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Abstract

With the advent of Big Data and the Internet of Things, data streams are ubiquitous,
increasing the demand for real-time inference on sequential data at low computational
cost. Inference for streaming time-series is tightly coupled with the problem of Bayesian
online state and parameter inference. In this thesis we will focus mainly on Dynamic
Generalised Linear Models, the class of models often chosen to model continuous and
discrete time-series data. We will look at methods which solve the problem of estimating
jointly states and parameters, both in online and offline scenarios.

For the online scenario, when the parameters are known, we will look at the Kalman
Filter and Sequential Monte Carlo methods (SMC) which provide estimations for the hid-
den latent states. We will then consider SMC extensions allowing for online joint state and
parameter estimation.

Offline methods, by definition, do not allow real-time estimation but typically provide
superior results at higher time and computational costs. In this thesis we propose and eval-
uate a fully online, approximated version of a sequential, but not-online method (SMC2).
This method approximates the true posterior, performing estimation over a sliding win-
dow of the most recent observations and so bounding the computational cost and operating
in an online fashion, providing an acceptable approximation and, by employing particle
rejuvenation through an MCMC move, delaying particle impoverishment problems.

This thesis analyses online methods when applied to different real world datasets show-
ing that SMC sufficient statistics-based-methods delay known problems, such as particle
impoverishment, especially when applied to long running time-series, while providing reas-
onable estimations when compared to exact methods, such as Particle Marginal Metropolis-
Hastings. State and observation forecasts will also be analysed as a performance metric.
By benchmarking against a “gold standard” (offline) method, we can better understand
the performance of online methods in challenging real-world scenarios.
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Dynamic Generalised Linear Models
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Chapter 1

Introduction

With the modern ubiquity of large streaming datasets comes the requirement of robust
real-time inference. A multitude of different data sources, such as Internet of Things (IoT)
devices, server, network and sensor metrics, all exhibiting particular patterns and obser-
vation types, also increase the demand for flexible and computationally cheap solutions.

Some typical analyses performed on such streaming time-series are forecasting, anom-
aly detection and seasonal decomposition in order to perform statistically-based decisions
typically under tight time constraints.

As standard offline methods, such as Markov chain Monte Carlo (MCMC), are normally
not suitable when taking into account such constraints, here we analyse alternatives such
as sequential Monte Carlo (SMC). Although SMC is well studied in the scientific literature
and quite prevalent in academic research in the last decade, modern analytics platforms
still resort to less powerful methods (such as moving averages).

When coupled with Dynamic Generalised Linear Models (DGLMs), a specific class
of State Space Models, which allow to specify complex, linear and non-linear time-series
patterns, SMC then enables performing real-time Bayesian estimations in a wide variety
of streaming datasets.

Inference on streaming time-series is tightly coupled with the problem of Bayesian
online state and parameter inference. In this thesis we will perform a review of some well
established methods for SMC for DGLMs applied to distinct datasets. We will start by first
introducing the DGLM, the class of state space models chosen for our data (Chapter 2). We
will then introduce the fundamental theory of online state estimation (when the paramet-
ers are known) from a Bayesian perspective, usually called Bayesian filtering in Chapter 3.
Direct applications of filtering methods to linear and non-linear DGLMs, namely the Kal-
man filter, Extended Kalman filter and conjugate filtering will be described in Chapters 4
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Chapter 1. Introduction

and 5. Modern developments, such as the aforementioned SMC, are built in the theoretical
concepts of importance sampling (IS) which will be detailed in Chapter 6, where different
importance density alternatives will be presented. Chapter 7 will focus on the application
of IS concepts to dynamic state-space models and the basic methods of SMC. In Part III
we will look at extensions to SMC which allow for joint state and parameter estimation in
DGLMs. Namely, in Chapter 8 we will look at state augmentation approaches (particularly
the Liu and West filter) and in Chapters 9 and 10 methods which rely on the concept of
sufficient statistics will be introduced.

In Part IV we will look at offline estimation methods. Kalman smoothing, in Chapter 11
will be analysed, since it is a fundamental concept which allows for the offline parameter es-
timation in Normal DLMs using the Expectation-Maximisation (EM) algorithm presented
in Chapter 12. The method used as the “gold standard” to which all the methods presen-
ted in this thesis will be compared to is Particle Markov Chain Monte Carlo (PMMC),
specifically Particle Marginal Metropolis-Hastings (PMMH) as presented in Chapter 13.
Competing methods which provided sequential (but not online) estimation include the It-
erated Batch Importance Sampling (IBIS) method (presented in Chapter 14) and SMC2

(Chapter 15). Ad-hoc implementations which allow for an online (albeit approximate) joint
state and parameter estimation for both methods will also be presented in these chapters.

Finally, in Part V we will analyse the performance of the online methods presented in
terms of state and parameters estimation, computational cost, anomaly detection, short
and long term state and observation forecast with four real-world datasets. We will also
focus on topics which are directly relevant to the main application area which we approach,
streaming time-series, such as the choice of resampler and the accumulation of Monte Carlo
errors in long running time series.
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Chapter 2

Dynamic Generalised Linear Models

2.1 State-space models

To model the data we chose the Dynamic Generalised Linear Model (DGLM), a specific
instance of the more general class of State-Space Models (SSM), illustrated in Figure 2.1,
where we have the relations

yt|θt,Φt ∼ f (yt|θt,Φt) (2.1)

θt|θt−1,Φt ∼ l (θt|θt−1,Φt) . (2.2)

Usually (2.1) is referred to as the observational model and (2.2) as the system model .
We consider the discrete time case, t ∈ N, and the state vector θt ∈ Rm. Φt is the set of
parameters for this model and we will consider the special case where Φt = Φ to be static
(but not necessarily known) throughout. The sequence of state vectors Θt is a Markov

θt−2 θt−1 θt θt+1

yt−2 yt−1 yt yt+1

Figure 2.1: State-Space Model
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Chain with transition density1 l, such that

Θt| {Θt−1 = θt−1} ∼ l (·|θt−1)

and the sequence of observations Dt is the output of Θt such that Dt| {Θt = θt} ∼ f (·|θt).

The second component, the system model (2.2), defined by the function l : Rm 7→ Rm

can be non-linear although in DGLMs will be a linear function of the form

θt|θt−1,Φ ∼ p (θt|θt−1,Φ) = N (θt|Gtθt−1,W) , (2.3)

where the initial state is assumed to be distributed according to a normal, usually vague,
prior

θ0|m0,C0 ∼ N (m0,C0) . (2.4)

In (2.3), W (the state transition variance) and in (2.4), C0 (the prior covariance), are both
matrices of dimensions m ×m. In DGLMs the observational model, characterised by the
density f : Rm 7→ Rn, follows an exponential family distribution in the form of

yt ∼ p (yt|ηt) = exp

{
z (yt) ηt − b (ηt)

a (φt)
+ c (yt, φt)

}
. (2.5)

We will consider throughout the case where n = 1, f : R 7→ R+ or f : R 7→ [0, 1],
respectively the continuous and discrete univariate case. In the literature (Dobson (2000))
ηt is usually called the natural parameter and φt the dispersion parameter . We consider
b (·) to be convex and twice differentiable in ηt and that, as noted in West & Harrison
(1997):

E [z (yt) |ηt] = µt =
db (ηt)

dηt
= b′ (ηt) (2.6)

Var [z (yt) |ηt] = Σt =
a (φt) d

2b (ηt)

dη2t
= a (φt) b

′′ (ηt) . (2.7)

Other relations that will be used in later sections, include the linear predictor of the
DGLM given by

λt = FTθt. (2.8)

The relation between the mean presented in (2.6) and the linear predictor in (2.8) is
given by the response function h (·)

µt = h (λt) ,

1In this thesis, l is used to refer to a measure or a density (with Lebesgue measure) depending on the
context.
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✓t�2✓t�2 ✓t�1✓t�1

�t�1�t�1 ⌘t�1⌘t�1

yt�1yt�1

✓t✓t

�t�t ⌘t⌘t

ytyt

✓t+1✓t+1

�t+1�t+1 ⌘t+1⌘t+1

yt+1yt+1

Figure 2.2: DGLM diagram. Double circles represent deterministic nodes.

and the inverse of the response function is usually called the link function

g (µt) = h−1 (µt) = λt. (2.9)

For the remainder we will consider the canonical link, that is the specific instance where

ηt = λt. (2.10)

The response and link function will be dependent on the specific distribution used for
the observation model (2.1).

The factors Ft and Gt are respectively the observation and system matrices which
allow us to specify the structure of our time series. These factors might represent a locally
constant model (Section 2.2.1.1), where the states will represent an underlying mean, a
locally linear model (Section 2.2.1.2), where the states represent a mean and a trend, or
a seasonal model (Sections 2.2.2.1 and 2.2.2.2), where each component of the state will
represent a cyclic component. As with the model’s parameters, these matrices can vary in
time but for the remainder of this thesis we will consider the case where they are static
and known, that is Ft = F and Gt = G, also referred as time series models in the literature
(West & Harrison (1997)).

It is clear from the above definitions that this class of models possesses Markovian
properties, that is, denoting the sequence of observations y1:t−1 as Dt−1 and omitting the
dependence on the model parameters Φ:

p (θt|θ0:t−1,Dt−1) = p (θt|θt−1) . (2.11)

This represents the fact that future states will only depend on the present state (here
represented as θt−1) and will be independent of past states, θ0:t−2, and observations, Dt−1
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(as represented in Figure 2.2). Additionally, at any given time t − 1, the state θt−1 will
not depend on any future values, that is

p (θt−1|θt:T , yt:T ) = p (θt−1|θt) . (2.12)

Finally we can state that at any time t the observation yt will only depend on the current
state vector θt:

p (yt|θ0:t,Dt−1) = p (yt|θt) . (2.13)

DGLMs are a flexible and elegant tool for modelling streaming data, since they can rep-
resent both discrete and continuous data by appropriate selection of the observation model,
as well as providing the means to express complex time-series behaviour by composing sim-
pler ones. In the remainder of this thesis we will refer to a specific DGLM by classifying
it according the observation model (Poisson, Binomial) as detailed in Section 2.3.

2.2 Model specification

2.2.1 nth-order polynomial models

At this point, we introduce the concept of Jordan blocks. For any real or complex λ, a
n-Jordan block is defined (West & Harrison (1997)) as

Jn (λ) =



λ 1 0 0 · · · 0

0 λ 1 0 . . . 0

0 0 λ 1 . . . 0

...
...

...
...

. . .
...

0 0 0 0 . . . 1

0 0 0 0 . . . λ


n×n

.

That is, an n×n upper triangular diagonal matrix with diagonal elements of λ and super-
diagonal elements 1.

In general terms an nth-order polynomial model can be defined by the the following
observation and system matrices
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F = [1 0 0 0 · · · 0]T︸ ︷︷ ︸
n

G = Jn (1) ,

with the state vector θt having dimension n and the state transition variance, W, having
dimension n× n.

An nth-order polynomial model will be referred to as P (n) and for the remainder of
this thesis we will focus on two specific cases of these models, namely the first-order (locally
constant, P (1)) and second-order (locally linear, P (2)) polynomial models.

2.2.1.1 Locally constant

The simplest polynomial model is the locally constant model, P (1), also referred in the
literature as a first-order polynomial2 model.

In this instance
F = G = J1 (1) = [1] .

The state transition in this case amount to a random walk expressed as

θt ∼ N
(
θt−1, τ2

)
= θt−1 + ωt, ωt ∼ N

(
0, τ2

)
.

2.2.1.2 Locally linear

The locally linear model, referred to usually as the second-order polynomial model, P (2),
can be defined as

F = [1 0]T

G = J2 (1) =

1 1

0 1

 .
In this case, the state vector θt will consist of two elements, respectively θt =

(
θlevelt θtrendt

)
,

a level and a trend.

2In this model, the underlying mean is locally constant. We will use the terminology of West et al.
(1985) where this is considered a first-order polynomial model (cf. West et al. (1985), pp.32-34)
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2.2.2 Seasonality

2.2.2.1 Full form

A basic representation for periodic behaviour (of a fixed period p), is to represent F and
G as

F=



1

0

0

...

0


p

G =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

...
...

...

0 0 0 0 1

1 0 0 0 0


p×p

.

2.2.2.2 Fourier components

An alternative form of expressing cycling behaviour in DLMs is to use a trigonometric rep-
resentation, usually called Fourier components in the literature (West & Harrison, 1997).

Each harmonic i of the seasonal components is expressed as:

Fi =

1

0

 , Gi =

 cosωi sinωi

− sinωi cosωi

 ,
with

ωi =
2πi

p
(2.14)

and where p is the period of the seasonality component. Additionalharmonics can be added
by composing the observation and system matrices, as follows.

Two distinct cases must be considered, respectively whether the period p is odd or
even. When p is odd, we consider a Fourier seasonal representation of period p with m

9
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harmonics with observation and system matrices as

F = [1 0 1 0 · · · 1 0]T2p−2

G = block diag (G1,G2, . . . ,Gm)

Gj =

 cosωj sinωj

− sinωj cosωj


ωj =

2πj

p
, j = 1, 2, . . . ,m,

with p = 2m − 1. Whenever p is even, we add to the above specification an additional 1

to F and an extra diagonal element3 to G of cos (ωm) = cos (π) = −1, that is

F = [1 0 1 0 · · · 1 0 1]T2p−1

G = block diag (G1,G2, · · · ,Gm−1, 1)

Gj =

 cosωj sinωj

− sinωj cosωj


ωj =

2πj

p
, j = 1, 2, . . . ,m− 1,

with p = 2m.

A specific case of the Fourier representation occurs when ω = π, called the Nyquist
frequency for which

F = [1] G = [−1]

We will refer to a Fourier component of period p with h harmonics as F (p, h).

Example. A Fourier seasonal component with h = 2 harmonics. An F (p, 2) component,
where ω = 2π/p:

F =



1

0

1

0


G =



cosω sinω 0 0

− sinω cosω 0 0

0 0 cos 2ω sin 2ω

0 0 − sin 2ω cos 2ω


(2.15)

It is clear that this representation of seasonality has clear advantages over a full seasonal

3This corresponds to the Nyquist frequency.
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representation in the context of our work. Since we are interested in real-time inference,
lowering the computational burden by reducing the model size is of utmost importance.
Using a full seasonal representation of p seasons will always incur a model dimension of size
at least p. By using a Fourier representation we can reduce the model’s seasonal component
size to 2m, the number of harmonics, which could be as low asm = 1. Additional harmonics
can be added to capture more complex variation of that particular seasonal component.

2.2.3 Superposition

One of the advantages of this formulation is the possibility of constructing complex models
from simple ones (superposition) or extracting components from a model (decomposition).
If we consider n > 1 models with respective observation and system matrices Fi and Gi,
i = 1, . . . , n, in the univariate observation case which we are considering, the superimposed
model can be constructed with the following rules:

I The observation matrix is the concatenation of the individual Fi matrices, for i =

1, . . . n, that is

F = [F1 F2 · · · Fn ]T

I The state vector is the concatenation of the individual θi,t such that

θt = (θ1,t θ2,t · · · θn,t)T

I The state matrix is a block diagonal with:

G = block diag (G1,G2, . . . ,Gn)

=



G1 0 0 0

0 G2 0 0

0 0
. . . 0

0 0 0 Gn


11



Chapter 2. Dynamic Generalised Linear Models

I The system covariance matrix, W, is also obtained by the block diagonal:

W = block diag (W1,W2, . . . ,Wn)

=



W1 0 0 0

0 W2 0 0

0 0
. . . 0

0 0 0 Wn



In the specific case of the Normal DLM we know that the models can be combined linearly,
by virtue of being precisely linear models.

In this case we have an additional rule, regarding the observation variance V . The su-
perimposed observation variance can be obtained as the sum of the individual components’
Vi:

V =

n∑
i=1

Vi

Example. Composed Normal DLM. If we assume two of the basic components referenced
previously, respectively the P (2) (Section 2.2.1.2) and Fourier seasonal (Section 2.2.2.2)
components we can combine them using superposition for a Normal DLM. If we consider
the locally linear component as

Wlinear =

τ2l,1 0

0 τ2l,2


Vlinear = σ2l

Flinear = [1 0]T

Glinear = J2 (1) =

1 1

0 1

 ,
and the seasonal component, with an odd numbered period p with h = 2 harmonics, and

12



Chapter 2. Dynamic Generalised Linear Models

ωi as defined in (2.14), as

Wseasonal =



τ2s1,1 0 0 0

0 τ2s1,2 0 0

0 0 τ2s2,1 0

0 0 0 τ2s2,2


Vseasonal = σ2s

Fseasonal = [1 0 1 0]T

Gseasonal =



cosω1 sinω1 0 0

− sinω1 cosω1 0 0

0 0 cosω2 sinω2

0 0 − sinω2 cosω2


.

13
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The composed model will then consist of

W =

Wlinear 0

0 Wseasonal

 =



τ2l,1 0 0 0 0 0

0 τ2l,2 0 0 0 0

0 0 τ2s1,1 0 0 0

0 0 0 τ2s1,2 0 0

0 0 0 0 τ2s2,1 0

0 0 0 0 0 τ2s2,2


V = Vlinear + Vseasonal = σ2l + σ2s

F =

 Flinear

Fseasonal

 = [1 0 1 0 1 0]T

G =

Glinear 0

0 Gseasonal

 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 cosω1 sinω1 0 0

0 0 − sinω1 cosω1 0 0

0 0 0 0 cosω2 sinω2

0 0 0 0 − sinω2 cosω2


.

2.3 Dynamic Generalised Linear Models

2.3.1 Normal DLM

The Normal DLM (NDLM) is a specific case of the DGLM class where we have a linear
observation model. This class of models is typically used in conjunction with continuous
data. The observation equation (2.17) takes the form

p (yt|ηt,Φ) =
1√

2πV
exp

{
−(yt − ηt)2

2V

}
, yt > −∞, ηt <∞, V > 0. (2.16)

14



Chapter 2. Dynamic Generalised Linear Models

The state model follows the general form of the DGLM, that is

yt|θt,Φ ∼ N
(
FTθt, V

)
(2.17)

θt|θt−1,Φ∼ N (Gθt−1,W) (2.18)

The NDLM, usually called simply Dynamic Linear Model (DLM) (West & Harrison,
1997), is an important instance of DGLMs since common inference problems, such as
state estimation and forecasting have an analytical solution (specifically the Kalman filter
recursions as detailed in Chapter 4).

Taking into account the canonical formulation of the exponential family from (2.5), we
can see from (2.16) that the corresponding quantities are

z (yt) = yt

a (φt) = φ−1 = V

b (ηt) =
η2t
2

c (yt, φt) =
1√

2πV
exp

(
− y

2
t

2V

)
.

In this case the link function (2.9) will be the identity function, that is

g (µt) = µt = FTθt

Example. Locally constant model

As specified in Section 2.2.1.1, for a M = {P (1)} we will assume the following state
and observation matrices

F = G = [1] .

When used in conjunction with a linear observation model we have the following full
specification

yt = θt + νt, νt ∼ N
(
0, σ2

)
θt = θt−1 + ωt, ωt ∼ N

(
0, τ2

)
.

A realisation of aM = {P (1)} NDLM with Φ =
{
τ2, σ2

}
= {1.5, 3.0} can be viewed

in Figure 2.3 on the following page. This basically amounts to a random walk where the
state θt corresponds to an underlying mean.

Example. Locally linear model

15
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Figure 2.3: Realisation of a M = {P (1)} NDLM with a state prior of θ0 ∼
N (0, 100), V = σ2 = 3.0 and W = τ2 = 1.5. Observations on the left and lat-
ent state of the right.
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Figure 2.4: Realisation of a M = {P (2)} NDLM with a state prior of θ0 ∼
N
(

(0, 5)
T
, 100I

)
, Vt = σ2 = 2.0 and diag (W) = (0.1, 0.25). Observations y1:t

(left-most) and latent state components (θτ,0:t, θµ,0:t, right).

A locally linear model, M = {P (2)}, consists of the following state and observation
matrices

F = [1 0]T , G =

1 1

0 1

 .
In this case, the state vector contains two components θ = (θτ , θµ)T , which can be

viewed as a series’ mean and trend respectively. A realisation of this model, including the
state components, can be viewed in Figure 2.4.
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2.3.2 Poisson DLM

In the Poisson DLM (PoDLM) the observational model will follow a Poisson distribution
and is usually applied when dealing with discrete data, such as count data. The observation
model will be such that:

p (yt|ηt) = e−e
ηt e

ηtyt

yt!
, ηt > 0. (2.19)

From (2.19) we verify that the canonical quantities of (2.5) are

z (yt) = yt

a (φt) = φt = 1

b (ηt) = eηt

c (yt, φt) = log

(
1

yt!

)
,

where ηt = FTθt. It follows that, according to (2.6) and (2.7)

E [z (yt) |ηt] = E [yt|ηt] = b′ (ηt) = eηt (2.20)

Var [z (yt) |ηt] = Var [yt|ηt] = a (φt) b
′′ (ηt) = eηt . (2.21)

The full form of the Poisson DLM will then be:

yt|ηt ∼ Po (eηt) (2.22)

ηt = FTθt.

The state model will follow the standard DGLM form (2.3). As it is clear from the above
definition, the parameter set for the PoDLM will simply be state transition variance, that
is Φ = {W}.

Example. Locally constant Poisson DLM

AM = {P (1)} PoDLM with θ0 ∼ N (2, 10) and τ2 = 0.15 will take the form

yt|θt ∼ Po
(
eθt
)

θt|θt−1 ∼ N (θt−1, 0.15) .

A realisation of this model, along with the state can be viewed in Figure 2.5.
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Figure 2.5: Observations (left) and latent states (right) for a realisation of aM =
{P (1)} PoDLM with Φ = {W} = {0.15}.

2.3.3 Binomial DLM

The Binomial DLM (BDLM) is a another special case of DGLMs where the state evolution
will have the form as (2.18), but the observation model will take the form of a Binomial
distribution, that is

p (yt|pt) =

nt
yt

 pytt (1− pt)nt−yt , nt = 1, 2, . . . , yt = 0, 1, . . . , nt, 0 < pt < 1.

Looking at the DGLM canonical form in (2.5), we can see that

z (yt) =
yt
nt

ηt = log

(
pt

1− pt

)
a (φt) = φ−1t = n−1t

b (ηt) = log (1 + eηt)

c (yt, φt) = log

nt
yt

 .

As in the previous sections, we can calculate the DGLM mean and variance using (2.6)
and (2.7). In this case we have

E [z (yt) |ηt] = b′ (ηt) = logit−1 {ηt}

Var [z (yt) |ηt] = a (φt) b
′′ (ηt) = n−1t

eηt

(eηt + 1)2
,

18
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therefore

E [yt|ηt] = ntlogit−1 {ηt}

= nt
exp {ηt}

exp {ηt}+ 1

= nt
exp

{
log
(
pt (1− pt)−1

)}
exp

{
log
(
pt (1− pt)−1

)}
+ 1

= nt
pt

pt + (1− pt)
= ntpt (2.23)

Var [yt|ηt] = nt
exp {ηt}

(exp {ηt}+ 1)2

= nt
exp

{
log
(
pt (1− pt)−1

)}
[
exp

{
log
(
pt (1− pt)−1

)}
+ 1
]2

= nt
pt (1− pt)−1[

pt (1− pt)−1 + 1
]2

= ntpt (1− pt) . (2.24)

The full form of the Binomial DLM will then be:

yt|ηt ∼ Binom
(
logit−1{ηt}, nt

)
(2.25)

ηt = FTθt

θt|θt−1,Φ ∼ N (Gθt−1,W) .

Where the logit (·) function and its inverse, logit−1 (·), are respectively

logit (x) = log

(
x

1− x

)
(2.26)

logit−1 (x) =
exp {x}

exp {x}+ 1
. (2.27)

In this thesis we will always assume nt to be known and it will commonly take the value
nt = 1 to model the binary nature of our datasets.

Example. Locally constant Binomial DLM.

In Figure 2.6 we can see a realisation of a P (1) BDLM with parameter set Φ = {W} =

0.15 and state prior θ0 ∼ N (2, 10) and n = 3.
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Figure 2.6: Observations (left) and latent states (right) for a realisation of aM =
{P (1)} PoDLM with a state prior of θ0 ∼ N (0, 100),V = σ2 = 3.0,W = τ2 = 1.5
and n = 3.

2.3.4 Summary

A summary for the values of the natural parameter, ηt, and b (ηt) for each of the considered
DGLMs is presented in table 2.1.

Observation η b (η)

Gaussian N (µ, V ) µ η

Poisson Po (µ) log µ exp (η)

Binomial Binom (n, p) logit (p) n log (1 + exp η)

Table 2.1: Summary of ηt and b (ηt) for different DGLMs

2.4 Inference

As mentioned in Chapter 1 our objective is to perform inference in DGLMs. By inference
we include

I Online state estimation (when the model parameters, Φ, are known)

I Online state and parameter estimation

I One-step ahead forecast, both for state and observations

I k-step ahead forecasts

I Model assessment
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2.4.1 State estimation

The problem of pure state estimation can divided into two approaches, namely online
and offline estimation. Online estimation, also commonly known as filtering amounts to
establishing the state θt given the data Dt = {y1, . . . , yt} for t = 1, . . . , T . For pure state
estimation we assume that model’s parameter set Φ is known (and as such will be dropped
from the notation). That is, we are trying to estimate

p (θ0:t|Dt) ,

or
p (θt|Dt) .

Regarding offline state estimation, that is, given the totality of the observations DT =

{y1, . . . , yT }, estimating
p (θ0:T |DT ) ,

is usually referred in the literature as smoothing . As we will see in Sections 4 and 11,
the problem is greatly simplified for the Normal DLM case, where we can obtain analytic
expressions for this purpose. This is not the case, however, for other DGLMs.

2.4.2 Forecasting

If at time t we have the state vector estimation p (θt|Dt), the k-step ahead observation
forecast, for k > 0, can be defined as

p (yt+k|Dt) =

∫
p (yt+k|θt+k) p (θt+k|Dt) dθt+k (2.28)

As for state forecast, we are interested in

p (θt+k|Dt) .

As with state estimation, analytical expressions of the forecast are available for the
Normal DLM, but not for non-linear models. Additional approximation methods will be
discussed to perform state and observation forecasts in non-linear DGLMs. A special case
in forecast is the one of k = 1 called the one-step ahead forecast.
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2.4.3 Anomaly detection

Another advantage of the DGLM, especially in the context of real-time streaming data,
is the natural way in which model diagnostics and anomaly detection can be performed
in real-time as observations arrive. One of the employed methods is the calculation of
a discrepancy value. This method consists of quantifying the discrepancy, effectively a
Pearson type residual, at each time t, between the observed data, yt and the observation
prediction ŷt. The threshold can be specified as a function of the predicted value and
standard deviation of ŷt. To perform a discrepancy test against the observed data, yt, we
calculate

E [yt] = Eθt [E [yt|θt]]

Var [yt] = Eθt [Var [yt|θt]] + Varθt [E [yt|θt]]

The discrepancy, d (·), will then be

d (yt) =
|yt − E [yt]|√

Var [yt]
(2.29)

As we’ve seen is Section 2.1, we can derive E [z (yt) |ηt] and Var [z (yt) |ηt] for a DGLM
from the exponential family observational model canonical form (2.5) as

E [z (yt) |ηt] =
db (ηt)

dηt
,

Var [z (yt) |ηt] = a (φ)
d2b (ηt)

dηt
,

assuming our previous formulation of a DGLM in (2.5). In the following sections we
will elaborate the discrepancy form for each of the considered observational models with
Table 2.2 summarising the results. In the experimental results a threshold of 3 standard
deviations was used to flag possible outliers.

2.4.3.1 Normal DLM

For the NDLM since we have

a (φt) = φ−1t = V

ηt = µt = FTθt

b (ηt) =
η2t
2
,
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it follows that

E [yt|ηt] =
d
(
η2t
2

)
dηt

= ηt = FTθt

Var [yt|ηt] = a (φ)︸︷︷︸
V

d2b (ηt)

dηt︸ ︷︷ ︸
1

= V.

The discrepancy will take then the form expected for a DLM, that is

d (yt) =

∣∣yt − FTθt
∣∣

√
V

. (2.30)

2.4.3.2 Poisson DLM

For the PoDLM, according to Section 2.3.2, we have

a (φt) = φt = 1

ηt = FTθt

b (ηt) = −eηt .

Using the derivations in (2.20) and (2.21), we can write

E [yt|ηt] = exp {ηt} = exp
{

FTθt
}

Var [yt|ηt] = exp {ηt} = exp
{

FTθt
}
,

resulting in a discrepancy form of

d (yt) =

∣∣yt − exp
{

FTθt
}∣∣√

exp {FTθt}
. (2.31)

2.4.3.3 Binomial DLM

For the Binomial DLM, using Section 2.3.3, we have

a (φt) = φ−1t = n−1t

ηt = log

{
pt

1− pt

}
b (ηt) = log {1 + exp ηt} .
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Observation d (yt)

Gaussian N
(
FTθt, V

) ∣∣yt − FTθt
∣∣V −1/2

Poisson Po
(
exp

{
FTθt

}) ∣∣yt − exp
{

FTθt
}∣∣ exp

{
FTθt

}−1/2
Binomial Binom (n, p) |yt − ntpt| [ntpt (1− pt)]−1/2

Table 2.2: Discrepancy (d (yt)) calculation for different classes of DGLMs

As mentioned in Section 2.3.3 on page 18, in this thesis we will always consider nt to be
fixed and known. We have seen that according to (2.23) and (2.24) we can write

E [yt|ηt] = ntpt

Var [yt|ηt] = ntpt (1− pt) .

Consequently the discrepancy will be

d (yt) =
|yt − ntpt|√
ntpt (1− pt)

. (2.32)
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Online State Estimation
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Chapter 3

Bayesian Filtering

In order to perform inference in DGLMs, the main objective is to estimate the unobserved
sequence of states θ0:t = {θ0, . . . ,θt} and the parameter set Φ = {Φ1, . . . , Φn} given the
observed data, Dt = {y1, . . . , yt}. That is, we are trying to estimate the joint density

p (θ0:t,Φ|Dt) . (3.1)

We will first look at some methods to estimate the state vectors in an online fashion,
that is estimating θt using Dt sequentially (with t = 1, 2, 3, . . . ) while considering the
parameters known. These methods will provide the fundamental framework from which
extensions can be used to simultaneously estimate states and parameters in Chapter 7.

As mentioned previously, assuming the model’s parameters to be known (on account
of which we will omit the dependency of Φ for the time being), in DGLMs the problem of
estimating the unobserved state vectors θ0:t can be expressed as

p (θ0:t|Dt) =
p (θ0:t,Dt)
p (Dt)

, (3.2)

where

p (θ0:t,Dt) = p (Dt|θ0:t) p (θ0:t) , (3.3)

p (Dt) =

∫
p (θ0:t,Dt) dθ0:t.

The Markovian nature of the DGLMs can, however, be exploited to provide a recursive
formulation for the state estimation in (3.2). This is crucial for allowing online inference
in DGLMs, since it provides us with a tool to perform computations for each time step t
independently from the previous time steps. If we denote Dt−1 = {y1, y2, . . . , yt−1}, the
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full state posterior (3.2) can then be re-arranged as a recursive update.

Using Bayes’ theorem1, and using the property that

p (Dt) = p (yt,Dt−1) , (3.4)

we can write p (θ0:t|Dt) as

p (θ0:t|Dt) =
p (yt,Dt−1,θt,θ0:t−1)
p (yt|Dt−1) p (Dt−1)

=
p (yt|Dt−1,θt,θ0:t−1) p (θt|θ0:t−1,Dt−1) p (θ0:t−1|Dt−1) p (Dt−1)

p (yt|Dt−1) p (Dt−1)
(3.5)

Applying once more one of the properties arising from the Markovian nature of the
DGLMs, this time (2.11), that is

p (θt|θ0:t−1,Dt−1) = p (θt|θt−1) ,

we can simplify (3.5) into

p (θ0:t|Dt) =
p (yt|θt) p (θt|θt−1)

p (yt|Dt−1)
p (θ0:t−1|Dt−1) (3.6)

where p (yt|Dt−1) is a normalising constant taking the form

p (yt|Dt−1) =

∫
p (yt|θt) p (θt|θt−1) p (θt−1|Dt−1) dθt−1:t. (3.7)

The posterior distribution can then be expressed recursively as

p (θ0:t|Dt) ∝ p (θ0:t−1,Dt−1) p (yt|θt)︸ ︷︷ ︸
measurement

p (θt|θt−1)︸ ︷︷ ︸
system

(3.8)

However, to perform online state estimation we need to perform the estimation as
the observations appear, i.e. we need to estimate the current state (conditional on the
observations). This is usually referred in the literature as Bayesian filtering and targets
the state’s marginal posterior

p (θt|Dt) . (3.9)

The goal is therefore to estimate p (θt|Dt) having, at time t− 1, p (θt−1|Dt−1). To do
so, we can divide filtering into two separate stages, the prediction and the update steps.

1cf. Section F.2 on page 318.

27



Chapter 3. Bayesian Filtering

Predict step In this step calculate the predictive state density given the observations up
to time t− 1. If we assume that the posterior at time t− 1, p (θt−1|Dt−1), is known, then
the joint distribution of θt,θt−1 and Dt−1 can be calculated (using the property (2.11)) as:

p (θt,θt−1|Dt−1) = p (θt|θt−1,Dt−1)︸ ︷︷ ︸
p(θt|θt−1)

p (θt−1|Dt−1)

= p (θt|θt−1) p (θt−1|Dt−1)

To obtain the state prediction density, that is the distribution of θt given the previous
observations Dt−1 we use the Chapman-Kolmogorov2 equation:

p (θt|Dt−1) =

∫
p (θt,θt−1|Dt−1) dθt−1 (3.10)

=

∫
p (θt|θt−1,Dt−1) p (θt−1|Dt−1) dθt−1 (3.11)

=

∫
p (θt|θt−1) p (θt−1|Dt−1) dθt−1 (3.12)

Update step Having the prior p (θt|Dt−1) and the observation likelihood p (yt|θt) we
can formulate the state’s posterior by using Bayes’ theorem and the Markovian property
(2.13):

p (θt|Dt) =

p(yt|θt)︷ ︸︸ ︷
p (yt|θt,Dt−1) p (θt|Dt−1)

p (yt|Dt−1)

=
p (yt|θt) p (θt|Dt−1)

p (yt|Dt−1)
(3.13)

where the denominator is a normalisation constant equal to

p (yt|Dt−1) =

∫
p (yt|θt) p (θt|Dt−1) dθt. (3.14)

These theoretical results constitute the cornerstone of sequential Bayesian state estim-
ation and in the following chapters we will look at some common methodologies which
employ them to perform online filtering.

2cf. Section F.3.
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Kalman filter

In most DGLMs the estimation of p (θ0:t|Dt) as described in (3.6) is not possible using
analytical methods. The exception is the specific case of the NDLM where this solution
exists. This method is widely known as the Kalman Filter (KF, Kalman (1960)).

The KF is a recursive method, meaning that only the estimated state from the previous
time step and the current measurement are needed to compute the estimate for the current
state (as such it is an online estimation method). It is also the optimal linear estimator,
meaning that any other linear estimators will have a higher error covariance. It is a
thoroughly researched method and, due to its optimality and simplicity, it is also widely
applied to online state estimation in NDLMs in the case where the model’s parameters are
known.

If we again consider a NDLM such as presented in Section 2.3.1, the KF allows us
to perform the state estimation θ̂t given the observation at time t, yt. Algorithmically,
the KF can be separated into two distinct steps, as discussed in the previous chapter, the
prediction and the update steps. We will use the notation X̂t|t to denote the estimation of
a quantity X at time t, given the observation yt and X̂t|t−1 do denote the predicted value
of quantity X at time t before yt is taken into account.

To perform the derivation of the KF recursions, we will use the following result for
standard Normal theory:

Considering a multivariate Normal density defined as

N (x|µ,Σ) =
1

(2π)n/2 |Σ|1/2
exp

{
−1

2
(x− µ)T Σ−1 (x− µ)

}
, (4.1)

µ ∈ Rn,Σ ∈ Rn×n,x ∈ µ+ span (Σ) ⊆ Rn,
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if two random variables, X and Y, have a joint Normal probability densityX

Y

 ∼ N

a

b

 ,

 A C

CT B


 , (4.2)

then

X ∼ N (a,A)

Y ∼ N (b,B) ,

and the conditional distribution X|Y will be

E [X|y] = a+CB−1 (y − b) (4.3)

Var [X|y] = A−CB−1CT . (4.4)

Predict step The prediction step, as described by (3.12), consists of calculating p (θt|Dt−1).
If we assume the NDLM to have state priors as defined in (2.4), that is θ0|m0,C0 ∼
N (m0,C0), then at each step t we can update the state vector according to

θt = Gθt−1 + ωt, ωt ∼ N (0,W) .

Since θt−1 and ωt are independent, we can write

E [θt|Dt−1] = Gmt−1 = at (4.5)

Var [θt|Dt−1] = E
[
(θt − at) (θt − at)

T
]

= GCt−1|t−1GT + W (4.6)

= Rt

We denote, at time t − 1, mt−1 and Ct−1|t−1 respectively as the KF’s first moment and
covariance and label (4.5) and (4.6) respectively as Rt and at. We can then define the
state’s propagation density as

θt|Dt−1 ∼ N (at,Rt) . (4.7)
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If we now consider that the observation equation can be written as

yt = FTθt + νt, νt ∼ N (0, V ) , (4.8)

again, by the assumption that θt and νt are independent, we know that yt will be normally
distributed. We can then write

E [yt|Dt−1] = FTat = ft

Var [yt|Dt−1] = E
[
(yt − ft) (yt − ft)T

]
= E

FTθt + νt︸ ︷︷ ︸
yt

−FTat︸︷︷︸
ft

(FTθt + νt − FTat
)T

= E
[{

FT (θt − at) + νt
}{

FT (θt − at) + νt
}T ]

= FTRtF + V = Qt

which is usually referred to as the Kalman’s predictive density, the prediction of y at t− 1:

yt|Dt−1 ∼ N (ft, Qt) . (4.9)

The calculation of these two quantities, (4.7) and (4.9), concludes the prediction step.

Update step To perform the update step, we need to find the posterior of θt given the
observed data, that is p (θt|yt). As defined in (3.13), we need to find

p (θt|Dt) =
p (yt|θt) p (θt|Dt−1)

p (yt|Dt−1)
.

Since we are considering joint normality, according to the NDLM model specification, we

simply need to construct the joint normal distribution

θt
yt

. We start by writing θt and

yt as follows:

θt = at + (θt − at)

yt = ft︸︷︷︸
FT at

+ yt︸︷︷︸
FT θt+νt

−ft

= FTat + FTθt + νt − FTat

= FTat + FT (θt − at) + νt
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The covariance of θt and yt can then be written as

Cov [θt, yt] = E

(θt − at)

 yt︸︷︷︸
FT θt+νt

− ft︸︷︷︸
FT at


T

= E
[
(θt − at)

{
FT (θt − at) + νt

}T ]
= E

[
(θt − at)

{
(θt − at) F + νTt

}]
= E

[
(θt − at) (θt − at) F + (θt − at) ν

T
t

]
= E [(θt − at) (θt − at)]︸ ︷︷ ︸

Rt

F + E
[
(θt − at) ν

T
t

]
= RtF

We can then write the joint normal distribution in the form (4.2):θt
yt

 ∼ N

 at

FTat

 ,

 Rt RtF

FTRt FTRtF + V


 (4.10)

to write the result of
θt|yt ∼ N (mt,Ct) .

By using the results of (4.3) and (4.4) we have for mt

mt = E [θt|yt] = at︸︷︷︸
a

+ RtF︸︷︷︸
C

(
FTRtF + V

)−1︸ ︷︷ ︸
B−1

 yt︸︷︷︸
Y

−FTat︸︷︷︸
b


= at + RtF

(
FTRtF + V

)−1
(y − ft) , (4.11)

and for Ct:

Ct = Var [θt|yt]

= Rt − RtF
(
FTRtF + W

)−1
FRt. (4.12)

The notation can be simplified by introducing some quantities commonly used in the
literature. We will denote

At = RtF

Qt = FRtF
T + V,
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and we can define the Kalman gain as

Kt = RtF
T
(
FRtF

T + V
)−1

= AtQ
−1
t .

Another useful quantity is usually referred to as the Kalman error and is defined as

et = yt − ft.

Applying substitutions, the final moments calculations become

mt = at + Ktet

Ct = Rt − AtQtA
T
t

Having these recursions, we finally define the filtering density as

θt|Dt ∼ N (mt,Ct) . (4.13)

The KF also allows for the evaluation of the likelihood p (Dt). If we take into consid-
eration the prediction step in (4.7) and the formulation of the observation equation as in
(4.8), standard normal theory allows us to write the conditional likelihood as

p (yt|Dt−1) = N
(
yt|FTat,FRtF

T + V
)

= N (yt|ft, Qt)

which is the predictive density as detailed in (4.9). Since we now that

p (Dt) = p (y1)

t∏
n=2

p (yn|Dn−1) ,

we can then use the predictive density to calculate p (Dt) as

p (Dt) = p (y1)

t∏
n=2

p (yn|fn, Qn) .

A generic algorithm for the KF is presented in Algorithm 4.1.

Example. KF for aM = P (1) NDLM.

Here we consider the state estimation for a realisation of a M = P (1) NDLM with
parameters Φ = {W,V } =

{
τ2, σ2

}
= {2, 3} with Nobs = 1000, and with prior moments

m0 = 0 and C0 = 10. We can see the result of the state estimation using the KF in Fig-
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Algorithm 4.1 Kalman Filter
initialisation Having prior moments m0 and C0.

for t← 1 to Nobs

predict set at = Gmt−1 and Rt = GCt−1GT + W

update set

ft = FTat

et = yt − ft
Qt = FRtF

T + V

Kt = RtF
TQ−1t

and calculate moments as

mt = at + Ktet

Ct = Rt − AtQtA
T
t

filtering density at time t is
θt|Dt ∼ N (mt,Ct)

ure 4.1b on the facing page and the observations for the model’s realisation in Figure 4.1a
on the next page.

To perform a k-step ahead state forecast with the Kalman filter, we can start by defining
the moments in the propagation density (4.7) and predictive density (4.9) as a function of
the step index k, conditioned on the data up to the forecast starting point t, such that

at (k) = E [θt+k|Dt]

Rt (k) = Var [θt+k|Dt]

ft (k) = E [yt+k|Dt]

Qt (k) = Var [yt+k|Dt] .

Assuming that at time t, the starting point of the forecast, we define the moments

at (0) = mt

Rt (0) = Ct,
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Figure 4.1: Observations (left), filtering distribution mean (right, red) and "true"
state (right, dashed) for a realisation of M = P (1) NDLM with σ2 = 2.0 and
τ2 = 3.0 with Nobs = 1000, and with prior moments m0 = 0 and C0 = 10.

we can then recursively calculate the forecast propagation moments as

at (k) = Gat (k − 1) (4.14)

Rt (k) = GRt (k − 1) GT + W, (4.15)

which will provide the state forecast distribution as

p (θt+k|Dt) = N (at (k) ,Rt (k)) .

To perform k-step ahead observation forecasts, we can apply a similar recursive calcu-
lation using the predictive density moments, that is

ft (k) = FTat (k) (4.16)

Qt (k) = FTRt (k) F + V. (4.17)

This will allows us to calculate the k-step ahead observation forecast as

p (yt+k|Dt) = N (ft (k) , Qt (k)) .

It is worth noting that the Kalman filter also gives us the filtering, forecast and predict-
ive distribution estimate’s uncertainty by providing, respectively, (4.12), (4.15) and (4.17),
which can be used to determine, for instance, the estimate’s confidence interval.

Example. State and observation forecast in aM = {P (1)} NDLM.

Here we consider a realisation of Nobs = 500 observations of a M = {P (1)} NDLM
with parameter set Φ =

{
τ2, ν2

}
= {3, 2}. A state and observation k-step ahead (k = 100)
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(a) θ̂t+k for t = 400, k = 100
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(b) ŷt+k for t = 400, k = 100

Figure 4.2: Filtering density mean (left, blue), state forecast mean (left, blue line)
and forecast 90% CI (left, shaded blue). "True" state as black dashed line (left).
Observations (right) and k-step ahead observation forecasts (right, blue line) and
forecast 90% CI (right, shaded blue) for aM = {P (1)} NDLM using the KF

forecast was performed at time t = 400, using the recursions specified in (4.14), (4.15),
(4.16) and (4.17). The state forecast can be seen in Figure 4.2a and the observation forecast
can be viewed in Figure 4.2b.

4.1 Using Singular Value Decomposition

In Wang et al. (1992) an algorithm is presented in which the Kalman filter recursions can be
calculated using Singular Value Decomposition (SVD). Although theoretically impossible,
in practice, when calculating the updated second moment (4.12) using the standard KF
recursions, a computationally non-positive definite value may arise. According to Wang
et al. (1992) this method can improve the numerical stability of the estimations.

The notation for SVD used will that considering a m × n (with m ≥ n) matrix A the
SVD is a factorisation of three matrices (Wang et al. (1992)) such that

A = UΛVT , Λ =

S 0

0 0


where S = diag (σ1, . . . , σr) and U is a m ×m orthogonal matrix and V a n × n matrix.
According to Wang et al. (1992), a special case occurs when A is positive definite, in which
we have

A = U

S

0

VT
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with S an n × n diagonal matrix. Another special case is noted in Wang et al. (1992),
which occurs when A is symmetric positive definite, in which case we have

A = USUT = UD2UT .

. If, at time t, we assume that we have the SVD decomposition of Ct|t, that is

Ct|t = Ut|tD
2
t|tU

T
t|t,

we can then write (4.6) as

Ct+1|t = GCt|tG
T + W

= GUt−1|t−1D
2
t−1|t−1UTt−1|t−1GT + W.

The objective is then to find an SVD decomposition with components Ut+1|t, D2
t+1|t such

that
Ct+1|t = Ut+1|tD

2
t+1|tU

T
t+1|t.

Wang et al. (1992) defines the following matrixDt|tUTt|tG
T

√
WT

 , (4.18)

and by calculating the SVD of (4.18) the result isDt|tUTt|tG
T

√
WT

 = U′t

D′t
0

(V′t)T .
Wang et al. (1992) continues by multiplying each side by its transpose, reformulating into

Dt|tUTt|tG
T

√
WT


T Dt|tUTt|tG

T

√
WT

 =

U′t

D′t
0

(V′t)T

T

U′t

D′t
0

(V′t)T

GUt|tD
2
t|tU

T
t|tG

T +
√

W
(√

W
)T

︸ ︷︷ ︸
W

= V′t

[
D′t 0

] (
U′t
)T

U′t︸ ︷︷ ︸
I

D′t
0

(V′t)T
GUt|tD

2
t|tU

T
t|tG

T + W︸ ︷︷ ︸
Ct+1|t

= V′t︸︷︷︸
Ut+1|t

(
D′t
)2︸ ︷︷ ︸

D2
t+1|t

(
V′t
)T︸ ︷︷ ︸

UT
t+1|t
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From the above definition of Ct+1|t, Wang et al. (1992) notes that the required components
for the SVD are

Ut+1|t = V′t

Dt+1|t = D′t

Regarding the update steps of the KF, to use SVD, the above decompositions of Ct+1|t+1

and Ct+1|t are applied:

C−1t+1|t+1 =
(

Ut+1|t+1D
2
t+1|t+1UTt+1|t+1

)−1
Since

C−1t+1|t+1 = C−1t+1|t + FTR−1F,

it follows that

C−1t+1|t+1 =
(

Ut+1|tD
2
t+1|tU

T
t+1|t

)−1
︸ ︷︷ ︸

C−1
t+1|t

+FTR−1t+1F

=
(

UTt+1|t
)−1

D−2t+1|tU
−1
t+1|t +

(
UTt+1|t

)−1
UTt+1|tF

TR−1t+1FUt+1|tU
−1
t+1|t

= U−Tt+1|t

(
D−2t+1|t + UTt+1|tF

TR−1t+1FUt+1|t
)

U−1t+1|t.

If we consider the Cholesky decomposition of the inverse of the covariance matrix V as
R−1t+1 = Lt+1LTt+1, in the univariate observation case, which is the one we are considering
throughout, we can simply define Lt+1 =

√
1/V . Wang et al. (1992) continues by creating

the matrix LTt+1FUt+1|t

D−1t+1|t


and calculating the SVD of the above, resulting inLTt+1FUt+1|t

D−1t+1|t

 = Ū′t+1

D̄′t+1

0

(V̄′t+1

)T
from which

C−1t+1|t+1 =
(

UTt+1|t
)−1

V̄′t+1

(
D̄′t+1

)2 (
V̄′t+1

)T
U−1t+1|t.
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The decomposition can then be written as

Ut+1|t+1 = Ut+1|tV̄
′
t+1 = V′tV̄

′
t+1

Dt+1|t+1 =
(
D̄′t+1

)
.−1

As for the Kalman gain, Wang et al. (1992) calculates it according to

Kt+1 = Ct+1|t+1FTR−1t+1

= Ut+1|t+1D
2
t+1|t+1UTt+1|t+1FTR−1t+1.

A general algorithm for Wang et al. (1992) formulation of the KF-SVD is presented in
Algorithm 4.2.

Example. Kalman Filter SVD for a NDLM

Consider a realisation of aM = {P (1) ,F (250, 2)} NDLM, that is, a locally constant
component W = 1.2 and a seasonal component with 2 harmonics of period p = 250 and
parameters

W =

0.2 0

0 0.7

 , V = 1.5,

with Nobs = 1000 observations. The data is presented in Figure 4.3a on page 41 and the
state estimation for each state component are presented in Figures 4.3b, 4.3c and 4.3d.
In this particular example, since we are dealing with a simple model with simulated ob-
servations, we wouldn’t expect the standard KF to incur numerical instability. The Mean
Squared Error (MSE), calculated as

MSE =
1

Nobs

Nobs∑
t=1

(mt − θt)2 ,

where θt is “true” value from the realisation, is identical1 for all state components as we
can see from table 4.1. The main difference is however the computational cost, which is
higher for the SVD implementation. This is expected due to additional steps necessary
regarding SVD decomposition as described in this section.

1In theory, it is expected for the standard and SVD KF to produce the same estimation results. In
practice, due to numerical instability, this might not be the case.
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Algorithm 4.2 SVD based Kalman Filter (KF-SVD)
initialise with m0,C0. Assuming C0 diagonal, U0 = I and D0 = C0.

for t← 1 to Nobs

calculate (assuming Lt =
√

1/V ) V ′t and D′t from the SVD decomposition ofLTt FUt

D−1t


update Ut+1|t and Dt+1|t according to

Ut+1|t = UtV
′
t

Dt+1|t =
(
D′t
)−1

calculate Kalman gain
Kt = Ut+1|tD

2
t+1|tU

T
t+1|tF

TLtL
T
t

predict step
θ̂t+1|t = θ̂t + Kt (yt − Fθt)

correct step. Calculate V′t and D′t from the SVD decomposition ofDt+1|tUTt+1|tG
T

√
WT



θ̂t+1 = Gθ̂t+1|t
Ut+1 = V′t
Dt+1 = D′t

Filter
MSE

time (ms)
θ1 θ2 θ3

KF 54.455 53.415 47.374 10.0

KF-SVD 54.455 53.415 47.374 17.0

Table 4.1: Summary of MSE and computation times for KF and KF-SVD for a M =
{P (1) ,F (250, 2)} Gaussian DLM with Nobs = 1000.
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Figure 4.3: Realisation of a M = {P (1) ,F (250, 2)} Gaussian DLM and filtering
density estimation using standard and SVD Kalman filters. Solid colour lines rep-
resent filtering density mean and shaded areas 90% CI. Solid black line represents
the "true" (realisation) state.

4.2 Extended Kalman Filter

In the case where the model is non-linear, the Kalman filter recursions examined previously
in this chapter cannot be applied as they depend on the joint normality of state and
observations. If we recall that a general state-space model can be formulated as in (2.1)
and (2.2), that is

yt|θt,Φt ∼ f (yt|θt,Φt)

θt|θt−1,Φt ∼ g (θt|θt−1,Φt) ,

a method proposed by Jazwinski (1966); Maybeck (1979) consists of approximating the
non-linear functions by means of a first order Taylor series expansion around the estim-
ates at time t and subsequently applying the KF recursion as in the NDLM case. This
method, the Extended Kalman Filter (EKF) will then approximate the posterior p (θt|Dt)
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by approximating the model to be the linearised form

yt = f∗ (θt, t) + ṽt, ṽt ∼ N
(

0, Ṽt

)
θt = g∗ (θt−1, t− 1) + w̃t, w̃t ∼ N

(
0, W̃t

)
,

where f∗ (·) and g∗ (·) are differentiable but not required to be linear functions of the state,
with a filtering density of

p (θt|Dt) ≈ N (mt,Ct) .

Additionally, the following relations can be defined (Arulampalam et al. (2002)), in some
way drawing parallels with the KF:

at = g∗ (mt−1)

Rt = ĜtCt−1ĜT + W̃t−1

mt = at +Kt (yt − f∗ (at))

Ct = Rt −KtF̂
TRt,

where F̂t and Ĝt represent the state-space linearised functions

F̂t =
df∗ (θ)

dθ

∣∣∣∣
θ=mt−1

Ĝt =
dg∗ (θ)

dθ

∣∣∣∣
θ=mt−1

,

and where

Qt = ĤtRtĤ
T
t + Ṽt

Kt = RtĤ
T
t Q
−1
t ,

with Ṽt and W̃t representing the variances of the additive noise for the linearised model.

We have seen, however, in Section 2.1, that the DGLM is a specific instance of the
more general state-space model, where

g (θt|θt−1,Φt) = N (θt|θt−1,W)

and f (yt|θt,Φt) is a distribution from the exponential family in the form

yt ∼ p (yt|ηt) = exp

{
z (yt) ηt − b (ηt)

a (φt)
+ c (yt, φt)

}
.
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In this section we will use a formulation presented in Gamerman (1998); Fahrmeir
(1992), which aims specifically at approximating DGLMs to a linearised form using a
generalisation of the EKF. Gamerman (1998); Fahrmeir (1992) define an adjusted model
which will act as a linear approximation to the NDLM. Considering the DGLM mean as
defined in (2.6) as

µt = b′ (ηt) ,

and considering, as in (2.9), that

g (µt) = h−1 (µt) = λt = ηt

where ηt is the natural parameter.

Since g (·) and b (·) are known from Section 2.3.2, the adjusted model can be easily
calculated for each of the non-linear DGLM instances. Using this model, and considering
that for the DGLM the underlying state will have a linear evolution, we can write, as in
the KF, the filtering density at time t− 1 as

p (θt−1|Dt−1) ≈ N
(
Gmt−1,GCt−1GT + W

)
= N (at,Rt) .

And define the linearised λ̃t as
λt = FTat, (4.19)

Gamerman (1998) formulates the adjusted model as

yt ≈ ỹt = λt + (yt − µt) g′ (µt) + ν̃t

ν̃t ∼ N
(

0, Ṽt

)
Ṽt = b′′ (ηt) {g′ (µt)}2.

With these quantities we can then calculate the predictive density of the adjusted model
as

ỹt|Dt−1 ∼ N (ft, Qt)

ft = FTat

Qt = FTRtF + Ṽt.

Similarly to the KF, as detailed in (4.11) and (4.12), the moment update will be defined
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by

mt = at +At (ỹt − ft)

Ct = Rt −AtQtA
T
t

At = RtF.

This method, while aiming at approximating the filtering density of the linearised
p (θt|Dt), leads to poor results in the presence of strong non-linearities due to mismatch
between the mode of the true filtering density and linearised filtering density mode. In
the case of filters such as the Iterated Extended Kalman Filter (IEKF, Jazwinski (1970))
this problem can be mitigated by using an iterative Newton-Raphson method until the
approximated density converges. In the case of the adjusted model presented here, as
mentioned in Gamerman (1998); Fahrmeir (1992), the approximation can be improved by,
in an offline fashion (Fahrmeir, 1992), iteratively applying a Kalman smoother to calculate
the smoothed moments m̃t, C̃t until mode convergence is achieved. This value could then
be used to calculate (4.19).

A general algorithm for the adjusted model EKF (without the iterative mode search)
is presented in Algorithm 4.3.

Example. Linearised Poisson DLM

If we consider a Poisson DLM in the form presented in Section 2.3.2, that is, with
observational model

yt|ηt ∼ Po (eηt)

ηt = FTθt,

and canonical quantities

z (yt) = yt

a (φt) = 1

b (ηt) = eηt

c (yt, φt) = log

(
1

yt!

)
,
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Algorithm 4.3 Adjusted Model Extended Kalman Filter (EKF)
initialisation

set state prior moments m0 and C0

for t← 1 to Nobs

calculate

at = Gmt−1

Rt = GCt−1GT + W

λ̃t = FTat

calculate adjusted observation model according to the DGLM class

ỹt = λt + (yt − µt) g′ (µt)
Ṽt = b′′ (ηt) {g′ (µt)}2

calculate adjusted model predictive moments

ft = FTat

Qt = FTRtFt + Ṽt

calculate updated state posterior moments

mt = at + At (ỹt − ft)
Ct = Rt −AtQtA

T
t

with
At = RtF

to define the adjusted model we use the quantities calculated in (2.20) and (2.21):

b′ (ηt) = eηt

b′′ (ηt) = eηt

µt = b′ (ηt) = eηt .

Since
λt = FTθt,
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the adjusted observational model will take the form

yt ≈ ỹt = λt + (yt − µt) g′ (µt) + ν̃t

= λt + (yt − λt)λ−1t + ν̃t,

with

ν̃t ∼ N
(

0, Ṽt

)
Ṽt = b′′ (ηt) {g′ (µt)}2

= λtλ
−2
t = λ−1t .

Consequently, the adjusted PoDLM will take the form

p (yt|θt,Φ) ≈ N
(
λt + (yt − λt)λ−1t , λ−1t

)
λt = FTθt

p (θt|θt−1,Φ) = N (Gθt−1,W) .

Example. Linearised Binomial Model

We now consider a Binomial DLM in the form of Section 2.3.3, that is, with observa-
tional model

yt|ηt ∼ Binom{logit−1 (ηt}, nt)

ηt = FTθt

with the canonical quantities

z (yt) =
yt
nt

ηt = log

(
pt

1− pt

)
a (φt) = φ−1t = n−1t

b (ηt) = log (1 + eηt)

c (yt, φt) = log

nt
yt

 .

The adjusted observational model can be defined by the quantities, previously calcu-
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lated in (2.23) and (2.24):

b′ (ηt) = ntlogit−1 {ηt}

= ntpt

b′′ (ηt) = ntpt (1− pt)

µt = b′ (ηt) = ntpt.

The adjusted observational model can then be expressed as

yt ≈ ỹt = λt + (yt − µt) g′ (µt) + ν̃t

= ytn
−1
t exp {−λt} (1 + exp {λt})2 − exp {λt} − 1 + λt + ν̃t,

with

ν̃t ∼ N
(

0, Ṽt

)
Ṽt = b′′ (ηt) {g′ (µt)}2

= n−1t exp {−λt} (1 + exp {λt})2 .

Consequently, the adjusted BDLM will take the form

p (yt|θt,Φ) ≈ N
(
ytn
−1
t exp {−λt} (1 + exp {λt})2 − exp {λt} − 1 + λt, Ṽt

)
Ṽt = n−1t exp {−λt} (1 + exp {λt})2

λt = FTθt

p (θt|θt−1,Φ) = N (Gθt−1,W) .
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Conjugate Filtering

5.1 Conjugate filtering

As we’ve seen in Chapter 4, for the NDLM we can use an exact solution for the filtering
problem. However, in all other non-linear DGLMs an analytic solution will not be avail-
able. A method proposed in West & Harrison (1997), called conjugate filtering, assumes
partially specified distributions and an approximation using linear Bayes to achieve a re-
cursive approximation to the state’s posterior given the observations, θt|Dt using conjugate
updates as defined in Section 5.2.

We start by considering a DGLM in the canonical form of (2.5), that is

yt ∼ p (yt|ηt) = exp

{
z (yt) ηt − b (ηt)

a (φt)
+ c (yt, φt)

}
ηt = g−1 (λt)

λt = FTθt

θt ∼ N (Gθt−1,W)

= Gθt−1 + ωt, ωt ∼ N (0,W) ,

with a state prior of θ0|D0 ∼ [m0,C0]. In West & Harrison (1997), the notation used
indicates µt as the observation mean, related to the natural parameter ηt as described in
section (2.3) via

µt = b′ (ηt)

Σ = a (φt) b
′′ (ηt) .

Additionally, ηt relates to the linear function λt = FTθt via λt = g (ηt). West & Harrison
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(1997) stipulates that since b′ (·) and g (·) are bijective we can work interchangeably with
µt, ηt or λt.

In DGLMs, in general, we cannot assume joint normality between the state and obser-
vations as we did in the KF derivations. The observation equation is generally non-linear
(Poisson, Binomial, etc.) and the observation mean µt might be a non-linear function of
the state, and as mentioned previously, an exact analytic solution to the filtering problem
will not be available and an approximation must be calculated. Here, we will use West &
Harrison (1997) notation, where

[µ,Σ]

indicates a mean, µ, and a variance, Σ on a otherwise unspecified distribution.

West & Harrison (1997) starts by assuming that at time t−1 we have the state posterior
θt−1|Dt−1 ∼ [mt−1,Ct−1] such as in the NDLM, and that (as specified in Chapter 2.1) we
have independence between θt and ωt so that we can then write the state’s partial prior
in the form (without assuming normality) of (4.7). That is, from (4.5) and (4.6) we can
write

θt|Dt−1 ∼

Gmt−1︸ ︷︷ ︸
at

,GCt−1GT + W︸ ︷︷ ︸
Rt

 . (5.1)

Since λt = FTθt is a linear function of θt and assuming the moments in (5.1), we obtain

E [λt|Dt−1] = ft = FTat

Var [λt|Dt−1] = qt = FTRt,

and the covariance between θt and λt is

Cov [λt,θt|Dt−1] = FTRt.

Hence, we have the following (partially specified) joint prior θt

λt

∣∣∣∣∣∣∣Dt−1
 ∼


at

ft

 ,

 Rt RtF

FTRt qt


 , (5.2)

which strikes some similarities with the Kalman filter derivation in (4.10).

To determine the (partially specified) observation one-step ahead forecast, since the
observation model depends on the state θt through the natural parameter, ηt = g−1 (λt),
it can be specified via the natural parameter’s prior ηt|Dt−1. As West & Harrison (1997)
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notes, this is specified in terms of the moments of λt = g (ηt) as indicated in (5.2):

λt|Dt−1 ∼ [ft, qt] .

West & Harrison (1997) states that since the prior is partially specified, we can choose
any prior distribution of ηt based on the specified mean and variance. Based on Section 5.2
we choose the conjugate prior1 for ηt as specified in (5.11)

p (ηt|Dt−1) = CP (rt, st)

with the conditions

E [g (ηt) |Dt−1] = ft

Var [g (ηt) |Dt−1] = qt.

Assuming the observation’s one-step ahead forecast expression in (5.13) we can then
use the observation yt to calculate the posterior expression for ηt as in (5.14). Given that
we know the mean and variance of λt are

λt|Dt ∼

E [g (ηt) |Dt]︸ ︷︷ ︸
f?t

,Var [g (ηt) |Dt]︸ ︷︷ ︸
q?t

 (5.3)

West & Harrison (1997) notes that because the posterior θt|Dt is only partially specified,
we only need the mean and variance to continue the approximation:

mt = E [θt|Dt] = E [E [θt|λt,Dt−1] |Dt] (5.4)

Ct = Var [θt|Dt] = Var [E [θt|λt,Dt−1] |Dt] + E [Var [θt|λt,Dt−1] |Dt] . (5.5)

It is clear from the above we need the mean and variance of θt|λt,Dt−1. As we’ve seen
previously, this joint distribution is only partially specified so we are not able to calculate
them analytically, however, the method described in West & Harrison (1997) applies linear
Bayes (with regard to a quadratic loss function for moment estimation) to calculate the

1West & Harrison (1997) uses ft as the mode and qt as the curvature for the conjugate prior.
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optimal estimate of E [θt|λt,Dt−1] and Var [θt|λt,Dt−1] we have2 the final result:

Ê [θt|, λt,Dt−1] = at + RtF
(λt − ft)

qt
(5.6)

V̂ar [θt|, λt,Dt−1] = Rt −
RtFFTRt

qt
, (5.7)

that is,

θt|λt,Dt−1 ∼
[
at + RtF

(λt − ft)
qt

,Rt −
RtFFTRt

qt

]
.

This however, will give an approximation to the moments. Combining (5.4), (5.5), (5.6)
and (5.7) we have:

mt = E
[
Ê [θt|, λt,Dt−1] |Dt

]
= E

[
at + RtF

(λt − ft)
qt

|Dt
]

= at + RtF
1

qt
(E [λt|Dt]− ft)

Ct = Var
[
Ê [θt|, λt,Dt−1] |Dt

]
+ E

[
V̂ar [θt|, λt,Dt−1] |Dt

]
= Var

[
at + RtF

(λt − ft)
qt

]
+ E

[
Rt −

RtFFTRt
qt

|Dt
]

= RtF
1

qt
Var [λt|Dt]

1

qt
FTRt + Rt − RtF

1

qt
FTRt

= Rt − RtF

(
1− Var [λt|Dt]

qt

)
1

qt
FTRt

Following West & Harrison (1997), we use the posterior λt|Dt in (5.3) to achieve the
result

θt|Dt ∼ [mt,Ct]

=

at + RtF
1

qt

E [λt|Dt]︸ ︷︷ ︸
f?t

−ft

 ,Rt − RtF

1−

q?t︷ ︸︸ ︷
Var [λt|Dt]

qt

 1

qt
FTRt


=

[
at + RtF

1

qt
(f?t − ft) ,Rt − RtF

(
1− q?t

qt

)
1

qt
FTRt

]
(5.8)

Two things to note are that this is an approximation to the moments of the posterior
(since θt|λt,Dt−1 is an approximation) and the these calculations simplify when the ca-

2For a complete derivation, cf. West & Harrison (1997), Section 4.9.2.
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nonical link is used, since λt = ηt.

A general algorithm for conjugate filtering is presented in Algorithm 5.1.

Algorithm 5.1 Conjugate filtering
initialisation

θ0 ∼ N (m0,C0)

for t← 1 to Nobs

calculate state prior

θt|Dt−1 ∼ [at,Rt]

at = Gmt−1
Rt = GCt−1GT + W

calculate natural parameter prior

λt|Dt−1 ∼ [ft, qt]

ft = FTat

qt = FTRtF

calculate using the conjugate prior CP (rt, st) on ηt (observation distribution de-
pendent), calculate natural parameter posterior

ηt|Dt ∼ CP (rt + yt, st + 1)

calculate natural parameter posterior moments

λt|Dt ∼ [f?t , q
?
t ]

calculate state’s partial posterior

θt|Dt ∼ [mt,Ct]

mt = at + RtF
(f?t − ft)

qt

Ct = Rt − RtF

(
1− q?t

qt

)
1

qt
FTRt
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5.2 Natural parameter conjugate update

If we consider canonical definition of a DGLM as presented in West & Harrison (1997):

p (yt|ηt) = exp

{
z (yt) ηt − b (ηt)

a (φt)

}
c? (yt)

c? (yt) = exp c (yt) ,

we can see that (in Figure 2.2), in the filtering context, the only unknown quantity is ηt
and the prior p (ηt|Dt−1). According to West & Harrison (1997), we can then express the
one-step forecast of yt|Dt−1 as

p (yt|Dt−1) =

∫
p (yt|ηt,Dt−1) p (ηt|Dt−1) dηt. (5.9)

After we observe yt we can then use Bayes’ Theorem to write the posterior of the natural
parameter given the current observation as

p (ηt|Dt) =
p (ηt|Dt−1) p (yt|ηt,Dt−1)∫
p (ηt|Dt−1) p (yt|ηt,Dt−1) dηt

. (5.10)

According to West & Harrison (1997), (5.9) and (5.10) are analytically available in the
DGLM when the prior belongs to the conjugate family. One of the main reasonings of
conjugate filtering is that the prior for the state is partially specified by the first (4.5) and
second (4.6) moments. However, if rt and st are calculated, the parameters for a conjugate
prior (CP) for the natural parameter ηt take the form

p (ηt|Dt−1) = c (rt, st) exp {rtηt − stb (ηt)} (5.11)

= CP (rt, st)

where rt and st > 0 are known functions depending on Dt−1 and c (·) works as a normalising
function

c (rt, st)
−1 =

∫
exp {rtηt − sta (ηt)} dηt, (5.12)

then we could obtain the parameters of the conjugate posterior given the observed data.
The next step is to establish the conjugate prior and posterior relations. To do so, we can
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start by rewriting the ηt prior (5.11), by assuming3 xt = rt/st, we have

p (ηt|Dt−1) = c (rt, st) exp {rtηt − stb (ηt)}

= c (rt, st) exp {xtstηt − stb (ηt)}

= c (rt, st) exp {st [xtηt − b (ηt)]} .

If we assume that rt, st and c are known, and using the normalising function in (5.12), we
can calculate the one-step ahead forecast in (5.9) as

p (yt|Dt−1) =

∫
p (yt|ηt,Dt−1) p (ηt|Dt−1) dηt

=

∫
exp {φt [ytηt − b (ηt)]} c? (yt)︸ ︷︷ ︸

p(yt|ηt,Dt−1)

c (rt, st) exp {rtηt − stb (ηt)}︸ ︷︷ ︸
p(ηt|Dt−1)

dηt

= c? (yt) c (rt, st)

∫
exp {φt [ytηt − b (ηt)]} exp {rtηt − stb (ηt)} dηt

= c? (yt) c (rt, st)

∫
exp {φtytηt − φtb (ηt) + rtηt − stb (ηt)} dηt

= c? (yt) c (rt, st)

∫
exp {(rt + φtyt) ηt − (st + φt) b (ηt)} dηt︸ ︷︷ ︸

c(rt+φtyt,st+φt)
−1

=
c? (yt) c (rt, st)

c (rt + φtyt, st + φt)
. (5.13)

Using the expression in (5.14) we can then apply substitution and write the natural
parameter posterior as

p (ηt|Dt) =
p (ηt|Dt−1) p (yt|ηt,Dt−1)∫
p (ηt|Dt−1) p (yt|ηt,Dt−1) dηt

=

p(ηt|Dt−1)︷ ︸︸ ︷
c (rt, st) exp {rtηt − stb (ηt)}

p(yt|ηt,Dt−1)︷ ︸︸ ︷
exp {φt [ytηt − b (ηt)]} c? (yt)

c? (yt) c (rt, st) c (rt + φtyt, st + φt)
−1︸ ︷︷ ︸

p(yt|Dt−1)

= c (rt + φtyt, st + φt) exp {rtηt − stb (ηt)} exp {φt [ytηt − b (ηt)]}

= c (rt + φtyt, st + φt) exp {(rt + φtyt) ηt − (st + φt) b (ηt)} . (5.14)

It is clear that the posterior in (5.14) has the same for of the prior in (5.11). This is one of
the conditions to establish a conjugate update, which will happen with a parameter update

3As noted in West & Harrison (1997), b being convex means that the prior is unimodal with mode
xt = b′ (ηt).
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of

rt+1 = rt + φtyt

st+1 = st + φt.

In the following sections we will describe the standard conjugate scheme as derived
in West & Harrison (1997) for each of the DGLMs considered with the conjugate rela-
tions summarised in Table 5.1 and prior and posterior moments of the natural parameter
summarised in Table 5.2.

5.2.1 Binomial

For the BDLM, as described in Section 2.3.3, West & Harrison (1997) defines the pt =

eηt/1+eηt prior to be beta, that is

p (pt|Dt−1) ∼ B (rt, st)

= c (rt, st) p
rt−1
t (1− pt)st−1 , 0 ≤ pt ≤ 1

with the normalising constant c (·, ·), as defined in (5.12), as

c (rt, st) =
Γ (rt + st)

Γ (rt)Γ (st)
.

By considering the digamma function

γ (x) =
Γ ′ (x)

Γ (x)
,

using the natural parameter ηt = log {pt/(1−pt)} allows to write (5.11) as

p (ηt|Dt−1) = c (rt, st) exp {rtηt − stb (ηt)}

West & Harrison (1997) states that we can write

E [ηt|Dt−1] = ft = γ (rt)− γ (st)

Var [ηt|Dt−1] = qt = γ′ (rt)− γ′ (st)
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Applying an approximation to the digamma function4 such that

γ (x) ≈ log (x)

γ′ (x) ≈ 1

x
,

we can approximate moments of natural parameter prior by

E [ηt|Dt−1] = ft

= γ (rt)− γ (st)

≈ log (rt)− log (st) = log

(
rt
st

)
Var [ηt|Dt−1] = qt

= γ′ (rt)− γ′ (st)

≈ 1

rt
+

1

st
,

which we can rearranged resulting in

rt =
1 + exp (ft)

qt

st =
1 + exp (−ft)

qt
.

Having the values of rt and st the pt posterior can be updated as

p (pt|Dt) ∼ B (rt + yt, st + nt − yt) .

Using the same reasoning as for the prior, we get the following moments

E [ηt|Dt] = f?t

= γ (rt + yt)− γ (st + nt − yt)

≈ log (rt + yt)− log (st + nt − yt)

= log

{
rt + yt

st + nt − yt

}
Var [ηt|Dt] = q?t

= γ′ (rt + yt)− γ′ (st + nt − yt)

≈ 1

rt + yt
− 1

st + nt − yt

4cf. Appendix F.5
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Figure 5.1: Observations (left) and state estimation (right) for a M = {P (1)}
Binomial DLM with Φ =

{
τ2, k

}
= {0.25, 3} using CF. Dashed line represents the

model’s realisation true state, solid red line the filtering density mean and shaded
area the 90% CI.

Example. Conjugate filtering for aM = {P (1)} BDLM.

Here we consider a M = {P (1)} BDLM with parameters Φ =
{
τ2, k

}
= {0.25, 3},

where k is the number of trials/categories, corresponding to the formulation

yt|θt,Φ ∼ Binom (ηt, 3)

ηt|θt = logit−1 (θt)

θt|Φ ∼ N (θt−1, 0.25) .

The state prior used was θ0 ∼ N (1.5, 10) and state estimation was performed using the
CF technique. The data for a realisation of this model and respective true and estimated
state can be viewed in Figure 5.1.

5.2.2 Poisson

For the PoDLM, as defined in Section 2.3.2, according to West et al. (1985), the mean
prior for µt will be

p (µt|Dt−1) ∼ G (rt, st)
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In this case the parameters of the conjugate prior, according to West et al. (1985), can be
written (and using the digamma approximation) as

E [ηt|Dt−1] = ft = γ (rt)− log (st)

≈ log (rt)− log (st)

Var [ηt|Dt−1] = qt = γ′ (rt)

≈ 1

rt
.

Rearranging we get in terms of ft and qt, we have

rt =
1

qt
(5.15)

st =
exp (−ft)

qt
. (5.16)

The posterior update will be in the form

p (µt|Dt) ∼ G (rt + yt, st + 1) ,

and posterior can the be calculated from

E [ηt|Dt] = f?t

= γ (rt + yt)− log (st + 1)

≈ log (rt + yt)− log (st + 1)

Var [ηt|Dt] = q?t

= γ′ (rt + yt)

≈ 1

rt + yt
.

Example. Conjugate filtering for aM = {P (1)} PoDLM.

Here we consider aM = {P (1)} PoDLM with parameters Φ =
{
τ2
}

= {0.3}, corres-
ponding to the formulation

yt|θt,Φ ∼ Po (eηt)

ηt = θt

θt|Φ ∼ N (θt, 0.3) .

The state prior used was θ0 ∼ N (2.9, 10) and state estimation was performed using the
CF technique. The data for a realisation of this model and respective true and estimated
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Figure 5.2: Observations (left) and filtering density estimation mean (right) for a
M = {P (1)} PoDLM with Φ =

{
τ2
}

= {0.3} using CF. Dashed line represents the
model’s realisation true state, colour line the filtering density mean and shaded area
90% CI.

state can be viewed in Figure 5.2.

5.2.3 Normal

Although a moment approximation is not needed for the NDLM, since we have the ex-
act solution, for completeness the conjugate filtering derivation is also presented. The
conjugate prior of the natural parameter will be

E [ηt|Dt−1] = ft

=
rt
st

Var [ηt|Dt−1] = qt

= s−1t

Rearranging in terms of rt and st we have

rt =
ft
qt

st =
1

qt
.

As the the forecast density will also be normal as we’ve seen in (4.9) we will have

E [yt|Dt−1] =
rt
st

Var [yt|Dt−1] = V + s−1t .
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The natural parameter posterior, since ηt = µt, will have (and considering that φt =

V −1 in the NDLM)

E [ηt|Dt] = f?t

=
rt
st

+
φt

st + φt

(
yt −

rt
st

)
=

rt
st

+
V −1

st + V −1

(
yt −

rt
st

)
=

rtV + yt
stV + 1

Var [ηt|Dt−1] = q?t

= s−1t −
(

φt
st + φt

)2 (
V + s−1t

)
= s−1t −

(
V −1

st + V −1

)2 (
V + s−1t

)
=

V

stV + 1
.

5.3 Forecasting

Considering again the DGLM using the canonical formulation of (2.5), we assume that at
time t, the starting point of the forecast, we have the posterior moments of the state vector

θt|Dt ∼ [mt,Ct] .

Using the state forecast KF recursions as described in (4.14) and (4.15) we have write the
partially specified propagation density

θt+k|Dt ∼ [at (k) ,Rt (k)] .

The predictive forecast moments for the signal λt+k = FTθt+k can be specified based on
the KF recursions in (4.16) and (4.17) such that

λt+k|Dt ∼ [ft (k) , qt (k)] ,

with moments updated in the non-linear DGLM case as

ft (k) = FTat (k)

qt (k) = FTRt (k) F.
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As stated by West & Harrison (1997), assuming we have the conjugate prior for ηt+k =

g−1 (λt+k), we can define the k -step ahead observation forecast base on the formulation
already provided in (5.13) for the one-step ahead forecast, that is

p (yt+k|Dt) =

∫
p (yt+k|ηt+k,Dt) p (ηt+k|Dt) dηt+k

=
c? (yt+k, φt+k) c (rt (k) , st (k))

c (rt (k) + φt+kyt+k, st (k) + φt+k)
,

where rt (k) and st (k) are evaluated from ft (k) and qt (k), the mean and variance of
g (ηt+k) |Dt, that is

ft (k) = E [g (ηt+k) |Dt]

qt (k) = E [g (ηt+k) |Dt] ,

and the distribution of ηt+k|Dt can now be calculated from the approximations in Sec-
tion 5.2 as we will see in the following section, along with some forecasting examples.

5.3.1 Poisson DLM

Using the previously calculated values rt and st in for a PoDLM, respectively in (5.15) and
(5.16), that is

rt =
1

qt

st =
exp (−ft)

qt
,

and defining rt (k) and st (k) according to ft (k) and qt (k) the k -step ahead forecast dis-
tribution of yt+k|Dt is

p (yt+k|Dt) =

rt (k) + yt+k − 1

yt+k

( st (k)

1 + st (k)

)rt(k)( 1

1 + st (k)

)yt+k
,

which is a negative binomial distribution. The forecast mean and variance can be calculated
using conditional expectations, i.e.

yt (k) = E [yt+k|Dt]

= E [E [yt+k|λt+k] |Dt]

=
rt (k)

st (k)
,
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Figure 5.3: State filtering density and k-step ahead forecast (left, dashed line rep-
resents “true” value from the realisation, colour line the filtering density mean and
shaded area the 90% CI) and observation (right, colour line represents forecast mean
and shaded area the 90% CI) k-step ahead forecasts for aM = {P (1)} NDLM using
the KF.

and

Var [yt+k|Dt] = E [Var [yt+k|λt+k] |Dt] + Var [E [yt+k|λt+k] |Dt]

=
rt (k) [st (k) + 1]

(st (k))2

Example. State and observation forecast in aM = {P (1)} PoDLM.

Here we present state and observation k-step ahead forecasts for a Nobs = 200 real-
isation of a M = {P (1)} PoDLM using the CF method. The parameter set used was
Φ =

{
τ2
}

= {0.05}. The state prior used was θ0 ∼ N (3.9, 5). In Figure 5.3a we can see
the k-step ahead state forecast and in Figure 5.3b the k-step observation forecast, both for
k = 80 and starting from t = 120.

Example. State and observation forecast inM = {P (1) ,F (75, 1)} PoDLM.

Here we consider state and observation k-step ahead forecasts for a Nobs = 200 realisa-
tion of aM = {P (1) ,F (75, 1)} PoDLM using the CF method. The parameter set used
was

Φ = {W} =




0.05 0 0

0 0.01 0

0 0 0.01




,
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Figure 5.4: Observation (bottom right, colour line represents the forecast mean and
shaded area the 90% CI) and state (dashed line represents the “true” values from
the realisation, colour line the forecast mean and shaded area the 90% CI) k-step
ahead forecasts for aM = {P (1) ,F (75, 1)} PoDLM using CF.

with a state prior

θ0 ∼ N


[
3.9 0 0

]T
,


5 0 0

0 5 0

0 0 5



 .

In Figures 5.4a, 5.4b and 5.4c we can see the k-step ahead state forecast for each state
vector components and in Figure 5.4d the k-step ahead observation forecast, all of them
for k = 125 and starting from t = 75.

5.3.1.1 Binomial DLM

For the BDLM, given yt, to calculate the k -step ahead forecast we start by assuming that

pt+k|Dt ∼ B (rt (k) , st (k)− rt (k)) .
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The k -step ahead forecast distribution is then given by

p (yt+k|Dt) =
Γ (st (k))

Γ (rt (k))Γ (st (k)− rt (k))Γ (st (k) + nt+k)

× 1

nt+k

nt+k
yt+k

Γ (rt (k) + yt+k)Γ (st (k)− rt (k) + nt+k − yt+k) .

Using conditional expectation we have the forecast mean and variance as

yt (k) = E [yt+k|Dt]

= E [E [yt+k|pt+k] |Dt]

=
nt+k [rt (k) + 1]

rt (k) + st (k) + 1

Var [yt+k|Dt] = E [Var [yt+k|pt+k] |Dt] + Var [E [yt+k|pt+k]]

=
nt+k [rt (k) + 1]

rt (k) + st (k) + 1
− nt+k [rt (k) + 1] [rt (k) + 2]

(rt (k) + st (k) + 1) (rt (k) + st (k) + 2)

+
n2t+k [rt (k) + 1] st (k)

(rt (k) + st (k) + 1)2 (rt (k) + st (k) + 2)
.

Example. State and observation forecast inM = {P (1)} BDLM.

Here we present state and observations k-step ahead forecasts for a Nobs = 200 realisa-
tion of aM = {P (1)} BDLM in the form

yt|ηt, Φ ∼ Binom (ηt, 2) .

ηt|θt = logit−1 (θt)

θt|θt−1, Φ ∼ N (θt−1, 0.25) ,

using the CF method. The parameter set used was Φ =
{
τ2
}

= {0.25}. The state prior
used was θ0 ∼ N (5, 5). In Figure 5.5a we can see the k-step ahead state forecast and in
Figure 5.5b the k-step observation forecast, both for for k = 100 and starting from t = 100.

5.4 Summary

A summary for the natural parameter’s prior and posterior forms for the considered
DGLMs is presented in Table 5.1 along with prior and posterior moments approximation
in Table 5.2.
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Figure 5.5: State (left, dashed line represents the “true” values from the realisation,
colour line the forecast mean and shaded area the 90%CI) and observation (right,
colour line represents the forecast mean and shaded area the 90% CI) k-step ahead
forecasts for aM = {P (1)} BDLM using the CF

DGLM Link Prior Posterior

Binomial log
(

pt
1−pt

)
B (rt, st) B (rt + ytst + yt − nt)

Poisson log λt G (rt, st) G (rt + yt, st + 1)

Normal µt N
(
µts
−1
t , s−1t

)
N
(
rt+V −1yt
st+V −1 ,

1
st+V −1

)
Table 5.1: Conjugate update for ηt

DGLM rt st f?t q?t

Binomial 1+exp(ft)
qt

1+exp(−ft)
qt

log
{

rt+yt
st+nt−yt

}
1

rt+yt
− 1

st+nt−yt

Poisson 1
qt

exp(−ft)
qt

log (rt + yt)− log (st + 1) 1
rt+yt

Normal ft
qt

1
qt

rtV+yt
stV+1

V
stV+1

Table 5.2: Prior and posterior moment approximations for ηt
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Chapter 6

Importance Sampling

An additional method to perform online state estimation is Sequential Monte Carlo (SMC).
SMC is built on the principle of Importance Sampling (IS) which we will also detail in this
chapter.

In this context, we are interested in the estimation of p (θ|Dt), the state’s posterior
probability density1 given the entirety of the data Dt = y1:t = {y1, . . . , yt}. This can be
viewed as the calculation of the expectation

ḡ = E [g (θ) |Dt] =

∫
g (θ) p (θ|Dt) dθ, (6.1)

where g (·) is an arbitrary function. Assuming we could produce samples
{
θ(i)
}Np
i=1

dir-
ectly from the true posterior p (θ|Dt), an empirical (Monte Carlo) approximation of this
distribution would be

p (θ|Dt) ≈
1

N

Np∑
i=1

δ
(
θ − θ(i)

)
,

where δ is the Dirac δ function. In this case the expectation in (6.1) is

ḡ =

∫
g (θ) p (θ|Dt) dθ

=

∫
g (θ)

1

N

Np∑
i=1

δ
(
θ − θ(i)

)
dθ

=
1

N

N∑
i=1

g
(
θ(i)
)
. (6.2)

However, according to Carpenter et al. (1999), one of the problems with the calculation

1The dependence of θ on t will be dropped temporarily for simplicity.
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in (6.1) is that this distribution may be highly complex and with high dimensionality and
typically we cannot sample from it directly. In such cases we can employ a Monte Carlo

approximation by producing random samples
{
θ(i)
}Np
i=1

from a importance density π (·),
having a larger support than p (·) (as illustrated in Figure 6.1), from which we can easily
sample, such that

θ(i) ∼ π (θ|Dt) , (6.3)

and hence

π (θ|Dt) ≈
1

Np

Np∑
i=1

δ
(
θ − θ(i)

)
.

In this case the approximation to (6.1) would then be

ḡ =

∫
g (θ) p (θ|Dt) dθ

=

∫
g (θ)

p
(
θ(i)|Dt

)
π
(
θ(i)|Dt

)π (θ(i)|Dt) dθ
≈

∫
g (θ)

p
(
θ(i)|Dt

)
π
(
θ(i)|Dt

) 1

N

Np∑
i=1

δ
(
θ − θ(i)

)
dθ

=
1

Np

Np∑
i=1

p
(
θ(i)|Dt

)
π
(
θ(i)|Dt

)
︸ ︷︷ ︸

w(i)

g
(
θ(i)
)

=
1

Np

Np∑
i=1

w(i)g
(
θ(i)
)
. (6.4)

In (6.4), the quantities

w(i) =
p
(
θ(i)|Dt

)
π
(
θ(i)|Dt

)
for i = 1, . . . Np are usually called the unnormalised importance weights, which account for
the difference between the target distribution p (·) and the importance density π (·). We
can further define the normalised importance weights according to the condition

w̃(i) =
w(i)∑Np
i=1w

(i)
,

∑
w̃(i) = 1.

67



Chapter 6. Importance Sampling

π(x)

p(x)

Figure 6.1: Illustration of Importance Sampling with p (x) as the target and π (x)
as the scaled importance distribution. Circles indicate samples from π (·), with size
proportional to the weight.

In this case, the approximation in (6.4) could be written as

ḡ =

Np∑
i=1

w̃(i)g
(
θ(i)
)
.

It is important to note that
∑Np

i=1 w̃
(i)g

(
θ(i)
)

p→
∫
g (θ) p (θ|Dt) dθ when Np →∞.

Using IS methods we can then specify the approximation of (6.1) by a set of Np samples
θ(i) along with their corresponding normalised importance weights w̃(i), that is, by{

θ(i), w̃(i)
}Np
i=1

. (6.5)

As noted in Tokdar & Kass (2010), if the variance of (6.1) exists, it can be calculated by
(using the result in (6.2))

Var [ḡ] = Var

[
1

N

N∑
i=1

g
(
θ(i)
)]

=
1

N
Var [g (θ)]

=
1

N

∫
[g (θ)− E [g (θ)]]2 p (θ|Dt) dθ. (6.6)

The choice of importance proposal is therefore crucial to minimise the variance of the
Monte Carlo estimation. In Section 6.2 we will look at different importance proposals and
specifically the optimal importance density, which minimises the variance in (6.6).
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6.1 IS for filtering problems

In the previous section we have looked at how to estimate p (θ|Dt) using IS methods, how-
ever, in the context of this thesis, we are interested in applying the IS method to the se-
quential estimation of the state, that is p (θ0:t|Dt) as the observations Dt = {y1, y2, . . . , yt}
arrive. At this point we introduce the notation Θt to denote the sequence of state vectors
up until time t, that is

Θt = {θ0,θ1, . . . ,θt} .

Basically we are now interested in the calculation of an expectation of the form of (6.1) for

ḡ = E [Θt|Dt] =

∫
g (Θt) p (Θt|Dt) dΘt. (6.7)

Considering that the full posterior for p (Θt|Dt) can be written, according to (3.2), as

p (Θt|Dt) =
p (Θt,Dt)
p (Dt)

,

taking p (Dt) as a normalisation constant, allows us to write

p (Θt|Dt) ∝ p (Θt,Dt) .

Taking into account the Markovian properties of the DGLM as detailed in Section 2.1, we
can decompose the above posterior as in (3.8), that is

p (Θt,Dt) = p (Θt−1,Dt−1) p (yt|θt)︸ ︷︷ ︸
measurement

p (θt|θt−1)︸ ︷︷ ︸
system

.

With this factorisation, and taking into account

p (Dt) =

∫
p (Θt,Dt) dΘt,

we can then rewrite the IS sampling expression in (6.7) as

ḡ =

∫
g (Θt) p (Θt|Dt) dΘt

=

∫
g (Θt)

p (Θt,Dt)
p (Dt)

dΘt

=

∫
g (Θt) p (Θt,Dt) dΘt∫

p (Θt,Dt) dΘt
.
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If we now assume an importance density, π (·), such that we can sample the state vector
sequence, that is Θ(i)

t =
{
θ
(i)
0 ,θ

(i)
1 , . . . ,θ

(i)
t

}
, given the data such as

Θ
(i)
t ∼ π (Θt|Dt) , i = 1, . . . , Np

we could then can apply the IS method of the previous section to the estimation of (6.7):

ḡ =

∫
g (Θt) p (Θt,Dt) dΘt∫

p (Θt,Dt) dΘt

=

∫
g (Θt)

π (Θt|Dt)
π (Θt|Dt)

p (Θt,Dt) dΘt
[∫

π (Θt|Dt)
π (Θt|Dt)

p (Θt,Dt) dΘt
]−1

=

∫
g (Θt)

p (Θt,Dt)
π (Θt|Dt)

π (Θt|Dt) dΘt
[∫

p (Θt,Dt)
π (Θt|Dt)

π (Θt|Dt) dΘt
]−1

= E
[
g (Θt)

p (Θt,Dt)
π (Θt|Dt)

]{
E
[
p (Θt,Dt)
π (Θt|Dt)

]}−1

=
1

Np

Np∑
i=1

g
(
Θ

(i)
t

)
w

(i)
t︷ ︸︸ ︷

p
(
Θ

(i)
t ,Dt

)
π
(
Θ

(i)
t |Dt

)


1

Np

Np∑
i=1

p
(
Θ

(i)
t ,Dt

)
π
(
Θ

(i)
t |Dt

)
︸ ︷︷ ︸

w
(i)
t



−1

= =

1
Np

∑Np
i=1 g

(
Θ

(i)
t

)
w

(i)
t

1
Np

∑Np
i=1w

(i)
t

=

Np∑
i=1

g
(
Θ

(i)
t

) w̃
(i)
t︷ ︸︸ ︷

w
(i)
t∑Np

i=1w
(i)
t

=

Np∑
i=1

w̃
(i)
t g

(
Θ

(i)
t

)
.

This result draws, as expected, parallels with the IS result in the previous section, and as
such we establish the approximation of (6.7) as

p (Θt|Dt) ≈ p̂ (Θt|Dt) =
∑

w̃
(i)
t δ

(
Θt −Θ(i)

t

)
, (6.8)

with new normalised importance weights

w̃
(i)
t =

w
(i)
t∑Np

i=1w
(i)
t

w
(i)
t =

p
(
Θ

(i)
t ,Dt

)
π
(
Θ

(i)
t |Dt

) , (6.9)

70



Chapter 6. Importance Sampling

and with the approximation set updated, as a new observation yt arrives, as{
Θ

(i)
t−1, w

(i)
t−1
}Np
i=1

yt−→
{
Θ

(i)
t , w

(i)
t

}
.

The main problem with the above approach, is that for each new data point yt, the
entire trajectory Θt−1 would need to be recalculated using IS. Also, even if it were possible
to calculate the importance weights directly, this is not suitable for the requirements of se-
quential online estimation. As t evolves the computational burden would make it infeasible
to approximate p (Θt|Dt).

A solution is to decompose the proposal density π (Θt|Dt) in a recursive way, such that

π (Θt|Dt) = π (Θt−1|Dt−1)π (θt|Θt−1,Dt) . (6.10)

We can easily see that, by iteration, we have

π (Θt|Dt) = π (θ0)

t∏
k=1

π (θt|Θk−1,Dk) .

By replacing the weights (6.9) with this factorisation we have

w
(i)
t =

p
(
Θ

(i)
t ,Dt

)
π (Θt|Dt)

=
p
(
Θ

(i)
t ,Dt

)
π
(
θ
(i)
t |Θ

(i)
t−1,Dt

)
π
(
Θ

(i)
t−1|Dt−1

) .
Furthermore, using the Markovian factorisation of p (Θt,Dt) in (3.8), we can finally write

71



Chapter 6. Importance Sampling

the weights (6.9) in a recursive manner such that

w
(i)
t =

p
(
Θ

(i)
t ,Dt

)
π
(
θ
(i)
t |Θ

(i)
t−1,Dt

)
π
(
Θ

(i)
t−1|Dt−1

)
=

p
(
Θ

(i)
t−1,Dt−1

)
p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |Θ

(i)
t−1,Dt

)
π
(
Θ

(i)
t−1|Dt−1

) (6.11)

=
p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |Θ

(i)
t−1,Dt

) p
(
Θ

(i)
t−1,Dt−1

)
π
(
Θ

(i)
t−1|Dt−1

)
︸ ︷︷ ︸

w
(i)
t−1

=
p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |Θ

(i)
t−1,Dt

) w
(i)
t−1. (6.12)

This recursive formulation of the weights and importance density is crucial to enable
online Bayesian filtering applying IS methods. We note, that although this method allows
for an estimation of p (Θt|Dt) as discussed in Chapter 3, it does not rely on the predict-
update steps, but rather on a numerical approximation of the state posterior given the
data.

Another important property of Bayesian filtering using IS methods follows from the
fact (Pitt et al. (2012)) that we can also approximate the marginal likelihood

p (Dt|θ0:t) = p (y1)
t∏

k=2

p (yk|Dk−1)

by using the unnormalised importance weights and calculating

L̂t = p̂ (Dt|θ0:t) =

t∏
k=1

 1

Np

Np∑
n=1

w
(i)
k

 .

It is shown in Crisan & Doucet (2002), however, that the variance will increase linearly
over time.

This is a crucial result that will be used in Chapters 15 (SMC2) and 13 (PMCMC).
A direct application of this method to sequential state estimation is known as Sequential
Importance Sampling (SIS, Kong et al. (1994)), which will be analysed in more detail, along
with its inherent problems, in the next chapter.
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π(x)

p(x)

Figure 6.2: Illustration of Importance Sampling with p (x) as the target and π (x)
as the importance distributions in the case where the target is highly peaked in
comparison with the importance density. Circles indicate samples from π (·), with
size proportional to the weight.

6.2 Proposals

The choice of proposal is critical for the performance of these methods. As an example, if
the target is highly peaked in comparison to the importance density, a large proportion of
the samples will have very low importance weight, as illustrated in Figure 6.2.

One of the advantages of SMC methods is that, in general, they provide a framework
for state estimation which is independent of tasks such as the importance density design.
This allows for the creation of a variety of algorithms, each tailored to the specific problem
at hand. In the following sub-sections we will look at common proposal methods.

6.2.1 Optimal importance density

As we’ve seen in this section we are free to chose any importance density as long as it
has a larger support than p (θt|θ0:t−1,Dt) and it can factorised in a recursive fashion such
as in (3.8). However, although the convergence of the IS algorithm will be guaranteed
for Np → ∞ (Crisan & Doucet (2002)), in practice, ideally, we would want to choose
an importance density which minimises the variance of the importance weights with a
finite Np. This importance density is commonly known as the optimal importance density.
According to Doucet et al. (2001b), this density is

p (θt|θ0:t−1,Dt) = π? (θt|θt−1, yt) , (6.13)
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which is shown in Doucet et al. (2001b) to minimise Var
[
w

(i)
t |w

(i)
t−1,θ

(i)
t−1
]
. To verify this,

we can write the weights’ variance as

Var
[
w

(i)
t |w

(i)
t−1,θ

(i)
t−1
]

=

∫ (
w

(i)
t

)2
p (θt|θ0:t−1, yt) dθt −

(∫
w

(i)
t p (θt|θ0:t−1, yt) dθt

)2

.

Using the relation in (6.12), we can rewrite as

Var
[
w

(i)
t |w

(i)
t−1,θ

(i)
t−1
]

=

∫ p
(
yt|θ(i)t

)
p
(
θt|θ(i)t−1

)
p
(
θt|θ(i)0:t−1, yt

) w
(i)
t−1

2

p (θt|θ0:t−1, yt) dθt

−
(∫

w
(i)
t p (θt|θ0:t−1, yt) dθt

)2

=

∫ (
w

(i)
t−1
)2 (p(yt|θ(i)t ) p(θt|θ(i)t−1))2

p
(
θt|θ(i)0:t−1, yt

) dθt

−
(∫

w
(i)
t p (θt|θ0:t−1, yt) dθt

)2

.

By substituting (6.13) in the above and simplifying, we get

Var
[
w

(i)
t |w

(i)
t−1,θ

(i)
t−1
]

=
(
w

(i)
t−1
)2 ∫

(
p (yt|θt) p

(
θt|θ(i)t−1

))2
π?
(
θt|θ(i)t−1, yt

) dθt −
(
p
(
yt|θ(i)t−1

))2

=
(
w

(i)
t−1
)2
p
(
yt|θ(i)t−1

)∫
p
(
yt,θt|θ(i)t−1

)
dθt︸ ︷︷ ︸

p
(
yt|θ(i)t−1

)
−
(
p
(
yt|θ(i)t−1

))2


=
(
w

(i)
t−1
)2 [(

p
(
yt|θ(i)t−1

))2
−
(
p
(
yt|θ(i)t−1

))2]
= 0.

If we take into account the recursive weight calculation of (6.12), and denote the optimal
importance density as in (6.13), π? (θt|θt−1,Dt), we see that

w
(i)
t =

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π?
(
θ
(i)
t |θ

(i)
0:t−1,Dt

)
=

p
(
θ
(i)
t , yt|θ

(i)
t−1
)

p
(
θ
(i)
t |θ

(i)
t−1, yt

)w(i)
t−1.
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Since p
(
θ
(i)
t , yt|θ

(i)
t−1
)
can be decomposed as

p
(
θ
(i)
t , yt|θ

(i)
t−1
)

= p
(
θ
(i)
t |θ

(i)
t−1, yt

)
p
(
yt|θ(i)t−1

)
,

the above weight can be further simplified into

w
(i)
t =

p
(
θ
(i)
t , yt|θ

(i)
t−1
)

p
(
θ
(i)
t |θ

(i)
t−1, yt

)w(i)
t−1

=
p
(
θ
(i)
t |θ

(i)
t−1, yt

)
p
(
yt|θ(i)t−1

)
p
(
θ
(i)
t |θ

(i)
t−1, yt

) w
(i)
t−1

= p
(
yt|θ(i)t−1

)
w

(i)
t−1. (6.14)

Since the weights at time t, w(i)
t are independent of θ(i)t , given θ(i)t−1,their variance will

be
Var

[
w

(i)
t |θ

(i)
t−1, yt

]
= 0.

However, it will be often the case where this density is not analytically available for
sampling, except in a few cases. One such case is the NDLM, where the KF recursions can
be employed for sampling for the importance density. In this case, the filter is said to be
fully adapted .

If we consider a NDLM as formulated in Section 2.3.1 we will have the optimal import-
ance density in the form

θt|θt−1, yt ∼ N
(
θ̄t,Ct

)
with

θ̄t =
(
I−KtF

T
)
θt−1 + Ktyt

Ct =
(
I−KtF

T
)

W

and
Kt = WFT

(
FWFT + V

)−1
.

That is, when using the optimal importance density, the weights will be proportional to
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the predictive likelihood as described in (4.9). In the case of the NDLM, they will be

yt|θt−1 ∼ N (yt; ft, Qt)

ft = FTGθt−1

Qt = FTWF + V

A particle filter is said to be exact if i.i.d. samples can be drawn from the empirical
filtering density, however as stated in Pitt & Shephard (1999), due to the discrete ap-
proximation to p (θt|Dt−1), even fully adapted PFs might not produce i.i.d. samples from
p (θt|Dt).

6.2.2 Prior

Although in general cases we cannot sample directly from (3.14), we can however create
an alternative density from which it easy to sample, π (·), as in (6.3).

As we have seen in Section 6.2.1, the importance density should be chosen as to minimise
Var

[
w̃

(i)
t

]
. According to Doucet et al. (2000) a common choice for π (·) is the prior itself,

which in the DGLM case is given by (2.3):

π (θt|θ0:t−1,Dt) ≈ p (θt|θt−1)
DGLM

= N (θt; Gθt−1,Wt) . (6.15)

Using this importance density has two advantages. First, the fact that it is easy to
sample from it. Second, using this importance density the importance weights calculation
will simplify to being proportional to the likelihood. We can see from (6.12) that

w
(i)
t ∝ w

(i)
t−1

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |θ

(i)
0:t−1,Dt

)
∝ w

(i)
t−1

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

p
(
θ
(i)
t |θ

(i)
t−1
)

∝ w
(i)
t−1p

(
yt|θ(i)t

)
.

Using the prior as an importance density presents some problems however. We are now
not taking into account the current observation yt when sampling. This is the reason why
this proposal is called often a blind proposal in the literature. Sampling from the prior is
one of the building blocks for one of the most well-known filtering algorithms, the bootstrap
filter, which we will explore in more detail in Section 7.4 on page 91.
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The convergence of this method is guaranteed by the central limit theorem and the
error term is O

(
N−1/2

)
regardless of the dimensionality of θ (Liu (2002)).

6.2.3 Local Linearisation

An importance density for DGLMs can be obtained by local linearisation of the optimal
importance density as detailed in Doucet et al. (2000). Doucet et al. (2000) starts by
assuming that the optimal importance density is twice differentiable with regard to θt and
that we have the relation

` (θt) , log p (θt|θt−1, yt) .

We start by defining the gradient and hessian, respectively, as

∇` (θ) =
∂` (θt)

∂θt

∣∣∣∣
θt=θ

=


∂`(θt)
∂θt,1

...

∂`(θt)
∂θt,n

 (6.16)

∇2` (θ) =
∂2` (θt)

∂θt∂θ
T
t

∣∣∣∣
θt=θ

=


∂2`(θt)

∂θ2t,1
. . . ∂2`(θt)

∂θt,1∂θt,n

...
. . .

...

∂2`(θt)
∂θt,n∂θt,1

. . . ∂2`(θt)

∂θ2t,n

 . (6.17)

Recalling that for a second order Taylor expansion, we have

f (x− δx) = f (x) +∇f (x)T δx +
1

2
δxT∇2f (x) δx + . . .

it follows that for ` (θt), performing the expansion in θ, we will have

` (θt) ≈ ` (θ) +∇` (θ)T (θt − θ) +
1

2
(θt − θ)T ∇2` (θ) (θt − θ) .

Doucet et al. (2000) notes that by setting

Σ (θ) = −∇2` (θ)−1

m (θ) = Σ (θ)∇` (θ) ,

we get the following result

` (θt) ≈ K −
1

2
(θt − θ −m (θ))T Σ−1 (θ) (θt − θ −m (θ)) .

77



Chapter 6. Importance Sampling

According to Doucet et al. (2000) this leads to the locally linearised importance density as

π (θt|θt−1, yt) = N (θt;m (θ) + θ, Σ (θ)) .

For the specific case of the DGLM, we use the canonical form in (2.5)

yt ∼ p (yt|ηt) = exp

{
z (yt) ηt − b (ηt)

a (φt)
+ c (yt, φt)

}
θt = Gθt−1 + ωt, ωt ∼ N (0,W)

and the log-likelihood can then be written as

` (θt) = log p (yt|θt) + log p (θt|θt−1)︸ ︷︷ ︸
Normal state transition model

+K

= a−1 (φt) z (yt) FTθt − b
(
FTθt

)
+ c (yt, φt)︸ ︷︷ ︸

log p(yt|ηt)

−1

2
(θt − Gθt−1)

T W−1 (θt − Gθt−1)︸ ︷︷ ︸
log p(θt|θt−1)

+K.

We can now calculate (6.16) and (6.17):

∇` (θ) =
∂` (θt)

∂θt

∣∣∣∣
θt=θ

=
∂
(
a−1 (φt) z (yt) FTθt − b

(
FTθt

)
+ c (yt, φt)

)
∂θt

∣∣∣∣∣
θt=θ

− 1

2

∂ (θt − Gθt−1)
T W−1 (θt − Gθt−1)
∂θt

∣∣∣∣∣
θt=θ

= z (yt) FT −∇b
(
FTθt

)
−W−1 (θ − Gθt)

and

∇2` (θ) =
∂2` (θt)

∂θt∂θ
T
t

∣∣∣∣
θt=θ

=
∂2b (ηt)

∂θt∂θ
T
t

∣∣∣∣
θt=θ

−W−1

= −∇2b (ηt)−W−1.

Since the form of b (·) is well known from Section 2.3, the gradient and hessian can be
calculated.
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6.2.4 Conjugate filtering

Another possibility in terms of proposal densities that might be useful especially in the
case of non-linear DGLMs is to use the moment approximations of the conjugate filter as
detailed in Chapter 5.

As we have seen in Algorithm 5.1 on page 52, given an approximation of the moments
at time t− 1, such that

θt−1|Dt−1 ∼ [mt−1,Ct−1] ,

it is possible to apply the CF recursions to approximate the moments at time t, that is

θt|Dt ∼ [mt,Ct] ,

where the moments can be updated (as described in detail in Section 5) by

mt = at + RtF
(f?t − ft)

qt

Ct = Rt − RtF

(
1− q?t

qt

)
1

qt
FTRt.

By using a multivariate normal proposal with the approximated moments at time t, such
that

π (θt|θ0:t−1,Dt) ≈ N (mt,Ct|Dt)

any discrepancy introduced by the fact the we are using a linear approximation to a non-
linear importance density can be corrected by the importance sampling weights. Namely,
given that the importance weights are calculated according to (6.12), that is

w
(i)
t =

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |θ

(i)
0:t−1,Dt

) w
(i)
t−1,

we can now simply replace with the known values for the DGLM case, that is

w
(i)
t =

p
(
yt|θ(i)t

)
N
(
θ
(i)
t |Gθt−1,W

)
N
(
θ
(i)
t |mt,Ct

) w
(i)
t−1. (6.18)

The likelihood, p
(
yt|θ(i)t

)
and quantities qt, q?t , ft, f?t will clearly depend on the class

of linear DGLM chosen as detailed in Chapter (5). In Section 7.4 on page 91 we will look
at examples of particle filters making use of this specific proposal distribution.
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6.2.5 Extended Kalman Filter

As discussed in Section 4.2, the adjusted model of Fahrmeir (1992) allows us to approximate
the non-linear DGLM to a linear adjusted model. This allows the approximation of the
filtering density with a Gaussian density such that

p (θt|Dt) ≈ N (mt,Ct) .

As in the previous section, this approximation can be used to construct a proposal density
such that

π (θt|θ0:t−1,Dt) ≈ N (mt,Ct|Dt) .

The recursions of 4.2 (namely in Algorithm 4.3) can be used to update the moments
(conditioned on θt−1) and the importance weights calculated using

w
(i)
t =

p
(
yt|θ(i)t

)
N
(
θ
(i)
t |Gθt−1,W

)
N
(
θ
(i)
t |mt,Ct

) w
(i)
t−1. (6.19)

One of the potential advantages of this proposal density (such as the proposal in Sec-
tion 6.2.4) is the fact that the observation is included in the proposal construction.

Although, for computational reasons, we have not considered an iterative process to
approximate the mode of the linearised density, any potential mismatch would in theory
be corrected by the importance weights in (6.19). With the EKF and CF proposals in
(6.19) and (6.18) the defined transition density function was the Normal distribution. An
alternative would be to use a multivariate Student-t (MVt) with ν degrees of freedom
since, for instance, the heavier tails could potentially alleviate the Normal distribution’s
sensitivity to outliers. The MVt degrees of freedom would need, however, to be carefully
chosen. Using a low value (such as a Cauchy distribution, in the ν = 1 case) might over-
disperse the particles and move them to regions far from the true posterior mean, especially
in high dimensional models (Cappé et al. (2006)). Given that both of these proposals (CF
and EKF) try to perform adaptation, by incorporating the current observation in the state
update, we have used the Normal version of the proposal density in the examples and case
studies.

6.2.6 Other proposals

The study of importance densities for IS in SSMs is an active area with a wealth of
choice of methods each with its advantages for a specific domain. Proposals based on the
Unscented Kalman Filter (UKF, Julier & Uhlmann (1997)) which results suggest provides
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a better approximation than the EKF in the presence of strong non-linearities. This forms
the basis of the Unscented Particle Filter (UPF, Van Der Merwe et al. (2001)). Other
importance densities include Laplace approximations (Moulines (2004)) and the Split-
Gaussian proposals (Kokkala & Sarkka (2015)) among others.
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Sequential Monte Carlo

7.1 Sequential Importance Sampling

The simplest implementation of the IS methods described in Section 6.1 to perform state es-
timation is the Sequential Importance Sampling (SIS) algorithm (presented in Algorithm 7.1)
introduced in Kong et al. (1994). SIS is a straight-forward implementation of the IS method
for Bayesian filtering in Section 6.1, aiming at building an approximation of p (θt|Dt) se-
quentially, starting from a state prior in the form of (2.4).

In the specific instance of DGLMs, an appropriate implementation of the importance
density can be chosen. For instance, in the case of using the prior as π (·), Algorithm 7.1
can be implemented by adding the intermediate step of calculating

η
(i)
t = g−1

(
λ
(i)
t

)
with λ(i)t = F Tθ

(i)
t and using the appropriate likelihood, p

(
yt|η(i)t

)
according the DGLM

instance (Poisson, Binomial, etc.) for calculation of the unnormalised weights w(i)
t .

Example. SIS applied to aM = {P (1)} NDLM.

We consider a M = {P (1)} NDLM with τ2 = 0.3 and ν2 = 4.3 and apply the SIS
method with Np = 500. The importance density chosen was the prior itself, as described in
Section 6.2.2, that is θt|θ(i)t−1 ∼ N

(
θ
(i)
t−1, τ

2
)
. The time evolution of the weights represented

in Figure 7.1a on page 84 and the individual state particle trajectories are represented in
Figure 7.1b on page 84.
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Algorithm 7.1 Sequential Importance Sampling (SIS)

initialisation Given m0, C0, θ
(i)
0 ∼ N (m0,C0) and

{
w̃

(i)
0

}Np
i=1

= 1
Np

.

for t← 1 to Nobs

for i← 1 to Np

sample θ(i)t ∼ π (θt|θ0:t−1,Dt)
calculate unnormalised importance weights

w
(i)
t = w

(i)
t−1

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |θ

(i)
0:t−1,Dt

)
normalise the importance weights

w̃t =
w

(i)
t∑Np

j=1w
(i)
t

compute state estimate

p̂ (θt|Dt) =

Np∑
i=1

w̃
(i)
t δ

(
θ − θ(i)t

)

7.1.1 Weight degeneracy

One of the main problems with IS methods, particularly evident in the SIS filter, which
makes it unsuitable for most real world applications, is that after a few iterations almost all
weights will tend to zero. This is commonly known in the literature as weight degeneracy.
As we can see from Figure 7.1a on the next page, although all the weights have at t =

0 a uniform value of
{
w̃

(i)
0

}Np
i=1

= 1/Np, most of the weights quickly become negligible,
indicating that only a few particles are effectively contributing to the posterior estimate
of p (θt|Dt). This is due to the fact that as t evolves the variance of the weights will
increase and will eventually lead to a collapse of the marginal posterior p (θt|Dt). If we
consider and importance density of the form of (6.10), the increase of the weight variance
is inevitable (Kong et al. (1994)).

We can see this effect by taking into account the example model on the facing page
and comparing the marginals at time t = 2 and t = 10 in Figures 7.2a and 7.2b.

Although one of the strategies to mitigate this degeneracy, the optimal choice of im-
portance density, was covered in Section 6.2, other methods are available, such as particle
resampling, which will be discussed in Section 7.3. Another possibility to reduce the
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Figure 7.1: Importance weights (left, log scale) and state for individual particles

(right, realisation’s "true" state in black),
{
θ
(i)
t , w

(i)
t

}Np

i=1
for t = 1, . . . , Nobs from

a SIS filter for a M = {P (1)} NDLM with Nobs = 200 and Np = 500 using
p (θ|θt−1,Φ) as the importance density.
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Figure 7.2: States for individual particles,
{
θ
(i)
t

}Np

i=1
at t = 2 (left) and t = 10

(right) from a SIS filter for aM = {P (1)} NDLM with Nobs = 200 and Np = 500
using p (θ|θt−1,Φ) as the importance density.

weights’ degeneracy relies on “brute force”. Since we’ve seen in Section 6 the approxima-
tion will tend to the true posterior as Np →∞, then, an increase in the number of particles
will temporarily delay the degeneracy problem. However, this is an obvious issue in compu-
tational terms, especially when considering real-time estimations. Although (for the same
model and data), SMC methods will usually display a O (Np) behaviour1, a compromise
must be achieved between the number of particles and time constraints (as we will examine
in Section 16.1).

1In a naïve implementation, not considering factors such as parallelisation.
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7.2 Effective Sample Size

A common way of quantifying weight degeneracy, as described in Kong et al. (1994); Liu
(1996a), is to estimate the Effective Sample Size (ESS) at each time step.

If we consider the proposal, π (·) and the target distribution p (·), and ḡIS and ḡMC as
approximations of (6.1) but using IS and sampling from the true posterior, respectively,
we can define an efficiency ratio as

ηt (π, p) =
Var [ḡIS |Dt]
Var [ḡMC |Dt]

.

According to Liu & Chen (1998); Kong et al. (1994); Liu (1996a), the ESS can then be
written as

ESS =
Np

ηt (π, p)

with the desired property that when degeneracy increases, the variance of the IS estimate,
Var [ḡIS |Dt], will also increase, resulting in a lower ESS. One of the main problems with
this definition is that the ESS cannot be calculated directly and as such must be estimated.
However, according2 to Liu (1996b) we can approximate

Var [ḡIS |Dt]
Var [g|Dt]

≈ Var [w?t |Dt] + 1

Np
,

where w? are the “true” importance weights, which are still not available for direct calcu-
lation. Nonetheless, the ESS can now be written as

ESS =
Np

ηt (π, p)

= Np

[
Var [ḡIS |Dt]
Var [ḡMC |Dt]

]−1
= Np

[
Var [ḡIS |Dt]
Var [g|Dt]

]−1
≈

[
Var [w?t |Dt] + 1

Np

]−1
=

Np

Var [w?t |Dt] + 1
.

If we take the additional approximation that

Varπ [w?t |Dt] + 1 ≈ Eπ
[
w?2t |Dt

]
2For a full derivation, cf. Liu (1996b).
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Figure 7.3: ÊSS for SIS in aM = {P (1)} NDLM with Nobs = 200 and Np = 500.

and, by establishing a parallel between (6.2) and (6.4),

Npw̃
(i)
t ≈ w

?(i)
t ,

we can then write an estimate for the ESS as

ÊSS =
Np

Var [w?t |Dt] + 1

=
Np

Eπ
[
w?2t |Dt

]
=

Np

1
Np

∑Np
i=1

(
Npw̃

(i)
t

)2
=

1∑Np
i=1

(
w̃

(i)
t

)2 . (7.1)

From the ESS expression in (7.1) it is clear that it will take values between the ex-
tremes ÊSS = Np, which can be interpreted as all Np particles contributing equally to
the density estimation, and ÊSS = 1, interpreted as a single particle contributing to the
density estimation. Using this definition of ESS, we can then express it as a ratio of the
total number of particles (e.g. half the particles contributing to the estimation would be
equivalent to ÊSS = Np/2).

Applying the ESS calculation to the SIS estimation in the example on page 82, we get
the result in Figure 7.3.

From Figure 7.3, we can clearly see that the ESS starts from a value of Np, as we
have all particles initially with an uniform weight of 1/Np, decaying (exponentially) to the
value of ÊSS = 1, interpreted as a single particle contributing to the estimation. Another
related quantity is the Effective Factor (EF) measure which is the ESS normalised with
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regard to the total number of particles, that is

ÊF =
ÊSS

Np
.

7.3 Resampling methods

One of the main methods to deal with the problem of weight degeneracy is resampling,
first introduced in the context of SMC in the seminal Gordon et al. (1993) paper.

As the name resampling suggests, the IS sampled particle set will be subject to another
sampling stage, this time where particles will be selected proportionally to his weights. This
step aims at selecting particles in such a way that minimises the weight variation by keeping
particles concentrated around regions of higher likelihood. One of the consequences, in
terms of expressing the state approximation, is that this allows us to remove the explicit
dependency of the marginal state IS approximation of p (θt|Dt) in (6.8) from a weighted
to an unweighted approximation (Hol et al. (2006)) such that

Np∑
i=1

w̃
(i)
t δ

(
θ0:t − θ(i)0:t

)
−→ 1

Np

Np∑
k=1

D(k)δ
(
θ0:t − θ(k)0:t

)
, (7.2)

where D(k) is the number of offspring of particle θ(k)0:t after resampling. Intuitively, it
can be noted that a particle k with no replications (D(k) = 0) will be removed from the
approximation. If we consider the IS approximation, in the form of (6.7), with and without
resampling respectively as ḡISR and ḡIS , Douc et al. (2005) proves that the asymptotic
convergence properties of the approximation when Np →∞ are maintained when

E
[
(ḡIS − ḡISR)2

]
Np→∞−→ 0.

Regarding the implementation of the resampling mechanism, although this an area of
extensive research with many algorithms available, we will focus on the most common in
the literature, namely Multinomial, Systematic and Stratified resampling. These three
methods share the following characteristics:

I Unbiasedness
Considering the definition in (7.2) unbiasedness means that despite resampling, the
mean of the p (θt|Dt) is maintained (Douc et al. (2005)), such that

E
[
D(i)

]
= Npw

(i)
t . (7.3)
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That is, after resampling, the duplication of θ(i)t is expected to be Npw
(i)
t . This par-

ticular characteristic will play a crucial role in guaranteeing the unbiasedness of the
state estimation itself which is one of the fundamental criteria in methods analysed
in subsequent sections.

I Linear time
The considered algorithms will have a computational cost proportional to the number
of particles Np, that is they will operate in O (Np).

I Constant particle number
All of the considered resampling algorithms maintain the number of particles after
resampling. The discrete approximation of p (θt|Dt) will be obtained from the same
number of samples, Np, as prior to resampling.

Resampling can be sequentially applied, at each time step t, and will form the basis of the
Sequential Importance Resampling (SIR) algorithm, which will be detailed in Section 7.4.
An important consequence of the resampling step, as we can see from (7.2), is that the

new, resampled particles will now have uniform weights of
{
w̃

(i)
t

}Np
i=1

= 1/Np. Given

the discrete approximation set at time t as
{
θ
(i)
t , w̃

(i)
t

}Np
i=1

we can then define a generic
resampling distribution R (·) such that the new resampled particle indices will be

k ∼ R
(
i = {1, . . . , Np} , w̃(i)

t =
{
w̃

(1)
t , . . . , w̃

(Np)
t

})
. (7.4)

The new discrete approximation set will then be{
θ
(k)
t ,

1

Np

}Np
k=1

.

An important issue is when to perform resampling. Two strategies are available, as
described in Doucet et al. (2001a), namely static and dynamic checkpoints.

For static checkpoints, we perform resampling at every n > 0 time steps whereas for
dynamic checkpoints, we calculate the ÊSS, as defined in Section 7.2, at every step, as
a measure of degeneracy and if it is below a certain pre-defined threshold, which we will
call Neff then we perform resampling. Although the choice of Neff will left open and
dependent on the case at hand, a common value is ÊSS ≤ Neff = Np/2.

Although numerous resampling algorithms (including parallel implementations, such
as in Murray et al. (2016)) are available in the literature and this constitutes an active
research field, we will focus in this thesis, and the following sections, on the most prevalent,
all within the constraints stated above.
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7.3.1 Multinomial resampling

Multinomial resampling is possibly the most common method employed in the literature.
This method samples from the categorical distribution C = {1, 2, . . . , Np} where the prob-
ability of selecting a particle i is p (k = i) = w̃(k). We can then iteratively generate a
random uniform number

uk ∼ U (0, 1) ,

and defining the cumulative sum of the weights as

Qi =
i∑

s=1

w
(s)
t

we assign k as
k = inf {i : Qi > uk}

Multinomial resampling is not the most efficient resampling algorithm (as shown in Car-
penter et al. (1999)) with a computational complexity of O (Np logNp). However, as
demonstrated in Carpenter et al. (1999), it is possible to implement it in O (Np) oper-
ations. This implementation, usually called the inverse CDF method (Douc et al. (2005)),
consists in generating Np ordered random numbers as

uk = uk+1
k
√
ũk, ũk ∼ U [0, 1)

uNp = Np

√
ũNp ,

and calculate the new indices based on the generalised inverse of the CDF, that is, F−1(uk).
Multinomial resampling corresponds naturally with the Multinomial distribution where we
have the new particle indices k sampled from

k ∼M
(
w̃

(1)
t , w̃

(2)
t , . . . , w̃

(Np)
t

)
,

Np∑
i=1

w̃
(i)
t = 1.

7.3.2 Systematic resampling

Another resampling method, known as Systematic resampling, as presented in Carpenter
et al. (1999) builds on the Multinomial resampling procedure in the previous section. In
this case however, instead of sampling directly uk ∼ U (0, 1) a single random uniform is
drawn u ∼ U (0, 1) and the intermediate values

uk =
(k − 1) + u

Np
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are constructed. In effect this is equivalent to partitioning the the random variable u do-

main, (0, 1), into k equally spaced partitions
{
u+ k

Np

}Np
k=1

and distributing the ordered
weights according to these partitions with the number of weights per partition being coun-
ted. The index assignment is then the same as in the Multinomial case. According to Car-
penter et al. (1999), Systematic resampling runs in O (Np) time.

7.3.3 Stratified resampling

Stratified resampling, as presented in Press & Farrar (2012), bears similarities with Sys-
tematic resampling. In this case, the intermediate quantity uk is calculated by drawing
from a random uniform for each k such that

uk =
(k − 1) + ūk

Np
, ūk ∼ U (0, 1) .

We can see the similarities with Systematic resampling in partitioning the u domain
and as in the Systematic method, the index assignment is then the same as in the Multi-
nomial case. The objective of the uneven partitioning is to achieve a more uniform weight
distribution across partitions. In Douc et al. (2005) it is shown that the conditional vari-
ance of both systematic and stratified resampling is, in theory, always smaller than that
of Multinomial resampling.
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Figure 7.4: Indices k cumulative distribution function (left) from resampling n = 100
samples from U (0, 1) with different resamplers (dashed line is identity line) and
resulting cumulative sum of normalised weights (right)

Regarding the mean computational cost of these methods, we can see in Figure 7.5 the
linear O (Np) behaviour for 500 runs on resampling N items with weights distributed from
U (0, 1). If we consider N = 100 random weights sampled from a uniform distribution,
such that

wk ∼ U (0, 1) , i = 1, · · · , N,
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Figure 7.5: Mean computational time for a resample using Multinomial, Systematic
and Stratified resampling for Np samples from U (0, 1) (starting at Np = 10).

and normalise the weights according to

w̃k =
wk∑N
i=1wk

, i = 1, . . . , N.

Then, by applying the various resampling methods, we would expect to see a uniform
distribution of selected indices, according to (7.4). This result is presented in Figure 7.4.

These stratified and systematic results are in accordance with Douc et al. (2005), which
states that stratified and systematic resampling methods yield comparable results. In the
"real world" case studies in Part V we will however use mainly stratified resampling due
to the combination of lower computational cost (compared to multinomial) and the fact
that a central limit theorem has been established.

7.4 Sequential Importance Resampling

Sequential Importance Resampling (SIR) methods, introduced by Gordon et al. (1993)
and Kitagawa (1996), employ resampling methods as described in Section 7.3, to try to
delay the degeneracy problem.

The SIR algorithm (detailed in Algorithm 7.2) aims at calculating a discrete approx-
imation of the state posterior, provided with known model parameters. An estimate of the
state, along with the weight evolution, for the same model as used for example on page 82
is displayed in Figure 7.6. In this example, the resample step was applied using a static
threshold with n = 1 (that is, resampling at every step t) with a Multinomial resampler
and using the prior, p (θt|θt−1) as the importance density. The difference between the SIS
and SIR in terms of weight degeneracy is clear when we compare the ESS estimate for
both filters represented in Figures 7.3 on page 86 and 7.7 on the following page.

This particular implementation (sample-resample, with the prior as the importance
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Figure 7.7: ÊSS for SIR in aM = {P (1)} NDLM with Nobs = 200 and Np = 500.

density) is the original version of the SIR filter as presented by Gordon et al. (1993)
and is usually called the bootstrap filter in the literature, constituting one of the most
prevalent methods for state estimation in state-space models, mainly due to its simplicity
and straightforward implementation.

Example. SIR state estimation for aM = {P (1)} NDLM.

Although an analytical solution, the KF, exists for aM = {P (1)} NDLM, to illustrate
the working of the SIR filter we will implement two different variants: a SIR using the
state’s prior as proposal (usually called in the literature the Bootstrap filter, BF) and using
the KF recursions as an optimal proposal (also known as a fully adapted SIR or SIR-FA).

Considering the model’s full specification of Section 2.3.1, we have, for the BF, the
following proposal:

π (θt|θt−1, yt) = p (θt|θt−1)

= N
(
θt; θt−1, τ2

)
.
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Regarding the importance weights we will have

wt ∝ wt−1p (yt|θt)

= wt−1N
(
yt; θt, σ

2
)
.

For the SIR-FA we can use the result in Section 6.2.1 and simplify for the P (1) case, that
is

K = τ2
(
τ2 + σ2

)−1
and for the optimal proposal density we will have

π (θt|θt−1, yt) = p (θt|θt−1, yt)

= N
(
θt; (1−K) θt−1 +Kyt, (1−K) τ2

)
= N

(
θt;

(
1− τ2

τ2 + σ2

)
θt−1 +

τ2yt
τ2 + σ2

,

(
1− τ2

τ2 + σ2

)
τ2
)
.

As for the importance weights, and according to (6.14), we have

wt ∝ wt−1p (yt|θt−1)

= wt−1N
(
yt; θt−1, τ2 + σ2

)
.

For this example we used a NDLM model with a parameter set Φ =
{
τ2, ν2

}
=

{0.3, 4.3}. The resampling method used was Multinomial resampling with static checkpoint
n = 1 (resampling at every time step). We can see the state estimation for each filter,
along with the true state, for a Nobs = 200 realisation of this model in Figure 7.8a and the
respective ÊSS in Figure 7.8b. For this particular example, the mean ESS for SIR and
SIR-FA was respectively 8340.6 and 8658.1. TheMSE for the state estimation, calculated
using

MSEθ =
1

Nobs

Nobs∑
t=1

(
θt − θt

)2
,

where θt is the “true” state from the realisation and θt is the mean state value from the
filter’s estimation, was respectively, for SIR and SIR-FA, 1.268 and 1.266.

Example. SIR state estimation for a Poisson DLM

For this example we will compare the state estimation for a M = {P (1) ,F (200, 1)}
Poisson DLM with the SIR filter using the prior (bootstrap filter, BS) and the CF (SIR-CF)
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Figure 7.8: Posterior state estimation (left, colour line represents the posterior mean
and shaded area the 90% equitailed credibility interval) and ESS (right) for t =
1, . . . , Nobs from a SIR/SIR-FA filter for a M = {P (1)} NDLM with Nobs = 200,
Np = 10000 and Φ =

{
τ2, ν2

}
= {0.3, 4.3}.
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Figure 7.9: Observations for a realisation of a M = {P (1) ,F (200, 1)} Poisson
DLM with Nobs = 1000 (log scale)

as proposal densities. The model can be written in the form

yt|θt,Φ ∼ Po (ηt)

ηt = exp
{

FTθt
}

θt|θt−1,Φ ∼ N (Gθt−1,W) .

The observation and state matrices will be respectively

F =

[
1 1 0

]T
, G =


1 0 0

0 sin 2π
p cos 2π

p

0 − cos 2π
p sin 2π

p

 ,

with p = 100. We can see in Figure 7.9 a realisation of Nobs = 1000 observations for this
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Filter
MSE time

θ1 θ2 θ3 total (s) iteration (ms)

BS 0.6441 1.0543 1.7485 1.093 1.09

SIR-CF 0.4580 0.5963 1.0734 3.115 3.11

Table 7.1: State posterior mean estimation MSE and computational times (total and per time
step) for the BS and SIR-CF filters.

model. The SIR filter was used to perform state estimation using the prior, p (θt|θt−1),
and the CF proposal (as described in Section 6.2.4). The estimation results for each
state component are represented in Figure 7.10 on page 103. The execution times for
the BS and SIR-CF were respectively 1.093 and 3.115 seconds in total (1.09 and 3.11
milliseconds per iteration). The MSE of each implementation, calculated relatively to
the “true” state of model’s realisation can be seen in Table 7.1. From this table we can
see that, in this simulation, SIR-CF achieves a higher accuracy in estimating the states
when compared to using the prior as a proposal. The calculation of the CF recursions at
each step has obviously an impact in terms of computational cost, making it much higher.
This is, however, a comparison made over a simple example model with simulated data
and in the context on state estimation with known parameters. To better establish the
behaviour of the CF proposal with more challenging data (e.g. possible outliers) we will
use "real world" datasets in Part V on page 190 and apply the CF importance density as
a proposal embedded in other filters, namely when estimating the joint posterior of states
and parameters.
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7.5 Particle impoverishment

Figure 7.11: Illustration of particle impoverishment due to resampling. Grey circles
represent particles at time t − 1 (with size proportional to the weight) and dashed
black line the approximated posterior density. Red circles represent the particles at
time t after resampling (with uniform weights) and stacked vertically according to
particle duplication. These are concentrated in regions of higher likelihood, but the
diversity has diminished.

Although resampling indeed provides good results in delaying weight degeneracy, it does
introduce a new problem, namely particle impoverishment . By selecting particles with
high weights and discarding those with low weights, we are reducing the particle diversity.
As we can see in Figure 7.11 a number of “surviving” particles will share their ancestry
with a common pre-resampling particle. If we consider the sequence of discrete state

approximation trajectories,
{
θ
(i)
0:t, w

(i)
0:t

}Np
i=1

, this implies that the entire trajectory tree is
being pruned of trajectories as we go back in time. Although, by using resampling, we are
keeping the particles that more closely represent the posterior, we are simultaneously using
a coarser approximation by discarding particles with low weight that also help define the
shape of the posterior. This effect has a clear impact on long-running SMC estimations. Of
course, as in SIS, there is always the possibility of employing a “brute force” strategy and
increase Np, however this strategy is also limited by the computational cost constraints of
real-time state estimation.

A result from Douc et al. (2005) also shows that resampling itself, being a random
process, introduces additional Monte Carlo noise in the filter posterior estimates, a reason
by which resampling should be applied when justified, for instance by monitoring weight
degeneracy via the ESS as detailed in previous sections.

7.6 Auxiliary Particle Filter (APF)

The Auxiliary Particle Filter (APF) was first introduced by Pitt & Shephard (1999) to
help mitigate the problem of particle degeneracy. One of the problems with previously
mentioned methods, such as the bootstrap filter, is the fact that, when sampling the
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states from the prior, p (θt|θt−1) (6.15) we are making proposals for θt without taking into
account the currently available data yt (Pitt & Shephard, 1999). This can be especially
problematical in situations where outliers are present as the importance density might be
a poor fit to the target density as illustrated in Figure 6.2.

The main concept behind the APF is to select particles, before propagation, according
to a predictive likelihood p

(
yt|θ(i)0:t−1

)
as the criteria. The algorithm in turn is flexible

in regard to this, since we can directly use it when analytically available (such as, in our
context, the NDLM) or we can approximate it when not tractable (non-linear DGLMs).
In the former case, the filter is usually called fully adapted in the literature. In cases where
the predictive likelihood is not available in a closed form an approximation can be used to
apply the APF algorithm. Particle filters which perform this adaptation step (reversing
the order of sampling and resampling relatively to SIR) are usually said to belong to the
resample-sample category.

If we consider the state density (3.9) and decompose it using the predictive state density
(3.10) we have

p (θt|Dt) ∝ p (yt|θt) p (θt|Dt−1)

∝ p (yt|θt)
∫
p (θt|θt−1) p (θt−1|Dt−1) dθt−1 (7.5)

From the previous results in Chapter 6 on page 66 we can use the approximation to the
(empirical) filtering density (6.8) such that

p (θt−1|Dt−1) ≈
Np∑
i=1

w
(i)
t−1δ

(
θt−1 − θ(i)t−1

)
.

By replacing with the approximation in (7.5) we have

p (θt|Dt) ∝ p (yt|θt)
∫
p (θt|θt−1) p (θt−1|Dt−1) dθt−1 (7.6)

≈ p (yt|θt)
∫
p (θt|θt−1)

Np∑
i=1

wt−1δ
(
θt−1 − θ(i)t−1

)
dθt−1 (7.7)

∝
Np∑
i=1

w
(i)
t−1p (yt|θt) p

(
θt|θ(i)t−1

)
. (7.8)

Since the empirical prediction density, p̂ (θt|Dt−1), has the form of a mixture of densit-
ies, Pitt & Shephard (1999) proposes sampling from a joint density p (θt, k|Dt) where k is
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an index of said mixture. To do so, the joint density is defined as

p (θt, k|Dt) ∝ p (yt|θt) p (θt, k|Dt−1)

= p (yt|θt) p (θt|k,Dt−1) p (k|Dt−1)

= p (yt|θt)w(k)
t−1p

(
θt|θ(k)t−1

)
. (7.9)

As noted by Pitt & Shephard (1999), by sampling from p (θt, k|Dt) and discarding the
mixture index k, we are drawing from p̂ (θt|Dt−1) and then we can approximate (7.8) by

p̂ (θt|Dt) ∝
Np∑
i=1

w
(i)
t−1p

(
yt|θt, k(i)

)
p
(
θt|θ(i)t−1, k

(i)
)
.

The set
{
θ
(i)
t , k

(i)
}Np
i=1

can then be drawn from a proposal g (θt, k|Dt) by approximating
(7.9) with

g (θt, k|Dt) ∝ p (θt, k|Dt)

= p (yt|θt)w(k)
t−1p

(
θt|θ(k)t−1

)
≈ p

(
yt|µ(k)

t

)
w

(k)
t−1p

(
θt|θ(k)t−1

)
,

where µ(k)
t is any characterisation of θt+1|θ(k)t . According to Pitt & Shephard (1999), this

is left to our design and usually is the mean, the mode or a sample. This leaves us now
with the method to choose k. We factorise g (θt, k|Dt) as

g (θt, k|Dt) ∝ g (k|Dt) g (θt|k,Dt) , (7.10)

and take
g (k|Dt) ∝ w(k)

t−1p
(
yt|µ(k)

t

)
. (7.11)

The indices k can then be sampled proportionally to a quantity λ(k) (called the auxiliary
weights) such that

λ
(k)
t−1 ∝ g (k|Dt)

= w
(k)
t−1p

(
yt|µ(k)

t

)
. (7.12)

In conjunction with

g
(
θt|k(i),Dt

)
= p

(
θt|θ

(k(i))
t−1

)
, (7.13)

this gives the necessary quantities to pre-select the particles. Pitt & Shephard (1999)
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demonstrates that in order to complete the approximation of the filtering density we must
calculate the adjusted weights (or second-stage weights) which is achieved by

w
(i)
t = w

(k(i))
t

p
(
yt|θ(i)t

)
p

(
θ
(i)
t |θ

(k(i))
t−1

)
g
(
θ
(i)
t , k

(i)|Dt
)

∝
p
(
yt|θ(i)t

)
p

(
yt|µ

(k(i))
t

) .

Although the original method presented in Pitt & Shephard (1999) contemplated a
second stage weighting and resampling we will use a version (outlined in Algorithm 7.3)
which omits it, since it is not necessary and according to Carpenter et al. (1999) outper-
forms the original implementation. The general algorithm for the APF is presented in
Algorithm 7.3.

Algorithm 7.3 Auxiliary Particle Filter
initialisation

for t← 1 to Nobs

for i← 1 to Np

calculate µ(i)
t

calculate λ
(i)
t ∝ w

(i)
t−1p

(
yt|µ(i)

t

)
normalise weights λ̃(i)t =

λ
(i)
t∑Np

i=1 λ
(i)
t

resample according to p (k(i) = l) = λ̃
(i)
t

for i← 1 to Np

draw θ
(i)
t ∼ p

(
θt|θ

(k(i))
t−1

)
calculate weights w(i)

t =
p
(
yt|θ(i)t

)
p

(
yt|µ

(k(i))
t

)

normalise weights w̃(i)
t =

w
(i)
t∑Np

i=1 w
(i)
t

Example. Comparing the APF and SIR estimations for aM = {P (1)} NDLM.

For this example aM = {P (1)} NDLM was used with a parameter set Φ =
{
τ2, ν2

}
=
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{0.3, 4.3}, corresponding to the formulation

yt|θt,Φ ∼ N (θt, 4.3)

θt|Φ ∼ N (θt−1, 0.3) .

The initial state priors were θ0 ∼ N (0.3, 100) and state estimation was performed using
a bootstrap filter, as described in Section 7.4 and the APF, as described in Section 7.6.
Both filters used Np = 500 particles applied to Nobs = 200 observations from a realisation
of the model. Multinomial resampling was used with a static checkpoint of n = 1, that is,
performing resampling at every time step t. The results of the state estimation for both
filters can be viewed in Figure 7.12a and the ÊSS history can be viewed in Figure 7.12b.

For this particular example, the mean ESS for SIR and APF was respectively 417.38

and 443.71. TheMSE for the state estimation was respectively, for SIR and APF, 1.30 and
1.25. The computational time was respectively, for SIR and APF, 91 and 115 milliseconds.

7.7 Forecasting

Given the state’s posterior estimation up to time t, p (θt|Dt), SMC methods allow us to per-
form state and observation k-step ahead forecasting for k ≥ 1 steps, that is p̂ (θt+k|Dt). As
suggested by Doucet et al. (2000) the forecast states can be simulated simply be propagat-
ing forward from the state model, as detailed in Algorithm 7.4.

The proposal density π (θt+n|θ0:t+n−1,Dt) must be chosen, however, in a way that it
doesn’t depend on the value of yt+1:t+k, a typical choice being sampling from the prior,
p (θt|θt−1). To perform observation forecasts, that is ŷt:t+k, a similar process is applied as
in the state forecast, but this time, at each forecast step, simulating observations from the
observational model as described in Algorithm 7.5. In Algorithm 7.5, the observational
model denoted by f (·) refers to any of the exponential family observational distributions
considered in this thesis, i.e. Normal, Poisson, Binomial, etc.
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Algorithm 7.2 Sequential Importance Resampling

initialisation

set state prior θ(i)0 ∼ N (m0,C0), for i = 1, . . . , Np.

for t← 1 to Nobs

for i← 1 to Np

Draw θ
(i)
t ∼ π (θt|θ0:t−1,Dt)

Calculate the importance weight :

w
(i)
t = w̃

(i)
t−1

p
(
yt|θ(i)t

)
p
(
θ
(i)
t |θ

(i)
t−1
)

π
(
θ
(i)
t |θ

(i)
0:t−1,Dt

)
Normalise weights

w̃
(i)
t =

w
(i)
t∑Np

i=1w
(i)
t

Calculate the effective sample size, ÊSSt as per (7.1).

if ÊSSt ≤ Neff

Resample according to p (k(i) = l) = w̃
(i)
t

for i← 1 to Np

set weights w̃(i)
t = 1

Np

assign states θ(i)t = θ
(k(i))
t

calculate state approximation

p (θt|Dt) ≈
Np∑
i=1

w̃
(i)
t δ

(
θ − θ(i)t

)

Algorithm 7.4 State forecasting
for m← 1 to k

for n← 1 to Np

sample θ(i)t+n ∼ π
(
θt+n|θ(i)0:t+n−1,Dt

)
set

p (θt+n|Dt) ≈
1

Np

Np∑
i=1

δ
(
θt+n − θ(i)t+n

)
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Algorithm 7.5 State forecasting
for m← 1 to k

for n← 1 to Np

sample θ(i)t+n ∼ π
(
θt+n|θ(i)0:t+n−1,Dt

)
sample y

(i)
t+n|θt+n ∼ f (yt|θt+n)

set

p (θt+n|Dt) ≈
1

Np

Np∑
i=1

δ
(
θt+n − θ(i)t+n

)

p (yt+n|θt+n) ≈ 1

Np

Np∑
i=1

δ
(
yt+n − y(i)t+n

)
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Figure 7.10: Estimation of the three state components (θ1, θ2, θ3) for a M =
{P (1) ,F (200, 1)} Poisson DLM, using the BS filter (left column) and SIR-CF (right
column). Black line represent the “true” state, colour line is the state posterior mean
and shaded area the 90% equitailed credibility intervals.
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Figure 7.12: State estimation (left) and ESS (right) for Nobs = 200 observations for
a SIR filter and APF for aM = {P (1)} NDLM with Nobs = 200 and Np = 500.

. On the left, solid colour lines represent the state posterior mean and shaded areas the
90% equitailed credibility intervals. Dashed black line represents the true state posterior
mean.
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Chapter 8

State augmentation approaches

So far, we have been focusing on methods to estimate the state in DGLMs given a static
and known parameter set Φ as described in Section 2.1 on page 4, that is

p (θ0:t|Dt,Φ) .

However, in real world scenarios, both the states and parameters will be unknown and we
will be interested in the estimation of the joint distribution

p (θ0:t,Φ|Dt) .

Initial work on state-space state estimation methods included the concept of propagat-
ing samples using “shocks” and applying “roughening penalties” (Liu & West, 2001) which
lead to standard (Gordon et al., 1993) particle filtering. Historically, the concepts intro-
duced in Gordon et al. (1993) for state estimation (described in Chapter 7.4), provided a
natural basis which could be extended to the problem of joint state and parameter estim-
ation in state-space models. Early techniques tried to solve this problem by incorporating
the parameters in the state-space and applying standard SMC. The state-space could then
be explored by propagating the states while at the same time adding artificial noise to the
parameters. However, since in many scenarios we are dealing with static parameters, a
problem with this approach is that static parameters, by definition, will not change their
value from t = 1. If we incorporate the parameters as part of the state-space, artificial
noise will then inevitably aggravate any degeneracy problems and also lead to an artificial
increase variance of both the state and parameter estimates. Degeneracy problems are
to be expected due to inevitable collapse of the parameter component of the augmented
state-space.

Several methods were proposed to alleviate this problem, such as self-organising state-
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space models, as initially introduced by Kitagawa (1998). Additional proposed methods
included the usage of kernel density estimation methods, although these methods usually
incur in an artificial increase in the parameters’ posterior variances. An extension of such
methods, the Liu and West particle filter, first described in Liu & West (2001), tries to
solve this particular problem and is described in this chapter.

The solution proposed by the Liu and West filter (Liu & West, 2001) is to use a kernel-
smoothing approximation with a correction factor to account for over-dispersion.

If the parameter set Φ is considered as being time-evolving (that is as Φt)1 and we also
consider Φt as evolving according to zero-mean, normally distributed increments, we can
write, according to Liu & West (2001)

Φt = Φt−1 + ζt (8.1)

ζt ∼ N (0,Ωt) .

Assuming Φt−1 ⊥⊥ ζt|Dt, this would then enable the state-space to be extended with
the parameter set Φt and performing online state estimation as described in the previous
chapters.

By adding artificial noise we are delaying the particle degeneracy that would otherwise
occur, but in a quicker way, by simply incorporating a staticΦ in the state-space. According
to Liu &West (2001), this artificial noise approach has the problem of incurring information
loss and originating a far greater variance to the parameter estimation than the “true”
posteriors.

Liu & West (2001) proposes to reinterpret the parameter noise term in the context of
Kernel Smoothing (West, 1993). If at a time t we have a discrete approximation of the
parameter posterior as Φt as a set of parameter particles with their respective weights,
{Φ(i)

t , w
(i)
t }

Np
i=1, similarly to the discrete state approximation in Section 6 on page 66, the

mean and variance can be defined as

Φt =

Np∑
i=1

w
(i)
t Φi (8.2)

Vt =

Np∑
i=1

w
(i)
t

(
Φi −Φt

) (
Φi −Φt

)T
. (8.3)

By taking
{
m

(i)
t

}Np
i=1

as the kernel locations and h > 0 as a smoothing parameter, then,

1Note that the notation Φt means that we are considering a time-variant parameter. We will, in later
chapters, introduce a similar notation but signifying the posterior estimate of Φ at time t.
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according to West (1993), the smoothed kernel density will be

p (Φ|Dt) ≈
Np∑
i=1

w
(i)
t N

(
Φ|m(i)

t , h
2Vt
)
. (8.4)

According to Liu & West (2001), by using the standard kernel methods in (8.4), where the
kernel locations are assumed as the sample values m

(i)
t = Φ

(i)
t , we would have a mixture

variance of
(
1 + h2

)
Vt, always larger than Vt. Since we know that for the mixture of

normals in (8.4):

E [Φ|Dt] =

Np∑
i=1

w
(i)
t m

(i)
t

Var [Φ|Dt] =
∑

w
(i)
t

{(
m

(i)
t −mt

)(
m

(i)
t −mt

)T
+ h2Vt

}

by taking m
(i)
t = Φ

(i)
t we have

E [Φ|Dt] =

Np∑
i=1

w
(i)
t Φ

(i)
t = Φt

Var [Φ|Dt] =

Np∑
i=1

w
(i)
t


(
Φ

(i)
t −Φt

)(
Φ

(i)
t −Φt

)T
︸ ︷︷ ︸

Vt

+h2Vt


=

Np∑
i=1

w
(i)
t

{
Vt + h2Vt

}
=

Np∑
i=1

w
(i)
t

{(
1 + h2

)
Vt
}

=
(
1 + h2

)
Vt,

which, as mentioned, will lead to an over-dispersion of the kernel density in comparison to
the posterior.

Liu & West (2001) introduces the concept of kernel location shrinkage by using the
new locations

m
(i)
t = aΦ

(i)
t + (1− a)Φt,

where a =
√

1− h2 is the shrinkage parameter. The resulting posterior mean, using
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shrinkage, will then be

E [Φ|Dt] =

Np∑
i=1

w
(i)
t

(
aΦ

(i)
t + (1− a)Φt

)

=

Np∑
i=1

w
(i)
t

{√
1− h2Φ(i)

t +
(

1−
√

1− h2
)
Φt

}

=
√

1− h2
Np∑
i=1

w
(i)
t Φ

(i)
t︸ ︷︷ ︸

Φt

+
(

1−
√

1− h2
)
Φt

Np∑
i=1

w
(i)
t︸ ︷︷ ︸

1

=
√

1− h2Φt +
(

1−
√

1− h2
)
Φt = Φt, (8.5)

whereas the posterior variance will be

Var [Φ|Dt] =

Np∑
i=1

w
(i)
t

{({
aΦ

(i)
t + (1− a)Φt

}
−Φt

)({
aΦ

(i)
t + (1− a)Φt

}
−Φt

)T
+ h2Vt

}

=

Np∑
i=1

w
(i)
t

{(
aΦ

(i)
t + aΦt

)(
aΦ

(i)
t + aΦt

)T
+ h2Vt

}

=

Np∑
i=1

w
(i)
t

a2
(
Φ

(i)
t +Φt

)(
Φ

(i)
t +Φt

)T
︸ ︷︷ ︸

Vt

+h2Vt


=

Np∑
i=1

w
(i)
t

 a2︸︷︷︸
1−h2

+h2

Vt = Vt. (8.6)

By using shrinkage we obtain the correct mean and variance for the Φt posterior, as
shown in (8.5) and (8.6).

Assuming the Φt+1 update by ζt+1, as described in (8.1), we know that the prior
p (Φt+1|Dt) will have mean Φt and variance Vt +Ωt+1. In Liu & West (2001) the discrete
approximation of p (Φt+1|Dt) is defined as

p (Φt+1|Dt) ≈
Np∑
i=1

w
(i)
t N

(
Φt+1|Φ(i)

t ,Vt +Ωt+1

)
,
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which is also in the kernel form. Since we know2 the variance of the prior is

Var [Φt+1|Dt] = Var [Φt|Dt] + Var
[
ζt+1|Dt

]
+ 2Cov

[
Φt, ζt+1|Dt

]
= Var [Φt|Dt] +Ωt+1 + 2Cov

[
Φt, ζt+1|Dt

]
,

we want it to be equal to the prior variance as Vt, that is

Var [Φt+1|Dt] = Var [Φt|Dt] = Vt.

By setting

Cov
[
Φt, ζt+1|Dt

]
= −Ωt+1

2
,

we then have

Var [Φt+1|Dt] = Var [Φt|Dt] +Ωt+1 + 2Cov
[
Φt, ζt+1|Dt

]︸ ︷︷ ︸
−Ωt+1

2

= Var [Φt|Dt] +Ωt+1 − 2
Ωt+1

2
= Var [Φt|Dt] .

Assuming joint normality of
(
Φt, ζt+1|Dt

)
,we can write p (Φt+1|Φt) as

p (Φt+1|Φt) = N
(
Φt+1|At+1Φt + (I− At+1)Φt,

(
I− A2

t+1

)
Vt
)

At+1 = I− Ωt+1V−1t
2

.

In order to define the artificial noise covariance Ωt+1, Liu & West (2001) defines it in terms
of a discount factor, such that

Ωt+1 = Vt

(
1

δ
− 1

)
with 0 < δ ≤ 1, and usually chosen to be close to δ = 0.99. To write the above Φt+1

evolution in the kernel form we take

At+1 = aI

a =
(3δ − 1)

2δ
.

We can then rewrite the evolution as (taking the relation a =
√

1− h2 and express in terms

2cf. Section F.1.1.
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h2 = 1− a2):

p (Φt+1|Φt) = N
(
Φt+1|At+1Φt + (I− At+1)Φt,

(
I− A2

t+1

)
Vt
)

= N
(
Φt+1|aIΦt + (I− aI)Φt,

(
I− a2I2

)
Vt
)

= N
(
Φt+1|I

(
aΦt +Φt (1− a)

)
,
(
1− a2

)
Vt
)

= N

Φt+1|aΦt + (1− a)Φt,
(
1− a2

)︸ ︷︷ ︸
h2

Vt


= N

(
Φt+1|aΦt + (1− a)Φt, h

2Vt
)
.

Liu & West (2001) proposes to use this method of estimating the marginal Φt density
within the APF framework as described in Section 7.6.

(ForNp particles) we start by establishing the priors of {θt,Φ} using
{
µ
(i)
t+1,m

(i)
t

}
i=1,...,Np

where, as discussed in Section 7.6, µ(i)
t+1 will be some characterisation of θt+1|θ(i)t , such as

µ
(i)
t+1 = E

[
θt+1|θ(i)t , Φ(i)

]
and

{
m

(i)
t = aΦ

(i)
t + (1− a)Φt

}Np
i=1

are the kernel locations. As in the APF (7.12) we
sample an auxiliary index k with probability

λ
(i)
t+1 ∝ w

(i)
t p

(
yt+1|µ(i)

t+1,m
(i)
t

)
.

In the LW filter we additionally sample the new proposed parameter set Φ(i)
t+1 from the

the above:
Φ

(i)
t+1 ∼ N

(
Φt+1|m(i)

t , h
2Vt
)
.

According to Liu & West (2001); Prado & West (2010) the parameters can be transformed
whenever appropriate. As an example, when dealing with parameters Φ ∈ (0, 1], (such as
in the NBDLM) it might be appropriate to work in the transformed

Φ? = log

(
Φ

1− Φ

)
,

and when working with parameters Φ > 0 (such as the state variances in the DGLM) we
could work in the log-space such that

Φ? = log (Φ) .

The new states can be sampled from the system equation (conditioned on the new para-
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meters)
θ
(i)
t+1 ∼ N

(
θt+1|θ(i)t+1,Φ

(i)
t+1

)
,

and finally we calculate the second-stage weights

w
(i)
t+1 ∝

p
(
yt+1|θ(i)t+1,Φ

(i)
t+1

)
p
(
yt+1|µ(i)

t+1,m
(i)
t

) .
This method is specifically defined to estimate fixed parameters, however the LW fil-

ter is an extremely versatile instrument for state and parameter estimation since it can
applied with minimal assumptions about the structural relationship between parameters.
It can also be considered as a benchmark for state and parameter estimation by SMC
methods (Lopes & Carvalho, 2011). It should be noted however that incorporating the
parameters in the state-space can worsen any degeneracy problems. The full general al-
gorithm for the LW filter is presented in Algorithm 8.1.

Example. Effect of smoothing parameter δ.

We consider here a M = {P (1)} NDLM with parameters τ2 = 1.5 and ν2 = 3.5.
The true states for a realisation of this model are presented in Figure 8.1a on the facing
page. The initial state priors are taken as θ0 ∼ N (5.5, 10) and the prior was used as the
importance density. The parameters priors are taken as τ20 ∼ IG (1, 1) and ν20 ∼ IG (1, 1).
The estimation was performed using Np = 105 particles and using different values of
δ = {0.90, 0.91, 0.92, . . . , 0.99}. Resampling was performed using Multinomial resampling
with a static checkpoint of n = 1.

The state estimation is presented in Figure 8.1a on the next page and the parameter
posterior estimation mean for τ2 and ν2 can be viewed in figure 8.1b and 8.1c on the facing
page respectively. We can see from Figure 8.1e on the next page that, in this case, varying δ
did not impact in any obvious way the posterior estimation of p

(
ν2|Dt

)
. However, there is

a clear pattern in the p
(
τ2|Dt

)
estimation (Figure 8.1d on the facing page), with values of

δ closer to 1 leading to a posterior estimation closer to the "true" value. This is consistent
with the general advice in the literature.

Example. LW onM = {P (1)} NDLM using a Fully Adapted (FA) proposal

Here we consider here aM = {P (1)} NDLM with parameters τ2 = 0.75 and ν2 = 1.25.
The initial state priors are taken as θ0 ∼ N (0.1, 10) and, since we are dealing with a linear
model, the fully adapted version of LW was used. The parameters priors are taken as
τ20 ∼ IG (1, 1) and ν20 ∼ IG (1, 1). The estimation was performed using Np = 105, with
a smoothing parameter of δ = 0.99 and Nobs = 200 data points. The resampling method
used was stratified with a static checkpoint of n = 1.
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Figure 8.1: State and parameter posterior mean estimation for a M = {P (1)}
NDLM using different δ values.
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Algorithm 8.1 Liu and West algorithm
initialisation

a = (3δ−1)
2δ

θ0 ∼ N (m0,C0)

Φ0 ∼ p (Φ)

for t← 1 to Nobs

for i← 1 to Np

calculate m
(i)
t−1 = aΦ

(i)
t−1 + (1− a)Φt−1

calculate µ(i)
t

calculate λ
(i)
t ∝ w

(i)
t−1p

(
yt|µ(i)

t ,m
(i)
t−1
)

normalise weights λ̃(i)t =
λ
(i)
t∑Np

i=1 λ
(i)
t

resample according to p
(
k(i) = k

)
= λ̃

(k)
t

calculate Vt−1 =
∑(

Φ
(i)
t−1 −Φt−1

)(
Φ

(i)
t−1 −Φt−1

)T
w

(i)
t−1

for i← 1 to Np

update parameters Φ(i)
t ∼ N

(
m

(k(i))
t−1 ,

(
1− a2

)
Vt−1

)
draw θ

(i)
t ∼ p

(
θt|θ

(k(i))
t−1 ,Φ

(i)
t

)
calculate weights w(i)

t =
p
(
yt|θ(i)t ,Φ(i)

)
p

(
yt|µ

(k(i))
t ,m

(k(i))
t−1

)

normalise weights w̃(i)
t =

w
(i)
t∑Np

j=1 w
(i)
t

In Figure 8.2a on the next page we can see the data and states for a realisation of this
model and in Figure 8.2b on the facing page the filter’s state estimation (along with 90%
equitailed credibility intervals) compared to the true posterior mean3. In Figures 8.2c on
the facing page and 8.2d on the next page we can see evolution, for t = 0, . . . , Nobs of
p
(
τ2|Dt

)
and p

(
ν2|Dt

)
respectively. In Figures 8.2e and 8.2f we can see the parameters’

marginals at t = 200 respectively for τ2 and ν2. The LW’s posterior mean value for
p
(
τ2|DT

)
was 0.8402 and for p

(
ν2|DT

)
was 1.1253 and the “true” values were, respectively,

0.7932 and 1.2011. The MSE between the “true” states and the LW estimated state
posterior mean was 0.1972.

3State and parameter posteriors estimated offline using a long run of Particle Markov Chain Monte
Carlo (PMMC). This method will be fully discussed in Chapter 13 on page 152.
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Figure 8.2: State and parameter estimation using LW for a realisation of a M =
{P (1)} NDLM with Φ =

{
τ2, ν2

}
= {0.75, 1.25}. Realisation data (dots) and

states (line) in 8.2a. State posterior mean as coloured line, shaded area as 90%
equitailed credibility intervaland ground truth as dashed line in 8.2b. Parameter
posterior estimation history with coloured line as posterior mean, shaded area as
90% equitailed credibility intervaland horizontal dashed line as truth in 8.2c and
8.2d. τ2 and ν2 posteriors at t = Nobs using LW in blue and truth as dashed line in
8.2e and 8.2f.
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Chapter 9

Storvik filter

Another important method for sequential joint estimation of states and static parameters
is the Storvik filter , first presented in Storvik (2002) and built on work in Fearnhead
(2002). The Storvik filter uses the sample-resample framework, i.e. the SIR framework
of Section 7.4 on page 91. However, in contrast with the LW filter, the state-space is
not augmented with the parameters, but instead the parameters will be marginalised and
estimated sequentially using a finite set of values, called sufficient statistics. The concept
of sufficient statistics, in this context, is defined as presented in Fearnhead (2002) and not
necessarily in the generally used definition of sufficient statistics. In Fearnhead (2002) the
use of sufficient statistics arises from the problem of applying MCMC moves to SMC. If
we consider a joint distribution of states and a parameter Φ as

p (θt,Φ|Dt) ,

according to Fearnhead (2002), a stationary distribution can be designed (up to a constant)
for the joint distribution of the trajectories, that is

p (θ0:t,Φ|Dt) = π (θ0,Φ)
t∏

k=1

p (θk|θk−1,Φ) p (yk|θk,Φ) . (9.1)

To apply MCMC using (9.1) within a particle filter, it would then be necessary, ac-

cording to Fearnhead (2002), to store the entirety of particle state trajectories
{
θ
(i)
t

}Np
i=1

.
As we’ve seen in Section 6.1 on page 69 this will have prohibitive computational costs for
sequential inference as t evolves and would not constitute an online method. The concept
of sufficient statistics then arises as a summary of the trajectories which MCMC moves
will use. According to Fearnhead (2002), if we designate the current state and parameter
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at time t as
γ = {θt,Φ} ,

and re-write the set

{θ0:t,Φ} = {{θt,Φ},θ0:t−1}

= {γ,θ0:t−1},

we can denote the set
s = {θ0:t−1,Dt}

as a sufficient statistic if
p (γ|θ0:t−1,Dt) = p (γ|s) . (9.2)

Still according to Fearnhead (2002), a necessary condition for sufficient statistics is that
they can be factorised according to

p (γ,θ0:t−1,Dt) = k1 [γ, s (θ0:t−1,Dt)] k2 [θ0:t−1,Dt] . (9.3)

The main idea is that using the distribution p (γ|s) is equivalent to using p (γ|θ0:t−1,Dt).
Since we can factorise p (γ,θ0:t−1,Dt) as in (9.3), using (9.1) we can calculate k1 [γ, s (θ0:t−1,Dt)]
which in turn can be used to calculate p (γ|s) up to a constant, that is

p (γ|s) ∝ k1 [γ, s (θ0:t−1,Dt)] .

Whereas in Fearnhead (2002) sufficient statistics are used as a summary of particle
trajectories in order to update both states and parameters using MCMC moves, the Storvik
filter, Storvik (2002) works by assuming that the parameter posterior p (Φ|θ0:t,Dt) can be
expressed as a function of a set of sufficient statistics st, such that

p (Φ|θ0:t,Dt) = p (Φ|st) , (9.4)

with an associated deterministic recursive update S (·). For the purpose of estimating
the parameter posterior, an assumption of sufficient statistics based filters is that p (Φ|st)
in (9.4) is analytically tractable, a constraint not present in the LW filter. In Storvik
(2002), it is assumed that the posterior of Φ will depend on a set of sufficient statistics st,
themselves dependent of the state trajectory and data, that is

st = st (θ0:t,Dt) .
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If we consider the joint distribution of states and parameters, p (θ0:t,Φ|Dt), we can factorise
it as

p (θ0:t,Φ|Dt) =
p (θ0:t,Φ, yt|Dt−1)

p (yt|Dt−1)

=
p (θ0:t−1|Dt−1) p (Φ|θ0:t−1,Dt−1) p (θt|θ0:t−1,Dt−1,Φ) p (yt|θ0:t,Dt−1,Φ)

p (yt|Dt−1)
.

By replacing the parameter’s dependence on the states and data {θ0:t−1,Dt−1} by st−1 =

s (θ0:t−1,Dt−1) as in (9.4) and using the Markovian property of the DGLM highlighted in
(2.11), we have (up to a proportionality constant):

p (θ0:t,Φ|Dt) =
p (θ0:t−1|Dt−1)

p(Φ|st−1)︷ ︸︸ ︷
p (Φ|θ0:t−1,Dt−1)

p(θt|θt−1,Φ)︷ ︸︸ ︷
p (θt|θ0:t−1,Dt−1,Φ)

p(yt|θt,Φ)︷ ︸︸ ︷
p (yt|θ0:t,Dt−1,Φ)

p (yt|Dt−1)

=
p (θ0:t−1|Dt−1) p (Φ|st−1) p (θt|θt−1,Φ) p (yt|θt,Φ)

p (yt|Dt−1)
∝ p (θ0:t−1|Dt−1) p (Φ|st−1) p (yt|θt,Φ)︸ ︷︷ ︸

measurement

p (θt|θt−1,Φ)︸ ︷︷ ︸
system

.

Storvik (2002) proposes the use of the SIR framework, as described in Section 7.4 on
page 91, to build the approximation of p (θt|Dt,Φ) with an additional step to approximate
p (Φ|θ0:t,Dt) making use of (9.2). At each step t however, the sufficient statistics set st
will need to update according to a deterministic function S (·) such that

st = S (st−1,θt,θt−1, yt) . (9.5)

It is important to note that the recursive deterministic update itself is sequential and
online allowing for online estimation with the Storvik filter. In the next sections we will
look at examples of sufficient statistics and their respective update for specific instances
of DGLMs. By performing parameter estimation based on this set of sufficient statistics
and separately from the state estimation, the Storvik filter aims at reducing particle im-
poverishment while reducing computational load due to the low-dimensionality of st. The
recursive deterministic update of st will depend on the state and parameter estimates such
as in (9.5).

The steps of the Storvik filter are summarised in Algorithm 9.1.

Although the Storvik filter works in a sample-resample framework, it can also be applied
within a resample-sample framework.
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Algorithm 9.1 Storvik’s algorithm
initialisation

θ0 ∼ N (m0,C0)

Φ0 ∼ p (Φ)

for t← 1 to Nobs

for i← 1 to Np

sample Φ(i)
t ∼ πΦ

(
Φ|s(i)t−1

)
sample θ(i)t ∼ p

(
θt|θ(i)0:t−1, yt,Φ

(i)
t

)
calculate weights

w
(i)
t = w

(i)
t−1

p
(
Φ

(i)
t |s

(i)
t−1
)
p
(
θ
(i)
t |θ

(i)
t−1,Φ

(i)
t

)
p
(
yt|θ(i)t ,Φ

(i)
t

)
p
(
Φ

(i)
t |θ0:t−1,Dt

)
p
(
θ
(i)
t |θ

(i)
0:t−1, yt,Φ

(i)
t

)
normalise weights

w̃
(i)
t =

w
(i)
t∑Np

i=1w
(i)
t

calculate the effective sample size, ÊSSt as per (7.1).

if ÊSSt ≤ Neff

resample according to p (k(i) = l) = w̃
(i)
t

for i← 1 to Np

set weights w̃(i)
t = 1

Np

assign states θ(i)t = θ
(k(i))
t and parameters Φ(i) = Φ(k(i))

for i← 1 to Np

update sufficient statistics

s
(i)
t = S

(
s
(i)
t−1,θ

(i)
t ,θ

(i)
t−1, yt

)
calculate state and parameter approximation

p̂ (θt|Dt) =

Np∑
i=1

w̃
(i)
t δ

(
θ − θ(i)t

)

p̂ (Φt|Dt) =

Np∑
i=1

w̃
(i)
t δ

(
Φ−Φ(i)

t

)
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9.1 Sufficient statistics

9.1.1 Normal DLM

To calculate the sufficient statistics of a Gaussian DLM in the form of Section 2.3.1 we
start by writing the joint posterior of the parameters conditional on the data and states,
that is:

π (Φ|θ0:t,Dt) .

Using the same assumptions as in West & Harrison (1997), we take independent priors
for Φ = {V,W}, that is

π (V,W|D0) = π (V |D0)π (W|D0)

with

π (V |D0) = IG
(
αV0 , β

V
0

)
π (W|D0) = IW

(
αW0 , β

W
0

)
The full conditional update of V will then be

π (V |Dt,θ0:t) ∝ N
(
yt|FTθt, V

)
IG
(
V |αVt−1, βVt−1

)
∝ 1√

V
exp

{
−
(
yt − FTθt

)2
2V

}
︸ ︷︷ ︸

N (yt|FT θt,σ2)

×V −αVt−1−1 exp

{
−
βVt−1
V

}
︸ ︷︷ ︸

IG(σ2|αVt−1,β
V
t−1)

∝ V −
1
2
−αVt−1−1 exp

{
−
βVt−1
V

+

(
yt − FTθt

)2
2V

}

∝ V

−
(

1

2
+ αVt−1

)
︸ ︷︷ ︸

αVt

−1

exp


−

βVt−1 +

(
yt − FTθt

)2
2︸ ︷︷ ︸

βVt

V


∝ IG

(
1

2
+ αVt−1, β

V
t−1 +

1

2

(
yt − FTθt

)2)
.
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It follows that

V |θ0:t,Dt ∼ IG

(
αV0 +

1

2
t, βV0 +

1

2

t∑
k=1

(
yk − FTθk

)2)
,

and taking into account the sufficient statistics condition in (9.2) we can see that

p (V |θ0:t,Dt) = IG

αV0 +
1

2
t︸︷︷︸
sV1

, βV0 +
1

2

t∑
k=1

(
yk − FTθk

)2
︸ ︷︷ ︸

sV2


= p (V |s) = IG

(
αV0 +

sV1
2
, βV0 +

1

2
sV2

)
,

so that the sufficient statistics for V will be

sV1,t = 1

sV2,t =
(
yt − FTθt

)2
,

with a recursive update S (·) in the form

sV1,t = sV1,t−1 + 1

sV2,t = sV2,t−1 +
(
yt − FTθt

)2
.

The full conditional update of W can be obtained in an analogous way, that is:

π (W|Dt,θ0:t) ∝ N (θt|Gθt−1,W) IW
(

Wt|αW,t−1,Ψ
−1
W,t−1

)
∝ (2π)−p/2 |W|−1/2 exp

{
−1

2
(θt − Gθt−1)

T W−1 (θt − Gθt−1)
}

×
|ΨW,t−1|αW,t−1

2
αW,t−1p

2 Γp
(αW,t−1

2

) |W|−αW,t−1+p+1

2 exp

{
−1

2
tr
(
ΨW,t−1W−1

)}
∝ |W|−1/2 |W|−

αW,t−1+p+1

2

× exp

{
−1

2

[
(θt − Gθt−1) W−1 (θt − Gθt−1)

T + tr
(
ΨW,t−1W−1

)]}
∝ |W|

−αw,t−1−1−p−1

2 × exp

{
−1

2
tr
(

(θt − Gθt−1) W−1 (θt − Gθt−1)
T + ΨW,t−1W−1

)}
,
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which can be further simplified into

π (W|Dt,θ0:t) ∝ |W|−

αW,t︷ ︸︸ ︷
αW,t−1 + 1+p+1

2 ×exp

−
1

2
tr

[(θt − Gθt−1) (θt − Gθt−1)
T + ΨW,t−1

]
︸ ︷︷ ︸

Ψw,t

W−1


 ,

resulting in

π (W|Dt,θ0:t) ∝ IW
(
αW,t−1 + 1, (θt − Gθt−1) (θt − Gθt−1)

T + ΨW,t−1
)
. (9.6)

where Ψ is a scale matrix and αW represents the degrees of freedom. As with the calcula-
tions for Vt, since

W|θ0:t,Dt ∼ IW

αW
0 + t︸︷︷︸

sW1

, βV0 +
t∑

k=1

(θk − Gθk−1) (θk − Gθk−1)
T

︸ ︷︷ ︸
sW2


∼ IW

(
αW
0 + sW1 , β

V
0 + sW2

)
,

from which we extract the sufficient statistics

sW1,t = 1

sW2,t = (θt − Gθt−1) (θt − Gθt−1)
T

with the recursive update S (·)

sW1,t = sW1,t−1 + 1

sW2,t = sW2,t−1 + (θt − Gθt−1) (θt − Gθt−1)
T .

9.1.2 Binomial and Poisson DLM

In the Binomial DLM case, as described in Section 2.3.3, and the PoDLM, Section 2.3.2,
we can see that we do not have parameters to be estimated in the observational model
(2.25) and (2.22), resulting in Φ = {W}. In this case, the sufficient statistics and respect-
ive recursions will be analogous to the ones derived for π (W|θ0:t,Dt) in the NDLM in
Section 9.1.1.
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Example. Storvik filter for aM = {P (1)} NDLM.

In this case we will apply the Storvik filter to the model and data presented in the LW
example on page 112. For a locally constant model, the sufficient statistics structure will
simplify, since in this case we have

p
(
σ2|θ0:t,Dt

)
= IG

(
ασ

2

0 +
1

2
t, βσ

2

0 +
1

2

t∑
k=1

(yk − θk)2
)

p
(
τ2|θ0:t,Dt

)
= IG

(
ατ

2

0 +
1

2
t, βτ

2

0 +
1

2

t∑
k=1

(θk − θk−1)2
)
,

it follows that the sufficient statistics set will be

st =
{

1, (yt − θt)2 , (θt − θt−1)2
}

with a recursive update

s1,t = s1,t−1 + 1

s2,t = s2,t−1 + (yt − θt)2

s3,t = s3,t−1 + (θt − θt−1)2 .

As in the LW example, the Storvik filter is the fully adapted version, using the optimal
importance density, since we are dealing with a NDLM.

This estimation was performed using Np = 105 particles and the resampling scheme
used was Multinomial with a static checkpoint of n = 1. The prior used for the para-
meter set Φ were τ20 ∼ IG (1, 1) and ν20 ∼ IG (1, 1). Regarding the state estimation
(Figure 9.1b) the results are comparable between Storvik and LW. When considering
parameter estimation, we can see (Figures 9.1e and 9.1f) that the Storvik filter and
LW parameter and state estimates are consistent, which is expected for a simple model
with a small number of observations and especially when using the optimal importance
density. The posterior mean (and standard deviation) at time t = Nobs are, respect-
ively for Storvik and LW, τ2 = 0.7921, στ2 = 0.2116, ν2 = 1.1136, σν2 = 0.2092 and
τ2 = 0.8402, στ2 = 0.2034, ν2 = 1.1253, σν,2 = 0.2032, compared to "true" values of
τ2 = 0.7932, στ2 = 0.2390 and ν2 = 1.2011, σν2 = 0.2263.
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Figure 9.1: State and parameter estimation for a M = {P (1)} NDLM using LW
and Storvik
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Particle Learning

Particle Learning (PL), first introduced in Carvalho et al. (2010), similarly to the Storvik
filter relies on the concept of sufficient statistics, denoted as the essential state vector zt, a
more general sufficient statistic set which can include not only parameter sufficient statics
to marginalise the parameters, as in (9.4), but also other quantities that could summarise
the state and parameter approximation. As in Storvik, we assume that we can devise a
sufficient statistic structure for the parameters, such as

π (Φ|θ0:t,Dt) = π
(
Φ|sΦt

)
, (10.1)

where sΦt is the set of parameter sufficient statistics, with a recursive deterministic update,
such that

sΦt = S
(
sΦt−1,θt,θt−1, yt

)
.

PL tries to perform estimation in a resample-sample framework (related to the APF
in Section 7.6 on page 96) using full-adaption with the usage, as mentioned previously, of
an additional set of state sufficient statistics, sθt whenever these are analytically available.
These quantities are associated with a recursive deterministic update K (·) similar to the
Kalman filter recursions presented in Section 4, such that

sθt = K
(
sθt−1,θt−1, yt

)
.

The set of quantities comprised of the state and parameter sufficient statistics defines
the essential state vector zt, such that

zt =
{
sΦt , s

θ
t ,θt,Φ

}
.
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In PL the main idea is to pre-select the essential state vector particles,
{
z
(i)
t−1
}Np
i=1

using an auxiliary weight λ(i)t based on a predictive density. Similarly to Storvik, the
state particles θ(i)t could then be sampled from an importance density conditioned on the

selected
{
z
(k)
t−1
}Np
k=1

. The essential state vector would then be propagated according the
deterministic updates and finally the parameters could also be simulated from a proposal
conditioned on the essential vector.

According to Carvalho et al. (2010) if at time t − 1 and in possession of observation

yt−1 we have a discrete approximation to p (zt−1|Dt−1) with
{
z
(i)
t−1
}Np
i=1

such that

p (zt−1|Dt−1) ≈
1

NP

Np∑
i=1

δ
(
zt−1 − z(i)t−1

)
. (10.2)

The objective is then to use p (zt−1|Dt−1) to calculate p (θt|Dt) once the new observation yt
arrives. According to Carvalho et al. (2010), the essential state vector is updated following

p (zt−1|Dt) = p (zt−1|Dt−1, yt)

=
p (yt|zt−1,Dt−1) p (zt−1|Dt−1)

p (yt|Dt−1)

=
p (yt|zt−1) p (zt−1|Dt−1)

p (yt|Dt−1)
∝ p (yt|zt−1) p (zt−1|Dt−1) (10.3)

p (θt|Dt) =

∫
p (θt|zt−1,Dt) p (zt−1|Dt) dzt−1. (10.4)

According to Carvalho et al. (2010), if we assume that a discrete approximation to the
essential state vector prior (10.3) is

p (zt−1|Dt) ≈
Np∑
t=1

λ
(i)
t δ
(
zt−1 − z(i)t−1

)
,

with normalised weights

λ
(i)
t =

p
(
yt|z(i)t−1

)
∑Np

j=1 p
(
yt|z(j)t−1

) ,
this approximation of p (zt−1|Dt) can then be used in conjunction with (10.4) to sample
the current states according to

θ
(i)
t ∼ p

(
θt|z(i)t−1,Dt

)
.
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Carvalho et al. (2010) notes that the deterministic state-sufficient-statistics recursion,

K (·), can then be applied to the samples
{
θ
(i)
t

}Np
i=1

to generate the new state sufficient
statistics as

sθt = K
(
sθt−1,θt, Φ, yt

)
.

The steps to update the parameters will be analogous to the updates for the parameter
sufficient statistics of Storvik, as detailed in Chapter 9 on page 116. To calculate the
posterior p (zt|Dt), we start by expressing it as

p (zt|Dt) =

∫
p (zt|zt−1,Dt) p (zt−1|Dt) dzt−1.

Carvalho et al. (2010) summarises the fully adapted case as obtaining samples from
p (θt, zt−1|Dt) with respect to draws from p (zt−1|Dt) p (θt|zt−1,Dt) with importance weights

wt ∝
p (θt, zt|Dt)

p (zt−1|Dt) p (θt|zt−1,Dt)
= 1.

Assuming that a state-sufficient-statistic structure can be devised, we can state that

p (θt|Dt) =

∫
p (θt|zt) p (zt|Dt) dzt,

which implies the filtering recursion

p (zt|Dt) =

∫
p (zt|zt−1,θt, yt) p (zt−1,θt|Dt) dzt−1dθt. (10.5)

Since the joint density p (θt, zt−1|Dt) can be factorised as

p (θt, zt−1|Dt) ∝ p (yt|zt−1) p (θt|zt−1, yt) p (zt−1|Dt−1) , (10.6)

assuming we have a t− 1 approximation of p (θt−1|zt−1), that is, we can calculate

p (θt|zt−1, yt) =

∫
p (θt|θt−1, yt) p (θt−1|zt−1) dθt−1,

then in this case we could marginalise not only the parameters through the parameter
sufficient statistics (as in Storvik) but also the states according the state sufficient statistics,
that is we would only need to track the conditional sufficient statistics (Carvalho et al.
(2010)).

Although the marginalisation of states and parameters (in the fully adapted case) helps
to mitigate weight degeneracy and particle impoverishment, as discussed in Chopin et al.
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(2010), the problem is not completely solved. Although the state and parameter particles
can be replenished from the essential state vector zt, p (zt|Dt) is defined in terms of a
discrete approximation as shown in (10.2). This approximation, coupled with the fact
that we are applying resampling at each time step t according to the resample-sample
framework, will lead to a degeneracy of st itself (Chopin et al. (2010)), which will be
inevitable unless the number of particles Np increases exponentially with t (Chopin et al.
(2010); Del Moral et al. (2006)).

In the next sections we will look at the details of a fully adapted PL case (the NDLM)
and also the PL case in non-linear models and a general algorithm for the PL is presented
in Algorithm 10.1.
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Algorithm 10.1 Particle Learning
initialisation

θ0 ∼ N (m0,C0)

Φ0 ∼ p (Φ)

{z0}
Np
i=1 =

{
sΦ0 , s

θ
0 ,θ0,Φ0

}Np
i=1

for t← 1 to Nobs

for i← 1 to Np

calculate auxiliary weights
λ
(i)
t ∝ p

(
yt|z(i)t−1

)
resample

{
z
(i)
t−1
}Np
i=1

according the auxiliary weights
{
λ
(i)
t

}Np
i=1

for i← 1 to Np

sample θ(i)t ∼ p
(
θt|z

(k(i))
t−1 , yt

)
propagate state sufficient statistics according to

sθ
(i)

t = K
(
sθ

(k(i))
t−1 ,θ

(i)
t , yt

)
propagate parameter sufficient statistics according to

sΦ
(i)

t = S
(
sΦ

(k(i))
t−1 ,θ

(i)
t , yt

)
sample parameters according to

Φ(i) ∼ p
(
Φ|sΦ

(i)

t

)
set z(i)t =

{
sΦ

(i)

t , sθ
(i)

t ,θ
(i)
t ,Φ

(i)
}

10.1 Normal DLM

For the Normal DLM, the implementation of the PL is straightforward due to the fact
that the predictive density is readily available, as described in (4.9) in the Kalman filter
Section 4. Considering (10.6)

p
(
sθt−1,θt|Dt

)
∝ p

(
yt|sθt−1

)
p
(
θt|sθt−1, yt

)
p
(
sθt−1|Dt−1

)
,
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we can see that we are able to calculate, in the NDLM case, the densities p
(
yt|sθt−1

)
,

p
(
θt|sθt−1, yt

)
as well as the deterministic updated K (·) in a closed form. This allows us to

write PL for the NDLM as a fully adapted version. If we consider a state sufficient statistic
set as comprising the first and second KF moments at time t− 1, such that

sθt−1 = {mt−1,Ct−1} ,

for a Normal DLM in the standard form of Section 2.3.1, we then have the predictive
density, given the state sufficient statistics as

p
(
yt|sθt−1

)
= p (yt|mt−1,Ct−1)

= N

FTGmt−1︸ ︷︷ ︸
ft

,FT
[
GCt−1GT + W

]
F + V︸ ︷︷ ︸

Qt

 .

Given the predictive density, we can then resample the vector
{
z
(i)
t−1
}Np
i=1

based on the
auxiliary weights

λ
(i)
t ∝ p

(
yt|sθt−1

)
.

After resampling, the state particles can then be sampled from

p
(
θt|sθt−1, yt

)
= N

((
I−KtF

T
)
θt−1 + Ktyt,

(
I−KtF

T
)

W
)

The state sufficient statistics update, for each particle i, will then consist of the KF filter
recursions as presented in (4.11) and (4.12), that is

sθt = K
(
sθt−1,θt, yt

)
=

{
at + RtF

(
FTRtF + V

)−1
(y − ft) ,Rt − RtF

(
FTRtF + W

)−1
FRt
}
,

with

at = Gmt−1

Rt = GCt−1GT + W.

The parameters sufficient statistic update and sampling will take the same form as in
the Storvik filter, as detailed in Section 9.1 on page 120.

Example. PL for aM = {P (1)} NDLM.
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Figure 10.1: State and parameter estimation using fully adapted LW, Storvik and
PL for aM = {P (1)} NDLM with Φ =

{
τ2, ν2

}
= {0.75, 1.25}

Here we consider a M = {P (1)} NDLM as the one presented for the LW in the
example 8 on page 112. The parameter set used was Φ =

{
τ2, ν2

}
= {0.75, 1.25}. The

initial parameter priors for all filters were

τ20 ∼ IG (1, 1) , ν20 ∼ IG (1, 1) .
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The PL algorithm was implemented in the fully adapted variant, that is, following
the specification in Section 10.1 and the number of particles was the same for all filters,
Np = 105 and using stratified resampling. The state posterior estimation can be viewed
in Figure 10.1a and the ÊSS in Figure 10.1b. The parameter posterior estimation history
for τ2 and ν2 can be viewed in Figures 10.1c and 10.1d respectively and the parameters
posterior at time t = Nobs can be viewed in Figures 10.1e and 10.1f. The posterior mean of
τ2 at t = Nobs was, respectively for Storvik, PL-FA and L&W, 0.7921, 0.7526 and 0.8402

and for ν2 1.1136, 1.1553 and 1.1253. The "true" posterior mean is τ2 = 0.7932 and
ν2 = 1.2011.

10.2 Non-linear DGLMs

In non-linear DGLMs it might not be possible to directly apply the fully adapted formula-
tion, due to the inability to specify a set of state sufficient statistics and directly evaluate
a predictive density p (yt|zt−1). However, according to Nemeth et al. (2014), we can use
the advantages of the APF resample-sample along with the parameter sufficient statistics
structure (which we know are available for the general DGLMs).

If we assume that at time t we have the state and parameter approximation{
θ
(i)
t−1,Φ

(i)
t−1
}Np
i=1

,

along with the sufficient statistics
{
s
(i)
t−1
}Np
i=1

and importance weights
{
w

(i)
t−1
}Np
i=1

, then as
in the APF case in Section 7.6, we can pre-select the particles using the auxiliary weight

λ
(i)
t ∝ p

(
yt|µ(i)

t

)
w

(i)
t−1,

where µ(i)
t is a characterisation of p

(
θt|θ(i)t−1,Φ

(i)
t−1
)
such that

µ
(i)
t = E

[
θt|θ(i)t−1,Φ

(i)
t−1
]
.

It is clear that in this case we will not be able to marginalise the states using state
sufficient statistics, however after the resampling step the remaining step of PL can still be
applied. In this case however, since full adaption is not available, exact i.i.d. samples (such
as described in Section 6.2.1 on page 73) will not be produced as the auxiliary weights λ(i)t
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must be corrected as in the APF such that

w
(i)
t ∝

p

(
yt|θ(i)

(k)

t ,Φ
(i)(k)

t

)
p
(
yt|µ(i)

t ,Φ
(i)
) .

A general algorithm for PL in non-linear DGLMs is presented in Algorithm 10.2.

Example. PL for aM = {P (1)} PoDLM.

Here we consider the results of state and parameter estimation for an arbitrarily small
dataset (Nobs = 200) from a realisation of aM = {P (1)} PoDLM with a randomly chosen
parameter Φ =

{
τ2
}

= 0.2. The state priors are set according to θ0 ∼ N (0, 1000) and
the parameter prior as τ20 ∼ IG (1, 1). A comparison is made using the Storvik and PL
filters, both with Np = 105. The importance density used was the prior, p (θt|θt−1, yt) =

N
(
θt−1, τ2

)
and the parameter sufficient statistics and recursive update were defined as in

Section 9. Stratified resampling was used with a static checkpoint of n = 1. In Figures 10.2a
and 10.2b we can see the estimation of θ0:t using the Storvik and PL filter, respectively.
Dashed line represents the mean of "true" state1. In Figure 10.2c we can see the estimation
history of τ2 using Storvik and PL and in Figure 10.2d we can see the marginal the of τ2

at t = Nobs using Storvik and PL with the vertical dashed line representing the value of
τ2 used for the data simulation. From Table 10.1 we can see that the results of Storvik
and PL are consistent both in terms of parameter posterior and state MSE (comparing the
filter’s state posterior mean with the PMMH state posterior mean).

Method τ2 MSEθ

Storvik 0.2243 (0.0325) 0.0816

PL 0.2261 (0.0329) 0.0815

PMMH 0.2162 (0.0316) —

Table 10.1: Summary of parameter posterior mean and standard deviation (in brackets) at time
t = Nobs for τ2 using PL and Storvik for a PoDLM. PMMH posterior mean and standard deviation
included for comparison.

1Ground truth for state and parameter estimated using a PMCMC run (specifically PMMH, detailed
in Chapter 13) for which the trace and ACF plots are available in Appendix A.2.
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Algorithm 10.2 PL for non-linear DGLMs
initialisation

θ0 ∼ N (m0,C0)

Φ0 ∼ p (Φ)

for t← 1 to Nobs

for i← 1 to Np

calculate µ(i)
t = E

[
θt|θt−1, Φ(i)

t−1
]

calculate auxiliary weights

λ
(i)
t ∝ p

(
yt|µ(i)

t ,Φ
(i)
t−1
)
w̃t−1

resample
{
s
(i)Φ
t−1
}Np
i=1

according the auxiliary weights
{
λ
(i)
t

}Np
i=1

for i← 1 to Np

sample θ(i)t ∼ p
(
θt|θ

(k(i))
t−1 ,Φ

(k(i))
t−1

)
propagate parameter sufficient statistics according to

sΦ
(i)

t = S
(
sΦ

(k(i))
t−1 ,θ

(i)
t ,θt−1, yt

)
sample parameters according to

Φ(i) ∼ p
(
Φ|sΦ

(k(i))
t

)
calculate weights

w
(i)
t ∝

p

(
yt|θ

(k(i))
t ,Φ

(k(i))
t

)
p
(
yt|µ(i)

t ,Φ
(i)
t−1
)

normalise weights

w̃
(i)
t =

w
(i)
t∑Np

i=1w
(i)
t
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Figure 10.2: State and parameter (τ2) posterior estimation for a M = {P (1)}
PoDLM using Np = 105 using the Storvik and PL filters.
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Smoothing

11.1 Rauch–Tung–Striebel Smoother

So far we have considered the case of online filtering to determine the state posterior given
the data up to time point t, that is p (θt|Dt). When dealing with Gaussian DLMs, this
estimation can be performed using the Kalman Filter as described in Chapter 4. We might
be interested, however, in estimating the state’s posterior given the totality of the data
DT , p (θt|DT ) for t ≤ T , a method usually called smoothing.

In this chapter we will focus on the Rauch-Tung-Strieble (RTS) smoother, first intro-
duced in Rauch et al. (1965). The RTS smoother is a fixed-interval smoother1, meaning
that the state’s posterior estimates will be calculated given the whole of the data, DT . The
RTS smoother provides the optimal smoothing solution for Gaussian DLMs and makes use
of the state filtering estimations resulting from the Kalman Filter.

Considering, as in Chapter 4, that at time t the state estimate is given by the KF
estimate in (4.13):

θt|Dt ∼ N (mt,Ct) ,

the RTS smoother will provide us with the state smoothed estimation given the totality of
the data, that is:

θt|DT ∼ N
(
m̃t, C̃t

)
, t ≤ T, (11.1)

where m̃t and C̃t represent the first and second moments respectively of the smoothed
posterior at a given time t ≤ T . To establish these moments, we can start by stating that

1Other smoother types include fixed-lag and fixed-point smoothing, not considered in this thesis.
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the smoothed posterior is

p (θt|DT ) =

∫
p (θt,θt+1|DT ) dθt+1. (11.2)

To determine the joint p (θt,θt+1|DT ) we can first determine the state’s predictive
density given the entirety of the data DT . Due to the Markovian nature of DGLMs
described in (2.12) (that is θt ⊥⊥ (DT \Dt) |θt+1), it follows that

p (θt|θt+1,DT ) = p (θt|θt+1,Dt) . (11.3)

We can refactor (11.3) as

p (θt|θt+1,DT ) = p (θt|θt+1,Dt) (11.4)

=
p (θt,θt+1|Dt)
p (θt+1|Dt)

=
p (θt+1|θt,Dt) p (θt|Dt)

p (θt+1|Dt)

=
p (θt+1|θt) p (θt|Dt)

p (θt+1|Dt)
.

Considering the smoothed posterior as in (11.1), we can consider the posterior at time
t+ 1 as

θt+1|DT ∼ N
(
m̃t+1, C̃t+1

)
, t+ 1 ≤ T. (11.5)

This allows us to rewrite the joint distribution p (θt,θt+1|DT ) as

p (θt,θt+1|DT ) = p (θt|θt+1,DT ) p (θt+1|DT )

= p (θt|θt+1,Dt) p (θt+1|DT )

=
p (θt+1|θt) p (θt|Dt) p (θt+1|DT )

p (θt+1|Dt)
.

Replacing this result in (11.2), we then have

p (θt|DT ) =

∫
p (θt+1|θt) p (θt|Dt) p (θt+1|DT )

p (θt+1|Dt)
dθt+1

= p (θt|Dt)
∫
p (θt+1|θt) p (θt+1|DT )

p (θt+1|Dt)
dθt+1. (11.6)

For a Gaussian DLM, we seen in Chapter 4 that the filtering density is given by (4.13)

p (θt|Dt) = N (θt|mt,Ct) .
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We can identify p (θt+1|θt,Dt) as the predictive density (4.9) from Chapter (4) which
is provided by

p (θt+1|θt,Dt) = N

θt+1|Gmt︸︷︷︸
at+1

,GCtG
T + W︸ ︷︷ ︸

Rt+1


= N (θt+1|at+1,Rt+1) .

We can then express the joint posterior as

p (θt,θt+1|Dt) = p (θt+1|θt,Dt) p (θt|Dt)

= N (θt+1|at+1,Rt+1)N (θt|mt,Ct) .

Using standard Normal theory, as described in (4.2), we can then write the joint density
p (θt,θt+1|Dt) as

p (θt,θt+1|Dt) = N


 θt

θt+1


∣∣∣∣∣∣∣
 E [θt|Dt]

E [θt+1|θt]

 ,

 Var [θt|Dt] Cov [θt,θt]

Cov [θt,θt+1]
T Var [θt+1|θt]




= N


 θt

θt+1


∣∣∣∣∣∣∣
 mt

at+1

 ,

Ct CtG
T

GC Rt+1


 .

Since, as stated in (11.4), p (θt|θt+1,DT ) = p (θt|θt+1,Dt), by using the rules presented in
(4.3) and (4.4) we can write (11.3) as

p (θt|θt+1,DT ) = p (θt|θt+1,Dt)

= N (θt|E [θt|θt+1,Dt] ,Var [θt|θt+1,Dt]) ,

where

E [θt|θt+1,Dt] = E [θt|Dt] + Cov [θt,θt]Var [θt+1|θt]−1 (θt+1 − E [θt+1|θt])

= mt + CtG
TR−1t+1︸ ︷︷ ︸
Bt

(θt+1 − at+1) (11.7)

= mt + Bt (θt+1 − at+1) , (11.8)

with
Bt = CtG

TR−1t+1, (11.9)
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and

Var [θt|θt+1,Dt] = Var [θt|Dt]− Cov [θt,θt]Var [θt+1|θt]−1Cov [θt,θt+1]
T

= Ct − BtRt+1BTt . (11.10)

In order to write the joint posterior of θt,θt+1 given the entirety of the data, p (θt,θt+1|DT )

we can factor it as

p (θt,θt+1|DT ) = p (θt|θt+1,DT ) p (θt+1|DT ) .

We can now use the definition of p (θt|θt+1,DT ) in (11.8) and (11.10) and p (θt+1|DT ) from
(11.5), such that

p (θt,θt+1|DT ) = N
(
mt + Bt (θt+1 − at+1) ,Ct − BtRt+1BTt

)
×N

(
m̃t+1, C̃t+1

)
.

Using the definition of (11.8) and applying once more the rule in (4.3) we can then
write the joint posterior p (θt,θt+1|DT ) as

p (θt,θt+1|DT ) = N


θt+1

θt


∣∣∣∣∣∣∣
E [θt+1|DT ]

E [θt|DT ]

 ,

 Var [θt+1|DT ] Cov [θt,θt+1|DT ]

Cov [θt,θt+1|DT ]T Var [θt|DT ]




= N


θt+1

θt


∣∣∣∣∣∣∣


m̃t+1︸ ︷︷ ︸
a

mt + Bt (m̃t+1 − at+1)︸ ︷︷ ︸
b

 ,P

 ,

with

P =


C̃t+1︸︷︷︸
A

C̃t+1BTt︸ ︷︷ ︸
C

BtC̃t+1︸ ︷︷ ︸
CT

BtC̃t+1BTt + Ct − BtRt+1BTt︸ ︷︷ ︸
B

 .

The marginal distribution p (θt|DT ) will then be

p (θt|DT ) = N
(
m̃t, C̃t

)
,
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Figure 11.1: Illustration of the RTS smoother.

with

m̃t = mt + Bt (m̃t+1 − at+1)

C̃t = Ct + Bt
(

C̃t+1 − Rt+1

)
BTt .

From this result, it is clear that the RTS smoother needs to make use, as mentioned
previously, of the KF filter estimates (to provide mt and Ct), proceeding in a backward
recursion from the last time step t = T , as can be seen in Figure 11.1. As an initial
condition for the smoother we define

mT = m̃T

CT = C̃T .

The full algorithm for the RTS smoother is presented in Algorithm 11.1.

Example. RTS smoother for aM = {P (1) ,F (75, 1)} NDLM.

In this example we consider a M = {P (1) ,F (75, 1)} NDLM (period p = 75 for
the seasonal component), with parameter set Φ = {W,V } = {diag (1.5, 0.1, 0.1) , 4.3}. The

initial state for the KF filter was θ0 ∼ N

([
0 0 0

]T
, 10I3

)
. The full model specification
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Algorithm 11.1 Rauch-Tung-Strieble (RTS) smoother
initialisation (t = 0)

Set θ0 ∼ N (m0,C0)

For t = 1→ T

Run the KF recursions according to Section 4.
Store {Rt,mt,Ct}

Set

m̃T = mT

C̃T = CT

For t = (T − 1)→ 1

Calculate

Bt = CtG
TR−1t+1

m̃t = mt + Bt (m̃t+1 − Gmt)

C̃t = Ct + Bt
(

C̃t+1 − Rt+1

)
BTt

is

yt|θt,Φ ∼ N
(
FTθt, 4.3

)

θt|θt−1,Φ ∼ N

Gθt−1,


1.5 0 0

0 0.1 0

0 0 0.1




FT =

[
1 1 0

]

G =


1 0 0

0 cos 2π
75 sin 2π

75

0 − sin 2π
75 cos 2π

75

 .

A realisation of Nobs = 100 was simulated and is presented in Figure 11.2a. An initial state
estimation using the Kalman filter was performed and the resulting moment estimations,
{mt,Ct}Tt=1, stored in order to proceed with the smoothed state estimation by the RTS
smoother. The resulting estimates are presented in Figures 11.2b, 11.2c and 11.2d.
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Figure 11.2: State components ({θ1, θ2, θ3}) estimated using the Kalman filter
(red) and RTS smoother (green) and realisation’s observations (top left) for a
M = {P (1) ,F (75, 1)} Normal DLM. Solid colour lines represent the filtering/s-
moothing density mean and shaded areas the 90% CI. Dashed line represents the
realisation’s state mean.
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Chapter 12

Expectation-Maximisation

To estimate the parameter set Φ = {W, V } in a NDLM, as specified in Section 2.3.1, we
can apply the Expectation-Maximisation(EM) method as described in Shumway & Stoffer
(1982). The EM algorithm is an iterative algorithm used to estimate unknown parameters
and can be considered as specific class of maximum likelihood estimation methods (MLE).

If we consider the augmented data as

YT = {DT , ΘT } , (12.1)

with, as previously, DT = {y1, y2, . . . , yT } and ΘT = {θ0,θ1, . . . ,θT }, the EM aims at
(starting from an initial parameter set Φ0 = {W0, V0}) iteratively maximising the condi-
tional expectation of the log-likelihood of (12.1) conditioned on the total data, DT , and
the previous parameter set, that is

EΘT
[
` (YT |Φ) |DT ,Φ(j−1)

]
j = 1, 2, . . . (12.2)

The EM algorithm consists of two steps, namely the Expectation Step (E-step) and the
Maximisation Step (M-step). The E-step consists of calculating the expectation in (12.2).
In the second step, we maximise the result obtained in the E-step conditioned on Φ by
calculating

Φ(j) ← arg maxΦEΘT
[
` (YT |Φ) |DT ,Φ(j−1)

]
,

These steps are iteratively computed until some convergence criteria is reached, in essence
interpreting the parameter estimation as a model optimisation. A typical criteria will
depend on the actual relative change of the parameters when compared to a minimum
threshold ε. For instance, if we consider the parameter set Φ = {Φ1, . . . , Φn}, at a certain
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iteration step j, the relative change will be

δΦ = max
i


∣∣∣Φ(j)

i −Φ
(j−1)
i

∣∣∣
Φ

(j)
i


n

i=1

,

implying a stopping criterion of
δΦ ≤ ε.

Each iteration of the EM algorithm is guaranteed to increase the marginal log-likelihood.
It will therefore converge to a local mode. When applied to the NDLM case, the EM
method guarantees convergence according to Wu (1983).

To define the EM algorithm for NDLM, we must first be able to calculate the conditional
expectation in (12.2), which for a Normal DLM we can do analytically. From Section 2.3.1
we know that the general Normal DLM can be written in the form

yt|θt,Φ ∼ N
(
FTθt, V

)
θt|θt−1,Φ ∼ N (Gθt−1,W) .

Using the definition for the Normal PDF for the multivariate case in (4.1), we can then
reformulate the above NDLM as

p (yt|θt,Φ) =
1√

(2π)k |V|
exp

{
−1

2

(
yt − FTθt

)T
V−1

(
yt − FTθt

)}

p (θt|θt−1,Φ) =
1√

(2π)k |W|
exp

{
−1

2
(θt − Gθt−1)

T W−1 (θt − Gθt−1)
}

We will use here the multivariate version for the observation equation. This is will not
alter the final result since this is simply a general formulation of the univariate case.

The likelihood of the augmented data can be factorised as

p (YT ) = p (DT , ΘT ) = p (DT |ΘT ) p (ΘT ) .

We know that

p (ΘT ) = p (θ0)

T∏
t=1

p (θt|Θt−1) (12.3)

p (DT |ΘT ) =
T∏
t=1

p (yt|ΘT ) . (12.4)
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However, due to the Markovian nature of DGLMs, as specified in Section 2.1, we can
rewrite (12.3) and (12.4) as

p (ΘT ) = p (θ0)

T∏
t=1

p (θt|θt−1)

p (DT |ΘT ) =

T∏
t=1

p (yt|θt) .

Consequently, the likelihood of the augmented data in (12.1) can be written as

L (YT |Φ) = p (θ0)
T∏
t=1

p (θt|θt−1) p (yt|θt) .

Since the we consider an initial state prior also in the Normal form, that is

θ0 ∼ N (m0,C0)

we also consider p (θ1|θ0) = p (θ1|m0,C0) to have the Normal form, that is

p (θ1) =
1√

(2π)k |C0|
exp

{
−1

2
(θ1 −m0)

T C−10 (θt −m0)

}
.

We can further simplify the likelihood of the augmented data by working with the log-
likelihood, that is calculating

` (YT |Φ) = log {L (YT |Φ)}

= −1

2
|C0| −

1

2
(θ0 −m0)

T C−10 (θ0 −m0)

−T
2

log |W| − 1

2

T∑
t=1

{
(θt − Gθt−1)

T W−1 (θt − Gθt−1)
}

−T
2

log |V| − 1

2

T∑
t=1

{(
yt − FTθt

)T
V−1

(
yt − FTθt

)}

If we express the conditional expectation in (12.2) as function of Φ̂
(j)

(the estimated
parameter set at iteration j), we have

Q
(
Φ, Φ̂

(j)
)

= E
[
` (YT |Φ) |DT , Φ̂

(j)
]
. (12.5)
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According to Shumway & Stoffer (1982), by defining the conditional mean and covariances

m̃t = E [θt|DT ]

C̃t = Cov [θt|DT ]

C̃t|t−1 = Cov [θt,θt−1|DT ] ,

we can further simplify (and using the notation in Shumway & Stoffer (1982)) the condi-
tional expectation on 12.2 as

Q
(
Φ, Φ̂

(j)
)

= −1

2
|C0| −

1

2
tr
{

C−10

(
C̃0 + (m̃0 −m0) (m̃0 −m0)

T
)}

−T
2

log |W| − 1

2
tr
{

W−1
(
C − BGT − GBT + GAGT

)}
−T

2
log |V|

−1

2
tr

{
V−1

T∑
t=1

[(
yt − FT m̃t

) (
yt − FT m̃t

)T
+ FT C̃tF

]}
(12.6)

where

A =
T∑
t=1

(
C̃t−1 + m̃t−1m̃T

t−1
)

B =
T∑
t=1

(
C̃t|t−1 + m̃tm̃

T
t−1
)

C =
T∑
t=1

(
C̃t + m̃tm̃

T
t

)
and tr(·) is the trace function. As noted in Shumway & Stoffer (1982), to calculate the
analytical form of (12.6), we made extensive use of the identities derived during the RTS
smoother analysis in Chapter 11 on page 137, since we are calculating the expectations
in (12.5) of, for instance, the states θt, not conditioned on the data up until time t, but
rather conditioned on the entirety of the data, that is θt|DT . This is will be, by definition,
a smoothing problem and the calculation of (12.5) will rely namely on smoothing quantities

m̃t = E [θt|DT ]

C̃t = E
[
θtθ

T
t |DT

]
C̃t−1 = E

[
θt−1θTt−1|DT

]
C̃t|t−1 = E [θtθt−1|DT ] .

It is clear from (12.6) that for the E-step, not only we will need the values provided
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by RTS smoother for the expectation calculation, but also, implicitly the KF estimates so
the smoother can be evaluated.

The maximisation step (M-step) will consist in maximising the conditional expectation
in (12.6). Since the logarithm is a monotone function, that is

arg max {log [f (·)]} = arg max {f (·)} ,

we can calculate the first order partial derivative of (12.6) with regard to the parameters
and set it to zero. Solving this in function of parameters will provide the values that
maximise (12.6). As such, we calculate

∂Q
(
Φ, Φ̂

(j)
)

∂W
= 0

∂Q
(
Φ, Φ̂

(j)
)

∂V
= 0.

For the W we can simplify the calculation by calculating the derivative with regard to
W−1 such that

∂Q
(
Φ, Φ̂

(j)
)

∂W−1
= 0

T

2
W − 1

2

(
T∑
t=0

(m̃t − Gtm̃t−1) (m̃t − Gtm̃t−1)
T + Lt

)T
= 0,

where
Lt = C̃t + GC̃t−1GT − C̃tB

T
t−1GT − GBt−1C̃Tt ,

and Bt as defined in (11.9). Solving in order of W results in the new parameter estimate
at step j

W(j+1) =
1

T

(
T∑
t=0

(m̃t − Gtm̃t−1) (m̃t − Gtm̃t−1)
T + Lt

)
,

which maximises (12.6) with regard to W. With respect to V, we calculate

∂Q
(
Φ, Φ̂

(j)
)

∂V −1
= 0

T + 1

2
V − 1

2

(
T∑
t=0

{(
yt − FT m̃t

) (
yt − FT m̃t

)T
+ FT C̃tF

})T
= 0,
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therefore the value which maximises (12.6) with regard to V is

V (j+1) =
1

T + 1

(
T∑
t=0

{(
yt − FT m̃t

) (
yt − FT m̃t

)T
+ FT C̃tF

})
.

Some limitations of the general EM method include the fact that it stabilises when
converging to a local maximum of the likelihood (which might not necessarily be the
global maximum) and the fact that it only provides a point estimate of the the parameter
set (although, according to Shumway & Stoffer (1982), perturbing the likelihood near the
maximum may allow for the calculation of standard errors) which maximises the likelihood.

The full EM algorithm is defined in Algorithm 12.1.

Example. EM for aM = {P (1) ,F (200, 1)} Normal DLM

For a simulation of the EM parameter estimation, we have chosen a Normal DLM with
a locally constant component composed with seasonality. The locally constant component
had a state variance W = 1.5 and the seasonality consisted of h = 1 harmonics with a

period p = 200 and a variance of W =

1 0

0 1

. The observation variance was V = 1.11.

We can see the data for a realisation for Nobs = 2000 of this model in Figure 12.1a. This
corresponds to a model in the form

yt|θt,Φ ∼ N
(
FTθt, 1.1

)

θt|θt−1,Φ ∼ N

Gθt−1,


1.5 0 0

0 1 0

0 0 1



 .

The initial parameters for the estimation were set at

V0 = 10, W0 =


10 0 0

0 10 0

0 0 10

 .

The EM algorithm converged after 902 iterations using ε = 0.001 and the final values were

Ṽ = 1.210648 and diag
(

W̃
)

=

[
1.7400 0.9765 1.3361

]
, with a running time of 9.102

seconds. The estimation values for each iteration can be viewed in Figure 12.1.
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Algorithm 12.1 Expectation-Maximisation (for NDLM)
initialisation

set a value for Φ(0) =
{

W(0), V (0)
}

set a convergence threshold ε

set j = 0

while δΦ > ε

(E-step)

calculate {mt,Ct}Tt=1 using the Kalman Filter conditioned on Φ(j)

calculate
{
m̃t, C̃t

}T
t=1

using the RTS smoother conditioned on Φ(j)

(M-step)

calculate the new parameter W(j+1)

W(j+1) =
1

T

(
T∑
t=0

(m̃t − Gtm̃t−1) (m̃t − Gtm̃t−1)
T + Lt

)

calculate the new parameter V (j+1)

V (j+1) =
1

T + 1

(
T∑
t=0

{(
yt − FT m̃t

) (
yt − FT m̃t

)T
+ FT C̃tF

})

set Φ(j+1) =
{

W(j+1), V (j+1)
}

set j ← j + 1

calculate relative change

δΦ = max
i


∣∣∣Φ(j)

i −Φ
(j−1)
i

∣∣∣
Φ

(j)
i


n

i=1
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Figure 12.1: Observations (top left) and EM estimation history (for n = 902 itera-
tions) of Φ = {W, V } for a realisation of a M = {P (1) ,F (200, 1)} Normal DLM
with Nobs = 2000. Horizontal dashed line represents true parameter value.
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Chapter 13

Particle Markov Chain Monte Carlo

An additional class of methods to perform offline state and parameter estimation is Particle
Markov Chain Monte Carlo (PMCMC), introduced in Andrieu et al. (2010). PMCMC
methods represent a valuable tool to perform inference in state-space models with proven
theoretical results and have been chosen to be the “gold standard” for subsequent compar-
isons in this thesis.

If we consider, in a state-space model, the joint distribution of parameter, states and
observations, p (Φ,θ,DT ), we can factor it as

p (Φ,θ,DT ) = p (Φ) p (θ|Φ) p (DT |θ,Φ) . (13.1)

A standard approach to estimate the parameter posterior p (Φ|Dt) would be to use
Markov Chain Monte Carlo (MCMC) methods. The states can in principle be marginalised
in order to obtain the observation’s marginal likelihood, such that

p (DT |Φ) =

∫
p (θ|Φ) p (DT |θ,Φ) dθ, (13.2)

and the (ideal) Metropolis-Hasting method could be used to estimate the parameters. The
Metropolis-Hastings (MH) algorithm is a fundamental (and possibly the most popular
MCMC method; Sherlock et al. (2015)), where assuming we want to estimate a target
distribution

π (Φ) = p (Φ|DT ) ,

the MH algorithm will consist (in general terms) of sampling a proposed parameter Φ?

from a proposal distribution, conditioned on a previously accepted parameter, Φ′, such
that

Φ? ∼ q
(
Φ?|Φ′

)
.
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Chapter 13. Particle Markov Chain Monte Carlo

After calculating an acceptance probability A as

A = 1 ∧ π (Φ?)

π (Φ′)
q (Φ′|Φ?)
q (Φ?|Φ′)

= 1 ∧ p (Φ?)

p (Φ′)
p (DT |Φ?)
p (DT |Φ?)

q (Φ′|Φ?)
q (Φ?|Φ′)

, (13.3)

we either accept the new parameter Φ? with probability A or keep the previous value Φ′.
Firstly, we can see from (13.3) that we must be able to calculate the marginal likelihoods
p (DT |·). Secondly, we can also see that by using a symmetric proposal distribution, that
is

q
(
Φ′|Φ?

)
= q

(
Φ?|Φ′

)
,

we can simplify the calculation of the acceptance ratio into

A = 1 ∧ p (Φ?)

p (Φ′)
p (DT |Φ?)
p (DT |Φ?)

.

A typical1 proposal distribution is a multivariate normal random walk centred on the
previous parameter values Φ′ with a defined variance Σ, such that

Φ? ∼ q
(
Φ?|Φ′

)
∼ N

(
Φ?;Φ′,Σ

)
.

Such a distribution is symmetrical and allows for a simplified acceptance ratio calcula-
tion. In possession of the likelihood (13.2), new parameters Φ? could be estimated using a
(general) Metropolis-Hastings algorithm such as presented in Algorithm 13.1 on page 155.
As we can see from (13.3), the MH method allows parameter proposals to be accepted
when they cause the target (the posterior in this case) to be higher or if we have the same
probability, if the likelihood change is small enough, enabling the sampler to visit regions
of higher likelihood more frequently. To quantify the efficiency of the MH method, two
heuristic measures are useful, namely the auto-correlation function (ACF) and the effective
sample size. According to Liu (2002) the lag-k ACF for a stationary stochastic process
{Mt}Tt=1 is defined by

ρk = corr
(
M(1),M(k+1)

)
. (13.4)

Lower auto-correlations are of course desirable, since this will indicate a lower amount
1According to conventional MCMC theory (Roberts & Rosenthal (2001)), the optimal proposal step

for a N (0, Ip) target can be set to Σp =
(
λ2/p

)
Ip with λ = 2.38.
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Figure 13.1: MH sampler trace and k-lag ACF for simulated Φ parameters repres-
enting low correlation (left) and high correlation (right)

of correlated (hence dependent) samples. A measure closely related to the ACF, is the
(Monte Carlo) effective sample size (MCESS, Brooks et al. (2011)), which will provide an
heuristic estimate for the number of independent samples produced. The MCESS can be
defined as

MCESS =
n

1 + 2
∑∞

k=1 ρk
,

where n is the total number of samples and ρk is defined in (13.4). It is clear that as the
auto-correlation increases, MCESS will be lower, whereas in the limit if all the samples
are independent (implying ρk = 0 for k = 1, . . . ,∞), then the MCESS would be n, the
totality of the samples. An illustration of the quantities applied to simulated Φ parameters
with respectively low and high correlation are presented in Figure 13.1. Two additional
approaches can be used when performing posterior estimation, namely burn-in and thin-
ning. Burn-in is performed by removing the initial portion of the samples, that is, the
initial values of the chain before it converges to a stationary region. This approach aims
at minimising the impact of those samples in the final posterior estimation. Thinning is
performed by only keeping every nth sample, with n > 1, for the posterior estimation. The
main goal is reducing the storage costs (however, if the parameters are highly correlated,
thinning can potentially help with producing a less dependent final set of samples).
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Algorithm 13.1 Metropolis-Hastings
initialise n = 1

Φ(1) ∼ p (Φ)

for n ≥ 1

propose Φ? ∼ q
(
·|Φ(n−1)

)
calculate

A = 1 ∧
q
(
Φ(n−1)|Φ?

)
p (Φ?) p (DT |Φ?)

q
(
Φ?|Φ(n−1)

)
p
(
Φ(n−1)

)
p
(
DT |Φ(n−1)

)
accept Φ(n) = Φ? with probability A or reject Φ(n) = Φ(n−1).

In the context of this thesis, especially with non-linear DGLMs, p (DT |Φ) is not avail-
able. However, as we have seen in Section 6.1, SMC methods (such as SIR) can be used
as an unbiased estimator of p (DT |Φ) by calculating

p (DT |Φ) ≈
T∏
t=1

1

Np

Np∑
i=1

w̃
(i)
t

≈ p̂ (DT |Φ) .

PMCMC methods build on the principle of using the SMC approximation p̂ (DT |Φ) to
approximate p (DT |Φ). To better illustrate PMCMC we start with describing an imple-
mentation known as the Particle Independent Metropolis-Hastings (PIMH) following the
algorithm presented in 13.2 on page 157. This method, presented in Andrieu et al. (2010)
aims at estimating p (θ0:T |DT ,Φ), that is, we assume the parameter set Φ is known. This
method, as noted in Andrieu et al. (2010), although not a serious competitor to SMC state
estimation, still provides a valuable insight on the workings of PMCMC methods.

We start by introducing a notation for a generic particle filter where{
θ
(i)
0:T , a

(i)
1:T , w

(i)
0:T

}Np
i=1
∼ PF (DT ,Φ) .

As we have seen from Section 6.1, a general particle filter will at time t provide an ap-
proximation to the marginal posterior p (θt|Dt) with a discrete set of particles and weights{
θ
(i)
t , w

(i)
t

}Np
i=1

. At time t + 1, the approximation will be
{
θ
(i)
t+1, w

(i)
t+1

}Np
i=1

. The ancestors

of the particle set at time t + 1 will be direct mapping from the each particle θ(i)t to the
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Figure 13.2: Trajectories in a general particle filter (solid lines) with a sampled
trajectory (red line).

transitioned particle θ(i)t+1. If no resampling occurred, the mapping will be a(i)t+1 = i, and if
resampling occurred, some particles will probably share “parent” particles. A direct lineage
from the last set of particles at t = T to the original set of particles at t = 0 is usually
called a trajectory. We will define the complete set of variables produced by the particle

filter, that is, the set of particle trajectories,
{
θ
(i)
0:T

}Np
i=1

along with its respective weights{
w

(i)
0:T

}Np
i=1

and particle ancestors,
{
a
(i)
1:T

}Np
i=1

as the output of the particle filter. An illus-
tration of the “surviving” trajectories is presented in Figure 13.2. It is important to note
that within the context of PMCMC methods, the resampling strategy applied must satisfy
the unbiasedness criterion as specified in Section 7.3 on page 87. As detailed in Andrieu
et al. (2009), we can consider the resampling operation as the method to which particles
at time t “choose” their ancestors at time t− 1 as function of the parents’ weights wt−1 as
defined in (7.4), that is with probability

R
(
·|
{
w

(i)
t−1
}Np
i=1

)
.

The joint distribution of these variables, conditioned on a set of parameters Φ, can be
denoted as

ψΦ = PF (DT ,Φ) (13.5)

=
{
θ
(i)
0:T , a

(i)
1:T , w

(i)
0:T

}Np
i=1

, (13.6)
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and our target distribution, in this case will be

q (θ0:T ) = p (θ0:T |DT ,Φ) . (13.7)

Algorithm 13.2 Particle Independent Metropolis-Hastings
initialise n = 1

run a particle filter, sampling θ(1)0:T ∼ p (θ0:T |DT ,Φ)

calculate the likelihood ̂̀(1) =
∏T
t=1

1
Np

∑Np
i=1w

(i)
t

for n > 1

run a particle filter, sampling θ?0:T ∼ p (θ0:T |DT ,Φ)

calculate the likelihood ̂̀? =
∏T
t=1

1
Np

∑Np
i=1w

(i)
t

calculate the probability

A = 1 ∧
̂̀?̂̀(n)

with probability A

accept θ(n)0:T = θ?0:T and ̂̀(n) = ̂̀?
or reject θ(n)0:T = θ

(n−1)
0:T and ̂̀(n) = ̂̀(n−1)

In this case, since it is not possible to sample directly from (13.7), the sample from an
extended proposal distribution which will include all the variables produced by the SMC
approximation, is denoted as ψΦ in (13.5). Still according to Andrieu et al. (2009, 2010), by
sampling an index k from the particle filter’s last stage weights with probability {wT }

Np
i=1

(as illustrated in Figure 13.2) and the corresponding particle θ(k)T and denoting the set of
ΘN simulated values as

θt =
(
θ1t ,θ

2
t , . . . ,θ

N
t

)
∈ ΘN ,

then the joint distribution of all particle filter generated values in (13.5) will be

q
(
k,θ1,θ2, . . . ,θT , a1, a2, . . . , , aT

)
= w

(k)
T ψ

(
θ1,θ2, . . . ,θT , a1, a2, . . . , , aT

)
.

Andrieu et al. (2009, 2010) proves that by following this procedure we are producing a
sample from the proposal (13.7), such that the PIMH target is π

(
k,θ1,θ2, . . . ,θT , a1, a2, . . . , , aT

)
with a proposal q

(
k,θ1,θ2, . . . ,θT , a1, a2, . . . , , aT

)
, therefore allowing us to calculate the

acceptance ratio in Algorithm 13.2. If we consider that as the number of particles in the
SMC estimator Np → ∞, so will p̂ (θ0:T |DT ,Φ) → p (θ0:T |DT ,Φ) as consequently the
acceptance ratio A→ 1.

157



Chapter 13. Particle Markov Chain Monte Carlo

We are, however, interested in the estimation of the joint posterior of states and para-
meters, p (Φ,θ0:T |DT ) for which a particular method called Particle Marginal Metropolis-
Hastings (PMMH) can be used. Since we know that the target distribution can be factored
as

p (Φ,θ0:T |DT ) = p (Φ|DT ) p (θ0:T |DT ,Φ) ,

our MH proposal distribution could take the form

q (Φ?,θ?0:T ) = q (Φ?|Φ) p (θ?0:T |DT ,Φ?) .

In this case, we would have a similar procedure to the PIMH, but now with an accept-
ance ratio (for the idealised scheme) of

A = 1 ∧ p (Φ?,θ?0:T |DT ) q (Φ,θ?0:T |Φ?,DT )

p (Φ,θ?0:T |DT ) q (Φ?,θ?0:T |Φ,DT )

= 1 ∧ p (DT |Φ?) q (Φ|Φ?)
p (DT |Φ) q (Φ?|Φ)

.

In Andrieu et al. (2010) it is proven that PMMH leads to convergent algorithms and
a notable property is that it leaves the distribution p (Φ,θ0:T |DT ) invariant. Although
theoretically the PMCMC will provide an exact estimation of the target distribution for
any unbiased likelihood estimator with a number of particles Np ≥ 1 (Andrieu et al.
(2009)), its efficiency will depend on the variance of the estimator. A higher number of
particles could result in a better chain mixing, since in theory the variance of the likelihood
estimator will grow linearly2 with T . The choice of an appropriate number of particles Np

for the particle filter and also the scaling of the innovation variance in the random walk
proposal are then very important aspects with a direct impact in the efficiency of the
PMMH method. In Sherlock et al. (2015) it is advised that Np should be such that the
variance of the log-posterior is approximately 3. This can be calculated by performing
a PMMH test run in order to calculate the variance of the log-posterior and selecting
the number of particles accordingly. Still in Sherlock et al. (2015), the scaling, γ, of the
innovation variance should be γ = (2.382/d), where d is the dimension of the target. A
general algorithm for PMMH is presented in Algorithm 13.3 on the next page.

Another method worth mentioning is Monte Carlo within Metropolis (MCWM), an
alternative (approximate) version of PMMH. MCWM follows in essence the same approach
as PMMH with the major difference that at each iteration, instead of keeping the marginal
likelihood estimation from iteration n− 1, that is `(n−1) = p

(
DT |Φ(n−1)

)
, this likelihood

2suggesting the number of particles for the particle filter estimation, Np, should also grow linearly with
T .
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is recalculated independently along with `?. That is, at each iteration n, we calculate both

`(n−1) = p̂
(
DT |Φ(n−1)

)
`? = p̂ (DT |Φ?) .

As mentioned in Andrieu & Roberts (2009), although the invariant distribution of MCWM
is not π (Φ), the samples generated by this method will be asymptotically distributed
according to an approximation of π (Φ) increasing in precision as the number of particles Np

increase. A general algorithm for MCWM is presented in Algorithm 13.4 on the following
page.

Algorithm 13.3 Particle Marginal Metropolis-Hastings
Initialise n = 0

sample Φ(0) ∼ p (Φ)

run a particle filter to estimate p
(
θ0:T |DT ,Φ(0)

)
sample θ(0)0:T ∼ p̂

(
·|DT ,Φ(0)

)
calculate `(0) = p̂

(
DT |Φ(0)

)
Iteration n ≥ 1

sample Φ′ ∼ q
(
·|Φ(n−1)

)
run a particle filter

sample θ′0:T ∼ p (·|DT ,Φ′)
set `′ = p̂ (DT |Φ′)
calculate Metropolis-Hastings ratio

1 ∧
`′p (Φ′) q

(
Φ(n−1)|Φ′

)
`(n−1)p

(
Φ(n−1)

)
q
(
Φ′|Φ(n−1)

)
accept

{
θ
(n)
0:T ,Φ

(n)
}

=
{
θ′0:T ,Φ

′}, `(n) = `′.

or reject
{
θ
(n)
0:T ,Φ

(n)
}

=
{
θ
(n−1)
0:T ,Φ(n−1)

}
, `(n) = `(n−1).

Example. Poisson AR(1) DGLM
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Algorithm 13.4 Monte Carlo within Metropolis
Initialise n = 0

sample Φ(0) ∼ p (Φ)

Iteration n ≥ 1

sample Φ′ ∼ q
(
·|Φ(n−1)

)
run a particle filter

sample θ′0:T ∼ p (·|DT ,Φ′)
set `′ = p̂ (DT |Φ′)
sample θ0:T ∼ p

(
·|DT ,Φ(n−1)

)
set `(n−1) = p̂

(
DT |Φ(n−1)

)
calculate Metropolis-Hastings ratio

1 ∧
`′p (Φ′) q

(
Φ(n−1)|Φ′

)
`(n−1)p

(
Φ(n−1)

)
q
(
Φ′|Φ(n−1)

)
accept

{
θ
(n)
0:T ,Φ

(n)
}

=
{
θ′0:T ,Φ

′}, `(n) = `′.

or reject
{
θ
(n)
0:T ,Φ

(n)
}

=
{
θ
(n−1)
0:T ,Φ(n−1)

}
, `(n) = `(n−1).

The Autoregressive of order 1 (AR(1)) Poisson DLM can be specified as

yt|θt ∼ Po (λt)

λt = exp {θt}

θt|θt−1,Φ ∼ N
(
α+ βθt−1, τ2

)
where α and β are regression coefficients, in this case considered static but unknown. The
parameter set used for the realisation of the Nobs = 2000 observations seen in Figure 13.3
was Φ =

{
τ2, α, β

}
= {1.5, 0.7, 0.3}. For this model we can implement PMMH using a

standard bootstrap filter (i.e. an SIR filter using the model’s transition p (θ|θt−1) as the
importance density) with Np = 3000 to approximate the likelihood. The proposal step
used was

diag (Σ) = (0.1, 0.1, 0.1) .
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Figure 13.3: Observations y1:Nobs
and states θ0:Nobs

for a realisation of a AR(1)
PoDLM with Φ = {τ2, α, β} = {1.5, 0.7, 0.3}.

The priors used were

τ20 ∼ IG (1, 1)

α0 ∼ Beta (1, 1)

β0 ∼ Beta (1, 1) .

Represented in Figure 13.3 are observations, y1:T , and states, θ0:T , for a realisation of
the above model.

In Figure 13.4 we can see the traces for the parameter set Φ =
{
α, β, τ2

}
corresponding

to n = 219595 iterations of the PMMH sampler. The burn-in period discarded was of
1000 samples after which a thinning factor of 1000 was applied, resulting in a final set
of 2186 samples. The MCESS for the parameter set Φ =

{
α, β, τ2

}
was respectively

MCESSΦ = {1477.8, 1161.4, 925.9}.

For comparison, MCWM was applied to the same data, using the same parameter
priors as for the PMMH. The same likelihood estimator was used (a SIR particle filter
with Np = 3000 and sampling from the prior as a proposal density) as well as the proposal
step. The MCWM traces and k -lag ACF plots are presented in Figure 13.8 and a marginal
density for Φ at time t = T is presented in Figure 13.9. A comparison of the latent state
estimation for both PMMH and MCWM is presented in Figure 13.7. We can see from
Figure 13.9 that the estimation of the parameters’ posterior is consistent between both
methods in this case and from Figure 13.7 we can see that the mean state’s estimation is
practically identical.
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Chapter 14

Iterated Batch Importance Sampling

A method presented by Chopin (2002) to perform sequential (but not online) state and
parameter estimation is the Iterated Batch Importance Sampling (IBIS) algorithm. For
parameter estimation, IBIS targets the posterior π (Φ|Dt), provided some conditions are
met regarding the actual model.

Chopin (2002) proposes that inference about the parameter posterior can be calculated
in batches

pk (Φ|Dk) , k = 1 < · · · < t < · · · < Nobs,

where pk (Φ|Dk) indicates the partial posterior up until t = k.

Chopin (2002) states that, considering the first batch of observations Dk1 , using a
particle system targeting to perform inference on pk1 (Φ|Dk1), we can assume that whenever
a new batch of observations is available, Dk2 (with k2 > k1) then it is likely that

pk1 (Φ|Dk1) ≈ pk2 (Φ|Dk2) .

With this new batch of observations, importance sampling can then be applied to the
particle system with importance weights defined by

w ∝ p (Φ|Dk2)

p (Φ|Dk1)
∝ p (Dk2 |Φ)

p (Dk1 |Φ)
∝ p (yk1+1:k2 |y1:k1 ,Φ) .

To minimise weight degeneracy, the current particle set is built on a resample-sample
framework, where resample occurs whenever the ESS falls below a certain threshold. In
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the case of IBIS the ESS is calculated as

ÊSS =

(∑NΦ
i=1w

(i)
t

)2
∑NΦ

i=1

(
w

(i)
t

)2 . (14.1)

As seen in Section 7.1.1, resampling methods will help with degeneracy problems, but
will introduce particle impoverishment. To address this problem, Chopin (2002); Gilks
& Berzuini (2001) perform a particle rejuvenation step by use of a Markov kernel. If we
consider a Markov kernel Kt with a stationary distribution, then at the sample stage (after
resampling) the parameter particles will be simulated from

Φ
(i)
t ∼

1∑NΦ
i=1w

(i)
t

NΦ∑
i=1

w
(i)
t Kt

(
Φ(i), dΦ

)
.

A common choice of Kt is a random-walk Metropolis-Hastings (MH) such as

Φ?t ∼ N (Φt, Σ)

with Σ proportional to the NΦ parameter particles variance1

Σ = kVar [Φt|Dt−1] .

One of the constraints is that given the parameter prior p (Φ) and the observations Dt
we are able to calculate the likelihood

p (yt|Dt−1,Φ) . (14.2)

If we are able to calculate (14.2), then a sequential importance sampling approach is taken
where a discrete set of NΦ parameter particles will approximate the posterior p (Φ|Dt). To
do so, we assume that at each time t, the approximation at time t − 1,

{
Φ

(i)
t−1, w

(i)
t−1
}NΦ
i=1

,

is updated to
{
Φ

(i)
t , w

(i)
t

}NΦ
i=1

using importance weights proportional to the likelihood in
(14.2):

w
(i)
t ∝ p (Φ|Dt)

p (Φ|Dt−1)
∝ p (yt|Dt−1,Φ) .

As seen in previous sections, resampling introduces a particle impoverishment problem
1For a different approach, where the kernels can be chosen adaptively, c.f. Fearnhead & Taylor (2013).
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and one of the main characteristics of IBIS, as noted in Chopin (2002), is the introduction of
parameter particle rejuvenation. The new proposed parameters Φ(i)? can then be accepted
according to the acceptance ratio

A = min

1,
p
(
Φ
?(i)
t

)
p
(
Dt|Φ?(i)t

)
q
(
Φ

(i)
t |Φ

?(i)
t

)
p
(
Φ

(i)
t

)
p
(
Dt|Φ(i)

t

)
q
(
Φ
?(i)
t |Φ

(i)
t

)
 .

Given the NΦ particles, IBIS allows us (Chopin et al. (2013)) to know characteristics
of the target distribution:

Σ̂ =
1∑NΦ

i=1w
(i)

NΦ∑
i=1

w(i)
(
Φ(i) − µ̂

)(
Φ(i) − µ̂

)T
µ̂ =

1∑NΦ
i=1w

(i)

∑
w(i)Φ(i).

Although the likelihood in (14.2) is typically intractable, it is clear that one model for
which IBIS is directly applicable is the NDLM, since as we’ve seen from Section 4, the
incremental likelihood (14.2) can be easily calculated.2 As detailed in (4.9), this will be
the KF’s predictive density :

p (yt|Dt−1,Φ) = N (yt; ft, Qt) .

In the NDLM case, the total data likelihood p (Dt|Φ), used in the MH acceptance ratio
can also be easily calculated, since

p (Dt|Φ) = p (y1|Φ)

t∏
k=2

p (yk|Dk−1,Φ)

=
t∏

k=1

N (fk, Qk) .

For this class of models, IBIS can then be implemented as a concurrent system of NΦ
Kalman filters, each conditioned on a parameter

{
Φ(i)

}NΦ

i=1
applying the Kalman recursions

of Section 4 to calculate p
(
yt|Dt−1,Φ(i)

)
. At each time t, the set comprising the KFs first

and second moments, along with the importance weights and the parameters:{
m

(i)
t ,C

(i)
t , w

(i)
t ,Φ

(i)
t

}NΦ
i=1

,

2For the moment, for simplicity we will drop the particle notation (i), later generalising the results to
a system of particles.
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are then sufficient to implement the IBIS algorithm allowing for the MH ratio to be calcu-
lated and new parameter proposed.

As an example we will look at aM = {P (1)} NDLM model, that is taking the form

yt|θt,Φ ∼ N
(
θt, ν

2
)

θt|θt−1,Φ ∼ N
(
θt−1, τ2

)
.

The state priors used were m0 = 0 and C0 = 100. The parameters for the realisation
(Figure 14.1) are ν2 = 4.2 and τ2 = 2.3 and the estimation was performed using NΦ =

10000. Assuming we have parameter priors of p
(
τ20
)

= IG (1, 1) and p
(
ν20
)

= IG (1, 1), at
each time point t we calculate the new update KF moments according to (4.11) and (4.12)
for each particle

m
(i)
t = m

(i)
t−1 +

R
(i)
t

R
(i)
t + ν

2(i)
t

(
yt −m(i)

t−1
)

C
(i)
t = R

(i)
t −

R
2(i)
t

R
(i)
t + τ

2(i)
t

R
(i)
t = C

(i)
t−1 + τ

2(i)
t .

At time point t the importance weights are calculated using the intermediate quantities ft
and Qt such that

w
(i)
t ∝ N

m(i)
t−1︸ ︷︷ ︸
ft

, C
(i)
t−1 + τ

2(i)
t + ν

2(i)
t︸ ︷︷ ︸

Qt

 ,

and the ÊSS calculated according to (14.1). If at any point the ÊSS falls below the
predefined threshold (in this case ÊSSeff =

Np
2 ), the particles are resampled (using multi-

nomial resampling) according to w(i)
t and new parameters are proposed from a rejuvenation

kernel Kt such that

Φ
?(i)
t ∼ N

(
Φ

(i)
t , Σ

)
Σ = Var

[
Φ

(i)
t |Dt

]
.

The MH ratio is given by

At = min

1,
p
(
Φ
?(i)
t

)
q
(
Φ

(i)
t |Φ

?(i)
t

)
L?t

p
(
Φ

(i)
t

)
q
(
Φ
?(i)
t |Φ

(i)
t

)
Lt

 (14.3)
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where

L?t =

t∏
k=1

N (yk; f
?
k , Q

?
k)

Lt =
t∏

k=1

N (yk; fk, Qk) ,

and where {f?k , Q?k}
t
k=1 and {fk, Qk}

t
k=1 refer to the predictive density moments calculated

using respectively the parameter set Φ?(i)t and Φ(i)
t , using a batch size of p = 1. If we were

interested simply in parameter inference, it would suffice to keep a running total of the
marginal likelihoods. However, in the context of this thesis, since we are interested in both
state and parameter inference, it is necessary to keep the entire history of particles{{

m
(i)
0 ,C

(i)
0 ,Φ

(i)
0

}NΦ
i=1

,
{
m

(i)
1 ,C

(i)
1 ,Φ

(i)
1

}NΦ
i=1

, · · · ,
{
m

(i)
t ,C

(i)
t ,Φ

(i)
t

}NΦ
i=1

}
.

An illustration of the estimation history for τ2 and ν2 is given in Figures 14.2a and 14.2b
with vertical dotted lines indicating the time points where resampling occurred.

The fact that the entire history quantities must be stored for the rejuvenation step is
the reason why IBIS, although a sequential method, cannot be considered an online one.
The computation times will grow with t making it infeasible to use it for long running
estimations. However, as stated in Chopin (2002), assuming a fixed degeneracy criterion
and that the efficiency of the move step is constant, the number of new points needed for
each new batch of observations will increase geometrically. This simulation performed is
consistent in this result as we can notice a decrease in frequency for the resampling stages
in Figure 14.3 (dotted lines). Regarding the acceptances of MH, we can also see from
Figure 14.4, that as expected, since we started from an uninformative prior, they fluctuate
considerably for the initial moves, but as the posterior pk (Φ|Dk) tends to p (Φ|DT ) they
do stabilise in a consistent manner with the decrease of frequency of resampling stages.

This is clear from Figure 14.3 where we can see the cumulative running time of the
algorithm displaying a clearly non-linear increase, with considerable delays at the total
resampling points, where the total likelihood calculation occurs. In an online method, we
would expect to see a definite linear time increase regardless of the data size.

As mentioned previously, it is clear that one of the key requirements of the IBIS al-
gorithm is that we are able to calculate the incremental likelihood p

(
y(t+1):(t+p)|y1:t,Φ

)
.

Although this is possible for certain models (namely the Gaussian DLM) it may not be
possible for other types of DGLM. For those models, an alternate method, SMC2, built
on the concepts of IBIS is available and detailed in Chapter 15. For the remainder of this
thesis, especially in Part V we will use the special case where the batch size is set to p = 1.
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Figure 14.1: Observations from a realisation of a M = {P (1)} NDLM with Φ ={
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= {4.2, 2.3}.
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Figure 14.2: Parameter posterior estimation history for τ2 and ν2 (colour line rep-
resents posterior mean, shaded area 90% equitailed credibility intervaland vertical
line the rejuvenation stages) and (normalised) parameter posteriors at t = T for
a M = {P (1)} NDLM using IBIS with NΦ = 10000. Dashed vertical red lines
represent the true values.
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Figure 14.4: Number of Metropolis-Hastings acceptances for rejuvenation step of
IBIS with NΦ = 10000. Vertical lines represent the resampling steps.

Since the KF recursions play such a crucial role in the IBIS method, we will also
implement a variant of IBIS using the SVD implementation of the KF (as described in
Section 4.1).

14.1 Online IBIS

A possible solution to use the rejuvenation method of IBIS but in an online fashion is to
use a sliding window of observations, thus approximating the total likelihood by a partial
likelihood of the data. If assume we that

p (Φ|Dt) ≈ p
(
Φ|y(t−k):t

)
for a sufficiently large window k > 0, we will not be targeting the correct posterior

p (Φ|Dt) but a good approximation p
(
Φ̃|yt−k:t

)
. By discarding observations in the far

horizon, this will in essence amount to the estimation of an artificially dynamic parameter
Φ̃t that would be close to Φ. Not having to store the entirety of the information, but only
a subset, allows us to perform online estimation. Although, depending on the window size
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Algorithm 14.1 IBIS
initialisation

draw
{
Φ

(i)
0 , w

(i)
0

}NΦ
i=1
∼ π (Φ0)

set Neff

for t← 1 to Nobs

for i← 1 to NΦ
calculate the weights according to

w
(i)
t ∝ w

(i)
t−1p

(
y(t+1):(t+p)|Dt,Φ

(i)
t

)
if ÊSS < Neff

resample
{
Φ

(i)
t , w

(i)
t

}NΦ
i=1
→
{
Φ(k), 1

}NΦ
i=1

draw
Φ

(i)
t+p ∼ Kt+p

(
Φ(i), ·

)
, i = 1, . . . , NΦ,

where Kn+p is a transition kernel with stationary distribution πt+p.
set t = t+ p and {Φ(i), w(i)}NΦi=1 = {Φ(k), 1}NΦi=1.

k there will be a computational impact at each resampling step, it will now at least be
bounded and not growing along with the size of the data, effectively trading a computa-
tional cost at the resampling stage (for a constant number of particles NΦ) of O (t) in full
IBIS for O (1) in the online IBIS. The parameters will still be proposed from a random-walk
MH kernel such that

Φ̃
?(i)
t ∼ N

(
Φ̃

(i)
t , Σt

)
,

Σt = Var
[
Φ̃

(i)
t |y(t−k):t

]
.

and the acceptance ratio will be calculated as in (14.3), but now according the partial data
likelihoods

L̃?t =
t∏

n=t−k
N (yn; f?n, Q

?
n)

L̃t =
t∏

n=t−k
N (yn; fn, Qn) ,

172



Chapter 14. Iterated Batch Importance Sampling

where {fn, Qn}tn=t−k and {f?n, Q?n}
t
n=t−k refer to the predictive density moments calculated

using respectively the parameter set Φ̃
(i)
t and Φ̃

?(i)
t .

Using the same model and data as in Section 14 on page 165, that is aM = {P (1)}
NDLM taking the form

yt|θt,Φ ∼ N
(
θt, ν

2
)

θt|θt−1,Φ ∼ N
(
θt−1.τ2

)
.

The state priors used were θ0 ∼ N (0, 100) and with parameters ν2 = 4.2 and τ2 = 2.3.
The number of particles used where Np = 104, the resampling algorithm was multinomial
resampling and the resampling criteria was ÊSSeff = 1

2Np. The priors used for the
parameters were also the same as the example 14 on page 165, that is p

(
τ20
)

= IG (1, 1)

and p
(
ν20
)

= IG (1, 1).

Using the nomenclature D̃kT =
{
y(T−k),y(T−k+1), . . . , yT,

}
, we can see in Figure 14.5

the p
(
τ2|D̃kT

)
and p

(
ν2|D̃kT

)
marginals using a range of window sizes k varying from 50

to Nobs/2 = 2500. Although, as expected, there is some variability we can see that the
even for very small window sizes (k ≈ 50 observations) the mean value of Φ̃t is consistent
with the IBIS estimate using the entirety of the data (in red) although with some over
estimation of the variance for small window sizes. It is worth noting that in the limit
case where the window coincides with the totality of the observations, k = Nobs, O-IBIS is
equivalent to IBIS. Since in this case O-IBIS will (as IBIS) target p

(
Φ|DNobst

)
= p (Φ|Dt),

we should expect that the posterior estimation should match. We can see in Figure 14.5
and Table 14.1, that with the value of k > 1500 the posterior estimation using O-IBIS
stabilises as k increases, providing an approximation consistent with p (Φ|Dt) (using IBIS,
in red).

One of the characteristics of IBIS is that the resampling steps will occur with less
frequency the more data there is available to estimate the parameters. If we look at
Figure 14.6a, showing the total computational time in seconds for the online IBIS with
different k window sizes, we can see that the cumulative time slope remains constant
approximately around k = 1000. Although it is clear that with higher window sizes we
would expect (given the same number of resample-move steps) the computational cost
to grow, we can see also from Figure 14.6b that for very small windows (k ≈ 50) the
resampling steps are much more frequent. After values of k ≈ 1000, the number resampling
steps diminishes and remains almost constant.

It is important to note that there is no practical advantage in using very small window
sizes as it negatively impacts the quality of the approximation, but that by using a fixed
number of past observations has as its main advantage to avoid the computational cost
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for different values of k us-

ing O-IBIS. Red line represents the para-
meter posterior at t = T using IBIS.
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Figure 14.5: p
(
τ2|D̃kT

)
and p

(
ν2|D̃kT

)
marginals for a sliding window IBIS for

different values of k. Estimation using IBIS with the entirety of the data (k = T )
in red for comparison.

to grow alongside with the number of observations and allow an online inference on the
model’s parameters.
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Figure 14.6: Total computation time and number of resampling steps for a M =
{P (1)} NDLM for IBIS with a sliding window for the observations using different
window sizes k.
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k τ2 ν2 k τ2 ν2

75 4.4515 (0.6143) 2.2579 (0.4193) 1425 4.2512 (0.3262) 2.2323 (0.2325)

150 4.3874 (0.6872) 2.1121 (0.495) 1500 4.0436 (0.3919) 2.3379 (0.2947)

225 4.374 (0.7223) 2.1325 (0.5231) 1575 4.0476 (0.3893) 2.3368 (0.2938)

300 4.38 (0.68) 2.0477 (0.4961) 1650 4.0782 (0.3789) 2.3516 (0.2919)

375 4.3593 (0.5799) 2.2704 (0.4159) 1725 4.0814 (0.3743) 2.351 (0.2919)

450 4.33 (0.3956) 2.1793 (0.2705) 1800 4.0723 (0.3765) 2.3471 (0.2954)

525 4.2389 (0.3788) 2.2323 (0.2631) 1875 4.0786 (0.3711) 2.3485 (0.2967)

600 4.2632 (0.3505) 2.25 (0.241) 1950 4.0755 (0.3709) 2.35 (0.2866)

675 4.2526 (0.3492) 2.2504 (0.2426) 2025 4.0791 (0.3693) 2.3538 (0.2885)

750 4.2639 (0.3415) 2.2449 (0.2447) 2100 4.0912 (0.363) 2.3686 (0.2924)

825 4.2464 (0.2894) 2.2278 (0.1947) 2175 4.0952 (0.3627) 2.3652 (0.2959)

900 4.2711 (0.3453) 2.2314 (0.2437) 2250 4.0947 (0.3623) 2.3745 (0.2985)

975 4.2429 (0.3455) 2.2102 (0.2493) 2325 4.0919 (0.3611) 2.3663 (0.2922)

1050 4.2736 (0.3307) 2.2347 (0.2397) 2400 4.1003 (0.3556) 2.3728 (0.2946)

1125 4.1177 (0.3491) 2.3372 (0.2451) 2475 4.1007 (0.3557) 2.3771 (0.3013)

1200 4.27 (0.3314) 2.228 (0.2384) 2550 4.0991 (0.3536) 2.3672 (0.296)

1350 4.0491 (0.3872) 2.3429 (0.2955)

IBIS 4.2018 (0.3972) 2.2134 (0.3254) IBIS 4.2018 (0.3972) 2.2134 (0.3254)

Table 14.1: Summary of parameter posterior mean and standard deviation (in brackets) for τ2
and ν2 using O-IBIS with different window sizes k. IBIS posterior mean and standard deviation
included for comparison.
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SMC2

SMC2, like IBIS, is a sequential (but not online) method introduced in Chopin et al. (2013),
which targets the sequence of distributions

{p (Φ) , p (Φ|y1) , p (Φ|y1:2) , . . . , p (Φ|DT )} . (15.1)

As seen in Section 14 on page 165, one of requirements of IBIS is the ability to calculate
the incremental likelihood p (yt|Dt−1). This incremental likelihood, specified in (3.7) as

p (yt|Dt−1) =

∫
p (yt|θt) p (θt|θt−1) p (θ0:t−1|Dt−1) dθ0:t, (15.2)

will not be tractable for most of our models of interest (with the exception of the
NDLM). As discussed in Section 6.1, particle filters give an unbiased estimator of the

marginal likelihood, such that (given that
{
w

(i)
t

}Np
i=1

are unnormalised importance weights)

ˆ̀
t (Φ) = p̂ (yt|Dt−1,Φ) =

1

Np

Np∑
i=1

w
(i)
t .

Consequently, as

p (Dt|θ0:t) = p (y1)

t∏
k=2

p (yk|Dk−1) ,

we can then write

ˆ̀
0:t (Φ) = p̂ (Dt|θ0:t,Φ) =

t∏
k=1

 1

Np

Np∑
n=1

w
(i)
k

 . (15.3)

Using this property, SMC2 removes the IBIS limitation of the incremental likelihood tract-

177



Chapter 15. SMC2

ability by coupling IBIS with particle filtering methods as an unbiased estimator of the
incremental likelihood in (15.2) making it is possible to adapt IBIS to a wide class of
models, specifically of interest in the context of this thesis, to non-linear DGLMs.

Whereas IBIS makes use of the exact solution to calculate the incremental likelihoods{
p
(
yt|yt−1,Φ(m)

)}NΦ

m=1
by using NΦ Kalman filters, SMC2 will then replace this exact

calculation with an approximation provided by the unbiased estimate from a particle filter.
Each of the NΦ particles will have an associated particle filter, itself consisting of Nθ
particles, enabling the estimation of the likelihood in (15.3) according to Algorithm 15.1.

Using the same notation as in Chopin et al. (2013), we consider a generic implement-
ation of an SIR filter as described in Algorithm 15.1. To clarify the distinction between
the state particle importance weights and the parameter particles weights we will refer
to them respectively as wθ(i)t , for i = 1, . . . , Nθ, and w

Φ(m)
t , for m = 1, . . . , NΦ. All the

steps of the mth, m = 1, . . . , NΦ, particle filter are conditioned on a particular value of the
parameter set Φ(m) and we will also adopt Chopin et al. (2013) notation for the resampled
indices where a(i)t−1 denotes the ancestor of particle i at time t. Regarding the resampling
method, although Chopin et al. (2013) considers Multinomial1 resampling, any unbiased
resampling method, such as the ones described in Section 7.3 on page 87 and generically
referred to as R (·), can be implemented.

Within the context of SMC2 the particle filter serves two main purposes. Firstly, to
estimate the incremental likelihood in (15.3), up until time t and conditioned on a fixed
Φ(m). Secondly, it will return the new state particles along with their respective ancestors,

that is
{
a
(i)
1:t,θ

(i)
0:t

}Nθ

i=1
.

According to Chopin et al. (2013), each of the
{
Φ(m)

}NΦ

m=1
particles will explore the

parameter space and at each time point t will be weighted according to its respective mth

particle filter’s likelihood estimation, ˆ̀
t

(
Φ(m)

)
and resampled if a degeneracy criterion is

met.

For SMC2 the same degeneracy criterion as IBIS (described in (14.1)) is used. If it
is below a pre-defined threshold, ESSeff , we resample the Φ-particles using an unbiased
resampling method as mentioned previously.

Considering that at time t we are in possession of the particle filter’s result for each

of the m = 1, . . . , NΦ Φ-particles, that is

{[{
a
(i)
1:t,θ

(i)
0:t, w

θ(i)
0:t

}Nθ

i=1

](m)
}NΦ

m=1

, we can then

resample the Φ-particles by using their weights, calculated recursively as

1Described in section 7.3.1 on page 89.
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Figure 15.1: (p (yt|yt−1,Φ)− p̂ (yt|yt−1,Φ))
2 for a M = {P (1)} NDLM using a

Kalman filter and a SIR filter filter for the incremental likelihood estimate.

Algorithm 15.1 Generic sample-resample PF
initialisation{

θ
(i)
0

}Nθ
i=1
∼ p (θ){

a
(i)
0

}Nθ
i=1

= i

for t← 1 to k

sample θ(i)t ∼ π
(
θt|θ

a
(i)
t−1

t−1 , yt,Φ
)

calculate weights

w
θ(i)
t = w

θ(i)
t−1

p
(
yt|θ(i)t ,Φ

)
p

(
θ
(i)
t |θ

a
(i)
t−1

t−1 ,Φ
)

π

(
θ
(i)
t |θ

a
(i)
t−1

t−1 , yt,Φ
)

normalise weights

w̃
θ(i)
t =

w
θ(i)
t∑Nθ

i=1w
θ(i)
t

sample ancestors

a
(i)
t ∼ R

({
w
θ(i)
t

}Nθ

i=1

)
calculate incremental likelihood

ˆ̀
t (Φ) =

1

Nθ

Nθ∑
i=1

w
θ(i)
t

179



Chapter 15. SMC2

w
Φ(m)
t = w

Φ(m)
t−1 ˆ̀

t

(
Φ(m)

)
.

The resulting resampled Φ-particles, Φ(m)(n) will then be propagated from p (Φ|Dt−1)
to p (Φ|Dt) using a PMCMC step as described in Section 13 on page 152. Although
in Chopin et al. (2013) a PMMH step is used, presented generically in Algorithm 15.2,
other PMCMC kernels may be used if possible (such as Particle Gibbs). The PMMH
proposal could consist, for instance, of a random-walk proposal, such that

Φ?(m) ∼ N
(
Φ(m)(n) , Σ

)
Σ = Var

[
Φ(m)(n) |Dt

]
.

Algorithm 15.2 Particle Markov Metropolis-Hastings
for i← 1 to NΦ

sample Φ?(i) ∼ p
(
Φ?|Φ(i)

)
calculate ˆ̀

0:t

(
Φ?(i)

)
using a particle filter as in Algorithm 15.1

calculate acceptance rate

A(i) = min

1,

ˆ̀
0:t

(
Φ?(i)

)
p
(
Φ?(i)

)
ˆ̀
0:t

(
Φ(i)

)
p
(
Φ(i)

)


sample u ∼ U (0, 1)

if u < A(i)

set Φ(i) = Φ?(i)

else

set Φ(i) = Φ(i)

Chopin et al. (2013) notes that if we extend our definition of the likelihood approxim-
ation in (15.3) as function of the particle filter’s returned quantities as

ˆ̀
0:t

(
Φ,
{
θ
(i)
0:t, a

(i)
1:t

}Nθ

i=1

)
=

t∏
k=0

ˆ̀
k (Φ)

=

[
1

Nθ

Nθ∑
i=1

wΦ0

(
θ
(i)
0

)] t∏
k=1

{
1

Nθ

Nθ∑
n=1

wΦk

(
θ

(aik)
k−1 ,θ

(i)
k

)}
,(15.4)

the PMMH acceptance ratio is calculated according to
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min

1,

p (Φ?) ˆ̀
0:t

(
Φ?,

{
θ
?(i)
0:t , a

?(i)
1:t

}Nθ

i=1

)
p (Φ) ˆ̀

0:t

(
Φ,
{
θ
(i)
0:t, a

(i)
1:t

}Nθ

i=1

)
 . (15.5)

Since the likelihood estimate for each of themth current particle, ˆ̀
0:t

(
Φ,
{
θ
(i)
0:t, a

(i)
1:t

}Nθ

i=1

)
,

can be calculated sequentially as in (15.3), SMC2 requires only the storage of each m{
θ
(i)
t−1, a

(i)
t−1
}Nθ

i=1
and Φ(m), the algorithm (as IBIS) can be considered sequential and online

when no Φ-particle resampling and PMCMC is occurring and sequential (i.e. running at
O (tNΦNθ)), but not online, when resampling occurs and the PMCMC step takes place
(running at O (NΦNθ)). Moreover, as with IBIS, if we were interested solely in para-
meter estimation, the storage of the running total of the marginal likelihoods would suffice
to calculate the PMMH acceptance ratio. However, as mentioned previously, we are are
concerned with the estimation of both state and parameters in this thesis.

As seen previously, SMC2 is a versatile method since few assumptions are made for
many of the components, making them implementation agnostic. For instance, although a
generic implementation of a SIR particle filter is given in Algorithm 15.1, any implement-
ation of a particle filter, as long as it provides an unbiased estimate of p (θ0|Dt,Φ) and
ˆ̀
0:t (Φ) can be used. This includes all of the methods described in Section 7.4, namely
SIR and the APF. The resampling method R (·), in Algorithm 15.1, is also left to our
choice, provided it performs an unbiased selection of particles based on the weights, giving
the possibility to implement any of the methods described in Section 7.3. The Particle
Markov Chain Monte Carlo (PMCMC) kernel can also be implemented as a Metropolis-
Hasting or, for instance, as previously mentioned, a Particle Gibbs kernel (Chopin et al.
(2015)). Furthermore, for the PMMH, we could also use a random-walk proposal, such as
in Algorithm 15.2 or an independent kernel.

If, as in Chopin et al. (2013), we denote the joint probability of the random variables

returned by the particle filter, conditioned on a certain Φ, that is
{
a
(i)
1:t,θ

(i)
0:t

}Nθ

i=1

∣∣∣∣Φ, as
ψΦt

({
a
(i)
1:t,θ

(i)
0:t

}Nθ

i=1

)
,

SMC2 will then target2

πt

(
Φ,
{
a
(i)
1:t,θ

(i)
0:t

}Nθ
i=1

)
=

p (Φ)

p (Dt)
ψΦt

({
a
(i)
1:t,θ

(i)
0:t

}Nθ

i=1

) t∏
k=0

ˆ̀
k (Φ) , (15.6)

2For a formal justification cf. Chopin et al. (2013).
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where πt has a marginal distribution with respect to Φ of p (Φ|Dt) (Chopin et al. (2013)).

As noted in Chopin et al. (2013), the choice of an appropriate Nθ and NΦ is not trivial
and that to maintain reasonable acceptance rates in the rejuvenation step we should aim
at Nθ = O (t) (Andrieu et al. (2010)). A solution proposed in Chopin et al. (2013) is to
start with a low Nθ and increase it by a determined factor3 whenever the MH acceptance
falls beneath a predefined threshold. Although this method can improve the MH accept-
ance rate, this was not incorporated in the SMC2 (or O-SMC2, in the following section)
implementation used in the thesis.

A general algorithm for SMC2 is presented in Algorithm 15.3.

Example. SMC2 for an AR(1) Poisson DLM.

The Autoregressive of order 1 (AR(1)) Poisson DLM can be specified as

yt|θt ∼ Po (λt)

λt = exp {θt}

θt|θt−1, Φ ∼ N
(
α+ βθt−1, τ2

)
where α and β are regression coefficients, in this case considered static but unknown. The
parameter set used for the realisation of the Nobs = 2000 observations in Figure 15.2a was
Φ = {τ2, α, β} = {1.5, 0.7, 0.3}. For this model we can implement SMC2 using a standard
bootstrap filter (i.e. a SIR filter using the model’s transition p (θ|θt−1) as the importance
density) to approximate the likelihood. The priors used were

τ20 ∼ IG (1, 1)

α0 ∼ Beta (1, 1)

β0 ∼ Beta (1, 1) .

The SMC2 estimation was performed using NΦ = 1000 and Nθ = 2000 particles. We
can see the estimation history for τ2, α and β respectively in Figures 15.3a, 15.3b and 15.3c
with the horizontal dashed line representing the true values. Also in Figures 15.3a, 15.3b
and 15.3c we can see the marginal for τ2, α and β at the final time point, t = 2000, with
the vertical dashed lines representing the true values for comparison.

3In Chopin et al. (2013) the example of increasing Nθ by a factor of 2 is given.
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Algorithm 15.3 SMC2

sample{
Φ

(m)
0

}NΦ
m=1

∼ p (Φ)

{w0}NΦi=1 = 1

for t← 1 to Nobs

for m← 1 to NΦ
calculate using a particle filter (as in Algorithm 15.1)

p̂
(
yt|Dt−1,Φ(m)

t−1
)

=
1

Nθ

Nθ∑
i=1

w
θ(i)
t

update the Φ importance weights as

w
Φ(m)
t = w

Φ(m)
t−1 p̂

(
yt|Dt−1,Φ(m)

t−1
)

calculate the ESS as

ÊSSt =

(∑NΦ
m=1w

Φ(m)
t

)2
∑NΦ

m=1

(
w
Φ(m)
t

)2
if ÊSSt < ESSeff

resample Φ particles according to

k ∼ R
({

w
Φ(m)
t

}NΦ

m=1

)
{
Φ

(m)
t−1,

{
θ
(i)
0:t, a

(i)
1:t

}(m)
, w

Φ(m)
t

}NΦ

m=1

←
{
Φ

(k)
t−1,

{
θ
(i)
0:t, a

(i)
1:t

}(k)
, 1

}NΦ

m=1

run one step of a PMCMC (as in Algorithm 15.2) to sample{
Φ

(m)
t

}NΦ

m=1
∼ p

(
Φt|Φ(m)

t−1,Dt
)

else

set
{
Φ

(m)
t

}NΦ

m=1
←
{
Φ

(m)
t−1
}NΦ

m=1
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Figure 15.2: Observations (left) and states (right) from a realisation of AR(1)
PoDLM with Φ = {τ2, α, β} = {1.5, 0.7, 0.3}.

15.1 Online SMC2

As mentioned previously, SMC2 is not a true online filter. The necessity of step (15.4)
(where as soon as ÊSSΦ falls beneath a certain threshold, a PMCMC step will be triggered)
involving a calculation of total likelihood means that the computational costs will grow
with t, although, theoretically (Chopin et al. (2013)) this step occurs with decreasing
frequency.

An ad-hoc solution to implement SMC2 in an online manner is to restrict the like-
lihood calculation used in PMMH set to a fixed size subset of past data, keeping the
computational and storage costs bounded (i.e. changing the cost from4 O (t) to O (1)

for each iteration). By considering a fixed window of observations of k > 0, such that
Ỹ k
t = {yt−k, yt−k+1, . . . , yt} we can see that the online part of SMC2 will not be altered,

however, when the rejuvenation process happens we will now be targeting the parameter
posterior

p
(
Φ|Ỹ k

t

)
.

This online approximation will target the correct posterior of the parameters within
the observation window Ỹ k

t . That is, by definition, this method will target the posterior of
the parameter set Φ, conditioned on the observations Ỹ k

t . However, we will assume that

p
(
Φ|Ỹ k

t

)
≈ p (Φ|Dt) .

With this approximation we will lose the property in (15.1), that is, the ability to
estimate sequentially the distributions {p (Φ) , p (Φ|y1) , p (Φ|y1:2) , . . . , p (Φ|Dt)}, however,

4To be precise, for a model with fixed NΦ and Nθ, the cost at each iteration would be O (tNΦNθ) and
this would become (with an observation window k) at most O (kNΦNθ), where k,NΦ and Nθ are constant.
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Figure 15.3: Posterior estimation history (left column, colour lines represent the
posterior mean and shaded area the 90% equitailed credibility interval) of the para-
meters Φ =

{
τ2, α, β

}
and posteriors at time t = Nobs (right column, vertical red

line represents the “true” value) of a AR(1) PoDLM using SMC2 with NΦ = 1000
and Nθ = 2000.
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for the purposes of online inference with special focus on state and observations forecast
as well as anomaly detection, an approximation of p (Φ|Dt) will suffice, especially if we
are skeptical about the assumption that the "static" parameters will remain constant
indefinitely.

Regarding the PMCMC step (and once we’ve reached the t > k threshold), the MH
acceptance will not be in the form of (15.5) but instead

min

1,

p (Φ?) ˆ̀
t−k:t

(
Φ?,

{
θ
?(i)
t−k:t, a

?(i)
t−k+1:t

}Nθ

i=1

)
p (Φ) ˆ̀

t−k:t

(
Φ,
{
θ
(i)
t−k:t, a

(i)
t−k:t

}Nθ

i=1

)
 . (15.7)

Whereas in the “full” SMC2, in the sequential phase, the total likelihood could be
calculated recursively as in (15.4), that is

ˆ̀
0:t

(
Φ,
{
θ
(i)
0:t, a

(i)
1:t

}Nθ

i=1

)
= ˆ̀

0 (Φ)× ˆ̀
1 (Φ)× · · · × ˆ̀

t (Φ)

this will now not be possible, since we need to remove (assuming t > k) the terms
ˆ̀
0 (Φ) , . . . , ˆ̀

t−k−1 (Φ) for the partial likelihood calculation in (15.7). This can be achieved
by simply keeping a First In, First Out (FIFO) queue of maximum size k such that

Q =
[
ˆ̀
t−k (Φ) , ˆ̀

t−k+1 (Φ) , . . . , ˆ̀
t (Φ)

]
, t > k

and generating the partial likelihood as

ˆ̀
t−k:t (Φ) =

k∏
n=1

Qn

when needed for the calculation of the MH acceptance ratio such that

min

1,

p (Φ?) ˆ̀
t−k:t

(
Φ?,

{
θ
?(i)
t−k:t, a

?(i)
t−k+1:t

}Nθ

i=1

)
p (Φ)

∏k
n=1Qn

 .

This approximation was applied to the model and data for the AR(1) PoDLM on
page 182 using the same priors and particle sizes and with a range of window sizes k =

50, 100, 150, . . . , 500. We can see from Figure 15.4 that for all parameters Φ =
{
τ2, α, β

}
there is a considerable overlap of the Φ-particles, even when using very small window sizes
(k = 50). The mean value of the estimated parameters is generally consistent with the full
SMC2 estimation (in red) and the most notable difference is an increased variance in the
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k τ2 α β k τ2 α β

50 1.467 (0.1162) 0.6522 (0.0619) 0.294 (0.0395) 500 1.4011 (0.1154) 0.6832 (0.0872) 0.3129 (0.0594)

100 1.4946 (0.1331) 0.6403 (0.069) 0.3117 (0.0351) 550 1.3583 (0.0862) 0.6725 (0.0588) 0.3224 (0.036)

150 1.4311 (0.0962) 0.6507 (0.0497) 0.3387 (0.035) 600 1.3317 (0.1281) 0.7093 (0.0568) 0.3062 (0.0435)

200 1.4164 (0.1404) 0.6826 (0.084) 0.3081 (0.0566) 650 1.379 (0.1232) 0.6846 (0.0861) 0.3105 (0.0491)

250 1.415 (0.0994) 0.6862 (0.0731) 0.3241 (0.0507) 700 1.384 (0.0826) 0.693 (0.0694) 0.3053 (0.0389)

300 1.408 (0.0981) 0.6661 (0.0521) 0.3267 (0.0361) 750 1.3234 (0.0961) 0.7308 (0.0715) 0.3095 (0.0512)

350 1.446 (0.1231) 0.6577 (0.065) 0.3116 (0.0578) 800 1.3856 (0.1134) 0.6842 (0.0897) 0.3575 (0.0444)

400 1.3683 (0.1091) 0.6681 (0.0768) 0.3453 (0.0475) 850 1.3091 (0.0693) 0.6806 (0.0662) 0.307 (0.0378)

450 1.3863 (0.0892) 0.6724 (0.0799) 0.311 (0.0449) 900 1.3891 (0.0763) 0.7297 (0.0841) 0.3021 (0.0477)

SMC2 1.4006 (0.0725) 0.7168 (0.0454) 0.3126 (0.0261) SMC2 1.4006 (0.0725) 0.7168 (0.0454) 0.3126 (0.0261)

Table 15.1: Summary of parameter posterior mean and standard deviation (in brackets) for τ2, α
and β using O-SMC2 with different window sizes k. SMC2 posterior mean and standard deviation
included for comparison.

parameter estimation.
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Figure 15.4: τ2, α and β posteriors at t = Nobs for a AR (1) PoDLM with O-SMC2

using different k window sizes. Dashed lines represent truth. Full SMC2 estimation
in red.
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Chapter 16

Results

16.1 Particle numbers

One of issues with SMC estimation methods is the one of Monte Carlo errors. Due to
the accumulations of error inherent to the discrete posterior approximation using a finite
numbers of particles, variability will inevitably occur between runs for the same model
even considering the same priors and initial conditions. This problem is even more evident
when dealing with a large number of observations (which could even lead to the collapse
of the filters).

To determine the importance of these errors in the final estimation values and to provide
a starting point to determine an adequate number of particles for the subsequent analyses
in this chapter, we consider the case of online parameter estimation and to quantify the
variability, the mean Monte Carlo Mean Absolute Error (MCMAE) was used. If we consider
Φ as the parameter estimate from the PMMH runs as the reference, we calculate the
estimation history’s absolute error for a particle filter as

MCMAEΦ =
1

Nobs

Nobs∑
t=1

∣∣∣Φ− Φ̂t∣∣∣ , (16.1)

where Φ̂t is the filter’s estimation of the parameter posterior mean at time t and Φ is the
PMMH posterior mean estimation. The mean MCMAE will then be the averaged value
for n runs, such that

MCMAEΦ =
1

n

n∑
i=1

MCMAEΦ,i. (16.2)

Regarding the variability of the state estimation, the mean MCMAE can also be
calculated. In this case, the PMMH smoothed state estimate is used as the reference, such
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that

MCMAEθ =
1

Nobs

Nobs∑
t=1

∣∣∣θt − θ̂t∣∣∣ , (16.3)

where θ̂t is the filter’s estimation of the state posterior mean at time t and θ is the PMMH
posterior mean estimation. As in the parameter case, the mean MCMAE will then be
the averaged value for n runs.

To illustrate the effect of the number of particles in the performance of the discussed
SMC methods, we perform state and parameter estimation on a realisation of Nobs = 1000

observations of aM = {P (1) ,F (500, 1)} PoDLM. The parameter set is Φ = {W} with

W = diag (0.1, 0.1, 0.1)

and state priors
θ0 ∼ N

(
[3 0 0]T , diag (10, 10, 10)

)
,

and parameter priors
p (W0) = IW (3, I3) .

The filters used were LW (as described in Chapter 8 on page 106), Storvik (Section 9 on
page 116) and PL (Section 10 on page 125). Storvik was implemented used three dif-
ferent importance densities, respectively, sampling from the prior (Storvik, Section 6.2.2
on page 76), a CF proposal (Storvik-CF, Section 6.2.4 on page 79) and a EKF proposal
(Storvik-EKF, Section 6.2.5 on page 80). Resampling was performed using Stratified res-
ampling with a static checkpoint n = 1. By using a static checkpoint we can compare
iteration times (the computational cost of each online filter at each time step t) between
filters without considerations of how frequently the resampling stage occurs. The state
MCMAEθ (relatively to a PMMH long run1) was calculated for these methods using dif-
ferent particle numbers, ranging from 100 ≤ Np ≤ 4 × 104 and the results for each state
component can be seen in Figures 16.1, 16.2 and 16.3. It is clear from the results that ini-
tially, with a number of particles as low as Np = 100 there is a very high variability between
state estimates when compared to the "true" values, independently of the method used.
As expected, the variability decreases with the increase in particle numbers appearing to
stabilise, for this particular model, around Np = 3 × 104. We decided however to use a
lower value of Np = 2× 104 for the subsequent analyses with the intent to better highlight
potential differences between the different SMC methods while still keeping a considerable
amount of particles to avoid filter collapse.

1Trace and ACF plots can be viewed in Appendix A.3.
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Figure 16.1: MCMAE (θ1, k) for 100 ≤ k ≤ 4× 104 with n = 10 runs (log scale)
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Figure 16.2: MCMAE (θ2, k) for 100 ≤ k ≤ 4× 104 with n = 10 runs (log scale)

16.2 Resampling algorithms

To benchmark the resampling methods presented in Section 7.3 on page 87, a bootstrap fil-
ter was used in a realisation of Nobs = 500 observations of a AR(1) Poisson DLM (presented
in Figure 16.4) with Φ =

{
α, β, τ2

}
= {0.5, 0.5, 1}, that is:

yt ∼ Po
(
eθt
)

θt ∼ N (0.5 + 0.5θt−1, 1) .

1
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Figure 16.3: MCMAE (θ3, k) for 100 ≤ k ≤ 4× 104 with n = 10 runs (log scale)
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Figure 16.4: Realisation of an AR(1) Poisson DLM, Nobs = 500,Φ =
{
α, β, τ2

}
=

{0.5, 0.5, 1}.

For each SIR run the squared error, ε2, was calculated for each time-point according to

ε2t =
(
θt − θt

)2
,

where θt represents the state posterior mean at time t estimated using a PMMH long
run2. The ε2 values for each resampling method can be viewed in Figure 16.5. The ÊSS
(as defined in (7.1)) for each run and resampler are also presented in Figure 16.5. In
the summary in Table 16.1 we present the can MSEθ regarding the state estimation.
Throughout this chapter we will use the MSEθ calculated as

MSEθi =
1

Nobs

Nobs∑
t=1

(
εit
)2
,

where
(
εit
)2

=
(
θit − θit

)2
represent the squared error for the state vector ith component.

From Table 16.1 we can see that stratified resampling performs slightly better, when
using theMSEθ has a criteria, although all resampling methods produce consistent results.
When taking into account the average ESS (averaged over n = 500 runs) the difference
between the three resampling methods is negligible. Regarding computational times, we
can see from Figure 16.1 that both stratified and systematic resampling have an advantage
over multinomial resampling. These results are in accordance to the general findings in
the literature (Douc et al. (2005)). Based on these results and the general advice in the
literature, we have decided to use stratified resampling throughout this chapter (except
when noted otherwise).

Regarding the frequency of the resampling step, as in previous examples, we have
decided to use a static checkpoint of n = 1. Although it is well known that the resampling
step theoretically increases the variance of the PF estimations (Chopin (2004); Creal (2012);

2Trace and ACF plots can be viewed in Appendix A.4
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Resampler MSEθ σMSEθ
ESS σESS mean time (s) σt

Multinomial 0.0185 10−4 487.3524 0.0233 0.1387 0.001

Stratified 0.0182 10−4 487.3739 0.0221 0.1196 0.001

Systematic 0.0183 10−4 487.3255 0.0226 0.1134 0.001

Table 16.1: State estimation posterior mean MSE, average ÊSS and computational times averaged
for n = 500 runs (along with standard errors, σ) of a SIR filter on simulated data from a AR(1)
PoDLM Φ =

{
α, β, τ2

}
= {0.5, 0.5, 1}.

Hans (2003)) and introduce additional computational costs (although from Section 16.2
and specifically Figure 7.5 we have seen that this additional cost was in the order of ≈ 2

milliseconds at most for the resampling itself with n = 4 × 104 weights), by performing
resampling at each step we keep the computational cost strictly bounded (given that all
other PF parameters are kept constant, such as Np) in an online setting and evaluate the
"worst case" scenario for near real-time streaming data settings.
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Figure 16.5: ε2t (left) and ÊSS (right) for n = 500 runs of a SIR filter on simulated
data from a AR(1) PoDLM Φ =

{
α, β, τ2

}
= {0.5, 0.5, 1}. Red line represents MSE

(left) and mean ÊSS (right).
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Figure 16.6: USCRN/USRCRN 2015 temperature data for Austin, Texas (USA)

16.3 Temperature data

The dataset used to test the Normal DLM implementation is provided by the U.S. Climate
Reference Network / U.S. Regional Climate Reference Network (USCRN/USRCRN)3. The
dataset used measures of air temperature in five minute intervals in the month of January
2015 at the city of Austin, Texas in the United States of America. This dataset exhibits a
strong daily cyclical pattern.

Two separate analyses were performed with this dataset. One for a regular subset of the
data, without visually identifiable outliers, from t = 55000 to t = 57303, that is approxim-
ately 8 days worth of observations in Section 16.3.1. The second analysis, in Section 16.3.2
for a subset of the data with the presence of outliers, with 4 days worth of data, from
47870 ≤ t ≤ 49022. Although it would be easy to identify and strip the erroneous outlier
value in this case, we deliberately leave them in order to test the robustness of our filtering
methods to rogue values inconsistent with the model.

16.3.1 Temperature dataset A

We decided to model this data as a Normal DLM following the relations of (2.17) and (2.18).
The complete dataset clearly includes seasonal components contributing with different
periods, such as daily and yearly seasonality. However, since we applied the estimation
to a subset corresponding to a week’s worth of measurements, we decided to ignore the
yearly and monthly effects as within our time window these effects could be captured by
an underlying mean.

A locally constant component (P (1)) was incorporated, to capture the underlying
mean, and a daily Fourier component (F (·)) was also included to account for the daily

3Available at: http://www1.ncdc.noaa.gov/pub/data/uscrn/products/subhourly01/ (Accessed 13th

September 2017)
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Figure 16.7: USCRN/USRCRN 2015 temperature data for Austin, Texas (USA) for
55000 ≤ t ≤ 57303.

cyclical effect. The model will then consist of a locally constant component, with variance
τ2µ and prior τ2µ ∼ IG (1, 1), and a daily seasonal Fourier component. As the data is
sampled every 5 minutes, the period of the Fourier components will be p = 288. We will
use three harmonics (F (288, 3)) and therefore, according to (2.15), the diagonal of our
covariance matrix will be diag

(
Wdaily

)
=
(
τ2d,1, τ

2
d,2, τ

2
d,3, τ

2
d,4, τ

2
d,5, τ

2
d,6, τ

2
d,7

)
. The prior was

set to p
(
Wdaily

)
= IW (7, I). This is equivalent to the formulation

yt|θt,Φ ∼ N
(
FTθt, V

)
θt|θt−1,Φ ∼ N (Gθt−1,W)

with structural matrices

F = [1 1 0 1 0 1 0]T ,

G =



1 0 0 0 0 0 0

0 cos 2π
p sin 2π

p 0 0 0 0

0 − sin 2π
p cos 2π

p 0 0 0 0

0 0 0 cos 4π
p sin 4π

p 0 0

0 0 0 − sin 4π
p cos 4π

p 0 0

0 0 0 0 0 cos 6π
p sin 6π

p

0 0 0 0 0 − sin 6π
p cos 6π

p



,

p = 288.

As show in section 2.2.2.1 on page 9 each additional h harmonics will lead to an increase
of 2h in the number of parameters and size of the state vector. This will directly grow
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the computational cost of the SMC methods by increasing computational complexity, but
also indirectly, since the number of particles would also have to increase in order to better
explore the state and parameter space. A run of the Storvik filter (with Np = 3 × 104)
was performed for h = 1, 2, . . . , 5 and the observation one-step ahead forecast was used to
calculate the MSE between yt+1 and ŷt+1 for t = 1, . . . , Nobs−1) in order to assess forecast
performance. We can see from Figure C.1 and Table C.1 that there is a considerable
increase in forecast performance up until h = 3, after which the MSE doesn’t reduce as
much. However, the total time of each run grows linearly with the number of harmonics.
As such, the number of harmonics chosen, h = 3, is a compromise between having an
approximation of the seasonal component which is more flexible than the simplest case
(h = 1) and a need to keep the model size, and consequently, the computational cost,
suitable for near real-time inference.

16.3.1.1 Offline estimation

Offline estimation of the parameter set Φ = {W, V } was performed using PMMH, IBIS, O-
IBIS and EM4. The IBIS and O-IBIS were also implemented in the variants IBIS-SVD and
O-IBIS-SVD, where the associated KF recursions used the SVD formulation as described in
Section 4.1 on page 36. Since a Normal DLM is used for the temperature data, it is possible
to use a MH scheme which makes use of the exact likelihood provided by the KF recursions.
Although we have used that ability in this section (with IBIS/SVD, O-IBIS/SVD and the
fully adapted proposals for the online filters), PMMH was used as the “gold standard” for all
the datasets for consistency. The marginal parameter posterior using PMMH, IBIS/SVD
and O-IBIS/SVD at time t = Nobs is presented in Figure 16.8 on page 200. The estimation
history for IBIS/SVD, O-IBIS/SVD and EM are presented respectively in Figures 16.9 on
page 201 and 16.10 on page 202. The traces and auto-correlation plots for PMMH can be
viewed in the Appendix A.5.1 on page 281.

IBIS/SVD and O-IBIS/SVD were both performed with a number of particles Np =

2 × 104 and in the O-IBIS/SVD case the observation window was h = 500 observations,
both using state priors θ0 ∼ N (0, 100I7). The resampler used for IBIS and O-IBIS was
the systematic resampler and the resampling-move step occurred at ÊSS < Np/2. PMMH
used a bootstrap filter with Np = 2000 with a systematic resampler at static checkpoint
n = 1. The priors used with IBIS/SVD, O-IBIS/SVD and PMMH for Φ0 were

τ2µ, τ
2
d,1:7 ∼ IG (1, 1) , V = σ2 ∼ IG (1, 1) .

A summary of parameter estimation results for the offline methods is presented in Table 16.2.

4Used to calculate the MLE of Φ.
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Method Time (s) W1 W2 W3 W4 W5 W6 W7 V

IBIS 2440.49 0.0145 0.0147 0.3226 0.0147 0.2160 0.0143 0.1407 0.0145

IBIS-SVD 3786.65 0.0148 0.0152 0.2920 0.0142 0.2036 0.0142 0.1280 0.0148

O-IBIS 1243.45 0.0225 0.0224 0.7409 0.0233 0.3727 0.0225 0.2336 0.0198

O-IBIS-SVD 3099.44 0.0237 0.0228 0.7230 0.0236 0.3657 0.0229 0.2084 0.0206

EM5 42.65 0.0011 0.0013 0.0002 0.0002 0.0001 0.0004 0.0002 0.0199

PMMH – 0.0155 0.0150 0.4481 0.0139 0.2295 0.0138 0.0774 0.0144

Table 16.2: Parameter posterior mean estimation and computation time with offline (including
O-IBIS) methods for the temperature dataset A.

The computational times for each resampling step of IBIS and O-IBIS are presented in
Figure 16.11.

The initial Φ0 for the EM estimation was the same for all parameters and chosen as an
arbitrary value of Φ0 = 10 and the tolerance to test convergence was set at ε = 10−11. The
EM reached the convergence criterion in 30975 iterations taking 42.65 seconds.

We can see from Figure 16.9 that both the IBIS and O-IBIS parameter estimation come
close to the PMMH estimated values. Although the estimation provided by “full” IBIS (that
is, using the entirety of the data up until time t) is closer to the PMMH value, there is
overlap present between IBIS and O-IBIS. We can also observe that O-IBIS tends to over
estimate the variance of the posterior (as evident in, for instance the posterior for W6).
This behaviour was already noted in Section 14.1 on page 171 where as the observation
window h increases, the O-IBIS posterior estimation at time t will approximate the “full”
IBIS. When comparing the parameter estimation of EM with PMMH, IBIS/SVD and O-
IBIS/SVD, we can see (Table 16.2) that the IBIS based methods are closer to the PMMH
results than the EM results by several orders of magnitude. Looking at the EM convergence
plots in Figure 16.10, we can verify that this was not simply a case of insufficient iterations,
since the parameter estimation seems to stabilise quite early on in the iterative process.
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Figure 16.8: Marginal (log-scale) for parameters Φ = {W, V } at t = Nobs using
PMMH, IBIS/SVD and O-IBIS/SVD on the temperature dataset A. Vertical black
line is the EM estimation. Vertical red line is the PMMH posterior mean and shaded
area 90% equitailed credibility interval.
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Figure 16.9: Estimation history for parameters Φ = {W, V } for the temperat-
ure dataset A. Solid lines represent the posterior mean and shaded areas the 90%
equitailed credibility interval. PMMH in red (dashed horizontal line is the pos-
terior mean and shaded area the 90% quantile interval). using IBIS/SVD and O-
IBIS/SVD.
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Figure 16.10: Estimation history (log scale) for parameters Φ = {W, V } using
EM for the temperature dataset. Horizontal dashed line represents the PMMH
posterior’s average and pink band the 90% equitailed credibility interval.
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Figure 16.11: Computational time at each resampling step for IBIS and O-IBIS with
the temperature dataset A

Method Time (s) W1 W2 W3 W4 W5 W6 W7 V

LW 866.923 0.1073 0.1320 2.4023 0.0901 2.3045 0.0859 1.3657 0.0881

Storvik 1566.855 0.0653 0.0642 1.3028 0.0841 0.8667 0.0693 0.5467 0.0427

PL 1684.522 0.0530 0.0631 0.3063 0.0530 0.3775 0.0495 0.4919 0.0393

PMMH – 0.0155 0.0150 0.4481 0.0139 0.2295 0.0138 0.0774 0.0144

σW1 σW2 σW3 σW4 σW5 σW6 σW7 σV

LW 0.0033 0.0039 0.1636 0.0035 0.1706 0.003 0.0658 0.0021

Storvik 0.0011 0.0006 0.0074 0.0009 0.0075 0.0006 0.004 0.0005

PL 0.0005 0.0004 0.0061 0.0006 0.004 0.0006 0.003 0.0006

PMMH 0.0048 0.0051 0.4582 0.0047 0.1917 0.0043 0.0525 0.0035

Table 16.3: Parameter posterior mean (and standard deviation) estimation at t = Nobs with online
methods for the temperature dataset A.

16.3.1.2 Online estimation

Online state and parameter estimation was performed using the Liu & West, Storvik and
Particle Learning filters. The model structure used was the same as the one presented in
Section 16.3.1 on page 196. The state priors were the same for all the filters and drawn
from a vague prior θ0 ∼ N (m0,C0), with the mean component approximately centred
around the average yearly temperature range of 15◦C, such that

m0 = [15 0 0 0 0 0 0]T ,

C0 = diag (400, 100, 100, 100, 100, 100, 100) .

5 The EM method does not provide with a posterior for Φ. The value corresponds to the point estimate
at final iteration.
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The number of particles was chosen after testing6 the Storvik filter (LW was excluded from
the test on account of the extra parameter to control for, namely the smoothing parameter
δ) with a selected range of values from 100 ≤ Np ≤ 3 × 104. After performing n = 50

runs, both the parameter (Figure D.1) and state (Figure D.2) posterior means at t = Nobs

show small variability between different values of Np for Np ≥ 2 × 104 and are generally
consistent with the PMMH posterior mean estimation. For this reason, and also taking into
consideration the computational cost, the value of Np = 3×104 was chosen. The shrinkage
factor used for Liu &West was δ = 0.99 and the resampler used was the stratified resampler
presented in (7.3.3) with a static checkpoint of n = 1, that is, performing resampling at
every time step t. In order to choose the δ for the Liu & West filter several runs were
performed7 for different values, namely δ = 0.90, 0.91, . . . , 0.99. The parameter priors used
were

σ20 ∼ IG (1, 1)

W0 ∼ IW (7, 0.2I7) .

The fully adapted version of the filters was used, according to the specifications of
Section 6.2.1 on page 73. The importance density was therefore the optimal importance
density. We will present the estimation for approximately 1 week’s worth of data (Nobs =

2304).

The filter’s results are compared to a long run of a PMMH and MSE is calculated
considering the PMMH’s result as the “true” value. In Figure 16.12 on page 206 we present
the estimated marginals for the parameter set Φ = {W, V } using the online methods, in
comparison to the offline results obtained in Section 16.3.1.1. In Figure 16.13 on page 207
we show the estimation history for Φ using the online methods and a summary of the
online parameter estimation results is presented in Table 16.3 on the preceding page.

The results for online state estimation is presented separately for each state component
θ = {θ1,θ2, . . . ,θ7} in Figure 16.14 on page 208, along with the ESS for each of the online
methods. A summary of the MSE between each state component and the PMMH state
estimation is presented in Table 16.4 on the facing page, along with each filter’s total and
iteration execution times.

We can verify from Table 16.2 and Figure 16.12 that the sufficient statistic based
methods (Storvik and PL) approximate the parameter set more accurately (relatively to
the PMMH estimate), but still not as accurately as the IBIS/SVD implementation. An
important factor in this analysis within the context of near real-time state and parameter

6A summary of the tuning results can be found in Appendix D.1.
7A summary of the tuning results can be found in Appendix E.1.1.
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Method
MSE Time

θ1 θ2 θ3 θ4 θ5 θ6 θ7 iteration (ms) total (s)

LW 5.6362 4.8364 1.8079 1.2451 1.383 0.8827 0.6062 376.3 866.92

Storvik 7.8953 4.7619 2.7269 1.8106 1.416 0.7538 0.5177 680.1 1566.86

PL 2.2519 2.4766 0.8508 0.3 0.564 0.4244 0.3609 731.1 1684.52

Table 16.4: MSE for different particle filters with the temperature dataset A compared to the
PMMH estimation and computational time for Np = 3× 104, Nobs = 2304.

estimation in streaming data is obviously the computational cost. We can see in Table 16.4
that even with a substantial amount of particles, Np = 3× 104, the execution time of each
step is within the range of 376.3 to 731.1 milliseconds (for LW and PL, respectively). This
computational cost is bound and O (Np) conditioned on the model’s dimension, that is,
each step will only increase its cost per iteration for the same model linearly as a function of
the number of particles used. This cost is perfectly reasonable for near real-time estimation
on streaming data at incoming rates of one observation per second, for instance.

In the case of O-IBIS-SVD, there are different considerations to be taken into account
regarding computational cost. One of them is obviously the resampling step frequency
(since the particle rejuvenation step is the actual computational bottleneck). However, even
when considering the extreme case of static checkpoints with n = 1, i.e. resample-move at
every time t, the computational cost will also be bounded, but in this case with O (hNΦ),
that is, conditioned on the model’s dimension, the computational cost will be constant for
a given window size, h and the number of parameter-particles, and also computationally
bound nevertheless making it an “online” method.

In terms of state estimation, we can see from Table 16.4 that PL outperforms both
Storvik and LW when using the state’s MSE relatively to the PMMH as a criteria. Also
noteworthy is the fact that state estimation’s marginal posterior, p̂ (θt|Dt) variance is
smaller for the PL than the other filters and generally smaller for sufficient statistics based
methods when compared to LW. The ESS is however consistent between the three online
methods (with sufficient statistics-based methods having marginally higher values) and
this is a behaviour we observe mainly when using the optimal importance density.

16.3.1.3 Forecast

The results for the one-step ahead observation forecast and respective errors, et = (yt − ŷt)
are presented in Figures 16.15 on page 210 and 16.18. A summary of the observation one-
step ahead MSE is presented in Table 16.5 on page 209.
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Figure 16.12: Estimated posterior for Φ at t = Nobs for the online methods, com-
pared to the offline methods for temperature dataset A. Vertical black line represents
the EM estimation, red dashed line the PMMH mean and vertical red band the 90%
equitailed credibility interval.
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Figure 16.13: Estimation history for Φ using the online methods for the temperature
dataset A. Horizontal line represents the PMMH posterior mean and colour lines
the PFs estimated posterior mean. Shaded areas represent 90% equitailed credibility
interval.
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Figure 16.14: State components for PF estimation on the temperature dataset A
(Nobs = 2034) and ÊSS (bottom left). Colour lines represent the posterior mean and
shaded areas the 90% equitailed credibility interval. Dashed black line represents
the PMMH state posterior mean.
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Method
MSE

ŷt+1 ŷt+k θ̂1,t+k θ̂2,t+k θ̂3,t+k θ̂4,t+k θ̂5,t+k θ̂6,t+k θ̂7,t+k

LW 0.00056 0.9748 0.3623 0.7898 0.3099 0.0356 0.0354 0.3119 0.3226

Storvik 0.00055 0.8193 0.5176 0.6601 0.2179 0.085 0.0864 0.1896 0.2

PL 0.00055 0.7659 0.6369 0.6229 0.1813 0.1336 0.1335 0.1537 0.1661

Table 16.5: One-step and k-step (k = 804) ahead forecast Mean Squared Error (MSE) for different
particle filters with the temperature dataset A.

A longer k-step ahead forecast, for k = 804, approximately 2 days and 19 hours worth
of temperature data was performed. The k-step ahead state forecast is represented in
Figure 16.17 on page 212, for each individual component. A k = 804 step ahead forecast
for the observations was equally performed with the result presented in Figure 16.16, along
with the squared errors between the temperature forecast and the observed values. The
summary of the k-step ahead forecast is also presented in Table 16.5.

We can see from Table 16.5 that the one-step ahead forecast MSE relatively to the true
yt has virtually identical values for the three online filters considered with slightly more
accurate values for Storvik and PL. When considering long term observation forecasts,
PL has a clear advantage producing a more accurate forecast when compared to the true
observations D(T−k:T ) but only with a marginally smaller forecast variance when compared
to the other methods. The long term observation forecast can be seen in Figure 16.16 and
the squared errors ε2t can be viewed in the same figure, reinforcing the sufficient-statistics
based methods superior accuracy.

When looking at long-term state forecasts, PL has an advantage when compared to
the remaining methods. We can also verify this visually when looking at the state forecast
plots in Figure 16.17. PL tends to be much more consistent with the PMMH estimation
than the remaining methods while showing a significantly smaller forecast variance than
LW.

16.3.1.4 Monte Carlo variance

For the calculation of theMCMAE for the parameters, LW, Storvik, PL and O-IBIS-SVD
were used with state and parameter priors as specified in Section 16.3.1.1 whilst the number
of particles was Np = 5000. O-IBIS-SVD was used with Np = 1000 and and observation
window h = 500. The results were then averaged over n = 50 runs in order to obtain
MCMAE. These results are illustrated in Figure 16.19 and summarised in Table 16.16.
Regarding the variability of the state estimation, the mean MCMAE was also calculated
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Figure 16.15: One-step ahead forecast for the online filters with the temperature
data

(and presented in Figure 16.20). As in the parameter case, the mean MCMAE will then
be the averaged value for n runs. We also look at the parameter posterior mean and state
posterior mean average (and standard errors) at t = Nobs for the online filters and compare
it to the PMMH state and parameter posterior estimation at t = Nobs. These results8 are
summarised, respectively, in Tables 16.8 on page 213 and 16.7 on page 213.

For Table 16.6 and Figure 16.19 we can clearly see that regarding parameter estim-
ation, sufficient statistic-based methods (especially PL) display a much lower variability
between runs than the LW filter. However, O-IBIS-SVD, is the more stable of all ana-
lysed methods, consistently converging to the PMMH estimated parameter for all runs.
This is clearly visible in in Figure 16.19 for parameter W7, the highest frequency harmonic
of the component F (288, 3). PL, Storvik and LW seem to settle on very different values
after a few iterations (perhaps suggesting an identifiability problem), whereas O-IBIS-SVD
consistently converges to the PMMH estimation for all n runs.

In terms of state estimation variability, we can see that once more, sufficient-statistics-
based methods display less variability from Table 16.6, with PL being the less variable.
We can visually inspect this behaviour in Figure 16.20, where the we can also observe the
effect of convergence to the PMMH values in latter stages of the state estimation when
compared to the initial time steps.

16.3.1.5 Discrepancy

One of the properties, as discussed in Section 2.4.3 on page 22 about the online estimation
methods is the ability to calculate a discrepancy value dt which would enable us to detect
potential anomalies or outliers in the data stream. As we can see from Figure 16.21, no
anomalies were detected with any of the online filters, when using a threshold of d = 3.
This was to be expected, since as stated in the beginning of this section, the temperature

8Average posterior means can be viewed in Figures B.1 and B.2, in Appendix B.1.
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Figure 16.16: Observation forecast values (colour lines are the forecast density mean
and shaded areas the 90% equitailed credibility interval) and MSE for different
particles with the temperature dataset A.

Method
MCMAE

W1 W2 W3 W4 W5 W6 W7 V

LW 0.2755 0.2548 4.3692 0.2595 2.3225 0.2471 1.6637 0.1812

Storvik 0.1120 0.1117 1.2924 0.1126 1.4822 0.1102 0.9145 0.0730

PL 0.0872 0.0827 2.2444 0.1113 1.4202 0.1265 0.8432 0.0590

O-IBIS-SVD 0.0654 0.0661 0.6281 0.0674 0.5894 0.0664 0.4386 0.0646

θ1 θ2 θ3 θ4 θ5 θ6 θ7

LW 2.3992 2.2664 2.4326 1.5799 1.4677 1.0942 0.9465

Storvik 2.2014 1.9334 1.8348 1.2845 1.1505 0.8670 0.7523

PL 2.1434 1.9534 1.8750 1.2432 1.1344 0.8384 0.7161

Table 16.6: Mean Monte Carlo Mean Absolute Error (MCMAE) for the parameter and state
estimation with n = 50 runs for different particle filters with the temperature dataset A with
Np = 5000, Nobs = 2304 and Np = 1000 for O-IBIS-SVD
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Figure 16.17: State component k-step ahead forecast on the temperature dataset A
(k = 804). Colour lines are the forecast density mean, shaded areas the 90% equi-
tailed credibility interval. Black line is the PMMH state posterior mean estimation.

212



Chapter 16. Results

Method θ1 θ2 θ3 θ4

LW 28.041 (0.1829) 4.5378 (0.1502) -3.3978 (0.2526) -0.5499 (0.1495)

Storvik 28.3945 (0.1087) 4.358 (0.1298) -3.1534 (0.1343) -0.6689 (0.1201)

PL 28.4803 (0.1402) 4.2895 (0.1262) -3.0171 (0.1803) -0.6814 (0.103)

O-IBIS 28.3494 (0.0032) 4.4663 (0.0029) -3.0495 (0.0097) -0.723 (0.0046)

PMMH 27.7698 4.9824 -3.5846 -0.5912

θ5 θ6 θ7

LW -1.2096 (0.125) 0.3624 (0.0911) -0.4372 (0.0794)

Storvik -1.3028 (0.1025) 0.3089 (0.0692) -0.3923 (0.0529)

PL -1.2692 (0.1127) 0.3051 (0.0634) -0.4471 (0.0776)

O-IBIS -1.1668 (0.0057) 0.2977 (0.0018) -0.5024 (0.0037)

PMMH -1.2435 0.2277 -0.3628

Table 16.7: Average state posterior mean (at t = Nobs) for n = 50 runs of the online filters for the
temperature dataset (standard error in brackets) compared to the PMMH state posterior mean
estimation.

Method W1 W2 W3 W4

LW 0.1895 (0.0083) 0.1792 (0.0071) 4.5467 (0.5903) 0.1854 (0.0078)

Storvik 0.0803 (0.0018) 0.0796 (0.0019) 1.6331 (0.1858) 0.0795 (0.0015)

PL 0.0622 (0.0015) 0.0592 (0.0012) 2.5989 (0.6529) 0.0625 (0.0015)

O-IBIS 0.0321 (3× 10−4) 0.0322 (3× 10−4) 0.5668 (0.0197) 0.0318 (3× 10−4)

PMMH 0.0155 0.015 0.4481 0.0139

W5 W6 W7 W8

LW 2.2662 (0.1053) 0.1744 (0.0068) 1.4305 (0.0777) 0.1274 (0.0062)

Storvik 1.6059 (0.1826) 0.0803 (0.0015) 0.8981 (0.0835) 0.0508 (8× 10−4)

PL 1.4266 (0.258) 0.0586 (0.0012) 0.8081 (0.0937) 0.0375 (7× 10−4)

O-IBIS 0.3795 (0.0106) 0.0322 (3× 10−4) 0.2458 (0.0053) 0.0273 (3× 10−4)

PMMH 0.2295 0.0138 0.0774 0.0144

Table 16.8: Average parameter posterior mean (at t = Nobs) for n = 50 runs of the online filters for
the temperature dataset (standard error in brackets) compared to the PMMH parameter posterior
mean estimation.
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Figure 16.18: e = (y − ŷ) for one-step ahead forecast for the online filters with the
temperature data

dataset A was specifically chosen due to it’s regularity and absence of empirical outliers.

When looking at the temperature dataset A (Figure 16.7 on page 197) it is possible to
see that the variability increases with the temperature value. This can potentially create
problems for the state and parameter estimation by exacerbating particle impoverishment
in those regions. This can verified by looking at the ÊSS in Figure 16.14 on page 208, where
we have a cyclical dramatic decrease of the ÊSS coinciding with the high temperature
values. The same behaviour can also be visually verified with other measures, such as the
one-step ahead observation forecast errors in Figure 16.18 and also on the discrepancy plot
in Figure 16.21 on page 217. Although, at most, the higher valued observations reach a
discrepancy value d ≈ 2, they do not reach our threshold of d = 3 to be considered outliers.
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Figure 16.19: Variability in parameter posterior mean estimation history from LW,
Storvik, PL and O-IBIS-SVD for n = 50 consecutive runs, using the temperature
dataset A (log-scale). Red line represents PMMH posterior mean and red band the
90% equitailed credibility interval.
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Figure 16.20: Variability in state posterior mean estimation history from LW, Stor-
vik and PL for n = 50 consecutive runs, using the temperature dataset A (log-scale).
Red line represents the PMMH state posterior mean.
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Figure 16.21: Discrepancy values for temperature dataset A, using LW, Storvik and
PL. Dashed line represent anomaly threshold of d = 3.
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Figure 16.22: 2015 temperature data for Austin, Texas (USA) for 47870 ≤ t ≤
49022.

16.3.2 Temperature dataset B

The second analysis performed with the temperature dataset was restricted to the data
between time-points t = 47870 and t = 49022. This data had obvious outliers, as visually
verifiable in Figure 16.22. These values could possibly result from sensor malfunctions,
since all of them have consistently the values of either 0◦C or 99◦C. For the subsequent
analysis a simpler model was used than the one in Section 16.3.1. A Normal DLM was used,
also including an underlying mean and a seasonal component, but this time consisting of
a single harmonic, h = 1. This model can then be represented by

yt|θt,Φ ∼ N
(
FTθt, V

)
θt|θt−1,Φ ∼ N (Gθt−1,W)

with structural matrices

F = [1 1 0]T , G =


1 0 0

0 cos 2π
p sin 2π

p

0 − sin 2π
p cos 2π

p

 , p = 288.

As in Section 16.3.1.1 on page 198, offline estimation was performed using PMMH. The
PMMH used a bootstrap filter with Np = 4000 particles, a state prior of θ0 ∼ N (m0,C0)

where

m0 =

[
15 0 0

]T
, C0 = diag (100, 100, 100) .

The traces for the PMMH estimation can be found on Appendix A.5.2 on page 284. Online
estimation was performed using the Liu and West, Storvik and Particle Learning filters
using the same model structure as state priors. All of the online filters used Np = 4× 104
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with resampling at static checkpoints n = 1. The parameter priors for both the online and
offline filters were:

σ20 ∼ IG (1, 1)

W0 ∼ IW (3, I3) .

As in Section 16.3.1.1 on page 198, the fully adapted version of the filters was used.

The comparison of the estimated posteriors p (Φ|DT ) between offline and online meth-
ods can be viewed in Figure 16.23 and the estimation history for the marginal p (Φ|Dt)
can be viewed in Figure 16.27.

16.3.2.1 Offline estimation

Offline estimation for Φ = {W, V } was performed using PMMH, MCWM, IBIS, O-IBIS
(and their SVD implementations) and EM. The parameters’ marginal posteriors at t = Nobs

can be view in Figure 16.23 and are summarised in Table 16.9. The traces and auto-
correlation plots for PMMH can be viewed in the Appendix A.5.2 on page 284.

As with temperature dataset A, IBIS and O-IBIS were both performed with a number
of particles Np = 2 × 104 and in the O-IBIS case the observation window was h = 500

observations, both using state priors θ0 ∼ N (0, 100I). The resampler used for IBIS and O-
IBIS was the systematic resampler and the resampling-move step occurred at ÊSS < Np/2.
PMMH used a bootstrap filter with Np = 4000 with a systematic resampler at static
checkpoint n = 1. The priors used with IBIS, O-IBIS, PMMH and MCWM for Φ0 where

τ2µ, τ
2
d,1:7 ∼ IG (1, 1) , V = σ2 ∼ IG (1, 1) .

Also, similarly to the previous section, IBIS and O-IBIS where also implement and eval-
uated using the KF-SVD implementation as well as the standard KF, named respectively
IBIS-SVD and O-IBIS-SVD. The EM algorithm initial parameter set was Φ0 = 100.

We can see from Table 16.9 and Figures 16.23 that the results from PMMH and
MCWM are consistent (with the exception of the higher harmonic W3), but that the
EM and IBIS/O-IBIS/SVD parameter estimation values differ greatly from the PMMH
and MCWM results. An exception is the first harmonic of F (288, 1) where the EM value
is consistent with PMMH and MCWM and the second harmonic where the O-IBIS value
is also consistent with MCWM. Since the variance of the PMMH parameter estimation is
high, there is a overlap in the values for W1,W2 and W3 for the EM, O-IBIS and PMM-

9The EM method does not provide a posterior for Φ. The value corresponds to the point estimate at
final iteration.
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Method Time (s) W1 W2 W3 V

IBIS 514.95 0.0519 0.0384 1.7079 0.0429

IBIS-SVD 1095.77 0.0519 0.0384 1.7079 0.0429

O-IBIS 629.12 0.1931 0.0472 24.716 0.0288

O-IBIS-SVD 1252.06 0.0450 0.0400 1.4465 0.0486

EM9 42.65 0.2293 11.7082 0.0469 4.1391

PMMH – 12.6907 11.5926 34.8308 29.6739

MCWM – 17.8303 11.8323 10.5831 29.3088

Table 16.9: Summary of the parameter posterior means using offline estimation methods (including
O-IBIS) for temperature dataset B data.

H/MCWM, although, notably not for V .

With this dataset, we can see from Figure 16.24 that is there is a clear collapse of the
IBIS/SVD and O-IBIS/SVD methods when dealing with extreme outliers. Although these
methods are based on resample-move scheme (thereby “rejuvenating” the parameters), the
NΦ KFs used for the likelihood estimation collapse to a single value of

{
m

(i)
t ,C

(i)
t

}
when

encountering the first outlier. The IBIS class of algorithm’s parameter estimation in this
case collapsed close to boundaries of the PMMH estimation for W (with should be evaluated
with caution, due to the nature of the dataset), however this was not the case for V .

Regarding computational times, we can see from Table 16.9 that these values are also
atypical. In this case, the “online” versions of IBIS had a higher computational cost due
to the fact that after the collapse of the filter, the ÊSS was never below the threshold,
effectively never triggering the rejuvenation step. The EM estimation is particularly in-
consistent with PMMH for V and we observe that W2 initialises with a mean value close
the PMMH final posterior estimation it stabilises in the “correct” value.

16.3.2.2 Online estimation

As with temperature dataset A, online state and parameter estimation was performed
using the LW, Storvik and PL filters. The model structure is the same as used for the
offline estimation and all of the filters were tested with Np = 4× 104, LW shrinkage factor
was δ = 0.99 and stratified resampling was used with a static checkpoint of n = 1. The
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Figure 16.23: Estimated parameter posteriors for Φ at t = Nobs for the online
methods, compared to the offline methods on the temperature dataset B. Vertical
black line represents the EM estimation, red line the PMMH mean and shaded area
the PMMH 90% equitailed credibility interval.

parameter priors for all three methods were

σ20 ∼ IG (1, 1)

W0 ∼ IW (3, I3) .

The filters used the optimal proposal density. The parameter estimation results compared
to PMMH/MCWM and computational costs are presented in Table 16.11 and the state
estimation MSE and computational costs when compared to PMMH/MCWM are presented
in Table 16.10.

We can see from Figure 16.28 and Table 16.11 that for parameter W1 PL and Storvik
are consistent with the PMMH estimation. An interesting behaviour is noticeable in Fig-
ure 16.27 that, in the case of W1, when the first outlier occurs, the LW filter collapses while
the sufficient statistics-based method quickly converge to the PMMH posterior for W1. A
similar behaviour can be observed for W2, while in this case the LW filter collapses within
the boundaries of the PMMH estimation. For parameter W3, again we see the collapse
of LW to a single particle, while Storvik and PL avoid collapse, but still show substantial
degeneracy signs. Finally, for V , we see the collapse of LW and the sufficient statistics
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Figure 16.24: Estimation history for parameters Φ = {W, V } using IBIS/SVD and
O-IBIS/SVD for temperature dataset B. Solid lines represent the posterior mean
and shaded areas the 90% equitailed credibility interval. PMMH in red (dashed
horizontal line is the posterior mean and shaded area the 90% quantile interval).

methods converging to the PMMH value but stabilising in a substantially different value.

Regarding the computational cost of the three filters, we see similar results, as expected
with the analysis for the temperature dataset A, with LW having a slight advantage and
PL and Storvik showing similar execution times (with PL slightly slower than Storvik).
For a model dimensionally smaller than temperature dataset A, we see that the cost per
iteration is between 116.46 to 331.17 milliseconds, still within the criteria for near real-time
state and parameter estimation.

Regarding state estimation, we can verify (in Table 16.10) that although collapse oc-
curs for the all filters, LW and Storvik are generally better in terms of state estimation
accuracy, while from the sufficient statistics-based methods, Storvik shows higher accuracy
than PL when compared to the PMMH state estimation. From Figure 16.26 we can see
that after final set of outliers PL filtering density estimation diverge strongly from the
PMMH estimation, while LW and Storvik approximate better the PMMH estimation. A
consequence of this is the PL filter’s high MSE value in Table 16.10.

Regarding state forecast, all forecasts are performed after the outliers have occurred.
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Figure 16.25: Estimation history for parameters Φ = {W, V } using EM for the
temperature dataset B. Horizontal dashed line represents the PMMH posterior mean
and shaded area the 90% equitailed credibility interval.

We see from Figure 16.29 that although the estimation for θ1 is consistent with PMMH,
this is not the case for seasonal components θ2 and θ3.

16.3.2.3 Forecast

Regarding the k-step ahead forecast a k = 252 step state forecast was performed and can
be seen in Figure 16.29. The effect of particle collapse is clearly visible by the manifest
mismatch between the forecast values and the PMMH state estimates, specially for θ2 and
θ3.

16.3.2.4 Discrepancies

To detect potential anomalies online, the discrepancy value at each time t, d (yt), was
calculated at each iteration according to the Normal DLM (as detailed in Section 2.4.3.2).
Anomalies where flagged when the discrepancy value was d (yt) > 3 and the results for the
LW, Storvik and PL filters can be viewed respectively in Figures 16.31, 16.32 and 16.33.
The vertical grey lines represent the empirical outliers, classified whenever yt = 0 or yt =

99.
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Method
MSE Time

θ1 θ2 θ3 iteration (ms) total (s)

LW 18.9086 22.474 23.6664 116.46 134.169

Storvik 31.1403 16.2002 23.272 326.84 376.525

PL 110.9315 90.9919 96.5557 331.17 381.519

Table 16.10: MSE for different particle filters with the temperature dataset B compared to the
PMMH estimation and computational time for Np = 4× 104, Nobs = 1152.

Method Time (s) W1 W2 W3 V

LW 134.169 0.1569 0.2367 2.2001 0.0985

Storvik 376.525 16.2631 1.0984 1.5765 0.352

PL 381.519 19.6032 0.5532 0.9106 0.2006

PMMH – 12.6907 11.5926 34.8308 29.6739

MCWM – 17.830 11.832 10.583 29.308

Table 16.11: Parameter posterior mean estimation and computation time with online methods for
the temperature data B.

From the discrepancy data, we can see that LW flagged most of the empirical outliers
correctly, while Storvik and PL showed consistent results between them. Storvik and PL
also display a considerable number of “borderline” outliers, when using the above criteria
with d (yt) close, but below 3.
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Figure 16.26: State components for PF estimation on the temperature dataset B
(Nobs = 1152) and ÊSS. Colour lines represent state posterior mean and shaded
areas 90% equitailed credibility interval. Dashed line represents PMMH state pos-
terior mean
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Figure 16.27: Estimation history for Φ using the online methods for the temperature
dataset B. Horizontal line represents the PMMH and red band the 90% equitailed
credibility interval. Colour lines represent the parameter posterior mean estimation
and shaded areas the 90% quantile interval.
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the PMMH posterior 90% equitailed credibility interval.
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Figure 16.29: State component k-step ahead forecast on the temperature dataset B.
Solid black line is the PMMH state posterior mean, colour lines represent the forecast
density mean and shaded area the forecast 90% equitailed credibility interval.
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Figure 16.30: One-step ahead forecast value (left) and respective errors (right) for
the online filters with the temperature dataset B.
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Figure 16.31: Discrepancy values (d (yt) > 3 threshold) for temperature dataset B
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Figure 16.32: Discrepancy values (d (yt) > 3 threshold) for temperature dataset B
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Figure 16.33: Discrepancy values (d (yt) > 3 threshold) for temperature dataset B
using the PL filter
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Figure 16.34: World Cup 1998 dataset

16.4 World Cup 1998

To test the estimation methods using the Poisson DLM, we have used in this section the
World Cup 199810 (WC98) dataset (Arlitt & Jin (2000)). The data contains records of
Hyper Text Transfer Protocol (HTTP) access requests to the official web server for the
1998 football World Cup. The data comprises access from April 30, 1998 and July 26,
1998 totalling 1,352,804,107 requests.

The original data captured visits to web resources as event type data but was converted
to a time series with granularity of one minute. Resources other than web pages (e.g.
images) were removed and the remaining resources aggregated in that time window. The
resulting data is shown in Figure 16.34.

The model chosen was a Poisson DLM following the relations of Section 2.3.2 on page 17,
that is

yt|θt,Φ ∼ Po (eηt)

ηt = FTθt

θt|θt−1,Φ ∼ N (Gθt−1,W)

Since the data subset analysed corresponds to approximately 3 days we use a locally
constant component to capture the underlying mean along with a Fourier component to
capture the daily effect. As the data is sampled every minute, the period of the Fourier
components will be p = 1440, representing the daily pattern. As in Section Section 16.3.1
on page 196, we have measured11 the forecast performance of the Storvik filter for different
values of h and have chosen a number of harmonics (h = 3) that represents a compromise
between a flexible approximation of the seasonal component and computational costs.

10Available at: http://ita.ee.lbl.gov/html/contrib/WorldCup.html (Accessed 13th September 2017)
11Full results of the forecast runs available in Appendix C.2.
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Therefore, according to (2.15), the model structure will be

F = [1 1 0 1 0 1 0]T ,

G =



1 0 0 0 0 0 0

0 cos 2π
p sin 2π

p 0 0 0 0

0 − sin 2π
p cos 2π

p 0 0 0 0

0 0 0 cos 4π
p sin 4π

p 0 0

0 0 0 − sin 4π
p cos 4π

p 0 0

0 0 0 0 0 cos 6π
p sin 6π

p

0 0 0 0 0 − sin 6π
p cos 6π

p



,

p = 1440.

16.4.1 Offline estimation

Offline estimation of the parameter set Φ = {W} was performed using PMMH, SMC2 and
O-SMC2. The marginals using PMMH, SMC2 and O-SMC2 at time t = Nobs are presented
in Figure 16.35 on page 233. The estimation history for SMC2 and O-SMC2 is presented
respectively in Figure 16.36 on page 234. The traces and auto-correlation plots for PMMH
can be viewed in Appendix A.6.

SMC2 and O-SMC2 were both performed with a number of particles NΦ = 2000 and
Nθ = 1000 and in the O-SMC2 case the observation window was h = 500 observations.
The number of particles for O/SMC2 were chosen based on keeping the computational cost
of the non-rejuvenating steps still comparable to the online methods. The priors used with
SMC2, O-SMC2 and PMMH for Φ0 were

W0,1:7 ∼ IG (1, 1) .

For the NΦ particles filters of SMC2 and O-SMC2 we have used a state prior

θ0 ∼ N (m0,C0) ,

m0 = [10 0 0 0 0 0 0]T (16.4)

C0 = diag (100, 10, 10, 10, 10, 10, 10) (16.5)

with the C0,1,1 = 100 to indicate a potential higher variability of the underlying mean when
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Method Time (s) W1 W2 W3 W4

SMC2 84888.98 0.0117 (0.0002) 0.0135 (0.0001) 0.4297 (0.015) 0.0123 (0.0001)

O-SMC2 42457.1 0.0089 (0.002) 0.0091 (0.0015) 0.2123 (0.1063) 0.0098 (0.0019)

PMMH – 0.0107 (0.002) 0.0107 (0.002) 0.3247 (0.442) 0.0106 (0.002)

Method Time (s) W5 W6 W7

SMC2 84888.98 0.1160 (0.0087) 0.0117 (0.0002) 0.0949 (0.01)

O-SMC2 42457.1 0.0601 (0.0409) 0.0065 (0.0016) 0.0519 (0.0299)

PMMH – 0.1897 (0.1418) 0.0106 (0.002) 0.0986 (0.0644)

Table 16.12: Parameter posterior mean estimation (at t = Nobs) with IBIS and O-IBIS and
posterior mean with PMMH (standard deviation in brackets) for the WC98 data.

compared to the seasonality components. A summary of parameter estimation results for
the offline methods is presented in Table 16.12.

We see in Table 16.12 the considerable difference in computational cost between SMC2

and O-SMC2. In terms of the parameter estimation itself, we can see that the results
of SMC2 and O-SMC2 are generally comparable. Both methods provide a reasonable
approximation of the PMMH estimated posteriors as we can see from Figure 16.36. For all
the separate components of W, we can also see from Figure 16.35 that there is a considerable
overlap between the SMC2, O-SMC2 and PMMH estimates. However, SMC2 suffers from
a severe underestimation of the parameter posterior variance when compared to PMMH.
This could be due to an insufficient number of particles and precisely a scenario where
the automatic calibration of Nθ, as described in Chapter 15, could be potentially useful.
It is also noteworthy that both methods use the same NΦ and Nθ. However, when the
rejuvenation stage occurs at a some time tr, O-SMC2 is estimating the likelihood over h
data points while SMC2 is estimating it over tr, potentially with tr > h. The situation
might occur12 where Nθ is adequate for a window of size h but not tr. In this scenario, the
insufficient Nθ for SMC2 can lead to a high estimator variance and a low acceptance rate,
which can contribute to the observed posterior variance underestimation.

12In our case the last rejuvenating step of SMC2 occurred at t = 4282 and O-SMC2 at t = 4119,
consequently SMC2 performed the rejuvenation over 4282 observations and O-SMC2 over 500.
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Figure 16.35: SMC2 and O-SMC2 Φ = {W} parameter posterior estimation at
t = Nobs and PMMH parameter posterior for the WC98 dataset. Vertical red line
represents the PMMH posterior mean and red band the 90% equitailed credibility
interval..
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Figure 16.36: Φ = {W} parameter posterior estimation history using SMC2 and O-
SMC2 for the WC98 dataset. Solid lines represent the posterior mean and shaded
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16.4.2 Online estimation

Online state and parameter estimation was performed using the Liu & West, Storvik
and Particle Learning filters as in Section 16.3.1.2 on page 203. The Storvik filter was
implemented according to the algorithm described in Algorithm 9.1 on page 119, but
in three variants. One using the prior, p (θt|θt−1), as the importance density, a second
implementation using the CF as the importance density and finally using the EKF adjusted
model prior as described in Section 6.2.5 on page 80. These implementations were named
Storvik, Storvik-CF and Storvik-EKF respectively.

The model structure used was the same as the one presented in Section 16.4 on page 230.
The state priors were the same for all the filters and drawn from a vague prior θ0 ∼
N (m0,C0) with the m0 and C0 taking the same values as (16.4) and (16.5) respectively.

Several runs for varying Np were performed13, similarly to Section 16.3.1.2 on page 203,
after which the value of Np = 4.5 × 104 was chosen. After performing14 several runs of
Liu & West with a range of smoothing parameters a value of δ = 0.99 was chosen and
the resampler used was the stratified resampler presented in Section 7.3.2 with a static
checkpoint of n = 1, that is, performing resampling at every time step t. The parameter
priors used were

W0 ∼ IW (7, 0.2I7) .

We will present the estimation for approximately 3 days worth of minutely data (Nobs =

4320).

The filter’s results are compared to a long run of a PMMH (the traces and ACF can
be viewed in Appendix A.6) and the MSE is calculated considering the PMMH’s result
as the “true” value. In Figure 16.37 on page 237 we present the estimated marginals for
the parameter set Φ = {W} using the online methods, in comparison to the offline results
obtained in Section 16.4.1. In Figure 16.38 on page 238 we show the estimation history
for Φ using the online methods. A summary of the online parameter estimation results is
presented in Table 16.13 on the next page.

The results for online state estimation are presented separately for each state component
θ = {θ1, . . . ,θ7} in Figure 16.38 on page 238, along with the ESS (Figure 16.41) for each
of the online methods. A summary of the MSE between each state component and the
PMMH state estimation is presented in Table 16.14 on page 241, along with each filter’s
total and iteration execution times.

We can see from Table 16.13 that PL is generally closer to the PMMH estimation (with
the exception of W7). Regarding the Storvik class, the implementation using the EKF pro-

13A summary of the tuning results can be found in Appendix D.2.
14Summary tables with the tuning results available in Appendix E.2 on page 313.
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Method W1 W2 W3 W4 W5 W6 W7

LW 0.018 (0.0003) 0.007 (0.0003) 1.7558 (0.3502) 0.0183 (0.0002) 0.1756 (0.0191) 0.0137 (0.0003) 0.7206 (0.1112)

Storvik 0.0134 (0.0004) 0.0097 (0.0003) 0.0866 (0.003) 0.0117 (0.0004) 0.048 (0.0013) 0.0108 (0.0003) 0.1309 (0.0043)

Storvik-CF 0.0296 (0.0008) 0.0148 (0.0004) 0.0264 (0.0012) 0.0246 (0.0008) 1.7875 (0.0642) 0.0096 (0.0003) 0.0963 (0.0042)

Storvik-EKF 0.0094 (0.0003) 0.0121 (0.0004) 0.0305 (0.0015) 0.0094 (0.0005) 0.0949 (0.0032) 0.0108 (0.0004) 0.057 (0.004)

PL 0.0098 (0.0003) 0.0104 (0.0003) 0.4679 (0.0152) 0.0147 (0.0004) 0.1382 (0.0047) 0.009 (0.0002) 0.2008 (0.0049)

PMMH 0.0107 (0.002) 0.0107 (0.002) 0.3247 (0.442) 0.0106 (0.002) 0.1897 (0.1418) 0.0106 (0.002) 0.0986 (0.0644)

Table 16.13: Summary of parameter posterior mean estimation at t = Nobs with online estimation
methods for the WC98 dataset.

posal outperforms Storvik-CF, especially regarding the highly divergent estimate for W5.
In several W components Storvik-EKF outperforms PL, specifically in the estimation of
W3,W4 and W6. Regarding computational costs, we see from Table 16.14 a similar relation
as with the NDLM versions, with LW having the lowest computational cost followed by
Storvik and PL. Storvik-CF and Storvik-EKF do incur in the highest cost for the online
methods, which is to be expected due to the additional Kalman-style recursions (and as-
sociated matrix operations) needed to create the new proposal at each time step. Still, we
can see that the computational cost per iteration (i.e., the average computational cost for
each time step t) seems perfectly adequate to perform near real-time state and parameter
estimations being, in this case, bound between 189.9 and 1057.3 milliseconds per iteration.

Regarding state estimation, we can see from Table 16.14 that when comparing the
MSE between the estimated states and PMMH estimation, the sufficient-statistics-bases
filters generally outperform the remaining methods. Storvik outperforms Liu and West
and has a MSE closer generally closer to the PL values than Liu & West. It is noteworthy,
that Storvik-EKF generally outperformed Storvik in the state estimation as it was the
case with the parameter estimation. Storvik-CF did not perform better than PL (with
the exception of the estimation for θ2 and θ3), but in the interest of comparing different
proposals within the same algorithm it did not outperform Storvik as can be seen from
Table 16.14. We can see the comparison between Storvik/CF/EKF in Figure 16.40, where
is it clear (especially in the case of θ1) that Storvik-EKF’s p (θt|Dt) estimation is closer
to the PMMH estimation, although displaying a higher posterior variance than Storvik.
Although Storvik-EKF outperforms PL in several components of the parameter estimation,
this is not the case for the state estimation. It does however clearly produces better state
estimates than Storvik.

15Average time of non-resampling steps with t > k.
16Average time of non-resampling steps with t > k.
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Figure 16.37: Parameter posterior estimation for Φ at t = Nobs for the online
methods, compared to the offline methods with the WC98 data. Red dashed line
represents PMMH parameter posterior mean and shaded area the 90% equitailed
credibility interval.
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Figure 16.38: Φ parameter posterior estimation history using the online methods
for the WC98 data. Colour lines represent the posterior mean and shaded areas
the 90% equitailed credibility interval. Horizontal dashed line represent the PMMH
posterior mean and shaded area the 90% equitailed credibility interval.
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Figure 16.39: State posterior estimation history using online methods on the WC98
dataset. Colour lines represent state posterior mean and shaded areas 90% equitailed
credibility interval. Dashed black line represents PMMH state posterior mean.
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Figure 16.40: State posterior estimation history using Storvik, Storvik-CF and
Storvik-EKF on the WC98 dataset. Colour lines represent state posterior mean
and shaded areas 90% equitailed credibility interval. Dashed black line represents
PMMH state posterior mean.
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Filter
MSE Time

θ1 θ2 θ3 θ4 θ5 θ6 θ7 iteration (ms) total (s)

LW 10.9658 19.9896 35.7292 17.5371 18.2089 13.9044 9.7558 189.9 820.397

Storvik 7.0778 3.6249 11.6331 3.6656 4.3315 3.8827 1.2036 664.545 2870.838

Storvik-CF 7.7535 3.57 2.4655 12.5878 13.3732 5.865 5.2507 1057.3 4567.651

Storvik-EKF 1.1855 2.0548 4.2009 1.3258 0.706 0.409 0.3236 767.9 3317.423

PL 3.4092 5.021 14.2514 4.808 4.4804 2.6072 2.1838 477.3 2061.966

SMC2 9.6067 16.7394 20.7526 7.7167 10.9001 6.2586 3.8609 4147.215 70082.64

O-SMC2 5.6993 2.5284 0.8852 0.5111 0.2231 0.1715 0.1119 3860.916 78128.32

Table 16.14: State posterior mean MSE (relatively to PMMH state posterior mean) and compu-
tational time for different filters with the WC98 dataset.
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Figure 16.41: ÊSS for the online methods with the WC98 data.
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Method
MSE

θ̂1,t+k θ̂2,t+k θ̂3,t+k θ̂4,t+k θ̂5,t+k θ̂6,t+k θ̂7,t+k

LW 10.154 11.291 11.658 5.0332 4.9828 1.1868 1.1452

Storvik 0.28814 0.78964 0.38509 0.42907 0.39201 0.88338 0.90245

Storvik-CF 6.5922 1.9969 1.6356 20.381 21.181 3.8636 3.9776

Storvik-EKF 0.7255 0.3864 0.034385 0.17426 0.12706 0.10575 0.093408

PL 3.4421 2.8063 2.7061 0.69519 0.6394 0.17886 0.17393

Table 16.15: State posterior mean k-step (k = 804) ahead forecast Mean Squared Error (MSE)
relatively to PMMH state posterior estimation for different particle filters with the WC98 dataset.
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Figure 16.42: One-step ahead forecast errors for the online filters with the WC98
data.

16.4.3 Forecast

The results for the one-step ahead observation forecast errors are presented in Figure 16.42
and summarised in Table 16.15. As in the case of temperature data, a longer k-step ahead
forecast (k = 804) was performed on this data. The results for the k-step ahead state
forecast are summarised in Table 16.15.

Regarding state forecast, we can see from Table 16.15 mixed results where Storvik-
EKF outperforms the remaining methods for {θ2, . . . ,θ7} and Storvik outperforms for the
state components θ1. From Figures 16.43 and 16.44 we can see that the state forecast is
consistent with the PMMH state estimate, although LW shows a higher posterior variance
than the sufficient-statistics based methods. From Figure 16.44 we can see that Storvik-
CF also display a much higher variance than Storvik. It is also clear from the results that
Storvik-EKF outperforms Storvik in several components of state and parameter estimation,
but also in the case of the state forecast, being in fact the best performing of all the
methods.
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Figure 16.43: State component k-step ahead forecast on the WC98 dataset (k =
804). Colour lines represent posterior mean and shaded areas 90% equitailed cred-
ibility interval. Solid black line represents PMMH state posterior mean.
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Figure 16.44: State component k-step ahead forecast on the WC98 dataset using
Storvik and Storvik-CF (k = 804). Colour lines represent posterior mean and shaded
areas 90% equitailed credibility interval. Solid black line represents PMMH state
posterior mean.
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Filter
MCMAE

W1 W2 W3 W4 W5 W6 W7

LW 0.4541 0.4327 1.5677 0.4599 2.5417 0.4423 2.1443

Storvik 0.1287 0.1226 1.4820 0.1248 1.6673 0.1276 1.4770

Storvik-CF 0.1159 0.1130 7.3560 0.1289 1.9560 0.1087 1.8907

Storvik-EKF 0.0590 0.0614 1.4177 0.0600 1.4926 0.0599 1.3529

PL 0.0865 0.0876 1.4542 0.0877 1.3196 0.0854 1.3615

O-SMC2 0.0159 0.0134 1.6924 0.0144 0.6852 0.0162 0.4655

θ1 θ2 θ3 θ4 θ5 θ6 θ7

LW 11.8797 16.7328 18.7421 16.8209 16.3860 14.8168 12.3025

Storvik 10.5692 13.3078 15.5469 13.6962 13.8622 11.8743 9.2593

Storvik-CF 5.8181 9.7513 12.5241 9.3262 9.1925 6.7287 5.5044

Storvik-EKF 5.8715 8.4101 9.6863 8.8424 8.8993 7.0859 5.7010

PL 7.0124 9.9405 11.6970 10.0148 10.1936 8.8004 6.7335

O-SMC2 1.2489 1.5430 1.0991 0.8099 0.9035 0.7052 0.5603

Table 16.16: Mean Monte Carlo Mean Absolute Error (MCMAE) for the parameter and state
posterior mean estimation with n = 50 runs for different particle filters with the WC98 dataset
with Np = 5000, Nobs = 2304 and NΦ = 2000, Nθ = 100 for O-SMC2

16.4.4 Monte Carlo variance

To estimate the mean MCMAE, as described in (16.2) and (16.3), LW, Storvik and PL
were used with state and parameters priors as specified in Section 16.4.1 on page 231 and
the number of particles was Np = 5000. O-SMC2 was used with NΦ = 1000 and Nθ = 200

particles and observation window h = 250, using the prior as the importance density
(as described in Section 6.2.2 on page 76) for the O-SMC2 particle filter. The results
were then averaged over n = 50 runs in order to obtain MCMAE. These results are
illustrated in Figure 16.45 (for LW, Storvik, PL and O-SMC2), Figure 16.47 (for Storvik-
CF/EKF) and summarised in Table 16.16. We also look at the parameter posterior mean
and state posterior mean average (and standard errors) at t = Nobs for the online filters
and compare it to the PMMH state and parameter posterior estimation at t = Nobs. These
results17 are summarised, respectively, in Tables 16.18 on page 251 and 16.17 on page 250.

17Average posterior means can be viewed in Figures B.3 and B.4, in Appendix B.2.
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Regarding the variability of the state estimation, the mean MCMAE was also calculated
using the PMMH estimate mean as the reference value. As in the previous section, the
mean MCMAE will then be the averaged value for n runs.

We can see from Table 16.16 that in terms of parameter estimation variance, O-SMC2

generally outperforms all the other methods (with the exception of W3, but still consistent
with the other results in this case). From the remaining methods, sufficient-statistics-
based ones clearly show less variability than LW. As with the state forecasts, Storvik-CF
displays mixed results where the estimation for some parameters (namely W1,W2 and W6

show less variability than Storvik but not in the remaining parameters (especially in W3).
However, as we can see from Figure 16.45 and 16.47, the estimation for n = 50 runs of W3

shows a high variability when compared with the other parameter suggesting a possible
identifiability problem.

When considering the Monte Carlo variance of the state estimation, we can see similar
results. However, in this case, while O-SMC2 still outperforms the remaining methods,
the difference is more marked. Sufficient-statistics-based methods clearly outperform LW.
This can be inspected visually from Figures 16.46 and 16.47.

16.4.5 Discrepancies

The discrepancy value d (yt) was used to detect potential anomalies in the data in a online
fashion as in previous sections, using the methods described in Section 2.4.3 on page 22.
The results are presented in Figures 16.48, 16.49 and 16.50 respectively using LW, Storvik
and PL. We can see that none of the filters detected anomalous observations when using
a threshold of d (yt) > 3.
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(a) LW estimation history for {W1,W2,W3} using n = 50 runs
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(b) Storvik estimation history for {W1,W2,W3} using n = 50 runs
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(c) PL estimation for history {W1,W2,W3} using n = 50 runs
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(d) O-SMC2 estimation history for {W1,W2,W3} using n = 50 runs

Figure 16.45: Variability in parameter posterior mean estimation history from LW,
Storvik, PL and O-SMC2 for n = 50 consecutive runs, using the WC98 data. Ho-
rizontal red line represents the PMMH posterior mean and shaded area the 90%
equitailed credibility interval(log-scale).
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(a) LW estimation history for {θ1,θ2,θ3} using n = 50 runs
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(b) Storvik estimation history for {θ1,θ2,θ3} using n = 50 runs
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(c) PL estimation for history {θ1,θ2,θ3} using n = 50 runs
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(d) O-SMC2 estimation history for {θ1,θ2,θ3} using n = 50 runs

Figure 16.46: Variability in state posterior mean estimation history from LW, Stor-
vik, PL and O-SMC2 for n = 50 consecutive runs, using the WC98 data. Red line
represents the PMMH state posterior mean (log-scale).
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(a) Storvik-CF estimation history for {W1,W2,W3} using n = 50 runs
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(b) Storvik-EKF estimation history for {W1,W2,W3} using n = 50 runs
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(c) Storvik-CF estimation history for {θ1,θ2,θ3} using n = 50 runs
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(d) Storvik-EKF estimation history for {θ1,θ2,θ3} using n = 50 runs

Figure 16.47: Variability in parameter (log-scale) and state estimation history for
Storvik-CF/EKF for n = 50 consecutive runs, using the WC98 data
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Method θ1 θ2 θ3 θ4

LW 8.6858 (2.1426) -3.5011 (3.2814) -3.5163 (3.803) 1.8948 (3.3442)

Storvik 6.8976 (2.2225) -1.5058 (2.7843) 3.9171 (3.4773) -2.2117 (2.6037)

Storvik-CF 2.9414 (1.1658) 0.279 (1.7198) 2.2249 (2.7278) 0.4878 (1.3669)

Storvik-EKF 4.097 (0.9609) 1.0677 (1.2286) -0.9272 (1.6885) -0.9148 (1.4858)

PL 4.6599 (1.1723) 2.5428 (1.6095) -0.4955 (2.3515) -1.2268 (1.5726)

O-SMC2 2.3014 (0.1118) 1.3366 (0.1383) -0.7345 (0.1779) 0.4729 (0.1591)

PMMH 3.4554 0.4873 -0.5346 -0.1254

θ5 θ6 θ7

LW 7.4492 (2.9243) -3.0244 (2.6497) -4.0371 (2.3393)

Storvik -4.4401 (2.277) 0.9056 (2.6512) 1.6058 (1.7717)

Storvik-CF -1.7742 (1.9245) 0.3778 (1.1203) 0.5643 (1.0407)

Storvik-EKF 0.2348 (1.4042) -0.1639 (0.9947) 0.3661 (0.9132)

PL 2.899 (1.7928) -1.8775 (1.3975) -0.8023 (1.1389)

O-SMC2 -0.1582 (0.1154) -0.0116 (0.0829) 0.2978 (0.0764)

PMMH 0.0923 0.0124 0.0847

Table 16.17: Average state posterior mean (at t = Nobs) for n = 50 runs of the online filters
for the WC98 dataset (standard error in brackets) compared to the PMMH state posterior mean
estimation.
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Figure 16.48: Discrepancy values (d (yt) > 3 threshold, log-scale) for the WC98
dataset using the LW filter

250



Chapter 16. Results

Method W1 W2 W3 W4

LW 0.4553 (0.021) 0.4334 (0.0228) 1.8533 (0.2254) 0.4617 (0.0255)

Storvik 0.1016 (0.0019) 0.0972 (0.002) 1.7707 (0.1893) 0.0987 (0.0017)

Storvik-CF 0.0817 (0.0051) 0.0806 (0.0038) 7.4791 (2.7866) 0.0852 (0.005)

Storvik-EKF 0.0501 (8× 10−4) 0.0519 (8× 10−4) 1.7 (0.2152) 0.0511 (8× 10−4)

PL 0.071 (0.0011) 0.0717 (0.0012) 1.71 (0.2289) 0.072 (0.001)

O-SMC2 0.0132 (2× 10−4) 0.0133 (2× 10−4) 0.4807 (0.0393) 0.0135 (8× 10−4)

PMMH 0.0107 0.0107 0.3266 0.0106

W5 W6 W7

LW 2.7205 (0.5604) 0.4429 (0.0179) 2.2766 (0.4433)

Storvik 1.8039 (0.2815) 0.1002 (0.0019) 1.5703 (0.1476)

Storvik-CF 2.1287 (0.3142) 0.0785 (0.0035) 1.9128 (0.2629)

Storvik-EKF 1.6259 (0.2334) 0.0511 (8× 10−4) 1.4085 (0.1735)

PL 1.4762 (0.1557) 0.07 (0.0012) 1.4536 (0.1476)

O-SMC2 0.2687 (0.0167) 0.0133 (8× 10−4) 0.15 (0.0087)

PMMH 0.1896 0.0106 0.099

Table 16.18: Average parameter posterior mean (at t = Nobs) for n = 50 runs of the online filters
for the WC98 dataset (standard error in brackets) compared to the PMMH parameter posterior
mean estimation.
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Figure 16.49: Discrepancy values (d (yt) > 3 threshold, log-scale) for the WC98
dataset using the Storvik filter
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Figure 16.50: Discrepancy values (d (yt) > 3 threshold, log-scale) for the WC98
dataset using the PL filter
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Figure 16.51: Airport delay dataset. On-time flights in red, delayed flights in blue
and missing data in grey18.

16.5 Airport data

The data used for binomial data modelling (the Binomial DLM) comes from the US Depart-
ment of Transportation’s Bureau of Transport Statistics19 and consist on airport departure
times. From the available scheduled and actual departure times we dichotomised the data-
set into binary data corresponding to delayed and on-time flights. A flight was considered
delayed if it departed 30 minutes or more after the scheduled time. That is

yt =


0 if |t− texpected| < 30

1 if |t− texpected| ≥ 30

NA if no flight at t

The data was then converted into a time series with intervals of one minute and since
there aren’t departures at each time-point t we have inserted missing observations if no
departure happened. The airport chosen was the JFK airport in New York City and period
was January 2015.

This dataset contains 3822 missing observations, accounting for approximately 88% of
the total observations. As we can see from Figure figure 16.51, there is no discernible
pattern for the missing data and as such we consider it missing at random.

18Jitter applied vertically to all observations to prevent overplotting.
19Available at: http://www.transtats.bts.gov/DL_SelectFields.asp?Table_ID=236&DB_Short_Name=On-

Time (Accessed 13th September 2017)
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The model chosen was a Binomial DLM as described in (2.25), that is:

yt|ηt ∼ Binom
(
logit−1{ηt}, nt

)
ηt = FTθt

θt|θt−1,Φ ∼ N (Gθt−1,W) .

The dataset corresponds to approximately 3 days worth of minutely data (Nobs = 4320)
for which a locally constant, P (1) and a Fourier seasonal component with one harmonic20

and period p = 1440 were used, that is

M = {P (1) ,F (1440, 1)} ,

which corresponds to the structural matrices

F = [1 1 0]T ,

G =


1 0 0

0 cos 2π
p sin 2π

p

0 − sin 2π
p cos 2π

p

 ,
p = 1440.

16.5.1 Offline estimation

Offline estimation of the parameter set Φ = {W} was performed using PMMH, SMC2 and
O-SMC2. The marginals using PMMH, SMC2 and O-SMC2 at time t = Nobs are presented
in Figure 16.52. The estimation history for SMC2 and O-SMC2 is presented respectively in
Figure 16.53 on page 257. The traces and auto-correlation plots for PMMH can be viewed
in Appendix A.7 on page 289.

SMC2 and O-SMC2 were both performed with a number of particles NΦ = 2000 and
Nθ = 1000 and in the O-SMC2 case the observation window was h = 250 observations21.
The SIR component of the PMMH used Np = 2000 particles. The priors used with SMC2,

20A number of Storvik runs were performed with different numbers of harmonics to assess the forecast
performance. Results are available in Appendix C.3.

21The observation window will include yt−250:t, t > 250, regardless of observations being "missing" or
not.
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Method Time (s) W1 W2 W3

SMC2 18017.54 0.5763 (0.5346) 0.5264 (0.4421) 0.7022 (0.6075)

O-SMC2 5627.075 0.5318 (0.5384) 0.4716 (0.4392) 0.6084 (0.7301)

PMMH – 0.7889 (0.3091) 0.7584 (0.3012) 0.9887 (0.41)

Table 16.19: Summary of computation time and posterior mean estimation (standard deviation in
brackets) using offline methods (including O-SMC2) for the airport dataset.

O-SMC2 and PMMH for Φ0 where

W0 ∼


IG (1, 1) 0 0

0 IG (1, 1) 0

0 0 IG (1, 1)

 .

The state prior used for SMC2, O-SMC2 and PMMH was a normal prior such that

θ0 ∼ N (m0,C0)

m0 = [0 0 0]T

C0 = diag (40, 40, 40) .

A summary of parameter estimation results for the offline methods is presented in
Table 16.19. From this table and Figure 16.52 on the following page we can see that
the estimated parameters by SMC2 and O-SMC2 are consistent, with O-SMC2 showing
a higher accuracy (but only marginally). Both methods show a clear convergence to and
overlap with the PMMH estimated posterior as can be seen in Figure 16.52 on the next
page.

In terms of computational costs there is a clear difference between the two methods
with O-SMC2 outperforming SMC2.

16.5.2 Online estimation

State and parameter estimation was performed using the Liu & West, Storvik/EKF and
Particle Learning filters, in an online fashion. The Storvik filter was implemented in two
variants in this dataset, namely using the prior and the linearised EKF adjusted model as
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Figure 16.52: Φ = {W} parameter posterior estimation using IBIS, O-IBIS (both
at t = Nobs) and PMMH. Vertical red line is the PMMH posterior mean estimation
and vertical red bar is the PMMH 90% equitailed credibility interval.

importance densities. The filters were initialised with the same state and parameter priors,
drawn respectively from θ0 ∼ N (0, 40I3). The number of particles used for each filter was
Np = 4.5× 104 and the value chosen after performing several runs22 with varying Np. The
discount parameter chosen23 for Liu and West was δ = 0.99. The resampling method used
was stratified resampling with a static checkpoint of n = 1. The parameters priors were
W0 ∼ IW (3, I3).

In Figure 16.54 we can see the estimated marginals for the parameter set Φ = {W}
using the online methods. The online parameter estimation history results can be seen
in Figure 16.55 and a summary of the parameter posteriors at t = Nobs can be viewed in
Table 16.20.

We can see from Table 16.20 that the sufficient-statistics-based methods outperform LW
in terms of parameter estimation when compared to the PMMH result. Specifically, Storvik
and PL are consistent with PMMH, whereas Storvik-EKF underestimated the variance
components. In terms of computational costs, the values are similar for all methods,
which is not surprising considering that due to the fact that 88% of the data is considered

22Summary of the full results available in Appendix D.3
23The tuning for δ was performed by running several runs of L&W with different values and comparing

the state posterior mean MSE and parameter posterior at t = Nobs. Result available in Appendix E.3.
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Figure 16.53: Φ = {W} parameter posterior estimation history using SMC2 and
O-SMC2 for the airport data. Solid lines represent the posterior mean and shaded
areas the 90% equitailed credibility interval. PMMH in red (dashed horizontal line
is the posterior mean and shaded area the 90% equitailed credibility interval).

“missing”, the computation for those steps will be similar (i.e. a state update according to
the prior with no resampling).

Regarding state estimation, we can see from Table 16.21 that the sufficient-statistics-
based methods dominate in terms of state estimation accuracy. In general SMC2, O-SMC2

and the remaining sufficient-statistics-based methods show consistent results, with a mar-
ginally smaller MSE for SMC2 and O-SMC2. LW is the worst performing of the analysed
methods for this particular dataset. From the online methods, O-SMC2 has the highest
computational cost. The running time per iteration will vary (but will be computationally
bounded) depending on whether we have a rejuvenation step or not, however, the value
displayed in Table 16.21 is the mean value for the non-rejuvenating steps at t > h, with
h as the observation window. We can see this value is several orders of magnitude higher
than the remaining methods, and not suitable, for instance, for streaming data with obser-
vations arriving every second. However, this computational cost would still be acceptable
values for inference in streaming data with a considerably high frequency. We can also
see from the state estimation history in Figure 16.56 that posterior variance is marginally
smaller for Storvik-EKF.
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Figure 16.54: Φ parameter posterior at t = Nobs using the online methods, compared
to the offline methods. Vertical red line the posterior mean using PMMH and shaded
area the 90% equitailed credibility interval.

16.5.3 Forecast

As in the case of temperature data, a longer k-step ahead forecast (k = 1440) was performed
on this data. The results for the k-step ahead state forecast are summarised in Table 16.22
and the actual state forecast can be viewed in Figure 16.57.

Regarding state forecast, we can see from Table 16.22 that sufficient-statistics-based
methods outperform LW, with Storvik-EKF and PL outperforming Storvik. For the state
vector component θ3 (the highest frequency harmonic of the seasonal component), Storvik-
EKF is the most accurate when compared to PMMH.

16.5.4 Monte Carlo variance

Similarly to the previous sections, to estimate the mean MCMAE, as described in (16.2)
and (16.3), LW, Storvik and PL were used with state priors as specified in Section 16.5,

24Average time of non-resampling steps with t > k.
25Average time of non-resampling steps with t > k.
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Method Time (s) W1 W2 W3

LW 244.508 1.5496 (0.5535) 1.2956 (0.3262) 1.7875 (0.5454)

Storvik 292.798 0.7563 (0.2708) 0.7942 (0.2683) 0.952 (0.2828)

Storvik-EKF 370.296 0.8102 (0.267) 0.8194 (0.2539) 0.8892 (0.3494)

PL 346.982 1.0492 (0.4221) 0.7999 (0.2673) 1.0243 (0.4307)

PMMH – 0.7804 (0.3164) 0.7331 (0.3132) 0.9789 (0.4231)

Table 16.20: Computation time, parameter posterior mean estimation (and standard deviation, in
brackets) at t = Nobs with online methods for the airport data.

Method
MSE Time

θ1 θ2 θ3 iteration (ms) total (s)

LW 59.2434 42.1278 48.9085 56.59 244.508

Storvik 30.1322 30.6581 40.0322 67.7773 292.798

Storvik-EKF 32.6937 28.7214 37.8335 85.7167 370.296

PL 33.1388 33.284 36.1698 80.3199 346.982

SMC2 26.406 27.6547 35.4881 3078.024 18017.54

O-SMC2 22.8451 22.2972 22.1871 2314.525 5627.075

Table 16.21: State posterior mean MSE (relatively to PMMH state posterior mean estimation)
and computation time with different particle filters for the airport dataset.

Method
MSE

θ̂1,t+k θ̂2,t+k θ̂3,t+k

LW 331.59 168.4 121.98

Storvik 196.12 143.7 102.24

Storvik-EKF 188.46 110.4 74.437

PL 170.12 123.92 85.142

Table 16.22: State posterior mean k-step (k = 1440) ahead forecast MSE (relatively to PMMH
state posterior mean estimation) for different particle filters with the airport dataset.
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Figure 16.55: Parameter posterior estimation history for Φ using online methods for
the airport data. Solid lines represents the posterior mean, shaded red area the 90%
equitailed credibility intervals. Dashed horizontal line represents PMMH posterior
mean and shaded area the 90% equitailed credibility interval.

parameter priors

W0 ∼


IG (5, 6) 0 0

0 IG (5, 6) 0

0 0 IG (5, 6)


and the number of particles was Np = 5000. O-SMC2 was used with NΦ = 2000 and
Nθ = 250 particles and observation window h = 1000, using the prior as the importance
density (as described in Section 6.2.2 on page 76) for the log-likelihood estimator SIR. The
observation window for O-SMC2 was larger than in previous sections to accommodate for
high number of missing observation. As previously, the results were then averaged over
n = 50 runs in order to obtain MCMAE. The results for state estimation variability are
illustrated in Figure 16.59 and for the parameter variability in Figure 16.58. We also look
at the parameter posterior mean and state posterior mean average (and standard errors) at
t = Nobs for the online filters and compare it to the PMMH state and parameter posterior
estimation at t = Nobs. These results26 are summarised, respectively, in Tables 16.25 and

26Average posterior means can be viewed in Figures B.5 and B.6, in Appendix B.3.
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Figure 16.56: State posterior estimation using different particle filters on the airport
dataset and Effective Sample Size. Solid colour lines represent state posterior mean,
shaded area 90% equitailed credibility intervaland dashed black line PMMH state
posterior mean.

16.24.

Regarding the variability of the state estimation, the mean MCMAE was also calcu-
lated using the PMMH estimate mean as the reference value. As in the previous section,
the mean MCMAE will then be the averaged value for n runs.

We can see from Table 16.16 that in terms of parameter estimation variance, O-SMC2

generally outperforms all the other methods (with the exception of W3, but still consistent
with the other results in this case). From the remaining methods, sufficient-statistics-based
ones clearly show less variability than LW. Within the sufficient-statistics-based methods,
Storvik-EKF displays the lowest variability, even outperforming PL.

When considering the Monte Carlo variance of the state estimation, we can see similar
results. However, in this case, while O-SMC2 still outperforms the remaining methods,
the difference is more marked. Sufficient-statistics-based methods clearly outperform LW.
This can be inspected visually from Figures 16.46 and 16.47.
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Method
MCMAE

W1 W2 W3 θ1 θ2 θ3

LW 0.9998 1.0035 0.9923 8.0133 7.6007 8.3083

Storvik 0.3147 0.3505 0.2511 4.8178 4.7752 5.7318

Storvik-EKF 0.3209 0.3142 0.2083 5.0508 4.7619 5.9026

PL 0.4618 0.4478 0.3587 6.2117 5.8276 6.8858

O-SMC2 0.3955 0.2643 0.3727 3.2762 3.5579 3.5228

Table 16.23: Mean Monte Carlo Mean Absolute Error (MCMAE), between particle filters and
PMMH state and parameter posterior mean with n = 50 runs for the airport dataset with Np =
5000, Nobs = 2304 and NΦ = 2000, Nθ = 250 for O-SMC2.

Method θ1 θ2 θ3

LW 7.4904 (1.1782) 8.2949 (1.2437) -12.3185 (1.2494)

Storvik 4.5314 (0.4042) 6.162 (0.4817) -9.7284 (0.3806)

Storvik-EKF 5.914 (0.5682) 6.5569 (0.5264) -8.1812 (0.5302)

PL 5.4962 (0.5157) 5.2959 (0.5287) -9.4284 (0.4995)

O-SMC2 -8.7347 (0.3347) -13.0508 (0.4918) -11.5654 (0.4603)

PMMH 4.0508 4.4866 -9.38

Table 16.24: Average state posterior mean (at t = Nobs) for n = 50 runs of the online filters for
the airport dataset (standard error in brackets) compared to the PMMH state posterior mean
estimation.

Method W1 W2 W3

LW 1.8936 (0.0963) 1.8634 (0.0866) 2.191 (0.1153)

Storvik 0.923 (0.0313) 0.9243 (0.0323) 1.0998 (0.0497)

Storvik-EKF 0.9571 (0.0333) 0.8486 (0.0286) 1.0201 (0.0349)

PL 1.0506 (0.0366) 1.0238 (0.0411) 1.1899 (0.0366)

O-SMC2 0.8945 (0.0218) 0.845 (0.0233) 1.0098 (0.0274)

PMMH 0.7932 0.7647 0.9995

Table 16.25: Average parameter posterior mean (at t = Nobs) for n = 50 runs of the online filters
for the airport dataset (standard error in brackets) compared to the PMMH parameter posterior
mean estimation.
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16.5.5 Discrepancies

As in previous sections, the discrepancy value d (yt) was used to detect potential anomalies
in the data in a online fashion as in previous sections, using the methods described in
Section 2.4.3. The results are presented in Figures 16.61, 16.62 and 16.63 respectively
using LW, Storvik and PL. The discrepancy value was only calculated for time-points
where the observation was not missing and we can see that none of the filters detected
anomalous observations when using a threshold of d (yt) > 3.
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Figure 16.57: State component k-step ahead forecast on the temperature dataset
(k = 1440). Solid colour line represent the state forecast posterior mean, shaded
areas the 90% equitailed credibility interval. Solid black line represent the PMMH
state posterior mean estimation.
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(a) LW parameter posterior mean estimation history for {W1,W2,W3} using n = 50 runs.
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(b) Storvik parameter posterior mean estimation history for {W1,W2,W3} using n = 50 runs.
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(c) PL parameter posterior mean estimation history for {W1,W2,W3} using n = 50 runs.
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(d) O-SMC2 parameter posterior mean estimation history for {W1,W2,W3} using n = 50 runs.

Figure 16.58: Variability in parameter estimation history from LW, Storvik, PL and
O-SMC2 for n = 50 consecutive runs, using the airport data. Red horizontal line
and shaded area represent, respectively, PMMH parameter posterior mean and 90%
equitailed credibility interval(log-scale).
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(a) LW state posterior mean estimation history for {θ1,θ2,θ3} using n = 50 runs.
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(b) Storvik state posterior mean estimation history for {θ1,θ2,θ3} using n = 50 runs.
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(c) PL state posterior mean estimation for history for {θ1,θ2,θ3} using n = 50 runs.
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(d) O-SMC2 state posterior mean estimation history for {θ1,θ2,θ3} using n = 50 runs.

Figure 16.59: Variability in state posterior mean estimation history with LW, Stor-
vik, PL and O-SMC2 for n = 50 consecutive runs, using the airport data (log-scale).
Red line represents PMMH state posterior mean.
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(a) Storvik-EKF parameter posterior mean estimation history for {W1,W2,W3} using n = 50
runs
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(b) Storvik-EKF state posterior mean estimation history for {θ1,θ2,θ3} using n = 50 runs

Figure 16.60: Variability in state and parameter posterior mean estimation history
using Storvik-EKF for n = 50 consecutive runs, for the airport data (log-scale).
Red vertical line represents PMMH parameter posterior mean and shaded area 90%
equitailed credibility interval(top). Red line represents PMMH state posterior mean
(bottom).
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Figure 16.61: Discrepancy values (d (yt) > 3 threshold, log-scale) for the airport
dataset using the LW filter
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Figure 16.62: Discrepancy values (d (yt) > 3 threshold, log-scale) for the airport
dataset using the Storvik filter
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Figure 16.63: Discrepancy values (d (yt) > 3 threshold, log-scale) for the airport
dataset using the PL filter
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Conclusions

In this thesis we analysed several methods available for online state and parameter estima-
tion in DGLMs with the aim of performing statistical inference in near real-time streaming
data scenarios.

The main novel contribution is the application of two classes of proposals for non-linear
DGLM importance sampling. One of the proposals, based on a Linear Bayes linearisation
of the model (Section 6.2.4 on page 79), has not, to our knowledge, been applied to SMC
in the context of state or both state and parameter estimation. The other proposal, based
on a linearised adjusted model (Section 6.2.5 on page 80), although applied in SMC in the
context of state estimation, has not been previously applied to both state and parameter
estimation, especially in sufficient-statistics-based algorithms. We have also contributed
with an ad-hoc formulation for IBIS in DLMs (Section 14.1 on page 171) and SMC2 in
non-linear DGLMs (Section 15.1 on page 184), which allow for online state and parameter
estimation for a approximated target distribution. The IBIS/O-IBIS methods were also
implemented using an SVD implementation for the KF recursions (Section 4.1 on page 36)
in order to investigate potential improvements in numerical accuracy which might result
from using real-world datasets.

Furthermore, we have analysed all these methods with real-world data which tried to
typify possible streaming data sources, that is, continuous and discrete data with structures
including seasonal patterns, presence of outliers and missing data with the purpose of
comparing the different methods in terms of state and parameter estimation, forecast
performance and computational cost. In the examples presented in this thesis, all with
simple models, simulated data and a high number of particles, we have seen that the online
methods present similar results in terms of state and parameter estimation. However, when
using real data and under computational budget constraints, this is not the case. From
our results we observed that, in general, within sequential methods, SMC2 and O-SMC2
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outperform all the remaining methods in terms of state and parameter estimation accuracy.

For online methods, O-SMC2 provided the best estimates when compared with our
“gold standard”, PMMH.

For the remaining methods, sufficient-statistics-based methods outperformed state aug-
mentation approaches. Within sufficient-statistics methods, Particle Learning generally
provided better results than Storvik, even when not using the “full” formulation as in the
non-linear DGLMs, i.e. marginalising the state by using an essential state vector.

Some of the topics relevant to near real-time estimation of streaming data were also
analysed, such as the behaviour of these algorithms for long-running time-series and how
Monte Carlo errors introduced by the discrete approximation of the posteriors would affect
the estimation. We have seen that, although sufficient-statistics clearly reduce the vari-
ability of the estimates when compared to state augmentation, the rejuvenation steps of
SMC2/O-SMC2 provide the best results regarding this criteria.

The increased accuracy (when compared to PMMH) of O-SMC2 comes with an in-
creased computational cost. While sufficient-statistics methods can be used for higher-
frequency data (with computational costs around a few hundred milliseconds per iteration
for a considerable amount, Np = 4.5 × 104, of particles), O-SMC2 increases that cost to
the order of a few seconds per iteration in the models analysed. However, this increase
would still be perfectly suitable for some of the data streams analysed, where the highest
frequency arrival of data was of one observation per minute.

Although SMC2 could be presented as a competitor to traditional MCMC methods in
some scenarios, this is not the case for the other SMC-based methods analysed.

However, for the purposes of inference such as short to medium range state and obser-
vation forecast as well as anomaly detection, these methods provided a useful set of tools
for when accuracy is not paramount, but a trade-off between performance and accuracy is
desirable. The online methods presented provide, for instance, a straight-forward frame-
work in which the number of particles could be adjusted between iterations to reduce the
computational burden in a real-time fashion at the cost of a lower accuracy and higher
variability.

We have also analysed the behaviour of these methods with anomalous observations,
where we could observe that rejuvenation-based and state-augmentation methods could
not avoid collapse, while sufficient-statistics-based methods avoided particle collapse but
provided poor forecast results. Moreover, as we could see, methods such as the discrepancy
calculation provide a way to perform anomaly detection in an online way. As such, in real
world applications, where arguably targeting an approximated posterior is preferable to
a total filter collapse, if, at any iteration, an anomaly is detected, this step could simply
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be repeated with the observation removed and simply updating the latent states without
applying a correction step.

The online methods displayed ability to cope with a dataset where the majority of the
observations were missing, showing consistency with the PMMH estimation.

Using the alternative proposals presented in this thesis, we could generally see an
increase in state estimation accuracy and a lower variability for long-running estimations,
especially when using the linearised adjusted model.

Future work could include the inclusion of different models to deal with potential
anomalous observations, such as replacing a Poisson DLM with a Negative Binomial DLM
and even the possible inclusion of a non-DGLM, such as a t distribution based model as a
replacement for the DLM.

A deeper investigation of the behaviours of the O-SMC2/O-IBIS with regards to dy-
namic particle numbers and different kernels (such as Particle Gibbs) could be warranted.

A formal theoretical framework to determine convergence properties, if any, of these
methods is still required, although beyond the scope of the work in this thesis.
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Appendix A

PMMH results

A.1 NDLM example
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Figure A.1: PMMH traces (left) and ACF plots (right) for Φ = {τ2, ν2} for the
example Normal DLM in Chapters 8,9 and 10.
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A.2 PoDLM example
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Figure A.2: PMMH traces (left) and ACF plots (right) for Φ = {τ2} for the example
Poisson DLM in Chapter 10.
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A.3 Particles number
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Figure A.3: PMMH traces (left) and ACF plots (right) for the Poisson DLM in
Section 16.1.
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A.4 Resampling algorithms
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Figure A.4: PMMH traces (left) and ACF plots (right) for the Poisson AR(1) DLM
in Section 16.2.
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A.5 Temperature data

A.5.1 Dataset A
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Figure A.5: Temperature dataset A PMMH traces
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Figure A.6: Temperature data B k-lag ACF
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A.5.2 Dataset B
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Figure A.7: Temperature dataset B PMMH traces (log scale). Horizontal red line
is the posterior mean.
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Figure A.8: Temperature dataset B k-lag ACF
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A.6 WC98 dataset
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Figure A.9: WC98 PMMH traces
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Figure A.10: WC98 k-lag ACF
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A.7 Airport data
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Figure A.11: Airport dataset PMMH traces
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Figure A.12: Airport dataset k-lag ACF
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Estimation variability

B.1 Temperature data A
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Figure B.1: Parameter posterior means (at t = Nobs) for n = 50 runs with different
online filters for the temperature dataset A. Vertical dashed line represents the
PMMH posterior mean.
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Figure B.2: State posterior means (at t = Nobs) for n = 50 runs with the online
filters for the temperature dataset A. Vertical dashed line represents the PMMH
state posterior mean..
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B.2 WC98 data
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Figure B.3: Parameter posterior means (at t = Nobs) for n = 50 runs with different
online filters for the WC98 dataset. Vertical dashed line represents the PMMH
posterior mean.
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Figure B.4: State posterior means (at t = Nobs) for n = 50 runs with the online filters
for the WC98 dataset. Vertical dashed line represents the PMMH state posterior
mean..
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B.3 Airport data
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Figure B.6: State posterior means (at t = Nobs) for n = 50 runs with the online
filters for the airport dataset. Vertical dashed line represents the PMMH state
posterior mean..
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Appendix C

Number of harmonics

C.1 Temperature dataset A
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Figure C.1: MSE (left) and computational cost (right) using Storvik on the tem-
perature dataset A for different numbers of harmonics..

Harmonics MSE time (s)

1 0.00461 991.409

2 0.00194 1227.318

3 0.00084 1536.417

4 0.00068 1919.874

5 0.00053 2329.045

Table C.1: Summary of one-step ahead observation forecast MSE and computational cost for a
varying number of harmonics using Storvik on the temperature dataset A.
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C.2 WC98
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Figure C.2: MSE (left) and computational cost (right) using Storvik on the WC98
dataset for different numbers of harmonics..

Harmonics MSE time (s)

1 24.3538 2021.080

2 14.4420 2470.846

3 9.1153 2802.747

4 7.0754 3329.307

5 5.4026 3663.765

Table C.2: Summary of one-step ahead observation forecast MSE and computational cost for a
varying number of harmonics using Storvik on the WC98 dataset.

300



Appendix C. Number of harmonics

C.3 Airport data
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Figure C.3: MSE (left) and computational cost (right) using Storvik on the airport
dataset for different numbers of harmonics..

Harmonics MSE time (s)

1 0.0133 289.40

2 0.0121 448.13

3 0.0114 557.12

4 0.0106 680.33

5 0.0108 796.98

Table C.3: Summary of one-step ahead observation forecast MSE and computational cost for a
varying number of harmonics using Storvik on the airport dataset.
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Number of particles

D.1 Temperature dataset A
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Figure D.1: Parameter posterior means (at t = Nobs) for n = 50 runs with the
online filters for the temperature A dataset with varying Np. Vertical dashed line
represents the PMMH parameter posterior mean..
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Figure D.2: State posterior means (at t = Nobs) for n = 50 runs with the online
filters for the temperature A dataset with varyingNp. Vertical dashed line represents
the PMMH state posterior mean..
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D.2 WC98
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(b) W2 posterior means (at t = Nobs) for
n = 50 runs.
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(c) W3 posterior means (at t = Nobs) for
n = 50 runs (log=scale).
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(d) W4 posterior means (at t = Nobs) for
n = 50 runs.
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(e) W5 posterior means (at t = Nobs) for
n = 50 runs (log=scale).
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(f) W6 posterior means (at t = Nobs) for
n = 50 runs.
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(g) W7 posterior means (at t = Nobs) for
n = 50 runs (log=scale).

Figure D.3: Parameter posterior means (at t = Nobs) for n = 50 runs with the
online filters for the WC98 dataset with varying Np. Vertical dashed line represents
the PMMH state posterior mean..

306



Appendix D. Number of particles

100
250
500
1000
2500
5000
7500
10000
15000
20000
25000
30000
45000

−20 −10 0 10 20
θ1

N
p
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(b) θ2 posterior means (at t = Nobs) for
n = 50 runs.
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(c) θ3 posterior means (at t = Nobs) for
n = 50 runs.
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(d) θ4 posterior means (at t = Nobs) for
n = 50 runs.
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(e) θ5 posterior means (at t = Nobs) for
n = 50 runs.
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(f) θ6 posterior means (at t = Nobs) for
n = 50 runs.
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(g) θ7 posterior means (at t = Nobs) for
n = 50 runs.

Figure D.4: State posterior means (at t = Nobs) for n = 50 runs with the online
filters for the WC98 dataset with varying Np. Vertical dashed line represents the
PMMH state posterior mean..
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D.3 Airport data
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(a) W1 posterior means (at t = Nobs) for
n = 50 runs (log-scale).
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(b) W2 posterior means (at t = Nobs) for
n = 50 runs (log-scale).
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(c) W3 posterior means (at t = Nobs) for
n = 50 runs (log-scale).

Figure D.5: Parameter posterior means (at t = Nobs) for n = 50 runs with the online
filters for the airport dataset with varying Np. Vertical dashed line represents the
PMMH state posterior mean..
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(a) θ1 posterior means (at t = Nobs) for
n = 50 runs.
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(b) θ2 posterior means (at t = Nobs) for
n = 50 runs.
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(c) θ3 posterior means (at t = Nobs) for
n = 50 runs.

Figure D.6: State posterior means (at t = Nobs) for n = 50 runs with the online
filters for the airport dataset with varying Np. Vertical dashed line represents the
PMMH state posterior mean..
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Appendix E

Smoothing parameter

E.1 Temperature data

E.1.1 Dataset A

δ W1 W2 W3 W4 W5 W6 W7 V

0.9 1.6905 1.82 337.1371 1.6879 135.2982 1.7457 74.5457 0.9417

0.91 1.2094 1.4025 229.2419 1.2855 106.7359 1.338 50.9257 0.711

0.92 0.9803 1.1524 160.7837 1.0219 55.1864 0.9941 37.4144 0.5437

0.93 0.7178 0.8288 103.2251 0.695 49.5772 0.7474 27.7628 0.4036

0.94 0.5384 0.6862 90.4689 0.5204 33.4591 0.6183 19.5803 0.3184

0.95 0.4234 0.5119 55.4202 0.4597 23.4323 0.4658 12.657 0.269

0.96 0.2585 0.3143 25.431 0.2854 13.6447 0.286 8.2404 0.159

0.97 0.194 0.2572 15.6092 0.1972 6.8814 0.1923 4.26 0.1281

0.98 0.1371 0.1661 3.8463 0.138 3.4961 0.1531 2.2309 0.1124

0.99 0.1223 0.1480 1.6887 0.1740 1.9649 0.1746 1.3159 0.0752

PMMH 0.0155 0.0150 0.4481 0.0139 0.2295 0.0138 0.0774 0.0144

Table E.1: Summary of parameter posterior mean estimation with L&W for the temperature
dataset A with varying δ

310



Appendix E. Smoothing parameter

δ θ1 θ2 θ3 θ4 θ5 θ6 θ7

0.9 10.3175 14.6803 27.7929 9.7076 8.4063 4.9006 4.3048

0.91 8.7966 13.1653 21.6054 11.8184 10.4796 4.1353 4.0284

0.92 6.0817 8.4377 12.6426 5.6472 6.3974 3.9255 3.3768

0.93 1.9293 5.1469 12.7155 5.4308 4.8993 2.3383 2.1724

0.94 1.6119 4.2967 9.8588 4.2224 3.4841 1.6956 1.7079

0.95 5.9177 6.5925 6.3583 3.6793 3.6638 1.5829 1.5177

0.96 3.375 6.6968 12.2035 6.2234 6.8612 4.3876 3.1077

0.97 1.645 3.8503 4.4991 1.9811 1.8922 1.2445 0.7889

0.98 1.7477 3.7198 4.3917 2.0077 1.7707 1.2214 0.5689

0.99 1.5548 5.0378 5.5941 3.0167 2.8366 1.6267 0.7348

Table E.2: Summary of the state posterior mean MSE compared to PMMH using L&W for the
temperature dataset A
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Figure E.1: Parameter posterior estimation using L&W with different δ for the
dataset A. Vertical dashed line represents PMMH estimated posterior mean
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E.2 WC98 data

δ W1 W2 W3 W4 W5 W6 W7

0.9 0.8628 1.457 413.3846 1.1312 134.1986 1.1675 14.9789

0.91 0.8414 1.2878 50.0254 1.2025 18.5378 1.1202 47.8093

0.92 0.909 1.3216 1969.7943 0.7389 24.0648 0.7973 109.1115

0.93 0.6363 0.9346 26.6734 0.8284 40.9741 1.0184 90.9555

0.94 0.4065 0.6811 48.613 0.4208 7.6053 0.6321 18.8307

0.95 0.5766 0.6269 8.5366 0.657 15.4659 0.4405 65.8818

0.96 0.3057 0.6344 40.8584 0.3968 24.9072 0.3318 19.6853

0.97 0.2639 0.2683 15.7215 0.237 16.3199 0.2379 4.2963

0.98 0.1859 0.4152 2.8881 0.1626 8.7728 0.2805 5.0199

0.99 0.3914 0.420 2.4695 0.1936 1.2208 0.2093 1.3172

PMMH 0.0107 0.0107 0.3288 0.0106 0.1911 0.0106 0.1005

Table E.3: Summary of parameter posterior mean estimation with L&W for the WC98 dataset
with varying δ.
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δ θ1 θ2 θ3 θ4 θ5 θ6 θ7

0.9 2136.9928 10620.5383 15579.3281 8520.7728 5633.6589 2109.2161 2179.786

0.91 121.0931 3564.2157 4762.5546 4005.8354 5391.0083 5953.1436 2657.1972

0.92 2141.6233 15111.247 59155.1836 5937.1869 5583.1192 5693.4518 4490.0551

0.93 511.4903 2318.2187 2334.421 2960.5844 3191.5043 2420.1953 1557.9412

0.94 56.595 2549.2358 4609.9489 1315.8808 1043.2483 444.3256 217.3488

0.95 196.7905 730.169 551.4553 1152.1511 1368.1654 1414.8072 587.5594

0.96 964.2013 2017.9215 2207.9498 1634.6758 1551.7697 898.6518 719.8839

0.97 39.4096 849.9581 1361.3209 757.7612 365.2724 148.63 109.2683

0.98 48.5102 418.4741 401.3284 443.4762 328.6819 142.3925 88.0279

0.99 142.0518 153.5734 155.3539 93.8102 127.9376 67.3565 45.5874

Table E.4: Summary of the state posterior mean MSE compared to PMMH using L&W for the
WC98 dataset.

314



Appendix E. Smoothing parameter

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0.00 0.25 0.50 0.75
W1

δ

(a) W1

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0.0 0.5 1.0 1.5
W2

δ

(b) W2

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0 500 1000 1500 2000
W3

δ

(c) W3

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0.00 0.25 0.50 0.75 1.00 1.25
W4

δ

(d) W4

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0 50 100
W5

δ

(e) W5

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0.0 0.3 0.6 0.9 1.2
W6

δ

(f) W6

0.9
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99

0 30 60 90
W7

δ

(g) W7

Figure E.2: Parameter posterior estimation using L&W with different δ for the
WC98. Vertical dashed line represents PMMH estimated posterior mean
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Appendix E. Smoothing parameter

E.3 Airport data

δ W1 W2 W3

0.9 6.8178 9.0711 7.5618

0.91 4.6793 10.0347 6.8431

0.92 5.7704 6.0262 5.1288

0.93 6.3369 9.0986 5.3638

0.94 5.4373 3.5642 4.6058

0.95 4.0462 6.2241 4.0969

0.96 2.9419 3.2356 3.1434

0.97 3.0322 2.3856 3.3751

0.98 2.306 1.9428 2.1917

0.99 1.5496 1.2956 1.7875

PMMH 0.7917 0.7642 0.9983

Table E.5: Summary of parameter posterior mean estimation with L&W for the airport dataset
with varying δ.
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Appendix E. Smoothing parameter

δ θ1 θ2 θ3

0.9 652.1776 460.7062 539.8721

0.91 326.991 282.4767 242.9469

0.92 345.8762 136.1449 202.4889

0.93 203.7074 156.6679 139.4272

0.94 168.3289 169.8873 119.8247

0.95 145.423 171.6073 146.924

0.96 134.0075 78.7561 94.2771

0.97 157.6549 100.2465 102.0575

0.98 79.6999 52.6786 65.0901

0.99 57.6073 41.1823 48.8723

Table E.6: Summary of the state posterior mean MSE compared to PMMH using L&W for the
airport dataset.
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Figure E.3: Parameter posterior estimation using L&W with different δ for the
airport dataset. Vertical dashed line represents PMMH estimated posterior mean
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Appendix F

Theoretical results

F.1 Basic probability rules

p (A,B) = p (A|B) p (B) (F.1)

If follows that:

p (A,B,C) = p ({A,B} , C) = p ({A,B} |C) p (C) (F.2)

p (A,B,C) = p (A, {B,C}) = p (A| {B,C}) p (B,C)︸ ︷︷ ︸
p(B|C)p(C)

= p (A|B,C) p (B|C) p (C) (F.3)

Equating (F.2) with (F.3), we get:

p (A,B|C) p (C) = p (A|B,C) p (B|C) p (C)⇒

p (A,B|C) = p (A|B,C) p (B|C) (F.4)

F.1.1 Variance of sum

Var [A+B] = Var [A] + Var [B] + 2Cov [A,B]

F.2 Bayes theorem

p (A|B) =
p (B|A) p (A)

p (B)
,

with p (B) > 0.
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F.3 Chapman-Kolmogorov

Having a stochastic process as

X = {x1, x2, . . . , xn} ,

if we consider the joint probability of X as

pi1,i2,...,in (x1, x2, . . . , xn) ,

the Chapman-Kolmogorov equation is

pi1,i2,...,in−1 (x1, x2, . . . , xn−1) =

∫ ∞
−∞

pi1,i2,...,in (x1, x2, . . . , xn) dxn

F.4 Matrix Algebra

F.4.1 Properties of Transpose Matrices

(A+B)T = AT +BT

(AB)T = BTAT

F.5 Digamma approximation

If we consider the digamma function where

γ (αt) =
d logΓ (αt)

dαt

=
Γ ′ (αt)
Γ (αt)

the derivative, γ′ (x) as the trigamma function, these function can be approximated nu-
merically according to:

γ (x) ≈ log (x)− 1

2x
− 1

12x2
+

1

120x4
− 1

252x6
+ . . .

≈ log (x)− 1

2x
≈ log (x)
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and

γ′ (x) ≈ 1

x
+

1

2x2
− 1

6x3
− 1

30x5
+

1

42x7
− 1

30x9
+ . . .

≈ 1

x

(
1 +

1

2x

)
≈ 1

x
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Nomenclature

List of Abbreviations

ACF Auto-correlation function

BDLM Binomial Dynamic Linear Model

DGLM Dynamic Generalised Linear Model

EKF Extended Kalman Filter

EM Expectation-Maximisation

ESS Effective sample size

FA Fully adapted

KF Kalman Filter

KF-SVD SVD-based Kalman Filter

LW Liu & West filter

MCMAE Monte Carlo Mean Absolute Error

MH Metropolis-Hastings

MLE Maximum Likelihood Estimation

MSE Mean Squared Error

NDLM Normal Dynamic Linear Model

PoDLM Poisson Dynamic Linear Model

RTS Rauch-Tung-Strieble smoother

SD Standard Deviation
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SVD Singular-value decomposition

Nomenclature

θn nth component of the state vector (unless explicitly a state vector at time n)

θt State vector at time t

θ0:t State vector sequence {θ0, . . . ,θt}

θn,t The state vector component n at time t

ηt Natural parameter

λt Linear predictor

λ
(i)
t Unnormalised auxiliary importance weight for particle i at time t

[µ,Σ] Unspecified distribution, with mean µ and variance Σ

In n× n identity matrix

Jn (λ) n× n Jordan block with diagonal elements λ

Dt The observation sequence {y1, . . . , yt}

Dkt The observation sequence {yt−k, . . . , yt}

F (p, h) DGLM Fourier seasonal component with period p and h harmonics

K (·) Deterministic state-sufficient-statistics recursion

P (n) DGLM nth order polynomial component

A Matrix A

AT Transpose of matrix A

F DGLM observation matrix

G DGLM system matrix

W DGLM state evolution covariance

Wn nth diagonal element of matrix W

Ct Kalman Filter filtering density covariance at time t.

φt Dispersion parameter
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Appendix F. Theoretical results

mt Kalman Filter filtering density mean at time t.

diag (a1, . . . , an) A n× n square matrix with diagonal elements a1, . . . , an

E [X] Expectation of X

Var [X] Variance of X

Θt The state sequence {θ0, . . . , θt}

λ̃
(i)
t Normalised auxiliary importance weight for particle i at time t

C̃t Smoothing filtering density covariance at time t.

m̃t Smoothing density mean at time t.

w̃
(i)
t Normalised importance weight for particle i at time t

g (·) Link function

h (·) Response function

V Normal DLM observation variance

w
(i)
t Unnormalised importance weight for particle i at time t

yt Observation at time t
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