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Abstract

In turbulent premixed flames the modelling of mean or filtered reac-

tion rate translates to the closure of flame surface to volume ratio,

which is commonly referred to as the Flame Surface Density (FSD).

The FSD based reaction rate closure is well established in the context

of Reynolds Averaged Navier-Stokes (RANS) simulations for unity

Lewis numbers. However, models for FSD in context of Large Eddy

Simulations (LES) are relatively rare. In this study three-dimensional

Direct Numerical Simulations (DNS) of freely propagating statisti-

cally planar premixed flames encompassing a range of different tur-

bulent Reynolds numbers and global Lewis numbers was used. The

variation of turbulent Reynolds number has been brought about by

modifying the Karlovitz and the Damköhler numbers independently

of each other. The DNS data has been explicitly Reynolds averaged

and LES filtered for a priori assessment of existing FSD models and

for the purpose of proposing new models where necessary.

The closure of FSD can be achieved either by an algebraic expression

involving resolved scale quantities or by solving for a modelled trans-

port equation. Both modelling methodologies have been analysed in

the current analysis. The performances of existing power-law based

algebraic models of FSD have been analysed for a range of differ-

ent values of global Lewis numbers and turbulent Reynolds numbers.

The effects of global Lewis number and turbulent Reynolds number on

fractal dimension and inner cutoff scale have been analysed in detail,

based on explicitly filtered DNS data. The behaviour of fractal dimen-

sion and inner cutoff scale in response to the global Lewis numbers

and turbulent Reynolds numbers have been incorporated to propose a



new power-law based algebraic model for the generalised FSD in the

context of LES. This new algebraic model was validated using a pri-

ori analysis, where it has been found to provide accurate estimations

for the generalised FSD over a range of global Lewis numbers and

turbulent Reynolds numbers, and for a wide range of filter widths.

Additionally, it was found that the newly proposed algebraic model

performs either comparably to existing models or outperforms them.

The statistical behaviours of the unclosed terms of the generalised

FSD transport equation have been analysed in detail for a range of

different LES filter widths. It has been established that the modelling

methodologies which implicitly account for curvature dependence of

flame propagation, and are valid for both the corrugated flamelets and

thin reaction zones regimes of premixed turbulent combustion, work

satisfactorily for turbulent flux term of the generalised FSD trans-

port equation and for the surface weighted displacement speed, for

the range of parameters considered here.

The modelling of the unclosed curvature, propagation and strain rate

terms in the generalised FSD transport equation have been analysed in

the context of RANS and LES simulations based on a priori analysis

of DNS data, so that the newly proposed RANS and LES models re-

main valid for both the corrugated flamelets and thin reaction zones

regimes of turbulent premixed combustion. Based on these RANS

models, new models were proposed for the strain rate term and cur-

vature terms in the context of LES. The performances of the newly

proposed models have been assessed with respect to DNS data and

they have been found to work satisfactorily for a range of different

values of Lewis number, turbulent Reynolds number and LES filter

widths.
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ẇα Reaction rate of species α

wR Recommended velocity

x1 Mean flame propagation

Yα Mass fraction of species α

Greek Symbols

α Heat release parameter

α0 Model constant

αT Thermal diffusivity

β Zeldovich number

β0 Model constant

β4 Model parameters for Csg1

β5 Model parameters for Csg2

βA1UR Model parameters for A1ur

βA2UR Model parameter for A2ur

βCFM CFM curvature model parameter

χ Scalar dissipation rate

∆t Time step

∆x Grid size

xxx



NOMENCLATURE

∆ Filter width

δA Elemental flame surface area

δV Elemental volume

δ Diffusive flame thickness, δ ≈ ν/SL

δL Laminar flame thickness

δl Representative Laminar flame thickness, δl = αT/SL

δz Zel’dovich flame thickness, δz = λ/ρCpSL

δth Thermal flame thickness

ε Dissipation of turbulent kinetic energy

η Kolmogorov length scale

η0 Outer cutoff scale

ηi Inner cutoff scale

Γ Efficiency function

Γk ITFNS Efficiency function

γ Ratio of specific heats

κm Mean curvature

κ Wave number

~κ Linear wave number vector

λ Thermal conductivity

λi Characteristic velocity

µ Dynamic viscosity

µt LES eddy viscosity

xxxi



NOMENCLATURE

ν Kinematic viscosity

νt LES kinematic eddy viscosity

φ̃i Conservative variable vector

ρ Density

Σ′ Fine grained FSD

Σc Turbulent Schmidt number of FSD

Σgen Generalised FSD

Σsg Subgrid scale FSD

σi Relaxation parameter

σr Model constant for relaxation parameter

τ Heat release parameter

τη Kolmogorov time scale

τf Chemical time scale

τt Large scale turbulent time scale

τ12, τ13 Tangential viscous stresses

τη Kolmogorov time scale

τc Chemical time scale

τf0 Integral eddy turn over time

τsim Minimum simulation run time

Ξ Wrinkling factor

Ξeff Effective wrinkling factor

Accents

xxxii



NOMENCLATURE

(. . . ) Reynolds averaging operation

(. . . ) LES filtering operation

(̃. . . ) Favre filtering operation

(. . . )
˜

Favre averaging operation

(. . . )s Surface weighted LES filtering

(. . . )
s

Surface weighted Reynolds averaging

Q′ Subgrid/RANS fluctuation of Q

Q′′ Favre Subgrid/RANS fluctuation of Q

(̂. . . ) Dynamic/test level filtering

〈. . . 〉 Volume averaging operation

Acronyms

BML Bray Moss Libby

CFD Computational Fluid Dynamics

CFM Coherent flamelet model

CPB Cant Pope Bray

DNS Direct numerical simulation

EBU Eddy Breakup Up

FSD Flame surface density

ITFNS Intermittent turbulent net flame stretch

LES Large eddy simulation

RANS Reynolds averaged Navier-Stokes

xxxiii



NOMENCLATURE

rms Root mean square

SDF Surface density function

xxxiv



Chapter 1

Introduction

1.1 Background

Combustion has played an important role in the development of human civilisa-

tion well before antiquity. Without combustion our ancestors would have been

unable to find warmth, safety or cook food. The benefits of combustion have

allowed the spread of humanity to hostile environments. Through human ingenu-

ity it was possible to derive plentiful cheap energy from fossil fuels, and through

controlled combustion it was possible to shape the world. As the human popula-

tion grew rapidly over the last century, with it the energy demand grew as well,

and as much as 90% of all usable energy is derived through combustion. This

places an ever increasing toll on the natural equilibrium found in the atmosphere,

leading to global warming. Other harmful phenomenons can also be associated

with combustion, such as smog and acid rain. The most straightforward answer

to restoring the equilibrium in the atmosphere would be to stop using combus-

tion, which would lead to untold human suffering, and some even believe that

it is past the point of reversal. Instead governments have chosen to pass legis-

lation to control the emissions from combustion processes and to meet growing

energy demands with renewable energies, with plans of phasing out combustion

with nuclear fission and fusion. Renewable sources often offer relatively low en-

ergy densities and relying on present day storage methods for this unpredictable

source is troublesome. Thus it is expected that combustion will be in use for the
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foreseeable future, while changes to infrastructure take place to accommodate

renewable sources of energy production. However the necessity of energy efficient

and environmentally friendly combustion technology poses a major challenge to

the combustion science community. One of the ways to decrease harmful NOx

emissions is to use lean premixed combustion.

Many combustors, such as industrial gas turbine engines, can be designed to

operate in a premixed mode of combustion that is to say that the reactants are

fully mixed prior to combustion, and in most likely case the flow within these

combustors will be turbulent. NOx production is dependent on the temperature

and resident time. Lean premixed combustion can be used to reduce the flame

temperature and thus allowing for reduction in NOx production. This advantage

has stirred interest in developing lean premixed prevapourised technology for gas

turbines. Moreover premixed combustion can be manipulated to offer increased

efficiency and decreased CO emission.

There are however drawbacks to using lean premixed prevapourised technol-

ogy as it can lead to engine damage through dynamic oscillation in the case of

combustion instabilities. These conditions can be taken care of in the design stage.

However the cost of designing new engines can reach spectacular heights when

using trial and error. Additionally, experimental measurements of combustors

remains limited and extremely costly. It is possible to supplement experimental

prototyping with Computational Fluid Dynamics (CFD), where it can provide

analysis of the processes involved in the instability mechanism. Development of

engines in a virtual world can thus result in decrease of costs involved in devel-

opment, and also increase the safety during the design stages. In the CFD of

combustion, additional requirements are called for due to complexity of reacting

flows and the subsequent interaction of heat release with the turbulent flow field.

Moreover existing methodologies for the analysis of nonreacting turbulent flows

may not be suitable for turbulent reacting flow simulations, without modification.

Direct Numerical Simulation (DNS) is a CFD technique where all the length

and time scales involved in a turbulent flow are resolved. This method is generally

used for research purposes only as the cost it incurs remains far too high for

industrial applications. Other CFD techniques such as Large Eddy Simulation

(LES) and Reynolds averaged Navier Stokes (RANS) simulation resolve the flow
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field only partially, and both techniques often fail to resolve the flame structure

completely. In LES and RANS the governing equations are filtered/averaged

which results in unclosed quantities such as the filtered/averaged reaction rate.

These unclosed terms must be modelled based on fundamental physical arguments

in order to obtain accurate simulation predictions. In premixed combustion,

Flame Surface Density (FSD) is one of the popular approaches for reaction rate

closure. FSD represents the flame surface area per unit volume, and the reaction

rate closure can be achieved if the reactant consumption rate of the flame is

known. The objective of the current work is to use a DNS database, with a wide

range of parameters, to assess FSD modelling strategies for the filtered/averaged

reaction rate term. In this analysis, the predictions of the models will be compared

to the unclosed terms obtained from suitably processed DNS data, and based on

the performance of existing models either suitable models will be identified, or

modification to the existing models will be suggested, or new models will be

developed based on fundamental physical arguments. In the following section,

the underlying philosophies of the different simulation techniques are discussed

along with their strengths and limitations.

1.2 Simulation Techniques

Many simulation techniques currently exist for the non-reacting flows such as Di-

rect Numerical Simulation (DNS), Large Eddy Simulation (LES) and Reynolds

averaged Navier Stokes (RANS) simulation, many of which have been developed

from an aerodynamical or a meteorological point of view [79, 93, 138]. These tech-

niques have been adopted for the analysis of turbulent reacting flows in the past

two decades. DNS has played a crucial role in greatly improving the fundamental

physical understanding of combustion physics, and RANS simulations have been

adopted in industry as a staple method to aid in combustor design. As powerful

computational power becomes increasingly accessible, simulation techniques such

as LES are becoming more common in an industrial setting. In Fig. 1.1 the

resolution of the turbulent energy spectrum, (E(κ)) according to DNS, LES and

RANS are shown, where η, ∆ and ∆x are the Kolmogorov length scale, filter size

and the grid spacing, respectively. It becomes clear that the computational grid
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of the DNS resolves the major portion of the turbulent energy spectrum and only

a small region associated with the viscous dissipation takes place at a subgrid

level. However in LES and RANS the energy spectrum is only partially resolved.

In the following sections an introduction is given to the simulation techniques

associated with DNS, LES and RANS.

Figure 1.1: A schematic of turbulent energy spectrum (E (κ)) with wave num-
ber (κ) showing the capabilities of different simulation techniques (courtesy of
Nilanjan Chakraborty).

1.2.1 Direct Numerical Simulation

DNS is a simulation technique where the smallest length and time scales of the

turbulence (Kolmogorov length scale η, Kolmogorov time scale τη) are resolved,

thus ensuring that the physics involved in a turbulent flow is captured, as such

it is the most accurate method of simulating turbulent flows. In combustion

DNS, additionally, the flame must be resolved, which tends to be much smaller

than the Kolmogorov length scale under most conditions. The interaction be-

tween thermo-chemistry and fluid dynamics are accounted for by the equations

of conservation of mass, momentum, energy and species together with thermo-

dynamic equations of state. A comprehensive review on the topic of DNS can
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be found in Ref [10, 14]. In reality transport properties such as viscosity, mass

diffusivity and thermal conductivity change with temperature, and this results

in the complex nature of momentum, heat and mass transfer. Additionally, to

run three-dimensional DNS cases which include detailed chemistry for a para-

metric analysis is extremely costly with current hardware. For this reason in the

current work a three dimensional compressible DNS with single step chemistry

was used. Furthermore the temperature dependence of transport properties were

neglected for the sake of simplicity, as this assumption does not change the qual-

itative nature of the physics [97, 117]. Moreover turbulent reacting flow DNS is

often carried out in simple canonical configuration and in simple geometries (e.g.

Bunsen burner, planar flame and v-flame), while in reality a combustor tends to

have highly complex geometry.

In addition to the above simplifications, the computational cost for DNS in-

creases sharply with turbulent Reynolds number (i.e. Ret
11/4) for non-reacting

flows, which limits the applicability of DNS for moderate Reynolds numbers. In

Fig. 1.2 the range of DNS applicability is shown according to Poinsot and Vey-

nante [119], where it makes it clear that the typical operating conditions in spark

ignition piston engines and some operating conditions of gas turbine combustors

can be accessed using DNS at present time. The scope of DNS will increase with

time as increasingly powerful computational hardware becomes available. The

specification of appropriate boundary conditions poses one of the major prob-

lems in DNS simulations. The lack of theoretical background causes difficulties

in identifying boundary conditions appropriately. It is possible to derive the ex-

act boundary conditions to ensure well-posedness for Euler equations, but for

the Navier-Stokes equations it is a much more involved task [119]. Therefore

only simple boundary conditions are usually specified such as periodic or impen-

etrable walls. The variable density of combustible flow leads to acoustic activity

which must also be dealt with, and this requires an appropriate specification of

non-reflecting inlet and outlet boundary conditions. The specification of these

boundary conditions is relatively simple for geometries such as a cubic domain,

but for complex geometries it can be extremely difficult. As computational power

grows exponentially it will be possible to apply DNS for an ever increasing set of

engineering problems.
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Figure 1.2: DNS domain is shown with a thick red line in relation to engineer-
ing applications in reciprocating engines and aircraft engines on a combustion
diagram by Poinsot and Veynante [119].

DNS still remains an indispensable part of the analysis of turbulent combus-

tion even with the limitations mentioned earlier. DNS has the ability to correctly

predict physical processes which can be verified in experiments, moreover it is

possible to obtain statistics related to important quantities such as the flame

displacement speed and scalar gradient which are difficult to measure using ex-

perimental techniques. The main importance for DNS comes from its usefulness

in developing models for LES and RANS. DNS of statistically planar freely prop-

agating turbulent premixed flame can be considered a study of a small element

of a flame within a gas turbine combustor. In a similar manner the growth of

a flame kernel in a turbulent environment can be considered a generic problem

involving the flame propagation in a spark ignition [78]. Thus these simple cases

can be used to propose models in the context of LES and RANS.

1.2.2 Large Eddy Simulation

LES resolves the large scales of flow as it can be seen from Fig. 1.1, and the unre-

solved scales must be modelled. In LES solution to a spatially filtered system of
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equations determines the large-scale structures of flow. This allows for this simu-

lation technique to predict for unsteady flows. This is justified as the small scale

physical processes are expected to be independent of mean flow perturbations.

The unclosed terms of the LES governing equations represent the interaction of

the small scales with the large flow structures, and are modelled using subgrid

models. As the time dependent nature of turbulent flow is taken care of in LES,

unsteady flows such as combustor instabilities can in principle be addressed accu-

rately using this technique. The computational cost for LES remains moderately

high but at the same time complex geometries can be addressed, and due to this

reason it has been gaining popularity for developing new generation of energy ef-

ficient and environmentally friendly combustors. In terms of the flow resolution,

it remains an intermediate between DNS and RANS, thus it has less modelling

uncertainties in comparison to RANS. However the subgrid scale stresses are

unclosed, and are commonly modelled using the Smagorinsky-Lilly model [138],

while many studies also use the dynamic Smagorinsky-Lilly model [59, 96]. While

these models have been proposed for non-reacting flows, relatively limited effort

have been made to assess their applicability in reacting flow simulation. Ad-

ditionally for a reacting flow the filtered reaction rate is unclosed and must be

modelled. In this regard, DNS data can be processed in the context of LES to

offer fundamental understanding of existing model performances and allow for

the development of new models wherever necessary.

1.2.3 Reynolds Averaged Navier-Stokes Simulation

As mentioned earlier RANS is the most commonly used simulation technique for

industrial problems. In this technique an appropriately spatially/temporally av-

eraged flow field is obtained as a solution, since the grid size is greater than the

integral length scale l. As such modelling is required for all turbulent scales. This

means that all the governing equations must be averaged resulting in unclosed

terms, these are the Reynolds stress terms, mean reaction rate and terms repre-

senting turbulent transport of heat and species. Closure to these terms is either

achieved through algebraic models or additional modelled transport equations are

solved. In order to solve for unsteady cases, time average must be redefined as
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ensemble average in order to allow for time dependence of mean quantities, where

the short time scale modelling must be examined in order to avoid invalidating

existing RANS models. The Reynolds stresses are usually taken care of using

different versions of k − ε model, however it has the well known limitations in

dealing with buoyancy, strain, variable density, mean pressure gradient induced

effects and swirling flows. Reynolds stress closure could possibly solve some of

the listed problems partially, but at the expense of high cost and without ac-

tually addressing the central issue of unsteadiness. Many of the k − ε models

are aimed for non reacting flow and as such their applicability to reacting flows

is questionable. Recently, studies have examined this problem by using DNS to

model for the unclosed terms of the turbulent kinetic energy transport equation

[42, 43]. In another study Chakraborty et al. [46] looked into the existing models

of dissipation rate transport equation, where the existing modelling methodol-

ogy for the standard k − ε closure were found unsuitable for turbulent premixed

combustion. However it is possible to deal with unsteady flows using unsteady

RANS, where the transient solution is acquired at a fraction of the cost of LES.

While unsteady RANS has advantage of lowered cost, compared to LES, it is

yet unclear how applicable such a technique is to a combustion problem if a flow

is not dominated by vortex shedding. This is due to the fact that large scale

instabilities remain unresolved in unsteady RANS and thus the implications of

modelling uncertainties of the unclosed terms are likely to be more severe than

LES simulations.

1.2.4 Modelling of the Reaction Rate Term

The filtered/mean reaction rate term shows strong nonlinear behaviour and can-

not be modelled effectively as a function of mean quantities, such as the mean

mass fraction, density and temperature. At which point if one were to expand

the filtered/mean reaction rate defined based on the Arrhenius law using Taylor

series for the temperature fluctuations, it would lead to unclosed correlation of

temperature and mean mass fraction. These quantities are unclosed and must

be modelled either using an algebraic expression or a transport equation. Ad-

ditional difficulties via truncation errors occur by only including a few leading
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order terms of the Taylor series expansion of filtered/mean reaction rate term,

due to its strong nonlinear nature [119]. Furthermore this approach is only valid

for cases where the chemical time scales are non negligible compared to the flow

time scales, for example supersonic reacting flows or chemical reactions in an at-

mospheric boundary layer where the temperature remains roughly constant [119].

Thus reaction rate closure is dealt with by using physical analysis, i.e. comparing

the chemical and turbulent time scales [119].

In turbulent premixed combustion there are three main branches to modelling

the filtered/mean reaction rate term, which are 1) geometric analysis 2) turbu-

lent mixing and 3) one-point statistics [119]. In the geometric analysis the flame

front is treated as an evolving geometric surface which is typically linked to the

instantaneous iso-surface of a mass or mixture fraction. Additionally in the geo-

metric analysis a flamelet assumption is used, i.e. a flame locally resembles that

of a laminar flame. The closure for the filtered/mean reaction rate is given by

the product of the available flame area per unit volume (flame surface density)

with the mean reaction rate per unit of flame area [119]. In the turbulent mixing

models the reaction rate is assumed to be turbulent mixing rates, where the as-

sumption of long turbulent time scales with chemical time scales is assumed [119].

Turbulent mixing rates must be modelled, which is carried out using the scalar

dissipation rate. The last method which is the one-point statistics relies on com-

bination of the instantaneous reaction rates given from the Arrhenius law with

the joint probability density function [119]. Poinsot and Veynante [119] demon-

strate that all three approaches are closely related and all approaches are equally

viable. Finally, the FSD (geometrical analysis), scalar dissipation rate (turbulent

mixing) and probability density function (one-point statistics) are unclosed, and

can be estimated using an algebraic expression or by solving an additional trans-

port equation. In chapter 3 a review of the FSD, wrinkling factor, artificially

thickened flame and G equation based approaches are examined.

In this thesis the geometrical analysis will be examined, while concentrating

on the FSD closure. In §.3.3 it is demonstrated that the G equation methodology

does not provide a suitable link between the flame surface and the temperature

field, and in the case of the artificially thickened flame approach a resolved flame is

available on a LES grid but its characteristics are modified due to the modification
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of thermal diffusivity. The main motivation behind a study into the FSD based

closure is that the approach is well established in the context of RANS while still

in its infancy in the context of LES. Thus in this thesis the examination of FSD

model performances in the context of RANS simulation is firstly sought after

and new modelling approaches are identified where existing models are deficient,

these models are then extended to LES.

1.3 Aim of the Present Work

The objectives of the current work can be stated as follows:

• To use a DNS database with a wide range of parameters, and to assess the per-

formances of existing algebraic generalised FSD models for reaction rate closure

in the context of LES, and to propose a new model for improved performance.

• Assessment of existing models for the curvature and strain rate terms of the

generalised FSD transport equation for a range of different Lewis numbers and

turbulent Reynolds numbers, for both RANS and LES.

• To propose suitable models for the curvature and strain rate terms of the FSD

transport equation based on a detailed a priori analysis, so that the models could

account for different values of Lewis number and turbulent Reynolds number.

• To analyse the behaviours of turbulent transport term of the generalised FSD

transport equation and assess the existing model performances in the context of

LES for flames with different values of Lewis number and turbulent Reynolds

number.

• To assess the existing models for the density weighted surface filtered displace-

ment speed (ρSd)s in the context of LES for flames with different values of Lewis

number and turbulent Reynolds number.

10
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1.4 Outline of the Thesis

The rest of this thesis will be organised as follows, chapter 2 will give a brief

summary of the mathematical background to the current work and highlight the

assumptions. chapter 3 introduces the various modelling approaches related to the

reaction rate closure. This will be followed by the chapter 4 where a summary of

numerical schemes along with a discussion of the DNS database and finally post-

processing techniques associated with filtering and Reynolds averaging process

are presented. In chapter 5 existing algebraic models for the generalised FSD

in context of LES are assessed, and a newly proposed model is described along

with comparison of its performance. The behaviour of the unclosed terms of

the generalised FSD transport equation are examined in chapter 6, along with

the existing modelling for the subgrid convection term and the surface filtered

density weighted displacement speed. This is followed by the model assessment

and modelling of the curvature term of the generalised FSD transport equation in

chapter 7, in context of both LES and RANS. Similarly in chapter 8 the models

of the strain rate term of FSD transport equation are assessed in context of LES

and RANS and a new modelling approach is presented. Finally, the main findings

of this work are summarised and conclusions are drawn in chapter 9 along with

recommendations of future analysis.
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Chapter 2

Mathematical Background

In this chapter an overview of the governing equations for the analysis of tur-

bulent reacting flows are presented, along with the assumptions that are made

in the current analysis. This is followed by a description of the problem setup.

Additionally the derivation of the FSD transport equation is provided.

2.1 Setup of the DNS Domain

A DNS code SENGA [77] was used to generate the DNS database used in the

current work. The DNS domain in all of cases was taken to be cuboid. The faces

of the computational domain would require proper boundary conditions, these

are shown in Fig. 2.1, where a schematic diagram is shown labeling the boundary

condition for the various faces. The boundaries in the direction of the mean flame

propagation (x1) were taken to be partially non-reflecting. Further description

on the boundary conditions can be found in §.A.3.

The spatial discretisation was carried out using a 10th order central differ-

encing scheme [77]. The order of the spatial discretisation scheme decreases in

accuracy gradually in the x1 direction to a 2nd order one sided scheme at the

non-periodic boundaries. This drop in accuracy towards the boundaries of x1

direction is expected to have little effect on the simulation itself, as the flame

which is the focus of the current analysis remains at a substantial distance from

the boundaries. A statistically planar unstrained laminar premixed flame is used
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Figure 2.1: A schematic of the DNS domain with each face labeled by its respec-
tive boundary conditions.

to initialise the combustion process and the ignition process itself is ignored. The

planar laminar flame is then subjected to an initially homogeneous isotropic tur-

bulence flow field, which decays as time progresses. As the planar laminar flame

interacts with the turbulence, it stretches and wrinkles leading to a three dimen-

sional structure, which is representative of an actual flame (see Fig. 1.2 for flames

that can be studied through DNS).

2.2 Governing Equations

The three dimensional motion of reactive gases is governed by mass, continuity,

momentum, energy and species conservation equations. These governing equa-

tions in three dimensional form may be stated in Cartesian tensor notation as

follows:
∂ρ

∂t
+

∂

∂xk
ρuk = 0 (2.1)
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∂ρui
∂t

+
∂

∂xk
ρukui = −∂P

∂xi
+

∂

∂xk
τki (2.2)

∂ρE

∂t
+

∂

∂xk
ρukE = − ∂

∂xk
ukP +

∂

∂xk
τkiui −

∂

∂xk
qk (2.3)

∂ρYα
∂t

+
∂

∂xk
ρukYα = ẇα −

∂

∂xk
ρVαkYα where α = 1, . . . , N (2.4)

where ρ is the density, ui is the ith component of velocity vector, P is the pressure,

E is the stagnation internal energy and Yα is the mass fraction of species α in

the reacting mixture that contains N species in total. The viscous stress tensor

takes the following form:

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3
δij
∂uk
∂xk

(2.5)

where µ is the viscosity, and the heat flux vector qk is given by:

qk = −λ ∂T̂
∂xk

+ ρ
N∑
α=1

hαVαkYα (2.6)

where λ is the thermal conductivity, T̂ is the temperature, hα is the enthalpy of

formation of species α and Vαk is the diffusion velocity of the species α relative

to the mixture. The chemical reaction rate of species α is given by:

ẇα = Wα

M∑
m=1

[
(v′′α,m − v′α,m)AmT̂

nmexp

(−Em
R0T̂

) N∏
β=1

(
ρYβ
Wβ

)v′β,m]
(2.7)

For a reaction mechanism involving N species and M steps, where Wα is the molar

mass of species α and R0 is the universal gas constant. For step m, v′′α,m,v′α,m are

respectively the product and reactant stoichiometric coefficients, while Am, nm,

Em are respectively, the frequency factor, temperature exponent and activation

energy. The compatibility condition of the species mass fraction is given as:

N∑
α=1

Yα = 1 (2.8)
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The thermal equation of state is given as follows:

P = ρR0T̂

N∑
α=1

Yα
Wα

(2.9)

and the calorific equation of state is:

E = CV T̂ +
1

2
ukuk +

N∑
α=1

h0
αY

0
α (2.10)

where CV is the mixture heat capacity at constant volume and h0
α is the enthalpy

of formation of species α. The assumptions made for the current analysis are as

follows:

• A single irreversible reaction is assumed, where the reactants go straight to prod-

ucts (i.e. Reactants→Products).

• A reaction progress variable is defined based on the mass fraction of the product

species.

c =
Yp − Yp0
Yp∞ − Yp0

(2.11)

• The reaction progress variable which is defined above raises monotonically from

0 to 1 from unburned reactants to fully burnt products.

• A simplified Arrhenius rate law governs the reaction rate for the one-step reaction

given as:

ẇ = B ∗ ρ(1− c)exp

[ −E
R0T̂

]
(2.12)

where B∗ is the pre-exponential factor and E is the activation energy.

• The diffusion velocities are accounted for by the Fick’s Law of diffusion which

can be stated as follow:

ρVckc = −ρD ∂c

∂xk
(2.13)

The single diffusion coefficient D is a known function of local thermo-chemical

state. The simplified chemical treatment leads to the replacement of N -1 conser-

vation equation for the species mass fraction equations by a single conservation
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equation for the reaction progress variable.

∂(ρc)

∂t
+
∂(ρukc)

∂xk
= ẇ +

∂

∂xk

[
ρD

∂c

∂xk

]
(2.14)

Eq. 2.14 can be written in the kinematic form on a c = c∗ isosurface [56] as:

∂c

∂t

∣∣∣∣
c=c∗

+ uj|c=c∗
∂c

∂xj

∣∣∣∣
c=c∗

= Sd|∇c|c=c∗ (2.15)

where Sd is the the displacement speed of an isosurface c = c∗ given by:

Sd =
ẇ|c=c∗ + ∂

∂xk

[
ρD ∂c

∂xk

]
c=c∗

ρc=c∗

√∣∣∣ ∂c∂xk ∂c
∂xk

∣∣∣∣∣∣∣
c=c∗

(2.16)

• The simplified form for the equations of state are:

P = ρRT̂ (2.17)

E = CV T̂ +
1

2
ukuk +H(1− c) (2.18)

where H is the specific heat of reaction per unit mass of reactants consumed.

The heat flux vector can be simplified as:

qk = −λ ∂T̂
∂xk

+ ρDH
∂c

∂xk
(2.19)

• All the equations are non-dimensionalised using a set of reference values based on

the principle variables, these are u0, l0, t0 = l0/u0, ρ0, T0. The reference velocity

u0 and the length scale l0 are taken to be the unstrained laminar flame speed

SL and a function of thermal flame thickness δth (defined later), respectively.

The remainder of the reference variables are the unburned gas density ρ0 and

unburned gas temperature T0.

• Additionally reference values (i.e. values in the unburned reactants) must be
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chosen for the transport coefficients µ0, λ0, ρ0D0 and CV 0. The specific heats Cp

and CV , thermal conductivity λ and ρD are assumed to be constant and not a

function of temperature. Furthermore in the mass transfer formulation the Soret

and Dufour effects are neglected.

• The reference pressure P0 is chosen to be representative of dynamic rather than

thermo-chemical effects and the relation P0 = ρ0u
2
0 is employed. The temperature

was normalised as follows:

T =
T̂ − T0

Tad − T0

(2.20)

where T̂ denotes the instantaneous dimensional value, T0 is the unburnt gas tem-

perature and Tad is the adiabatic flame temperature, given as Tad = T0 +H/CP0.

The non-dimensional temperature T ranges from 0 to 1 for adiabatic heating

in the absence of differential diffusion for low Mach number flows. The in-

ternal energy is non-dimensionalised with respect to CP0T0. Under the condi-

tions of low Mach number, adiabatic combustion with unity Lewis number (i.e.

Le = λ/ρCP0D = 1.0) the non-dimensional temperature equals the reaction

progress variable.

Based on the above assumptions it is then possible to rewrite the governing

equations in non-dimensional forms, which are given below:

∂ρ

∂t
+

∂

∂xk
ρuk = 0 (2.21)

∂ρui
∂t

+
∂

∂xk
ρukui = −∂P

∂xi
+

1

Re

∂

∂xk
τki (2.22)

∂ρE

∂t
+

∂

∂xk
ρukE =− (γ − 1)Ma2 ∂

∂xk
ukP +

(γ − 1)Ma2

Re

∂

∂xk
τkiui

+
τ

RePr

∂

∂xk

[
λ
∂T

∂xk

]
− τ

ReSc

∂

∂xk

[
ρD

∂c

∂xk

] (2.23)

∂

∂t
ρc+

∂

∂xk
ρukc = ẇ +

1

ReSc

∂

∂xk

[
ρD

∂c

∂xk

]
(2.24)
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The non-dimensional parameter that were used in the above equations are defined

as follows:

Re =
ρ0u0l0
µ0

, P r =
µ0CP0

λ0

, Sc =
µ0

ρ0D0

, Ma =
u0

a0

(2.25)

These non-dimensional quantities are the Reynolds number Re, Prandtl

number Pr, Schmidt number Sc and the Mach number Ma, where a0 =
√
γRT0

is the sonic speed under reference conditions. The ratio of specific heats γ, the

heat release parameter τ and α, the Zeldovich number β, and the pre-exponential

factor B∗ take the following form:

γ =
CP0

CV 0

, τ =
α

1− α =
Tad − T0

T0

β =
E(Tad − T0)

RT 2
ad

, B∗ =
Bl0
ρ0u0

exp

[
−β
α

] (2.26)

where the reaction rate term ẇ is given as:

ẇ = B∗ρ(1− c)exp

[
− β(1− T )

1− α(1− T )

]
(2.27)

The above equation under the conditions of unity Lewis number, low Mach num-

ber and adiabatic conditions, the temperature T can be replaced by reaction

progress variable c. The non-dimensional equations of state are given as:

P =
1

γMa2ρ(1 + τT ) (2.28)

E =
1

γ
(1 + τT ) +

1

2
(γ − 1)Ma2ukuk + τ(1 + c) (2.29)

2.3 Surface Density Function

In order to understand the origin of flame surface density, the related quantity of

surface density function (SDF) σ must be defined, which is given as:

σ = |∇c| (2.30)
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The transport equation of the SDF on a given c = c∗ isosurface takes the following

form:

∂

∂t
|∇c|+ ∂

∂xk
uk|∇c|+

∂

∂xk
NkSd|∇c| =(δij −NiNj)

∂ui
∂xj
|∇c|+

Sd
∂Ni

∂xi
|∇c|

(2.31)

where Ni is the ith component of the local flame normal vector at the c = c∗

isosurface, which is defined as:

Ni = − 1

|∇c|
∂c

∂xi

∣∣∣∣
c=c∗

(2.32)

From the above equation it is evident that the local flame normal vector Ni will

point towards the reactants.

The fine grained FSD is defined as Σ′ = |∇c|δ(c− c∗) [18, 121, 151], and the

transport equation for the fine grained FSD can be obtained using Eq. 2.31 [18,

121] as:

∂Σ′

∂t
+

∂

∂xk
Σ′uk +

∂

∂xk
NkSdΣ

′ = (δij −NiNj)
∂ui
∂xj

Σ′ + Sd
∂Ni

∂xi
Σ′ (2.33)

Flame surface density is an averaged/filtered quantity and can be defined using

the fine grained FSD as follows:

Σ = (Σ′): For RANS

Σ = (Σ′): For LES

(2.34)

where an underline (. . . ) represent the Reynolds averaging operation and the over

bar (. . . ) represents an LES filtering operation. Boger et al. [8] introduced the

concept of a generalised FSD (Σgen) in such a manner that it no longer depends

on the choice of an arbitrary c = c∗ isosurface. The generalised FSD is defined in
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the following manner [8]:

Σgen = |∇c|: For RANS

Σgen = |∇c|: For LES

(2.35)

According to the property of LES filtering lim∆→0Q = Q, where Q is a general

quantity and ∆ is the LES filter width. Based on this argument it is possible to

show that:

lim∆→0Σgen = lim∆→0|∇c| = |∇c| (2.36)

Thus the quantities for the SDF and generalised FSD become identical in the

limit of zero filter width (∆→ 0).

2.4 Reaction Rate Closure

In this section reaction rate or the source term in the reaction progress variable

transport equation closure based on FSD is discussed. The filtering and averag-

ing of the Instantaneous equation for the transport of reaction progress variable

results in unclosed quantities. The LES Favre filtered and Reynolds averaged

transport equation of reaction progress variable are given as follows:

ρ
∂c̃

∂t
+ ρ̄ũj

∂c̃

∂xj
=

∂

∂xj

(
ρD

∂c

∂xj

)
+ ẇ − ∂

∂xj
[ρ̄ (ũjc− ũj c̃)] (2.37)

ρ
∂c˜
∂t

+ ρu˜j ∂c˜∂xj =
∂

∂xj

(
ρD

∂c

∂xj

)
+ ẇ − ∂

∂xj

[
ρ(u′′j c

′′)
]

(2.38)

where an undertilde (. . . )
˜

represents a Favre averaged variable. The terms on

the right hand side of Eqs. 2.37 and 2.38 are unclosed and must be modelled.

The first term of the right hand side is referred to as the filtered/mean molecular

diffusion term, second is the filtered/mean reaction rate term and the last term

denotes the subgrid convection term/Reynolds transport of reaction variable.

The expression (ũjc− ũj c̃) which appears in the last term of Eq. 2.37 is most

commonly referred to as the subgrid scalar flux in the jth direction. Similarly,

the expression
(
ρu′′j c

′′
)
/ρ is referred to as the Reynolds scalar flux in the jth
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direction. The subgrid scalar flux and the Reynolds scalar flux are known to

be gradient type and counter gradient in flows with heat release, depending on

the relative magnitude of turbulence intensity and heat release parameter [66,

149, 150, 155]. The modelling of the combined filtered/mean reaction rate and

molecular diffusion term, can be carried out using the density weighted surface

averaged displacement speed (ρSd)s and FSD, in the following manner:

ẇ +
∂

∂xi

(
ρD

∂c

∂xi

)
= (ρSd)sΣsg (2.39)

In the limiting case of a statistically planar quasi-laminar flame the density

weighted surface averaged displacement speed (ρSd)s can be expressed in the fol-

lowing manner [8, 66, 68], which is only relevant for corrugated flamelets regime

where flame curvature effects are relatively weak:

(ρSd)s = ρ0SL (2.40)

In a similar manner to the filtered reaction rate closure shown in Eq. 2.39 can

be applied to the mean reaction rate in Reynolds averaged approach:[
ẇ +

∂

∂xi

(
ρD

∂c

∂xi

)]
= (ρSd)

s
Σ (2.41)

Although, in the case of RANS the mean molecular diffusion term can be as-

sumed to be negligible (i.e. (∇.(ρD∇c)) ≈ 0) [40] which allows for the following

simplification of Eq. 2.41:

(ẇ) = (ρSd)
s
Σ = I0ρ0SLΣ (2.42)

where I0 is a correction factor which takes care of the modification of laminar

flame due to the effects of strain and curvature.

The physical meaning behind the expression ρ0SL is representative of the re-

actant consumption per unit area. Laminar flame speed is defined in the following

manner:

SL =
1

ρ0

∫ +∞

−∞
ẇdx (2.43)
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In this context it is worth mentioning a quantity known as the consumption speed

Sc, which is commonly used in combustion literature:

Sc = − 1

ρ0

∫ +∞

−∞
ẇ ~N.d~x (2.44)

From the definitions of displacement speed Sd (Eq. 2.16), laminar flame speed

SL (Eq. 2.43) and consumption speed Sc (Eq. 2.44) it is clear that they repre-

sent different physical ideas. The displacement speed measures the flame front

speed relative to the flow. The consumption speed represents the speed at which

reactants are consumed. It is clear that the displacement speed is a local quan-

tity, unlike the consumption speed and laminar flame speeds which are global

quantities. The relationship between Sd, SL and Sc is also not straightforward

for general conditions of flame propagation. Although there are special cases

where the relationship can be comparable, for example in the limiting case of a

planar laminar flame, the volume integrated consumption speed Sc is equal to

the laminar flame speed SL.

2.4.1 Limitations

The closure of the filtered/mean reaction rate using FSD has limitations. This

is due to the FSD approach implicitly assuming an existing flame. The FSD

approach becomes invalid when there are significant discontinuities of the flame

surface such as pocket formation and flame quenching. The FSD based closure

implicitly requires flamelet assumption and thus this approach cannot be used

for conditions where the large scale turbulent time scale remains much smaller

than the chemical time scale (alternatively, flame thickness remains much larger

than the reaction zone thickness (i.e. Da� 1, Ka� 1).
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2.5 FSD Transport equation

2.5.1 Fine grained FSD Transport Eqaution

In this section of the chapter the derivation of the fine grained FSD is carried out,

according to Pope [121]. Let the points X[x, y, t] represent the flame surface, de-

fined by the c = c∗ isosurface, where x, y ∈ U are local coordinates parametrising

the flame surface and U denotes the flame surface. It is then possible to define

the fine grained surface to volume ratio Σ′(c; ~x) as:

Σ′(c∗, ~x, t) ≡
∫∫
U

δ(~x−X[x, y, t])A(x, y, t)dxdy (2.45)

where

A(x, y, t) =

∣∣∣∣∂X∂x × ∂X

∂y

∣∣∣∣ (2.46)

A(x, y, t)dxdy represents a differential element of area, and when integrating Σ′

over a volume results in the instantaneous flame surface area for the given volume.

Differentiating Eq. 2.45 with respect to time results in the following expression:

∂Σ′

∂t
=

∫∫
U

∂

∂t
(δ(~x−X[x, y, t]))A(x, y, t)dxdy (2.47)

It may be shown that since ~x is an independent variable and Ẋt is not a function

of ~x,

∂

∂t
δ(~x−X[x, y, t]) = −∂Xi

∂t

∂

∂xi
δ(~x−X[x, y, t]) = − ∂

∂xi
(Ẋiδ(~x−X[x, y, t]))

(2.48)

Since A(x, y, t)dxdy is the local differential element of area, Ṡ = Ȧ/A represents

the local surface stretch rate. Using the definition for Ṡ it is possible to show
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that:

∂Σ′

∂t
+

∂

∂xi

∫∫
U

Ẋi[x, y, t]δ(~x−X[x, y, t])dxdy =

∫∫
U

Ṡ(x, y, t)δ(~x−X[x, y, t])A(x, y, t)dxdy

(2.49)

If a quantity R(x, y, t) is defined on the flame surface then it is possible to define

R∗(~x, t) in the following manner:

R∗(~x, t) =

∫∫
U

R(x, y, t)δ(~x−X[x, y, t])A(x, y, t)dxdy (2.50)

If one then integrates the above equation over a volume V it leads to the following

equation:

∫∫∫
V

R∗(~x, t)d~x =

∫∫
U

∫∫∫
V

δ(~x−X[x, y, t]d~x)

R(x, y, t)A(x, y, t)dxdy

=

∫∫
UV

R(x, y, t)A(x, y, t)dxdy

(2.51)

In the above equation UV denotes the subset of the parameter space corresponding

to the element of the surface within the volume V . The last expression is the

surface integral of R(x,y,t), and hence the quantity:∫∫∫
V

R∗(~x, t)d~x∫∫∫
V

Σ′d~x
(2.52)

which is the surface average of R(x, y, t). This however only stands for any volume

V , and thus also in the limit of volume tending towards zero, so R∗(~x, t)/Σ′(~x, t)

must be the local value of R, conditional of the flame surface being at the point

~x and time t. This quantity will be denoted as R~x=X , and it becomes undefined

if the flame is not present at ~x and t.
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It is then possible to write the following expression for the fine grained FSD:

∂Σ′

∂t
+

∂

∂xi

(
Σ′Ẋi

)
~x= ~X

= Σ′
(
Ṡ
)
~x= ~X

(2.53)

The surface velocity can be decomposed as shown:

~̇X = ~u+ Sd ~N (2.54)

where ~u is the flow velocity, ~N = −∇c/|∇c| is the flame surface normal pointing

into the reactants and Sd is the flame displacement speed.

The flame stretch Ṡ can be split into the contribution from fluid straining and

flame curvature and propagation in the following manner:

Ṡ = aT + Sd
∂Ni

∂xi
(2.55)

where the surface stretch due to tangential strain rate aT by fluid motion can be

expressed as:

aT = (δij −NiNj)
∂ui
∂xj

∣∣∣∣
c=c∗

(2.56)

The surface stretch rate due to flame curvature can be written as:

Sd
∂Ni

∂xi
= 2Sdκm (2.57)

where κm is the mean curvature of the flame surface given by:

κm =
1

2

∂Ni

∂xi

∣∣∣∣
c=c∗

(2.58)

According to the above expression a positive term corresponds to the flame surface

that is convex towards the reactants and vice versa.

Candel and Poinsot [18] have taken an alternative approach to derive the FSD

transport equation. In this approach the fine grained FSD was defined as:

Σ′ =
δA

δV
(2.59)
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In the above equation δA and δV are elemental flame surface area and volume of

the concerned element, respectively. Candel and Poinsot [18] derived a transport

equation of the flame surface area to volume ratio (δA/δV ) based on transport

theorems of area and volume. This transport equation for δA/δV is identical to

the fine grained FSD transport equation given by Eq. 2.53.

2.5.2 SDF and FSD transport equations

In this section the interrelationships between the SDF and FSD transport equa-

tions will be discussed. The fine grained FSD Σ′ is defined as [151]:

Σ′ = |∇c|δ(c− c∗) (2.60)

In the above equation, c∗ is an arbitrary value if c is chosen a priori as a location

representative of the flame. This chosen c = c∗ isosurface will then be consid-

ered the flame surface. c∗ is neither a function of time nor space. Using these

assumptions it is possible to write the following expression for the fine grained

FSD:
∂Σ′

∂t
= δ(c− c∗)∂|∇c|

∂t
+ |∇c|∂δ(c− c

∗)

∂c

∂c

∂t
(2.61)

Applying the property of Dirac delta function to the above expression it is possible

to come up with the following expression:

∂Σ′

∂t
= δ(c− c∗)∂|∇c|

∂t
− |∇c|∂δ(c− c

∗)

∂c∗
∂c

∂t
(2.62)

In the above equation both ∂c/∂t and |∇c| are independent of c∗ the above

expression can be simplified as follows:

∂Σ′

∂t
= δ(c− c∗)∂|∇c|

∂t
− ∂

∂c∗

[
|∇c|∂c

∂t
δ(c− c∗)

]
(2.63)

Following the above procedure it is then possible to write:

∂Σ′

∂xj
= δ(c− c∗)∂|∇c|

∂xj
− ∂

∂c∗

[
|∇c| ∂c

∂xj
δ(c− c∗)

]
(2.64)
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The fluid velocities are independent of the choice of c∗ this leads to the following

expression:

∂(ujΣ
′)

∂xj
=
∂(uj|∇c|)

∂xj
δ(c− c∗)− ∂

∂c∗

[
|∇c|uj

∂c

∂xj
δ(c− c∗)

]
(2.65)

By using the above derivations it is possible to express the left hand side of the

FSD transport equation:

∂Σ′

∂t
+
∂(ujΣ

′)

∂xj
=

[
∂|∇c|
∂t

+
∂(uj|∇c|)

∂xj

]
δ(c− c∗)

− ∂

∂c∗

[
|∇c|

{
∂c

∂t
+ uj

∂c

∂xj

}
δ(c− c∗)

] (2.66)

If one were to compare the above equation with the SDF transport equation it

becomes clear that identical terms appear in both equations. In order to do this,

it is required to show the derivation of the SDF transport equation, this can be

done by starting with the reaction progress variable transport equation and then

rearranging it as follows:

ρ
∂c

∂t
+ ρuj

∂c

∂xj
= ẇ +

∂

∂xj

[
ρD

∂c

∂xj

]
(2.67)

The above equation is equivalent to:

∂c

∂t
+ uj

∂c

∂xj
= S|∇c| (2.68)

where S takes the following form:

S =
ẇ +∇.(ρD∇c)

ρ|∇c| (2.69)

If Eq. 2.68 were then to be differentiated on both sides with respect to xk and

followed by a multiplication by ∂c/∂xk, which is then divided on both sides by

|∇c| will result in the derivation of the SDF transport equation, as shown [22]:

∂σ

∂t
+
∂(ukσ)

∂xk
= (δij −mimj)

∂ui
∂xj

σ + S
∂mi

∂xi
σ − ∂(Smiσ)

∂xi
(2.70)
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where ~m = −∇c/|∇c|. By using Eq. 2.68 and Eq. 2.70 it is possible to rewrite

Eq.2.66 as [22]:

∂Σ′

∂t
+
∂(uiΣ

′)

∂xj
=

[
(δij −mimj)

∂ui
∂xj

σ + S∇.~mσ −∇.(S ~mσ)

]
δ(c− c∗)

− ∂

∂c∗
[Sσ2δ(c− c∗)]

(2.71)

At this point it is important to use the identity:

− ∂(SmiΣ
′)

∂xi
= −∂(Smiσ)

∂xi
δ(c− c∗)− Smiσ

∂[δ(c− c∗)]
∂c

∂c

∂xi
(2.72)

which can be rewritten by using the relationships ~m = −∇c/|∇c| and σ2 = ∇c.∇c
as:

− ∂(SmiΣ
′)

∂xi
= −∂(Smiσ)

∂xi
δ(c− c∗)− Sσ2∂[δ(c− c∗)]

∂c
(2.73)

It is then possible to use Eqs. 2.72 and 2.73 to write the following expression for

the fine grained FSD transport using the relationship Σ′ = |∇c|δ(c− c∗) [22]:

∂Σ′

∂t
+
∂(ukΣ

′)

∂xk
= (δij −mimj)

∂ui
∂xj

Σ′ + S
∂mi

∂xi
Σ′ − ∂(SmiΣ

′)

∂xi
(2.74)

The value of Σ′ is identical to zero when c 6= c∗ due to the property of delta

function δ(c − c∗) [22]. The transport equation for Σ′ is only applicable for a

given c = c∗ isosurface, and on this isosurface ~m reduces to the flame normal

vector ~N as [22]:

~N = − ∇c|∇c|

∣∣∣∣
c=c∗

= ~mc=c∗ (2.75)

and S becomes the local flame displacement speed:

Sd =
ẇ +∇.(ρD∇c)

ρ|∇c|

∣∣∣∣
c=c∗

= Sc=c∗ (2.76)

Using Eqs. 2.74, 2.75 and 2.76, it is possible to derive the following equation for

the fine grained FSD [22]:

∂Σ′

∂t
+
∂(ukΣ

′)

∂xk
= (δij −NiNj)

∂ui
∂xj

Σ′ + Sd
∂Ni

∂xi
Σ′ =

∂(SdNiΣ
′)

∂xi
(2.77)
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Strain rate term (δij −NiNj)
∂ui
∂xj
|∇c| = aTσ

Curvature term Sd∇. ~Nσ = 2κmSdσ

Propagation term −∇.(Sd ~Nσ) = −∂(SdNiσ)
∂xi

Curvature and Propagation term Sd∇. ~Nσ −∇.(Sd ~Nσ) = Sd
∂Ni
∂xi
σ − ∂(SdNkσ)

∂xk

Table 2.1: Important terms of the SDF transport equation and the associated
terminology.

This is exactly the same as the transport equation for the fine grained FSD

derived by Pope [121] and Candel and Poinsot [18]. For a given c = c∗ isosurface

the SDF transport equation on a c isosurface can be expressed as:

∂σ

∂t
+
∂(ukσ)

∂xk
= (δij −NiNj)

∂ui
∂xj

σ + Sd
∂Ni

∂xi
σ =

∂(SdNiσ)

∂xi
(2.78)

The above two equations are similar. The terms of the SDF transport equation

(Eq. 2.78) and their associated naming convention is shown in Table. 2.1.

Although the fine grained FSD Σ′ = |∇c|δ(c− c∗) is only relevant on a c = c∗

isosurface, when it is either LES filtered or Reynolds averaged it becomes a field

quantity [8]. LES filtering the FSD can be written as:

Σsg =

∫ ∞
−∞
|∇c|δ(c− c∗)G(~x− ~x′)d~x′ (2.79)

Σgen =

∫ 1

0

Σsgdc
∗ = |∇c| (2.80)

where G(~x−~x′) is the LES filtering function. Based on the expression in Eqs. 2.79

and 2.80 one can conclude that both Σsg and Σgen are field quantities. Similar

analysis can be carried out for RANS which would also give rise to field quantities.

In the strict flamelet limit the reaction progress variable consists of only the

reactants and products. Under this limit the reaction progress variable can be

described using the Heaviside function [8, 148, 152, 153]. Using the Heaviside

function it is possible to define a reduced binarised reaction progress variable cred
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as follows:

cred = H(c− c∗) (2.81)

It is then possible to write the following expression for the gradient of the reduced

reaction progress variable cred:

∇cred = ∇cδ(c− c∗) (2.82)

The above expression can be used to define the Reynolds averaged FSD Σ and

LES filtered FSD Σsg as follows:

Σ = (|∇cred|) and Σsg = (|∇cred|) (2.83)

From the above expressions it is clear that both the Reynolds averaged FSD Σ

and LES filtered FSD Σsg are continuous properties of three-dimensional space.

For a thin flame surface the reaction progress variable field can be thought of as

a binarised scalar field given by the reduced reaction progress variable cred. If

one were to assume that the c = cred, which is the case for thin flames, then it is

possible to write:

Σ = (|∇cred|) = (|∇c|) and Σsg = (|∇cred|) ≈ (|∇c|) = Σgen (2.84)

Reynolds averaged FSD Σ is equal to the generalised FSD Σgen in the limiting

case of very large filter width (i.e. lim∆→∞|∇c| = (|∇c|)), and at this limiting

condition Σ transport equation can also be interpreted as the generalised FSD

transport equation. Conversely, it is possible to describe the generalised FSD

Σgen as being equal to SDF for the limiting condition of zero LES filter width

(i.e. lim∆→0|∇c| = |∇c|), and the transport equation for the generalised FSD

Σgen reduces to the SDF transport equation.
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2.6 Unclosed FSD Transport Equation

2.6.1 FSD Transport Eqaution for LES

By LES filtering of Eq. 2.53 it is possible to derive the unclosed transport equation

for Σsg:
∂Σsg

∂t
+

∂

∂xi

{
Σ′Ẋi

}
~x= ~X

=
{

Σ′Ṡ
}
~x= ~X

(2.85)

Examining the term
{

Σ′Ẋi

}
~x= ~X

it is possible to write:

{
Σ′Ẋi

}
~x= ~X

=

∫∫∫
Vsg

G(~x′ − ~x)

∫∫
x

Ẋi(x, y, t)δ(~x
′ − ~X(x, y, t))A(x, y, t)dxdyd~x′

=

∫∫
Usg

G( ~X[x, y, t]− ~x)Ẋi[x, y, t]A(x, y, t)dxdy

(2.86)

where Usg is the subset of parameter space corresponding to the element of the

flame surface within the subgrid volume.
{

Σ′Ẋi

}
~x= ~X

is a term that is a filter

weighted surface integral of Ẋi. In physical terms, this corresponds to an LES

flame surface integral of Ẋi. On division by FSD {Σ′Ξ}~x = ~x becomes an average

of the quantity Ẋi over the flame surface, weighted by the LES filter. It is possible

to use the definition of a surface weighted average to rewrite Eq. 2.85 as follows:

∂Σsg

∂t
+

∂

∂xi

[
(Ẋ)sΣsg

]
= (Ṡ)sΣsg (2.87)

where (. . . )s denotes the surface (area) weighted filtering, which is defined for an

arbitrary variable Q as follows:

(Q)s =
QΣ′

Σ′
(2.88)
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Strain rate term
(

(δij −NiNj)
∂ui
∂xj

)
s
Σsg = (aT )sΣsg

Curvature term
(
Sd

∂Ni
∂xi

)
s
Σsg = 2(Sdκm)sΣsg

Propagation term − ∂
∂xi

[(SdNi)sΣsg]

Curvature and Propagation term
(
Sd

∂Ni
∂xi

)
s
Σsg − ∂

∂xi
[(SdNi)sΣsg]

Subgrid convection term ∂
∂xi

[(ui)s − ũi]Σsg

Subgrid flux of FSD in ith direction [(ui)s − ũi]Σsg

FSD transport term in ith direction [(ui)s − ũi]

Table 2.2: Terms of importance for the LES filtered transport equation of the
FSD.

Based on the definitions for Ẋi and Ṡ the following form may be derived for the

unclosed transport equation:

∂Σsg

∂t
+
∂(ũjΣsg)

∂xj
+

∂

∂xi
[(ui)s − ũi]Σsg

=

(
(δij −NiNj)

∂ui
∂xj

)
s

Σsg −
∂

∂xi
[(SdNi)sΣsg] +

(
Sd
∂Ni

∂xi

)
s

Σsg

(2.89)

where ũi is the Favre filtered velocity in the ith direction, which is defined as:

ũi =
ρui
ρ

(2.90)

The important terms of Eq. 2.89 have been given in Table. 2.2 along with the

naming convention that is commonly used.

The generalised FSD transport equation can be derived by simply filtering
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the instantaneous transport equation for the SDF given in Eq. 2.78 as:

∂Σgen

∂t
+
∂(ũjΣgen)

∂xj
+

∂

∂xi
[(ui)s − ũi]Σgen

=

(
(δij −NiNj)

∂ui
∂xj

)
s

Σgen −
∂

∂xi
[(SdNi)sΣgen] +

(
Sd
∂Ni

∂xi

)
s

Σgen

(2.91)

In the above equation the surface weighted filtered value can be defined for an

arbitrary variable Q, according to [8], in the following manner:

(Q)s =
Q|∇c|
|∇c|

(2.92)

2.6.2 FSD Transport Equation for RANS

The FSD is defined for RANS as:

Σ = [|∇c|δ(c− c∗)] (2.93)

The above equation can be written as:

Σ = |∇c|δ(c− c∗) =

∫ ∞
0

∫ 1

0

|∇c|δ(c− c∗)P (c, |∇c|)dcd(|∇c|) (2.94)

where P (c, |∇c|) is a joint pdf of c and |∇c| which can be written in terms of

marginal pdfs as:

P (c, |∇c|) = P ( |∇c|| c = c◦)P (c◦) (2.95)

where P ( |∇c|| c = c◦) is the conditional pdf of |∇c| at c = c◦. Using the Eqs.

2.94 and 2.95 it possible to write:

Σ = |∇c|| c = c∗P (c∗) ∵ |∇c|| c = c◦ =

∫ ∞
0

|∇c|P ( |∇c|| c = c◦)d(|∇c|) (2.96)
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The surface average in the RANS context can be defined as:

(Q)
s

=
QΣ′

Σ′
=
Q |∇c||c=c∗
|∇c||c=c∗

(2.97)

Using the definition in Eq. 2.96 and 2.97, while Reynolds averaging the fine

grained FSD transport equation in Eq. 2.77 it is possible to derive the FSD

transport equation for RANS:

∂Σ

∂t
+
∂(u˜jΣ)

∂xj
+

∂

∂xi
[(ui)

s
− u˜i]Σ

=

[
(δij −NiNj)

∂ui
∂xj

]
s

Σ− ∂

∂xi
[(SdNi)

s
Σ] +

(
Sd
∂Ni

∂xi

)
s

Σ

(2.98)

The transport equation for FSD in RANS and LES are quite similar. In the above

equation u˜i is the Favre averaged velocity in the ith direction given by:

u˜i =
ρui

ρ
(2.99)

The terms given in Table. 2.2 are equally applicable where only change that is

required is notation for LES filtering with Reynolds averaging.

2.7 Kinematic Form of the Reaction Progress

Variable

The reaction progress variable transport equation given by Eq. 2.15 can be

rewritten in the following manner [56]:

∂c

∂t

∣∣∣∣
c=c∗

+ uj
∂c

∂xj

∣∣∣∣
c=c∗

= Sd|∇c|c=c∗ (2.100)

Eq. 2.100 is the kinematic form of the reaction progress variable equation and

can only be valid for a given c = c∗ isosurface. The above equation is actually
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equivalent to the level set equation (G equation) [107]:

∂G

∂t
+ uj

∂G

∂xj
= Sd|∇G| (2.101)

2.7.1 Analysis of the Kinematic Form

The molecular diffusion term in Eq. 2.15 can be split in the following manner:

∇.(ρD∇c)|c=c∗ = ~N.∇(ρD ~N.∇c)|c=c∗ − ρD|∇c|∇. ~N |c=c∗ (2.102)

where the first and second terms on the right hand side correspond to normal

and tangential diffusion respectively. Using the same approach the displacement

speed Sd can be decomposed as:

Sd = Sr + Sn + St (2.103)

where Sr is the reaction rate component of displacement speed Sd, and is defined

as:

Sr =
ẇ

ρ|∇c|

∣∣∣∣
c=c∗

(2.104)

whereas Sn is the normal diffusion component of displacement speed Sd defined

for c = c∗ isosurfaces as:

Sn =
~N.∇(ρD ~N.∇c)

ρ|∇c|

∣∣∣∣∣
c=c∗

(2.105)

and St is the tangential diffusion component of displacement speed Sd, expressed

as:

St = −2Dκm (2.106)

In premixed turbulent combustion modelling it is common to combine the reaction

and normal diffusion components of displacement speed Sd, which can be written

as:

SRN = Sr + Sn (2.107)
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By using the decomposition shown in Eq. 2.103, it is possible to rewrite Eq.

2.100 and 2.101 in the following manner:

∂c

∂t

∣∣∣∣
c=c∗

+ uj
∂c

∂xj

∣∣∣∣
c=c∗

= SRN |∇c|c=c∗ − 2Dκm|∇c|c=c∗ (2.108)

∂G

∂t
+ uj

∂G

∂xj
= SRN |∇G| − 2Dκm|∇G| (2.109)

The above equations can then be normalised with respect to Kolmogorov time,

length and velocity scales:

t+ =
t

tη
, u+

i =
ui
vη
, x+

i =
xi
η
, κ+

m = ηκm, ∇+ = η∇ (2.110)

Thus the normalised form of the kinematic reaction progress variable and G

equation can be written as:

∂c

∂t+

∣∣∣∣
c=c∗

+ u+
j

∂c

∂x+
j

∣∣∣∣∣
c=c∗

=
SRN
vη
|∇c|c=c∗ −

2Dκm
ν
|∇c|c=c∗ (2.111)

∂G

∂t+
+ u+

j

∂G

∂x+
j

=
SRN
vη
|∇G| − 2Dκm

ν
|∇G| (2.112)

Peters [107] argued that the derivatives, normalised velocities u+
i and non dimen-

sional curvature κ+
m are of the order unity, as Kolmogorov eddies perturb the flow

field as well as the c and G fields. For hydrocarbon flames the Schmidt number

(ν/D) is close to unity. Based on two dimensional [108] and three dimensional

[24, 25] DNS studies it was shown that SRN is of the same order of magnitude as

SL(1 + τc∗) on a c = c∗ isosurface.

To analyse Eqs. 2.111 and 2.112 it is further useful to define the Karlovitz

number [107]:

Ka =
τf
τη
∼ δ2

z

η2
∼ v2

η

S2
L

(2.113)

where δl is the flame length scale representative of laminar flame thickness given

by αT/SL and τf is flame time scale given by αT/S
2
L and αT is the thermal

diffusivity. Examining the first term on the right hand side of Eqs. 2.111 and
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2.112 using the definition of Karlovitz number in Eq. 2.113 it is possible to

conclude that it is proportional to Ka−1/2, which indicates that when Ka >

1 this term becomes small. Thus under the condition of Ka > 1 the second

term on the right hand side of Eqs. 2.111 and 2.112 becomes dominant, that

is to say that the contribution due to the tangential component of displacement

speed may locally supersede the combined contribution of reaction and normal

diffusion components. As a result of this strong curvature effect, a locally negative

displacement speed may result at highly positive curvature locations. In the case

of Ka > 1 using Eq. 2.113 it is possible to conclude that the flame thickness must

be greater than Kolmogorov length scale. As a result of this, turbulent eddies can

penetrate into the flame structure which results in unsteady fluctuations ahead

of the reaction zone. A flame can become extinguished if the Kolmogorov length

scale becomes smaller than the reaction zone thickness δr. Based on this an

alternative definition may be proposed for the Karlovitz number Kaδ such that:

Kaδ =
δ2
r

η2
(2.114)

It is worth noting that δr remains typically one order magnitude smaller than

δz (i.e. δr ∼ δz/10) and thus Kaδ can be estimated as Kaδ ∼ Ka/100. This

Karlovitz number Kaδ must be smaller than unity (Kaδ < 1) to prevent flame

extinction. A flame regime was defined by Peters [107] based on the bounding

conditions (100(Kaδ = 100) > Ka > 1) as the thin reaction zones regime.

In a similar fashion it is possible to examine the condition of Ka < 1, which

would lead to vη < SRN . As a result the laminar propagation becomes the

leading order term, while the curvature effects become higher order terms. Under

the Klimov-Williams criterion the laminar flame exists in a turbulent flow when

the flame stretch is less than a critical value. Under some assumptions this is

equivalent to a case where Ka < 1. Peters [107] termed this regime of combustion

as the corrugated flamelets regime. Based on the above arguments Peters [107]

proposed a regime diagram for premixed combustion, which will be discussed in

detail in Chapter 3.
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2.8 Summary

In this chapter the governing equations and the underlying assumptions of the

DNS were mentioned. These assumptions were that the reaction mechanism

was determined by a single step irreversible Arrhenius rate law, whereby allow-

ing for the species field to be represented using a reaction progress variable,

which is based on the product mass fraction. Additionally the diffusion ve-

locities was accounted for by using Fick’s law. The governing equations were

non-dimensionalised using reference values in the unburned gases. The reaction

progress variable transport equation was then introduced. This was followed by

an in depth discussion into the derivation of the transport equation for the FSD,

in context of LES and RANS. Furthermore an introduction was made to the

unclosed terms of the FSD transport equations and naming convention for the

various quantities encountered in this thesis. In the following chapter the chemi-

cal and turbulent time scales which govern the flow are introduced, along with a

commonly used regime diagram for premixed combustion. This was then followed

by the modelling strategy that was used in previous works for the FSD closure.
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Chapter 3

Literature Survey

In this chapter an introduction to the flamelets approach is provided, followed by

a review of the turbulent premixed combustion modelling using FSD, wrinkling

factor, artificially thickened flame andG equation methodologies, which are a part

of the geometrical anaylsis as mentioned in §.1.2.4. The FSD based approach

is well established in the context of RANS. However a priori analysis of FSD

models in the context of LES is lacking, which will be addressed in this thesis.

The existing modelling strategies for the FSD in context of RANS and LES are

mentioned in this chapter. In the following section the length and time scales

that define the turbulent premixed combustion are stated.

3.1 Flamelet Approach for Turbulent Premixed

Combustion

3.1.1 Combustion Regimes

A flame is commonly decomposed into three different zones, these are the preheat

zone, reaction zone and the oxidation zone. Chemical time scales in turbulent

premixed flames are often shorter than the large-scale turbulent time scales [11].

This implies that the chemical reaction is confined to a thin propagating sur-

face. Thus in premixed combustion the reacting mixture is composed of packets

of unburned reactants and completely burned products which is separated by a
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thin reacting interface referred to as flamelets. This forms the basic assumption

of the flamelet concept, which reduces the modelling of the turbulent combus-

tion analysis to a two fluid problem. In other words the analysis reduces to a

description of the flow variables in the fresh and burnt gases, burning rate and

the flame surface. Additional simplifications can be made by assuming the local

flame structure resembles that of a strained and curved laminar flame, which

leads to the assumption that the reactant consumption rate in turbulent flames

can be approximated by the corresponding strained laminar flame values. Thus

the flamelet assumption decouples turbulence and chemistry. The chemical ef-

fects lead to the variations in local flame speed which can be calculated separately

[20]. While the effect of turbulence result in the wrinkling and straining of the

flamelets. These assumptions have attracted much controversy towards the limi-

tations of the flamelet assumption. It is instructive to refer to a regime diagram

in order to appreciate the strengths and limitations of the flamelet assumption.

The various regimes of turbulent combustion are traditionally expressed using a

phase diagram as a function of non-dimensional parameters. The regime diagram

proposed by Peters [107] is shown in Fig. 3.1. The non-dimensional numbers used

in Fig. 3.1 are the turbulent Reynolds number Ret, turbulent Damköhler number

Da and the Karlovitz numbers Ka and Kaδ. The Karlovitz numbers Ka and Kaδ

were defined in Eq. 2.113 and Eq. 2.114, respectively. The turbulent Reynolds

number Ret can be defined as:

Ret =
u′l

ν
(3.1)

where u′ is the turbulent velocity fluctuation and l is the characteristic integral

length scale. It is possible to define the Damköhler number in the following

manner in terms of the ratio of large-scale turbulent time scale τt and chemical

time scale τf :

Da =
τt
τf

(3.2)

where

τt =
l

u′
and τf =

ν

S2
L

(3.3)
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Figure 3.1: A regime diagram for Turbulent premixed combustion [107].

The non-dimensional numbers Ret, Da and Ka are related to each other as

follows:

Ret ∼ Da2Ka2 (3.4)

The combustion regime that is given by the conditions of Ret > 1 and Ka ≤ 1

is termed as the corrugated flamelets regime. Based on the conditions for the

corrugated flamelets regime it is possible to deduce that in this regime the laminar

flame thickness δL remains smaller than the Kolmogorov length scale η, and thus

the inner structure of the flame remains unperturbed by the turbulent velocity

fluctuations. The regime of combustion given by 1 < Ka < Kaδ and Ret > 1 is

known as the thin reaction zones regime. Based on the definitions for Ret, Ka

and Kaδ it becomes clear that the energetic turbulent eddies can penetrate the

flame structure, which results in unsteady fluctuations in the preheat zone leading
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to a thickening of the flame, while the reaction zone remains undisturbed by

turbulent motion. If the conditions Ret > 1 and Kaδ > 1 occur then the resulting

combustion regime is known as the broken zones regime. In the broken zones

regime the flame shows significant amount of quenching and starts to resemble

passive scalar mixing.

Much of the flamelet based modelling is strictly valid for Ka < 1 and Ret > 1,

and the boundary given by Ka = 1 is known as the Klimov-William criterion.

Flame vortex interaction analysis by Poinsot et al. [115, 116] have found that

the Klimov-Williams criterion (i.e. Ka = 1) underestimates the flamelet regime

by an order of magnitude greater. Kolmogorov eddies are believed to penetrate

the flame front but they are not energetic enough to give rise to significant flame

stretch. Poinsot et al. [115, 116] have suggested that the flamelet assumption

could be extended to accommodate the flames whose internal structures are al-

tered due to small scale turbulence, but quenching of the flame significantly is

yet to take place.

3.1.2 Flamelet Approaches

A well established flamelet model is the Bray Moss Libby (BML) model [13]. In

BML the reaction progress variable c is represented using a presumed probability

density function, which consists of two weighted delta functions at c = 0 and

c = 1. This represents the case of a thin reacting surface that is embedded in

a turbulent flow. Second order closure is used for moment equations, using a

double delta pdf to provide closure for a range of mean quantities in terms of

conditional moments at c = 0 and c = 1. An example of this approach is given

for the turbulent scalar flux of reaction progress variable:

ũ′′c′′ = c̃(1− c̃)
[
(ui)P − (ui)R

]
(3.5)

where the quantities (ui)P and (ui)R represent conditional Reynolds averaged

velocity components in the products and reactants respectively.

In BML, the Reynolds averaged reaction rate is modelled by using the local
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surface area to volume ratio given by the FSD Σ [13]:

ẇ = ρ0SLI0Σ (3.6)

where the factor I0 accounts for the effects of flame stretch [107].

Another method for the thermo-chemical closure, in the flamelet regime, is

to use a level set approach which makes use of the so called G equation. In this

approach, a Reynolds averaged transport equation for the G field and its variance

are solved. A detailed description of this approach is presented by Peters [107],

and a brief overview is given in §.3.3.2. Alternatively thermo-chemical closure in

the flamelet regime can be accomplished using a presumed pdf of reaction progress

variable. The flamelet pdf is used in conjunction with a strained laminar flame

calculation. Laminar flame calculations can be used to tabulate the reaction rate

as a function of progress variable and flame stretch, and this may be combined

with a presumed joint pdf for the progress variable and flame stretch, and this may

be combined with a presumed joint pdf for the progress variable and flame stretch

to estimate the mean reaction rate. Pope [120] suggests that simplifications can be

made to the pdf approach by assuming flamelets, which can be used to simplify

the pdf transport equation by allowing the reaction and diffusion terms to be

combined and treated as a function of reaction progress variable based on a

laminar flame structure. Vervisch et al. [151] provided a link between pdf and

FSD approaches.

3.2 Flame Surface Density Approach

In this section a discussion of FSD closure both in RANS and LES is provided.

FSD is typically modelled in LES and RANS using an algebraic closure or by

solving a modelled transport equation. One of the simplest ways of utilising the

algebraic closure approach is to apply the BML model, which is derived from the

intermittency between the fresh reactants and the fully burnt gases. The BML

model for the FSD Σ can be expressed as[13]:

Σ =
gc̄(1− c̄)
σ̄yL̄y

(3.7)
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where σ̄y is a flamelet orientation factor, L̄y is the integral length scale of the spa-

tial random flamelet crossing process, and g is a model parameter. The integral

length scale L̄y is modelled by Cant and Bray [20] as the local turbulent length

scale. An alternative algebraic closure for Σ relies on fractal concepts proposed

by Gouldin et al. [61], where FSD Σ is estimated from the inner and outer cutoff

scales of the flame front and fractal dimension.

The approach of solving a modelled transport equation for Σ was first applied

to non-premixed turbulent combustion by Marble and Broadwell [101], since then

there have been a large number of studies into this approach. Marble and Broad-

well [101] proposed their coherent flamelet model (CFM) based on the physical

processes that create and destroy flame surface area. Later studies have led to

an exact transport equation for the FSD based on theoretical considerations for

a propagating surface [18, 121]. In this exact formulation the FSD is convected

by the bulk flow, propagated by flame propagation, and produced or destroyed

by the combined action of propagation and curvature. In this approach the main

modelling concerns arise from effects of fluid strain rate and due to the effects

of curvature and propagation. Many strategies have evolved to implementing

a transport equation approach. It is common in these approaches to employ

a model for the fluid strain rate effects which scales with large scale turbulent

strain rate. The effects of propagation and curvature are generally modelled as a

destruction term.

There have been many extensions and variants of the original CFM [101] ap-

proach. An exact transport equation approach was devised by Cant et al. [21],

where the strain rate term is scaled with the Kolmogorov strain rate. A variable

density implementation is described by Maistret et al. [98]. Candel et al. [19]

proposed an extension to include partially premixed combustion and results are

presented for a stabilised ducted flame and reactive shear layer. Boudier et al. [9]

coupled a laminar ignition model with the CFM approach to simulate spark igni-

tion engine combustion. Cheng and Diringer [51] discussed the one-dimensional

CFM model with reference to interesting characteristics of the model, includ-

ing turbulent flame speed, turbulent flame thickness and ignition characteristics.

Duclos et al. [54] reviewed a variety of FSD models in the context of turbulent

flame speed predictions. Wu and Bray [162] used a combination of the CFM and
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CPB (Cant Pope Bray) [21] models to a counterflow geometry, where satisfactory

agreement with experimental data was found. Lee et al. [94] have also investi-

gated the same geometry with special attention to the extinction effects induced

by the large flame stretch. Choi and Huh [52] applied a variety of models to a

spark ignition problem. Prasad and Gore [126] compared a range of FSD models

for turbulent jet flames. Prasad et al. [127] have extended some FSD models to

cope with non-isenthalpic flames, and have compared predictions from these with

the experimental data for a reacting jet.

Mantel and Borghi [100] use a different perspective by deriving transport

equation for the FSD by using a modelled equation for scalar dissipation rate χ,

which is defined as:

χ = D|∇c|2 (3.8)

Pope and Cheng [124] describe stochastic methods for the determination of the

FSD Σ. Weller et al. [158] suggests a spectral method for modelling the FSD.

Many DNS based studies currently exist for the evaluation of FSD based on the

transport equation ([17, 72, 92, 114, 118, 147, 148, 164]). Finally, Veynante et al.

[152] and Veynante et al. [153] have analysed the FSD transport equation from

an experimental perspective in the context of RANS simulation.

3.2.1 Algebraic Models

A simple approach to estimating the FSD Σ in LES and RANS is to use an alge-

braic model. These algebraic models are developed based on physical arguments

and DNS or experimental data. Additionally in LES it is possible to define some

model constants using the dynamic approach [59, 60]. In the Eddy Break Up

(EBU) modelling for RANS uses an expression for ẇ that is equivalent to Σ of

the form [16]:

Σ =
ε

k̃˜
1

SL
c(1− c) (3.9)

In the above expression the reaction rate is inversely proportional to the turbulent

mixing time scale. The BML [12] model for Σ takes a similar form to the EBU

approach. Boger et al. [8] proposed an algebraic model for FSD in the context of
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LES which is reminiscent of EBU and BML models.

Σsg ≈ KΣ
c̄(1− c̄)

∆
(3.10)

where KΣ is a model constant, which shows dependence on a wide range of

parameters. A more refined model would approximate KΣ as a function of subgrid

kinetic energy. Boger et al. [8] defined the value for model constant KΣ to take

the value of 4
√

6/π. It was also found by Boger et al. [8] that the value of KΣ

depends on the filter size ∆ and on the turbulence level. The dependence on ∆ is

undesirable for a model constant as a wide range of filter sizes are used depending

on the problem at hand. This filter width dependence of the model constant KΣ

should decrease as the filter width is comparably large compared to the flame

thickness. As the filter width ∆ approaches the turbulent length scale, the above

expression resembles the BML model [13]. The DNS data analysis by Boger et al.

[8] shows leveling of KΣ with increasing ∆.

For thin flames, the subgrid FSD Σsg ≈ Σgen = |∇c|, as the scalar gradients

are near zero everywhere except near the reaction surface. In that case the

resolved part of FSD can be written as:

Σres = |∇c̄| (3.11)

The flame becomes fully resolved when Σsg → Σres which indicates no subgrid

variations of FSD under fully resolved condition. The condition Σsg → |∇c̄| can

only occur when either ∆→ 0 or when a flame is a planar surface. Charlette et

al. [48] provides the following model for the subgrid scale FSD, which is similar

to BML and EBU expressions, but also includes a term that accounts for the

resolved part of FSD:

Σsg = |∇c̄|+ aΓk

∆

δz
,

√
2k̃/3

SL

√k̃

SL

c̄(1− c̄)
∆

(3.12)

where Γk is the efficiency function of the intermittent turbulent Net Flame Stretch

(ITFNS) model of Meneveau and Poinsot [102], k̃ represents subgrid scale turbu-

lent kinetic energy given as k̃ = 1/2(ũiui − ũiũi) and a is a model constant. In
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a highly turbulent flow simulation in LES, Σsg is much greater than the resolved

FSD, and the expression for subgrid component reverts to one similar to the

successful RANS derived BML model for LES (using the estimate Ly = SLl/u
′

[15]).

The model for the subgrid FSD Σsg given in Eq. 3.12 which was derived by

balancing the subgrid production and dissipation terms of a modelled transport

equation for FSD. The transport equation only included subgrid production and

dissipation terms. These terms dominate in a highly turbulent situation, but in

LES it is possible to exploit the resolved propagation and curvature terms to

achieve a more accurate transport modelling of FSD. Finally the model does not

take into account dilatation effects, and in most cases c̄ is generally unavailable,

as the Favre averaged value of progress variable c̃ is typically solved for in a

compressible LES simulation.

Another algebraic model suggested by Angelberger et al. [2] but not imple-

mented in the context of FSD, is:

Σsg =

(
1 + aΓ

{
∆

δz
,
u′∆
SL

}
u′∆
SL

)
|∇c̄| (3.13)

where u′∆ is the subgrid velocity fluctuation (u′∆ =
√

2k̃/3). The efficiency func-

tion Γ is similar to the ITFNS efficiency function Γk. The model features a re-

solved component and an increase in flame wrinkling due to subgrid scale velocity

fluctuations.

Piana et al. [110] proposed a model based on G-equation using the concept of

a flame-wrinkling factor. The flame wrinkling model of Weller et al. [159] can also

be regarded as a class of algebraic models. These models simplify to the exact

fully resolved expression as flow becomes completely resolved (i.e. u′∆/SL → 0).

Algebraic models can be employed with sufficient accuracy when it is possible

to assume that there is a local balance between production and destruction of

FSD. However, in unsteady conditions there may be a complex dynamic response

of the flame to the stretch, which is not correctly represented by an algebraic

model. It may be argued that a dynamic determination of the model constants

would overcome this and other difficulties. Although, it is not clear whether the
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scale similarity argument can be applied to a flame situation due to the jump

of progress variable across the flame. Moreover it is not clear whether dynamic

approaches could potentially offer any advantages.

A modelled transport equation can exploit knowledge of physical mechanisms

of flame curvature and propagation to achieve a more realistic estimation of FSD.

This applies particularly well to a situation where the flame is partially resolved

and the resolved physics can also be exploited in the modelling of the FSD trans-

port equation.

3.2.2 Transport Equation Closure for FSD

In this section a brief summary is made of the various, existing, modelling method-

ologies based on the transport equation closure of FSD. The derivation of the

FSD transport equation was made in the previous chapter, the exact transport

equation for the FSD is given by:

∂Σ′

∂t
+
∂(ukΣ

′)

∂xk
+
∂(NkSdΣ

′)

∂xk
= (δij −NiNj)

∂ui
∂xj

Σ′ + Sd
∂Ni

∂xi
Σ′ (3.14)

The FSD balance equation is unclosed and requires modelling for the turbulent

flux of FSD, the displacement speed Sd, and strain rate and curvature effects.

Using the Favre decomposition (ui = ũi + u′′i ), the FSD strain rate term may be

split into mean flow and turbulent fluctuation contributions:(
(δij −NiNj)

∂ui
∂xj

)
s

=
(
δij − (NiNj)

s

) ∂ũi
∂xj︸ ︷︷ ︸

am

+

(
(δij −NiNj)

∂u′′i
∂xj

)
︸ ︷︷ ︸

at

(3.15)

where am, at correspond to the strain rate acting on the flame surface, induced

by mean flow and turbulent fluctuation respectively. If the instantaneous FSD

transport equation shown in Eq. 3.14 is Favre averaged, it will result in the

following transport equation:

∂Σ

∂t
+
∂Σ(ũi)

∂xi
= − ∂

∂xi

(
(u′′i )sΣ

)
+ (am + at)Σ +

(
Sd
∂Ni

∂xi

)
s

Σ−
(
∂(SdNiΣ)

∂xi

)
(3.16)
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Various closures may be found for the above equation. The general form of the

closed equation can be written as [21, 40]:

∂Σ

∂t
+

∂

∂xi
(u˜iΣ) =

∂

∂xi

(
µt
σc

∂Σ

∂xi

)
+ (am + at)Σ−DI (3.17)

where DI is a destruction term. In the above form the turbulent flux of FSD is

expressed using a classical gradient transport assumption, where µt is the eddy

viscosity and σc is the turbulent Schmidt number for FSD. The DI term has

to be included as the surface strain rate contribution am, at are generally posi-

tive. Without a destruction term, the flame surface area will increase indefinitely,

which is a property of a non-reacting material surface but in the present case flame

surface is lost when flames interact. At present it is not clear how this destruc-

tion terms originates, whether heat release induced effects, curvature effects or

additional effects such as flame front interactions have a major role.

A simple phenomenological closure may be derived as follows. First, the flame

stretch generated by the turbulent flow may be estimated using ε˜/k˜, using the

integral time scale as the flame time. The flame surface consumption term is

assumed to be proportional to the mean reaction term and inversely proportional

to available reactants per unit area measured by c(1− c)/Σ. Then the transport

equation for the FSD takes following form:

∂Σ

∂t
+

∂

∂xi
(u˜iΣ) =

∂

∂xi

(
µt
σc

∂Σ

∂xi

)
+ α0

ε

k̃˜Σ− β0SL
Σ2

c(1− c) (3.18)

where α0, β0 are model constants and the mean reaction rate is given by Eq. 3.6.

If equilibrium is assumed between production and destruction of FSD then the

mean reaction rate can be described as:

ẇ = ρ0
α0

β0

ε

k̃˜(1− c)c (3.19)

The above expression shows that the EBU model (i.e. Eq. 3.19) can be obtained

by simplifying the modelled FSD transport equation.
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The filtered transport equation for the FSD is given as [22, 66, 67, 68]:

∂Σsg

∂t
+

∂

∂xi
(ũiΣsg) =

∂

∂xi

[(
(ui)s − ũi

)
Σsg

]
− ∂

∂xi

[
(SdNi)sΣsg

]
+

(
Sd
∂Ni

∂xi

)
s

Σsg

(3.20)

The main modelling difference between LES and RANS for the FSD is that in

LES it is possible to use the resolved propagation and strain rate effects. It is

expected that the performance of a LES model should be independent of the

filter width. This leads to two important considerations for modelling for FSD:

1) the FSD transport equation must revert to the exact instantaneous transport

equation for the FSD as the velocity and the scalar fields become resolved 2) the

model should reflect accepted RANS models for a situation in which filter width

is comparable to the integral length scale. For the first point a flow is said to be

fully resolved when the subgrid fluxes of the momentum and k̃ vanish. This can

only occur in the condition of a planar flame or as the filter width tends to zero.

In Eq. 3.20 the last two terms represent the combined effects of propagation

and curvature. The surface averaged normal components are given by:

(Ni)s =
NiΣ′

Σsg

(3.21)

It is possible to use the above expression along with the definition for Σ′ to obtain

an alternative definition for the surface integrated normal, ( ~N)sΣsg:

( ~N)sΣsg = − ∇c|∇c| |∇c|δ(c− c
∗) = −δ(c− c∗)∇c = −∇H(c− c∗) (3.22)

where H(c− c∗) is the Heaviside function. Under a strict assumption, the c field

consists only of reactants and burned products, and hence H(c− c∗) ≈ c. Thus

for thin flame the surface integrated normal takes the form:

( ~N)s = −∇c̄
Σsg

(3.23)

This expression is exactly the same as the relation derived by Cant et al. [21] for

RANS simulation. This expression holds exactly (independent of flame regime)
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for the generalised FSD definition given by Boger et al. [8]. The combined cur-

vature and propagation terms of the LES filtered transport equation can be split

into resolved scale and subgrid scale contributions as:

−∇.((Sd ~N)sΣsg) + (Sd∇. ~N)sΣsg = Pmean + Cmean + Csg (3.24)

where

Pmean = −∇.
[
(Sd)s(

~N)sΣsg

]
(3.25a)

Cmean = (Sd)s∇.( ~N)sΣsg (3.25b)

Csg = −∇.
[
(Sd ~N)Σsg

]
+ (Sd∇. ~N)sΣsg − Pmean − Cmean (3.25c)

The term Pmean represents the resolved component of the propagation term

and Cmean represents the resolved component of the curvature term. The sum of

these may be seen to revert to the fully resolved expression as ∆→ 0. The term

Csg represents the difference between the actual net effect of the curvature and

propagation terms, and the combined effects of Pmean and Cmean. The surface

averaged displacement speed (Sd)s is dependent on the c = c∗ isosurface chosen

to define the flame. Hawkes [66], Hawkes and Cant [67, 68] estimated (ρSd)s
for a statistically planar flame by assuming locally one-dimensional steady flame

behaviour. By continuity for a one-dimensional flame, ρSd = ρ0SL, so

(Sd)s ≈ SL(1 + τc) = SL(1 + τc∗) (3.26)

Hawkes [66], Hawkes and Cant [67, 68] used unstrained laminar flame speed SL

in Eq. 3.26 in order to estimate (Sd)s, and local strain rate and curvature effects

on Sd were not considered. This assumption implicitly makes the model valid

only for the corrugated flamelet regime [107] as the laminar propagation terms

are of higher importance than the curvature terms in this regime of premixed

combustion. In order to use the model in a different regime (such as the thin

reaction zones regime) a dependence on strain and curvature must be incorpo-

rated. This was carried out by Chakraborty and Cant [29, 35] where the effects
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of curvature effects on (Sd)s were modelled, which allows for the extension of the

above models for the thin reaction zones regime.

Some RANS models have included a mean propagation term [7, 21, 126, 162].

Except Cant et al. [21] all have neglected the mean contribution associated with

curvature. Veynante et al. [153] have shown that mean propagation contribution

is not negligible as expected. In case of LES partial resolution of turbulent

fluctuation makes the proper handling of the propagation term more important

than in the case of RANS modelling. Hawkes and Cant [67, 68] argue that Pmean

can be closed exactly under the flamelet assumptions using (SdNi)s = (Sd)s(Ni)s.

It was demonstrated by Chakraborty and Cant [29, 35] that Sd and Ni remain

uncorrelated and statistically independent throughout the flame brush based on a

priori DNS analysis. It was further shown by Chakraborty and Cant [29, 35] that

−∇/(Sd ~N sΣgen) can be accurately modelled by −∇.[(Sd)s( ~N)sΣgen] throughout

the flame brush for a large range of filter widths. However, different possibilities

exist for the modelling of resolved curvature term Cmean. Hawkes and Cant [67]

presented two different forms of Cmean given by:

Cmean = (Sd)s
∂(Ni)s
∂xi

Σsg (3.27)

Cmean ≈ (Sd)s
∂Mi

∂xi
Σsg (3.28)

where Mi is referred to as ith component of the resolved flame normal given by:

Mi = − 1

|∇c̄|
∂c̄

∂xi
(3.29)

The curvature term of the unclosed FSD transport equation can be written in

the following manner [29, 35, 66]:

Sd
∂Ni

∂xi
Σ′ = (δij −NiNj)

∂(SdNi)

∂xj
Σ′ (3.30)

Following the above expression an alternative expression for Cmean can be pro-
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posed:

Cmean =
(
δij − (NiNj)s

) ∂(Sd)s(Ni)s
∂xj

Σsg (3.31)

This also satisfies the requirement of reversion to the exact expression as ∆→ 0.

The expressions for Cmean given in Eqs. 3.27, 3.28 and 3.31 were, tested based

on a priori analysis, by Chakraborty and Cant [29, 35] and Katragadda and

Chakraborty [82, 83] where it was shown that expression given in Eq. 3.27 gives

the most accurate prediction among the options for Cmean.

In RANS simulation, the equivalent of Csg has been traditionally modelled as

a destruction term proportional to Σ2 [54]. Cant et al. [21] have shown from the

realisability argument that the subgrid curvature term is on average a destruction

term considering that the fluid straining term is a production term on average. In

most RANS model [54] the destruction term is written in the following manner:

Ct = −β0SL
Σ2

1− c (3.32)

where Ct denotes the RANS equivalent of Csg. Pope and Cheng [124] have found

that a model of this form describes the rate of flame destruction for a variety of

geometrically simple surfaces. Trouvé and Poinsot [148] have shown for RANS

that the combined curvature and propagation terms acts as a production term

on fresh gas side and dissipation term on the burnt gas side of the flame brush.

In the context of RANS, Veynante et al. [153] suggested the following model for

the combined effects of curvature and propagation incorporating this effect:

Ct = −β′0SL(c− c0)
Σ2

c(1− c) (3.33)

where β′0 is a model constant and c0 is the point at which the term changes from

production to destruction of FSD. A similar approach was adopted by Han and

Huh [65], Chakraborty and Cant [40] for the modelling of the unresolved part

of the combined curvature and propagation contribution to the FSD transport.

However it is difficult for this approach to apply in the LES context. The value of

c̄ in LES does not necessarily supply any information about the subgrid curvature

structure of the flame at a given point. LES cells centered at different locations,
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giving a different value of c̄, could include the same element of flame area. This

is different from the RANS simulation where a low value of c̄ means the point

usually corresponds to the fresh gas side of the instantaneous flame front, thus the

curvature distribution tends to favour FSD production. Since partial resolution

of scalar fluctuation is available in LES study the model proposed by Hawkes and

Cant [67, 68] is capable of taking into account the production effect in fresh gas

side through Pmean and Cmean. Cant et al. [21] have proposed a RANS model

which if extended to LES cause the subgrid term Csg to vanish when the flow is

fully resolved. It can be shown from a realisability argument that net destruction

goes to zero as αR → 0 where αR = 1 − |( ~N)
s
|2. Satisfying the above condition

for LES, Hawkes and Cant [67, 68] modified a version of CFM [19] for the purpose

of modelling the subgrid curvature term Csg as:

Csg =
−αNβ1SLΣ2

gen

(1− c̄) (3.34)

where αN = 1 − (Nk)s(Nk)s is an orientation factor and αN is identically zero

when the flow is fully resolved. Charlette et al. [48] also suggested a model for

Csg as:

Csg = −β2SL
(Σ− |∇c̄|)Σgen

c̄(1− c̄) (3.35)

This model is similar to CFM approaches [54] but modified in such a manner

that it vanishes, as FSD gets fully resolved. Hawkes and Cant [67] also discussed

a possibility of modifying the model proposed by Cant et al. [21] for the purpose

of LES as:

Csg =
−CHSLΣ2

gen

(1− c̄) (3.36)

where CH is given as:

CH = αβ3

[
1− 1

3

{
1− exp

(
−A(1− c̄)

√
k̃

ΣgenSL∆

)}]
(3.37)

where A = 10 is a model parameter.

The term (aT )sΣsg represents the straining effect of the surrounding fluid on

the flame surface. In homogeneous isotropic turbulence it has been found that the
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average effect of strain rate on the flame is the production of FSD [148]. This is

in spite of the fact that in isotropic turbulence the strain rate tensor is randomly

oriented and thus strain rate experienced by a fixed surface will have a mean of

zero. Since flame elements are not fixed surfaces, they tend to align preferentially

with persistent local velocity gradients, resulting in a net non-zero contribution.

The term (aT )s may be split as:

Smean = (δij − (NiNj)s)
∂ũi
∂xj

(3.38a)

Ssg = (aT )s − Smean − Shr (3.38b)

where a suitable model is required for the expression (NiNj)s which acts as an

orientation factor for the flame strain rate with respect to the mean flow gradients,

and Shr is the term responsible for the expansion effects associated with heat

release. Hawkes [66] extended the RANS model for (NiNj)
s

proposed by Cant

et al. [21] in order to model (NiNj)s in LES AS:

(NiNj)s = (Ni)s(Nj)s +
1

3
δij

(
1− (Nk)s(Nk)s

)
(3.39)

Cant et al. [21] assumed the fluctuations on Ni are isotropic in order to propose

a model for (NiNj)
s
. This model assumes that any contribution to the resolved

scale quantity (NiNj)s arising from the subgrid scale fluctuations are isotropic in

nature. The second term in Eq. 3.39 acts to distribute the subgrid contribution

equally along the three principal directions for (NiNj=i)s. Veynante et al. [152],

based on an experimental study of two-dimensional V-flames, showed that the

fluctuations in the normal are not isotropic and suggested an alternative RANS

model for (NiNj)
s

in two dimensions taking the anisotropy into account. This

model is give as:

(NiNj=i) = (Ni)
s
(Nj=i)

s
+

∑
m 6=i (Nm)

s
(Nm)

s

(Nk)
s
(Nk)s

[
1− (Nk)

s
(Nk)

s

]
(3.40a)

(NiNj 6=i) =

(
2(Nk)

s
(Nk)

s
− 1
)

(Nk)
s
(Nk)

s

(Ni)
s
(Nj 6=i)

s
(3.40b)
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where i, j = 1, 2. It is important to note that the model given by Eq. 3.40a and

3.40b is applicable only for two dimensions and three-dimensional extension of

the model for LES purpose is not straightforward.

Mantel and Borghi [100] proposed an alternative RANS model for (NiNj)
s

in

two dimensions:

(NiNj)
s

=
u′′i u

′′
j

2̃k
; i, j = 1, 2 (3.41)

where u′′i u
′′
j

˜
denotes the Favre averaged Reynolds stress. Veynante et al. [153]

extended the original Mantel and Borghi [100] model for three-dimensional flows

in the RANS context as:

(NiNj=i)
s

=

∑
k 6=1 u

′′
ku
′′
k

˜
4k

, (NiNj 6=i)
s

=
u′′i u

′′
j

2̃k
; i, j = 1, 3 (3.42)

The above model can be used for LES purposes replacing the Favre averaged

quantities by Favre filtered quantities and the turbulent kinetic energy by sub-

grid turbulent kinetic energy. Chakraborty and Cant [27] proposed the following

model for (NiNj) by combining the two earlier models given in Eqs. 3.42 and

3.41:

(NiNj=i)s = (Ni)s(Nj=i)s +

∑
m 6=i (Nm)s(Nm)s

2(Nk)s(Nk)s
[1− (Nk)s(Nk)s]

(NiNj 6=i)s = (Ni)s(Nj 6=i)s

(3.43)

In the above model in the condition of resolved flow the strain rate will equal the

tangential strain rate aT . The unresolved strain rate term is usually modelled as

proportional to the inverse of turbulent time scale. The simplest approach is to

scale the term with the LES subgrid scale strain rate
√
k̃/∆. However it may be

argued that the Kolmogorov scales are principally responsible for flame surface

stretching due to large velocity gradients. Cant et al. [21] found using DNS of a

premixed flame with low values of u′/SL that the mean of the tangential strain

rate could be approximated as:

(aT )
s
≈ 0.28

τη
(3.44)
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This scaling for the strain rate has also been observed in DNS of propagating ma-

terial surfaces in isotropic turbulence [164]. Thin flames with small propagation

speed are a good approximation of material surfaces. Yeung et al. [164] showed

that the distance between a propagating surface and initially co-incident material

surface remains small if the displacement speed Sd is small compared with the

Kolmogorov velocity scale for incompressible flow. Using Kolmogorov scaling the

subgrid strain term can be expressed in the following form:

Ssg = CA

√
Cεk̃3/2

ν∆
(3.45)

where ε̃ = Cε(k̃
3/2/∆) represents the subgrid scale dissipation rate of turbulent

kinetic energy. A Kolmogorov scaling may well apply in the limit of a very thin

flame, but it has been shown by Meneveau and Poinsot [102] in their flame-vortex

interaction analysis that Kolmogorov scaling overestimates the strain of the flame

surface. Curvature effects may also reduce the stretch through the local thermo-

diffusive effects. Duclos et al. [54], Prasad and Gore [126], Prasad et al. [127]

support this result. The other reason behind the non-approval of Kolmogorov

scaling is that it predicts the flame thickness in LES which tends to infinity as

k̃ → 0 [66]. Hawkes [66] pointed out that a scaling based on subgrid scale strain

rate does not suffer from this problem.

The models based on turbulent time scales do not account for any chemical

effects in the representation of flame stretch. Differently sized vortices have dif-

ferent effects on the flame structure. The ITFNS method proposed by Meneveau

and Poinsot [102] attempts to model these effects. These methods multiply the

flame strain rate by an efficiency function Γk developed by Meneveau and Poinsot

[102] from two dimensional simulation of discrete vortices. For LES a modified

version can be used which takes the following form:

Ssg = ΦΓk

√
k

∆
(3.46)

where Φ is a model constant. This model is based on a two-dimensional study

where the turbulence structure is fundamentally different from the three-dimensional
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flow structures. A study by Angelberger et al. [2] has shown an alternative to the

ITFNS model where a different form of efficiency function is suggested and the

provision for application in the context of LES is kept. The performance of the

model given by Eq. 3.46 was assessed by Chakraborty [22] and Chakraborty and

Cant [35] based on a priori DNS analysis. It was shown that Eq. 3.46 does not

adequately capture the behaviour of Ssg and the model parameters remain a func-

tion of filter width. The model given in Eq. 3.46 performs better for Angelberger

et al. [2] efficiency function than by the efficiency function give by Meneveau and

Poinsot [102].

The term (u′′i )sΣsg =
[
(ui)s − ũi

]
Σsg may be interpreted as a subgrid flux

of FSD. This term is strongly related to the subgrid scalar flux ũc − ũc̃. Cant

et al. [21] have derived a theoretical relation between the RANS equivalents of

these two for the case of an infinitely thin flame where it can be assumed that

the fluctuation of the surface normal is uncorrelated with fluctuations in velocity.

An expression can be derived relating the two based on an assumption of a linear

variation of velocity across the flame front, which was substantiated later by the

a priori DNS analysis of [155]. The form of this expression shows that if the FSD

is closely related to the turbulent scalar flux, and a counter-gradient (gradient)

transport of c̃ leads to a counter-gradient (gradient) transport of Σgen. A counter-

gradient transport has been observed for scalar fluxes in the context of LES in

a number of experimental [109], and numerical [8, 149, 150] studies. Therefore

non-gradient transport must be expected in the FSD flux. It is expected where

the turbulence level is low and expansion effects are significant. In the work by

Hawkes [66] non-gradient transport effects were included in the proposed LES

model. The non-gradient transport is related to the slip velocity between the

products and reactants, (ui)P − (ui)R. Reactant conditional filtered values for

the reactants can be defined in the following manner in the context of LES [29,

32, 66, 67, 68]:

(ui)R =

∫∫∫
G(~x− ~x′,∆)H(−c(~x′))ui(~x′)d~x′∫∫∫
G(~x− ~x′,∆)H(−c(~x′))d~x′ (3.47)

Assuming a linear variation of velocity across the flame, the surface fluid velocity

(ui)s = (ui)R+K((ui)P−(ui)R) where K depends on the isosurface used to define
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the flame, and (ui)P , (ui)R are velocity components on reactant and product side

respectively. Making a strong flamelet assumption it can be shown that:

ũi = (ui)R + c̃
[
(ui)P − (ui)R

]
(3.48)

Therefore:

(u′′i )s = (ui)s − ũi =
{

(ui)Rs − (ui)R +K
[(

(ui)Ps − (ui)P

)
−
(

(ui)Rs − (ui)R

)]}
+ (K − c̃)

[
(ui)P − (ui)R

]
(3.49)

The term in the braces may be seen to represent a component of transport that

is connected with turbulent fluctuations in velocity. This term is represented by

conventional gradient transport as follow:{
(ui)Rs − (ui)R +K

[(
(ui)Ps − (ui)P

)
−
(

(ui)Rs − (ui)R

)]}
= − 1

Σgen

µt
ScΣ

∂

∂xi

(
Σgen

ρ̄

) (3.50)

where µt is the LES eddy viscosity and ScΣ is the subgrid Schmidt number for

FSD. The second term of Eq. 3.49 represents a transport term that is primarily

dependent on the effects of heat release. This is referred to as the non-gradient

transport term. This term also contains the turbulent fluctuations contribution.

To establish the form for the non-gradient transport component of the transport

term it is instructive to consider two simple cases. Firstly consider the case of

steady planar laminar propagation for which ∆ >> δz. It may be seen that in

absence of turbulence and pressure gradient effects for a planar flame, ~uP −~uR =

τSL (∇c̄/|∇c̄|), where τ is the heat release parameter. Secondly consider a steady

one dimensional turbulent propagation problem where the filter size is much larger

than the turbulent flame brush thickness, in the present, ~uP−~uR = τST (∇c̄/|∇c̄|)
where ST is the turbulent flame speed and can be defined as: ST ≈ SL

∫∞
−∞Σsgdx.

In more general situations of one-dimensional character, it is expected that the

slip velocity usually lies between these two limits. However for curved flame

surfaces it is possible that the magnitude of the slip velocity reduces below the
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laminar flame speed. This is a result of the normals being no longer aligned in the

same direction, which reduces the expansion effect on the mean velocities. As the

flame becomes more wrinkled at the subgrid level, two competing effects play an

important role. On one hand the flame propagates faster, resulting in a greater

slip velocity, and on the other hand the normals become less aligned, leading

to a reduced slip velocity. The reduction in slip velocity due to the variation

in orientation of the flame normals at the subgrid level is modelled assuming

the flame is locally one-dimensional in nature. In this case the unfiltered slip

velocities across the flame element is given by:

(~uP )s − (~uR)s ≈ −τSL ~N (3.51)

If these elements can be assumed to act additively to give a resultant LES filtered

slip velocity, Hawkes [66] proposed a model for LES filtered slip velocity as:

(ui)P − (ui)R ≈ −τSL(Ni)s (3.52)

It may be seen that since Σsg ≥ |∇c̄|, the above model will result in a reduced

slip velocity for wrinkled flames, which Hawkes and Cant [67, 68] applied for their

LES modelling. Chakraborty [22] and Chakraborty and Cant [35] accounted for

localised curvature effects on slip velocity by modifying the expression given in

Eq. 3.51 to give rise to the following expression:

(ui)P − (ui)R = −τ (ρSd)s
ρ0

(Ni)s (3.53)

The heat release contribution on the strain rate term Shr is given by following

expression [66]: [
(δij −NiNj)

∂(u′′i )s
∂xj

]
s

(3.54)

The above expression could be compared with the resolved component of the

following curvature term [66]:[
(δij −NiNj)

∂(SdNi)

∂xj

]
s

(3.55)
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Inspecting the form of Eq. 3.54 and Eq. 3.55 reveals that the heat release term

acts like a curvature term only with a different propagation velocity. Following

this argument Hawkes [66] modelled the effect of heat release on the strain rate

as an adjustment to the resolved curvature term as:

Shr = −(K − c̃)τSL
∂(Ni)s
∂xi

Σsg (3.56)

In the same way the non-gradient component of subgrid transport was modelled

as an adjustment to the mean propagation term [66] in the following manner:

Non-gradient transport part of − ∂(u′′i )sΣsg

∂xi
=

∂

∂xi

[
− (K − c̃) τSL(Ni)sΣsg

]
(3.57)

This modelling approach for the slip velocity and Shr might not be very accu-

rate as the model given by Eq. 3.52 tends to underestimate the slip velocity.

Chakraborty [22] and Chakraborty and Cant [35] modified the models given by

Eqs. 3.56 and 3.57 by replacing SL with (ρSd)s/ρ0 where the local effects of Sd

is explicitly accounted for. This allowed for the models to be viable in both the

corrugated flamelets regime and the thin reaction zones regime. Weller et al.

[159] suggested an alternative way of modelling the slip velocity as:

(ui)P − (ui)R ≈ −τSLΞMi (3.58)

where Mi is the resolved normal given by:

Mi = − 1

|∇c̄|
∂c̄

∂xi
(3.59)

and Ξ is the wrinkling factor, defined as:

Ξ =
Σsg

|∇c̄| (3.60)

|∇c̄| represents the resolved FSD, and the wrinkling factor Ξ itself represents

a measure of unresolved flame wrinkling, such that when Ξ = 1 the flame is

completely resolved. The model presented in Eq. 3.58 tends to overestimate the
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slip velocity as it ignores product velocity variation within the subgrid volume

[149].

3.2.3 Wrinkling Factor

Weller et al. [159] proposed an algebraic model for wrinkling factor:

Ξ = 1 + 2(1− b̃)(Θ− 1) (3.61)

where b̃ = 1 − c̃ is the regression variable and Θ = 1 + 0.62
√
u′∆/SL and Reη =

l2η/(την). Algebraic models of the wrinkling factor can be used to describe FSD

and vice versa. An algebraic model for the wrinkling factor should predict a

wrinkling factor equal to unity when the flow is fully resolved, since the wrinkling

factor is a measure of unresolved flame wrinkling. From the expression in Eq. 3.61

it is clear that Ξ approaches to unity as the flow is fully resolved (i.e. u′∆ → 0).

Colin et al. [53] proposed an algebraic model for the wrinkling factor which takes

the form:

Ξ = 1 + α′Γ

(
∆

δz
,
u′∆
SL

)
u′∆
SL

(3.62)

where Γ [(∆/δz), (u
′
∆/SL)] is an efficiency function determined by a counter ro-

tating eddy and flame interaction study as:

Γ

(
∆

δz
,
u′∆
SL

)
= 0.75 exp

[
− 1.2

(u′∆/SL)0.3

](
∆

δz

)
(3.63)

The factor α′ is given as:

α′ = β′
2 ln(2)

3cms(Re
1/2
t − 1)

(3.64)

where the subgrid turbulent velocity is given as Ret = u′∆l/ν, β′ is a model

constant of order unity and cms = 0.28 according to a surface propagation study

by Yeung et al. [164]. Colin et al. [53] used an estimation of the subgrid turbulent

velocity scale u′∆ based on resolved vorticity field in the following manner:

u′∆ = 2∆3|∇2(∇× ~u)| (3.65)
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Colin et al. [53] used this model to simulate combustion in a Lateral Injections

Combustor (LIC) together with the thickened flame approach and got good agree-

ment with experimental results.

Model proposed by Colin et al. [53] requires three quantities namely u′∆/SL,

∆/δz and Ret. Charlette et al. [49] proposed a model which reduced the required

inputs of Colin et al. [53] model to two, namely u′∆/SL and ∆/δz. Charlette et al.

[49] model takes the following form:

Ξ =

(
1 + min

[
∆

δz
,Γ
u′∆
SL

])β′
(3.66)

where Γ is the efficiency function which is fitted based on its limiting behaviours

in the framework of Von Karman-Pao spectrum. Charlette et al. [49] proposed

the efficiency function which takes the following form:

Γ

(
u′∆
SL
,

∆

δz
, Re∆

)
=
{[

(f−au + f−a∆ )−1/a
]−b

+ f−bRe

}−1/b

(3.67)

where

fu = 4

(
27Ck
110

)1/2(
18Ck

55

)(
u′∆
SL

)1/2

(3.68a)

f∆ =

{
27Ckπ

4/3

110

[(
∆

δz

)4/3

− 1

]}1/2

(3.68b)

fRe =

[
9

55
exp

(
−3

2
Ckπ

4/3Re−1
∆

)]1/2

Re
1/2
∆ (3.68c)

where the exponents a and b are given by:

a = 0.6 + 0.2 exp

(
−0.1

u′∆
SL

)
− 0.2 exp

(
−0.01

∆

δz

)
(3.69a)

b = 1.4 (3.69b)

In the power-law version of the model given by Eq. 3.66 the exponent β′ is taken

to be 0.5. Charlette et al. [50] proposed a dynamic approach to evaluate the
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exponent where β′ is given by:

β′ = log

γ ︷ ︸︸ ︷〈W∆c̃〉
〈Wγ∆

ˆ̃c〉

/ log

1 + min
(
γ∆
δz
,Γγ∆

〈u′γ∆〉
SL

)
1 + min

(
∆
δz
,
〈u′∆〉
SL

)
 (3.70)

where W∆ = ẇ∆/Ξ and test filter size is given by γ∆. The filtering operation

at filter scale γ∆ is denoted by the overbrace
︷ ︸︸ ︷
(. . . ) and the angle brackets 〈. . . 〉

indicates LES volume averaging in order to avoid non-physical oscillations in

dynamic filtering operation. Charlette et al. [49, 50] showed that both the power-

law and dynamic versions of their model predict the turbulent flame behaviour

accurately based on a posteriori DNS analysis of the wrinkling factor model in

the framework of thickened flame approach. It is important to note that the u′∆
estimation using Eq. 3.65 yields meaningful results only when a particular kind

of central differencing approach is used [53]. A model should be independent

of the choice of numerics but both [53] and Charlette et al. [49, 50] models are

dependent on a particular type of numerical implementation. In spite of these

shortcomings both of these models present a new modelling approach based on

subgrid scale wrinkling factor.

Wrinkling factor is related to the turbulent flame speed ST by the following

relationship:

Ξ =
ST
SL

(3.71)

This allows for ST models to be applicable for the wrinkling factor and thus to

the FSD.

As in the case of FSD, a transport equation can be solved for the wrinkling

factor Ξ which was derived by Weller [157], it takes the following form:

∂Ξ

∂t
+(Ẋj)s

∂Ξ

∂xj
= −

[
NiNj

∂Xi

∂xj

]
s

Ξ+MiMj
∂W

∂xj
Ξ+(Wi−(Ẋj)s)

∂|∇c|
∂xi

Ξ

|∇c̄| (3.72)

where (Ẋj)s = ui + SdNi and Wi is the resolved net velocity given by:

∂c̄

∂t
+Wi

∂c̄

∂xi
= 0 (3.73)
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Weller et al. [159] modelled Eq. 3.72 using the following expression:

∂Ξ

∂t
+ (Ẋj)s

∂Ξ

∂xj
= GΞΞ−RΞ(Ξ− 1) + (Σs − Σt)Ξ (3.74)

In the above equation GΣ = RΣ(Ξeq − 1)/Ξeq and RΞ = (0.28/τη)[Ξ
∗
eq/(Ξ

∗
eq − 1)]

where Ξeq = 1 + 2c̃(Ξ∗eq − 1) and Ξ∗eq = 1 + 0.62
√

(u′∆/SL)Reη. Reη = i′∆η/την, is

the Kolmogorov Reynolds number, where η is considered to be the inner cutoff

scale according to the ideas of passive scalar mixing. The surface filtered flame

velocity is given by:

Σs = (δij −MiMj)
∂ũi
∂xj

1

Ξ
+

Ξ− 1

2Ξ
(δij −MiMj)

∂(SLMi)

∂xi
(3.75)

This includes both resolved strain rate mean Smean and resolved curvature term

Cmean equivalents of the FSD transport equation [67, 68]. In spite of a number of

similarities between the FSD based models of Hawkes and Cant [67, 68], and the

wrinkling factor based models by Weller et al. [159] and Tabor and Weller [144],

there are important differences between the models in the respect of turbulent

transport and flame normal modelling. The propagation term is not naturally

closed in the formulation by Weller et al. [159] and Tabor and Weller [144]. On

the whole Hawkes and Cant [67, 68] model seems to be less complicated and the

modelling is less ambiguous in several respects compared to the wrinkling factor

model by Weller et al. [159] and Tabor and Weller [144]. The important feature

of the model of Weller et al. [159] lies in solving a transport equation for laminar

burning velocity, which takes care of the unsteady effects of strain rate and cur-

vature of flame propagation. The model of Weller et al. [159] is applied to LES of

a reactive shear layer at a rearward facing step and good agreement was obtained

when the time averaged profiles of velocities, their fluctuations, temperature and

reaction products were compared with the corresponding experimental data.

3.3 Other Flamelet based Approaches

A brief summary of other alternative approaches which address the reaction rate

closure in turbulent premixed combustion are discussed in this section.
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3.3.1 Artificially Thickened Flame

In the artificially thickened flame approach, the thickness of the flame is increased

such that it becomes resolved on an LES mesh, which has the advantages of

allowing for flame-wall interactions and ignition. The flame is solved for by using

a single step Arrhenius mechanism. In such a situation the flame speed SL and

the Zel’dovich flame thickness δz scale in the following manner:

SL ∝
√
αTB∗ and δz =

αT
SL

(3.76)

where B∗ is the pre-exponent factor associated with chemical reaction rate and αT

is the thermal diffusivity. If the thermal diffusivity αT is increased by a factor F

and the pre-exponent is decreased by the same factor F , it is possible to maintain

the same flame speed, while at the same time increasing the flame thickness. The

quantity F is chosen in such a manner that the reaction layer given by FδL is

resolved in the LES grid. Under these modification of the thickening factor F the

transport equation for the reaction progress variable takes the following form:

∂(ρc)

∂t
+
∂(ρujc)

∂xj
=

∂

∂xj

[
ρDF

∂c

∂xj

]
+

1

F
ρB∗(1− c) exp

[ −β(1− T )

1− α(1− T )

]
(3.77)

In this approach the subgrid transport terms and reaction term are modelled

simultaneously. Artificially thickened flame model is suited for the case where

the flame-turbulence interaction is dominated by the large scales. Addtionally

the subgrid flame structure is assumed to correspond to that of a unwrinkled

laminar flame propgating at the speed of the laminar flame. This, however, is

not true in reality as even small eddies with the right amount of energy are able to

cause some degree of subgrid wrinkling, and these eddies will remain unresolved

by LES. Moreover the thickening of the flame decreases the response in terms of

resolved wrinkling to small-scale resolved strains. Structures much smaller than

the flame thickness fail to produce significant flame stretch [116]. A study by

Veynante and Poinsot [154] has shown this by comparing a DNS case with an

artificially thickened flame. Additionally the sensitivity of laminar flame speed

to strain rate and curvature is increased by the artificial modification of B∗ and

δz, since the Markstein length is proportional to the Zeldovich flame thickness δz,
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which in turn leads to easier quenching of the flame. These shortcomings were

acknowledged by Veynante and Poinsot [154], and in order to rectify this Poinsot

et al. [116] and Angelberger et al. [2] proposed an efficiency function ξ based on

DNS. This efficiency function can also be treated as the ratio of actual flame

wrinkling factor the wrinkling factor corresponding to the thickened flame:

ξ =
Ξ(∆/δL)

Ξ(∆/FδL)
(3.78)

Reduction in flame front wrinkling can be compensated by increasing the flame

speed by a factor ξ which amounts to a ξ2 fold increase in pre-exponential factor

Colin et al. [53]. Alternatively, the efficiency function ξ can be used to multiply

both the reaction rate and diffusivities which would result in increased laminar

flame speed, but resulting in an unchanged flame width. With this modification

the c transport equation takes the following form:

∂(ρc)

∂t
+
∂(ρujc)

∂xj
=

∂

∂xj

[
ξρDF

∂c

∂j

]
+
ξ

F
ρB∗(1− c) exp

[ −β(1− T )

1− α(1− T )

]
(3.79)

Angelberger et al. [2] have shown promising results with this approach in simu-

lation of combustion instabilities. New models were proposed by Colin et al. [53]

and Charlette et al. [49, 50] for the wrinkling factor in the context of artificially

thickened flame approach. The model by Colin et al. [53] shown in Eq. 3.62 leads

to the following limits for the efficiency function ξ:

1 ≤ ξ ≤ F 2/3 (3.80)

3.3.2 G Equation

The G equation formulation adopts the opposite view to the artificially thickened

flame approach. In G equation the flame is treated as an infinitely thin propa-

gating surface which is tracked by a scalar field G which is given by the following

equation:
∂G

∂t
+ ~u.∇G = Sd|∇G| (3.81)
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Here the level surface G = G0 represents the flame sheet and Sd is the local

displacement speed. It is a very important method of turbulent premixed flame

description [122] provided the statistics of Sd are appropriately accounted for,

although it is only applicable for wrinkled flamelets regimes [160]. Naitoh et al.

[104] and Naitoh et al. [105] has applied theG equation for a reciprocating internal

combustion engine application. In another study Candel et al. [19] extended the

method for variable density flows and compared the results with DNS. It is not

made clear how filtering process relates to the surface propagation equation. In

many studies the effect of filtering is seen to increase the displacement speed of

flame surface by subgrid wrinkling. When Eq. 3.81 is filtered it results in the

following equation:
∂Ḡ

∂t
+ ũj

∂Ḡ

∂xj
= ST |∇Ḡ| (3.82)

It is then possible to estimate the LES turbulent flame speed using renormalised

group assumptions as [108]:

ST = SL exp

(
2k̃

3S2
L

)
(3.83)

As of yet it remains unclear whether or not the G equation is intended to be

explicitly filtered or what the model for the turbulent flame speed ST is intended

to describe. Filtering the G equation results in the following expression:

∂Ḡ

∂t
+ ũj

∂Ḡ

∂xj
+

(
uj
∂G

∂xj
− ũj

∂Ḡ

∂xj

)
= Sd|∇G| (3.84)

If the above equation is to be solved in a LES simulation the last term on the

left hand side must be modelled (commonly referred to as the G-flux). This

reflects the fact that subgrid scale velocity fluctuations contribute to transport

of G, in addition to affecting the displacement speed Sd. In the above equation

it is clear that it lacks a diffusion term and that leads to numerical instabilities.

Additionally, there is no lower limit for radius of curvature of the G field, which

can result in cusps with zero radius of curvature to form as the flame evolves.

These cusps of zero curvature cannot be captured using a computational grid. In

a study by Pope et al. [125] where DNS of material surfaces was used to show
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that numerical difficulties occur due to the undefined lower limit for the radius of

curvature. Cusps in LES are generally not expected as the filter width generally

tends to be much larger the flame thickness δz. One of way of addressing the cusp

problem is to introduce artificial diffusion [110] or through numerical methods

which introduce diffusivity.

Another problem faced by the G equation is the inclusion of gas expansion

effects across the flame. In G equation studies it is quite common to assume a

constant density and the displacement speed Sd is assumed to be equal to the

laminar flame speed SL. The displacement speed Sd is found in the filtered G

equation but the effect of heat release and chemical reaction is described by the

consumption speed Sc. As discussed earlier these two quantities are not the same,

but are interrelated although their magnitude can be quite different if the flame is

curved [117]. It is possible to relate the temperature field with G equation using

the following relation: h = CpT̂ +Ghf , where h is the enthalpy and hf is the heat

of combustion of the premixed fuel [103]. Therefore the spatial distribution of

heat release depends on the G profile thickness. If filtering of G equation is not

used then the thickness of the G profile depends entirely on numerical diffusion.

In a LES simulation it is common to the see the distribution of the heat release

to have a thickness in order of the filtered flame thickness (at least equal to or

greater than the filter width ∆). Work by Piana et al. [110] has made progress

by using a normalised ad hoc shape function such that G can be resolved on the

computational mesh. Im et al. [74] propose more consistent work on G equation

for the constant density reacting flows such that:

~u.∇G− ~u.∇Ḡ ≈ − µt
ScG
∇G (3.85)

It is then proposed that the right hand side of the Eq. 3.84 is modelled in the

following manner:

Sd|∇G| = ST |∇Ḡ| (3.86)

where the LES turbulent flame speed ST is given by:

ST
SL

= 1 + A

(√
k̃

SL

)q

(3.87)
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The parameters ScG and A were determined using a dynamic approach. The

gradient transport closure for subgrid flux introduces diffusion and this avoids

numerical difficulties associated with the formation of cusps in the original G

equation. Comparisons with DNS results, even at relatively high level of resolu-

tion, (∆ equal to DNS grid size) were unsatisfactory.

Problem due to heat release have been addressed by Piana et al. [110] and

Kim et al. [88]. The G equation can be written in conservative form as:

∂ρG

∂t
+∇.(ρ~uG) = ρSd|∇G| (3.88)

Filtering the above equation results in:

∂ρ̄G̃

∂t
+
∂ρ̄ũjG̃

∂xj
+

(
∂ρujG

∂xj
− ∂ρ̄ũjG̃

∂xj

)
= ρSd|∇G| (3.89)

Kim et al. [88] used the gradient model for the flux term (ρuiG) − ρ̄ũiG̃) where

the eddy diffusivity is evaluated using a dynamic one equation (k̃) model [87]

and finally the right hand side of the equation is modelled according to [87]. In a

study by Piana et al. [110] the subgrid flux was modelled using a filtered structure

function. Peters [107] used an order of magnitude analysis to propose the follow-

ing form of the G equation by taking into account the curvature dependence on

displacement speed so that it can be used for both the corrugated flamelets and

the thin reaction zones regime.

ρ
∂G

∂t
+ ρuj

∂G

∂xj
= ρSL|∇G| − 2ρDκm|∇G| (3.90)

where κm = 1/2∇. ~N is the local curvature. The above equation can be LES

filtered or RANS averaged, and when subjected to gradient transport modelling

of ρuiG − ρ̄ũiG̃, the Reynolds averaged/LES filtered G equation assumes the

following form [107, 111]:

ρ̄
∂G̃

∂t
+ ρ̄ũj

∂G̃

∂xj
= ρ0ST |∇G̃| − ρ̄Dtκ̃|∇G̃| (3.91)
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where κ̃ = ∇.
(
−∇G̃/|∇G̃|

)
. The equation shown in Eq. 3.90 and 3.91 does

not depend on numerical diffusion, but the diffusion effect is taken care of by the

presence of the curvature term.

The turbulent flame speed ST is predicted from the expressions provided by

different turbulent flame speed ST models. Yakhot [163] provided the following

modelling expression for ST :

ST
SL

= exp

(
2k̃

3S2
L

)
(3.92)

Pocheau [112] presented an alternative model for ST as:

ST
SL

=

(
1 + A

u′2∆
S2
L

)1/2

(3.93)

where A is model parameter (see Eq. 3.87). Pocheau [112] has implemented this

model for a gas turbine geometry and it was possible obtain satisfactory results

when compared with experimental findings. It was found by Pocheau [112] that

the expression for the flame speed by Pocheau [112] outperforms the Yakhot [163]

expression in Eq.3.92. In another study Piana et al. [110] was able to model for

ST using a flame wrinkling description: Pocheau [112] presented an alternative

model for ST as:

ST
SL

= 1 + (Ξmax − 1)

[
1− exp

(
−B ∆

Lout

)]
(3.94)

where B is a model constant, Lout is the outer cutoff scale for the flame wrinkling

(modelled as a turbulent length scale) and Ξmax is the level of flame wrinkling

corresponding to the large ∆ limit (modelled identically to ST/SL as in Eq. 3.87).

In a recent study by Pitsch and Lageneste [111] the following expression was

presented for the evaluation of turbulent flame speed for the closure of the LES

version of Eq. 3.91:

ST − SL
SL

=
u′∆

SL
b3

√
Da∆/Sc∆

1 + [(b2
3Da∆)/(b2

1Sc∆)]
(3.95)
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where the local Damköhler number is given by Da∆ = Ka′−2
∆ (u′∆/SL)2 and the

local Karlovitz number is given as Ka′∆ = (u′∆/SL)3/2(δz/∆)1/2 and the model

constants takes the following values b3 = 1.0, b2 = 2.0, Sc∆ = 0.5. This ex-

pression was used by Pitsch and Lageneste [111] to achieve good agreement with

experimental results for a methane-air Bunsen burner flame.

The approach taken by Im et al. [74], Kim et al. [88], Piana et al. [110] to solve

the G equation is closer to the progress variable c approach than than original idea

of G equation. The evolution equation of c̃ can be written in terms of flame speed

with flame speed defined by combined reaction and molecular diffusion rates of

progress variable, as shown by Vervisch et al. [151]. In the G equation approach

the turbulent flame speed while turbulent flame speed can be obtained as a part

of the solution in the FSD based approach. The G equation approach has the

advantage of capturing the spatial distribution of heat release since the flame

speed is explicitly included. Other methods calculate for the flame speed using

other models which use the internal structure of the flame. In LES only partial

resolution of the internal flame structure is possible, this leaves the question of

whether it is possible to accurately represent the flame propagation. On the other

hand the existence of turbulent flame speed is a controversial issue, and in any case

the experimental data is highly scattered and subject to considerable uncertainty

[10, 12, 14, 90, 91]. It is also not clear that a single expression can be used to

predict the turbulent flame speed which describes turbulence flame interaction.

In the G equation approach coupling between the G equation and energy equation

is not very straightforward, while in the reaction progress variable c approach no

such problem occurs. The G equation is based on a kinematic description of

the flow field, which involves the displacement speed Sd. On the other hand the

chemical consumption and heat release are governed by the consumption speed.

As discussed earlier consumption speed can be different to displacement speed in

regions of large flame curvature [117]. This problem can be addressed by adopting

a geometrical approach, which estimates the volume of burned gas as well as the

heat release from the displacement of the flame front. This technique is commonly

known as flame front tracking technique [139, 156]. An alternative of estimating

temperature field from G field is discussed by Kim et al. [88]. In this approach

the temperature field is constructed from the G field and the energy equation is
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not solved. The temperature field T̂ is given as follows:

T̂ = T0 +
Q

CP
H(G−G0) (3.96)

where T0 is the the initial temperature. This method is commonly know as

the temperature reconstruction technique [156]. However this method is not

valid when heat loss and compressibility effects are significant. Piana et al. [110]

proposed a method known as the forward estimation of temperature method for

estimating heat release from the G field, which removes the limitations faced by

the temperature reconstruction technique. In this method G equation is time

advanced before the Navier Stokes equations and based on the knowledge of the

G = G0 isosurface an estimation of presumed temperature field T ∗ is made by a

suitable relationship such as [110]:

T ∗ = T̂G=G0 +
1

2

[
tanh

(
(G−G0)π

2δ

)
+ 1

]
(Tb − T0) (3.97)

where T̂G=G0 is the temperature at G = G0 isosurface, Tb is the burned gas

temperature and δ is adjustable parameter which takes care of the stiffness of the

presumed temperature. The energy release source term in the energy equation is

estimated using T ∗ and already temperature field T as [110]:

ẇT = ρ(1− c)CP (T ∗ − T̂ ) (3.98)

Menon and Jou [103] presented an alternative method of coupling temperature

and G field in the following form:

h = CP T̂ + hfG (3.99)

This coupling is very similar to the coupling of reaction progress variable field

with the temperature field.
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3.4 Summary

In this chapter a combustion regime diagram for turbulent premixed combustion

as proposed by Peters [107] was introduced, with the help of the turbulent and

chemical length scales. Following this a review of the flamelet based reaction

rate closures for turbulent premixed combustion were examined. In the case of

FSD based closure, a description of existing algebraic models was provided, which

was followed by the transport equation approach. The behaviour of the algebraic

models in the context of LES within the current DNS database for a range of filter

widths can be found in chapter 5. It was discussed that in the transport equation

modelling, the subgrid/mean FSD convection term was typically dealt with using

the gradient hypothesis, although non-gradient transport can be expected. Addi-

tionally the propagation term is considered closed if (ρSd)s is modelled accurately.

Then the closure for the FSD transport equation relies on the accurate modelling

of the curvature and strain rate terms, which forms the basis for chapters 7 and

8, respectively. This discussion was followed by the wrinkling factor modelling,

where both algebraic and transport equation closures were reviewed. Finally a

discussion of the other flamelet modelling strategies was given in §.3.3 i.e. thick-

ened flame model and G equation model. In the following chapter a discussion of

the DNS database is presented with the parameters of interest and their effects

on the flame surface. Additionally a description of the numerical techniques used

to calculate and post-process the database are presented.
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DNS Database

In the current work several DNS cases were used to carry out a priori analysis

of existing models (shown in §.3.2) and newly proposed models (chapters 5, 6, 7

and 8). Thus an overview on how the simulations were carried out and a clear

description of the DNS cases is provided in this chapter. In the following sections

an introduction to the numerics involved in carrying out the DNS is provided,

which is followed by the presentation of the DNS database that is used for the

current analysis. Finally an overview of the LES filtering and Reynolds averaging

techniques is given.

4.1 DNS Procedure

The fairly complex behaviour of momentum, heat and mass transports seen in a

turbulent flow are governed by a set of coupled conservation equations of mass,

momentum, energy and species. Analytical solutions for these coupled conser-

vation equations do not exist for even the simplest turbulent case. A way to

get around this problem is to solve these equations numerically without any

recourse to physical approximation regarding turbulent flow physics, and this

method is known as DNS. The requirements of length and time scale resolution

in DNS becomes more stringent with increasing Reynolds number, and the value

of turbulent Reynolds number limits the applicability of DNS as the computa-

tional costs become unaffordable even for the fastest and largest supercomputers
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for the turbulent Reynolds numbers encountered in practical engineering appli-

cations. Another problem that stems from using any numerical simulations is

the appropriateness of the choice of boundary conditions. Without proper im-

plementation of the boundary conditions numerical artifacts can easily affect a

simulation. Computation time can also be saved through an efficient initialisation

process. In the current study, the statistics were extracted from the DNS data

after a certain run time and the choice of this time must also be justified. High

accuracy must be maintained when evaluating spatial and temporal derivatives.

The above topics relevant to the DNS database will be discussed in detail in the

following subsections.

4.1.1 Requirements for Spatial and Temporal Resolution

A detailed parametric analysis is carried out to explore the effects of non-dimensional

numbers such as Le, Ka and Ret on FSD using the DNS code called SENGA,

which was developed at the University of Cambridge [77]. This code uses a uni-

form Cartesian grid for the purpose of spatial discretisation. One of the main

constraints imposed on DNS is the number of grid point required to resolve the

flow, since this directly affects computational cost. In order to fully resolve a flow

the smallest length scale of turbulence must be resolved. At the same time the

domain size of the simulation should be large enough to encompass the largest

scales involved in the flow. These two conditions, i.e. resolution of the smallest

and largest scales, has been used to define the domain size L and the grid spacing

∆x = L/N , where N is the number of grid points and N + 1 grid points are used

to discretise the domain.

For a non-reacting isothermal turbulent flow, the smallest length scale in-

volved is the Kolmogorov length scale η thus it is possible to write the following

resolution criterion:
L

η
< N (4.1)

The Kolmogorov length scale can be scaled as η ∼ l/(Ret)
(3/4), where l is the

integral length scale and Ret is the turbulent Reynolds number. Eq. 4.1 can then

76



4. Numerical Implementation

be written in the following form:

N > Re
3/4
t (4.2)

Eq. 4.2 can be recast in the following manner:

Ret < N4/3 (4.3)

So for an isothermal non-reacting turbulent flow simulation, the above inequalities

determine the number of grid points (N + 1), for a given turbulent Reynolds

number. The domain size must be greater than or equal to the largest turbulent

scale of the flow i.e. the integral length scale l, this leads to:

L = N∆x > l (4.4)

In a combustion simulation where the flame thickness can be much smaller than

the Kolmogorov length scale, a new criterion must be specified for the grid spacing

∆x to resolve the flame. In the current DNS database the simulations were carried

out using a single step Arrhenius type chemistry, and in order to resolve the flame,

10 grid points span the thickness of the flame. If the laminar flame thickness is

denoted by δL and Q = 10 is the number cells allotted to resolve the flame then

the following criterion can be obtained for domain size:

L =
N

Q
δL (4.5)

where laminar flame thickness δL was defined using the reaction progress variable

in the following manner:

δL = 1.0/max

∣∣∣∣ ∂c∂n
∣∣∣∣
L

(4.6)

where n is the flame normal direction and the subscript L refers to the quantities

in unstrained laminar planar laminar flames. Through Eq. 4.5 an upper limit

can be set for the domain size which should be larger than the integral length

scale i.e.
l

δL
<

L

δL
<
N

Q
(4.7)
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The above expression can be recast in term of Da and Ret if the diffusive flame

thickness δ ≈ ν/SL is used instead of δL, by using the product of Ret and Da,

Eq. 4.5 can be written as:

RetDa =
l2SL
νδ

=

(
l

δ

)2

(4.8)

If it is assumed that δ and the Zeldovich flame thickness δz = D/SL are of the

same order, Eq. 4.8 can be rearranged to lead to the following inequality:

RetDa <

(
N

Q

)2

(4.9)

From Eq. 4.9 it is possible to conclude that when Ret is limited by the value given

by Eq. 4.3, and Da is bound by Eq. 4.9, thus the parametric range explorable

by DNS at present remains quite limited.

Temporal resolution, too, plays an important role in determining the compu-

tational cost of a DNS. In a combustion DNS a number of requirements ultimately

determine the time step size ∆t. The first criterion based on which ∆t is based

on is the Kolmogorov time scale tη, which can be written as:

∆t ≤ tη or ∆t <
(ν
ε

)1/2

(4.10)

where ν is the kinematic viscosity and ε is the dissipation of turbulent kinetic

energy. One of ways to ensure numerical stability in compressible simulation is

to choose the time step ∆t using the Courant number criterion C [123], which is

defined in the following manner:

C = |ui ± a|∆t/∆x (4.11)

where a is the acoustic speed in the unburned gas. For the purpose of numer-

ical stability the Courant number criterion needs to be smaller than unity (i.e.

C ≤ 1). However, Pope [123] suggests that the Courant number criterion C

should be around 1/20, for the solution to be accurate by allowing a fluid particle
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to traverse only a fraction of the grid spacing in a single time step. While in DNS

of compressible flows requires that acoustic waves rather than a fluid particle tra-

verses only a fraction of the grid spacing in a single time step to ensure accuracy.

Another important parameter which determines the data extraction time is

the simulation run time τsim. To define the simulation run time τsim, it is required

that two separate time scales are defined; these are the integral eddy turn over

time τf0 and the chemical time scale τc:

τf0 =
l

u′
(4.12a)

τc =
δth
SL

(4.12b)

where the thermal flame thickness δth is defined in the following manner:

δth =
(Tad − T0)

max |∇T̂ |L
(4.13)

The criterion τsim should be:

τsim ≥ max(τf0, τc) (4.14)

The simulation time given by Eq. 4.14 ensures that the simulation results when

the statistics are extracted remains reasonably independent of the choice of initial

conditions.

4.1.2 Numerical Schemes

A brief overview of the numerical methods that were used in the DNS code

SENGA are presented in this section and a more in depth discussion can be

found in appendix A. The boundary conditions in the direction of mean flame

propagation are taken to be partially non-reflecting and the transverse bound-

aries are taken to be periodic [113]. The spatial derivatives for the internal grid

points are calculated using a tenth order central differencing scheme. However,

for non-periodic boundaries the spatial derivaties gradually decreases in accuracy
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till it reaches a one sided second order finite difference scheme. The time ad-

vancement is carried out using a third order low storage Runge-Kutta scheme

[161]. The turbulent fluctuating velocity field is initialised based on an incom-

pressible homogeneous isotropic velocity distribution, which is generated using

a pseudo-spectral method [133]. In all cases the simulation is run under decay-

ing turbulence for one chemical time scale. The flame is initialised by a steady

unstrained planar laminar flame solution.

4.2 DNS Database

Ten DNS cases have been used in this work to analyse the modelling of turbu-

lent premixed combustion using the generalised FSD, by investigating both the

algebraic and transport equation approaches. The simulation parameters for the

DNS database have been chosen to analyse the effects of Lewis number and tur-

bulent Reynolds number. Table 4.1 shows the prescribed initial parameters for

the DNS database, which are the normalised rms velocity fluctuation u′/SL, nor-

malised integral length scale l/δth, turbulent Reynolds number Ret, Damköhler

number Da, Karlovitz number Ka and Lewis number Le. According to Peters

[107] all cases in Table 4.1 belong to the thin reaction zones regime. To study

the effects of Lewis number cases F-J were used. From Table 4.1 it is clear that

for cases F-J the Lewis number ranges from 0.34 to 1.2, whereas all other pa-

rameters remain identical to each other. Cases A-E were used to analyse the

effects of turbulent Reynolds number Ret. In the unity Lewis number flames Ret

scales as Ret ∼ Da2Ka2 [107]. As Da and Ka are often used to characterise the

combustion process on regime diagrams, the values of Da and Ka were altered

independently of each other in cases A-E to bring about the variation of Ret from

20 to 100. In Fig. 4.1 the contours of reaction progress variable c < 0.9 along

with the c = 0.9 isosurface is plotted for all DNS cases. From Fig. 4.1 it is clear

that the flame wrinkling increases with decreasing Lewis number, and increasing

Reynolds number. It is clear from Fig. 4.1 that there are significant differences

in the distribution of c. The effects of Lewis number and turbulent Reynolds

number will be discussed briefly in the following sections.
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Case u′/SL l/δth Ret Da Ka τ Le

A 5.00 1.67 22.0 0.33 8.67 4.5 1.0

B 6.25 1.44 23.5 0.23 13.00 4.5 1.0

C 7.50 2.50 47.85 0.33 13.00 4.5 1.0

D 9.00 4.31 100.0 0.48 13.00 4.5 1.0

E 11.25 3.75 110.0 0.33 19.50 4.5 1.0

F 7.50 2.45 47.0 0.33 13.17 4.5 0.34

G 7.50 2.45 47.0 0.33 13.17 4.5 0.6

H 7.50 2.45 47.0 0.33 13.17 4.5 0.8

I 7.50 2.45 47.0 0.33 13.17 4.5 1.0

J 7.50 2.45 47.0 0.33 13.17 4.5 1.2

Table 4.1: List of initial parameters for the DNS database.

4.2.1 Lewis Number Effects

Cases F-J have been extensively used for the basic understanding of flame turbu-

lence interaction. Cases H-J were used by Chakraborty and Klein [32] to analyse

the effects of Le on the surface density function |∇c| transport equation and

scalar dissipation rate. Chakraborty and Cant [36] studied the effects of Lewis

number on turbulent scalar transport using cases F-J. Using the same DNS cases,

Chakraborty and Swaminathan [45] examined the influence of Lewis number on

scalar variance transports and in a similar study the Lewis number effects on

FSD transport were studied by Chakraborty and Cant [40].

Further these DNS cases were used to propose closure models. Cases F-J were

also used by Chakraborty et al. [43] to analyse the statistical behaviour unclosed

terms in turbulent kinetic energy transport equation in context of RANS. In a

different study by Katragadda et al. [80, 81] cases F-J were used to analyse the

effects of Le on the FSD strain rate term and curvature term in the context of

RANS.

Thus the DNS cases F-J are well established in the existing literature and ob-
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servations on the physical nature of these flames can be found in several previous

studies: [36, 37, 40, 43, 45]. The reaction progress variable c isosurfaces can be

seen for cases F-J in Fig. 4.1. It becomes evident from Fig. 4.1 that the flame

wrinkling increases with decreasing Lewis number Le, which is consistent with

several previous studies [1, 4, 26, 28, 36, 37, 39, 72, 95, 132, 135, 137, 148, 165].

The rates of burning, heat release and flame area generation increase with

Figure 4.1: Instantaneous view of c ≤ 0.9 contours and c = 0.9 isosurface for all
cases at the time when the statistics were extracted (i.e. τsim = τc = 3.34τf0).

decreasing Lewis number. In cases F-H, where the Le is smaller than unity, the

reactants diffuse into the reaction zone at a comparably higher rate than the

rate at which heat is conducted out of the flame. High burning rates occur for

cases with Le smaller than unity, due to the compounded effect of simultaneous

presence of both high concentration of reactants and high temperature. Quite

the opposite behaviour occurs to the concentration of reactants and high tem-

perature for the cases with Le greater than unity, this results in smaller burning

rates compared to the corresponding unity Lewis number flames. In Table 4.2

the values for turbulent flame speed normalised by laminar flame speed ST/SL

and turbulent flame area normalised by laminar flame area AT/AL are provided.
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The turbulent flame speed ST was evaluated using the following expression [36]:

ST =
1

ρ0AP

∫
V

ẇdV (4.15)

where AP is the projected area of the flame in the direction of mean flame prop-

agation. The normalised turbulent flame area AT/AL was evaluated by volume

integrating surface density function |∇c| for turbulent and laminar flames i.e.

AT =

∫
V

|∇c|dV (4.16)

Table 4.2 shows that the ratios ST/SL and AT/AL decrease with increasing Lewis

number, which indirectly points to the decreasing burning rates with increasing

Lewis number.

Case Le ST/SL AT/AL

C 0.34 13.70 3.93

D 0.60 4.58 2.66

E 0.80 2.53 2.11

F 1.00 1.83 1.84

G 1.20 1.50 1.76

Table 4.2: Effects of Lewis number on ST/SL and AT/AL at three eddy turn over
time.

It was shown in Ref. [36, 43] that high temperature zones are associated with

flame surfaces that are curved convex towards the reactants for cases where Lewis

number is smaller than unity. This is clearly visible in Fig. 4.2, where the non-

dimensional temperature T field is shown for the central mid-plane according to

Chakraborty et al. [43]. When the Lewis number Le is unity the temperature on

a given reaction progress variable isosurface remains uniform. It was also shown

by Chakraborty et al. [43] that in the DNS case with Lewis number equal to

1.2, the high temperature zones were found where the c isosurfaces have concave

curvature. Furthermore it was shown by [43] (see Fig. 4.2) that superadiabatic
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temperatures (i.e. T > 1) occurs in concave regions for Le > 1.0 and convex

regions for Le < 1.0, due to differential rates of diffusion of heat and mass at these

locations. It can also be seen from Fig. 4.2 that the temperature inhomogeneity

tends to increase with decreasing Lewis number. Moving away from the flame

into the burnt gases the temperature becomes uniform reaching the adiabatic

temperature under the globally adiabatic condition and this tends to happen

faster with increasing Le due to the increased rate of thermal diffusion.

4.2.2 Turbulent Reynolds Number Effects

From Fig. 4.1 it is clear that the flame wrinkling increases with increasing

u′/SL ∼ Re
1/2
t /Da1/2 ∼ Re

1/4
t Ka1/2 (or with increasing Ret). In order to change

the turbulent Reynolds number for cases A-E, the Damköhler number Da and the

Karlovitz number Ka were altered independently of each other. The turbulent

flame speed ST normalised by laminar flame speed SL, and turbulent flame area

AT normalised by laminar flame area are AL are shown in Table. 4.3. It becomes

clear from Table. 4.3 that increasing the turbulent Reynolds number leads to

increased flame area generation and thus increasing burning rates. As Ret in-

creases for a given value of Da the preheat zone (c < 0.5) becomes increasingly

distorted. This is an effect of increasing Karlovitz number Ka ∼ Ret
1/2/Da,

since the scale separation between δth and η increase with increasing Ka. As the

scale separation increases, increasingly energetic eddies are able to penetrate into

the preheat zone, and this results in the increased distortions.

Case Ret ST/SL AT/AL

G 22.0 1.83 1.15

H 23.5 1.83 1.33

I 47.85 1.83 1.87

J 100.0 1.83 3.63

K 110.0 1.83 3.70

Table 4.3: Effects of turbulent Reynolds number on ST/SL and AT/AL at one
chemical time scale τc = δth/SL.
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Figure 4.2: Non dimensional temperature T field at the central x1 − x2 plane
of the DNS domain after three eddy turn over time, for cases F(a), G(b), H(c),
I(d) and J(e). White line represent the contours of reaction progress variable
c = 0.1 to 0.9 in steps of 0.1 (from left to right)
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4.3 Processing of DNS Data

In the current study DNS data is explicitly filtered and Reynolds averaged to

analyse the statistical behaviours of the various unclosed terms related to the

FSD based reaction rate closure, in the context of LES and RANS respectively.

The actual values of the unclosed terms in the context of LES and RANS can be

obtained from the explicitly filtered/Reynolds averaged DNS data. The model

predictions are compared with the values of these unclosed terms obtained from

explicitly filtered/Reynolds averaged DNS data for the purpose of a priori DNS

analysis.

4.3.1 Main Filtering Methodologies

Several methods can be employed to filter DNS data, some of the main method-

ologies are cutoff filter in spectral space, box filter in physical space or Gaussian

filter in physical space. In the cutoff filter, variables are filtered in spectral space

by removing components that are greater than a certain, predefined, cutoff wave

number [119]. In the box filter and Gaussian filter a variable is filtered by using

weighted average over a given volume [119]. The filtered variable q̄ takes the

following form:

q̄ =

∫
q(x′)G(x− x′)dx′ (4.17)

where G is the LES filter kernel. Filtering in spectral space using a cutoff filter

can be performed in the following manner:

G(κ) =

1 if κ 6 κc = π/∆

0 otherwise
(4.18)

where κ is the spatial wave number and ∆ is the filter width. This filter allows

length scales greater than the cutoff length scale [119]. The box filter in physical

space can be carried out as follows:

G(x) = G(x1, x2, x3) =

1/∆3 if |xi| 6 ∆/2, i = 1, 2, 3

0 otherwise
(4.19)
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It is evident from Eq. 4.19 that an averaging operation is carried out in a cubic

box. A Gaussian filter in physical space can be carried out as:

G(x) = G(x1, x2, x3) =

(
6

π∆2

)3/2

exp

[
− 6

∆2
(x2

1 + x2
2 + x2

3)

]
(4.20)

In the current study a Gaussian filter is used to filter the DNS data. This filter was

chosen as the filtering operation is commutative with the differential operation.

The DNS data was filtered for a range of filter widths ∆ (i.e. ∆ = 0.4δth to

∆ = 2.4δth increasing insteps of 0.4δth). This range of filter widths has been

chosen as it allows for the study of filters where there is partial resolution of the

flame (i.e. η < ∆ < δth) and to cases where there is no resolution of the flame

(i.e. ∆ > δth). The higher end of the range also coincides roughly to the integral

length scale, and if the filter width ∆ is greater than integral length scale the

resulting filtered data will have lost all the information of large scales of flow,

therefore this condition was used to set the upper boundary for the filter range.

4.3.2 Reynolds Averaging of DNS Data

All Reynolds and Favre averages were carried out by ensemble averaging the

relevant quantities in the x2 − x3 plane at a given x1 location. In order to check

for the statistical convergence, the averaged quantities were evaluated using a

spatially distinct half of the available sample size in the x2 − x3 plane and were

compared to the corresponding quantities obtained using the full sample size

available in the same plane, and good qualitative and quantitative agreements

were found between the results obtained based on half and full sample sizes [40].

The results corresponding to the full sample size will be presented in chapter 7

and 8 for the sake of conciseness.

4.4 Summary

In this chapter a review of the requirements for the DNS were presented along

with the numerical methodology that was used. Additionally more information

on the numerical methodology can be found in appendix A. This was followed by
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a discussion of the main parameters of interest in the current work, i.e. the Lewis

number and the turbulent Reynolds number. Increasing (decreasing) turbulent

Reynolds number (Lewis number) was shown to result in increased flame area

generation. Moreover explanations to the increased flame area generation are

presented in §.4.2.1 and §.4.2.2. Approaches available for LES filtering are then

presented, and in this work a Gaussian filter in physical space is used which

results in the analysis shown chapters 5, 6, 7 and 8. Similarly the methodology

to Reynolds average the DNS data is presented, which was used in chapters 7 and

8 to analyse the curvature and strain rate terms of the generalised FSD transport

equation respectively. In the following chapter, analysis of algebraic FSD models

using filtered DNS data is presented. Additionally, two algebraic models that

currently exist in literature are modified based on the current DNS database.
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Chapter 5

Algebraic Modelling of FSD in

the context of LES

One of the ways to implement the FSD based reaction rate closure in LES would

be to evaluate the generalised FSD using an algebraic model. Thus in this chapter

a summary of existing algebraic models for the generalised FSD in the context

of LES has been provided. In addition to this the performance of a sub-set of

models known as the power-law based algebraic FSD models are assessed using

a priori DNS analysis. In addition to this a new power-law model is proposed

based on the current analysis of DNS data.

5.1 Generalised Algebraic Flame Surface Den-

sity Models

Many models are currently available for the generalised FSD. Additionally it is

possible to use algebraic models originally proposed for related quantities such

as the wrinkling factor Ξ and turbulent flame speed ST . Models proposed for

the wrinkling factor Ξ can be used to predict for the generalised FSD using the

following relationship:

Ξ =
Σgen

|∇c̄| (5.1)
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A model for Ξ was suggested by Angelberger et al. [2] and it can be written in

the context of generalised FSD in the following manner:

Σgen = [1 + aΓ(u′∆/SL)]|∇c̄| (5.2)

where a = 1.0, u′∆ =
√

2k̃∆/3, k̃∆ = (ũiui − ũiũi)/2 is the subgrid turbulent

kinetic energy and the efficiency function Γ takes the same form as in Eq. 5.2:

Γ = 0.75exp

[ −1.2

(u′∆/SL)0.3

](
∆

δz

)2/3

(5.3)

One of the first models to be proposed for the wrinkling factor was done by Weller

et al. [159], which can be written to express the generalised FSD in the following

manner:

Σgen = [1 + 2c̃(Θ− 1)]|∇c̄| (5.4)

where Θ = 1 + 0.62
√

(u′∆/SL)Reη and Reη = u′∆η/ν with τη and ρ0 denote Kol-

mogorov scale and unburned gas density respectively. Colin et al. [53] proposed

a model for the wrinkling factor Ξ which takes the same form as Eq. 5.2 but the

model constant a is give as:

a = 2βln(2)/[3cms(Re
1/2
t − 1)] (5.5)

where Ret = ρ0u
′l/µ0 (where µ0 is the unburned viscosity and l is the turbulence

integral length scale), β = 1.0 and cms = 0.28 and Γ is given by Eq. 5.3. By

modifying the model proposed by Colin et al. [53], Charlette et al. [49] proposed

an alternative model by reducing the input parameters from three to two (i.e.

u′∆/SL and ∆/δz):

Σgen =

{
1 +min

[
∆

δz
,Γ∆

(
u′∆
SL

)]}β1

|∇c̄| (5.6)

where the model parameters takes the following form:

Γ∆ = [((f−a1
u + f−a1

∆ ))b1 ] (5.7a)
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fu = 4

(
27Ck
110

)1/2(
18Ck

55

)
(u′∆/SL)2 (5.7b)

f∆ =

{(
27Ckπ

4/3

110

)[(
∆

δz

)
− 1

]}1/2

(5.7c)

fRe =

[(
9

55

)
exp

(−1.5Ckπ
4/3

Re−1
∆

)]1/2

Re
1/2
∆ (5.7d)

a1 = 0.60 + 0.2 exp

[
−0.1

(
u′∆
SL

)]
− 0.2 exp

[
−0.01

(
∆

δz

)]
(5.7e)

b1 = 1.4; β1 = 0.5; Ck = 1.5; Re∆ = u′δ(∆/ν) (5.7f)

A dynamic algebraic model for Σgen was proposed by Knikker et al. [89] which

uses a power-law approach:

Σgen =

(
∆

ηi

)βk
|∇c̄| (5.8)

where the inner cut off scale ηi is taken to be ηi = 3δz and βk is estimated based

on a dynamics formulation given as: βk = [log 〈̂|∇c̄|〉 − log〈∇ˆ̄c〉]/ log γ where ˆ̄c

denotes progress variable at the test filter level γ∆. A model for the wrinkling

factor Ξ using the power-law approach was proposed by Fureby [58]. This model

can be expressed in terms of the generalised FSD in the following form.

Σgen =

[
Γ
u′∆
SL

]D−2

|∇c̄| (5.9)

where Γ is given by Eq. 5.3 and D is the fractal dimension defined using the

following parameterisation:

D =
2.05

(u′∆/SL) + 1
+

2.35

(SL/u′∆) + 1
(5.10)
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A power-law based model was proposed by Chakraborty and Klein [33] for the

generalised FSD which takes the following form:

Σgen = |∇c̄|
{

exp

(−Θ∆

ηi

)
+

[
1− f exp

(−Θ∆

ηi

)](
∆

ηi

)D−2
}

(5.11)

where Θ and f are model constants and ηi is the inner cut off scale which is

parameterised as ηi = [0.345Ka−2 exp(−Ka) + 6.41Ka−1/2 × [1− exp(−Ka)]]δz,

where Ka is the Karlovitz number. The inner cut off scale was formulated using a

DNS database where a case of corrugated flamelets regime and thin reaction zones

regime were used. The term D in the Eq. 5.11 is the fractal dimension, which

was shown to be dependent on the regime of combustion by Chakraborty and

Klein [33], which resulted in the following expression for D: D = (1/3)erf(2Ka).

The model by Chakraborty and Klein [33] was modified in the current study to

incorporate the effects of Lewis number and local turbulent Reynolds number, ad-

ditionally the usage of localised Karlovitz number instead of the global Karlovitz

number was explored. This analysis is presented in the following section.

5.2 Power-law Based Modelling

The wrinkling factor Ξ can be expressed in terms of the following power-law,

utilising the fractal approach for flamelet modelling [50, 53, 58, 61]:

Σgen

|∇c̄| = Ξ =

(
η0

ηi

)D−2

(5.12)

where the terms ηi, η0 and D represent the inner cut off scale, outer cut off scale

and the fractal dimension respectively. A power-law model for the generalised

FSD represents a fractal surface between the ranges defined by the inner and

outer cut off scales for a given volume. The fractal dimension D itself represents

the dimension of the surface occupying the volume, for example if D = 2 then

the surface is a flat two dimensional surface while D = 3 represents a wrinkled

surface which occupies the entire volume. In LES of premixed flames the outer

cut off scale η0 is taken to be the filter width ∆ [107] and the inner cut off scale
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ηi is scaled differently based on the regime of combustion. In the corrugated

flamelets regime ηi is taken to scale with the Gibson scale LG = S3
L/ε, while in

the corrugated flamelets regime it is typically scaled with Kolmogorov length scale

η = (ν3/ε)1/4 [32, 107]. It was shown by Gülder [63] using experimental data that

the inner cut off scale can be taken to scale with the laminar flame thickness δL,

this was later confirmed by Knikker et al. [89] using experimental data. Previous

a priori DNS analysis by Chakraborty and Klein [32] demonstrated that ηi indeed

scales with LG and η in the corrugated flamelets and thin reaction zones regimes

respectively, additionally in both the regimes the inner cut off scale ηi was shown

to scale with the thermal flame thickness δth. Kerstein [86] showed that the

fractal dimension D increases from 2 to 7/3 with increasing normalised turbulent

velocity fluctuation u′/SL. This is an important finding as D = 7/3 represents a

material surface transport in a turbulent environment. A parameterisation was

proposed by North and Santavicca [106] which takes the following form:

D =
2.05

(u′/SL + 1)
+

2.35

(SL/u′ + 1)
(5.13)

It is evident from the foregoing discussion that a number of algebraic models

are available for the FSD and a list of power-law model along with the naming

convention used to display the results is shown in Table. 5.1. In the following

sections the effects of turbulent Reynolds and Lewis numbers are analysed on

the fractal dimension and the inner cut off scale. By using the data a new

parameterisation is proposed for D, which was eventually used to extend the

model proposed by Chakraborty and Klein [33]. This is followed by a thorough

analysis of the performances of existing power-law models using a number of

assessment criteria.

5.2.1 Fractal Dimension and Inner Cut off

In order to estimate the fractal dimension Eq. 5.12 is firstly rearranged and then

volume averaged before taking log of both sides to yield the following relation, as
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proposed by Chakraborty and Klein [33]:

log

(〈Σgen〉
〈|∇c̄|〉

)
= (D − 2) log ∆− (D − 2) log(ηi) (5.14)

where the 〈. . . 〉 denotes the volume averaging process. The quantity 〈|∇c̄|〉 de-

creases with increasing ∆ due to an increase in the propotion of flame wrinkling

that occurs at the sub-grid scales with increasing ∆. By contrast, 〈Σgen〉 indi-

cates the total flame surface area in the computational domain, thus remaining

independent of ∆. As a result, log (〈Σgen〉 / 〈|∇c̄|〉) increases with increasing ∆,

which can substantiated from Fig. 5.1. The variation of log (〈Σgen〉 / 〈|∇c̄|〉)
with log(∆/δz) is linear when ∆ � δz but becomes non-linear for ∆ � δz. The

slope of the best-fit straight-line representing the greatest slope of the variation

of log (〈Σgen〉 / 〈|∇c̄|〉) with log(∆/δz) gives D while the intersection point of this

straight line with the abscissa gives log(ηi). It has been found that ηi/δz remains

about 2.0 for all cases (i.e.ηi/δz ≈ 1.79), and that δth = 1.79δz for the present

thermochemistry which is qualitatively consistent with previous experimental [64,

89] and computational [33] findings.

Figs. 5.1 (a-e) suggest that the fractal dimension D is greater for flames

with higher Ret, and that D attains an asymptotic value of 7/3 for flames with

the largest Ret. The extent of flame wrinkling and the flame area generation

increases with increasing u′/SL. This can be substantiated from the values of

normalised flame surface area AT/AL obtained by volume integrating |∇c|, which

yields AT/AL = 1.15, 1.33, 1.87, 3.63 and 3.70 for cases A-E, respectively, at the

time when statistics were extracted [41]. This behaviour is consistent with Fig.

4.1 which demonstrates the wrinkling of c isosurfaces increases with increasing

u′/SL ∼ Re
1/4
t Ka1/2 ∼ Re

1/2
t /Da1/2. Fig. 5.1 (a-e) suggests that D is expected

to increase with increasing Ret ∼ Da2Ka2 before assuming an asymptotic value

when eitherDa orKa is held constant. This behaviour is also qualitatively similar

to the trend predicted by the parameterisation of North and Santavicca [106].

The parameterisation by Chakraborty and Klein [33], i.e. D = 2 + 1/3erf(2Ka),

predicts D = 7/3 for all cases considered here because this parameterisation

accounts for the dependence of D on Ka only. Based on the variation of D

94



5. Algebraic Modelling of FSD in the context of LES

shown in Fig. 5.1 the following model was proposed for the fractal dimension:

D = 2 +

(
1

3

)
erf(3.0Ka)

[
1− exp

{
−0.1

(
Ret
7.5

)1.6
}]

(5.15)

In the above expression the models constants are chosen such that, for large val-

ues of Ret the model tends to D = 7/3, while as the turbulent Reynolds number

tends to 0 the fractal dimension equals two (i.e. D = 2). Based on Fig. 5.1 (f-j) it

is evident that ηi/δz remains independent of Le, and for all cases ηi remains on the

order of thermal flame thickness δth (i.e. ηi = 1.79δz ≈ 1.0δth). Fig. 5.1 (f-j) shows

that the slope of the linear region decreases with increasing Lewis number (i.e., in

moving from case F-J), which suggests that fractal dimension D decreases with

increasing Le. Fig. 4.1 shows that with decreasing Le results in greater flame area

generation due to the thermo-diffusive instabilities [26, 38, 40, 75, 135, 148]. The

ratio of AT/AL for cases F-J is AT/AL = 3.93, 2.66, 2.11, 1.84, and 1.2, respec-

tively, at the time when the statistics were extracted [38, 40]. The experimental

findings of North and Santavicca [106] suggest that D increases with increasing

u′/SL ∼ Re
1/4
t Ka1/2, which indicates that D is expected to have a dependence

on both Ret and Ka. Analysis of cases F-J suggests that D is influenced by Le,

in addition to Ret and Ka, and that D can assume values greater than 7/3 for

flame with Le � 1.0, see Fig. 5.1 (f-j). In Eq. 5.15 the model proposed by

Chakraborty and Klein [33] for the fractal dimension D was modified to incorpo-

rate the effects of turbulent Reynolds number Ret, and this expression (Eq. 5.15)

was then modified to include the effects of Lewis number which can be seen in

Fig. 5.1 in the following manner [84]:

D = 2 +

(
1

3

)
erf(3.0Ka)

[
1− exp

(
−0.1

{
Ret
7.5

)1.6
}]

Le−0.45 (5.16)

In the above expression a power-law is used (i.e. Le−0.45) to include the Lewis

number effects, it is however unclear at this point about the variation of fractal

dimension for cases with Le > 1.2, and for Le < 0.34. As such the above model

is based on an optimised fit of the DNS data. Using Eq. 5.16 and the DNS values

for the inner cut off scale ηi the power-law (〈Σgen〉 / 〈|∇c̄|〉 = (∆/ηi)
D−2) was
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solved, the results from this were plotted on Fig. 5.1, which indicates satisfactory

agreement between the power-law prediction and DNS findings. In Eq. 5.16 the

quantities Ret and Ka were evaluated based on the unburned quantities of u′/SL

and l/δth. However, in an actual LES simulation, D needs to be evaluated based

on local velocity and length scale ratio (i.e., u′∆/SL and ∆/δz). Here u′∆ is evalu-

ated based on the sub-grid turbulent kinetic energy as: u′∆ =
√

(2k̃∆/3) following

previous studies [58, 144, 159]. The local Karlovitz number Ka∆ can be evaluated

as Ka∆ = CKa(
√
k̃/SL)3/2(δz/∆)1/2, where CKa is a model parameter. Similarly,

the local turbulent Reynolds number is given as: Ret∆ = CRe(ρu
′
∆∆/µ0). The

choice of model constants CKa = 6.6 and CRe = 4.0 ensures an accurate pre-

diction of D for ∆ ≥ ηi and yields the value of D obtained based on the global

quantities according to Eq. 5.16. By using the modelling strategies proposed by

Chakraborty and Klein [33] the following model is proposed for the generalised

FSD Σgen [85] as:

Σgen = |∇c̄|
[

(1− f) + f

(
∆

ηi

)D−2
]

(5.17)

where f is a bridging function which increases monotonically from zero for small

∆ (i.e., ∆/δth → 0 or ∆� δth) to unity for large ∆ (i.e., ∆� δth). This ensures

that Σgen = |∇c| in the limit of small filter sizes and Σgen follows the power-law

for large filter widths. It was found based on the current DNS database that the

transition occurs between the filter width 0.8δth and 1.0δth, and to accomplish

this the following bridging function f is proposed:

f =
1

1 + exp [−60(∆/ηi − 1.0)]
(5.18)

As the inner cut off scale was found to scale according to δz (i.e. ηi = δth ≈ 2δz),

in the present thermochemistry that, it was decided to use the expression ηi = δth

in the expression given by Eq. 5.17 and D is evaluated using the expression given

by Eq. 5.17 using Ka∆ and Ret∆. This model will be referred to as FSDNEW in

the results section.

As discussed earlier when the flow becomes fully resolved (i.e., lim∆→0u
′
∆ = 0)

the model prediction for the generalised flame surface density Σgen must tend

towards the surface density function |∇c|. However the model proposed by Fureby
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[58] fails to achieve this and in order ensure that this model follows the asymptotic

trends given by lim∆→0Σgen = |∇c| this model is modified here using a bridging

function such that at large filter widths ∆ � 1.0δth the model predicts based

on the original proposed by Fureby [58], while for small filter widths ∆ � δth

approaches |∇c| The modified Fureby [58] model takes the following form:

Σgen = |∇c̄|
[

(1− f) + f

(
Γ
u′∆
SL

)D−2
]

(5.19)

where f is calculated using the bridging function given in Eq. 5.18, D = 2.05

/(u′∆/SL + 1) + 2.35/(SL/u
′
∆ + 1) (i.e. Eq. 5.10) and the efficiency function

proposed by Angelberger et al. [2] given by Eq. 5.3.

5.2.2 Assessment Criteria

A list of power-law based models can be seen in Table 5.1, which will be tested.

Three criteria have been used to access the performance of these power-law based

models using a priori analysis of DNS data. The three criteria are as follows [33]:

1. The volume-averaged Σgen represents the total flame surface area, and there-

fore should not change with ∆.

2. The model should be able to capture the correct variation of the averaged

values of Σgen conditional on c̄ across the flame brush.

3. The correlation coefficient between the modelled and actual values of Σgen

should be as close to unity as possible to accurately capture the local strain

rate and curvature effects on Σgen.

The performances of the models listed in Table. 5.1 will be presented in the

following subsections.

5.2.2.1 Criterion I: Volume Averaged generalised FSD Behaviour

The volume-averaged Σgen represents the total flame surface area, and there-

fore should not change with ∆, and thus to carry this out the model assessment
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Figure 5.1: Variation of 〈Σgen〉 / 〈|∇c̄|〉 ( ) with ∆/δz on a log− log plot
for: cases (a-e) A-E, respectively. The prediction of 〈Σgen〉 / 〈|∇c̄|〉 = (∆/ηi)

D−2

( ) with ηi obtained from DNS and D according to newly proposed model
given by Eq. 5.17 ( ) is also shown.

according to this criterion the modelling error in the prediction of 〈Σgen〉 is char-

acterised based on the following expression which is referred to as the percentage

error (PE):

PE =
〈Σgen〉model − 〈Σgen〉

〈Σgen〉
× 100 (5.20)

where 〈Σgen〉model is the volume averaged value of the model prediction for 〈Σgen〉.
Results for the percentage error PE are shown for a range of filter widths in Fig.

5.2 and 5.3 for cases A-E and F-J, respectively.

The FSDW model shows significant overpredictions for all cases tested (see

Figs. 5.2 and 5.3). Additionally the level of overprediction for the FSDW model

increases with decreasing Lewis number. The model FSDCH shows worsening
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Name Reference Expression

FSDA Angelberger et al. [2] Eq. 5.2

FSDC Colin et al. [53] Eq. 5.5

FSDW Weller et al. [159] Eq. 5.4

FSDCH Charlette et al. [49] Eq. 5.6

FSDK Knikker et al. [89] Eq. 5.8

FSDF Fureby [58] Eq. 5.9

FSDNEW Katragadda et al. [84, 85] Eq. 5.17

MFSDF Katragadda et al. [84, 85] Eq. 5.19

Table 5.1: A list of power-law models with the naming convention used to display
the results.

of performances with decreasing Lewis number although it remains within the

bound of 5 − 10% for cases with unity Lewis number and small values of low

turbulent Reynolds numbers. As the turbulent Reynolds number increases the

model prediction FSDCH worsens. The model FSDK shows underprediction for

all filter widths and for all cases. It is evident that this model improves with

increasing filter width where the power-law functions well. Although the per-

formance of FSDK model does not get significantly affected by Lewis number.

In Fig. 5.3 it can be seen that models FSDC and FSDA overpredicts for the

volume averaged generalised FSD for all Lewis numbers. Additionally the level

of overprediction from models FSDC and FSDA increases with increasing filter

width ∆. Similarly FSDC and FSDA models show increasing overprediction of

〈Σgen〉 with increasing ∆. Moreover it can be seen from Fig. 5.3 that the level

of overprediction increases with increasing ∆. The extent of overprediction of

〈Σgen〉 is greatest for the FSDC model, and the extent of overprediction for the

FSDA model remains comparable to FSDC.

The newly proposed model FSDNEW satisfactorily predicts 〈Σgen〉, when the

local Karlovitz number Ka∆ and local turbulent Reynolds number Ret∆ are used,

although the model FSDF performs slightly better in the unity Lewis number
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cases. In all cases the model predictions from models FSDF, FSDNEW and

MFSDF remain comparable, which is well below 10% PE in all cases.

Note that the parameterisation of D and Γ according to Eq. 5.10 and 5.3 is

essential for the satisfactory performance of the FSDF model. Using Eq. 5.16

for D in the FSDF model is found to lead to a deterioration in its performance.

Similarly using D as given by Eq. 5.10 for FSDNEW model worsens its perfor-

mance.

The FSDK model is based on the power-law model for Ξ (Ξ = (η0/ηi)
D−2,

see Eq. 5.8) which is strictly valid only for filter sizes ∆, which are sufficiently

greater than ηi (i.e.,∆ � ηi), as can be seen from Figs. 5.2 and 5.3. However,

the FSDK model prediction for 〈Σgen〉 improves as the filter width becomes larger

than the inner cut off scale ηi (i.e. ∆ > ηi). Moreover, Σgen vanishes when ∆→ 0

according to the FSDK model, whereas Σgen should approach |∇c| when the filter

width tends to 0 (i.e. ∆→ 0). This limitation can be avoided by modifying the

FSDK model in the same manner as shown in Eq. 5.19 for the FSDF model.

The performance of the modified FSDK has not been shown here for the sake of

brevity.

The stretch rate K = (1/δA)d(δA)/dt = aT + Sd∇. ~N represents the frac-

tional rate of change of flame surface area A, where Sd = Dc/dT/|∇c| is the

displacement speed, ~N = −∇c/|∇c| is the local flame normal vector and aT =

(δij − NiNj)∂ui∂xj is the tangential strain rate. It is possible to decompose

Sd into the reaction, normal diffusion and tangential diffusion components (i.e.

Sr, Sn and St) as shown in Eqs. 2.103-2.106 [29, 33, 35, 57, 108].

It has been shown in several previous studies [29, 35, 67, 68, 148] that

(aT )s remains positive throughout the flame brush and thus acts to generate

flame surface area, whereas the contribution of curvature to stretch (Sd∇. ~N)s =[
(Sr + Sn)∇. ~N

]
s
−
[
Dc(∇. ~N)2

]
s

is primarily responsible for flame surface area

destruction. The equilibrium of flame surface area generation and destruction

yields Ks = 0, which gives rise to [33]:

(aT )s = −
[
(Sr + Sn)∇. ~N

]
s

+
[
Dc(∇. ~N)2

]
s

(5.21)
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The stretch rate induced by
[
Dc(∇. ~N)2

]
s

becomes the leading order sink term in

the thin reaction zones regime [29, 33, 35, 70]. However, most algebraic models

(e.g. FSDA, FSDC, FSDCH and FSDW) were proposed in the CF regime based

on the equilibrium of the stretch rates induced by
[
(Sr + Sn)∇. ~N

]
s

and (aT )s and

the flame surface area destruction rate in the thin reaction zones regime which

leads to the overprediction of 〈Σgen〉 for the models FSDA, FSDC, FSDCH and

FSDW.

The disagreement between the FSDF model prediction and DNS data orig-

inates principally due to the inaccuracy in the estimating Γ and D, while the

difference between the FSDK prediction and DNS data arises from inaccurate

estimation of ηi (i.e. ηi ≈ 3δz is considered by Knikker et al. [89] but here

ηi = 1.79δz). Hence a more accurate estimation of Γ, D and ηi will result in

better performance of both the FSDF and FSDK models.

5.2.2.2 Criterion II: Conditionally Averaged FSD Behaviour

Criterion II allows for the assessment of model performance with respect to the

variations of mean Σgen conditionally averaged c̄. The variation of Σgen condi-

tionally averaged on c̄ is shown for ∆ = 8∆m = 0.8δth for cases A-E and E-J

in Figs. 5.4 and 5.6, respectively. This filter width has been used to show a

case where ∆ < ηi which corresponds to case where partial resolution of flame is

available. The behaviour of the models at this filter width (∆ = 8∆m = 0.8δth)

for the current database can be summarised as follows:

1. The FSDW model tends to overpredict the value of Σgen for flames with

higher Ret (e.g., cases D and E). However, the extent of this overprediction

is relatively lower in the low Ret cases (e.g., cases A and B). In cases E-J

the model FSDW consistently overpredicts the conditional mean value of

Σgen for all cases. The FSDW model also predicts a skewed shape, which

fails to capture the trend predicted by DNS. This skewness appears towards

the burned gas side i.e. c̄ > 0.6, whereas the peak of Σgen obtained from

DNS is roughly at location given by c̄ ≈ 0.6.

2. The model FSDK tends to underpredict the value of Σgen for all the cases
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Figure 5.2: Percentage error of the model prediction from 〈Σgen〉 obtained from
DNS for LES filter widths ∆ = 4∆m = 0.4δth ( ), ∆ = 8∆m = 0.8∆th ( ),
∆ = 12∆m = 1.2δth ( ), ∆ = 16∆m = 1.6δth ( ), ∆ = 20∆m = 2.0δth ( ),
∆ = 24∆m = 2.4δth ( ) for: (a-e) corresponding to cases A-E, respectively. The
DNS grid size is given by ∆m

shown in Figs. 5.4 and 5.6.

3. Models FSDA, FSDC, FSDCH, FSDF and FSDNEW all tend to capture the
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Figure 5.3: Percentage error of the model prediction from 〈Σgen〉 obtained from
DNS for LES filter widths ∆ = 4∆m = 0.4δth ( ), ∆ = 8∆m = 0.8∆th ( ),
∆ = 12∆m = 1.2δth ( ), ∆ = 16∆m = 1.6δth ( ), ∆ = 20∆m = 2.0δth ( ),
∆ = 24∆m = 2.4δth ( ) for: (a-e) corresponding to cases F-J, respectively.

Σgen variation with c̄ obtained from DNS data. The prediction of MFSDF

model remains comparable to that of the FSD model for ∆ = 8∆m = 0.8δth.
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In order to examine the models behaviour at a filter width where the flame

is unresolved, the filter widht ∆ = 24∆m = 2.4δth. The model predictions con-

ditionally averaged on c̄ are shown for ∆ = 24∆m = 2.4δth in Figs. 5.5 and 5.7.

The behaviour of the model predictions can be summarised as follows:

1. Models FSDW, FSDA and FSDC all overpredict the value of Σgen, and

the overprediction increases with increasing Ret. The FSDCH model cap-

tures the behaviour of Σgen for small values of Ret (e.g. cases A-C), but it

overpredicts the value of Σgen for higher Ret cases (e.g. cases D-E).

2. In cases F-J the model FSDW predicts a peak at c̄ > 0.6, whereas the

peak value of conditionally averaged Σgen from DNS occurs at c̄ ≈ 0.5 for

all the cases. Additionally the models FSDW, FSDA, FSDC and FSDCH

tend to overpredict the conditionally averaged value of Σgen and the level of

overprediction increases with decreasing Lewis number (i.e. cases F-J, Fig.

5.7).

3. The FSDF, FSDK, FSDNEW and MFSDF models predict Σgen satisfacto-

rily throughout the flame brush. Additionally at this filter width the models

FSDF and MFSDF predict almost identical predictions.

Unlike the other models the behaviour of model FSDK improves with increas-

ing ∆, which is consistent with observations made in the context of Figs. 5.2 and

5.3. Moreover the predictions from FSDW remains skewed towards the burned

products due to the c̄ dependence of Ξ (i.e. Ξ = 1 + 1.24c̃
√

(u′∆/SL)Reη). The

models FSDW, FSDA and FSDC underestimate the destruction of flame surface

area in the thin reaction zones regime by ignoring Σgen destruction arising due to

[Dc(∇. ~N)2]s which eventually leads to the overpredictions of Σgen. The efficiency

function Γ in the FSDCH model is parameterised to capture the turbulent flame

speed behaviour for both high and low Damköhler combustion [49], and hence

this model performs satisfactorily with respect to criterion 1 and 2 for cases with

Le ≈ 1.0 flames considered here. As the efficiency function proposed by Charlette

et al. [49] was not parameterised to account for Le effects, the performance of FS-

DCH worsens with decreasing Le and this model starts to overpredict for Le� 1

flames.
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The use of local Karlovitz number Ka∆ and turbulent Reynolds number

Ret∆ enables local variation of D, and a satisfactory performance of the FS-

DNEW model with respect to criteria 1 and 2 indicates that Eq. 5.16 cap-

tures the local Reynolds and Karlovitz number dependence of D for the present

definitions of these numbers (i.e. Ka∆ = 6.66

(√
˜(k)∆/SL

)3/2

(∆/δz)
−1/2 and

Ret∆ = 4.0(ρ0u
′
∆∆/µ0).

5.2.2.3 Criterion III: Correlation Coefficients

The FSD predicted by the models should have the correct resolved strain rate and

curvature dependence in the context of LES and thus the correlation coefficient

between the FSD obtained from DNS and from the model prediction should

remain as close to unity as possible. The variation of the correlation coefficients

between the model prediction and generalised FSD Σgen obtained from DNS in

the range of filtered reaction progress variable 0.1 ≤ c ≤ 0.9 are shown in Fig.

5.8 and 5.9 for different filter widths. The regions corresponding to 0.1 < c̄ and

c̄ > 0.9 have been ignored since the correlation coefficients have little physical

significance in these regions due to small values of Σgen obtained from both DNS

and model predictions. Figs 5.8 and 5.9 indicate that the correlation coefficients

decrease with increasing ∆ due to increased unresolved subgrid wrinkling, which

makes the local variation of Σgen different from |∇c̄|. The extent of the deviation

of the correlation coefficients from unity increases with decreasing (increasing) Le

(Ret) for a given value of ∆. Figs. 5.8 and 5.9 indicates that the models FSDA,

FSDC, FSDCH, FSDF, MFSDF, FSDK, FSDNEW and FSDW have comparable

correlation coefficients, which deviate considerably from unity for large values of

∆. This indicates that algebraic models may not be able to adequately predict

the local strain rate and curvature dependencies of Σgen, especially in the thin

reaction zones regime. Hence a transport equation for FSD might need to be

solved to account for the local strain rate and curvature effects on Σgen [29, 35,

67, 68, 73].
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Figure 5.4: Variation of the mean values of Σgen × δz conditional on c̄ across the
flame brush for ∆ = 8∆m = 0.8δth according to DNS ( ) and model ( )
for cases A-E.
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Figure 5.5: Variation of the mean values of Σgen × δz conditional on c̄ across the
flame brush for ∆ = 24∆m = 2.4δth according to DNS ( ) and model ( )
for cases A-E.
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Figure 5.6: Variation of the mean values of Σgen × δz conditional on c̄ across the
flame brush for ∆ = 8∆m = 0.8δth according to DNS ( ) and model ( )
for cases F-J.
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Figure 5.7: Variation of the mean values of Σgen × δz conditional on c̄ across the
flame brush for ∆ = 24∆m = 2.4δth according to DNS ( ) and model ( )
for cases F-J.
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5.3 Summary

The performance of several power-law based algebraic models of Σgen have been

assessed in context of LES for a large range of filter width, using a priori based

DNS database of varying turbulent Reynolds and Lewis numbers. It was found

that the fractal dimension increases with decreasing Lewis number and increasing

turbulent Reynolds number. However the inner cut off scale was shown to be

unaffected by turbulent Reynolds and Lewis numbers and additionally the inner

cut off scale was shown to be approximately equal to the thermal flame thickness

(i.e. ηi ≈ δth) for all the DNS cases. A new parameterisation was proposed for the

fractal dimension D which took into account the variation of turbulent Reynolds

number, Karlovitz number and Lewis number. This new D parameterisation was

used to propose a power-law based model for Σgen, which was found to perform

comparably or better than the existing algebraic models, for the current DNS

database.

The algebraic models for turbulent flame speed ST may also be used to predict

for the generalised FSD [63, 111, 112, 166] using the following relationship: Σgen =

Ξ|∇c̄| = (ST/SL)|∇c̄|. These model were however were not used in the current

analysis as the relationship ST/SL = Ξ = AT/AL can only be applied for cases

with Le = 1.0 [38, 40, 42], and many of these models have been proposed based

on the assumptions which are strictly valid in the context of RANS.

110



5. Algebraic Modelling of FSD in the context of LES

FSDA FSDC FSDW FSDCH FSDK FSDF FSDNEW MFSDF
0

0.5

1

C
or

r.
 C

oe
ff

.

(a) Case A

FSDA FSDC FSDW FSDCH FSDK FSDF FSDNEW MFSDF
0

0.5

1

C
or

r.
 C

oe
ff

.

(b) Case B

FSDA FSDC FSDW FSDCH FSDK FSDF FSDNEW MFSDF
0

0.5

1

C
or

r.
 C

oe
ff

.

(c) Case C

FSDA FSDC FSDW FSDCH FSDK FSDF FSDNEW MFSDF
0

0.5

1

C
or

r.
 C

oe
ff

.

(d) Case D

FSDA FSDC FSDW FSDCH FSDK FSDF FSDNEW MFSDF
0

0.5

1

C
or

r.
 C

oe
ff

.

(e) Case E

Figure 5.8: Correlation coefficients between modelled and actual values of Σgen

in the c̄ range of 0.1 ≤ c̄ ≤ 0.9 for LES filter widths ∆ = 4∆m = 0.4δth ( ),
∆ = 8∆m = 0.8∆th ( ), ∆ = 12∆m = 1.2δth ( ), ∆ = 16∆m = 1.6δth ( ),
∆ = 20∆m = 2.0δth ( ), ∆ = 24∆m = 2.4δth ( ) for: (a-e) corresponding to
cases A-E, respectively.
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Figure 5.9: Correlation coefficients between modelled and actual values of Σgen

in the c̄ range of 0.1 ≤ c̄ ≤ 0.9 for LES filter widths ∆ = 4∆m = 0.4δth ( ),
∆ = 8∆m = 0.8∆th ( ), ∆ = 12∆m = 1.2δth ( ), ∆ = 16∆m = 1.6δth ( ),
∆ = 20∆m = 2.0δth ( ), ∆ = 24∆m = 2.4δth ( ) for: (a-e) corresponding to
cases F-J, respectively.
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Chapter 6

Statistical Behaviour of the

Generalised FSD Transport

The LES generalised FSD Σgen is an unclosed quantity in the context of LES,

and it is closed either by using an algebraic expression or by solving a mod-

elled transport equation alongside other conservation equations. In the previous

chapter the a priori analysis of algebraic models of the generalised FSD was dis-

cussed. The algebraic closure is valid when the generation rate of flame surface

area is assumed to be in equilibrium with its destruction rate. Under unsteady

conditions it is often advantageous to solve a modelled transport equation of the

generalised FSD Σgen. In this chapter the behaviour of the unclosed terms of the

FSD transport equation are examined through scaling and by a priori analysis

of the DNS database. This analysis then forms the basis for the remaining two

chapters of this thesis where the modelling of the curvature and strain rate terms

is shown.

6.1 Generalised FSD Transport Equation

The exact transport equation for the generalised FSD Σgen is given as [29, 35, 48,

66, 67, 68], which is repeated here from Eq. 2.91 in order to present the naming
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convention that is used:

∂Σgen

∂t
+
∂(ũjΣgen)

∂xj
=− ∂{[(ui)s − ũi]Σgen}

∂xi︸ ︷︷ ︸
T1

+

[
(δij −NiNj)

∂ui
∂xj

]
s

Σgen︸ ︷︷ ︸
T2

+

[
Sd

(
∂Ni

∂xi

)]
s

Σgen︸ ︷︷ ︸
T3

−∂(SdNi)sΣgen

∂xj︸ ︷︷ ︸
T4

(6.1)

The terms on the left hand side of 6.1 denote transient and mean advection

effects respectively. The unclosed terms T1, T2, T3 and T4 are known as subgrid

convection term, tangential strain rate term, curvature term and propagation

term respectively [29, 39, 66, 68, 73].

In order to model for the various unclosed terms of the generalised FSD trans-

port equation the statistical behaviour of these terms must be examined, but

firstly an order of magnitude analysis was used. To carry out the order of mag-

nitude analysis, it is assumed that the Favre filtered velocity in the ith direction

is scaled with a reference velocity scale uref i.e.

ũi ∼ uref (6.2)

The gradients of filtered quantities are scaled according to ∆−1, the gradients

of the sub grid scale quantities are scaled according to δ−1
L (e.g. Σgen ∼ 1/δL)

and time t scales as t ∼ ∆/uref . Based on the above scaling analysis the lo-

cal turbulent Reynolds number may be scaled as Re∆ ∼ (u′∆∆)/(SLδL), the

local Damköhler number and Karlovitz number are taken to scale as Da∆ ∼
(∆SL)/(u′∆δL) and the local Karlovitz number can be expressed as Ka∆ ∼
(u′∆/SL)3/2(∆/δL)−1/2. The transient term of the generalised FSD transport equa-

tion may then be scaled in the following manner:

∂Σgen

∂t
∼ 1

δL
× uref

δL
× δL

∆
× 1

Re
1/2
∆ Da

1/2
∆

∼ uref
SL
× SL
δ2
L

δL
∆

(6.3)

114



6. Statistical Behaviour of the Generalised FSD Transport

Similarly the mean advection term may be scaled in the following manner:

∂

∂xi
(ũiΣgen) ∼ SL

δ2
L

× 1

Re
1/2
∆ Da

1/2
∆

× uref
SL

(6.4)

The subgrid convection term T1 can be split into terms arising from heat release

and due to subgrid turbulent velocity fluctuation. The heat release contribution

of the T1 term maybe scaled as follows:

T1 due to Heat release: − ∂

∂xi
{[(ui)s − ũi]Σgen} ∼

SL
∆δL

∼ SL
δ2
L

δL
∆

∼ SL
δ2
L

× 1

Re
1/2
∆ Da

1/2
∆

(6.5)

and the contribution due to turbulent velocity fluctuation can be scaled as:

T1 due to turbulent velocity fluctuation:

− ∂

∂xi
{[(ui)s − ũi]Σgen} ∼

u′∆
∆δL

∼ u′∆δL
SL∆

× SL
δ2
L

∼ SL
δ2
L

1

Da∆

(6.6)

The tangential strain rate term T2 can be split as follows:

(aT )sΣgen = Sm + Shr + Ssg (6.7)

where Sm, Shr and Ssg are the mean, heat release and the subgrid contributions

of the T2 term. The mean component of the tangential term Sm can be scaled in
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the following manner:

Sm = [δij − (NiNj)s]
∂ũi
∂xj

Σgen ∼
uref
∆δL

∼ uref
SL
× SL
δ2
L

× 1

Re
1/2
∆ Da

1/2
∆

(6.8)

and the heat release contribution of the strain rate term Shr can be scaled as:

Shr ∼
SL
δL∆

∼ SL
δ2
L

× δL
∆

∼ SL
δ2
L

× 1

Da
1/2
∆ Re

1/2
∆

(6.9)

If the subgrid velocity gradients are scaled using δL one obtains the following

scaling for Ssg:

Reactive contribution of Ssg: T2 ∼
SL
δ2
L

(6.10)

The non-reacting contribution of Ssg can be scaled as:

Ssg ∼
u′∆

∆δL
∼ u′∆
SL
× δL

∆
× SL
δ2
L

∼ SL
δ2
LDa∆

(6.11)

The curvature term, T3, (Sd∇. ~N)sΣgen can be split as follows:

(Sd∇. ~N)sΣgen = Cmean + Csg (6.12)
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where Cmean is the resolved curvature term and Csg is the subgrid curvature term.

The resolved curvature term Cmean can be scaled as:

Cmean = (Sd)s
∂(Ni)s
∂xi

Σgen

∼ SL
∆

1

δL

∼ SL
δ2
L

1

Da
1/2
∆ Re

1/2
∆

(6.13)

The subgrid curvature term Csg can be scaled as:

Csg ∼
SL
δ2
L

(6.14)

Finally the propagation term T4 can be scaled in the following manner:

T4 = − ∂

∂xi
[(Sd∇. ~N)sΣgen] ∼ 1

∆

SL
δL
∼ SL
δ2
L

1

Re
1/2
∆ Da

1/2
∆

(6.15)

Therefore from the above analysis the following order of magnitude scaling can

be prescribed to the terms of generalised FSD transport equation:

∂Σgen

∂t
∼ O

uref
SL
× SL
δ2
L

δL
∆

(6.16)

∂

∂xi
(ũiΣgen) ∼ O

(
uref
u′∆

1

Da∆

× SL
δ2
L

)

∼ O

(
SL
δ2
L

× 1

Re
1/2
∆ Da

1/2
∆

× uref
SL

) (6.17)

T1 contribution due to heat release:

∼ O

(
SL
δ2
L

× 1

Da∆

) (6.18)
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T1 contribution due to turbulent velocity fluctuation:

∼ O

(
SL
δ2
L

× 1

Da∆

) (6.19)

Sm ∼ O

(
uref
SL
× SL
δ2
L

× 1

Re
1/2
∆ Da

1/2
∆

)
(6.20)

Shr ∼ O

(
SL
δ2
L

× 1

Da∆

)
(6.21)

Reactive contribution of: Ssg ∼ O

(
SL
δ2
L

)
(6.22)

Nonreating contribution of: Ssg ∼ O

(
SL
δ2
L

× 1

Da∆

)
(6.23)

Cmean ∼ O

(
SL
δ2
L

1

Re
1/2
∆ Da

1/2
∆

)
(6.24)

Csg ∼ O

(
SL
δ2
L

)
(6.25)

T4 ∼ O

(
SL
δ2
L

1

Re
1/2
∆ Da

1/2
∆

)
(6.26)

The above scaling analysis was used, alongside, with a priori analysis of the

current DNS database. Furthermore this analysis can be used to propose models

in the context of LES, which can be seen in chapters 7 and 8. In the following

section the behaviour of the unclosed terms of the FSD transport equation are

looked into using filtered DNS data.

6.1.1 Statistical Behaviour of the Generalised FSD

The variation of Σgen× δth with c̃ is shown in Fig. 6.1 for cases A-J, where values

have been ensemble averaged on c̃ isosurfaces following Boger et al. [8] in order

to avoid the data scatter. It can be seen from Fig. 6.1 that the distribution of

Σgen with c̃ remains slightly skewed towards the burned gas side (i.e. c̃ > 0.5)

for small filter widths (e.g. ∆ = 0.4δth) for the Le = 0.8, 1.0 and 1.2 flames but

the profile becomes skewed towards c̃ < 0.5 for large values of filter widths (e.g.
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Figure 6.1: Variations of Σgen × δth with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 1.2δth ( ) and ∆ = 2.4δth ( ) for cases A-J (a-j).

∆ < 2.4δth). Similar behaviour has been observed for the Le = 0.34 case but

the conditionally averaged value of Σgen × δth peaks at c̃ ≈ 0.5 at small values of

filter width (e.g. ∆ = 0.4δth). At the smallest filter widths Σgen × δth assumes

values that is roughly equal to unity. This is due to the fact that Σgen ≈ 1/δth.

It can also be seen from Fig. 6.1 that the magnitude of Σgen × δth decreases

with increasing filter width ∆ due to smearing of local information and weighted

averaging process over a larger volume. Moreover, for a given filter width the

Σgen× δth assumes greater magnitudes for Le = 0.34 flames in comparison to the

flames with Le ≈ 1. Moreover increasing turbulent Reynolds number leads to a

slight increase in the peak value of the generalised FSD, Σgen.

6.1.2 Statistical Behaviour of the Unclosed Terms

The contributions of T1, T2, T3 and T4 for different filter widths for cases A-E

and F-J are shown in Fig. 6.2 and Fig. 6.3 where the values have been ensemble

averaged on c̃ isosurfaces. Based on Fig. 6.2 the following statistical observations

can be made:

• The Behaviours of T1, T2, T3 and T4 are consistent with scaling arguments Re∆×
Da∆ ∼ (∆/δL)2 with ∆ and thus T1 is expected to decrease in comparison to T2

and T3 for ∆� δth
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Figure 6.2: Variation of normalised T1 ( ), T2 ( ), T3 ( ), T4 ( )
with c̃ shown at filter widths ∆ = 0.4δth (top row), ∆ = 1.2δth (middle row) and
∆ = 2.4δth for cases A-E.

• For smallest filter width shown here (∆ = 0.4δth) the T4 term dominates the

remainder of the unclosed terms. For the intermediate filter width ∆ = 1.2δth

the terms T2, T3 and T4 are comparable and the term T1 remains very small. At

the largest filter width shown (∆ = 2.4δth) the magnitude of T2, T3 and T4 remain

comparable. Additionally the magnitudes of the conditional mean value of the

propagation term T4 strengthens with decreasing turbulent Reynolds number Ret.

• The tangential strain rate term T2 has been found to be a source of Σgen in all

the cases for all filter widths, However the magnitude of its contribution increases

with increasing turbulent Ret. At the smallest filter width shown (∆ = 0.4δth)

the magnitude of T2 is found to be comparable with T3 and T4 for the high values

of Ret, while for the smaller values of Ret the magnitude of T2 remains only

comparable to T3. As the filter width increases the T2 term becomes a leading

order source term, especially in the case of the high Ret flames.
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Figure 6.3: Variation of normalised T1 ( ), T2 ( ), T3 ( ), T4 ( )
with c̃ shown at filter widths ∆ = 0.4δth (top row), ∆ = 1.2δth (middle row) and
∆ = 2.4δth for cases F-J.

• The curvature term T3 has been found to be a sink term in cases A-E, for all filter

widths. The T3 term is relatively small compared to the T4 term at ∆� δth, but

as the filter width increases T3 becomes a leading order sink term. Additionally

it was found that increasing the Ret results in a greater magnitude of the term

T3.

• The subgrid convection term T1 can be seen to be have the smallest magnitude

among the terms of the Σgen transport equation, for cases A-E at all filter widths.

Although the magnitude of T1 is small, at filter widths ∆ � δth, it is however

comparable to the other terms for the filter width of ∆ = 1.2δth and ∆ = 2.4δth.

Additionally the behaviour of T1 changes from one case to the other, for example

the conditional mean value of T1 assumes negative value towards the reactants

whereas the contribution towards the products is positive, for small values of Ret.

However, the contribution of T1 remains negative throughout the flame brush for

large values of Ret.
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6. Statistical Behaviour of the Generalised FSD Transport

The following observations can be made from Fig. 6.3 on the effects of Lewis

number of the Σgen transport equation:

• For all flames the terms T1, T2 and T3 remain small in comparison to the contribu-

tion of T4 at small ∆ but the contributions of all the terms remain comparable for

large ∆. The contribution of the propagation term T4 remains positive (negative)

towards the unburned (burned) gas side of the flame brush.

• For a given filter width ∆, the relative magnitude of the contribution of T1 in

proportion to the magnitude of the terms T2, T3 and T4 increases with decreasing

Le.

• The strain rate term T2 remains a source term for all the filter widths for all the

terms considered here.

• The curvature term T3 is a sink term for the Le = 0.8, 1.0 and 1.2 flames for

all filter widths and the contribution of T3 remains almost in equilibrium with

the source contribution of T2. For Le = 0.34 and 0.6 flames the curvature term

T3 remains positive throughout the flame brush for small filter widths (e.g. ∆ =

4∆m = 0.4∆th) but the contribution of T3 remains positive (negative) towards the

reactants (products) gas side of the flame brush for large filter widths (e.g.∆ =

24∆m = 2.4δth).

• It can be seen from Fig. 6.3 that the net positive contribution arising from

T2 and T3 overcomes the negative contributions of T3 by a large amount in the

Le = 0.34 and 0.6 flames. This suggests that the generation of flame surface area

is greater than its destruction in these flames. By contrast, the generation and

destruction rate of FSD remains approximately in equilibrium in the Le = 0.8,

1.0 and 1.2 flames. This higher rate of area generation rate in the small Lewis

number flames can be substantiated from the values of turbulent flame surface

area normalised by the corresponding laminar value AT/AL for these flames (i.e.

AT/AL =3.93, 2.63, 2.11, 1.84 and 1.76 for the Le = 0.34, 0.6, 0.8, 1.0 and 1.2

flames respectively), which are presented in Chapter 4, Table 4.2.

Higher generation rate of FSD than its destruction rate in the Le� 1 flame gives

rise to higher magnitude of Σgen×δth in the Le = 0.34 flame than in the Le ≈ 1.0

flames, as shown in Fig. 4.1.
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6. Statistical Behaviour of the Generalised FSD Transport

In the following sections each of the unclosed terms of the Σgen transport

equation are examined in detail to understand their behaviour in response to the

variations of Ret and Le.

6.1.2.1 Behaviour of the Subgrid Convection Term

The behaviour of the subgrid convection term depends on the statistical behaviour

of the subgrid flux of generalised FSD (i.e. [(ui)s − ũi]Σgen). The distributions

of [(ui)s− ũi]Σgen and (∂Σgen/∂xi)Mi conditionally averaged on c̃ isosurfaces are

shown in Fig. 6.4 and Fig. 6.5 for cases A-J, where Mi = −(∂c̄/∂xi)/|∇c̄| is the

ith component of the resolved flame normal vector. Comparing the signs of [(ui)s−
ũi]Σgen and (∂Σgen/∂xi)Mi it is evident that the subgrid flux of FSD shows pre-

dominantly gradient type transport (i.e. [(ui)s− ũi]Σgen = −(νt/ScΣ)∂Σgen/∂xi)

for the Le = 0.8, 1.0 and 1.2 (cases C, D, E, H, I and J) flames but a predom-

inantly counter-gradient transport is prevalent in the Le = 0.34, 0.6 and cases

with low Ret (cases A and B). The rate of burning increases with decreasing

Le and this behaviour is particularly prevalent in the Le � 1 flames because

of thermo-diffusive instabilities. This can be substantiated from the normalised

turbulent flame speed ST/SL values (i.e. ST/SL = 13.70, 4.58, 2.53, 1.83 and 1.50

for the Le = 0.34, 0.6, 0.8, 1.0 and 1.2 flames) (see Chapter 4, Table 4.2). The

ST/SL values for the cases A-E in response to the variation of Ret can be seen

in Table 4.3. The enhanced burning rate in the small Lewis number flames gives

rise to stronger flame normal acceleration which overcomes the turbulent velocity

fluctuation effects to result in a counter-gradient transport of FSD. Similarly in

Ret cases A and B the turbulent velocity fluctuations are not strong enough to

overcome the flame normal acceleration and thus resulting in a counter gradi-

ent transport. The similar behaviour of the unresolved turbulent flux of FSD

in response to Le has been demonstrated earlier in the context of RANS by

Chakraborty and Cant [36, 40]. The effects of Ret on the modelling of turbulent

flux of FSD were analysed by Chakraborty and Cant [47] in the context of RANS.

The subgrid FSD transport term (ui)s − ũi can be modelled as [66]:

(ui)s − ũi = [(ui)Rs − (ui)R +K{((ui)Ps − (ui)P )− ((ui)Rs − (ui)R)}
+ (K − c̃)[(ui)P − (ui)R]

(6.27)
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ũ
i] M

iΣ
g
e
n
×
δ
th
/
S
L

(b) Case B

0 0.2 0.4 0.6 0.8 1
−0.15

−0.1

−0.05

0

0.05

0.1

c̃

[ (u
i)
s
−
ũ
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Figure 6.4: Variations of normalised [(ui)s − ũi]Σgen with c̃ at filter widths ∆ =
0.4δth ( ), ∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ =
2.0δth ( ) and ∆ = 2.4δth ( ), for cases A-J (a-j).

where K is a constant which depends on the isosurface of c representing the flame

surface [66]. Hawkes [66] indicated that the first term on the right hand side of

Eq. 6.27 might be seen to represent a component of transport connected with

subgrid turbulent velocity fluctuation u′∆ and can be modelled by conventional

gradient transport. The second term is associated with heat release as indicated

by Veynante et al. [155]. On the other hand the slip velocity (ui)P − (ui)R can

be scaled with (−τSLΞMi) [158]. The magnitudes of subgrid turbulent velocity

fluctuation u′∆ and Ξ increase with increasing ∆ which determines the dependence

of the magnitude of [(ui)s − ũi]MiΣgen for the Le = 0.34, 0.6 and 0.8 flames. As

[(ui)s − ũi]MiΣgen is primarily driven by subgrid turbulent velocity fluctuation

u′∆ for the cases C-E and H-J, the magnitude of [(ui)s− ũi]MiΣgen increases with

increasing ∆ due to strengthening of the effects of u′∆.

6.1.2.2 Behaviour of the Tangential Strain Rate Term

The variations of T2 conditionally averaged on c̃ values are shown Fig. 6.6 for cases

A-J. The peak value of conditionally averaged T2 shifts from c̃ > 0.5 to c̃ ≈ 0.5

with increasing ∆ for Le = 0.8, 1.0 and 1.2 flames. However, in the Le = 0.34 and

0.6 flames the profile of T2 is skewed towards c̃ < 0.5 for ∆� δthfilter widths. For
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Figure 6.5: Variations of normalised (∂Σgen/∂xi)Mi with c̃ at filter widths ∆ =
0.4δth ( ), ∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ =
2.0δth ( ) and ∆ = 2.4δth ( ), for cases A-J (a-j).

cases A-E the quantitative behaviour of T2 throughout the flame brush remains

the same, but the magnitude of T2 can be seen to increase with increasing Ret. In

the flames with Le� 1 the non-dimensional temperature T and reaction progress

variable c fields become significantly different from each other and this makes the

distribution of |∇c| and ∇.~u within these flames significantly different from those

in the Le ≈ 1.0 flames. This makes the distribution of T2 in the Le = 0.34 flame

different from the Le = 0.8, 1.0 and 1.2 flames. The magnitude of the term T2

also decreases with increasing ∆ for all cases because of averaging over a larger

volume where the contributions arising from the close to the centre of the filter

volume are weighted more heavily. Moreover, it can be seen Fig. 6.6 that the

magnitude of T2 for a given filter width decreases with increasing Le.

The term T2 can further be split in the following manner:

T2 =

(
∂ui
∂xi

)
s

Σgen︸ ︷︷ ︸
TD

−
(
NiNj

∂ui
∂xj

)
s

Σgen︸ ︷︷ ︸
(−TN )

(6.28)

where TD and (−TN) are dilatation rate and normal strain contributions to the

FSD transport. The variations of TD and (−TN) are shown in Fig. 6.7 and Fig.

125



6. Statistical Behaviour of the Generalised FSD Transport

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

c̃

T
2
×
δ
2 th
/
S
L

(a) Case A

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

c̃
T
2
×
δ
2 th
/
S
L

(b) Case B

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

c̃

T
2
×
δ
2 th
/S

L

(c) Case C

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

c̃

T
2
×
δ
2 th
/S

L

(d) Case D

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

c̃

T
2
×
δ
2 th
/S

L

(e) Case E

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

c̃

T
2
×
δ
2 th
/S

L

(f) Case F

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

c̃

T
2
×
δ
2 th
/S

L

(g) Case G

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

c̃

T
2
×
δ
2 th
/S

L

(h) Case H

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

c̃

T
2
×
δ
2 th
/S

L

(i) Case I

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

c̃

T
2
×
δ
2 th
/S

L

(j) Case J

Figure 6.6: Variations of normalised T2 with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).
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Figure 6.7: Variations of normalised TD with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).

6.8. The term TD is positive throughout the flame brush because of predominantly

positive dilatation rate ∇.~u. As the effects of heat release is stronger in Le � 1

flames, dilatation rate take higher values which in turn gives rise to increasing

magnitude of TD with decreasing Le at a given ∆ (see Fig. 6.7).

The normal strain rate term (−TN) assumes predominantly negative values

126



6. Statistical Behaviour of the Generalised FSD Transport

for the major portion of the flame brush for all the flames but positive values

have also been observed towards the unburned and burned gas side of the flame

brush for the Le = 0.8, 1.0 and 1.2 flames. It was shown by Chakraborty and

Swaminathan [31], Chakraborty et al. [39], Swaminathan and Grout [143] that

∇c alignment with local principal strain rate depends on the relative strengths of

turbulent straining aturb and strain rate induced by chemical heat release achem.

The quantity ∇c aligns with the most extensive principal strain rate if achem

dominates over aturb. By contrast, ∇c aligns with the most compressive principal

strain rate if aturb dominates over achem. Predominant alignment of ∇c with the

most extensive (compressive) principal strain rate yields a negative (positive)

contribution of (−TN). It was demonstrated by Chakraborty et al. [39] that

the extent of alignment of ∇c most extensive (compressive) principal strain rate

increases (decreases) with decreasing Le because of strong heat release effects

in flames with small values of Le. Even in the Le ≈ 1.0 flames achem in the

reaction zone may become strong enough to overcome aturb to yield a preferential

alignment of ∇c with the most extensive principal strain rate, which gives rise

to negative contributions of (−TN). The effects of heat release becomes weak

towards both unburned and burned sides of the flame brush where ∇c aligns

with the most compressive principal strain rate, which leads to positive values

of (−TN) towards unburned and burned gas side of the flame brush. As the

effects of heat release are stronger in and the extent of alignment of ∇c with

the most extensive principal strain rate is greater in the Le � 1 flames, the

term (−TN) assumes larger negative values for flames with small Lewis number

flames. The magnitudes of TD and (−TN) decrease with increasing ∆ because

of the convolution operation involved in LES operation as explained earlier. A

comparison between TD and (−TN) reveals that TD overcomes (−TN) to yield a

positive value of T2 and high magnitude of TD in small Le cases gives rise to high

values of T2 (see Fig. 6.6).

6.1.2.3 Behaviour of the FSD Curvature Term

The variations of T3 with c̃ for different filter widths ∆ are shown in Fig. 6.9.

There is a significant difference between the statistical behaviour of T3 in response
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Figure 6.8: Variations of normalised (−TN) with c̃ at filter widths ∆ = 0.4δth
( ), ∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth
( ) and ∆ = 2.4δth ( ), for cases A-J (a-j).

to changes in Le, while increasing Ret results in an increase in the magnitude

of T3 term. Moreover T3 remains negative throughout the flame brush for the

Le ≈ 1.0 cases. However, for the Le = 0.34 flame the contribution of T3 remains

positive for very small filter width ∆ (i.e. ∆ = 4∆m) whereas this term remains

positive (negative) towards the unburned (burned) gas side of the flame brush

for large values of LES filter width ∆. Similar behaviour can be seen for the

Le = 0.6 flame. However, in the Le = 0.8, 1.0 and 1.2 flames the contribution of

T3 remains negative throughout the flame brush.

In order to explain this behaviour it is useful to write T3 in the following

manner:

T3 = 2[(Sr + Sn)κm]sΣgen︸ ︷︷ ︸
T31

−4(Dκ2
m)sΣgen︸ ︷︷ ︸
T32

(6.29)

The variations of T31 and T32 with c̃ for different filter widths are shown in Fig.

6.10 and Fig. 6.11. It can be seen from Eq. 6.29 that T32 remains deterministically

negative throughout the flame brush for all filter widths. As the extent of flame

wrinkling increases with decreasing Le, the magnitude of κ2
m remains greater for

smaller Lewis number flames. This along with higher value of diffusivity D in

the smaller Lewis number cases gives rise to larger magnitude of T32 at a given

filter width ∆. Similarly when Ret increases, the magnitude of κ2
m increases due
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Figure 6.9: Variations of normalised T3 with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).
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Figure 6.10: Variations of normalised T31 with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).

to greater extent of flame wrinkling, which results in greater magnitude of T32.

For the Le = 1.0 and 1.2 flames the contribution of T31 remains weakly nega-

tive for small values of ∆ but the magnitude of this contribution increases with

increasing filter width ∆. By contrast, in the Le = 0.34, 0.6 and 0.8 flames

T31 remains positive throughout the flame brush for small values of ∆ but the
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6. Statistical Behaviour of the Generalised FSD Transport

magnitude of the contribution of T31 decreases with increasing filter width ∆

and this contribution remains positive (negative) towards the unburned (burned)

gas side of the flame brush. As T31 remains greater than T32 for small ∆ (i.e.

∆ = 4∆m) for the Le = 0.34 and 0.6 flame, a positive contribution of T3 is

observed throughout the flame brush. At large filter widths (i.e. ∆ � δth) the

positive contribution of T31 dominates over negative T32 towards the unburned

gas side to result in a positive contribution of T3 towards the unburned gas side

for the Le = 0.34 and 0.6 cases. However, the negative contribution of T32 domi-

nates over the positive contribution of T31 towards the reactants in the Le ≈ 1.0

flames, which leads to negative contribution of T3 throughout the flame brush.

The correlation coefficients for the (Sr + Sn)− κm and |∇c| − κm correlations for

five different c isosurfaces are shown in Fig. 6.12, which show that both (Sr +Sn)

and |∇c| remain positively (negatively) correlated with curvature for the Le < 1

(Le > 1) flames which give rise to predominantly positive contributions of T31 for

the Le = 0.34 and 0.6 cases for small values of ∆ and the extent of positive con-

tribution increases with decreasing Le for the Le < 1 flames. As both (Sr + Sn)

and |∇c| are weakly correlated with κm for Le = 1 flame and thus T31 remains

positive (negative) towards the unburned (burned) gas side of the flame brush, as

(κm)s remains positive (negative) towards the unburned (burned) gas side. The

extent of negative contribution of T31 is greater in the Le = 1.2 flame because of

negative (Sr + Sn)− κm and |∇c| − κm correlations.

6.1.2.4 Behaviour of the FSD Propagation Term

The variations of T4 conditionally averaged on c̃ values are shown in Fig. 6.13

for different LES filter widths. The term T4 can be written as: T4 = ∇.(Sd∇c)
and thus it acts as a diffusive term where Sd plays the role of diffusivity. The

probability of finding positive Sd supersedes the probability of finding negative

values, which can be substantiated in Fig. 6.14 where (Sd)s for different filter

widths are shown. It can be seen from Fig. 6.13 that (Sd)s increases from

unburned to burned gas side of the flame brush because of heat release and the

value of (Sd)s increases with decreasing Le because of enhanced rate of burning

arising from thermo-diffusive instabilities [40]. Due of predominantly positive
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Figure 6.11: Variations of normalised T32 with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).

values of Sd, the term T4 is positive (negative) towards the unburned (burned)

gas side similar to molecular diffusion term ∇.(ρD∇c). The higher magnitude of

(Sd)s in the Le = 0.34 flame gives rise to larger magnitude of T4 in comparison

to the Le = 0.8, 1.0 and 1.2 flames although the qualitative variation remains

unaffected by the change in Le.

The resolved part of T4 can be expressed in the following manner [22, 29, 35,

67, 68]:

Resolved part of: T4 = − ∂

∂xi
[(Sd)s(Ni)sΣgen] (6.30)

The contribution of T4 and −∇[(Sd)s(Ni)sΣgen] are compared in Fig. 6.15, which

shows that −∇[(Sd)s(Ni)sΣgen] accurately captures T4 for all filter widths for all

cases. This is because Sd and Ni are statistically independent of each other [29,

35], in turn this enables one to write (SdNi)s = (Sd)s(Ni)s which is consistent with

earlier findings [22, 29, 35]. However the prediction of Eq. 6.30 is calculated based

on (Sd)s extracted from DNS and thus the accuracy of this modelling in actual

LES implementation will depend significantly on the modelling of the surface

averaged displacement speed (Sd)s. The modelling of the (Sd)s is discussed in

§6.2.
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Figure 6.12: Correlation coefficients for (Sr+Sn)−κm and |∇c|−κm correlations
across the flame brush.

6.1.3 Existing Models for the Subgrid Convection Term

The modelling of the subgrid FSD transport term T1 depends on the modelling

of the subgrid FSD flux:

[(ui)s − ũi]Σgen (6.31)

In order to model for the subgrid flux of FSD the subgrid flux of progress variable

must be examined [36, 47, 149, 155]. In order for gradient transport to take place

in the x1 direction the following inequality must be met:

∂c̃

∂xi
× ρ(ũic− ũic̃) < 0 (6.32)
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Figure 6.13: Variations of normalised T4 with c̃ at filter widths ∆ = 0.4δth ( ),
∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth ( ) and
∆ = 2.4δth ( ), for cases A-J (a-j).
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Figure 6.14: Variations of normalised (Sd)s with c̃ at filter widths ∆ = 0.4δth
( ), ∆ = 0.8δth ( ), ∆ = 1.2δth ( ), ∆ = 1.6δth ( ), ∆ = 2.0δth
( ) and ∆ = 2.4δth ( ), for cases A-J (a-j).

else counter gradient transport occurs. In the case of a gradient transport, the

following closure can be used:

ρ̄(ũic− ũic̃) = −ρ̄ νt
Scsg

∂c̃

∂xi
(6.33)
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Figure 6.15: Variations of normalised T4 term (0.4δth: ( ), 1.2δth: ( ) and
2.4δth: ( )) and its model given by Eq. 6.30 (0.4δth: ( ), 1.2δth ( ),
2.4δth ( )), for cases A-J (a-j).

where νt is the kinematic eddy viscosity and Scsg is the subgrid Schmidt number.

Hawkes and Cant [67], Weller et al. [159] and Hawkes and Cant [68] have used

gradient transport for their LES simulations. It was reported by Boger et al. [8]

that counter-gradient transport can occur, based on DNS studies. Additionally,

it was found by Tullis [149], Tullis and Cant [150] that counter gradient type

transport occurs in the context of LES based on a priori DNS analysis.

If the assumption of a strong flamelet is used then the subgrid progress variable

flux can be given by the following expression:

ũic− ũic̃ = c̃(1− c̃)[(ui)P − (ui)R] (6.34)

The expression in Eq. 6.34 accounts for counter gradient transport as in the case

of heat release dominating over the turbulence, which would result in [(ui)P −
(ui)R] > 0, resulting in counter gradient transport if ∂c̃/∂xi > 0 [155]. Conversely,

if the turbulent velocity field decays across the flame such that [(ui)P −(ui)R] < 0

and ∂c̃/∂xi > 0, a gradient type transport occurs [155]. Veynante et al. [155]

were then able to use these finding in order to propose the following model for
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6. Statistical Behaviour of the Generalised FSD Transport

the unclosed scalar flux which takes the following form in the context of LES:

ũic− ũic̃ = −Mi(τSL − 2Γu′)c̃(1− c̃) (6.35)

where the term on the right hand side involving SL originates from the fact that

in the limiting case of planar laminar flame the slip velocity is given by [155]:

[(ui)P − (ui)R] = −τSLMi (6.36)

The other term involving turbulent velocity fluctuation u′ is to be modelled by

the usual gradient assumption and the quantity Γ is an efficiency function [155].

Using the expression given in Eq. 6.35 Veynante et al. [155] proposed a parameter

NB which determines the nature of scalar transport:

NB =
τSL
2Γu′

(6.37)

Counter-gradient transport is realised for high values of NB (i.e. NB � 1) and

gradient type transport is observed for NB � 1. Based on a strong flamelet

assumption flame surface velocity component (ui)s and Favre filtered velocity

component ũi are given by [155]:

(ui)s = (ui)R +K[(ui)P − (ui)R] (6.38)

ũi = (ui)R + c̃[(ui)P − (ui)R] (6.39)

Using Eq. 6.38 and 6.39 the subgrid transport is given by:

(ui)s − ũi = −(K − c̃)[(ui)P − (ui)R] = −(K − c̃)Mi(τSL − 2Γu′) (6.40)

where K depends on the isosurface used to define the flame. Veynante et al. [155]

used a value of 0.5 for K for the FSD flux modelling in the context of RANS,

while Hawkes [66] used K = c∗ where the isosurface c = c∗ defines the flame

surface. Based on Eq. 6.35, 6.36 and 6.40 it is clear that the subgrid transport

of FSD is closely related to the subgrid flux of c. Eq. 6.40 may be written in the
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following manner: using Eq. 6.38 and 6.39 the subgrid transport is given by:

u′′i s = (ui)s − ũi = (ui)Rs = (ui)R +K[{(ui)Ps − (ui)P} − {(ui)Rs − (ui)R}]︸ ︷︷ ︸
Tf

+ (K − c̃)[(ui)P − (ui)R]︸ ︷︷ ︸
Ts

(6.41)

Hawkes [66] noted that the term Tf is a component of transport that is connected

with turbulent fluctuations in velocity and can be modelled by conventional gra-

dient transport:

Tf = − 1

Σgen

ρ̄νt
ScΣ

∂

∂xi

(
Σgen

ρ̄

)
(6.42)

Veynante et al. [155] modelled the term Ts from Eq. 6.40 as:

Ts = −(K − c̃)τSLMi (6.43)

However the above approach does not account for the effect of subgrid wrinkling

and the variation of velocity in the products. Any increase in filter size results in

increased subgrid wrinkling, which consequently results in increased burning rate

thus resulting in increased slip velocity. On the other hand with increased flame

wrinkling the subgrid normals become more randomly oriented which tends to

decrease the slip velocity [66]. Therefore Hawkes [66] modelled the slip velocity

in the following manner:

(ui)P − (ui)R = −τSL(Ni)s (6.44)

Alternatively a model was proposed by Weller et al. [159] for the slip velocity as:

(ui)P − (ui)R = −τSLΞMi (6.45)

The model by Weller et al. [159] for the slip velocity, given by Eq. 6.45, was

examined by Tullis [149] who found that this model overestimates slip velocity

as the model does not account for the flame normal acceleration. Tullis [149]
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suggests the following model for the slip velocity:

(ui)P − (ui)R = −τSLΞeffMi (6.46)

where Ξeff is an effective wrinkling factor given by Ξeff = Ξ − 0.6(Ξ − 1)1.64

The models for the slip velocity discussed so far do not account for the stretch

effects on the local flame speed. Under a strong flamelet assumption the following

relationship can be invoked [22]:

(ui)P − (ui)R = −τ ρSdNi

ρ0

(6.47)

This expression reduces to (ui)P − (ui)R = −τSLNi for a laminar flame, as ρSd =

ρ0SL. When the above expression is filtered it results in:

(ui)P − (ui)R = −τ ρSdNi

ρ0

(6.48)

Chakraborty [22] and Chakraborty and Cant [36] notes that the above expression

maybe used to model [(ui)P − (ui)R]Σgen is approximated as follows:

[(ui)P − (ui)R]Σgen ≈ −τ
(ρSd)s
ρ0

(Ni)sΣgen (6.49)

In order to evaluate the above approximation the variation of τ(ρSd)s(Ni)sMiΣgen/ρ0

with τ(ρSdNi)MiΣgen/ρ0 is presented in Figs. 6.16 and 6.17 where a filter widths

0.8δth and 2.4δth are presented for cases A, C, D and F, J, I respectively. It is

evident from both the Figs. 6.16 and 6.17 that a good approximation is given

from the model, although the scatter can be seen to increase with increasing filter

width. Another quantity that is required to be modelled in Eq. 6.49 is the surface

averaged density weighted displacement speed (ρSd)s, which is also required to

be evaluated for the successful closure of [(ui)P − (ui)R]Σgen. In the Figs. 6.16

and 6.17, (ρSd)s was evaluated using DNS extracted data. In LES the quantity

(ρSd)s can be taken as ρ0S
′
L, where S ′L is a modified flame speed, which is defined
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6. Statistical Behaviour of the Generalised FSD Transport

as [22]:

S ′L
(ρSd)s
ρ0

= SLS − 2
ρD

ρ0

(κm)s (6.50)

where SLS is defined by Chakraborty [22] as: (ρSr + ρSn)s = ρ0SLS. By then

substituting S ′L into Eq. 6.49 Chakraborty [22] proposed the following model:

[(ui)P − (ui)R]Σgen ≈ −τS ′L(Ni)sΣgen (6.51)

In the above expression the effects of strain rate and curvature are included

through the use of the modified flame speed S ′L [22]. By then using Eq. 6.40 and

replacing [(ui)P − (ui)R]Σgen by Eq. 6.51 in the [(ui)s − ũi]Σgen results in:

∂

∂xi

[
[(ui)s − ũi]Σgen

]
= − ∂

∂xi

[
ρ̄νt
ScΣ

∂

∂xi

(
Σgen

ρ̄

)]
− ∂

∂xi
[(K − c̃)τS ′L(Ni)sΣgen]

(6.52)

The second term acts as a propagation term with propagation speed −(K− c̃)S ′L
in the FSD transport equation when the subgrid convection term is written on

the right hand side of FSD transport equation as −∇[(ui)s − ũi]Σgen.

6.2 Modelling Methodology for the Surface Av-

eraged Displacement Speed

It has been discussed earlier that the (Sd)s plays a key role in the closure of T1,

T3 and T4 terms. The surface filtered displacement speed (Sd)s can be evaluated

from the following expression [66]:

(Sd)s =
(ρSd)s
(ρ)s

=
(ρSd)s
ρ0

(1 + τc∗) (6.53)

In the above expression the assumptions of low Mach number, adiabatic and

unity Lewis number, whereby allowing for the density on a c isosurface (ρ)s can

be written as:

(ρ)s =
ρ0

1 + τc∗
(6.54)
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where c = c∗ is the isosurface on which the surface averaging is performed. The

final form of the modelled transport equation will be independent of the choice of

c∗ (see Chapter 9). Chakraborty [22] and Chakraborty and Cant [29, 36] indicate

that the above expression is acceptable for cases with Lewis number close to unity.

From Eq. 6.53 it is clear that the modelling of (Sd)s is necessary. Chakraborty

[22] states that (ρSd)s can be written as, where the assumption of constant ρD

was implied according to [62]:

(ρSd)s = ρ0SLS − 2(ρDκm)s (6.55)

If the quantity SLS is modelled using laminar flame library, the modelling of

(ρSd)s depends on the modelling of surface averaged curvature (κm)s, which can

be written in the following form for a homogeneous filter:

2(κm)s =
∇. ~N |∇c|

Σgen

=
∂(Ni)s
∂xi

− 1

Σgen

[
Ni
∂|∇c|
∂xi

− (Ni)s
∂Σgen

∂xi

]
(6.56)

In the above equation the expression within the square brackets must be modelled.

For a statistically planar flame the contribution of this term is close to zero for

most locations. The contribution from this term is significant in regions where

cusps and bulges are found [22].

Chakraborty [22] and Chakraborty and Cant [29, 36] suggest that (Ni∂σ/∂xi−
(Ni)s∂Σgen/∂xi) can be modelled using scale similarity relationship:[

Ni
∂|∇c|
∂xi

− (Ni)s
∂Σgen

∂xi

]
= A

[
Mi

∂|∇c̄|
∂xi

− Mi|∇c̄|
|∇c̄|

]
(6.57)

where the modelling constant A is evaluated using a dynamic approach. The

scale similarity expression on the test filter scale can be written as [29, 36, 49,

76]:
̂

Ni
∂|∇c|
∂xi

− (̂Ni)s
∂ |̂∇c|
∂xi

= A

 ̂
Mi

∂|∇c|
∂xi

− M̂i|∇c̄|
|̂∇c̄|

∂ |̂∇c̄|
∂xi

 (6.58)
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In the above expression A is a model parameter that is evaluated as:

A =

〈 ̂
Ni
∂|∇c|
∂xi

− (̂Ni)s
∂ |̂∇c|
∂xi

〉
e

/

〈
M̂i|∇c̄|
|∇c|

− M̂i|∇c̄|
|̂∇c̄

∂ |̂∇c̄|
∂xi

〉
e

(6.59)

where 〈. . . 〉e indicates an ensemble averaging operation in the direction of mean

flame propagation in order to avoid unphysical numerical oscillations typical of

dynamic models [49].

The model prediction for (Ni∂|∇c|/∂xi − (Ni)s∂Σgen/∂xi) is compared with

the same quantity obtained from DNS in Figs. 6.18 and Fig. 6.19, where it is clear

that the model shown in Eq. 6.58 and 6.59 captures the behaviour adequately.

Additionally the modelled expression for (ρSd)sΣgen evaluated using Eq. 6.53 to

6.59 on different c̃ isosurfaces across the flame brush is compared to (ρSd)sΣgen

extracted from DNS data across the flame brush is also shown in Figs. 6.20 and

6.21, where it is clear that the model satisfactorily captures the behaviour of

(ρSd)sΣgen across the flame brush irrespective of Ret and Le values.

6.2.1 Summary

The statistical behaviour of generalised FSD and the term of its transport equa-

tion were analysed in detail based on explicitly filtered DNS data. The peak Σgen

conditional on c̃ was found to decrease and shift towards c̃ < 0.5 with increasing

filter width. This can be attributed to the convolution process characteristic of

LES filtering. The Σgen was found to increase with increasing turbulent Reynolds

number and with decreasing Lewis number, both of which can be attributed to

the increased flame area generation at those conditions. The unclosed terms of

the generalised FSD are the subgrid convection term, strain rate term, curva-

ture term and the propagation term, were analysed for a range of different filter

widths.

It has been found that the propagation term plays an important role for all

filter widths in all cases, and it assumes predominantly positive (negative) values

towards the unburned (burned) gas side of the flame brush. The magnitude of

the propagation term was found to be affected by the Lewis number, whereas

the turbulent Reynolds number has a marginal influence on its behaviour. The
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behaviour of the propagation term was shown to be influenced by the behaviour of

the surface filtered displacement speed (Sd)s, which was shown to increase across

the flame brush due to heat release and this effect strengthens with decreasing

Lewis number. An expression had been identified which captures the unclosed

propagation term satisfactorily for a range of different filter widths, although the

correct prediction of the (Sd)s will greatly influence this closure in an actual LES

simulation.

The strain rate term acts as a major source term throughout the flame brush

for all cases and at all filter widths. The magnitude of the term was found to

increase with increasing turbulent Reynolds number and decreasing Lewis num-

ber. The statistical behaviour of the term was examined by decomposing into

the dilatation rate and normal strain rate contributions. The dilatation rate term

remains a source term throughout the flame brush for all cases, and its magnitude

was found to increase with decreasing Lewis number due to strengthening of heat

release effects. However the normal strain rate term contribution remains pre-

dominantly negative although its magnitude remains smaller than the dilatation

term, for all the cases and all filter widths. Thus as the dilatation rate overcomes

the normal strain rate term to give rise to a predominantly positive strain rate

term contribution for all cases and all filter widths. The statistical behaviour of

the normal strain rate term is principally governed by the ∇c alignment with the

local principal strain rates.

Curvature term of the Σgen transport equation assumes predominantly neg-

ative values for cases with approximately unity Lewis number (i.e. Le ≈ 1.0).

However for cases with Lewis number less than unity (i.e. Le � 1.0) the curva-

ture assumes a positive (negative) value towards the reactant (product) side of

the flame brush for ∆ � δth. In order to understand this underlying behaviour

the curvature term was decomposed into a component arising due to the reaction

and normal diffusion components of displacement speed T31, and the another com-

ponent arising due to the tangential diffusion component of displacement speed

T32. The T32 term remains negative through the flame brush and its magni-

tude increases with decreasing Lewis number and increasing turbulent Reynolds

number, which can be attributed to the increase in flame wrinkling under these

conditions. The positive contribution of T31 term increases with decreasing Le.
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The modelling of the curvature term was shown to be dependent on the accurate

modelling of the surface filtered displacement speed.

The subgrid convection term was found to be weakest contributor to the

Σgen transport. The behaviour of the subgrid convection is influenced by the

subgrid flux of FSD and reaction progress variable. The subgrid flux of FSD is

shown to be predominantly gradient type for the Le ≈ 1.0 cases considered here.

However, the extent of counter-gradient transport increases with decreasing Le

and predominantly counter-gradient behaviour has been observed for the Le ≤ 0.6

flames considered here. The modelling for the subgrid flux was discussed in detail

and a possible model has been identified, however the proper evaluation of surface

filtered displacement speed will affect the models predictions.

As the statistical behaviours of the subgrid convection, propagation and curva-

ture terms are dependent on the proper evaluation of the surface filtered displace-

ment speed, a dynamic model for evaluating (Sd)s is considered. The predictions

of this dynamic model for (Sd)s yielded good agreement for all ranges of filter

widths and flame conditions which were examined in this analysis. Based on the

physical understanding obtained here, the modelling of strain rate and curvature

terms of the FSD transport equation will be addressed in the next two chapters.

The final form of the modelled transport equation of Σgen is provided in chapter

9.
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Figure 6.16: Variation of τ(ρSdNi)MiΣgen/ρ0 with τ(ρSd)s(Ni)sMiΣgen/ρ0 at the
filter widths ∆ = 0.8δth (top row) and ∆ = 2.4δth (bottom row) shown for cases
A, C and E (cases B and D are qualitatively similar to cases A and E respectively
and thus are not shown).
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Figure 6.17: Variation of τ(ρSdNi)MiΣgen/ρ0 with τ(ρSd)s(Ni)sMiΣgen/ρ0 at the
filter widths ∆ = 0.8δth (top row) and ∆ = 2.4δth (bottom row) shown for cases
F, G and J (cases H and I are qualitatively similar to case C and thus are not
shown).
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Figure 6.18: The variation of (Ni∂|∇c|/∂xi − (Ni)s∂Σgen/∂xi) × δ2
th from DNS

( ) and the dynamic model shown in Eqs. 6.58 and 6.59 ( ) for cases A-E
at filter width ∆ = 0.8δth (left column) and ∆ = 2.4δth (right column).
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Figure 6.19: The variation of (Ni∂σ/∂xi−(Ni)s∂Σgen/∂xi)×δ2
th from DNS ( )

and the dynamic model shown in Eqs. 6.58 and 6.59 ( ) for cases F-J at filter
width ∆ = 0.8δth (left column) and ∆ = 2.4δth (right column).
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Figure 6.20: The variation of (ρSd)sΣgen × δth/ρ0SL from DNS ( ) and the
dynamic model shown in Eqs. 6.53 - 6.58 ( ) for cases A-E at filter width
∆ = 0.8δth (top row) and ∆ = 2.4δth (bottom row).
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Figure 6.21: The variation of (ρSd)sΣgen × δth/ρ0SL from DNS ( ) and the
dynamic model shown in Eqs. 6.53 - 6.58 ( ) for cases F-J at filter width
∆ = 0.8δth (top row) and ∆ = 2.4δth (bottom row).
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Chapter 7

Modelling Curvature Term of the

FSD Transport Equation

In this chapter a brief summary of existing models for the curvature term of the

FSD equation is presented and a new approach to modelling this term in the

context of RANS and LES will be discussed. The models have been proposed

in such a manner that they are valid for a wide range of values of turbulent

Reynolds numbers and global Lewis numbers. The newly proposed models have

been validated against the curvature terms extracted from the DNS database

based on a priori analysis.

7.1 RANS Modelling of Curvature Term

A suitable approach to solving for the reaction rate closure in RANS simulation

of turbulent premixed flames is to solve a transport equation for the generalised

FSD Σgen. The exact formulation for the generalised FSD for RANS takes the

following form:

∂Σgen

∂t
+
∂(u˜jΣgen)

∂xj
=−

∂{[(ui)
s
− u˜i]Σgen}
∂xi

+

[
(δij −NiNj)

∂ui
∂xj

]
s

Σgen

−
∂(SdNi)

s
Σgen

∂xj
+

[
Sd

(
∂Ni

∂xi

)]
s

Σgen

(7.1)
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7.Modelling Curvature Term of the FSD Transport Equation

where the generalised FSD is defined in RANS context as Σgen = |∇c|, u˜i = ρui/ρ

and u′′i = ui − u˜i are the Favre mean and fluctuating velocity components in the

ith direction, ρ is the fluid density, ~N = −∇c/|∇c| is the local flame normal vector

and (Q)
s

= Q|∇c|/Σgen defines the surface averaging process in context of RANS

for a general quantity Q, the under tilde (i.e. (. . . )
˜

) defines a Favre averaged

quantity. In Eq. 7.1 the terms on the right hand side are unclosed. The first

term on the right hand side of Eq. 7.1 refers to the turbulent transport of Σgen,

the second term on the right hand side of Eq. 7.1 accounts for the flame area

generation due to tangential strain rate (i.e. aT = (δij −NiNj)∂ui/∂xj) and the

third term is due to the flame normal propagation and thus commonly referred to

as the propagation term. The last term ((Sd∇. ~N)
s
Σgen) of Eq. 7.1 is referred to

as the curvature term as it arises due to the flame curvature κm = ∇. ~N/2. Peters

[107] indicated that the curvature κm dependence of Sd strengthens with increas-

ing Karlovitz number Ka = (u′/SL)3/2(l/δth)
−1/2. As curvature dependence of Sd

is influenced by Ka and Le, the statistical behaviours of (Sd∇. ~N)
s
Σgen are also

likely to be influenced by Ret = ρ0u
′l/µ0 ∼ Da2Ka2 where Da = lSL/u

′δth is the

Damköhler number, and ρ0 and µ0 are the unburned gas density and viscosity,

respectively. The effects of the turbulent Reynolds number Ret and Lewis num-

ber Le on the statistical behaviour and modelling of the FSD curvature term in

the context of RANS simulations are yet to be addressed in detail. Therefore the

main aims and objectives of this section analysis are as follows:

1. To analyse and explain the effects ofRet and Le on the statistical behaviours

of (Sd∇. ~N)
s
Σgen in turbulent premixed flames.

2. To carry out a priori DNS analysis to propose models for different com-

ponents of the FSD curvature term (Sd∇. ~N)
s
Σgen, for turbulent premixed

flames.
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7.Modelling Curvature Term of the FSD Transport Equation

7.1.1 Existing Models for RANS Curvature Term

There are several models available for the curvature term of the generalised FSD

transport equation, Cant et al. [21] proposed the following model for (Sd∇. ~N)
s
Σgen:

(Sd∇. ~N)
s
Σgen = (δij − nij)

(
∂(Sd)

s
(Ni)

s

∂xj

)
− CHSLΣ2

gen

1− c (7.2)

where nij = (Ni)
s
(Nj)

s
+ (δij/3)[1 − (Nk)

s
(Ni)

s
] and CH = αN(1 − (1/3)[1 −

exp(−10(1−c˜)ε˜/ΣgenSLk˜)]) are the model parameters [21] and αN = [1−(Nk)
s
(Nk)

s
]

is a resolution factor. According to the Eq. 7.2 when the flow becomes fully re-

solved the right hand side will tend to Sd∇. ~N |∇c|. Veynante et al. [153] proposed

a model for (Sd∇. ~N)
s
Σgen in the context of Coherent Flamelet Model (CFM)

which takes the following manner:

(Sd∇. ~N)
s
Σgen = −βCFM(Sd)s(c− c0)

Σ2
gen

c(1− c) (7.3)

where βCFM and c0 are the model parameters, and are taken as 0.4 and 0.5,

respectively, in the analysis by Veynante et al. [153]. It should be noted that the

right hand side of Eq. 7.3 does not tend to Sd∇. ~N |∇c| as the flow becomes fully

resolved. The models shown in Eqs. 7.2 and 7.3 will be referred to as CPB and

CFM respectively in the following sections where model comparisons are made.

7.1.2 Modelling the Effects of Turbulent Reynolds Num-

ber and Lewis Number

Modelling (Sd∇. ~N)
s
Σgen will require a complete understanding of its behaviour,

in order to achieve this Katragadda et al. [81] decompose the curvature term into

the following components which arise due to the decomposition of the displace-

ment speed (Eq. 2.103):

(Sd∇. ~N)
s
Σgen = A1 + A2 = 2 [(Sr + Sn)κm]sΣgen︸ ︷︷ ︸

A1

−4(Dκ2
m)

s
Σgen︸ ︷︷ ︸

A2

(7.4)
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7.Modelling Curvature Term of the FSD Transport Equation

It becomes clear from Eq. 7.4 that the term A2 will be deterministically negative,

whereas the term A1 depends on the curvature κm, which relies on (Sr +Sn) and

|∇c|. The terms A1 and A2 can be decomposed into the resolved and unresolved

parts as follows [81]:

A1 = [(Sr + Sn)(∂Ni/∂xi)]sΣgen = (ρ0SL/ρ)[∂(Ni)
s
/∂xi]Σgen︸ ︷︷ ︸

A1r

+A1ur (7.5a)

A2 = −[D(∂Ni/∂xi)
2]
s
Σgen = −D˜ [∂(Ni)

s
/∂xi]

2Σgen︸ ︷︷ ︸
A2r

+A2ur (7.5b)

where the terms A1r and A2r are resolved parts of the terms A1 and A2 while

the terms A1ur and A2ur are unresolved parts, respectively. The variations of

the curvature term and its components (i.e. A1, A2, A1r, A2r, A1ur, A2ur and

(A1 + A2)) with c˜ across the flame brush are shown in Fig. 7.1 for cases A-J.

Figs. 7.1(a-j) show that A1r and A2r remain negligible in comparison to A1ur and

A2ur, respectively, and the terms A1 and A2 remain almost equal to A1ur and

A2ur, respectively. The contributions of A2 and A2ur remain deterministically

negative for all cases and that the magnitude of A2 and A2ur are found to increase

with increasing values of Ret. The magnitude of (κ2
m)

s
increases with decreasing

Le because of the increased extent of flame wrinkling which contributes to the

increase of the magnitudes of A2 and A2ur. This can be substantiated from the

variations of (κ2
m)

s
×δ2

th and the wrinkling factor Ξ with c˜, as shown in Figs. 7.2(d)

and 7.2(e), respectively. Figs. 7.1(a-e) show that the contribution of A1 and A1ur

remain positive towards the unburned gas side of the flame brush before becoming

negative towards the burned gas side for cases A-E. Further comparison of Fig.

7.1(a-e) reveals that the extent of positive (negative) contribution of A1 and A1ur

remains similar for cases A-E with a transition occurring at c˜≈ 0.4, however the

magnitude of A1 and A1ur are found to increase slightly with increasing values

of Ret. From Figs. 7.1(f-j) it is possible to deduce that for the Le � 1 flames

the contribution of A1 and A1ur remain positive for the major portion of flame

brush before becoming negative towards the burned gas side. Comparing Figs.

7.1(f-j) reveals that the extent of positive (negative) contributions of A1 and A1ur

decreases (increases) with increasing Le.
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Figure 7.1: Variation of conditionally averaged A1 ( ), A1r ( ), A1ur

( ), A2 ( ), A2r ( ), A2ur ( ) and A1 + A2 ( ) with c˜ shown
for cases A-J.

To explain the statistical behaviours of A1 and A1ur it is useful to examine

the nature of the variation of (κm)s× δth with c̃ and the correlations of (Sr +Sn)

and |∇c| with κm. The variations of (κm)s × δth are shown in Fig. 7.9 with c̃

are presented in Fig. 7.9 for cases A-E and Fig. 7.14 for cases F-J, which shows

that (κm)
s

remains positive (negative) towards the unburned (burned) gas side

of the flame brush for all cases. The correlation coefficients for the |∇c|−κm and

(Sr + Sn)− κm correlations for five different c isosurfaces across the flame brush

are shown graphically in Figs. 6.12(a) and 6.12(b), respectively, for cases A-E.

Similarly for cases F-J the correlation coefficients for |∇c|−κm and (Sr+Sn)−κm
correlations for five different c isosurfaces are given by Figs. 6.12(c) and 6.12(d),

respectively.

It is evident from Fig. 6.12(a) that (Sr + Sn) and κm remain negatively cor-

related for the majority of the flame brush before showing positive correlation

towards the burned gas side of the flame brush for all cases, however this corre-

lation remains weak for cases A-E. Fig. 6.12(b) shows that |∇c| and κm remain

weakly correlated across the flame brush for cases A-E. As both (Sr+Sn) and |∇c|
are relatively weakly correlated with κm in all cases, the curvature terms A1 and

A1ur remain positive (negative) towards the unburned (burned) gas side of the
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flame brush due to the positive (negative) values of (κm)s towards the unburned

(burned) gas side of the flame brush. It should be noted from Figs. 7.1(a-e) that

the negative values of A2 generally dominate over the positive values of A1 in all

cases, which leads to a negative contribution of (A1 + A2) throughout the flame

brush. However, for small values of Ret (i.e. cases A and B), where the mag-

nitudes of A2 and A2ur assumes small magnitudes due to the (κ2
m)

s
dependency

discussed earlier, small positive values of (A1 + A2) have been observed towards

the unburned gas side of the flame brush. It is evident from Figs. 6.12(c) and

6.12(d) that both (Sr + Sn) and |∇c| remain positively (negatively) correlated

with curvature for the Le < 1 (Le > 1) flames which give rise to predominantly

positive contributions of A1 and A1ur for cases F and G, and the transition from

positive to negative value for A1 and A1ur takes place towards the unburned gas

side for case J. As both (Sr +Sn) and |∇c| are weakly correlated with κm in cases

A-E, H and I the curvature term A1 and A1ur remain positive (negative) towards

the unburned (burned) gas side of the flame brush due to the positive (negative)

values of (κm)
s

towards the unburned (burned) gas side. The predominant con-

tribution of A1 in cases F and G gives rise to predominantly positive values of

(A1 +A2) towards the unburned gas side of the flame brush and this contribution

becomes negative towards the burned gas side of flame brush (see Figs. 7.1(f)

and 7.1(g)). By contrast in cases C-E, H and I negative values of A2 dominate

over positive values of A1 which leads to a negative contribution of (A1 + A2)

throughout the flame brush (see Fig. 7.1). The physical explanations for the

differences in κm dependencies (Sr + Sn) and |∇c| in response to the changes

in Ret and Le have been discussed elsewhere [23, 26, 30, 32], and thus are not

repeated here.

The modelling of A1ur depends on the statistical behaviours of (∂Ni/∂xi)
s
−

∂(Ni)
s
/∂xi and (Sr + Sn)

s
which are scaled here in the following manner [81]:

A1ur ∼ SL

[
1− (Nk)

s
(Nk)

s

]
Σ2
gen and (Sr + Sn) ∼ SL (7.6)

According to Eq. 7.5a, the term A1ur scales as A1ur ∼ O(SL[1−(Nk)
s
(Nk)

s
]Σ2

gen).

As the term is unresolved, the expression 1 − (Nk)
s
(Nk)

s
is used to act as a

resolution factor which tends to zero as the flow becomes resolved. Based on Eq.
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Figure 7.2: Variation of (κ2
m)

s
× δth (a, d), Ξ (b, e) and (κm)

s
× δth (c, f) with c˜

for cases A-E (top row: A ( ), B ( ), C ( ) D ( ), E ( )) and
for cases F-J (bottom row: F ( ), G ( ), H ( ) I ( ), J ( ))

7.6 following model is proposed for A1ur:

A1ur = −βA1URSL

[
1− (Nk)

s
(Nk)

s

]
(c− a∗)Σ2

genf(c, c˜) (7.7)

where βA1UR, a∗ and f(c, c˜) are model parameters. The model parameter a∗ is

responsible for the transition of A1ur from positive to negative values. It has

been discussed before that the sign of A1ur depends on the local curvature κm

dependencies of (Sr + Sn) and |∇c|. However, these local curvature κm depen-

dencies of (Sr + Sn) and |∇c| are influenced by the regime of combustion (char-

acterized by the Karlovitz number) [23, 107], global Lewis number [26, 28] and

turbulent Reynolds number [40] and therefore, a∗ is expected to have Karlovitz

number, Lewis number and turbulent Reynolds number dependencies. The func-

tion f(c, c˜) is used to capture the qualitative behaviour of A1ur across the flame

brush and βT1UR accounts for the magnitude of the term A1ur. The parameter
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[1 − (Nk)
s
(Nk)

s
] in Eq. 7.7 ensures that A1ur vanishes when the flow is fully

resolved. It can be seen from Fig. 7.3 that the model given by Eq. 7.7 captures

A1ur satisfactorily for all cases considered here when the following expressions of

βT1UR, a∗ and f(c, c˜) are used:

βA1UR = (7.24Le−0.68)(1 +KaL)−0.25 (7.8a)

a∗ =
1.27 exp(−0.77Le)

erf[(1 +KaL)1.1/4.85]
×
[
1.0 +

f2(ReL)− 1.0

{1.0 + exp(−5.0(KaL − 1.90))}5.0

]
(7.8b)

f2(ReL) = 0.49
Re0.46

L + 0.69

0.46Re0.46
L + 0.56

(7.8c)

f(c, c˜) = 1.0−
exp(−9.0(1− c˜))
c(1.0− c)m (7.8d)

m = 1.56
exp(−0.24Le)

erf((1.0 +KaL)/1.5)
(7.8e)

where KaL is the local Karlovitz number defined in the context of RANS as:

KaL =
(ε˜δth)1/2

S
3/2
L

(7.9)

and ReL is the local RANS turbulent Reynolds number defined as:

ReL = ρ0(k˜2/ε˜)/µ0 (7.10)

In Eqs. 7.8(1-e), the models were defined based on curves which are optimised

using the current DNS database. As such, the parameterisation is expected to

hold for the values that have been examined, however, it is unclear if the exact

form will be valid for values either greater or smaller than what has been exam-

ined. In Eq. 7.8a a power-law is used to express the relationship of βA1UR with

Le; this was carried out by fitting to the DNS data and as such there are doubts

to its applicability for Le > 1.2 or Le < 0.34. Similarly βA1UR relationship with

KaL was parameterised using a power-law by using the current DNS database
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and a case in the corrugated flamelets regime (which can be found in [80] and

its initial conditions in appendix B). Again as this function is based on a fitting

to the current DNS dataset it remains unclear if the exact parameterisation will

hold for values beyond the current range. Similarly, in Eq. 7.8b the effects of

Le and Ka were included in the first term based on the current DNS database.

The second term arises, to fit to the effects of Ret which were only studied in the

thin reaction zones regime, therefore a bridging function based on KaL is used,

whereby for low KaL (corrugated flamelets regime) the right hand side term tends

to unity. Eq. 7.8c is based on optimizing this parameter for the thin reaction

zones regime where Ret was varied in isolation, and this term appears in Eq. 7.8b.

Finally as stated previously the transition location, along c̃, of A1UR is determined

by Ka and Le, which were fitted according to the current DNS database using

Eqs. 7.8d and 7.8e. In order to examine the effectiveness of the parameters, a

posteriori analysis must be used with comparisons being made against measured

experimental data. A relationship between c˜ with c is required as the latter is

not available in a RANS simulation, and based on the existing DNS database an

expression is proposed in §8.1.2, Eq. 8.11 [80]. These model parameters shown in

Eqs. 7.8 were optimised based on a least squares method. The predictions of Eq.

7.7 with the model parameters given by Eq. 7.8 are compared with A1ur obtained

from the DNS data in Fig. 7.3, which shows that Eq. 7.7 satisfactorily predicts

A1ur for all cases considered here. Equation 7.8b ensures an increase in a∗ with

increasing ReL and KaL before assuming an asymptotic value for large values of

ReL and KaL. The local turbulent Reynolds number ReL and Karlovitz number

KaL parameterisation of a∗ account for the influences of turbulent Reynolds and

Karlovitz numbers on the curvature κm dependencies of (Sr + Sn) and |∇c|, as

demonstrated in Fig. 6.12. The quantity [D(∂Ni/∂xi)
2]
s
−D˜ [∂(Ni)

a
/∂xi]

2 plays

a key role in determining the statistical behaviour of A2ur (see Eq. 7.5b). It

has been shown in Fig. 7.2 that (κ2
m)s increases in magnitude with increasing Ξ,

which is utilised here to scale [D(∂Ni/∂xi)
2]
s
− D˜ [∂(Ni)

s
/∂xi]

2 in the following

manner [81]:

[D(∂Ni/∂xi)
2]
s
−D˜ [∂(Ni)

s
/∂xi]

2 ∼ D0{[(Σgen/|∇c|)− 1]nSL/αT0}2 (7.11)
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Figure 7.3: Variation of A1ur with c˜ ( ) along with the prediction of Eq. 7.7
( ) for cases A-J.

The above scaling is used to propose the following model for A2ur:

A2ur = −βA2UR

[(
Σgen

|∇c| − 1.0

)n
SL
αT0

]2

D0Σgen (7.12)

where βA2UR and n are model parameters which are expected to increase with

increasing turbulent Reynolds number because of large extent of wrinkling for

high values of Ret. It has been found that the model given by Eq. 7.12 captures

A2ur satisfactorily for all cases considered here when the following expression for

βA2UR is used:

βA2UR = f(Le)

{
1.0 +

f2(ReL)− 1.0

[1.0− exp(−5.0(KaL − 1.0))]5.0

}
(7.13a)

f(Le) = 0.91
Le4.73 + 1.74

1.52Le4.73 + 0.79
(7.13b)

f2(ReL) = 0.22
Re2.07

L + 0.22

0.22Re2.07
L + 0.59

(7.13c)

n = 0.43 exp(−1.4Le) (7.13d)
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The above parameterisation was carried out based on parametric optimisation

using the present DNS dataset, as such it is unclear if it is expected to hold for

a range of Ret, Le and KaL values beyond the current tested range. In order

to check the validity of these parameterisations they should be tested using a

posteriori analysis based on experimental data. The model in Eq. 7.13a was

found to vary with changing Le which leads to the parameterisation shown in

Eq. 7.13b. Secondly the effects of Ret were studied in the thin reaction zones

regime and to capture these effects Eq. 7.13c is used. In order to capture the Ret

effects in the thin reaction zones regime only, a bridging function is used which

tends to unity for small KaL (i.e. in the corrugated flamelet regime). Moreover

this bridging function is identical to the one in Eq. 7.8b. Finally, the resolution

factor Σgen/|∇c| is raised to a power n which was found be a function of Le. This

is proposed as the probability of finding high values of κ2
m and |∇c| increases with

decreasing Le (which can be seen in the magnitudes of T2 for cases F-J). Recently

Hawkes et al. [71] proposed a model for A2 which takes the following form:

A2 = −DeffβH

[
1− (Nk)

s
(Nk)

s

]2 Σ3
gen

c2(1− c)2
(7.14a)

βH = 2.24Le−0.85 +
0.5

1 + exp(20−ReL)
(7.14b)

In Eq. 7.14a, βH is a model parameter and Deff is an effective diffusivity which

is expected to approach to the mass diffusivity for low Da combustion [71]. The

parameterisation of βH shown in Eq. 7.14b was carried out based on the current

DNS database. In the current analysis, Deff is taken to be the unburned gas

diffusivity D0 for all cases. The model prediction based on Eq. 7.12 are added

with T2r to show the resulting prediction of A2 in Fig. 7.4. Additionally the model

predictions from Hawkes et al. [71] is shown in Fig. 7.4 with model parameter

βH given by Eq. 7.14b. It is evident from Fig. 7.4 that the predictions from Eq.

7.12 and Eq. 7.14a show comparable performance in predicting A2. Although

a slight skewing towards the fresh gas side is seen to occur for the model given

in Eq. 7.12 for cases with low Ret (i.e. cases A and B). This is due to a slight

overprediction from the model parameterisation shown in Eq. 7.13.

The complete model for the curvature term (A1 +A2) of FSD transport equa-
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Figure 7.4: Variation of A2ur with c˜ ( ) along with the prediction of Eq. 7.7
with A2ur (i.e: T2=Eq. 7.7+A2ur) ( ) and Hawkes et al. [16] model shown in
Eq. 7.14a ( ), for cases A-J.

tion takes the following form when using the definitions shown in Eq. 7.5a and

Eq. 7.5b, and using the models proposed in Eq. 7.7 and Eq. 7.12:

(Sd∇. ~N)
s
Σgen = (ρ0SL/ρ)[∂(Ni)

s
/∂xi]Σgen −D˜ [∂(Ni)

s
/∂xi]

2Σgen

− βA1URSL

[
1− (Nk)

s
(Nk)

s

]
(c− a∗)Σ2

genf(c, c˜)
− βA2UR

[(
Σgen

|∇c| − 1.0

)n
SL
αT0

]2

D0Σgen

(7.15)

The predictions of Eqs. 7.2, 7.3 and 7.15 are compared with (Sd∇. ~N)
s
Σgen ob-

tained from the DNS data in Fig. 7.5 where the predictions of Eqs. 7.2 and 7.3

(with βCFM = 0.4 and c0 = 0.5) are referred to as CPB and CFM, respectively.

It is evident from Fig. 7.5 that the predictions of Eqs. 7.2 and 7.3 significantly

underpredict the negative contribution of (Sd∇. ~N)
s
Σgen for all flames considered

in this analysis for the values βCFM and c0 originally proposed by Veynante et al.

[153]. Furthermore, Eq. 7.2 predicts negative values of (Sd∇. ~N)
s
Σgen throughout

the flame brush in all cases, whereas (Sd∇. ~N)
s
Σgen assumes positive values to-

wards the unburned gas side of the flame brush for small values of Ret (i.e. cases
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A and B). It should be noted, however, that the models given by Eqs. 7.2 and

7.3 were proposed in the context of the corrugated flamelets regime and therefore

the inadequacies of these models for the thin reaction zones regime flames are not

unexpected. However, modifying βCFM and c0 values enable Eq. 7.3 to capture

the general qualitative behaviour of (Sd∇. ~N)
s
Σgen for all cases considered here.

It has been found that Eq. 7.3 can capture the behaviour of (Sd∇. ~N)
s
Σgen when

βCFM and c0 are expressed as:

βCFM = 0.9Le−0.7[1− (Nk)s(Nk)s]erf[1 + exp (−(ReL − 7.0))] (7.16)

c0 = 0.6− 0.5erf(5.1Le7.0)(4− 3/(1 + exp(7.0−ReL))) (7.17)

The prediction of Eq. 7.3 with βCFM given in Eq. 7.16 and c0 given by Eq.

7.17 is referred to be CFM-MOD in Fig. 7.5. It can be seen from Fig. 7.5 that

Eq. 7.15 satisfactorily captures both qualitative and quantitative behaviours of

(Sd∇. ~N)
s
Σgen for all flames considered in this analysis and the performance of Eq.

7.15 remains either comparable to or better than the CPB, CFM and CFM-MOD

models. The model given by Eq. 7.15 works well for the flames in corrugated

flamelets regime and with different values of τ which is demonstrated in appendix

B.

7.1.3 Summary

Modelling of the curvature term of the FSD transport equation has been examined

in the context of RANS based on a priori analysis of a DNS database of turbulent

premixed flames with a wide range of Ret and Le. The curvature term has been

decomposed into components arising from the components of displacement speed

Sd [107] and the statistical behaviours of the individual components have been

analysed in detail. New models have been developed for individual components

of the FSD curvature term in the context of RANS where the effects of KaL, Ret

and global Le have been accounted for explicitly. The model predictions were

compared with respect to the curvature terms extracted from DNS data, which

demonstrated that the performance of the newly proposed model is either better

than or is comparable for the range of Lewis numbers and turbulent Reynolds
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Figure 7.5: Variation of A1 +A2 ( ) with c˜ along with the predictions of CPB
( ), CFM ( ), CFM-MOD ( ) and the combined model given in Eq.
7.15 ( ), shown for cases A-J.

numbers. This approach forms a starting point for the modelling of the curvature

term in context of LES.

7.2 LES Modelling of Curvature Terms

In this section the modelling of the curvature of the the generalised FSD term,

in the context of LES will be discussed. The curvature term is given as:[
Sd

(
∂Ni

∂xi

)]
s

Σgen (7.18)

The curvature term describes the production/destruction of Σgen due to flame

curvature κm = (∂Ni/∂xi)/2 [29, 35, 48, 66, 67, 68]. The statistical behaviour

of (Sd∇. ~N)sΣgen is significantly affected by curvature dependence on Sd [29, 35]

as described in previous chapters. It was demonstrated in earlier studies by

Chakraborty and Cant [29, 35] that the existing models for the subgrid curvature

term Csg often do not capture its correct qualitative and quantitative behaviours,

particularly in the thin reaction zones regime flames. Additionally, a priori DNS

analyses [29, 35] showed that existing models for the subgrid curvature term Csg
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do not adequately capture the qualitative behaviour of this term obtained from

DNS data. It was also shown by Chakraborty and Cant [29, 35], that the model

parameters for the existing subgrid curvature term Csg are found to be strong

functions of the LES filter width ∆ [29, 35]. To date, most existing FSD based

models have been proposed for unity Lewis number flames where the differential

diffusion of heat and mass has been ignored. The effects of Le on the statistical

behaviour of the FSD curvature term (Sd∇. ~N)sΣgen are yet to be analysed in

detail. With these facts in mind the following objectives were set:

1. To analyse the statistical behaviours of the subgrid FSD curvature term in

the context of LES, for flames with different values of Lewis number.

2. To propose models for the subgrid FSD curvature terms and assess their

performances in comparison to the corresponding quantities extracted from

DNS data.

7.2.1 Existing LES the Curvature Term Models

The curvature term of the FSD (Sd∇. ~N)sΣgen is often decomposed in the following

manner [29, 35, 48, 66, 67, 68]:[
Sd

(
∂Ni

∂xi

)]
s

Σgen = Cmean + Csg (7.19)

where Cmean and Csg are the resolved and subgrid components of the FSD cur-

vature term respectively. The resolved curvature term Cmean can be expressed in

three different manners [29, 35, 66] as shown described in Chapter 3:

Cmean = (Sd)s
∂(Ni)s
∂xi

Σgen (7.20a)

Cmean = (Sd)s
∂Mi

∂xi
Σgen (7.20b)

Cmean = (δij − (NiNj)s)
∂(Sd)s(Ni)s

∂xj
Σgen (7.20c)
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Chakraborty and Cant [29, 35] demonstrate that the expression given by Eq.

7.20a provides the best option for the Cmean, as it resulted in the smallest mag-

nitude of Csg. In this work the expressions given by Eq. 7.20(a-c) were tested

and Eq. 7.20a was found to perform the best (not shown here). This is ad-

vantageous from the perspective of efficient modelling of the FSD curvature term

(Sd∇. ~N)sΣgen as most of the modelling uncertainty is associated with Csg. More-

over, Eq. 7.20a has also been used for the modelling of (Sd∇. ~N)sΣgen in previous

LES simulations [66, 67, 68, 73]. For the present analysis Eq. 7.20a will be

considered for the resolved curvature term Cmean.

Decomposition of the displacement speed Sd, as described in Chapter 2 (see

Eq. 2.103), was used in order to model the curvature term. The following expres-

sion for Csg can be obtained using Eq. 2.103 and Cmean = (Sd)s[∂(Ni)s/∂xi]Σgen

[82, 83]:

Csg = Csg1 + Csg2 =

(
Sd
∂Ni

∂xi

)
s

Σgen − (Sd)s
∂(Ni)s
∂xi

Σgen (7.21)

where

Csg1 =

[
(Sr + Sn)

∂Ni

∂xi

]
s

Σgen − (Sr + Sn)s
∂(Ni)s
∂xi

Σgen (7.22a)

Csg2 = −
[
D

(
∂Ni

∂xi

)2
]
s

Σgen −
[
D

(
∂Ni

∂xi

)]
s

∂(Ni)s
∂xi

Σgen (7.22b)

Eq. 7.22a indicates that curvature (κm = ∇. ~N/2) dependencies of (Sr + Sn) and

|∇c|, significantly influence the statistical behaviour of Csg1. Eq. 7.22b suggests

that Csg2 is expected to assume negative values throughout the flame brush as:∣∣∣∣∣∣
[
D

(
∂Ni

∂xi

)2
]
s

Σgen

∣∣∣∣∣∣�
∣∣∣∣∣
[
D

(
∂Ni

∂xi

)]
s

∂(Ni)s
∂xi

Σgen

∣∣∣∣∣ (7.23)

Hawkes and Cant [67, 68] modified a version of the Coherent Flamelet Model

(CFM) by Candel and Poinsot [18] as:

Csg = −αNβ1SLΣ2
gen

(1− c̄) (7.24)
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where αN = 1−(Nk)s(Nk)s is a resolution parameter which vanishes when the flow

is fully resolved and β1 is a model parameter. Hawkes [66] discussed a possibility

of modifying a RANS model proposed by Cant et al. [21] for the purpose of LES

as:

Csg = −CHSLΣ2
gen

(1− c̄) (7.25)

where CH = αHβ2(1 − (1/3)[1 − exp(1 − c̄)
√
k̃/ΣgenSL∆]), A = 10.0, u′∆ =√

(2k̃/3) is the subgrid turbulent velocity fluctuation, k̃ = (ρuiui − ρ̄ũiũi/2ρ̄) is

the subgrid kinetic energy and β2 is a model parameter. Another model of Csg

was proposed by Charlette et al. [48]:

Csg = −β3SL(Σgen − |∇c̄|)
Σgen

c̄(1− c̄) (7.26)

where β3 is a model parameter. The models given by Eq. (7.24-7.25) (henceforth

will be referred to as CSGCFM, CSGCPB and CSGCHAR respectively) ensure

that Csg vanishes when the flow is fully resolved (i.e. (Nk)s(Nk)s = 1.0 and

Σgen = |∇c̄| = |∇c|). A-priori DNS assessment of the CSGCFM, CSGCPB and

CSGCHAR models and the modelling of Csg1 and Csg2 discussed in the following

subsection in this chapter.

7.2.2 Behaviour of the Curvature Term

7.2.2.1 Turbulent Reynolds Number

The variations of the ensemble averaged values of (Sd∇. ~N)sΣgen conditional on

c̃-isosurfaces for all cases are shown in Fig. 7.6 for ∆ = 8∆m ≈ 0.8δth and

∆ = 24∆m ≈ 2.4δth. The filter widths ∆ = 8∆m ≈ 0.8δth and ∆ = 24∆m ≈
2.4δth correspond to two representative situations, where the flame is partially

resolved and where the flame is fully unresolved, respectively. Fig. 7.6 shows

that (Sd∇. ~N)sΣgen assumes predominantly negative values throughout the flame

brush. Although the resolved curvature term Cmean = (Sd)s∂(Ni)s/∂xiΣgen cap-

tures the qualitative behaviour of (Sd∇. ~N)sΣgen throughout the flame brush, the

magnitude of Cmean remains smaller than the magnitude of (Sd∇. ~N)sΣgen for the

major portion of the flame brush in all cases for all values of ∆ (see Fig. 7.6).
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Figure 7.6: Variation of (Sd∇. ~N)sΣgen ( ), Cmean ( ) and Csg ( ) con-
ditionally averaged in bins of c̃ across the flame brush for filter sizes 0.8δth (top
row) and 2.4δth (bottom row) for cases A-E.

This leads to predominantly negative values of Csg, although the ensemble aver-

aged values of Csg on c̃-isosurfaces exhibits positive values towards the unburned

gas side of the flame brush for the flames with low and moderate values of tur-

bulent Reynolds number (e.g. cases A-C). By contrast, the variation of ensemble

averaged values of Csg on c̃-isosurfaces exhibits only negative values throughout

the flame brush for the flames with relatively higher values of turbulent Reynolds

number (e.g. cases D and E). The models of Csg given by Eqs. 7.24-7.26 only

predicts negative values of Csg and thus will not be capable of predicting the

positive values of Csg in cases A-C.

Comparing (Sd∇. ~N)sΣgen, Cmean and Csg magnitudes for ∆ = 8∆m ≈ 0.8δth

and ∆ = 24∆m ≈ 2.4δth reveals that the magnitudes of (Sd∇. ~N)sΣgen and Cmean

decrease with increasing ∆, whereas the magnitude of Csg increases with in-

creasing ∆. This observation is consistent with previous findings [29, 35]. The

smearing of local information as a result of the weighted-averaging process in-

volved in LES filtering leads to the decrease in the magnitudes of (Sd∇. ~N)sΣgen

and Cmean for increasing values of ∆. The flow becomes increasingly unresolved

with increasing ∆ and thus the flame curvature and its influence on the FSD

evolution are increasingly felt at the subgrid scale, which is reflected in the high

magnitudes of Csg for large values of ∆.
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7.2.2.2 Lewis Number

The variations of (Sd∇. ~N)sΣgen, Cmean and Csg conditionally averaged in bins of c̃

isosurfaces for cases F-J are shown in Fig. 7.7 for filter widths ∆ = 8∆m ≈ 0.8δth

and ∆ = 24∆m ≈ 2.4δth. It is evident from Fig. 7.7 that Le significantly

affects the statistical behaviours of the curvature terms. The filter widths ∆ =

8∆m ≈ 0.8δth and ∆ = 24∆m ≈ 2.4δth span a useful range of length scales

(i.e. from ∆ comparable to 0.8δth where the flame is partially resolved, up to

2.4δth where the flame becomes fully unresolved and ∆ is comparable to the

integral length scale). In the Le � 1 flames (e.g. cases F and G) the FSD

curvature term (Sd∇. ~N)sΣgen behaves as a source term for the major part of

the flame brush before assuming negative values towards the burned gas side

for ∆ = 8∆m ≈ 0.8δth. For ∆ = 24∆m ≈ 2.4δth, the FSD curvature term

(Sd∇. ~N)sΣgen acts as a source (sink) term towards the unburned (burned) gas

side of the flame brush in the Le � 1 flames. In the case of Le ≈ 1 flames

(i.e. cases H-J) the curvature term (Sd∇. ~N)sΣgen behaves as a sink type term

throughout the flame brush for all filter widths. It can be seen from Fig. 7.7

that Cmean acts as a source (sink) term for cases F and G (H-J). The magnitude

of Cmean (Csg) decreases (increases) with increasing ∆ in all cases, and for large

filter widths (Sd∇. ~N)sΣgen is principally made up of Csg. The LES filtering is

a convolution process, and the weighted averaging involved in this filtering leads

to a decrease in the magnitude of Cmean with increasing filter width ∆. The

flow becomes increasingly unresolved with increasing filter width ∆ and this is

reflected in the rise in Csg magnitude with the increase in filter width ∆.

The resolved curvature term Cmean = (Sd)s∂(Ni)s/∂xiΣgen can be seen to

capture the behaviour of the curvature term (Sd∇. ~N)sΣgen satisfactorily at small

filter widths (i.e. ∆ ≤ δth) for the flames with Le ≈ 1.0. However, the magnitude

of Cmean decreases with increasing ∆ and it does not capture the behaviour of

the FSD curvature term (Sd∇. ~N)sΣgen for the Le� 1.0 flames. The subgrid cur-

vature term, Csg follows the behaviour of the FSD curvature term (Sd∇. ~N)sΣgen

for all filter widths. The subgrid curvature term Csg almost entirely makes up

the FSD curvature term (Sd∇. ~N)sΣgen for ∆� δth and this is especially true for

the Le � 1.0 cases. It can further be observed from Fig. 7.7 that Csg assumes
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Figure 7.7: Variation of (Sd∇. ~N)sΣgen ( ), Cmean ( ) and Csg ( ) con-
ditionally averaged in bins of c̃ across the flame brush for filter sizes 0.8δth (top
row) and 2.4δth (bottow row) for cases F-J.

positive values towards the unburned gas side of the flame brush in the Le � 1

flames (e.g. cases F and G), whereas the existing models for Csg allows for only

negative values (see Eqs. 7.24-7.26). This suggests that new models for Csg are

warranted to account for the influences of non-unity Lewis number.

7.2.3 Modelling the effects of Turbulent Reynolds number

It is useful to examine the statistical behaviours of Csg1 and Csg2 in order to

explain the differences in the behaviours of Csg for flames with different Ret. The

variations of the ensemble averaged values of [(Sr + Sn)∇. ~N ]sΣgen, (−(D(∇. ~N)2)s
Σgen = −4(Dκ2

m)sΣgen), Csg1 and Csg2 conditional on c̃-isosurfaces are shown in

Fig. 7.8 for cases A-E for ∆ = 8∆m ≈ 0.8δth and ∆ = 24∆m ≈ 2.4δth respectively.

Fig. 7.8 demonstrates that both [(Sr + Sn)∇. ~N ]sΣgen and Csg1 remain predom-

inantly positive (negative) towards the unburned (burned) gas side of the flame

brush for all values of ∆ considered here. The contribution of −4(Dκ2
m)sΣgen

and Csg2 remain deterministically negative throughout the flame brush (see Fig.

7.8). It is evident from Fig. 7.8 that −4(Dκ2
m)sΣgen remains a leading order

contributor to (Sd∇. ~N)sΣgen for all the flames at all values of ∆ (see Fig. 7.8),

which is consistent with the expected behaviour in the thin reaction zones regime
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where −4(Dκ2
m)sΣgen is expected to play an important role [107]. Fig. 7.8 further

shows that Csg1 remains close to the magnitude of [(Sr + Sn)∇. ~N ]sΣgen for all

∆ for all cases considered here, indicating that (Sr + Sn)s∂(Ni)s/∂(Ni)s/∂xiΣgen

does not play a major role in capturing the behaviour of [(Sr + Sn)∇. ~N ]sΣgen.

By contrast, there is a significant difference between −4(Dκ2
m)sΣgen and Csg2 for

all cases for small values of ∆, and the difference between these quantities de-

crease with increasing ∆. As most of the contribution of −4(Dκ2
m)sΣgen remains

unresolved for large values of ∆ (i.e. ∆ � δth), Csg2 remains the leading or-

der contributor to −4(Dκ2
m)sΣgen, indicating that −(D∂Ni/∂xi)s∂(Ni)s/∂xiΣgen

plays a progressively less important role for increasing values of where the flame

is fully unresolved. However, the contribution of −(D∂Ni/∂xi)s∂(Ni)s/∂xiΣgen

remains significant for small values of ∆ when the flame is partially resolved. Fig.

7.8 further shows that the order of magnitudes of both Csg1 and Csg2 remain com-

parable for large values of ∆ (i.e. ∆� δth) and thus accurate modelling of Csg1

and Csg2 are necessary for accurate modelling of Csg. As the range of κm values

obtained on a flame surface increases with increasing flame wrinkling at higher

values of u′/SL ∼ Re
1/4
t Ka1/2 ∼ Re

1/2
t /Da1/2, the magnitude of −4(Dκ2

m)sΣgen

increases with increasing Ret, which in turn leads to increasing magnitude of

−4(Dκ2
m)sΣgen and Csg2 with increasing Ret for a given value of Da or Ka (see

Fig. 7.8). The positive contribution of Csg1 overcomes the negative contribution

of Csg2 towards the unburned gas side of the flame brush for the flames with small

and moderate values of turbulent Reynolds number (i.e. cases A-C) and yields a

net positive contribution of Csg towards the reactant side of the flame brush (see

Fig. 7.6).

The statistical behaviours of [(Sr + Sn)∇. ~N ]sΣgen and Csg1 depends on the

nature of the correlations between (Sr + Sn) and κm = ∇. ~N/2 and between |∇c|
and κm , and the variation of (κm)s across the flame brush. The correlation co-

efficients for the (Sr + Sn) − κm and |∇c| − κm dependencies for five different

c isosurfaces across the flame brush for all cases are shown in Fig. 6.12(a) and

6.12(b) respectively. For unity Lewis number flames St = −2Dκm is determinis-

tically negatively correlated with κm with a correlation coefficient equal to -1.0.

Fig. 6.12(a) suggests that (Sr + Sn) − κm correlation is much weaker than the

St − κm correlation in all cases. Moreover, Fig. 6.12(b) demonstrates that |∇c|
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Figure 7.8: Variation of ((Sr + Sn)∇. ~N)sΣgen ( ), −4(Dκ2
m)sΣgen ( ), Csg1

( ), Csg2 ( ) conditionally averaged in bins of c̃ across the flame brush for
filter width ∆ = 0.8δth (top row) and 2.4δth (bottom row) for cases F-J.

and κm remain weakly correlated throughout the flame brush for all cases. Figs.

6.12(a) and 6.12(b) demonstrate that the curvature dependencies of (Sr + Sn)

and |∇c| remain qualitatively similar for all the flames [44]. The physical expla-

nations of the observed curvature dependencies of (Sr + Sn) and |∇c| have been

discussed elsewhere [44] and will not be repeated here.

The variation of the ensemble averaged values of (κm)s conditional on c̃-

isosurfaces for all cases are shown in Figs. 7.9a and 7.9b for ∆ = 8∆m ≈ 0.8δth

and ∆ = 24∆m ≈ 2.4δth, respectively, which demonstrates that (κm)s predom-

inantly assumes positive (negative) values towards the unburned (burned) gas

side of the flame brush and the magnitude of (κm)s increases with increasing ∆.

The quantity (κm)s approaches κm for small values of ∆ (i.e. lim∆→0(κm)s =

κm|∇c|/|∇c| = κm) and the mean value of κm = ∇. ~N/2 remains negligible

for all the |∇c|-isosurfaces due to the statistical planar nature of the flames.

However, subgrid level curvature increases with increasing ∆ and thus the mag-

nitude of (κm)s increases with increasing values of ∆. Relatively weak curva-

ture dependencies of (Sr + Sn) and |∇c| lead to positive (negative) values of

[(Sr + Sn)∇. ~N ]sΣgen and Csg1 towards the unburned (burned) gas side of the

flame brush due to positive (negative) value of (κm)s. The contribution of re-

solved curvature term (Sr + Sn)s∂(Ni)s/∂xiΣgen remains negligible in comparison
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Figure 7.9: Variation of (κm)s× δth with c̃ across the flame brush for filter widths
0.8δth (a) and 2.4δth (b).

to [(Sr + Sn)∇. ~N ]sΣgen , due to relatively small values of ∂(Ni)s/∂xi in statis-

tically planar flames. Thus the contributions of [(Sr + Sn)∇. ~N ]sΣgen and Csg1

remain close to each other for all values of ∆ (see Fig. 7.8).

The subgrid fluctuations of the surface-weighted contributions of (Sr + Sn)

and ∇. ~N are taken to scale with SL and (Σgen−|∇c̄|) respectively to propose the

following model for Csg1 in this analysis:

Csg1 = −β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m (7.27)

where β4, c◦, aΣ and m are the model parameters. The function (c̄−c◦)/{exp[−aΣ

(1− c̄)]c̄(1− c̄)m} in Eq. 7.27 is used to capture the correct qualitative behaviour

of Csg1 across the flame brush. In a compressible LES simulation c̃ is readily

available and c̄ needs to be extracted from c̃. The methodology of extracting

c̄ from c̃ in the context of LES was discussed elsewhere [29, 35] and will not
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be discussed in detail in this chapter. The model parameter c◦ ensures that

the transition from positive to negative value of Csg1 takes place at the correct

location within the flame brush. The quantity (Σgen − |∇c̄|) vanishes when the

flow is fully resolved and thus Csg1 becomes exactly equal to zero when the flow

is fully resolved (i.e.∆ → 0) according to Eq. 7.27. It has been found that

m = 1.85 enables Eq. 7.27 to capture the qualitative behaviour of Csg1 when

the optimal values of c◦ and aΣ are chosen. The optimum value of c◦, (aΣ) tends

to increase with decreasing (increasing) ∆. The κm dependencies of (Sr + Sn)

and |∇c| are reflected mostly in the resolved scale but these effects weaken with

increasing values of ∆ [29, 35]. As the resolved and subgrid curvature terms are

closely related [29, 35], the qualitative behaviour of Csg1 is also affected by the κm

dependencies of (Sr + Sn) and |∇c|, which leads to the variation of the optimum

values of aΣ and c◦. The model parameter β4 is found to decrease with decreasing

values of Σgen for satisfactory quantitative prediction of Csg1, which is accounted

for by expressing β4 as: β4 = 9.8Σgenδth. The prediction of Eq. 7.27 ensemble

averaged on c̃-isosurfaces is compared with the ensemble averaged values of Csg1

in Fig. 7.10 for all cases for the optimum values of c◦ and aΣ, for ∆ = 0.8δth and

∆ = 2.4δth, when β4 and m are taken to be β4 = 9.8Σgenδth and m = 1.85. The

optimum values of c◦ and aΣ are estimated by calibrating the prediction of Eq.

7.27 with respect to the values of Csg1 obtained from DNS data and the variation

of the global mean optimum values of c◦ and aΣ with ∆/δth for all cases are shown

in Fig. 7.11. The optimum values of c◦ and aΣ are parameterised here as:

c◦ = k1 +

[
(k2 − k1)

{1.0 + exp(−2.0(∆/δth − 1.5))}

]
(7.28a)

aΣ =
k4

1.0 + exp(−5.0(∆/δth − 1.0))
(7.28b)

k1 = 0.75 +
0.15

1.0 + exp[−5.0(k4 − 4.6)]
(7.28c)

k2 = 0.65 +
0.05

1.0 + exp[−9.0(k4 − 4.0)]
(7.28d)

k4 = 0.81− 0.67

1.0 + exp[−5.0(k4 − 4.6)]
(7.28e)
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Figure 7.10: Variations of Csg1 ( ) and Csg2 ( ) conditionally averaged in
bins of c̃ across the flame brush along with the predictions of Eqs. 7.27 ( )
and 7.29 ( ) for filter widths ∆, 0.8δth (top row) and 2.4δth (bottom row).

k3 =
Re0.83

∆ + 0.1

(∆/δth)1.73 + 0.1
(7.28f)

Fig. 7.10 shows that Eq. 7.27 satisfactorily predicts Csg1 when β4 = 9.8Σgenδth

and m = 1.85, and Eq. 7.28 is used for c◦ and aΣ.

Here the contribution of (Dκ2
m)s −D∂Ni/∂xi∂(Ni)s/∂xi is scaled with (Ξ −

1)nSLΣgen (i.e.) (Dκ2
m)s−D∂Ni/∂xi∂(Ni)s/∂xi ∼ [(Σgen/|∇c̄|)−1]nSLΣgen where

the subgrid fluctuations of D is taken to scale with SL/Σgen (i.e.D ∼ SL/Σgen).

The above relations are utilised here to propose a model for Csg2 in the following

manner:

Csg2 = −β5

(Ξ− 1)nSLΣ2
gen

c̄(1− c̄) (7.29)

where β5 is a model parameter and c̄(1− c̄) is used to capture the correct qualita-

tive behaviour of Csg2. According to Eq. 7.29, Csg2 vanishes when the flow is fully

resolved. It has been found that Eq. 7.29 satisfactorily captures the behaviour

of Csg2 throughout the flame brush for n = 1.0 in all cases considered here when

a suitable value of β5 is used. The variation of the global mean optimum values

of β5 with ∆/δth for all cases are shown in Fig. 7.11. The optimum values of β5
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Figure 7.11: Variation of model parameters β1 ( ), β2 ( ), β3 ( ), β5 ( ) and its
model prediction given by Eq. 7.30 ( ), aΣ ( ) and its model given by Eq. 7.28b
( ), c◦ ( ) and its model given by Eq. 7.28a ( ) with ∆ for cases A-E.

has been parameterised here in the following manner:

β5 =
Re∆

Re∆ + 1.0
×
[
r1 +

r2 − r1

1.0 + exp{−5.0(Re∆ − r3)}

]
(7.30)

where

r1 = 1.6
r1.23

4 + 6.24

7.17r1.23
4 + 0.26

(7.31a)

r2 = 1.35
r3.53

4 + 6.10

13.25r3.53
4 + 0.56

(7.31b)

r3 = 35erf[exp 5.3(1.37r4 − 1.0)] (7.31c)

r4 =
∆

∆ + δth
(7.31d)

The predictions for the parameterisations of c◦, aΣ and β5 are shown in Fig. 7.11.

The predictions of Eq. 7.29 ensemble averaged on c̃ isosurfaces are compared

with ensemble averaged values of Csg2 in Fig. 7.10 all for cases for ∆ = 0.8δth

and ∆ = 2.4δth, which show that Eq. 7.29 satisfactorily predicts the statistical

behaviour of Csg2 when n = 1.0 and Eq. 7.31 is used for β5.

Eqs. 7.27 and 7.29 can be combined to propose a model for Csg in the following

manner:

Csg = −β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m − β5

(Ξ− 1)nSLΣ2
gen

c̄(1− c̄) (7.32)
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The above model will henceforth be referred to CSGNEW model in this thesis.

Eq. 7.32 allows for a positive contribution of Csg through the contribution of

−β4(Σgen − |∇c̄|)(c̄ − c◦)SLΣgen/{exp[−aΣ(1 − c̄)]c̄(1 − c̄)m}, which is absent in

the CSGCAND, CSGCANT and CSGCHAR models. The predictions of the

CSGCAND, CSGCANT, CSGCHAR and CSGNEW models for ∆ = 0.8δth and

∆ = 2.4δth are compared with Csg obtained from DNS in Fig. 7.11 for optimum

values of β1, β2 and β3 where the optimum values are estimated by calibrating

the models based on the ensemble-averaged value of Csg obtained from DNS data.

The variations of the optimum values of β1, β2 and β3 with ∆ for cases A-E are

also shown in Figs. 7.11(a-e) respectively, which demonstrate that the model

constants β1, β2 and β3 remain greater than unity for all cases. This is found

to be consistent with the realisability analysis by Hawkes and Cant [69]. Fig.

7.11(a-e) demonstrate that the optimum values of β1, β2 and β3 change with

respect to ∆, which is also consistent with earlier findings Chakraborty and Cant

[29]. Moreover, optimum values of β1, β2 and β3 for a given value of ∆ vary

between cases considered here (see 7.11(a-e)). The optimum values of β1, β2 and

β3 can also be parameterised in the same manner in which β5 is parameterised

in Eq. 7.31. However, this is not presented here as the models given by Eqs.

7.24-7.26 fail to capture the positive contribution of Csg for cases A-C. Moreover,

the CSGCAND, CSGCANT and CSGCHAR models do not capture the correct

qualitative behaviour of Csg even when the optimum values of β2 and β3 are used.

It is evident from Fig. 7.12 that the CSGCAND, CSGCANT and CSGCHAR

models predict the general qualitative behaviour of Csg for the major portion

for the flame brush all values of ∆. However, CSGCHAR tends to overpredict

the negative values of Csg towards the unburned gas side and this behaviour

becomes more prominent with increasing filter size. Fig. 7.12 shows that for

∆ = 2.4δth, the CSGCHAR model predicts the maximum magnitude of Csg near

the middle of the flame whereas the actual maximum magnitude of Csg is attained

slightly towards the burned gas side. The CSGCAND and CSGCANT models

predict the correct magnitude of Csg for optimum values of β1 and β2, but they

do not satisfactorily capture the qualitative behaviour of Csg, and underpredict

(overpredict) its magnitude towards the burned gas side (middle) of the flame

brush. Fig. 7.12 demonstrates that the CSGNEW model captures the qualitative
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Figure 7.12: Variations of Csg ( ) conditionally averaged in bins of c̃ across
the flame brush along with the predictions of CSGCAND ( ), CSGCANT
( ), CSGCHAR ( ), CSGNEW ( ) for filter widths ∆ = 0.8δth (top
row) and 2.4δth (bottom row).

behaviour of Csg in a better manner than the CSGCAND and CSGCANT models,

and the quantitative agreement between Csg and the CSGNEW model remains

better than the CSGCAND, CSGCANT and CSGCHAR models for the major

part of the flame brush for all cases, when optimum values of β4, β5, aΣ and c◦

are used.

7.2.4 Modelling the effects of Lewis number

Similar analysis to the previous section was carried out for cases F-J, to show

that the modelling approach used earlier (i.e. the decomposition of Csg into Csg1

and Csg2) is a viable strategy. In order to accomplish this task, the variations

of [(Sr + Sn)∇. ~N ]sΣgen, (−(D(∇. ~N)2)sΣgen = −4(Dκ2
m)sΣgen), Csg1 and Csg2

conditional on c̃-isosurfaces are shown for cases F-J in Fig. 7.13 for filter widths

∆ = 0.8δth and ∆ = 2.4δth. It is evident from Fig. 7.13 that Csg2 remains negative

throughout the flame brush for all cases and follows the qualitative behaviour of

−4(Dκ2
m)sΣgen. A comparison between ((Sr + Sn)∇. ~N)sΣgen and −4(Dκ2

m)sΣgen

reveals that −4(Dκ2
m)sΣgen remains the major contributor to (Sd∇. ~N)sΣgen for

all the flames at all values of Le, which is consistent with the expected behaviour
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in the thin reaction zones regime [107]. The contribution of ((Sr + Sn)∇. ~N)sΣgen

remains significant for the Le < 1 cases (i.e. cases F, G and H) but its contri-

bution remains weak in comparison to the magnitude of −4(Dκ2
m)sΣgen in the

Le = 1.0 and Le = 1.2 flames (i.e. cases I and J). Fig. 7.13 demonstrates

that Csg1 remains close to ((Sr + Sn)∇. ~N)sΣgen for all ∆ for the Le = 1.0 flame

(i.e. case I), indicating that ((Sr + Sn)∇. ~N)sΣgen does not play a major role in

capturing the behaviour of ((Sr + Sn)∇. ~N)sΣgen. However, there is a significant

difference in magnitudes of ((Sr + Sn)∇. ~N)sΣgen and Csg1 for small values of ∆

(i.e. ∆ < δth) in the non-unity Lewis number flames (i.e. cases F-H and J) flames,

which indicates that (Sr + Sn)s∂(Ni)s/∂xiΣgen plays a key role for small values

of filter width in these flames. For large values of filter width (i.e. ∆� δth) Csg1

remains the major contributor to ((Sr + Sn)∇. ~N)sΣgen for all cases considered

here, indicating that (Sr + Sn)s∂(Ni)s/∂xiΣgen plays progressively less important

role for increasing values of ∆.

Fig. 7.13 shows that there is a significant difference between −4(Dκ2
m)sΣgen

and Csg2 for all the cases for small ∆, and the difference between these quanti-

ties decrease with increasing ∆. As most of the contribution of −4(Dκ2
m)sΣgen

remain unresolved for large values of ∆ (i.e. ∆ > δth), the subgrid curva-

ture term Csg2 remains the major contributor to −4(Dκ2
m)sΣgen, indicating that

(−(D∂Ni/∂xi)s∂(Ni)s/∂xiΣgen) plays progressively less important role for in-

creasing values of ∆ where the flame is fully unresolved. However, the contri-

bution of (−(D∂Ni/∂xi)s∂(Ni)s/∂xiΣgen) remains significant for small values of

∆, where the flame is partially resolved. Fig. 7.13 further shows that the order

of magnitudes of both Csg1 and Csg2 remain comparable and thus accurate mod-

elling of Csg1 and Csg2 is necessary for precise predictions of Csg. As the range of

κm values obtained on a flame surface increases with increasing flame wrinkling,

the magnitude of −4(Dκ2
m)s increases with decreasing Le, which in turn leads to

increasing magnitude of −4(Dκ2
m)s and Csg2 (see Fig. 7.13). The positive contri-

bution of Csg1 overcomes the negative contribution of Csg2 towards the unburned

gas side of the flame brush for the Le = 0.34 and Le = 0.6 flames (i.e. cases F

and G), and yields a net positive contribution of Csg towards the reactant side of

the flame brush (see Fig. 7.7).

The statistical behaviours of ((Sr + Sn)∇. ~N)sΣgen and Csg1 depends on the
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Figure 7.13: Variation of ((Sr + Sn)∇. ~N)sΣgen ( ), −4(Dκ2
m)sΣgen ( ),

Csg1 ( ), Csg2 ( ) conditionally averaged in bins of c̃ across the flame
brush for filter width ∆ = 0.8δth (top row) and 2.4δth (bottom row) for cases F-J.

nature of the curvature κm = ∇. ~N/2 dependencies of (Sr + Sn) and |∇c|, and

the variation of (κm)s across the flame brush. The correlation coefficients for

(Sr + Sn) − κm and |∇c| − κm for five different c isosurfaces across the flame

brush for all the cases are shown in Figs. 6.12(c) and 6.12(d) respectively. For

all cases St = −2Dκm remains negatively correlated with κm with a correlation

coefficient close to (-1.0). However, Figs. 6.12(c) and 6.12(d) demonstrate that

Le significantly affects the curvature κm dependencies of (Sr + Sn) and |∇c|. It

can be seen that (Sr+Sn) and |∇c| remain positively (negatively) correlated with

κm for the Le < 1.0 (Le > 1.0) flames, whereas both (Sr + Sn) and |∇c| show

weak curvature dependencies in the unity Lewis number flames. The positive

correlations between (Sr+Sn) and κm, and between |∇c| and κm strengthen with

decreasing Le for the Le < 1 flames.

The variations of (κm)s conditionally averaged in bins of c̃ isosurfaces for

cases F-J are shown in Figs. 7.14a and d for filter widths ∆ = 8∆m ≈ 0.8δth

and ∆ = 24∆m ≈ 2.4δth respectively. It is evident from Figs. 7.14a and d that

(κm)s assumes positive (negative) values towards the unburned (burned) gas side

of the flame brush. For small values of ∆ the surface-weighted filtered value of

curvature (κm)s approaches κm (i.e. lim∆→0(κm)s = κm|∇c|/|∇c| = κm) and

thus the ensemble averaged value of (κm)s remains small for small values of filter
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width as the ensemble averaged value of κm remains negligible for statistically

planar flames. The difference between the ensemble averaged values of (κm)s and

κm increase with increasing filter width ∆, as flame wrinkling increasingly takes

place at the subgrid level. For the Le = 1.0 flame (i.e. case J) the combination

of positive (negative) value of (κm)s and weak (Sr + Sn) − κm and |∇c| − κm

correlations gives rise to positive (negative) values of the ensemble averaged values

of ((Sr + Sn)∇. ~N)sΣgen and Csg1 towards the unburned (burned) gas side of the

flame brush for all values of ∆. The predominant positive (Sr + Sn) − κm and

|∇c|−κm correlations give rise to positive values of the ensemble averaged values

of ((Sr + Sn)∇. ~N)sΣgen and Csg1 throughout the flame brush for small values of

∆ in the Le = 0.34, 0.6 and 0.8 flames. By contrast, negative (Sr + Sn) − κm
and |∇c| − κm correlations (see Fig. 6.12(c)) give rise to negative values of the

ensemble averaged values of ((Sr + Sn)∇. ~N)sΣgen and Csg1 throughout the flame

brush for small values of ∆ in the Le = 1.2 flame. These local dependencies

are progressively smeared with increasing ∆ because of the convolution operation

associated with LES filtering process and this leads to positive (negative) values

of ((Sr + Sn)∇. ~N)sΣgen and Csg1 towards the unburned (burned) gas side of the

flame brush for all cases considered here, including the non-unity Lewis number

flames where the curvature dependencies of (Sr + Sn) and |∇c| are particularly

strong.

The dependencies of (Sr + Sn)s and Σgen on 0.5 × ∂(Ni)s/∂xiΣgen are likely

to capture some of κm dependencies of (Sr + Sn) and |∇c| at small values of

filter widths ∆ (i.e. ∆ < δth) where the flame is partially resolved. This ef-

fect is particularly prevalent in the non-unity Lewis number flames where both

(Sr + Sn) and |∇c| are strongly correlated with curvature κm even though the

flames are statistically planar in nature. As a result of this, the contribution

of (Sr + Sn)s∂(Ni)s/∂xiΣgen remains close to that of ((Sr + Sn)∇. ~N)sΣgen for

small filter widths (i.e. ∆ < δth), which is reflected in the small contribution

of Csg1 (see ∆ = 0.8δth variations in Figs. 7.13a-c and e). The correlation

between the filtered quantities (e.g. dependencies of (Sr + Sn)s and Σgen on

0.5 × ∂(Ni)s/∂xiΣgen) weaken with increasing filter width ∆ due to smearing of

local information. Moreover, physical processes take place increasingly at the

subgrid level for ∆ � δth, and thus (Sr + Sn)s∂(Ni)s/∂xiΣgen does not capture
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Figure 7.14: Variation of (κm)s×δth with c̃ across the flame brush for filter widths
0.8δth (a) and 2.4δth (b).

the behaviour of ((Sr + Sn)∇. ~N)sΣgen for large filter widths (i.e. ∆ > δth) in all

cases considered here, including the non-unity Lewis number flames where the

curvature dependencies of (Sr + Sn) and |∇c| are particularly strong. This leads

to Csg1 ≈ ((Sr + Sn)∇. ~N)sΣgen for ∆ � δth in all cases considered here (see

∆ = 2.4δth variations in Figs. 7.13f-j). It can be seen from Fig. 7.13 that the

positive contribution of Csg1 overcomes the negative contribution of Csg2 towards

the unburned gas side of the flame brush in the Le = 0.34 and Le = 0.6 flames,

which lead to positive value of Csg = Csg1 + Csg2 towards the unburned gas side

for all values of ∆ in these cases (see Fig. 7.7). By contrast, negative values of

Csg2 overcome the positive contributions of Csg1 towards the unburned gas side

of the flame brush in the Le = 0.8, 1.0 and 1.2 flames, which lead to negative

values of Csg = Csg1 + Csg2 throughout the flame brush in these cases (see Fig.

7.7).

The subgrid fluctuations of the surface-weighted contributions of (Sr + Sn)

178



7.Modelling Curvature Term of the FSD Transport Equation

and ∇. ~N are scaled here using SL and (Σgen − |∇c̄|) respectively to propose the

following model for Csg1 as previously described in Eq. 7.27:

Csg1 = −β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m (7.33)

where β4, c◦, aΣ and m are the model parameters. The optimum values of c◦, (aΣ)

tend to increase with decreasing (increasing) ∆ for cases F-J. The κm dependen-

cies of (Sr +Sn) and |∇c| are influenced by Le (see Figsures 6.12(c) and 6.12(b)),

and these local dependencies appear in the resolved scale but their strength di-

minishes with increasing ∆ due to filtering operation. As the resolved and subgrid

curvature terms are closely related [29, 35], the qualitative behaviour of Csg1 is

also affected by the curvature dependencies of displacement speed components

and scalar gradient in the resolved scale, which leads to the variation of the op-

timum values of aΣ, β4 and c◦ with Le and ∆. The model parameter β4 needs to

be deceased for decreasing values of Σgen for satisfactory prediction of Eq. 7.33.

The prediction of Eq. 7.33 ensemble averaged on c̃-isosurfaces is compared with

the ensemble averaged values of Csg1 in Fig. 7.15 for all the cases considered here

for the optimum values of β4, c◦ and aΣ for ∆ = 0.8δth and ∆ = 2.4δth when m is

taken to equal 1.85. The optimum values of β4, c◦ and aΣ were estimated by cal-

ibrating the prediction of Eq. 7.33 with respect to the ensemble-averaged values

of Csg1 obtained from DNS data and the variation of the global mean optimum

values of β4/β4(Le=1.0), c
◦ and aΣ with ∆/δth for all the cases are shown in Fig.

7.16. The optimum values of β4, c◦ and aΣ are parameterised here as:

β4

β4(Le=1.0)

=

[
l1 +

(l2 − l1)

1.0 + exp[−10.0(Le− 1)]1/2

]
(7.34)

where

l1 = 1.6
[∆2.79 + 1.2(∆ + δth)

2.79]

1.33(∆ + δth)2.79
(7.35a)

l2 = 1.34
[∆0.67 + 0.53(∆ + δth)

0.67]

[3.1∆0.67 + 0.1(∆ + δth)0.67]
(7.35b)
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c◦ = k1 +
k2 − k1

1.0 + exp(−2.0(∆/δth − 1.5))
(7.35c)

aΣ =
k4

1.0 + exp(−5.0(∆/δth)− 1.0))
(7.35d)

where

k1 = 0.75 +
0.15

1.0 + exp(−5.0(k3 − 4.6))
(7.36a)

k2 = 0.65 +
0.05

1.0 exp(−9.0(k3 − 4.0))
(7.36b)

k4 = 0.81 =
0.67

1.0 + exp(−5.0(k3 − 4.6))
(7.36c)

k3 =
(Re0.83

∆ + 0.1)

[(∆/δ1.73
th ) + 0.1]

(7.36d)

Re∆ = 4ρ0

√
(2k̃/3)

µ0

(7.36e)

Fig. 7.15 shows that Eq. 7.33 satisfactorily predicts Csg1 when m = 1.85, and the

optimum values of β4/Σgen, c◦ and aΣ are used. According to the parameterisation

given by Eq. 7.35 β4 increases with decreasing Le, as the effects of chemical

reaction strengthens with decreasing Lewis number. Moreover, β4/Σgen, c◦ and

aΣ approach to asymptotic values for large values of ∆ and turbulent Reynolds

number based on LES filter width Re∆. As stated in the previous section

(Dκ2
m)s − (D∂Ni/∂xi)s∂(Ni)s/∂xi is scaled with (Ξ− 1)nSLΣgen (i.e. (Dκ2

m)s −
(D∂Ni/∂xi)s∂(Ni)s/∂xi ∼ (Ξ − 1)nSLΣgen) where the subgrid fluctuations of D

is taken to scale with SL/Σgen (i.e. sg(D) ∼ SL/Σgen). The above relations are

utilised here to propose a model for Csg2 in the following manner as previously

shown in Eq. 7.29:

Csg2 = −β5

SL(Ξ− 1)nΣ2
gen

c̄(1− c̄) (7.37)

where β5 is a model parameter and c̄(1− c̄) is used to capture the correct qualita-

tive behaviour of Csg2. Subsequently, the predictions of these parameterisations
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Figure 7.15: Variations of Csg1 ( ) and Csg2 ( ) conditionally averaged in
bins of c̃ across the flame brush along with the predictions of Eqs. 7.27 ( )
and 7.29 ( ) for filter widths ∆, 0.8δth (top row) and 2.4δth (bottom row).

for c◦ and aΣ (Eq. 7.35), β4 (Eq. 7.34) and β5 (Eq. 7.38) are shown in Fig.

7.16. It has been found that Eq. 7.37 satisfactorily captures the behaviour of

throughout the flame brush for n = 1.0 in all cases when a suitable value of β5 is

used. The variation of the global mean optimum values of β5 with ∆/δth for all

the cases consider here are shown in Fig. 7.16 respectively. The optimum values

of β5 has been parameterised here in the following manner:

β5/β5(Le=1.0) = m(Le)

(
Re∆

Re∆ + 1.0

){
r1 +

r2 − r1

1.0 + exp(−5.0(Re∆ − r3))

}
(7.38)

where

r1 = 1.6
r1.23

4 + 6.24

7.17r1.23
4 + 0.26

(7.39a)

r2 = 1.88
r2.27

4 + 5.92

8.47r2.27
4 + 0.47

(7.39b)

r3 = 35.0erf[exp(5.3(r4 − 1.0))] (7.39c)

r4 =
∆

∆ + δth
(7.39d)
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Figure 7.16: Variation of model parameters β1 ( ), β2 ( ), β3 ( ), β4/Σgen ( )
and its model given in Eq. 7.34 ( ), β5 ( ) and its model give in Eq. 7.38 ( ),
aΣ ( ) and its model given in Eq. 7.28b ( ), c◦ ( ) and its model given in Eq.
7.28a ( ) with ∆ for cases A-E.

m(Le) =

(
r5 +

1.0− r5

1.0 + exp[−10.0(Le− 1.0)]1/4

)
(7.39e)

r5 = 0.46
r5.22

4 + 4.53

8.0r5.22
4 + 2.96

(7.39f)

The predictions of Eq. 7.37 ensemble averaged on c̃-isosurfaces are compared

with ensemble averaged values of Csg2 in Fig. 7.15 for all cases at ∆ = 0.8δth

and ∆ = 2.4δth, which show that Eq. 7.37 satisfactorily predicts the statistical

behaviour of Csg2 when n = 1.0 and optimum value of β5 was used. According to

Eq. 7.38 β5 approaches to asymptotic values for large values of ∆ and turbulent

Reynolds number based on LES filter width Re∆. Equations 7.33 and 7.37 can

be combined to propose a model for Csg in the following manner:

Csg = −β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m − β5

SL(Ξ− 1)nΣ2
gen

c̄(1− c̄) (7.40)

Eq. 7.40 allows for a positive contribution of Csg, which is absent in the CSG-

CAND, CSGCANT and CSGCHAR models. The predictions of the CSGCAND,

CSGCANT, CSGCHAR and CSGNEW models for ∆ = 0.8δth and ∆ = 2.4δth

are compared with Csg obtained from DNS in Fig. 7.17 for the optimum values

of β1, β2, β3, β3 and β5. The optimum values of β1, β2 and β3 are estimated

by calibrating the models based on the ensemble-averaged value of Csg obtained

from DNS data. The variations of the optimum values of β1, β2 and β3 with ∆ for

cases F, G and H are also shown in Figs. 7.16 respectively. It is evident from Fig.
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7.16 which demonstrates that β1, β2, β3 and β5 remain greater than unity for all

cases. This is found to be consistent with the realisability analysis by Hawkes and

Cant [68]. Fig. 7.16 further demonstrates that the optimum values of β1, β2 and

β3 change appreciably with increasing ∆, which is consistent with earlier findings

[29, 35]. Moreover, optimum values of β1, β2 and β3 for a given ∆ vary between

cases considered here (see Fig. 7.16). It is worth noting that parameterisation of

the optimum values of β1, β2 and β3 also yields complex relations as given earlier.

However, such parameterisation is not attempted here because the CSGCAND,

CSGCANT and CSGCHAR models do not capture the qualitative behaviour of

Csg for the Le = 0.34 and Le = 0.6 flames.

It can further be seen from Fig. 7.17 that the CSGCHAR model tends to

overpredict the negative values of Csg towards the unburned gas side and this be-

haviour becomes more prominent with increasing filter size. It is clear from Fig.

7.17 that for ∆ = 2.4δth the CSGCHAR model predicts the maximum magnitude

of Csg near the middle of the flame whereas the actual maximum magnitude of

Csg is attained slightly towards the burned gas side. The CSGCAND and CS-

GCANT models give comparable performance for optimum values of β1 and β2.

However, the CSGCAND and CSGCANT models do not satisfactorily capture

the qualitative behaviour of Csg, and underpredict (overpredict) the magnitude

of Csg towards the burned gas side (middle) of the flame brush. Fig. 7.17 demon-

strates that the CSGNEW model captures the qualitative behaviour of Csg in

a better manner than the CSGCAND and CSGCANT models and the quan-

titative agreement between and the CSGNEW models remain better than the

CSGCAND, CSGCANT and CSGCHAR models in all cases for all values of ∆

when optimum values of β4, β5, aΣ and c◦ are used.

7.2.5 Summary

Modelling for the curvature term (Sd∇. ~N)sΣgen of the generalised FSD transport

equation was carried out using a simplified chemistry based DNS database of

freely propagating statistically planar turbulent premixed flames with wide vari-

ation of Lewis number and turbulent Reynolds numbers. The sub grid curvature

term was decomposed into components arising due to the combined reaction and
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Figure 7.17: Variations of Csg ( ) conditionally averaged in bins of c̃ across
the flame brush along with the predictions of CSGCAND ( ), CSGCANT
( ), CSGCHAR ( ), CSGNEW ( ) for filter widths ∆ = 0.8δth (top
row) and 2.4δth (bottom row).

normal diffusion and tangential diffusion components of displacement speed. The

unclosed FSD curvature terms were extracted from the DNS database for a wide

range of filter widths and detailed physical explanations were provided for the

effects of Lewis number and Reynolds number on the individual components of

sub grid curvature term. This allowed models to be proposed for the components

of sub grid curvature terms. When these models were combined it allowed for

accurate prediction of positive values of sub grid curvature term. Existing models

were found to be insufficient at predicting the sub grid curvature term especially

for cases with the Lewis number to significantly smaller than unity. The model

proposed in this study for the sub grid curvature was shown to be sufficiently

capable of predicting Csg accurately for a range of different filter widths, Lewis

numbers and turbulent Reynolds numbers.
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Chapter 8

Modelling the Strain Rate Term

of FSD Transport Equation

8.1 RANS Modelling of Strain Rate Term

The tangential strain rate term of the Σgen transport equation (see Eq. 7.1) in

the context of RANS is given as follow:

(aT )
s
Σgen =

[
(δij −NiNj)

∂ui
∂xj

]
s

Σgen (8.1)

The term (aT )
s
Σgen can be split in the following manner:

(aT )
s
Σgen = [δij − (NiNj)

s
]
∂u˜i
∂xj

Σgen︸ ︷︷ ︸
SR

+

(
[δij −NiNj]

∂u′′i
∂xj

)
s

Σgen︸ ︷︷ ︸
SUR

(8.2)

where aT = (δij −NiNj)∂ui/∂xj is the tangential strain rate acting on the flame

surface and ~N = −∇c/|∇c| is the flame normal vector. Cant et al. [21] and

Candel et al. [19] proposed models for both the resolved and the unresolved

parts of the tangential strain rate contribution of the Σgen transport (i.e. SR

and SUR respectively) in the context of RANS simulation. Duclos et al. [54] and

Prasad and Gore [126] assessed the performances of the models for SUR based on

RANS simulations. Veynante et al. [152] and Veynante et al. [153] assessed the
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8. Modelling the Strain Rate Term of FSD Transport Equation

performance of models for SR based on experimental data. The aforementioned

studies [19, 21, 54, 126, 152, 153] were carried out in the corrugated flamelets

regime, where the flame thickness remains smaller than the Kolmogorov length

scale. Recently, Katragadda et al. [80] carried out a priori analysis for existing SR

and SUR models in both the corrugated flamelets and thin reaction zones regime,

while accounting for a variation of Lewis number and heat release parameter. It

was shown by Katragadda et al. [80] that both the dilatation rate ∂ui/∂xi and the

relative alignment of ∇c with the fluid-dynamics strain rate eij = 0.5(∂ui/∂xj +

∂uj/∂xj) significantly affects the behaviour of the strain rate term (aT )
s
Σgen.

Global Lewis number Le is known to have significant influences on the both the

dilatation rate and scalar-gradient alignment statistics in the turbulent premixed

flames [39]. Additionally it was shown in recent studies [31, 39, 143] that the

Damköhler number significantly affects the relative strength of dilatation rate in

comparison to turbulent straining and alignment characteristics of ∇c with local

principal strain rates. As the turbulent Reynolds number scales as Ret ∼ Ka2Da2

it is expected that the modelling of the strain rate term will also show some Ret

dependence.

8.1.1 Existing RANS Models of Strain Rate Term

The strain rate term (aT )
s
Σgen is often modelled by splitting it into the resolved

SR and unresolved SUR components as shown earlier in Eq. 8.2. For the pur-

pose of evaluating SR the quantity (NiNj)
s

requires modelling. Cant et al. [21]

modelled SR as:

SR = (1.0− nij)
∂ũi
∂xj

Σgen (8.3)

where nij takes the following form in context of RANS:

nij = (NiNj)
s

= (Ni)
s
(Nj)

s
+
δij
3

[
1− (Nk)

s
(Nk)

s

]
(8.4)

Veynante et al. [153] modelled (NiNj)
s

as:

(NiNi)
s

=

∑
k 6=i(u

′′
ku
′′
k)

4̃k˜ and (NiNj 6=i)
s

=
uiuj

2̃k
(8.5)
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where k˜ = u′′i u
′′
i /2

˜
is the turbulent kinetic energy. Cant et al. [21] modelled for

the unresolved strain rate SUR in the following manner:

SUR = 0.28

√
ρ0ε˜
µ0

(8.6)

where ρ0 and µ0 are the unburned gas density and viscosity respectively, and ε˜ is

the dissipation rate of k˜. In the context of Coherent-Flamelet Modelling (CFM)

[54] SUR is modelled as:

SUR = α0Γk
ε

k̃˜ (8.7)

where α0 is a model constant of the order of unity (i.e. α0 = 2.0) and Γk is the

efficiency function proposed by Meneveau and Poinsot [102] which is a function

of lt.SL/αT0 and
√

(2k˜/3)/SL, with αT0 and lt being the thermal diffusivity in

the unburned gas and local integral length scale, respectively.

The strain rate term can additionally be decomposed as follows:

(aT )
s
Σgen = SR + SUR = (∂uj/∂xj)

s
Σgen︸ ︷︷ ︸

TD

− (NiNj∂ui/∂xj)
s
Σgen︸ ︷︷ ︸

TN

(8.8)

The terms TD and (−TN) represent contributions of dilatation rate and flame

normal strain rate on the Σgen transport. The dilatation term TD can be split

into the resolved and unresolved contributions as follows:

TD =

[
∂u˜i
∂xi
|∇c|

]
︸ ︷︷ ︸

TD1

+

[
∂ui
∂xi
|∇c|

]
−
[
∂u˜i
∂xi
|∇c|

]
︸ ︷︷ ︸

TD2

(8.9)

From the above expression it is clear that the resolved dilatation term TD1 can be

closed if a suitable relationship between c and c˜ can be found. The contribution

of the normal strain rate term (−TN) can be split as:

− TN = − (NiNj)
s

∂u˜i
∂xj

Σgen︸ ︷︷ ︸
TN1

−
(
NiNj

∂u′′i
∂xj

)
s

Σgen︸ ︷︷ ︸
TN2

(8.10)
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The quantity (−TN1) can be closed by using the models for (NiNj)
s
. This can be

carried out as shown in Eq. 8.4 and Eq. 8.5. The modelling of the terms (−TN2)

and TD2 will be discussed based on a priori analysis using the current database

in the following sections.

8.1.2 Modelling the Effects of Turbulent Reynolds Num-

ber and Lewis Number

The variations of (aT )
s
Σgen, SR, SUR, TD and (−TN) with c˜ for all the cases

are shown in Figs. 8.1 a-j, which show that (aT )
s
Σgen, SR, SUR and TD assume

positive values throughout the flame brush and the contribution of SUR supersedes

that of the SR in all the cases, in accordance with earlier findings [19, 21, 29,

35, 54, 68, 126, 152, 153]. However, it can be seen from Figs. 8.1 f-j that the

contribution of TD decreases with increasing Le as the effects of∇.~u weakens with

increasing Le, while TD is found to increase with decreasing Ret from examining

Figs. 8.1 a-e. As∇.~u remains principally positive within the flame brush and Σgen

is a positive quantity, the term TD remains positive throughout the flame brush.

However, the term (−TN) exhibits marked differences from one case to other. The

term (−TN) remains negative for cases A, B, D, E, F, G and H, whereas in cases

C, I and J the term is positive towards the reactants and negative towards the

products. The behaviour of TN = (NiNj∂ui/∂xj|∇c|) = (NiNj∂ui/∂xj)
s
Σgen is

determined by the alignment of ∇c with local principal strain rates. For passive

scalars, the scalar-gradient is known to align with the most compressive principal

strain rate eγγ [3, 5, 136] but recent studies [31, 34, 39, 143] have shown that

∇c may locally align with the most extensive principal strain rate eαα, where the

strain rate induced by chemical heat release overcomes the effects of turbulent

straining.

The strain rate induced by heat release can be scaled as achem ∼ τSL/δth for

the Le = 1.0 flames, whereas turbulent straining can be scaled as aturb ∼ u′/l,

which gives rise to: achem/aturb ∼ τ lSl/u
′δth ∼ τ.Da [31]. Alternatively the turbu-

lent straining aturb can be scaled as: aturb ∼ u′/λ following Tennekes and Lumley

[145] where λ is the Taylor micro-scale, which leads to: achem/aturb ∼ τDa/Re
1/2
t .

The scaling achem/aturb ∼ τ lSl/u
′δth ∼ τ.Da (achem/aturb ∼ τDa/Re

1/2
t ) indicates
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that ∇c may predominantly align with eαα to yield a positive (negative) contri-

bution of TN(−TN) for large Da flames. By contrast, in cases C, I and J, Da

remains small (i.e. Da < 1), so the effects of aturb overwhelm the effects of achem,

giving rise to predominant alignment of ∇c with eγγ for the major portion of the

flame brush, except in the heat releasing zone where the effects of achem overcome

the effects of aturb. This is reflected in the predominantly negative (positive)

value of TN(−TN) towards the unburned gas side, and a positive (negative) value

of TN(−TN) towards the burned gas side in cases C, I and J. Chakraborty et al.

[39] demonstrated that the strength of achem increases with decreasing Le and

this effect is particularly strong for the Le � 1 flames due high values of heat

release rate. As a result, under non-unity Lewis number conditions, the ratio

achem/aturb scales as achem/aturb ∼ τf(Le).Da (achem/aturb ∼ f(Le)Da/Re
1/2
t ),

where f(Le) is a function of Lewis number, which increases with decreasing Le

[39]. This suggests that achem may become significantly strong for small values

of Le, for a given value of Da. Strong achem in the Le =0.34, 0.6 and 0.8 flames

overcomes the effects of aturb and induces preferential alignment of ∇c with eαα.

This gives rise to positive (negative) values of TN(−TN) for the major portion

of the flame brush. As the strength of achem decreases with increasing Le, the

extent of negative contribution of (−TN) progressively decreases with increasing

Le, as evident from Figs. 8.1 h-j. Figs. 8.1 a-j show that the magnitude of

(−TN) remains smaller than the magnitude of TD for all the cases, which yields

a positive contribution of (aT )
s
Σgen throughout the flame brush even when the

contribution of (−TN) remains negative. In all the cases the aturb remains of the

same order of magnitude as that of achem (i.e. achem/aturb ∼ f(Le)τDa ∼ O(1) or

∼ f(Le)Da/Re
1/2
t ∼ O(1)) and thus the effect of aturb is partially nullified by the

effects induced by achem, which gives rise to a smaller magnitude of the normal

strain rate contribution (−TN) than the magnitude of the dilatation rate term

TD.

In the study by Katragadda et al. [80] the modelling for the strain rate term of

the generalised flame surface density was carried out based on the separate mod-

elling of the strain rate components TD and (−TN) In Eq. 8.9 the decomposition

of the dilation term TD was carried out, which gives rise to TD1 = ∂u˜i/∂xi|∇c| and

TD2 = (∂ui/∂xi|∇c|)− ∂u˜i/∂xi|∇c|. As mentioned earlier the resolved dilatation
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Figure 8.1: Variations of mean values of (aT )
s
Σgen ( ), SR ( ), SUR ( ),

TD ( ) and (−TN) ( ) conditional on c˜ for all cases.

strain rate term TD1 can be closed if a suitable relationship can be established

between c˜ and c.

According to Bray-Moss-Libby (BML) analysis [13], this can be carried out

using the expression c = (1 + τ)c˜/(1 + τc˜) + O(γ) where O(γ) accounts for the

contribution of the reacting mixture. The contribution of O(γ) remains negligible

for high Da flames but it might be non-negligible for low Da combustion. It

was shown by Katragadda et al. [80] based on a priori analysis that the BML

expression fails to predict for cases belonging to the thin reaction zones regime,

where as it predicts accurately for the corrugated flamelets regime. Additionally

the following model was proposed for a relationship between c˜ and c [80]:

c =
(1 + τ.ga.Le−b)c˜
(1 + τ.ga.Le−b.c˜) (8.11)

where g = c′′2˜/c˜(1−c˜) is the segregation factor, and a and b are model parameters.

The contribution of Le−b accounts for strengthening of heat release effects for

decreasing values of Le. Although the relation between c and c˜ according to Eq.

8.11 is empirical, one obtains the BML relation when Le = 1.0 and g = 1.0. The

variation of the BML approximation and the model given in Eq. 8.11 is shown in
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Figure 8.2: Variation of c with c˜ from DNS ( ) compared with the predictions
based on the BML relation ( ) and model given by Eq. 8.11 ( ).

Fig. 8.2. Based on Fig. 8.2 it has been found that Eq. 8.11 captures c variations

with c˜ for all the flames with the model parameters set as a = 1.5 and b = 0.26. A

relationship between c˜ and c was proposed by Kolla et al. [91], which is applicable

for Le = 1.0, and takes the following form:

c =
(1 + gc˜)c˜+ τc˜2(1− g)

(1 + τc˜) (8.12)

The unresolved part of TD2 can be modelled as:

TD2 = 2
BT2

(1 +KaL)n
τSL(Σgen − |∇c|)
δth(1− c˜)m1Lem2

(8.13)

where the model parameters BT2 = 1.8, n = 0.35, m1 = 1.8Le − 1.5 and m2 =

1.845. In Eq. 8.13 the velocity u˜i is scaled with SL and as the term is an

unresolved quantity a resolution factor (Σgen − |∇c|) is introduced. The heat

release parameter accounts for the effects of changing heat release, which arises

as a result of a DNS case with heat release of 3.0 instead of 4.0 for unity Le [80].

The term (1+KaL)n arises as a result of using a DNS case in corrugated flamelets

regime [80]. Additionally (1− c˜)m1 is used to capture the transition point of TD2
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which was found to be a function of Le.

In Eq. 8.13 the dilatation rate is scaled as: ∇.~u ∼ τ.SL/δthLe
m2 as the

strength of dilatation rate increases with decreasing Le, and (1 − c˜)m1 is used

to adequately capture the variation of TD2 with c˜ obtained from DNS where

the exponent m1 is likely to be a function of Le, as the variation of TD2 with

c˜ is skewed with a peak towards the unburned gas side for Le = 0.34 and 0.6

flames, whereas the peak value of TD2 is attained close to the middle of the flame

brush (i.e. c˜ ≈ 0.4) for the flames with Le close to unity. According to Eq.8.13,

the contribution of TD2 vanishes when the flame is fully resolved and the net

contribution of (TD1 +TD2) becomes identical to (∂ui/∂xi)|∇c|. The contribution

of TD2 is similar to the dilatation rate contribution TDN = 2(∇.~u)ρ∇c′′.∇c′′ in

the ε˜c = ρD∇c′′.∇c′′/ρ transport equation [34]. The term TDN is modelled as:

TDN = 2(∇.~u)ρD∇c′′∇c′′ = τ.Aερε˜cSL/δth (8.14)

In Eq. 8.14 Aε is taken to be Aε = Bε/(1 + KaL)1/2 with Bε being a constant

of the order of unity, and KaL = (ε˜δth)1/2/S
3/2
L the local Karlovitz number. The

KaL dependence of Aε ensures that the strength of the dilatation contribution to

the ε˜c transport diminishes with increasing KaL when combustion situation tends

towards the broken reaction zones regime [107]. Following the same procedure,

the model in Eq. 8.13 uses the dependence of 1/(1 +KaL)n.

The predictions for the model given in Eq. 8.13 can be seen in Fig. 8.3 with

TD2 for cases A-J. The model performs satisfactorily over the wide range of Lewis

number and turbulent Reynolds numbers.

The contribution of (−TN) was shown to be decomposed into its constituents

as shown in Eq. 8.10. The variation of (−TN1) and (−TN2) are shown in Fig.

8.4 with c˜ for cases A-J. The predictions for (−TN1) according to the (NiNj)
s

models proposed by Cant et al. [21] and Veynante et al. [153] are also shown

in Fig. 8.4 for cases A-J. The predictions of (−TN1) according to Cant et al.

[21] and Veynante et al. [153] models (denoted as TN1CPB and TN1V models

respectively) are shown in 8.4, which shows that the performance of both the

models are comparable, and both satisfactorily predict (−TN1) for all the flames

considered here. However, the prediction of the TN1V model is closer to the
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Figure 8.3: Variations of TD2 ( ), Eq. 8.13 ( ) conditional on c˜ for all
cases.

DNS data than the TN1CPB model. The model given by Eq. 8.4 overpredicts

the unresolved part of (NiNj)
s

(i.e. (NiNj)
s
− (Ni)

s
(Nj)

s
= δij(1− (Nk)

s
(Nk)

s
))

due to the assumption of isotropy of the unresolved flame normal fluctuations.

However, experimental data [152, 153] suggested that the assumption of isotropy

does not hold, and this result has been verified here by the overprediction of

(−TN1) by the TN1CPB model. However, (NiNj)
s

reverts to NiNj when the

flame is fully resolved according to the TN1CPB model, but this realisability

condition is not satisfied by the model given by Eq. 8.5.

It has been discussed earlier that the behaviour of (−TN2) is governed by the

alignment of ∇c with local principal fluid-dynamic strain rates. The effects of

∇c alignment with eγγ due to turbulent straining aturb on the term (−TN2) can

be scaled as: C1ε˜/k˜Σgen, where C1 is a model parameter. On the other hand, the

effects of the ∇c alignment with eαα due to the strain rate induced by chemical

heat release achem on the term (−TN2) can be scaled as: −C2f(Le)τSLΣgen/δth,

where f(Le) is a function of Le which increases with decreasing Le and the model

parameter C2 should decrease with KaL because the effects of achem are likely to

weaken progressively with increasing KaL [34]. Combining the above scalings,
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8. Modelling the Strain Rate Term of FSD Transport Equation

the following model for (−TN2) can be proposed:

(−TN) =
ε

k̃˜(C1 − τC2DaL)Σgen (8.15)

where DaL = k˜SL/ε˜δth is the local Damköhler number and C1 is given as:

C1 = 0.4 + 0.1erf[(ReL + 1)/12] (8.16)

while the following two parameterisations are proposed for the model parameter

C2 in Eq. 8.15:

C2 =
0.47[1− (Nk)

s
(Nk)

s
]c˜0.3Le2

(1 +KaL)b
f(Le) (8.17a)

C2 =

(
0.7− 0.55erf

[
ReL + 1

30

]) 0.47[1− (Nk)
s
(Nk)

s
]c˜0.3Le2

(1 +KaL)0.35
f(Le) (8.17b)

where b in Eq. 8.17a is given as:

b = 0.12 + 0.7erf

[
LeReL + 1

60

]0.8

(8.18)

and f(Le) from Eq. 8.15 is defined as follows:

f(Le) = [exp(−Le−0.945)− 1] (8.19)

In Fig. 8.4 the predictions based on Eq. 8.15 using C2 from Eq. 8.17a and

Eq. 8.17b are compared with (−TN2) from DNS, where the new parameterisa-

tions perform adequately for the range of turbulent Reynolds numbers and Lewis

numbers.

Using TN1 = −nij∂u˜i/∂xjΣgen (see Eq. 8.4) and the models given by Eqs.
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Figure 8.4: Variations of (−TN1) ( ) and (−TN2) ( ) with c˜ across the
flame brush for cases A-J along with the predictions of TN1CPB given by Eq.
8.4 ( ), TN1V given by Eq. 8.5 ( ) and the newly proposed models for
−TN2 given by Eq. 8.15 using C2 given by Eq. 8.17a ( ) and C2 given by Eq.
8.17b ( ).

8.13 and 8.15 yields the following expression:

(aT )
s
Σgen = 2

BT2

(1 +KaL)n
τSL(Σgen − |∇c|)
δth(1− c˜)m1Lem2

+
ε

k̃˜(C1 − τC2DaL)Σgen

+
∂u˜i
∂xj

(δij|∇c| − nijΣgen)

(8.20)

It should be noted that the second term in the right hand side of Eq. 8.20

involves 1 − (Nk)
s
(Nk)

s
, which ensures that this term vanishes when the flow

becomes laminar (i.e. (Nk)
s
(Nk)

s
= 1.0). Moreover, the first term in the right

hand side of Eq. 8.20 also becomes zero for laminar conditions and therefore,

(aT )sΣgen becomes equal to (δij−NiNj)∂ui/∂xj|∇c| as expected. The prediction

of (aT )
s
Σgen according to Eq. 8.20 based on the parameterisation shown in Eqs.

8.17a and 8.17b in Figs. 8.5 a-j for cases A-J along with the predictions of the

models proposed by Cant et al. [21] (i.e. CPB model) and CFM methodology

[54, 152, 153], where SR and SUR are modelled by Eqs. 8.4 and 8.6 in the

context of the CPB model and by Eqs. 8.5 and 8.7 in the context of the CFM
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Figure 8.5: Variations of (aT )
s
Σgen ( ) with c˜ across the flame brush for

cases A-J along with the predictions of CPB ( ), CFM ( ) and the newly
proposed models given by Eq. 8.20 using C2 given by Eq. 8.17a ( ) and C2

given by Eq. 8.17b ( ).

model, respectively. The CFM model is found to show a peak at c˜≈ 0.3 which is

qualitatively similar to cases C-E, H-J, while in cases A and B the peak (aT )
s
Σgen

occurs towards the products (i.e. c˜≈ 0.6) and in cases F and G the peak (aT )
s
Σgen

occurs towards the reactants (i.e. c˜ ≈ 0.2). Although the CFM model performs

adequately for cases F-J, its found that in cases A, B, D and E it fails to capture

as well as the other models. From Fig. 8.5 the model CPB can be seen predict

correct qualitative for most of the cases whereas in cases A and B it fails to capture

correct magnitude of (aT )
s
Σgen. The new model performs well for all the cases

and the difference between the two parameterisations for C2 can be seen to make

very little difference. The newly proposed model given by Eq. 8.20 with c2 given

by Eqs. 8.17(a and b) also captures the behaviours of (aT )
s
Σgen satisfactorily for

the flames representing the corrugated flamelets regime and different values of τ ,

which is demonstrated in appendix B.
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8.1.3 Summary

The modelling of the tangential strain rate term of the generalised FSD transport

equation, in context of RANS, has been addressed with a priori analysis using

a DNS database of varying Lewis number and turbulent Reynolds numbers. It

was found that the dilatation rate contribution to the generalised FSD transport

equation strengthens with decreasing Lewis number. The contribution of the nor-

mal strain rate contribution was found to increase with decreasing Lewis number

and with turbulent Reynolds number. Additionally the behaviour of the normal

strain rate term was seen to be predominantly negative for cases where achem

dominates over aturb (e.g. cases with Le� 1.0 and cases F and G), while in the

remaining cases it was found to be positive towards the reactants side of the flame

brush and negative towards the burnt gas side. This analysis gave way to the

modelling of the unresolved normal strain rate and dilatation rate contributions,

explicitly. The performance of the new model was compared with the predictions

of (CPB and CFM models), using a priori DNS analysis, and the performances

of the new model has been found to be either better than or comparable to the

existing models.

8.2 LES Modelling of Strain Rate Term

The tangential strain rate term of LES generalised FSD Σgen (see Eq. 6.1) trans-

port equation is given as follows:

(aT )sΣgen =

[
(δij −NiNj)

∂ui
∂xj

]
s

Σgen (8.21)

In the following sections an introduction to the existing modelling strategy for

the strain rate term (aT )sΣgen is presented and a detailed discussion is carried

out on the behaviour of the strain rate term, in context of LES. Based on this

analysis a new model is presented for the subgrid strain rate term, which is then

utilised to compare the performances of existing models for (aT )sΣgen. This is

followed by a summary of the model performances.
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8.2.1 Existing LES Models of Strain Rate Term

For the purpose of modelling (aT )sΣgen is often decomposed in the following

manner [22, 35, 66, 67, 68]:

(aT )sΣgen = Sm + Shr + Ssg (8.22)

where Sm, Shr and Ssg are contribution arising from the resolved velocity gradient,

heat release and subgrid processes. The term Sm can be defined in the following

manner [22, 28, 35, 66, 67, 68, 131]:

Sm =
[
δij − (NiNj)s

] ∂ũi
∂xj

Σgen (8.23)

It can be seen from Eq. 8.23 that (NiNj)s needs to be modelled in order to

evaluate Sm. Hawkes [66] and Hawkes and Cant [67, 68] argued that Shr can be

taken to be the resolved part of the following expression:

Shr = Res

[(
(δij −NiNj)

∂[(ui)s − ũi]
∂xj

)
s

Σgen

]
(8.24)

where Res{Q} denotes the resolved part of a general quantity Q. Under flamelet

assumption the ith component of flame surface-filtered velocity component (ui)s
and Favre filtered velocity component ũi are given as [66]:

(ui)s = (ui)R +K
[
(ui)P − (ui)R

]
(8.25a)

ũi = (ui)Rc̃
[
(ui)P − (ui)R

]
(8.25b)

where K is a parameter which relies on a choice of the c isosurface, which repre-

sents the flame surface [22, 66, 67, 68]. Using Eqs. 8.25(a and b) it is possible to

write:

(ui)s − ũi = (K − c̃)
[
(ui)P − (ui)R

]
(8.26)
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where the
[
(ui)P − (ui)R

]
can be modelled as [22, 36, 66] (previously shown in

Eq. 6.49):

[(ui)P − (ui)R] ≈ −τ (ρSd)s
ρ0

(Ni)s (8.27)

If the above expression is substituted into Eq. 8.26 yields:

(ui)s − ũi = (K − c̃)(ρSd)s
ρ0

(Ni)s (8.28)

Comparing the above equation with Eq. 8.24 yields the following expression for

Shr, which was proposed by Hawkes [66] and Hawkes and Cant [68]:

Shr = −τ(K − c̃)(ρSd)s
ρ0

∂(Ni)s
∂xi

Σgen (8.29)

In Eq. 8.29 K is taken to be equal to the local value of c, following previous

analysis in [22, 35]. Rearranging Eq. 8.22 results in the following expression for

the subgrid strain rate term Ssg:

Ssg = (aT )s − (Sm)M − Shr (8.30)

where (Sm)M is a modelled expression for the mean strain rate given as:

(Sm)M =

(
(δij − nij)

∂ũi
∂xj

)
Σgen (8.31)

where, as stated before, nij refers to the modelled expression of (NiNj)s which

is carried out by extending the RANS model proposed by Cant et al. [21] in the

following manner:

nij = (Ni)s(Nj)s +
δij
3

[1− (Nk)s(Nk)s] (8.32)

Based on Eq. 8.30 it can be argued that the modelling of Ssg relies on the

models used for Sm and Shr. The modelling for the subgrid strain rate term Ssg
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is typically modelled in the following manner [22, 35, 66, 67, 68]:

Ssg = ΦΓ

(
u′∆
∆

)
Σgen (8.33)

where u′∆ is the subgrid turbulent velocity fluctuation, ∆ is the LES filter width,

Φ is a model parameter and Γ is an efficiency function which is a function of√
(k̃)/SL and ∆SL/αT0 [2, 22, 35, 48, 66, 67, 68]. The efficiency function proposed

by Charlette et al. [48] (given by: ΓCHAR)and Angelberger et al. [2] (given by:

ΓANG) were used by Hawkes [66] and Hawkes and Cant [67, 68] in order to model

for the subgrid strain rate term Ssg. Charlette et al. [48] proposed the following

expression for the efficiency function ΓCHAR:

log10(ΓCHAR) =− exp(−(s+ 0.4))

s+ 0.4

+ [1− exp(−(s+ 0.4))]

(
σ1

(
u′∆
SL

)
s− 0.11

) (8.34)

where

S = log10

∆SL
αT0

(8.35a)

σ1

(
u′∆
SL

)
=

2

3

{
1− exp

[
−
(
u′∆
SL

)]}
(8.35b)

The efficiency function ΓANG by Angelberger et al. [2] is given as:

ΓANG = 0.75 exp

(
1.2

(u′/SL)0.3

)(
∆SL
αT0

)2/3

(8.36)

In the following sections the performance of Eqs. 8.35 and 8.36 will be compared

based on the Ssg extracted from explicitly filtered DNS data.
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8.2.2 Behaviour of the Strain Rate Term

8.2.2.1 Effects of Turbulent Reynolds Number

The variations of the mean values of (aT )sΣgen, Sm, Shr and Ssg conditional on

c̃ values for ∆ = 0.8δth and ∆ = 2.4δth for cases A-E are shown in Fig. 8.6.

The filter sizes ∆ = 0.8δth and ∆ = 2.4δth are representative of the situations

where the flame is partially resolved and fully unresolved, however in the actual

analysis the filter widths 0.4δth, 0.8δth, 1.2δth, 1.6δth, 2.0δth and 2.4δth were used.

It is evident from Fig. 8.6 that the contributions of (aT )sΣgen and Sm remain

positive throughout the flame brush for all cases considered here. The maximum

magnitude of (aT )sΣgen decreases with increasing ∆ as the weighted averaging

process associated with LES filtering acts to decrease the peak magnitude of

(aT )sΣgen with increasing ∆. It can further be seen from Fig. 8.6 that the relative

contribution of Sm (Ssg) to (aT )sΣgen decreases (increases) with increasing ∆ as

the physical process occur increasingly at the subgrid scale with an increase in

filter width. The mean value of the strain rate term due to heat release Shr

conditional on c̃ remains predominantly negative throughout the flame brush for

the range of filter widths considered in this analysis. The contribution of Shr can

be compared to the resolved part of the FSD curvature term given by:

Cmean = Res

{(
(δij −NiNj)

∂(uiP − uiR)|s
∂xj

)
s

Σgen

}
(8.37)

It was shown in several previous analyses [22, 28, 35, 66, 67, 68, 82, 84] that Cmean

remains predominantly negative throughout the flame brush for unity Lewis num-

ber flames (see §7.2.2.1 and 7.2.2.2). The term Shr behaves like Cmean with a

different propagation velocity (i.e. −τ(κ− c̃)× (ρSd)s/ρ0 instead of (Sd)s so the

behaviour of Shr remains qualitatively similar to that of Cmean. The contribution

of Ssg remains positive throughout the flame brush for all cases considered here.

For these cases the peak magnitude location for Ssg remains skewed slightly to-

wards the burned gas side of the flame brush for small values of ∆ (i.e. ∆ < δth)

but the peak value location shifts towards the middle of the flame brush (i.e.

c̃ ≈ 0.5) with increasing filter width ∆.

The decomposition of the tangential strain rate term (aT )
s
Σgen as shown in
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Eq. 8.8, for RANS, can be applied to LES formulation in the following manner:

(aT )sΣgen = ∇.~u|∇c|︸ ︷︷ ︸
TD

− (NiNj∂ui/∂xj)|∇c|︸ ︷︷ ︸
TN

(8.38)

where TD and (−TN) are the dilatation and normal strain rate contributions to

(aT )sΣgen. The variations of the mean values of TD and (−TN) conditional on c̃

values for ∆ = 0.8δth and ∆ = 2.4δth for cases A-E are also shown in Fig. 8.7.

It is evident that TD remains positive throughout the flame brush for all filter

widths. As dilatation rate ∇.~u remains predominantly positive throughout the

flame brush, the contribution of TD remains positive for all cases throughout the

flame brush. The contribution of (−TN) remains positive (negative) towards the

unburned (burned) gas side of the flame brush for all filter widths. In order to

explain this behaviour it is worth expressing (−TN) in the following manner:

(−TN) = −(eαα cos2 α + eββ cos2 β + eγγ cos2 γ)|∇c| (8.39)

where eαα, eββ and eγγ are the most extensive, intermediate and the most com-

pressive principal strain rates, and their angles with ∇c are given by α, β and γ

respectively. The ∇c aligns with eαα with the effects of strain rate induced by

chemical reaction achem overcome the effects of turbulent straining aturb and vice

versa [31, 39]. The strain rate induced by chemical heat release is expected to

scale as achem ∼ τf(Ka)SL/δth where f(Ka) is expected to decrease with increas-

ing Karlovitz number Ka, as the combustion starts to show attributes of the bro-

ken reaction zones regime where the effects of heat release are expected to be weak.

Following Meneveau and Poinsot [102] the turbulent strain rate aturb can be scaled

as: aturb ∼ u′/l, which leads to the following scaling achem/aturb ∼ τf(Ka)Da ∼
f(Re

1/2
t /Da)Da. Alternatively the turbulent straining aturb can be scaled as:

aturb ∼ u′/λ following Tennekes and Lumley [145] where λ is the Taylor micro-

scale, which leads to: achem/aturb ∼ τf(Re
1/2
t /Da)Da/Re

1/2
t ∼ τf(Ka)/Ka. The

above scaling arguments suggest that the strength of achem with respect to aturb

increases with increasing Damköhler number Da for a given value of turbulent

Reynolds number.

Analysis by Chakraborty and Swaminathan [31], Chakraborty et al. [39] demon-
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strated that ∇c indeed predominantly aligns with eαα for Da� 1 flames whereas

∇c aligns with eγγ in Da < 1 flames with comparable value of Ret. Both the

scaling achem/aturb ∼ τf(Ka)Da and achem/aturb ∼ τf(Re
1/2
t /Da)Da/Re

1/2
t ∼

τf(Ka)/Ka suggest that an increase in Ka ∼ Re
1/2
t /Da for a given value of Da

(e.g. cases A, C and E) results in weakening the effects of achem in comparison

to aturb . This in turn leads to an increasing tendency of ∇c alignment with eγγ

with increasing Ka when Da is held constant as in cases A, C and E. In cases A

and C, ∇c predominantly aligns with eαα however the extent of this alignment

decreases from A to C. This predominant alignment of ∇c with eαα for cases A

and C leads to negative contribution of (−TN). In case E, ∇c predominantly

aligns with eγγ in the unburned gas region but the effects of achem overcome the

effects of aturb in the regions of intense heat release and ∇c starts to align with

eαα in the reaction zone in case E. Thus (−TN) assume positive (negative) val-

ues towards the unburned (burned) gas sides of the flame brush in case E. The

scaling achem/aturb ∼ f(Ka)Da/Re
1/2
t indicates that the strength of achem weak-

ens in comparison to aturb with decreasing value of τDa/Re
1/2
t . The quantity

τDa/Re
1/2
t assumes values equal to 0.96, 0.55 and 0.49 for cases B, C and D

respectively when the statistics were extracted. This gives rise to greater extent

of ∇c alignment with eγγ in case D (case C) than in case C (case B). This leads to

predominantly negative contribution of (−TN) in cases B and C, whereas (−TN)

assumes positive (negative) values towards the unburned (burned) gas sides of

the flame brush in case D as the effects of achem overcome the effects of aturb in

the regions of intense heat release and starts to align with eαα in the reaction

zone. As both τDa/Re
1/2
t and τDa remain of the order of unity, the effects of

achem is almost nullified by atub and as a result the magnitudes of (−TN) remains

negligible in comparison to that of TD for all cases considered here. Thus the pre-

dominant positive contribution of TD leads to positive contributions of (aT )sΣgen,

Sm, and Ssg. The magnitudes of TD and (−TN) decrease with increasing ∆ due

to weighted-averaging process involved in LES filtering.
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Figure 8.6: Variation of mean values of (aT )sΣgen ( ), Sm ( ), (Sm)M
( ), Shr ( ) and Ssg ( ) conditional on c̃ for filter widths ∆ of 0.8δth
(top row) and 2.4δth (bottom row).
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Figure 8.7: Variation of mean values of (aT )sΣgen ( ), TD ( ), (−TN)
( ) across the flame brush for filter widths ∆ of 0.8δth (top row) and 2.4δth
(bottom row).

8.2.2.2 Effects of Lewis Number

The variations of the mean values of (aT )sΣgen, Sm, Shr and Ssg conditional on c̃

values for ∆ = 0.8δth and ∆ = 2.4δth for cases F-J in Fig. 8.8. It is evident from

Fig. 8.8 that the contributions of (aT )sΣgen and Sm remain positive through-

out the flame brush for all cases considered here. The maximum magnitude of
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(aT )sΣgen decreases with increasing ∆ as the weighted averaging process associ-

ated with LES filtering takes place over a larger volume, which acts to decrease

the peak magnitude of (aT )sΣgen with increasing ∆. It can further be seen from

Fig. 8.8 that the relative contribution of Sm (Ssg) to (aT )sΣgen increases with

increasing ∆ as the physical process occur increasingly at the subgrid scale with

the increase in filter width. It can be seen from Fig. 8.8 that the contribution

of Shr remains negative in the middle of the flame brush, although small positive

values can be discerned on both unburned and burned gas sides. It is evident

from Fig. 8.8 that the magnitude of Shr increases with decreasing Le due to high

magnitudes of (ρSd)s for small values of Le as demonstrated by Chakraborty

and Cant [40], in the context of RANS. The contribution of Ssg remains positive

throughout the flame brush for the Le ≈ 1.0 (i.e. Le = 0.8, 1.0 and 1.2) cases

considered here but Ssg assumes small negative values towards the burned gas

side of the flame brush for the Le = 0.34 flame. Moreover, the peak magnitude of

Ssg in the Le ≈ 1.0 (i.e. Le = 0.8, 1.0 and 1.2) cases is obtained near the middle

of the flame brush. For these cases the peak magnitude location remains skewed

slightly towards the burned gas side of the flame brush for small values of ∆ (i.e.

∆ < δth) but the peak location shifts towards the middle of the flame brush (i.e.

c̃ ≈ 0.5) with increasing filter size ∆. By contrast, the peak magnitude of Ssg for

the Le = 0.34 case takes place towards the middle of the flame brush for small

filter widths (i.e. ∆ < δth) but for ∆ > δth the location of the peak shifts towards

the unburned gas side of the flame brush (i.e. c̃ < 0.5).

The variations of mean TD and (−TN) conditional on c̃ values for ∆ = 0.8δth

and ∆ = 2.4δth for cases F-J are shown in Fig. 8.9. Based on the Fig. 8.9

it is evident that TD remains positive throughout the flame for all filter widths

and all Lewis numbers. As mentioned for the cases A-E, the dilatation rate ∇.~u
remains predominantly positive throughout the flame brush, the contribution of

TD thus remains positive for all cases examined. The contribution of (−TN)

remains negative for cases where the Le � 1.0 (i.e. cases F and G) and when

the Le ≈ 1.0 it behaves as described for cases A-E, where a positive (negative)

prediction occurs towards the reactants (products) side of the flame brush. As in

the cases A-E this can be explained using the expression for (−TN) in Eq. 8.39,

Chakraborty et al. [39] demonstrated that the extent of ∇c alignment with eαα
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Figure 8.8: Variation of mean values of (aT )sΣgen ( ), Sm ( ), (Sm)M
( ), Shr ( ) and Ssg ( ) conditional on c̃ for filter widths ∆ of 0.8δth
(top row) and 2.4δth (bottom row).

(eγγ) increases (decreases) with decreasing Le due to strengthening of strain rate

induced by heat release in comparison to turbulent straining. This tendency is

prevalent in the reaction zone due to strong heat release rate, which leads to high

probability of sin2 α ≈ 0 in the reaction zone, which occurs close to the burned

gas side of the flame brush. Thus the preferential alignment of ∇c with eαα, acts

to reduce the positive magnitude of Ssg towards the burned gas side for Le� 1.0

flames (e.g. Le = 0.34 case considered here).

The variations of the mean values of Sm and (Sm)M conditional on c̃ values for

∆ = 0.8δth and ∆ = 2.4δth for Le = 0.34, 0.8, 1.0 and 1.2 flames are also shown in

Fig. 8.8 where (NiNj)s is modelled as: nij = (Ni)s(Nj)s + (δij/3)[1− (Nk)s(Nk)s]

[21, 68]. It is evident from Fig. 8.8 that (Sm)M underpredicts Sm for all filter

widths for all cases and the level of this underprediction increases with increasing

∆. It is worth noting that the inaccuracies involved in the modelling of (NiNj)s
also contributes to the magnitude and modelling of Ssg.
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Figure 8.9: Variation of mean values of (aT )sΣgen ( ), TD ( ), (−TN)
( ) across the flame brush for filter widths ∆ of 0.8δth (top row) and 2.4δth
(bottom row).

8.2.3 LES Model for the subgrid Strain Rate Term

8.2.3.1 Mean Strain Rate Modelling

The variations of the mean values of Sm and (Sm)M conditional on c̃ values for

∆ = 0.8δth and ∆ = 2.4δth, for cases A-E are also shown in Fig. 8.6 and for

cases F-G in Fig. 8.8 where (NiNj)s is modelled using Eq. 8.32 [21, 66]. It

is evident from Figs. 8.6 and 8.8 that (Sm)M underpredicts Sm for all filter

widths for all cases and the level of this underprediction increases with increasing

∆. It was demonstrated by Chakraborty and Cant [27] that Eq. 8.32 does not

accurately capture (NiNj)s − (Ni)s(Nj)s and this inaccuracy in the evaluation

of (NiNj)s contributes to the underprediction of Sm. It is also worth noting

that the inaccuracies involved in the modelling of (NiNj)s also contributes to the

magnitude of Ssg indirectly.

8.2.3.2 Parameterisation Based on the effects of Turbulent Reynolds

Number

The variations of the mean values of Ssg conditional on c̃ values for ∆ = 0.8δth

and ∆ = 2.4δth for cases A-E are shown in Fig. 8.10 along with the prediction

of the model given by Eq. 8.33. Hawkes [66] and Hawkes and Cant [67, 68]
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proposed Φ = 1.0 for their model but Fig. 8.10 suggests that Eq. 8.33 with

Φ = 1.0 significantly underpredicts the magnitude of Ssg for all filter widths for

both Charlette et al. [48] and Angelberger et al. [2] efficiency functions (see Eqs.

8.35 and 8.36). However, an optimum choice of the model parameter Φ gives

rise to satisfactory quantitative and qualitative predictions of Ssg in all cases

considered here. The variations of the optimum values of Φ with ∆ for all cases

are shown in Fig. 8.11 which demonstrates that Φ shows appreciable filter size

dependence in all cases. It is also evident from Fig. 8.11 that the optimum value

of Φ changes from one case to another. Moreover, Φ for the efficiency function

given by Eqs. 8.34 shows non-monotonic variation with ∆ for all cases, whereas

Φ for the efficiency function given by Eq. 8.36 increases with increasing ∆ for

all cases considered here. It can further be seen from Fig. 8.10 that Eq. 8.33

does not adequately capture the qualitative behaviour of Ssg obtained from DNS

data for small filter widths (i.e. ∆� δth) for both the efficiency functions given

by Eqs. 8.35 and 8.36 (see results for ∆ ≈ 0.8δth in Fig. 8.10). However, the

contribution of Ssg to (aT )sΣgen remains small for ∆� δth so the implications of

this inaccuracy is unlikely to be serious for small filter widths. Here a new model

for Ssg, which is based on the RANS modelling shown earlier in Eq. 8.20, has

been proposed as:

Ssg = βssg c̃
aΓ

(
u′∆
∆

)
Σgen − βhr

(
τSL
δth

)
[1− (Nk)s(Nk)s]

(1 +Ka∆)b
Σgen (8.40)

where βssg and βhr are the model parameters, Γ is taken to be:

Γ = 0.75 exp

[
−1.2

(
u′∆
SL

)−0.3
](

∆SL
αT0

)2/3

(8.41)

which is according to Angelberger et al. [2] andKa∆ = 6.66(u′∆/SL)3/2 (∆SL/αT0)−1/2

can be taken to be the subgrid scale Karlovitz number. In Eq. 8.40 the first term

on the right hand side is similar to Eq. 8.33, and c̃a is introduced to capture the

correct qualitative behaviour across the flame brush. The second term on the

right hand side of Eq. 8.40 arises due to the local alignment of ∇c with the most

extensive principal strain rate eαα, which tends to destroy flame surface area [31,
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39] following a previously proposed RANS model [80] (see §8.1.2). The prediction

of Eq. 8.40 for a = 0.3 and b = 0.35 and optimum values of βssg and βhr are

shown in Fig. 8.10. The optimum values of βssg and βhr are shown in Fig. 8.11,

which shows that these model parameters also remain functions of ∆ and the

values change from one case to the other. The model parameters βssg and βhr are

expressed here as:

βssg =
3.25

1 + {exp[−(∆/δth − 1.37)]}2
(8.42a)

βhr = 0.3

{
2.0− 1.0

1 + {exp[−15.0(P2 − 3.3)]}2

}
(8.42b)

P2 =
Re0.83

t∆ + 0.1

(∆/δth)1.73 + 0.1
(8.42c)

The quantity Ret∆ = 4.0(ρ0u
′
∆∆/µ0) can be taken as the local subgrid turbulent

Reynolds number. It is evident from Fig. 8.11 that Eqs. 8.42 a-c capture the

variations of βssg and βhr with ∆ for all cases considered here, although a slight

underprediction is seen for the prediction of βhr for the cases A and B. The model

parameter βssg increases with increasing ∆ which is qualitatively similar to the

variation of Φ with ∆ for the efficiency function given by Eq. 8.36. It is evident

from Fig. 8.10 that the prediction of the model given by Eq. 8.40 remains either

comparable or better than Eq. 8.33 for all cases for the parameterisation given

by Eqs. 8.42 a-c. It is important to note that the variation of Φ for the efficiency

function given by Eq. 8.36 can also be parameterised in a manner similar to Eqs.

8.42 a-c. Moreover, the model given by Eq. 8.40 accounts for local alignment

of ∇c with the most extensive principal strain rate eαα under the action of heat

release, which tends to destroy flame surface area but this physics is absent in

the model given by Eq. 8.33.

8.2.3.3 Parameterisation Based on the effects of Lewis Number

The variations of the mean values of Ssg conditional on c̃ values for ∆ = 0.8δth

and ∆ = 2.4δth for Le =0.34, 0.6, 0.8, 1.0 and 1.2 (cases F-J) flames are shown

in Fig. 8.12 along with the prediction of the model given by Eq. 8.33. Hawkes
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Figure 8.10: Variation of mean values of Ssg ( ) conditional on c̃ across the
flame brush along with the predictions of Eq. 8.33 with Γ according to Eq. 8.34
with Φ = 1.0 ( ), and optimum value of Φ ( ), Eq. 8.33 with Γ according
to Eq. 8.36 with Φ = 1.0 ( ) and with optimum value of Φ ( ) and the
newly proposed model given by Eq. 8.40 ( ) for filter widths ∆ of 0.8δth (top
row) and 2.4δth (bottom row).
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(c) Case C
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(d) Case D
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Figure 8.11: Variation of optimum values of βssg ( ), Eq. 8.42a ( ), βhr ( ),
Eq. 8.42b ( ), optimum values of Φ for Γ from Eq. 8.34 ( ) and the optimum
values of Φ for Γ from Eq. 8.36 ( ) with ∆/δth for cases F-J

and Cant [68] proposed Φ = 1.0 for their model but Fig. 8.12 suggests that

Eq. 8.33 significantly underpredicts the magnitude of Ssg for all filter widths

in all cases considered here for both Charlette et al. [48] and Angelberger et al.

[2] efficiency functions. However, an optimum choice of the model parameter Φ

gives rise to satisfactory quantitative and qualitative predictions of Ssg in the

Le ≈ 1.0 (i.e. Le =0.8, 1.0 and 1.2) cases considered here. However, Eq. 8.33 for

the optimum value of Φ, fails to capture the qualitative behaviour of Ssg in the

Le = 0.34 case and significantly overpredicts the magnitude of Ssg towards the
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burned gas side of the flame brush. Moreover, the optimum value of Φ for both

efficiency functions vary significantly with ∆ and Le, which is demonstrated in

Fig. 4. The optimum value of Φ has been found to increase with decreasing Le.

The optimum value of Φ for the efficiency function proposed by Charlette et al.

[48] does not exhibit any monotonic trend, whereas Φ for Angelberger et al. [2]

efficiency function increases with increasing ∆. The model proposed in Eq. 8.40

is used to predict the Ssg. However, the parameterisation given by Eq. 8.42 a-c

have been modified to account for, where the effects of Le are added to the prior

parameterisation:

a =
0.3

1 + [exp(−5.9(Le− 0.58))]5.9
(8.43a)

βssg =
3.2 + 6.21 exp(−4.74Le2.31)

1 + [exp(−(∆/δth − 1.37))]2
(8.43b)

βhr =[0.3 + 7.2 exp(−13.7Le3.47)]{
2.0− 1.0

1 + [exp(−15.0(P2 − 3.3))]2

} (8.43c)

P2 =
Re0.83

∆ + 0.1

(∆/δth)1.73 + 0.1
(8.43d)

The prediction of Eq. 8.40 for b = 0.35 and optimum values of a βssg, βhr are

shown in Fig. 8.12 .The optimum values of a, βssg and βhr are shown in Fig. 8.13

along with the predictions for them based on the parameterisation shown in Eq.

8.43. Again the efficiency function Γ in the newly proposed model (Eq. 8.40) uses

the proposed function by Angelberger et al. [2]. Based on the parameterisation

shown in Eq. 8.43 a remains about 0.30 (i.e. a ≈ 0.3) for the Le ≈ 1.0 cases

(i.e. Le = 0.8, 1.0 and 1.2: cases H, I and J ). It is evident from examining Fig.

8.12 that the new model in Eq. 8.40 using the parameterisation proposed in Eq.

8.43 satisfactorily captures both qualitative and quantitative behaviours of Ssg

for cases F-J for the range of filter widths examined (0.4δth, 0.8δth, 1.2δth, 1.6δth,

2.0δth and 2.4δth).
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(e) Case J
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(f) Case F
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0 0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

c̃

T
er
m
s
×
δ2 th

/S
L

(h) Case H
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(i) Case I

0 0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

c̃

T
er
m
s
×
δ2 th

/S
L
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Figure 8.12: Variation of mean values of Ssg ( ) conditional on c̃ across the
flame brush along with the predictions of Eq. 8.33 with Γ according to Eq. 8.34
with Φ = 1.0 ( ), and optimum value of Φ ( ), Eq. 8.33 with Γ according
to Eq. 8.36 with Φ = 1.0 ( ) and with optimum value of Φ ( ) and the
newly proposed model given by Eq. 8.40 using the parameterisation given in Eq.
8.43 ( ) for filter widths ∆ of 0.8δth (top row) and 2.4δth (bottom row).
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(c) Case C
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(d) Case D
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Figure 8.13: Variation of optimum values of βssg ( ), Eq. 8.42a ( ), βhr ( ),
Eq. 8.42b ( ), optimum values of Φ for Γ from Eq. 8.34 ( ) and the optimum
values of Φ for Γ from Eq. 8.36 ( ) with ∆/δth for cases A-E

8.2.4 Summary

The strain rate term of the generalised FSD transport equation was decom-

posed into the contribution of mean strain rate, heat release and subgrid strain

rate. These contributions were extracted from filtered DNS data at various filter

widths. It was shown that for all the cases, and at all filter widths, the net contri-

bution of the strain rate term remains positive. The magnitudes of the resolved

strain rate term and the term arising due to heat release decreases with increasing
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8. Modelling the Strain Rate Term of FSD Transport Equation

filter width. By contrast the magnitude of the subgrid strain rate was found to

increase with increasing filter width. The performance of the existing models for

the subgrid strain rate forms and mean strain rate were compared with a newly

proposed model using the current DNS database. It was found that the existing

models fail to capture the correct quantitative variation of the strain rate term

without modification of the model parameters. The newly proposed model was

found to capture the trends shown by the subgrid strain rate term for a range of

different filter widths, Lewis numbers and turbulent Reynolds numbers.
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Chapter 9

Conclusions and Future Work

9.1 Modelled Generalised FSD Transport Equa-

tion for LES

In earlier chapters the modelling of the individual terms of the generalised FSD

transport equation were discussed. In this chapter the complete modelled trans-

port equation of the Σgen is presented. In order to accomplish this, the following

models were used:

• Subgrid convection term T1 is modelled using expression given in Eq. 6.52.

• Strain rate term T2 is modelled using the newly proposed expressions in Eqs. 8.31

((Sm)M), Eq. 8.29 (Shr) and 8.43 (Ssg).

• Curvature term is modelled using the newly proposed expression shown in Eqs.

7.20a (Cmean) and 7.40 (Csg).

• Propagation term is modelled using Eq. 6.30.
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9. Conclusions

The modelled transport equation then take the following form:

∂Σgen

∂t
+
∂(ũjΣgen)

∂xj
=− ∂

∂xi

[
µt
ScΣ

∂

∂xi

(
Σgen

ρ̄

)]
− ∂

∂xi
[(K − c̃)τS ′L(Ni)sΣgen]︸ ︷︷ ︸

T1

+ (Sm)M −τ(K − c̃)S ′L
∂(Ni)s
∂xi

Σgen︸ ︷︷ ︸
Shr

+Ssg

+ S ′L(1 + τc∗)
∂(Ni)s
∂xi︸ ︷︷ ︸

Cmean

+Csg1 + Csg2

− ∂

∂xi
[S ′L(1 + τc∗)(Ni)sΣgen]︸ ︷︷ ︸

T4

(9.1)

where µt is the eddy viscosity, ScΣ is turbulent Schmidt number for FSD. Based

on the analysis of Hawkes and Cant [68] the ScΣ must satisfy ScΣ = Sct ≥ 1.0. In

Eqs. 7.20a and 6.30 (Sd)s is expressed as ρ0S
′
L/ρs = S ′L(1+τc∗) where ρs is density

conditional on c∗ isosurface. The surface filtered density weighted displacement

speed (ρSd)s is evaluated based on the dynamic model presented in Eq. 6.58.

The surface average flame normal is given by (Ni)s = −(1/Σgen)(∂c̄/∂xi), where

c̄ to c̃ must be evaluated based on relationship by Chakraborty and Cant [35, 47]:

c̃ =
(1 + τ)c̃

(1 + τ c̃)

[
1− exp

(−Θ∆

δz

)]
+ c̃ exp

(−Θ∆

δz

)
(9.2)

where Θ = 1/5. The modified flame speed S ′L in Eq. 9.1 can be evaluated in the

following manner [22] (previously shown in Eq. 6.50):

S ′L
(ρSd)s
ρ0

= SLS − 2
ρD

ρ0

(κm)s (9.3)
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where (κm)s is given as:

(κm)s =
(∇. ~N |∇c|)

2Σgen

=
1

2

∂(Ni)s
∂xi

− 1

Σgen

[
(Ni

∂|∇c|
∂xi

)− (Ni)s
∂Σgen

∂xi

]
(9.4)

The term (Sm)M in Eq. 8.31 is used to model the Sm using Eq. 8.23 and is

repeated here:

(Sm)M = [δij − nij]
∂ũi
∂xj

Σgen (9.5)

The term nij in Eq. 9.5 is modelled expression of (NiNj)s which can be expressed

as [21]:

nij = (Ni)s(Nj)s +
δij
3

[
1− (Nk)s(Nk)s

]
(9.6)

The subgrid strain rate term Ssg in Eq. 9.1 is given as (see Eq. 8.40):

Ssg = βssg c̃
aΓ

(
u′∆
∆

)
Σgen − βhr

(
τSL
δth

)
[1− (Nk)s(Nk)s]

(1 +Ka∆)b
Σgen (9.7)

where the model parameters βssg and βhr are given by Eqs. 8.42a and 8.42b

respectively, and the efficiency function Γ is based on the findings of Angelberger

et al. [2]. The terms Csg1 and Csg2 are given as:

Csg1 = −β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m

Csg2 = −β5

SL(Ξ− 1)nΣ2
gen

c̄(1− c̄)

(9.8)

where m = 1.85 and β4, β5, c◦ and aΣ are the model parameters given by Eqs.

7.34, 7.38 and 7.35, respectively.

The modelled generalised FSD transport given by Eq. 9.1 is dependent on

the choice of K and the c isosurface value of c∗. Thus the modelld transport

equation given in Eq. 9.1 is not a true field equation due to its dependence on c∗,
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while Σgen = |∇c| is a field quantity. Based on the derivations of Hawkes [66] and

Chakraborty [22] the dependency of a given c∗ can be avoided if K is equated

with c∗ (i.e. K = c∗). Once K = c∗ is applied to Eq. 9.1 the following modelled

transport equation can be derived for the generalised FSD:

∂Σgen

∂t
+
∂(ũjΣgen)

∂xj
= − ∂

∂xi

[
µt
ScΣ

∂

∂xi

(
Σgen

ρ̄

)]
︸ ︷︷ ︸

T1

+ (δij −Nij)
∂ũi
∂xj

Σgen + βssg c̃
aΓ

(
u′∆
∆

)
Σgen − βhr

(
τSL
δth

)
[1− (Nk)s(Nk)s]

(1 +Ka∆)b
Σgen︸ ︷︷ ︸

T2

+ S ′L(1 + τ c̃)
∂(Ni)s
∂xi

− β4
(Σgen − |∇c̄|)(c̄− c◦)SLΣgen

exp[−aΣ(1− c̄)]c̄(1− c̄)m − β5

SL(Ξ− 1)nΣ2
gen

c̄(1− c̄)︸ ︷︷ ︸
T3

− ∂

∂xi
[S ′L(1 + τ c̃)(Ni)sΣgen]︸ ︷︷ ︸

T4

(9.9)

The final form of the modelled transport equation for the generalised FSD given

in Eq. 9.9 is a field equation which is independent of the choice of c∗ isosurface.

9.2 Summary

The main objectives of this thesis were to examine the flamelet modelling ap-

proach and the closure of the mean/filtered reaction rate for premixed combus-

tion, in context of LES and RANS. The closure for the mean reaction rate term

using FSD is a popular approach, in context of RANS. However FSD modelling

for LES is gaining increased industrial attention, as high performance computing

becomes more affordable. In order to develop new models and test existing mod-

els for FSD based reaction rate closure, a three-dimensional compressible DNS

database was used. In this database, a freely propagating turbulent premixed
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flame with a single-step Arrhenius type chemistry was allowed to evolve in de-

caying homogeneous isotropic turbulence. The boundary conditions for all cases

were taken to be partially nonreflecting in the direction of mean flow and the

rest of the boundaries were taken to be periodic. The DNS database was setup in

such a manner that a single parameter can be modified independently of the other

parameters, which allowed for its effects on the flame to be studied in isolation.

The parameters of interest were chosen to be the turbulent Reynolds num-

ber and the Lewis number. In the DNS database the initial turbulent Reynolds

number was controlled by changing the values for the Karlovitz number and

Damköhler numbers independently of each other. All the cases of the DNS

database correspond to the thin reaction zones regime, however it remains un-

clear if a flame with a Lewis number significantly small/greater than unity can be

represented using a regime diagram such as the one proposed by Peters [107]. The

extracted data was postprocessed either by Reynolds averaging or LES filtering,

as appropriate. LES filtering of the DNS data was carried out with a Gaussian

filter in physical space for a range of filter widths.

An increase in turbulent Reynolds results in increased flame wrinkling, which

is due to increased flame area generation and thus gives rise to increased burn-

ing rates. Additionally as the turbulent Reynolds number increased for a given

Damköhler number the preheat zone became increasingly distorted, which was

as a result of increasing Karlovitz number. The Lewis number was varied from

0.34 to 1.2. A decrease in Lewis number gives rise to increased burning rate, heat

release and flame area generation. This tendency is prevalent for Le� 1.0 flames

due to thermo-diffusive instabilities.

Modelling for the generalised FSD can be carried out either by using an alge-

braic model or through a modelled transport equation. The algebraic modelling

of the generalised FSD was examined in context of LES. Models for the wrinkling

factor can be used to predict the generalised FSD Σgen, whereas many models

currently exist for the generalised FSD itself. Existing models using a power-law

based approach were analysed. Additionally the behaviours of the inner cutoff

scale and the fractal dimension were examined using filtered DNS data. It was

found that the Lewis number and turbulent Reynolds number both influence the

fractal dimension, while the inner cut off scale was found to scale with the thermal
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flame thickness. A power-law based model was proposed for the generalised FSD,

with fractal dimension parameterised based on Lewis number and local Karlovitz

and turbulent Reynolds numbers. The newly proposed model for Σgen was de-

signed in such a manner that when the filter width was smaller than thermal

flame thickness it would predict Σgen based on the resolved FSD |∇c̄|, and when

the filter width is greater than the flame thickness it would predict based on a

power-law model, with the newly parametrised fractal dimension and the inner

cut off scaled assumed to equal the thermal flame thickness. The statistical pre-

dictions from the new model were compared with the existing power law models,

and the prediction of the new model has been found to be either better than or

comparable to the existing models for a range of different values of filter widths,

turbulent Reynolds numbers and Lewis numbers. The correlations coefficient be-

tween the model predictions for generalised FSD and the actual generalised FSD

obtained from DNS were found to decrease from unity as the filter width was in-

creased. This trend was seen to be common for all models, although some models

showed greater depreciation with filter width.

While algebraic model predictions were found to reach performances of ±15%

this approach can have shortfalls, i.e. when the curvature and strain rate contri-

butions to stretch rate are out of balance. In such conditions solving a modelled

transport equation for the generalised FSD can be seen to be advantageous. The

transport equation of the generalised FSD has four unclosed terms which are

the subgrid convection term, tangential strain rate term, curvature term and the

propagation term. In order to develop for the unclosed terms, their statistical

behaviours have been examined for a range of filter widths. The behaviour of

the subgrid convection term was found to be significantly affected by the Lewis

number, as predominantly gradient type behaviour was observed for the Le ≈ 1.0

cases, whereas Le ≤ 0.6 cases show counter-gradient transport. To understand

this behaviour the flux of generalised FSD was analysed. Additionally an ex-

isting model for subgrid flux closure was analysed, and it was found to work

satisfactorily for the whole range of filter widths and for all DNS cases consid-

ered here. However the model performance depends on the accurate prediction

of surface-filtered displacement speed in an actual LES simulation.

The propagation term of the generalised FSD transport equation was shown
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to play an important role in the FSD transport for all filter widths tested and all

DNS cases. The propagation term assumes predominantly positive values towards

the reactants and negative values towards the products. The magnitude of the

propagation term increases with decreasing Lewis number. This was shown to

be as a result of the increased magnitude of surface filtered displacement speed

at small values of Lewis number. Moreover, an expression for the propagation

has been identified which was shown to work extremely well, but the accurate

prediction of this model depends on the accurate modelling of surface filtered

displacement speed.

As the modelling of the surface filtered displacement speed plays such an

important role in the closure based on generalised FSD, an existing model for

(Sd)s was assessed, which was found to perform adequately for all the cases at

all the filter widths. This ensures the accurate predictions for the propagation,

subgrid convection and curvature terms.

The curvature term of the generalised FSD transport equation was found to

be predominantly negative for flames with Le ≈ 1.0 but the terms assumes posi-

tive (negative) values towards the reactants (products) side of the flame brush for

Le� 1. In order to explain this behaviour, the curvature term was decomposed

into contributions arising due to the reaction and normal diffusion component of

displacement speed, and the curvature term component arising due to tangential

diffusion component of displacement speed. The curvature component due to

tangential diffusion component of displacement speed was shown to be negative

throughout the flame brush for both LES and RANS. The component of curvature

term arising from the reaction and normal diffusion components of displacement

speed was found to be significantly affected by the global Lewis number, which

was shown to explain the different behaviour of the curvature term in response

to Lewis number. The modelling for the curvature term was firstly carried out

in context of RANS in order to examine if it was suitable. Models were proposed

for the unresolved components of the curvature term following the decomposition

based on the displacement speed. The newly proposed model was parameterised

in terms of local Karlovitz number, local Reynolds number and global Lewis num-

ber. This parameterisation was shown to predict the curvature term accurately

for all the flame conditions in the current DNS database, in context of RANS.
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With this in mind the same strategy was applied for LES, where models were

proposed for the subgrid curvature term components arising from different com-

ponents of displacement speed. Again a parameterisation was proposed for new

model which incorporated the effects of subgrid turbulent Reynolds number and

Lewis number. The predictions based on this parameterisation were found to

accurately predict the curvature term for a range of filter widths for all cases

considered here.

The strain rate term of the generalised FSD transport equation was found

to be predominantly positive throughout the flame brush for all cases at all fil-

ter widths, although its magnitude increases with decreasing Lewis number. To

investigate this behaviour the strain rate term was decomposed into two compo-

nents, namely the dilatation rate and the normal strain rate term. It was found

that the dilatation rate term was predominantly positive for all cases and its

magnitude increases with decreasing Lewis number, which was shown to be due

to increased heat release. The normal strain rate term however was found to be

negative for the entire flame brush for all filter widths for the cases considered

here, this behaviour was explained based on the scalar gradient alignment with

local principal strain rates. The magnitude of the normal strain rate contribu-

tion was found to be smaller than the magnitude of the dilatation rate, which was

shown to result in the predominantly positive behavior of the tangential strain

rate term of the generalised FSD transport equation.

In order to investigate a LES modelling approach for the strain rate term of the

generalised FSD transport equation, it was firstly modelled in context of RANS.

Similar behaviour was observed in RANS for the dilation and normal strain rate

contributions to the generalised FSD transport equation, i.e. strengthening of the

dilatation rate term with decreasing Lewis number and positive contribution of

the tangential strain rate term. The dilatation rate term and normal strain rate

terms were decomposed into the resolved and the unresolved contributions, and

models were proposed for the unresolved contributions. The resolved contribu-

tions in RANS were found to be relatively small in comparison to the unresolved

components. The newly proposed models for the unresolved dilatation rate and

normal strain rate terms have been utilised to predict the tangential strain rate

term with greater or comparable accuracy in comparison to the existing models,
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in context of RANS.

The modelling for the strain rate term of the generalised FSD transport equa-

tion in context of LES involves decomposition into components arising from re-

solved strain rate, strain rate due to heat release and the subgrid strain rate, in

order to make the final form of the modelled transport equation independent of

the choice of c [66]. The model for the resolved strain rate term was found to

underpredict the DNS value in all cases considered here. This resulted in the

increased modelling that had to be carried on the subgrid strain rate term. Mod-

elling was performed for the strain rate terms due to heat release and subgrid

strain rate, where the parameterisation for subgrid strain rate took into con-

sideration the effects of subgrid turbulent Reynolds number, subgrid Karlovitz

number and global Lewis number. The predictions for the subgrid strain rate

term according to the newly proposed model was found to be of better accuracy

than the existing models. Finally a modelled transport equation is proposed for

the generalised FSD in context of LES, which is expected to be suitable for a

range of different values of Lewis number and turbulent Reynolds number, and

spanning different combustion regimes.

9.3 Future Work

In the current work many important modelling issues in the context of the gener-

alised FSD based closure of turbulent premixed combustion have been addressed.

However many questions still remain unanswered or unaddressed in the current

work, some of these are described below:

9.3.1 Detailed Chemistry

In the current investigation a single step Arrhenius mechanism was used to repre-

sent the reaction rate. Although this is a good approximation, it is not physically

true. In recent times computational power has grown rapidly allowing for simu-

lations with many chemical species, reaction mechanisms and three dimensional

turbulence. It is currently unclear how such an investigation will differ from
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the current analysis. Additionally a parametric study such as the current DNS

database will be difficult based on detailed chemistry based simulations, as each

species will have its own Lewis number and modification of Lewis number will

result in modification of other parameters such as the Zel’dovich number. How-

ever a detailed chemistry based DNS offers an opportunity to test the proposed

models in a setup where a range of local Lewis numbers can be obtained. In

essence the current models with global Lewis number can be substituted with a

local Lewis number, but the accuracy of such approach is yet to assessed. One

of the likely advantages of using detailed chemistry DNS data would perhaps be

in the additional improved modelling of the surface filtered displacement speed,

where the stretch affects on the reaction and normal diffusion components can be

addressed with greater accuracy.

9.3.2 Turbulent Reynolds Number

In the current DNS database modest values of turbulent Reynolds numbers were

used, while turbulent Reynolds numbers for real burners are extremely expensive

to achieve using DNS. A priori analysis based on modest values of Ret still pro-

vide valuable insight and confirm the asymptotic trends which were subsequently

utilised to propose improved models. One way to circumnavigate this issue is to

carry out experimental assessment of the proposed models for higher value of tur-

bulent Reynolds number. Although experimental measurement of |∇c| remains

a major problem but significant advances have been made recently in this regard

[140, 141].

9.3.3 A posteriori Analysis

The models proposed in this work were shown to perform either better than or

comparably to the existing models, but the true test depends on the implementa-

tion of these models in LES/RANS. In actual LES some of the input parameters

to the combustion models (e.g. u′∆) must be modelled, and the accuracy of the

turbulence models affects the performance of the combustion models. In LES

of industrial flows the turbulence models such as the Smagorinsky-Lilly model
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[138] are commonly used, however it is unclear if such models are suitable for

combustion where heat release plays a major role. As such it is hard to pinpoint

the source of errors in such analysis. Once these issues are suitably addressed,

a direct a posteriori validation for the proposed models can be carried out by

comparing LES simulation predictions in a configuration for which experimental

measurements are readily available.

9.3.4 Effects of Geometry and Non-planar Flames

In the current study a canonical geometry was used, which is not representative

of realistic engineering configurations. Moreover heat loss at the near wall re-

gions plays an important role in flame quenching, overall heat release and mean

flame propagation rate. Additionally flames in practical combustors may have

considerable mean curvature which might affect |∇c| statistics [40]. The effects

of geometry, heat loss and presence of walls on the FSD based closure are rarely

addressed in the existing literature and should be investigated.

9.3.5 Stratified Combustion, Equivalence Ratio and Fuel

Blending

A modification of equivalence ratio and blending of fuel gives rise to changes in

Zel’dovich number and global Lewis number, which cannot be addressed quanti-

tatively based on simple chemistry based DNS simulation. However, FSD based

modelling for turbulent stratified flames in the context of RANS is in infancy

[99], and modelling of FSD for LES of turbulent stratified combustion is yet to

be addressed in detail. The above issues warrant for advanced three-dimensional

DNS simulation with detailed chemistry, which should form the basis of future

investigations.
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Numerical Implementation

A.1 Numerical schemes

First and second order spatial derivatives for the internal grid points are carried

out using a tenth order central differencing scheme, in the code SENGA which

can be expressed in the following manner:

f ′i =

j=n◦/2∑
j=1

aj
2jh

(fi+j − fi−j) (A.1a)

f ′′i =

j=n◦/2∑
j=1

aj
j2h2

(fi+j − 2fi + fi−j) (A.1b)

where the values of the constants aj are determined by expanding the Taylor series

and equating coefficient for the successive orders of grid spacing h. In Eq. A.1,

n◦ is the order of approximating [77]. Five grid points are required on either side

of the differential grid point for the tenth order scheme. The order of accuracy for

spatial differentiation decreases towards the non-periodic boundaries. The order

of accuracy gradually decreases to an one sided second order finite difference

scheme.
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The time marching, in the code SENGA, is handled by a low storage third

order Runge-Kutta scheme [161]. Each time step is explicitly broken into three

sub steps for this scheme. Each grid location requires two storage locations, one

for the time derivative and another for the dependent variable at the boundary

nodes.

A.2 Initialisation

The DNS database used in this thesis represents flame turbulence interaction

under decaying turbulence. For this type of setup, where there is no turbulence

generation, it is useful to prescribe an initial condition that resembles a good

approximation to a turbulent flow solution of the Navier-Stokes equations. This

method was chosen to minimise the time required for the simulation to reach a

developed turbulent solution.

A pseudo spectral method proposed by Rogallo [133] is used to generate a

homogeneous isotropic incompressible turbulent velocity field. The domain for

this numerical solution is periodic in all directions. Solution to this velocity field

is generated in Fourier space and it is inverse Fourier transformed into real space

for implementing into the actual simulation. To generate the turbulence field

SENGA begins by generating a velocity field in Fourier space û, which satisfies

the continuity of an incompressible flow. The mass conservation equation for an

incompressible flow takes the following form in physical space:

∇.~u = 0 (A.2)

The Fourier transform of Eq. A.2 yields:

~κ.û = 0 (A.3)

where û is the velocity field in Fourier space and ~κ is the linear wave number
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vector. It is evident from Eq. A.3 that ~κ and û are orthogonal to each other, and

thus û can be expressed as follows:

û = α(κ)~e1 + β(κ)~e2 (A.4)

where the unit basis vectors are given by ~e1, ~e2 and ~e3, and ~e3 is assumed to be

aligned with ~κ. The unit vectors ~e1 and ~e2 are chosen randomly so that they are

normal to each other. The coefficients α(κ) and β(κ), in Eq. A.4 are generated

with random phase, and their magnitude are set in such a manner that each

Fourier mode conforms to the average turbulent kinetic energy described by the

energy spectrum E(κ). For the present analysis E(κ) is assumed to follow the

Batchelor and Townsend spectrum [6] which represent the final period of decay

of the grid turbulence. The Batchelor and Townsend spectrum [6] is give:

E(κ) = C0

(
κ

κ0

)4

exp

[
−
(
κ

κ0

)2
]

(A.5)

The coefficients α(κ) and β(κ), in Eq. A.4 are given by:

α(κ) =

(
E(κ)

4πκ2

)1/2

eiθ1cosφ (A.6a)

β(κ) =

(
E(κ)

4πκ2

)1/2

eiθ2sinφ (A.6b)

where θ1, θ2, φ are uniformly distributed random angles. If ~e1 is to lie on the

x− y plane then:

~e1 =
(κ2

M
,
κ1

M
, 0
)

(A.7a)

~e2 =

(
κ1κ3

κM
,
κ2κ3

κM
,
κ2

1 + κ2
2

κM

)
(A.7b)

~e3 =
(κ1

κ
,
κ2

κ
,
κ3

κ

)
(A.7c)
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where M =
√
κ2

1 + κ2
2 and the Fourier space velocity vectors are given as:

~u1(κ) =
ακκ1 + βκ1κ3

κ
√
κ2

1 + κ2
2

(A.8a)

~u2(κ) =
−ακκ1 + βκ2κ3

κ
√
κ2

1 + κ2
2

(A.8b)

~u3(κ) = −β(κ2
1 + κ2

2)

κ
(A.8c)

Generating the velocity field in Fourier space is only done for half the compu-

tational domain. By using the expression û(κ) = û∗(−κ) it is possible to jus-

tify only calculating velocities for only half the domain, where the superscript *

refers to the complex conjugate values. When the velocity field is inverse Fourier

transformed the velocities are real due to the above method. The x3 direction

represents a special case; the upper half of the wave number domain is filled

with computational data from Eq. A.4. Inverse Fourier transform is carried on

the κ1 − κ2 planes, first to produce a partial inverse Fourier transform using the

following formula:

û1,2
i (x1, x2, x3) =

∫∫
ûi(κ1, κ2, κ3)e−i2π(κ1x1+κ2x2)dκ1dκ2 (A.9)

By using the symmetry condition it is possible to set the Fourier coefficient re-

quired in x3 direction. Finally an inverse Fourier transform in the x3 direction

completes the initialisation process for the turbulent velocity field.

ui(x1, x2, x3) =

∫∫
û

(1,2)
i (x1, x2, κ3)e−i2πκ3x3dκ3 (A.10)

All Fourier transforms operations in SENGA are carried out using the FFT (Fast

Fourier Transform) algorithm.

In order to simulate a statistically planar turbulent premixed flame, a steady

one dimensional unstrained laminar flame solution is superimposed on to the tur-
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bulent flow field. The flame solution is generated using a 1D version of SENGA.

The reaction progress variable, temperature and velocity field for the laminar

flame simulation are then initialised using an asymptotic steady laminar flame

solution given by [119].

c(x) = T (x) =

(
1− 1

β

)
exp

(
x− xc
δz

)
when (x− xc) < 0 (A.11a)

c(x) = T (x) =

(
1− 1

β

)
exp

(
(1− β)(x− xc)

δz

)
when (x− xc) > 0 (A.11b)

u(x) = u1 +
SLαT (x)

1− α (A.11c)

where T is the nondimensional temperature, u1 ≈ SL is the mean velocity of the

reactant and δz is the Zeldovich flame thickness defined as:

δz =
λ

ρCpSL
(A.12)

The coefficients β and α in Eq. A.11 are the Zel’dovich number and heat release

parameter, respectively. xc corresponds to the location where T = 1− (1/β).

A.3 Boundary conditions

Boundary conditions impact greatly on the results of CFD simulations. In the

current database the boundaries in the normal direction of mean flame propa-

gation are taken to be periodic rather than walls. This was done in order to

produce a DNS database for analysing the effects of various parameters, in the

absence of the wall induced effects. The boundary treatment in the mean flame

propagation is much more demanding. This is due to the compressibility of the

flow, where wave reflections on the boundaries can also lead to artificial effects.

In gas turbine engines, if the right conditions arise, these acoustic waves are

capable of interacting with the flame and cause combustion instabilities. In a
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similar manner artificial interaction can arise in the DNS if propagating waves

are not handled properly. When a reflective outflow boundary is implemented

in DNS, the acoustic waves become trapped and lead to artificial flame acoustic

interactions. It was discussed by Poinsot and Lele [113] that when an inflow and

outflow boundary conditions are chosen, the discretisation at the boundaries can

lead to unphysical numerical waves which lead to artificial coupling between in-

let and outlet boundaries. The Navier Stokes characteristic boundary conditions

(NSCBC) formulation was used in SENGA to provide accurate boundary condi-

tion description. A detailed discussion on NSCBC can be found in Poinsot and

Lele [113], a short description is provided here.

Poinsot and Lele [113] state that the boundary conditions for compressible

DNS are of two categories, they are either physical or numerical boundary con-

ditions. Known physical behaviour of one of more dependent variables can be

imposed on the boundaries through physical boundary conditions. An example

of such a physical boundary condition is the velocity boundary conditions on a

nonslip wall. From the example it is evident that these conditions are indepen-

dent of numerical methods which might need to be employed for the purpose

of solving the governing equations. On the other hand the numerical bound-

ary conditions come into play when the number of physical boundary conditions

is smaller than the number of primitive variables. Thus numerical boundary

conditions are required due to the discretisation of the problem. In the Euler

characteristic boundary conditions (ECBC), some variable can be accounted for

on the boundaries through extrapolation from within the domain and other con-

ditions can inferred to from partial set of characteristic relations. However, in the

NSCBC method, which is an extension of the ECBC for viscous flow, avoids using

extrapolation since the problem can become over constrained through boundary

conditions and is unable to handle acoustic wave reflections.

The ECBCs and additional viscous boundary conditions form the NSCBC.

The viscous boundary conditions are needed to account for viscous dissipation,

thermal diffusion and species diffusion [113]. The physical boundary conditions

arise from the well-posedness of the Euler equations. The numerical boundary
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conditions arise from a Local One-Dimensional Inviscid (LODI) approximation

[119] for a wave crossing the boundary in either direction. The amplitude vari-

ations of the outgoing waves are only dependent on the internal solution of the

domain only, and these are estimated using the internal solution according to

the LODI scheme [119]. It is not possible to estimate any incoming waves using

the internal solution and therefore, the incoming wave amplitudes are estimated

by the specification of physical boundary conditions whenever necessary. These

amplitude variations are then used in association with a reduced set of conserva-

tion equations to determine any variables that are not specified by the physical

boundary conditions.

The LODI scheme is based on characteristic analysis of a system of locally

one dimensional conservative system of equations:

∂φ̃i
∂t

+
∂Fi
∂c

+ C ′i = 0, where i = 1 to n (A.13)

where φi is the conservative variable vector, Fi is a representative flux vector and

C ′i is a non-homogeneous term without derivatives. Eq. A.13 can be recast in

terms of the dependent variable φi as:

∂φi
∂t

+ Aij
∂φj
∂x

+ Ci = 0 (A.14)

Eqs. A.13 and A.14 are related in the following manner:

∂φ̃i
∂t

= Pij
∂φj
∂t

∂Fi
∂x

= Qij
∂φj
∂x

(A.15a)

Pij =
∂φ̃i
∂φj

Qij =
∂Fi
∂φj

(A.15b)

In Eq. A.14, Aij = P−1
ij Qkj and Ci = Pik

−1C ′k where Aij, Pij and Qij are

components of the n × n matrices. The matrix Aij has n linearly independent
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eigenvectors in order to allow for the following relationship:

SikAkpSpj = Λij (A.16)

where Sij is the eigenvector matrix and Λij is the diagonal matrix, which is given

by Λij=i = λi where λi indicates the eigenvalues. By using this eigenvector matrix

Sij, Eq. A.13 can be expressed as:

Sij
∂φj
∂t

+ ΛikSkj
∂φj
∂x

+ SijCj = 0 (A.17)

A new vector ~ψ can be defined by using same methodology as deriving Eq. A.17:

dψi = Sijdφj + SijCjdt (A.18)

It is then possible to transform Eq. A.17 using Eq. A.18 as follows:

∂ψi
∂t

+ Λik
∂ψk
∂x

= 0 or
∂ψi
∂t

+ λi
∂ψi
∂x

= 0 (A.19)

Eq. A.19 defines a set of wave equations which have a characteristic velocity of

λi and the second term on the left hand side of Eq. A.17 is known as the wave

amplitude variation Li which can be expressed as:

Li = ΛikSkj
∂ψj
∂x

(A.20)

The well-posedness of the problem is ensured by implementing the numerical

boundary conditions, which are derived from the LODI scheme. These numerical

boundary conditions are crucial for evaluating derivatives normal to the boundary.

The derivatives are replaced by Lis in the NSCBC formulation. Thompson [146]

states that the Lis can be expressed in terms of different characteristic physical

waves crossing the boundary in inviscid flow situations. Each Li can be found

out using characteristic analysis of three dimensional extension of Eqs. A.13–
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A.20 which are described in detail in [146]. Taking x1 to be the normal direction

to boundary, various Li can be defined as:

L1 = λ1

(
∂P

∂x1

− ρac
∂u1

∂x1

)
(A.21a)

L2 = λ2

(
a2
c

∂ρ

∂x1

− ∂P

∂x1

)
(A.21b)

L3 = λ3
∂u2

∂x1

(A.21c)

L4 = λ4
∂u3

∂x1

(A.21d)

L5 = λ5

(
∂P

∂x1

+ ρac
∂u1

∂x1

)
(A.21e)

where λi represents the characteristic wave velocities of corresponding Li and ac

is the sonic speed. The characteristic velocities λi are defined as follows:

λ1 = u1 − ac (A.22a)

λ2 = λ3 = λ4 = u1 (A.22b)

λ5 = u1 + ac (A.22c)

The schematic diagram of wave amplitudes crossing the boundaries in the x1

direction is shown in Fig. A.1. The wave amplitude variation L1 is a wave

travelling towards the negative x1 direction and L5 is associated with a wave

travelling in the positive x1 direction. The wave amplitude L2 corresponds to

an entropy wave and L3 and L4 correspond to the advection in the x2 and x3

directions, respectively. The NSCBC is a general methodology that can be used

for various boundary conditions. Poinsot and Lele [113] highlight a few of these

boundary conditions such as an iso-thermal no slip wall, an adiabatic slip wall,

an adiabatic no slip wall, a subsonic inflow, a subsonic non-reflecting inflow and

a subsonic reflecting outflow. Many of the listed boundary condition’s speci-
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Figure A.1: The wave amplitude variations Li travelling into and out of the
domain at the inflow and outflow boundaries.

fications can be found in Poinsot and Veynante [119]. In the current analysis

the DNS, the boundaries in the mean flame propagation are defined as partially

non-reflecting in nature. Poinsot and Lele [113] description on NSCBC for par-

tially non-reflecting boundaries was used. As stated earlier boundaries normal to

the mean flame propagation are considered to be periodic and thus they do not

require additional boundary conditions. The wave amplitudes Li, as defined in

Eqs. A.21 a-e, give the necessary requirements of boundary conditions for Euler

equations but additional conditions i.e. viscous conditions are needed for Navier-

Stokes equations to ensure well-posedness. Poinsot and Lele [113] and Poinsot

and Veynante [119] proposed the required number of boundary conditions for

both Euler and Navier-Stokes equations which are summarised in Table A.1. Al-

though boundary condition specification is an established field in CFD research

it is still developing where improvements are sought for, especially in combustion

simulations [128, 129, 130, 142].
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Boundary type Euler(non-
reacting)

Navier-
Stokes(non-
reacting)

Navier-
Stokes(reacting)

Supersonic inflow 5 5 5 +Ns

Subsonic inflow 4 5 5 +Ns

Supersonic outflow 0 4 4 +Ns

Subsonic outflow 1 4 4 +Ns

Table A.1: The number of boundary conditions required for well-posedness (for
three-dimensional flow) where Ns is the number of reacting species.

A.3.1 Partially Non-reflecting Boundary Conditions

The partially non-reflecting boundary conditions are implemented by using the

specification proposed by Poinsot and Lele [113]. If a velocity component normal

to the boundary is directed inwards then this component is dealt with by a

subsonic reflecting inflow boundary condition and this condition is implemented

as suggested by Poinsot and Lele [113]. When acoustic waves are allowed to travel

and interact with boundaries where a constant inflow with specified inlet velocity

is specified is defined, it leads to complete reflection of the outgoing acoustic

wave. This is noted by Poinsot and Lele [113] that it might not be inadequate for

a compressible simulation. Poinsot and Lele [113] suggest that a more desirable

method would involve a boundary condition that is capable of maintaining a

recommended temperature (i.e. TR and a recommended velocity uR (i.e. uR, vR

and wR), acting as a partially non-reflecting boundary. It is possible to achieve

this by using the following wave amplitude variations at the inlet:

L2 = σ2(T − TR) (A.23a)

L3 = σ3(v − vR) (A.23b)

L4 = σ4(w − wR) (A.23c)

L5 = σ4(u− uR) (A.23d)
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where σ2, σ3, σ4 and σ5 are relaxation parameters and they are chosen based on

the impedance of the inlet section. When the relaxation parameters are close

to zero the boundary behaves similar to a perfectly reflecting boundary, i.e. the

acoustic waves are not reflected but that recommended values begin to drift. If

large values are chosen for the relaxation parameter acoustic waves are reflected

and the recommended values do not drift. For intermediate values of relaxation

parameter, the mean values of the inlet velocity and temperature vary about the

predefined recommended velocity and temperature values but still allow acoustic

waves to propagate through the inlet boundary with little reflection occurring.

Poinsot and Lele [113] further suggest that the relaxation parameters must be

adapted for each configuration. In order to account for the well-posedness prob-

lem the derivative in the x1-direction is set to zero (i.e. ∂τ11/∂x1 = 0 ) [55,

113, 119]. The required physical boundary conditions are presented in tabulated

format in Table A.2 [113].

The velocity components normal to the boundary that are exiting domain

Navier-Stokes with Ns species

ECBC (inviscid)
conditions

Viscous
Conditions

Reaction
Conditions

Total num-
ber of con-
ditions

Partially
non-
reflecting
inflow

No reflecting wave
4+N

∂τ11

∂x1
= 0 None (0) 5 +N

Partially
non-
reflecting
outflow

Pressure
at ∞
imposed
(1)

∂τ12

∂x1
= 0

∂Mk1

∂x1
= 0

k = 1, . . . , N
4 +N∂τ12

∂x1
= 0

∂q1
∂x1

= 0 (3)

Table A.2: The boundary conditions for three-dimensional reacting flows for par-
tially non-reflecting inlet and outlet boundaries following NSCBC technique [113].
The total number of species is Ns and the boundaries are perpendicular to the
x1-direction.

are dealt with using subsonic partially non-reflecting outflow and are specified
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according to Poinsot and Lele [113]. This ensures that acoustic waves are able

to exit the domain. It was demonstrated by Poinsot and Lele [113] that a com-

pletely reflecting outflow boundary lead drifting of mean pressure field. Artificial

acoustic wave reflections takes place when a reflecting outflow boundary condi-

tion is used. In order to control the drift and to avoid artificial reflection from

the boundary partially non-reflecting boundaries are chosen for all the DNS sim-

ulations considered here.

The outflow boundary has four characteristic waves associated with wave am-

plitude variations these are L2, L3, L4 and L5 which leave the domain. This

is advantageous since they can be calculated using one sided difference schemes

which are highly stable. The wave amplitude L1 on the other hand enters the

domain and thus this must be defined. If the wave amplitude L1 is set to 0 it leads

to an outflow boundary which is fully non-reflecting. This is not desired since

it leads to pressure drift, as there is no means of estimating the pressure at the

outlet. Therefore a boundary condition is needed which describes the mean static

pressure at infinity. Poinsot and Lele [113] note that a simple way of achieving

this is to describe the wave amplitude L1 using the pressure difference P − P∞.

The wave amplitude L1 can be described such a manner that if the outlet pressure

is not close to P∞ then reflected waves from the outlet will bring the pressure

closer to P∞ [113]. The wave amplitude L1 takes the following form:

L1 = K(P − P∞) (A.24)

The parameter K, if set to 0 results in an outflow boundary which is completely

non-reflecting. The following definition was suggested by Rudy and Strikwerda

[134] for the coefficient K.

K = σr(1−Ma2)
ac
Ld

(A.25)

where σr is a constant, Ma is the maximum Mach number in the domain, ac is

the local speed of sound and L is the domain size. The constant σr can lead to
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possible mean pressure drift if it is close to 0 (σr ≈ 0) and when σr = 0 then the

boundary becomes fully non-reflecting. If a large value is chosen for σr it leads to

strong reflections from the boundary. The value of σ = 0.25 has been used for this

DNS database. As stated earlier the wave amplitude definitions do not fulfill the

well-posedness additional specifications are needed. Simply defining L1 is in fact

sufficient if the problem was inviscid, but for viscous flow we have to specify τ12,

τ13, heat flux (i.e. q1 = −λ∂T̂ /∂x1) and scalar flux (i.e. Mk1 = −ρDk∂Yk/∂x1).

Following the specification of Poinsot and Lele [113] these parameters were set in

the following manner: in the x1 direction:

∂τ12

∂x1

= 0 (A.26a)

∂τ13

∂x1

= 0 (A.26b)

∂q1

∂x1

= 0 (A.26c)

∂Mk1

∂x1

= 0 (A.26d)

The above boundary conditions are also given in Table A.2 [119].
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CF Regime and Varying Heat

Release

The newly proposed model for the curvature term of the FSD transport equation

in the context of RANS is given by Eq. 7.15, where the effects of local Karlovitz

number KaL are included. This was done based on a DNS which represents the

corrugated flamelets regime combustion, where initial turbulence and combustion

parameters take the values: u′/SL = 1.41, l/δth = 9.64, Ret = 56.7, Da = 6.84,

Ka = 0.54, τ = 2.3 and Le = 1 (referred to as case K). Additionally the effects

of heat release parameter were also analysed using a DNS case with the following

initial parameters: u′/SL = 7.5, l/δth = 2.45, Ret = 47.0, Da = 0.32, Ka = 13.17,

τ = 3.0 and Le = 1 (referred to as case L). Cases L and I are similar, where only

the heat release is modified 4.5 (in case J) to 3.0 (in case L). The prediction for

the model given by Eq. 7.15 for the RANS curvature term of the generalised FSD

transport equation is presented for cases K and L in Fig. B.1, which demonstrates

that the model given by Eq. 7.15 predicts the curvature term satisfactorily in

both cases K and L.

The model given by Eq. 8.20 was also parametrised using cases K and L,

so that the effects of local Kalrlovitz number KaL are addressed. In Fig. B.2

the predictions of Eq.8.20 are shown, and it is evident from Fig. B.2 that newly
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Figure B.1: Variation of A1 +A2 ( ) with c˜ along with the predictions of CPB
( ), CFM ( ), CFM-MOD ( ) and the combined model given in Eq.
7.15 ( ), shown for cases A-J.
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Figure B.2: Variations of (aT )
s
Σgen ( ) with c˜ across the flame brush for

cases A-J along with the predictions of CPB ( ), CFM ( ) and the newly
proposed models given by Eq. 8.20 using C2 given by Eq. 8.17a ( ) and C2

given by Eq. 8.17b ( ).

proposed model (8.20) provides satisfactory predictions for cases K and L.
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simulation analysis of flame surface density concept for large eddy simu-

lation of turbulent premixed combustion”, Symposium (International) on

Combustion, vol. 27, no. 1, pp. 917–925, 1998.

[9] P. Boudier, S. Henriot, T. Poinsot, and T. Baritaud, “A model for turbu-

lent flame ignition and propagation in spark ignition engines”, Symposium

(International) on Combustion, vol. 24, no. 1, pp. 503–510, 1992.

[10] K. N. C. Bray, “Turbulent flows with premixed reactants”, Turbulent flows

with premixed reactants, ed. by P. A. Libby and F. A. Williams, vol. 44,

Topics in Applied Physics, Springer Berlin Heidelberg, 1980, pp. 115–183,

isbn: 978-3-540-10192-5.

[11] K. N. C. Bray, “Turbulent flows with premixed reactants”, Turbulent Re-

acting Flows, ed. by P. Libby and F. Williams, vol. 44, Topics in Applied

Physics, Springer Berlin/Heidelberg, 1980, pp. 115–183.

[12] K. N. C. Bray, “Studies of the turbulent burning velocity”, Proceedings

of the Royal Society of London. Series A: Mathematical and Physical Sci-

ences, vol. 431, no. 1882, pp. 315–335, 1990.

242

http://dx.doi.org/10.1098/rspa.1948.0095
http://dx.doi.org/10.1098/rspa.1948.0095
http://dx.doi.org/10.1063/1.858867
http://dx.doi.org/10.1016/S0082-0784(98)80489-X
http://dx.doi.org/10.1016/S0082-0784(98)80489-X
http://dx.doi.org/10.1016/S0082-0784(98)80489-X
http://dx.doi.org/10.1016/S0082-0784(06)80064-0
http://dx.doi.org/10.1016/S0082-0784(06)80064-0
http://dx.doi.org/10.1098/rspa.1990.0133


REFERENCES

[13] K. N. C. Bray, P. A. Libby, and J. B. Moss, “Unified modeling approach

for premixed turbulent combustion - Part I: General formulation”, Com-

bustion and Flame, vol. 61, no. 1, pp. 87–102, 1985.

[14] K. N. C. Bray and N. Peters, “Laminar flamelets in turbulent flames”,

Turbulent reacting flows, ed. by P. A. Libby and F. A. Williams, London:

Academic Press Limited, 1994, pp. 1–61.

[15] K. N. C. Bray and N. Peters, “Laminar flamelets in turbulent flames”,

Turbulent reacting flows, pp. 63–113, 1994.

[16] K. N. C. Bray and N. Swaminathan, “Scalar dissipation and flame surface

density in premixed turbulent combustion”, Comptes Rendus Mecanique,

vol. 334, no. 8-9, Observation, analysis and modelling in complex fluid

media, Special issue for the 60th birthday of Professor Roland Borghi,

pp. 466–473, 2006.

[17] G. Bruneaux, T. Poinsot, and J. H. Ferziger, “Premixed flame wall inter-

action in a turbulent channel flow: budget for the flame surface density

evolution equation and modelling”, Journal of Fluid Mechanics, vol. 349,

pp. 191–219, 1997.

[18] S. M. Candel and T. J. Poinsot, “Flame Stretch and the Balance Equation

for the Flame Area”, Combustion Science and Technology, vol. 70, no. 1-3,

pp. 1–15, 1990.

[19] S. M. Candel, D. Veynante, F. Lacas, E. Maistret, N. Darabiha, and T.

Poinsot, “Coherent flamelet model: applications and recent extensions”,

Recent Advances in Combustion Modelling, vol. 6, pp. 19–64, 1990.

243

http://dx.doi.org/10.1016/0010-2180(85)90075-6
http://dx.doi.org/10.1016/0010-2180(85)90075-6
http://dx.doi.org/10.1016/j.crme.2006.07.005
http://dx.doi.org/10.1016/j.crme.2006.07.005
http://dx.doi.org/10.1017/S0022112097006769
http://dx.doi.org/10.1017/S0022112097006769
http://dx.doi.org/10.1017/S0022112097006769
http://dx.doi.org/10.1080/00102209008951608
http://dx.doi.org/10.1080/00102209008951608


REFERENCES

[20] R. S. Cant and K. N. C. Bray, “Strained laminar flamelet calculations of

premixed turbulent combustion in a closed vessel”, Symposium (Interna-

tional) on Combustion, vol. 22, no. 1, pp. 791–799, 1989.

[21] R. S. Cant, S. B. Pope, and K. N. C. Bray, “Modelling of flamelet surface-

to-volume ratio in turbulent premixed combustion”, Symposium (Interna-

tional) on Combustion, vol. 23, no. 1, pp. 809–815, 1991.

[22] N. Chakraborty, “Fundamental Study of Turbulent Premixed Combus-

tion using Direct Numerical Simulation (DNS)”, PhD thesis, Cambridge,

United Kingdom: University of Cambridge, 2004.

[23] N. Chakraborty, “Comparison of displacement speed statistics of turbu-

lent premixed flames in the regimes representing combustion in corru-

gated flamelets and thin reaction zones”, Physics of Fluids, vol. 19, no. 10,

p. 105109, 2007.

[24] N. Chakraborty and R. S. Cant, Tangential strain rate and curvature ef-

fects on the displacement speed of an unsteady turbulent premixed flame in

a quasi-stationary configuration, European Combustion Meeting,Orléans,
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[148] A. Trouvé and T. Poinsot, “The evolution equation for the flame surface

density in turbulent premixed combustion”, Journal of Fluid Mechanics,

vol. 278, pp. 1–32, 1994.

261

http://dx.doi.org/10.1016/j.combustflame.2010.02.024
http://dx.doi.org/10.1016/j.combustflame.2010.02.024
http://dx.doi.org/10.1016/j.combustflame.2011.12.001
http://dx.doi.org/10.1016/j.combustflame.2011.12.001
http://dx.doi.org/10.1016/S0021-9991(03)00328-0
http://dx.doi.org/10.1016/S0021-9991(03)00328-0
http://dx.doi.org/10.1063/1.2186590
http://dx.doi.org/10.1063/1.2186590
http://dx.doi.org/10.1023/B:APPL.0000014910.06345.fb
http://dx.doi.org/10.1023/B:APPL.0000014910.06345.fb
http://dx.doi.org/10.1016/0021-9991(87)90041-6
http://dx.doi.org/10.1016/0021-9991(87)90041-6
http://dx.doi.org/10.1016/0010-2180(94)90063-9
http://dx.doi.org/10.1016/0010-2180(94)90063-9
http://dx.doi.org/10.1017/S0022112094003599
http://dx.doi.org/10.1017/S0022112094003599


REFERENCES

[149] S. Tullis, “Large Eddy Simulation of scalar flux in turbulent premixed

flames”, PhD thesis, Cambridge, United Kingdom: University of Cam-

bridge, 2003.

[150] S. Tullis and R. S. Cant, “Scalar transport modeling in large eddy simula-

tion of turbulent premixed flames”, Proceedings of the Combustion Insti-

tute, vol. 29, no. 2, pp. 2097–2104, 2002.

[151] L. Vervisch, E. Bidaux, K. N. C. Bray, and W. Kollmann, “Surface density

function in premixed turbulent combustion modeling, similarities between

probability density function and flame surface approaches”, Physics of

Fluids, vol. 7, no. 10, pp. 2496–2503, 1995.

[152] D. Veynante, J. M. Duclos, and J. Piana, “Experimental analysis of

flamelet models for premixed turbulent combustion”, Symposium (Inter-

national) on Combustion, vol. 25, no. 1, pp. 1249–1256, 1994.

[153] D. Veynante, J. Piana, J. M. Duclos, and C. Martel, “Experimental anal-

ysis of flame surface density models for premixed turbulent combustion”,

Symposium (International) on Combustion, vol. 26, no. 1, pp. 413–420,

1996.

[154] D. Veynante and T. Poinsot, “Large eddy simulation of combustion insta-

bilities in turbulent premixed burners”, Annual Research Briefs, Stanford,

U.S.A., 1997, pp. 253–274.
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