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ABSTRACT

Electrical motors are key to the growth of any modern society. In order to ensure
optimal utilisation of the motors, the shaft speed and armature current must be
controlled. Currently, the most efficient way of achieving both speed and current control
in electrical motors is through power electronic switching, thus making the system both
nonlinear and time varying. The combination of electric motors and control electronics

is referred to as electric drives.

Due to the inherent nonlinear nature of electrical drives, the system is prone to complex
dynamical phenomena including bifurcations, chaos, co-existing attractors and fractal
basin boundaries. The types of nonlinear phenomena that occur in some of the more
common electrical drive systems, namely permanent magnet dc (PMDC) drives, series
connected dc (SCDC) drives and switched reluctance motor (SRM) drives, are

considered for analysis in this project.

The nominal steady state behaviour of these drives is a periodic orbit with a mean value
close to the reference value. But as some system parameters are being varied, the
nominal orbit of the system referred to as the period-1 orbit, may lose its stability
leading to the birth of new attracting orbit that is periodic, quasi-periodic or chaotic in

nature.

The most common technique for performing stability analysis of a periodic orbit is the
Poincaré map approach, which has been successfully applied in DC-DC converters.
This method involves reducing the continuous time dynamical system into a discrete
time nonlinear iterative map and the periodic orbit into a fixed point. The stability of the
periodic orbit then depends on the eigenvalue of the Jacobian matrix of the map
evaluated at the fixed point. However, for some power electronic based system the
nonlinear map cannot be derived in closed form due to the transcendental nature of the

equation involved.

In this project, the recently introduced Monodromy matrix approach is employed for the
stability analysis of the periodic orbit in electrical drives. This method is based on
Filippov’s method of differential inclusion and has been successfully applied in the
stability analysis of periodic orbits in both low order and higher order DC-DC



converters. This represents the first application of the technique in electrical drives. The
Monodromy matrix approach involves computing the State Transition Matrix (STM) of
the system around the nominal orbit including the STM at the switching manifold
(sometimes referred to as the Saltation matrix). Also, by manipulating some of the
parameters in the Saltation matrix, it is possible to control the instabilities and thus

extend the system parameter range for nominal period-1 operation.

The experimental validation of the nonlinear phenomena in a proportional integral (PI)
controlled PMDC drive, which is absent in literature, is presented in this thesis. The
system was implemented using dsPIC30F3010 which is a low cost and high

performance digital signal controller.



ACKNOWLEDGEMENTS

I will first express my deepest gratitude to my supervisors Dr. Damian Giaouris and Dr.
Bashar Zahawi for their guidance and support throughout my study. They encouraged
me to delve into the world of bifurcation and chaos which | found strange at the

commencement of my research.

I am also deeply indebted to Professor Soumitro Banerjee of the Department of
Electrical Engineering, Indian Institute of Technology, Kharagpur, for his kind advice

and suggestions towards my research.

One of the greatest challenges which most PhD students have to confront is financial
support. Therefore, | would like to thank the Petroleum Technology Development Fund
(PTDF) of Nigeria for providing all the necessary funding | needed throughout my
study. | am also grateful to the Nigerian Army and Nigerian Communication Satellite

(Nigcomsat) Ltd for all the support they offered me during the research.

Several colleagues and staff offered me advice and support during the project. | would
like to thank Dr. Chris Batman and Mr James Widmer for their advice during the
switched reluctance machine modelling. 1 will also like to thank Dr. John Bennett for
his advice while writing the firmware for the digital signal controller. I’'m also grateful
to Mr James Richardson for providing all the needed test instruments and Mr Stuart
Baker for building a suitable platform for my machine. I'm also grateful to all the tutors
in power electronics, drives and machine (PEDM) research group and my colleagues in
the UG laboratory.

Without the support from my family, this work would have not been possible. Therefore,
I would like to express my sincere gratitude to my wife and children for helping me to
forget all the worries of research. They are the source of my inspiration and joy. | am

also grateful to my parents for making all the sacrifice to offer me good education.

Finally, I would like to thank the almighty God who provided me with sound health and
guidance throughout the period of my study.



To the memory of my mother who could not live to see me complete my research.
May her soul rest in peace.



TABLE OF CONTENTS

AB ST R A CT ettt ettt b e e st e et e e ae e b e are e ne e 1
ACKNOWLEDGEMENTS ...ttt v
TABLE OF CONTENTS. ...ttt VI
LIST OF FIGURES ... Xl
LIST OF TABLES ... ..ottt ettt XX
LIST OF SYMBOLS AND ABBREVIATIONS ..o XXI
CHAPTER L:IINTRODUCTION ...ttt 1
1.2 INEFOTUCTION ...ttt bttt 1

1.2 Analysis of Nonlinear Phenomena in Switched Mode Power Electronic Systems ....4

1.2.1 Analysis of Nonlinear Phenomena in Power CONVErters ...........ccocevvevieveerieennenn, 4

1.2.2 Analysis of Nonlinear Phenomena in Electrical Drives...........cccccoevvivevveieennenn, 4
1.3 Control of Nonlinear Phenomena in EICtric DIIVES .........cccoviiviiiiiinieiesc s 5
1.4 Objectives of the Nonlinear Analysis of Electrical Drives.............cccoeviiniicinnnnne. 6
1.5 Contributions t0 KNOWIEAQE ..........coiiiiiiiiiieee e 6
1.6 TNESIS TAYOUL ..ottt 7
1.7 LiSt OF PUDIICALIONS .....ovieieee ettt 8
CHAPTER 2:O0VERVIEW OF NONLINEAR DYNAMICAL SYSTEMS. .............. 9
A T o [ T TSSO SRSSSSN 9

2.2 Classifications of Dynamical SYStEMS..........cccocereririeriininieriiies sveeeeeeeeeeenn. ... 10

2.2.1 Deterministic and Non-deterministic SYStems..........ccceveveeviive v v e 10
2.2.2 Continuous Time and Discrete Time SYStEMS .......ccvcvevvereiiieieece e 10
2.2.3 Linear and NoNliNear SYSIEMS .........cccveiiiiiieiie s 11
2.2.4 Smooth and Non-SmMOOth SYStEMS ........cciviiiieiii i 12

Vi



2.3 The Concept Of INVArANT SELS.......c.ciieiiei e 13

2.3.1 EQUIIDIIUM POINTS ..o e 13
2.3.2 PeriOTIC OFDITS.......iiiiiiieiieieie et 14
2.3.3 QUASI-PEITOTIC OFDILS ..ot 14
2.4 Stability Analysis of EQUIIDIUM POINES........cccciiiiiiiiee e 14
2.5 Stability Analysis of Periodic OrbitS..........ccocuiiiiiiiieiereeee e 16
2.5.1 Poincaré Map TECANIGUES ........coueririeiirieieie et 16
2.5.2 FIOQUEL TNEOIY ...c.veeeiece ettt 18
2.5.2.1 Variational EQUALION ...........cccoiieiiiie et 18
2.5.2.2 Stability Analysis of Smooth OrbitS..........cccccevviiiiiciic e 19
2.5.2.3 Stability Analysis of Non-Smooth Orbits...........ccccccevveie i, 22

2.6 Complex Behaviour of Nonlinear Dynamical Systems ...........ccccocevivevieiieviesieenenn, 25
2.6.1 BIFUICALIONS ...t 25
2.6.1.1 Saddle Node BifurCation............ccoereiiiieiiniieeeeseseee s 26
2.6.1.2 Transcritical BIfurCatioN ...........ccccoiiiieiieiiiienic s 27
2.6.1.3 Pitch-FOrk BifUrCation ...........cccouiiiieiiieeic s 27
2.6.1.4 HOPT BITUICALION .....cueiniiieiee e 29
2.6.1.5 Period Doubling BifurCation.............ccocueriereniniiiiiseseeeese s 30
2.6.1.6 Border Collision Bifurcation ............ccooeverineneninininieeeese s 30
2.8.2 CRNA0S ...ttt 30
2.6.3 Co-existing Attractors and Fractal Basin Boundaries ............c.ccccocvevveivevieennenn, 31
2.7 SUMIMIAEY ©oeeitiee ittt ettt e et e e bt e e et e e e be e e e b e e e s sbe e e snbe e e anbe e e anbeeennbeeensbeeennes 31
CHAPTER 3:ELECTRICAL DRIVES FUNDAMENTALS ... 32
S L INEFOAUCTION ...ttt 32
3.2 Components of an Electrical Drive SYStem ..........cccooveviiiiie i 32
3.2 L EIECHIC IMOTOIS ...t 33
3.2.2 POWET CONVEITETS ...ttt 34
3.2.3 CoNtrol EIBCIIONICS........ciiiieiiiieieiesie e 34



3.2.4 MECNANICAL LOAAS. .....ce e et e e e e e aeens 35

3.3 Permanent Magnet DC DIIVES ......cc.oiieiiiiiiiesieeie et 35
3.3.1 SYSEM OVEIVIBW ...ttt sttt sbe et et be e sneeteenee e 35
3.3.2 PMDC DIiVe OPEIAtION......ccuieiiiiiiiiiitesiieie ettt 37
3.3.3 Mathematical Model of Open Loop PMDC DIiVe.........cccooviieiiieneicnisenene 39

3.4 Series CoNNECIEd DC DIIVES........ccoiiiiiiieiieieiee ettt 41

3.5 Closed Loop Control Schemes for DC DIIVES.........cocoiiviiiiiiiieieieseesese e 44
3.5.1 Voltage Mode CONIOl.........ccoveiiiieiece e e 45
3.5.2 Current Mode CONIOL ..........coviiiiiiiieee e 46

3.6 Switched Reluctance MOLOr DIIVES ..........ccoiiiiriiiieiiesieeeese e 48
3.6.1 Principles of Operation 0f @ SRM .........ccccciiiiiiiiccecc e 49
3.6.2 SRM Phase Commutation Strategy ..........ccevverreiieeieeie e 50
3.6.3 SRM Drive Operational MOES..........cccoeiieiieiiiieieee e 51

3.6.3.1 Single Pulse OPeration...........cccueieeiieieeiie e sie e 51
3.6.3.2 Soft Chopping PWM OPEration ..........cccoerereririninisieieeesiese e 52
3.6.3.3 Hard Chopping PWM Operation ..........cccceoeiereninininieeienese s 53

3.7 Modelling Techniques for Nonlinear Analysis of Electrical Drives.............cccccoeu.... 54
3.7.1 State Space Average MOEL..........cccooiiiiiiiiii s 54
3.7.2 The Iterative Map MOGEL...........cooiiiiiiiiiiee s 57

3.8 SUMIMAIY ...t ettt bbbt e b e e nneenneene s 58

CHAPTER 4:ANALYSIS OF NONLINEAR PHENOMENA IN DC CHOPPER-
FED PERMANENT MAGNET DC DRIVES ...........cccoiiiiiiii 59

.1 INEFOAUCTION .o ettt e e e e e e e et e e e e e e e e e eeeeens 59

4.2 Nonlinear Analysis of DC Chopper Fed PMDC Drives Employing the Proportional

CONITOIIET .t 61
4.2.1 SYSTEM OVEIVIBW. ..o.viiiiiiiiiiiieiesie sttt ettt ettt bbb 61
4.2.2 Dynamic Behaviour of DC Chopper-fed PMDC DriVeS.........cccoceivieiininenne. 62

4.2.3 Stability Analysis of the Period-1 orbit using the Monodromy Matrix Approach



4.2.4 Co-existing Attractors and Fractal Basin Boundary in DC Chopper-fed PMDC

4.3 Nonlinear Analysis of DC Chopper Fed PMDC Drives Employing the Proportional

INtegral CONIOIIET.......ccve e e 87
O B VS (=T 1 O Y= Y = ST 87
4.3.2 System DyNnamiC BENAVIOUN ..........ccoiiiieiieiiee e 89

4.3.3 Experimental validation of the Neimark-Sacker Bifurcation in a PMDC drive 98
4.3.4 Analysis of the Neimark-Sacker Bifurcation ...........cccccevvvieiiiiviienesie e, 106

4.3.4.1 Analysis of the Neimark-Sacker Bifurcation Using the Monodromy Matrix
APPIOACN ... 106

4.3.4.2 Analysis of the Neimark-Sacker Bifurcation Using the State Space Average

A4 SUMIMAIY ©ovveeiitieeiiiieesitie sttt st e e bt e st e e st e e e as b e e sab e e e snbe e e snb e e e snbe e e nnbe e e nnb e e e nnees 113

CHAPTER 5:ANALYSIS OF NONLINEAR PHENOMENA IN SWITCHED

RELUCTANCE DRIVES. ... 114

5.1 INEFOTUUCTION. ...ttt bbbttt nb b 114
5.2 SYSIEM OPEIALION ...ttt bbbttt ne bbb 116
5.3 System Mathematical Model..............oocoiiiiiiiii e 117
5.4 System's DynamiC BENAVIOUT ..........cccocoviiiiiiiiie i 123
5.5 Analysis of the Fast-Scale Bifurcation.............ccccccoeveieiieie i 128
5.5.1 Computing the State Transition Matrix ®(tg,ta) «cc.cooevrrerieiernieieienereseenean 129
5.5.2 Computing the Saltation MatriCes. ..........cccevveiiiiiciiece e 130
5.6 SUMMIAIY ©.eeiiiiieeiiie ettt e e et e e st e e snb e e e snb e e e snb e e e nnbe e e nnb e e e nnees 133

CHAPTER 6:CONTROL OF NONLINEAR PHENOMENA IN ELECTRICAL
DRIVES ... 134

8. L I OTUCTION ..ttt nnnnnnnne 134

6.2 Control of Fast-scale Bifurcation in a DC Chopper-fed PMDC Drive Employing a

Proportional CoNtIOIIEN ...........viie e 135



6.2.1 Locating the Unstable Periodic Orbit of the PMDC Drive .......c..cccccvevvevvennnne 135
6.2.2 Manipulating the Saltation MatriX ...........ccoveiiiiniieieie e 137

6.2.2.1 Saltation Matrix Manipulation Based on the Injection of a Low Amplitude
SINUSOIAAl SIGNAL ..o s 137

6.2.2.2 Saltation Matrix Manipulation Based on changing the slope of the Ramp

SR ettt ane s 144
6.3 Control of Fast-scale Bifurcation in @ SRM DIiVE.........oovveeoeiieee e 147
6.4 SUMIMANY ..ottt bbbt b bt s e nbe et aneenne s 149

CHAPTER 7:ANALYSIS AND CONTROL OF NONLINEAR PHENOMENA IN

SERIES CONNECTED DC DRIVES ..o, 150
7.1 INEFOAUCTION ...ttt 150
7.2 SYStEM DESCIIPLION ...c.veiiiiiic ittt s re e re e e sreenee s 151
7.3 Bifurcation Behaviour of Series Connected DC drive.........cccceovverenieincienecniene 152

7.4 Analysis of the Period Doubling Bifurcation in a Series Connected DC Drive via the

Monodromy MatriX APPrOACH .........ccuiiiiiiiieieiee e 156
7.5 Control of the Period Doubling Bifurcation in a Series Connected DC Drive........ 159
7.6 SUMIMANY ..ottt b bbb enbe et e eaneenne s 161

CHAPTER 8: ANALYSIS AND CONTROL OF NONLINEAR PHENOMENA

IN FULL-BRIDGE CONVERTER DC DRIVE ........ccocoiiiis 162
8.1 INEFOAUCTION. ...ttt et 162
8.2 SYSLEM OVEIVIEW ...ttt ettt te e te e e te e besnsesteenesreesteenee s 163
8.3 Dynamic Behaviour of a Full-Bridge Converter PMDC Drive. ..........cccccceeveivvennene 164

8.4 Analysis of the Fast-scale Bifurcation in a Full Bridge Converter PMDC Drive...167
8.5 Control of the Fast-scale Bifurcation in a Full Bridge Converter PMDC Drive ...171

8.6 Co-existing Attractors and Fractal Basin Boundaries in a Full Bridge Converter DC



8.6.2 Analysis of the Birth and Death of the Co-existing Period-3 Attractor Using the
Monodromy MatriX APPrOACH ........cceeiiiiiiiie et 177

8.7 SUMIMANY ..ttt ettt ettt et e s bt e st e e sa e e s abeesbeeeabeesbeesabeesbeeebeesasesnbeens 178

CHAPTER 9:CONCLUSION AND SUGGESTIONS FOR FUTURE WORK ...179

9.1 CONCIUSION ... bbb b 179
9.2 Suggestions fOr FULUIE WOTK ..........cocviieiieie e 180
APPENDIX A: EXPERIMENTAL SET-UP ... 182
AL INTOUUCTION ... 182
A.2 Control and POWET CIFCUITS ........ciiveieiiieieisiesi e 183
A.3 Configuring the dsPIC30F30F3010 Peripherals in C Language...........c.cccccueevuene. 184
A.3.1 QEI CONFIQUIALION .....eovieiicie ettt 184
A.3.2 MCPWM CONFIQUIALION ..ottt 186
A.3.3 ADC COoNFIGUIALTION ...vviniiiiiisiesieeeeee e 188

Xl



Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.

Fig.
Fig.
Fig.

Fig.

LIST OF FIGURES

2.1 Block Diagram Representation of a Dynamical System .........cccccceeviviveiennnene 9
2.2 Poincare section (PS) for a simple 3 Order SYStem. .......c.oveeveeeeerereesereeennene 17
2.3 Time evolution of a perturbation for a smooth dynamical system................... 20
2.4 Arbitrary periodic orbit of a smooth 3" order nonlinear system..................... 22
2.5 Time evolution of a perturbation for a non-smooth dynamical system............. 23
2.6 Arbitrary periodic orbit of a non-smooth SYStem ..........c.ccccevviiniiene e 25
2.7 Bifurcation diagram for a saddle node bifurcation..........cccocceecveveiiieieiiieiiiennnns 26
2. 8 Bifurcation diagram for a transcritical bifurcation............ccccceevviveiviiiiienns 27
2. 9 Bifurcation diagram for a supercritical pitchfork bifurcation .......................... 28
2.10 Bifurcation diagram for a subcritical pitchfork bifurcation ..............cc.coe...e. 29
3.1 Components of an electric drive SYSteM.........ccoeriririninineee e 33
3.20peN 100P PMDC AIIVES ..ottt 36
3.3 Switch ON circuit topology of a PMDC drive ........cccceevevevieiveie e 37
3.4 Switch OFF circuit topology of 8 PMDC driVe.........c.ccooviiiiiiieiiiencie s 38
3 5 Open loop speed response (d=0.5, T.=0.39 NM ) ...ocvviviiiiireeeeee e 41
3.6 Open Loop Current Response (d=0.5, TL=0.39 NM) ......cccvvvirviiiiienrersee 41
3.7 Open loop SCDC drive (a) System schematic diagram (b) Equivalent circuit of
TNE AFIVE L. 42
3.8 Magnetic saturation curve of @ SCDC MOLOX .......cccoevevveieiieiree e 43
3.9 Voltage mode controlled DC AriVe. ........ccoeiiiiiiiiie i 45
3.10 PWM Waveform generation...........cooueeieeieierieniesiesiesiesieseeeeee e 46
3.11 Current Controlled DC DIIVE ........cooiiiiiiiiieieie s 47

Xl



Fig. 3.12 Armature current, reference current and the external clock pulse in a current

CONEIONIEA DC AIMVE. ... 47
Fig. 3.13 Two l0op control 0f @ DC DIIVE.......ccccoiiiiiiieeee e 48
Fig. 3.14 Diagram of a three-phase 12/8 SRM (2 stator poles pairs per phase) ............. 50
Fig. 3.15 Asymmetric Drive Power Converter CirCUIt.........cocoovririniieiiencnesese e 50

Fig. 3.16 SRM Commutation Sequence (the 3 phases are stroked once in one inductance

cycle of 45 MmechaniCal dEGIEES). ....cceiuiiieiieie et sre e 51
Fig. 3.17 Phasel voltage and current waveforms for single pulse operation ................. 52
Fig. 3.18 Phasel voltage and current waveforms for soft-chopping operation.............. 53
Fig. 3.19 Phasel voltage and current waveforms for hard chopping operation. .......... 54
Fig. 3.20 Speed response using the average model ... 56
Fig. 3.21 Armature current response using the average model............cccccooeniiiiinnnnnne. 56

Fig. 4.1 Schematic diagram of voltage mode controlled DC chopper-fed PMDC drive

......................................................................................................................................... 61
Fig. 4.2 Nominal period-1 current and speed trajectory in time domain

KP=1.2 , VitmL100 V. oo eesee e eee e esee e 63
Fig. 4. 3 Period-1 phase POrtraif...........ccceoiiiiiiiiiiieieeese e 63
Fig. 4.4 Period-2 current and speed trajectory at Kp=2.4. ........c.ccoovvovrninienencnenennn, 64
Fig. 4.5 Period-2 phase POITIaAIL..........ccoiiiiiiiiiieiesieee et 64
Fig. 4.6 Chaotic current and speed trajectory at Kp=3.2. .......cccccrvriiriminiinenene e 65
Fig. 4.7 ChaotiC phase POITrait..........ccoieiiiiiiiii i 65
Fig. 4.8 Results of the sensitivity to initial conditions test at Kp=3.2 showing the
divergence of the SPeed trajECIONIES ........oiiiiiiiieie e 66

Fig. 4.9 Bifurcation diagram showing speed as proportional gain is varied; Vi, =100V

Fig. 4.10 Bifurcation diagram showing speed as the supply voltage is varied; Kp=2....67

X1



Fig. 4.11 Period-1 orbit of a DC Chopper-fed PMDC drive .........cccoceviiiiiencnieneeen 68

Fig. 4.12 Interaction of the control signal and the ramp signal for one PWM cycle. .....69
Fig. 4.13 Duty ratio against proportional gain............ccccceeeriiiniiinieneeeese e 75
Fig. 4.14 Eigenvalue loci as the proportional gain is varied...........c.ccooeveieneienenennnnn 76
Fig. 4.15 Eigenvalue loci as the supply voltage is varied............cccoovveieienencnenenen 77
Fig. 4.16 System stability boundary (supply voltage against proportional gain). .......... 78

Fig. 4.17 Period-3 behaviour (a) Control and ramp signals (b) Period-3 phase portrait;
Kp=2, @(0)=90.8 rad/s, 1(0)=2.8 A. .....ooiee et 80
Fig. 4.18 Period-4 behaviour (a) Control and ramp signal (b) Period-4 phase portrait;
Kp=2, ®(0)=90.2 rad/s, 1(0)=2.2 A. ..o 81
Fig. 4.19 Basin of attraction showing the co-existence of period-1(blue), period-3(red),
and period-4 (D1ACK) AtrACIOIS. .......ccviiviiiiiiieieieie e 82

Fig. 4.20 Bifurcation diagram showing the birth and death of the period-3 attractor as

the proportional gain iS being Varied. ... 82
Fig. 4.21 Eigenvalue loci for the period-3 orbit..........ccccoeveiiiiniiiiinee 86
Fig. 4.22 DC chopper-fed PMDC drive employing the Pl controller...............cc.cc.e..... 88

Fig. 4.23 Period-1 speed and current trajectory; Ki=1000, V;,=24 V, and T.=0.641 ms

......................................................................................................................................... 90
Fig. 4.25 Period-1 phase POrtrait.........ccceoeieieiiienieieeese e 91
Fig. 4.26 Quasi-periodic current trajectory (CCM) at Ki=1612. ........ccccceviierineiennnn 91
Fig. 4.27 Interaction of control and ramp signal during quasi-periodic operation at
S X SRS 92
Fig. 4.28 Phase portrait of speed against current and integrator output (Torus) at
S X SRS 92

XV



Fig. 4.29 Transition from CCM to DCM at Ki=1640. ........cccceeriiiniieniiienieneee e 93

Fig. 4.30 Interaction of control and ramp signal during quasi-periodic operation (DCM).

......................................................................................................................................... 93
Fig. 4.31 Phase portrait of armature current against speed in DCM..........cccccccceverennnne. 94
Fig. 4.32 Bifurcation diagram of speed against the integral gain (Vin=24 V)................. 94
Fig. 4.33 Speed and current dynamics as the integral gain is varied (Vi,=24 V)............ 95
Fig. 4.34 Quasi-periodic current at Vi;=57 V (Ki=1580)........cceeoviiriiinniniinieneee e 95
Fig. 4.35 Phase portrait of armature current against speed at Vi;,=57 V (Torus). ........... 96
Fig. 4.36 Transition from CCM to DCM at Vin=65 V. .....cccviieiiii e 96

Fig. 4.37 Phase portrait of armature current against speed (DCM) as the supply voltage
I3V Z2 g =T SRR RT SR 97
Fig. 4.38 Bifurcation diagram of speed against supply voltage (Ki=1580).................... 97

Fig. 4.39 Speed and current dynamics as the supply voltage is being varied (Ki=1580).

......................................................................................................................................... 98
Fig. 4.40 Quasiperiodic current at Ki=56.2, R=3 Q, L=55 mH, T,=18.33ms................. 98
Fig. 4.41 The experimental SEt UP........cocvoviiiiii e 99
Fig.4.42 PMDC motor and DC generator UNit...........ccocveveieereiie i 99
Fig. 4.43 Flexible DsPIC30F3010 development board ............cccccceevveiieieiiieiicieee, 100
Fig. 4.44 Measured period-1 current and speed (0ref=100RaAA/S). ....ooververieiiiiiiiinns 100
Fig. 4.45 Measured PWM output for period-1 operation. ...........cccceeveeverveveieeseennn, 101
Fig. 4.46 Measured quasi-periodic current (CCM) as the integral gain is varied

corresSpoNding t0 Fig. 4.26. .......oooieieiieie e 101

Fig. 4.47 Measured PWM output during quasi-periodic operation (CCM) corresponding
Lo I T TR S PSSP 102
Fig. 4.48 Measured phase portrait of armature current against speed (or the so called

Torus) corresponding t0 Fig. 4.28.......cci it 102

XV



Fig. 4.49 Measured quasi-periodic current (DCM) as the integral gain is further varied

corresponding t0 Fig. 4.29. .......oiiiiiiie e 103
Fig. 4.50 Measured PWM output during quasi-periodic operation (DCM) corresponding
10 FIQ. 4.30. .ot 103

Fig. 4.51 Measured quasi-periodic phase portrait in DCM (Torus) corresponding to Fig.

Fig. 4.52 Measured quasi-periodic current as the supply voltage is varied corresponding
TO FIQ. 4.34. et 104
Fig. 4.53 Measured quasi-periodic phase portrait as the supply voltage is varied
corresponding t0 Fig. 4.35. ... 104
Fig. 4.54 Measured quasi-periodic current (DCM) as the supply voltage is further varied
Corresponding 0 Fig. 4.36. ....cuoiiiiiiiiieii e 105
Fig. 4.55 Measured quasi-periodic orbit (DCM) as the supply voltage is further varied
COrrespoNding 10 Fig. 4.37. ..ot 105
Fig. 4.56 Stable spiral point at Ki=1400, Kp=1, Vin=24 V.....cccccoeviviieiieiree e 110

Fig. 4.57 Stable limit cycle (Torus) due to the Neimark-Sacker bifurcation at Ki=1612,

KP=L, Vin T24V . ettt e et 111
Fig. 4.58 Eigenvalue loci as the integral gain is varied from 100 to 1615. .................. 112
Fig. 5.1 Architecture of the three-phase 12/8 SRM drive..........ccocooviiiineniieninenns 114
Fig. 5.2 Expanded view of the controller and power converter CirCuit............c.ccocvve.. 115

Fig. 5.3 SRM commutation sequence for one inductance cycle of 45° mechanical.

(Bon=5.5°=0.095 rad, 6ot =20.5°=0.3577 rad and phase separating angle=15°)............ 117
Fig. 5.4 Inductance profile for one phase of the 12/8 SRM..........ccccceiviiniiiiciiininnnns 119
Fig. 5.5 Period-1 speed trajectory at g=10. ........ccccererereriririirieieeee e 123

Fig. 5.6 Sum of all phase current (i=iy+i+i3) against time during period-1 operation. 124

XVI



Fig. 5.7 Trajectory of speed against the sum of all phase current during one inductance

cycle of the drive (8 [0, il—”]) ...................................................................................... 124
Fig. 5.8 Period-2 speed trajectory of 12/8 SRM at g=15. ........ccceoiieiiiiniiiieseneens 125
Fig. 5.9 Sum of all the phase current against time during period-2 operation.............. 125
Fig. 5.10 Period-2 phase POItrait...........ccocuuiiiiieiiiieie e 125
Fig. 5.11 Chaotic speed trajectory of 12/8 SRM at g=20. .........cceoerrerierereniiinisenens 126
Fig. 5.12 ChaotiC CUITeNt trajECIONY. ......oiiiiiiieiieeei et 126
Fig.5.13 ChaotiC Phase POITIAIL. .........ccceiiiiiiiieie e 126

Fig. 5.14 Bifurcation diagrams of the system (a) Speed against proportional gain (b)

Sum of all phase current against proportional gain...........c.ccceveririninienenen e 127
Fig. 5.15 Eigenvalue loci at different values of the proportional gain .............c.ccoe.e. 133
Fig. 6.1 Unstable period-1 orbit embedded in the period-2 attractor at Vi, =113 V. ....136
Fig. 6.2 Required values of (o)) against supply voltage ..., 139

Fig. 6.3 Schematic diagram of DC chopper-fed PMDC drive with the supervisory
CONEIOTIET. .t bbbt 140
Fig. 6.4 Response of the supervising controller at Vin =113V ....cocoovivieiiieiiece, 140
Fig. 6.5 Stabilization of unstable period-1 orbit embedded in a chaotic attractor at
WINTLA0V .ottt bbbt b et e et et e ettt bennenne s 141
Fig. 6.6 Computed values of the parameter (k) as the supply voltage is varied. .......... 142

Fig. 6.7 Schematic diagram of the DC chopper-fed PMDC drive based on the second

(o0 L fo] =T o] o] (T Uol o H RSP PSURT 143
Fig. 6.8 Response of the second controller at Vip=113 V ..o 143
Fig. 6.9 Stabilization of the chaotic attractor at Vin =130 V.......cccccovveviiiiiciiecec 144
Fig. 6.10 Computed values of the control parameter (8) .......ccoccovveeniienininieeneee 145

XVII



Fig. 6.11 Schematic diagram of the DC chopper-fed PMDC drive based on the 3rd
(o0 0] 170 ] | 1= OSSPSR 146

Fig. 6.12 Response of the 3" controller when the supply voltage was changed to 113 V.

Fig. 6.13 System response due to step change in proportional gain from g=10 to g=15

(a) Without the supervising controller (b) With the supervising controller.................. 148
Fig. 7.1 Schematic diagram of an SCDC AriVE.........ccccoeriririnieieieiee e 151
Fig. 7.2 Nominal period-1 behaviour of the SCDC drive at g=1.2.......ccccceovrvrinnnnns 153
Fig. 7.3 Period-2 behaviour of the SCDC drive at g=5 . ......ccccoivreiniiiicnece 154
Fig. 7.4 Chaotic response of the SCDC drive at g=14 .........cccevurirreieieneneseseseeeas 155
Fig. 7.5 Bifurcation diagram of speed against proportional gain ..............ccccceevnvnnnnne 156
Fig. 7.6 Step change from g=1.2 to g=5 (without the proposed controller). ................ 161
Fig. 7.7 Step change from g=1.2 to g=5 (with the bifurcation controller).................... 161
Fig. 8.1 Full bridge converter PMDC DIIVE .......ccooiiiiiiiiiiisieeeeeee e 163

Fig. 8.2 Period-1 behaviour at Vi;=35V (a) current and speed response (b) phase portrait.

Fig. 8.3 Period-2 trajectory at Vin=56V .......ccccriierieeseesie et 166

Fig. 8.4 Bifurcation diagrams of the system (a) speed against supply voltage (b) current

AgaINSE SUPPIY VOITAGE. ...t 167
Fig. 8.5 Eigenvalue 10oCi for Vin€[30V,55V]....c.oiiiiiiiiieeeee e 171
Fig. 8.6 Computed value of the control parameter as the Supply voltage is varied. ....173
Fig. 8.7 Step response without the bifurcation controller..............cccooveviiiiiieineen, 173
Fig. 8.8 Step response with the bifurcation controller. ..........c..ccocoooviiiiiiiii i, 174
Fig. 8.9 Bifurcation diagram of the system based on the new control signal ............... 175
Fig. 8.10 Period-1 attractor at Vi;=40V, 1(0)=0, @(0)=0......ecceriieriiirieriie e 175
Fig. 8.11 Period-3 attractor at Vi,=40V, i(0)=2A, w(0)=3Rad/s...........cccecvrrrrrvrerrrnrne. 176



Fig. 8.12 Basin of attraction of the co-existing period-1 and period-3 attractors.......... 176

Fig. AL HArdWAare SEL UD ....oc.eeeeiiiiieeiese ettt 182
Fig. A.2 Control and POWET CITCUIT .........eriiiiieieieie e 183
Fig. A.3 Forward motoring OPEratioN .........ccccueueierierieieniesie s 184

XIX



LIST OF TABLES

Table 3.1 Classification of leCtriC MOTOIS. ........c.coeiiiiiiiiireeeeee s 34
Table 3.2 Topological states for single pulse Operation............ccceoeierereneninenininns 52
Table 3.3 Topological states for soft chopping OpPeration ............cccccoevererescnenennnnnns 53

Table 4.1 Changes in duty ratio, the initial state, and the state vector at the switching
instant as the proportional gain is Varied ... 74
Table 4.2 Computed Saltation matrix and Monodromy matrix as the proportional gain
RV Z2 g =T SRR 75
Table 4.3 Changes in duty ratio, the initial state, and the state vector at the switching
instant as the supply VOItage IS Varied. ... 77
Table 4.4 Computed Saltation matrix and Monodromy matrix as the supply voltage is
1YL 1o USSR 78
Table 4.5 Possible attracting sets When Kp=2. ........ccccoveiiiii e 79

Table 4.6 Monodromy matrix and Floquet multipliers showing the gain parameter value

at which the co-existing period-3 orbit loses stability. ..........cccccoveviiiiiiccee 86
Table 4.7 Saltation matrix and Monodromy matrix as the integral gain is varied. ...... 108
Table 4.8 Eigenvalues of the state matrix as the integral gain is varied. ..................... 112
Table 5.1 Possible topological states during the conduction interval of any phase. ....117
Table 5.2 SRM driVe ParamMeters. ........c.civeieiieieeie et 128
Table 5.3 Computed Monodromy matrix and Floquet multipliers ............cccccoevveenennee. 132
Table 7.1 Computed Monodromy matrix and Floquet multipliers ............ccccooeeveenen. 159
Table 8.1 Monodromy matrix and Floquet multipliers for...........cccooevviiiiiieiieenen. 171

Table 8.2 Computed Saltation matrices, Monodromy matrix and Floquet multipliers.



LIST OF SYMBOLS AND ABBREVIATIONS

Symbols Description

A State matrix

Aon State matrix when the power switch is closed

AoFr State matrix when the power switch is opened

B Input matrix

D Diode

d Duty cycle (fraction of time the power switch is closed in one
period)

(= Back emf induced at the armature coil terminals (V)

f Vector field

fon Smooth vector field after switching

forr Smooth vector field before switching

h Switching hypersurface (also known as switching manifold)

I Identity matrix

Inxn Identity matrix of the same order with the system
i Armature current (A)

et Reference current (A)

J Moment of inertia (Nm.rad.sec?.)

Ke Back emf constant (V. rad™.sec)

Ki Integral gain

Ko Proportional gain

XXI



Kt

La

Lt

Ra

Ry

\

Vorr

Von

Vramp

Torque constant (Nm/A)

Inductance (H)

Inductance of the armature coil (H)

Inductance of the field coil (H)

Number of turns of a coil

Normal to the hypersurface

Resistance (Q)

Resistance of the armature coil (Q2)

Resistance of the field coil (Q)

Saltation matrix

Period of the PWM cycle (s)

Load torque (Nm)

Electrical torque (Nm)

The time interval when the power switch is ON (s)
The time interval when the power switch is OFF(s)
The average voltage applied at the armature coil terminals (V)
The supply voltage (V)

Control signal (V)

Lower voltage limit of the ramp signal (V)

Product of the input matrix (B) and the input vector (U) when the
switch is OFF

Product of the input matrix (B) and the input vector (U) when the
switch is ON

Ramp signal (V)

XXII



Abbreviations

AC

ADC

Al

ANN

BDCM

BLDCM

CCM

Upper voltage limit of the ramp signal (V)
Angular velocity (shaft speed) (rad/s)
Reference speed (rad/s)

State vector

State vector at the equilibrium point

The fraction of time when the switch is OFF in one period
(6=1-d)

Magnetic flux (Wb)

Flux linkage (Wb)
Angular displacement (rotor position) (rad)
Gradient (del operator)

Flow

State transition matrix

Switching hypersurface

Alternating Current

Analog to Digital Converter
Artificial Intelligence
Artificial Neural Network
Brushed DC Motor
Brushless DC Motor

Continuous Conduction Mode

XXI



CTS
DC
DCM
DSC
DTS
EP
FEDC
FP
LTI
LTV
MCPWM
MM
MMF
PI
PMDC
PMSM
PS
PWM
QEI
scDC
SMPE
SRM

ST™M

Continuous Time System

Direct Current

Discontinuous Conduction Mode
Digital Signal Controller
Discrete Time System
Equilibrium Point

Field Excited DC Motor

Fixed Point

Linear Time Invariant

Linear Time Variant

Motor Control PWM
Monodromy Matrix
Magnetomotive Force
Proportional Integral

Permanent Magnet DC Motor
Permanent Magnet Synchronous Motor
Poincaré section

Pulse Width Modulation
Quadrature Encoder Interface
Series Connected DC Motor
Switched Mode Power Electronic
Switched Reluctance Motor

State Transition Matrix

XXIV



CHAPTER-1 INTRODUCTION

CHAPTER 1

INTRODUCTION

1.1 Introduction
Electrical motors can be found in steel rolling mills, drilling machines, railway traction,

industrial robots, and in most household items and office equipment. They convert
electrical energy into mechanical energy by exploiting the 19" century discovery by
Michael Faraday that a current carrying coil within a magnetic field will experience a
force. Today, there are several variants of electric motors whose operation depend on

this simple principle.

In order to ensure more diverse application of electric motors, there is a need for both
speed and torque control. This was achieved in the past with DC motors by connecting a
rheostat in series with either the armature or field winding or through the use of an
external dc generator [1-3]. These old control techniques were expensive, inefficient
and complex. The amount of heat dissipated in the rheostat was also a huge problem to
deal with. With the recent advances in power electronics, digital electronics and
microprocessors, speed and torque control of electric motors can now be efficiently
achieved through a process known as pulse width modulation (PWM). The PWM
signals are used to turn ON and turn OFF the power electronic switches so as to control
the average voltage applied at the motor terminals and thus achieve speed control. The
entry of power electronic switches into the market has also led to gradual transition
from brushed DC motors to brushless DC and AC motors since speed control of the
later can now be achieved through variable frequency inverters. The electric motor
along with the speed and current transducers, the power converter circuit and control
electronics are referred to as an electric drive [3].

Despite the huge benefits that could be derived by the adoption of power electronic
switches for both speed and torque control of electric motors, the PWM switching
action makes the entire drive system to be time varying and nonlinear [4-8]. The
topologies of such systems during the switch ON states are often different from those
during the switch OFF states, thereby classifying these systems as non-smooth or

1
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piecewise smooth systems (PWS) (see Chapter 2 for details). Also due to the switching
action, the trajectories of the state variables of the system will converge to a periodic
orbit or limit cycle at the steady state instead of converging to an equilibrium point thus

adding to the complexity of the system.

As some drive parameters such as the supply voltage or controller gains are being varied
by the operators, this nominal orbit loses stability leading to the birth of new attracting
orbit that is periodic, quasi-periodic or chaotic in nature. This change in qualitative
behaviour of the system is referred to as a bifurcation [9, 10]. If the period of the new
attracting orbit is double the period of the nominal orbit, the bifurcation will be referred
to as period doubling bifurcation. But if the new attracting orbit is quasi-periodic in
nature, the phenomena will be referred to as Neimark-Sacker or Hopf bifurcation [11-
15]. While the period doubling route to chaos has been observed in virtually all drives
operating with simple proportional control, the Neimark-Sacker bifurcation had been
observed when a more practical proportional integral controller was employed. Also,
the complex phenomena of co-existing attractors and fractal basin boundaries were

observed in full-bridge converter DC drives operating within certain parameter ranges.

Since the desire of most electrical engineers is to maintain the system within the
nominal period-1 behaviour, there is a need for thorough understanding of the
mechanism through which this nominal orbit loses stability. One common approach for
performing the stability analysis of the periodic orbit in switched mode power electronic
(SMPE) systems including the electrical drives is to discard the switching details and
retain only the average dynamics of the system. This is known as the averaging
technique [16, 17]. This technique produces a model that can be easily analysed using
several tools available from linear control theory, but is not suitable for detecting fast-
scale instabilities that occur at the PWM frequency [18]. Also the state space averaging
technique works well only within specific system topological configuration and
parameter limits [19]. Consequently, a model based on the averaging technique will not
be able to detect the subharmonics and chaotic dynamics of the state variables that could

occur in SMPE systems.

In order to overcome the limitations of the averaging technique and also to obtain more
information on the evolution of the state variables in SMPE systems, Deane and Hamill
[5] introduced the Poincaré map based analytical technique. In this technique, the states

of the system are sampled in synchronism with the PWM frequency to obtain a discrete

2
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time map of the form X,=f(Xn.1). Once the nonlinear map is obtained, the stability of the
system can be determined by evaluating the eigenvalues of the Jacobian matrix of the
map at the fixed points. To date, the Poincaré map method has been the most widely
used approach for performing the stability analysis of periodic orbits in SMPE systems.
It has been successfully employed in the stability analysis of DC-DC converters [20, 21]
and permanent magnet DC drives employing a simple DC chopper [7]. But for some
higher order DC-DC converters and some electrical drives, this map cannot be derived

in closed form due to the transcendental form of the equations involved.

In this project, an alternative analysis technique based on Filippov’s method of
differential inclusion [22] is adopted. This approach is referred to as the Monodromy
matrix (MM) approach and is suitable for the stability analysis of both closed and non-
closed orbits. The key idea is to obtain the state transition matrix (STM) around the
nominal orbit (known as the Monodromy matrix) and obtain its eigenvalues (known as
the Flogquet multipliers). The nominal orbit is stable if the absolute value of the Floquet
multipliers is within the unit circle and unstable otherwise. Since the nominal orbits of
most SMPE systems are usually non-smooth, the STM at the switching manifold
(known as the Saltation matrix) must also be taken into account in computing the MM.
The MM approach has been successfully applied in the stability analysis of periodic
orbits in both low order and high order DC-DC converters [23, 24]. This work

represents its first application in electrical drive systems.

The stabilisation of the nonlinear dynamical phenomena (namely bifurcations and chaos)
which occur in piecewise smooth systems such as electrical drives is of key interest to
researchers in nonlinear dynamics. One approach proposed by Ott et. al. [25]is to locate
and target the infinite unstable periodic orbit (UPO) embedded in the chaotic attractor.
This technique was demonstrated in power electronic buck converter and boost
converter circuit by Banerjee et. al. [26-28]. But this method has been found to be
complex and has high sensitivity to noise. An interesting feature of the MM technique is
the ease with which it can be applied in the stabilisation of the nonlinear phenomena.
This could be achieved by manipulation of the Saltation matrix of the system and is well
illustrated in this project. Thus the overall goal of the project is to analyse the nonlinear
phenomena in some common electrical drive systems (namely permanent magnet dc
(PMDC) drives, series connected dc (SCDC) drives and switched reluctance motor
(SRM) drives) using the Monodromy matrix approach and to develop an efficient

controller based on the Saltation matrix to stabilise the observed phenomena.
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1.2 Analysis of Nonlinear Phenomena in Switched Mode Power
Electronic Systems

The two most common SMPE systems are power converters (DC-DC and DC-AC) and
electrical drive systems. The basic operation of these systems involve toggling between
different sets of circuit topologies under the control of a feedback law [18]. Under
closed loop control, the PWM duty ratio (d) is adjusted continuously thus making the
entire closed loop system nonlinear. In this section, a brief overview will be given of

past reports on the analysis of nonlinear phenomena in SMPE systems.

1.2.1 Analysis of Nonlinear Phenomena in Power Converters

The occurrence of nonlinear bifurcation and chaotic phenomena in SMPE systems were
reported in DC-DC converters earlier than in electrical drives. In 1984, Brockett and
Wood [29] reported that a DC-DC buck converter can exhibit nonlinear bifurcations and
chaotic phenomena. The first detailed study of these nonlinear phenomena in DC-DC
converter was conducted in 1988 by Hamill and Jefferies [30] . They showed for the
first time that the concept of the iterative nonlinear map can be employed in the study of
nonlinear phenomena in a first order DC-DC buck converter with wide band feedback
control. Two years later (1990), Deane and Hamill [31], validated experimentally the
initial analysis and simulation report of bifurcation and chaos in DC-DC converter
using both first-order and second-order buck converters as example systems. Later, in
1992, Hamill, Deane and Jefferies [32] carried out further investigations on the
nonlinear phenomena in a DC-DC buck converter by using both iterative maps and
Lyapunov exponent computations, and the results were also experimentally validated.

The success of the trio (Dean, Hamill and Jefferies) in the analysis of the nonlinear
phenomena in DC-DC buck converters stimulated much interest in the investigation of
the nonlinear phenomena in other power converters. Further research and experimental
validation of the nonlinear phenomena in buck converter [26, 33, 34], boost converters
[13, 27, 35, 36], buck-boost [37, 38], Cuk converters [39, 40], and DC-AC inverter [41,

42] have been reported in literature.

1.2.2 Analysis of Nonlinear Phenomena in Electrical Drives

The success of the initial research on nonlinear phenomena in simple DC-DC buck
converters stimulated research in other SMPE systems especially the electrical drives.
Research on nonlinear bifurcation and chaotic phenomena in electrical drives started

with AC drives in the pioneering work conducted in 1989 by Kuroe et. al. [43] in
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inverter-fed induction motor drive systems. Using the Poincaré map approach they
analysed the period doubling bifurcation in a three-phase inverter-fed induction drive
system employing V/F control. In 1994, Nagy [44] studied the bifurcation and chaotic
phenomena in tolerance-band based current controlled induction motor drives. Also in
1994 Hemati [45] reported the strange attractors in a permanent magnet blushless DC
drive system by transforming the drives mathematical model into a Lorenz system. In
1997, Chau et al. [7] investigated the bifurcation and chaotic phenomena in a simple
DC drive using the proportional gain and the supply voltage as bifurcation parameters.
Also in 1997, Chau et al. [46] investigated the subharmonics and chaotic phenomena in
both voltage mode and current mode controlled DC drives. In 1999, Chau et al. [47]

extended the nonlinear analysis to switched reluctance motor drives.

Later in 2000, Suto et al. [48] reported the period adding route to chaos in a hysteresis
current controlled AC drive. In 2002, Li et al. [49] investigated the chaotic behaviour in
a permanent magnet synchronous motor (PMSM) by reducing the system model to a
Lorentz system. The paper looked at three different cases in which the trajectories of the
state variables of the PMSM can approach an equilibrium point, a limit cycle or a
chaotic attractor at steady state. In 2004, Gao et al. [50] reported the occurrence of a
Hopf bifurcation and chaos in a synchronous reluctance drive. The paper showed that at
some parameters of the drive, the attracting equilibrium point may lose stability and the
trajectories begin to converge on a limit cycle. Further variation of the parameter caused
the trajectories to depart from the limit cycle and converge on a strange or chaotic
attractor. In 2009, Dai et al. [12] reported the Hopf bifurcation and chaos resulting from
torus break down in a simple DC drive employing a PI controller. The phenomena of

phase locking and period adding were also discussed in this paper.

1.3 Control of Nonlinear Phenomena in Electric Drives
These sub-harmonic and chaotic behaviours in electrical drive systems are viewed as

undesirable by most engineers and some work has been conducted on how to stabilise
such systems. Some common stabilization technique that have been tested on electrical
drive are the Pyragas time delayed approach [51, 52], artificial intelligence techniques,
nonlinear feedback, sliding mode and adaptive back-stepping. In 2000, Chen et al. [53]
employed time-delayed feedback approach to stabilise the chaotic dynamics in an
experimental DC drive. Also in 2000, Asakura et al. [54] employed neural networks to
stabilize the chaotic dynamics of an induction drive system. Nonlinear feedback control

[55], sliding mode control [56] and adaptive back-stepping control [57] have all been
5
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applied to the stabilization of chaos in a permanent magnet synchronous motor (PMSM).
In this project, the nonlinear sub-harmonic and chaotic phenomena in the steady state
trajectories of electrical drives were stabilised by manipulating the Saltation matrix
component of the Monodromy matrix. This technique is less complex than existing
methods and was successfully applied in stabilising the subharmonics and chaos in
PMDC Drives, SCDC drives and SRM drives.

1.4 Objectives of the Nonlinear Analysis of Electrical Drives
The qualitative behaviour of all nonlinear systems including electrical drives often

changes when some of the system parameters are being varied. Some of the needs for a

thorough nonlinear analysis of drives are:

a. To help designers predict the dynamic behaviour as the system parameters are
being varied.

b. To help designers in setting the operational parameter limits of the drives. For
instance at some range of the system parameters the steady state behaviour will
be the nominal period-T orbit, while at some other ranges the steady state
trajectory will be either of period-nT , quasi-periodic or chaotic.

c. To develop methods to control the sub-harmonics and chaotic dynamics of the
drives and thus extend the system parameter range for nominal period-T

operation.

1.5 Contributions to Knowledge
The main contributions of this project are:

a. The first application of the Monodromy matrix approach in the analysis of the
instability in steady state dynamics of electrical drives. Existing studies were all
based on the Poincaré map technique.

b. The first analytical validation of the fast-scale bifurcation in a full-bridge
converter PMDC drive. The existing report of the nonlinear phenomena in this
drive is based on numerical simulation [58].

c. The first reporting of co-existing attractors and fractal basin boundaries in
electrical drives.

d. The first application of the Monodromy matrix approach in the analysis of a
fast-scale bifurcation in piecewise-smooth systems with nonlinear vector fields

such as switched reluctance motor drives. Existing applications of this technique
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were in piecewise-smooth systems with linear vector fields (such as DC-DC
converters).

e. The first analytical validation of the fast-scale bifurcation in series connected
DC drives.

f. The first experimental validation of Neimark-Sacker bifurcation in a dc chopper-
fed DC drive operating with a PI controller.

g. The first application of the Saltation matrix manipulation technique in the

control of fast scale instability and chaos in electrical drives.

1.6 Thesis layout
This thesis is structured as follows:

Chapter 2 gives background knowledge of complex dynamical phenomena in nonlinear
system using examples from some popular physical systems. Some of the concepts

discussed in this chapter will be applied throughout the thesis.

Chapter 3 gives an overview of electrical drives and their control techniques. A brief
discussion of the various components of electrical drives is given. Also the various
available power converter options and drives control strategies are discussed. The
chapter is concluded with a brief review of the common modelling approaches for

electric drives.

Chapter 4 presents the analysis of the nonlinear phenomena in an example piecewise
linear electrical drives (namely DC chopper-fed PMDC Drives). The complex
dynamical behaviour of the system when the simple proportional controller and the
more practical proportional integral (P1) controller are employed is investigated. Also
experimental validation of the observed phenomenon in the PI controlled drive was
carried out using dsPIC30F3010 digital signal controller and details of the experimental

set up is presented in Appendix A.

Chapter 5 gives an analysis of the steady state instabilities in three-phase SRM Drives.
The chapter began with a brief overview of SRM operation followed by various SRM
control strategies. Finally, a stability analysis of the period-1 orbit was carried out. Also,
since this system is piecewise nonlinear, the state transition matrix (STM) along each
vector fields in the periodic orbit was computed using matrix differential equations,
instead of the simple exponential matrix applied in computing the STM in piecewise

linear systems such as DC-DC converters and PMDC drives.
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In Chapter 6, control of nonlinear sub-harmonics and chaotic phenomena in electrical
drives are discussed. Three control options are discussed and applied to control the
nonlinear phenomena in DC chopper PMDC Drives and SRM drives.

In Chapter 7, the nonlinear phenomena in SCDC drive is analysed and controlled using
one of the control techniques discussed in Chapter 6. Also since this system is piecewise
nonlinear, matrix differential equation was applied in computing the STM along each

vector fields in the periodic orbit.

In Chapter 8, the analysis and control of nonlinear phenomena in a full-bridge converter
PMDC drive is presented. Unlike the DC chopper-fed PMDC Drives, full-bridge
converter PMDC drive can be used to achieve four quadrant operations.

Chapter 9 gives the conclusion of this study and suggestions for future work.

1.7 List of Publications
This project has led to the following publications:

[1] Nelson Okafor, Bashar Zahawi, Damian Giaouris and Soumitro Banerjee,
“Chaos, Co-existing Attractors and Fractal Basin Boundary in DC Drives with
Full-Bridge Converter  IEEE International Symposium on Circuits and Systems,
(ISCAS 2010), Paris, France, May 2010.

[2] Nelson Okafor, Bashar Zahawi, Damian Giaouris and Soumitro Banerjee,
“Analysis of Fast-Scale Instability in DC Drives with Full-Bridge Converter
using Filippov’s method” IET  Power Electronics Machine and Drives
Conference (PEMD 2010), Brighton, UK, April 2010.
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CHAPTER 2

OVERVIEW OF NONLINEAR
DYNAMICAL SYSTEMS

This chapter gives a general overview of nonlinear dynamical systems and the complex
phenomena they exhibit. The concept of stability analysis of invariant sets will be
discussed in detail. The background given here will be very useful when analysing the

nonlinear behaviour of the various electrical drive systems discussed in later chapters.

2.1 Basic Ideas
Dynamics can be defined as a science of change [59] and dynamical systems are replete

in nature. This includes the motion of the planets, the motion of fluids, the flow of
current in electric circuit, the dissipation of heat in solids, the propagation and detection
of seismic waves, and the increase and decrease of human or animal population [60].

Virtually all dynamic systems are composed of:

e A set of independent state variables which evolve with time and can be used to
completely describe the behaviour of the system.
¢ A function which connects the rate of change of the state variables with the state

variables themselves and other system inputs and parameters [18].

The time evolution of these state variables can be modelled by using either a
differential equation or a difference equation, and such models are developed by
applying some physical laws such as Newtons laws of motion, Kirchhoff’s laws,
Faradays laws etc. The block diagram of a typical dynamical system in state space

representation is shown in Fig. 2.1

U Y

ﬁ X=[X1;X2;X3;....%n ] ﬁ

Fig. 2.1 Block diagram representation of a dynamical system
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where U is a vector representation of all the possible external inputs to the system, X is
the state vector containing the system state variables, and Y is the output vector
containing all the possible system outputs. The state variables of a dynamical system
are not necessarily the outputs of the system. Only measurable state variables are
referred to as the system outputs and will depend on the number of available sensing
devices [61].

2.2 Classifications of Dynamical systems
Dynamical systems can be classified using several criteria as discussed below:

2.2.1 Deterministic and Non-Deterministic Systems

Dynamical systems can be broadly classified as either deterministic or non-
deterministic. A system is said to be deterministic if the future value of the state
variables can be completely predicted once the initial or past states and other system
parameters are known [62]. For instance, if the angular position (6(ty)) of a simple
pendulum at t=ty is known, then the position at any other time in the future (6(t)) should
be predictable. Deterministic systems can be modelled using either ordinary differential
equation or iterative maps depending on whether the state variables evolve in a

continuous or discrete manner.

Similarly, systems whose behaviours are random in nature and cannot be easily
predicted are referred to as non-deterministic or stochastic systems. A typical example
of a non-deterministic system is the price of stocks in the stock market. Even if the price
yesterday is known, the price today could be difficult to predict.

2.2.2 Continuous Time and Discrete Time Systems

Continuous time systems (CTS) are dynamical systems whose state variables evolve
continuously with time. Continuous time systems are often modelled using ordinary

differential equations of the form below [63].

XU _¢xt). 1) (2.2)
dt
where X(t) =[x, X, ... x,|' € R" is the state vector, X1, X... X, are the state

variables and the function f(X(t),t) is the vector field. There are different possible
solutions for a system of the form (2.1) depending on the initial values of the state

variables. Such solutions (also referred to as the flow or trajectory) are used to predict
10
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future values of the state variables ast — 0. Assuming X(t, )= X, is the initial state
vector for system (2.1), the flow or solution will be expressed as X(t) = o(t,t,, X, )-

Such a solution can be evaluated analytically or numerically depending on whether the
system is linear or nonlinear as discussed in section 2.2.3. Systems of the form (2.1) can
be referred to as autonomous if the vector field does not depend on time and non-
autonomous otherwise [60].

There are also dynamical systems where the state variables evolve in a discrete manner.
Such systems are referred to as discrete time systems (DTS) and are often modelled

using an iterative map or difference equation of the form below [62].
Xn+1 = f(xn) (22)

where n is an integer, X , denotes the present state of the system, X .1 denotes the state
of the system at the next observation instant (hour, minute, second, etc.), and f(X) is the

evolution rule that relates the present state to the next state.

2.2.3 Linear and Nonlinear Systems

Linear systems are dynamical systems in which the time evolution rules for the state
variables are expressed as linear differential equations [60]. Such systems obey the
principle of superposition [61] and a change in any of the system parameters causes
only quantitative, but not qualitative change in the nature of the flow [10]. Linear
systems usually have only one equilibrium point whose stability does not depend on the
system parameter and they can be modelled using the state equation of the form (2.3)

and output equation of the form (2.4) [61].

? — AX(t) + BU(Y) (2.3)
Y(t) = CX(t) + DU(t) 2.4)
where X(t) =[x, X, ... x [ e R" is the state vector, U=[u, U,..u, [ is the

input vector, Y = [yl Yoo yp]T is the output vector, A is an (n x n) state matrix, B is an

(n x m) input matrix, C is an (p x n) output matrix and D is an (p x m) feed forward

matrix which is often zero in most systems.

Linear systems can be further classified as linear time invariant (LTI) and linear time

varying (LTV) systems. If the parameters in the state matrix (A) vary with time, then
11
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the system will be referred to as LTV, but if the parameters in the state matrix remain
constant over time, the system will be referred to as LTI. Also, if the input or external

forcing function to the system is zero (U(t) =0), the system will be referred to as
homogenous, and if (U(t) =0), the system will be referred to as non-homogenous.

Linear systems usually have analytical solutions. Assuming X(t, )= X, is the initial state

for the non-homogenous LTI system (2.3), the solution X(t) can be expressed as

t
X(t)= o(t,t,, X, ) =X, + f e”"YBU(1)dA . Systems whose state equations

to
cannot be expressed in the form (2.3) are considered as nonlinear. Precisely without
exceptions, all systems in the real world are nonlinear at least to some extent. The
evolution rule for the state variables in such systems are usually expressed as nonlinear
differential equations. Unlike linear systems, nonlinear systems can only be solved
using numerical techniques and are characterised by multiple equilibrium points. A
small change in any of the system parameters can lead to sudden and dramatic changes
in both the qualitative and quantitative behaviour of the system [10]. A very widely
referred to nonlinear system is the Lotka-Volterra model of two competing species [9]

which is expressed as

dx

—~=3x—-x*-2
dt Y
(2.5)
dy 2
D ov_xy—
at y—-Xy-y

where x and y represent the populations of the two species competing for the same food
source or resources. The product terms (xy), and the square terms x* and y* make the

system nonlinear.

2.2.4 Smooth and Non-smooth Systems

Dynamical systems can also be classified as either smooth or non-smooth. If the vector
fields of the system (2.1) are differentiable everywhere in a given domain, the system
will be referred to as smooth. On the other hand, a system is said to be non-smooth or
piecewise smooth if it is described by differential equations with discontinuous right

hand sides as shown below

12
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f,(X,t,p), forXeR,

ix f,(X,t,p), forXeR,
—=f(Xt, p) =1.
dt (2.6)

f.(Xt,p), forXeR,

where Ri, Ry,..R, are different regions of the state space, separated by (n-1)

dimensional surfaces given by algebraic equation of the form I',(X)=0 called

switching manifolds. Systems of the form (2.6) are also referred to as Filippov’s type
systems [22, 23]. If the separate vector fields are linear, the system will be referred to as
a piecewise linear system, and if the vector fields are nonlinear, the system will be
referred to as a piecewise nonlinear system. Filippov type systems have very interesting
practical applications. Typical examples include mechanical systems with dry friction,
impact, and back lash, and switched mode power electronic systems including electrical

drives.

2.3 The Concept of Invariant Sets
Consider the general equation (2.1) inD < R". The set M c D is invariant if the

solution X(t) with X (0) € M is contained in M for -co<t<+oo . If this property is valid

only for ¢ >0, then M is called a positive invariant set, whereas if the property is valid
for ¢+ <0, then M is called a negative invariant set [63]. Invariant sets represent constant
solution of the dynamical system and any solution that start on the invariant set always
remain there forever. Typical examples of invariant sets are equilibrium points, periodic
orbit, quasi-periodic orbits, and chaotic orbits. Invariant sets play a vital role in the
overall behaviour of the system as system stability depends on the stability of the
invariant set. Stable invariant sets can attract trajectories of nearby initial points and are
referred to as attractors or sinks while unstable invariant sets repel trajectories of nearby
initial points and are known as repellers or sources [10]. Some invariants sets in
nonlinear dynamical systems are briefly discussed in the following subsections, while

the stability analysis of invariant sets is discussed in sections 2.4 and 2.5.

2.3.1 Equilibrium Points
An equilibrium point (EP), also known as a critical point or fixed point (FP) is used to
indicate the equilibrium or constant solution of a dynamical system. Assuming the

initial state of the system is X, = X", then X(t) = X" for all time where X"is the EP
13
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[9]. For continuous type systems of the form (2.1), the EP occurs whenf(X*) =0, where
f(X(t))is the vector field, while for a discrete type system or iterative map of the form
(2.2) the fixed point occurs whenf (X") = X*. While linear systems often have only one
EP, nonlinear systems are characterised by multiple equilibrium points whose stability
depends on the system parameters. For instance the competing species model (2.5)
which is nonlinear have four equilibrium points at (0,0), (0,2), (3,0) and (1,1) [60]. All
trajectories starting from an equilibrium point will remain there. The stability analysis

of EPs is discussed in section 2.4.

2.3.2 Periodic Orbits

Another common steady state behaviour in higher order nonlinear systems (second

order and above) is the periodic orbit or limit cycle. Suppose that X(t) =#(t) is a

solution of the equation (2.1) and X(t) e D cR" and suppose there exists a positive
number T such that ¢(t +T) = ¢(t) for all t R, then ¢(t) is called a periodic solution or

periodic orbit of period T [63]. Since the value of the state variables are repeated every
time period T, periodic solutions produce a closed trajectory or orbit in the state space.
An isolated closed trajectory in the state space which other non-closed trajectories spiral

either towards or away from as t — oo is known as a limit cycle [9, 60].

2.3.3 Quasi-periodic Orbits

Another steady state behaviour that could occur in high order nonlinear dynamical
systems is the quasi-periodic orbit. The steady state behaviour is said to be quasi-
periodic if the trajectories move on the surface of a torus. This motion is often
associated with two sets of frequencies that are related to one another by an irrational
ratio [10, 18]. Quasi-periodic behaviour have been reported in the boost converter [13],
CuUk converter [40] and in DC drives employing the proportional integral (PI) controller
[12].

2.4 Stability Analysis of Equilibium Points
An EP can be said to be stable if it attracts the trajectories of nearby initial points and

unstable otherwise. For linear systems of the form (2.3), the stability of the EP can be
evaluated simply by obtaining the eigenvalues (1) of the state matrix (A) or by finding
the roots of the characteristic equation of the transfer function, while in nonlinear

systems the stability analysis of EP can be performed by adding a small perturbation to

14
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the original system near the EP and then observing if the perturbation grows or shrinks
over time. If the perturbation shrinks to zero as t — oo then the EP is said to be

asymptotically stable, but if the perturbation grows infinitely, then the EP will be said to

be unstable. Assuming an autonomous nonlinear system of the form X(t) =f(X(t)) is

perturbed near its EP (X"), then an approximate linear system of the form (2.7) will be

obtained.

dP(t) . .
e JOXHP(t) (2.7)

where P(t) = X(t)— X" is a measure of the perturbation near the EP (X"), and J(X") is

the Jacobian matrix (2.8) of the system evaluated at the EP.

Ao
ox, ox, X,

I(X() = 0%,  OX, OX, (2.8)
of,  of, of,
ox,& ox, X

The stability of the EP will depend on the eigenvalues (A1, A2, A5, Ay) of J(X")

obtained by solving the characteristic equation det(J( X")-IA)=0. For LTI system of the
form (2.3), the Jacobian matrix is the same as the state matrix (A). The above
linearization technique is suitable for studying the local behaviour of trajectories near

the EP. For first order nonlinear systems of the form x(t) = f (x(t)), the characteristic

value or the eigenvalues can be simply obtained by evaluating the derivative of f(x(t))
with respect to x(t) at the EP.

_ df(x)
~dx

A (2.9)

If A<0 the EP will be stable and will be referred to as node or sink, but if A>0, then the

EP will be unstable and will be referred to as a repeller or source.
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2.5 Stability Analysis of Periodic Orbits
The stability analysis of periodic orbits or limit cycles is necessary as this steady state

behaviour is common in practical systems such as SMPE systems including electrical
drives. A periodic orbit of period (T) can lose stability as system parameters are varied
and orbits of period (nT), quasi-periodic or chaotic orbits may emerge. If all the
trajectories that start near the limit cycle (both inside and outside) spiral towards it as
t — oo, then the limit cycle is said to be asymptotically stable [60] . If trajectories on
one side spirals towards the limit cycle, while those on the other side spiral away as
t — oo then the limit cycle is said to be semi-stable. But, if the trajectories on both sides
of the limit cycle spiral away ast — oo, then the limit cycle is said to be unstable. If
nearby trajectories neither converges, nor departs from the limit cycle, then the limit
cycle is said to be stable. The two common techniques for performing the stability
analysis of limit cycles are the Poincaré map approach and the Floquet theory.

2.5.1 Poincaré Map Techniques

The Poincaré map technigue is the most common method for performing the stability
analysis of limit cycles. The idea is to reduce a continuous time dynamical systems into
a discrete time system or a differential equation into a difference equation (iterative
map). Once, the iterative map corresponding to the differential equation is derived, the
stability of the periodic orbit of the continuous time system can be ascertained by
analysing the stability of the fixed point of the iterative map [4, 62, 64]. If the fixed
point is stable then the periodic orbit is stable and vice-versa.

Assuming that the trajectory of the state variables in a general non-autonomous

nonlinear system X(t) = f(X(t),t) ,X(to)=Xo ) is a periodic orbit described by

t

X(t)= plt.to, Xo) = Xo + [ F(p(r,to, Xo), )z (2.10)
to

then the iterative map equivalent of the continuous system can be obtained by placing a

Poincaré section of order n-1( Fig. 2.2) in the state space or by sampling the states at

every periodic interval (t=to+nT) where T is the period and n =0,1,2,...0 [9, 10]. The

state vector after the time interval (T) (X(T+tg)) can be expressed as a function of the

initial state vector (Xo) as follows

16



CHAPTER-2 OVERVIEW OF NONLINEAR DYNAMICAL SYSTEMS

T+t
X(T +t0):¢(T +t0’tO'XO): x0 + J. f((p(z',tO,XO), T)dZ' (211)

to

Xp  X(T+ to)

X2
Fig. 2.2 Poincaré section (PS) for a simple 3" order system.

Equation (2.11) can be generalised to an iterative map of the form (2.12) where X, is
the present state and X1 is the state of the system after the periodic interval (T).
T+t

Xner =PO4) =X+ [ F0(e,10,X,), )7 (2.12)

to

At the fixed point of the iterative map, we have P(Xp)= X, . Consequently,

T+t
Xp + j f (2,15, Xp), 7)d7 = Xp (2.13)
to
and
T+t,
j f(p(z,ty, Xp), 7)d7 =0 (2.14)

to

The fixed point of the map (Xp) can be obtained by solving equation (2.14) numerically.
To analyse the stability of the periodic orbit we need to analyse the stability of the fixed
point of the map (Xp). Since the iterative map (2.12) is a nonlinear map, the stability
analysis of its fixed point will be achieved by evaluating the Jacobian matrix of the map
[w
oX,

j at the fixed point and then obtaining its eigenvalues. The fixed point (Xp)

and thus the periodic orbit is stable if the absolute values of the eigenvalues are within
17
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the unit circle and unstable otherwise. The Poincaré map technique thus involves four

key steps as outlined below:

e Convert the continuous time system to a discrete time system by deriving a
nonlinear iterative map equivalent of the original differential equation.

e Obtain the fixed point of the map.

e Obtain the Jacobian matrix of the map and evaluate it at the fixed point.

e Obtain the eigenvalues of the Jacobian matrix.

The key limitation of this technique is that it may be difficult to derive the iterative map
in closed form in some systems [23].

2.5.2 Floquet Theory

In the Poincaré map approach the orbital stability was deduced by transforming the
continuous time system into a discrete time system (an iterative map) and the periodic
orbit into a fixed point and thereafter linearizing the system around the fixed point. In
Floquet theory the orbital stability is deduced by linearizing the system around the
periodic orbit. The periodic orbit is first given an initial perturbation and the evolution
of the perturbation is evaluated using the fundamental solution matrix or state transition
matrix (STM).The STM is obtained by integrating the initial value problem of the
variational equation [65]. Floquet theory is suitable for the stability analysis of both
smooth and non-smooth orbits. The variational equation and the derivation of the STM
will be discussed in section 2.5.2.1, while the application of the STM in the stability
analysis of both smooth and non-smooth orbits will be discussed in sections 2.5.2.2 and

2.5.2.3, respectively.

2.5.2.1 Variational Equation

Assuming X(t)= f (t, X(t)), X(t)e R" is the model of a general non-automous nonlinear
dynamical system whose initial state vector is X(t,)=X,. Then the solution or the
trajectory of the state varaibles in state space can be described by the function

X(t) = (p(t,t0 : XO). By taking a time derivative of the solution we have the expression:

d¢(’[,t0,X0)

dt = f (L(D(t’to X )), ¢’(t01to ’ Xo): X (2.15)

Then by taking partial derivative of (2.15) with respect to the initial state vector X, we

have the equation:
18
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a(dqo(t’to’xo)j
dt :Gf(t,go(t,to,xo))x6go(t,t0,X0) 6(0('[0,'[0,X0):| (2.16)
X, oX X, X, '
a(P(t’tvao)i

The partial derivative of the solution with respect to the initial condition S

0
known as the STM and is used to describe the time evolution of the state variables or
the perturbation from t=t; to any other time (t) in the future. The STM can be abridged
to d(t,ty, X, ).

Consequently, equation (2.16) can be re-arranged in the form below

de)(t,dt:,Xo) _af (t’(Pg;:o,Xo))xCD(t,to,Xo), oft, t,, X, )=1,., 2.17)

The matrix differential equation (2.17) is known as the variational equation [65] and can
be solved to obtain the STM. For simple LTI systems of the form (2.3) the STM
(CI)(t,t0 ,X,)) can be obtained by solving an exponential matrix of the form (e***)), but

for general non-autonomous systems of the form (2.1) the STM could be obtained by
solving the matrix differential equation (2.17).

2.5.2.2 Stability Analysis of Smooth Orbits

Smooth and non-smooth dynamical systems were earlier discussed in section 2.2.4. In
this section the stability analysis of a smooth periodic orbit using Floquet theory will be
discussed. Assuming the steady state trajectory of a smooth nonlinear dynamical
systems X(t)= f (t, X(t)), X(t)e R"is a periodic orbit of the form X_(t)=gl(t,t,,X,)
where X, is the initial condition. To analyse the stability of this orbit using Floquet
theory, the system will be given an initial small perturbation (Fig. 2.3) and the
difference between the original and perturbed trajactories after some time interval (T)
corresponding to the period of the original orbit will be ascertained using the

fundamental solution matrix.
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Xss (tO)

Fig. 2.3 Time evolution of a perturbation for a smooth dynamical system
If X(ty)=Xo =0lty,t5,X,) is the initial state vector of the original orbit and
X(to) =X, = 0lty, 1, Xo + P(ty)) is a nearby initial point, then the initial perturbation
(p(to)) will be expressed as (2.18), and the perturabtion at any time (t) will be expressed
as (2.19).

p(te) = lty to, Xo + P(ty))— lto. to, Xo )= Verlty t, Xo) (2.18)
p(t) = Velt.ty, X) = (D(t Lo, Xo + p(to))—(l’(t’tmxo) (2.19)

where )_(SS(t)=(p(t,t0,X0+ p(to)) is the perturbed trajectory and oft,ty,X,) is the original
periodic orbit.The time evolution of the perturbation can be evaluated by using a
linearization techinque such as the Taylor series around the periodic orbit as shown in

(2.20) with the higher order terms being ignored.

dp(t) _ of (X(t). 1)) ot )
dt D P (2.20)
= A(Xss(t). 1) x p(to)
Equation (2.20) is a simple homogenous linear time varying model with

of (X(0).1)
oX

the stability of this simple linear system and could be deduced by finding the eigenvalue

= A(X()1) as the state matrix. The stability of the periodic orbit depends on

of the state matrix A(X(t),t). But, unfortunately A(X(t),t) is a function of time and its

eigenvalue cannot be easily ascertained. An alternative way of solving (2.20) is through

the use of the fundamental solution matrix or the state transition matrix (STM)
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CD(t,to,XO) which has already been derived in section 2.5.2.1. By applying the STM, the

time evolution of the perturbation will be expressed as

p(t) = Velt, to, Xo) = @t o, Xo)x Plto) (2.21)

If the orbit is periodic then the perturbation after some time interval
T, (pty+T) = Dlty +T,ty, X )x P(ty)) Will need to be evaluated to compute its stability,
where T is the period of the orbit and ®(t, +T,t,,X,)is the state transition matrix around
the orbit known as the Monodromy matrix. The stability of this orbit depends on the
eigenvalue of the Monodromy matrix (also known as Floguet multipliers). The periodic
orbit is stable if the absolute value of the Floquet multipliers is within the unit circle and
unstable otherwise. The Monodromy matrix is thus the same as the Jacobian matrix of

the Poincaré Map evaluated at the fixed point.

An interesting property of the STM is that if the evolution of the perturbation from the
initial time (to) to any time (t) in the future is broken into smaller intervals (as shown in
Fig. 2.3) then the total STM from t, to t is the product of the state transition matrices of
each interval. This property is known as the transition property of the STM and is
illustrated in the following equation:

v50(1:1t0 , Xo): q)(t1to , Xo)x p(t,)

— @t t, X, )x®lt t, X, )% pity) (2.22)

where X_(t)=X, and X[,)=X,.

The transition property of STM is very useful in performing the stability analysis of
non-smooth orbit where the STM along the different vector fields that make up the orbit

are to be computed separately. Assuming Fig. 2.4 is an arbitrary periodic orbit produced
by a smooth 3™ order nonlinear dynamical system of the form X(t): f(X(t),t,0),

X(t)e R® then the stability of this orbit as a system parameter such as 4 is varied can

be determined simply by deriving the Monodromy matrix (2.23) and obtaining its

eigenvalues.
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Xt
Fig. 2.4 Arbitrary periodic orbit of a smooth 3™ order nonlinear system
M (T,0) = ®(T,t, )x D(t,,t,) x D(L, t,) x D(t,,0) (2.23)

where @(t,,t,)is the state transition matrix from t=ta to t=ts and M(T,0) is the state
transition matrix round the arbitrary periodic orbit known as the Monodromy matrix.
The state transition matrices ®(tg,t,) are evaluated by solving matrix differential
equations of the form (2.17).

2.5.2.3 Stability Analysis of Non-Smooth Orbits

The evolution of the state variables in non-smooth systems is often characterized by
sharp bends and twists as the trajectory moves from one region of the state space to
another thereby making the orbit non-smooth. The stability analysis of non-smooth
orbits is necessary as such orbits are commonly encountered in switched mode power
electronic systems including electrical drives. The procedure for performing the stability
analysis of a non-smooth orbit is similar to that employed for the smooth orbit, but in
this case the state transition matrix at the switching manifold (known as the Saltation or
jump or updating matrix [65] [66]) must also be taken into consideration. The need for
considering the Saltation matrix will be obvious if the time evolution of the perturbation

of a non-smooth trajectory is considered. Assuming (2.24) defines a non-smooth system

with two vector fields f,(Xt, p) and f,(Xt, p).

f,(Xt,p), for XeR.

dX

22 (X1, p) =
gt o) (2.24)
f,(X,t,p), forXeR,
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where f,(X,t, p)is the vector field that governs the evolution of the state variables in
region R_of the state space, and f,(X,t, p) is the vector field that govern the evolution
of the state variables in region R, of the state space. The concept of solution for this

type of system is defined by Filippov’s method of differential inclusions [22]. Assuming

the two regions are separated by a switching manifold h(X(t),t) such that:

h(X()1) <0, X(t) €R,

h(X().t) >0, X(t) €R, (2.25)
h(X().1) =0, X(t) €

where X is the switching hypersurface. If X(t,)=X, = ¢l(t,,t,,X,) is the initial state

vector of the original orbit and X(t,)= X, = ¢(t,,t,, X, + P(t,)) is the initial point when

a small perturbation (p(to)) is applied (Fig. 2.5). To obtain the perturbation (p(t)) at
future time (t), we need to compute the STM along the trajectory from the initial time
(to ) to time (t). For smooth systems (2.21) (p(t)) is given by
p(t) = Volt, ty, Xo )= Dlt,t, X )x p(te) where d(t,t,, X, ) is the STM from the start time (to)

to time (t) and is obtained by solving a matrix differential

Fig. 2.5 Time evolution of a perturbation for a non-smooth dynamical
system

equation of the form (2.16). But, for a non-smooth system it could be seen from
Fig. 2.5 that the perturbed trajectory and the original trajectory may hit the switching

surface at different times and the vector field is discontinuous at the switching surface.
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Consequently, the STM will be discontinuous at the switching instant. Hence, there is a

need for the Saltation matrix which relates the perturbation vector before the switching
manifold p (t, ) and the perturbation vector after the switching manifold p (t,,) as

shown below

p(ts,)=Sxp(ty) (2.26)

where S is the Saltation matrix [65], and is expressed as shown below.

(f,—f,)xn'
S=1I
nxn+ - 5h(X(t),t) (227)
n f,+ o

t=ts
where f; is the wvector field before the switching manifold expressed as

fy=limf,(X®).t.0), f, is the vector field after the switching manifold expressed as

fo=limf,(X®)t,p), n is the normal to the hypersurface given by (2.28), n' is the

z

transpose of the normal to the hypersurface and 1, is an identity matrix of the same

nxn

order as that of the system.

[ oh(X(t),t) |
% (t)

A (2.28)
sh(X(t), 1)
Xy (1)

Consequently, the perturbation (p(t)) will be expressed as

p(t) = D(t, ty, Xo)x Plto)

= Dt ty, X(ts))x S x Dty ty, Xo) (2.29)

Assuming Fig. 2.6 is an arbitrary non-smooth orbit of a non-smooth system, to
determine the stability of this orbit we need to obtain the STM for t [0, TJwhere T is

the period of the orbit. Since the trajectory crosses the switching hypersurface twice in

once cycle, the STM around the orbit (the Monodromy matrix) can be expressed as

M (T,0) =S, xD(T,ty, X(ty)) xS; x D(t5,0,Xo) (2.30)
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where S; is the Saltation matrix that govern the transition of the trajectory from region

R_ to region R, and S, is the Saltation matrix that govern the transition of the

trajectory from region R, back to region R _ .

Fig. 2.6 Arbitrary periodic orbit of a non-smooth system

The stability of the non-smooth orbit will then be ascertained by computing the
eigenvalues of the Monodromy matrix (the Floquet multipliers). The procedures
outlined here will be applied in the stability analysis of non-smooth orbits in electrical

drives discussed in chapters 4, 5, 7 and 8.

2.6 Complex Behaviour of Nonlinear Dynamical Systems
Unlike linear systems, nonlinear systems are prone to complex dynamical phenomena

namely bifurcations, chaos, co-existing attractors and fractal basin boundaries. These
phenomena can cause qualitative changes in the steady state trajectory of the system
thereby making long time predictability difficult.

2.6.1 Bifurcations

A Dbifurcation can be defined as a change in the qualitative behavior of a nonlinear
system as some system parameter is being varied thus leading to the birth or death of an
attracting set [9, 60]. At some values of system parameters one of the invariant sets
could be an attractor and trajectories of initial points converge on it at steady state,
while at some other parameter values, the previous attractor may begin to repel and
another invariant set begins to attract. It is also possible for all the invariant sets to
vanish under parameter variation. The system parameter value at which a bifurcation

occurs is referred to as a bifurcation point. The concept of the bifurcation can be used to
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explain some physical phenomena such as the buckling of beams as loads are varied. A
graphical plot of the equilibrium state against the bifurcation parameters is referred to as
a bifurcation diagram. The two main class of bifurcations are smooth and non-smooth
bifurcation [4]. The former is very common in smooth dynamical systems and include
saddle node, transcritical, pitchfork, hopf and period-doubling bifurcations. The later
(including border collisions) could be found only in systems of non-smooth or

Filippov’s type. These types of bifurcation are explained below.

2.6.1.1 Saddle Node Bifurcation

This type of bifurcation is characterised by a sudden loss or acquisition of a stable
attracting set as the system parameter moves across a critical value [67]. As the system
parameter is varied, two EPs move towards each other, collide and mutually annihilate
[9]. The saddle node bifurcation is also known as a fold bifurcation. Systems that

exhibits saddle node bifurcation can be normalised to the form:

P k + x? (2.31)

where k is the bifurcation parameter and x is the state variable. For k<0, the system has

two EPs, one stable (X" =—v—Kk) and the other unstable (X" = +v—k). But for k>0,

all the EPs disappears. This qualitative change that occurs at k=0 is known as a saddle
node bifurcation. The bifurcation diagram of the system of form (2.31) is shown in
Fig. 2.7

*
AX

Unstable EPs

No Equilibrium Point for k>0

K

Stable EPs

Fig. 2.7 Bifurcation diagram for a saddle node bifurcation.
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2.6.1.2 Transcritical Bifurcation

This type of bifurcation involves the switching of stability status between two
equilibrium solutions as the system parameters are being varied [9]. It often occurs in
physical system where an equilibrium point exists for all the parameter values. Systems
which exhibit this behaviour can be normalised to the form:

% =kx—x? (2.32)
The two EPs of the system (2.8) occur at (x" =0) and (x* =k). For k<0, the EP at
(x” =0)is stable and attract trajectories of initial points, while the EP at (X" =k) s
unstable. But for k>0, the EP at (x* = 0) becomes unstable while the EP at (x* = k)

becomes stable and thus attract trajectories. This exchange of stability at k=0 is known
as a transcritical bifurcation and is illustrated in Fig. 2.8.
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Fig. 2. 8 Bifurcation diagram for a transcritical bifurcation

2.6.1.3 Pitch-Fork Bifurcation

The Pitchfork bifurcation can be classified as either supercritical or subcritical [9] and
is very common in systems that have spatial symmetry. A Supercritical pitchfork
bifurcation occurs when a stable equilibrium point loses stability and two co-existing
stable equilibrium points appear. Systems that exhibit supercritical pitchfork bifurcation

can be normalised to:
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G kx—x° (2.33)

As the system parameter (k) is varied from left to right, the stable equilibrium point at
the origin loses stability and two stable equilibrium points emerge. This exchange of
stability status between one equilibrium point and a pair of equilibrium points at k=0 is
known as a Supercritical Pitch-Fork Bifurcation. The bifurcation diagram of the system

is shown in Fig. 2.9.

AX®
Stable

Stable Unstable

Stable

Fig. 2. 9 Bifurcation diagram for a supercritical pitchfork bifurcation

A Subcritical pitchfork bifurcation on the other hand occurs in systems of the form:

dx 3
— =kx+X
o (2.34)

When the bifurcation parameter (k) is below the bifurcation point (k<0), we have three
equilibrium points at (x*=0) and (x* =+v/-k) with only the equilibrium point at the
origin being stable and the other two unstable. But for (k>0), the two equilibrium points
(x" =+J-k)vanish and only the unstable equilibrium point at the origin remains. The

bifurcation diagram of such a system is shown in Fig. 2.10.
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Fig. 2.10 Bifurcation diagram for a subcritical pitchfork bifurcation

2.6.1.4 Hopf Bifurcation

This type of bifurcation occurs when a stable spiral point loses stability and a stable
limit cycle is born [67]. Systems that exhibit this kind of bifurcation can be normalized
to a second-order equation of the form:

dx

d—tl =X, + X [ = (%] +%3)]

dx, o (2.35)
E: X, + X, [ = (X +x5)]

The stability of the EP in this system depends on the eigenvalues of the Jacobian matrix
of the system. For u < 0, the EP at the origin is stable as the real part of the eigenvalues
of the Jacobian matrix are negative, but for 4 > 0, the real part of the eigenvalues
becomes positive and the EP at the origin loses stability. The trajectories of the various
initial points will now depart from the origin and converge on a new attractor (a limit
cycle). Another form of Hopf bifurcation that occurs in discrete systems is the Neimark-
Sacker bifurcation and it occurs when pair of complex conjugate eigenvalues assume a
magnitude of 1. The analysis and experimental validation of a Neimark-sacker
bifurcation in a laboratory PI controlled permanent magnet DC drive is discussed in

Chapter 4.
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2.6.1.5 Period Doubling Bifurcation

This type of bifurcation is characterized by a sudden doubling of the period of a stable
periodic orbit or limit cycle and it occurs when one of the eigenvalues of the system
becomes -1. The Period doubling bifurcation is also known as a flip bifurcation or a
fast-scale instability and is commonly observed in SMPE systems including electrical
drives.

2.6.1.6 Border Collision Bifurcation

The border collision bifurcation is very common in non-smooth systems where two or
more systems with different topologies operate at different parameter values. The
border collision bifurcation is also referred to as a non-smooth bifurcation and is
characterised by abrupt discontinuities, bending and jumps which do not resemble the
patterns seen in standard or smooth bifurcations [18]. In PWM controlled electrical

drives, border collisions occur due to saturation nonlinearities.
2.6.2 Chaos

Another complex behaviour peculiar to nonlinear systems is chaos. Chaos can be
defined as an aperiodic behaviour of nonlinear deterministic systems that is highly
sensitive to initial conditions [9]. An early example of chaos in nonlinear systems was
the Lorenz system (2.36) [9]. A small change in the initial condition of the system can
lead to significant change in the steady state trajectory thereby making long term
predictability of chaotic systems nearly impossible.

dx

d_tl = p(_xl + Xz)

% =X — Xy =X X3 (2.36)
dt

dx

_dt3 = _ﬂxs + XX,

The occurrence of chaos in a system can be proved by examining the divergence of the
trajectories of two nearby initial points in state space. A system is said to be chaotic if
two nearby initial points to the chaotic attractor evolves into two uncorrelated
trajectories after few iterations or if the Lyapunov exponent is positive [10, 18]. Chaos is
said to be ubiquitous as it has been reported in many physical and biological systems
including chemical systems [68], fetal heart rates [69], mechanical systems [70] and in
power electronics systems [7, 20, 28, 30, 64, 71]. The two common routes to chaos are
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the period doubling route to chaos and the quasi-periodic route to chaos. These are

discussed in Chapter 4. Chaotic attractors are also referred to as strange attractors.

2.6.3 Co-existing Attractors and Fractal Basin Boundaries

Co-existing attractors occur when two or more stable states exist at the same time in a

dynamical system. For instance when the EP at the origin in system (2.33) loses

stability via a supercritical pitchfork bifurcation, the two new attractors ( ++/k ) could
be referred to as co-existing attractors. When two or more attractors co-exist, the set of
initial conditions whose trajectories converge on a given attractor is referred to as the
basin of attraction for that attractor and the boundary separating the different basins is

referred to as the separatrix [10]. For example the line x=0 separates the basin of the
two attracting sets ++/k after the supercritical pitchfork bifurcation and all trajectories
whose initial point is above zero converges on ++k while all trajectories whose initial

point is less than zero converge on -k . If the boundary separating the different
basins is highly irregular and difficult to isolate, then the phenomena will be referred to
as fractal. In Chapter 4, the fractal phenomena associated with dc chopper-fed PMDC
drive will be discussed, while the fractal phenomena in full-bridge converter PMDC

drive is discussed in Chapter 8.

2.7 Summary
In this chapter the complex phenomena associated with nonlinear dynamical systems

and the concept of invariant sets (constant solution of dynamical systems) were
discussed. It has been shown that as system parameters are varied a stable invariant set
may lose stability and a new stable invariant set may emerge or the invariant set may
vanish completely. Also more than one stable invariant set may co-exist at the same
time thereby making the system behaviour very uncertain and difficult to predict. These
phenomena occur in most nonlinear systems including electrical drives. In the next
chapter the fundamentals of electrical drives and the modelling techniques for nonlinear

analysis of drives will be discussed.
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CHAPTER 3

ELECTRICAL DRIVES FUNDAMENTALS

3.1 Introduction
Electrical drives are found in homes, industry, automobiles, aircrafts, space crafts, etc.

Most modern homes often have several electrical drives hidden in devices such as
vacuum cleaners, dishwashers, washing machines, refrigerators, air conditioning units,
etc. The rotational speed and torque in modern electrical drives are controlled by the
toggling ON and OFF of power electronic switches via pulse width modulated (PWM)
signals.

The “switch ON” equivalent circuit topology is often different from the “switch OFF”
circuit topology thus classifying these systems as non-smooth or Filippov’s type
systems as discussed in section 2.2.4. Also due to the switching of the power electronic
devices, electrical drives are inherently nonlinear in nature and are susceptible to
complex nonlinear phenomena, namely bifurcation and chaos. Thus, special modeling
techniques such as the average model [16, 17, 19] and nonlinear iterative mapping

[20, 72] will be applied for a comprehensive analysis of the drives performance.

In this chapter, the fundamentals of electrical drives with emphasis on DC drives, and
switched reluctance motor (SRM) drives will be discussed. The material provided here
will be useful in Chapters 4-8 where the nonlinear phenomena in DC drives and SRM
drives are analysed and controlled.

3.2 Components of an Electrical Drive System
A typical modern electrical drive (Fig.3.1) consist of an electric motor, a power

converter and control electronics, working together to move a mechanical load [3]. An
input power supply that provides the energy needed by the drive and sensors for closed-

loop control, are also needed as integral parts of the system.
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Vin
POWER CONVERTER

Position/Speed/Current

‘ Sensor

Reference Position/Speed/Current

— CONTROLLER

Fig. 3.1 Components of an electric drive system

3.2.1 Electric Motors

Electric motors are a key component of electric drive systems and they convert the input
electrical energy into mechanical energy [2]. There are several variants of electrical
motors in use today and possible classification criteria include the commutation
strategy, the input power source and the type of torque being produced, as shown in
Table 3.1. In terms of the commutation strategy, we typically have mechanical
commutation and electronic commutation. An example of an electrical motor employing
mechanical commutation is the conventional brushed DC motor (BDCM) which comes
in four variants: separately excited (SE), series connected (SC), shunt connected (SHC),
and compound motors (CM). Separately excited DC motors can also be subdivided into
permanent magnet DC (PMDC) motors and field excited DC (FEDC) motors. The
commutation strategy in those motors involves the use of mechanical commutators and
carbon brushes. As the commutators and brushes wear out due to friction, conventional
dc motors require routine maintenance. But, the ease at which the speed of conventional
dc motors can be controlled makes them appealing for variable speed application and

many industrial drives today still rely on brushed DC motors.

To overcome the problems caused by the wear and tear in mechanical commutators,
electronic commutation is employed. Electronic commutation (brushless schemes) is
based on the idea that a rotating magnetic field is produced by balanced three phase AC
currents flowing in the stator coils. Typical examples of electrical motors employing

electronic commutation are brushless DC motors (BLDCM), inverter-fed induction
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motors (IM) & permanent magnet synchronous motors (PMSM), and synchronous
reluctance motors (SR). Other variants of electronically commutated motors include
switched reluctance motors (SRM) and stepper motors (SM) that rely on the principle of

reluctance torque.

Table 3.1 Classification of electric motors.

ELECTRIC MOTOR | INPUT POWER | COMMUTATION FORM OF
STRATEGY TORQUE

Brushed DC Motors DC Mechanical Electromagnetic
Brushless DC Motors DC Electronic Electromagnetic
Induction Motor(1M) AC Electronic Electromagnetic
Permanent Magnet AC Electronic Electromagnetic
Synchronous Motors
Synchronous Reluctance AC Electronic Reluctance
Motors
Switched Reluctance DC Electronic Reluctance
Motors
Stepper Motors DC Electronic Reluctance

In this thesis, the complex dynamics of electrical drives representing the two main
commutation strategies are studied in details. Permanent magnet DC (PMDC) drives
and Series connected DC (SCDC) drives are selected as examples of mechanically
commutated motors while the SRM drive is selected as an example of an electronically

commutated motor.

3.2.2 Power Converters

Power converters are used to adjust the voltage, current and frequency of the input
electrical power for the purposes of motor speed and torque control. They receive
electrical energy from the mains at constant voltage and frequency and then supply
electrical energy to the motor at variable voltage and frequency [2]. The power
conversion process could be DC-DC (chopper), DC-AC (inverter), or AC-DC-AC

(rectifier + inverter).

3.2.3 Control Electronics

In general, the state variables of an electrical drive system can be controlled either in
open loop or closed loop. In closed loop control, the controller compares the actual
state of the system measured by sensors with the reference state to produce an error
signal. Based on the error signal a pulse width modulated (PWM) signal of appropriate

duty ratio will be produced to turn ON or OFF the power switches in the power
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converter and thus achieve the required speed or current control [2]. Control electronics
can be implemented in analog form using operational amplifiers and comparators or in

digital form using microprocessors. Most modern drives make use of the later.

3.2.4 Mechanical Loads

Electrical motors are designed to carry mechanical loads of one form or the other. The
mechanical load imposes an opposing torque to the electrical torque produced by the
motor. The load can be a constant load or may vary with the shaft speed. The load can
also introduce nonlinearity in the drive’s dynamic model. For example the load torque
imposed on the shaft by a fan or pump type load is proportional to the square of the

speed (T, a ®?) thus making the system nonlinear.

3.3 Permanent Magnet DC Drives
Prior to the recent advances in power electronics and microprocessor technology, the

most common drive system used for variable speed application was the DC drive. DC
drives are relatively easy to analyse and control and are commonly used in several
domestic and industrial applications (children toys, robots, paper mills, steel rolling
mills etc). Typically PMDC drives consist of a permanent magnet DC motor, the power
converter, and control electronics. The power converter can be a DC chopper (for first
quadrant motoring operation), a full-bridge converter (for two quadrant operation) or
even an active front end full-bridge converter (for four quadrant operation). The
permanent magnet provides the field excitation, but since the permanent magnet flux is
fixed, PMDC drives are widely used in low power applications [3]. In this section, the

fundamentals of DC chopper fed PMDC drives will be discussed.

3.3.1 System Overview

The schematic diagram and equivalent circuit of DC-chopper fed PMDC drives
(operating under open loop control) are shown in Fig. 3.2. The drive consists of the
PMDC motor, an electronic switch (S) and free-wheeling diode (D). The switch (BJT,
MOSFET, IGBT) is controlled by a PWM signal fed through an appropriate device
driver. The PMDC motor consists of a field circuit (a permanent magnet), and an
armature circuit comprising the armature coils, mechanical commutators (not shown)
and brushes. The coils and the commutator are mounted on the rotor shaft and rotate

with the rotor while the brushes are mounted on the stator and are stationary.
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Fig. 3.2 Open loop PMDC drives (a) System schematic diagram (b) Equivalent circuit
of the drive.

The speed of the motor depends on the average voltage applied at the armature

terminals which depends on the duty cycle (d) of the PWM signal.

Vavg :Vin x d (31)

where d is the ratio of the switch ON time (T,,) to the period of the switching cycle (T).
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T
d=-2n 3.2
T (3.2)

and T =T, + T

Sinced [0, 1], the average voltage applied at the armature terminals using the DC

Chopper will be between 0 and Vi, thus making it possible to achieve a speed range
from zero to full speed.

3.3.2 PMDC Drive Operation

The operation of the open loop PMDC drive can be described using Fig.3.2. When the
PWM signal is High, the switch (S) is closed and +Vi, is applied at the terminals of the
armature coil directly under the north pole of the permanent magnet (PM) thus causing
current i(t) to flow in the coil via the brushes. The interaction of the permanent magnet

flux (1) and the armature current produces a force F (also known as Lorentz force) at
both ends of the winding. The force produces an electrical torque (T,) that causes anti-
clockwise rotation of the shaft. When the PWM signal is Low, the switch opens and the
diode (D) conducts thus causing zero volts to be applied at the armature coil terminals.
The armature current thus decays via the diode. The switch ON and switch OFF circuit

topologies are shown in Fig.3.3 and Fig.3.4, respectively.

R L

- + E ROTOR
Vin

S

Fig. 3.3 Switch ON circuit topology of a PMDC drive
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R L

E | | ROTOR

Fig. 3.4 Switch OFF circuit topology of a PMDC drive

If the armature current decays to zero during the switch OFF interval, the operational
mode will be referred to as discontinuous conduction mode (DCM), otherwise it will be
referred to as continuous conduction mode (CCM). In order for the drive to operate in
CCM, the inductance of the motor winding must be high enough to ensure that the

current does not drop to zero during the switch OFF interval.

The force (F) and the electrical torque (T.) produced are functions of the armature
current and field flux as shown below:

F=Bxixl (3.3)
T, =K, x¢xi (3.4)
where ?Ds the field flux, i is the armature current, B is the field flux density, | is the
length of the armature coil being linked by the field flux and K;is the torque constant.
#(t) is constant in PMDC motor and consequently the electrical torque produced will
depend only on the armature current as expressed below:

T, =K xi (3.5)
As the rotor rotates, an emf (E) will be induced at the terminals of the armature coil as it
is being linked by the field flux ¢(t). This emf is commonly referred to as back emf and
is proportional to the field flux and the shaft angular velocity (w(t)).

E, =K, x¢xw (3.6)
Since ¢ is constant for the PMDC motor the back emf can also be expressed as

E, =K, xo.
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3.3.3 Mathematical Model of Open Loop PMDC Drive

Under CCM operation, the system will alternate between two different topological
states as the switch is turned ON and OFF. The mathematical model depicting the
switch ON state will be different from the mathematical model for the switch OFF state.
When the switch is ON and the diode is OFF (Fig.3.3) the mathematical model will be

expressed as:

do(t) (T, —T —Bao(t))
dt J
_ (Kt i) -7, — Ba)(t)) (37)
J

di(t) _ —i()R—E, +V,,
dt ) L (3.8)
_ —iR - K,o(t) +V,,
L

where i(t) is the armature current, w(t) is the shaft speed, L is the armature inductance,
R is the armature resistance, K, and K; are the back emf and the torque constants,
respectively, B is the viscous damping factor, T is the load torque, J is the moment of

inertia, and Vi, is the supply voltage.

But when the switch is OFF and the diode conducts (Fig.3.4), the mathematical model

will be expressed as:

do(t) _ (K, i(t)—T,_—Ba(t)) (3.9)
dt J |
di(t) _ —i(®R—K.o(t) (3.10)

dt L |

The switch ON model (3.7) and (3.8) and the switch OFF model (3.9) and (3.10) can be

abridged in state space form as shown below:

X(t) = A, X)) +V,, (3.11)
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X(t) = A X(t) + V. (3.12)
_ X (t) _ w(t)
X(t) = [XZ (t)} = L(t) } (3.13)
-B K
_ _ J J
Aon - Aoff =A= _ Ke i (314)
L L
~-T, ]
_| J
V, = \i (3.15)
L
-T, ]
Vor =| 3 (3.16)
0 -

In order to ensure easy comparison of results, the parameters of the DC chopper-fed
PMDC DC drive used in this thesis are the same as those used in [7] : Ke=0.1356Vs/rad,
K=0.1324 NM/A, R=3.5 Q, L=36 mH, B=0.000564 Nm.rad™.sec, V=100 V, T=4 msec,
J=9.71x10" N.m.rad ™ .sec’.

The steady state speed and current when the duty cycle (d=0.5) and Load torque
(T.=0.39 NM) are as shown in Fig.3.5 and Fig.3.6. From the Figures, it could be seen
that the steady state behaviour of the state variables is a periodic ripple of the same
period as the external clock signal. This is referred to as a period-1 orbit. In chapter 4 it
will be shown that as some system parameters (such as the supply voltage and controller
gains of the closed loop PMDC drive) are being varied, the nominal period-1 orbit may
lose stability and a new stable orbit of period-nT or a quasi-periodic orbit may appear.
The study of the mechanism through which such instability (or bifurcation) occurs is a

major contribution of this thesis.
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Fig. 3. 5 Open loop speed response (d=0.5, T,.=0.39 NM )
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Fig. 3.6 Open loop current response (d=0.5, T.=0.39 NM)

3.4 Series Connected DC Drives

A SCDC motor is a dc motor in which the field winding is connected in series with the
armature circuit (i,= ir=1). This motor can produce high torque at low speed and is thus
widely used in traction applications. The schematic diagram and equivalent circuit of
the open loop SCDC drive are shown in Fig.3.7. The drive consists of the SCDC motor,
an electronic switch (S), and free-wheeling diode (D). The motivation for investigation
of the dynamics of the SCDC drive is due to the rich nonlinearity in the system [73, 74].
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Fig. 3.7 Open loop SCDC drive (a) System schematic diagram (b) Equivalent circuit of
the drive

There are three key sources of nonlinearity in a SCDC motor drive. First the electrical
torque is proportional to the square of the current (below field saturation) and secondly
the back EMF is proportional to the product of current and speed [74]. The third source
of nonlinearity is introduced by the power electronic switching in the SCDC drive. Due
to these nonlinearities, the SCDC drive is prone to complex nonlinear dynamical

phenomena, namely bifurcation and chaos.

The expression for the electrical torque and back-emf is similar to (3.4) and (3.6), but in

a SCDC motor, the field flux (¢ ) is not constant and varies with the armature current

(iz=i¢=1). As the load increases, the current (i) will increase and so will the field flux.
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Under very heavy load and high current, the field flux will saturate as shown in Fig. 3.8.
But, under light load and low current, the motor will operate in the linear region of the
saturation curve and the field flux will be expressed as a linear function of current [3]

[74] as shown:

¢=Cxi (3.17)

where C is the constant of proportionality.

Flux (Wb)

Field Current (A)
Fig. 3.8 Magnetic saturation curve of a SCDC motor

Consequently, the electrical torque and back-emf will be expressed as:
T, =Kxg@gxi=KxCxi*=K, i’ (3.18)
E, =KxCxixo=K,io (3.19)

Thus when the switch is ON and the diode is OFF the system behaviour will be
described by the dynamic equations:

do) (K,i*~T, -Bw)
d J

(3.20)

di(t) —iR—K,io+V,
dt L

(3.21)

But when the switch is OFF and the diode conducts the system behaviour will be

described by the equations:

do) (K,i*>-T, -Bw)
dt J

(3.22)
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ditt) _ —iR-K,io

3.23
dt L (3.23)

where R=R,+R; (the sum of the resistances of the armature and field coils) and L=L,+L;
(the sum of the inductances of the armature and field coils). The square term for the
electrical torque (Kii® ) and the product term for the back-emf (Keiw) make the SCDC

o . . x(t) | | oft)
drive inherently nonlinear. Assuming the state vector X(t) = =|. then the
X, (t) i(t)
switch ON and switch OFF equations can be abridged as shown below:
(K, %,2-T, —Bx,)
X(t) =, (X(1)) = J
(1) =, (X(1)) _ R — KX, +V, (3.24)
L
(K, x,2 T, —Bx,)
X(t) =F _(X(1)) = J
(t) =f, (X(1)) R Kx,x, (3.25)
L

The investigation of the nonlinear bifurcation and chaotic phenomena of the SCDC
drive is discussed in Chapter 7.

3.5 Closed Loop Control Schemes for DC Drives
Closed loop control of shaft speed (w) and armature current (i) in DC drives is very

important in most drives applications. The two commonly used control schemes are
voltage mode control and current mode control [2]. Voltage mode control is designed
for control of the shaft speed while current mode control is aimed at control of the
rotational torque (Te) produced by the motor. Also, the two control schemes can be
combined to form what is commonly referred to as cascade or two loop control in which
the inner feedback loop is for armature current (or torque) control while the outer
feedback loop is for speed control. All closed loop control schemes involve the
comparison of a reference state (speed or current) with the actual state obtained from
sensors and then carrying out some compensation actions. The voltage mode control
scheme is discussed in section 3.5.1 while the current mode control scheme is discussed

in section 3.5.2.
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3.5.1 Voltage Mode Control

Voltage mode control is aimed at speed control of DC drives. Assuming that the load
torque (T.) and friction constant (B) in the open loop PMDC drive are negligible then

the steady state speed will be expressed as w,, =V,,, / K, where V. =V, xd. Thus to
control the steady state speed (w,,) we need to control the average voltage applied to the

armature by adjusting the PWM duty cycle (d ). This control strategy is described below
using the DC chopper fed PMDC drive as an example system.

A schematic diagram of a DC chopper fed PMDC drive operating under voltage mode
control is shown in Fig.3.9. The system consists of three main subsystems: the PMDC
motor , the power converter (a dc chopper) and the control electronics [7]. The dc
chopper comprises a dc source, power switch (BJT, MOSFET, IGBT) and a free-
wheeling diode, while the control electronics comprise an operational amplifier (Op-

Amp), comparator and a signal generator.

\’inC

SIGNAL GENERATOR

Vramp(?)

+ o(f)

Veon(?) \P oref

Fig. 3.9 Voltage mode controlled DC drive.

PWM SIGNAL

In this scheme, the output speed w(t) in the form of an analogue voltage from a tacho-
generator is compared with the reference speed wrs to obtain the speed error signal

(e(t) = o(t) — @, ) . The speed error is then multiplied by the gain of the operational

amplifier to obtain the control signal VvV, (t) = gx(o(t)—o,s) . The PWM signal is

con

obtained by comparing a high frequency sawtooth signal Vyamp(t) with the control signal.

When the sawtooth signal is greater than the control signal, the PWM waveform goes
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high, the switch closes and the diode is reverse biased. But when the sawtooth signal is
lower than the control signal, the PWM signal goes low, the switch opens and the diode
is forward biased. The PWM duty cycle (d) is varied continuously to ensure that the
actual speed w(t) tracks the reference speed wyes. The comparison of the sawtooth signal
and the control signal to produce the PWM signal is shown in Fig. 3.10.

PWM

Fig. 3.10 PWM waveform generation
3.5.2 Current Mode Control

In applications where the DC motor is required to operate with a fixed torque regardless
of the speed (for example in steel mill line tensioning) [2], current mode control is
adopted. A schematic diagram of a current mode controlled DC drive is shown in
Fig. 3.11. The reference current (l.) is compared with the actual armature current (i) to
obtain a signal to reset a latch that was previously set by an external clock signal of
period (T). When the S—-R latch is set by the clock pulse, the power switch (S) is closed
and the diode (D) is reverse biased. The armature current rises until it reaches the
reference current (le) causing the latch to be reset. When the latch is reset, the switch
opens and the diode is forward biased. The armature current then decays through the
diode. The switch will remain open until the arrival of the next clock pulse when it will
close again and the cycle repeats. The interaction of the armature current, the reference

current, and the external clock pulse is as shown in Fig. 3.12.
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Fig. 3.11 Current controlled DC drive

iL

A 4

N 1 .y Signal

PWM
Signal

»
»

Fig. 3.12 Armature current, reference current and the external clock
pulse in a current controlled DC drive.

In most practical applications, the current reference is provided by an outer speed
control loop thereby forming what is referred to as cascade or two loop control. The

inner current loop is always faster than the outer speed loop and the diagram of this
arrangement is shown in Fig. 3.13.
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Fig. 3.13 Two loop control of a DC drive

3.6 Switched Reluctance Motor Drives
The Switched Reluctance Motor (SRM) is a low cost electronically commutated motor

with a very simple mechanical structure. It has windings in the stator but the rotor is
made up of stacked steel laminations and does not have any windings or permanent
magnets [75, 76]. Both the stator and rotor poles are salient and torque is produced due
to the tendency of the rotor poles to move to a position where the reluctance of the
energized phase will be minimum [77]. Conventionally, the stator windings are grouped
into phases. Each phase is energized separately and is electrically separate from the
adjacent phase. A phase is energized (stroked) when its inductance is rising and de-

energized when the inductance gets to its maximum value.

Owing to its simple mechanical structure and advances in power electronic technology
the SRM is now seen as a viable candidate for variable speed applications and much
research has been conducted in this area in the last two decades [75, 76, 78-84].
Moreover, the fault tolerance incorporated in most SRM drives make them suitable for

some of the most sensitive applications including aerospace.

The mechanical simplicity of the machine is in sharp contrast to the complexity of its
modelling and analysis caused by its inherent nonlinear characteristics. Such nonlinear
systems are characterized by complex dynamical phenomena including bifurcation,

chaos, co-existing attractors and fractal basin boundaries [9, 71]. In this section the
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basic characteristics of a SRM drive are discussed starting with its principles of
operation in section 3.6.1 and the phase commutation logic in section 3.6.2. The
different SRM drive operational modes are discussed in section 3.6.3. The information
provided in this chapter will be useful in Chapter 5 where the complex nonlinear

phenomena in a three-phase SRM drive are explored.

3.6.1 Principles of Operation of a SRM

As the name implies, the motion of a typical SRM (Fig.3.14) is produced as a result of
the variable reluctance in the air gap between the stator and rotor poles [77, 80]. When
current is applied to a phase winding, an mmf (Ni) is produced which in turn causes flux
to flow through a magnetic path (the active phase poles, air gap and rotor structure). The

expression for the mmf is:
mmf = N xi=¢xR(0) (3.26)

where N is the number of turns in the phase winding, i is the phase current, ¢ is the
phase flux and R(0) is the reluctance of the magnetic flux path. The reluctance (R) is a
function of the rotor position (6) due to the salient rotor and stator poles. The reluctance
IS maximum when the stator and rotor poles are unaligned (known as the unaligned
position) and minimum when the stator and rotor poles are aligned. In order to
minimize the reluctance of the magnetic circuit created by the energized phase, the
magnetized stator pole pulls the adjacent rotor pole to alignment leading to the
production of a reluctance torque [80]. If magnetic saturation effects are negligible
(usually under light load conditions), then the instantaneous electrical torque produced
by each phase [77] can be expressed as:

T —05i2 40 (3.27)
a0

2

where L(6) = Rl\ée)

is the inductance of the phase coil. The inductance is usually

maximum at the aligned position (where the reluctance is minimum) and minimum at

the unaligned position where the reluctance is maximum.

A SRM drive consist of a switched reluctance motor, a power converter circuit (usually
an asymmetric drive circuit) and the control electronics. A standard asymmetric drive
power converter circuit used for 3-phase SRM control is shown in Fig. 3.15. The circuit

consist of six power electronic switches (BJT, MOSFET, IGBT) and six freewheeling
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diodes. The phase coils are connected between two of the power switches thereby
eliminating the possibility of shoot-through faults that usually occur when two switches

on the same leg of the power converter are switched ON at the same time.

Fig. 3.14 Diagram of a 3-phase 12/8 SRM (2 stator poles pairs per
phase)

)l I =
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c L m ﬂ ﬂ
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Fig. 3.15 Asymmetric drive power converter circuit
3.6.2 SRM Phase Commutation Strategy

The phase activation and de-activation of a SRM is controlled by the commutation logic
using the rotor position and the phase inductance cycle as a guide. Each phase is
activated at (6=6,,) when its inductance begins to rise and deactivated at (9= o) when
the inductance reaches its’ maximum value. The inductance cycle of each phase
corresponds to the rotor pole pitch (2z/N,) and the inductance cycle of adjacent phases
are separated by an angle (6s=2z/mN;) known as the phase separating angle. Thus if the
inductance cycle of phase A starts at (9= 6,), the inductance cycle of the adjacent phase

will start at (= 0;+ 65) and the inductance cycle for the third phase will start at (6= 6,+
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20s). To keep the analysis simple, the conduction interval (6ot - Oon ) Or dwell angle of
each phase is made to correspond with the phase separating angle. The phase
commutation sequence of the three-phases of an 12/8 SRM within one inductance cycle
of 45 mechanical degrees (or 360 electrical degrees) is shown in Fig.3.16 (6on=5.5", Ot

=20.5° and phase separating angle=15").

Phasel
o
g

0 0.1 0.2 0.3 0.6 0.7 0.8
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Rotor position(rad)
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(]
&

C L L L i i i L
0 0.1 0.2 0.3 04 .. 05 0.6 0.7 0.8
Rotor position(rad)
T T

T T

Phase3
o
(.T'I =

% 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8
Rotor Position(rad)

Fig. 3.16 SRM Commutation Sequence (the 3 phases are stroked once in one
inductance cycle of 45 mechanical degrees).

3.6.3 SRM Drive Operational Modes

The three main operational modes of SRM drive are the single pulse operation, soft

chopping operation and hard chopping operation [77].

3.6.3.1 Single Pulse Operation

The single pulse operational mode is usually employed in high speed SRM drive
applications. In this mode, the upper and lower leg switches of the active phase are
turned ON at the switch ON angle (6,n) and OFF at the switch OFF angle (6o ). This
operational mode can be illustrated using phasel of the SRM drive in Fig.3.15. At =
Bon, the two switches (Q1 and Q2) will be turned ON and +V;, will be applied across the
phase coil terminals. The two diodes (D1 and D2) will be reverse biased and the phase
current will rise. Then at the end of the conduction interval (6=6q), the two switches
will be turned OFF and the two diodes will be forward biased. A negative voltage (-Vin)
will be applied across the phase coil terminals and the phase current will decay to zero.
Two different topological states can be identified in each phase (Table 3.2). Typical

current and voltage waveforms for this mode of operation are shown in Fig.3.17.
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Table 3.2 Topological states for single pulse operation

System States | Q1| Q2 | D1 D2 Vin

Statel 1 1 0 0 +Vin
State?2 0 0 1 1 -Vin
+Vin 1
1
'Vin
il y 3

(. A

Fig. 3.17 Phasel voltage and current waveforms for single pulse operation

3.6.3.2 Soft Chopping PWM Operation
The Soft chopping technique is used to regulate the phase current (by regulating the
average voltage applied across the phase coils) and is widely used in low speed SRM
drive applications. In this mode, the lower leg switch of the active phase is left ON,
while the upper switch is turned ON and OFF by applying a PWM signal of constant or
variable duty ratio. In closed loop operation, this PWM signal may be generated by
comparing a control signal (Vcon(t)) with a fixed frequency saw-tooth signal (Vramp(t)) as
detailed in Chapter 5. This operational mode can be illustrated (for a constant duty ratio
PWM signal) using the asymmetric drive circuit shown in Fig.3.15. At 6= 6, the lower
switch (Q2) is switched ON and a PWM signal of constant duty ratio will be applied to
the upper switch (Q1). When the PWM signal is high, Q1 is turned ON and +Vj, will be
applied across the phase coil terminals. The two diodes (D1 and D2) will then be
reverse biased and the phase current will rise. When the PWM signal is low, Q1 is
turned OFF and the winding will be short-circuited through the lower leg switch Q2 and
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the diode D1. At the end of the conduction interval (6= Ou), the two switches will be
turned OFF and the two diodes will be forward biased. A negative voltage (—Vi,) will be
applied across the phase coil terminals and the phase current will decay to zero. Three
different topological states can be identified in each phase (Table 3.3). Typical phase
current and voltage waveforms for this mode of operation are shown in Fig.3.18.

Table 3. 3 Topological states for soft chopping operation

System State | Q1| Q2 | D1 D2 Vin
Statel 1 |1 |0 0 +Vin
State2 0 |1 |1 0 0
State3 0 |0 |1 1 -Vin
+Vin 2
0 >
t
'Vin
t
Fig. 3.18 Phasel voltage and current waveforms for soft-chopping

operation

3.6.3.3 Hard Chopping PWM Operation

The hard chopping operational mode is similar to the soft chopping mode, but in this
mode both the upper and lower leg switches are turned ON when the PWM signal is
high and turned OFF when the PWM signal is low. Thus +V;, is applied when the PWM
signal is high and —V;, will be applied (as the two diodes conducts) when the PWM
signal is low. The increased current and torque ripple are drawbacks of this mode of
operation. The number of topological states for each phase is similar to the single pulse
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mode of operation and typical phase current and voltage waveforms are shown in
Fig. 3.19.

+Vin“

Ll 4

'Vin

n
>

t

Fig. 3.19 Phasel voltage and current waveforms for hard
chopping operation.

3.7 Modelling Techniques for Nonlinear Analysis of Electrical Drives
Similar to other SMPE based systems, electrical drives adopt different topological states
(multiple subsystems) as the power electronic switches are turned ON and OFF. The
switch ON topology is often different from the switch OFF topology thereby making the
system to be time varying and non-linear. Also due to the switching, the invariant set
(steady state or constant solution of the system) is a periodic orbit rather than an
equilibrium point. The common techniques for modelling the dynamic behaviour of
SMPE based systems including electric drives are the state space average model
[14, 16, 17, 19] and iterative mapping [20, 72].

3.7.1 State Space Average Model

Assuming there is only one switching during the PWM cycle period (T), the steady state
behaviour of most electrical drives in CCM could be described by a non-smooth, time

varying dynamic equation of the form:
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xQ fo (X(t), for 0<t<dT

o (3.28)

fore (X(1), for dT <t<T

where f, (X(t))and f.-- (X(t)) are the vector fields that describes the trajectories of the

state variables when the switch is turned ON and OFF, respectively, dT is the switching
instant, d is the duty cycle and T is the PWM switching period.

The time varying nature of the dynamic equation (3.28) makes the analysis of SMPE
systems difficult. The state space average model (developed by R.D. Middlebrook [16])
is aimed at transforming the time varying system into a time invariant system thereby
making analysis using conventional control theory tools (Nyquist plot, Bode plot, Root
locus etc ) possible. The main idea is to discard the switching details of the system and
retain only the average dynamics [18]. Using the model (3.28) as an example, the state

space average model could be described by the equation:

dX(t
PO 4 o OXC) + 0 e (X)) (3.29)
where d is the fraction of the time the switch is turned ON or the fraction of time the

vector field f,, (X(t))is active, and & is the fraction of time the switch is turned OFF,

which is also the time interval the vector field f,- (X(t)) is active.

s=1-d (3.30)

By substituting the expression for & in (3.29), the average model can be expressed as:

U — 5 (F OX(O0))+ (@) x (e (X)) (3:31)
To complete the derivation of the average model in closed loop drives applications,
there is a need to obtain the expression that defines the duty cycle (d) as a nonlinear
function of both the system state variables and the other parameters. The state space
average modelling approach can be illustrated using the open-loop PMDC drive
(Fig. 3.2) whose dynamic model can be expressed as:

fo (X)) = A, X(t)+V,,, for 0<t<dT
ax() on (X(1)) ®)

o (3.32)

fome (X)) = A X (1) +V,,, for dT <t<T
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Based on the open loop PMDC drive dynamic model (3.32), the state space average

model can be expressed as:

axm _d)yx
= (A X(O + Vo, )+ L d)x (A X(O + Vi) (3.33)

= AX(t) + d(von - Voff) + Voff

where A,, = A, = Aasdefined in (3.14). V,, andV,, have also been previously
defined in (3.15) and (3.16), respectively.

Using the state space average model for the open loop PMDC drive (3.33), the speed
and current response when operating at a duty cycle (d=0.5) and a load torque of

0.39 NM are shown in Fig. 3.20 and Fig. 3.21, respectively.
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Fig. 3.20 Speed response using the average model
14
12 \
_10
S AN
51\
s 6 N—
O 4 T ——————
2
O0 0.5 1 1.5 2

Time (s)

Fig. 3.21 Armature current response using the average model
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The steady state value of the average model response (Fig. 3.20 and Fig. 3.21) is
actually the average value of the periodic ripple in the original system (Fig. 3.5 and Fig.
3.6). The average model can be used to predict low frequency instabilities such as slow
scale bifurcations but cannot predict fast-scale instabilities such as a period doubling
bifurcation [18].

3.7.2 The Iterative Map Model

The iterative map or Poincaré map model is commonly used to study the complex
dynamics of SMPE based systems including electrical drives. The idea is to convert the
continuous time system to a discrete time system and the differential equation to a
difference equation or iterative map. The periodic orbit of the continuous time system
will correspond to the fixed point of the map thereby making the analysis easier. The
iterative map model is suitable for predicting both slow scale and fast-scale instabilities

in the system.

To derive the iterative map model of an electrical drive, the state variables will need to
be sampled at a fixed time interval (T) corresponding to the period of the saw-tooth
signal. The expression that relates the state at t= nT to the state at t= (n+1)T can then be
obtained. The Poincaré map model of an electrical drive will be of the form:

Xn+l :f(xnldn) (334)

where X, is the state of the system at t=nT, X, is the state of the system at t= (n+1)T

n+1

and d, is the duty cycle. Since we are concerned mostly with the steady state behaviour

of the drive system, the Poincaré map that describes the behaviour at steady state will
suffice. The equivalent iterative map to describe the behaviour of the open-loop PMDC
drive is described below. The approach is to solve the dynamic equation (3.32) over the

intervals t €[0,dT] and te[dT,T] and thereafter stacking the solutions over one

switching period.

X(T) = d(T,dT)X(dT) + dchb(TJu)Voﬂd/1 (3.35)

= K, X(dT) + M,

X(dT) = d(dT,0)X(0) + !@(dT,z)vondﬂ (3.36)

=K,X(0)+ M,
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By substituting (3.36) into (3.35), the solution at the end of the switching period can be
expressed as:

X(T) ;K(1X|<(3>)<;c))) + KM 4M, (337)
where K,,K,,M;,M, are derived from equations (3.35) and (3.36) and
d(t,,t,) =e*=™) Equation (3.37) is the iterative map or Poincaré map that relates the
state at t=0 to the state at t=T and can be written in the form X_,, =f(X,,d,) where d,

is the duty cycle at the end of each PWM cycle. If the steady state behaviour is periodic,

then the present state X, will be equal to the state at the end of the clock cycle X, ,and

the fixed point (FP) of the map will be derived as:

X, = KK,X, +KM+M, (3.38)
=X,

X, =X =[1- KK, T* x (KM #M,) (3.39)

To complete the derivation of the Poincaré map in closed loop SMPE based systems, we
need to compute the duty cycle d,, but the equation involved is usually nonlinear and
transcendental [23] thereby making the derivation of the Poincaré map in closed form
difficult.

3.8 Summary
In this chapter the fundamentals of electrical drive operation with emphasis on DC

drives and SRM drives are discussed. The details covered include the operating
principles, commutation strategies, mathematical models, and control schemes
employed in electrical drive systems. The Chapter is concluded with an overview of the
modelling techniques commonly used for the nonlinear analysis of electrical drives;
state space average modelling and the iterative mapping approach. The state space
average modelling technique is a much simpler approach but it is only useful in
capturing slow scale instability, and connot detect fast-scale instabilities. The iterative
map modelling technique is more complex but is capable of detecting both slow scale
and fast-scale instabilities. In the next chapter the nonlinear phenomena that occur in a

PMDC drive system will be analysed in detail.
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CHAPTER 4

ANALYSIS OF NONLINEAR PHENOMENA 1IN
DC CHOPPER-FED PERMANENT MAGNET
DC DRIVES

4.1 Introduction
Switched mode power electronic based systems including electrical drives often exhibit

complex, nonlinear behaviour. The nominal steady state behaviour of such systems is a
periodic ripple with a mean value close to the reference state and the same period as the
external clock. This operating regime is referred to as a period-1 operating mode, and
the steady state trajectory in this operating mode is known as a period-1 orbit. As some
system parameter (such as the supply voltage or controller gains) is being varied, this
nominal orbit loses stability, and another attracting orbit of period-nT (subharmonics) or
a quasiperiodic orbit emerges. This qualitative change in the steady state trajectory of
the system under parameter variation (also known as bifurcation) is typical of all
nonlinear systems, and was discussed in Chapter 2. Further variation of the parameter
leads to the birth of an aperiodic or chaotic orbit.

In this Chapter, the nonlinear phenomena in DC chopper-fed PMDC drives employing
simple proportional control and the more practical proportional integral (P1) control will
be analysed. Apart from the period doubling (or fast-scale bifurcation) that was
reported by Chau et al. [7, 8] when the proportional controller was employed, the
phenomena of co-existing attractors and fractal basin boundary at some parameter
values are observed and reported in this thesis for the first time in this simple
deterministic system. Also, when employing a PI controller, a Neimark-Sacker (or slow
scale bifurcation) was observed and experimentally validated. The analysis and
experimental validation of the Neimark-Sacker bifurcation in a PI controlled PMDC
drive which is presently absent from literature is one of the major contributions of this
thesis. The first report of Neimark-Sacker bifurcation in DC drive was by Tse et. al. [3]

but this was neither analysed nor experimentally validated.
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Similar to other SMPE systems such as DC-DC converters, the analysis of the nonlinear
phenomena in PMDC drives will involve the stability analysis of a limit cycle or
periodic orbit rather than an equilibrium point, hence its complexity. The most common
technique for performing the stability analysis of a limit cycle is the Poincaré map or
iterative map approach [20, 30, 72]. But, as was discussed in Chapter 2 and Chapter 3,
the iterative map will be difficult to derive in closed form in some power electronic
systems (including electrical drives) due to the transcendental nature of the equations
involved. Also, the iterative map approach is very complicated when applied to higher
order drives such as the SRM drives. In this project, an alternative technique for
stability analysis of the periodic orbit will be employed. This technique (also referred to
as Monodromy matrix approach in some literature) is based on Filippov’s method of
differential inclusion [22] and will achieve the same objective as the Poincaré map
technique, but in a much more straightforward way. It has been successfully employed
in analysing stick-slip oscillations in mechanical systems [65], and subharmonics
oscillations in DC-DC converters [23, 24, 66]. This represents its first application in an
electrical drive system. The key idea is to obtain the state transition matrix (STM)
around the nominal orbit (known as the Monodromy matrix) and evaluate its
eigenvalues known as Floquet multipliers. The nominal orbit is stable if the absolute
values of the Floquet multipliers is within the unit circle and unstable otherwise. The
Monodromy matrix and its eigenvalues can be used to predict slow scale and fast-scale

instabilities that occur in electrical drive systems.

This chapter is organized as follows: in section 4.2, nonlinear phenomena in DC
chopper-fed PMDC drives operating under proportional control is investigated. The
fast-scale bifurcation phenomenon in the drive will be initially investigated using
numerical simulations and will be validated by the stability analysis of the nominal
period-1 orbit of the drive using the Monodromy matrix approach. Also, the occurrence
of co-existing attractors and fractal basin boundaries at some system parameter values
are investigated both numerically and analytically. In section 4.3, the nonlinear
phenomena in a more practical P1 controlled PMDC drive is analyzed (using both the
Monodromy matrix and state space averaging technique) and experimentally validated.

Section 4.4 is the chapter summary.
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4.2 Nonlinear Analysis of DC Chopper Fed PMDC Drives Employing
the Proportional Controller

4.2.1 System Overview.

The schematic diagram of DC-chopper fed voltage mode controlled PMDC drive
employing the proportional controller was earlier shown in Fig. 3.9 but will be repeated
in Fig. 4.1 for easy reference. The system consists of three main components namely the
PMDC motor, the power converter (a dc chopper) and the control electronics. The shaft
speed w(t) is controlled by control of the average voltage at the armature terminals via
pulse width modulation (PWM). Under CCM, the system will alternate between two
circuit topologies (detailed in Chapter 3) at steady state, depending on the relative

magnitudes of the control signal V¢on(t) and the sawtooth signal Vyamp(t).

S R L

\’inC

SIGNAL GENERATOR

Vramp(?)

+ o(f)

Veon(?) \P oref

Fig. 4.1 Schematic diagram of voltage mode controlled DC chopper-fed PMDC drive.

PWM SIGNAL

When the sawtooth signal is greater than the control signal, the PWM output goes high,
the switch (S) closes, the diode (D) opens (is reverse biased) and the system model will

be described by the equation:

XO_p e,

(4.1)

But when the sawtooth signal is lower than the control signal, the PWM output goes
low, the switch (S) opens, the diode (D) conducts (becomes forward biased) and the

system model will be described by the equation:
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aX()

ek A X(t) + V (4.2)

For the purpose of nonlinear analysis equations (4.1) and (4.2) can be combined leading

to the equation below:

fOFF (X(t)) = Aoffx(t) + Voff ! Vcon (t) > Vramp(t)
dX(t) _

. (4.3)

fon (X(0) = Agn X (1) + Vons Veon(t) <Viamy (1)
where fo- (X(t)) is the vector field before the switching manifold, f,, (X(t)) is the

vector field after the switching manifold and X(t) =[w(t) i®)] =[x @) x,®)] is the

state vector.
Vcon (t) = Kp X (a)(t) — Wy ) = Kp X (Xl (t) — Wy ) (44)
Vi (0 =V, + (Y, —VL)%modlva AV, x%modl (4.5)

where V| is the lower voltage of the sawtooth signal, Vy is the upper voltage of the
sawtooth signal, (Vp=Vy-V.), and T is the PWM period.

B K, T, -7,
) J J
A, =Ax=A= , Vo, = ,and V4 =
K, -R vV, 0
L L L

4.2.2 Dynamic Behaviour of DC Chopper-fed PMDC Drives

The nominal steady state behaviour of a DC chopper-fed PMDC drive is DC waveforms
with periodic ripple at the same frequency as the PWM signal (Figs. 4.2 and 4.3). As
some system parameters such as the proportional gain (Kp) or supply voltage (Vi,) are
being varied, this nominal orbit (also known as period-1 orbit) loses stability via a
period doubling or fast-scale bifurcation [7] and a new orbit whose period is double the
period of the original orbit emerges (Figs. 4.4 and 4.5). Further variation of the system
parameter leads to period doubling bifurcation cascades and chaos (Figs. 4.6 and 4.7).
In order to confirm the occurrence of chaos, the system response to slight variation in
the initial condition was tested, and the result (Fig. 4.8) indicates that the steady state

behaviour depends on the initial condition, thus satisfying the property of a chaotic
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system [9]. Also the chaotic phase portrait in Fig. 4.7 indicates that the occurrence of

chaos does not imply that the steady state trajectory is unbounded, hence the term

‘strange attractor’ [9]. The bifurcation diagram of the system as the proportional gain is

being varied is shown in Fig. 4.9, while the bifurcation diagram as the supply voltage is
being varied is shown in Fig. 4.10. The fixed parameters of the system are:

K=0.1324NM/A,L=36mH, R=3.5Q, B:0.000564Nm.rad'1.sec, K:=0.1356Vs/rad, T=4ms,
J=9.71x10*N.m.rad *.sec?.
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Fig. 4.2 Nominal period-1 current and speed trajectory in time domain;
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Fig. 4.3 Period-1 phase portrait.
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Fig. 4.10 Bifurcation diagram showing speed as the supply voltage is varied;
Kp=2.

The bifurcation diagrams (Fig. 4.9 and Fig. 4.10) summarised the steady instability that
occurs in DC Chopper-fed PMDC drives as the proportional gain or supply voltage are
varied. The diagrams were obtained by varying the system’s bifurcation parameter over
some interval (1.1-5 for the proportional gain and 40V-160V for the supply voltage),
and sampling the states at a discrete interval (T), corresponding to the period of the
PWM signal. The steady state samples are then stored and plotted against the

bifurcation parameter.

As the proportional gain (Kp) is varied (Fig. 4.9), the system operates at nominal
period-1 orbit for Kpe[l.1, 2.34] and then loses stability via a period doubling
bifurcation, leading to the birth of a period-2 attractor. From Kp = 2.34 to Kp = 2.8, the
period-2 attractor is the only attracting set in the system. As Kp is varied further, the
system undergoes period doubling bifurcation cascades leading to the birth of the
chaotic attractor. At Kp=3.5, an intermittent period-3 window appeared which also

undergoes period doubling route to chaos as the gain is varied further.

Similarly, as the supply voltage is varied (Fig. 4.10) it could be seen that the system
operates at nominal period-1 behaviour for Vi,€[40V,111.83V], but at V;,=111.83V this
nominal orbit loses stability and a period-2 orbit emerges. The period-2 orbit remains
stable (attracts trajectories of initial points) until Vi, =123.5V when it lost stability and
begins to repel. For Vi,e[125V,160V], the system behaviour is aperiodic or chaotic and

will be difficult to predict in the long term.
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4.2.3 Stability Analysis of the Period-1 orbit using the Monodromy Matrix
Approach

To analyze the fast-scale bifurcation in a DC chopper-fed PMDC drive employing the
proportional controller, we have to perform a stability analysis of the period-1 orbit of
the drive. In this thesis, the Monodromy matrix approach (detailed in Chapter2) will be
employed in the analysis. The period-1 orbit of a DC Chopper-fed PMDC drive is
shown in Fig. 4.3 but is repeated here (Fig. 4.11) for convenience, while a typical
interaction of the control signal and the ramp signal for one PWM cycle is shown in Fig.
4.12. To analyze the stability of the orbit we need to study the system steady state
dynamics for te[0,T] where T is the period of the PWM cycle.

4.5
S (T)—/: _
ST /? (0)=X(T) S e
4 /. E M=o
/ \\
33.5
5
3 3 \ S/
(t )
S (t)
' 1'>

101.35 101.4 101.45 101.5 101.55
Speed (rad/s)

Fig. 4.11 Period-1 orbit of a DC Chopper-fed PMDC drive

From Figure 4.11, the state transition matrix (STM) over a complete cycle of the orbit
(the so called Monodromy matrix) is expressed as:

M (T,0) =S, xD(T,t,) xS, xD(t,,0) (4.6)

where @(t,,t,) is the STM from t=ta to t=tgand is expressed as ®(t,t,) =e =) S,
is the Saltation matrix that govern the transition of the trajectory from the switch OFF

(Sorr) region of the state space to the switch ON region (Son), and S2 is the Saltation

matrix that govern the transition from region Spn t0 region  Sofr,
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. NP T,
t, =(1-d)xT =86xT is the switching instant and d = % . Consequently, the
Monodromy matrix will be expressed as:
M(T,0)=S, x g ATt ><Sl><eAtz 4.7
where the Saltation matrices Si, S;and the switching instant (t, ) are the only unknowns.

/ -

Vy 4

Vi

Time

PWM

»

t=0 t=ty t=T Time

Fig. 4.12 Interaction of the control signal and the ramp signal for one PWM
cycle.

As detailed in Chapter 2 and in [23, 65, 66] the Saltation matrix can be expressed as:

(f,-f) n'
Ah(X() (4.8)
ot

nf +

t=t,

where h defines the location of the switching hypersurface, nis the normal vector to the

hypersurface, f_is the vector field before the switching instant and is given by

Iimwtz f_(X(t),t), f, is the vector field after the switching instant and is given by

IimtTtE f, (X(t),t), and I is an identity matrix of the same order with the system. The
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Saltation matrices for the DC chopper-fed PMDC drive can be derived following the

procedure described below.

Assuming the initial state vector of the system is X(0) (Fig.4.11), then for te[0, ty] (Fig.
4.12) Veon(t) is greater than Viamp(t), the PWM output is low, the switch is OFF and the

system dynamics is described by X(t) = (X(1)) = A X(t) + V., .

Similarly, for te[ty, T], Vcon(t) is less than Viamp(t), the PWM output is high, the switch
is ON and the system dynamics is described by X(t) = f., (X(1)) = A, X(t) +V,,, with

on’

the last value of the state vector X(ty) serving as the initial state.

At t= ty, the trajectory crossed from the switch OFF region of the state space to the

switch ON region and the switching hypersurface expression is given by:

X =Van O Vo) = KPS (D= 0) 0V =0, VO @9)

Since Veon(t)= Viamp(t) at the switching instant (t= ty), the hypersurface or switching
equation is given by:

VL + (Vu _VL)6

=0 4.10
<@ (4.10)

h(X(t3)) = X, (ts) = @7 —

where t;, =(1-d)xT =0xT.
From (4.9), the partial derivative of the hypersurface expression with respect to time

—6h(§(t)) and the normal (n) to the hypersurface can be expressed as:

oh(X(®) _ =My -V1)

P T (4.11)
UG

OX p

n=Vh(X(t),t) = m { 0 } (4.12)
OX,

and the transpose of the normal to the hypersurface (n') is given by n' =[Kp 0]

f, =fou = AgX(ty) + Vs, (4.13)

fo=for = A X(ts) + Vo (4.14)
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0
f+ _f— :fON _fOFF = Von _Voff = vV (415)
L
0 0
(fon _fOFF)XnT = V. Kp . (4.16)
L

Kt Xz (tz) — Bxl (tz) _TL

n" xfore =[Kp 0]x

J —K [Ktxz(tz)_Bxl (tz)_TLj (4.17)
_sz(tz)_Kexl(tz) J
L

Consequently the Saltation matrix (S;) is given by:

10 ; 1 0
S, = R (;r?&)(?)) = (4.18)
0 1| n'f + % S, 1
OFF ot i
VinKp
S21= L
Kp( Kixo(ts) —Bxq (tz)—TLj_Vu -V
) T (4.19)
Vin
_ L
(Kt Xo(ty)—Bxg (tz)_TL]_VU -V,
J KpxT

where the state vector at the switching instant X(ty) is the only unknown and will be

obtained by computing the initial state vector X(0) and the switching instant ty. From
Fig.4.11 we have:

X(T) = X(0) = (T, t;)X(t,) + j DT, A)V,,dA (4.20)
= K X(t,)+ M,
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X(ty) = ®(t,,0)X(0) +TCD(tz AWV, dA

(4.21)
=K, X(0)+ M,
By substituting (4.21) into (4.20) we get:
X(0) = Ky (K;X(0) + M,) + M,
= K,K, X(0) + KM, + M,
(4.22)
X(0) = (1 - K,K,)* x (K,M, + M,) (4.23)

]
where K, = d(T,t,) =e"T) K, =d(t, 0) =e™ , KK, =e*" , M, = [®(T, )V,,dA
ty
ty
and M, = [@(t,, A)V,4d2
0

Consequently the initial state X(0) will be expressed as :

eA(TtZ)TeA(tzr)Voffdz_
XO)=(1-e")tx| _° (4.24)

+ [eATIV, d7)

ty
Equation (4.24) expresses the initial condition X(0) in terms of the switching instant
t, =(1-d)xT =0xT . To obtain the value of the state vector at the switching instant
X(ty), the switching instant (ty) and the initial state vector X(0) must be known. Thus
the duty ratio 5 will need to be calculated. This can be achieved by making use of the

hypersurface expression (4.10) and the expression for the state vector at the switching
instant (4.21), giving the equation:

X (tg) =[L 0)e™X(0)+ fe’*“”)voﬁdr) o, + 0t (Vg p_VLm (4.25)

By substituting the expression for X(0) in equation (4.24) into equation (4.25) we have
the expression (4.26) with the duty ratio & as the only unknown. This equation can be

solved numerically for the duty ratio using the Newton-Raphson technique.

ts
eA(T—lZ)IeA(IE—z)V dz
0 t
[1 0]>< e x (1) x 0 + Jl‘eA(trr)VoﬁdT - vV, +(V, -V,)o) 0 (4.26)

.
+ je“”)vmdr) 0 Kp

Iy
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Once the duty ratio () is known, the initial state vector X(0) will be easily evaluated

from equation (4.24), and the state vector at the switching instant X(ty) will be
computed from equation (4.21). The Saltation matrix (S;) will then be evaluated by
substituting X(ty) into equation (4.18).

The Saltation matrix S, governs the transition from the region Spn back to the region
Sorr at the end of the switching cycle (t=T) as shown in Fig. 4.11.

(fOFF _fON)nT
S, = + (4.27)
0 1) w4 OXO)

ot

t=T

But because of the sudden discontinuity of the sawtooth signal at t=T, w

t=T
1 0

and consequently S, =
01

By substituting the Saltation matrices (S1, S;) and the switching instant (t, =0 xT)into

equation (4.7), the Monodromy matrix can be evaluated. The stability of the nominal
period-1 orbit depends on the eigenvalues of the Monodromy matrix (the so called
Floquet multipliers). The nominal orbit will be stable if the absolute value of the

Floquet multipliers is within the unit circle and unstable otherwise.

The computed duty ratio (&), initial state X(0), and the state vector at the switching
instant X(ty) as the proportional gain (Kp) is varied are shown in Table 4.1, while the
computed Saltation matrix, Monodromy matrix, and Floquet multipliers are shown in
Table 4.2. A plot of the proportional gain against the duty ratio is shown in Fig. 4.13,
while the eigenvalue loci are shown in Fig. 4.14.
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Table 4.1 Changes in duty ratio, the initial state, and the state vector at the switching

instant as the proportional gain is varied

Gain (Kp) o=t /T d=1-¢6 X(0) X(ty)
1.2 0.7443 0.2557 1013716 1013645
4.4660 23560
1.5 0.7447 0.2553 10109931 | [ 1010922
4.4638 23559
1.8 0.7449 0.2551 1009176 1009105
44623 i 23559
2.2 0.7452 0.2548 [ 100.7523] | [ 100.7452
| 44609 | || 23559
2.3 0.7452 0.2548 [ 100.7199] || 100.7128
| 44606 | || 23559
2.33 0.7453 0.2547 [100.7108 | [100.7037 |
| 4.4606 | | 23559
2.34 0.7453 0.2547 [100.7078 | [100.7007 |
| 44605 | 23559

From Table 4.1, it could be seen that as the proportional gain is changed from 2.33 to

2.34 the duty ratio remains nearly constant. Consequently the product term

e A(T -tx)

x e in equation (4.7) does not change leading to the conclusion that the

change in Monodromy matrix (Table 4.2) was mainly due to changes in the Saltation

matrix as the system parameters are being varied. The sensitivity of the Saltation matrix

to system parameter changes is the basis for the control of the fast-scale bifurcation and

chaos that will be discussed in Chapter 6.
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Table 4.2 Computed Saltation matrix and Monodromy matrix as the proportional gain
IS varied

Gain (Kp) | Saltation matrix Monodromy Matrix Floquet Multipliers
1.2 1.0000 0 03795 02336 -0.2131 + 0.7942i
-4.6481 10000 -42034  -08057 -0.2131 - 0.7942i
15 10000 0 [ 02691 01945 -0.4033 + 0.7167i
| -54919 10000 | -4.9650 -1.0756 -0.4033 - 0.7167i
1.8 1.0000 0 01701 01594 -0.5737 + 0.5892i
| -6.2481 10000 | -56475 -13174 -0.5737 - 0.5892i
2.2 1.0000 0 [ 00530 01179 -0.7751 + 0.2746i
| -71421 10000 | -64544 -16033 -0.7751 - 0.2746i
2.3 1.0000 0 | [ 00261 01084 -0.8215 + 0.0375i
| -7.3478 10000 | | -6.6401 -16691 -0.8215 - 0.0375i
2.33 1.0000 0 ] 00182 01056 -0.6897
| -7.4083 10000 | -66946 -16884 -0.9805
2.34 1.0000 0 | 00156 01047 20.6702
| -7.4283 10000 | | -6.7127 -16948 -1.0090
0.7455 L : : :
Q , e T
S.0.745+ Lot -
(@] " *  °
> o ¥
5 e ¥
&) ot
0.7445 Lt -
*
0.744 : : : :
1.2 1.4 1.6 1.8 2 2.2

Fig. 4.13 Duty ratio against proportional gain

Proportional Gain
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Fig. 4.14 Eigenvalue loci as the proportional gain is varied.

The analytical results shown in Table 4.2 and the eigenvalue loci (Fig.4.14) indicate that
the period-1 orbit loses stability when Kp=2.34 (as one of the Floquet multipliers moves
out of the unit circle at this parameter value). This is in full agreement with the

numerically obtained bifurcation diagram shown in Fig. 4.9.

Also, when the proportional gain (Kp) is kept fixed at 2, and the supply voltage (Vi) is
varied, the computed duty ratio, initial state, and the state vector at the switching instant
are shown in Table 4.3, while the computed Saltation matrix, Monodromy matrix, and
Floquet multiplier are shown in Table 4.4. The eigenvalue loci are shown in Fig. 4.15.
The results in Table 4.4 and the eigenvalue loci in Fig. 4.15 indicate that the period-1
orbit loses stability when V;,=111.83V in agreement with the numerically obtained
bifurcation diagram in Fig.4.10. The system stability boundary indicating the stable
(nominal period-1) and unstable (subharmonics) regions as the supply voltage and
proportional gain are varied is shown in Fig. 4.16.
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Table 4.3 Changes in duty ratio, the initial state, and the state vector at the switching
instant as the supply voltage is varied.

Supply Voltage o=t /T d=1-¢6 X(0) X(ty)
V)
85 0.7002 0.2998 100.7776 | 100.7702 |
| 43895 | || 24119
90 0.7168 0.2832 [ 100.79581 | [ 100.7885]
44161 | || 23911 |
95 0.7317 0.2683 1008121 | [ 1008049]
44399 | 23725 |
100 0.7451 0.2549 10082671 | [ 1008196
44615 | 23559 |
105 0.7572 0.2428 " 10083991 | [ 1008329]
| 44811 | || 23409 |
110 0.7682 0.2318 [ 1008519] | [ 1008450]
| 44990 | 23273 |
111.83 0.7720 0.2280 [ 1008560] | [ 1008492
| 45051 | || 23226
1 T T t T
V. =111.83V
n
0.5- .
= ,
> 0 r=0.8223 |
g / |
V. =112.5V '
-0.5- i

Real())

Fig. 4.15 Eigenvalue loci as the supply voltage is varied
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Table 4.4 Computed Saltation matrix and Monodromy matrix as the supply voltage is
varied.

Supply Saltation matrix Monodromy Matrix Floquet Multipliers
voltage
85V 1.0000 0 01007 01514 -0.4752 + 0.6711i
-58111 1.0000 -51642 -10511 -0.4752 - 0.6711i
o0V 10000 0 [ 01041 01464 -0.5426 + 0.6179i
| -61101 10000 | -54639 -11892 -0.5426 - 0.6179i
95V [ 10000 0 [ 01070 01420 -0.6101 + 0.5514i
| -6.4098 10000 | -5.7641 -13272 -0.6101 - 0.5514i
100V [ 10000 0 [ 01096 01380 ] -0.6778 + 0.4657i
| -6.7101 1.0000 | -6.0645 -14651] -0.6778 - 0.4657i
105V [ 1.0000 0 ][ 01119 01344] -0.7455 + 0.3470i
| -7.0108 10000 | | -6.3651 -16030 | -0.7455 - 0.3470i
110V " 1.0000 0 ||[ 01140 01312] -0.8134 + 0.1210i
| -73119 10000 | | -6.6660 -1.7407 | -0.8134 - 0.1210i
111.83V [ 1.0000 0 ||[] 01147 01301] 20.675
| -74222 10000 | | -6.7762 -17911 -1.0008
112.5V " 10000 0 |]|[ 01149 01297 -0.6430
| -74626 10000 || -68165 -18096 -1.0517
180
N
<160
Y \
2 ~—_ Unstable Region
>
—§ 120 Stable Region \\
100
1.2 1.4 1.6 1.8 2 2.2

Proportional gain

Fig. 4.16 System stability boundary (supply voltage against proportional gain).
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4.2.4 Co-existing Attractors and Fractal Basin Boundary in DC Chopper-fed
PMDC Drives

Apart from the period doubling route to chaos reported above, another form of
complexity arises when two or more asymptotically stable periodic orbits or attracting
sets co-exist as the system parameters are being varied. This is usually referred to as co-
existing attractors [62], and when this occurs, trajectories of the system selectively
converge on either of the attracting sets, depending on the initial state of the system [62],
[60]. In a DC Chopper-fed PMDC Drive employing the proportional controller, three
different co-existing attracting sets (period-1, period-3 and period-4 attractors) were
identified when the proportional gain parameter was set to 2. Trajectories of the initial
points of the system selectively converge on any of the attracting sets (Table 4.5), thus
making future prediction of system performance nearly impossible. The period-3
attractor is born when the control signal skips one cycle of the ramp signal (Fig. 4.17) as
a result of the change in the initial condition, while the period-4 attractor is born when
the control signal skips two cycles of the ramp signal (Fig. 4.18). Efforts to isolate the
basin of attractions of each of the attracting sets reveal the occurrence of a fractal
phenomenon (Fig. 4.19). The basin of attraction of a given attractor is the set of initial
conditions whose trajectories converge on the attractor. If co-existing attractors exist,
the boundary demarcating the basins of the different attracting sets is referred to as

separatrix.

Table 4.5 Possible attracting sets when Kp=2, for »(0)<[90,92.5] rad/s and

i(0)e[2,4.5] A

Initial Speed w(0), Rad/s Initial Current i(0),A Attractor
90 2 Period-1

90.2 2.2 Period-4
90.4 24 Period-1
90.6 2.6 Period-4
90.8 2.8 Period-3

91 3 Period-3

915 3.5 Period-1

92 4 Period-1

925 4.5 Period-3
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Fig. 4.17 Period-3 behaviour (a) Control and ramp signals (b) Period-3 phase
portrait; Kp=2, »(0)=90.8 rad/s, i(0)=2.8 A.
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Fig. 4.18 Period-4 behaviour (a) Control and ramp signal (b) Period-4
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Fig. 4.19 Basin of attraction showing the co-existence of period-1(blue), period-
3(red), and period-4 (black) attractors at Kp=2, for (w(0)€[90,94] rad/s and
i(0)e[2,4.1] A.

From Table 4.5 and Fig. 4.19, it could be seen that the boundary of demarcation
between the basin of attractions of the three attracting sets is not clear, hence the fractal
phenomenon. The bifurcation diagram of the system showing the birth and death of the

co-existing period-3 attractor is shown in Fig. 4.20.
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Fig. 4.20 Bifurcation diagram showing the birth and death of the period-3
attractor as the proportional gain is being varied.
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4.2.5 StabilityAnalysis of the Period-3 orbit using the Monodromy Matrix
Approach

In order to analytically ascertain the system parameter values at which the co-existing
period-3 attractor loses its stability, we need to perform the stability analysis of the

period-3 orbit of the drive. From Fig. 4.17b, the Monodromy matrix can be expressed as:

M(3T,0) = O(3T,t;5) x Sy x D(ty;, T)x S, x O(T, ty,) xS, x D(ty,,0)

— eA(3T—t23) x SS % eA(tzs—T) % SZ % eA(T*tm) x Sl % eA(tzl)

(4.28)

where Sy, Sy, and S are the Saltation matrices at the three switching instants t,, =o,T,
t., =T andty, = 2T +5,T respectively. ¢;is the fraction of time the power switch will

be OFF during the first PWM cycle and 6;,is the fraction of time the switch will be OFF
during the third PWM cycle. Since the switch is OFF throughout the second PMW cycle,
0, =1. Sy is an identity matrix as the partial derivative of the switching hypersurface

with respect to time is infinity at t=T , while S; and Sz are derived following the same

procedure adopted during the analysis of the period-1 orbit.

- 1 0]
V.
S, = - (4.29)
L 1
( Kt X, (tm) B BX1 (tm) _TL j _VU _VL
| J KpxT |
_ 1 0
S — Vin
5= Zin
L 1 (4.30)
Kt X (tz3) B BX1 (tza) TL _ Vu _VL
| J KpxT
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To complete the derivation of the Saltation matrices (S; and S3), the switching instants
(t,,) and(ty;), and the state vectors at the switching instants X(t,,) and X(t,) are to be
computed.

From Fig. 4.17b, we have:

ty

X(ty;) = Oty 0)X(0) + [ D(tyy, AV,d2

(4.31)
=2,X(0) +b,
.
X(T)=0(T,t,)X(ty,) + | (T, 1)V,,d1
>l >1 t;[ (432)
=a,X(ty,) +b, =a,aXxX(0)+a,b, +b,
tys
X(ty3) = O(tys, T)X(T) + | D(ty5, )V, dA
>3 =3 ! >3 ff (433)
=a,X(T) + b, = a;a,a,X(0) + a;a,b, + a,b, +b,
3T
X(3T) =D (3T, t5,) X(ty5) + | (3T, A)V,,dA
IS tz[ (4.39)

=a,X(ty;) +b, =a,a;a,a X(0) + a,a,a,b, +a,ab, +a,b, +b,

where the expression for aj,a,, as,as,bi, bz, bs, and by can be deduced directly from
equations (4.31-4.34). aj, az, by and b, are functions of the duty ratio (J1), while as, as,
bs and b4 are functions of the duty ratio (ds). Since the orbit is of period-3, X(3T)=X(0)

and the initial state X(0) can be expressed as:
X(0) =[1 -a,a,a,a, | x (a,a,a,b, + a,a,b, +a,b, +b,)

tyq T
(eA(ST’tZD % J.q)(tz:l,ﬂ)voﬁdl) + (eZAT X J.(D(T’ﬂ)vond/l) +

tZs 3T N (435)
(eA(ET—Iza) % J‘q)(tzga//i)voffdﬂ“) + J.(D(\?)T,A«)Vondﬂ,

T

t23

1
:[I_ESAT]‘ «

:f(51v53)

where the two duty ratios 61 and 63 are the only unknowns, and will be obtained using
the switching conditions and the expressions for the state vector at the switching
instants in (4.31) and (4.33).
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From Fig. 4.17a, the first switching occurs at t=ts; when the control signal V¢on(t)
intercepts the ramp signal (Vcon(ts1)= Viamp(ts1)), While the third switching occurs at
t= ty3 (Veon(ts3)= Vriamp(ts3)). Consequently, we have:

VL + (Vu _VL)51

= (4.36)

X (ty) = 0 +

VL + (Vu _VL)53

” (4.37)

Xl (tZS) = a)ref +

Using the expression for the state vector at the switching instants in (4.31) and (4.33)
we have:

VL + (Vu _VL)51

X (ty) =[1 0]x(a,X(0)+b) =0 + =

(4.38)

VL + (Vu _VL)53

< (4.39)

X (tzs) = [1 O] X (a3a2a1X(0) + a3a2b1 + asbz + bs) =W +

By substituting the expression for X(0) (equation 4.35) into equations (4.38) and (4.39)
we will have two equations with the two duty ratios (61 and 63) as unknowns. Equations
(4.38) and (4.39) can be solved using the Newton-Raphson technique to obtain the two
duty ratios. Once the two duty ratios are known, the two switching instants (ty; and ty3),
the state vector at the switching instants (X(ty1) and X(ts3)), and the Saltation matrices
(S1and S3) can be evaluated. The Monodromy matrix for the period-3 orbit (4.28) will

then be obtained.

The computed Saltation matrices, Monodromy matrix and Floquet multipliers as the
proportional gain is varied are shown in Table 4.6, while the eigenvalue loci are shown
in Fig. 4.21. From the tabulated result and the eigenvalue loci, it could be seen that the
co-existing period-3 attractor loses stability when the proportional gain is set to 2.09,
which is in agreement with the bifurcation diagram of the system (Fig. 4.20) obtained

through numerical simulation.
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Table 4.6 Monodromy matrix and Floquet multipliers showing the gain
parameter value at which the co-existing period-3 orbit loses stability.

Gain S1 S3 Monodromy Floquet Multipliers
(Kp) Matrix
1.45 1.0000 0 1.0000 0 -14240 -01311 -0.3604 + 0.4235i
-5.4959 1.0000 -41328 10000 99941 0.7032 -0.3604 - 0.4235i
1.5 10000 0 10000 0 -14211 -01387 -0.3035 + 0.4660i
-56313 1.0000 -42124 10000 105676 08141 | -0.3035 - 0.4660i
[ 1.0000 0 || [ 20000 0 ||[ -16121 -00958 -0.4647 + 0.3054i
1.9 |[-6.0400 10000 || |-47704 10000] || 147208 06827 ]| -0.4647 - 0.3054i
2.05 [1.0000 0 ]| [ 10000 0 ||[-19829 -01162 -0.8232
-6.0786 10000 || [-49251 10000] || 160385 07840 -0.3757
2.09 1.0000 0 10000 0 -19811 -0.0913 <1.1014
-6.0906 1.0000 || |-49613 10000 163849 05989 -0.2808
1
/’ \
_ 05 g:2'.(9 - \
<
a *
: / \
g 0 —
BN Y,
> \ : /
-1 \ ‘/_/
-1 -0.5 0 0.5 1
Real())

Fig. 4.21 Eigenvalue loci for the period-3 orbit.
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4.3 Nonlinear Analysis of DC Chopper Fed PMDC Drives Employing
the Proportional Integral Controller

The period doubling bifurcation route to chaos in DC chopper-fed PMDC drives
employing the proportional controller was investigated in the last section using both
numerical simulation and analytical techniques. In this section, the nonlinear analysis is
extended to DC chopper-fed PMDC drives employing a more practical Pl controller.
Initial numerical simulations by Dong Dai et al. [12] confirmed the occurrence of a
slow-scale (or Neimark-Sacker) bifurcation in a Pl controlled PMDC drive, but the
observation was neither analyzed nor experimentally validated. The purpose of this
section is to analyze and experimentally validate for the first time the occurrence of a
Neimark-Sacker bifurcation in a PMDC drive employing the Pl controller. Both the
Monodromy matrix approach and the state space averaging technique will be applied in

the analysis.

4.3.1 System Overview

A schematic diagram of the DC chopper-fed PMDC drive operating with a proportional
integral (P1) controller is shown in Fig. 4.22. The system is composed of three main
components namely a permanent magnet brushed DC (PMDC) motor, power converter
unit (DC chopper), and Pl compensation network. The tacho-generator produces a
voltage proportional to the actual speed, which is compared with the reference speed (an
analog voltage from the potentiometer) to obtain an error signal. The error signal is used
by the controller to produce a control voltage Vcon(t) that is compared with a 20kHz
sawtooth signal Vyamp(t) to produce the PWM signal u(t).

The PWM signal will be high when the control signal is greater than the sawtooth signal
and will be low otherwise. The power switch (S) and the freewheeling diode (D) operate
in a cyclic and complementary manner depending on the PWM signal. When the PWM
signal is high, the switch turns ON, and the diode will be reverse biased (OFF). But
when the PWM signal is low, the switch turns OFF, and the diode will be forward

biased (ON), thus providing a return path for the decaying armature current.
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u(t)

'S

Vramp(?) 2 (f)

PWM SIGNAL
Veon(?)

Fig. 4.22 DC chopper-fed PMDC drive employing the PI controller

Based on the condition of the switch (S) and the diode (D), the system is modelled by a
3rd order piecewise-affine set of equations as shown:

deo(t) _ (K it)-T, —Ba(t))

. . (4.40)
dit)  —i(t)R - K,w(t) +V, xu(t)

i 2 (4. 41)
% = Wt — C()(t) (442)

where u(t) is the PWM signal whose value is 1 when the switch is ON, and 0 when the
switch is OFF. The 3" state variable vi(t) is due to the integrator in the P1 controller loop.

For the sake of compact notation, the mathematical model of the PI controlled PMDC

drive can be expressed as:

f1(X(1));Veon (t) > Vramp (t) : Switch ON

axw) _ (4.43)
o (X())Voon () <Vramp (1) : Switch OFF

where:

£L(X() = AX(E) +V, (4.44)

£,(X(1) = A,X(t) +V, (4.45)
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_i K¢ 0_ _JL T
x )] [olt) JK JR v J
Xt)=| %, (@) [=]it) | A=A, = _Le _T 0|V, = T V, =0
X3(t) Vi (t) —1 0 0 ) ‘ a)ref

Voon () = Kp x (&,

ref

~ o)+ K, xV, ) = Kp(e

ref

=% (1) + Kix; (1) (4.46)

while Vrampi(t) has been previously defined in (4.5).

4.3.2 System Dynamic Behaviour

The nominal behaviour of a DC chopper-fed PMDC drive employing the PI controller is
a period-1 orbit (Figs. 4.23 to 4.25). But as the integral gain (K;) or the supply
voltage(Viy) is varied, the Period-1 orbit loses stability via Neimark-Sacker or Hopf
bifurcation [13-15, 85, 86] and a quasiperiodic orbit or the so called torus is born. While
the supply voltage (Viy) is fixed at 24V and the integral gain is varied, the Neimark-
Sacker bifurcation occurs at Ki=1612 (Figs. 4.26 to 4.28). Further variation of the
integral gain causes the system to make a transition from CCM to DCM (Figs. 4.29 to
4.31). The bifurcation diagrams of the system as the integral gain is varied are shown in
Figs. 4.32 and 4.33. Similarly, with the integral gain fixed at 1580 while varying the
supply voltage, the Neimark-Sacker bifurcation occured at V=57V (Fig. 4.34 and
4.35). Further variation of the supply voltage caused the system to make a transition
from CCM to DCM (Fig. 4.36 and 4.37). The bifurcation diagrams of the system as the
supply voltage is varied are shown in Figs. 4.38 and 4.39.

It is also observed that the onset of the Neimark sacker bifurcation depends on the
electrical time constant (T.=L/R) of the PMDC motor. The higher the electrical time
constant of the PMDC motor (high inductance and low resistance) the earlier the onset
of the Neimark-Sacker bifurcation, as shown in Fig. 4.40. The figure confirms that
Neimark-Sacker bifurcation occurs at low value of the integral gain if the electrical time
constant of the PMDC motor is increased. The parameters of the system are: R=7.8 Q,
L=5mH, T.=0.087NM, K=0.0984Vs/rad, K=0.09NM/A, wrer=100rad/s,
B=0.000015Nm/rad/sec, J=4.8400e-005Nm/rad/sec?, fs=20kHz, T=0.05ms, V. =0,
Vy=8V, and Kp=1.
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Fig. 4. 23 Period-1 speed and current trajectory; Ki=1000, Vi,=24V, and T=0.641ms.

=
o

AAAAAAAAAAAAA LA

/

Vcon&Vramp (V)
S
\
\
\

1.2928 1.493 1.4932 1.4934 1.4936
Time (s)
S
=0.5
=1
1.2928 1.493 1.4932 1.4934 1.4936
Time (s)

Fig. 4.24 Interaction of the control signal and the ramp signal; period-1
operating mode.
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Fig. 4.25 Period-1 phase portrait.
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Fig. 4.26 Quasi-periodic current trajectory (CCM) at Ki=1612.
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Fig. 4. 27 Interaction of control and ramp signal during quasi-periodic operation at
Ki=1612.
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Fig. 4.28 Phase portrait of speed against current and integrator output
(Torus) at Ki=1612.
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Fig. 4. 29 Transition from CCM to DCM at Ki=1640.
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Fig. 4.31 Phase portrait of armature current against speed in DCM.
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Fig. 4.32 Bifurcation diagram of speed against the integral gain
(Vin=24 V).
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Fig. 4.33 Speed and current dynamics as the integral gain is varied

(Vin=24V).

98 1500

1550

1650

1600

Integral gain(Ki)

Current (A)

0.8

0.6r

0.4

1.99

1.992

1.994
Time (s)

1.996

1.998

Fig. 4. 34 Quasi-periodic current at Vi,=57 V (Ki=1580).
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Fig. 4. 35 Phase portrait of armature current against speed at Vi,=57 V (Torus).
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Fig. 4. 36 Transition from CCM to DCM at V;,=65 V.
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Fig. 4. 37 Phase portrait of armature current against speed (DCM) as the supply
voltage is varied.
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Fig. 4.38 Bifurcation diagram of speed against supply voltage (Ki=1580).
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Fig. 4.39 Speed and current dynamics as the supply voltage is being varied
(Ki=1580).
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Fig. 4.40 Quasiperiodic current at Ki=56.2, R=3 Q, L=55 mH, T,=18.33 ms.

4.3.3 Experimental Validation of the Neimark-Sacker Bifurcation in a PMDC
drive

To validate the occurrence of the Neimark-Sacker bifurcation (slow scale instability) in
a PI controlled PMDC drive, the experimental set up shown in Fig. 4.41 was built. The
rig consisted of a PMDC motor (Fig. 4.42), a power converter unit, and a
dsPIC30F3010 digital signal controller (DSC). A dc generator was connected to the
PMDC motor to act as a load. Though the analysis presented was based on analog
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controller, a digital controller was adopted due to its flexibility and the built-in
peripherals that are suitable for motor speed control. Also the qualitative behaviour of

the system under parameter variation (which is the key emphasis of this research) is the

same for both analog and discrete Pl implementation.

Fig. 4.41 The experimental set up.

The power converter and the DSC were mounted on a flexible dsPIC30F3010
development board (Fig. 4.43) which can be easily configured as a dc chopper, a full
bridge converter or a 3 phase inverter (depending on the application). The PI control
algorithm was implemented in C language, and the executable program was
downloaded to the DSC via a Microchip ICD2 debugger device. Details of the
experimental setup are discussed in appendix A. The measured period-1 behaviour of
the system is shown in Figs. 4.44 to 4.45, while the measured quasi-periodic behaviour

as the integral gain and supply voltage are varied is shown in Figs. 4.46 to 4.55.

Sntizddrsrture PMDC motor  coypling Load Machine

+Tachogenerator

alli o+

»

= 4

J - e

Fig. 4.42 PMDC motor and DC generator unit
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Fig. 4.43 Flexible DsPIC30F3010 development board.
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Fig. 4.44 Measured period-1 current and speed at Kp=328, Ki= 3933,
and Vin=24 V (ors =100 rad/s).
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Fig.4. 45 Measured PWM output for period-1 operation.
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Fig. 4.46 Measured quasi-periodic current (CCM) at Ki=9175
corresponding to Fig. 4.26.
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Fig. 4. 47 Measured PWM output during quasi-periodic operation (CCM)
corresponding to Fig. 4.27.
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Fig. 4.48 Measured phase portrait of armature current against speed (or the so
called Torus) at Ki=9175 corresponding to Fig. 4.28.
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Fig. 4.49 Measured quasi-periodic current (DCM) at Ki=9831 corresponding to
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Fig. 4.50 Measured PWM output during quasi-periodic operation in DCM
(corresponding to Fig. 4.30).
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Fig. 4.51 Measured quasi-periodic phase portrait in DCM (Torus) at Ki=9831
corresponding to Fig. 4.31.
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Fig. 4. 52 Measured quasi-periodic current (CCM) as Vi, is increased to 56.07 V
while Ki is fixed at 3933 (corresponds to Fig. 4.34).
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Fig. 4.53 Measured quasi-periodic phase portrait at Vi, =56.07 V
(corresponding to Fig. 4.35).
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Fig. 4. 54 Measured quasi-periodic current (DCM) at V;,=61.5V
(corresponding to Fig. 4.36).
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Fig. 4. 55 Measured quasi-periodic orbit (DCM) at V;,=61.5V
(corresponding to Fig. 4.37).

As can be seen, the qualitative behaviour of the experimental system as the integral gain
and supply voltage are varied corresponds with the simulation results. Even though the
critical parameter values at which the qualitative change occurred are not expected to be
the same in the analog simulation and the digital implementation, the qualitative
behaviour of the two systems are the same. An increase in integral gain or supply
voltage up to some critical values leads to the birth of a quasi-periodic orbit in both the
analog simulation and digital implementation. Further variation of the parameters
causes a qualitative change from CCM to DCM. The measured period-1 current and
PMW output (Figs. 4.44 and 4.45) correspond with the numerical results (Figs. 4.23 and

4.24), while the measured quasi-periodic orbits as the integral gain is varied (Figs. 4.46
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to 4.51) are in agreement with the numerical results presented in Figs. 4.26-4.31.
Similarly, the measured quasi-periodic orbits as the supply voltage is varied (Figs. 4.52

to 4.55) correspond well with the numerical results (Figs. 4.34-4.37).

4.3.4 Analysis of the Neimark-Sacker Bifurcation

In this section, the occurrence of the Neimark-Sacker bifurcation will be analysed using
both the Monodromy matrix approach and the state space averaging technique. The
Monodromy matrix approach can detect both fast-scale and slow-scale instabilities,
while the state space averaging technique (see Chapter3 for details) can detect only

slow-scale instabilities such as a Neimark-Sacker bifurcation.

4.3.4.1 Analysis of the Neimark-Sacker Bifurcation Using the Monodromy
Matrix Approach

To analyse the Neimark-Sacker bifurcation using the Monodromy matrix approach, we
need to obtain the STM around the nominal period-1 orbit for te[0, T] and calculate its
eigenvalues. A Neimark-Sacker bifurcation is said to occur when two of the eigenvalues
of the system leave the unit circle at the same time. From Fig.4.25, the Monodromy

matrix can be expressed as:
M (T,0) =Dy (T,t,) xS <D, (t,,0) (4.47)

where ®(t,,t,) is the STM from t=ta to t=tz and is expressed as d(t,,t,) == s
is the Saltation matrix that govern the transition of the trajectory from the switch ON
region of the state space to the switch OFF region, and t; =d xT is the switching

instant. Thus:

M (T,0) =e"" ™) xS xe™= (4.48)

where the Saltation matrice (S) and the switching instant (t,) are the only unknowns.

The Saltation matrix can be expressed as:

(fz — fl) nT
S (4.49)
o, )

t=ty
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where h defines the location of the switching hypersurface, n is the normal vector to
the hypersurface, f , is the vector field before the switching instant, f, is the vector field

after the switching instant, and I is an identity matrix of the same order of the system.
f, =lim f,(X(),t) = AX(,) +V, (4.50)
f, = Iimtth f,(X(),t) =AX(,)+V, (4.51)

where Az, Az, V1, and V; have been previously defined, and X(t, ) is the state vector at

the switching instant. The transition from the first sub-system (switch ON state) to the
second sub-system (switch OFF state) occurs when Veon(t)=Vramp(t), and thus the

switching hypersurface is expressed as:

t
h(X (1) = Kp(e - X,(0) + K (-, = (Vy =V) (4.52)
_6_h_
X, - Kp
SN CI LI I B (4.53)
OX, .
ﬂ Ki
_6x3 |
a_h = M (4.54)
ot T

Consequently to obtain the Saltation matrix (S) and the Monodromy matrix, the only
unknown is the switching instant ty, and this can be obtained following the same
procedure outlined in section 4.2.3. The computed Saltation matrix, Monodromy matrix,
and Floquet multipliers as the integral gain is varied are as shown in Table 4.7. From
the Table it could be seen that the Neimark-Sacker bifurcation occurs at Ki=1612 which

is in agreement with the bifurcation diagram of Fig. 4.32.
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Table 4.7 Saltation matrix and Monodromy matrix as the integral gain is varied.

Ki Saltation matrix Monodromy Matrix Abs(Floquet

Multipliers)
1000 1.0000 0 0 09992 00894 0.7467 0.9941
-0.0300 10000 29.9917 -00314 09229 293653 0.9941
0 0 10000 -0.0000 -0.0000 10000 09359
1200 1.0000 0 0 09992 00894 08960 0.9964
-00300 10000 359901 -00316 09229 352383 0.9964
0 0 1.0000 -0.0000 -0.0000 1.0000 0.9317
1500 1.0000 0 0 09992 00894 10766 0.9991
-0.0300 10000 449876 -00320 09229 440843 0.9991
0 0 10000 || -0.0000 -0.0000 10000 09266
1570 1.0000 0 0 09992 00894 11722 0.9997
-00300 10000 47.0870 -00320 09229 461034 0.9997
0 0 1.0000 -0.0000 -0.0000 1.0000 09256
1600 1.0000 0 0 09991 0.0894 11946 0.9999
-0.0300 10000 479868 -00320 09229 469844 0.9999
0 0 1.0000{ | -0.0000 -0.0000 1.0000 09251
1612 10000 0 0 09991 00894 12036 1.000
-0.0300 10000 483467 -00320 09229 473368 1.0000
0 0 10000 -0.0000 -0.0000 1.0000 09250
1618 1.0000 0 0 09991 00894 12088 1.0001
-00300 10000 485566 -00320 09229 475423 1.0001
0 0 10000 -0.0000 -0.0000 1.0000 0.9249
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4.3.4.2 Analysis of the Neimark-Sacker Bifurcation Using the State Space Average
Model

To analyse the Neimark-Sacker bifurcation using the state space averaging technique
[16], we need to obtain an average or time invariant equivalent model of the original
time varying model of the system (equation 4.43). If the new model is linear time
invariant then its stability can be deduced by finding the eigenvalue of the state matrix
or by applying other tools such as root locus or the Routh stability criterion. The period-
T state space average model of the PI controlled PMDC drive is expressed as follows:

% = d x £, (X(1) + L d) < £, (X(1))

=d x (AX()+V,)+@—-d)x (A,X(t) +V,) (4.55)
= AX(t) +(V, - V,)d +V,

where (d ) is the fraction of time sub-system1 (switch ON state) is active, 1- d is the

fraction of time sub-system 2 (switch OFF state) is active, X(t)is the period-T averaged

state vector and A;=A2=A. The expressions for V1, V>, and the state matrix A have

been previously defined.

To complete the average model, we need to derive the expression for the duty cycle (d)
using the switching condition Veon(t)=Vramp(t) , Where
Veon(t) = Kp(@, —X,(1)) + KiX; (1)

ref

_ Kpx(e,

ref

-X,)+ KixX, -V,
Vo

d

(4.56)

where Vp =V -VL. Thus, the duty cycle is a function of the state variables of the system.
By substituting the expression for the duty cycle (d) in equation (4.55), the average
model is expressed as:

dX(t) <
e AL X (1) + Vg (4.57)
i -B Ke 0 |
J J
A _|[7Ke KpxVy) —R KixV, (4.58)
o L LxV, L LxV, '
-1 0 0
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_ _TL _
J
-V, xV,, N Kpx o, xV,,
Voo =L LxVy LxV, (4.59)
a)ref

From (4.58), it could be seen that the state matrix ( Aayg) Of the average model is a
function of the integral gain (Ki), the proportional gain (Kp), and the supply voltage
(Vin). Assuming Kp and Vi, are kept constant, the response of the average model at

Ki=1400 and Ki=1612 are as shown in Figs. 4.56 and 4.57, respectively.

-3
x 10

.
Ul
/

N
f

Integrator output (V)

=00
N O1
Y

Current (A)

Fig. 4. 56 Stable spiral point at Ki=1400, Kp=1, Vij,=24 V.
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Fig. 4.57 Stable limit cycle (Torus) due to the Neimark-Sacker bifurcation at
Ki=1612, Kp=1, Vi, =24 V.

The simulation results indicate the existence of a stable spiral point at Ki=1400, and a
stable limit cycle due to the Neimark-Sacker bifurcation at Ki=1612, in agreement with
the bifurcation diagram of Fig. 4.32.

To analytically validate the occurrence of the Neimark-Sacker bifurcation using the
average model, the eigenvalue of the state matrix (Aayg) Will be computed as the system
parameters (Ki, Vi,, Kp) are being varied. As discussed in Chapter 2, a Neimark-Sacker
bifurcation is said to occur if a stable spiral point loses stability and a stable limit cycle
appears. The spiral point is stable (attracts) when the real part of all the eigenvalues of
the state matrix is negative, and unstable when the real part suddenly becomes positive.
Assuming Vi,=24V, Kp=1, and the integral gain is varied, the computed eigenvalues of
the state matrix are shown in Table 4.8, and the eigenvalue loci are shown in Fig. 4.58.
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Table 4.8 Eigenvalues of the state matrix as the integral gain is varied.

Real(X)

Fig. 4. 58 Eigenvalue loci as the integral gain is varied from 100 to 1615.

Integral Gain (Ki) Eig(Aavg) Remarks
1400 [-0.0351 + 1.0232i Stable Spiral point
-0.0351 - 10232 |x10°
-14901
1500 [ -0.0180 + 1.0477i Stable Spiral point
-0.0180 - 1.0477i |x10°
| 15243
1600 [-0.0019 + 1.07009i Stable Spiral point
-0.0019 - 1.0709i |x10°
| -15565
1610 [-0.0003 + 1.0732i Stable Spiral point
-0.0003 - 1.0732i |x10°
| -15596
1612 1.0736i Unstable Spiral point
10736i x10°
| -15603
1613 0.0001 + 1.0739i
0.0001 - 1.0739i |x10° Stable limit cycle
| -15606
1500 Ki=1613
1=
1000 | >
K|=100\\—/

2 500

oy

£ 0

S

E 500 Ki=1612—

) /ﬂﬂ—_\
-1000 ~
-15

-(1%00 -1000 -500 0
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From Table 4.8 and Fig. 4.58, it could be seen that the Neimark-Sacker bifurcation
occurs at Ki=1612 as the real part of the complex conjugate eigenvalues is zero at that
parameter value. At Ki=1613, the real part of the complex conjugate eigenvalues
crosses to the positive side of the complex eigenvalue plane, indicating the occurrence

of the Neimark-Sacker bifurcation.

4.4 Summary
In this chapter, the nonlinear phenomena in DC chopper-fed PMDC drive have been

investigated. When the simple proportional controller was employed, the drive
exhibited a period doubling bifurcation cascades route to chaos, as well as co-existing
attractors with fractal basin boundaries. But when the proportional integral controller
was employed, a slow scale instability or Neimark-Sacker bifurcation was observed.
The Neimark-Sacker bifurcation was analysed (using both the Monodromy matrix and
state space averaging techniques) and experimentally validated using a dsPIC30F3010
DSC. The experimental results are in good agreement with the analytical and simulation
results thus confirming the occurrence of Neimark-Sacker bifurcation in the PI
controlled PMDC drive. In the next chapter, the nonlinear analysis will be extended to a

switched reluctance drive which is an example of a piecewise nonlinear system.
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CHAPTER 5

ANALYSIS OF NONLINEAR PHENOMENA 1IN
SWITCHED RELUCTANCE DRIVES

5.1 Introduction.
In Chapter 4, nonlinear phenomena in a typical piecewise linear electrical drive, namely

PMDC drives were analyzed. In this chapter, the nonlinear analysis is extended to a
three-phase 12/8 switched reluctance drive (Fig. 5.1), which is an example of a

piecewise nonlinear system.

Oon 12/8 SRM
—
Oorr | SPEED CONTROLLER | POWER & 1l 7
: AND COMMUTATION } CONVERTER |— ]
R LOGIC > —
| |
0 5 5
> 8 S 5
POSITION
SENSOR

Fig. 5.1 Architecture of the three-phase 12/8 SRM drive.

The system consists of a conventional 12/8 SRM, asymmetric drive power converter
circuit, speed controller and commutation logic circuits, and position sensor. 0oy IS the
phase switch ON angle, Oorr is the phase switch OFF angle, ws is the reference
speed ,0 is the actual shaft position, and four of the stator poles make one phase. In
digital implementation, the speed controller and the commutation logic will be
implemented within the microprocessor. The expanded view of the controller and power

converter circuit is shown in Fig. 5.2.
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Fig. 5.2 Expanded view of the controller and power converter circuit

The nominal behaviour of the system is a period-1 orbit, but this nominal orbit can lose
stability via fast-scale or period doubling bifurcation as some system parameter such as
the proportional gain is being varied, as initially reported in [47]. Further variation of
the parameter leads to period doubling bifurcation cascades and chaos. In this Chapter,
the Monodromy matrix approach will be applied in analysing the fast-scale bifurcation
in the 3-phase, 12/8 SRM drive. The complexity of the analysis is compounded by the
fact that the SRM drive model consist of nonlinear vector fields, and thus the state
transition matrix (STM) along the orbit will be computed by solving matrix differential
equation (MDE), instead of the simple exponential matrix used in piecewise linear

systems such as PMDC drive and DC-DC converters.

This chapter is structured as follows. In section 5.2, the operation of the 12/8 SRM drive
will be described, while the system mathematical model is derived in section 5.3. The
dynamic behaviour of the drive is discussed in section 5.4, and the fast-scale bifurcation
is analysed in section 5.5 using the Monodromy matrix technique.
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5.2 System Operation
As shown in Fig.5.1, closed loop operation of the SRM drive relies on rotor position

feedback. In this project, the soft-chopping SRM operational mode (see Chapter 3 for
details) is considered. Once the actual rotor position is obtained from the position sensor,
the commutation logic (detailed in Chapter3) will determine which SRM phase is to be
activated, and the appropriate lower leg switch (Q2, Q4 or Q6) will be switched ON.
The inputs to the commutation logic are the rotor position (), the phase switch ON
angle (6on), and the phase switch OFF angle (6o.x). While the commutation logic is
running, the PWM generator will compare the ramp signal (Vramp(t)) and the control
signal (Vcon(t)), to obtain the required PWM signal. When the ramp signal is greater
than the control signal, the PWM output will be high, and the upper leg switches (Q1,
Q3 or Q5) will be switched ON, but when the control signal is greater than the ramp
signal, the PWM output will be low, and the upper leg switch will be switched OFF. To
ensure that the ramp signal always starts from its lowest value at the beginning of the
conduction interval fe[6on, Gor] Of any given phase, the ramp signal is made to be a
function of the angle (#). The synchronization unit ensures that the PWM operation
takes place only in the upper switch of the energized phase, while the other phases will
be idle.

For efficient operation of the drive, the switch ON angle (&,,) corresponds to the angle
when the phase inductance begins to rise, and the switch OFF angle (6.¢) corresponds to
the angle when the phase inductance gets to maximum. Each phase must be stroked
(energized) once within one inductance cycle of 2a/N,, where N, is the number of rotor
poles. The commutation sequence of the 12/8 SRM whose dynamic behavior is studied
in this project was shown earlier in section 3.6.2, but repeated here (Fig.5.3) for
convenience, for 6,,=5.5" and 6. =20.5°. The possible topological states, during the

drive operation, can be illustrated by considering only one phase of the drive.

Assuming the shaft position 8=5.5°= 6,,, the lower leg switch Q2 will be turned ON,
and the diode (D2) will be reverse biased (OFF) (phasel activated). Then, if the PWM
signal is high, the upper leg switch Q1 will be switched ON, and diode (D1) will be
reverse biased (OFF), thus causing +Vin to be applied at the phase coil terminal. But, if
the PWM signal is low, Q1 will be turned OFF, and D1 will be forward biased
(switched ON), thus causing OV to be applied at the phasel coil terminal. At §=20.5°=

Ootr, phasel will be de-energized by switching OFF the upper and lower leg switches,
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thus causing D1 and D2 to be forward biased, and -Vin to be applied at the phasel coil
terminal. The phasel switch OFF angle (6=20.5°) corresponds to the phase2 switch ON
angle. The three possible topological states applicable to any of the energized phases

due to the soft-chopping operation are shown in Table 5.1.

Phasel
o
L

C [ [ [ L L L L
0 0.1 0.2 0.3 04 .. 05 0.6 0.7 0.8
Rotor position(rad)

Phase?2
o
g

C i i L [ [ r

0 0.1 0.2 0.3 04 .. 05 0.6 0.7 0.8
. Rotor posmon?rad)
( T T T T

T

Phase3
o
it

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Rotor Position(rad)

Fig. 5.3 SRM commutation sequence for one inductance cycle of 45°
mechanical. (0,,=5.5"=0.095rad, Oz =20.5°=0.3577rad and phase
separating angle=15").

Table 5.1 Possible topological states during the conduction
interval of any phase.

System State | Q1 | Q2 D1 D2 Vin
Viamp>Veon |1 1 0 0 +Vin
Viamp< Veon |0 1 1 0 0
Defluxing 0 0 1 1 -Vin

5.3 System Mathematical Model
The mathematical model of the SRM comprises the electromagnetic equations of the

phase windings and the mechanical equations. Assuming that mutual inductance effects
are ignored, the electromagnetic circuit created by any energized phase in an n-phase
SRM can be described by [78, 80, 82] :

dA. (i.,0) _
M1y R
" ViR | (5.1)

where V; is the voltage across the phase coil terminals, R is the electrical resistance of

the phase coil, ij is the phase current, ; is the phase flux linkage, and @ is the rotor
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position. The flux linkage is a function of the phase current and inductance and is given

by

Ai;,0) = Nxg(6,i,) = L(6,i,)xi, (5.2)

where N is the number of turns in the stator poles, ¢ is the magnetic flux produced, and

L(6,5;) is the inductance of the phase coil. Since the phase flux linkage is a function of

two independent variables, its derivative with time can be expressed as:

da(i;,0) _04(i,.0) di; 04(i;.6) do
dt o dt 00  dt

dL(8,i.)
dt

g (5.3)
=L(49,|.)d—t‘+|ja)

When operating under low speed and light load conditions, the magnetic saturation
effect will be negligible and the inductance of the phase coil will be expressed as a
function of the rotor position only. Consequently, the phase flux linkage will be

expressed as a linear function of the phase current and the rotor position as shown

below:
The electromagnetic equation (5.1) will thus be expressed as:
.. dL)
. V.-RI. -l.o——+
& _ i T
dt L(6) (5.5)

where the term ijwdL(6)/d6 is the back EMF produced at the phase coil terminals.
The phase inductance profile (L(0)) for the 12/8 SRM, based on the linear flux
linkage model is a function of the rotor position [47] and is as expressed below:

L,..,:0<0<0,

L(0) =1 Ly, +G(0-06,);0,<0<0, (5.6)

Lm0, <0<~
N

r
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Lmax B I-min
0,-0,

G-= (5.7)

where G is the slope of the rising portion of the inductance profile, Lyn is the minimum
inductance, and Lmax is the maximum inductance. The angular interval 0<6<6y is the
unaligned position while the angular interval 6,<6<zn/N; is the aligned position. The

inductance cycle of 12/8 SRM is(2x pi/ N, =0.7583rad = 45deg). Assuming 6,=5.5°,

0y=20.5°, Lmin=0.34mH, and G=7.8mH/rad, then the inductance profile for one phase of
the 12/8 SRM is as shown in Fig.5.4.
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Rotor Position(rad)

Fig. 5.4 Inductance profile for one phase of the 12/8 SRM.

The mechanical equations of the system are:

‘Z—f = o(t) (5.8)
‘ij—‘t" =(T,-T, -Bw)/J (5.9)

where T is the total electrical torque produced by all the phases, T, is the load torque, B
is the friction coefficient, and J is the load inertia. Based on the linear flux linkage

model, the expression for the electrical torque produced by each energized phase is:

oW
T, = !
! oo |

-1,2,3 (5.10)

where W is the co-energy or the total energy under the magnetisation curve of each

phase [77].
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W, :jz(ij 0)di :jL(e)idi

(5.11)
W, =0.5L(0)i”
Thus, the per phase torque will be given by
T, =0.5i29-9) (5.12)
d j=1,2,3

Since the phase inductance is a piecewise linear function of the rotor position (5.6), the
torque produced by each phase will also be a piecewise linear function of the rotor

position as shown below.

0;0<0<6,
T,(0)=105i,°G; 6, <0<0, (5.13)

0; 6, <6<—

Nr
This implies that the per phase torque is zero during the aligned and unaligned positions.
To avoid zero starting torque most SRM drives usually employ a special start-up

algorithm. The mechanical equation for the linear flux linkage model is thus:

‘]('j—‘t" =(T,-T, -Bw)/J (5.14)

where T, is the total torque produced by all the separate phases in an n-phase SRM
expressed as [78] :

% dL(6+(n- j-1)0,).
T.=05) 7 i
j=1

(5.15)

where 6; is the phase separating angle. Assuming the firing angles (6on and 6Gyf)
correspond with 6xand 6y, and the phase separating angle (6s) is equal to the dwell angle
(=0t — Bon), then the torque produced by any energized phase during the dwell angle

or conduction interval is given by

T, = O.SGij2 (5.16)
120



CHAPTER-5 NONLINEAR PHENOMENA IN SWITCHED RELUCTANCE DRIVES

Within the period of maximum inductance, i.e. the aligned position (6 [6), ©/N,]), the
torque produced will be zero as dL/dé is zero. If the phase current of the energized
phase decays to zero within the period of maximum inductance, then the total torque
produced at any instant is the same as the torque produced by the energized phase. Also,
there will be no overlap among the different phase currents and the sum of all the phase
currents (i = ip+ ix+ ... i) at any instant will be same as the current in the activated
phase [87]. As a result, the mathematical model for the SRM based on the three possible
topological states during the conduction interval of any of the phases is expressed as

-

déo
— =o(t
it (1)
0.5Gi* -T, —Bw
do _ J
dt N —T, —Bow 7T
—LJ ;0 € [0 ’N_r]
[ V,, —IR—Gwi
< ;Vramp >Vcon
I—min +G(9_60n)
—iIR—Gwi
di T CEY Vramp < Voeon
— =X i —
dt min + ( on)
—iR =V, T
T;ge[goff’l\l_r]
(5.17)

where 6(t) is the shaft position, w(t) is the angular speed, and i(t) is the sum of all phase

currents at any instant t.
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To express the system in a form suitable for the stability analysis, the system equation

(5.17) can be rearranged as

fL(X(1)); Veon (1) > Viamp (1)

dX (t) _

dt f2 (X(t))’vcon (t) <Vra\mp(t

fo (X)) Oy <0< -

r

where X (t) =[0(t) o(t) i(t)]" =[x (t) X,(t) x,(t)]" is the state vector.

X,

0.5Gx2 —Bx, — T,
fl(x (t)) = J

— RXx; —GX, X,
L I—min +G(X1 _eon) |

X,

0.5Gx? —Bx, - T,
fz(X (t))= J

Vi, — RX; —GX, X,

in

L I-min + G(Xl - gon) |

fs(X (t)): J

Vcon (t) =9 (C{)(t) — Wyt ) =9 (XZ (t) — Wyt )

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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Vi) =Vion + Vs —vLOW{(‘g“)—‘a“J mod 1
T (5.23)
= VLow + (VUp _VLOW)( (Xl (t;_ 00” J mOd 1
_ (eoff - aon)
6. = = (5.24)

where C is an integer constant that determines the number of cycles of the ramp signal

within the conduction interval of each phase.

5.4 System's Dynamic Behaviour
Under soft-chopping operation, the nominal steady state dynamics of the state variables

is a period-1 orbit (Figs. 5.5 to 5.7). But as some system parameter such as the
proportional gain (g) is varied, the nominal orbit loses stability via a period doubling or
fast-scale bifurcation leading to the birth of a new attractor whose period is double the
period of original orbit (Figs. 5.8 to 5.10). Further variation of the system parameter
leads to period doubling bifurcation cascades and chaos (Fig. 5.11 to 5.13). The
bifurcation diagram of the system as the proportional gain is varied is shown in Fig.5.14,
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Fig. 5.5 Period-1 speed trajectory at g=10.
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Fig. 5.6 Sum of all phase current (i=i;+i,+i3) against time during
period-1 operation.
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Fig. 5. 7 Trajectory of speed against the sum of all phase current during
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Table 5.2 SRM drive parameters.

Vin(V) 100
R(€) 0.1
Lmin(MH) 0.34
wrer(rad/s) 100
G(mH/rad) 7.8
TL(NM) 1
J(kgm?) 0.025
B(Nm/rads™) 0.0005
N 12

Ny 8
Oon(degree) 55

Oott (degree) 20.5
O+(degree) 7.5
Vu(V) 4
Vi(V) 0

C 2

5.5 Analysis of the Fast-Scale Bifurcation

To analyse the fast-scale bifurcation in the 12/8 SRM drive, we have to perform the
stability analysis of the of the period-1 orbit of the system (Fig. 5.7). By employing the
Monodromy matrix approach [23, 88] the key task is to obtain the state transition matrix
(STM) along the entire orbit and its eigenvalues (Floguet multipliers). The orbit is
stable if the absolute value of the Floquet multipliers falls within the unit circle and
unstable otherwise. From Fig. 5.7, the Monodromy matrix can be expressed as

M(T,0) = ®(T,t5,) x Sy x D(tygy,ts3) x S3 x D(tss,t5,)

5.25
xSy x D(ts,,ty) x S x D(tyy,0) ( )

where M(T,0) is the STM from t=0 to t=T, &(tg,ta) is the STM from t= tp to t=tg, S;,

S, Sz and S, are the STM across the switching manifolds (the Saltation matrices).
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5.5.1 Computing the State Transition Matrix ®(tg,ta)

If the vector field describing the trajectory of the system is linear, the STM along any
section of the orbit (®(tg,ta)) can be simply obtained by computing the exponential
matrix of the form (€*®® "), But for the SRM and other systems with nonlinear vector
fields, the STM is obtained by solving a matrix differential equation of the form below

90) _ 5 (e, t,):d(ty ) =1, (5.26)

where J(t) is the Jacobian matrix evaluated along the orbit from t = t, to any other future time(t)

and is given by:

3= TX (5.27)
oX X=g(t,ty,Xo)

Based on (526), (D(tm,()) 5 (D(tzz, tm), (D(t23, tzg), (D(t24, tz3), and @(tZT, t24) are evaluated

as shown below.

do(ty, 0)

g 10510 2(00) =1, (5.28)

where ®(0,0) is an identity matrix of order 3 and J(t) is the Jacobian matrix of the first

vector field (f;(X(t)) evaluated along the orbit from t=0 to t=tx;.

of, (X)

J, (t) = (5.29)
! oX X=¢(ts1,0,Xo)
0] 1 (0]
HMX) _| g =B GCx (5.30)
oX Jd J
K P Q
where
_ —G(%R-GxX,) p_ —GX, 0- ~R-Gx,)
(Lmin + G(Xl - Hon))z 1 (Lmin + G(Xl - eon)) ’ (Lmin + G(Xl - gon))
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The STM from t= t5 to t= ty, (O(tx2, tyy)) is also evaluated following a similar approach

as shown below

dd(ty,,ty,)

dt =J,()D(ty,, ty1); Pty tyy) =l (5.31)

where J,(t) is the Jacobian matrix of the second vector field (f,(X(t)) and is to be evaluated

along the orbit from t=tz; to t=tx,

of, (X)

3, () = (5.32)
i OX X —p(tes tar Xo)
0] 1 0]
(X)) | g =B Sx (5.33)
oX J J
V P Q
where V = ~G Vi = XR=GXX;) , while P and Q have been earlier defined.

(Lyin +G (% = 6,))°

min
D(ty;3, ty), D(ts4, ts3), and D(tsr, tys) are evaluated by following a similar procedure.

5.5.2 Computing the Saltation Matrices.

Since there are interactions of different vector fields in the period-1 orbit of the SRM,

the state transition matrices at the switching manifolds must be evaluated.

(im( £,(X )~ im (£, (X @)n,”

tdts,
n timctox o+ OO

S, =1+ (5.34)

t=1ty,

where h;(X(t)) is the first switching hypersurface, n; is the normal vector to the
hypersurface, and 1 is a (3x3) identity matrix. The first switching occurs when

Veon(t)=Vramp(t) and thus the switching hypersurface is given by

hl(x (t)) = (XZ (t) — Wyt ) B %|:VLOW + (VUp _VLOW)((Xl(t;—_Honj} =0 (535)
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The normal n; to the hypersurface is expressed as

foh (X)) ] B}
a—xl - (Vup _Vlow)
96:
n, = Vh (X (1)) = _ahlg(( W_ 7 (5.36)
oh, (X(t)) °
| Xy | h
n,' {M 1 o} (5.37)
96;
where
MXO _, (5.38)
" .
X, (ts1) |
0-5GX'§ (t21) - BXz (tzl) _TL
lim(f,(X (1) = J (5.39)
B RX3 (tzl) - ze (tzl)xs (tzl)
I‘min + G(Xl (tZl) - eon)
I X, (ts,) |
0.5GX32_ (t21) - BXz (tm) _TL
im £,(X (1) = ] 5.40)
Vin B RX3 (tzl) - ze (tz1)X3 (tz1)
I-min + G(Xl (t21) - Hon)
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lim( £, (X (t)) - lim(f, (X (1))

tity, Mg,

0
Vin

L. +G(X1(t21)_90n)_

min

(5.41)

By substituting equations (5.37), (5.38), (5.39) and (5.41) into (5.34), the Saltation
matrix (S1) can be evaluated. S;, S3 and S4 were computed following a similar procedure.

The computed Monodromy matrix and Floquet multipliers at different values of the

proportional gain are shown in Table 5.3 and the eigenvalue loci are shown in Fig. 5.15.

Table 5.3 Computed Monodromy matrix and Floguet multipliers

G Monodromy Matrix Floquet
Multipliers
1.0003 0.0002 0.0000 0.9983
10 -0.6909 -0.6511  0.0028 -0.4203 +
-437.4463 -38.9344 -0.1916 0.2403i
1.0001 -0.0002 0.0000 0.9984
12 -0.7507  -0.7916 0.0028 -0.2880
-415.0809 0.7179 -0.2934 -0.7954
1.0000 -0.0003  0.0000 0.9985
13 -0.7790 -0.8204  0.0026 -0.2584
-409.3241 12.9489  -0.3187 -0.8792
0.9999 -0.0006  0.0000 0.9987
14.1 | |-0.7952  -0.8973  0.0024 -0.2035
-388.8347 55.9577  -0.3984 -1.0910
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Fig. 5.15 Eigenvalue loci at different values of the proportional gain

From Table 5.3 and Fig. 5.15 it could be seen that the nominal period-1 orbit losses
stability at g=14.1V/rad™ as the absolute value of one of the Floquet multipliers fell
outside the unit circle at that value of the proportional gain. This is in agreement with
the bifurcation diagram of the system (Fig. 5.14) that was obtained via numerical
simulation.

5.6 Summary
In this chapter, the fast scale bifurcation in a three-phase 12/8 SRM has been

investigated using the Monodromy matrix approach. It has been found that the stability
of the nominal period-1 orbit depends on the eigenvalues of the state transition matrix
around the entire orbit (the Monodromy matrix). This technique can be applied to the
stability analysis of other SRM drives such as 4/2, 6/4, and 8/6 SRM drives. In the next
chapter, the control of nonlinear phenomena in electrical drives will be discussed.
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CHAPTER 6

CONTROL OF NONLINEAR PHENOMENA
IN ELECTRICAL DRIVES

6.1 Introduction

In Chapter 4 and Chapter 5 the nonlinear bifurcation and chaotic phenomena in two
selected electrical drive systems, namely a DC chopper-fed PMDC drive and a three-
phase 12/8 SRM drive were extensively discussed. As some system parameter such as
the controller gains or the supply voltage is being varied, the nominal period-1 orbit in
the drives may lose stability leading to the birth of period-nT or chaotic orbits. Hence
there is a need to develop controllers that are capable of compensating for the parameter

variations.

The development of controllers to extend the period-1 operation of switched mode
power electronic systems over a wider range of system parameters have been a
challenging topic. Popular techniques are the OGY (Ott, Grebogi and Yorke) method
[25] and the Pyragas techniques [51-53, 89]. The basis of these control techniques lies
in the fact that a chaotic attractor contains several unstable periodic orbits (UPO) which
can be located and stabilized. But these techniques have been found to be complex as

S0 many computations are to be performed online [28].

In this thesis, the Monodromy matrix based stabilization technique [23, 24, 88] will be
applied. The goal of this stabilization technique is to ensure that the absolute values of
the eigenvalues of the Monodromy matrix (the Floquet multipliers) remain within the
unit circle irrespective of the system parameter variation. This can be achieved by
manipulating the Saltation matrix (the state transition matrix at the switching manifold
of the UPQO) component of the Monodromy matrix. Thus, the key task is to locate the
UPO and then stabilize it by manipulating the Saltation matrix. This chapter is
organised as follows: in section 6.2 the control of fast-scale bifurcation in DC chopper-
fed PMDC drive employing the proportional controller will be discussed, while the
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control of fast-scale bifurcation in the three-phase 12/8 SRM is discussed in section 6.3.

Section 6.4 is the chapter summary.

6.2 Control of Fast-scale Bifurcation in a DC Chopper-fed PMDC Drive
Employing a Proportional Controller

The nominal behaviour of a DC chopper-fed PMDC Drive employing the proportional
controller is a period-1 orbit. But as was reported in Chapter 4, this nominal behaviour
can lose stability via fast-scale bifurcation when the supply voltage (Vi,) is greater than
111.83V or when the proportional gain (Kp) is greater than 2.34. In this section, the
Monodromy matrix based stabilization approach will be applied to control this
instability. As the system parameter is varied, the controller will ensure that the Floquet
multipliers lie on a circle of radius 0.8223 (chosen as a radius of stable eigenvalues).

6.2.1 Locating the Unstable Periodic Orbit of the PMDC Drive

Locating the UPO as system parameters are being varied simply involves enforcing
periodicity and then computing analytically the duty ratio that will ensure period-1
operation. Once the duty ratio is computed, the initial state vector (X(0)) and the state
vector at the switching instant (X(ty) for the UPO will be determined using the
procedure described in Chapter4. For instance, when the supply voltage (Vi,) was 100V,
the attractor was a period-1 orbit, but when the supply voltage was changed to 113V
(see Fig.4.10), the attractor was a period-2 orbit and the previously stable period-1 orbit
began to repel (unstable). By enforcing periodicity (or assuming that X(0)=X(T)) and
following the procedure outlined in Chapter 4, the unstable period-1 orbit (at Vi,=113V)
embedded in the period-2 attractor could be located (Fig. 6.1). The switching instant
(ty =0T ), the initial state X(0), and the state vector at the switching instant (X(ty ) of the

UPO are: ty =0.0031s, X(0) =[ 1008586 45090]" and X(t,) =[ 1008518 23197]".
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Fig. 6.1 Unstable period-1 orbit embedded in the period-2 attractor at Vi, =113V.

Once the UPO is located, it will be stabilized by manipulating the Saltation matrix
components of the Monodromy matrix. The Monodromy matrix of the UPO is
expressed as:

M (T,0) = ®(T,t.) xS xd(t,,0) (6.1)

where @(t,,t,) is the STM from t=ta to t=tg and is expressed as ®(t,t,)=e"=")
and S is the Saltation matrix that govern the transition of the trajectory from the switch

OFF region of the state space to switch ON region. As discussed in Chapter4, the
Saltation matrix can be expressed as:

S=1+ (fON (X(tz)) — fOFF (X(tz ) n'

X))+ TXO) (62)

t=ty

where the switching hypersurface (h(X(t)) and its normal (n) are expressed as:

h(X(t)) :Vcon (t) _Vramp (t) = (Xl (t) — Oy ) - Kip(VL + (VU _VL)%) =0 (63)
oh(X (1))
OX,
n=Vh(X(t),t) = ShX (1) (6.4)
OX,
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In order to ensure that the absolute value of the Floquet multipliers is within the unit
circle for a wide range of system parameters, the Saltation matrix is to be manipulated.
Some of the possible approaches for manipulating the Saltation matrix are discussed in
section 6.2.2.

6.2.2 Manipulating the Saltation Matrix

From equation (6.2), the Saltation matrix can be manipulated without causing major
structural change in the system by adding a small time varying signal to the switching
hypersuface h(X(t) or by adding a signal that is a function of the state variable to h(X(t).
The addition of small time varying signal will cause a change in the term ch(X(t)/dt),
while adding a signal that is a function of the state variable will cause a change in the
term oh(X(t)/6X . The changes in the switching hypersurface should be small in order
to keep the switching instant (t, = & xT),the initial state vector (X(0)), and the state
vector at the switching instant (X(t,.)) unchanged (so as to maintain the location of the
UPO), but should be significant enough to cause change in either oh(X(t)/ot or
oh(X(t)/oX. Techniques for the Saltation matrix manipulation are discussed in [23, 88].
In this thesis three of these methods are explored.

6.2.2.1 Saltation Matrix Manipulation Based on the Injection of a Low Amplitude
Sinusoidal Signal

In this scheme, a low amplitude sinusoidal signal is added to the switching hypersurface
by replacing the reference speed (wrer) With wrer(1+ asin(w?)) where w=2z/T, T is the
period of the sawtooth signal and the parameter o is chosen to determine the desired
location of the Floquet multipliers. Since the parameter « is usually very small, this
change will have little effect on the control signal (Vcn(t)) and the location of the

switching instant (t, =5 xT), but can cause significant change in the Saltation matrix

as illustrated in equations below:

h(X(t)) = (¥, (t) -, 1+ asin(a)t))—Kip(VL +(V, —vL)%j =0 (6.5)
6h(a>t((t) . =-0, xaxa)xcos(a)xtz)—(\_/l_ux—_}llg) (6.6)
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S = (6.7)

V

in

where P = L

M -Vi)
TxKp

( Kt X, (tz)_ BX1 (tz) _TL

3 j — W, 2 COS(wty ) —

From (6.7), it could be seen that the introduction of a low amplitude sinusoidal signal

will have a significant effect on the Saltation matrix. Since the Monodromy matrix of
the UPO is expressed as M (T,0) =e”(" %) xS e”= and the switching instant
(t, =0 xT)is unchanged, then it could be deduced that the Monodromy matrix is only

influenced by the Saltation matrix.
To design a controller based on this approach the value of the parameter (o) necessary
to force the Floquet multipliers to lie on a radius of 0.8223 (see Fig.4.14 and Fig.4.15),
as the system parameters are varied will be computed. Thus, we need to solve (6.8) to
obtain the required value of the parameter (o) using Newton-Raphson or other
numerical techniques.

abs(eig (M (T,0))) =0.8223 (6.8)

where M (T,0)is a function of a. If the supply voltage (Vi) is used as the bifurcation

parameter, then the value of the parameter (o) will be computed offline for selected
values of the supply voltage, and a polynomial equation that relates (o) with Vi, will be
developed using the Matlab Polyfit function. By using this polynomial function, a look
up table will be developed to obtain the value of the parameter () that is necessary to
ensure period-1 operation (an eigenvalue radius of 0.8223) as Vi, is being varied. The
third order polynomial function that relates Vi, and the control parameter (o) is as
shown in (6.9), and the computed optimal values of the parameter (a) as Vi, is being

varied are shown in Fig. 6.2.

a(V,) =147 x10°(V, )° —5.88x10°°(V, )? +8.65x10*V,, - 00431 (6.9)
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Fig. 6.2 Required values of (o) against supply voltage
From Fig.6.2, the required value of the control parameter when the supply voltage is
113V is1x107. By substituting this value into (6.7) and using the value of the state
vector at the switching instant of the UPO (X(ty) =[ 1008518 23197]" ) computed

10000 0

earlier, the Saltation matrix will be|S = , and the Monodromy
-7.0876 1.0000

01626 01468

matrix thus becomes M (T,0) =
-6.4771 -1.6883

] The eigenvalue of the Monodromy

-0.7628 + 0.3071i

_ | whose absolute value is
-0.7628 - 0.3071i

matrix is a complex conjugate pair/‘tz{

0.8223. This confirms that the injection of a low amplitude sinusoidal signal in the
switching hypersurface is capable of stabilising the UPO at V;,=113V as the Floquet
multiplier now lies on a circle of radius 0.8223 as desired.

This new controller can be referred to as a supervising controller and could easily be
implemented using a digital signal processor. The inputs to the supervising controller
are the supply voltage (Vin) and the reference speed (wre), and the output of the
controller is wresxaxsin(wt). The control parameter (o) is computed by solving (6.9). A
schematic diagram of the DC chopper-fed PMDC drive based on the new controller is

shown in Fig. 6.3.
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Fig. 6.3 Schematic diagram of DC chopper-fed PMDC drive with the supervisory
controller.

To test the response of the new control scheme to system parameter variation, the

supply voltage was changed to 113V and the system response is as shown in Fig. 6.4.

10

Period-2 response at Vin=113

Control starts here ) )
8 |3 Period-1 orbit restored

|

<6 |
3 WW'W"HWNW (VA ANAAAARN
2 "
9.1 1.15 1i2 _ 1.25 1.3 1.35
Time (s)

Fig. 6.4 Response of the supervising controller at V;, =113V

From Fig.6.4, it could be seen that the system trajectories approached the period-2
attractor without the supervising controller, but after the introduction of the supervising
controller at t = 1.18s, the trajectories approached a period-1 orbit. Thus, it is clear that
the introduction of the low amplitude sinusoidal signal was able to stabilize the unstable

period-1 orbit embedded in the period-2 attractor with little effect on the location of the

140



CHAPTER-6  CONTROL OF NONLINEAR PHENOMENA IN ELECTRICAL DRIVES

UPO. This control technique is also suitable for stabilizing the unstable period-1 orbit
embedded in the chaotic attractor of the DC chopper-fed PMDC drive as shown in
Fig.6.5

10 . ) Control starts here
Chaotic current at Vin=140V
8
- A Period-1 orbit restored
ol L
[¢D]
S 4 ml \ | TV TITITITIT
VT *
Z“\ | k
0
1 1.05 1.1 1.15 1.2 1.25 1.3
Time (S)

Fig. 6.5 Stabilization of unstable period-1 orbit embedded in a chaotic attractor
at Vin=140V.

6.2.2.2 Saltation Matrix Manipulation Based on changing the slope of the Ramp Signal
Another technique for changing the time derivative of the switching hypersurface

(oh(X(t)/ot) and thus the Saltation matrix (S) is by changing the slope of the sawtooth
or ramp signal (V, =V +(V, —VL)%). This can be achieved by manipulating either the

upper or the lower values of the ramp signal (Vy or V). To illustrate this control
technique, the upper value of the ramp signal is replaced with (k xV,,) where Kk is the

control parameter. Consequently, the time derivative of the switching hypersurface

kxV, -V,)

oh(X(t)/ ot becomes—( YK , and the Saltation matrix will be expressed as
x Kp

shown below:

141



CHAPTER-6  CONTROL OF NONLINEAR PHENOMENA IN ELECTRICAL DRIVES

1 0

S= V. (6.10)

L
1
(Kt XZ(tZ)_Bxl (tz)_TLj_ (kXVU _VL)
J T xKp

To design the controller based on this approach, the value of the parameter (k) necessary
to force the Floquet multipliers to lie on a radius of 0.8223 as system parameters are
varied, will be computed. Thus, we need to solve (6.8) with k as the unknown
parameter.

If the supply voltage (Viy) is still used as the bifurcation parameter, the required value of
the parameter (k) will be computed offline for selected values of Vi, and a polynomial
equation that relates (k) with Vi, will be developed using the Matlab Polyfit function.
The 3™ order polynomial function that relates Vi, and the control parameter (k) is as
shown in (6.11) and the computed optimal values of the parameter (k) necessary to

ensure period-1 operation are shown in Fig.6.6.

k(V,,) =-2.28x10°(V,,)* +8.28x10°(V, )* —0.987 xV, +3981 (6.11)
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\

Fig. 6.6 Computed values of the parameter (k) as the supply voltage is varied.

The schematic diagram of the DC chopper-fed PMDC drive based on this second
controller is as shown in Fig.6.7.
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Fig. 6.7 Schematic diagram of the DC chopper-fed PMDC drive based on the second
control approach

To test the response of the new control scheme the supply voltage was changed to 113V
and the system response is as shown in Fig. 6.8.
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Fig. 6.8 Response of the second controller at V;,=113 V

From Fig.6.8, it could be seen that the supervising controller can effectively stabilise the
unstable period-1 orbit embedded in the period-2 attractor. This control approach is also

suitable for stabilizing the unstable period-1 orbit embedded in the chaotic attractor of
the PMDC drive, as shown in Fig.6.9.
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Fig. 6.9 Stabilization of the chaotic attractor at Vi, =130 V.

6.2.2.3 Saltation Matrix Manipulation by Adding a Signal Proportional to the Shaft
Speed
Apart from manipulating the time derivative of the switching manifold (oh(X(t)/dt),

the Saltation matrix (S) can also be altered by manipulating the normal to the switching

oh(X(t)) oh(X(t))
0%, 0X,

.
hypersurface [n:Vh(X(t),t)={ } ] This can be achieved by

adding a constant signal () to the feedback speed (x,(t)). Based on this alteration, the
control signal V_,(t)=Kp(x,-®,,;) becomes V_ (t)=Kp(x,(1+p)-w,) , and the
switching hypersurface will be expressed as:

h(X(t)) :Vcon (t) _Vramp(t) = (Xl (1+ﬂ) ~ O ) _Kip[VL + (VU _VL)%j =0 (612)

The normal to the switching surface (n) will then be expressed as:

oh(X(t))
N O, _ [1+ ﬂ} (6.13)
oh(X (1)) 0
OX,

Based on the expression for the normal to the switching hypersurface (6.13), the
Saltation matrix will be expressed as:
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1 0
S= : 6.14
@+ p)e 1 ¢49
Kt Xz(tz)_Bxl (tz)_TL _(VU _VL)
_(1+ﬂ)( J ] TxKp

To design the supervising controller based on this approach the value of the parameter
() necessary to force the Floquet multipliers to lie on a radius of 0.8223, as the system
parameters are varied will be computed. Thus, we need to solve (6.8) with g as the

unknown parameter

The 3" order polynomial function that relates the supply voltage (Vi,) and the control
parameter () is as shown in (6.15), and the computed optimal values of the parameter

() necessary to ensure period-1 operation are shown in Fig.6.10.

BV, ) =2.32x105(V, )* —8.3x10°(V, )? +0.98V, —3815 (6.15)
0.05
0 "
-0.05

-0.1 \
-0.15 . /
0 “‘“‘"‘/
'f05 110 115 120 125 130 135 140
Supply voltage (V)

Optimal value of control parameter

Fig. 6.10 Computed values of the control parameter (5)

The schematic diagram of the DC chopper-fed PMDC drive based on the 3™ control
approach is as shown in Fig.6.11. To test the response of the 3™ controller the supply

voltage was changed to 113 V and the system response is as shown in Fig.6.12.
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Fig. 6.11 Schematic diagram of the DC chopper-fed PMDC drive based on the 3rd
controller
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Fig. 6.12 Response of the 3" controller when the supply voltage was changed to
113V.

As could be seen from Fig.6.12, the manipulation of the normal to the switching surface
can effectively stabilise the unstable period-1 orbit embedded in the period-2 attractor.
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The UPO stabilization steps based on the three techniques described above are

summarized below:

» Locate the UPO by finding the initial state X(0) and the state vector at the
switching instant X(ty).

» Manipulate the Saltation matrix and thus the Monodromy matrix of the UPO
using any of the three techniques described above, while ensuring that the
location of the UPO remains unchanged.

» Using the new expression for the Monodromy matrix, determine the required
value of the control parameter necessary to ensure stable period-1 operation as
the system parameters are being varied.

» Develop a look up table that relates the control parameter to the bifurcation

parameter.

6.3 Control of Fast-scale Bifurcation in a SRM Drive

The Saltation matrix based stabilization approach can also be extended to piecewise
nonlinear electrical drives like the SRM drive. As discussed in Chapter 5, the nominal
period-1 behaviour in the SRM drive (Fig.5.5) can lose stability as the proportional gain
Is being varied leading to the birth of a new orbit whose period is double the period of
the nominal period-1 orbit (Fig.5.6). By using the first stabilization approach
(introduction of a low amplitude sinusoidal signal) and selection of the required value of
the control parameter (a), the Saltation matrix (5.34), and thus the Monodromy matrix
(5.25) can be manipulated with little influence on the location of the UPO. The
hypersurface expression (5.35) and its time derivative (5.38) thus become:

hl(X (t)) = (XZ (t) — Wt — AWy Sln(wt) - %[VLOW + (VUP _VL0W>(()(10;—9M)]] (6 16)
—8h1(>;t(t)’ ) = —Qw,, COS(at) (6.17)

where @ =27/T and T is the duration of the period-1 orbit. With the introduction of the
low amplitude sinusoidal signal, the time derivative of the switching hypersurface that

was initially zero (5.38), has now been changed to (—aw®

ref

cos(at)) thus influencing

the Saltation matrix (S;). The system response for a sudden change in the proportional
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gain from g=10 to g=15 is as shown in Fig.6.13. From Fig.6.13a, it could be seen that

without the supervising controller, the step change will lead to the birth of a period-2

orbit. Fig.6.13b shows how the period-2 orbit is stabilised back to the nominal period-1

orbit due to the supervising controller. The result confirms the effectiveness of this

control technique in stabilizing the SRM drive.
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Fig. 6.13 System response due to step change in proportional gain from g=10 to
g=15 (a) Without the supervising controller (b) With the supervising
controller.
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6.4 Summary
In this chapter, the control of the fast-scale (period doubling) bifurcation in the DC

chopper-fed PMDC drive and the SRM drive (by the alteration of the Saltation matrix
component of the Monodromy matrix) is discussed. Three stabilization options based on
Saltation matrix manipulation were explored, and the results of the control action

confirmed the effectiveness of these stabilization techniques.
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CHAPTER 7

ANALYSIS AND CONTROL OF NONLINEAR
PHENOMENA IN A SERIES CONNECTED DC
MOTOR DRIVE

7.1 Introduction
In Chapter 4, nonlinear phenomena in a PMDC drive were investigated. In this Chapter,

the nonlinear analysis is extended to a series connected DC (SCDC) motor drive whose
mathematical model was derived in Chapter 3. As discussed in Chapter 3, there are
three key sources of nonlinearity in an SCDC drive. Firstly, the electrical torque is
proportional to the square of the current (below field saturation). Secondly, the back
EMF is proportional to the product of current and speed. The last source of nonlinearity
is introduced by the power electronic switching in the SCDC drive.

Due to these nonlinearities the SCDC drive is prone to complex, nonlinear dynamical
phenomena, namely bifurcation and chaos. The first report of bifurcation behaviour in
an SCDC drive was presented in 2011 [90], but no analytical validation of this
phenomenon exists in the literature. The key reason could be that unlike PMDC drives
and DC-DC converters (whose model is piecewise linear), the mathematical model of

an SCDC drive is piecewise nonlinear making the analysis more difficult.

In this chapter, the fast-scale instability (period doubling bifurcation) in an SCDC is
analysed using the Monodromy matrix approach [23, 66]. The complexity of the
analysis is compounded by the fact that the SCDC drive model comprises nonlinear
vector fields, thereby making the computation of the STM along each vector field
difficult. Unlike the simple exponential matrix approach used in piecewise linear
systems, the STM along each vector field in an SCDC drive is obtained by solving a
matrix differential equation (MDE). Analytical results obtained using this approach are
compared with the numerically obtained bifurcation diagram of the system, and the two
show good agreement. Also, by manipulating the Saltation matrix component of the

Monodromy matrix, the fast-scale instability was controlled.

150



CHAPTER-7 NONLINEAR PHENOMENA IN A SERIES CONNECTED DC DRIVES

This chapter is structured as follows. In section 7.2, a brief description of the SCDC
drive and its mathematical formulation is given, while the bifurcation behaviour of the
system is discussed in section 7.3. The analysis of the fast-scale bifurcation is discussed
in section 7.4, and bifurcation control is discussed in section 7.5. Section 7.6 is the

summary of the chapter.

7.2 System Description
The schematic diagram of the DC chopper-fed SCDC drive is shown in Fig. 7.1. The

system consists of three main components, namely the SCDC motor, the power
converter (a dc chopper) and the control electronics. Speed control is achieved by
regulating the average voltage applied at the armature terminals via control of the power

electronic switches.

SIGNAL
GENERATOR

Vramp(®)

()

PWM SIGNAL

/
Vceon(®) OP_

\ oref
Fig. 7.1 Schematic diagram of an SCDC drive

As a result of the power electronic switching, the system will toggle between two
different subsystems in the steady state. The mathematical model of the system is given

by a differential equation with a discontinuous right hand side as shown:

foff (X(t))! Vcon (t) > Vramp (t)

dX(t) _
d
C R (X)), Vi ®) < Vi 1) (7. 1)
(Kt Xz2 _TL - Bxl)
_ J
foff(x(t)) - _ X2R _ Kexle (7 2)
L
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(K, x,?~T, —Bx,)

- J
FolX=| o Doy -
L
Vcon (t) = g(a)(t) — Wy ) = g(xl (t) — Wy ) (7 4)

t
Vramp (t) :VL + (VU _VL)? mod1

_ X, (t) _ o(t)
and X(t)_{xz(t)}_{i(t) }

where i(t) is the armature and field current, «(t) is the motor speed, R =R, + R, is the

(7.5)

sum of the resistances of the armature and field coils, L =L, + L, is the sum of the

armature and field coil inductances, Ke and Ky are the back emf constant and the torque
constant, respectively, B is the friction coefficient, V| and Vy are the lower and upper
ramp signal voltages, T, is the load torque, J is the moment of inertia, T is the period of
the PWM signal, V.o, is the output of the proportional controller, g is the gain of the
operational amplifier, and wye is the reference speed. The parameters of the system are:
R=7.2Q, L=0.0917H, T.=0.2NM, Ke= Ky =0.1236N.m/A? J=7.046e-4Kg-m?* B=4e-
4N.m.rad.sec, J=0.000557 N.m.rad.sec?, T=10msec,V, =0, V,=8V and ay;=100rad/sec.

7.3 Bifurcation Behaviour of Series Connected DC drive
The nominal behaviour of an SCDC drive is a period-1 orbit (Fig. 7.2) whose mean

value is close to the reference value and with the same period as the external clock
signal. But as some system parameters such as the proportional gain is being varied, this
nominal orbit loses stability and a new orbit whose period is double the period of the
original orbit (Fig. 7.3) emerges. Further variation of the system parameter leads to
period doubling bifurcation cascades and chaos (Fig. 7.4). The bifurcation diagram of

the system is shown in Fig. 7.5.
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Fig. 7. 2 Nominal period-1 behaviour of the SCDC drive at g=1.2
(@) Current and speed (b) Trajectory of speed against current.
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Fig. 7. 3 Period-2 behaviour of the SCDC drive at g=5 (a) Current and speed
(b) Trajectory of speed against current.
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Fig. 7.5 Bifurcation diagram of speed against proportional gain

7.4 Analysis of the Period Doubling Bifurcation in a Series Connected
DC Drive via the Monodromy Matrix Approach

To analytically ascertain the bifurcation parameter value at which the nominal period-1
orbit (Fig. 7.2b) loses stability we have to study the system dynamics for ze [0, T] where
T is the period of the orbit. By employing the Monodromy matrix approach [23, 88] the
key task is to compute the state transition matrix (STM) along the entire orbit and obtain
its eigenvalues. The nominal orbit is stable if the absolute values of the eigenvalues fall
within the unit circle and is unstable otherwise. From Fig. 7.2b, the Monodromy matrix
of the period-1 orbit can be expressed as:

M (T,0) = d(T,t,) x S x (t, ,0) (7.6)

where M(T,0) is the STM from t=0 to t=T (the Monodromy matrix), ®(tg, ta) is the
STM from t= ta to t= tg, and S is the STM across the switching manifold (the Saltation
matrix). Since the vector fields in an SCDC drive are nonlinear, the STM along each of
the two vector fields are obtained by solving a matrix differential equation instead of the

simple exponential matrix found in piecewise linear systems.

Thus, @ (tg, 0) and @ (T, ty) are evaluated as follows:
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L0 s ot 0000 =1, )

where the initial condition @®(0,0) is an identity matrix of order 2, and Ji(t) is the
Jacobian matrix of the first vector field (f;(X(t)) which is to be evaluated along the orbit

fromt=0to t=ty,

-B 2K, X,
_ of, (X) _ J J

' OoX — KEXZ (_R — KEX1 (7.8)
L L

Similarly, ®(T, ts) is to be evaluated by solving the matrix differential equation:

w =J,(O(T,ty); (7.9)

where J,(t) is the Jacobian matrix of the second vector field and is to be evaluated along
the orbit from t=ty to t=T.

Jy=—1—"=J (7.10)

To complete the derivation of the Monodromy matrix, the Saltation matrix or the STM

at the switching instant (ty) needs to be computed. This is expressed as:

1 0
(fON — fOFF ) nT

S = + (7.11)
0 1] n'f_+ oh(X(®)
ot t=ty
where :
(Kt Xzz(tz) _TL B Bxl(tz))
= = \]
B P L S A S A EAVA (712

L
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(Kt X22 (tz) _TL B BX1(tz))

J
=X, (ts )R — K X, (t5 )% (ty )
L

fOFF = foff (X(tz)) = (7.13)

Since the switching between the different subsystems occurs when Veon(t)=Viamp(t), the

switching hypersurface (h(X(t)) is expressed as:

h(X(t)) :Vcon (t) _Vramp (t) = (Xl (t) ~ O ) _é((\/L + (VU _VL )) %J =0 (714)

The partial derivative of h(X(t) with respect to time and the normal vector are

expressed as:

oh(x(t) _~(v -V,

7.15
ot Txg (7.15)
Bh(X (1))
OX 1
= Vh(X(),t) = o |E 7.16
B Y0 M 7
OX,
The transpose of the normal to the hypersurface (n") is expressed as [1 0].
0 O
T —_—
(fON _fOFF)X n = v, . (7.17)
L
(Kt Xzz(tz)_TL_Bxl(tz)) 9
n' xfore =[1 0]x J _ (Kt X, (tZ)_TL _Bxl(tz))
— X (tZ)R - KX, (tz)xl(tz) J (7.18)
L

Consequently, the Saltation matrix is given by:
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1

Vi
S= Sin
L

0

(Kt Xzz(tz)_TL B Bxl(tz))_vu -Vi

J

gxT

(7. 19)

The computed Monodromy matrix and Floquet multipliers for various values of the

bifurcation parameter (g) are shown in Table 7.1. From the Table, it could be seen that

the nominal period-1 orbit loses stability at g=4.6 as one of the Floquet multipliers

leaves the unit circle at this parameter value. This is in agreement with the bifurcation

diagram of the system (Fig. 7.5).

Table 7. 1 Computed Monodromy matrix and Floquet multipliers

Gain(g) Monodromy Floquet
Matrix Multipliers
~0.0834 0.9726 —0.0566
1.2 ~0.2982 -0.0297 )
+0.5379j
—0.3588
2 [—0.5507 0.4739 )
04255 —0.1669] | T0-4060)
[-0.9177 0.0198} —0.8097
3 ~05417 -0.3045
L -0.3225
~1.4691 -0.5158 —1.7373
4.6 ~0.6756 —0.4377
—-0.1695

7.5 Control of the Period Doubling Bifurcation in a Series Connected

DC Drive

In Chapter 6, the various techniques for bifurcation and chaos control in electrical drives

based on Saltation matrix manipulation were discussed. In this chapter, the first

approach (injection of low amplitude sinusoidal signal in the switching hypersurface)

will be adopted. The main idea is to locate the unstable periodic orbit (UPQO) and then
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stabilise it by injecting a low amplitude sinusoidal signal in the switching hypersurface
h(X(t),t) . This can be achieved by replacing the reference speed (wref) With yes
(I +asinwt), where the control parameter ‘@’ is usually very small, and w=27/T. As a

result, the switching hypersurface h(X(t),t) and its partial derivative with respect to

time % will be expressed as:

h(X(t)) = (¥, (t) - o, 1+ asin(a)t))—%(VL +(V, —vL)%j -0 (7.20)
x| oy W)

x| - @pt XAX X COS(wx 1y ) Txg (7.21)

t=ty

Consequently, the Saltation matrix will be a function of the control parameter ‘a’, and

will be expressed as:

1 0
V.
S-= i (7.22)
L 1
2
Ko ) -Te-But)) o ooty - Yo =V
i J ref > TXg |

By appropriate selection of the control parameter “a”, the Saltation matrix and thus the
Monodromy matrix can be adjusted with little influence on the PWM duty cycle. To test
the response of the proposed controller, a step change of the proportional gain from
g=1.2 to g=5 was introduced. The system response without the proposed controller is
shown in Fig. 7.6, while the system response with the proposed controller is shown in
Fig. 7.7.
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Fig. 7.7 Step change from g=1.2 to g=5 (with the bifurcation controller).

7.6 Summary

In this chapter, the fast-scale bifurcation in SCDC drive is analysed and controlled using

the Monodromy matrix approach. Unlike piecewise linear systems such as PMDC

drives and DC-DC converters where the STM is computed using simple exponential

matrix, the STM in an SCDC drive is computed by solving MDEs, hence the

complexity of the analysis. By manipulation of the Saltation matrix component of the

Monodromy matrix, the period doubling bifurcation was controlled thus extending the

system parameter range for nominal period-1 operation.
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CHAPTER 8

ANALYSIS AND CONTROL OF NONLINEAR
PHENOMENA IN FULL-BRIDGE CONVERTER
DC DRIVE

8.1 Introduction.
In Chapter 4, the nonlinear phenomena in a DC chopper-fed PMDC employing the

proportional and proportional integral controller were investigated. In this appendix, the
nonlinear analysis is extended to a PMDC employing a full-bridge converter. Unlike the
DC chopper-fed PMDC drive, the full-bridge converter drive can achieve four quadrant
operations (forward motoring, forward braking, reverse motoring and reverse braking)
and will be more suitable for traction applications [91]. Nonlinear bifurcation and
chaotic phenomena in full-bridge converter PMDC drive were first reported in [58], but

analytical validation of this phenomena is absent from the literature.

In this project, the fast-scale bifurcation phenomena in a full-bridge converter PMDC
drive will be analyzed using the Monodromy matrix approach. Also, by manipulation of
the Saltation matrix component of the Monodromy matrix, the onset of the drive’s fast-
scale bifurcation is controlled thus extending the system parameter range for nominal
period-1 operation. Apart from the fast scale bifurcation, the co-existence of period-1
and period-3 attractors at the same system parameter range was observed in this system
and efforts to isolate the basins of attraction of the two attracting sets revealed the
occurrence of fractal phenomena. Using the Monodromy matrix approach it was

established that the co-existing period-3 attractor is born via a saddle node bifurcation.

This chapter is structured as follows. In section 8.2, a brief overview of a full-bridge
converter PMDC drive is given, while the dynamic behavior of the system is discussed
in section 8.3. The analysis of the fast-scale bifurcation is carried out in section 8.4, and
control of the fast-scale bifurcation via Saltation matrix manipulation is discussed in
section 8.5. In section 8.6, the co-existence of period-1 and period-3 attracting sets will

be discussed. Section 8.7 is the summary of the chapter.
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8.2 System Overview
The DC chopper fed PMDC drive can be operated only in the first quadrant of the

speed-torque plane. In order to achieve four quadrant operation as some applications
demand, a full-bridge converter DC drive (Fig. 8.1) must be employed. The system
consists of the PMDC drive, a full-bridge converter circuit, and the control electronics.

ii\zg‘ _Tfkig‘

T2 T4 SIGNAL
_,\ ZS- -»\ GENERATOR

Vramp(?)

+ a(t)

] OoP
Veon(?) \
oref

rri

WM SIGNAL

Fig. 8. 1 Full bridge converter PMDC Drive

The full-bridge converter consists of four power electronic switches (T1, T2, T3,
and T4) and four freewheeling diodes. When using the bipolar PWM scheme, the two
devices on each leg of the power converter act in a cyclic and complementary manner.
For instance if T1 and T4 are switched ON, T2 and T3 are to be switched OFF and vice-

versa.

Usually a control voltage Veon (t) is compared with a sawtooth signal Viamp(t) to produce
the PWM output which controls the switches. If the PWM output is high (Vcon(t) less
than Viamp (1)), T1 and T4 will be switched ON, while T2 and T3 will be switched OFF.
But if the PWM output is low (Vcon () greater than Viamp (t)), T2 and T3 will be switched
ON, while T1 and T4 will be switched OFF. As a result, the system will alternate

between two topological states that will be referred to as state 1 and state 2.
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In state 1, +Vi, is applied at the armature terminals, while in state 2, -Vi, is applied to
decrease the speed. As a result, the system behaviour is described by a differential

equation with a discontinuous right hand side as shown:

fL(X®) Voo (1) >Vt
X (X)) (1) >V, (1) on

B £ (XO) Vo O <Yy )

where X(t) = [zl((tt))} = [Ia()t()t)} is the state vector.

f (X(t),t) and f, (X(t),t)are the vector fields before and after the switching instant,

(0)= 9% (0) ~ 0r) = X (%) = 14} a1 Viggy () =V, + (¥ ~V,) mod 1,

while V.__
KX -Bx-T,
3 _ J
f (X(t),t) = AX(t) +V_ = “Rx, K. V. (8.2)
L
Kix, —Bx -T,
_ _ 3] 8.3
LXOD=AXOV. = o F -
L
-B K it I
N _| _|
A _Ke i ’V+ Vin - T
L L L L

8.3 Dynamic Behaviour of a Full-Bridge Converter PMDC Drive
The nominal steady state behaviour of the full-bridge converter PMDC drive is a

period-1 orbit (Fig. 8.2). However, as some system parameter such as the supply voltage
is varied, the desired period-1 orbit loses stability and a new orbit whose period is
double the period of the original orbit emerges [58] (Fig. 8.3). Further variation of the
system parameter leads to several period-doubling bifurcation cascades and chaos. The
bifurcation diagram of the system as the supply voltage is varied is shown in Fig. 8.4.
The fixed parameters of the system are: K.=0.1356Vs/rad, K=0.1324NM/A,
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R=2.8Q2, L=53.7mH, T =0.38NM, g¢g=1.2, B=0.000275Nm.rad.sec, T=10msec,
J=5.57x10"*N.m.rad.sec?, V=0, V=8V, or=100rad/sec .

(b)

§: AMAMAMAMAAAAAAAAA A
5 VVV!!SVVVVVVVV!LVVVVVVVV!!SVVVVl
- Time (s)
& o AV
§1oo_ VVVVVVVVVVVVVVVVVVVVUVVVVVVVVVY
n 8.7 0.75 0.8 Ti(r)n.eS?s) 0.9 0.95 1
35 // X(O’X(\\
o ( )
52.5 \\ //
180.6 100.8 Spee](-jo(:ll’-adls) 1x0t;..2 101.4

Fig. 8. 2 Period-1 behaviour at Vi,=35V (a) current and speed response (b) phase

portrait.
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Fig. 8. 3 Period-2 trajectory at V;,=56V (a) current and speed response
(b) phase portrait.

166



CHAPTER-8 NONLINEAR PHENOMENA IN FULL-BRIDGE CONVERTER DC DRIVES

108

106

H
o
=~

=
(@)
N

Speed(rad/s)

100

98 1
96 I I r I I
40 60 80 100 120 140
vin(V)
(a)
15 [ T T T T

Current(A)

40 60 80 100 120 140

(b)

Fig. 8. 4 Bifurcation diagrams of the system (a) speed against supply
voltage (b) current against supply voltage.

8.4 Analysis of the Fast-scale Bifurcation in a Full Bridge Converter
PMDC Drive

To determine analytically the system parameter value at which the fast-scale bifurcation
occurs we need to perform the stability analysis of the nominal period-1 orbit of the
system (Fig. 8.2b). By employing the Monodromy matrix approach, we need to obtain
the STM round the nominal orbit and evaluate its eigenvalues. The nominal orbit is
stable if the absolute values of the Floquet multipliers is within the unit circle and

unstable otherwise. From Fig. 8.2b, the Monodromy matrix can be expressed as:
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M(T,0) = D(T,t,) x Sx D(t,,0) (8.4)

where ®@(t;,t,) is the STM from t=t,to t=t;, t, is the switching instant and is a
function of the PWM duty ratio (t; =dT =(1-d)T ), and (S) is the state transition
matrix across the switching manifold (also known as the Saltation matrix). Since the
vector fields are linear, the STM (d(t;,t,)) can be expressed as an exponential matrix
D(ty,t,) = o™,

According to [23, 66], the Saltation matrix can be expressed as:

(f, —f)n’

>= L L))

(8.5)

where h defines the location of the switching hypersurface, n is the normal vector to the

hypersurface h,f_stands forlim,, f_(X(t),t),f, stands for lim, u, FL(X(@),t)and 1 is an

identity matrix of the same order as that of the system. For the period-1 limit cycle
(te[0,T]), the switching between the two vector fields occurs when Veon(t)=Vramp(t) and
the switching hypersurface h could be expressed as:

OV +(V VOUT

h(X (t).1) = X,(t) - @, 0

0 (8.6)

The normal to the hypersurface and its partial derivative with respect to time
(Bh(X(t),t,)/ot) are expressed as:

oh(X (t),t)
n—vhx@o=| 2 || (8.7)
sh(X(t),t) | |0
OX,
8h(x(t)’t) __ (VU _VL) (8 8)
ot Txg '
kt X, (tz)_ BXl (tz) _TL
AN V=) gy )-knt) Ve 69
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kt X5 (tz) B Bxl(tz)_TL

_ _ J
L= ATV =] Ry, )~k () +V,, (8.10)
L
nT Xf7 :(kt Xz(tz)_?xl (tz)_TLj (811)
0 0
f —f T = 12
¢ ~fxn |, 8.12)
0
L

Consequently, the Saltation matrix for the full-bridge converter PMDC drive for

(te[0,T]) will be expressed as:

1 0
(8.13)
S — 2\|{ in
kt X (tz) - BXl(tz) _T L (\/u _V L)
L J gxT ]

where the switching instant (t; =dT) and the state vector at the switching instant
(X(ty)are the only unknowns, and could be obtained from the limit cycle diagram

(Fig.8.2b) as follows:

]
X(T) = X(0) =" TX(t;) + [TV, dr (8.14)

ty
ty
X(ty) = "X (0) + [NV d7 (8.15)
0

By substituting the expression for X(ty) into (8.14), the initial state X(0) can be
expressed as:

ty T
X(0) = (1-e") x (@ [e*=N dr + [eATV, dr)
0

ty

(8.16)
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Equation (8.16) expresses the initial state X(0) in terms of the switching instant

(t; =d'T). To obtain the value of the state vector at the switching instant, X(ts), the

values of X(0) and ty must be known. To obtain the duty ratio d’ and thus the
switching instant t, , we make use of the hypersurface expression (8.6) and the

expression for the switching instant (8.15) giving the equation:

t
5 Vo +(V, =V ) xt /T
_ Ats) Aty - L AL
Xl(tZ) = [1 O] X (e X(O) + !e )VdTJ Dper + g (817)

dT r
AdT A(dT—7) . . VvV, +(V, -V)d)
[1 0]>< {e X(0) + .(|).e V_d z’J @, o g =0 (8.18)

By substituting the expression for X(0) in (8.16) into (8.18), equation (8.18) can be
solved numerically for the duty ratio using the Newton-Raphson method. Once the duty

ratio (d") is computed, the switching instant (t, =d'T), initial state X(0), and the state
vector at the switching instant X(ts) will be evaluated. The Saltation matrix(S) will then

be evaluated by substituting the value of X(t) into the equation (8.13).

A(T-ty)

Consequently, the Monodromy matrix M(T,0) =e xSxe™* could then be

evaluated. The computed Saltation matrix, Monodromy matrix and Floquet multipliers
as the supply voltage (Vin) is being varied are shown in Table 8.1, and the eigenvalue
loci are shown in  Fig. 8.5. Both the tabulated result and the eigenvalue loci indicate
that the period-1 orbit loses stability at Vi,=55V as one of the Floquet multipliers moved
out of the unit circle at that parameter value. This is in full agreement with the

bifurcation diagram of the system shown in Fig. 8.4.
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Fig. 8.5 Eigenvalue loci for V;,e[30V,55V].

Table 8. 1 Monodromy matrix and Floquet multipliers for

Vine[35V,55V].

v Saltation Monodromy Floquet
n Matrix Matrix Multipliers

0.3934 09041 —0.5407
-12953 -1.4748

1 0
3BV | |-14345 1
+0.5463;]

1 0] | [ 0.0090 0.5317} —0.6795

45V | |-15863 1| | |-13825 —14580
- +0.3592

1 0]][-00220 0.3911] -0.7430

50V ||-16557 1| |-14249 -14632
- - +0.1966]

{ 1 0} [-0.1324 0.2701] -0.5717

BV -1.4654 -1.4726

-1.0333

8.5 Control of the Fast-scale Bifurcation in a Full Bridge Converter
PMDC Drive

The purpose of a fast-scale bifurcation controller is to extend the system parameter

range for desirable period-1 operation. As was discussed in Chapter 6, three different
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techniques based on Saltation matrix manipulation could be explored. In this chapter,
the Saltation matrix manipulation based on the introduction of a low amplitude
sinusoidal signal will be adopted. This can be achieved by changing the value of the
reference speed (arer) t0 wref (L+asinat), where w=2z/T and ‘a’ is the control parameter.
Since the value of ‘@’ is usually very small, the change in (@) Will has little effect in

the control signal (V,,,(t) = g x (o(t) — @, )) -

Consequently, the switching instant (t, =dT) and the duty ratio will be relatively

unchanged. But, very small values of ‘a’ will have a substantial effect on both the
Saltation matrix and the Monodromy matrix. This can be illustrated by taking the time

derivative of the switching hypersurface h(X(t),t). By replacing @, in equation (8.6)

ref

with @, (L+asin(at)) the hypersurface equation and its time derivative will be

expressed as:

M(X (©).0) = X, (1) ~ @y — Dy asin(at) — L +g§VUT VOt o (8.19)
Sh(X(®.1 = —aww,, CoS(cd'T) — M=V (8.20)
ot t=ty =dT gxT

The Saltation matrix will thus be expressed as:

1 0
S— 2\L/ (8.21)
kt Xz (tz) - BX1 (tz) _T L aww COS(a)d ,.I_) (\/U -V )
| J ref g <T |

From equation (8.21), the Saltation matrix and hence the Monodromy matrix is a
function of the control parameter ‘a’. To design a controller for the fast-scale
bifurcation, we need to determine the values of ‘a’ capable of placing the Floquet
multipliers (eigenvalues of the Monodromy matrix) within the unit circle. This can be
achieved by solving the nonlinear transcendental equation (8.22), where 0.7686 is the

radius of the stable eigenvalues (Fig. 8.5).
leig (M(T ,0))| —0.7686 =0 (8.22)

where the Monodromy matrix M(T,0)is a function of the control parameter ‘a’. By

solving equation (8.22) for different values of the supply voltage, a polynomial equation
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that expresses the control parameter ‘a’ as a function of the supply voltage was obtained
using Matlab Polyfit function. Based on the polynomial equation, a look table (Fig. 8.6)
that could be used to determine the required value of the control parameter as the supply

voltage is varied, was created.

a(V, ) =-274x10"°V;?> +4.96x10*V. —3.01x10°V, +6.11x10™" (8.23)

Optimum Value of a

r r r

5 |l r
52 54 56 58 60 62 64
Vin,VoIt

Fig. 8. 6 Computed value of the control parameter as the Supply voltage is varied.

To test the response of the bifurcation controller, a step change in supply voltage from
Vin=50V to 57V was performed. The system response to the step change without the
bifurcation controller is shown in Fig.8.7, while the system response with the
bifurcation controller is at Fig. 8.8. Without the bifurcation controller, the step change
resulted in period-2 steady-state subharmonics. But the bifurcation controller was able

to restore the nominal period-1 operation within a very short time interval.

103.5

103
102.5

102}

Speed radis

101.5

101

']00 1 1 1 1 1
%.9 0.95 1 1.05 1.1 1.15

Time,s
Fig. 8.7 Step response without the bifurcation controller
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Fig. 8.8 Step response with the bifurcation controller.

8.6 Co-existing Attractors and Fractal Basin Boundaries in a Full
Bridge Converter DC Drive

If the control signal Vcon(t) was changed to V_,(t) =9 x (o, —o(t)) instead of
g x(o(t) —m,, ) as described above, the system will still undergo the conventional

period doubling route to chaos, but co-existence of period-1 and period-3 attractors at
some system parameter values was also observed. The analysis of this phenomenon
using the Monodromy matrix approach revealed that the period-3 attractor was born via
a saddle node bifurcation at some critical value of the supply voltage.

8.6.1 System Dynamic Behaviour with the Change in Control Signal
As a result of the change in the control signal, the system behavior could be described

by:

X (X)), Vegn (1) <Vyap (1)

- (8.24)

f+ (X(t))’ Vcon (t) >Vramp (t)

where f?(X(t))and f. (X(t))have been previously defined in (8.2) and (8.3), respectively.
As the supply voltage is varied from 30 V to 130V, the bifurcation diagram based on the

new control signal is shown in Fig. 8.9.

174



CHAPTER-8 NONLINEAR PHENOMENA IN FULL-BRIDGE CONVERTER DC DRIVES

15 Stable Periad-1 attractor
10 Period-3 attractor gained stability onds
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Supply Voltage (V)

Fig. 8. 9 Bifurcation diagram of the system based on the new control signal.

From Fig. 8.9 it could be seen that for (30V < Vi, < 38.516V) the only attracting set is
the period-1 attractor, but at Vij,=38.516V a period-3 orbit gains stability via a saddle
node bifurcation and thus co-exists with the stable period-1 orbit. To confirm the
occurrence of co-existing attractors in the region Vi,e[38.516,50] the system was
simulated at Vi,=40V using two different sets of initial values, and the results are
shown in Fig. 8.10 and Fig. 8.11. When the initial state is «(0)=0, i(0)=0, the trajectory
converged on the period-1 attractor, but when the initial state is w(0)=3rad/sec, i(0)= 2A,

the trajectory converged on the period-3 attractor.
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Fig. 8. 10 Period-1 attractor at V;,=40V, i(0)=0, w(0)=0.
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Fig. 8.11 Period-3 attractor at V;,=40V, i(0)=2A, w(0)=3Rad/s.

Further attempt to ascertain the basin of attraction of the two attracting sets revealed the
occurrence of a riddled or fractal basin boundary (Fig. 8.12), thus making any future

prediction of system behaviour practically impossible.

4

W

Speed,Rad/s
N

0 1 2 3 4 5
Current, A

Fig. 8. 12 Basin of attraction of the co-existing period-1 and period-3 attractors.

In Fig. 8.12, initial points whose trajectories converged on the period-1 attractor are
marked as blue, while initial points whose trajectories converged on the period-3
attractor are marked as red. It is thus obvious that the boundaries of the two attracting

sets are difficult to isolate, hence the fractal phenomena.
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8.6.2 Analysis of the Birth and Death of the Co-existing Period-3 Attractor Using
the Monodromy Matrix Approach

To ascertain the system parameter values at which the co-existing period-3 attractor
gains and loses stability, we need to perform the stability analysis of the period-3 orbit
(Fig. 8.11). By employing the Monodromy matrix technique, we need to obtain the
STM over the entire period-3 cycle (t€[0,3T]) and evaluate its eigenvalues. From

Fig.8.11, the Monodromy matrix can be expressed as:

M(3T,0) = D(3T,t.,) x S; x D(ty,, T) xS, x D(T, ;) xS, x D(t,,0)

— eA(3T*tz3) X 83 X eA(ter) X 82 X eA(T—tm) X Sl X eA(tzl)

(8.25)

where S;, Sy, and S are the Saltation matrices at the three switching instants t.,, T, and
t,, respectively. The switching instants (t,, andt,,) depend on the PWM duty ratio
which varies around the limit cycle (t,, =d,T andt,, = 2T +d,T ). Hence, to evaluate

the Monodromy matrix we need to evaluate the two duty ratios d; and ds as well as the
three Saltation matrices. The Saltation matrix S; is an identity matrix as the switching
hypersurface is discontinuous at t=T, while S; and S3 are computed following the same
procedure described in section 4.2.6. The computed Saltation matrices, Monodromy
matrix and Floguet multiplier as the supply voltage is varied are shown in Table 8.2.
From the tabuled results, it could be seen that the period-3 orbit suddenly gained
stability at Vi,=38.516V via a saddle node bifurcation and thereafter co-existed with the
period-1 attractor. At Vi,=49.8V, the period-3 orbit lost stability (as the absolute value
of one of the Floquet multipliers falls outside the unit circle), which is in agreement

with the bifurcation diagram shown in Fig. 8.9.
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Table 8. 2 Computed Saltation matrices, Monodromy matrix and Floquet multipliers.

_ Monodromy Floquet
Vin S1 53 Matrix Multipliers
28516 1 0} 1 0] |[-11569 -0.8936] 0.2085
' |-16146 1 -11585 1] |[32787 23542 | 0.9887
286 10 1 0] [-1.2167 -0.8982] 0.2698
' -15951 1 -11503 1| || 32784 22507 | 0.7641
1 0 1 o] |[-12975 -08832 _
40V 1 0 1 0] [-1.3874 -0.8281 -0.2213 +
| -1.5475 1 -1.1606 1| || 33152 1.8300 0.3965;
y 1 0] 1 O)fr_15819 —05413] _0.2672 +
|—1.5249 1| [~1.1539 11f | 34420 1.0475 | 0.3671]
so5 v 1 0] 1 O]l 16038 —03073] ~0.9580
| 15305 1] (~1.1456 111 | 35407 0.5206 | -0.2152
wey |[ L O] 1 O]l r-17447 -03106 1.0257
' —15215 1) (~11554 L1411 35738 05180 -0.2010

8.7 Summary
In this chapter, the nonlinear phenomena in Full bridge converter PMDC drive are

analysed using the Monodromy matrix approach. Apart from the period doubling
bifurcation cascades that were earlier reported, the system also exhibits co-existing
attractors with riddled or fractal basin boundaries. The co-existence of stable period-1
and period-3 attracting sets and fractal basin boundaries in full-bridge converter PMDC
drives will have some practical implications, especially when the drive is used in high
precision applications such as in medical equipments or robotic arms. Under such
circumstance, the much desired period-1 orbit may not be achieved with certainty as the
system operators are unlikely to maintain absolute control over the initial state of the

system.
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CHAPTER 9

CONCLUSION AND SUGGESTIONS
FOR FUTURE WORK

9.1 Conclusion
In this thesis, the nonlinear phenomena in some commonly used electrical drives

(PMDC drives, SRM drives and SCDC drives) are analysed for the first time and
controlled using the recently introduced Monodromy matrix approach. The desired
invariant set in these drives is a period-1 orbit, but as some system parameter is varied
the period-1 orbit loses stability and a period-nT orbit (in PMDC drives employing
proportional control, SRM drives and SCDC drives) or a quasi-periodic orbit (in Pl
controlled PMDC drives) is born. The birth of a period-nT orbit from the period-1 orbit
is known as a fast-scale instability or period doubling bifurcation, while the birth of a
quasi-periodic orbit is known as a slow-scale instability or Neimark-Sacker bifurcation.
Further variation of the system parameter leads to the birth of an aperiodic or chaotic
attractor. The occurrence of co-existing attractors with fractal basin of attraction was
also observed for the first time in both the DC chopper fed and full-bridge converter
PMDC drive.

To ascertain analytically the system parameter value at which the fast-scale instability
occurs, the Monodromy matrix based technique was employed. This method (which is
based on Filippov’s method of differential inclusion) was found to be simpler and more
straightforward to apply than the conventional Poincaré map technique, and this thesis
represents the first application of the technique in the analysis and control of electrical
drive systems. To perform the stability analysis of the nominal period-1 orbit using the
Monodromy matrix technique the STM around the entire orbit (including the STM at
the switching manifold known as the Saltation matrix) was obtained. The orbital
stability depends on the eigenvalue of the Monodromy matrix (also referred to as
Floguet multipliers). The period-1 orbit is stable if the absolute values of the Floquet

multipliers are within the unit circle and unstable otherwise.
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Also, to ascertain the system parameter value at which the slow-scale instability
(Neimark-Sacker bifurcation) occurs, both the Monodromy matrix and state space
average techniques were employed, and results from the two analytical techniques
showed good agreement. A Neimark-Sacker bifurcation occurs when two of the
eigenvalues of the Monodromy matrix leave the unit circle at the same time or when the
eigenvalues of the state matrix of the average model suddenly crossed to the positive
side of the complex eigenvalue plane. It should be noted that the state space averaging
technique is suitable for analysing only slow scale instability, while the Monodromy
matrix approach is suitable for analysing both slow scale and fast-scale instabilities. The
occurrence of the Neimark-Sacker bifurcation in the Pl controlled PMDC drive was
further validated experimentally (for the first time) using a low cost digital signal
controller (dsPIC30F3010). Numerical, analytical and experimental results showed

good agreement.

Another advantage of the Monodromy matrix approach is the insight it gives in terms of
the control of the fast-scale instability. By manipulation of the Saltation matrix
component of the Monodromy matrix, the fast-scale instability can be controlled and the
system parameter range for nominal period-1 operation extended. Three control
techniques based on Saltation matrix manipulation were employed (detailed in chapter
6) and were found to be successful in controlling the onset of the fast-scale instability in
the selected electrical drive systems. The goal of the controller is to push the Floquet
multiplier back to the unit circle and this could be achieved by manipulating either the

partial derivative of the switching hypersurface with respect to time (6h(X(t) / dt) or by
manipulating the normal to the hypersurface (h(X(t) / dX).

9.2 Suggestions for Future Work
In this thesis, the nonlinear phenomena in PMDC drives, SRM drives and SCDC drives

were analysed and controlled using the Monodromy matrix approach. Future work in

this area may include:

» Combining the Saltation matrix based control technique with artificial
intelligence (Al) techniques such as artificial neural network (ANN) and fuzzy
logic in developing an optimal controller for the nonlinear phenomena in
electrical drives.

» Combining the Saltation matrix based control technique with sliding mode
control scheme for a more robust control of electrical drive systems.
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» The application of the Monodromy matrix technique in the stability analysis of
brushless DC drives, permanent magnet synchronous drives, and full-bridge
converter DC drives employing the unipolar PWM switching technique.

» The application of the Monodromy matrix technique in the stability analysis of
complex systems with more than one interacting electrical drives such as robotic

arms, unmanned aerial vehicles etc.

181



APPENDIX-A

APPENDIX A

EXPERIMENTAL SET-UP

A.1 Introduction
The experiment set up used in this investigation consisted of a PMDC motor and

electronic load unit, the power converter circuit and the control electronics. The shaft
speed was measured using a 3 channel quadrature encoder (HEDS-5540). The power
converter and the control electronics are mounted on a flexible dsPIC30F3010 inverter
board originally built for a three-phase brushless DC motor drive (Fig.4.43). The board
was slightly modified in this project to enable the use of the built-in quadrature encoder
interface (QEI) peripheral in the dsPIC30F3010 digital signal controller (DSC). Only
two of the three inverter legs (or four power MOSFETS) are used, thus forming an H-
bridge. The speed control algorithm was implemented in C language using the
Microchip MPLAB integrated development environment (IDE) and C30 compiler. The
executable code was downloaded to the DSC using the Microchip 1CD2 debugging

device. The hardware set up is shown in Fig.A.1

External Power

Supply
C)() dsPIC30F3010
Development Board
Q
o Q
PMDC
MOTOR

[ L oaD MOTOR

Fig. A.1 Hardware set up
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A.2 Control and Power Circuits
The block diagram representation of the control and power circuits is shown in Fig. A.2.

The key dsPIC30F3010 peripherals used in this project are the 10-bit analogue to digital
conversion (ADC) unit, the QEI module, and the motor control PMW (MCPWM)
module. Detail information on these peripherals could be found in the device data sheet.

The reference speed (wrer) IS provided by the potentiometer (whose output is connected

to one of the ADC pins of the DSC) and the actual speed is measured by the quadrature

encoder. The voltage pulses produced by the three channels of the encoder (phase A,

phase B and Index) are processed using the built-in QEI peripheral to obtain the actual

speed. The speed can be measured by counting the number of encoder pulses in a fixed

time interval or by measuring the time it takes to obtain a fixed number of encoder

ENCD

pulses.
dsPIC30F3010 PWMIL
POT R
" aoc | McPwM PWM1H DEVICE
DRIVER
PWM2L
(IR2130)
INDX oE! PWM2H
QEA
— 1
QEB > CPU
V¥ VI
H-BRIDGE
(IRF540N)
INDX
QEA
QEB

Fig. A. 2 Control and power Circuit
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The speed error (the difference between the reference speed and the actual speed) is
processed by the PI control algorithm to obtain the modulation index (control signal).
The modulation index is then processed by the motor control PWM (MCPWM)
peripheral of the DSC to obtain the four PWM outputs (PWM1L, PWM1H, PWMZ2L,
and PWM2H) used to turn the power switches in the H-bridge ON and OFF. By varying
the PWM duty cycle the average voltage applied at the armature terminals and the
motor speed can be controlled. The power switch used in this project is 1RF540 N
channel Power MOSFET, and the device driver is high speed power MOSFET/IGBT
driver (IR2130) which has three independent high and low side output channels
(H01,2,3 and L01,2,3). Fig. A.3 shows the status of the four power switches in the H-
bridge during forward motoring operation.

ON - OF

O

OF

T
N
"
=
N
1

El( roTOR

H

/8 THAR S

()

Fig. A.3 Forward motoring operation

A.3 Configuring the dsPIC30F30F3010 Peripherals in C Language
The configuration of the three key peripherals of the DsPIC30F3010 (QEI, MCPWM,

and ADC) using C language will be discussed in this section. Three software routines:
QEI_CONFIG (), MCPWM_CONFIG () and ADC_CONFIG () were created for this

role.

A.3.1 QEI Configuration

Quadrature or optical encoders are commonly used for shaft speed and position

measurements in closed loop digital implementations of electrical drives. Usually, three
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output channels (phase A, phase B and Index) provide information on the movement of
the motor shaft including distance and direction. The QEI peripheral in dsPIC30F3010
is used for processing the signals from the quadrature encoder, thus relieving the burden
from the CPU. The peripheral is composed of digital filters for conditioning the input
signals, quadrature decoder logic for interpreting the phase A and phase B signals, and
an up/down counter for accumulating the count. The four control registers that govern

the operation of the QEI peripheral are:

» QEI Control Register (QEICON). This 16bit register allows the control of the
QEI operation and status flag.

» Digital Filter Control Register (DFLTCON). This register allows the control of
the digital input filter operation

» Position Count Register (POSCNT). This register allows writing or reading of
the 16bit position counter.

» Maximum Count Register (MAXCNT). This register holds a value that will be
compared with the pulse count in the POSCNT register. The CPU will be
interrupted if the pulse count in POSCNT register matches the value stored in
MAXCNT register.

/******************Q E I peri pheral Confi g u ratl on*****************************

//The software routine implemented to configure the above registers is listed below. The
//quadrature encoder used is HEDS-5540 which has 3 output channels and 500 counts
/lper revolution (CPR). The QEI peripheral is configured in x4 operating mode thus
/lincreasing the encoder resolution to 2000 CPR.

e e e e ek ke e e ke ek ek ke ek ek ek sk ke ek ok |
void QEI_CONFIG(void)

{

QEICONDits.QEIM = 0;

QEICONDIts.CNTERR = 0;

QEICONDiIts.QEISIDL = 0;

QEICONDits.SWPAB = 0;

QEICONDits.PCDOUT = 0;
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QEICONDits.POSRES = 0;
DFLTCONDIts.CEID = 1;
DFLTCONDIts.QEOUT = 1;
DFLTCONDIts.QECK =7,

POSCNT = 0; // Reset position counter
MAXCNT=50;

QEICONDits.QEIM =7;
IFS2bits.QEIIF=0;//QEI Interrupt flag reset.

return;

}

A.3.2 MCPWM Configuration

Speed control in modern electrical drives is achieved using PWM. In the past, PWM
was implemented using special PWM chips or circuits, thus increasing the overall cost
of the system. The MCPWM peripheral in dsPIC30F3010 is aimed at simplifying the
task of producing PWM signals. The peripheral has 3 PWM generators and each PWM
generator can produce two PWM outputs. Thus, the 3 PWM generators can produce 6
PWM outputs. Two output pins are provided for each PWM generator and the output
pin pair can be configured for complementary or independent operation. Also the PWM
output of any of the pins can be overridden manually using the OVDCON register of the
MCPWM peripheral. The key control registers that need to be configured are:

» PWM time base control register (PTCON)

PWM time base register (PTMR)

PWM time base period register (PTPER)

PWM control register 1 and 2 (PWMCON1 and PWMCON2)
Dead time control registers 1 and 2 (DTCON1 and DTCON2 )
Fault A and B control registers (FLTACON and FLTBCON )
PWM Duty cycle registers (PDC1, PDC2 and PDC3)

vV VYV Vv VY V V
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/*******************The MCPWM Perlpheral ConfiguratiOn*******************

/[The software routine implemented to configure the control registers is shown below.
[/PWM_FREQ=20000hz

//FCY=30000000(30MIPS)

//Independent PWM mode is implemented.

**********************************************************************/

void MCPWM_CONFIG(void)
{
PTCON = 0x8000; //Timebase On, runs in idle, no post or prescaler, free-running.
PTPER = (FCY/PWM_FREQ)-1; //[FCY and PWM_FREQ are constants.
SEVTCMP =0;
PWMCONL1 = OxOFFF;
PWMCON2 = 0x0004;
FLTACON = 0x0000;
OVDCON =0;
PDC1 =0;
PDC2 =0;
PDC3 = 0;
IFS2bits.PWMIF = 0;
IFS2bits.FLTAIF =0;

return;
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A.3.3 ADC Configuration

The speed reference is obtained via the potentiometer connected to one of the
DsPIC30F3010 analogue input pins. The analogue voltage from the potentiometer is
converted to discrete value using the 10-bit ADC peripheral available in dsPIC30F3010.

To use this peripheral, the following control registers were configured:

» A/D Control Register 1, 2 and 3( ADCON1, ADCON2 and ADCONB3)
» A/D Input Channel Select Register (ADCHS)

» A/D Port Configuration Register (ADPCFG)

» A/D Input Scan Select Register (ADCSSL)

/************************The ADC Perlpheral COnﬁguration******************
//The software routine implemented to configure the control registers is listed below.
/IClearing of the ADCON1 samp bit ends sampling and starts conversion.

**********************************************************************/

Void ADC_CONFIG (void)
{
ADPCFG =0b1111111111111000;
ADCHS = 2;
ADCONL1 = 0x030E;
ADCON2 = 0x0200;
ADCON3 = 0x007;
ADCSSL = 0x003F;
IFSObits.ADIF = 0;
ADCON1bits. ADON=1,;

return;
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