Q
O
N
.
1
O

(5.3)

e 1M 33
P
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where n = number of arcs in the loop,
£i = length of arc 1
Y |

0 = angular position of arc 1.

If the angular position of each arc is measured with
respect to a fixed datum, these two equations are
sufficient for a loop. If, however, it is measured
with respect to the adjoining link, e.g. Molian {5.4}
uses ‘the exterior angles of the loop, an additidnal

eguation of the form

n
Y, ©. = 2w radians (5.4)
i=1 *

1s necessary.

For example, consider the inversion of the
Stephenson six-bar linkage shown in Figure 571. As
noted in Chapter 3, this inversion consists of a
basic unit and a gquadrilateral Assur group if AE 1s
the frame link and AB is the input link. If A is
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regarded as the cn:'igin,r the co-ordinates of B and

E will be determined for a prescribed value of the

input angle, Ol. Using the Jjoint co-ordinates as
variables gives eight equations, namely

2 (5.5)

|
O

2 N 2
Rl -+ =27, — ..
(xl xj) (yl yj) 213
where 1 =Db, ¢, 4, b, £, g, £, d.

j=Cr d, e, 1, g9, €, C, g.

with the co-ordinates of joints C, D, F and G as
undetermined variables, £.. Dbeing the link

1]
lengths.

Since the linkage has one degree of freedom
and six links, from equation (4.1) there are two
independent loops. Using the method of prescribing
the topology developed in Chapter 4, these are
ABCDEA and ABFGEA. The associated spanning tree
consists of the frame link, AE, and links
AB, BCF and DEG since no loops remain if links CD
and IFG are cut. If the loops concerned comprise
a complete set of indepeﬂdent loops for the linkage
(as in this case), then the associated loop equations
will constitute a complete set of independent
equations for the linkage. Thus the following four
equations form a complete set for this linkage. We

have

Rabcosel+£bccosez+ﬂcdcose3+£decose4-2ae = O

RabSlne 51n94 = 0

de

l+£bcsin02+£cd51n63+£

QabcosQl+2bfcos(®2+72)+ng¢0506

+Rgecos(e4+y4)-£ae = 0

RabSinel+£bein(02+72)+£fgSino6<;.

+Rgé51n(04+y4) = O (5.6)

with the angular positions of links BCF, CD, FG

and DEG as undetermined wvariables, all angular



positions being measured with respect to the
frame arc. Thus using joint co-ordinates as
variables may result in more equations than when

1link angles and lengths are used as variables.

The displacement equations form a set'of
simultaneous nonlinear equations in u unknowns
where u 1is at least twice the number of
independent loops involved. They may be

represented by

£.(v) =0 i=1,2,...., u (5.7)
where v = vector of variables, Vl' V2 etc.
This set of equations may be solved in a variety
of ways such as iteration, minimization and

integration.

Iterative methods are commonly used. The
iterations start from a user-supplied estimate of
the variables and thereafter the results from one
positioﬁ of the 1nput link are used as the estimate
for the next position. The Newton-Raphson method
is used in References {5.1 - 5.5}. The correction

terms for each iteration are calculated on the

basis of Taylor's theorem. We have
£, (V)=Ff, (v_+8Vv)=~£f, (Vv )+6V °t; | i,k=1,2...,u
i i'o “Tito" Tk L5y e ’
K o

(5.8)

where the zero subscript indicates values associated
with the current estimate and &6v is the vector of

correction terms. From equations (5.7) and (5.8)

—t K (5.9)

avk o (j

from which the correction terms may be calculated.

[ of . 8v, = —f. (v )

The matrix of terms [3f,/8v, | is an approximation



to the Jacobian of £f. The method (and all

like it) may diverge and hence fail if this
matrix becomes (nearly) singular. Van der
Werff {5.7} proposes that the third term in the
TéYlor series should be used but the improvement
in the correction terms may be offset by the
increase in computation per iteration. Bus
{5.8} has recently compared nine Algol 60 programs
and six Fortran programefor solving simultaneous
nonlinear equations. He used fifteen test
problems and concluded that, of the Fortran
programs, that by Brown {5.9} is best for fifteen
or less undetermined variables whereas that by
Powell {5.10} is often better for a larger number

of variables.

Rooney and Rees Jones7{5.l;} noted that, if
variables are eliminated from the displacement
equations, extraneous roots may be obtained and
singularities may be introduced that are not present
in the original equations. Accordingly they regard
all variables as interdependent. The equations
then define a curve in n-dimensionai Euclidean space.
Fletcher's minimization algorithm {5.12} is used to
find a starting point on the curve and then to move
along the curve. One problem with this approach
is that there is no indication of how many steps
along the curve correspond to a prescribed movement
of any link. Crossley and Seshachar {5.5} compared

the cyclic stepping method and the method of steepest

descent, as representative minimization techniques,
with the Newton-Raphson method. For a twelve-bar
linkage, the relative solution times were 310, 16

and 8.3 seconds respectively.

Paul and Krajcinovic,{5.6} proposed that the
velocity equations, obtafned by differentiating the
displacement equations, should be integrated
numerically using the Adams—-Moulton predictor-

corrector method with automatic interval refining.
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The displacement equations can be used as a
check on the accuracy. One advantage of the
velocity equations is that they are linear in
the velocities. However, whereas the DRAM
program previously analysed both dynamic and
kinematic problems using an Adams-Moulton
routine with a Newton-Raphson routine for the
initial conditions {5.13}, it has recently
been altered so that this approach 1s used only
for dynamic problems. For kinematic problems,
the Newton-Raphson routine is now used alone.

The salution times for many iterative methods
are proportional to the cube of the number of
undetermined variables. Therefore it is
advantageous to solve the equations sequentially
rather than simultaneously if this is possible.
Crossley and Seshachar {5.5} developed a method for
determining the variables associated with
individual Assur groups. They noted that only
half of the variables for any one group had to be
determined simultaneously. Thus only one variable
has to be determined at any one time for the dyad
Assur group since this has two associated
undetermined variables e.g. the angular positions
of the two links or the Cartesian co~ordinates of
the joint connecting them. Consequently, by
restricting the range of linkages to those consisting
of a basic unit and additional (peelable) dyads, the
direct method given in the next Section can be used
to determine the variables instead of an indirect
method such as those considered above.

5.2 THEORY

The method given in this section is based on
the use of loop equations with the varying link
angles and lengths as variables. The angular position,
0, of each arc is defined relative to the last (frame)
arc in its loop as follows. In the linkage shown in



d =determined arc
u = undetermined arc d d

FIGURE 5-3 VALID UMNDETERMINED DYADS
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Figure 5.1, consider the loops ABCDEA and ABFGEA
as vector polygons with the direction of the
vectors lying along each arc as the loops are

traversed in the sequence :
input link pivot, ..., frame

The reference direction for each loop 1is in the
negative frame arc vector direction. Angles are
positive when measured in the anti-clockwise sense

from this direction.

Each loop will contain an undetermined dyad
formed by two arcs connected together. Let one of
these arcs be denoted by p and the other by g
as shown in Figure 5.2 where the joints A, B and
C represent any of the combinations shown in
Figure 5. 3. Then by resolving along and

perpendicular to the frame arc we have

2 cos® + 2 cos@® + c. =0
P P q q 1
| (5.10)
9, sin®@ + & sin®@ + c. = O
P P q q 2
where
n
cl = g_ Ricosei
i=1 |
i7p,q (5.11)
n
02 = ) £.s5in0@,
: i i
1=1

C

where £ refers to arc length and n is the number

of arcs in the loop.

The appropriate solution of equations (5.10) depends

on the nature of the joints in the undetermined dyad

as outlined below.



5.2.1. Undetermined Dyad with Three Revolute

- Joints
The lengths of the arcs appearing in
equations (5.10) are regarded as known quantities
and their angqular positions are to be determined.

Eliminating Op from equations (5.10) gives an

equation of the form

c3 + c4cos@q -+ 0581n®q = 0 (5.12)
- 2 2 2 ., 2
where c3 = (c1 +02 +£q Rp )
C,y = 2cl Rq (5.13)
CS = 2q2 ‘Q'q

This leads to the following expressions for sineq

and cos0
: g /2 2 2 2 2
sin®@ = ( CBCSi:C4 Cy +c5 C )/(c4 +c5 )
(5.14)
= - - )
coseq (03 0551n6q)/c4

The choice of the sign to be used in the expression

for sin@q is governed by the closure specified

when prescribing the topology. Oq can then be
calculated using

0 = tah_l (sin® /cos® ) | (5.15)

d qd qd |

~
For arc p, we obtain from equations (5.10)

in@ = = (c,+£_sin0O L <;ﬂ

SN0y = = {CyHhsindy) /iy |

cos®_ = -(c,+L cosO )/% (5.16

(¢ +2,COS0_) /%, (5.16)

Gp = tan”l(sinﬂp/cosep)

. 1
Schonfeld {5.14} uses (l—sinzeq)2 for cosOq,

thereby losing the sign which is necessary“to

determine the appropriate quadrant for Oq.
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5.2.2 Undetermined Dyad with Two Revolute

IIIII

Equations (5.10) must now be solved for
the length Rp of the sliding link and the angle
Oq of the other arc. Two sub—-cases can be

distinguished when determining @q :

a) the prismatic joint connects the two
arcs,
b)) the guide of the sliding link constitutes

a determined arc in the loop.

These are shown in group (ii) of Figure 5.3 as
types (a) and (b) respectively. In both cases,
the expression for the length of the sliding link

is the same.

a) The guide link is an undetermined arc
The convention of perpendicularity given in

Section 3.1 provides that

(0 - 0 ) =% /2 radians (5.17)
1S d
the sign being specified when the topology is
prescribed. Eliminating RP from equations (5.10)

and substituting (5.17) gives

0 (5.18)

2 4+ c,c0o80 <+ c.s51nob
q 1 q 2

which is similar in form to egquation (5.12).

Accordingly

. o, / 2 2 2 2 2
51neq—( czﬂqicl C, +c2 ﬁq )/(cl +c2 )

~

cosO = - (2 _+cC sineq)/c1 (:' (5.19)

q q 2
O = tan"l(sine /cosO )
o q gd

Angle Op may then be determined from equation
(5.17).



b) ~ The guide 1link is a determined arc
In this case, the angle Op is determined

directly from the angular position of its guide

link which 1s already determined. Eliminating
ﬂp from egquations (5.10) gives
c6 + c7coseq -+ c851n6q = O (5.20)
where Ce = 0151n0p - czcosep
cC, = £ sin0b 5.21
/ q P ( )
c, = =% cos®
& q p

Equation (5.20) 1s similar in form to eguations
(5.12) and (5.18). Accordingly

. o / 2 2 2 2 2
51neq = c608ic7 C., +c8 C )/(c7 +08 )
= - ' 5.22
cosd (c6+0881n@q)/c7 ( )
O = tan_l(sine /cos0 5
d q |

In both cases, the length Rp of the sliding link

is then given from equations (5.10) by

Rp = - {cl+cz+£,q(51neq + cos@;)} (5.23)

sin® + cosO
(sin@, 0S0,)

The reason for using both egquations (5.10) when

calculating £p is to ensure that division by zero

does not occur when ep equals an integer multiple

of n/2 radians. <jﬁ

'™
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5.2.3. ~Undetermined Dyad with One Revolute

S JdJoint ‘and Two Prismatic JdJoints

In whatever combinations the joints may
occur as indicated by group (iii) of Figure 5.3,
the angular positions of the two arcs appear in
equations (5.10) as known guantities and it
remains only to determine the corresponding arc
lengths. The results are

= - C,sin® sin(0Q_-0
zq (czcosep 1 p)/ n ( b q)
| (56.24)
9,p = - {_c_l,+_c2,+_£,_q (_s,in.@_q. + cos0 q)]
(sin® + cosd )
P p

with both equations (5.10) again being used for Rp

5.3 COMPARISONS

Two industrial linkages were used as
examples to compare the various approaches.
The first, shown in Figure 5.4, is a crank-
rocker linkage with AB as the crank. It
is used when knitting the heels and toes of
socks (half-hose). The second, shown in Figure
5.5, again has AB as the input 1link. The

output at H 1is used to feed paper into a
duPIEcating machine.

Each method was programmed in double
precision and then compiled using a Fortran G
compller and run on an IBM370 computer. The cpu
time in seconds required to analyse each linkage
at 180 equally spaced positio;éféf the input link
was determined - additional time would be required

to set up the equations and print out the results.
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Table 5.1. Effect of Variables on
Analysis Times

Four—-bar Six-bar

Variables linkage linkage

L.ink angles and
lengths

Joint co—-ordinates:

Table 5.1 shows the effect of using joint co-ordinates
as the variables in the displacement eguations

instead of link angles and lengths. In each case,
Brown's algorithm {5.9} was used to solve the
equations to eight significant figures. For the
four-bar linkage, both sets of variables result in

two simultaneous eguations and the pair 1involving

joint co-ordinates were solved more rapidly. However,

joint co—-ordinates resulted in six simultaneous
equations for the six-bar linkage whereas only
four eqguations resulted from using link angles

and lengths. In consequence, the time for solving
the equations with joint co-ordinates as variables
was higher. Since the disparity in the number of
equations, and hence solution times, tends to
increase with the number of links, the use of 1link
angles and lengths as variables in equations based

on a set of independent loops is to be preferred for

any general program.

Four methods of solving the displacement

equations were tested :

a) direct method given in Section 5.2,

b)) Adams—Moulton variable order

integration method as implemented
by Smith {5.13},

c) Brown's iterative algorithm {5.9},

d) Newton-Raphson iterative method as
implemented by Smith {5.13}.

The results are given in Table 5.2.
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Table 5.2 Effect of Method on Analysis Times

Four—-bar Six—~bar

Direct 0.053 O0.121
Adams—Moulton 0.474 0.981
Brown 0.540 2.038
Newton—Raphson 0.840 1.735

------

The direct method is at least eight times as fast
as any of the other methods. This reduced
computétion time is the main justification for
restricting the range of linkages to those for
which the direct method is appropriate, namely
those consisting of a basic unit and additional
peelable dyads. With this selection of linkages,
there are only two possible closures of each loop.
This results 1n two other advantages. Firstly the
desired closure can be prescribed by a sign
convention which can be used directly 1n the
eguations in Section 5.2 and so the user does not
have to supply estimates of the initial values of
the variables. Secondly, 1if the input link 1s
moved through a large angle between successive
positions, there is no risk of an incorrect closure
being obtained as could happen with an iterative
methodthere the results for one position of the
input link are used as initial estimates for the

next position.

Summary

This chapter starts by considering the equations that may
be used for the kinematic analysis of a linkage, the different
variables that may appear in the equations and alfernative
methods of solution. It is noted that the use of independent
loops leads to ind9pehdent eguations. The necessary theory 1s
then developed for each of the valid dyads identified in the
previous chapter. A direct method of solving the resulting
equations 1is compared with other methods. This highlights the

advantages of using linkages built up from dyads.

;..
.F"I j’



6. OPTIMIZATION

6.1 = VARIABLES AND PARAMETERS

In any consideration of the use of optimization
algorithms in the kinematic synthesis of linkage
mechanisms, a distinction must be made between kinematic
variables, linkage parameters and optimization variables.,
Kinematic variables are the angular positions of the 1links
and the lengths of any sliding links which change as the

input link rotates. They are the wvariables in the

kinematic equations considered in Chapter 5. On the
other hand, linkage parameters are the arc lengths and the
angles between pairs of arcs in a link. The user 1is free
to choose which of these may be altered, i.e. which are
optimization variables, and which shall remain fixed. Two
arrays, analogous to those containing the topological
information, are used to register this choice as described

in Appendix B3.1

6.2 OBJECTIVE

Given an estimate of the values of the optimization
variables, the optimization algorithm will alter those
values. An analysis of the corresponding linkage 1is
carried out with the optimization variables appearing as
(fixed) linkage parameters in the kinematic equations. If
the result is closer to the desired objective, then the
process is repeated until no further improvement 1s
obtained. The algorithm is then said to have converged to
a minimum. —~ There is no certainty that this will be the
global minimum, i.e. the lowest of all the possible minima.
A simple strategy is to define the objective solely in
terms of the output motion. In this case, 1f the initial
estimates represent links that the designer would like to
use, then, as long as the output motion is acceptable, a
nearby local minimum may be adequate. If the output
motion is not acceptable, the process should be started

from several different initial estimates.



It 1s assumed that the desired motion can be

represented in one of the following forms for a

prescribed set of absolute or relative angular

positions, Oi, of the input link

a) the output link shall occupy prescribed
angular positions, OO, relative to the
machine frame,

b) a point on the output link shall occupy
prescribed positions, (xo, Yo)' relative
to a set of Cartesian axes fixed in the

machine frame,

C) a point on the output link shall be at a
prescribed distance, do' from the origin
of the Cartesian axes fixed in the machine
frame.
The desired values may be written as fd(ei), i=1,2,...t
where Oi are the t given positions of the input link
which are equivalent to intervals of time if the input

link rotates at constant velocity. The method of

.. Supplying these values is described in Appendix B3.2.

The question arises of a suitable value for t - the
higher the value, the more accurate the representation of
the actual (continuous) motion but the longer the time for
analysis. Porter and Sanger {6.1l} have shown that a very
close approximation to the forces in a four—-bar linkage
over a cycle is obtained if 36 positions of the input
link are used. However, they also present a graph which
shows that 18 and 12 positions give results within 1%
and 10% of the true value respectively. Youssetf
{6.2} recommends that only a few positions should be
used initially with the number being increased as the
ocptimization proceeds.

For use with an optimization algorithm, an objective
function must be defined to represent the quality of a
linkage by a single number. If the actual values
produced by that linkage for the given positions of the

input link are written as fa(Oi), i=11,2, ... t, then



(@) Sum of arc lengths too smali

(b) Difference in arc lengths too large

i

(c) Guide link too long

(e)  Infinite sliding links

u=undetermined arc

d = determined arc

FIGURE 6:-1 CONDITIONS FOR
UNCLOSED LOOPS
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a suitable objective function is given by :

- 2
= - ]
F(v) g W {fd(Oi) fa(Oi)} (6.1)
where v = optimization variables,
w. = a weighting factor which may be different

; for each position of the input link.

A weilghting factor greater than unity can be prescribed
for éositions that are more critical than others.
Alternatively the input link positions can be closely
spaced 1in the relevant region if the resulting total
number of positions 1s not too large. The objective is
to minimize F(v) by altering the values of the

optimization variables.

6.3 CONSTRAINTS
6.3.1. Loop Closure

There is one constraint that every linkage
mechanism must satisfy if it is to provide constrained
motion. The constraint is that evéry independent loop

in the linkage must remain closed without a change of

. closure throughout the motion of the linkage. As a

result, optimization applied to the kinematic synthesis of
linkages can never be truly unconstrained.

The conditions under which a pair of undetermined arcs
will not close a loop are illustrated in Figure 6. 1. When
the program is used for analysis, an appropriate warning
message 1s printed out. However, in synthesis the
undetermined arcs will often be optimization variables, in
which case their lengths can be altered. The appropriate
action can be determined by relating the conditions to the
equations given in Chapter 5.

Let h Dbe the distance between the 'free' ends of
the determined arcs. Then, from equation (5.11)

2 2 2
h™ = Cl + 02

Group (i), three revolute joints.
Substituting from eqguations (5.13) and (6.2), egquation

(6.2)

(5.14) yields imaginary values if

(h% + ¢ % = 2 %y2 5 4 niy
q P q

where Rp and Rq are the lengths of the undetermined arcs.

2 (6.3)

‘H-H‘."l.
.'q.!.



If the two sides of this i1nequality are equal, the
links are in a toggle position with the attendant
risk of change of loop closure. Since the right-
hand side of the inequality is always positive, the

inequality'may be written as

4 2 2 2 2 2.2
h™ - 2h™ (2 + £ +- - £ > 0
( b q ) (Rq D )
This factorizes to give
- 2 2 1.2 2
h - (2. + 2 h™ - (&_ - & > O 6.4
{ ( q p) }oA ( q p) } ( )

This is satisfied if either both terms are positive or

both negative.

Case a) Both terms positive.

2 then (£ - 2 ) will be less

and both terms will be p051t1ve. This

If (& _+ 2 )
2 4
than h
condition is illustrated in Figure 6.la and can be
remedied by lengthening both arcs equally. - This is
preferable to lengthening them in proportion to their

lengths as it reduces the likelihood of case (b) occurring

.. at another part of the motion. The necessary alterations

to the arc lengths are determined in Section 6.3.2.

Case b) Both terms negative.

If (& - & ) 2; then (£q+ % ) will be greater

than h2 agd both terms will Dbe negatlve This condition
is illustrated in Figure 6.1b and can be remedied by
lengthening the shorter arc. This is preferable to
shortening the longer arc as 1t reduces the likelihood of

case (a) occurring at another part of the motion.

Group (ii), two revolute joints and one prismatic joint

In the equations for this group, RP and Eq are
the lengths of the sliding link and fixed length arc

respectively.

Case a) The guide link is an undetermined arc.
Equation (5.19) yields imaginary values if

g, RN h2 (6.5)

g

This condition is illustrated in Figure 6.l1lc and can be

remedied by shortening the guide 1link.

~
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h
(a) Undetermined dyad

(c) Longer arc increases angle

FIGURE 6:2 TRANSMISSICN ANGLE
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Case b) The guide link is a determined arc.
Substituting the values from equations (5.21), equation

(5.22) yields imaginary values if

(c, sin 6 - ¢ cos(:))2>5i’.2 (6.6)

L P 2 P q
This condition is illustrated in Figure 6.1ld and can be

remedied by lengthening the fixed length arc.

Group (iii), one revolute joint and two prismatic joints

Equation (5.24) yields an infinite length for one of
the sliding links if

ep—-eq = +km radians, k =0,1,2 .... (6.7)

The condition for this to occur is shown in Figure 6.1le
and cannot be remedied by altering either undetermined
arc. it cannot occur with the other two dyads in this
group as the two undetermined arcs are mutually -

perpendicular by convention.

6.3.2. Transmission Angle

In the foregoing discussion relating to an
undetermined dyad with three revolute joints, it was
noted that there is a risk of a change of loop closure if
the two arcs concerned assume an in-line configuration.
Moreover ,any such dyad that approaches too close to that
configuration will be very sensitive to errors in the
lengths of the arcs and will also have poor force B
transmission characteristics. Hain {6.3} therefore
recommends that the transmission angle, i.e. the angle
between the two arcs, should be in the range 90 + 50°.
This can be related to fhe test for loop closure as

follows. Let the transmission angle be 1, then, from

Figure 6.2a

9 “ 4 9 4 - = 290 % 5.8
P q n p ~“q C°°H (6.8)
2 2 2 y, 2'2 2 2 )
48 T8 - (9 ~+8 -h = 454 2 l=cos
p *q ~Vp tig ) p *q u)
2 2. /.9 2 | 2
9 +9 - h he - (2 -4 } = (2% 2 sin 6.9
{( oty }\th (245 (22,2, n) = (6.9)
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The left hand side of equation (6.9) is identical to the
left hand side of inequality (6.4) apart from a change
of sign and the right hand sides are equal if y equals
0° or 1800. Since higher wvalues of the left hand
side of equation (6.9) ‘give transmission angles closer
to the optimum value of 900, an acceptable dyad will be

such that :

. 2 2902, 2 2
{2 +2.) h°} {h"- (e -2 )71 2 (222 siny) (6.10)

As in the case of loop closure, there are two conditions
for which this inequality 1s not satisfied. The

corrective action to be taken is given below.

Case a) Both arcs too short.

If the two arcs are too short compared to h, the
transmission angle will be too large as shown 1in Figure
6.2Db. Let

P,q = unacceptable arc lengths,

£p,£q = corresponding acceptable arc lengths,

k = correction such that

2 = ptk and 2 = g+k (6.11)
p P q

Substitution in equation (6.8) gives

2 (p+k) (g+k)cosuy = (p+k)2 . (q+k)2 Y-

k2{2(l-cosu)} + k{2 (p+qg) (1-cosyp) }

2

+'{p2+q —~ h? - 2cosu.pgql = 0O

Thus both links should be extended by

2

2 J K
| 2h” = (l+4cosy) (p-g)
k = = (p+tg) + 4 (1-cosy) - (6.12)

If p = 180°, k = (h-p-q) /2

Case b) Difference in arc lengths too great.
If the difference in the arc lengths is too great

(

compared to h, the transmission angle will be too

small as shown in Figure 6.2cC. Let
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P = length of the arc that is too short,
£P = acceptable length of shorter arc,

Rq = length of longer arc,

k = correction such that

Then, from equation (6.8)

2 (p+k) 8 cosy = (p+k)% + 2 % - n? (6.14)

d

k2 + 2k(p—£qcosu) + (p2+£q2 - h2 — 2p£qcosu)'= O

1.
"2
k = chosu - p - (hz—Rq2 sinzu)

Thus the corrected arc length is
1

L
L = % _ cosuy - (h2 - £ 2Sin2p) (6.15)

b d d

If g = 0, 2 = 2 -h.
P d

This approach fails if
£ sinpy > h
g |
This represents the situation where, even if the angle
between the undetermined arcs is the minimum transmission
angle, the distance between the 'free' ends of the

determined arcs is shorter than the perpendicular distance

from the end of the longer undetermined arc to the line of
the shorter arc. To give the largest sum of the arc

lengths while satisfying the constraintsf both Rp and £q

are changed to h/{2sin(u/2)}. It follows that &_  cannot
be lengthened subsequently at another point in the cycle.

6.3.3. Limits for Optimization Variables

The user is free to prescribe upper and lower
limits for the lengths of arcs other than sliding links
as described in Appendix B4.2. An'equality constraint,
i.e. that an arc shall have a certain length, is handled
by specifying that that(éfc shall not be an optimization

variable. Angles between arcs may be treated in a similar

mannexr.
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6.4 SIMPLEX METHOD

6.4.1. Choice of Algorithm

The objective is to minimize the objective
function (6.1l) subject to the constraints of loop
closure, transmission angle and possibly limiting
values of arc lengths and angles. Since both the
function and the constraints are nonlinear, this
represents a nonlinearly constrained nonlinear

optimization problem.

Optimization algorithms can be divided into two

types - gradient and direct search methods. The use of
derivatives of the function involves extra work, both in
obtaining formulae and coding, but experience has shown
that explicit knowledge of the gradient reduces the time
requlred to solve a problém and increases the size of
problem that can be tackled successfully {6.4}. However,
in a general kinematic synthesis program, the calculation
of the objective function and constraints involves solving
the kinematic equations for each loop for a series of
“input link positions. Hence it is difficult to derive
explicit expressions for the partial derivatives of both
the objective function and the constraints with respect to
each of the possible optimization variébles. In these
circumstances, derivative values can only be obtained by
means of finite-difference approximations. However, this
approach can introduce truncation and/or cancellation
errors which may nullify the theory underlying the chosen
algorithm and lead the search astray S0 that it converges
to the solution only very slowly, or possibly not at all
(Swann {6.51}). Accordingly a direct-search method which

does not call for derivative values 1is used.

Nonlinear constraints can be handled in two ways. In
the first, values of variables that violate the constraints
are permissible but a penalty term, the wvalue of which
increases rapidly as the degree of violation increases, 1is
added to the objective function. In the second, only

N
feasible sets of values which do not violate the
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constraints are permissible. Since it is not possible
to calculate the objective function for a linkage in
which a loop does not close, the second approach 1is

adopted here.

In view of these considerations and in the absence
of a clear 'best' algorithm for this type of problem, a
variant of the simplex method for unconstrained
optimization proposed by Spendley, Hext and Himsworth
{6.6} has been adopted. This method derives its name
from its use of é regular simplex to explore the parameter
space, a regular simplex in n dimensions being n+l

mutually eguidistant points. The basic methocd is just to

replace the worst vertex in the simplex, i.e. the one
having the highest value of F(v), by its reflection in
the centroid of the others, thereby producing a new
simplex so that the procedure can be repeated. Nelder
and Mead {6.7} improved the performance of the method by
allowing the simplex to rescale itself according to the
local geometry of the function by incoriporating expansion
.and contraction moves. Parkinson and Hutchinson {6.8}
proposed unlimited expansion followed by translation of
the simplex to avoid undue distortion. Both of these

features have been incorporated into the program.

Box {6.9} found that, in the presence of constraints,
allocating a large positive function value to non-feasible
points often led to the simplex flattening itself against
a constraint and remaining thereafter in the corresponding
subspace. He therefore developed a new constrained
simplex method using q > n+l verticgﬁ, where n 1is the
number of optimization variables, and termed his figure
a 'complex’. The extra vertices were introduced to prevent
the simplex losing dimensions when confronted with
constraints {6.5}. If the only constraints are those of
loop closure and transmission angle, the flattening of the
simplex is unlikely to occur as the value of a variable on
- the constraint boundary depends on the values of (some of)

the other wvariables. Henqé”the number of vertices used in
\

.,
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this program is (n+l). However, if the program is
used with explicit bounds on the variables, this

number should be increased.

6.4.2. Initial Simplex

The initial simplex is usually generated in the
manner proposed by Box {6.9}. The user supplies values
for the linkage parameters corresponding to one linkage
(see Appendix B2.6). The values that are optimization
variables form the set of values that defines the first
vertex, Effectively the user also supplies upper. and

lower bounds for each variable (see Appendix B3.3). Let

these be ui and Ri respectively for the jth

variable. Then the remaining n vertices are obtained

one at a time from

(3)
vi = £i+ri(ui_gi) 1 = lrzr--rnF ] = 2,3;.., n+l (6.16

where r. is a pseudo-random deviate uniformly distributed

. over the interval (0, 1). Using this approach, the

simplex 1s roughly scaled to the orders of the variables,
reducing the need for any scaling by the user. This 1is
aided by any angular variables being in degrees rather than
radians so that the scale of these variables is comparable

to that of any variable arc lengths.

The random numbers are denerated using the power
residue method {6.10}. The sequence of numbers deéends
on a user-supplied integer so that a completely different
initial simplex (apart from the first vertexL)can be
obtained merely by changing the value of this integer. In
addition, the results of other runs can be used for some,

or all, of the vertices as recommended by Youssef {6.2}.

6.4.3. Strategy

As soon as the set of wvalues, i.e. co—-ordinates,
for a vertex is available, the value of the objective
function for that vertex is calculated with the co-ordinate
values being altered if neces§;§y so that constraints are
not violated. When the simplex is complete, the method

proceeds in a series of stages which together constitute



(e) Shrinkage

FIGURE 6-3
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SIMPLEX OPERATIONS
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an iteration. - In each iteration, the worst vertex,

i.e. the vertex having the highest value of the

objective function, is replaced.

(1) Vertex ordering

In the first stage, the vertices are ordered so

that

F(w) N F(w—l) (b)

> L ...> F (6.17)

F(W)

where is the value of the objective function for

the worst vertex with co-ordinates v(w)

F(b) is the wvalue for the best vertex with

co—ordinates v(b)

(ii) Trial values

A new set of values is calculated by reflecting

the worst vertex about the centroid of the other values.
Thus

V(r) —_ U.; 3 (l __a) V(V‘f) | (6.18)
l_“where o 1s the reflection coefficient, -
v is the centroid of all V(l) excluding V(W)
and is given by
| n+l .
v = .:.L.. 5 V(l) (6.19)
n .
1=1
i

F(r)

The associated objective function value, , 1s then

calculated and, depending on that value, one or more of

the following operations ensues.

/
(iii) Replacement
(a) Reflection
1f F(W“1)> F(r) > F(b), V(W) 1S replaced by v(r)

as illustrated in Figure 6.3a for a two-variable problem

for which the simplex has three vertices.

(b) Expansion
If F(r)'< F(b), then F(e) 1S calculégga where

(e) (r)

v = Bv (6.20)

B is the expansion coefficient



'“‘V(c)
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If F(e) 2 F(rl, then v(“Wl is replaced by v(rl, If
F(e) < F(r), then the calculation is repeated with
v(e) being substituted for v(r) in equation (6.20)

until the objective function starts to increase.

Control then passes to the next operation.

(c) Translation

If the lowest value found during expansion is F %)

then if F(£)> Y.F(b), where ¥ is the translation
(w) (2)

coefficient, v is replaced by Vv
in Figure 6.3b. If F®) < y.F®), the complete simplex

as illustrated

is translated to the new position as shown in Figure 6. 3cC.
This prevents the simplex from becoming too elongated but
it involves re-calculating the objective function for all
of the vertices. The larger the number of vertices, i.e.
optimization variables, the longer this operation takes
and the translation coefficient should be correspondingly
small.
(d) Contraction

If, at stage (ii), F(r) > F(w_l), a comparison is
made between F(r) and F(W). Tt F(r)'< F(w), then

is calculated using
v = (1-6)F + §.v D) (6.21)

where 8§ 1is the contraction coefficient.
If F(r) > F(W), then VIW) is used instead of v(r) as

follows.

g

v = (1-6)F + §.vW (6.22)

() ¢ plw) (W) (c)

In either case, if F is replaced by v

as shown in Figure 6.3d. If F(C) > F(W), the next

operation is invoked.
(e) Shrinkage

If the contraction move fails, the complete simplex
is retracted towards the best vertex as shown in Figure
6.3e. The new values are calculated using

(e) (i) (b)

\ = TV + (1-%)v (6.23)

where ¢ 1is the shrinkage coefficient.

Again, the objective function must be re-calculated for
all of the vertices.
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(iv) Convergence

After each iteration, the simplex may be tested for
convergence at the discretion of the user. If
convergence has not been achieved, the next iteration 1is
started at stage (i). The user is also free to
prescribe the values of the coefficients to be used in
the various operations as described in Appendix B3.4. The
default values correspond to those recommended by

Parkinson and Hutchinson'{G.S}.

6.4.4. Convergence Criteria

A set of criteria are used to cater for different
circumstances. The tests are carried out i1n the following

order.

(i) Excessive Number of Iterations
If the number of iterations exceeds a user-prescribed

number (see Appendix B3.5), the program stops.

(ii) Acceptable Value of Objective Function
1f F P

program assumes that success has been achieved.

is less than a user—~prescribed value, the

(iii) Simplex has Converged to a Minimum

This test i1is carried out in two stages :

(a) If F(w) - F(b) > e.F(b), continue with next
iteration. If not, apply test (b).
(b) The simplex is assumed to have converged if
either | v. w) (b | < e.}| v. (b) | (6.24)
i i ~ 1
or lv.(b)| < €
3 >

)

for all i(=1,2,....,n) where e is a small constant.
This test becomes more stringent as the value of the

objective function decreases.

6.5 COMMENT

1

One of the most popular methods which does not

require the calculation of derivatives is that by
Powell {6.11} . This method (as implemented in the



6~14

NAG Library {6.4}) and the chosen simplex method

were both used to determine the dimensions for the
brake—-reaction links described in Chapter 8. There

were four optimization variables and the only constraints

were those of loop closure. The results are given in
Table 6.1.

Table 6.1 Comparison of Simplex and Powell
- Algorithms

Value of Cpu Time,
Method Objective Function . . S€ecCs
Simplex
Powell

The simplex method is robust so that its operation is
unaffected if values are altered when constraints are
transgressed. This approach cannot be used with Powell's

method as this searches along conjugate directions and

. changing the values would destroy the conjugacy.

Smith and Reed {6.12} have compared Powell's method
with the complex method of Box {6.9} and conclude that the
complex method is preferable for linkage synthesis in the
presence of both implicit and explicit constraints. The
simplex method used here can be readily changed to the
complex method if explicit constraints on link dimensions

prove a problem.

- Dixon {6.13} proposed combining the simplex method
with a quadratic hill-climbing technigque but in the light
of later experience does not recommend its use for more
than four optimization variables {6.14}. Although the
examples above contain only four and two variables
respectively, Parkinson and Hutchinson {6.15} have shown
that the competitiveness of the simplex method improves as

the dimensionality of the problem increases.

One other advantage of the simplex direct search
method is that the objective function is calculated for

points scattered throughout the space corresponding to
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the optimization variables. This increases the
likelihood of finding the global minimum rather than
the nearest local minimum to which gradient methods

often converge.

One of the main changes to the simplex method,
which has been made in the present work, is the action
that is taken when any of the operations results in a
linkage that violates the constraints. The program
attempts to satisfy the constraints by changing the
values of the pair of optimization variables that
represent the lengths of the links forming the current
undetermined dyad. This may not be possible. For
example, it may result in contradictory changes such as
lengthening the links at one point in the cycle and
shortening them at another. The action then taken
depends on the current operation. If this is either a
reflection or a contraction, the program tests whether
the centroid of the simplex, excluding the worst verteXx,

represents a feasible linkage. If so, the vertex

.. under consideration is moved towards the centroid.

Otherwise it is moved towards the best vertex. When the
operation is an expansion, the attempted move 1s
abandoned and the result of the previous operation 1s
adopted. TFor translation and shrinkage operations, the

vertex is moved towards the best vertex.

Summary

After making a distinction between parameters and variables, an
objective function that is suitable for Kinematic synthesis 1s
defined. The theory to cater for the non-linear constralnts of loop
closure and transmission angle is then developed in detail. The
reasons for choosing the Simplex, direct-~search algorithm are given
and are followed by a description of its operation. After a
comparison with an alternative algorithm, theréhapter concludes with
a discussion of how the Simplex algorithm has been developed to

operate with the non-linear constraints.



7. PSALN

I i

7.1 SCOPE

The foregoing theory has been incorporated into

a computer program called PSALM - Program for the
'Syntheéis and Analysis of Linkage Mechanisms. PSALM
1s applicable to those single degree-of-freedom,
planar linkages having revolute and prismatic joints

which consist of a basic unit and additional dyads

(see Section 3.3). It is assumed that the linkage has :
a) rigid links,
b) no clearance at the joints,
C) a pivoted input link with a prescribed
motion.

The basis of PSALM depends on the definition of the
linkage in terms of a number of loops, each of which
contains not more than two undetermined links which must
be connected together (see Section 4.3). If the
topology of a linkage can be prescribed in this manner,
 the program will either :

(1) calculate the displacement of any point
or link in the linkage at prescribed
positions of the input link using the

theory in. Section 5.2, or

(ii) determine the optimal dimensions of the
links so as to achieve a required
function, motion or path output (see
Section 6.2) subject to constraints of loop
closure, transmission angle and, maybe,
link dimensions (see Section 6.3) using

the method given in Section 6.4.

In writing PSALM, the aim has geen to produce a
program that 1s easy to use and efficient whilst providing
the flexibility required for research. To this end,
default values are provided for many of the input data
parameters (which are defined in Appendix B) and the

structure of the program is modular so that alternative
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technigues could be incorporated without too much

disruption of the program.
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