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Abstract

Realisations of simulated climate variables from the CESM Large Ensemble (Kay et al.,

2015) are frequently assumed to be independent and identically distributed random fields

(Castruccio and Stein, 2013; Castruccio and Genton, 2014, 2016). Using concepts from

the study of survival analysis and topological data analysis, we propose a methodology for

the comparison of these realisations with specific application to global wind intensities.

Topological data analysis is becoming more widely used as the data available in many

applications grows considerably, both in volume and complexity. Where computer science

and machine learning often lean heavily on clustering techniques (Gan et al., 2007; Schaef-

fer, 2007), TDA, and more specifically persistent homology, allows a similar analysis with

greater robustness to perturbations in data, for example. We extend ideas from topo-

logical data analysis using an event history approach. Survival analysis has wide-ranging

applications, particularly in manufacturing and medical sciences where time-to-event data

is common. We are interested in how event history methods can be used as tools for the

comparison of topological features in random fields.

Drawing on work from these two areas of research, we consider specific topological features,

connected components, on a random field and show that the number of these features

differs between fields with different distributions or correlation structures. We use non-

parametric survival models to model the rate of emergence of such features, achieving this

through a reformulation of homological births and deaths as survival events.

We evaluate methods for modelling covariance of our wind intensities data on the surface

of a sphere, comparing several common stationary models utilising a selection of distance

measures. Our data is unusual in that we have multiple realisations of the same dataset,

allowing us to examine the empirical correlation between each pair of points. We look

at nonstationary approaches to modelling, including the incorporation of large-scale geo-

graphic descriptors, such as land, coast and ocean and consider the challenge of obtaining

accurate covariance matrices on a single replicate.

We demonstrate how our proposed methods are informative for the assessment of Gaus-

sianity in spatial data sets, comparing standard Gaussian data simulation packages. Fi-

nally, we apply our topological event history methods to multiple realisations from our

large climate data set, identifying anomalous realisations.

Keywords: survival analysis, topological data analysis, statistical topology, climate, spher-

ical correlation, persistent homology
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Chapter 1

Introduction

1.1 Overview

The current climate crisis has lead to a significant increase in the urgency and volume

of research into internal climate variability and future climate predictions. Assisted by

the rapid advances in computational power available, climate scientists are now producing

significant quantities of data available for research. Development of methods able to cut

through masses of data to identify anomalous features or trends has become increasingly

important. We propose methods based on theory from the fields of topological data analy-

sis and event history analysis and demonstrate their application to global wind intensities

data from the Community Earth System Model (CESM) Large Ensemble Project (LENS).

We explore the challenges of covariance modelling for nonstationary data on the surface

of a sphere and demonstrate how our methods have potential benefit as part of a suite of

assessment metrics for covariance models.

It is widely accepted that the global climate is rapidly changing, with the rate of change

becoming an increasing concern. Evidence of this change is present in a variety of contexts,

from shrinking polar ice caps and the associated rise in sea levels to the increase in intensity

and frequency of extreme weather events and changing ecological systems. Regardless of

the increasingly challenging economic and political climate, high-quality research in this

area is becoming more critical than ever, and hence our ability to effectively store and use

appropriate data from a wide range of sources is vital.

The Intergovernmental Panel on Climate Change (IPCC) was founded in 1988 by the

World Meteorological Organisation (WMO) and the United Nations Environment Pro-

gramme (UNEP), to assist governments with climate policymaking through the provision

of clear, comprehensive scientific information. The IPCC comprises 195 members, all gov-

ernments who are members of the WMO or UN. The primary outputs of the IPCC include
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assessment reports, comprehensive summaries of research into the drivers and impacts of

climate change and how we can mitigate future risks.

The most recent assessment report from the IPCC, the 2014 AR5 Synthesis Report

(Pachauri et al., 2014), provides details of the urgency of change required if we wish

to succeed in adaptation and mitigation to the consequences faced by the global commu-

nity. The primary conclusions of the report focused on evidence to support the findings of

primary human cause alongside the message that as policymakers we do have the means to

limit climate change if we are willing to make urgent and fundamental changes to policies

and actions.

In this research, we work with data from the CESM Large Ensemble Project (see Chapter

2). The numerical climate model from which these data are simulated, is based on the

RCP8.5 greenhouse gas concentration pathway, the most severe projection of greenhouse

gas emissions from the IPCC AR5 report.

1.2 Purpose and aims

In this thesis, we present and demonstrate the applications of novel topological event his-

tory methods for data analysis, particularly in the context of global climate data, specif-

ically wind intensities. We discuss the unrelated fields of topological data analysis and

survival analysis and demonstrate how both can be useful for analysis of climate data on

a grid. As a means of understanding the potential of different methods, we investigate

the simulated data sets with different underlying distributions but the same marginal and

correlation properties. Using ideas originating both from survival analysis and topologi-

cal data analysis, we introduce new topological event history methods for data analysis,

demonstrating their application both using simulation studies and wind intensities data.

Understanding and modelling correlation of random fields is a crucial element of the appli-

cation of topological event history methods. We address the challenges of fitting correlation

structures to highly nonstationary spatial data, assessing the difference between single and

multi-replicate data for model fitting. In this thesis, we aim to show that topological event

history methods can be valuable tools for climate data such as that from the CESM Large

Ensemble, both for identification of non-Gaussian data and anomalous random fields, and

to extract features of interest in the data. Further, we aim to demonstrate the use of these

methods as an assessment metric for the local fit of a correlation matrix on Gaussian data.
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1.3 Outline

In Chapter 2, we introduce wind intensities data from the CESM Large Ensemble project,

alongside additional data sets used throughout this work and provide some exploratory

data analysis. In Chapters 3 and 4, we explore topological data analysis for correlated

random fields before demonstrating the use of topological data analysis (TDA) on global

wind intensities data. We discuss event history analysis in Chapter 5, again consider-

ing the application of the methods to random fields, and we deal with the challenges of

spatial correlation in data. In Chapter 6, we propose our method for the comparison of

spatially correlated data, providing simulation studies to show its application. Chapters

7 and 8 consider the challenges of modelling covariance for data on a sphere, examining

stationary and nonstationary methods respectively. We show how topological event his-

tory methods can be useful in assessing model fit and demonstrate the use of machine

learning approaches for understanding nonstationarity during the modelling process. We

test Gaussianity assumptions in Chapter 9 and we show how topological event history

methods can be applied to identify certain non-Gaussian fields where existing methods

can be insufficient. Finally, in Chapter 10 we explore a range of additional climate data

sets using topological event history methods and present key findings before concluding

in Chapter 11.
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The data set: global wind

intensities

Global wind intensities on the surface of a sphere provide a valuable and topical application

upon which to demonstrate the methods developed throughout this research. Further, the

current climate crisis demonstrates the importance of developing techniques for working

with global climate data. In this chapter, we introduce Earth System Models, before

examining the primary data set used, defining conventions for the notation that will be

used throughout the thesis and examining some exploratory summaries. While the primary

data used in this research are wind intensities from the CESM Large Ensemble project,

we also present auxiliary data sets, used mainly to enhance modelling approaches and

provide insight into spatial variations in the wind data. We use a variety of such data

sets, including the IPCC RCP8.5 pathway, the most severe greenhouse gas concentration

trajectory presented in the IPCC 2014 assessment report (AR5), and geospatial data sets

such as locations of land bodies, oceans, and continents.

2.1 Earth System Models

Numerical climate models are used by scientists to simulate the Earth’s climate, through

estimating solutions to differential equations. They exist in varying complexity from simple

energy transfer models to fully coupled Earth System Models, in which model subsystems

interact fully with each other in both directions. The Community Earth System Model

(CESM) extends the latest version of the Community Climate System Model (Blackmon

et al., 2001), CCSM4, released in 2010. The CCSM has seen several iterations, with

simulations from the models contributing to wide-reaching research, including output from

the IPCC and the US Global Change Research Program.
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Figure 2.1: CESM1 is a fully coupled Earth SystemModel, in which elements including atmosphere,
sea ice, land and ocean all interact.

Used to make predictions about future global climate, Earth System Models represent

physical processes in the Earth’s atmosphere, oceans, cryosphere and land surface and are

able to simulate the response of global climate to changing greenhouse gas concentrations.

More comprehensive than a climate system model, ESMs generally include a carbon cy-

cle element which interacts fully with terrestrial and ocean ecosystems, as well as other

model components (Hurrell et al., 2013). CESM1 is an example of a fully coupled (Figure

2.1) Earth System Model currently being used in climate and modelling research. Some

elements of the CESM are shown in Figure 2.2.

2.1.1 Large space-time data sets from climate model output

ESMs produce large quantities of data which require considerable effort, expertise and cost

to store and manage. The rapid developments in processor speeds over the last decade have

hugely improved the accuracy of models through increased resolution, but improvements

in storage capabilities have not occurred at the same rate. Data is often lost through

the reduction of resolution or simulation length to meet storage requirements, negatively

impacting scientific goals. This data loss could occur via a reduction in temporal or spatial

resolution, simulation length or ensemble size. The CESM Large Ensemble Project is an

essential example of this; its initial 30 ensemble members comprise over 300TB of data,

yet less than 200TB was retained due to storage constraints (Kay et al., 2016). Extracting
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Figure 2.2: Elements of the NCAR-based Community Earth System Model (CESM). c©UCAR.
https://www2.cisl.ucar.edu/software/community-models
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value from the data relies on techniques to facilitate storage and management in addition

to up to date computing methods.

2.2 Notation

The primary data set used in this research consists of 10m wind speeds measured in m/s

for 192 × 288 sites spread across the surface of the Earth, at 0.9375◦ vertical resolution

and 1.25◦ horizontal resolution. The data we are interested in span 1140 months between

2006 and 2100, and comprise 30 realisations (ensemble members), which can be considered

independent due to the sensitivity of the model to initial conditions (Castruccio and Stein,

2013). From this set of monthly wind intensities, we aggregate the data by year to obtain

95× 30 2-dimensional global subsets, one for each year-realisation pair. Denote by

Wr(L, ℓ, t)

the spatio-temporal near-surface wind intensity for realization r at the latitude L, longi-

tude ℓ, and year t, where r = 1, ..., 30 and t = 2006, ..., 2100. Each subset corresponds to

the set of points

W∗
r (t) = {Wr(L, ℓ, t);∀L, ℓ},

for some realisation r and year t. Similarly, WR
r (t) and WS

r (t) correspond to the subset

of residuals and standardised residuals, respectively, where residuals are calculated by

subtracting the global mean over all realisations for a given year. Figure 2.3 shows these

subsets (original data, residuals and standardised residuals) for r = 1 and t = 2006.
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Figure 2.3: Processed data subsets for r = 1, t = 2006.

2.3 Year-realisation subsets

When working with large datasets, it can be challenging to extract value and to create

meaningful visualisations. Methods for summarising the data are particularly useful in this

regard, allowing us to see patterns and features within the data which would otherwise be

difficult to expose. For our data set, which contains approximately 1.9× 109 data points,

development of interesting and informative summaries will help significantly in the search

for patterns and anomalies and allow us to compare different subsets of the data.

In this research, we work primarily with site-by-site annual means and within-year vari-

ances for each of the 30 realisations, that is, we can consider our data as 30 × 95 sets

of site-indexed mean values, and similarly for the within-year variances. Residuals and

standardised-residuals are also calculated for both means and variances, as described in

Section 2.2. We show a selection of summaries for these datasets, enabling comparison

between realisations and across years. Here, we focus on the mean values, although the

methods can be easily applied to the within-year variances and could contribute to future

work.

2.3.1 Latitude band projections

Clear from Figure 2.3 above is the somewhat banded effect of wind intensities, particularly

over oceanic regions of the globe. These are particularly noticeable in the Southern Ocean,

where strong westerly winds circle Antarctica and can be seen clearly in red, in the left-

hand plot of the figure. To better study and understand this banded effect, we also
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calculate averages by latitude band, resulting in a length 192 vector for each subset, where

each element in the vector is the average of all values in the corresponding latitude band.

We also calculate this for residuals and standardised residuals. Calculating averages in

this way enables us to see, via simple plots, how wind intensities change over time and

realisation, and roughly where on the globe such changes are occurring. We denote by

W∗
r (L, t),

the 192-vector as described above, corresponding to latitude L and year t. Similarly,

we use WR
r (L, t) and WS

r (L, t) to denote the 192-vectors of residuals and standardised

residuals.

Figure 2.4 shows these vectors plotted against latitude, for the original data, residuals and

standardised residuals from realisation r = 1 at three years, t = 2006 (black), t = 2047

(red) and t = 2100 (green). We can see the average values diverging in time as the latitude

increases towards the north pole. There is a less severe difference in time at approximately

50◦S latitude, in the Southern Ocean region.
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Figure 2.4: Average values by latitude, t = 2006 in black, t = 2047 in red, t = 2100 in green.

Comparison of the latitude effects is covered in further detail later. Methods discussed in-

clude one-dimensional topological analysis and functional data analysis. Since the impact

of land and ocean on the wind intensities is clear, we can also investigate average latitude

values corresponding to ocean-only or land-only sites. However, we encounter issues for

latitudes that only comprise ocean sites or only land sites.
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Chapter 2. The data set: global wind intensities

2.4 Exploratory data analysis

We show a selection of summaries to highlight patterns or changes in the distribution of the

data over time and between realisations. Section 2.4.1 discusses simple summaries to de-

scribe the distribution of data points and Section 2.4.2 describes methods for summarising

latitude vectors.

2.4.1 Distribution summaries

Figure 2.5 shows distribution summaries for the original data, with Figure 2.6 showing the

top-left figure with detailed axes. In each plot, pixels represent individual year-realisation

data sets, with realisations running from bottom to top, and years from left to right. The

left column of plots show summaries calculated from pointwise yearly means, and the right

column from pointwise within-year variances (calculated from monthly values). From top

to bottom, the rows show minimum, lower quartile, mean, median, upper quartile and

maximum of the distribution of these values.

Focusing on the mean value maps, shown in the left column, we can see some interesting

patterns. As a general rule, as time increases, the minimum, mean and median increase,

while the upper quartile decreases and the maximum and lower quartile show little change.

Interpretation of these patterns is challenging, however plotting histograms of the data

from a single realisation at years t = 2006, t = 2047 and t = 2100, shown in Figure 2.7,

helps clarify the underlying effect.
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Minimum value (pointwise yearly means)

0.64

0.76

Minimum value (pointwise within−year variances)

7.2e−05

0.0018

Lower quartile (pointwise yearly means)

3.6

3.8

Lower quartile (pointwise within−year variances)

0.27

0.41

Mean value (pointwise yearly means)

6

6.2

Mean value (pointwise within−year variances)

1.3

1.7

Median value (pointwise yearly means)

5.9

6.6

Median value (pointwise within−year variances)

0.85

1.4

Upper quartile (pointwise yearly means)

7.8

8.1

Upper quartile (pointwise within−year variances)

1.7

2.6

Maximum value (pointwise yearly means)

12

14

Maximum value (pointwise within−year variances)

13

31

Figure 2.5: Distribution summaries. Left: summaries from pointwise yearly means, right: sum-
maries from pointwise within-year variances. Top to bottom: minimum, lower quartile, mean,
median, upper quartile and maximum.
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Figure 2.6: Minimum value across all sites by year and realisation
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Figure 2.7: Changing distribution of wind speeds over time.

The histograms show frequencies of sites where wind speed falls between each 2m/s inter-

val. What is immediately noticeable from these plots is the fall in frequency in the 4−6m/s

range, and the corresponding increase in frequency in the 6−8m/s range. It appears that

at least some of the sites that have average wind intensities in the 4− 6m/s range at the

beginning of the period have an increased average wind intensity in the 6− 8m/s range at

the end of the period. This effect can be seen more clearly in Figure 2.8, where sites in the

Arctic region have a definite increase in average wind speed. In Figure 2.8, the top row

plots show in red areas where wind intensities lie between 4m/s and 6m/s. The bottom

row show in red regions where wind intensities lie between 6m/s and 8m/s. Figure 2.7

and 2.8 show only data from realisation r = 1 of the full data set; however, the result can

be seen consistently across all realisations.

2.4.2 Summarising latitude vectors

Simple plots of the latitude vectors allow us to identify anomalous years or realisations.

We also consider functional data analysis and use of functional box plots to identify subtle

differences. Cloud plots of the vectors for each realisation over three years highlight

realisations that are more or less ‘normal’ relative to the others. Figure 2.9 is an excellent

example of this as we can see how the residual values from realisation six differ in some

regions from other realisations, particularly in the year 2006 where we see more extreme

differences than in other years.

Another way of visualising latitude vectors is through the use of functional boxplots,

proposed by Sun and Genton (Sun and Genton, 2011). We treat each latitude vector as

13
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Figure 2.8: Changing wind intensities in the Arctic region. Site are shown in red where wind
intensities lie between 4m/s and 6m/s (top row) and 6m/s and 8m/s (bottom row).

functional data, where the residual wind intensity is a function of latitude. We order the

vectors using a notion called band depth, which allows ordering from the centre outwards,

along with functional quartiles and the centrality, or ‘outlyingess’, of an observation.

Functional boxplots for t = 2006, t = 2047 and t = 2100 can be seen in Figure 2.10.

2.5 Additional data processing

Our full data set consists of 95 years and 30 realisations, each containing data on 192

latitudes and 288 longitudes. A correlation matrix for a single year-realisation subset

would be of size 55296 × 55296. Calculation and manipulation of such a large matrix

are highly computationally intensive, and methods to reduce the size will be required to

improve computation times. For this thesis, we use a spatial sampling approach (Bivand

et al., 2013) selecting every nth latitude and every nth longitude to obtain a reduced data

set. A value of n = 3 provides adequate computational speed-up for our requirements.

Further, due to the proximity of sites at the poles and statistically anomalous behaviour

14



Chapter 2. The data set: global wind intensities

Figure 2.9: Latitude band cloud plots for residual wind intensities, years t = 2006, t = 2047 and
t = 2100. Realisation r = 6 is shown with the darker black line and all other realisations with the
paler lines.
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Figure 2.10: Functional box plots of all 30 realisations over three years, t = 2006 (top), t = 2047
(centre) and t = 2100 (bottom).

in the Antarctic region, we also remove latitudes north of 82◦ and south of −62◦, as is

common in work with this data (Castruccio and Genton, 2014, 2016). Castruccio and

Genton (2014) cite the anomalous statistical behaviour in the Antarctic region as a reason

for this restriction. We show the resulting data points on the sphere in Figure 2.11. Our

final selection results in a 4896 × 4896 covariance matrix, for which many models are

relatively fast to fit.

Throughout the following work, we will specify whether we are using the full or reduced

data.
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Figure 2.11: Reduced data locations (reduction by factor n = 3 and removal of polar latitudes).
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Chapter 3

Topological data analysis on

random fields

We are interested in topological data analysis as a tool for assessing model fit and verifying

assumptions of Gaussianity in spatial data, particularly when applied to global wind in-

tensities data. We believe that using statistical topology as a method for analysing model

residuals may be more informative than standard, conventional methods alone and may

allow us to discover otherwise unidentifiable differences between datasets. In this chapter,

we look at one particular topological metric from persistent homology, connected compo-

nents (the emergence of which can be equated to local maxima in 2-dimensional data, as

will be further explained later) and investigate how and why their number differs between

data sets with the same marginal distribution. We consider the impact of the covariance

structure of the data on the results found.

We begin in Section 3.1 with a general discussion of topological data analysis and persistent

homology. Section 3.2 introduces the technical details of statistical topology with some

basic concepts. In Section 3.3, we look at theoretical results when we apply persistent

homology to Gaussian random fields under a range of covariance structures and compare

with empirical results from several simulations. Section 3.4 looks at the difference in

results between distributions and examines the processes on a smaller scale. Finally, we

look at how the differences emerge and the impact of different covariance structures in

Section 3.5.

3.1 Topological data analysis: existing work

We use ideas from topological data analysis (TDA) for the analysis of our wind intensities

data due to its flexibility and scope in assessing features in the data set not necessarily
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apparent using conventional methods. Previous research into the applications of persistent

homology has demonstrated the potential of applying these methods to our data. Hen-

derson et al. (2020) used persistent homology to show differences between random fields

that are otherwise assumed to be Gaussian and are indistinguishable using conventional

marginal and correlation analyses. The findings provide evidence against the standard

Gaussian model as well as showing topological differences at a local scale between dif-

ferent regions in the interstellar medium. In the context of global wind intensities, it

is evident that these methods are of interest due to the assumed iid (independent and

identically distributed) nature of the individual realisations (Castruccio and Stein, 2013).

Topological data analysis, sitting between data analysis, algebraic topology, computational

geometry, computer science, statistics and other fields, is becoming more widely used as the

data available in many applications grows considerably, both in volume and complexity.

Where computer science and machine learning often lean heavily on clustering techniques

(Goldenberg et al., 2010; Gan et al., 2007; Schaeffer, 2007), TDA, and more specifically

persistent homology, allows a similar analysis with greater robustness to perturbations in

data, for example. Many fields of research have already benefited from the flexibility of

TDA. Some of these include but are certainly not limited to, analysis of sensor networks

(de Silva and Ghrist, 2007), the study of proteins (Xia and Wei, 2014; Kovacev-Nikolic

et al., 2016; Gameiro et al., 2015), robotics (Bhattacharya et al., 2015; Pokorny et al., 2016;

Vasudevan et al., 2013), oncology (DeWoskin et al., 2010; Nicolau et al., 2011; Crawford

et al., 2016; Singh et al., 2014), finance (Leibon et al., 2008; Gidea, 2017), contagion

mapping (Lo and Park, 2018; Taylor et al., 2015) and neuroscience (Chung et al., 2009;

Curto, 2016; Kanari et al., 2016; Lord et al., 2016; Dotko et al., 2017; Bendich et al., 2016;

Yoo et al., 2016; Dabaghian et al., 2014). Some more novel applications of TDA include

analysis of tennis players (Visser, 2018), music (Sethares and Budney, 2014) and Brexit

(Stolz et al., 2016).

In the following survey of the field, we first take a broad view of statistical topology,

summarising some of the key concepts and typical applications before focussing in on the

area of persistent homology. Otter et al. (2017) provide a comprehensive roadmap of

persistent homology which serves as an excellent guide to the field, as well as including an

extensive list of applications of persistent homology. Here, we take particular interest in

areas of research relating to filtrations and Betti numbers.

3.1.1 Motivations

Statistical topology, or topological data analysis as it is more commonly known, is a

relatively new area in the much broader field of data analysis. The diverse nature of

the applications to which it can be applied is partly responsible for the rapid growth in
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the field. In the last few years data science has been applied to many different areas of

research, but in some cases has been unable to keep up with the enormous growth in

complexity and volume of data it attempts to deal with (Munch, 2017). TDA has the

potential to fill these gaps through approaching the data differently, looking at shape

and other qualitative features rather than focusing on its specific quantitative nature.

In some applications, problems that can be solved by other methods are solvable more

quickly, or with less restrictive assumptions using TDA methods. For example, in work by

de Silva and Ghrist (2007), coverage of non-localised sensor networks is calculated using

ideas from persistent homology. Existing methods to solve the problem used probabilistic

methods and ideas from computational geometry, requiring assumptions about uniformity

in the distribution of network nodes. The application of a TDA approach removes the

requirement for this restrictive assumption, allowing the application to a broader class of

similar problems. Kovacev-Nikolic et al. (2016) use persistence landscapes to enable the

detection of conformational changes in forms of the maltose-binding protein. Persistence

landscapes, one tool for interpretation and visualisation of results in persistent homology,

are of particular use as it is simple to calculate statistical summaries upon them, such as

means, variances and test statistics.

3.1.2 Algebraic and statistical topology

Algebraic topology, a somewhat niche field in its own right (described by Adler et al.

(2010) as ‘esoteric’), has historically been one in which research has been inward-looking,

with less view to applications and more toward theoretical development. However, many

researchers are now working on applications of the theory, from which topological data

analysis has emerged. Traditional algebraic topology deals with the study of topological

spaces through the application of concepts from group theory to topological spaces, such

as homology, homotopy and cohomology. As we are interested in persistent homology, we

bypass homotopy and cohomology here.

A topological space is defined as a set X with a class T of subsets of X upon which the

following conditions are satisfied (Givant and Halmos, 2009):

• Both the empty set ∅ and X are in T

• Any intersection of a finite number of members of T is also in T

• Any union of an arbitrary family of sets in T is also in T

In homology, the interest lies in the study of qualitative features in data, such as Betti

numbers. For a topological space with N dimensions, there are N + 1 homology groups,
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Hi(X ), where the rank βk of Hk(X ) is the k-th Betti number (Adler et al., 2010). These

algebraic features have ‘homotopy invariance’ (Otter et al., 2017), that is to say, they

cannot be changed by deformations such as stretching and bending. We can also define

the Euler characteristic as

χ(X ) =
N
∑

k=0

(−1)kβk

which is homotopy invariant.

The first Betti number β0 counts the connected components, which form the zero-dimensional

homology group,H0. The homology groupH1 comprises holes enclosed by one-dimensional

cycles and has rank β1, and β2 counts the number of three-dimensional voids (Edelsbrun-

ner and Harer, 2008) enclosed by two-dimensional boundaries, forming homology group

H2.

Figure 3.1: Examples of shapes with different topological features.
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As a visual example, consider each of the shapes in Figure 3.1. We can see that each has

the Betti numbers described in Table 3.1.

β0 β1 β2

a) solid 2-d disc 1 0 0
b) 2-d disc with cutouts 1 2 0
c) hollow 3-d sphere 1 0 1
d) hollow 3-d torus 1 2 1

Table 3.1: Betti numbers for shapes shown in Figure 3.1.

3.1.3 Persistent homology

Edelsbrunner et al. (2002) introduced the idea of persistence for Betti numbers, providing

algorithms for computation and simplification of persistent homology. Persistent homology

is nicely described by de Silva and Ghrist (2007) as ‘homology classes which persist as one

changes a parameter in the system’. For example, consider a point-cloud data set X in

some Euclidean space. We can look at the point cloud at a selection of different resolutions,

analysing the resulting shapes at each. For a set of points in R2, we define some distance

parameter e > 0, and for varying values of e construct the following space, Se:

1. An edge where the separation between two points is less than e

2. A triangle where all edges are in Se

It is clear that for e ≤ e′, Se is contained in S′
e. Se is then a ‘simplicial complex’ for the

space X.

A simplicial complex K with a finite sequence of nested subcomplexes is called a filtered

simplicial complex. Elements within each simplicial complex, or subcomplex, are described

as faces (Guillemard and Iske, 2017) with faces of dimension zero and one corresponding to

vertices and edges respectively. Homology can be applied to each of the subcomplexes, and

one can examine the persistence of elements in K. An undirected network can be easily

formulated as a 1-d simplicial complex, or a filtered 1-d simplicial complex if the network is

weighted. This complex is constructed by filtering on increasing or decreasing weight. For

example, Schauf et al. (2016) look at whether it is possible to obtain additional information

about economies by looking at their shape or structure, as opposed to only considering

their size. As in many applications, the problem is posed in the form of a weighted network,

to which topological data analysis methods can be applied. A key concept in persistent

homology is that there is some ordering of simplices within a simplicial complex. This

22



Chapter 3. Topological data analysis on random fields

ordering, called a filtration, may come from a changing distance parameter in a point

cloud data set, or a changing weight in a network (Edelsbrunner et al., 2002). We discuss

these ideas in further detail in Section 3.2.

3.1.4 Computation of persistent homology

In addition to definitions of these homological features, we require the development of

computational methods to calculate them in practice. Several open-source packages such

as TDAstats in R have been developed to compute and provide visualisation of TDA meth-

ods (R. Wadhwa et al., 2018). Efficient computational methods are vital due to the often

expensive nature of computing persistent homology (Patania et al., 2017), but emerging

methods lack good documentation at present. The potential of TDA for data analysis is

lessened by the temporal and spatial complexity, and hence expense, required in its com-

putation. Various methods to reduce this computational complexity have been proposed,

including cluster-based reduction (Moitra et al., 2018) in which the number of data points

is reduced while minimising the impact on the important features in the data. This re-

duction in complexity is particularly valuable in dealing with computational challenges as

in the majority of cases, the number of data points impacts the computation time expo-

nentially. Computation of homology is often approximated using combinatorial structures

known as simplicial complexes, to which computational algorithms can be applied.

3.1.5 Statistical interpretation and visualisation

Beyond theoretical definitions and computational challenges, we require some approaches

for assessing the robustness and statistical interpretation of results. In persistent ho-

mology, commonly used statistical summaries include barcodes, persistence diagrams and

persistence landscapes (examples can be seen in Section 3.2). A barcode is a selection of

horizontal lines graphically representing the persistent homology of a filtered simplicial

complex. Each line segment represents the interval (p, q) corresponding to the persistence

of each element (Fugacci et al., 2016). An interesting question that frequently arises in

the use of barcodes (and persistent homology more generally) is when we should consider

elements as features and when as noise. Commonly, elements with short lifetimes are

considered to be noise with longer lifetimes indicating signal. Fasy et al. (2014) developed

confidence sets allowing the distinction of signal and noise. Persistence diagrams are a

useful descriptor of topological approaches to data, due to their invariance to translation

and rotations, as well as robustness to noisy data. However, a key limitation of topological

data analysis is the difficulty in using common summaries such as barcodes and persis-

tence diagrams with conventional statistics and machine learning methods. As a possible
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solution to this problem, Bubenik (2015) proposed the persistence landscape, a topological

summary that can be used alongside methods from machine learning and statistics and

provided methods for their calculation (Bubenik and Dlotko, 2017). The persistence land-

scape can be thought of as something of a cross between the persistence diagram and the

barcode. The primary convenience of the persistence landscape is that it can be viewed

as a random variable with values in a function space. Further, it obeys the law of large

numbers and has a central limit theorem. Kovacev-Nikolic et al. (2016) also argued that

is is easier to ‘do statistics’ in the space of persistence landscapes as it is a vector space.

Examples of barcodes and persistence landscapes can be seen in the following section.

Obayashi et al. (2018) used methods by which statistical features embedded in persistence

diagrams can be extracted via machine learning, in cases where many data sets are avail-

able. They proposed a method for the unification of this and the inverse process, arguing

that the inverse process is frequently more interesting and useful. That is, the question of

what can be learned about the original data space using such statistical features obtained

from persistence diagrams.

3.2 Application to random fields

As we wish here to utilise ideas from persistent homology for the analysis of random

fields, we define some of the basic technical details in persistent homology as applied to

such fields. Unlike many uses of persistent homology applied to point clouds in different

spatial resolutions, we are interested in persistent homology on gridded data, in which we

look for persistence across various ‘temporal’ filtrations of the data set. This strategy is

in contrast to the standard approach of filtration by resolution. As an example, we look

at a 2-d example data set of size 50× 50. This data is shown in Figure 3.2.

Level sets and filtrations Let z(x) be the value at site x on a 2-dimensional grid. For

any real value t, the lower level set is the set of sites on the grid with values less than t,

Ft = {x : z(x) ≤ t}. Increasing t from below defines a filtration of the grid, allowing us

to describe changing topological features. A selection of level sets for our example data

are shown in Figure 3.3. The top-left plot shows the level set at t = 3, which includes all

sites with value less than or equal to t. We can see twelve unconnected regions in red,

each of which can be described in topological terms as a connected component. These are

described in the following sections. The bottom right plot shows the level set at t = 9,

where we see only a single connected region.
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Figure 3.2: Example data set. In fact, this is a small section of our wind intensities data for year
t = 2006 and realisation r = 1. The lighter regions show lower values and the darker regions show
higher vales. Here we can see lower wind intensities over land for parts of South-East Asia.

Homology groups and Betti numbers In the 2-dimensional case, we can think about

components and holes, corresponding to β0 and β1 respectively as described in Section

3.1.2. In the work that follows, we are primarily interested in components, a set of con-

nected sites which are present in the level set, where we define neighbouring sites as being

connected if they share a common edge, and define non-neighbouring sites as connected

if there exists a path of connected sites between them. Counting the number of compo-

nents in a level set provides the associated Betti number of order zero. As t increases, we

describe the emergence of a new component as a birth. We describe the merger of two

components as the continuation of the first to be born and the death of the other.

Euler characteristic The Euler characteristic

χ(X ) =
N
∑

k=0

(−1)kβk

is a topological invariant which describes the structure of a topological space, X . In the

2-d case we simply have

χ(X ) = β0 − β1.
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z(x) ≤  3 z(x) ≤  5

z(x) ≤  7 z(x) ≤  9

Figure 3.3: Four level sets for the example data set. Sites contained in the level set are shown in
red.
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Persistent homology Following the topology of level sets as a function of t is an

example of persistent homology. As the level changes with t, there is no change in homology

until a level is reached where there is a critical point of the field.

Barcodes A convenient way to visualise persistent homology is through barcodes, as

can be seen in Figure 3.4 for our example data. Here, we also show lifetime of holes in

red, for comparison. A barcode diagram for the level sets of an N -dimensional space,

X is a collection of N graphs, each corresponding to a homology group. Here we have

two, corresponding to connected components and holes. Generally, a bar in the kth graph

shows the levels where an element of that group is born and dies. For the example data,

we see that the connected components tend have a longer lifetime as well as an earlier

birth time. Further, there are far fewer holes than connected components.
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Figure 3.4: The barcode represents the persistent homology. Each black line represents a connected
component (an element of homology group H0), and each red line a hole (an element of homology
group H1), with the length and location of the line representing the lifetime of the element.

Persistence diagrams and landscapes A persistence diagram is a scatter plot of

birth times against death times, for a particular homology group, as shown in Figure 3.5.

Persistence diagrams allow us to see some of the structure in the data, depending on the

distribution of points plotted. Points clustered along the diagonal indicate a field that

is mostly noise, whereas points further from the diagonal suggest other, potentially more

interesting features. In some contexts, it can be the noise that is of primary interest. For

our data, the diagrams for components and holes are noticeably different, with the diagram

for components containing many more points, with earlier birth times. This corresponds
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directly to the barcode seen previously. The points in the persistence diagram for holes

are all very close to the diagonal, indicating a short lifetime.
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Figure 3.5: A persistence diagram for components and holes for our example data. In this example
we have a relatively small number of components.

Finally, in Figure 3.6 we can see persistence landscapes for the same data. In practice,

the persistence landscape can be understood as a rotation of the diagonal of persistence

diagram to the x-axis. A persistence landscape is a mapping of a persistence diagram to

a function space, on which a statistical and machine learning tools can be used (Bubenik,

2020). It is evident that the persistence landscape for components is dominated by a single

connected component with a long lifespan, as can be seen in the persistence diagram in

the top left corner. We can identify this component as the long bar in the barcode above.
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Figure 3.6: A persistence landscape for our example data.

3.2.1 Interpreting and summarising persistence diagrams

Interpretation of persistence diagrams can be challenging, so Henderson et al. (2020)

propose the concept of peeling successive convex hulls until a proportion of points remain.

This method allows us to see the general shape and properties of the persistence diagram

without too much influence from points near the boundary and outliers. Additionally, the

authors provide the following summaries for the convex hull:

1. Centroid coordinates, (Cb, Cd), the mean position of all points in the x and y direc-

tions

2. Perimeter, P

3. Area, A

4. Filamentarity = P 2−4πA
P 2+4πA

Application of these summaries is demonstrated in Chapter 4.

3.3 Local maxima on a 1-d Gaussian random field

We use some of these concepts from statistical topology to compare 1-dimensional random

fields based on their topological properties, in particular, the number of connected compo-

nents. Here, sites at which connected components are born are equivalent to local minima
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when filtering from below as we have so far in this chapter. Alternatively, we could filter

from above, taking level sets containing sites where z(x) ≥ t. Filtering from above in

this way, sites at which connected components are born would correspond instead to local

maxima. We examine the differences between the numbers of these local maxima from a

true Gaussian field and a marginally Gaussian field. In order to to understand the differ-

ences between true Gaussian data and data transformed to marginal Gaussianity, we first

consider what we would expect to occur in the true Gaussian case. That is, we establish

the expected number and variance of local maxima for a given correlation function.

3.3.1 Expected number of local maxima on a 1-d Gaussian field

To begin, we define some notation and calculate the expected number of local maxima over

a discrete Gaussian random field (i.e. a 1-d grid), Z. We assume Z is marginally N(0, 1)

with stationary and isotropic correlation. Let N1 be the number of local maxima over a

1-d Gaussian field of length m, z(xi), where i = 1, 2, 3, . . . ,m. Here, each local maxima

corresponds to a point in a persistence diagram. Let z1 = z(x1) be the value at site x1

and let z(1) = z(x(1)) be the 2-dimensional vector of values for the neighbours x(1) of x1,

where the neighbours of a location are the locations immediately adjacent. (For boundary

points, there is only one neighbour, and results follow similarly to the non-boundary case

discussed here.) Then, (z1, z(1)) is Gaussian with zero mean and variance matrix

(

1 rT

r R

)

where r is the 2-vector Cov(z1, z(1)) and R = Cov(z(1), z(1)). We have a local maximum at

x1 if z(1) < z112, where 12 is a 2-vector of ones, i.e. the value at a site is greater than that

of its two neighbours. In order to calculate the probability of this occurring, we require

the conditional distribution of z(1) given z1 in addition to the marginal distribution of z1.

Let φ(p)(x;µ,Σ) be the Gaussian probability density in p dimensions with mean µ and

covariance matrix Σ and let Φ(p)(x;µ,Σ) be the corresponding cumulative distribution

function. Then z1 has density φ(1)(z1; 0, 1), z(1) has density φ(2)(z(1); 02, R), where 02 is

the vector (0, 0)T and the conditional density for z(1) given z1 is

φ(2)(z(1); rz1, R − rrT ).

Then

p1 = p(local maximum at x1)

= p(z(1) < z112),
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=

∫

z1

{
∫

z(1)<z112

φ(2)(z(1); rz1, R− rrT )dz2

}

φ(1)(z1; 0, 1)dz1

=

∫

z1

Φ(2)(z112; rz1, R− rrT )φ(1)(z1; 0, 1)dz1

=

∫

z1

Φ(2)((12 − r)z1; 02, R− rrT )φ(1)(z1; 0, 1)dz1.

A general skew-Normal distribution can be used to show that (Henderson et al., 2020;

Barrett et al., 2015; Arnold, 2009)

Φ(q)(Dµ; ν,∆+∆Σ∆T ) =

∫

y
Φ(q)(Dy; ν,∆)φ(p)(y;µ,Σ)dy, (3.1)

where µ is dimension p, ν is dimension q, Σ and ∆ are p× p and q× q covariance matrices

respectively, and D is an arbitrary q × p matrix. If we set p = 1, q = 2, µ = 0, Σ = 1,

ν = 02, ∆ = R− rrT , y = z1 and D = 12 − r, then

p1 = Φ(2)(02; 02, R − rrT + (12 − r)(12 − r)T )

= Φ(2)(02; 02, R+ 121
T
2 − 12r

T − r1T2 ).

In the case where the point x1 is an endpoint, x(1) and hence z(1) are single values corre-

sponding to the single neighbour of x1. That is,

p1 = Φ(1)(0; 0, R + 1− rT − r).

Summing over all locations we can obtain the expected number of local maxima,

E[N1] =
∑

j

pj.

3.3.2 Variance of number of local maxima on a 1-d Gaussian field

Using a similar approach to that which we used for expectation above, we can estimate

the variance of the number of local maxima (Henderson et al., 2020). We let Ij be an

indicator of a local maximum at a point xj . To determine the variance of N1 =
∑

Ij we

need E[IiIj ] for all pairs of locations xi and xj . In this section, as previously, we consider

pairs of points of which neither are endpoints. In the situation where one or both are

endpoints, the theory is similar, although endpoints have only one neighbour.

Let z1,2 = (z(x1), z(x2))
T be the bivariate value at two locations x1 and x2. Let z(1) =

z(x(1)) be the 2-vector of values over the neighbours x(1) of x1, and let z(2) = z(x(2))
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be the 2-vector of values over the two neighbours x(2) of x2. Then z(1,2) is the 4-vector,

(z(1), z(2))
T .

There are three cases to consider. First, x1 and x2 have no common neighbours; second,

where they have a shared neighbour and third, where they are neighbours of each other.

In the first case, x1 and x2 have distinct neighbours, and (z1,2, z(1,2)) is Gaussian with zero

mean and covariance matrix
(

R11 RT
12

R12 R22

)

where R11 = Cov(z1,2, z1,2), R12 = Cov(z1,2, z(1,2)) and R22 = Cov(z(1,2), z(1,2)).

We have I1I2 = 1 if and only if we have local maxima at both sites, x1 and x2. That is,

if z(1) < z112, and z(2) < z212.

We can see that z1,2 = (z(x1), z(x2)) has density

φ(2)(z1,2; 02, R11),

and z(1,2) = (z(x(1)), z(x(2))) has density

φ(4)(z(1,2); 04, R22).

So the conditional density for z(1,2) given z1,2 is

φ(4)(z(1,2);R12R
−1
11 z1,2, R22 −R12R

−1
11 R

T
12).

Then

p12 = p(local maxima at both x1 and x2)

= E[I1I2].

Define the matrix

J =

(

12 02

02 12

)

where 02 and 12 are 2-vectors of 0s and 1s respectively. Then we have

p12 = p(z(1,2) < Jz1,2)
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=

∫

z1,2

{∫

z(1,2)<Jz1,2

φ(4)(z(1,2);R12R
−1
11 z1,2, R22−R12R

−1
11 R

T
12)dz(1,2)

}

φ(2)(z1,2; 02, R11)dz1,2

=

∫

z1,2

Φ(4)(Jz1,2;R12R
−1
11 z1,2, R22 −R12R

−1
11 R

T
12)φ

(2)(z1,2; 02, R11)dz1,2

=

∫

z1,2

Φ(4)((J −R12R
−1
11 )z1,2; 04, R22 −R12R

−1
11 R

T
12)φ

(2)(z1,2; 02, R11)dz1,2.

By equation (3.1), if we set p = 2, q = 4, µ = 0, Σ = R11, ν = 02, ∆ = R22 −R12R
−1
11 R

T
12,

y = z1,2 and D = J −R12R
−1
11 , then

p12 = Φ(4)(04; 04, R22 −R12R
−1
11 R

T
12 +DR11D

T ).

Then for distinct, non-adjacent sites x1 and x2,

E[I1I2] = Φ(4)(04; 04, R22 −R12R
−1
11 R

T
12 +DR11D

T ),

where D is the 4× 2 matrix described previously. Again, the results for edge points follow

in the same way, but with only one neighbour for each edge point instead of two. In

the second case, where x1 and x2 have a shared neighbour, the above result still holds.

In the final case where x1 and x2 are neighbours of each other, there cannot be a local

maximum at both points, and so E[I1I2] = 0 and Cov(I1I2) = −E[I1]E[I2]. This allows us

to calculate the variance of the number of local maxima, N1, using the following estimator,

V̂ar(N1) =
∑

i

{

E[Ii](1 −E[Ii]) +
∑

j

Cov(Ii, Ij)

}

.

Both the estimators for expectation and variance used above require the calculation of the

distribution function of a multivariate normal distribution. This is achieved easily in R

using the pmvnorm function within the mvtnorm package which uses a choice of algorithms,

including GenzBretz (by default) and Miwa (Mi et al., 2009). In Appendix A we discuss

issues found with the Miwa algorithm.

3.3.3 Simulation and estimation

Having established theoretical results for a 1-d Gaussian random field, we are in a position

to compare these with empirical results. We simulate length-192 1-d Gaussian random

fields, to correspond to the length-192 latitude band summaries from our original global
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winds data set. We use a Matérn covariance function of the form

C(d) =
21−ν

Γ (ν)

(d
√
2ν

η

)ν
Kν

(d
√
2ν

η

)

,

whereKν(.) is a modified Bessel function of the third kind and Γ (.) is the Gamma function.

This and other covariance functions are shown in Appendix B. We use six different values

of the range parameter η and three different values of the smoothness parameter, ν. For

each pair of parameters, we produce 1000 simulations in order to obtain empirical values

for the mean and standard variation of the number of local maxima. We then calculate the

expected mean and standard deviation using the estimators presented previously. Results

are shown in Table 3.2. Running the procedure similarly with a selection of different

spatial covariance structures from the geoR package provides results shown in Table 3.3.

η ν mean count expectation standard error sd count sd est

0 0.50 64.48 64.33 0.09 2.88 2.93
0 1 64.38 64.33 0.09 2.88 2.94
0 1.50 64.35 64.33 0.10 3.03 2.93
1 0.50 58.23 58.22 0.10 3.06 3.09
1 1 51.28 51.39 0.10 3.23 3.12
1 1.50 44.90 44.74 0.10 3.01 3.03
5 0.50 51.26 51.24 0.10 3.23 3.34
5 1 35.63 35.76 0.11 3.43 3.40
5 1.50 22.55 22.57 0.10 3.04 3.00
10 0.50 49.97 49.94 0.11 3.43 3.39
10 1 31.50 31.51 0.11 3.36 3.54
10 1.50 16.55 16.43 0.10 3.18 2.98
20 0.50 49.03 49.24 0.11 3.41 3.43
20 1 28.37 28.35 0.11 3.59 3.71
20 1.50 11.96 11.98 0.10 3.01 2.96
50 0.50 48.79 48.80 0.11 3.38 3.45
50 1 25.20 25.30 0.13 4.06 4.01
50 1.50 8.00 7.97 0.09 2.87 2.91

Table 3.2: Theoretical and simulated means and standard deviations, using a Matérn covariance
function with different range (η) and smoothness (ν) parameters (1000 simulations per row).

It is clear that the theoretical approach and simulation results are very similar, and with a

high number of simulations, we can produce results as expected for simulations of length

192.
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model η ν mean count expectation standard error sd count sd est

nugget 0 64.23 64.33 0.09 2.79 2.94
circular 20 48.48 48.54 0.12 3.66 3.51
cubic 20 16.63 16.74 0.09 2.79 2.77
exp 20 48.99 49.24 0.10 3.29 3.43

Matérn 20 1 28.34 28.35 0.12 3.73 3.71
spherical 20 48.69 48.58 0.11 3.43 3.49

powered exp 20 1 49.18 49.24 0.10 3.28 3.43

Table 3.3: Theoretical and simulated means and standard deviations, using a selection of covariance
functions (1000 simulations per row).

3.4 Comparison with marginally Gaussian χ
2
1 fields

Having established an accurate simulation method we wish to compare the number of

local maxima between Gaussian random fields and marginally Gaussian χ2
1 random fields,

referred from here on simply as χ2∗
1 random fields. Henderson et al. showed that for

the two-dimensional case, there could be significant differences between Gaussian and

non-Gaussian random fields when counting the number of local maxima or minima. The

authors observed these differences despite identical marginal distributions and indistin-

guishable correlation functions. We explore this further in the one-dimensional case by

comparing Gaussian and χ2∗
1 random fields as the latter showed the most significant dif-

ference from the Gaussian case, of a range of distributions considered.

3.4.1 Local maxima in the 1-d case

To begin, we simulate a 1-d Gaussian field containing elements zi, with some chosen

covariance structure and N(0, 1) marginals. We square each of the random variables to

obtain z2i . Then for all i,

z∗i = Φ−1(Fχ2
1
(z2i ))

is marginally N(0, 1), where Fχ2
1
is the χ2

1 cumulative distribution function. We use asterisk

notation to indicate marginal Gaussianity.

We simulated 10000 Gaussian random fields and 10000 χ2∗
1 random fields, each of length

192. A single simulation for each of these is shown in Figure 3.7. There is no visually

discernible difference between the two. For both, we used a Matérn covariance function

with parameters as shown in Table 3.4. The χ2
1 Matérn parameters are numerically es-

timated to maximise the likelihood of the parameters based on the covariance at various

lags. This covariance matching procedure results in the covariance matrix of the two sim-
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Figure 3.7: 1-d Gaussian and χ2∗

1
random fields.

ulations being as close as possible. Table 3.4 shows the mean correlation at a selection of

lags alongside the parameters used. We calculate these values using a subset of 100 fields

for efficiency. We can see that the two distributions are relatively close at each of the lags

considered.

η ν d = 1 d = 2 d = 3 d = 5 d = 10 d = 25 d = 50

Gaussian 20 0.500 0.963 0.928 0.897 0.840 0.721 0.538 0.423
(0.017) (0.032) (0.045) (0.068) (0.104) (0.129) (0.120)

χ2∗
1 44 0.650 0.958 0.922 0.889 0.832 0.717 0.517 0.430

(0.023) (0.041) (0.056) (0.071) (0.098) (0.130) (0.131)

Table 3.4: Parameters with mean and standard deviations of correlations for a selection of sepa-
ration distances for a subset of 100 1-d Gaussian and χ2

1
random fields of length 192.

For each of the 10000 replicates, we count the number of local maxima, calculating the

mean and standard deviation for each distribution. Table 3.5 shows the parameters used,

and these local maxima count means and standard deviations.

η ν mean sd

Gaussian 20 0.500 49.318 3.288
χ2∗
1 44 0.650 44.111 3.599

Table 3.5: Local maxima count means and standard deviations for Gaussian and χ2

1
random fields,

10000 simulations per row.
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As with work by Henderson et al. (2020) on a 256×256 grid, there are fewer local maxima

evident in the χ2∗
1 simulations than in the Gaussian case. We see about 10% fewer maxima

lower for the χ2∗
1 distribution than for the Gaussian, whereas Henderson shows a decrease

of closer to 30%. Re-running the simulation procedure for all series lengths from m = 3 to

m = 1000 shows that this ratio does not change as a function of series length. Figure 3.8

shows the ratio of the number of local maxima in χ2∗
1 simulations to Gaussian simulations,

with the mean calculated from ten simulations for each simulation length, m. Although the

variation in the ratio decreases with increasing simulation length, there does not appear

to be a trend in either direction from 0.88.

Figure 3.8: Ratio of mean number of local maxima in χ2∗

1
to Gaussian random fields by simulation

length, m.

3.4.2 Comparing simulations of length three

The marginally Gaussian chi-squared distribution provides a useful tool for assessing com-

parison methods, due to clear differences with a true Gaussian distribution. Thus far,

although we have established a consistent difference between the number of local maxima

occurring in one dimensional Gaussian random fields compared with χ2∗
1 random fields,

we have not established a reason why this might be. Both cases are matched for mean and

standard deviation and have a close covariance, so intuitively one might expect the same

proportion of local maxima. There is a clear difference between the two distributions,

but the reasons why are less obvious. What are the underlying differences between our
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Gaussian distribution and our χ2∗
1 distribution? To answer this question, we note that

understanding the behaviour of a distribution of length three is sufficient in understanding

the behaviour of longer distributions, ignoring border cases for which we can easily adjust.

We used this fact previously when calculating the expected number of local maxima over a

length-192 random field. Hence, we must calculate the probability that the midpoint of a

length-three random field is the maximum, under both the Gaussian and χ2∗
1 distributions

with a given covariance structure. From this, we will be able to calculate the expected

number of local maxima in the χ2∗
1 case. We first confirm expected results for the simpler

cases, Gaussian under independence and χ2∗
1 under independence, then investigate the χ2∗

1

case under some covariance structure.

3.4.3 Gaussian under independence

We have a vector z of length three, containing independent random variables z1, z2 and

z3 ∼ N(0, 1), where z1 is the value at the midpoint and z(1) = (z2, z3)
T contains the values

at the edgepoints. We know that the probability of any of the three points being the

maximum is 1/3, by symmetry. That is

p(midpoint is max) = p(midpoint is min) =
1

3
.

The technical details are shown below for completeness. Define

IZ =







1, z112 > z(1)

0, otherwise

Then

p(IZ = 1|z1) = Φ2(z1)

⇒ p(IZ = 1) =

∫

Φ2(z)φ(z)dz

=

[

Φ3(z)

3

]∞

−∞

=
1

3

as expected.
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3.4.4 χ
2∗
1 under independence

The above calculation for the χ2∗
1 case is less trivial although again, for independence, we

know the probability of any of the three points being the maximum is 1/3. We begin with a

vector z of length three, containing independent random variables z1, z2 and z3 ∼ N(0, 1),

where z1 is the midpoint value and z(1) = (z2, z3)
T contains the edgepoint values, and

transform to χ2∗
1 variables, z∗1 , z

∗
(1) as described at the beginning of Section 3.4. Then we

can define

IZ∗ =







1, z∗112 > z∗(1)

0, otherwise.

We can see that

p(IZ∗ = 1) = p
(

z∗112 > z∗(1)
)

= p
(

|z112| > |z(1)|
)

.

If z1 > 0,

p(−z112 < z(1) < z112|z1) =
∫ z112

−z112

f(z(1)|z1)dz(1).

If z1 < 0,

p(z112 < z(1) < −z112|z1) =
∫ −z112

z112

f(z(1)|z1)dz(1).

Then for z1 > 0,

p(IZ∗ = 1|z1) = {Φ(z1)− Φ(−z1)}2

and for z1 < 0,

p(IZ∗ = 1|z1) = {Φ(−z1)− Φ(z1)}2.

So

p(IZ∗ = 1) =

∫ 0

−∞
{Φ(−z1)− Φ(z1)}2φ(z1)dy1 +

∫ ∞

0
{Φ(z1)− Φ(−z1)}2φ(z1)dz1
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= 2

∫ ∞

0
{Φ(z1)− Φ(−z1)}2φ(z1)dz1

= 2

∫ ∞

0
{2Φ(z1)− 1}2φ(z1)dz1

= 2

∫ ∞

0
{4Φ2(z1)− 4Φ(z1) + 1}φ(z1)dz1

= 8

[

Φ3(z1)

3

]∞

0

− 8

[

Φ2(z1)

2

]∞

0

+ 2× 1

2

=
8

3
− 8

3× 8
− 8

2
+

8

2× 4
+ 1

=
1

3

as expected.

3.4.5 χ
2∗
1 under a correlation structure

Having proved expected results in the independent case, we must find a way to understand

behaviour when the random variables are not independent, but correlated according to

some given correlation structure. In essence, this is similar to our previous approach,

where we calculated the expected number of local maxima on a 1-d Gaussian field. It

would be convenient if we could use the same methods for the χ2∗
1 case, but we do not yet

know the exact form of the covariance structure after the transformation. Again, we can

begin working with fields of length three, as knowing the probability that the midpoint is

the maximum is sufficient to calculate the expected number of maxima over a larger field.

Change in covariance under transformation

We can take two approaches to address this problem. Our first approach involves under-

standing how the covariance structure changes under the transformation of the Gaussian

random variables. For a Gaussian 1-d field of length three, we have the following co-

variance matrix, R. We wish to understand the structure of the corresponding covariance

matrix for the data after we transform it to χ2∗
1 .

R =







1 ρ12 ρ13

ρ12 1 ρ12

ρ13 ρ12 1







One method involves numerical calculation of the covariance after transformation. Con-

sider two Gaussian random variables Z1 and Z2, with covariance ρ12. We wish to know
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Figure 3.9: Relationship between initial and resulting covariances, ρ12 and r12. The left hand plot
shows results obtained using numerical integration. The right hand plot shows results obtained
using simulation and estimation.

the covariance between the transformed χ2∗
1 random variables Z∗

1 and Z∗
2 , Cov[Z

∗
1Z

∗
2 ]. As

described previously, z∗i = Φ−1
(

Fχ2
1
(z2i )

)

.

Cov[Z∗
1Z

∗
2 ] = E[Z∗

1Z
∗
2 ]− E[Z∗

1 ]E[Z
∗
2 ]

= E[Z∗
1Z

∗
2 ],

since Z∗
1 , Z

∗
2 are marginally Gaussian, so E[Z∗

1 ] = E[Z∗
2 ] = 0. Then

E[Z∗
1Z

∗
2 ] =

∫ ∫

Φ−1
(

Fχ2
1
(z21)

)

Φ−1
(

Fχ2
1
(z22)

)

φ(z1, z2)dz1dz2.

We calculate this integral numerically over a grid,

E[Z∗
1Z

∗
2 ] ≈

∑

z1,z2

Φ−1
(

Fχ2
1
(z21)

)

Φ−1
(

Fχ2
1
(z22)

)

φ(z1, z2)δ
2

where z1, z2 = −5,−5 + δ,−5 + 2δ, . . . , 5 − δ, 5. Here we choose δ = 0.01 to allow for

manageable computation times. This gives us an approximate value for the covariance

between the χ2∗
1 random variables, Cov[Z∗

1 , Z
∗
2 ], r12. The relationship between the initial

ρ12 and subsequent r12 covariances can be seen in the left-hand plot of Figure 3.9.

As a test for this method, we simulate multiple 1-d random fields of length three, under

different covariance matrices. We form 121 matrices, corresponding to 11 values for each of
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ρ12 and ρ13 and take all valid covariance matrices. For each of these, we simulate 1000000

random fields of length three, transform to χ2∗
1 as described previously and estimate the

resulting covariance matrices. The relationship between the initial ρ12 and subsequent

r12 covariances when calculated using this method can be seen in the right-hand plot of

Figure 3.9.

This method has the disadvantage of requiring simulations, and hence includes a degree

of uncertainty. We can minimise this uncertainty by increasing the number of simulations

from which we calculate the covariance, but it cannot be eliminated.

As can be seen in Figure 3.9, simulation confirms results obtained using numerical inte-

gration. We can, therefore, estimate the covariance matrix of the transformed random

variables to calculate the predicted number of local maxima.

3.5 Fundamental differences and impact of covariance struc-

ture

In this section we continue to consider the probability that the midpoint is the maximum

for series of length m = 3, recalling that results correspond directly to the number of local

maxima over a series of length m ≥ 3. We are now able to calculate expected results for

both the Gaussian and the χ2∗
1 cases under any covariance structure to a reasonable degree

of accuracy. From Section 3.4.1 it is clear that the number of local maxima (and hence the

probability of the midpoint being a maximum) is different between the two distributions

even when the covariance structures are close. We consider two main questions, firstly, how

does the choice of covariances affect the differences between distributions and secondly,

where do the differences come from when covariances are matched. We also look briefly at

how the covariances differ when they are chosen to match the total probabilities between

distributions.

3.5.1 Effect of relationship between ρ12 and ρ13

We look first at how different choices of ρ12 and ρ13 impact p(IZ∗ = 1), the probability

that the midpoint is the maximum, in the χ2∗
1 case. As established previously, when

ρ12 = ρ13 = 0 (i.e. in the case of independence), the probability p(IZ∗ = 1) = 1
3 . In

work on 2-d random fields Henderson et al. (2020) noted a significantly lower number of

local maxima for χ2∗
1 data when compared with true Gaussian data. The data used was

all simulated using a Matérn covariance function, for which the covariance between two

points decreases as the distance between them increases. In the 1-d length three case, we

are interested in the how p(IZ∗ = 1) changes with different values of ρ12 and ρ13, where
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ρ12 is not necessarily greater than ρ13.

In order to asses this, we fix ρ12 at three values, 0.3, 0.5 and 0.7, and for each, we

consider ρ13 = 0.1, 0.2, . . . , 0.9 as shown in Figure 3.10. This shows that when ρ13 < ρ12,

p(IZ∗ = 1) < 1
3 , as was found in previous work, when using a Matérn covariance function.

However, we see that when ρ13 > ρ12, p(IZ∗ = 1) > 1
3 , with the case where when ρ13 = ρ12

giving results very close to independence.

Figure 3.10: p(IZ∗ = 1) for ρ12 = 0.3, 0.7, 0.9 and ρ13 = 0.1, 0.2, . . . , 0.9. The black dashed line
shows p(IZ∗ = 1) = 1

3
.

Intuitively, this is not a surprising result. The larger ρ13 is in relation to ρ12, the more

that the points x1 and x3 act as a single point. In the most extreme case, where ρ13 = 1,

the two points act as one, and hence, p(IZ∗ = 1) = 1
2 .

It is worth noting that we have chosen values for ρ12 and ρ13 which result in a valid

covariance matrix. The matrix is only positive-semi-definite and hence, only valid, when

the following hold.

1− 2ρ212 + 2ρ212ρ13 − ρ213 ≥ 0

and

0 ≤ ρ12, ρ13 < 1.
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3.5.2 ‘Covariance matching’ for Gaussian and χ
2∗
1 distributions

Having established the relationship between initial covariances and those which result after

transformation of our Gaussian random field as seen in Section 3.4.5, we can compare our

two distributions using these ‘matched’ covariances. That is, we can match the covariance

values r12 and r13 of our χ2∗
1 distribution, to the values ρ12 and ρ13 of our target standard

Gaussian distribution. The process is as follows:

1. Select two root Gaussian covariances, ρ∗12 and ρ∗13.

2. Calculate the corresponding target covariances, ρ12 and ρ13, as discussed in Section

3.4.5. These will be the covariance values used in the Gaussian calculation, and are

the corresponding values after transformation to χ2∗
1 .

3. Using the root values (the covariances of the underlying Gaussian distribution),

calculate p(IZ∗ = 1) for the χ2∗
1 distribution as discussed previously.

4. Use the target covariances to calculate p(IZ = 1) for the true Gaussian case.

Data simulated from χ2∗
1 and Gaussian distributions in this way will have close to matching

covariances. Table 3.6 shows the results of implementing the above procedure. We can see

that regardless of the values when ρ12 and ρ13 are equal, the probabilities in both cases

are equal to a third. When ρ12 > ρ13, as is the case in the majority of standard models

where covariance decreases with increasing distance, pχ2∗
1
(IZ∗ = 1) < pGauss(IZ = 1).

This result is in agreement with previous work on 2-d random fields. In the alternate case,

where ρ12 < ρ13, we see the opposite effect.

ρ∗12 ρ∗13 ρ12 ρ13 pχ2∗
1
(IZ∗ = 1) pGauss(IZ = 1)

0.3 0.3 0.062 0.062 0.333 0.333
0.3 0.5 0.062 0.177 0.345 0.345
0.3 0.7 0.062 0.366 0.367 0.365
0.5 0.3 0.177 0.062 0.320 0.321
0.5 0.5 0.177 0.177 0.333 0.333
0.5 0.7 0.177 0.366 0.357 0.355
0.7 0.3 0.366 0.062 0.282 0.292
0.7 0.5 0.366 0.177 0.303 0.307
0.7 0.7 0.366 0.366 0.333 0.333

Table 3.6: Probability that the maximum occurs at the midpoint for χ2∗

1
and Gaussian length

three random fields.

We can see the underlying effect more clearly by looking at the plots of the conditional

distributions, p(x1 > x212 | x1) and p(x1 > x212 | |x1|), shown in Figures 3.11 and 3.12,
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for both true Gaussian and χ2
1 distributions. (Generic notation is used here for both

distributions.)

Figure 3.11: p(x1 > x212 | x1) for Gaussian and χ2∗

1
distributions. Particularly around x1 = 0, we

can see the clear difference in probabilities that x1 is a local maximum.

It is clear that there are significant differences between the distributions, particularly

for smaller values of |x1|. Given that smaller values of |x1| have a higher probability of

occurring, the differences in this range will have a greater impact on the probability of

x1 being the maximum. This provides some explanation for the lower number of local

maxima seen in the χ2∗
1 case compared to the Gaussian (where ρ12 > ρ13 as we have here).
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Figure 3.12: p(x1 > x212 | |x1|) for Gaussian and χ2∗

1
distributions.

3.5.3 Matching total probabilities

The final question we wish to answer is what happens when we choose covariances such

that the probabilities p(z112 > z(1)) in the Gaussian case and p(z∗112 > z∗(1)) in the χ2∗
1

case are as close as possible. After finding covariance values that equate the probabilities

(or some approximation to this), we are able to plot the conditional distributions as in

the previous section and compare the shape of the curves. Figure 3.13 shows this for

covariances ρ12 = 0.7 ρ13 = 0.3, r12 = 0.82 and r13 = 0.42, resulting in p(z112 > z(1)) ≈
p(z∗112 > z∗(1)s) ≈ 0.223. As before we look at the probability conditional on the (general)

midpoint x1 but also at the probability conditional on the absolute value of the midpoint

|x1|.

We can see that where the midpoint x1 has a positive value, the probability p(x1 >

x212 | x1) for both Gaussian and χ2∗
1 data have similar values, as does the probability

conditional upon |x1| for all values of x1. In contrast, as x1 decreases from zero, the

probability p(x1 > x212 | x1) for the two distributions diverges. However, considering the

greater likelihood of values of x1 close to zero (for marginally Gaussian data) the figure

demonstrates how the likelihood of local maxima is related to the values of ρ12 and ρ13.
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Figure 3.13: p(x1 > x212 | x1) and p(x1 > x212 | |x1|) for correlated Gaussian and correlated χ2∗

1
,

where both distributions have approximately equal total probability.

3.6 Conclusions

In this chapter we have introduced general ideas from topological data analysis, before

showing how concepts could be applied to random fields on a discrete grid. We then inves-

tigated and compared numbers of local maxima on Gaussian and marginally Gaussian χ2
1

both for spatially independent and correlated data. Finally, we considered the mechanism

by which we see different results between distributions by looking into length-3 vectors

with known correlations. Beyond introducing some of the topological theory upon which

we will build in Chapter 4, we have shown how subtle differences in distributions have an

impact on topological features, even when effort has been taken to account for differences

in correlation structure. This forms a basis for the work to follow on distinguishing dis-

tributions using topological event history methods. In the following chapter, we return to

some more standard topological data analysis methods and demonstrate their application

to wind intensities data.
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Chapter 4

Applications of TDA to wind data

To illustrate the topological data analysis approaches described in Chapter 3 we apply a

selection of these approaches to the wind intensities data. This allows us to demonstrate

some features of the data set as well as discuss some of the advantages and challenges of

standard TDA methods. Since the data set consists of both multiple years and multiple

realisations, where possible we look at comparisons across both variables. Prior to con-

ducting the analysis, we may expect to observe few and/or relatively minor differences

between realisations since they are generated to be statistically similar, although any such

differences could be worth further investigation. This is particularly relevant in the con-

text of climate variability, one of the main purposes for the development of the CESM

LENS data set. Differences in analyses across years, however, may be less surprising, but

potentially of interest from the perspective of investigating changes in climate over time.

Throughout this chapter we use the full data set.

4.1 Local maxima and minima

We begin by looking at the numbers of local maxima and minima for each year-realisation

data subset. Results can be seen in Figures 4.1 and 4.2, for the original data and standard-

ised residuals respectively. Although there are no obvious trends across year or realisation,

we see significantly more minima than maxima for the original data. Averaging the num-

bers of local maxima and minima by realisation for the standardised residuals we can see

in Figure 4.3 that there is an increase in both maxima and minima as time increases,

followed by a drop after peaking at around the 60th year (2067). This demonstrates how

even a basic analysis approach based on TDA can highlight interesting trends across data

sets. The remaining figures and analysis in this chapter all use standardised residuals.

In contrast with many standard analysis techniques, interpretation of results obtained via
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Figure 4.1: Number of local maxima (left) and minima (right) for all 30 × 95 year-realisation
subsets (original data).

TDA methods can be challenging. We can generally say that higher numbers of local

maxima and minima reflect greater noise in the random field, with less smoothness. How-

ever, the reasons for this occurrence could be a result of the methods used to simulate the

original data or a feature of our changing climate under the specific conditions considered.

Further understanding would require the knowledge of a climate scientist or researcher

involved in the simulation of the data.
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Figure 4.2: Number of local maxima (left) and minima (right) for all 30 × 95 year-realisation
subsets (standardised residuals).
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Figure 4.3: Average number of local maxima (left) and minima (right) for each year based on the
standardised residuals.

50



Chapter 4. Applications of TDA to wind data

4.2 Persistence

Recalling from the previous chapter, for a 2-d topological space there are two potentially

non-zero Betti numbers, β0 and β1, corresponding to connected components and holes.

For data on a grid, we define two pixels to be connected if they share an edge. We show

connected component persistence diagrams for a selection of years and realisations, shown

in Figure 4.4. Figures such as persistence diagrams for components and holes are less well

suited for the comparison of numerous data sets; we are only showing ∼ 0.3% of the full

data set here.
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Figure 4.4: Persistence diagrams for connected components for a selection of years and realisations.

Although minor differences are apparent between each year-realisation pair, there is no
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noticeable trend that can be seen from these figures. Persistence diagrams alone are poorly

suited to data of this type; instead we require some way of summarising these figures.

Barcodes provide a means of visualising the same details in a different way. Figure 4.5

shows barcodes for three different years. The barcodes for each year are very similar, but

each highlights the differences in persistence between components and holes. As would be

expected with a filtration from below, we see generally earlier birth times for components

as well as one component persisting to the maximum value.
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Figure 4.5: Barcodes for components (back) and holes (red), corresponding to elements from
homology groups H0 and H1. t = 2015, 2055, 2095, r = 1.
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4.2.1 Convex hull summaries

‘Peeling’ a persistence diagram to obtain successive convex hulls as proposed by Henderson

et al. (2020), provides a means to uncover the general shape of a persistence diagram,

without being obscured by the large number of points, particularly around the diagonal.

Figure 4.6 illustrates.
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Figure 4.6: Persistence diagram and 85% convex hull for realisation r = 10 and year t = 2015.
Grey lines show convex hulls that have been peeled.

We can use a convex hull peel to examine differences between persistence diagrams more

clearly. As with persistence diagrams, we are able to compare a small number of data sets

via their convex peels, and their component/hole counts. Figure 4.7 shows this for year

one, realisations one, five, and ten, showing only minor differences between realisations.

An improvement on the persistence diagram, this approach still limits us to a relatively

small number of data sets.

Looking beyond simple descriptors of persistence, the convex hull summaries of persistence

diagrams detailed in the Section 3.2.1 provide more valuable ways to compare persistence

diagrams. We apply these to the persistence diagrams after convex peels such that 85% of

points remain. Figure 4.8 looks at all years for realisations 10, 20 and 30, and Figure 4.9

looks at all realisations for years 2015, 2055 and 2095. Each of the years and realisations

presented appear to have similar properties, with no clear outliers or trend.
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Figure 4.7: Convex peels for components and holes. t = 2006, r = 1, 5, 10, as well as a count of
components and holes over increasing level sets.
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Figure 4.8: Convex hull summaries for all years, realisations r = 10, r = 20 and r = 30. Top row
shows values for connected components, bottom row shows values for holes.
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Figure 4.9: Convex hull summaries for all realisations, years t = 2015, t = 2055 and t = 2095. Top
row shows values for connected components, bottom row shows values for holes.
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4.3 Conclusions

In this chapter we looked at maxima and minima counts for our data sets over time,

observing an interesting feature where counts of both maxima and minima appear to

increase over time to a peak at around t = 2067 and decrease slightly after. We then

looked at various visual representations of persistence, including persistence diagrams,

barcodes and convex peels of persistence diagrams, before looking at values for several

convex hull summaries. Beyond looking at the change in maxima and minima counts

over times, these methods did not highlight any real differences between either years or

realisations.

We can see how TDA is able to provide novel, visual methods for examining features

of data. Calculation of local maxima and minima, and convex hull summaries allow

us to compare between data and identify differences that may not be apparent by other

means. However, it is clear that some of these methods, such as examination of persistence

diagrams, are not well suited to comparing numerous data sets and instead allow a more

detailed inspection of specific features. In the case of our wind intensities data, we are

able to use these methods to gain insight into features of the data, however are restricted

by the large quantity of year-realisation data sets we are working with.
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Chapter 5

Event history analysis for spatially

correlated data

As we described at the beginning of Chapter 3, existing work by Henderson et al. (2020)

showed that methods based on persistent homology from the field of topological data anal-

ysis were able to distinguish between true Gaussian and marginally Gaussian χ2
1 random

fields. We are interested in extending these ideas using a survival analysis approach, with

the eventual goal of combining methods from the two fields of research. In this chap-

ter, we discuss ideas from survival analysis and investigate their application to spatially

correlated data on a random field. We consider the problem of variance estimation and

examine methods for adjusting existing variance estimators to work for correlated data.

The field of survival analysis has wide-ranging applications, particularly in manufacturing

and medical sciences, where time-to-event data is common. For example, one might en-

counter data comprising time until failure of a part in a mechanical process, or until the

recurrence of a disease in a medical trial. For this reason, survival analysis has been well

researched and developed, with many publications describing approaches to the study of

data sets where the variable of interest is time until the occurrence of some event. Ow-

ing to its high applicability in many areas of scientific research, much of the literature is

concerned with the application of survival analysis to diverse scientific research areas.

In addition to comparing the outcomes of processes, analysis of time-to-event data is

useful for understanding the underlying mechanisms. Hence, there is undoubtedly value

in the interpretability of results to make inferences about each data set. Contrary to

this idea of interpretation, in this chapter we are more interested in how concepts from

survival analysis can be used as tools for the comparison of random fields. A primary

difference between this and standard survival analysis is the spatial nature of the event

times. In almost all scenarios we consider, there will be some degree of spatial correlation
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in the data, a feature not present in the majority of time-to-event data sets. Further, the

interpretability of results will not be of primary concern; instead, we wish to be able to

distinguish between random fields with similar properties, where existing methods may be

unable to identify differences.

Before continuing into a discussion of survival analysis for correlated data, we begin with a

summary of standard survival analysis theory, including definitions of the survival function

and cumulative hazard function and a review of concepts such as martingales, compen-

sators and predictability. We describe two standard non-parametric estimators used in

survival analysis and methods for assessing their variance. Since our work does not look

at censored data (in a conventional sense), we omit most discussion of censoring from the

following sections. We begin with a summary of basic survival analysis theory.

5.1 Basic concepts

Consider a set of n subjects, with survival times T1, T2, . . . , Tn, observed without censoring.

The Ti are continuously distributed from some survival function S(·), where

S(t) = P (Ti > t).

In many real applications, not all individuals will experience an event. For example, in a

medical study of heart disease, it is almost certain that some patients will never experience

the event of interest. In this case, the random variable Ti would be infinite and the survival

function S(t) will eventually decrease to a positive value as t → ∞ (Aalen et al., 2009).

The distribution function and density function are then defined as F (t) = 1 − S(t) and

f(t) respectively. The hazard function α(t) is defined as

α(t) =
f(t)

(1− F (t))

and we can see that

α(t) = lim
∆t→0

{

P (t < T < t+∆t | T > t)

∆t

}

=
f(t)

S(t)
. (5.1)

The cumulative hazard function A is defined as the integral of the hazard function,

A(t) =

∫ t

0
α(u)du. (5.2)

In Section 5.2 we describe the non-parametric Kaplan-Meier and Nelson-Aalen estimators

for the survival function and cumulative hazard function respectively.
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The relationship between these two functions A(t) and S(t) can be shown simply. From

5.1 and 5.2 we can see that

A′(t) = α(t) = lim
∆t→0

{

S(t)− S(t+∆t)

S(t)∆t

}

= −S′(t)

S(t)
.

Since S(0) = 1, integrating obtains

−log{S(t)} =

∫ t

0
α(s)ds

and hence

S(t) = exp

{

−
∫ t

0
α(s)ds

}

.

5.1.1 Counting processes

The theory behind counting processes provides many important ideas required to under-

stand survival theory. For a subject i, Ti can be considered the survival time for that

subject. Then we can define the counting process associated with Ti to be the indicator

Ni(t) = I(Ti ≤ t).

The change dNi can be written as

dNi(t) = Ni(t)−Ni(t
−),

and takes value 1 at failure times and 0 everywhere else. Hence, over the whole sample,

we can take

N(t) =
n
∑

i=1

Ni(t)

where N(t) is a step function which counts the number of observed events before time t.

Predictable processes A process is predictable if given the history Ft− we know the

value of the process at time t. Ft− is everything known immediately prior to time t.

Left-continuity is a sufficient (but not necessary) condition for predictability.

Risk sets A risk set at time t can be described as a set of subjects who, at time t, are

at risk of failure. We can say

Yi(t) =







1, subject i is at risk of failure at time t

0, otherwise.
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The total number of subjects at risk at time t is thus

Y (t) =
n
∑

i=1

Yi(t),

where Y (t) and Yi(t) are both predictable processes.

Martingales

Martingales play an important role in survival analysis. First, suppose M(t) is some

stochastic, right-continuous process. We define the continuous time interval T = [0, τ ],

where the terminal time τ is in the range 0 < τ ≤ ∞ and (Fs : s ∈ T ) of M(t) is the

history (or filtration) of the process up to time s.

Then M(t) is a martingale if M(t) is integrable, that is, if

E[| M(t) |] < ∞ ∀t ∈ T

and satisfies the martingale property

E[M(t) | Fs] = M(s) ∀s < t

(Aalen et al., 2009).

Intensity The intensity of the counting process N(t) can be defined as

λ(t) = Y (t)α(t),

and we have

E[dN(t) | Ft− ] = λ(t)dt.

From this, we obtain the cumulative intensity,

Λ(t) =

∫ t

0
λ(s)ds t ≥ 0,

so that E[N(t)] = Λ(t).

We can see now that M(t) = N(t)− Λ(t) is a martingale since

E[dM(t) | Ft− ] = 0
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and

E[M(t) | Fs] = M(s).

5.2 Non-parametric estimators

We look at two existing non-parametric estimators. First, briefly, we describe the Kaplan-

Meier (KM) estimator Ŝ(t) for the survival function, followed by a more detailed presen-

tation of the Nelson-Aalen estimator Â(t) for the cumulative hazard function.

5.2.1 The Kaplan-Meier estimator for the survival function

It is likely that what is now usually known as the Kaplan-Meier estimator for the survival

function was first proposed by Bohmer (1912) before being largely lost sight of until 1958,

when it was presented as the Product-Limit estimator by Kaplan and Meier (1958). The

estimator is defined as

Ŝ(t) =
∏

Ti≤t

{

1− 1

Y (Ti)

}

where Y (t) is the number of individuals contained in the risk set ‘just before’ time t (Aalen

et al., 2008) and Ti are event times.

5.2.2 Variance of the Kaplan-Meier estimator

There are several variance estimators for the Kaplan-Meier estimator; the one provided

by Kaplan and Meier (1958) is as follows:

V ar
(

Ŝ(t)
)

= Ŝ(t)2
∑

Ti≤t

1

Y (Ti)2

which is equal to Ŝ(t)2 multiplied by the Nelson-Aalen variance estimator (see Section

5.2.4).

In addition to the variance estimator provided above, Greenwood’s formula (Greenwood

and others, 1926) is also commonly used as a variance estimator for the Kaplan-Meier

estimator:

V ar
(

Ŝ(t)
)

= Ŝ(t)2
∑

Ti≤t

1

Y (Ti)
{

Y (Ti)− 1
} . (5.3)

Without censoring, Equation 5.3 is equivalent to standard binomial variance, Ŝ(t)
(

1 −
S(t)

)

/n. This can be shown as follows:
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When no censoring occurs, the risk set at time Ti+1 is simply the size of the risk set at

time Ti minus the number of events that occurred at time Ti. Assuming no ties in the

data, this means Y (Ti+1) = Y (Ti)− 1.

For Ti ≤ t < Ti+1,

Ŝ(t)2
∑

Ti≤t

1

Y (Ti)
{

Y (Ti)− 1
} = Ŝ(t)2

∑

Ti≤t

Y (Ti)− Y (Ti+1)

Y (Ti)
{

Y (Ti)− 1
}

= Ŝ(t)2
∑

Ti≤t

{

1

Y (Ti+1)
− 1

Y (Ti)

}

= Ŝ(t)2
{

1

Y (Ti+1)
− 1

Y (T1)

}

= Ŝ(t)2
{

Y (T1)− Y (Ti+1)

Y (Ti+1)Y (T1)

}

= Ŝ(t)2
{

1− Y (Ti+1)/Y (T1)

Y (T1)Y (Ti+1)/Y (T1)

}

= Ŝ(t)2
{

1− Ŝ(t)

Y (T1)Ŝ(t)

}

=
Ŝ(t)(1− Ŝ(t))

n
,

the standard binomial variance.

5.2.3 The Nelson-Aalen estimator for cumulative hazard function

The Nelson-Aalen estimator for the cumulative hazard function A(t), has the advantage

of being a non-parametric estimator with no requirements for any assumptions on distri-

bution (Borgan, 1997). This feature makes it suitable for a wide variety of cases where

the distribution may not be known.

Given survival data without censoring, that is, n subjects or independent processes, with

hazard function α(t) and cumulative hazard function

A(t) =

∫ t

0
α(s)ds,

we can consider the occurrences of some event at times T1, T2, . . . , Tm. We define

dj = #events that occur at time Tj
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and

Y (Tj) = #subjects in the risk set immediately prior to Tj .

The Nelson-Aalen estimator for the cumulative hazard function of the processes, is thus

defined as

Â(t) =
∑

Tj≤t

dj
Y (Tj)

.

5.2.4 Variance of the Nelson-Aalen estimator

The variance of the estimator Â(t) can itself be estimated by

σ̂2(t) =
∑

Tj≤t

(Y (Tj)− dj)dj
(Y (Tj)− 1)Y (Tj)2

,

and both the Nelson-Aalen estimator and its variance estimator are close to unbiased

(Borgan, 1997). We later call this standard variance estimator VS(t). Further, for large

samples, the distribution of the Nelson-Aalen estimator at a time t is approximately nor-

mal. Hence we can define a standard 100(1 − α)% confidence interval for A(t) as

Â(t)± z1−α/2σ̂(t)

where z1−α/2 is the 1− α/2 fractile of the standard normal distribution.

5.3 Comparing intensity and hazard rate models

The difference between the intensity function and the hazard function is subtle but critical.

Here, we have mentioned the intensity function in the context of a counting process which

produces multiple events, obtained by summing multiple survival processes. Similarly, the

intensity function applies to Poisson processes, in which there are multiple arrivals over

some period.

We can think of intensity as the number of events per unit time. This function may vary

over time λ(t) or may be a constant λ > 0, for example in a homogeneous Poisson process.

We can then define the expected number of events or arrivals in some interval (t1, t2] to

be

E[N(t1, t2)] =

∫ t2

t1

λ(t)dt.

In contrast, in a survival process, we see only a single event before the system discontinues.

The hazard rate function gives the conditional probability of an event occurring in the
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time interval (t, t+ δt] given the that the event has not previously occurred,

α(t) =
f(t)

1− F (t)

which integrates to the cumulative hazard function, A(t), as previously discussed.

5.4 Nelson-Aalen for a Gaussian random field

To apply the Nelson-Aalen estimator to a Gaussian random field on a discrete space, we

must consider sites on the field as individuals or subjects, each of which can experience

an event. We then can consider the field value at each site as analogous to the event time

in standard survival theory. In this scenario, an event will occur at every site at the field

value for the site in question. For the following section, we consider this ‘all events’ data,

where all sites experience an event. Later, we will consider an alternative definition of an

event on a random field, building on the topological concepts discussed earlier.

5.4.1 Application

Given the relationship between event times in standard survival theory and the field values

in our application, we could transform our Gaussian field values to log-normal survival

times. Consider the random field Z ∼ N(0, Σ), where Σ is the covariance matrix. Survival

times are then defined as ti = ezi . However, for simplicity, in general we work with the

original zi which can have negative values. In the following analysis, we consider the

untransformed data values, zi. The same methodology applies, and this more closely

reflects the type of ‘real world’ data with which we will be working in future.

5.4.2 Expectation

For spatially independent survival times Z ∼ N(0, Σ), where Σ = I is the identity ma-

trix of appropriate size, calculating the expectation of the Nelson-Aalen estimate (the

theoretical cumulative hazard function) is straightforward.

We simply have

E[Â(t)] = A(t) =

∫ t

−∞

φ(u)

1− Φ(u)
du

where φ and Φ are standard Normal density and distribution functions. An example of this

is shown in the top-left plot of Figure 5.1. The result does not hold when there is spatial

correlation in the random field, i.e. when Σ 6= I, corresponding to correlated event times.
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This can be seen clearly in Figure 5.1, where each of the four figures shows data simulated

using an exponential correlation function with different correlation length parameters,

exp(ν = 0.5, η). Each figure shows 1000 1-d simulations each of length 192. As the

correlation length parameters increase, we see that the mean of the Nelson-Aalen estimates

(green dots) gets further from the expected cumulative hazard curve (red line). This is

not a surprising result, as we make no assumption of spatial correlation in the calculation

of the expected cumulative hazard curve. In this application where all sites experience

an event, the finishing point of each Nelson-Aalen estimate is always at Â(tmax) = 5.84,

regardless of the maximum field value tmax. This is due to the calculation of the Nelson-

Aalen estimator as the cumulative sum of the inverse of the risk sets. That is, for this 1-d

data of length 192 (still assuming no ties),

Â(tmax) =

192
∑

u=1

1

u
= 5.84.

5.4.3 Performance of the naive variance estimator

Further, in Figure 5.1, we show as green bands the observed mean plus and minus two

(observed) standard deviations. The blue bands show the observed mean plus and minus

two standard deviations as calculated by the naive Nelson-Aalen variance estimator. We

can see that the standard Nelson-Aalen variance estimator does not perform well for

correlated data, and we see significant under-coverage. Further, as the correlation length

parameter increases, we see an increasing empirical variance.

In order for the Nelson-Aalen to provide value as a method for events on a correlated

random field, we require an adjustment for correlation.

5.5 Dealing with spatial correlation

The evolution of survival analysis as a field from one considering single event processes

to multi-event processes has required the development of new techniques and methods.

Similarly, where conventional survival theory concerns itself with (spatially) independent

processes, our interest in spatially correlated events requires further examination of exist-

ing methods.

Some work has touched upon the idea of correlated survival times. For example, Williams

(1995) describes a novel approach to estimating the variance of correlated product-limit

survival times, where Greenwood’s formula is not appropriate due to the requirement for

independent survival times. However, Williams develops a robust variance estimator using
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Figure 5.1: Expected cumulative hazard function and Nelson Aalen estimates for 1000 simulations
of length 192 under different correlation parameters. Top-left: independent, top-right: exp(ν =
0.5, η = 10), bottom-left: exp(ν = 0.5, η = 20), bottom-right: exp(ν = 0.5, η = 50). The red lines
show the expected cumulative hazard function under independence, and the green dots show five
pointwise averages for the calculated Nelson-Aalen estimates, calculated at Φ−1(0.1), Φ−1(0.3),
Φ−1(0.5), Φ−1(0.7) and Φ−1(0.9). The green bands represent the observed mean plus and minus
two (observed) standard deviations. The blue bands represent the observed mean plus and minus
two standard deviations as calculated by the naive Nelson-Aalen variance estimator.
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Taylor series linearised values and a commonly used between-cluster variance estimator

often seen in multi-stage surveys. The proposed methods are useful for cluster-correlated

survival times but do not allow for spatial correlation between individual observations.

Other work by Li and Ryan (2002) uses frailty models in which there is spatial correla-

tion of the random effects. Random effects with spatial correlations are multiplicatively

incorporated into the baseline hazard, without any requirement for parametric forms to

be assumed. The research by Li and Ryan includes simulations with a range of different

spatial correlation structures. However, less well researched is data where there is a spa-

tial relationship between all individuals, i.e., scenarios where correlation exists between

all survival times and is related to the physical distance between individuals.

5.5.1 Mean adjustment

Before working with the data, we correct for the mean of the event times. We have

Z1, . . . , Zn marginally N(0, 1) with n×n correlation matrix, R. Let Wi = Zi−Z̄, Z = {Zi}
and W = {Wi}, i = 1, . . . , n. Then with In being the identity matrix and Jn being an

n× n matrix of ones, we have W = (In − Jn/n)Z and so

W ∼ N(0, C), C = (In − Jn/n)R(In − Jn/n)
T .

5.5.2 Expectation for correlated data

For correlated data after mean-adjustment, we have a marginal distributionWi ∼ N(0, ci),

where ci is the ith diagonal element of C. Hence

E[Â(t)] = A(t) =

∫ t

−∞

φ(u; 0,
√
ci)

1− Φ(u; 0,
√
ci)

du.

5.5.3 Adjusted variance estimator

In order to estimate variance where individuals are spatially correlated, we look at a fixed

time, t. For an individual j, we have

Nj(t) = I(Wj < t),

equal to one if an event has occurred and zero if not. Given W ∼ N(0, C), we can calculate

ej = P (Wj < t) and ejk = P (Wj < t,Wk < t).
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Since

N(t) =
∑

j

Nj(t),

we have

V ar(N(t)) =
∑

j

V ar(Nj(t)) +
∑

j,k

Cov(Nj(t), Nk(t))

=
∑

j

ej(1− ej) + 2
∑

k>j

(ejk − ejek).

By definition,

Ŝ(t) = 1− N(t)

n

and so

V ar(Ŝ(t)) = V ar

(

1− N(t)

n

)

=
V ar(N(t))

n2
.

The Nelson-Aalen estimate, by definition is

Â(t) = −log(Ŝ(t))

and using a delta-method approximation (see Appendix C) we can obtain the adjusted

variance estimator

VADJ(Â(t)) =
V ar(N(t))

n2(1− N(t)
n )2

.

5.5.4 Performance

Known correlation

We run initial tests using the known correlation structure of the data to obtain the variance

estimate described above and assess how the coverage of plus or minus two standard

deviations based on our two variance estimators compares to that of intervals based on

plus or minus two empirical standard deviations. Tables 5.1 and 5.2 show the results for

a selection of correlation parameters and grid sizes of n = 200 and n = 500 respectively.

We compare results at five levels as before, Φ−1(0.1), Φ−1(0.3), Φ−1(0.5), Φ−1(0.7) and

Φ−1(0.9).

As we would expect, VE has good coverage for all levels and parameter sets, for both

grid sizes. We see significant undercoverage when using VS particularly further from
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Level Φ−1(0.1) Φ−1(0.3) Φ−1(0.5) Φ−1(0.7) Φ−1(0.9)

ν = 1, η = 5

VE 95.8 95.5 94.3 95.9 96.1
VS 77.0 91.2 95.7 92.3 80.0
VADJ 95.6 95.7 94.8 95.6 94.7

ν = 1, η = 10

VE 97.3 95.0 94.8 94.8 95.5
VS 61.4 79.6 87.7 78.9 64.6
VADJ 98.1 96.1 96.4 96.2 93.2

ν = 2, η = 5

VE 94.9 96.2 95.1 95.1 94.0
VS 74.4 87.2 91.5 87.9 74.5
VADJ 95.7 95.9 94.1 95.7 93.7

Table 5.1: Coverage of two standard deviations using empirical (VE), standard Nelson-Aalen (VS)
and adjusted (VADJ ) variances for a selection of correlation parameters and grid size n = 200.
Here we use the Matérn correlation function.

Level Φ−1(0.1) Φ−1(0.3) Φ−1(0.5) Φ−1(0.7) Φ−1(0.9)

ν = 1, η = 5

VE 96.6 95.8 95.0 95.2 95.8
VS 77.4 90.0 95.5 91.8 77.1
VADJ 96.4 94.5 95.5 95.8 95.5

ν = 1, η = 10

VE 94.5 95.1 95.4 95.1 94.0
VS 61.9 78.0 85.5 76.4 64.0
VADJ 95.2 94.4 95.1 93.8 95.6

ν = 2, η = 5

VE 94.6 95.8 95.2 95.7 94.5
VS 75.8 87.4 92.7 86.5 74.7
VADJ 95.1 96.1 96.0 94.3 94.3

Table 5.2: Coverage of two standard deviations using empirical (VE), standard Nelson-Aalen (VS)
and adjusted (VADJ ) variances for a selection of correlation parameters and grid size n = 500.
Here we use the Matérn correlation function.
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the mid-level, again seeing similar results for both n = 200 and n = 500 grid sizes.

Our adjusted variance estimator VADJ gives good coverage generally, although we see

slight undercoverage at the last shown level and slight overcoverage for for first level and

parameters η = 1, ν = 10 for grid size n = 200. For grid size n = 500 coverage is much

improved in both of these cases.

Estimated correlation

We have seen that performance of the adjusted variance estimator is generally good, given

known correlation. The following results measure coverage equivalently to the results

above; however, we estimate the correlation parameters from the mean-corrected data,

here assuming a Matérn correlation function. Tables 5.3 and 5.4 show the results for the

selection of parameters used above and grid sizes of n = 200 and n = 500 respectively,

each based on 1000 simulations.

Level Φ−1(0.1) Φ−1(0.3) Φ−1(0.5) Φ−1(0.7) Φ−1(0.9)

ν = 1, η = 5

VE 95.5 95.9 95.2 95.3 94.3
VS 77.3 90.4 96.6 91.8 78.9
VADJ 96.8 96.3 96.3 96.1 93.5

ν = 1, η = 10

VE 95.6 95.0 94.9 95.7 95.2
VS 60.3 80.5 89.0 79.7 63.0
VADJ 96.3 96.7 97.0 95.5 91.4

ν = 2, η = 5

VE 95.3 94.9 95.1 95.6 94.9
VS 73.4 87.8 93.1 88.5 75.3
VADJ 95.9 95.9 95.1 95.8 93.9

Table 5.3: Coverage of two standard deviations using empirical (VE), standard Nelson-Aalen (VS)
and adjusted (VADJ ) variances over 1000 simulations for a selection of correlation parameters and
grid size n = 200, with correlation estimated from the data. Here we use the Matérn correlation
function.

For grid size n = 500, we see similarly good results using estimated correlation as we saw

for known correlation. However for n = 200 we see more noticeable undercoverage for the

adjusted variance estimator in the last shown level as well as slightly more overcoverage

at lower levels. Here, we are estimating correlation parameters based on a known Matérn

correlation structure. For data with unknown correlation function we might expect to see a

worse performance of the adjusted variance estimator when assuming a Matérn correlation
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Level Φ−1(0.1) Φ−1(0.3) Φ−1(0.5) Φ−1(0.7) Φ−1(0.9)

ν = 1, η = 5

VE 95.3 95.3 95.1 94.9 95.5
VS 77.1 92.0 96.7 89.5 80.2
VADJ 95.0 96.0 96.5 95.0 95.3

ν = 1, η = 10

VE 95.1 94.7 94.9 95.3 95.6
VS 61.2 77.0 86.3 76.1 62.3
VADJ 95.5 95.5 95.2 95.3 94.1

ν = 2, η = 5

VE 95.3 95.3 95.6 95.0 95.0
VS 74.0 88.4 92.1 88.1 73.5
VADJ 95.5 95.5 94.7 95.0 94.3

Table 5.4: Coverage of two standard deviations using empirical (VE), standard Nelson-Aalen (VS)
and adjusted (VADJ ) variances over 1000 simulations for a selection of correlation parameters and
grid size n = 500, with correlation estimated from the data. Here we use the Matérn correlation
function.

function.
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5.6 Random fields

To investigate the potential of the Nelson-Aalen estimator as a means for comparing

random fields, we simulate five fields for illustration, each from a different distribution. A

marginally Gaussian version of F2 was used previously in Section 3.4, calculated as

z∗ = Φ−1(z),

where Φ() is the N(0, 1) distribution function. This will also be used in the following

sections.

• F1: GRF z ∼ N(0, Σ) where Σ is Matérn with parameters ν, η.

• F2: χ2
1, constructed from a single GRF z1 as

z = Fχ2
1
(z21),

where Fχ2
1
is the χ2

1 distribution function.

• F3: χ2
3, constructed from three three independent GRFs, z1, z2, z3 as

z = Fχ2
3

(

3
∑

i=1

z2i

)

,

where Fχ2
3
is the χ2

3 distribution function.

• F4: T3, constructed from four independent GRFs, as

z = FT3







z1
(

∑4
i=2 z

2
i /3
)1/2






,

where FT3 is the T3 distribution function.

• F5: F3,3, constructed from six independent GRFs, as

z = FF3,3

(

∑3
i=1 z

2
i /3

∑6
i=4 z

2
i /3

)

,

where FF3,3 is the F3,3 distribution function.
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5.7 Power

To assess the effectiveness of the Nelson-Aalen estimator as a means of comparing the

rate of occurrence of ‘events’ for sites on random fields (i.e. field values), we observe how

the estimates differ for a range of distributions. Figure 5.2 shows the differences between

Nelson-Aalen estimates for random fields over the five distributions outlined above. Each

plot shows Nelson-Aalen curves for 100 2-d random fields each of size 200× 200. Here we

only consider random fields with no spatial correlation and at this point without transfor-

mation to marginal Gaussianity. It is clear that by this method the Nelson-Aalen estimator

distinguishes between spatially independent Gaussian, χ2
1, χ

2
3, T3 and F3,3 random fields.
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Figure 5.2: Nelson-Aalen estimates for independent random fields. Left-right, top-bottom: Gaus-
sian, χ2

1
, χ2

3
, T3, F3,3. Green dots show the average of the Nelson-Aalen estimates at Φ−1(0.1),

Φ−1(0.3), Φ−1(0.5), Φ−1(0.7) and Φ−1(0.9).

However, we are primarily interested in the performance of the Nelson-Aalen estimator as

a means to distinguish between fields when they are marginally Gaussian. Next, we look

at marginally Gaussian random fields with matched correlation.
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5.7.1 Comparing Gaussian and marginally Gaussian χ
2
1 random fields

with matched correlation

We look at correlated random fields, for which the Matérn covariance parameters have

been chosen such that the correlation for the Gaussian and χ2
1 fields are close. We use the

parameters described previously in Section 3.4. Without marginal transformation, there is

a significant difference between Nelson-Aalen estimates as can be seen in the two left-hand

plots of Figure 5.3. However, following marginal transformation of χ2
1 data with matched

correlations, there is not a clear difference between Nelson-Aalen estimates.
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Figure 5.3: Left to right: Gaussian, χ2

1
with matched correlation structure, marginally Gaussian

χ2

1
with matched correlation structure. Green dots show the average of the Nelson-Aalen estimates

at Φ−1(0.1), Φ−1(0.3), Φ−1(0.5), Φ−1(0.7) and Φ−1(0.9).

Evidently the ability of the Nelson-Aalen estimator to distinguish between random fields

from different distributions is limited to cases in which the non-Gaussian distributions

have not been transformed to marginal Gaussianity. Ideally, we would like a method that

is able to distinguish these fields where correlation is matched and where both fields have

Gaussian marginals.

5.8 Conclusions

In this chapter we introduced ideas from survival analysis such as counting processes and

martingales. We discussed non-parametric estimators for the survival function and the

cumulative hazard function of survival data, in particular the Nelson-Aalen estimator for

the cumulative hazard function. We considered how data on a discrete random field could
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be thought of in a survival context and looked at the application of both the Nelson-Aalen

estimator and the Nelson-Aalen variance estimator in this scenario. Introduction of spatial

correlation to the random fields illustrated the need for adjustments to both these estima-

tors in order to be appropriate for spatially correlated data. Finally we demonstrated the

effectiveness of these adjusted estimators for a selection of random fields from different

distributions. Comparison of Gaussian and marginally Gaussian χ2
1 fields with matched

correlation demonstrated that applying the Nelson-Aalen to all values on a random field

as events in a survival context was not sufficient to distinguish between these cases. In the

following chapter we introduce methods to address this, returning to ideas from topological

data analysis.
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Topological event history analysis

Although topological data analysis has wide-ranging applications, it is yet to be seen

frequently in statistical literature. We show how standard methods from event history

analysis can be applied to topological features, developing methods with relatively low

computational overheads for the comparison of random fields. In this chapter, we demon-

strate the potential of the method via a simulation study and apply it to our wind inten-

sities data. We further show how topological event history methods can be used to assess

the local-level fit of correlation models to data. Work in this chapter is included in our

paper, ‘Event History and Topological Data Analysis’ (Garside et al., 2020).

6.1 Nelson-Aalen estimates for births of connected compo-

nents

Throughout Chapter 3, we were interested in the persistence of topological features, de-

fined by the difference between their time of birth and time of death. In Chapter 5,

we looked at standard event history analysis as well as applications to random fields to

understand the emergence of events, particularly in the context of spatially correlated

data. Here, we consider how the application of event history methods to birth levels of

topological features in data can be used for comparison of random fields.

In contrast to the previous chapter, in which we considered every site on the discrete grid

to experience an event at its field value, we can define events as the emergence of local

minima or maxima in the data. That is, an event only occurs when the field value is a local

maximum or minimum. On a 1-d random field, this is clear to picture; a site is a local

minimum if its value is lower than that of its two neighbours. In 2-d this definition is less

clear. How do we define the neighbourhood of a site? We could define as its neighbours
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all sites with a shared edge, or all sites diagonally adjacent (in both cases the number of

neighbours is four). Alternatively, we could include both adjacent and diagonally adjacent

sites in this definition, resulting in a neighbourhood of size eight.

In this chapter, we treat random fields on a grid as we did in Chapter 3, with sites

connected by shared edges such that each site has four neighbours, excluding edge cases.

This choice of neighbourhood allows a constant distance (if we assume constant spacing

between rows and columns of the grid) between the site xi of interest and all its neighbours,

x(i), as would not be the case with all choices. The events of interest in this work are the

birth times of connected components, although the ideas could be applied to other features

and death times instead of births. We assume continuous values on the field so will not

encounter tied event times.

Given a filtration of a random field Z from below, as described in Section 3.2, the birth of

a connected component at site xi and level t corresponds to a local minima of the field with

value zi = z(xi), where a site being a local minima can be understood as the site having

lower value that those four sites x(i), with which it shares an edge (x(i) would comprise

fewer than four sites for boundary cases).

Figure 6.1 shows, for an example 10× 10 random field, a sequence of level sets, at each of

which a new connected component is born. The top left image shows data on a discrete

random field, where darker pixels represent higher values and lighter pixels, lower values.

We can see the three lowest values which correspond to the first three connected compo-

nents being born in each of the first three level sets shown. In the forth level set (top-right

figure) we see not only the birth of an additional connected component but the growth of

the first to be born. After this we see additional growth of existing connected components

as well as new components being born (by design, a new birth in each level set shown).

By the final level set shown, we see one large connected component of 28 sites, along with

eight additional smaller connected components. In these level sets, we see no examples of

holes, areas fully surrounded by connected components.

We wish to apply the standard Nelson-Aalen estimator as in Chapter 5, however counting

only births of connected components instead of values at all sites. In Chapter 5 we applied

survival techniques to spatial data on a discrete grid by treating every site as experiencing

an event, with time corresponding to field value. Here, we treat a site as experiencing

an event, only when a connected component is born at that site. For example, one event

would occur at each of the level sets shown in Figure 6.1 corresponding to the birth of

each new connected component. As before, the event time correspond to the field value.

A key difference from the previous approach is the number of sites that will experience an

event. Whereas in the ‘all events’ case we knew that the total number of events is equal

to the number of sites on the grid, here the number of events will vary depending on the
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Figure 6.1: The top left image shows an example of a random field. Each subsequent image shows
a level set of the field and the birth of a new connected component.

structure of the data. This is related to the number of local minima observed as discussed

in Chapter 3 and will differ with different distributions and correlation structures.

Consider the predictable at-risk indicator function of site xi at level t, i.e. whether at time

t is is possible for site xi to be a local minimum,

Yi(t) =







1 zi ≥ t, z(i) ≥ t1i

0 otherwise

where 1i is a unit vector the same length as z(i).

Then

Ni(t) =







1 zi ≤ t, z(i) > zi1i,

0 otherwise

is the number of connected components born at site xi up to and including level t.

Summing over all sites on the field, we have

Y (t) =
∑

i

Yi(t)
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and

N(t) =
∑

i

Ni(t).

Then as seen for discrete values in Section 5.2.3,

Â(t) =

∫ t

−∞

dN(u)

Y (u)

is the Nelson-Aalen estimator for the cumulative hazard function, in this case for the birth

times of connected components when filtering from below (corresponding to local minima).

6.2 Obtaining variance estimates

Obtaining accurate variance estimates for the Nelson-Aalen estimator is non-trivial. As we

saw when applied to all sites on a random field in Chapter 5, the standard Nelson-Aalen

variance estimator provides significant under coverage for the variance of the Nelson-

Aalen estimator where data are spatially correlated. Since we are looking at events on a

correlated random field, we can assume non-independence between the locations of births.

Further, the adjusted variance estimator presented in Section 5.5.3 underestimates the

variance (results not shown), likely as a result of temporal non-independence, resulting in

informative ‘censoring’. That is, for some site x, the knowledge that x is no longer in the

risk set at time t tells us something about other locations. Although this is not censoring

the data directly, we observe a ‘knock-out’ effect, whereby neighbours of a site where a

birth event occurs can no longer be in the risk set. Hence the rate at which births occur

significantly affects the size of the risk set. This interesting feature cannot be treated as

censoring as is commonly studied in survival analysis, partly due to the correlation between

‘censored’ sites and sites at which events occur, but invalidates our existing variance

estimators and hence has implications when attempting to obtain confidence intervals for

our methods.

6.2.1 Pointwise confidence intervals

Multiple replicates

Consider N iid replicates of a random field, Z1, . . . , ZN on a common space X , with

corresponding Nelson-Aalen estimators Â1(t), . . . , ÂN (t). Then each Âi(t) is non-negative

and bounded above and for all t has finite variance. Hence, the standard central limit

theorem can be applied, and pointwise inference for large N is straightforward using the
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sample mean Ā(t) and the sample standard deviation.

Single replicate

There are two ways in which we obtain pointwise estimates of the variance from a single

replicate, depending on our knowledge of a parametric model for the data. The assumption

of a parametric model for the underlying data field allows us to use a parametric bootstrap

in order to obtain a variance estimate. Assuming some known parametric model Fθ for a

random field Z, we can use a parametric bootstrap approach to obtain pointwise confidence

intervals. Given a consistent estimator θ̂ for θ, we can simulate N realisations of Z from

Fθ and obtain corresponding bootstrap Nelson-Aalen estimators, Âi(t), i = 1, . . . , N . We

can then calculate pointwise confidence intervals using bootstrap quantiles, which have

asymptotically correct coverage in N .

Alternatively, in cases where we have no parametric model and only a single replication,

we might assume some parametric model and account for local model uncertainly via

doubling the variance as proposed by Copas and Eguchi (2005). We would expect this

approach to provide a conservative variance estimate.

6.2.2 Simultaneous confidence bands

In addition to estimating pointwise confidence intervals, we consider the estimation of

simultaneous confidence bands. Discontinuities in Â(t) require us to be more careful, since

there is no guarantee of a central limit theorem for uniformly bounded cadlag processes,

dependent on the nature of the discontinuities (Hahn, 1977). Given certain sufficient

conditions provided by Bloznelis and Paulauskas (1994),
√
NĀ(t) does converge weakly

to a Gaussian process with finite variance and smooth sample paths in (0, τ) for any

arbitrarily large τ for which pr{(Y (τ) > 0} > 0. We verify these conditions in Appendix

D. Thus, a functional central limit theorem applies.

Additionally, for a fixed space X we can show that Ā(t) is consistent in N for

A(t) =

∫ t

−∞

J(u)

∑

x P
(

z(x) > u1x | zx = u
)

fx(u)
∑

x P
(

zx > u, z(x) > u1x
) du,

where fx(.) is the marginal density of zx and J(u) is the indicator J(u) = I(Y (u) > 0).

If there is only a single realisation, the estimator Â(t) is also consistent for A(t), but this

time as the cardinality of X increases, provided cor(zx, zx′) approaches zero as the distance

between x and x′ increases.

Again we consider two cases, firstly where we assume the existence of multiple replicates,
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and secondly where we have access to only a single replicate.

Multiple replicates

Firstly, we assume the availability of multiple independent replicates, and hence multiple

Nelson-Aalen estimates Âi(t), i = 1 . . . B corresponding to fields Zi. The Nelson-Aalen

estimators have discontinuities at values corresponding to local minima, so considering the

estimators Âi(t) as functional data, we discretise the level t of the estimator intoM distinct

levels, t1, . . . , tM , and let τ1 = t1 and τ2 = tM . Since we assume a continuous field, we

can be certain that these discontinuities will not occur at any of the M levels. A common

approach in functional data analysis, this enables us to handle the unavoidable presence

discontinuities in the estimator. Whilst many techniques are available for the analysis

of functional data (Wang et al., 2016; Chiou and Muller, 2009), we apply a method for

the construction of simultaneous confidence bands as described by Degras (2011) and Cao

et al. (2012).

Let Âij be the Nelson-Aalen estimate for field Zi and level tj, with Āj the sample mean and

σ̂2
j the sample variance of the estimates at level tj. Additionally, let ρ̂jk be the estimated

correlation between estimates Â·j and Â·k. As shown by Degras (2011), when τ1 and τ2

are fixed and B and M are increasing,

Āj ± cα
σ̂j√
B

has asymptotic coverage 1−α, where cα is the upper α-quantile of the maximum absolute

value over (τ2 − τ1)/τ2 of a Gaussian process with standard margins and with correlation

function equal to an appropriately scaled limit of ρ̂jk.

Parametric bootstrap for a single replicate

For a single replicate, as with the pointwise confidence intervals, we assume availability

of a parametric model Fθ and a consistent estimator θ̂ for θ. We then take a bootstrap

approach, generating B realisations of Z from Fθ and obtaining corresponding Nelson-

Aalen estimates for each Zi, i = 1 . . . B. Taking a Monte Carlo approach (Crainiceanu

et al., 2012) avoids the need to explicitly estimate the covariance function. As with multiple

replicates, we discretise the levels of the estimators to M distinct levels, t1, . . . , tM where

τ1 = t1 and τ2 = tM . Let Âj be the original Nelson-Aalen estimate at level tj, and Âij

the Nelson-Aalen estimate at level tj for bootstrap replicate i. Then let Āj and σ̂j be the

bootstrap mean and standard deviation at tj.

82



Chapter 6. Topological event history analysis

We define

Gi = max
j

{ |Âij − Âj |
σ̂j

}

,

taking d̂α to be the upper α-quartile of the empirical distribution of G1, . . . GB . Then for

large M an approximate simultaneous confidence band for A(t) over the interval (τ1, τ2)

is

Âj ± d̂ασ̂j j = 1, . . . ,M.

6.3 Application to random fields

We illustrate the use of topological event history analysis via a selection of simulated,

marginally N(0, 1) random fields. Each is stationary and isotropic, on a discrete 60 ×
60 grid and their correlation functions are indistinguishable by design. We additionally

conducted the following simulation study on a 50 × 50 grid and obtained similar results.

We simulate data from three models. Model 1 is a stationary and isotropic Gaussian

random field with standard N(0, 1) marginals and Matérn correlation function with θ1 =

(η, ν) Model 2 is a marginally Gaussian χ2
1 random field and Model 3 is a marginally

Gaussian F3,3 random field. The fields are simulated from the three models as described

in Section 5.6 and the underlying Gaussian fields used for Model 2 and Model 3 have

Matérn correlation with parameters θ2 and θ3 respectively. We consider three sets of

parameters, as shown in Table 6.1 where for each θ1, θ2 and θ3 are chosen such that the

correlation of the resulting Model 2 and Model 3 fields is as close as possible to that of the

Model 1 field. This choice of correlation allows us to evaluate the topological event history

methods beyond simply comparing marginal distributions, and show that differences in

topological results are not due to differences in correlations.

Figure 6.2 shows examples of these random fields. In panel (a) are data simulated from

Model 1, in (b) and (c) are data independently simulated from Model 3 and panel (d)

shows data simulated from Model 2, using the first set of parameters shown in Table

6.1,θ1 = (5.0, 1.0), θ2 = (8, 4, 2.2), θ3 = (9, 1.2). Panel (d) is immediately distinguishable

from the others with the appearance of filaments in the image, however there is no obvious

difference between panels (b) and (c), and the Gaussian random field in panel (a).

Correlation parameters

The simulations in this section use three choices of parameter θ1 for the Gaussian random

field Model 1. The values of θ2 and θ3 that we used in generating Model 2 and Model 3 are

given in Table 6.1. We chose these to match the final correlation structure of Model 2 and

Model 3 simulations to that of Model 1, as described in Section 3.5.2. Table 6.2 confirms
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(a) (b)

(c) (d)

Figure 6.2: Four simulated random fields with matched correlations, each on a 60×60 lattice. Panel
a: Model 1, b and c: Model 3, d: Model 2.

that there are no important systematic differences between the correlation functions of

simulations from Model 2 and Model 3 and that of the Gaussian random field simulated

from Model 1.

We saw in the previous chapter how choice of distribution and correlation structure impacts

the expected cumulative hazard functions when all sites experience an event. Figure

6.3 shows for Gaussian random fields with Matérn correlation functions, the impact of

correlation parameter choices on the expected cumulative hazard curves for event history

data. We can see the difference between the curves for uncorrelated and spatially correlated

data, with each parameter set resulting in a curve further from the uncorrelated case.
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Figure 6.3: Excepted cumulative hazard curves for Gaussian random fields with Matérn correlation
structure using the parameters shown.
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Table 6.1: Parameter values for simulations in Section 6.3. For each model M1, M2, and M3 with
corresponding parameters θ1, θ2, θ3, we consider three choices of parameters θ = (η, ν).

Model parameters (η, ν) (η, ν) (η, ν)
θ1 (5.0,1.0) (10.0,1.0) (5.0,2.0)
θ2 (8.4,2.2) (16.5,2.4) (8.4,5.1)
θ3 (9.0,1.2) (18.7,1.1) (8.0,3.6)

Table 6.2: True and empirical correlations for the simulation models of Section 6.3. The empirical
values are the means of 100, 000 simulations

Distance
1 2 3 4 5 10 20

True M1 0.924 0.798 0.668 0.548 0.444 0.140 0.011
Empirical M1 0.924 0.797 0.666 0.546 0.441 0.137 0.010
Empirical M2 0.925 0.810 0.685 0.563 0.455 0.123 0.000
Empirical M3 0.930 0.801 0.665 0.541 0.431 0.127 0.004

True M1 0.974 0.924 0.863 0.798 0.732 0.444 0.140
Empirical M1 0.974 0.924 0.863 0.797 0.731 0.444 0.138
Empirical M2 0.971 0.926 0.872 0.812 0.750 0.455 0.123
Empirical M3 0.976 0.924 0.861 0.794 0.727 0.435 0.140

True M1 0.963 0.870 0.751 0.626 0.508 0.139 0.006
Empirical M1 0.963 0.870 0.751 0.626 0.507 0.140 0.006
Empirical M2 0.941 0.848 0.741 0.629 0.521 0.144 0.005
Empirical M3 0.965 0.875 0.756 0.629 0.508 0.129 0.003

Results

Models 2 and 3, although of no direct interest to this work, provide a means to assess the

power of topological event history methods due to their Gaussian marginal distributions.

Figure 6.4 shows the Nelson-Aalen plots for each of the fields shown in Figure 6.2. The

solid line shows the expected Nelson-Aalen estimate for a Gaussian random field with the

correlation structure of the data in panel (a) of Figure 6.2.

We can immediately see the difference between the Nelson-Aalen curves for each model.

In order to assess the significance of these differences, we obtain confidence intervals for

each. We investigate the coverage of 95% confidence intervals for Gaussian random fields

only, looking at confidence intervals obtained via three methods. First, we consider the

standard (naive) Nelson-Aalen variance estimator. The second approach involves a para-

metric bootstrap. Here, for each sample, we estimate Matérn parameters using maximum

likelihood and use these estimates to generate an additional 100 random fields. As with
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Figure 6.4: Nelson-Aalen plots for connected components for the random fields of Figure 6.2. Short
dashed lines correspond to panel (a), long dashed lines to panels (b) and (c), and dot-dash lines to
panel (d). The shaded regions indicate ± one standard deviation, obtained numerically from 1000
simulations,. The solid line shows the expected value for a Gaussian random field with the same
correlation structure as the data in Figure 6.2.

when we use multiple replicates, this allows us to obtain standard errors. Finally, we

assume the existence of multiple replicates, from which empirical standard deviations can

be calculated. For these three approaches, we calculate both pointwise estimates and si-

multaneous confidence bands. Each method produces good results in comparison to the

standard Nelson-Aalen variance estimator, which results in significant under coverage, as

seen in Table 6.3.

For the non-Gaussian random fields, we compare the standard Nelson-Aalen variance
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Table 6.3: Coverage of nominal 95% pointwise confidence intervals and 95% simultaneous confi-
dence band (SCB) around Nelson-Aalen component plots for Gaussian random fields. Results from
1000 simulations on 60× 60 lattices, with Matérn correlation function with parameters η and ν

Percentile
(η, ν) Method 0.9 0.7 0.5 0.3 0.1 SCB

(5,1) Standard 84.0 92.2 93.5 88.9 82.2 73.9
Par. bootstrap 95.3 94.4 95.8 95.3 96.2 94.1
Replications 94.2 94.7 95.7 93.9 94.7 94.4

(10,1) Standard 67.8 82.7 83.3 73.7 65.5 39.1
Par. bootstrap 95.3 95.1 95.6 95.7 94.7 93.6
Replications 95.1 94.0 94.9 95.9 94.0 96.4

(5,2) Standard 93.4 94.6 95.0 93.2 90.8 82.9
Par. bootstrap 95.4 95.2 95.7 95.5 95.8 95.9
Replications 94.0 94.6 95.0 94.3 93.7 93.4

estimator to a parametric bootstrap based on a Gaussian random field, with the variance

adjustment proposed by Copas and Eguchi (2005). Results can be seen in Table 6.4. Again,

the use of the standard estimator results in under coverage. The parametric bootstrap

performs well generally, although it can be conservative as expected.

We look at the results as pointwise effect sizes and powers as percentages at 10, 30, 50, 70

and 90% of the at-risk distribution as can be seen in Table 6.5. To calculate these values

we assumed single realisations and used maximum likelihood for parameter estimation

under an assumed Gaussian random field. Size is good when the Gaussian random field

assumptions are correct (Model 1) and power is excellent for Model 2 at the central and

later percentiles. Power can be low at some percentiles, since the expected curve can

cross that of a Gaussian random field. This demonstrates the advantages of using a

simultaneous confidence band where appropriate. Power is lower for Model 3, which is

closer to a Gaussian random field, although still very good at θ = (5, 2), which has the

highest local correlations.
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Table 6.4: Coverage of nominal 95% pointwise confidence intervals and 95% simultaneous confi-
dence band (SCB) around Nelson-Aalen component plots for non-Gaussian random fields. Results
from 1000 simulations on 60× 60 lattices. The parameters given are the targets θ1 as described in
the text

Percentile
Model (η, ν) Method 0.9 0.7 0.5 0.3 0.1 SCB

M2 (5,1) Standard 89.4 71.2 71.8 75.7 81.0 65.8
Adjusted par. bootstrap 97.0 91.9 98.6 100.0 100.0 98.2
Replications 95.0 93.6 93.3 93.4 94.4 94.1

(10,1) Standard 65.3 60.6 61.0 64.4 70.3 58.4
Adjusted par. bootstrap 95.8 97.3 97.8 98.0 98.9 97.2
Replications 94.7 95.4 95.5 95.9 95.7 93.6

(5,2) Standard 86.6 73.5 74.4 76.2 78.3 72.5
Adjusted par. bootstrap 97.6 98.2 99.8 100.0 100.0 97.8
Replications 94.2 94.8 94.7 94.5 94.9 95.3

M3 (5,1) Standard 85.1 92.3 91.6 91.8 86.7 75.4
Adjusted par. bootstrap 98.6 98.9 99.7 99.9 99.6 99.0
Replications 94.4 96.1 95.8 92.0 95.6 94.6

(10,1) Standard 71.4 79.3 84.2 75.1 68.4 42.6
Adjusted par. bootstrap 98.6 99.3 99.3 99.5 98.9 98.0
Replications 93.5 94.7 95.6 94.0 94.4 94.5

(5,2) Standard 91.5 94.5 95.8 95.5 94.1 87.7
Adjusted par. bootstrap 98.1 99.9 100.0 100.0 100.0 98.9
Replications 95.2 94.5 95.6 95.9 95.2 96.8
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Table 6.5: Pointwise and simultaneous size and power, as percentages, for testing for a Gaussian
random field. Results from 1000 simulations on 60 × 60 lattices. The parameters given are the
targets θ1 as described in the text.

Percentile
Model (η, ν) 0.9 0.7 0.5 0.3 0.1 SCB

M1 (5,1) 5.1 5.3 5.6 5.0 3.6 5.1
(10,1) 5.9 5.2 4.7 4.6 7.3 8.2
(5,2) 4.5 5.0 5.0 4.6 3.3 4.7

M2 (5,1) 100.0 27.8 95.6 100.0 100.0 100.0
(10,1) 40.6 74.1 98.1 99.1 99.3 99.9
(5,2) 99.6 21.6 99.7 100.0 100.0 100.0

M3 (5,1) 11.2 19.0 47.9 57.2 41.4 61.7
(10,1) 6.0 18.2 24.7 21.5 11.1 31.9
(5,2) 9.8 59.9 92.5 96.3 98.1 98.4
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6.4 TEH for global wind intensities data

We return briefly to wind intensities data from the Community Earth System Model Large

Ensemble project (Kay et al., 2015). Although the Earth System Models from which our

data are generated are deterministic, spatial and spatio-temporal statistical modelling is

often applied as a means to both explore and concisely summarise the output (Castruccio,

2016; Edwards et al., 2019). Such models often assume that the modelled residuals form

a Gaussian random field. We can use the topological event history approach to assess

this assumption, at least in part, and as a quick and easy method to compare ensemble

members and to examine the suitability of assumed correlation structures.

We show topological Nelson-Aalen plots for connected components in Figure 6.5 for year

one (t = 2006). The data used is reduced from the original data set, as described in

Chapter 2. Each of the 30 realisations thus consists of values on a 2-d grid comprising

96 longitudes and 51 latitudes for a total of 4896 sites. In red we show the expected

cumulative hazard curve, calculated from the empirically obtained covariance matrix and

realisation one is shown in black. No ensemble member stands out as being particularly

unusual relative to the set of 30. Further, we see consistency between our data and a

Gaussian random field with our empirical correlation. Later, in Chapter 10 we investigate

this further, applying topological event history methods to a wide range of data from the

LENS data set including different years and variables other than wind intensities.

These expected Nelson-Aalen plots provide a simple means for the assessment of a cor-

relation model and the assumption of Gaussianity. It is important to note that a ‘good’

fit of an expected Nelson-Aalen curve under that model only tells us about the local level

correlation and nothing about large-scale fit, but a poor fit tells us that our model is

wrong.

6.5 Conclusions

In this chapter, we introduced topological event history analysis, through the applica-

tion of the non-parametric Nelson-Aalen estimator for the cumulative hazard function to

emergence of topological features. We demonstrated different methods for obtaining both

pointwise confidence intervals and simultaneous confidence bands and compared these in

a small simulation study. Finally we showed a simple example of the application of TEH

to our wind intensities data. In the following chapter, we use this method in combination

with more general assessment methods to investigate correlation models for our wind in-

tensities data. In Chapter 9, we explore the use of this method in testing for Gaussianity

in data.
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Figure 6.5: Nelson-Aalen plots for each of 30 realisations. The expected cumulative hazard function
under the empirical covariance is shown in red. Realisation one is shown in black to illustrate an
individual NA plot.
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Stationary covariance modelling

for geospatial data

Many of the methods presented in previous chapters rely on accurate knowledge of the

covariance structure of gridded data. In the case of wind intensities from the CESM

Large Ensemble Project, we can take advantage of multiple realisations to obtain a highly

accurate covariance structure empirically. However, in other scenarios, it is more common

only to have a single data set, requiring us to obtain the covariance structure through the

fitting of some model. We use the wind intensities data to investigate and assess several

modelling approaches for geospatial data on the surface of a sphere. The cumulative hazard

curves based on the empirical and modelled covariance matrices can serve as a measure of

the accuracy of the model fit, specifically at a local scale which is of primary interest for

topological event history analysis. Further, we use unsupervised clustering algorithms to

investigate different spatial behaviours in the covariance, an approach which can provide

a simple means for compression of a large covariance matrix.

The use of covariance structures for modelling spatial relationships in data has been widely

studied. Early research included that of Fisher (1937), who described, concerning the study

of crop yields, that ‘patches in close proximity are commonly more alike, as judged by the

yield of crops, than those which are farther apart’. Observing that this phenomenon could

not be explained by a naive model in which the data depend on some underlying variables

(in addition to some zero-mean, independent stochasticity), he introduced a technique

known as blocking. This primitive form of covariate adjustment allowed the incorporation

of some spatial structure into the process, subsequently improving model fit. Since Fisher’s

work, the field has developed significantly, in part due to the range of applications requiring

the description of some form of spatial variation. In fact, the emergence of the covariance

function as a means to model the covariance between data points as a function of their

93



Chapter 7. Stationary covariance modelling for geospatial data

separation emerged almost simultaneously in two very different areas, namely forestry

and mining, by Matérn (1960) and Krige (1951) respectively. The commonly used Matérn

family of covariance functions was proposed and is still widely used today.

As early as 1963, spherically and axially symmetric stochastic fields on a sphere were

studied, being represented as spectral processes by Jones (1963). In the present day, there

has developed a growing interest in the changing global climate (Pachauri et al., 2014) as

well as a significant progression in technologies allowing us to capture data from a wide

range of locations, on an equally wide range of variables. This progression has led to the

capture of numerous spatial data sets on the globe, resulting in a significant volume of

research into the validity of existing covariance functions on the surface of a sphere, as

well as the development of new, more flexible functions. The requirement for development

and understanding of correlation functions valid on the surface of a sphere is indisputable,

thanks to the ever-increasing number of large global data sets emerging for research into

climate change and renewable energy. The CESM Large Ensemble from which we obtain

our wind intensities data (Kay et al., 2015) contains many examples of data sets on spheres.

In the remainder of this chapter, we evaluate methods for modelling covariance on the

surface of a sphere, when applied to our wind intensities data. We begin with a summary of

key concepts and a discussion of distance measures, in addition to mentioning some of the

computational challenges that are commonly faced when working with large data sets (and

hence large covariance matrices). After introducing informal diagnostic simulation plots,

which we frequently use throughout the work, we compare several standard stationary

models using a selection of distance measures. Our data is unusual in that we have

multiple realisations of the same dataset, allowing us to examine the empirical correlation

between each pair of points. Following this analysis, we look at nonstationary approaches

to modelling, including the incorporation of large scale geographic descriptors, such as

land, coast and ocean. Finally, we use unsupervised clustering to define regions with

similar local scale correlations.

7.1 Modelling covariance on the surface of a sphere

With the emergence of many global climate data sets comes the need to model covariance

accurately on the surface of a sphere. Here, there are new challenges, frequently not

present with many commonly used spatial data sets. For instance, the choice of distance

measure on a sphere and the effects of geophysical descriptors on the covariance function

can both influence the choice of model. In this section, we look at some fundamental

concepts of covariance modelling, Euclidean and geodesic distance measures and discuss

some of the computational challenges that may arise, with specific reference to our global
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winds data. For all work in this chapter, we approximate the Earth as a perfect sphere.

As we see later, for our data in which sites close to the poles are removed, the curvature

of the Earth does not impact the modelling in any significant way. Hence, we argue that

minor departures from a perfect sphere are trivial in this particular application.

7.1.1 Some preliminaries

Here we provide a brief introduction to some of the basic concepts required for modelling

covariance on a random field, including isotropy and stationarity. For a zero-mean random

field z(x) we can describe the following properties, where x is some site on our random

field and z(x) the value of the field at that site. Frequently, in the work that follows, we

assume that z(x) is a Gaussian random field.

Covariance function

A covariance function C can be used to model the covariance between two variables. In

the context of spatial data, C(z(x1), z(x2)) defines the covariance between values at sites

x1 and x2 on a Gaussian random field. Commonly used covariance functions include the

Matérn and exponential functions. Full definitions of these and other common covariance

functions can be seen in Appendix B.

Positive-definiteness

For any finite collection of sites (x1, x2, . . . , xN ), the covariance matrix R of

(z(x1), z(x2), . . . , z(xN ))

is positive definite if and only if

uTRu > 0

for all non-zero u. Further, a covariance function C(z(x1), z(x2)) is positive definite if and

only if the corresponding covariance matrix is strictly positive definite.

Stationarity

A Gaussian random process can be described as stationary when

E[z(x)] = E[z(x+ h)]

95



Chapter 7. Stationary covariance modelling for geospatial data

for all x and any separation vector h and

Cov(z(x), z(x + h)) = Cov(z(0), z(h)) = C(h).

Standard covariance functions are only valid for stationary data.

Isotropy

A stationary process and corresponding covariance function can be considered isotropic

when the covariance function depends on the spatial separation vector only through its

scalar length (Gelfand et al., 2010). That is,

C(h) = C(‖h‖).

For a process in Rd we can view isotropy as an invariance property under translation and

rotation (Stein, 2012).

7.1.2 Distance measures on the surface of a sphere

The choice of distance measure on the surface of a sphere is essential in the modelling of

spatial covariance, as it can have implications on whether or not a proposed covariance

function is guaranteed to be positive-definite. We consider three measures with the global

wind intensities data in mind. First, we use a simple projection of the data points to a

regular 2-d grid in order to simplify the problem and establish a baseline. Second, we look

at the chordal or Euclidean distance and third, the geodesic or great-circle distance.

Projection to 2D: a regular grid

Here, we consider the data as existing on a regular 2-d grid, where there is a unit distance

between each latitude band, as well as between each longitude band. This projection is

unrealistic, effectively stretching apart sites near the poles and pushing together those

near the equator. However, it allows the comparison of a naive approach to methods

using the distance metrics described below. Considering the data in this manner is highly

convenient as the data sets are made available in this gridded latitude-longitude format.

Chordal (Euclidean) distance

The chordal distance, or Euclidean distance, is the distance measured in Euclidean space.

To use chordal distance for spherical data, we must restrict the set of points between which
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it can be calculated to those on the surface of the sphere. The Euclidean distance between

points x1 = (L1, l1) and x2 = (L2, l2) can be calculated as

d(x1, x2) = 2r

[

sin2
(L1 − L2)

2

)

+ cosL1 cosL2 sin
2
( l1 − l2

2

)

] 1
2

where r is the radius of the sphere, L is the latitude and ℓ is the longitude (Jeong and

Jun, 2015b).

Geodesic (great-circle) distance

The great-circle distance or geodesic distance is the shortest distance between two points

on the surface of a sphere, measured along the surface. A great-circle is any circle on

the sphere whose midpoint coincides with that of the sphere. Through any two points

which are not directly opposite each other, there is a unique great-circle, but through

any two antipodal points, there are an infinite number. As the Earth is almost spherical,

great-circle distance formulas are accurate to within about 0.5%.

Given two points x1, x2 with latitude and longitude (L1, l1) and (L2, l2) respectively, we can

define the central angle between the points using the spherical law of cosines (Weisstein,

2020)

∆σ = arccos
(

sinL1 sinL2 + cosL1 cosL2 · cos(l1 − l2)
)

. (7.1)

Then the great-circle distance is the arc length

d = r∆σ

where r is the radius of the sphere, as can bee seen in Figure 7.1.

7.1.3 Choice of distance measure and model

For small distances, the spherical law of cosines (Equation 7.1) can have significant round-

ing errors. For 64-bit floating point numbers, this is not serious for distances over a few

metres. If we were interested in much smaller distances, the Haversine formula is designed

to improve accuracy (Robusto, 1957). We assume the radius of the Earth to be r = 1 unit

distance, simplifying our calculations to only depend on the latitude and longitude points.

There are two common approaches taken when fitting a correlation structure on a 2-

sphere (i.e. a ‘standard’ sphere in 3-d space). The first is to restrict a function valid on

R3 to the surface of the 2-sphere using the chordal distance. This restriction maintains

the validity of isotropic positive-definite covariance functions on the surface of a sphere
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Figure 7.1: The Great-circle distance is measured between two points along a ‘great-circle’ on the
surface of a sphere.

but can result in significant spatial distortions, particularly at greater distances (Jeong

and Jun, 2015b). The second approach commonly taken is to use the geodesic distance

directly in place of the chordal distance. The geodesic distance has many advantages;

notably, it is a more intuitive way of measuring distance on a sphere. Indeed for many

covariance functions, this is a valid approach, subject to some parameter restrictions. As

shown by Gneiting (2013), this has negative consequences for the flexibility of the popular

Matérn function, requiring a significant restriction of the smoothness parameter for the

function to be guaranteed positive-definite. Hence, we encounter a significant impact on

the usefulness of the Matérn function, as its popularity derives mainly from its ability to

control local behaviour of a process through the smoothness parameter.

Jeong and Jun (2015a) presented a method to overcome the parameter limitations of

fitting the Matérn correlation function with the geodesic distance. In this, the proposed

covariance functions were able to guarantee positive-definiteness and model smoothness

on a sphere where the restricted Matérn function failed, as well as being easily extensible

to nonstationary cases. However, they found that the chordal Matérn function was at

least equivalent in performance and often outperformed models specifically developed for

use on the surface of a sphere. This result was also argued by Guinness and Fuentes

(2015). In a later paper, Jeong and Jun (2015b) investigated a selection of parametric

covariance functions using both Euclidean and geodesic distance metrics and compared

spatial prediction. When the true spatial range is large, they found that functions defined

with the geodesic distance do outperform functions defined (and restricted) in Euclidean

space, with the result amplified in the presence of significant negative spatial correlations

at large lags.
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In addition to restrictions of chordal models as described above, various other models

have been proposed to be more effective for data on a sphere. Guinness and Fuentes

(2015) presented the ‘circular Matérn’, which they described as an ‘analogue to the Matérn

covariance function’, valid on spheres using the geodesic distance. The circular Matérn

(using the geodesic distance) is always valid on spheres in up to three dimensions and in

common with the standard version, has parameters to control the range and smoothness

of the process. Further, it has a closed form when the smoothness parameter ν is equal

to a half-integer, but the authors presented methods for efficient computation when the

parameter takes on other values. Several further flexible covariance functions valid on

spheres were proposed by Guinness and Fuentes (2016), but these did not outperform the

chordal Matérn function when applied to satellite and climate model data.

7.2 Estimating correlation structure directly from the data

The data we have is unusual, in that we have 30 realisations, assumed to be independent

and identically distributed. We consider these as independent, due to the chaotic nature

of global climate data (Castruccio et al., 2014) and rapid diversion from initial conditions.

Hence, we can obtain 30 distinct sets of standardised residuals and estimate the correla-

tions between sites directly from the data. We do not require our previous assumptions of

isotropy and stationarity, allowing individual correlations to be defined entirely using the

values of the corresponding 30 pairs of sites across the realisations.

The effect of correlation structure at the local level is of most interest. Due to this, we

restrict the calculation to a specific neighbourhood of 12 sites around each site, as shown

in Figure 7.2. The central site is marked ‘X’. Symmetry allows us to calculate correlations

for only half of the neighbouring sites those marked ‘O’.

In Figure 7.3, we can see the empirical correlations for all sites, for the set of lags and

directions shown in Figure 7.2. What is clear is that, particularly in the East-West direc-

tion, both the lag-one and lag-two correlations are noticeably different over land than over

ocean regions, indicating the presence of nonstationarity. Nonstationarity is also evident

in the diagonal directions, but less evident in the North-South direction. These differences

imply that the land-ocean effect is more significant with changing longitudes. We can see

that the assumption of stationarity may be invalid. This effect has been the basis for a

widely used class of models known as axially symmetric models, described in more detail

in Section 8.2.1.
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Figure 7.2: Neighbourhood of interest around a site.

7.3 Assessing model fit

The empirical covariance matrix provides us with knowledge of a ‘truth’ about the co-

variance structure of the data. This knowledge helps allow us to assess the fit of various

models. In this chapter, we consider several assessment measures, including informal di-

agnostic simulation plots, the correlation matrix distance, standard AIC and expected

cumulative hazard plots for local-scale assessment.

7.3.1 Informal diagnostic simulation plots

In the following section, we fit several covariance models using different distance measures.

We use simulation plots as an informal diagnostic tool, which show an example of a data

set simulated from a Gaussian random field using the relevant correlation structure and

estimated parameters. While not providing a formal assessment of the performance of

each model, these plots provide a quick way to determine the presence of any numerical

or computational errors visually. Figure 7.4 shows the original data, and Figure 7.5 shows

100



Chapter 7. Stationary covariance modelling for geospatial data

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 1 west

−1.0

−0.5

0.0

0.5

1.0

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 1 north

−1.0

−0.5

0.0

0.5

1.0

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 1 north−west

−1.0

−0.5

0.0

0.5

1.0

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 2 west

−1.0

−0.5

0.0

0.5

1.0

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 2 north

−1.0

−0.5

0.0

0.5

1.0

−150 −100 −50 0 50 100 150

−
6
0

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

lag 1 north−east

−1.0

−0.5

0.0

0.5

1.0

Figure 7.3: Empirical correlations calculated over 30 realisations.

two examples of simulations using poorly fitted Matérn correlation models for the original

data.
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Figure 7.4: Standardised residuals for year t = 2006 and realisation one.
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Figure 7.5: Informal diagnostic simulation plots showing data simulated from Matérn models with
poor parameter estimates. On the left (η = 0.1, ν = 1), the simulated data is hard to distinguish
from uncorrelated noise; on the right (η = 10, ν = 1), the simulated field is significantly smoother
than the original data. In both cases, the fitted models are inappropriate.

7.3.2 The ‘Correlation Matrix Distance’

Our research will include the use of informal diagnostic simulation plots, as described

above, to compare original data to that simulated using an estimated covariance matrix.

It would be useful to also include some more formal, or quantitative method in our com-

parisons. As we do not know the ‘true’ covariance matrix, with which to compare our

estimates, we can calculate an empirical matrix using our 30 realisations of the data set

and consider this as a baseline of truth, against which we can measure our models. A

challenge arising from this method is that the empirical covariance matrix is not guaran-

teed to be positive-definite. Hence, we favour formal comparison methods which do not

require the inversion of our empirical matrix.

Many methods exist for the comparison of covariance matrices, the simplest of which are

based on the pairwise comparison of matrix elements. We consider a simple distance

measure called the Correlation Matrix Distance (CMD) proposed by Herdin and Bonek

(2004) and further developed by Herdin et al. (2005), primarily for application in MIMO

(multiple-input, multiple-output) data.

The CMD between two matrices of equal size R1 and R2 is calculated as follows:

dcorr(R1, R2) = 1− trace(R1, R2)

||R1|| · ||R2||
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and has the property that dcorr(R1, R2) ∈ [0, 1], where dcorr(R1, R2) = 0 implies equal

correlation matrices (up to some scale factor) and dcorr(R1, R2) = 1 implies maximally

different correlation matrices.

This method has many advantages in our application. First, the measure is somewhat

interpretable, as described above. Second, it is quick and easy to calculate over relatively

large matrices (we have size 4896 × 4896 covariance matrices to compare). Thirdly, and

perhaps most importantly in this context, we are not required to invert or decompose the

covariance matrices in question, which is vital given the non-positive-definite nature of our

empirical covariance matrix. However, although a more formal and quantitative measure

of similarity, the CMD is arguably less informative than our diagnostic plots, providing

only a single value as a measure.

7.3.3 Expected cumulative hazard plots for local-scale assessment (using

topological event history methods)

Previous work on topological event history analysis (see Chapter 6) has demonstrated

the potential of expected cumulative hazard function plots as a way to compare local

performance of correlation models when fitted to random fields. These allow us to compare

various covariance matrices for a data set via the resulting cumulative hazard functions,

specifically assessing the model fit at a local scale. We use this method throughout this

and the following chapter as an assessment method for correlations.

Since we are interested in correlation modelling in cases where we have access to only a

single realisation of the data, all of the following models are fitted to a single realisation

and time point, year t = 2006 from realisation one. In the expected cumulative hazard

plots, we show the Nelson-Aalen estimates for year t = 2006 from all realisations, with

realisation one shown in a darker grey. We can use this to visually compare the model to

the empirical covariance obtained from all realisations, but also to the individual data set

to which we have fit the model in question.

7.4 Fitting covariance functions to global wind residuals

We use standardised residuals from global wind intensities, reduced as described in Section

2.5, as a sample data set on which to fit a variety of different correlation models, described

below and summarised in Appendix B. In this section, we assume both isotropy and

stationarity, fitting standard Matérn and other common functions. For all cases below, we

use the reduced data set for computational purposes. Table 7.1 shows a summary of the

functions fitted and the maximum-likelihood (ML) parameter estimates we obtain in the
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following section.

Table 7.1: Correlation functions fitted.

Covariance function Distance metric Parameters ML estimates

Matérn Regular grid η ≥ 0, ν ≥ 0 η = 2.140, ν = 0.884
Powered exponential Regular grid η ≥ 0, ν ∈ (0, 2] η = 2.386, ν = 1.339

Matérn Chordal η ≥, ν ≥ 0 η = 0.133, ν = 0.598
Powered exponential Chordal η ≥ 0, ν ∈ (0, 2] η = 0.131, ν = 1.152
(unrestricted) Matérn Geodesic η ≥ 0, ν ∈ (0, 1] η = 8.087, ν = 0.822
Powered exponential Geodesic η ≥ 0, ν ∈ (0, 1] η = 7.416, ν = 0.592

F-family Geodesic τ ≥ 0, α ≥ 0, ν ≥ 0 τ = 1.514, α = 19.932,
ν = 0.591

Table 7.2 shows the Correlation Matrix Distance when we compare each of the models in

the following section to the empirical matrix, considered to be our ‘truth’. It is evident

that the CMD values are fairly close and do not provide major insight into the fit of the

matrices. The TEH curves can be seen at the end of this Chapter in Figure 7.16.

Table 7.2: Correlation matrix distance for each model compared to the empirical matrix.

Covariance function Distance metric dcorr

Matérn Regular grid 0.794
Powered exponential Regular grid 0.796

Matérn Chordal 0.790
Powered exponential Chordal 0.790
(unrestricted) Matérn Geodesic 0.806
Powered exponential Geodesic 0.825

F-family Geodesic 0.845

7.4.1 Isotropic and stationary covariance functions

The following models all assume isotropic and stationary covariance structure in the data.

We make this assumption for convenience, although it is not necessarily appropriate for all

data sets, as seen earlier. Most common models assume these properties and allow us to fit

covariance functions to the data easily. Several methods exist for testing for isotropy and

stationarity; a common practice when testing for isotropy is to assess sample variograms in

multiple directions. Figure 7.6 shows an assessment of the (an)isotropy in our data using

this method. With each panel corresponding to a different direction (North, North-East,

East, South-East), we plot the semivariance, measuring spatial correlation between points
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at different separation distances. There is a difference between the North-South direction

and the East-West direction, however putting a quantitative measure on the significance

of this is less straightforward. Guan et al. (2004) argued that although useful, this test is

subjective and open to interpretation. They proposed a non-parametric approach which

compares sample variograms in different directions based on their asymptotic joint normal-

ity. Fuentes (2005) developed ideas presented by Priestley (1965) testing for stationarity

and isotropy of processes by assessing the homogeneity of spectral functions at different

points in space. We take a related approach in Chapter 8 to test for non-stationarity

between different geophysical regions.
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Figure 7.6: Semivariograms for the following directions (left-to-right): Northerly, North-Easterly,
Easterly, South-Easterly.

7.4.2 Modelling on a projection to a regular 2-d grid

Matérn on a regular grid

We begin by fitting the Matérn correlation function,

C(d) =
21−ν

Γ (ν)

(d
√
2ν

η

)ν
Kν

(d
√
2ν

η

)

considering data points to occur on a regularly spaced 2-d grid. Maximum likelihood

estimation results in parameter estimates of η = 2.140 and ν = 0.884.

Figure 7.7 shows that data simulated using the fitted matrix does not appear significantly

different in structure and smoothness to the original data. Although the process requires

105



Chapter 7. Stationary covariance modelling for geospatial data

−150 −50 0 50 150

−
6

0
−

2
0

2
0

6
0

−4

−2

0

2

4

−150 −50 0 50 150

−
6

0
−

2
0

2
0

6
0

−4

−2

0

2

4

Figure 7.7: Original (left) and simulated (right) data using Matérn parameter estimates on a
regular grid.

some assumptions and simplifications, it provides a baseline against which to compare the

chordal Matérn, in addition to other functions and distance measures.

Powered exponential on a regular grid

As with the Matérn previously, we fit the powered exponential correlation function

C(d) = exp

{

−(
d

η
)ν
}

, η > 0, 0 < ν ≤ 2

again assuming all data is distributed on a regular grid. Using maximum likelihood es-

timation we obtain parameter estimates of η = 2.386 and ν = 1.339. Figure 7.8 shows

original and simulated data using this method. Both the TEH figure and the CMD sug-

gest that there is no significant difference between the Matérn function on a regular grid

and on the sphere. The correlation matrix distance for this matrix is marginally lower

than that for the gridded Matérn function, and the expected cumulative hazard curves

are almost indistinguishable.
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Figure 7.8: Original (left) and simulated (right) data using powered exponential parameter esti-
mates on a regular grid.

7.4.3 Modelling with the chordal distance

Chordal Matérn

Next, we fit the Matérn correlation function in 3-d using chordal distance between sites on

the surface of the sphere. We define the origin as being the centre of the Earth, (assuming

the Earth is a true sphere). We convert latitude-longitude values to points in Euclidean

space as follows:

Given latitude L1, longitude l1 and Earth’s radius r, the Euclidean coordinate is

seuc =







x

y

z






=







r cosL1 cos ℓ1

r cosL1 sin ℓ1

r sinL1






.

We now fit the Matérn as before. Here we obtain maximum likelihood parameter estimates

of η = 0.133 and ν = 0.598. The range parameter η is much smaller than for the Matérn

function on a regular grid. Figure 7.9 shows original and simulated data using this method.

Relative to the grid Matérn function, we see a slightly lower CMD, but a poorer fit based

on the TEH curves.
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Figure 7.9: Original (left) and simulated (right) data using chordal Matérn parameter estimates.

Chordal powered exponential

We fit the powered exponential covariance function using chordal distance as we did for the

Matérn. We obtain ML parameter estimates of η = 0.131 and ν = 1.152, with simulation

results shown in Figure 7.10. As seen with the Matérn model, the range parameter η for

the chordal powered exponential is much smaller than for the powered exponential on a

regular grid.
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Figure 7.10: Original (left) and simulated (right) data using powered exponential parameter esti-
mates and chordal distance.
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There is not a noticeable difference between the IDSPs for the gridded and chordal versions

of this model and again, similar to in the Matérn case, the chordal model has a marginally

lower CMD, but a poorer fit when assessing based on TEH curves.

7.4.4 Modelling with the geodesic distance

Geodesic Matérn

For completeness, we fit the Matérn correlation function with the geodesic distance with-

out putting any restrictions on the smoothness parameter. Maximum likelihood estimation

gives parameter estimates of η = 8.087 and ν = 0.822, both much higher than the pa-

rameter estimates for our previous Matérn models. Here, the smoothness parameter ν, is

outside the restriction of ν ∈ (0, 12 ] that Gneiting (2013) described as being required for

guaranteed validity on the surface of a 2-dimensional sphere. Figure 7.11 shows simulation

results obtained with this model.
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Figure 7.11: Original (left) and simulated (right) data using Matérn parameter estimates and
geodesic distance.

For this model, we see a higher CMD value, indicating less similarity with our empirical

covariance matrix than previous models and a cumulative hazard curve very close to those

obtained with the chordal models.
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Geodesic powered exponential

Fitting the powered exponential with the geodesic distance results in parameter estimates

of η = 7.416 and ν = 0.592. Like the geodesic Matérn function, we see higher parameter

estimates than for the alternative distance metrics. We present simulated data from this

model in Figure 7.12.
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Figure 7.12: Original (left) and simulated (right) data using geodesic distance for powered expo-
nential correlation function.

Visual inspection of the diagnostic plot for this model shows a noticeable difference between

data simulated with this model and the original data when compared to previous models.

Additionally, the CMD, in this case, is the highest of those measured and the expected

cumulative hazard curve furthest from our empirical baseline. Arguably, the geodesic

powered exponential covariance function has the weakest performance of those tested

when applied to our data.

F-family

As discussed in detail in Section 7.1, the geodesic or great-circle distance is considered to

be a more natural distance measure on a sphere than the chordal distance. Although this

has its advantages, the availability of correlation functions valid with the chordal distance

is limited. Those that have been developed often lack closed forms, thus requiring a

degree of approximation. One correlation function that does not require this, is the F-

family correlation function proposed by Alegria et al. (2018) and based on the Gauss

Hypergeometric function (Beukers, 2007).
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The value in this new family of functions lies in its analogousness to the common and

popular Matérn function. As discussed previously, the Matérn covariance function has

proved popular in many applications due to its flexibility and the inclusion of the smooth-

ing parameter, which allows control over the mean-square differentiability of the process.

This property is highly challenging to estimate empirically, hence the ability to control

it via a parameter in the covariance function contributes to the appeal of the Matérn

function. For both spatial prediction under infill asymptotics (an increase in sample size

over a fixed domain) and parameter estimation, accurate knowledge of the mean-square

differentiability of the process is important. The F-family of covariance functions shares

this property but has the convenience of being valid for random fields on the surface of a

sphere. In particular, one of the parameters in the F-family of functions allows control

of the mean-square differentiability of the field. Analogous to the Matérn smoothing pa-

rameter, this parameter ν controls the mean-square differentiability of the corresponding

random field and closed-form expressions are available for the function whenever ν = 1
2+k

for k ∈ Z+.

We fit this function using a maximum likelihood approach, using software kindly provided

by Alegria et al. (2018), to obtain parameter estimates of τ = 1.514, α = 19.932 and

ν = 0.591.
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Figure 7.13: Original (left) and simulated (right) data using geodesic distance for F -family corre-
lation function.

Data simulated using the fitted matrix appears noticeably different to the original data,

producing larger areas at the extreme values, as can be seen in Figure 7.13. Further, the

CMD is one of the highest of those measured, yet despite this, the expected cumulative

hazard curve is closest to our empirical curve of all models fitted so far. This is likely
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a result of the fact that the cumulative hazard function is influenced only by local scale

correlation. This model is attractive due to its flexibility and validity on the sphere.

7.4.5 Some comparisons

We can make some simple comparisons between the different distance measures. The first

point of note is that the functions we fit on a regular grid treat the Earth as a finite plane,

such that the points which appear to be furthest apart on a given latitude are in fact

neighbouring. Figure 7.14 shows the covariance by separation for three different latitudes,

chosen to reflect behaviour where spatial lag is equivalent to significantly different geodesic

distances. We see the chordal and grid Matérn matrices have very similar values at all

sites shown, with the F-family showing much higher covariance values.

0 20 40 60 80

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

0.47 °

separation (#of sites)

c
o
va

ri
a

n
c
e

0 20 40 60 80

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

38.17 °

separation (#of sites)

0 20 40 60 80

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

1
.2

75.86 °

separation (#of sites)

Figure 7.14: Covariance by separation at three different latitudes. F -family (black), Chordal
Matérn (blue) and Matérn on a regular grid (red).

Measuring by Correlation Matrix Distance, all models perform very similarly, with the

chordal powered exponential being closest to the empirical matrix and the geodesic mod-

els, in general, performing the least well. We argue that the closeness in value of these

different models suggest that the CMD is a poor measure of correlation matrix similarity,

particularly for this application.

In Figure 7.15, we can see the mean empirical covariance for each latitude up to a spatial

lag of five sites in the East-West direction. This mean empirical covariance is the average

value across the latitude to allow for comparison with our model-based methods - since

stationarity is not assumed, the true value changes with longitude. As would be expected,

the covariance decreases as distance increases. It is important to note that for all the

plots in Figure 7.15, the physical distances between lags one to five will differ depending

on latitude. At equatorial latitudes, the distance between each site is considerably larger

than at polar latitudes. As a result of this, we might expect plot one to show higher

correlations for the polar latitudes, relative to the equatorial latitudes. While somewhat
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evident, we see a noticeable peak in covariances just north of the equator.
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Figure 7.15: Left-hand plot shows directly estimated covariances at lags one to five for all latitudes.
Remaining plots show lags one to five for all models for 41◦S and 4.2◦N.

For the two latitude bands shown, we can see little in the way of consistency between the

best and worst-performing models. These latitudes are representative of the variation in

model performance across all latitudes. The gridded Matérn curve, which sits very close

to the empirical values for 41◦S, is arguably the furthest away for 4.2◦N.

7.4.6 Comparison to empirical covariance

For use in future work on topological data analysis and spatially correlated survival times,

we are most interested in the covariance structure at the local level. Figure 7.16 shows the

expected cumulative hazard functions under each of our fitted stationary models, alongside

the empirical curve and the Nelson-Aalen estimates from the data. We see that at the

local level, the models fitted on a grid perform equally, and better than the remainder of

the models, although neither are particularly close to matching the curve achieved with

the empirical covariance matrix.

One observation that we make based on this work is that identifying the optimal covari-

ance model is not straightforward. One’s choice of comparison method can give noticeably

differing results. Further, as we are most interested in covariance at a local level, we note

that some model with a good local fit may not be optimal for other purposes and equally,

a model with an overall ‘good’ fit, may perform relatively poorly at a local level. This ob-

servation highlights the importance of identifying what is meant by an optimal covariance

model in any particular application and choosing a comparison metric accordingly. By

its definition, our topological event history approach is ideal for identifying models with a

good local fit, in comparison to measures such as the Correlation Matrix Distance, which

does not treat local or large-scale covariance with differing importance.
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Figure 7.16: Expected cumulative hazard functions under a range of fitted covariance models. The
grid Power Exponential curve is shown as a dashed line due to its similarity to the grid Matérn
curve. We highlight the Nelson-Aalen curve for realisation one in black.
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7.5 Conclusions

The purpose of this chapter was to investigate the performance of stationary covariance

models for nonstationary data. We discussed various distance measures for data on the

surface of a sphere and presented a number of assessment metrics for the fit of a correlation

model. Comparing expected cumulative hazard curves for our fitted models to one using

the empirical covariance matrix showed the F-family model to perform the best, closely

followed by the Matérn and powered exponential models fitted on a grid. We saw no im-

provement in general from the use of the chordal or geodesic distance, relative to assuming

data to be on a regular grid, likely due to removal of data near the poles where differ-

ence in distance between neighbouring sites is more pronounced. In the following chapter

we assess the degree of nonstationarity in the data and fit a number of nonstationary

covariance models, assuming data to be on regular grid throughout.
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Modelling nonstationarity:

challenges and approaches

In the following section, we look at more flexible correlation structures, for which we do

not require the assumption of stationarity or isotropy in the data. We first consider the

challenge of modelling covariance in the presence of significant land-ocean nonstationarity

as observed in the previous chapter, confirming the results before examining solutions. We

discuss a selection of common approaches to modelling covariance for spatially correlated

data, before comparing model fits, including one taking a weighted combination of sta-

tionary models for each location, another in which we fit independently to different regions

of the globe and an approach using radial basis functions. Throughout, we evaluate local

model fit via expected cumulative hazard function curves, as seen in previous chapters.

We examine the extent to which the curves have value for a more general assessment of

covariance models. To conclude this chapter we explore site clustering to understand fur-

ther the nature of the nonstationarity in the data and briefly discuss the handling of large

covariance matrices in this context.

8.1 Land-ocean nonstationarity

The feature of land-ocean nonstationarity described above is not unique to this application.

It has been observed in work on global temperatures, where Castruccio and Guinness

(2017) identified similar dependence of the covariance structure on large-scale geographic

descriptors. Although sometimes apparent from a plot of the global data, nonstationarity

can be shown more formally by looking at a periodogram of the data at different latitudes

for the regions of interest, in this case land, ocean and coastal regions. To assign site

classifications, we first overlay a world map to obtain a binary land-ocean classification. We
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class a site as coastal (on the original, unreduced data) if any of the direct neighbourhood

of four sites with which it shares an edge differs from it.

As described by Castruccio and Guinness (2017), we calculate the values

|f̂ j
Lm

(c)|2 =
1

N
|
N
∑

n=1

hj(ℓn)Z(Lm, ℓn)e
−iℓnc|

where Z(Lm, ℓn) is the standardised residual value at latitude Lm and longitude ℓn and

j = 1, 2, 3 for ocean, land and coast respectively, hi is a smooth function equal to zero

when ℓn /∈ region i and c is the wavelength. Thus |f̂ i
Lm

|2 is a periodogram for region i at

latitude Lm. We average across all latitudes to obtain Figure 8.1. Parallel periodograms

would indicate similar correlation structure (Castruccio and Guinness, 2017), however the

periodograms for land, ocean and coast are not parallel. Further, it is evident that the

correlation structure over the ocean is significantly smoother than over land or coast, with

correlation for land being slightly smoother than for coastal regions. This verifies the

results seen in the empirical covariance lag plots in Chapter 7.
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Figure 8.1: Periodograms of ocean (black), land (red) and coast (blue), averaged across all valid
latitudes. The differing curvatures of the periodograms indicates different correlation structures.

8.2 Nonstationary modelling

There are many ways to approach the presence of nonstationarity in data. Here, we

examine a few of these, in the context of global climate data.
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8.2.1 Axially symmetric models

One observation that we made from the empirical covariance plots in the previous chapter

was the clear difference between correlations in a longitudinal direction, compared to those

in a latitudinal direction. This difference is unsurprising given the global nature of the

data. Axially symmetric models have been widely used (Jun and Stein, 2008; Castruccio

and Stein, 2013) to capture correlation without requiring an assumption of stationarity in

the longitudinal direction. These models involve fitting Matérn (or Matérn-like) processes

separately across latitude bands, before estimating the multi-band dependence. These

allow more flexibility than a fully stationary model, since stationarity is assumed in lon-

gitude but not latitude, and are better suited to global climate data, where the impact of

latitude frequently implies nonstationarity. However, it has been acknowledged by Cas-

truccio and Guinness (2017) that this type of model is too restrictive in certain cases,

specifically that of surface temperature data, upon which presence of land or ocean has

a significant impact. As we have seen, for global winds the impact of land and ocean is

noticeable from figures of the data alone and has been confirmed with periodograms.

Castruccio and Guinness (2017) proposed an extension of the axially symmetric model

to incorporate an evolutionary spectrum approach, which they fitted using a multi-step

conditional likelihood approach. The increased flexibility of this model involves the incor-

poration of different regimes (in this case, land/ocean). Jun (2014), on the other hand,

approached the problem with a modified Matérn model, in which the smoothness of the

process changes over the different regimes. This approach is highly suited to our problem,

but it has computational limitations. Computational restrictions required the authors to

sample only 1000 locations; to achieve this data size, we would have to reduce our data

by at least a factor of four, in addition to our existing reduction of the original data set.

8.2.2 Moving window approaches

Moving window approaches can provide a means to deal with nonstationarity by fitting

stationary models to local scale correlation over small windows. These methods are based

on ordinary kriging and are prevalent in statistical climatology (Kuusela and Stein, 2018;

Haas, 1995, 1990; Ver Hoef et al., 2004). Generally used for estimation of data, moving

window approaches do not provide the user with a complete covariance matrix. However,

they remove large-scale dependencies and allow variation of local properties over the full

space. The estimation process takes advantage of quasi-stationarity, introduced by Journel

and Huijbregts (1978), where a large nonstationary field will contain smaller areas of more

homogeneous covariance. This has the effect of allowing the use of methods suited to

stationary covariance structures, within some limited region. The proposers of quasi-
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stationarity argue that the size of the window should depend on the degree of accuracy

required in the estimation. A window should be large enough such that the data contained

is sufficient for this level of accuracy, and hence the size of the window should, in theory,

vary based on each site to be estimated.

The moving window methods have several advantages, particularly in statistical climatol-

ogy applications. The flexibility in window size allows the user to gain control over the

accuracy of estimates, without a requirement for either fixed window size or fixed accu-

racy. The method, therefore, can cope with fields in which specific areas contain a higher

concentration of sites. Further, the method makes no assumptions about the relationship

between covariance structure in different windows, allowing flexibility for complex non-

stationary fields. We later use models that build on many of the ideas in moving window

approaches.

8.2.3 Modelling with covariates

For scenarios where physical properties such as land masses impact the covariance prop-

erties, it would be valuable to take an integrated approach where we can incorporate

knowledge of large-scale geophysical descriptors into the modelling process itself. Several

approaches have been taken to incorporate these effects on the correlation structure of

geophysical data. Pourahmadi (1999) used a Cholesky decomposition of the inverse of

the covariance matrix to obtain a unique lower triangular matrix and a unique diagonal

matrix. We can then interpret entries of these matrices as regression coefficients. This

approach was generalised by Pan (2003) for growth curve, longitudinal and multi-level

data, to include a polynomial representation of the main structure and the fit of a joint

mean-covariance model.

An alternative approach by Castruccio and Guinness (2017) looked to incorporate large-

scale geophysical descriptors through modelling an evolutionary spectrum across different

regions. Evolutionary spectra for nonstationary time series data were initially introduced

by Priestley (1965). More significant opportunities for application became available due

to the development of computationally efficient fitting methods provided by Guinness and

Stein (2013). An extension of previous work on spectral modelling across latitudes by

Castruccio and Genton (2014), the evolutionary spectrum model allows for the incorpora-

tion of different regions as well as capturing longitudinal patterns. The spectral domain

is fit across longitude, assuming independence between latitude bands, before modelling

the between-latitude dependence. The evolutionary spectrum model is fit using a multi-

step conditional likelihood method, which preserves nonstationarity features in the data.

The work was further developed by Jeong et al. (2017) in which the set of geophysical

descriptors is extended to include high mountainous areas in addition to land and ocean.
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Finally, Jun (2014) proposed a Matérn based model for nonstationary cross-covariance

processes in which smoothness is allowed to vary over different geophysical regions. Al-

though able to capture nonstationarity, the model parameters are difficult to interpret,

and the fitting process is not computationally feasible for large data sets.

8.2.4 Deformation

Another method commonly used for dealing with nonstationarity in spatial data uses

a deformation of the spatial coordinate system to one in which stationarity is a valid

assumption. Sampson and Guttorp (1992) proposed an approach for observations on a

spatiotemporal random field, in which stationarity could be assumed temporally but not

spatially. The approach models spatial dispersion (the variance of the difference between

observations) as a smooth function of the geographic coordinates of the observation sites.

Here, the term ‘variogram’ is not used since there is no assumption of isotropy. The spatial

coordinates are transformed using nonmetric multidimensional scaling (MDS) such that

the covariance structure of the observations as a function of the spatial dispersions is both

stationary and isotropic. Finally, the geographic representation of the sites is mapped

to the MDS representation using thin-plate splines. Thus, a nonparametric estimator for

the covariance can be obtained through a composition of the mapping and a monotone

function belonging to a class of conditionally non-positive definite variogram functions.

This ensures that the estimator is a valid non-negative covariance model. The work is

developed further by Perrin and Senoussi (2000) who extend the approach to a wider class

of correlation functions.

The frequently unrealistic assumption of temporal stationarity encountered in spatial de-

formation research is challenged by Castro Morales et al. (2013). The authors use state-

space models to model the temporal trend to obtain a more complete spatiotemporal

model. Meiring et al. (1998) outline some of the challenges of this approach. The authors

argue that estimation of the transformation and model parameters is a difficult multi-

dimensional problem, with the dimension increasing with the number of sites. Despite

the improvements in computational processing power, this is a limitation for large spa-

tial datasets, which since the time of publication have become a common application for

nonstationary models. Examples provided in this work use a set of 20 observation sites,

significantly fewer than even our reduced data subset of 4896 sites.

In methods proposed by Fouedjio et al. (2015), the spatial deformation solution is extended

from requiring multiple observations at each spatial location (whether at multiple points

in time, or otherwise), to only requiring a single realisation of the data. This development

is particularly valuable for use of the method on larger data sets.
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8.3 Comparison of nonstationary models using TEH Nelson-

Aalen plots (single replicate)

We use expected cumulative hazard function curves to compare the local fit of a selection

of nonstationary covariance models. All of the following are fit to a single replicate of

the data set. We focus on the single replicate case as we know that using the full set 30

replicates we can achieve excellent results simply using the empirical covariance matrix.

We look at a method proposed by Reich et al. (2011) in which a weighted combination of

stationary models is used to capture nonstationarity and a simple block approach whereby

we model regions both separately and pairwise with stationary models before adjustment

to obtain a valid covariance matrix. We then investigate the LatticeKrig package from

Nychka et al. (2016) and finally look at work on a cyclic covariance function using B-

spine basis functions from Konzen et al. (2019). Figure 8.2 shows the expected cumulative

hazard function for a Gaussian random field, assuming independence between sites (black),

the empirical covariance calculated from all 30 replicates (red) and the fitted grid Matérn

model from the previous chapter for reference (green). Throughout this chapter we will

add to this figure in order to compare fitted models.

8.3.1 Weighted combination of stationary models

Reich et al. (2011) propose a nonstationary covariate-dependent covariance function for

modelling spatial correlation in different regions, in which a weighted combination of

covariance functions enable environmental conditions to influence the prevalence of specific

functions in different spatial regions. This is built on work by Schmidt and Rodrguez

(2011) and Schmidt et al. (2011), who investigated how covariates could influence the

covariance structure of spatial processes.

The motivation for the development of the model was the study of ozone in the troposphere,

a secondary pollutant formed from the photochemical reactions and whose levels on a given

day and in a given location are linked closely with meteorological variables, including

cloud cover and wind intensities and direction. The authors aimed to show if and how

the changing meteorology affects not only the mean concentration of ozone but also the

variance and spatio-temporal correlation.

The model can be described formally as follows. Given

zi = s(xi, ti)
′β + µ(xi, ti) + ǫi

where zi is the response, s(xi, ti) is the vector of covariates at location xi ∈ R2 and time

ti ∈ R, β is a vector of regression coefficients and µ is a spatio-temporal process, with iid
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Figure 8.2: Expected cumulative hazard functions. The black curve shows the expected cumula-
tive hazard assuming independence between sites. The stationary grid Matérn from the previous
chapter is included for reference in green and the expected curve using the empirical covariance
from all 30 realisations is shown in red. The Nelson-Aalen plots for the thirty realisations are
shown in grey, with the single realisation used throughout this chapter in black.
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error ǫ.

Then the spatiotemporal effect µ(x, t) is modelled as a linear combination of stationary

processes,

µ(x, t) =
M
∑

j=1

wj[s(x, t)]θj(x, t)

where θj are zero mean Gaussian processes, with covariance Kj. The weighting wj allows

the resulting covariance structure to vary over the domain.

By integrating over θj, we obtain a model for the covariance as

Cov(µ(x, t), µ(x′, t′)) =

M
∑

j=1

wj[s(x, t)]wj [s(x
′, t′)]Kj(x− x′, t− t′).

The primary advantage of this approach is the relative simplicity and interpretability of

the model, which limits the number of parameters to be estimated. It uses several pos-

sibly separable, stationary and isotropic functions to build a (generally) nonseparable,

nonstationary and anisotropic model. It is important to note that there are cases where

the environmental conditions (or known covariates, more generally) do not wholly explain

nonstationarity, and hence this approach would be inefficient, or suboptimal. Further, ef-

fective use of the model requires detailed knowledge of all covariates that may significantly

impact the covariance.

Fitting the full model is very computationally expensive. Hence we choose to fit a simplified

version of the model proposed by Reich et al. (2011). In this, a weighted combination of

stationary covariance models is fit according to underlying covariates, which in our case is

the geophysical region only, i.e. land, ocean or coast. Further, we use a version of our data

set with a reduction factor of four, in contrast to all other work in this chapter, in order

to make this method computationally feasible. This gives us a data set of size 72× 38.

We model the spatial covariance between responses at sites x and x′ as

Cov(µ(x), µ(x′)) =

M
∑

j=1

wj[s(x)]wj [s(x
′)]Kj(x− x′)

where Kj are individual stationary covariance functions and wj weights each function

according to spatial covariates s(x). The squared weights for each observation sum to one,

and each has multinomial logistic form

wj [s(x)]
2 =

exp(s(x)Tαj)
∑M

l=1 exp(s(x)
Tαl)
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where α1, . . . , αM are coefficients controlling how the covariates affect the covariance. We

select M = 3, and fit this model based on three stationary chordal Matérn functions, each

with fixed ν and η estimated by maximum likelihood. Setting α1 = 0, we then estimate

α2 and α3 using a maximum likelihood approach to obtain α = (0,−84.3,−124.8). This

method allows us to incorporate land-ocean-coast structure into our modelling process.

Our implementation of the model could be extended to better capture the effects of the

geophysical descriptors on the covariance structure, through fine-tuning the impact of the

covariates on the weightings or using a higher number of underlying stationary models.

However, these adjustments require an increase in the number of parameters, with a

significant adverse effect on computation time. Figure 8.2 shows expected cumulative

hazard curves for all the models fitted in this chapter, including the expected cumulative

hazard function curve under this model. It does not perform better than the stationary

Matérn model, indicating a poor local fit.
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Figure 8.3: Expected cumulative hazard functions. This figure shows in pink the expected cumu-
lative hazard curve assuming the fitted weighted combination model.
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8.3.2 Regional block model

The nonstationarity results justify the incorporation of different regions into our mod-

elling. We propose a regional block model, which allows the covariance parameters of

some underlying stationary model to vary between different regions and pairs of regions.

Initially, we divide sites into three regions: land, ocean and coast.

We can describe the model as follows. For each site xi, with value zi = z(xi), we define

some region ki = k(xi). Then with N being the number of regions,

Cov(xi, xj) =

N
∑

m=1

N
∑

n=1

αi,jKm,n(xi, xj)

where Km,n is the covariance model for regions m and n and αi,j = 1 when ki = m, kj = n

and is zero otherwise.

In practice, we run the following multi-step process, described here for the three-region

model with underlying Matérn covariance but easily extendable to a higher number of

regions.

1. Fit a Matérn correlation model for land-land pairs only.

2. Fit a Matérn correlation model for ocean-ocean pairs only.

3. Fit a Matérn correlation model for coast-coast pairs only.

4. Use a maximum likelihood approach to fit a Matérn correlation model for all land-

ocean sites, fixing known (previously estimated) correlations for land-land and ocean-

ocean pairs in the correlation matrix.

5. Repeat step 4 for all ocean-coast sites.

6. Repeat step 4 for all land-coast sites.

7. Populate all land-ocean, ocean-coast and land coast sites in the correlation matrix

using calculated values.

8. Populate land-land, ocean-ocean and coast-coast sites in the correlation matrix with

calculated values.

We describe results obtained at various steps of fitting the three-region model. Standard

maximum likelihood estimation produces parameters for each region, as shown in Table

8.1. These estimates further highlight the differences in smoothness between regions and

verifies the results found when examining the periodogram in Figure 8.1. We see similar
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results for the range parameter over all three regions but a much higher shape parameter

for the ocean than for land or coast.

Table 8.1: Number of sites and Matérn parameter estimates for land, ocean and coast.

Region #sites η ν

land 1191 0.0970 0.4075
ocean 3188 0.1211 1.3531
coast 517 0.0948 0.4442

We then fit the model for each pair of regions. Using this multi-step approach, we obtain

the additional set of parameter estimates shown in Table 8.2.

Table 8.2: Matérn parameter estimates for each pair of regions.

Region pair η ν

land-ocean 2.1718 1.3056
ocean-coast 1.1582 1.0212
land-coast 2.1652 1.3192

Methods to ensure positive-definiteness

The pairwise block approach, while interpretable and fast to fit, can often (and does,

in this case) result in a covariance matrix which is not positive-definite. This causes

problems when we wish to calculate the inverse of the matrix, for example, when using it

for simulation or emulation. A problem frequently encountered in finance, this is simple

to adjust for, and it is possible to obtain good results after such adjustment.

A valid correlation matrix is symmetric, with ones along the primary diagonal and elements

in (−1, 1) off the primary diagonal. In addition, the matrix must be composed with some

degree of consistency. For example, if we know the relationship between elements x1

and x2, and the relationship between x2 and x3, we should be able to say something

about the relationship between x1 and x3. As a trivial example, if we know cor(x1, x2) =

cor(x2, x3) = 1, we know that cor(x1, x3) 6= 0. More formally, we can see that a matrix

that satisfies these requirements has a Cholesky decomposition and is positive definite.

Issues arise when the correlations are calculated, or as is common in financial applications,

estimated inconsistently (Joubert and Langdell, 2013). In our case, for each region pair

we consider, we have disregarded the existence of the remaining region or regions, thereby

potentially introducing inconsistencies into the matrix. In these cases, the matrix may
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have both positive and negative eigenvalues. A simple repair mechanism can be utilised,

taking advantage of the spectral decomposition of the correlation matrix. We replace

negative eigenvalues by zeros (or a very small positive number), and the matrix is rescaled

to obtain ones along the primary diagonal.

repairMatrix

A simple method (Gilli et al., 2011; Rebonato and Jaeckel, 2011) for the repair or adjust-

ment of such matrices involves exploiting the nature of a valid, positive-definite matrix,

in particular, the fact that it always has positive eigenvalues. One can decompose some

matrix R into R = QΛQT where Q contains the eigenvectors of R as its columns and Λ

is a diagonal matrix containing the corresponding eigenvalues of R. Replacing negative

elements of Λ with zero (or a small positive number, one can obtain Λ′, and reconstruct

the original matrix to obtain R′ = QΛ′QT , before rescaling to obtain ones on the pri-

mary diagonal. This is implemented as the repairMatrix function in the NMOF R package

(Schumann, 2020). Although effective, the method is limited in that it is difficult to assess

the relationship between R and R′.

nearPD

In an alternative approach, Higham (2002) proposes the closest correlation matrix method

in which the distance between the two entries is minimised. The distance used in the

calculation is the Frobenius distance, defined as

||R,R′|| =
√

∑

i

∑

j

(Ri,j −R′
i,j)

2.

This method is implemented in R as the nearPD function in the Matrix package.

Comparisons

On examination of both methods, we find no notable differences between the two. Figure

8.4 shows the differences between the empirical positive semi-definite matrix and the two

matrices obtained using the repair methods, for a selection of rows in the matrices. Neither

method performs consistently better than the other, depending on the row considered.

However, the computation time of the two methods differ, and the algorithm used in

nearPD is not guaranteed to converge in a small number of steps. For a smaller version of

the data set (used in Section 8.3.1), repairMatrix takes just over one minute to run and

nearPD approximately 14 minutes. For our full 4896 × 4896 matrix, repairMatrix takes

approximately 6 minutes to run and nearPD does not converge in under 100 iterations.

For these reasons, we proceed using the repairMatrix function from the NMOF package
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when adjusting our nonstationarity covariance matrix.
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Figure 8.4: Values of the unrepaired (black) repairMatrix (red) and nearPD (green) correlation
matrices for a selection of latitudes. Here we use the smaller data set for which we have valid
repaired matrices using both methods.

8.3.3 Results

The expected cumulative hazard function curve for a Gaussian field with this correlation

matrix can be seen in Figure 8.2. Although an improvement on the grid Matérn and

weighted combination models, the local fit of this model indicated by the curve remains

poor, likely due to the assumption of local stationarity over large areas of the data.
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Figure 8.5: Expected cumulative hazard functions. This figure shows in blue the expected cumu-
lative hazard curve assuming the fitted block model.
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15-region model

We investigate whether division into 15 geographical regions improves the results, as it

allows for a greater degree of nonstationarity. The 15-region model takes advantage of the

natural division of sites between continents and oceans, although arguably these divisions

are not based on geophysical properties. We continue to include coastal sites as a single

unique region due to the notable differences between the coastal region and the remainder

of the globe. We classify non-coastal sites as one of the following continents:

• Asia

• Africa

• Australia

• Europe

• North America

• South America

or oceans:

• Arctic

• Indian

• North Atlantic

• North Pacific

• South Atlantic

• South Pacific

• Southern

• other seas.

After usual reduction of the data set and removal of polar latitudes, there are no remain-

ing sites in Antarctica, hence its omission from the classifications. Table 8.3 shows the

parameter estimates for each region. Pairwise parameter estimates are not provided here

for succinctness.

Despite the increased number of regions, the 15-region model provides only a marginal

improvement over the original three-region approach. The pattern of nonstationarity
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Table 8.3: Number of sites and Matérn parameter estimates for each region.

Region #sites η ν

coast 517 0.0947 0.4442
Asia 237 0.0674 0.4670
Africa 216 0.1018 0.8169

Australia 54 0.0693 1.1759
Europe 338 0.0827 0.4548

North America 206 0.1896 0.2007
South America 140 0.0585 1.4703

Arctic 75 0.0800 1.7972
Indian 570 0.1107 2.1122

North Atlantic 284 0.1004 1.8062
North Pacific 562 0.1058 2.1178
South Atlantic 376 0.0936 2.2666
South Pacific 667 0.1010 2.3218
Southern 94 0.1623 1.5049
other seas 560 0.1093 0.9943

does not strictly correspond to the oceanic or continental divisions, resulting in a final

fit indistinguishable from the initial three region approach, as can be seen in Figure 8.6.

Later, in Section 8.5 we look in more detail at how we might best cluster the sites, and

assess the validity of choosing land, ocean and coast as site classifications.

8.3.4 LatticeKrig - a convolution-based model for nonstationary Gaus-

sian processes

We consider the LatticeKrig (LK) convolution-based model, both since its design was

motivated by climate data sets similar to our wind intensities (in fact from the same

CESM large ensemble project) and due to its suitability for large nonstationary data. The

LK model allows for a spatially varying correlation range and variance, assuming local

stationarity. This work by Nychka et al. (2018) builds on previous approaches for the

design of convolution-based models and has a particular focus on highly efficient simulation

of nonstationary fields. To be precise, the use of locally stationary models allows efficient

computation, whilst incorporating these into a global model allows simulation of random

fields. Further, computations of local covariances can be run in parallel, allowing the use

of multiple processors for reduction of computation time. As with our previous work,

we are using a reduced data set, however the efficiency of this method would make it a

suitable candidate for model fitting on the full data. For this reduced data set the full

process takes just over one minute, compared to over an hour for some of the methods
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Figure 8.6: Expected cumulative hazard functions. The three region model is shown as a solid
green line and the 15 region model as a dashed blue line.

132



Chapter 8. Modelling nonstationarity: challenges and approaches

previously described.

Our approach is as follows. We simulate 29 additional replicates using an LK model fit on

a single initial realisation (year t = 2006, realisation one). Whilst in practice, we are able

to calculate a covariance matrix directly from our original 30 realisations, we investigate

whether a similar result can be achieved starting with a single realisation and simulating

an additional 29 using the LK model. We use the LatticeKrig package in R (Nychka et al.,

2016) to fit a nonstationary model for the same data subset as we have used throughout

this and the previous chapter.

The LatticeKrig model

The LK model builds on fixed-rank kriging but models the precision matrix of the coeffi-

cients as a sparse matrix, allowing the incorporation of a greater number of basis functions

relative to the size of the data. The multi-resolution basis allows enhanced flexibility and

superposition of latent processes at different spatial scales forms the basis for the nonsta-

tionary version of the model.

For a Gaussian random field z(x),

z(x) = s(x)Tβ + g(x) + ǫ(x),

where s(x)Tβ is the vector of covariates with corresponding linear fixed-effect parameters,

g(x) is a mean-zero, smooth Gaussian process and ǫ(x) is an independent Gaussian white

noise process. We are interested in modelling the stochastic process g(x).

The LK model can be described as follows. Let gl(x) corresponding to the lth level have

mean zero and marginal variance σl(x)
2. Then g(x) is the sum of L independent processes

g(x) =
L
∑

l=1

gl(x)

with marginal variance
L
∑

l=1

σl(x)
2.

Then each latent process gl(x) can be defined as

gl(x) =

m(l)
∑

k=1

clkφk,l(x).

Here, φk,l is a sequence of fixed basis functions where 1 ≤ k ≤ m(l) and cl is a vector
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of mean-zero multivariate normal coefficients independent between levels, with covariance

matrix Q−1
l . Then let

Φl
i,j = φj,l(xi)

with columns corresponding to the m(l) basis functions for level l. Hence, the observation

model for the random field can be written as

z = sβ + Φc+ ǫ,

where c = {c1, . . . , cL} and Φ = [Φ1, . . . , ΦL].

For details on the formulation of the independent basis functions see Nychka et al. (2018).

Each coefficient ck,l is associated with a site vk,l, and since the data is defined on a

grid, each site will have a neighbourhood of up to four additional sites (i.e. its nearest

neighbours), Nk.

Assume that

akck,l −
∑

k∗∈Nk

ck∗,l = vk,l,

where ak < 4 is a sequence of parameters and vk,l are iid N(0, 1) random variables. Then

let Bt be a square spatial autoregression matrix, with diagonal elements ak.

Using this formulation we have Blcl = vl and Ql = (BT
l BL) is the precision matrix for cl.

Construction of Q in this way constrains it to be positive definite.

Modelling nonstationarity

Nonstationarity in the LatticeKrig model can be achieved through spatial variation in the

weighting across scales through σl, the overall correlation range, and/or through spatial

variation in a, which control the dependence of the random field and the correlation range

within a level l of gl.

Results

We use the R LatticeKrig package to fit a nonstationary LK model on the data subset

for year t = 2006, and realisation one as has been used previously. For the specification

of a nonstationary model, we allow the a.wght parameter to vary between lattice points.

We choose not to vary the parameter between levels. The efficiency of this approach is

a significant improvement on previous methods. The model itself allows simulation of

additional random fields, but not an explicit covariance matrix, hence we decide to take a

bootstrapping approach. After fitting the model, we simulate an additional 29 realisations
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to obtain an artificial version of our original 30 data subsets. Using these additional 29

replicates, we obtain a covariance matrix directly as in Section 7.2. Figure 8.2 shows

the cumulative hazard function for expected local maxima under a Gaussian model with

this covariance matrix, a noticeable improvement on previous models at higher levels, but

performing poorly at lower levels.
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Figure 8.7: Expected cumulative hazard functions. This figure shows in cyan the expected cumu-
lative hazard curve assuming the fitted LatticeKrig model.

8.3.5 Nonstationary Gaussian process model

To conclude this section we look at a Bayesian approach to nonstationary process mod-

elling. In this, a convolution-based spatially varying kernel is used in which parameters

can be modelled as a nonparametric function of spatial location, in order to handle nonsta-

tionary and/or nonseparable covariance structures. We describe this approach proposed

by Konzen et al. (2019) before demonstrating its application to a single wind intensities

data subset. We also illustrate the improvement in the model fit when we use the full 30

replicates.

We are interested in, but also most challenged by the accurate estimation of the covariance
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function. In Q dimensions, as Q increases, the ‘curse of dimensionality’ is often dealt with

by assuming separability of the covariance function. That is, the covariance function is

separable if it can be factorised into Q covariance functions, one for each dimension. This

approach has many advantages, namely it improves computational efficiency and guar-

antees the covariance function to be positive definite. In present research, nonseparable

covariance functions are largely restricted to stationary fields.

Gaussian process regression model

The method considers observations as realisations of an underlying random process z(x),

with mean function µ(x) and covariance C(x, x′) = Cov[z(x), z(x′)].

The Bayesian process model

z(x) = f(x) + ǫ(x), ǫ(x) ∼ N(0, σ2)

treats f as an unknown process, about which inferences can be made via a prior distribu-

tion over the random function f , such as a Gaussian process prior.

Parameterised by its mean and covariance functions, µ(·) and C(·, ·) respectively, the

Gaussian process prior can be written as

f(·) ∼ GP(µ(·), C(·, ·)).

When used with the GP prior, the Bayesian process model above is known as the Gaussian

process regression model (GPR).

Appropriate choice of C allows numerous forms of f to be modelled, contributing to

the popularity of GPRs. In one or two dimensions, both parametric and nonparametric

functions are available. For example, given some valid correlation function g, we could use

a stationary parametric covariance function of the form

Cov[z(x), z(x + h)] = σ2g(
√
hTBh) + σ2

ǫ δh,

where B is the anisotropy matrix. Here, δh = 1 if h = 0 and 0 otherwise. The diagonal el-

ements of B, diag(b1, . . . , bQ) are known as decay parameters, and 1/bq can be interpreted

as the range parameter. Each controls how fast the function f varies in each direction.

If the off-diagonal elements of B, bpq are non-zero, there is interaction between the co-

variance in different dimensions and thus the covariance function is nonseparable. It is

clear that in order to fix properties such as stationarity and separability for f , the covari-

ance function must be chosen with some care. To allow for nonstationarity, the authors

define a convolution-based approach using a spatially varying kernel, with nonparametric
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modelling of the parameters.

A convolution-based approach

The convolution-based approach can be defined as follows (Higdon et al., 1999). A spatial

process f(·) can be written as the convolution

f(x) =

∫

RQ

Cx(u)s(u)du,

where s(·) is a Gaussian white noise process and Cx is a spatially varying kernel. Thus

the covariance function for f is

Cov[f(x), f(x′)] =

∫

RQ

Cx(u)Cx′(u)du

which is positive definite when

sup

∫

RQ

Cx(u)
2du < ∞.

The ease of finding a kernel that satisfies the above, relative to direct specification of a

covariance function, has contributed to the popularity of the convolution approach. The

covariance function for f above is valid in every Euclidean space (Paciorek and Schervish,

2006).

Assuming a Gaussian kernel, Cx(u), the covariance of f is

Cov[f(x), f(x′)] = σ2|Σ(x)|1/4|Σ(x′)|1/4
∣

∣

∣

∣

Σ(x) +Σ(x′)

2

∣

∣

∣

∣

−1/2

exp{−Qxx′}.

Here,

Qxx′ = (x− x′)T
(

Σ−1(x) +Σ−1(x′)

2

)−1

(x− x′).

A more general class for nonstationary covariance functions is

Cov[f(x), f(x′)] = σ(x)σ(x′)|Σ(x)|1/4|Σ(x′)|1/4
∣

∣

∣

∣

Σ(x) +Σ(x′)

2

∣

∣

∣

∣

−1/2

g(
√

Qxx′),

for some valid isotropic correlation function g(·) (Paciorek and Schervish, 2006).

The anisotropy matrix Σ(x), which measures how quickly the fluctuation of random pro-

cesses vary over x, must be positive definite, a restriction which can be ensured via pa-

rameterisation. Konzen et al. (2019) chose a spherical parameterisation due to its inter-
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pretability, although many other parameterisations exist and would be suitable.

Results

To fit this model we use software provided by Konzen et al. (2019). With a single repli-

cation, we are unable to obtain a good local fit using this model as can be seen in Figure

8.8. Using the expected cumulative hazard curve as an assessment of model fit, we do not

see an improved performance when compared with other nonstationary models. However,

as we show in the next section, we are able to closely match the empirical curve using all

30 replicates to fit the model. It is clear that modelling highly nonstationary correlation

using a single replication is challenging and all of the methods discussed in this chapter

could produce improved fits provided with more data.
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Figure 8.8: Expected cumulative hazard functions. This figure shows in blue the expected cumu-
lative hazard curve assuming the fitted Gaussian Process model.
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8.4 Comparison of nonstationary models using TEH Nelson-

Aalen plots (multiple replicates)

Finally, after examining the extent to which nonstationary models can be accurately fit

using single replicates, we return to the final Gaussian Process model when fit on all 30

replicates. Since our primary interest in this and the previous chapter is understanding

the use of TEH methods for assessing model fit, we do not investigate additional models

when fit on all 30 replicates. Clearly, as shown in many of our TEH assessment figures, use

of the empirical covariance matrix provides excellent results. However, we briefly consider

fitting the GP model on 30 replicates as an example of the improvements available with

additional data. For the Gaussian Process model, although fitting on a set of replicates

takes several hours (∼ 10), it is relatively straightforward and produces an excellent fit

as can be seen in Figure 8.9. The estimated covariance matrix is almost indistinguishable

from that calculated directly from the data. As previously discussed, the expected Nelson-

Aalen curves do not give a full picture, rather they illustrate the fit on a local level. To

compliment the TEH figures, we also look back at an alternative method of covariance

matrix comparisons for this method.

Figure 8.10 shows the covariance values at various lags and directions for both our empirical

matrix and that from the nonstationary GP model. The empirical data figures were

also shown previously in Section 7.3. We can immediately see the nonstationarity of

the Gaussian Process matrix, with correlations in the Northerly direction standing out

relative to other directions. The difference between the two matrices is clear from these

figures, despite being almost indistinguishable from the topological event history plot.

The smoothness of the GP matrix is forced by the parameterisation of the anisotropy

matrix used and this smoothness is noticeably present in the GP matrix in contrast to

the empirical matrix. Data simulated using the fitted matrix (Figure 8.11) does not stand

out as being particularly different in structure from the original data, although we can see

more smaller areas at the extremes.

We can see that whether we choose to fit a model (for inference about the covariance

structure) or calculate a covariance matrix from the replicates directly, the results are a

significant improvement on any of the models fit to a single replicate.
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Figure 8.9: Expected cumulative hazard functions. This figure shows in green the expected cumu-
lative hazard curve assuming the fitted Gaussian Process model fitted on all 30 replicates. When
fitting with this full set of replicates we see an excellent fit.
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Figure 8.10: Correlations from the empirical and nonstationary GP matrices for a selection of
lags and directions. We see significantly more smoothness over a given direction and lag for the
nonstationary GP matrix.
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Figure 8.11: Original (left) and simulated (right) data using the nonstationary Gaussian Process
model fitted on all 30 replicates.
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8.5 Site clustering

We established in Section 8.3.2 that dividing the sites into geographical regions is an

effective way to capture some of the nonstationarity in geospatial data. Previously, our

choice of regions has been based solely on geophysical descriptors or political boundaries.

Given the empirical covariance matrix, obtained from the 30 data realisations, we cluster

sites into regions using an unsupervised clustering algorithm and compare the results to

our earlier land-ocean-coast approach. We investigate how unsupervised clustering into

regions has the potential to reduce storage requirements for the large empirical covariance

matrix, by reducing it to a vector of site classifications and several model parameters.

For each of the 4896 sites we have four neighbours of interest and hence can extract a

5 × 5 covariance matrix for each site. Taking advantage of symmetry, we reduce this to

a 10-vector for each site. In edge cases, we have missing data due to a reduced set of

neighbours. There are many methods for dealing with this, either pre or post-clustering

(Graham, 2012; Little, 1987; Friedman et al., 2001). Methods used before clustering

include complete case analysis (ignoring sites with missing data completely) and various

imputation approaches. We chose to take a two-step approach running a complete case

analysis, followed by nearest-neighbour assignment for sites with missing data. Since the

proportion of sites with missing data is relatively low, this is not problematic for the initial

clustering, and visual inspection does not show anomalous results.

For the clustering itself, we use a simple k-means algorithm, investigating k = 3, 5, 10

and 20 clusters. Figure 8.12 shows the distribution of sites into clusters for each k. For

the k = 3 case, we note the clear distinction between land (primarily in class three) and

ocean (primarily in class two), justifying the positive results in our land-ocean-coast block

model. The remaining cluster (class one) is more complex, covering some coastal regions

as well as much of North America and striations through the oceans. In the following

section, we focus on the k = 3 case.

Returning to our Nelson-Aalen curves, we take the average local correlation for sites in

each class. Producing separate expected NA curves for each shows clearly the effect of

local correlation on the position of the curves as can be seen in Figure 8.13. Class 2, the

largest class (containing 2355 of the 4896 sites), is the only one to fall below the empirical

curve, with the two smaller classes sitting above the empirical.

We can see the k = 3 results more clearly in Figure 8.14, in which the expected NA

curves for each site are plotted individually, coloured according to class. We can see the

differences not just in position but also in shape and spread of the curves, suggesting

different distributions for the different regions.
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Figure 8.12: Classification of sites into k = 3, 5, 10 and 20 clusters using the kmeans algorithm.
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Figure 8.13: Expected NA curves based on average local correlation for k = 3. Class one: red, class
two: green, class three: blue. The black dashed line shows the expected NA based on empirical
covariance.
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Figure 8.14: Individual NA curves by site for k = 3 clustering. Class one: red, class two: green,
class three: blue.
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We can further see the differences between classes via the actual values of the average

local correlations, shown in Figures 8.15, 8.16 and 8.17 for classes one, two and three

respectively. The figures show the 10 local correlations within the neighbourhood of a

site. Most striking here are the noticeably lower values between all sites in class three,

relative to classes one and two. The corresponding curve, therefore, sits closer to where

we would see a curve calculated from uncorrelated sites. We also see for classes one and

two the lower correlations in the North-South direction than in the East-West direction,

as we saw previously for the data set as a whole.

Figure 8.15: Average local correlation for class one. In the left figure we see lag one correlations
in all directions. In the right figure we see lag two correlations in the North-South and East-West
directions.

Figure 8.16: Average local correlation for class two.

146



Chapter 8. Modelling nonstationarity: challenges and approaches

Figure 8.17: Average local correlation for class three.

8.6 Conclusions

The exercise of modelling correlation structure for a highly nonstationary, spatial data set

on the surface of a sphere is complex and comes with many challenges, several of which

we addressed in this chapter. We investigated stationarity in the data and considered

methods to overcome this. We fit a selection of correlation models and demonstrated how

expected cumulative hazard function curves can be used to compare and assess the local

fit. Our results showed that when only a single realisation is available, it is difficult to

produce a fit close to the empirical correlation. In scenarios such as ours, where we have

multiple realisations of a data set, it makes sense to take advantage of this and use the

empirical covariance structure, however adjustment to obtain a positive-definite matrix

may be required. Having established an effective and computationally efficient method,

this will not be a significant undertaking. As we have mentioned throughout the chapter,

numerous methods exist for the modelling of nonstationary data on the surface of a sphere,

largely from research into similar types of geospatial data. A valuable extension of this

work would include looking more closely at these, in particular, evolutionary spectrum

models (Castruccio and Guinness, 2017) and covariate-dependent models (Reich et al.,

2011). Further, one of the primary limitations to this work is the size of the data; a

single realisation of our reduced data set contains 4896 values, compared with 55296 in

a realisation of the full data set. Fitting models to a data set of this size comes with

additional challenges, exploration of which would be an interesting extension to this work.
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Chapter 9

TEH as a test for Gaussianity

Perhaps one of the more valuable applications of the topological event history methods

proposed in this work is the ability to identify non-Gaussian random fields that are not

distinguishable by other means, for example by standard marginal analysis. We showed

via simulation studies in Chapter 6 how this method was able to distinguish between

true Gaussian random fields and other random fields that had been transformed to have

marginal Gaussianity and indistinguishable correlation structures. In this chapter, we

look at the alternative methods available for assessing Gaussianity and investigate their

effectiveness in comparison to the topological event history approach. Further, we use

TEH to verify Gaussian data produced using a selection of packages. Our methods show

the extent to which the output from standard simulation packages produce Nelson-Aalen

curves corresponding to true Gaussian data.

9.1 Methods for testing Gaussianity

When modelling data or doing statistical tests, knowing or being able to make an informed

assumption of the distribution of the data is important. In many scientific applications,

data is considered to be Gaussian, usually following some test to validate this assump-

tion. A Gaussian assumption allows the application of useful large sample properties and

common statistical tests. Although there exist a number of tests for Gaussianity, most

are able to test only for the absence of marginal Gaussianity. Beginning with some of

the simpler tests and moving onto the more advanced, we look at a selection of methods

commonly used.

148



Chapter 9. TEH as a test for Gaussianity

9.1.1 Marginal Gaussianity

We are particularly interested in distinguishing between Gaussian random fields and those

which show only marginal Gaussianity. To understand the different tests available, we

consider nine data sets, each on a 100 × 100 grid. Three are Gaussian random fields

with Matérn covariance and three are transformations of Gaussian random fields (with

underlying Matérn covariance) to be χ2
1 fields, with additional transformation to marginal

Gaussianity. The final three are transformations of Gaussian random fields (with underly-

ing Matérn covariance) to be χ2
1 fields, without marginal Gaussianity. Each of the random

fields are not matched for resulting correlation structure, since here we are not interested

specifically in comparing them, rather we aim to identify those from a true Gaussian

distribution only.

Table 9.1: Gaussian and marginally Gaussian transformed data for assessment of test methods.

Data Distribution Matérn parameters

rf1 Gaussian η = 5, ν = 1
rf2 Gaussian η = 10, ν = 1
rf3 Gaussian η = 5, ν = 2
rf4 Marginally Gaussian χ2

1 η = 5, ν = 1
rf5 Marginally Gaussian χ2

1 η = 10, ν = 1
rf6 Marginally Gaussian χ2

1 η = 5, ν = 2
rf7 χ2

1 η = 5, ν = 1
rf8 χ2

1 η = 10, ν = 1
rf9 χ2

1 η = 5, ν = 2

Table 9.1 and Figure 9.1 show these nine different data sets. Visually we can distinguish

between the three models, although the differences between true Gaussian and marginally

Gaussian χ2
1 are less clear and could be attributed to the difference in correlation struc-

ture. The untransformed χ2
1 data sets on the bottom row of Figure 9.1 are immediately

differentiable from the others.

Methods which test for marginal Gaussianity should not be able to distinguish between

the true Gaussian and marginally Gaussian χ2
1 data sets. This includes the visual tests

shown below, as well as the tests which look for skewness in the data. Regardless, we give

a brief outline of these tests and the results obtained.
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Figure 9.1: Data sets for testing. Top row: Gaussian, middle row: marginally Gaussian χ2

1
, bottom

row: untransformed χ2

1
. Note the different scale on the bottom row plots.
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9.1.2 Visual tests
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Figure 9.2: Histograms for each of our nine data sets. As expected, these do not distinguish
between the marginally Gaussian χ2

1
and true Gaussian data sets. The untransformed χ2

1
data sets

are clear.

Visual tests provide a quick, clear method for one to assess normality in a data set. A

plot indicating normality provides no guarantee, but a poor looking plot is a simple and

accessible way to identify data with non-Gaussian marginals. The following are examples

of visual aids commonly used to verify assumptions of normality.

Figures 9.2 and 9.3 demonstrate this. Visually, we can not distinguish between the top

and middle rows of each and these figures do not inform us beyond reasonable verification

of marginal Gaussianity. The bottom row, without marginal Gaussianity are immediately
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Figure 9.3: QQ plots for each of our nine data sets. Again, we cannot distinguish between the
marginally Gaussian χ2

1
and true Gaussian data sets. QQ plots for the untransformed χ2

1
data sets

are clearly different.
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evident from both the histograms and the QQ plots.

9.1.3 Numerical tests

In addition to visual tests, we consider a selection of numerical tests for Gaussianity.

Designed for testing uncorrelated data, these tests are insufficient for testing spatially

correlated data, as can be seen in the following sections. In Table 9.2 we include results

for a Gaussian N(0, 1) random field of the same size with no spatial correlation, rf0 for

comparison.

Table 9.2: Standard numerical tests for Gaussianity applied to random fields with different distri-
butions and spatial correlation.

Data p-values

D’Agostino’s Jarque Kolmogorov Anderson Cramer
-Bera -Smirnov -Darling von Mises

rf0 0.563 0.6821 0.2695 0.545 0.549
rf1 < 0.001 < 0.001 0.001 < 0.001 0.009
rf2 < 0.001 < 0.001 < 0.001 < 0.001 < 0.001
rf3 < 0.001 < 0.001 0.016 < 0.001 0.023
rf4 < 0.001 < 0.001 0.061 < 0.001 0.107
rf5 0.132 0.036 0.055 < 0.001 0.060
rf6 < 0.001 < 0.001 0.056 < 0.001 0.036
rf7 < 0.001 < 0.001 < 0.001 < 0.001 0.018
rf8 < 0.001 < 0.001 < 0.001 < 0.001 0.030
rf9 < 0.001 < 0.001 < 0.001 < 0.001 0.018

D’Agostino’s K-squared test The D’Agostino K-squared test (D’Agostino, 1970) is a

goodness-of-fit measure, assessing the likelihood of data having originated from a Gaussian

distribution. This is achieved via transformations of the skewness and kurtosis of the data

and thus is only able to distinguish Gaussian data from skewed alternatives. Hence, we

would not expect it to identify our transformed data, and this can be seen in Table 9.2.

Jarque-Bera test The Jarque-Bera test (Jarque and Bera, 1987; Bera and Jarque,

1981) is another goodness-of-fit test, again testing sample data for Gaussian skewness and

kurtosis. We use the implementation jarque.bera.test from the R tseries package.

As with the D’Agostino test, it is unable to identify our transformed data (see Table 9.2)

as we would expect.
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Kolmogorov-Smirnov test The Kolmogorov-Smirnov test (Justel et al., 1997; Marsaglia

et al., 2003; Lopes et al., 2007) tests for difference between two sets of sample data, or be-

tween a sample data set and a reference distribution. For the latter, it tests by measuring

the distance between the empirical distribution function of the sample and the cumulative

distribution function of the reference distribution. We use the implementation ks.test

from the R stats package.

Anderson-Darling test The Anderson-Darling test (Anderson and Darling, 1954) is

able to test whether a data sample comes from a specific distribution. It is a more sensitive

modification of the Kolmogorov-Smirnov test and utilises the specific distribution being

tested against to calculate critical values. The test belongs to a class of tests based on the

empirical distribution function. We use the implementation ad.test from the R nortest

package. We do not see a difference in results for the different data sets.

Cramer-von Mises criterion The Cramer-von Mises criterion (Cramer, 1928; An-

derson, 1962) compares the empirical distribution function of a sample of data to the

cumulative distribution function of a reference distribution. We use the implementation

cvm.test from the R goftest package.

Conclusions

It is clear from the results shown that as expected, none of the methods are able to

identify data from our marginally Gaussian χ2
1 distribution as distinct from data from a

‘true’ Gaussian distribution. This is not surprising, however, the tests are further unable

to identify ‘true’ Gaussian data with spatial correlation structure, as can be seen by

comparing results for rf1, rf2 and rf3 (Gaussian fields with spatial correlation) to rf0

(Gaussian field with no spatial correlation). As expected, tests designed for univariate

sample data are not helpful for spatially correlated data. This confirms the value of

methods that are able to distinguish between these types of data sets with a spatial

correlation structure.

9.1.4 Topological event history

Figures 9.4, 9.5 and 9.6 show the Nelson-Aalen plots for our nine random fields. For each,

we show the Nelson-Aalen estimator and the expected cumulative hazard function under

an assumption of Gaussianity. The differences between the three types of random field

are immediately evident on inspection and the Nelson-Aalen curves for the marginally

Gaussian χ2
1 fields clearly fall outside what would be expected for a true Gaussian random
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Chapter 9. TEH as a test for Gaussianity

field. This clearly demonstrates the potential of topological event history methods for the

purpose of identifying non-Gaussianity in spatial data, and at the time of writing we are

not aware of any other methods able to distinguish these data sets as clearly.
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Figure 9.4: Nelson-Aalen plots for the three Gaussian random fields. The Nelson-Aalen estimator is
shown in black, and the expected cumulative hazard function under an assumption of Gaussianity
is shown in red. Grey bounds show plus and minus two standard deviations.
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Figure 9.5: Nelson-Aalen plots for the three marginally Gaussian χ2

1
random fields. The Nelson-

Aalen estimator is shown in black, and the expected cumulative hazard function under an assump-
tion of Gaussianity is shown in red. Grey bounds show plus and minus two standard deviations.
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Figure 9.6: Nelson-Aalen plots for the three untransformed χ2

1
random fields. The Nelson-Aalen

estimator is shown in black, and the expected cumulative hazard function under an assumption of
Gaussianity is shown in red. Grey bounds show plus and minus two standard deviations.
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9.2 Testing alternative Gaussian data

From previous work we are able to establish a theoretical baseline for a Gaussian random

field with a given correlation structure. That is, we have an expected cumulative intensity

curve for local maxima on such a field. This allows us to look at fields simulated using

different R packages and compare to theoretical results.

We consider the three following sets of Matérn correlation parameters.

Table 9.3: Matérn covariance parameters

η ν

cor1 5 1
cor2 10 1
cor3 5 2

For each set of parameters and each of the simulation methods below, we simulate 10

Gaussian random fields of size 100 × 100.

rnorm We first generate 10000 independent Gaussian random variables using the R rnorm

function and obtain our correlated random fields via covariance matrix decomposition.

Given independent Gaussian random variables X with mean zero and unit variance, and

covariance matrix R, our correlated fields can be calculated as

Y = CX,

where CCT = R is the Cholesky decomposition of R. Figures can be seen in the left-hand

column of Figure 9.7.

RandomFields - RFsimulate The RFsimulate function from the RandomFields pack-

age (Schlather et al., 2020) in R allows simulation of unconditional random fields from

a variety of distributions and conditional Gaussian random fields. We simulate 10 cor-

related Gaussian random fields of size 100 × 100 for each Matérn parameter set. The

Nelson-Aalen curves for these fields are shown in the central column of Figure 9.7 along

with the expected cumulative hazard function under Gaussianity with each covariance

structure.

fields - sim.rf We finally look at another R function, sim.rf from the fields pack-

age (Furrer et al., 2012). This generates Gaussian simulations using a given covariance
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object. Again, we simulate 10 correlated 100 × 100 random fields for each set of Matérn

parameters. The results can be seen in the right-hand column of Figure 9.7 with the

expected curve under each correlation.
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Figure 9.7: Nelson-Aalen curves and expected cumulative hazard function for correlated Gaussian
random fields, simulated via three different methods. In blue are Nelson-Aalen curves for the
simulated data, the dashed black line shows the expected cumulative hazard function for that
correlation structure.

Figure 9.7 shows that all methods simulate data with topological event history features

close to what we would expect to see. However, the variance within methods varies, with

NA curves for simulations using ‘cor3’ parameters having lower variance than those with

‘cor1’ and ‘cor2’ parameters. Further, fields simulated with RFsimulate have Nelson-Aalen

estimates for the cumulative hazard function closest to what we could expect to see, with
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data simulated with rnorm and sim.rf slightly higher and lower than expected, respec-

tively. The sim.rf plots in particular show Nelson-Aalen curves that are consistently

lower than the expected cumulative hazard curve for all three sets of correlation parame-

ters, especially visible for the ‘cor3’ parameter set. This might indicate some systematic

issue and should be questioned.

9.3 Conclusions

In this chapter we applied a selection of common tests for Gaussianity to true Gaussian,

marginally Gaussian χ2
1 and untransformed χ2

1 sets. We demonstrated that as one would

expect, these tests are unable to identify non-Gaussian data with Gaussian marginals.

We showed how use of our topological event history method effectively identifies non-

Gaussianity, simply and in a visually clear way. We believe that this method has significant

value when deciding whether to assume Gaussianity in spatial data. Finally we applied the

method to Gaussian data simulated using different R packages and showed the difference

in output from different simulation methods. Investigation of these and other simulation

methods using TEH methods would make an interesting avenue for further work.
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Chapter 10

Applications to climate data

Throughout earlier chapters, we have demonstrated the application of topological event

history methods for testing for Gaussianity and assessing correlation models. We propose

that topological event history is also a valuable comparison tool, allowing us to distinguish

between seemingly indistinguishable data, or to identify more subtle differences between

data that existing methods may be unable to detect. In this chapter we take advantage

of the large quantity of available global climate data, looking at additional years, monthly

output, new realisations and other climate variables, all of which are available in the

CESM LENS project. Finally, we verify topological event history analysis as a method

for identifying anomalous data sets from an ensemble.

10.1 TEH for data investigation

As a basis for comparisons in work to follow, we use average wind intensities for t = 2006

from the original 30 ensemble members, as we have throughout the thesis so far. We

have already established that these 30 realisations for t = 2006 are consistent with data

from a Gaussian distribution and no single realisation stands out as notable. To these,

we compare several different data examples. Primarily we have considered t = 2006 only,

although we have data available from 2006 to 2100. Here, we apply TEH methods to a

selection of additional years from those available, with the primary aim to identify any

temporal trend, if present. Secondly, in previous work, we have considered annual averages,

eliminating any seasonal components. Here, we investigate the difference between months

in a year with interest in identifying the potential differences between seasons. Since the

commencement of this work, additional ensemble members have been added to the LENS

project; we apply our methods to these as we did for the original ensemble. Finally,

we investigate some of the numerous additional variables available in the LENS project,
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Chapter 10. Applications to climate data

including precipitation, temperature and pressure.

10.1.1 Trend over time

During the introduction to the data and exploratory analysis in Chapter 2, we presented

examples of the data over a range of years, but through the majority of this work we

focused only on t = 2006. From a climate perspective, we are particularly interested in

effects over time, so we investigate whether there are any differences between each of our

95 years of data, or any noticeable temporal trend. We have seen previously that the

wind intensity values do change over the 95 years, and we examine to what extent this

is evident for topological features. Figure 10.1 shows yearly Nelson-Aalen curves for all

realisations. With earlier years towards the red end of the colour gradient, and later years

towards the blue end, this figure would allow us to see clearly if there was a temporal

effect in the data. We do not see this, and instead can conclude that the change in actual

wind intensity vales over time does not impact the topological features studied here of the

standardised residuals.

Figure 10.1: Nelson-Aalen curves for all 95 years and 30 realisations. Years are shown on a gradient
colour scale, with years closer to 2006 in red and those closer to 2100 in blue.
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10.1.2 Seasonal effects

As with temporal trend, it is natural to consider the presence of a seasonal effect on the

Nelson-Aalen estimators. We calculate standardised residuals for monthly data, via the

same process as for annual data so far. Similarly to the previous figure, in Figure 10.2

we show Nelson-Aalen curves for each of the 12 months from 2006, for all 30 realisations.

Here, we use data from t = 2006 only for clarity. Again, we see no clear seasonal effect.

Figure 10.2: Nelson-Aalen curves for all 12 months of year t = 2006 and 30 realisations. Individual
months are shown on a gradient colour scale, with months closer to January in red and those closer
to December in blue.

10.2 Additional realisations

As we have described throughout, the LENS data set comprises 30 realisation covering

many variables. Shortly after the commencement of this project, an additional three

realisations were added (in fact further variables have also been added at later stages). In

this section, we look at these first three additional realisations and investigate how they

compare to the original set.
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Chapter 10. Applications to climate data

For realisations 31 to 33, we standardise the data using all realisations and obtain the

reduced data set as in earlier work. We then calculate the Nelson-Aalen estimators for

these additional realisations. Comparing expected Nelson-Aalen plots, we identify a small

difference between realisation 33 and the others at very low levels where the expected

cumulative hazard is noticeably higher than the other realisations, as can be seen in

Figure 10.3. For realisations 31 and 32, we see no significant difference between the three

new realisations and those already studied. This small difference might indicate reason

for further investigation, for example examination of additional years (the figure shows

t = 2006 only). We repeat the process for six additional years spread across the 95 and

repeat the process, with results shown in Figure 10.4.
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Figure 10.3: Nelson-Aalen plots for the original 30 realisations shown in grey with realisations
31 (green), 32 (dark blue) and 33 (cyan) added. As with previous work, this shows values from
t = 2006 only.

The additional years do not show a noticeable difference between realisation 33 and the

remainder, suggesting the minor difference in t = 2006 is an anomaly rather than indicative

of a systematic difference.
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Figure 10.4: Nelson-Aalen plots for the original 30 realisations shown in grey with realisations 31
(green), 32 (dark blue) and 33 (cyan) added. Here, we see plots for t = 2021, 2037, 2052, 2067,
2083, 2100.
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10.2.1 Additional variables

The previous research has been wholly focused on the wind variable from the LENS project

(U10: wind intensities at 10m). Here, we apply our methods to a selection of additional

variables, shown in Table 10.1.

Table 10.1: Variables of interest (including wind intensities)

Variable Description Units Time averaging
u10 10m wind speed m/s mean
trefht Reference height temperature K mean
psl Sea level pressure Pa mean
ps Surface pressure Pa mean
tmq Total (vertically integrated) kg/m2 mean

precipitable water

For each variable, we calculate the standardised residuals for t = 2006 using the same

process we used previously for wind intensities. Figure 10.5 shows the expected cumulative

hazard curves for each variable. We see that compared to the expected cumulative hazard

curve for the wind data (u10) all other variables have lower cumulative hazard values, with

total precipitable water (tmq) and reference height temperature (trefht) very similar, and

the surface and sea level pressure (ps and psl) almost indistinguishable. We then produce

figures for each showing the Nelson-Aalen estimates for t = 2006 of each realisation, as

seen in Figure 10.6.

Each includes in grey, the original 30 realisations, with the additional three (r=31, 32, 33)

shown in green, blue and cyan respectively. As with previous Nelson-Aalen figures, the

expected cumulative hazard curve under Gaussianity is shown in red. Several observations

can be made from these figures. Considering Nelson-Aalen figures as a way of testing

for Gaussianity, realisations from both trefht and tmq centre around the expected value,

indicating that the data are indeed Gaussian. For the pressure variables however, ps and

psl, the realisations are almost all sitting below the expected value. This indicates possible

departure from Gaussianity in these data. Further, in ps in particular, realisations r = 31

and r = 33 differ noticeably from the remainder. As with the u10 variable, we repeat

these figures for an additional six years, shown in Figure 10.7. Unlike wind, the difference

between r = 31 and r = 33, and the remainder, is evident in additional years. This is

certainly suggestive of some fundamental underlying difference between these realisations

and the others.
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Figure 10.5: Expected cumulative hazard curves under the assumption of Gaussianity for each of
our five variables. Curves for the two pressure variables, ps and psl are almost indistinguishable.
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Figure 10.6: Nelson-Aalen plots for the original 30 realisations shown in grey with realisations
31 (green), 32 (dark blue) and 33 (cyan) added. As with previous work, this shows values from
t = 2006 only.
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Figure 10.7: Nelson-Aalen plots for the original 30 realisations of variable ps shown in grey with
realisations 31 (green), 32 (dark blue) and 33 (cyan) added. Here, we see plots for t = 2021, 2037,
2052, 2067, 2083, 2100.
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Lossy data compression evaluation

Although we did not see large differences between any of the realisations for u10 (wind),

we do see noticeable differences between realisations 31 and 33 and the remainder, for ps

(surface pressure). This is of particular interest since realisations 31 and 33 are presented

in the CESM LENS project following lossy compression.

To evaluate the impact of lossy compression on model output, Kay et al. (2016) produced

additional realisations that had undergone compression and presented researchers with the

task of determining which had been compressed and which were the originals. Compression

used the fpzip compression algorithm (Lindstrom and Isenburg, 2006), which discards a

specified number of least significant bits, before losslessly encoding the result. Baker et al.

(2014) examined in some detail a selection of different compression algorithms, results

of which lead to selection of the fpzip algorithm for this application. For each variable

(and temporal resolution), the amount of compression was decided separately, allowing

maximum compression such that the replicate remained within the internal variability of

the ensemble, amongst other constraints. Since a number of properties can influence the

impact of compression, such as smoothness of the field or amount of internal variability

present, different variables tolerate different degrees of compression.

We can see that for one of our five variables considered, topological event history anal-

ysis does indeed help identify anomalous realisations from the set. The consequences of

compression on the topological features does not carry across all variables, although given

the apparent similarity between ps and psl we might have expected to see similar results

across both variables. Inspection of additional years for psl shows no noticeable difference

for any of the years considered.

The above results show the potential of this method for identification of both non-Gaussian

data and anomalous replicates in a set. It is important in the context of compressed

realisations to make the distinction between identification and the assumption that the

difference has some relevant effect. Whether the differences observed have implications for

the understanding of climate variability is a question for climate scientists. We are able to

say with confidence that the process of lossy compression impacts the topological features

of the data for some variables.

170



Chapter 11

Conclusions

One of the primary aims of this thesis was to explore the potential of event history methods

for topological data, particularly in the context of global climate data. In Chapter 2

we presented some of the key features of the data, showing how numerous statistical

summaries of the site-wise yearly means and within-year variances demonstrate a temporal

trend. For example, considering the site-wise within-year variances, the median values

increase over time, yet the maximum values decrease. For yearly means, we saw how the

minimum site-wise value increases over time, whilst the upper-quartile decreases. This

exploratory analysis confirmed the benefit of being able to examine properties of the data

via examination of all 30 replicates, allowing us to see patterns that may not be clear from

a single replicate.

In Chapters 3 and 4 we demonstrated how methods from the field of statistical topology

could be applied to gridded 1-d and 2-d data. We showed how examination of topological

features such as local maxima and minima could distinguish between marginally-Gaussian

χ2
1 random fields and true Gaussian fields where covariance structure was matched, and

derived theoretical expected results. We applied common topological data analysis tech-

niques to wind intensities data, concluding that for some of the techniques their use pre-

sented challenges for ensemble data sets, instead having more value for investigating spe-

cific features of a single replicate.

In Chapter 5 we introduced ideas from survival analysis. We discussed non-parametric

estimators for the cumulative hazard function including the Nelson-Aalen estimator which

was key to the work that followed. In applying survival techniques to spatially correlated

data, we addressed the challenge of estimating the variance of the Nelson-Aalen estima-

tor, comparing several techniques including the standard ‘naive’ Nelson-Aalen variance

estimator.

Using survival analysis for topological features in spatial data led us to propose ‘topolog-
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ical event history analysis’ in Chapter 6. We showed how TEH could easily distinguish

between different distributions, even when all are marginally Gaussian and correlation

structures are matched by design. We demonstrated how this method could be valuable

for global wind intensities and showed the expected cumulative hazard curve given a known

correlation structure under Gaussianity. We discussed the challenge of variance estimates

for Nelson-Aalen estimators, showing the insufficiency of the standard variance estimator

and proposing a parametric bootstrap approach for calculation of confidence intervals.

The requirement for a known, or accurately estimated correlation structure presented no

problems in a scenario such as LENS data where we have multiple replicates available.

However, for data in which we may only have a single replicate, being able to accurately

specify the correlation structure is important for the use of TEH methods. In Chapters 7

and 8 we examined and fit a number of stationary and nonstationary covariance models,

respectively. We showed that for our application, consideration of the curvature of the

earth offered no considerable improvement to the model fits so proceeded to consider the

data as existing on a 2-d grid. Using a selection of assessment metrics, we compared

models, demonstrating the challenge of fitting an accurate model to a single replicate. We

proposed a ‘regional block model’, fitting stationary models separately to different regions,

which although performed better than other models, did not fit the empirical covariance

matrix well. Finally, we applied an unsupervised clustering algorithm to investigate dif-

ferences between local correlation for sites on the grid, since our block model involved

classifying sites by geographical region. This validated our approach of grouping sites by

land, ocean and coast.

In Chapter 9 we showed how TEH could be a valuable tool for assessing Gaussianity

of gridded data on a random field. We compared several tests which considered only

marginal properties, so were unable to distinguish between the fields. We applied this

method to commonly used Gaussian data simulation packages in R, showing the difference

in data simulated with these packages. Finally in Chapter 10 we investigated other years,

temporal resolutions and variables from the CESM LENS data set. We showed that for

surface pressure, our method was able to identify replicates that had been subject to lossy

compression, and identify the non-Gaussian nature of both surface pressure and sea-level

pressure standardised residuals.

Throughout this work there have been three primary outcomes. Firstly, we have shown

the value of TEH analysis in a scenario where numerous replicates exist, utilising the

information available to identify anomalous replicatsd. Secondly, we have demonstrated a

new approach to the use of topological methods, using concepts from survival analysis to

better observe subtle differences between the rate of births of topological features. Finally,

we have presented topological event history methods as a way to reflect underlying features
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of Gaussian and non-Gaussian data, beyond marginal properties.

Arguably one of the greatest challenges of applying TEH methods is the requirement of

an accurate covariance matrix to calculate the expected cumulative hazard curve. Clearly,

this is inconsequential if applying TEH purely to identify anomalous replicates, or for

classification purposes. However, to use TEH for assessment of Gaussianity this covariance

matrix is essential. We showed in Chapters 7 and 8 how for a single replicate, obtaining a

suitable covariance matrix is non-trivial, particularly for highly nonstationary data. For

the wind intensities data (and all data from the CESM LENS project), the availability of

multiple replicates allows us avoid this challenge and we can calculate expected cumulative

hazard curves for all years/months/variables.

11.1 Further work

There are several interesting avenues of further work emerging from this research. Through-

out this work we have used data on a grid, for the majority of which we assumed equal

spacing between sites although working with a different projection does not present any

significant challenges. In the extraction of the topological features and calculation of ex-

pected cumulative hazard curves, we rely on some definition of a neighbourhood of each

site, in this work we use a simple cross neighbourhood. It would certainly be possible

to investigate the impact of other definitions of the neighbourhood, but a more valuable

extension to this work might involve looking at TEH for point cloud data, since beyond

the CESM LENS project a significant amount of climate data comes in this form. In fact,

gridded data of the form we have worked with is less common in climate applications. For

example, a significant volume of data is collected from numerous manned and automatic

surface weather stations, upper air stations, ships, buoys, weather radars and commercial

aircraft and is freely available through the World Meteorological Organization. For point

cloud data, rather than considering filtrations in the ‘temporal’ dimension of the data, fil-

trations can be formed through gradually increasing circles (in 2-d) around each location.

Locations form connected components when these spheres touch. In a TEH context, it

could be of interest to consider the rate of emergence of connected components by the size

of the circles, instead of site value as in our work. Understanding TEH for point cloud

data would open up these methods to many more applications.

A significant challenge of fitting covariance models, nonstationary or otherwise, is the

ability to perform calculations with large matrices. Indeed, this research has required us

to reduce our year-realisation data subsets by a factor of nine. In fact, our reduction is a

little greater than this due to the removal of polar latitudes. For the resulting covariance

matrix, this gave us a total reduction by a factor of over 125, allowing us to work with
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a 4896 × 4896 matrix rather than a 55296 × 55296 matrix. Although parallel computing

allows us to speed up certain computations, such as calculation of the expected NA curves

or fitting models to regions independently, parallel computing methods for the inversion of

large covariance matrices are non-trivial. Various methods exist for sparse matrices, and

powerful graphics processing units (GPUs) can be used to handle computations beyond

the scope of conventional processors. In this work, we utilised parallel computations where

processes could be run synchronously without significant reworking, speeding up compu-

tations without requiring complex matrix operations. Methods for working with much

larger data sets certainly exist, and a valuable extension to this work could involve using

these methods to explore the models discussed with a greater volume of data. Whether

this could make sufficient difference to allow use of this method on the full data set is a

question to be answered. If so, it would be of interest to investigate whether the same

results are seen on a full data set as on a reduced one, or whether additional information

can be gained from the full data set.

Finally, of course we only touched on a small portion of the available LENS data. Many

more variables and temporal resolutions are available and would absolutely be worth

investigation, particularly regarding the lossy compression of realisations 31 and 33. The

LENS project contains further years, however these are produced differently and so would

not provide as valuable a comparison but would certainly be an interesting direction in

which to take further work.
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The Miwa algorithm in the R

mvtnorm package

Miwa is a numerical algorithm, and its use is only advised for dimension d < 20 non-

singular matrices. It uses quick and accurate recursive integration methods to evaluate

non-centred orthoscheme probabilities, defined as non-centred orthant probabilities where

the correlation matrix is tridiagonal and satisfies ρij = 0 for |i− j| > 1. Miwa et al. (2003)

showed that a non-centred m-dimensional orthant probability can be expressed as the

differences between at most (m − 1) non-centred orthoscheme probabilities. This allows

accurate evaluation of any multivariate Normal distribution function.

The GenzBretz algorithm is a quasi-randomised Monte-Carlo procedure and is suitable for

arbitrary covariance structures and dimensions as high as 1000. The GenzBretz algorithm

works by transforming the original integral over an arbitrary m-dimensional rectangle

to an integral over the unit hypercube.(Genz and Bretz, 2009) Randomized lattice rules

are applied to the transformed integral, seeking to fill the integration region evenly in a

deterministic process. The algorithm constructs regular patterns such that projections of

integration points onto each axis produce an equidistant subdivision of the lattice. Robust

integration error bounds are then obtained by introducing additional shifts of the entire

set of integration nodes in random directions. (Hothorn et al., 2001)

Based on recommendations by Mi et al. (2009) we initially ran the mvtnorm package using

the Miwa algorithm, since we have a maximum of 4 dimensions with non-singular ma-

trices. However, running the estimation procedure in this way, we obtained inconsistent

results, giving theoretically impossible values such as large negative variances. For exam-

ple, consider the two boundary cases (here each site has only three neighbours). Call the

conditional covariance matrix for the right-hand boundary case A, and the equivalent for

the left-hand case B. It is clear to see that matrix B is the result of exchanging position
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one with position three in matrix A.

A =







9.358 × 10−3 −8.165 × 10−3 −1.689 × 10−8

−8.165 × 10−3 9.358 × 10−3 1.854 × 10−8

−1.689 × 10−8 1.854 × 10−8 9.358 × 10−3






,

B =







9.358 × 10−3 1.854 × 10−8 −1.689 × 10−8

1.854 × 10−8 9.358 × 10−3 −8.165 × 10−3

−1.689 × 10−8 −8.165 × 10−3 9.358 × 10−3






.

We can see that det(A) = det(B) = 1.955 × 10−7, so although the values are small, we

would expect any issues arising from the matrix being ’close’ to singular to be apparent in

both cases. Table A.1 shows the value of E[IiIj ] calculated using the two matrices A and

B, and the two different algorithms, Miwa and GenzBretz. The results are as expected,

except when using matrix A with the Miwa algorithm.

Matrix Miwa GenzBrentz

A −10.766 0.041
B 0.041 0.041

Table A.1: Output from pmvnorm using matrices A and B and algorithms Miwa and GenzBretz

Further investigation indicates that it is the values in locations (1, 3) and (3, 1) of the

3 × 3 matrix which are causing the issues; any values in the range (5 × 10−7, 5 × 10−9)

and (−5× 10−9,−5× 10−7) give unusual results. The author of the mtvnorm package has

acknowledged the problem but at time of writing has not yet fixed it (Tetsuhisa Miwa,

personal communication).
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Commonly used covariance

functions

Below are a selection of common covariance functions that have been used in this work.

For all models, d is the separation distance, η is the range parameter and, where it is used,

ν is the smoothness parameter.

Nugget

C(d) = k, where k is a constant. This corresponds to no spatial correlation.

Circular

Let θ = min(dη , 1) and

g(d) = 2
(θ
√
1− θ2 + sin−1

√
θ

π
.

Then

C(d) =







1− g(d), d < η

0, otherwise

Cubic

C(d) =







1− [7(dη )
2 − 8.75(dη )

3 + 3.5(dη )
5 − 0.75(dη )

7], d < η

0, otherwise
.
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Exponential

C(d) = exp
[

− (
d

η
)2
]

Matérn

C(d) =
21−ν

Γ (ν)

(d
√
2ν

η

)ν
Kν

(d
√
2ν

η

)

Spherical

C(d) =







1− 1.5d
η + 0.5(dη )

3, d < η

0, otherwise

Powered exponential

C(d) = exp
[

− (
d

η
)ν
]

, 0 < ν ≤ 2
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Delta method for the variance of

the Nelson-Aalen estimator

The delta method allows us to approximate the mean and variance of a function of a

random variable. For large samples, one can assume that higher order terms in the ap-

proximation are small enough to be ignored. We describe the univariate case below before

applying the method.

C.1 Function of one random variable

Given a random variable X we can find the mean and variance of some function f(X),

provided f is sufficiently differentiable and X has finite moments. Say E[X] = µ and

Var(X) = σ2.

We begin by taking the Taylor expansion of f(X) about the mean.

f(X) ≈ f(µ) + f ′(µ)(X − µ) +
1

2
f ′′(µ)(X − µ)2 (C.1)

where for a large sample, |X − µ| is small and hence |X − µ|p decreases as p increases.

Hence, higher order terms are small enough to be omitted and since E[X − µ] = 0,
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E[f(X)] ≈ E[f(µ)] + E
[1

2
f ′′(µ)(X − µ)2

]

= f(µ) +
1

2
f ′′(µ)E[(X − µ)2]

= f(µ) +
1

2
f ′′(µ)σ2. (C.2)

Subtracting C.2 from C.1, taking expectations and squaring, we obtain

E[f(X)− E[f(X)]]2 = Var(f(X))

≈ E[f ′(µ)(X − µ)]2

= [f ′(µ)]2E[(X − µ)2]

= [f ′(µ)]2σ2.

C.2 Variance of Nelson-Aalen

We can use a delta-method approximation to show that

V ar(Â(ℓ)) ≈ Var(Ŝ(ℓ))

Ŝ(ℓ)
.

Let g(t) = Â(t). Since Â(t) = −log(Ŝ(t)) and Ŝ(t) = 1− N(t)
n , we have

g(N) ≈ −log(1− N

n
),

where N = N(t). Differentiating, we obtain

g′(N) ≈ 1

n−N

and

g′′(N) ≈ 1

(n−N)2
.

Hence by the delta method above we have

E[Â(t)] ≈ −log(1− E[N ]

n
) +

Var(N)

2(n− E[N ])2
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and

Var(Â(t)) ≈
(

1

n−N

)2

Var(N)

=
Var(N)

n2
(

1− N
n

)2

as required.
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Central limit theorem

Here we assume a fixed finite discrete space X and that we have N independent and

identically distributed replicates of the estimator Â(t).

Let W (t) = Â(t)− E{Â(t)} where t ∈ (0, τ). By Theorem 1 of Bloznelis and Paulauskas

(1994), the following conditions confirm the existence of a central limit theorem for√
NĀ(t) and verify that the limiting Gaussian process is continuous:

C1. There exists D1 > 0 and α > 0.5 such that E[{W (u) −W (t)}2] ≤ D1 | u− t |α
for 0 < t ≤ u < τ with u − t small, that is, there is an ε > 0 for which the result

holds for all u− t < ε.

C2. There exists D2 > 0 and γ > 1 such that

E[{W (t)−W (s)}{W (u)−W (t)}] ≤ D1 | u− t |γ

for 0 < t ≤ u < τ with u− t and s− t both small.

For C1, let Ix(t, u) be an indicator for the occurrence of a local minimum of Z at site x,

where z(x) ∈ (t, u). Let Jx(t, u) be an indicator of field value z(x) lying in the interval

(t, u) whether it is a minimum or not. Recall that Y (t) is a natural number for all t and

dN(t)/Y (t) = 0 if Y (t) = 0. Then

var{W (u)−W (t)} = var{Â(u)− Â(t)}
≤ var{N(u)−N(t)}
= var{

∑

x

Ix(t, u)}

≤ | X |2 maxx [var{Ix(t, u)}]
≤ | X |2 maxx [pr{Ix(t, u) = 1}] . (D.1)
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For each site x

pr{Ix(t, u) = 1} ≤ pr{Jx(t, u) = 1}

=

∫ u

t
fx(u)du, (D.2)

where fx(u) is the marginal density of z(x). Since we have assumed z(x) to be continuous,

with no jump discontinuities, it follows that fx(u) is finite for 0 < u < τ . Hence for each

x there is a value Cx such that

∫ u

t
fx(z)dz < Cx(u− t). (D.3)

By (D.1)-(D.3) we have satisfied C1 with α = 1.

For condition C2, we first observe that the moments of squared increments are dominated

by the jumps in the underlying counting process N(t). For example,

k pr{N(u)−N(t) = k} {W (t)−W (u)}2
0 O(1) O{(u− t)2}
1 O(u− t) O(1)

≥ 2 o(u− t) O{(u− t)2}.

Hence, we only need to consider the joint and marginal probabilities of jumps in the

underlying counting process for the occurrence of events. For all sites x and y in X define

Jxy(s, t, u) to be an indicator that the z(x) lies in the interval (t, u) and that z(y) lies in

the interval (t, u).

For an event to occur in the interval (t, u) it is a necessary condition that there is a site

in X where the underlying field Z has a value in (t, u).

In turn

pr{N(u)−N(t) = 1, N(t) −N(s) = 1} ≤ | X |2 maxx 6=y[pr{Ixy(s, t, u) = 1}]
≤ | X |2 CX (u− t)(t− s)

where CX depends on the well-defined and finite density of bivariate marginals of Z. Since

(u− t)(t− s) < (u− s)2, C2 holds with γ = 2.
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